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Holomorphic factorization of
mappings into SL,(C)

By BJORN IVARSSON and FRANK KUTZSCHEBAUCH

Abstract

We solve Gromov’s Vaserstein problem. Namely, we show that a null-
homotopic holomorphic mapping from a finite dimensional reduced Stein
space into SL,(C) can be factored into a finite product of unipotent ma-
trices with holomorphic entries.
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It is standard material in a Linear Algebra course that the group SL,,(C)
is generated by elementary matrices E + ae;j, i # j, i.e., matrices with 1’s

on the diagonal and all entries outside the diagonal are zero, except one entry.

Equivalently, every matrix A € SL,,(C) can be written as a finite product of

upper and lower diagonal unipotent matrices (in interchanging order). The
same question for matrices in SL,,(R) where R is a commutative ring instead
of the field C is much more delicate. For example, if R is the ring of com-

plex valued functions (continuous, smooth, algebraic or holomorphic) from a
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space X, the problem amounts to finding for a given map f : X — SL,,(C) a
factorization as a product of upper and lower diagonal unipotent matrices

(ol 0 )0 7).

where the G; are maps G; : X — C™(m=1)/2,

Since any product of (upper and lower diagonal) unipotent matrices is
homotopic to a constant map (multiplying each entry outside the diagonals
by t € [0,1] we get a homotopy to the identity matrix), one has to assume
that the given map f : X — SL,,(C) is homotopic to a constant map or as we
will say null-homotopic. In particular this assumption holds if the space X is
contractible.

This very general problem has been studied in the case of polynomials of
n variables. For n =1, i.e., f : C — SL,;,(C) a polynomial map (the ring R
equals Clz]) it is an easy consequence of the fact that C[z] is an Euclidean ring
that such f factors through a product of upper and lower diagonal unipotent
matrices. For m = n = 2, the following counterexample was found by Cohn
[Coh66]: the matrix

1— 2129 zf
L
< —z2 1+ 2129 € SLy(Cle, 29))

does not decompose as a finite product of unipotent matrices.

For m > 3 (and any n), it is a deep result of Suslin [Sus77] that any matrix
in SL,,(C|[C"]) decomposes as a finite product of unipotent (and equivalently
elementary) matrices. More results in the algebraic setting can be found in
[Sus77] and [GMV94]. For a connection to the Jacobian problem on C2, see
[Wri78].

In the case of continuous complex valued functions on a topological space
X the problem was studied and partially solved by Thurston and Vaserstein
[TV86] and then finally solved by Vaserstein [Vas88]; see Theorem 2.2.

It is natural to consider the problem for rings of holomorphic functions
on Stein spaces, in particular on C™. Explicitly this problem was posed by
Gromov in his groundbreaking paper [Gro89] where he extends the classical
Oka-Grauert theorem from bundles with homogeneous fibers to fibrations with
elliptic fibers, e.g., fibrations admitting a dominating spray (for definition, see
3.1). In spite of the above mentioned result of Vaserstein he calls it the

VASERSTEIN PROBLEM (see [Gro89, §3.5.G|). Does every holomorphic map
C" — SL,,,(C) decompose into a finite product of holomorphic maps sending
C™ into unipotent subgroups in SL,,(C)?

Gromov’s interest in this question comes from the question about s-homo-
topies (s for spray). In this particular example the spray on SL,,(C) is that
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coming from the multiplication with unipotent matrices. Of course one cannot
use the upper and lower diagonal unipotent matrices only to get a spray (there
is no submersivity at the zero section!), there need to be at least one more
unipotent subgroup to be used in the multiplication. Therefore the factoriza-
tion in a product of upper and lower diagonal matrices seems to be a stronger
condition than to find a map into the iterated spray, but since all maximal
unipotent subgroups in SL,,(C) are conjugated and the upper and lower di-
agonal matrices generate SL,,(C), these two problems are in fact equivalent.
We refer the reader for more information on the subject to Gromov’s above
mentioned paper.

The main result of this paper is a complete positive solution of Gromov’s
Vaserstein problem, namely we prove

MAIN THEOREM (see Theorem 2.3). Let X be a finite dimensional re-
duced Stein space and f: X — SL;,(C) be a holomorphic mapping that is
null-homotopic. Then there exist a natural number K and holomorphic map-
pings Gi,...,Gg: X — C™m=1/2 qych that f can be written as a product of
upper and lower diagonal unipotent matrices

1= (g 1) A7) (0 )

for every x € X.

The method of proof is an application of the Oka-Grauert-Gromov-prin-
ciple to certain stratified fibrations. The existence of a topological section for
these fibrations we deduce from Vaserstein’s result.

We need the principle in its strongest form suggested by Gromov, com-
pletely proven by Forstneri¢ and Prezelj [FPO1]; see Theorem 3.6 and also
Forstneri¢ [Forl0, Th. 8.3]. After the Gromov-Eliashberg embedding theorem
for Stein manifolds (see [EG92], [Sch97]) this is to our knowledge the sec-
ond time this holomorphic h-principle has an application which goes beyond
the classical results of Grauert, Forster and Rammspott [Grab8], [Gra57b],
[GrabT7al, [For7l], [FR68b], [FR68a], [FR66b], [FR664a].

The paper is organized as follows. In Section 2 we introduce the fibration
and give an overview of the proof. In the next section we explain how the
Oka-Grauert-Gromov-principle is used in the proof. In Sections 4 and 5 we
prove all technical details referred to in earlier sections. In the last section we
comment on the number of matrices needed in the multiplication.

The results of the present paper have been announced in Comptes Rendus
[IKO08], communicated by Misha Gromov. The authors like to thank him for
his interest in the subject. Also the authors thank Franc Forstneri¢, Josip
Globevnik, Marco Slapar, Erik Lgw and Erlend Fornaess Wold for valuable
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discussions on the subject over the years. Especially we thank Franc Forstneric¢
for including an extra section into his paper [For10] to provide us with the exact
version of h-principle we need. A special thank goes to Wilberd van der Kallen
for bringing the work of Vaserstein to our attention.

2. Statement of the result and overview of the proof

All complex spaces considered in this paper will be assumed reduced, and
we will not repeat this every time. We call a complex space X finite dimensional
if its smooth part X \ X®" has finite dimension. Note that this does not imply
that they have finite embedding dimension.

We introduce the following notation. Let n and K be natural numbers.
If K is odd, write Zx € CMn=1/2 a9

Zr = (221K, -+ Zji, K -+ + > Zn(n—1),K)
for 1 <i< j <n. For K even, write
ZK = (2512,[(, Ceey Zji,K7 ceey Z(n—l)n,K)

for 1 < j < i < n. Now define M: C*"~1/2 - SL,,(C) as

1z ... Z1n21
0
Moy(Za) =
: : Tt Z(n—1)n,2l
0o ... 0 1
and

1 0 . 0

291.9]—

May—1(Za1—1) = A2t

: 0

Znl2l-1 .- Zp(n—1)20—1 1

Remark 2.1. In the proofs of our results we will study products
My (Z)™L o Mg (Zy) L

This is done for purely technical reasons. Using automorphisms of C(n—1)/2
sending a unipotent matrix to its inverse, this is equivalent to a product
Mi(X1) -+ Mg(Xk) in new coordinates (X1,...,Xk).

As pointed out in the introduction Vaserstein constructed the factorization
in the case of continuous mappings. Namely, he proved
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THEOREM 2.2 (see [Vas88, Th. 4]). For any natural number n and an
integer d > 0 there is a natural number K such that for any finite dimen-
sional normal topological space X of dimension d and null-homotopic continu-
ous mapping f: X — SL,(C), the mapping can be written as a finite product of
no more than K unipotent matrices. That is, one can find continuous mappings
Fi: X - CMn=D/2 1 <1 < K such that f(z) = My (Fi(z)) - Mg (Fx(z)) for
every x € X.

Here the dimension of the topological space is meant to be the covering
dimension (which for normal second countable topological spaces is anyhow
the same as the large and small inductive dimension; see [HW41]).

We recall the statement of the main result of this paper.

THEOREM 2.3. Let X be a finite dimensional reduced Stein space and
f+ X — SL,(C) be a holomorphic mapping that is null-homotopic. Then

there exist a natural number K and holomorphic mappings G1,...,Gg: X —
C("=1/2 such that

f(@) = Mi(G1(2)) - - - M (G ()

for every x € X.

We have the following corollary which in particular solves Gromov’s Vaser-
stein problem.

COROLLARY 2.4. Let X be a finite dimensional reduced Stein space that is
topologically contractible and f: X — SL,(C) be a holomorphic mapping. Then

there exist a natural number K and holomorphic mappings G1,...,Gg: X —
Cr(=1/2 guch that

f(x) = My(G1(2)) - - M (G ()

for every x € X.

By the definition of the Whitehead K;-group of a ring (see [Ros94, p. 61]),
this implies.

COROLLARY 2.5. Let X be a finite dimensional reduced Stein space that
is topologically contractible and denote by O(X) the ring of holomorphic func-
tions on X. Then SK;1(O(X)) is trivial and the determinant induces an iso-
morphism det: K1(O(X)) — O(X)*.

The strategy for proving Theorem 2.3 is as follows. Define Wg: ((C”(”_l)/Q)K
— SL,(C) as

Ui(Zy,..., Zx) = Mi(Z1)"" - Mg(Zk) ™"
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We want to show the existence of a holomorphic map
G= (Gl, ceey GK); X — (Cn(’ﬂ—l)/Q)K

such that
((Cn(n—l)/Q)K

G l\I’K

X SL,(C)

is commutative. The result by Vaserstein shows the existence of a continuous
map such that the diagram above is commutative.

We will prove Theorem 2.3 using the Oka-Grauert-Gromov principle for
sections of holomorphic submersions over X. One candidate submersion would
be the pull-back of Wy : (C**~1/2)K _ QL (C). It turns out that Wy is not
a submersion at all points in (C*®~1/2)K 1t is a surjective holomorphic
submersion if one removes a certain subset from (C™"~1/2)K_ Unfortunately
the fibers of this submersion are quite difficult to analyze and we therefore
elect to study

(Cn(n—l)/2)K

F
\LﬁnO\I’K

A

where we define the projection m,: SL,(C) — C™\ {0} to be the projection of
a matrix to its last row:
211 .. Z1n
Tn = (Zn17---;znn)~
Znl e Znn
However, even the map ®x = m, o Ug: (CM=D/2)K _ ¢\ {0} is not
submersive everywhere. We have the following three results about that map

which will be proved in later sections.

LEMMA 2.6. The mapping ®g = m, o Ug: (CHn=D/2)K .7\ {0} is a
holomorphic submersion exactly at points Z = (Zy, ..., Zx) € (CP=D/2)K\
Sk where for K > 2,

e ( N . Zk) e @)K i = = 21y i1 = O}>

1<25+1<K
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that is, the entries in the last row of each lower triangular matriz and the
entries in the last column of each upper triangular matriz are 0, except for the
K -th matriz where no conditions are imposed.

LEMMA 2.7. The mapping ®x = m, 0o Wy : (CP=D/2)K\ §p 5 €\ {0}
is surjective when K > 3.

PROPOSITION 2.8. Let X be a finite dimensional reduced Stein space and
f: X — SL,(C) be a null-homotopic holomorphic map. Assume that there
exists a natural number K and a continuous map F: X — (C*=D/2)K\ g,
such that

(Cn(n—l)/2)K \ Sk

F
iﬂnoll/K

X C"\ {0}

mnof

is commutative. Then there exists a holomorphic map G: X — (Cr(n=1/2)K\
Sk, homotopic to F via continuous maps Fy: X — (C*=D/2)K\ §p = such
that the diagram above is commutative for all F}.

Proof of Theorem 2.3. We use induction on n. Note that the result is ob-
vious for n = 1. Suppose that Proposition 2.8 is valid for n and Theorem 2.3
for n — 1. Put & = m, o ¥Vg. We can find a continuous map F: X —
(CMn=1/2)K\ Gy for some natural number K such that f(z) = Vg (F(x)).
Indeed, since a finite dimensional Stein space is finite dimensional as a topo-
logical space, the Vaserstein result (Theorem 2.2) gives us a map (F1,..., Fk)

into (C”("_l)/2 K/. Abusing notation slightly one sees (use Lemma 2.6) that
F = (F,...,Fg,(0,...,1),(0,...,0),(0,...,—1)) gives a map from X into
(Cn(n—l)/2>K/+3 \ Sk’+3, and putting K = K’ 4+ 3 we have f(z) = Y (F(x)).
It follows that Wy (F(x))f(x)~! = E,. Using Proposition 2.8 we know that F
is homotopic to a holomorphic map G such that

Ok (F(z)) = mn(f (7)) = Px(G(2));

that is, the last rows of the matrices Vi (F(z)) and Vi (G(x)) are equal.
Therefore

i@ . ) k)
V(G @)= T : ,
" T @) . M) hr(o)

0 0 1
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where all entries are holomorphic. We see that

flw) . )
fo—1(z) = N . N :
a1(@) o fiTl ()

defines a holomorphic map f,—1: X — SLj,_1(C). The homotopy
Ui (Fy(x)) f(z)™

consists of matrices having the last row equal to (0,...,0,1), and therefore
the (n — 1) x (n — 1) left upper corner of the matrices ¥y (Fy(x))f(z)~! are
in SL,,_1(C) for all ¢. Since for ¢ = 0 it is the identity matrix, the map
fn—1: X = SL,,_1(C) is null-homotopic.

We use the induction hypotheses to write f,_1 as a product of unipotent
matrices with holomorphic entries. That is, there exists K , @ holomorphic map
G: X — (Clr=D(n=2)/2)K \ Sz such that

f(x) = Mi(G(x)) - Mp(G ().

Hence we have

—hi(z) 0
E,_ : _ Fla :
o @@ = |
_hnfl(x)
0 0 1 0 . 0 1
0 0
_ [ Mi(Gi(x)) Mz(Gz(z))
0 0/
0 ... 0 1 0O ... 0 1
and the result follows by induction. ([

In order to complete the proof of the theorem we need to establish Propo-
sition 2.8, Lemma 2.6, and 2.7.

3. Stratified sprays

We will introduce the concept of a spray associated with a holomorphic
submersion following [Gro89] and [FP02]. First we introduce some notation
and terminology. Let h: Z — X be a holomorphic submersion of a complex
manifold Z onto a complex manifold X. For any = € X the fiber over x of this
submersion will be denoted by Z,. At each point z € Z the tangent space T, 7
contains the wvertical tangent space V1,7 = ker Dh. For holomorphic vector
bundles p: E — Z we denote the zero element in the fiber E, by 0,.
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Definition 3.1. Let h: Z — X be a holomorphic submersion of a complex
manifold Z onto a complex manifold X. A spray on Z associated with h is a
triple (E, p, s), where p: E — Z is a holomorphic vector bundle and s: £ — Z
is a holomorphic map such that for each z € Z, we have

(i) S(Ez) - Zh(z)7
(ii) s(0;) = z, and
(iii) the derivative Ds(0,): Tp,E — T.Z maps the subspace E, C Ty, FE
surjectively onto the vertical tangent space V1, 7.

Remark 3.2. We will also say that the submersion admits a spray. A
spray associated with a holomorphic submersion is sometimes called a (fiber)
dominating spray.

One way of constructing dominating sprays, as pointed out by Gromov, is
to find finitely many C-complete vector fields that are tangent to the fibers and
span the tangent space of the fibers at all points in Z. One can then use the
flows goz- of these vector fields V; to define s: Z x CN — Zvia s(z,t1,...,tn) =

@il o -0 ¥ (2) which gives a spray.

Definition 3.3. Let X and Z be complex spaces. A holomorphic map
h: Z — X is said to be a submersion if for each point 2y € Z, it is locally
equivalent via a fiber preserving biholomorphic map to a projection p: U x V'
— U, where U C X is an open set containing h(zp) and V is an open set in
some C?.

We will need to use stratified sprays which are defined as follows.

Definition 3.4. We say that a submersion h: Z — X admits stratified
sprays if there is a descending chain of closed complex subspaces X = X,;, D
.-+ D Xp such that each stratum Y3 = X}, \ Xj—_1 is regular and the restricted
submersion h: Zly, — Y} admits a spray over a small neighborhood of any
point = € Y.

Remark 3.5. We say that the stratification X = X,,, D --- D Xj is asso-
ciated with the stratified spray and vice versa.

In [FPO1] (see also [Forl0, Th. 8.3]), the following theorem is proved.

THEOREM 3.6. Let X be a Stein space with a descending chain of closed
complex subspaces X = X, D -+ D X such that each stratum Yy, = Xj\ Xp_1
is reqular. Assume that h: Z — X is a holomorphic submersion which admits
stratified sprays associated with the stratification then any continuous section
fo: X — Z such that fo|x, is holomorphic can be deformed to a holomorphic
section f1: X — Z by a homotopy that is fixed on Xj.
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LEMMA 3.7. The holomorphic submersions ® g : (C*=1/2)K\ 51 — €™\
{0}, for K > 3, admit stratified sprays.

This lemma will be established in Section 5. Assuming it true for the
moment we prove Proposition 2.8.

Proof of Proposition 2.8. Assume that K is a natural number so that
there exists a continuous map F: X — (C*"~1D/2)K\ Sy such that

(Cn(n 1) /2) \SK
el

X C"\ {0}

mnof

is commutative. Put Y = (C*»~D/2)K\ Sp and p = 7, o f. Define the
pull-back of (Y, ®x,C"\ {0}) via p: X — C"\ {0} as (p*Y,p* Pk, X) where

pY ={(z,Z2) € X xY;p(x) = Px(2)}

and p*®g(x,Z) = z. Using that ®x is a holomorphic submersion we see
that p*® g is a holomorphic submersion. The continuous mapping F' defines a
continuous section
pF(z) = (z,F(2))

of (p*Y,p*®k,X). We need to show that (p*Y,p*®g,X) admits stratified
sprays. Let C" \ {0} = V,,, D --- D Vj be the stratification of C™ \ {0}
corresponding to the stratified spray of (Y, ®x,C™\ {0}). Define X; = p~1(V})
for 0 < j < m. These complex subspaces need to be stratified in order for us
to apply Theorem 3.6. Define Xg,; = X(S)f?ﬁl for i > 1 and Xoo = Xo. This
defines a stratification of Xy since Xo ; = ) when J > L for some L, since the
singularity set of reduced complex spaces has strictly lower dimension than the
space itself. We continue by putting X;0 = X; and X,; = ]Slffl U X,_1 for
1 > 1. Since X is finite dimensional, this gives a stratification of X. Now the
result follows by Theorem 3.6. U

4. Proof of Lemma 2.7 and 2.6
Recall that

Sk = < ﬂ { (Z1,....Z ((Cn(n 1)/2) DZn12j41 = = Zp(n—1),2j+1 = 0})

1<2j+1<K

( m { Zl, PN ((Cn(n 1)/2) ZIn2j = = Z(n—l)n,Qj = 0}> .

1<2j<K

We begin by proving Lemma 2.7.
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Proof of Lemma 2.7. First note that the set S is invariant under the au-
tomorphism in ((C"("’l)/Q)K replacing My (Z1)~1 - My (Z)~t with My(X7)
-+ Mg (Xk). Also note that if
(C DN Sy 5 (X, Xie) = (Mi(X1) -+ - Mic(Xgc)) € C™\ {0}

is surjective, then

(Crn=DYRRIN Spey s 3 (X, Xicy)
= Ty (Ml(Xl) ce MK+J(XK+J)) eC” \ {O}

is surjective when J > 0, since
SK+J - {(le cee )XK+J); (le’ . aXK) € SK}
Therefore is enough to show the lemma for

T (M1 (X71)Ma(X2)M3(X3)) .

First
T (M1 (X1) M2(X2))
1 0 . 0 1 .%'1272 . 1‘1”72
- T21,1 0 :
- 71-77/ . . . .
0 S T T(p—1)n,2
xnl,l N :Un(n—l),l 1 0 e 0 1
= <56n1,1 y Tp2,1 T Tp11%12,2 5 -+ 5 Tp(p—1),1
n—2 n—1
+ Z Lnjl1Lj(n—1),2 1+ Z xnj71xj”72> :
=1 j=1

It is clear that we can map onto the set

{(a1,...,a,) € C"\ {0};a1 # 0}.

To map onto C™\ {0} we need to use a third matrix. Consider matrices M;(X})
and Ms(X3) such that

TFn(Ml(Xl)MQ(XQ)) = (1, ag, ... ,an).
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For such matrices we have
7 (M (X1) M2 (X2) M3(X3))

* . ...k 1 0 0
21,3 :
g 7Tn
P : 0
1 ax ... ap Tn1,3 -+ Tpn-1),3 1
n n
= 1+Zaj$j173,a2+zaj$j2,3; cee s Qn ).
Jj=2 Jj=3
We can choose X3, a9, ...,a, freely to produce any vector in C" \ {0}. Note
that we cannot produce 0 since this would force agy = --- = a, = 0. U

We turn to the proof of Lemma 2.6.

Proof of Lemma 2.6. We begin with the base case K = 2. Let

1 0 0
z
(P1a(Z1), s Pua(Z1)) = mn 2.1’1
Zpl,l - Zn(nfl),l 1
and
(P12(Z1, Z2), .-, Pn2(Z1, Z2))
1 0 ... 0 ! 1 2120 ... 21n,2 !
Zo11 5 0 :
:Trn . . . .
: ) 0 : . T Z(n-1)n2
Zpll .- Zn(nfl),l 1 0 ... 0 1
We get relations by studying
* - *
* *
P 1(Zy) P,1(Zy)
* .. * 1 z122 ... 21n,2
B 0
* - *

Z(n—1)n,2
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They are
P 2(Z1,Z5) = P11(Z1)
Pso(Z1,Z3) = Py (Z1) — z12,2P1,2(Z1, Z2)
k-1
(1) Pro(Z1, Z2) = Pri(Z1) = Y zjk2Pia(Z1, Za)
7j=1
n—1
Poo(Z1,Z3) = Py (Z1) — ZZ]TL 2Pj2 (21, Zs).
7j=1

We need to establish at which points dPj 2 AdPao A--- ANdP, 2 = 0. Note that

P, 1 =1. Also note that dP; 1 A---AdP,_11 never vanishes since dzo1 1 A---A

dzp11 /M- '/\dZn(n—1),1 never vanishes, and Py 1, ..., P,_1 1 are components of an

automorphism of C™"~1/2 induced by My (Z1) = My1(Z1)7 L. Set Qo = dPia A

-+ AN dP, 2. We will show that this form is zero if and only if P 2(Z1, Z2) =
- = Py_12(Z1,Z2) = 0. Indeed, when we plug in

k-1 k-1
APy o(Z1, Zs) = dPp1(Z1) = Y Pjo(Z1, Za) dzjeo — > zjk2 dPj2(Z1, Za)
=1 j=1

to calculate €25 we see that the terms in the last sum do not contribute to the
result. Next one sees that €29 contains summands of the form

(Pk’g)nik dPl,l VANEERIVAN deJ A dzk(k+1),2 VANRIIVAN dzkn,g,

and these are the only summands containing the wedge dzg(x11) 2\ - Adzkn 2.
This implies that at points where {25 vanishes we have

P o(Z1,Z5) =+ = Ph12(21,22) =0

and all other summands involve products of these functions as coefficients.
Thus g vanishes if and only if P 2(Z1, Z2) = -+ = Pp—12(Z1,Z3) = 0.

From (1) we see that this is equivalent to Py 1(Z1) = -+ = P,—1,1(Z1) = 0.
Note that Py 1,...,P,—1,1 are components of the automorphism of Ccnln=1)/2
induced by M1(Z1) + M1(Z1)~!. Since this automorphism fixes So = {zn11 =

= Zp(n—1),1 = 0}, we conclude that ®; is submersive exactly at points out-
side Ss. In order to make our induction step we need some further properties.
Note that at points where P o = --- = FP,,_12 = 0, that is in S, we have

dPLQ VANEIEIVA dPn_LQ = dPl,l VANCERWAN dPn—l,l #0.
We also have dP, 1 = 0 since P, 1(Z;) =1
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We now consider K odd. Our induction assumptions are besides the
description of the nonsubmersivity set Sx_1 the following:
If K is odd and dPy g1 A--- AdP, k-1 = 0, then

(Ix—1): dPy k-2 =0,
(HK—I): dPl,K—l VANCERWAN dPn—l,K—l # 0, and
(IIIK_l): Pj,K—l =0 for1 S ] S n — 1.
We now describe the induction step from K — 1 to K when K is odd.
Doing similar calculations as for K = 2 we get the relations

(2)
Pok(Z1,...,ZK) = Pok—1(Z1,..., ZKk_1)

Pn_le(Zl, oy ZK) = Pn—l,K—l(Z17 ey ZK_1> — zn(nfl),KPn,K(Zlv ey ZK)

n
Por(Zy,.... Zk) = Pox—1(Z1,. ... Zr1) — Y ziekPik(Z1,. .., ZK)
j=kt1

n
Pig(Z1,...,Zk) = Pig1(Zy, ..., Zk—1) = Y zp.k Pjx(Z1, ..., Zk).
=

We see that
Qg = dPn,K VAN dPn_l’K VANEIVAY dPLK
=dP, k-1 /N NdPy g1+ terms involving dzj; k.
At points where Qf vanishes, the form Qg 1 = dP, x—1 A--- ANdP; x—1 must

vanish since it involves no terms in dzj; k. By the induction hypotheses this
forces

Z € {(Zl, ceey ZK); (Zl, e ZK—l) S SK—l}-
A calculation shows that at these points
Pn,K—l(Zla ceey ZK—I) = Pn,K(Zla RN ZK) =1.
Plugging in

n
APy (21, ..., ZKk) = dPek1(Z1,..., Zx—1) — >, Pik(Z1,...,Zk) dzjr i
Jj=k+1

n
- > Zek APk (Z1s ., ZK)
Jj=k+1

to calculate Qg we see that the terms in the last sum do not contribute to the
result. We also find a term of the following form:

(PmK)n_l dPn,K A dZn(n—l),K FANCIRIVAN dan’K FANKIEIIVAN dznl,K-
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Since P, k = 1 at these points, we see that we must have dP,, xk = dP, k-1 =0
in order for Qg to vanish, and this obviously implies that Qx vanishes. We
have

n—1
Pok-1=PFPox—2— Z Zjin,Kk—1Pj k-1
i=1
and
n—1 n—1
AP, k-1 =dP, k—2 — Z Pjg_1dzjp k-1 — Z Zjn,K—1 dPj k1.
j=1 Jj=1

By the induction assumption at points where £2x 1 vanishes, we have dP, x_2
= 0and Pjx_1 =0for 1 <j <n— 1. Therefore

n—1

AP, k-1 =— Z Zjn,K—1dPj k_1
=1

at these points. Moreover, by the induction hypotheses, dP; g1 A --- A
dP,—1 k-1 # 0, meaning that dP; x_1,...,dP,_1 k-1 are linearly indepen-
dent at these points, which implies 2z, k1 = 0 for 1 < j < n — 1. Therefore
the mapping is nonsubmersive exactly in Sk

To pass from K to K + 1, that is from odd to even, we like to establish
(IVk) and (Vi) below. We have already established (IVg) above. To prove
(Vi) look at

dPl’K VANRIEVAN dPnfl,K
=dPy g1 N---NdP,_1 kg_1+ terms involving dz;; x # 0.

The nonvanishing of the left-hand side at points in Sk follows from (IIx_1).
This concludes the induction step from K — 1 to K for odd K. However, let
us for future use explicitly state that

(3) dP, i vanishes at all points in Sk.

Consider the case K even. Our induction assumption are besides the
description of the nonsubmersivity set Sg_1 the following:
If K is even and dPy g1 A--- ANdP, k—1 = 0, then

(IVKfl): dPl’K,1 VANCERWAN dPnfl,Kfl 75 0 and
(Vk-1): Pyg—1 =1
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We have
P =P g
Py =Pk 1— 212,k P1 K
(4)
n—1
P,k =P, k11— Z Zjn,k Pj K-
j=1
We see that

O = dPl,K VAN /\dPnyK =
=dPy g1 N---NdP, g1+ terms involving dz;; k.
At points where Qg vanishes, the form Qx_; = dPy g1 A--- ANdP, g1 must

vanish since it involves no terms in dzj; k. By the induction hypotheses this
forces

ZeSx1={(Z1,...,2K);(Z1,...,Zx_1) € Sk_1}.
We will show that Qx vanishes at points in Sk _1 if and onlyif P g(Z1,...,ZK)

= =P, 1 k(Z1,...,ZK) = 0. Indeed, when we plug in

k—1 k—1
APy x = dPy k-1 — Z Pj i dzj i — Z 2jk Kk AP K
j=1 j=1

to calculate Qi we see that the terms in the last sum do not contribute to the
result. Next one sees that Qg contains summands of the form

(Po)" " dPi 1 A+  ANdPy 1 A dzgrny i A A dzin ke,

and these are the only summands containing the wedge dzpx41),k N\ - - Ad2kn, Kk -
Using (IVk_1) we see that for all 1 < k < n — 1, the wedge dP g1 A -+ A
dPy k-1 never vanishes on §K71- Therefore on §K,1 the vanishing of Qg
implies Py g = -+ = P,—1x = 0. All other summands involve products of
these functions as coefficients. Thus i vanishes if and only if Z € S K1
and Py g = -+ = P,_1,k = 0. Inspecting (4) we see that at these points
Pk =Pjg_1=0for1<j<n-—1and P, x = P, k-1. By (Vk_1) we have
Pn,K = Pn,K—l =1
Going back one step to K — 1 we have

Pok-1=PFP,Kk 2

Po1k-1=Po1k-2— Zp(n-1), k-1 k-1

n
Pig 1=P k_2— Z zj1,k-1Pj k1,
Jj=2
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and since Pj g9 = 0 for 1 < j <n—1 at points in Sk_9D §K_1, we see that
we must have
Pjk = Pjr—1 = —2znjk—1 =0
for 1 < 57 < n —1 at the points we are considering. This implies that the
mapping is submersive exactly at points outside Sk
Finally we need justify the induction assumptions (Ix), (IlIx), and (Illx).
We have already established (IIIx). We also see that

dPl,K VANCIERWAN dPnfl,K = dPLKfl VANEERWAN dPnfLKfl 4+ terms involving deLK,

and the first term is nonvanishing on Sk_1 by (IVk_1) (and thus on Sk). This
establishes (IIx). By (3) we know that dP, k1 vanishes identically on Sk_1
and therefore on Sy, and this is (Ix). This concludes our induction step and
the lemma follows. O

Remark 4.1. Let us make some observations about the sets Sx and how
they are situated in relation to the fibers of the mapping. First when K is even
one sees that the image of Sk using the map @ : <(C”(”_1)/2>K — C™\ {0} is
(0,...,0,1) so the points in Sk are all contained in ®~1({(0,...,0,1}). When
K is odd the image of Sk is {(z1,...,2n) € C"\ {0}; 2, = 1}.

5. Proof of Lemma 3.7

Definition 5.1. We say that a polynomial p(x1,...,z,) € C[C"] is no more
than linear in xy, if there exist two polynomials p, ¢ € C[C"] both independent
of x; such that

p=xkp+q.

We need the following two lemmata.

LEMMA 5.2. Let p(x1,...,x,) € C[C"] be a polynomial which is no more
than linear in each variable. Then the vector fields
op 0O op 0O

p = 871‘2 axj 8.%‘]' 81’2
for 1 <i < j<mn are globally integrable on C™.

Proof. Note that dp/dz; is no more than linear in z; and independent of
x; since p is no more than linear in each variable separately. Hence the vector
field Op/0z;(0/0x;) is globally integrable and independent of z;. Similarly
the vector field Op/0z;(0/0x;) is globally integrable and independent of z;.
Therefore the vector fields V;;,, are globally integrable. O

LEMMA 5.3. Let p(z1,...,2,) € C[C"] and
Fyle) ={X = (z1,...,2,) € C";p(X) = ¢}
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be the fiber of p over the value c. Then the vector fields

dp 0 dp 0 o
=2 2 7 1< <
P a%‘ax]‘ a:z:j 8:6,‘7 lsi<jsn

span the tangent space of Fy(c) at all smooth points X € F,(c) (i.e., those
points where dp does not vanish.)

Proof. We have

N 81’@ al'j 6a:j 81’1 o

Oop O op O
Vip(p—c) = 2L ZP P _

so the vector fields are tangential to Fj,(c). We need to show that
dimspan (Vjjp;1 <i<j<n)=n-—1.

But this is obvious since at points where dp # 0, at least one of the components,
say dp/0xy,, is nonzero and then

dimspan (Vipp;1 <i<n—1)=n—1. O

Proof of Lemma 3.7. In order to construct a spray we will produce glob-
ally integrable vector fields that span the tangent spaces of the fibers of ® .
These fibers are given by n polynomial equations in Kn(n — 1)/2 variables.
It is difficult to produce globally integrable vector fields that leave these poly-
nomials invariant. The main goal of our proof will be to reduce, on each
stratum individually, these polynomial equations to essentially a single poly-
nomial equation. This polynomial equation will be no more than linear in each
variable, and therefore Lemmas 5.2 and 5.3 will provide us with the desired
integrable fields.

Recall that we have the relations

P g =P gk

P =P _1— 212k P1 Kk

k—1

(5) Py =Prr_1— Z 2ik, Kk Pj i
=1

)

n—1
Pk =Pux-1— Z Zjn,k Pj i
Jj=1
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when K is even and

P,k =P, k-1

Pk =Po1k-1— Znin-1),kPn.K

n
(6) Pok =Pox—1— Y. znxPik
j=k+1

n
P =P gk 1— Z 21,k Pj K
=2
when K is odd.
Lets make the following

Observation (x). From (5) and (6) one easily deduces by induction that
the map ®x = (P k..., Py k) has polynomial entries that are no more than
linear in each variable. Using (5) one sees that P; g is independent of Z,
P, ;¢ depends only on Z1,...,ZKk 1,212k, and in general P} x depends only
on Zy,...,Zg—1 and z; i for 1 <i < j <k when K is even. When K is odd
one concludes, using (6), that Py x depends only on Zi,...,Zx_1 and z;; i
for k<j<i<n.

We will begin by considering the case K even. Here we will stratify C™\{0}

as
hd Vn = (Cn \ {0}7
o Vi ={(z1,...,2n) €C"\{0};21 =+ =2, =0} when 1 < k <n-—1,
and
o Vp=0.
First consider a fiber over a point a = (a1, ...,a,) € V,, \ V,—1. Here we have
P g =a #0
P =P g 1—z212kP1 k= a2
n—1
Pn,K = Pn,Kfl - Z Zjn,KPj,K = An.
j=1
Put Zx = (Zy, ZY},), where Z}, = (z12,K,--.,21n,k) and Zj consists of the

other variables in Zx. We see that the fiber ®'(a) is biholomorphic to (it is
a graph over)

Bu(a) ={Z = (Z1,...,Z}) € (CMn=D/2)E=1 cln=)(n=2)/2, py (7)) = a1}
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(remember that P; g is independent of Z ) since

P g1 —as

12, K = a
1

n—1
Pn,K—l — an — Zj:2 Zjn, K aj
aq '

Zn,K =

This also shows that the fibration ®j : <I>]_(1(Vn \ Viie1) = Vi \ Vi1 is biholo-
morphic to the fibration

{(Z1,..., Z}ya) € CM x (Vi \ Vio1); PLic(Z) = ax}

i (Z1,...,25 a)—a

Vn \ Vn—la

where CM = (Cr(n=1/2)K=1  c(n=D(n=2)/2 The vector fields Vj; p, ., where
i,j run through all pairs of variables in C™, are globally integrable and span
the tangent space of each individual fiber by Lemmas 5.2 and 5.3 (since the
fibers of ®x over V;, \ V,,—1 are smooth and biholomorphic to {P; x(Z) = a1 };
see Remark 4.1). This gives us the vector fields needed to conclude that the
restricted submersion over V,, \ V;,_1 admits a spray.

Next let us study the fiber over a point a = (0,aq,...,a,) € Vo—1 \ Vi—o.
Here the relations for the fiber are

Pig=Pigk 1=0

Pog=Pog1—z2125kPLxk =a2#0

n—1
Pk =Pik-1— Z Zjn,k Pj k. = an.
=1

Since P ik = 0, the system is equivalent to

Pog=Pig 1=0
Pogr=Pog 1=a#0

n—1
Pk =Pyk-1— Z 2jn,k Pj k= an,
Jj=2
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and zi2 K, ...,21n K are free variables. As in the case above we can (using
as # 0) solve the last n —2 equations for the variables 293 i, . . ., 225 k', Damely
_ P3g-1—as
2K =
a2

Pik-1—an— Z?:_gl Zjn, KO
2n,K = .
a2
Put Zx = (Zy, Zy;) where ZY, = (212K, - -+, Zin, K, 223,K - - - » 22n, k) and Zp
consists of the other variables in Zy. We see that the fiber ®,'(a) is biholo-

morphic to
Bn_1(a) ={Z = (Z4,...,2}) € (CPr=D/2)K=1  ¢(n=2)(n=3)/2,
P g(Z) =0,Pyx(Z) = as} x CI !

(212,51 21n, i)
This system of two equations can be reduced to one equation by going back
one step and using the last equation of (6) which says

n
Pig1=|PLgko— Z 2it,k—1Pj k-1 | — 21,k-1FP2 k-1 = 0.
Jj=3

It allows us to solve for zo1 x_1:

(PI,K72 — Y3 Zjl,KfIPj,Kfl)

a2

221,K-1 =

From Observation (x) we see that

n
P g9 — Z 2j1,Kk-1Pj k-1
=3

does not depend on 291 k1. Putting
(CM _ ((Cn(n—l)/Q)K—Q % (Cn(n—l)/Q—l « (C(n—Z)(n—B)/Z
and
X = (Zl,...,ZK_Q,...,/Z\QLK_l,...,Z}() S (CM,
we have shown that the fibration @ : @;(Vn_l \ Vo) = Vi1 \ Voo is
biholomorphic to the fibration

{(X,a) € CM x (Vo1 \ Vya); Po.g—1(X) = ag} x C?ZZ;K,...,zln,m
i(X,Zm,K,---,Zm,K’a)'—’a

anl \ Vn72 )

and the spray is constructed as above.
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For general k we proceed analogously. Using a; = --- = ax_1 = 0 we get
free variables z;; x for 1 <i <k —1 and 7 < j < n, and the first k equations
become

Pig 1= =PFPi1k-1=0
and
Py k-1 = ag.
We now solve the last n —k equations for the variables z 1 1) k- - - » Zkn K US-

ing that a; # 0. Then we go one step back and use the last k — 1 equations of
(6) to rewrite our first k — 1 equations. This allow us to solve for the variables

RE1,K—152k2,K—15 -+ fk(k—1),K—1-
Also the variables z;; g1, for 1 <j < k—2and j < < k—1, become free vari-

ables. This shows that the fibration ® g : <I>I_(1(Vn_k+1 \Viek) = Vi—gt1 \ Va—k
is biholomorphic to the fibration

{(X,a) € CM x (Vygg1 \ Var); Pre—1(X) = ax} x CJf
i(X,w,a)b—m

ankJrl \ ank

for appropriate N. The globally integrable vector fields Vj; p, , where 7, j run
through all pairs of variables in CM together the fields 0/0w; where | runs
over all variables in CY give the spray on the (smooth part, i.e., when Sk is
removed, of the) fibers over V,,_x4+1 \ V,—x. Remembering Remark (4.1) we
have smooth fibers over all strata except for the very last stratum where we

have a nonsmooth fiber over (0,...,0,1).
When K is odd the method is basically the same. Only here the stratifica-
tion is V,, = C"\ {0}, Voo = {(21,...,2n) € C"\{0}; 2pp—py1 = - - = 2, = 0}

when 1 <k <n-—1,and V) = 0. On V,,_k41\ V,,_k one show that the fibers are
biholomorphic to {P,—k+1,Kk—1 = ap_k+1} times free variables. Note that the
singular fibers are contained in the first stratum V,, \ V,,_1; see Remark 4.1. O

Remark 5.4. We do not know whether there is a possibly finer stratifi-
cation so that the restricted submersions are locally trivial fiber bundles. In
some cases we see from the explicit form of the polynomials that we have local
triviality. We have not been able to decide this in all cases.

6. On the number of factors

A natural question to ask is how the number of factors needed in the fac-
torization depends on the space X and the map f. In the algebraic setting
there is no such uniform bound as proved by van der Kallen in [vdK82]. How-
ever in the holomorphic setting (exactly as in the topological setting) it is easy
to see that there is an upper bound depending only on the dimension of the
space X (=m) and the size of the matrix (= n).
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It follows from Vaserstein’s result (Theorem 2.2) that there exists a uni-
form bound K depending on the dimension of the space X (= m) and the size
of the matrix = n such that the fibration

Y

ip*q’x

X

from the proof of Proposition 2.8 has a topological section and hence a holo-
morphic section. Going through the induction over the size of the matrix as
in the proof of Theorem 2.3 we conclude that there is a uniform bound even
in the holomorphic case.

Another way to prove the existence of such a uniform bound is the fol-
lowing. Suppose it would not exist, i.e., for all natural numbers ¢ there are
Stein spaces X; of dimension m and holomorphic maps f;: X; — SL,(C) such
that f; does not factor over a product of less than ¢ unipotent matrices. Set
X = U2, X; the disjoint union of the spaces X; and F': X — SL,,(C) the map
that is equal to f; on X;. By our main result F' factors over a finite number
of unipotent matrices. Consequently all f; factor over the same number of
unipotent matrices which contradicts the assumption on f;.

Thus we proved

THEOREM 6.1. There is a natural number K such that for any reduced
Stein space X of dimension m and any null-homotopic holomorphic map-
ping f: X — SL,(C) there exist holomorphic mappings G1,...,Gg: X —
Cn=1/2 such that

f(x) = My(Gi(z)) - - - Mg (G (x))
for every x € X.

Let us denote by K¢(m,n) the number of matrices needed to factorize
any null-homotopic map from a Stein space of dimension m into SL,(C) by
continuous triangular matrices and the number needed in the holomorphic
case by Kp(m,n). We do not know these numbers. We know that the Cohn
example can be factored as four matrices with continuous entries but if one
wants to factor it using matrices with holomorphic entries, one needs five
matrices. It is natural to ask the following question.

PROBLEM 6.2. How are the numbers Kc¢(m,n) and Ko(m,n) exactly re-
lated? Obviously K¢(m,n) < Ko(m,n).

Examining our proof in the case n = 2 one easily deduces the estimate
Ko(m,2) < Kc¢(m,2) +4. At least for the case n = 2 we believe the answer
to the above question can be found. Some more precise results on the number
of factors are obtained by the authors in [IK].
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