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On a problem posed by Steve Smale

By PETER BURGISSER and FELIPE CUCKER

Abstract

The 17th of the problems proposed by Steve Smale for the 21st century
asks for the existence of a deterministic algorithm computing an approx-
imate solution of a system of n complex polynomials in n unknowns in
time polynomial, on the average, in the size N of the input system. A par-
tial solution to this problem was given by Carlos Beltran and Luis Miguel
Pardo who exhibited a randomized algorithm doing so. In this paper we
further extend this result in several directions. Firstly, we exhibit a linear
homotopy algorithm that efficiently implements a nonconstructive idea of
Mike Shub. This algorithm is then used in a randomized algorithm, call it
LV, a la Beltran-Pardo. Secondly, we perform a smoothed analysis (in the
sense of Spielman and Teng) of algorithm LV and prove that its smoothed
complexity is polynomial in the input size and o', where o controls the
size of of the random perturbation of the input systems. Thirdly, we per-
form a condition-based analysis of LV. That is, we give a bound, for each
system f, of the expected running time of LV with input f. In addition
to its dependence on N this bound also depends on the condition of f.
Fourthly, and to conclude, we return to Smale’s 17th problem as originally
formulated for deterministic algorithms. We exhibit such an algorithm and
show that its average complexity is N°(°81°8 N)  This is nearly a solution
to Smale’s 17th problem.
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1. Introduction

In 2000, Steve Smale published a list of mathematical problems for the
21st century [29]. The 17th problem in the list reads as follows:
Can a zero of n complex polynomial equations in n unknowns be found
approximately, on the average, in polynomial time with a uniform
algorithm?
Smale pointed out that “it is reasonable” to homogenize the polynomial
equations by adding a new variable and to work in projective space after which
he made precise the different notions intervening in the question above. We
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provide these definitions in full detail in Section 2. Before doing so, in the
remainder of this section, we briefly describe the recent history of Smale’s 17th
problem and the particular contribution of the present paper. The following
summary of notations should suffice for this purpose.

We denote by Hq the linear space of complex homogeneous polynomial
systems in n + 1 variables, with a fixed degree pattern d = (dy,...,d,). We
let D = max; d;, N = dimc Hq, and D = [[; d;. We endow this space with the
unitarily invariant Bombieri-Weyl Hermitian product and consider the unit
sphere S(Hgq) with respect to the norm induced by this product. We then
make this sphere a probability space by considering the uniform measure on
it. The expression “on the average” refers to expectation on this probability
space. Also, the expression “approximate zero” refers to a point for which
Newton’s method, starting at it, converges immediately, quadratically fast.

This is the setting underlying the series of papers [22], [23], [24], [26], [25]
— commonly referred to as “the Bézout series” — written by Shub and Smale
during the first half of the 1990s, a collection of ideas, methods, and results that
pervade all the research done in Smale’s 17th problem since this was proposed.
The overall idea in the Bézout series is to use a linear homotopy. That is, one
starts with a system g and a zero ¢ of g and considers the segment Ey, with
extremities f and g. Here f is the system whose zero we want to compute.
Almost surely, when one moves from ¢ to f, the zero ( of g follows a curve
in projective space to end in a zero of f. The homotopy method consists of
dividing the segment E, in a number, say k, of subsegments E; small enough
to ensure that an approximate zero x; of the system at the origin of F; can be
made into an approximate zero x;41 of the system at its end (via one step of
Newton’s method). The difficulty of this overall idea lies in the following issues:

(1) How does one choose the initial pair (g, ¢)?
(2) How does one choose the subsegments E;? In particular, how large
should k be?

The state of the art at the end of the Bézout series, i.e., in [25], showed an
incomplete picture. For (2), the rule consisted of taking a regular subdivision of
Ey 4 for a given k, executing the path-following procedure, and repeating with
k replaced by 2k if the final point could not be shown to be an approximate zero
of f. (Shub and Smale provided criteria for checking this.) Concerning (1),
Shub and Smale proved that good initial pairs (g,¢) (in the sense that the
average number of iterations for the rule above was polynomial in the size
of f) existed for each degree pattern d, but they could not exhibit a procedure
to generate one such pair.

The next breakthrough took a decade to come. Beltran and Pardo pro-
posed in [4], [5] that the initial pair (g, () should be randomly chosen. The con-
sideration of randomized algorithms departs from the formulation of Smale’s
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17th problem! but it is widely accepted that, in practical terms, such al-
gorithms are as good as their deterministic siblings. And in the case at
hand this departure turned out to pay off. The average (over f) of the ex-
pected (over (g,(¢)) number of iterations of the algorithm proposed in [5] is
O(nSN2D?log D). One of the most notable features of the ideas introduced
by Beltran and Pardo is the use of a measure on the space of pairs (g, () which
is friendly enough to perform a probabilistic analysis while, at the same time,
does allow for efficient sampling.

Shortly after the publication of [4], [5] Shub wrote a short paper of great
importance [21]. Complexity bounds in both the Bézout series and the Beltrén-
Pardo results rely on condition numbers. Shub and Smale had introduced a
measure of condition pinorm (f,¢) for f € Hq and ¢ € C**! which, in case ( is
a zero of f, quantifies how much ( varies when f is slightly perturbed. Using
this measure they defined the condition number of a system f by taking

(11) Mmax(f) = Cl?(l?))io Mnorm(f: C)

The bounds mentioned above make use of an estimate for the worst-conditioned
system along the segment Ey ,, that is, of the quantity

1.2 max ().
(1.2) 0 fimax (1)

The main result in [21] shows that there exists a partition of Ey, which suc-
cessfully computes an approximate zero of f whose number k of pieces satisfies

(1.3) k< CD3/2/ 15(q) dg,
quf,g
where C' is a constant and p2(q) is the mean square condition number of g
given by
1
(14) :U’%(Q) = 5 Z Mr%orm(q’ C)

¢lg($)=0

This partition is explicitly described in [21], but no constructive procedure to
compute the partition is given there.

n his description of Problem 17 Smale writes “Time is measured by the number of
arithmetic operations and comparisons, <, using real machines (as in Problem 3)” and in the
latter he points that, “In [Blum-Shub-Smale,1989] a satisfactory definition [of these machines]
is proposed.” The paper [9] quoted by Smale deals exclusively with deterministic machines.
Furthermore, Smale adds that “a probability measure must be put on the space of all such f,
for each d = (di,...,dn), and the time of an algorithm is averaged over the space of f.”
Hence, the expression ‘average time’ refers to expectation over the input data only.
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In an oversight of this nonconstructibility, Beltran and Pardo [6] provided
a new version of their randomized algorithm? with an improved complexity of
O(D*?nN).

A first goal of this paper is to validate Beltran and Pardo’s analysis in [6]
by exhibiting an efficiently constructible partition of Ef, which satisfies a
bound like (1.3). Our way of doing so owes much to the ideas in [21]. The
path-following procedure ALH relying on this partition is described in detail
in Section 3.1 together with a result, Theorem 3.1, bounding its complexity as
in (1.3).

The second goal of this paper is to perform a smoothed analysis of a ran-
domized algorithm (essentially Beltran-Pardo randomization plus ALH) com-
puting a zero of f, which we call LV. What smoothed analysis is, is succinctly
explained in the citation of the Godel prize 2008 awarded to its creators, Daniel
Spielman and Teng Shang-Hua.?

Smoothed Analysis is a novel approach to the analysis of algorithms.
It bridges the gap between worst-case and average case behavior by
considering the performance of algorithms under a small perturba-
tion of the input. As a result, it provides a new rigorous framework
for explaining the practical success of algorithms and heuristics that
could not be well understood through traditional algorithm analysis
methods.

In a nutshell, smoothed analysis is a probabilistic analysis which replaces
the ‘evenly spread’ measures underlying the usual average-case analysis (uni-
form measures, standard normals, ...) by a measure centered at the input
data. That is, it replaces the ‘average data input’ (an unlikely input in ac-
tual computations) by a small random perturbation of a worst-case data and
substitutes the typical quantity studied in the average-case context,

E ¢(f),

f~R
by

sup E  o(f).
7 I~c(fr)

2The algorithm in [6] explicitly calls as a subroutine “the homotopy algorithm of [21]”
without noticing that the partition in [21] is nonalgorithmic. Actually, the word ‘algorithm’ is
never used in [21]. The main goal of [21], as stated in the abstract, is to motivate “the study
of short paths or geodesics in the condition metric” —the proof of (1.3) does not require the
homotopy to be linear and one may wonder whether other paths in Hq may substantially
decrease the integral in the right-hand side. This goal has been addressed, but not attained,
in [7]. As of today it remains a fascinating open problem.

3See http://www.fmi.uni-stuttgart.de/ti/personen/Diekert/citation08.pdf for the
whole citation.
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Here o(f) is the function of f one is interested in (e.g., the complexity of an
algorithm over input f), R is the ‘evenly spread’ measure mentioned above and
C(f,r) is an isotropic measure centered at f with a dispersion (e.g., variance)
given by a (small) parameter r > 0.

An immediate advantage of smoothed analysis is its robustness with re-
spect to the measure C (see §3.4 below). This is in contrast with the most
common critique to average-case analysis: “A bound on the performance of
an algorithm under one distribution says little about its performance under
another distribution, and may say little about the inputs that occur in prac-
tice” [31].

The precise details of the smoothed analysis we perform for zero finding
are in Section 3.4.

To describe the third goal of this paper we recall Smale’s ideas of com-
plexity analysis as exposed in [28]. In this program-setting paper Smale writes
that he sees “much of the complexity theory [...] of numerical analysis conve-
niently represented by a two-part scheme.” The first part amounts to obtain,
for the running time time(f) of an algorithm on input f, an estimate of the
form

(1.5) time(f) < K(size(f) + u(f))",

where K and c¢ are positive constants and u(f) is a condition number for f.
The second takes the form

(1.6) Prob{u(f) > T} < T°°,

“where a probability measure has been put on the space of inputs.” The first
part of this scheme provides understanding on the behavior of the algorithm
for specific inputs f (in terms of their condition as measured by u(f)). The
second, combined with the first, allows one to obtain probability bounds for
time(f) in terms of size(f) only. But these bounds say little about time(f) for
actual input data f.

Part one of Smale’s program is missing in the work related with his 17th
problem. All estimates on the running time of path-following procedures for
a given f occurring in both the Bézout series and the work by Beltran and
Pardo are expressed in terms of the quantity in (1.2) or the integral in (1.3),
not purely in terms of the condition of f. We fill this gap by showing for the
expected running time of LV a bound like (1.5) with pu(f) = pimax(f). The
precise statement, Theorem 3.7, is in Section 3.6 below.

Last but not least, to close this introduction, we return to its opening
theme: Smale’s 17th problem. Even though randomized algorithms are effi-
cient in theory and reliable in practice, they do not offer an answer to the
question of the existence of a deterministic algorithm computing approximate
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zeros of complex polynomial systems in average polynomial time. The situa-
tion is akin to the development of primality testing. It was precisely with this
problem that randomized algorithms became a means to deal with apparently
intractable problems [30], [17]. Yet, the eventual display of a deterministic
polynomial-time algorithm [1] was justly welcomed as a major achievement.
The fourth main result in this paper exhibits a deterministic algorithm com-

loglog N) Ty do so we design

puting approximate zeros in average time N o
and analyze a deterministic homotopy algorithm, call it MD, whose average
complexity is polynomial in n and N and exponential in D. This already
yields a polynomial-time algorithm when one restricts the degree D to be at
most n!~¢ for any fixed € > 0 (and, in particular, when D is fixed as in a sys-
tem of quadratic or cubic equations). Algorithm MD is fast when D is small.
We complement it with an algorithm that uses a procedure proposed by Jim
Renegar [18] and which computes approximate zeros similarly fast when D is
large.

In order to prove the results described above we have relied on a number
of ideas and techniques. Some of them —e.g., the use of the coarea formula or
of the Bombieri-Weyl Hermitian inner product— are taken from the Bézout
series and are pervasive in the literature on the subject. Some others —notably
the use of the Gaussian distribution and its truncations in Euclidean space
instead of the uniform distribution on a sphere or a projective space— are less
common. The blending of these ideas has allowed us a development which
unifies the treatment of the several situations we consider for zero finding in
this paper.

Acknowledgments. Thanks go to Carlos Beltran and Jean-Pierre Dedieu
for helpful comments. We are very grateful to Mike Shub for constructive crit-
icism and insightful comments that helped to improve the paper considerably.
This work was finalized during the special semester on Foundations of Com-
putational Mathematics in the fall of 2009. We thank the Fields Institute in
Toronto for hospitality and financial support.

2. Preliminaries

2.1. Setting and notation. For d € N we denote by Hy the subspace of

C[Xo, ..., Xp] of homogeneous polynomials of degree d. For f € H,4, we write
a\ /2
10 =3 (1) axe
(6%
where a = (ap,...,q,) is assumed to range over all multi-indices such that
o] = S oo = d, (i) denotes the multinomial coefficient, and X< :=

XGOX{ - Xan. That is, we take for basis of the linear space H4 the Bombieri-

1/2
Weyl basis consisting of the monomials (g) /2 X A reason to do so is that the
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Hermitian inner product associated to this basis is unitarily invariant. That

1/2
is, if g € Hq is given by g(z) = 3, (%) /
inner product

ba X ¢, then the canonical Hermitian

<f>g> = Z aaa

|a|=d

satisfies, for all element v in the unitary group U(n + 1), that

(f.9) ={fov,gov).

Fix dy,...,d, € N\ {0} and let Hq = Hq, X --- X Hg4, be the vector space of
polynomial systems f = (f1,..., f,) with f; € C[Xy, ..., X,] homogeneous of
degree d;. The space Hq is naturally endowed with a Hermitian inner product
(f,9) =>11(fi»gi). We denote by ||f|| the corresponding norm of f € Hgq.

Recall that N = dimcHq and D = max; d;. Also, in the rest of this
paper, we assume D > 2 (the case D = 1 being solvable with elementary
linear algebra).

Let P* := P(C"*!) denote the complex projective space associated to
C™*1 and S(Hq) the unit sphere of Hq. These are smooth manifolds that
naturally carry the structure of a Riemannian manifold (for P the metric is
called Fubini-Study metric). We will denote by dp and ds their Riemannian
distances which, in both cases, amount to the angle between the arguments.
Specifically, for x,y € P", one has

e
@1) 08 e, 0) = LTl

Ocasionally, for f,g € Hq \ {0}, we will abuse language and write ds(f, g) to
denote this angle, that is, the distance dg(ﬁ, ﬁ),
We define the solution variety to be

Ve :={(f,{) € Ha x P" | f # 0 and f(¢) = 0}.

This is a smooth submanifold of Hq x P™ and hence also carries a Riemannian
structure. We denote by Vp(f) the zero set of f € Hq in P". By Bézout’s
theorem, it contains D points for almost all f. Let Df (C)|T< denote the

restriction of the derivative of f: C"*! — C" at ¢ to the tangent space
Tr == {v € C"" | (v,¢) = 0} of P" at (. The subvariety of ill-posed pairs
is defined as

3p = {(f,¢) € Ve | rank Df(¢) 7, < n}.

Note that (f,() ¢ Xp means that ¢ is a simple zero of f. In this case, by the
implicit function theorem, the projection Vp — Hgq, (g, 2) +— g can be locally
inverted around (f,(). The image ¥ of ¥ under the projection Vp — Hgq is
called the discriminant variety.
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2.2. Newton’s method. In [20], Mike Shub introduced the following pro-
jective version of Newton’s method. We associate to f € Hq (with Df(x)
of rank n for some z) a map Ny : C"*1\ {0} — C"*1\ {0} defined (almost
everywhere) by

Ni(@) = 2 — Df (@)L f ().
Note that Ny(x) is homogeneous of degree 0 in f and of degree 1 in x so that
Ny induces a rational map from P to P" (which we will still denote by Ny),
and this map is invariant under multiplication of f by constants.

We note that N¢(z) can be computed from f and x very efficiently: since
the Jacobian D f(x) can be evaluated with O(N) arithmetic operations [3], one
can do with a total of O(N + n3) arithmetic operations.

It is well known that when z is sufficiently close to a simple zero ¢ of f,
the sequence of Newton iterates beginning at x will converge quadratically fast
to ¢. This property led Steve Smale to define the following intrinsic notion of
approximate zero.

Definition 2.1. By an approzimate zero of f € Hq associated with a zero
¢ € P" of f, we understand a point z € P" such that the sequence of Newton
iterates (adapted to projective space)

Tiy1 := Ny(x;)
with initial point x¢ := x converges immediately quadratically to (, i.e.,
1

dp(z,¢) < (2)2i_1 dp(o, ¢)

for all 7 € N.

2.3. Condition numbers. How close need = be from ¢ to be an approximate
zero? This depends on how well conditioned the zero ( is.

For f € Hq and z € C*™!\ {0}, we define the (normalized) condition
number finorm(f, ) by

pnorma (f:2) 1= | £ || (DF(@)y2,) " diag(Vr|l2l| @Y, . /]|
where T, denotes the Hermitian complement of Cz, the right-hand side norm
is the spectral norm, and diag(a;) denotes the diagonal matrix with entries a;.
Note that pinorm(f, ) is homogeneous of degree 0 in both arguments; hence it
is well defined for (f,x) € Hq x P™. If x is a simple zero of f, then ker D f(z) =
Cz and hence (D f (a:)‘Tz)_l can be identified with the Moore-Penrose inverse
Df(z)" of Df(x). We have pinorm(f, ) > 1; cf. [8, §12.4, Cor. 3].
The following result (essentially, a y-Theorem in Smale’s theory of esti-

)

mates for Newton’s method [27]) quantifies our claim above.
THEOREM 2.2. Assume f(() = 0 and dp(x,() < W"rm(m,
up =3 — V7~ 0.3542. Then z is an approzimate zero of f associated with C.

where
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Proof. This is an immediate consequence of the projective ~-Theorem
in [8, p. 263, Th. 1] combined with the higher derivative estimate [8, p. 267,
Th. 2]. O

2.4. Gaussian distributions. The distribution of input data will be mod-
elled with Gaussians. Let T € R™ and o > 0. We recall that the Gaussian
distribution N (Z,0?I) on R” with mean 7 and covariance matrix oI is given

by the density . . H e
T—7T

3. Statement of main results

3.1. The homotopy continuation routine ALH. Suppose that we are given
an input system f € Hq and an initial pair (g,{) in the solution variety Vp
such that f and g are R-linearly independent. Let oo = ds(f,¢g). Consider the
line segment E 4, in Hq with endpoints f and g. We parametrize this segment
by writing

Efg={q¢r € Ha |7 €[0,1]},
with ¢ being the only point in Ey, such that ds(g,¢;) = Ta (see Figure 1).
Explicitly, we have ¢, = tf + (1 —t)g, where t = t(7) is given by equation (5.4)
below. If Ef, does not intersect the discriminant variety X, there is a unique
continuous map [0,1] — Vp, 7 — (¢r, ;) such that (go, o) = (g,(), called the
lifting of E 4 with origin (g,¢). In order to find an approximation of the zero
(1 of f = g1, we may start with the zero { = {y of g = g9 and numerically follow
the path (¢r, () by subdividing [0,1] with points 0 =19 <73 < -+- <7 =1
and by successively computing approximations z; of (;, by Newton’s method.

More precisely, we consider the following algorithm ALH (Adaptive Linear

Homotopy) with the stepsize parameter A\ = 6.67 - 1073,

Algorithm ALH
input f,g € Hq and ¢ € P" such that ¢({) =0
a:=ds(f,g), = [fll, s = [|g]
T:=0,qg:=g9,z:=(
repeat
I A
AT = aD3/21i2 1 (g,2)
7 :=min{l,7 4+ A7}
t:= =

rsin a cot(Ta)—r cos a+s
q:=tf+(1—1t)g
x = Ny(z)
until 7 =1
RETURN z
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Our main result for this algorithm, which we will prove in Section 4, is
the following.

THEOREM 3.1. The algorithm ALH stops after at most k steps with

1
k < 245 D2 ds(f, g) /O 120 (rs Cr) d.

The returned point x is an approximate zero of f with associated zero (1.

Remark 3.2. 1. The bound in Theorem 3.1 is optimal up to a constant
factor. This easily follows by an inspection of its proof given in Section 4.

2. Algorithm ALH requires the computation of pinorm which, in turn, re-
quires the computation of the operator norm of a matrix. This cannot be
done exactly with rational operations and square roots only. We can do, how-
ever, with a sufficiently good approximation of u2 .. (¢,7), and there exist
several numerical methods efficiently computing such an approximation. We
will therefore neglect this issue pointing, however, for the skeptical reader
that another course of action is possible. Indeed, one may replace the op-
erator by the Frobenius norm in the definition of pinorm and use the bounds
M| < ||M||r < y/rank(M)||M|| to show that this change preserves the cor-
rectness of ALH and adds a multiplicative factor n in the right-hand side of
Theorem 3.1. A similar comment applies to the computation of o and cot(7a)
in algorithm ALH which cannot be done exactly with rational operations.

3.2. Randomization and complezity: the algorithm LV. ALH will serve as
the basic routine for a number of algorithms computing zeros of polynomial
systems in different contexts. In these contexts both the input system f and
the origin (g,() of the homotopy may be randomly chosen: in the case of
(g,¢) as a computational technique and in the case of f in order to perform a
probabilistic analysis of the algorithm’s running time.

In both cases, a probability measure is needed: one for f and one for the
pair (g,¢). The measure for f will depend on the kind of probabilistic ana-
lysis (standard average-case or smoothed analysis) we perform. In contrast,
we will consider only one measure on Vp — which we denote by pgt — for
the initial pair (g,(). It consists of drawing g from Hq from the standard
Gaussian distribution (defined via the isomorphism Hq ~ R?Y given by the
Bombieri-Weyl basis) and then choosing one of the (almost surely) D zeros
of g from the uniform distribution on {1,...,D}. The formula for the density
of pst will be derived later; see Lemma 8.8(5). The above procedure is clearly
nonconstructive as computing a zero of a system is the problem we wanted to
solve in the first place. One of the major contributions in [4] was to show that
this drawback can be repaired. The following result (a detailed version of the
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effective sampling in [6]) will be proved in Section 9 as a special case of more
general results we will need in our development.

PROPOSITION 3.3. We can compute a random pair (g,¢) € Vp according
to the density pst with O(N) choices of random real numbers from the stan-
dard Gaussian distribution and O(DnN +n3) arithmetic operations (including
square roots of positive numbers).

Algorithms using randomly drawn data are called probabilistic (or ran-
domized). Those that always return a correct output are said to be of type
Las Vegas. The following algorithm (which uses Proposition 3.3) belongs to
this class:

Algorithm LV

input f € Hy
araw (g,¢) € Ve from pay
run ALH on input (f,g,()

For an input f € Hq algorithm LV either outputs an approximate zero x
of f or loops forever. By the running time t(f,g,() we will understand the
number of elementary operations (i.e., arithmetic operations, evaluations of the
elementary functions sin, cos, cot, square root, and comparisons) performed by
LV on input f with initial pair (g, (). For fixed f, this is a random variable and
its expectation t(f) := E(g,¢)~ps: (t(f5 9, C)) is said to be the expected running
time of LV on input f.

For all f,g,(, the running time ¢(f, g,() is given by the number of iter-
ations K(f,g,¢) of ALH with input this triple times the cost of an iteration,
the latter being dominated by that of computing one Newton iterate (which is
O(N + n?) independently of the triple (f,g,(); see §2.2). It therefore follows
that analyzing the expected running times of LV amounts to do so for the ex-
pected value — over (g,() € Vp drawn from psy — of K(f,g,(). We denote
this expectation by

K(f):== E (K(f9,0)

(g7C)NpSt

3.3. Awerage analysis of LV. To talk about average complexity of LV re-
quires specifying a measure for the set of inputs. The most natural choice is the
standard Gaussian distribution on Hq4. Since K (f) is invariant under scaling,
we may equivalently assume that f is chosen in the unit sphere S(Hq) from
the uniform distribution. With this choice, we say a Las Vegas algorithm is
average polynomial time when the average — over f € S(Hgq) — of its expected
running time is polynomially bounded in the size N of f. The following result
shows that LV is average polynomial time. It is essentially the main result
in [6] (modulo the existence of ALH and with specific constants).
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THEOREM 3.4. The average of the expected number of iterations of Algo-
rithm LV is bounded as (n > 4)

E K(f) <4185D%%N(n+1).
feS(Ha)

3.4. Smoothed analysis of LV. A smoothed analysis of an algorithm con-
sists of bounding, for all possible input data f, the average of its running time
(its expected running time if it is a Las Vegas algorithm) over small perturba-
tions of f. To perform such an analysis, a family of measures (parametrized
by a parameter r controlling the size of the perturbation) is considered with
the following characteristics:

(1) The density of an element f depends only on the distance || f — f||.

(2) The value of r is closely related to the variance of || f — f||.

Then, the average above is estimated as a function of the data size N and
the parameter r, and a satisfying result, which is described by the expression
smoothed polynomial time, demands that this function is polynomially bounded
in r~! and N. Possible choices for the measures’ family are the Gaussians
N(f,o%I) (used, for instance, in [14], [19], [32], [33]) and the uniform measure
on disks B(f,r) (used in [2], [11], [12]). Other families may also be used and
an emerging impression is that smoothed analysis is robust in the sense that
its dependence on the chosen family of measures is low. This tenet was argued
for in [15] where a uniform measure is replaced by an adversarial measure (one
having a pole at f) without a significant loss in the estimated averages.

In this paper, for reasons of technical simplicity and consistency with the
rest of the exposition, we will work with truncated Gaussians defined as follows.
For f € Hq and o > 0, we shall denote by N(f,o2I) the Gaussian distribution
on Hq ~ R?N (defined with respect to the Bombieri-Weyl basis) with mean
f and covariance matrix o2I. Further, for A > 0, let P4, = Prob{||f|| <
Al f ~ N(0,0%1)}. We define the truncated Gaussian Na(f,c?I) with center
f € Hq as the probability measure on Hq with density

(3.1) o(f) = { @Tm if|f - fll<A

0 otherwise,

where p - denotes the density of N (f,o%I). Note that No(f,o?]) is isotropic

around its mean f.
For our smoothed analysis we will take A = +/2N. In this case, we have

Py, > L forall 0 <1 (Lemma 6.1). Note also that Var f—=7rlh < o2, so
b 2

2

that any upper bound polynomial in ¢~° is also an upper bound polynomial

in Var(|[f = fI)~.

We can now state our smoothed analysis result for LV.
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THEOREM 3.5. For any 0 < o < 1, Algorithm LV satisfies

1
sup E  K(f) <485D%*(N +272VN)(n+1) =
FeS(Ha) f~Na(F.o21) 7
3.5. The main technical result. The technical heart of the proof of the
mentioned results on the average and smoothed analysis of LV is the following
smoothed analysis of the mean square condition number.

THEOREM 3.6. Letq € Hq and o > 0. For q € Hq drawn from N(g, o?I),
we have

E (M%@) o elnt1)
Ha  llall? 20°
We note that no bound on the norm of g is required here. Indeed, using
w2(Aq) = pa(q), it is easy to see that the assertion for g, o implies the assertion
for Ag, Ao, for any A > 0.

3.6. Condition-based analysis of LV. We are here interested in estimat-
ing K(f) for a fixed input system f € S(Hq). Such an estimate will have to
depend on, besides N, n, and D, the condition of f. We measure the latter
using Shub and Smale’s [22] pmax(f) defined in (1.1). Our condition-based
analysis of LV is summarized in the following statement.

THEOREM 3.7. The expected number of iterations of Algorithm LV with
input f € S(Ha) \ ¥ is bounded as

K(f) < 200411 D3N (n + 1)p2,,.(f).

3.7. A near solution of Smale’s 17th problem. We finally want to consider
deterministic algorithms finding zeros of polynomial systems. Our goal is to
exhibit one such algorithm working in nearly-polynomial average time, more
precisely in average time NOUoglogN) = A first ingredient to do so is a deter-
ministic homotopy algorithm which is fast when D is small. This consists of
algorithm ALH plus the initial pair (U, z1), where U = (Uy,...,U,) € S(Hq)
with U; = \/%(Xg" —Xg") and z; =(1:1:...:1).

We consider the following algorithm MD (Moderate Degree):

Algorithm MD
input f € Hq
run ALH on input (f,U,z21)

We write Ki(f) := K(f,U, z1) for the number of iterations of algorithm
MD with input f. We are interested in computing the average over f of K7(f)
for f randomly chosen in S(Hq) from the uniform distribution.

The complexity of MD is bounded as follows.



ON A PROBLEM POSED BY STEVE SMALE 1799

THEOREM 3.8. The average number of iterations of Algorithm MD is

bounded as
E  Kg(f) <400821 D® N(n +1)P+1,
feS(Ha)

Algorithm MD is efficient when D is small, say, when D < n. For D > n
we use another approach, namely, a real number algorithm designed by Jim
Renegar [18] which in this case has a performance similar to that of MD when
D < n. Putting both pieces together we will reach our last main result.

THEOREM 3.9. There is a deterministic real number algorithm that on
input f € Hq computes an approzimate zero of f in average time NO(oglogN)
where N = dim Hq measures the size of the input f. Moreover, if we restrict

data to polynomials satisfying
D< nlﬁis or D >nlte

for some fixed € > 0, then the average time of the algorithm is polynomial in
the input size N.

4. Complexity analysis of ALH

The goal of this section is to prove Theorem 3.1. An essential component
in this proof is an estimate of how much finorm(f,{) changes when f or ¢
(or both) are slightly perturbed. The following result gives upper and lower
bounds on this variation. It is a precise version, with explicit constants, of
Theorem 1 of [21].

PROPOSITION 4.1. Assume D > 2. Let 0 < ¢ < 0.13 be arbitrary and

C < 5. Forall f,g € S(Hqa) and all z,¢ € P", if d(f,g) < W and
d(6:2) < prrmne gy then
1
17_'_5 Hnorm(gv CU) < Mnorm(fy C) < (1 + 6):unorm(ga x)

In what follows, we will fix the constants as € = 0.13 and C' = 5 = 0.025.

Remark 4.2. The constants C' and € implicitly occur in the statement of
Theorem 3.1 since the 245 therein is a function of these numbers. But their
role is not limited to this since they also occur in the algorithm ALH in the
26235;‘;21 controlling the update 7 + A7 of 7. We note that for
the former we could do without precise values by using the big Oh notation.

parameter A\ =

In contrast, we cannot talk of a constructive procedure unless all of its steps
are precisely given.

Proof of Theorem 3.1. Let 0 = 79 < 71 < - < 7, = 1 and (, =
g, T1,...,T be the sequences of 7-values and points in P" generated by the
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algorithm ALH. To simplify notation we write ¢; instead of ¢, and (; instead
of (.

We claim that, for i = 0,...,k — 1, the following inequalities are true:

C
(a) d[P(xh CZ) < D3/2/J,norm(qiv Cl) ;

(b) Mnorm(Qia xz)

< ,Ulnorm(%ﬁ <z) < (1 + 5>Nn0rm(Qia xi);

(1+e)
C
(c) dS(Qi7qi+1) < D3/2Mnorm(Qi7<i);
() delGirGi) < iz ey (T o)

2C
(1 + €)D3/2Mnorm((ﬁa C’L) .

We proceed by induction showing that

(e) dp(wi,Git1) <

(a,i) = (b,i) = ((c,i) and (d,i)) = (e,i) = (a,i+ 1).

Inequality (a) for i = 0 is trivial.
Assume now that (a) holds for some ¢ < k — 1. Then, Proposition 4.1
(with f = g = ¢;) implies

norm\qi, Tq
M < Hnorm (@i Gi) < (1 + €)pnorm (¢4, i)

(1+¢)
and thus (b). We now show (¢) and (d). To do so, put p, := ”g:” and let
T« > T; be such that fTT:(HPTH + HCTH)dT = Dg/Qungm(%Q) 8;2 or 7, = 1,

whichever the smallest. Then, for all ¢ € [r;, 72,

t . Te .
Ar(6n6) = [ 16 dr < [ (el + 1 lar

§ C (I-¢)
- D3/2Mnorm(%” CZ) (1 + 6)

and, similarly,
C (1—¢) C
= 2 S T3 :
D3/ Nnorm(Qi7<i) (1 + 5) D3/ Mnorm(qmg)
It is therefore enough to show that 7,41 < 7. This is trivial if 7, = 1. We there-

fore assume 7, < 1. The two bounds above allow us to apply Proposition 4.1
and to deduce, for all 7 € [r;, 73],

dS(qiu Qt)

Nnorm(‘]ﬁ C‘r) < (1 + S)Hnorm(qz', C’L)
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From ||CT|| < pmorm (@7, ¢r) HpTH (cf. [87 §12-3'12'4]) and finorm(¢r,¢r) > 1 it
follows that

¢ (1-¢) / : : /T* .
- T T d < 2norm Ty 6T T d
D3/2Mnorm(Qi7€i) (1 + 6) T (”p H * HC H) 7 T a (q C )Hp H T

< 2(1+5)Mnorm(qm<i)/. ||pTHdT < 2dS(QiaQ‘r*)(1+5)Nn0rm(¢]ia<i)-

Ti

Consequently, using (b), we obtain

C(1—¢) C(1-¢)
d, iy 7y > 2 .
s(4i> ¢r.) 2(1+¢)2D3212, (4, G) = 2(1+ ) D322, (i, 2)

The parameter A in ALH is chosen as % (or slightly less). By the definition
A

of 7,41 — 7 in ALH we have a(7j41 — 7)) = =535 So we obtain
i+1 ? ( i+l Z) D3/21u‘1210rm(q’i7$i)

ds(qi, qr.) > (Tiv1 — 73) = ds(qis Git1)-

This implies 7,11 < 7 as claimed and hence, inequalities (c) and (d). With
them, we may apply Proposition 4.1 to deduce, for all 7 € [1;, Tit1],

,U/norm(qh CZ)
14¢

Next we use the triangle inequality, (a), and (d), to obtain

dp(xi, Giy1) < dp(x4, G) + dp(Gis Gir1)

(4'1) < ,Unorm(QTy CT) < (1 + 6)Mnorm((h'a Cz)

_ N C (1—¢)
a D3/2Mnorm(‘]i7 CZ) D3/2:U’n0rm(qi7 CZ) (1 + 6)
2C
(1 + 5)D3/2Mnorm(Qi7 Cz) ’

which proves (e). Theorem 2.2 yields that x; is an approximate zero of ¢;11
associated with its zero (;4+1. Indeed, by our choice of C' and e, we have 2C' <

uo(1 4+ €) and hence dp(x;, (iy1) < m. Therefore, 11 = Ny, (z5)

satisfies
dp(Tit1, Git1) < %dIP’(%'ygi-&-l)‘
Using (e) and the right-hand inequality in (4.1) with ¢ = ¢;41, we obtain
C < C
(14 &) D32 pnorm(qi> Gi) ~ D32 pinorm (gis1, Git1)’

which proves (a) for i + 1. The claim is thus proved.

. < C
The estimate dp(zk, (k) < D o an i)

by Theorem 2.2 that the returned point x; is an approximate zero of g, = f
with associated zero (.

dp(Zit1, CGip1) <

just shown for ¢ = k — 1 implies
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Consider now any ¢ € {0,...,k — 1}. Using (4.1) and (b) we obtain

Tit1 Titl )2 s 2 s
/ N?lorm(QTy CT)dT 2/ Nnormi(qHCZ)dT = M(Ti+l _ Ti)

, ; (1+4¢)? (1+4¢)?
2
X
Mnamiq;)ﬁ) (Tit1 = 7i)
_ :u‘?lorm(qﬁ xl) A
(1 + 5)4 O[D3/2:U’1210rm(%7 xl)
A 1 1

(1+¢e)*aD32 = 245aD3/2

This implies
L m dr > K !
/0 Hinor (q“ CT) g %047 D3/2’

which proves the stated bound on k. [l

5. A useful change of variables

We first draw a conclusion of Theorem 3.1, that we will need several times.
Recall the definition (1.4) of the mean square condition number ps(q).

PROPOSITION 5.1. The expected number of iterations of ALH on input f €
Ha \ X is bounded as

1
K(f) <2450% B (ds(f,g) / u%(qf)dT)
geS(Ha) 0

Proof. Fix g € Hq such that the segment Ky, does not intersect the
discriminant variety ¥ (which is the case for almost all g, as f € X). To each

of the zeros () of g there corresponds a lifting [0,1] — V, 7 — (g7, Cﬁ)) of B¢,
such that C(gl) = ¢, Theorem 3.1 states that

. 1 .
K(f,9.¢™) < 245 D% ds( £, ) /0 120 (r, C0) dr.

Since Cﬁl), ey SD) are the zeros of ¢,, we have by the definition (1.4) of the

mean square condition number

12 : 1
(5.1) 5 K(£,9.¢) <2050 d5(f.9) [ widar) dr.
i=1 0

The assertion follows now from (compare the forthcoming Lemma 8.8)

D
K(f)= B (K(f9.0)= E (ézm,g,c(“)). O

(Qvg)NPst QGS(Hd) i=1
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The remaining of this article is devoted to prove Theorems 3.4— 3.9. All
of them involve expectations — over random f and/or g — of the integral
fol 13 (gr)dr. In all cases, we will eventually deal with such an expectation with
f and g Gaussian. Since a linear combination (with fixed coefficients) of two
such Gaussian systems is Gaussian as well, it is convenient to parametrize
the interval Ey, by a parameter ¢t € [0, 1] representing a ratio of Euclidean
distances (instead of a ratio of angles as 7 does). Thus we write, abusing
notation, ¢ = tf + (1 —t)g. For fixed t, as noted before, ¢; follows a Gaussian
law. For this new parametrization we have the following result.

PROPOSITION 5.2. Let f, g € Hq be R-linearly independent and Ty € [0, 1].

Then
dS(f,g)/ 115(qr) dT</ 171 gl /ﬁz((ﬁtg 7

where
lgll
llgll + |1 £l (sin o cot (Toax) — cos )
is the fraction of the Euclidean distance ||f — g|| corresponding to the fraction
7o of the angle a = ds(f,g).

to =

Proof. For t € [0,1], abusing notation, we let ¢¢ = tf + (1 — t)g and
7(t) € [0,1] be such that 7(¢)« is the angle between g and ¢g;. This defines a
bijective map [to, 1] — [70,1],t — 7(t). We denote its inverse by 7 — ¢(7). We
claim that
dr _ sine |If]] - llgl

52 — =
(5:2) & o el

Note that the stated inequality easily follows from this claim by the transfor-
mation formula for integrals together with the bound sina < 1.

To prove Claim (5.2), denote r = ||f|| and s = ||g||. We will explicitly
compute t(7) by some elementary geometry. For this, we introduce cartesian
coordinates in the plane spanned by f and g and assume that g has the coor-
dinates (s,0) and f has the coordinates (r cosa,rsin«); see Figure 1.

Then, the lines determining ¢, have the equations
cos(Ta) rCcosa — §
rT=Y ———= and r=y————+Ss
sin(ra) rsin o
from where it follows that the coordinate y of ¢, is

rssin asin(ra)

5.3 = .
(5:3) Y rsin a cos(Ta) — rcos asin(Ta) + ssin(ra)
Since t(7) = - it follows that
(5.4) t(r) = i

rsinacot(ra) —rcosa + s
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Figure 1. Computing t(7).

This implies the stated formula for ¢ty = ¢(7p). Differentiating with respect

to 7, using (5.3) and sin(ra) = ”qu”, we obtain from (5.4)

dt arssin o

dr ~ (rsinacos(ra) — rcos asin(ra) + ssin(ra))?

_ ay2 _ a||Qt(T)H2
rssin?(ta)sina rssina
This finishes the proof of Claim (5.2). O

In all the cases we will deal with, the factor || f|| ||g|| will be easily bounded
and factored out the expectation. We will ultimately face the problem of
2
estimating expectations of ‘ﬁzqfﬁtg) for different choices of g, and o;. This is

achieved by Theorem 3.6 stated in Section 3.5.

6. Analysis of LV

We derive here from Theorem 3.6 our main results on the average and
smoothed analysis of LV stated in Section 3. The proof of Theorem 3.6 is
postponed to Sections 7-8.

6.1. Average-case analysis of LV (proof). To warm up, we first prove The-
orem 3.4, which illustrates the blending of the previous results in a simpler
setting.

In the following we set A := V2N and write Pa, = Prob{||f|| < A | f ~
N(0,021)} for o > 0.

LEMMA 6.1. We have Py, > % forall0 <o < 1.

Proof. Clearly it suffices to assume o = 1. The random variable || f]|? is
chi-square distributed with 2N degrees of freedom. Its mean equals 2N. In
[13, Cor. 6] it is shown that the median of a chi-square distribution is always
less than its mean. ]
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Proof of Theorem 3.4. We use Proposition 5.1 to obtain

1
E K(f)<245D%? R 10 (ds(f,g> / u%(qﬁch)
fesS(Ha) feS(Ha) geS(Ha) 0

1
=245D%% E E (ds(f,g)/ u%(qf)df)
Jf~Na(0,I) g~N4(0,1) 0
The equality follows from the fact that, since both ds(f, g) and u3(g,) are ho-
mogeneous of degree 0 in both f and g, we may replace the uniform distribution
on S(Hq) by any rotationally invariant distribution on Hgq, in particular by
the centered truncated Gaussian N4(0,1) defined in (3.1). Now we use Propo-
sition 5.2 (with 79 = 0) to get

1,2
(6.1) E K(f) < 245D3%42 E E ( “’2(%2) dt).
FES(Ha) FANA©OD) g~N40) \ Jo gl

Denoting by po1 the density of N(0,I), the right-hand side of (6.1) equals

A2 1,2
245D3/2T/ / ( MQ(qtg) dt) PO,l(g)pO,l(f)dgdf
Py Jisi<a igl<a \ Jo gl

<wusD?L_ E E ( pala) dt)
P31 N1 g~Non \ o gl

A? L MQ(CIt)
_ 3/2 2
41 0 N2 -2 \ [lall

where the last equality follows from the fact that, for fixed ¢, the random
polynomial system ¢; = tf + (1 — t)g has a Gaussian distribution with law
N(0,0?21), where o7 := t> + (1 — t)2. Note that we deal with nonnegative
integrands, so the interchange of integrals is justified by Tonelli’s theorem. By
Lemma 6.1 we have % < 8&N.

We now apply Theorem 3.6 to deduce that

/1 E <u%(qt2)> dtée(n%—l) /1 i dt 2:ew(n—i-l).
0 q~N©0,021) \ |Gt 2 o *+(1-1) 4

Consequently,

E K(f) < 245 %2 gy . D <4185 D32 N(n+1). O
fes(Ha) 4
Remark 6.2. The proof (modulo the existence of ALH) for the average
complexity of LV given by Beltran and Pardo in [6] differs from the one above.
It relies on the fact (elegantly shown by using integral geometry arguments)
that, for all 7 € [0,1], when f and g are uniformly drawn from the sphere, so
is qr/||¢-||. The extension of this argument to more general situations appears

to be considerably more involved. In contrast, as we shall shortly see, the
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argument based on Gaussians in the proof above carries over, mutatis mutandis,
to the smoothed analysis context.

6.2. Smoothed analysis of LV (proof). The smoothed analysis of LV is
shown similarly to its average-case analysis.

Proof of Theorem 3.5. Fix f € S(Hq). Reasoning as in the proof of The-
orem 3.4 and using ||f|| < ||fI| + || — fll < 1+ A, we show that

A+ 1A L2
E K(f) < puspp2AT DA E ( 1(4) dt)
FoNa(Fro?T) PaoPar funForno~NoD) \Jo [l
_ ousp3eA4+ DA /1 E <u§(qt)> @t
PaoPas Jo qaNG.on) \ gl

with g, = tf and 0? = (1 — t)? 4+ 0?t2. We now apply Theorem 3.6 to deduce

1 2 0o )
/ & (m(%ﬁ) gt < e(n+ )/ Cth 22:e7r(n+ )
0 gt~N(Gy,070) gl 2 0o (1—1t)?+02%t 4o

Consequently, using Lemma 6.1, we get

B K() <2450 4 N+ van) T
F~NA(f,020) gy

which proves the assertion. U

The next two sections are devoted to the proof of Theorem 3.6. First, in
Section 7, we give a particular smoothed analysis of a matrix condition number
(Proposition 7.1). Then, in Section 8, we reduce Theorem 3.6 to this smoothed
analysis of matrix condition numbers.

7. Smoothed analysis of a matrix condition number

In the following we fix A € C"*", ¢ > 0 and denote by p the Gaussian
density of N (A, o%I) on C"*"™. Moreover, we consider the related density

(7.1) p(A) =ct|det AP> p(A) where ¢ := AIE (| det AJ?).
~p

The following result is akin to a smoothed analysis of the matrix condition
number x(A) = || 4] - [|[A7!||, with respect to the probability densities p that
are not Gaussian, but closely related to Gaussians.

PROPOSITION 7.1. We have ]EAN»/;(HA*HP) < %

The proof is based on ideas in Sankar et al. [19, §3]; see also [10]. We will
actually prove tail bounds from which the stated bound on the expectation
easily follows.

We denote by S*~! := {¢ € C" | ||¢|| = 1} the unit sphere in C™.
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LEMMA 7.2. For any v € S"! and any t > 0, we have

1
Prob{||[A o] >t} < ——.
rob {47l 2 ¢} < o

Proof. We first claim that, because of unitary invariance, we may assume
that v = e, := (0,...,0,1). To see this, take S € U(n) such that v = Se,.
Consider the isometric map A +— B = S~'A which transforms the density
p(A) to a density of the same form, namely

7(B) = p(A) = ¢ | det APp(A) = | det B?p'(B),

where p/(B) denotes the density of N(S7'A4,0%) and ¢ = E,(|det A|?) =
E, (| det B|?). Thus the assertion for e, and random B (chosen from any
isotropic Gaussian distribution) implies the assertion for v and A, noting that
A~1y = B~ 'e,. This proves the claim.

Let a; denote the ith row of A. Almost surely, the rows ai,...,an_1
are linearly independent. We are going to characterize ||[A~'e, | in a geometric
way. Let S, := span{ay,...,a,_1} and denote by a;. the orthogonal projection
of a,, onto Sﬁ. Consider w := A~ 'e,, which is the nth column of A~!. Since
AA™" =T we have (w,a;) =0fori=1,...,n—1and hence w € S;-. Moreover,
(w,a,) =1, so ||| ||a;;|| =1 and we arrive at

_1 1

Let A, € C( DX denote the matrix obtained from A by omitting ay,.
We shall write vol(A,,) = det(AA*)'/2 for the (n—1)-dimensional volume of the
parallelepiped spanned by the rows of A,,. Similarly, | det A| can be interpreted
as the n-dimensional volume of the parallelepiped spanned by the rows of A.

Now we write p(A) = p1(Apn)p2(an), where p; and po are the density
functions of N(A,,c%l) and N(@y,,c’I), respectively (the meaning of A4,, and
@, being clear). Moreover, note that

vol(A)? = vol(A,)? ||la 2.

Fubini’s theorem combined with (7.2) yields for ¢ > 0

(7.3) / vol(A)%p(A) dA = vol(4,)2 p1(Ay)
|A—1e, || >t Ap Cn=1)xn
. (/ a2 p2(an) dan> dA,.
ozt lI<1/t
We next show that for fixed, linearly independent a1,...,a,-1 and A >0

)\4
7.4 / af; 20o(ay) day, < ——.
(1.4 ) dan < 5
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For this, note that a;- ~ N (@, 0?I) in S;- ~ C, where @ is the orthogonal
projection of @, onto 5’#. Thus, proving (7.4) amounts to showing

2 At
z2|7pz(2)dz < —
J e < o
1 —
for the Gaussian density pz(z) = ﬁe_&?lz_z|2 of z € C, where z € C.

Clearly, it is enough to show that

)\2
=(2)dz < —.
/leA P S 5o

Without loss of generality we may assume that Z = 0, since the integral in the
left-hand side is maximized at this value of Z. The substitution z = cw yields
dz = o%dw (dz denotes the Lebesgue measure on R?) and we get

A
1 10,2 s 1 1.2
z dz:/ —e 2wl dw:/ —e 2" 2mrdr
/Z|9po( ) jwl<2 2T 0 2m

A

o 2 2
:—6_%T2 = 1—@72)?? < )\7
- 20%
0
which proves inequality (7.4).
A similar argument shows that
(7.5) 200 < [|ePps(2)dz = [ Nk | pa(an) dan.
Plugging in this inequality into (7.3) (with ¢ = 0) we conclude that
(7.6) 20° E (vol(4,)%) < E(vol(A)?).
p1 P

On the other hand, plugging in (7.4) with A = % into (7.3), we obtain

1
2 < 2 .
/ o AP A < g E (vol(4,)?)
Combined with (7.6) this yields
1
I(A)2p(A)dA < I(A)?
[ oA A < o B (vol(4)?)

By the definition of the density p, this means that
1
4o*tt’

which was to be shown. O

Prob {[[A e, || > t} <
Ar~p

LEMMA 7.3. For fivzed uw € S"™!, 0 < s < 1, and random v uniformly
chosen in S, we have

Prob {\uTv| > s} = (1 -8t
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Proof. Recall the Riemannian distance dp in P*~! := P(C") from (2.1).
Accordingly, for 0 < 0 < /2, we have

vol{[v] € P! | dp([u], [v]) < 0}

vol Pn—1

P]:;)Ob {|UT’U| Z cOS 9} — — (Sln 9)2(%—1)7

where the last equality is due to [11, Lemma 2.1]. O
LEMMA 7.4. For anyt > 0, we have

2 2
-1 e (n+ 1) l
P;xrfﬁb{HA I2t} < =

Proof. We use an idea in Sankar et al. [19, §3]. For any invertible A € C™*™
there exists u € S*~! such that ||A~1u|| = [|A7}||. For almost all A, the vector
u is uniquely determined up to a scaling factor € of modulus 1. We shall denote
by w4 a representative of such u.

The following is an easy consequence of the singular value decomposition
of ||A~Y|: for any v € S*~!, we have

(7.7) A7) > AT - fug ol.

We choose now a random pair (A, v) with A following the law p and, indepen-
dently, v € S"~! from the uniform distribution. Lemma 7.2 implies that

_ 2 (n+ 1)
P AW >ty ——F < 12
9P {” =ty o 1} = 160t
On the other hand, by (7.7) we have
P};ob{HA_lvH > 1y/2/(n+1)}
-1 T
>Prob {[|47]| > ¢ and [ufv| > v/2/(n+ 1)}
zpigb{nA*ln >t} Prob {lwhol > V2/(n+1) ’ |A7Y) > ¢}
Lemma 7.3 tells us that for any fixed v € S*~!, we have

Prob {[u"v| > \/2/(n+ 1)} = (1= 2/(n+1)"" > 72,

the last inequality as (2£1)"~! = (1+ —2;)"~! < ¢®. We thus obtain

2 e?(n+1)*
-1 2 -1
Pl;?b{HA | > t} < ¢ Prob {HA ol > t\/;} S 6ot

as claimed. O
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Proof of Proposition 7.1. By Lemma 7.4 we obtain, for any Ty > 0,
o
E(JA7")?) :/ Prob {|A~"|? > T} dT
0

< T+ [ Prob {|AT P > ThaT < To+ “0h L

using 5 T~2dT = Ty '. Now choose Ty = <G50, O

402

8. Smoothed analysis of the mean square condition number
The goal of this section is to accomplish the proof of Theorem 3.6.

8.1. Orthogonal decompositions of Hq. For reasons to become clear soon
we have to distinguish points in P from their representatives ¢ in the sphere
s = {¢ e C™1 | I¢] = 1}.

For ¢ € S™ we consider the subspace R¢ of Hq consisting of all systems h
that vanish at  of higher order:

Re == {h € Ha | h(¢) = 0, Dh(C) = 0}.

We further decompose the orthogonal complement Ré‘ of R¢ in Hyq (defined
with respect to the Bombieri-Weyl Hermitian inner product). Let L¢ denote
the subspace of RCL consisting of the systems vanishing at ¢ and let C¢ denote
its orthogonal complement in Ré. Then we have an orthogonal decomposition

(8.1) Ha=C¢r® L@ Re
parametrized by ¢ € S™.

LEMMA 8.1. The space C¢ consists of the systems (c;(X, ()%) with ¢; € C.
The space L¢ consists of the systems

9= (Vdi (X, ()" 1),
where {; is a linear form vanishing at C. Moreover, if £; = 370 _qm;;j X; with

M = (mj), then [|g]| = [|M] ¢

Proof. By unitary invariance it suffices to verify the assertions in the case
¢ = (1,0,...,0). In this case this follows easily from the definition of the
Bombieri-Weyl inner product. ]

The Bombieri-Weyl inner product on Hq and the standard metric on the
sphere S™ define a Riemannian metric on Hq x S™ on which the unitary group
U(n + 1) operates isometrically. The “lifting”

Vi={(q,¢) € Ha xS" | ¢(¢) = 0}

of the solution variety Vp is easily seen to be a U(n + 1)-invariant Riemannian
submanifold of Hq x S™.
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The projection my: V' — S™, (q,() — ¢ defines a vector bundle with fibers
Vi := 151 (¢). In fact, (8.1) can be interpreted as an orthogonal decomposition
of the trivial Hermitian vector bundle Hq x S — S” into subbundles C', L,
and R over S”. Moreover, the vector bundle V' is the orthogonal sum of L and
R: we have V; = L @ R¢ for all ¢.

In the special case where all the degrees d; are one, Hq can be identi-
fied with the space .# = C"* ("1 of matrices and the solution manifold V'
specializes to the manifold

W= {(M,¢) € . xS" | M¢ = 0}.
The map 7y specializes to the vector bundle pa: W — S", (M, () — ¢ with the
fibers
W = {M € .4 | M( = 0}.

Lemma 8.1 tells us that for each ¢ we have isometrical linear maps
(8.2) We = Loy Moo gare = (V& (X, 0% Y mi X ).

In other words, the Hermitian vector bundles W and L over S™ are isometric.
The fact that the map (8.2) depends on the choice of the representative of ¢
forces us to work over S™ instead over P". (All other notions introduced so far
only depend on the base point in P™.)

We compose the orthogonal bundle projection V; = L ® B¢ — L¢ with
the bundle isometry L; ~ W, obtaining the map of vector bundles

(8.3) UV =W, (gue + h, ) — (M, ()
with fibers ¥~1(M, () isometric to R.
LEMMA 8.2. We have ¥(q,() = (A~tDq(¢), (), where A := diag(\/d;).

Proof. Let (q,¢) € V and (M, () := ¥(q, (). Then we have the decomposi-
tion ¢ = 0+gnc+h € Ce®Le® Re. Tt is easily checked that Dy ¢(¢) = AM.
Since Dq(¢) = Dgar¢(¢) we obtain M = A~1Dg(¢). O

The lemma shows that the condition number pinorm (g, ¢) (cf. §2.3) can be
described in terms of ¥ as follows:

finorm (¢ €)
lal
8.2. Qutline of proof of Theorem 3.6. Let py, denote the density of the
Gaussian N (g, 0%I) on Hq, where § € Hq and o > 0. For fixed ( € S" we
decompose the mean q as

(8.4) = | M1[|, where (M,¢) = ¥(q,().

g=ke+g.+heeCc@®Le® Re
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according to (8.1). If we denote by pces PLe; and ppr, the densities of the
Gaussian distributions in the spaces C¢, L¢, and R with covariance matrices
0?1 and means EC,MC, and EC: respectively, then the density py, factors as

(8.5) pra(k+g+h)=pc.(k)-pr.9) - pr.(h).

The Gaussian density pr,. on L¢ induces a Gaussian density pyy, on the fiber W
with the covariance matrix oI via the isometrical linear map (8.2), so pwe (M)
= pL.(9M,c)-

We derive now from the given Gaussian distribution py;, on Hq a prob-
ability distribution on V' as follows (naturally extending ps¢ introduced in
§3.2). Think of choosing (g,¢) at random from V by first choosing g € Hq
from N (g, o%I), then choosing one of its D zeros [(] € P" at random from the
uniform distribution on {1,...,D}, and finally choosing a representative ¢ in
the unit circle [(] N'S™ uniformly at random. (An explicit expression of the
corresponding probability density py on V' is given in (8.23).)

The plan to show Theorem 3.6 is as follows. The forthcoming Lemma 8.8
tells us that

13(q) Haorm (¢ €)
50 E () = B0,
where Ey, and Ey refer to the expectations with respect to the distribution
N (g, 021) on Hq and the probability density py on V, respectively. Moreover,
by equation (8.4),

Miorm(qﬂg) _ 112
B (™) = E0MP).

where E_y denotes the expectation with respect to the pushforward density p_
of py with respect to the map p; o W: V — .# (for more on pushforwards,
see § 8.3).

Of course, we need to better understand the density p_,. Let M € .# be
of rank n and ¢ € S"™ with M = 0. The following formula
(87) paM) = pe 05 [ pwi (418"

27
can be heuristically explained as follows. We decompose a random ¢ € Hq
according to the decomposition Hq = C¢ @ L¢ ® R¢ as ¢ = k + g + h. Choose
A € C with |A| = 1 uniformly at random in the unit circle. Then we have
U(q,A() = (M, X()if and only if £ = 0 and ¢ is mapped to M under the
isometry in (8.2). The probability density for the event k = 0 equals pc, (0).
The second event, conditioned on A, has the probability density pw,. (M).

By general principles (cf. §8.3) we have

: M) = M|
(8.8) E (1)) <~I%gn(M3E;W<(” 7).



ON A PROBLEM POSED BY STEVE SMALE 1813

where psn is the pushforward density of py with respect to pooW¥: V — S™ and
pw, denotes a “conditional density” on the fiber W,. This conditional density
turns out to be of the form

(8.9) pw (M) = ¢t - det(MM*) pw, (M)

(c¢c denoting a normalization factor). In the case ( = (1,0,...,0) we can
identify W, with C™*" and pw, takes the form (7.1) studied in Section 7.
Proposition 7.1 and unitary invariance imply that for all { € S”,

1
(8.10) g (i) < €t
~ow, 20
This implies by (8.8) that
+1)
M) < fntb
EEZZ(H | ) - 202

and completes the outline of the proof of Theorem 3.6.
The formal proof of the stated facts (8.7)—(8.9) is quite involved and will
be given in the remainder of this section.

8.3. Coarea formula. We begin by recalling the coarea formula that tells
us how probability distributions on Riemannian manifolds transform.

Suppose that X, Y are Riemannian manifolds of dimensions m, n, respec-
tively such that m > n. Let ¢: X — Y be differentiable. By definition, the
derivative Dp(x): T, X — T,(,)Y at a regular point € X is surjective. Hence
the restriction of Dy(z) to the orthogonal complement of its kernel yields a
linear isomorphism. The absolute value of its determinant is called the normal
Jacobian of ¢ at x and denoted NJp(x). We set NJp(z) := 0 if x is not a reg-
ular point. We note that the fiber F}, := ¢~ 1(y) is a Riemannian submanifold
of X of dimension m — n if y is a regular value of ¢. Sard’s lemma states that
almost all y € Y are regular values.

The following result is the coarea formula, sometimes also called Fubini’s
theorem for Riemannian manifolds. A proof can be found e.g., in [16, Appen-
dix].

PROPOSITION 8.3. Suppose that X and Y are Riemannian manifolds of
dimensions m and n, respectively, and let p: X — Y be a surjective differ-
entiable map. Put F, = ¢~ (y). Then, for any function x: X — R that is
integrable with respect to the volume measure of X, we have that

X
dX = / ———dF, | dY.
/X X yey < r, NJo y)

Y

Now suppose that we are in the situation described in the statement of
Proposition 8.3, and we have a probability measure on X with density px. For
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a regular value y € Y we set

(8.11) py(y) = /F o A

Y

The coarea formula implies that for all measurable sets B C Y, we have

[, exax = [ prav.
v~ 1(B) B

Hence py is a probability density on Y. We call it the pushforward of px with
respect to ¢.
For a regular value y € Y and x € F, we define

px ()
py (y)NJp(z)

Clearly, this defines a probability density on Fy. The coarea formula implies

(8.12) pr, () =

that for all measurable functions y: X — R,

/XprdX: o </F XprdFy> py (y) dY,
)

Y
provided the left-hand integral exists. Therefore, we can interpret pg, as the
density of the conditional distribution of x on the fiber F, and briefly express
the formula above in probabilistic terms as
(8.13) E (x())= E (E (x(2)))
Tpx Yy~py S T~pR,

To put these formulas at use in our context, we must compute the normal

Jacobians of some maps.

8.4. Normal Jacobians. We start with a general comment. Note that the
R-linear map C — C, z ++ Az with A € C has determinant |\|2. More generally,
let ¢ be an endomorphism of a finite dimensional complex vector space. Then
| det |? equals the determinant of ¢, seen as a R-linear map.

We describe now the normal Jacobian of the projection p1: W — #
following [23].

LEMMA 8.4. We have NJpy(M,¢) = [[1(1 + 0, %)~ where o1,...,00
are the singular values of M.

Proof. First note that T;S" = {{ € C"*! | Re(¢,¢) = 0}. The tangent
space T(pr,)W consists of the (M, C) € M x T¢S™ such that M¢ + M¢E = 0.

By unitary invariance we may assume that ¢ = (1,0,...,0). Then the first
column of M vanishes, and we denote by A = [m;;] € C"*" the remaining part
of M. Without loss of generality we may assume that A is invertible. Further,
let & € C" denote the first column of M and A € C"™™ its remaining part. We
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may thus identify T(5; )W with the product £ x C"*" via (M, $) — ((4,0), A),
where E denotes the subspace

n
E = {(u,é) eC xC"™M |0+ my¢=0,1<i<mn, {€ iR}.
j=1
We also note that F ~ graph(—A) x iR. The derivative of p; is described by
the following commutative diagram:

ToroW =+ (graph(—A) x iR) x C**"
Dp1(M,C) Jprxid

M Cn x Crxn,

where pr(, C) = u. Using the singular value decomposition we may assume
that A = diag(o1,...,0,). Then the pseudoinverse of the projection pr is given
by the R-linear map

1

p: C" — graph(—A), u — (4, —Jflul, ey =0 Up).

It is easy to see that detp = [[}o (1 + o, %). To complete the proof we note
that 1/NJpi (M, ) = det . O

We have already seen that the condition number fiyorm (g, () can be de-
scribed in terms of the map W introduced in (8.3). As a stepping stone towards
the analysis of the normal Jacobian of ¥ we introduce now the related bundle
map

OV =W, (q,¢) — (Dq(¢), ),

whose normal Jacobian turns out to be constant. (This crucial observation is
due to Beltran and Pardo in [6].)

PROPOSITION 8.5. We have NJ®(q,() = D" for all (¢,() € V.

Proof. By unitary invariance we may assume without loss of generality
that ¢ = (1,0,...,0). If we write N = (n;;) = Dq({) € ., then we must
have n;g = 0 since N¢ = 0. Moreover, according to the orthogonal decompo-
sition (8.1) and Lemma 8.1, we have, for 1 < i <mn,

n
q = Xgi_l Zninj + h;
j=1
for some h = (h1,...,hy,) € Re. We further express ¢; € T,Haq = Hq as

n
G; = ungz + @Xgi_l Zdinj + h;
j=1
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in terms of the coordinates @ = (;) € C", A = (a;;) € C™", and h = (h;) €
R;. The reason to put the factor \/d; here is that

(8.14) g1 = D" lawal® + D lais [ + D (1l
i i i

by the definition of the Bombieri-Weyl inner product.

The tangent space T(, )V consists of the (g, () € Hq x T¢S™ such that
q(¢) + N¢ = 0; see [8, §10.3, Prop. 1]. This condition can be expressed in
coordinates as

(8.15) ai+2nij¢j:0, i=1,...,n.

By (8.14) the inner product on T, C)V is given by the standard inner product

in the chosen coordinates uz,aw,(] if h; = 0. Thinking of the description
of Tin,oyW given in the proof of Lemma 8.4, we may therefore isometrically

identify T(, )V with the product T W x R¢ via (g, ¢) — ((, A, ¢),h). The
derivative of 7 is then described by the commutative diagram

TaoV — TingW x R
(8.16) D (q,ol lel(N@xid
Hd i) M X RC'

We shall next calculate the derivative of ®. For this, we will use the
shorthand Orq for the partial derivative Jx, g, etc. A short calculation yields,
for 5 > 0,

(8.17) 90 (C) = ditti,  9;6:(¢) = V/d; asj, 33;‘%’(0 = (d; — 1) nyj.

Similarly, we obtain 9yg;(¢) = 0 and ﬁjqi(f) = n;j for j > 0.
The derivative of D®(q,(): Tig,c)V — T(n,)W is determined by

D®(q,¢)(¢,¢) = (N,¢), where N = Dg(¢) + Dq(¢)(C, ).

Introducing the coordinates N = (n;;) this can be written as

(8.18) 9;i(¢ Z i (€

For j > 0, this gives, using (8.17),

(8.19) = d; a;; + Z e (¢

For j = 0, we obtain from (8.18), using (8.17) and (8.15),

(8.20) frio = 90Gi(C) + Y 0ot (Q) G = ditis + (di — 1) Y mn & = .
k=1
Note the crucial cancellation taking place here!
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From (8.19) and (8.20) we see that the kernel K of D®(q, () is determined
by the conditions C = 0,4 =0,A = 0. Hence, recalling TV =TineW X Re,
we have K ~ 0 x R; and Kt~ TinoW x 0. Moreover, as in the proof of
Lemma 8.4 (but replacing M by N) we write

E = {(u,é) EC"xC"™ [0+ ni¢j=0,1<i<n, {€ iR}
j=1
and identify Ty W with £ x C"*". Using this identification of spaces, (8.19)
and (8.20) imply that D®(q, (). has the following structure:

D®(q,()gr: ExCY"— E x C™",
(4, Q), A) = (1, €), A(A) + p(C)),

where the linear map A: C"*" — C™ " A v (\/d; 4;;), multiplies the ith row
of A with v/d; and p: C"*1 — C"™" is given by p(¢)ij = Y7, 8j2kq'i(g“) Ck-

By definition we have NJ®(q, () = |det D®(g, () x| The triangular form
of D®(q,() g+ shown above implies that |det D®(q,()x1| = det A. Finally,

using the diagonal form of A, we obtain det A = [[i; \/d72 = D", which
completes the proof. O

Remark 8.6. An inspection of the proof of Proposition 8.5 reveals that the
second order derivatives occuring in D® do not have any impact on the normal
Jacobian NJ®. Its value D" occurs as a result of the chosen Bombieri-Weyl
inner product on Hq. With respect to the naive inner product on Hq (where
the monomials form an orthonormal basis), the normal Jacobian of ® at (g, ()
would be equal to one at ¢ = (1,0,...,0). However unitary invariance would
not hold and the normal Jacobian would take different values elsewhere.

Before proceding we note the following consequence of equation (8.16):
(8.21) NJ71(q,¢) = NJIp1(N,¢), where N = Dgq(().

The normal Jacobian of the map ¥: V — W is not constant and takes
a more complicated form in terms of the normal Jacobians of the projection
p1: W — #. For obtaining an expression for NJU we need the following
lemma.

LeEMMA 8.7. The scaling map v: W — W,(N,() — (M,{) with M =
ATIN of rank n satisfies

1 NJ N7

Proof. If Wp denotes the solution variety in .# x P™ analogous to W, then
we have Ty, o)W = T(ar,c)Wp © Ri¢. Let p}: Wp — .4 denote the projection.
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The derivative Dvyp(NN, () of the corresponding scaling map vp: Wp — Wp is
determined by the commutative diagram

Dp(N,
TingWe i T We

ng(N,ol Dy (MQ)
MM,

where the vertical arrows are linear isomorphisms. The assertion follows by
observing that NJp; (N, () = det Dp} (N, (), NJy(N, () = det Dyp(N, (), and
using that the R-linear map sc: .# — .#,N +— M = A™'N has the determi-

nant 1/D"F1, O
Proposition 8.5 combined with Lemma 8.7 immediately gives
1 NJpi(N, Q)
8.22 NJ¥(q, —

for N = Dq(¢), M = A™'N.

8.5. Induced probability distributions. By Bézout’s theorem, the fiber V' (q)
of the projection 7m1: V — Hq at ¢ € Hq is a disjoint union of D = d; ---d,
unit circles and therefore has the volume 27D, provided g does not lie in the
discriminant variety.

Recall that py, denotes the density of the Gaussian distribution N (g, o?1)
for fixed § € Hq and o > 0 and [E, stands for expectation taken with respect
to that density. We associate with py, the function py : V' — R defined by

(8.23) pv(q,¢) = 27% Pq(q) NJ1(g, €).

The next result shows that py is the probability density function of the distri-
bution on V we described in §8.2.

LEMMA 8.8. (1) The function py is a probability density on V.
(2) The expectation of a function ¢: V — R with respect to py can be
expressed as Ev () = Exy (SDav , where

Pavla) = 27D /

(3) The pushforward of py with respect to m1: V. — Ha equals py.

(4) For q ¢ 3, the conditional density on the fiber V(q) is the density of
the uniform distribution on V (q).

(5) The probability density psy on Vp introduced in Section 3.2 is obtained
from the density py in the case ¢ =0, 0 = 1 as the pushforward under
the canonical map V-— Vp, (f,C) — (f,[C]). Explicitly, we have

poe(@.16) = 5 NI (0.0).



ON A PROBLEM POSED BY STEVE SMALE 1819

Proof. The coarea formula (Proposition 8.3) applied to m1: V' — Hq implies

( ’C)
/V oV = /qe’Hd (/CGV(q) #la ONZZU*?‘LC) dV(Q)) a

= Pav(q) Pra(q) dHa.

q€Ha
Taking ¢ = 1 reveals that py is a density, proving the first assertion. The
above formula also shows the second assertion.
By equation (8.11) the pushforward density p of py with respect to m;
satisfies

_ pV(qa C) _
plq) = /c v Nom1(2,0) dV(q) = pwua(q),

as [dV(q) = 27D. This shows the third assertion. By (8.12) the conditional
density satisfies

Py (q) _ /%% (Q> C) _ 1
D e (@) NImi(q,Q) — 27D
which shows the fourth assertion. The fifth assertion is trivial. O

We can now determine the various probability distributions induced by py .
PROPOSITION 8.9. We have
oV
h,¢) = M, h
NJ\IJ(QMC +h,¢) = pw (M, Q) - pr.(h),

where the pushforward density pyw of py with respect to V: V. — W satisfies

w (M) = 5 pe(0) - pur (M) - NIpa (M. 0).

Proof. Using the factorization of Gaussians (8.5) and equation (8.21), the
density py can be written as

1
pv(gare +h,¢) = 5D pc, (0) pw, (M) pr,(h) NJp1(N, ¢),
where N = AM. It follows from (8.22) that
1
NJ\I/(QMC‘F h, Q) = 5 pce(0) pw (M) pr(h) NJp1 (M, C).

This implies, using (8.11) for ¥ : V. — W and the isometry $=}(M,() ~ R
for the fiber at (, that

(8.24)

wOLO= [ et Q) R
1
=5 pcc(0) - pw (M) - NJpy (M, ) /heRC prc(h)dR¢
1

=5 pcc(0) - pw (M) - NJp1 (M, )
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as claimed. Replacing in (8.24) we therefore obtain

%(QM,C‘F}%O = pw (M, C) pr.(h). U

The claimed formula (8.7) for the pushforward density p_z of py with re-

spect to p1: W — . immediately follows from Proposition 8.9 by integrating
l\ﬁ]—v]‘gl over the fibers of py.

LEMMA 8.10. Let ¢ denote the expectation of det(MM™*) with respect
to pw,.. We have

Ny M ©) = () - (M),

where pgn(¢) = %PCC(O) is the pushforward density of pw with respect to
p2: W — S", and where the conditional density pw, on the fiber W¢ of pa is
given by
pw, (M) = ¢ ' - det(MM*)py, (M).
Proof. In [23] (see also [8, §13.2, Lemmas 2-3]) it is shown that

NJp1
NJp2
Combining this with Proposition 8.9 we get

(8.25)

(M, ¢) = det(MM?).

1
Ny M0 = 5 pec(0) - pw (M) - det(MA").

Integrating over W¢ we get psn(¢) = 5 pc,(0) - c¢, and finally (cf. (8.12))

() = ) 1\%\;22\/1 5 =% pw(M) - det(MM)

as claimed. O

This lemma shows that the conditional density pw, has the form stated
in (8.9) and therefore completes the proof of Theorem 3.6.

8.6. Expected number of real zeros. As a further illustration of the inter-
play of Gaussians with the coarea formula in our setting, we give a simplified
proof of one of the main results of [23]. This subsection is not needed for
understanding the remainder of the paper.

Our developments so far took place over the complex numbers C, but
much of what has been said carries over the situation over R. However, we
note that algorithm ALH would not work over R since the lifting of the segment
E¢ 4 will likely contain a multiple zero (over C this happens with probability
zero since the real codimension of the discriminant variety equals two).

Let Hqr denote the space of real polynomial systems in Hq endowed
with the Bombieri-Weyl inner product. The standard Gaussian distribution
on Hqr is well defined, and we denote its density with pz;, .
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COROLLARY 8.11. The average number of zeros of a standard Gaussian
random f € Har in the real projective space P*(R) equals VD.

Proof. Let x(q) denote the number of real zeros in P"(R) of ¢ € HqRr.
Thus the number of real zeros in the sphere S™ = S(R"*1) equals 2x(q). The
real solution variety Vg € Hgqr x S" is defined in the obvious way and so is
WR - .//]R X Sn, where .//]R = Rnx(nJrl)'

The same proof as for Proposition 8.5 shows that the normal Jacobian of
the map ®gr: Ve — Wi, (¢,¢) — (Dq(¢),¢) has the constant value D"/? (the 2
in the exponent due to the considerations opening §8.4).

Applying the coarea formula to the projection m1: Vg — Hqr yields

1 _
/ X PHqar dHar = / PHar (a) 9 /71 dmy 1(Q) dHar
Ha,R q€Ha,r m (q)

1
= 3PHaz NJmy dVg.
Vr

We can factor the standard Gaussian py, into standard Gaussian densi-
ties pc. and pp. on C¢ and L, respectively, as was done in Section 8.5 over
C (denoting them by the same symbol will not cause any confusion). We also
have an isometry Wy — L as in (8.2) and py,. induces the standard Gauss-
ian density pw, on W¢. The fiber of ®g: Vg — Wr,(¢,¢) = (N,() over
(N, () has the form ®3"(N,¢) = {(grr¢c + h.¢) | h € R¢}, where M = A™IN;
cf. Lemma 8.2. We therefore have p3, ; (9rm,¢ + h) = pc.(0) pw (M) pr,(h).

The coarea formula applied to ®r: Vg — Wg, using equation (8.21), yields

1
/ = pHd,R NJ7T1 dVR
Vi 2
1
= 0 M)NJIp1(N, / h) dR: dW;
TNT oy, PO P DNIPN,C) [ o (k) AR W
1
- 2NJog

Applying the coarea formula to the projection py: Wr — .#Rg, we can simplify
the above to

[ pcc(®) pu (M) NIpi(N.Q) W
(N7<) EWR

1 1
0 M 7/ dpT (N dust
e /N L@ (05 [ (V) dett
1
- M
e /N _, Peel0) pu (V1) .t

n+1

D>

= 0 M) d.#
NI g /Me.//szCC( ) pw (M) d. M

where the last equality is due to the change of variables . #gr — #r, N — M
n+1
that has the Jacobian determinant D~ "~ . Now we note that

pec(0) - pw (M) = (2m) /2 (2m) ™" exp ( — L[ MI3)




1822 PETER BURGISSER and FELIPE CUCKER

is the density of the standard Gaussian distribution on .#g ~ R™ "t g
that the last integral (over M € .#R) equals one. Altogether, we obtain, using
NJop = D"/2,

n+41

D=2
d = = /D. O
/H X Has = g = VP

9. Effective sampling in the solution variety

We turn now to the question of effective sampling in the solution variety
endowed with the measure pgt introduced in Section 3.2. The goal is to provide
the proof of Proposition 3.3.

ProproOSITION 9.1. In the setting of Section 8.5 suppose § = 0,0 = 1.
Then the pushforward density p.y of pw with respect to p1: W — A equals
the standard Gaussian distribution in 4. The conditional distributions on the
fibers of p1 are uniform distributions on unit circles. Finally, the conditional
distribution on the fibers of W: V — W is induced from the standard Gaussian
in R¢ via the isometry (8.2).

Proof. Since py,, is standard Gaussian, the induced distributions on C¢,
L¢, and R¢ are standard Gaussian as well. Hence pw, equals the standard
Gaussian distribution on the fiber W¢. Moreover, pc.(0) = (v2m)~?". Equa-
tion (8.7) implies that

p.a(M) = pc,(0) - pw (M) = (2m) ™" (2m) ™ exp ( — M),

which equals the density of the standard Gaussian distribution on .Z .
Lemma 8.10 combined with (8.25) gives

1 1
Mg (M €)= 59, (0) - purc (M) = 5 p.a (M)

Hence the conditional distributions on the fibers of p; are uniform. (Note that
this is not true in the case of nonstandard Gaussians.) The assertion on the
conditional distributions on the fibers of W follows from Proposition 8.9. [

Proof of Proposition 3.3. Proposition 9.1 (with Lemma 8.8) shows that
the following procedure generates the distribution pgt:

(1) choose M € . from the standard Gaussian distribution (almost surely
M has rank n),

(2) compute the unique [¢] € P™ such that M{ =0,

(3) choose a representative ¢ uniformly at random in [¢] N S™,

(4) compute gar¢, cf. (8.2),

(5) choose h € R¢ from the standard Gaussian distribution,

(6) compute ¢ = ga,¢c + h and return (g, [(]).
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An elegant way of choosing h in step 5 is to draw f € Hgq from N(0,I) and
then to compute the image h of f under the orthogonal projection H¢ — Re.
Since the orthogonal projection of a standard Gaussian is a standard Gaussian,
this amounts to draw h from a standard Gaussian in R;. For computing the
projection h we note that the orthogonal decomposition f = k + gas¢ + h with
k € CC’ M = [mw] €M ,and h € R is obtained as

ki = fi(O)(X, ()%,
mij :di_l/2<3xjfz‘(4) —difi(0)G),
h= f — k- gm-

(Recall Dgay¢(¢) = AM and note (X, ()*(¢) = di;.)

It is easy to check that O(N) samples from the standard Gaussian distri-
bution on R are sufficient for implementing this procedure. As for the operation
count: step (4) turns out to be the most expensive one and can be done, e.g.,
as follows. Suppose that all the coefficients of (X,(¢)*~! have already been
computed. Then each coefficient of (X,()F = (XoCy + -+ + X,nC,) (X, O)F !
can be obtained by O(n) arithmetic operations, hence all the coefficients of
(X, ¢)* are obtained with O(n(”zk)) operations. It follows that (X,¢)% can
be computed with O(d;nN;) operations, hence O(DnN) operations suffice for
the computation of gps¢. It is clear that this is also an upper bound on the
cost of computing (g, (). O

10. Homotopies with a fixed extremity

We provide now the proof of the remaining results stated in Section 3.
The next two cases we wish to analyze (the condition-based analysis of LV and
a solution for Smale’s 17th problem with moderate degrees) share the feature
that one endpoint of the homotopy segment is fixed, not randomized. This
sharing actually allows one to derive both corresponding results (Theorems 3.7
and 3.8, respectively) as a consequence of the following statement.

THEOREM 10.1. For g € S(Hq) \ ¥, we have

1
E (ds(f, g)/ u%(qT)dT> < 818 D*2N(n + 1), (g) + 0.01.
fesS(Ha) 0

The idea to prove Theorem 10.1 is simple. For small values of 7, the
system ¢, is close to g and therefore, the value of u3(q,) can be bounded by
a small multiple of p2, (g). For the remaining values of 7, the corresponding
t = t(7) is bounded away from 0 and therefore so is the variance o7 in the
distribution N (g, 0?1) for ¢;. This allows one to control the denominator in
the right-hand side of Theorem 3.6 when using this result. Here are the precise
details.
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In the following fix g € S(Ha) \ £. First note that we may again replace
the uniform distribution of f on S(Hq) by the truncated Gaussian N4(0,1).
As before we chose A := v2N. We therefore need to bound the quantity

e ! 2
Qg := fNNIE(O’I) <ds(f,g) /0 ua(qf)df)-

To simplify notation, we set as before ¢ = 0.13, C' = 0.025, A = 6.67 - 1073,

and define
A 1

A .
D32, (9) " T+ A+1.00001 4

0o 1=

PRrROPOSITION 10.2. We have

A ! 13(qr)
< (1+¢)%60 12, +—/ E (2 )dt,
Qs = ( 700 tmax(9) Pax Jiy qioN (g, een \ a2

where g, = (1 — t)g.

Proof. Let ¢, ... ¢(P) be the zeros of g and denote by (qT7C7(—j))TE[O,1]
the lifting of Ef, in V corresponding to the initial pair (g,C(j)) and final
system f € Hq \ X.

Equation (4.1) for i =0 i 1n the proof of Theorem 3.1 shows the following:
for all j and all 7 <

ds(f, g)D3/2unorm(g ¢y We have

,Unorm(QTa (])) < (1 +5)Mnorm(g C(])) < (1 + g)ﬂmax(g)-

In particular, this inequality holds for all j and all 7 <
all such 7, we have

(10.1) #2(gr) < (14 €)ftmax(9)-

Splitting the integral in Q4 at 79(f) := min {1, %} we obtain

(JQ ) and hence, for

Q= E_(ds(f.9) /0 " 1300 dr)

f~N4(0.1)

1
o (ds(£.9) /To(f) 13(g7) dr).

JF~N4(0,
Using (10.1) we bound the first term in the right-hand side as follows:
0(f)
E (dg(f,g)/ #3(¢7) dr) < (1+)? Soptmas(9)*
fNNA(OJ) 0

To bound the second term, we without loss of generality assume that 7o(f) < 1.
We apply Proposition 5.2 to obtain, for a fixed f,

! 1
dS(f,g)/T f)ﬂ%(qT)dTS/t( ||f||/‘2(TI|t2) ’

0 I
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where to(f) is given by
1

fo(f) = 1+ || f|l(sincot dp — cosar)’ = ds(4,9)-

Now note that ||f|| < A since we draw f from N4(0,I). This will allow us to
bound ¢y(f) from below by a quantity independent of f. For || f|| < A, we have

1
—cosa < —
sin dg ~ sindg

and, moreover, sindy > 0.99999 5y since dy < 2732\ < 0.00236. We can
therefore bound ¢y(f) as

to(f) >

0 <sinacotdy — cosa < + 1,

> ! =
1+ A+ 585 1+A+1.00001 2

We can now bound the second term in @, as follows:

1 1,2
15(qt)
E ds(f,g / w5 (qr) dr E A/ dt
f~NA(0,I)< ( )To(f) 2(ar) ) f~NA(01)< ta llqel? )

_A/ (Mg(%))dt< A /1 <u2 qt>
f~NA01 llq¢I? = Pag f~N01) gt ||?

To conclude, note that, for fixed ¢t and when f is distributed following N (0,1),
the variable ¢ = (1 — t)g + tf follows the Gaussian N(g,,t*I), where g, =
(1—1t)g. O

=t14.

Proof of Theorem 10.1. By homogeneity we can replace the uniform dis-
tribution on S(Hq) by Na(0,I), so that we only need to estimate Q4 by the
right-hand side of Proposition 10.2. In order to bound the first term there we
note that

(1+e)%00 12, (9) = (1 +)2AD732 < (14¢)%X < 0.01.
For bounding the second term we apply Theorem 3.6 to deduce that

/1 E (u%(qt>)dt</1e(n+1>dt (n+1)<1 1)
taa~N@.eD N @l?/ 7 S 2t 2 ta

e(n+1)A 1.00001
p— 1 .
(1 5)
Replacing this bound in Proposition 10.2 we obtain

A’2(n+1 1.00001
Qy < * 221 )(1+ D il >)+0-01

IA

IN

1 1.00001
3/2
2eN(n+1)D ,umax(g)<D3/2 + 3 ) +0.01

818 N(n + 1)D3%12, . (g) +0.01,
where we used D > 2 for the last inequality. ([

IN
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10.1. Condition-based analysis of LV (proof).

Proof of Theorem 3.7. The result follows immediately by combining Prop-
osition 5.1 with Theorem 10.1, with the roles of f and g swapped. O

10.2. The complexity of a deterministic homotopy continuation. We next
prove Theorem 3.8, beginning with some general considerations. The unitary
group U(n+1) naturally acts on P" as well as on Hq via (v, f) — for~!. The
following lemma results from the unitary invariance of our setting. The proof
is immediate.

LEMMA 10.3. Let g € Hq, ¢ € P" be a zero of g, and v € U(n+1). Then

tnorm (9, C) = fnorm (g © yfl,VC). Moreover, for f € Hq, we have K(f,g,() =
K(fovr tgov 1 u(). 0

Recall U; = \/%(Xgi — Xfi) and denote by z(; a d;th primitive root of
unity. The D zeros of U = (Uy,...,U,) are the points z; = (1 : zﬁ) U
zgz)) € P for all the possible tuples j = (ji,...,jn) with j; € {0,...,d; — 1}.
Clearly, each z; can be obtained from z; := (1 : 1 : ... : 1) by a unitary
transformation v;, which leaves U invariant; that is,

o — > oyl =77
vjz1 = zj, onj =U.

Hence Lemma 10.3 implies pinorm (U, 2j) = finorm (U, 21) for all j. In particular,

timax(U) = pinorm (U, 21).
PROPOSITION 10.4. K5(f) = K(f,U, z1) satisfies
1 & _
restng 0= B D 2 K(1.0.2)
Proof. Lemma 10.3 implies, for all j,
K(f,U,z1) = K(foyj_l,onj_l,yjzl) =K(fov;1,T,z2;).
It follows that

The assertion follows now since, for all measurable functions ¢: S(Hq) — R
and all v € U(n + 1), we have

E of)= E ¢(for),
feS(Ha) feS(Ha)

due to the isotropy of the uniform measure on S(Hq), O



ON A PROBLEM POSED BY STEVE SMALE 1827

LEMMA 10.5. We have

7 1
/’LIQHaX(U) <2n max E(n + 1)di_1 <2 (n + 1)D
t i

Proof. Recall jimax(U) = pimorm (U, 21), so it suffices to bound finerm (U, 21).
1
3

Consider M := diag(d; 2||z1|'~%) DU(z1) € C**"*+1). By definition we have
(cf. §2.3)
_ — 1
norm = MT = MT =
@ 22) = D121 = 1] = ~—
where opin(M) denotes the smallest singular value of M. It can be character-
ized as a constrained minimization problem as follows:

02, (M) = min||Mu|? subject to u € (ker M)*, ||Jul|® = 1.
u

min

In our situation, ker M = C(1,...,1) and DU(z) is given by the following
matrix, shown here for n = 3:

Hence for u = (ug, ..., u,) € C**1,
1 & d; 1 d; n
Mul?= —S" — ™ 1 —unl?> —min ——* . a2,
(| Mull o ; (nF 1)1 lu; — uo|” > 20 T G g yE T ; |u; — ug

A straightforward calculation shows that

n

n n
Z|ui—u0|221 if Zui:O, Z]ui|2:1.
1=0 1=0

i=1
The assertion follows by combining these observations. O

Proof of Theorem 3.8. Equation (5.1) in the proof of Proposition 5.1 im-
plies for g = U that

1 & - — !
5D K(T.z) < 2450%245(0.0) [ siar) dr.
=1

Using Proposition 10.4 we get

ol
E Kg(f)<245D° B (ds(f,0) / 13(q-) dr).
feS(Ha) fES(Ha) 0

Applying Theorem 10.1 with ¢ = U we obtain

E  Kg(f) <245 D%2 (818 DY2N(n + 1) 2, (U) + 0.01).
fes(Ha)
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We now plug in the bound pimax(U)? < 2(n + 1)P of Lemma 10.5 to obtain

feS(Ha)

This is bounded from above by 400821 D3 N (n + 1)P*! which completes the
proof. O

11. A near solution to Smale’s 17th problem

We finally proceed with the proof of Theorem 3.9. The algorithm we will
exhibit uses different routines for D < n and D > n. Our exposition reflects
this structure.

11.1. The case D < n. Theorem 3.8 bounds the number of iterations of
Algorithm MD as

E Kg(f) = O(D*NnPHh).
feS(Ha)

For comparing the order of magnitude of this upper bound to the input size
N =Y, (") we need the following technical lemma (which will be useful
for the case D > n as well).

LEMMA 11.1. (1) For D <n,n >4, we have

Inn
+D

D (" .
o (7

(2) For D?> >n > 1, we have
D
lnn§21nln<n+ )—1—4.
n

(3) For 0 < c <1, there exists K such that for all n, D,
K
D<nl™¢=nP < (n—l—D) .
n
(4) For D < n, we have

nP < N2inn N+(9(1)‘

(5) Forn < D, we have
Dr < N2lnlnN+O(1).

Proof. Stirling’s formula states n! = It Ie e BE with 0 < 0, < L.
Let H(z) = zInl+ (1 —2)In -1 denote the binary entropy function, defined
for 0 < z < 1. By a straightforward calculation we get from Stirling’s formula
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the following asymptotics for the binomial coefficient: for any 0 < m < n, we
have

n m 1 n
11.1 1 —nH( )+ 2l —— 14 enm,
(11.1) n(m) " (n)+2nm(n—m) +én,

where —0.1 < &5, < 0.2. This formula holds as well for the extension of
binomial coefficients on which m is not necessarily integer.

(1) The first claim is equivalent to e” < (”BD ). The latter is easily checked
for D € {1,2,3} and n > 4. So assume n > D > 4. By monotonicity it suffices

to show that e < (2[])3) for D > 4. Equation (11.1) implies

2D 1. 2
ln(D) >2Dln2—|—§ln5—1.1,

and the right-hand side is easily checked to be at least D for D > 4.
(2) Put m := /n. If D > m, then (”J:LD) > (”t[m]), so it is enough to
show that Inn < 2Inln ("* (m]) + 4. Equation (11.1) implies

n

("N s (™Y s () s i L 1
() =) i)

n n n-+m 2 m

The entropy function can be bounded as

H(

Inm.

It follows that

1 1 1
In n+ [m] > _—v/nlnn—-Inn—-11> ~v/nlnn,
n 2 4 4

where the right-hand inequality holds for n > 10. Hence, for n > 10,

Inln <n—i— Mﬂ) > %lnn—l—lnlnn—lnél > %lnn — 2.
n

This shows the second claim for n > 10. The cases n < 9 are easily directly
checked.
(3) Writing D = nd we obtain from equation (11.1)
1

n+D )
ln( ; >—(n—|—D)H(1+6)—21nD+O(1).
Estimating the entropy function yields
1) 0 1
Hl——) > In(l1+=)>
<1+5)* 140 o +5)7

where ¢ is defined by § = n~¢. By assumption, € > ¢. From the last two lines

we get,
1 n+ D c l-—c 1
> - — ).
Dlnnln< n ) - 2 2D +O(lnn)
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In the case ¢ < % we have D > n'/* and we bound the above by

c 1 1
2 g 9 (m)

which is greater than ¢/4 for sufficiently large n. In the case ¢ > % we bound
as follows:

1 n+D c l-c 1 1 1 1
> — )= = — >z
Dlnnln< n ) - 2 2 +O<lnn> ¢ 2 +O<lnn) -5

for sufficiently large n.
We have shown that for 0 < ¢ < 1, there exists n. such that for n > n,

D < n'=¢, we have
K.
D < <n + D) 7

n

where K. := max{4/c,5}. By increasing K. we can achieve that the above
inquality holds for all n, D, with D < n'=¢.
(4) Clearly, N > ("TLD). If D < y/n then, by part (3), there exists K such

that
K
nP < (n—i—D) < NE.
n

Otherwise D € [\/n,n] and the desired inequality is an immediate consequence
of parts (1) and (2).

(5) Use ("+P) = ("1 and swap the roles of n and D in part (4) above.

O

Theorem 3.8 combined with Lemma 11.1(4) implies that

(11.2) IJ@KU(f) = N2InN+OM) i D <,

Note that this bound is nearly polynomial in N. Moreover, if D < n!'~¢ for
some fixed 0 < ¢ < 1, then Lemma 11.1(3) implies

(11.3) H;;KU(f) = NOO),

In this case, the expected running time is polynomially bounded in the input
size N.

11.2. The case D > n. The homotopy continuation algorithm MD is not
efficient for large degrees — the main problem being that we do not know how
to deterministically compute a starting system g with small piyax(g). However,
it turns out that an algorithm due to Jim Renegar [18], based on the factor-
ization of the w-resultant, computes approximate zeros and is fast for large
degrees.
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Before giving the specification of Renegar’s algorithm, we need to fix some
notation. We identify P := {(xo : -+ : zp) € P" | 9 # 0} with C" via the
bijection (g : -+ : xp) = z := (21 /20, ..., 2n/x0). If x € P, then we denote
by ||z||ag the Euclidean norm of z, i.e.,

n

lallas := 1zl = (32

i=1

331‘2

Zo

1
2
)

and we put ||z|lag = oo if x € P\ Pj. Furthermore, for z,y € Pf, we shall
write dag(,y) = ||z —y|| and we set dag(z,y) := oo otherwise. An elementary

argument shows that dp(x,y) < dag(z,y) for z,y € Pj.

By a d-approximation of a zero ¢ € P of f € Hq we understand an =z € P{}
such that dag(z,() < 0. The following result relates d-approximations to the
approximate zeros in the sense of Definition 2.1.

PROPOSITION 11.2. Let x be a é-approximation of a zero ¢ of f. Recall
C =0.025. If D3/2unorm(f, x)0 < C, then x is an approzimate zero of f.

Proof. We have dp(z,() < dag(x,() < 6. Suppose that D3/2unorm(f, x)d
< C. Then, by Proposition 4.1 with g = f, we have

tinorm (f5 ) < (1 + €)pinorm (f, )

with € = 0.13. Hence
D3/2Nn0rm(fa C)dP(xa C) < (1 =+ 6)DS/Q/'Lnorm(fv l‘)d < (1 + 5)0

We have (14 ¢)C < up =3 — /7. Now use Theorem 2.2. O

Consider now R > 6 > 0. Renegar’s Algorithm Ren(R,d) from [18] takes
as input f € Hq , decides whether its zero set V(f) C P" is finite, and if so,
computes d-approximations x to at least all zeros ¢ of f satisfying ||(|l.g < R.
(The algorithm even finds the multiplicities of those zeros (; see [18] for the
precise statement.)

Renegar’s Algorithm can be formulated in the BSS-model over R. Its
running time on input f (the number of arithmetic operations and inequality
tests) is bounded by

1
(11.4) O(HD4(logD)(log log ?) + n2D4<1 + 2 di) >

n

To find an approximate zero of f we may use Ren(R,J) together with Propo-
sition 11.2 and iterate with R = 4% and 6 = 2% for k = 1,2, ... until we are
successful. More precisely, we consider the following algorithm:
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Algorithm ItRen
input f € Hq
for k=1,2,... do
run Re(4*,27%) on input f
for all J-approximations x found
if D32ppem(f, )0 < C stop and RETURN z

Let Yo :=X U{f € Ha | V(f) NPy = 0}. Tt is obvious that ItRen stops
on inputs f & 3y. In particular, ItRen stops almost surely.

The next result bounds the probability Probfail that the main loop of
[tRen, with parameters R and ¢, fails to output an approximate zero for a
standard Gaussian input f € Hq (and given R,§). We postpone its proof to
Section 11.3.

LEMMA 11.3. We have Probfail = O(n>N2D®Ds* + nR~2).
Let T'(f) denote the running time of algorithm ItRen on input f.

PROPOSITION 11.4. We have for standard Gaussian f € Hq
ET(f) = (nND)°W,
f

Proof. The probability that ItRen stops in the (k + 1)th loop is bounded
above by the probability pj that Re(4*,27%) fails to produce an approximate
zero. Lemma 11.3 tells us that

P = O<n3N2D6D 16""’).
If Ay denotes the running time of the (k + 1)th loop, then we conclude

ET(f) <> Arp-
s k=0
According to (11.4), Ay is bounded by

4
0 (nD4(log D)(log k) + n?D* (1 + nz di) (N4 n3)p) ,

where the last term accounts for the cost of the tests. The assertion now follows
by distributing the products Agpy and using that the series Y ;> 167*, and
>ok>1 16~%log k have finite sums. O

Proof of Theorem 3.9. We use Algorithm MD if D < n and Algorithm
[tRen if D > n. We have already shown (see (11.2), (11.3)) that the assertion
holds if D < n. For the case D > n we use Proposition 11.4 together with the
inequality DO < DO < NOUoglogN) which follows from Lemma 11.1(5).
Moreover, in the case D > n'™¢, Lemma 11.1(3) implies D < D" < N O
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11.3. Proof of Lemma 11.3. Let £ denote the set of f € Hq such that
there is an  on the output list of Ren(R,d) on input f that satisfies C' <
D3/2,un0rm(f, x)d. Then

Probfail < Prob{ min [[Clax > R} + Prob €.
fe€Ha ‘L CeV(S)

Lemma 11.3 follows immediately from the following two results.

LEMMA 11.5. For R > 0 and standard Gaussian f € Hq, we have

n
Prob { mi G>Rl<
fg%d{cénvl&)lldlfu }fR2

Proof. Choose f € Hq standard Gaussian and pick one of the D zeros
C}l), ceey C}D) of f uniformly at random, call it (. Then the resulting distribu-

tion of (f,() in Vp has the density pst. Lemma 8.8 implies that ¢ is uniformly
distributed in P". Therefore,

Prob { mi (i)a>R<Pb >R
Prob {min (i lar > R} < Prob {IC/lur > R}
To estimate the right-hand side probability we observe that
_ ™
I¢]lage > R <= dp(¢,P" 1) < -9,
where 6 is defined by R = tan and P"~! := {x € P" | 29 = 0}. Therefore,

vol{z € P | dp(ar, ") < § - 0}
P = iy =
Prob {¢lan > 7} vol (")

Due to [11, Lemma 2.1] and using vol(P") = #™/n!, this can be bounded by

vol(P"Hvol(P1) (= 9 n n
Z_9) = = < —. |
vl o \2 neosTf= 1 <

LEMMA 11.6. We have Prob & = O(n3N2D%D§?).

Proof. Assume that f € £. Then, there exist (,z € Pfj such that f(¢) =0,
1¢llae < R, dag(,¢) < 6, Ren returns z, and D32y (f, )6 > C.

. N CA—
We proceed by cases. Suppose first that ¢ < D (7.0) Then, by

Proposition 4.1,
(1 + E)ilc < (1 + 5)71D3/2Mnorm(f7 LU)(; < D3/2Nnorm(fa C)(S,
hence

fimax(f) > finorm (f,€) > (1 +¢)"tCD3/2571,

c
If, on the other hand, ¢ > D i (7.0 then we have

,U/max(f) Z ,Ufnorm(f, C) Z CD73/2571.
Therefore, for any f € &,
Nmax(f) > (1 + 5)_10D_3/2(5_1,
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Theorem C of [23] states that Prob{pmax(f) > p~1} = O(n*N?Dp?) for all
p > 0. Therefore, as claimed, we get

Prob& < Prob {imax(f) > (14 2)7.CD~#25-1) = O(m3N2DDS"). O
€Ha

Note added in proof. Since the posting of this manuscript on September
2009, at arXiv:0909.2114, a number of references have been added to the
literature. The nonconstructive character of the main result in [21] — the
bound in (1.3) — had also been noticed by Carlos Beltrdn. In a recent paper
(A continuation method to solve polynomial systems, and its complexity, Num.
Math. 117 (2011), 89-113), Beltran proves a very general constructive version
of this result. Our Theorem 3.1 can be seen as a particular case (with a
correspondingly shorter proof) of Beltran’s paper main result. We understand
that yet another constructive version for the bound in (1.3) is the subject of a
paper in preparation by J.-P. Dedieu, G. Malajovich, and M. Shub.

Also, Beltran and Pardo have recently rewritten their paper [6] (Fast linear
homotopy to find approximate zeros of polynomial systems, Found. Comput.
Math. 11, (2011), 95-129). This revised version, which increases the length of
the manuscript by a factor of about three, adds considerable detail to a number
of issues only briefly sketched in [6]. In particular, the effective sampling from
the solution variety is now given a full description (which is slightly different
to the one we give in §9).
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