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The spherical Hecke algebra for
affine Kac-Moody groups 1

By ALEXANDER BRAVERMAN and DAVID KAZHDAN

Abstract

We define the spherical Hecke algebra for an (untwisted) affine Kac-
Moody group over a local non-archimedian field. We prove a generalization
of the Satake isomorphism for this algebra, relating it to integrable repre-
sentations of the Langlands dual affine Kac-Moody group. In the next
publication we shall use these results to define and study the notion of
Hecke eigenfunction for the group Gag.

1. Introduction

1.1. Langlands duality and the Satake isomorphism. Let F be a global
field, and let Ar denote its ring of adeles. Let G be a split reductive group
over F'. The classical Langlands duality predicts that irreducible automorphic
representations of G(Ap) are closely related to the homomorphisms from the
absolute Galois group Galg of F' to the Langlands dual group GV. Similarly,
if G is a split reductive group over a local-nonarchimedian field I, Langlands
duality predicts a relation between irredicible representations of G(K) and
homomorphisms from Galg to GV.

The starting point for Langlands duality, which allows one to relate the
“simplest” irreducible representations of G(K) (the so called spherical represen-
tations) to the “simplest” homomorphisms from Galx to G¥ (the unramified
homomorphisms), is the Satake isomoprhism, whose formulation we now re-
call. Let O C K denote the ring of integers of K. Then the group G(K) is a
locally compact topological group and G(Q) is its maximal compact subgroup.
One may study the spherical Hecke algebra H of G(O)-biinvariant compactly
supported C-valued measures on G(K). The Satake isomorphism is a canonical
isomorphism between H and the complexified Grothendieck ring Ko(Rep(G"))
of finite-dimensional representations of GV. For future purposes it will be con-
venient to note that Ky(Rep(G") is also naturally isomorphic to the algebra
C(TV)W of polynomial functions on the maximal torus 7V C GV invariant
under the Weyl group W of G' (which is the same as the Weyl group of GV).

1.2. The group G.g. To a connected reductive group GG as above one can
associate the corresponding affine Kac-Moody group G.g in the following way.
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Let A denote the coweight lattice of G let @@ be an integral, even, negative-
definite symmetric bilinear form on A which is invariant under the Weyl group
of G.

One can consider the polynomial loop group G/[t,t~!] (this is an infinite-
dimensional group ind-scheme). It is well known (cf. [10]) that a form @ as
above gives rise to a central extension G of G[t,t1]:

15 Gp— GGt =1

(We will review the construction in §6.3.) Moreover, G has again a natural
structure of a group ind-scheme.

The multiplicative group G,, acts naturally on G[t,t~!], and this action
lifts to G. We denote the corresponding semi-direct product by G.g; we also
let g denote its Lie algebra. Thus if G is semi-simple, then g.g is an un-
twisted affine Kac-Moody Lie algebra in the sense of [7]; in particular, it can
be described by the corresponding affine root system.

1.3. The Hecke algebra for affine Kac-Moody groups. Our dream is to
develop some sort of Langlands theory in the case when G is replaced by an
affine Kac-Moody group G.g. As the very first step towards realizing this
dream we are going to define the spherical Hecke algebra of G.¢ and prove an
analog of the Satake isomorphism for it.

Let K and O be as above. Then one may consider the group G.g(K) and
its subgroup G,g(0O). The group G,g, by definition, maps to G,,; thus G.g(K)
maps to K*. We denote this homomorphism by Z . In addition, the group K*
is endowed with a natural (valuation) homomoprhism to Z. We denote its
composition with 5 by .

We now define the semigroup G.;(K) to be the subsemigroup of Gag(K)
denerated by

e the central £* C G.g(K);
e the subgroup G.g(O);
e all elements g € G,¢(K) such that 7(g) > 0.

We show (cf. Theorem 4.6(1)) that the convolution of any two double
cosets of Go(0) inside G;(K) is well defined in the appropriate sense and
gives rise to an associative algebra structure on a suitable space of G.g(O)-
biinvariant functions on G (K). This algebra turns out to be commutative
and we call it the spherical Hecke algebra of Gog and denote it by H(Gag). The
algebra H(G,Lg) is graded by nonnegative integers (the grading comes from the
map 7 which is well defined on double cosets with resepct to Gug(O)); it is
also an algebra over the field C((v)) of Laurent power series in a variable v,
which comes from the central £* in G,g(K).
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1.4. The Satake isomorphism. The statement of the Satake isomorphism
for G.g is very similar to that for G. First of all, in Section 4.2 we are going to
define an analog of the algebra C(TV)W which we shall denote by C(T2)Wa#.
(Here Tog = C* x TV x C* is the dual of the maximal torus of Gag, Wag is the
corresponding affine Weyl group and C(fv) denotes certain completion of the
algebra of regular functions on T,4.) This is a finitely generated Z>o-graded
commutative algebra over the field C((v)) of Laurent formal power series in
the variable v which should be thought of as a coordinate on the third factor in
T4 = C* x TV x C*. (The grading has to do with the first factor.) Moreover,
each component of the grading is finite-dimensional over C((v)).

Assume that either G is simply connected or that G is a torus.! In this
case we define (in §4) the Langlands dual group G)g. This is a group ind-
scheme over C. If G is semi-simple, then G); is another Kac-Moody group
whose Lie algebra gY; is an affine Kac-Moody algebra with root system dual
to that of g.g. (Thus, in particular, it might be a twisted affine Lie algebra.)
The group G contains the torus T.f; moreover the first C*-factor in T)f is
central in GYg; also the projection T, — C* to the last factor extends to a ho-
momorphism GYz — C*. It makes sense to consider integrable highest weight
representations of G and one can define certain category Rep(GY) of such
representations which is stable under tensor product. (This category contains
all highest weight integrable representations of finite length, but certain infinite
direct sums must be included there as well.) The complexified Grothendieck
ring Ko(GYg) of this category is naturally isomorphic to the algebra C(@H)Waff
via the character map. The corresponding grading on Ky(Gag) comes from
the central charge of G)z-modules and the action of the variable v comes from
tensoring G/z-modules by the one-dimensional representation coming from the
homomorphism Gz — C*, mentioned above.

The Satake isomorphism (cf. Theorem 4.6(2)) claims that the Hecke alge-
bra H(Gag) is canonically isomorphic to C(@H)Waff (and thus, when it makes
sense also to Ko(GYg))-

As was mentioned, in the case when G is semi-simple and simply con-
nected, the group G.g is an affine Kac-Moody group. We expect that with
slight modifications our Satake isomorphism should make sense for any sym-
metrizable Kac-Moody group. However, our proofs are really designed for the
affine case and do not seem to generalize to more general Kac-Moody groups.

1.5. Further questions. It would definitely be interesting to extend the
results of this paper to subgroups of Gug(K) other than G.g(O). Arguably

LWe believe that this assumption is not necessary, but at the moment we cannot remove
it.
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the most interesting of these subgroups is the analog of the Iwahori subgroup
of G (O). In this case we expect that the Hecke algebra is well defined and
will be closely related to Cherednik’s double affine Hecke algebra. We plan to
address this issue in [2].

Another natural question is this. By definition, the algebra H(G.g) is
endowed with a natural basis given by the characteristic functions of G,g(O) x
G (O) orbits on G.g(K). It would be quite interesting to determine the image
of this basis under the Satake isomorphism. When we deal with G instead of
G, the answer is given by the so-called Hall polynomials and it is essentially
equivalent to the “Macdonald formula for the spherical function” (cf. [12]). A
generalization of Macdonald formula to the affine case (closely related to the
results of [4] on affine Hall polynomials) will also be discussed in [2].

Let us also point out that the idea to interpret the convolution in H(Gag)
in geometric terms (which is used in order to prove the main results of this pa-
per) came to us from the joint works of the first-named author with M. Finkel-
berg which give a partial generalization of the “geometric Satake correspon-
dence” (cf. [13] and references therein) to the affine case.

1.6. Organization of the paper. This paper is organized as follows. In
Section 2 we introduce some notions related to general Hecke algebras. In
Section 3 we consider an example of (generalized) Hecke algebras (which later
turns out to be closely related to the algebra H,g in the case when G is a
torus). In Section 4 we formulate our main Theorem 4.6 describing the Hecke
algebra H,g in the general case. The proof of Theorem 4.6 occupies the last
four sections of the paper. Although the statement of Theorem 4.6 is quite
elementary, the proof uses heavily the machinery of algebraic geometry related
to moduli spaces of G-bundles on various algebraic surfaces. (In particular, we
do not know how to generalize our proofs to the case when G, is replaced by
a more general (nonaffine) Kac-Moody group.) In addition, in Section 8 we
construct explicitly the Satake isomorphism for H.g by looking at its action
on the principal series for Gog (in the spirit of [9]).

1.7. Acknowledgments. This work grew out of an attempt to find a “clas-
sical counterpart” of the first author’s joint work [1] with M. Finkelberg whom
we would like to thank for very useful discussions and ideas. This paper has in
fact grown out from an attempt to produce an elementary analog of [1]. Also
we are deeply grateful to V. Drinfeld, who gave us many interesting ideas on the
subject. In addition we would like to thank I. Cherednik, P. Etingof, H. Gar-
land, V. Kac, M. Kapranov and C. Teleman for very illuminating discussions
related to the contents of this paper.
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2. Generalities on Hecke algebras

2.1. Good pairs. Let I" be a group, and let I'g C IT" be a subgroup. Consider
the multiplication map

m:I'x T —=T.
1)

(Here the subscript I'g means taking quotient by the diagonal action of I'y.)
Let X (resp. Y) be a subset of I' which is right (resp. left) invariant with

respect to I'g. Then we denote by mx y the restriction of m to X x Y.
To

We say that the pair (I',Tg) is good if for any two double cosets X and Y
in I with respect to I'g, we have

1) The image of mx y consists of finite union of double cosets.
2) The map mx y has finite fibers.

In this case one can define the Hecke algebra H(I',Ty) as the convolution
algebra of 'g-bi-invariant functions on I' supported on finitely many double
cosets with respect to I'g.

LEMMA 2.2. The pair (I',Ty) is good if and only if, for any x € ', the set
Doaly /Ty is finite. Also, condition 2) above implies condition 1).

Proof. Assume that the condition of Lemma 2.2 holds. Let us prove that
(I',T) is a good pair. Take any x,y € T and set X = T'gzl'o,Y = Toyl.
Choose some x1,...,x, € X,y1,...,yx € Y such that

n k
X = |_| 1‘Z‘F0, Y = |_| ijo.
i=1 j=1

n
Then X xY = || x;Y. Since the restriction of mx y to each x;Y is obviously
To i=1
injective, it follows that every fiber of mxy has at most n elements. This

proves condition 2). On the other hand, z;Y" is the union of all the z;y;I0,
and thus it follows that the image of mx y is a finite union of right I'g-cosets.
In particular, it is a finite union of double cosets with respet to I'g.

Let us now show that condition 2) implies that TgaTg/Ty is finite for
all z € I'. (In view of the preceeding paragraph this will also imply that 2)
implies 1).) Indeed, let X = ['gal, and let Y = gz~ 'T'g. Consider the fiber
of mxy over the unit element e € I'. It is clearly equal to X/I'y, and thus
condition 2) implies that it has to be finite. O
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The main source of an example of good pairs is the following. Assume
that I" is actually a locally compact topological group, and let I'y be any open
compact subgroup. (In particular, I can be a discrete group and I') — a finite
subgroup.)

2.3. Generalization: almost good pairs. We want to generalize the above
notion in two directions. First, let I' and I'y be as above, and let 't C I" be
a sub-semi-group containing I'g. Then we may speak about the pair (I'",T¢)
being good, and the Hecke algebra H(I'",Ty) makes sense.

Remark. In this case condition 2) no longer implies condition 1), since in
the proof of this implication given above we used inversion in I'.

Let us also consider the following situation. Assume that we are given a
central extension
1A= =T —1
of I" by means of an abelian group A. Let also B C A be a subgroup of A such
that A/B ~ Z. Assume that Iy C T’ can be lifted to a subgroup of IpcT
fitting into the short exact sequence

1= B—=Ty—Ty—1.

Note that in this case the group Z = A/B acts naturally on the set of double
cosets of I’ with respect to [o. We shall say that a subset W C T is almost
a finite union of double cosets with respect to T if W is contained in the set
Z4(Z), where Z C T is a finite union of double cosets.

Let ' C T be a semi-group as above, and let It be its preimage in T.
Then we say that the pair (F+ f‘o) is almost good if for any two double cosets
X and Y of 't with respect to Fo, condition 2) above is satisfied, and in
addition, the following generalization of condition 1) is satisfied:

1') The image of the map mx y is almost a finite union of double cosets
with respect to I'y.

Warning. It is by no means true that if the pair (f+, fo) is almost good,
then the pair (I'",T) is good!

In the above situation one may define the algebra H(F+ FO) as the con-
volution algebra of ['o-bi-invariant functions on I't whose support is almost a
finite union of double cosets. Note that this algebra can naturally be regarded
as an algebra over formal Laurent power series C((v)); here multiplication by
v corresponds to shifting the support of a function by 1 € Z.

The algebra #(I't,T) has a natural subspace Hi®(I't I'y) consisting of
functions supported on finitely many double cosets; it is naturally a module
over the ring C[v,v~!] of Laurent polynomials. By definition, we have

H(T*,To) = H™ (L, To) © (O

v,
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In general Hi" (I T'y) is not a subalgebra of #(I't, fo) Let R be any sub-
ring of C((v)) containing Clv, v71]. We say that H(F+ To) is defined over
Rif H'™™(I+ Ty) ® R is a subalgebra of H(I't,Ty). In this case we set

Clov=1]
Hp(TH,Ty) = HITT,Ty) ® R
Clv,v—1]
2.4. Good actions. Let (I',T'g) be a (not necessarily good) pair, and let
be a I'-set. Let a: ' x 2 — € be the natural map, coming from the action of

0
I" on . Let now X, as before, be a subset of I' which is right-invariant under
Iy, and let Z be a I'g-invariant subset of 2. Then we shall denote by ax 7z the

restriction of a to X x Z.
o
We say that the action of I' on 2 is good if for any double coset X in I"

with respect to I'g and for any I'g-orbit Z in €2, then the following conditions
are satisfied:

lg: The image of ax,z is a union of finitely many I'g-orbits.
20: The map ax, z has finite fibers.

Let F(£2) denote the space of I'g-invariant C-valued functions on 2, which are
supported on finitely many [g-orbits. (In other words, F(2) is the space of
functions on T'¢\Q with finite support.) Then conditions 1o and 2g above
guarantee that we can define an action of H(I',T'g) on F(£2) by putting

h(f)(z) = > h(g) f(w).

(gw)el x Q, a(g,w)=z
To

Here h € H(T',Ty), f € F(Q), z € Q.
The following lemma is straightforward.

LEMMA 2.5. Let (I',Tg) be any pair, and let Q0 be any T'-set. Assume
that condition 2q is satisfied. Then the pair (I',T) satisfies condition 2 from
Section 2.1.

2.6. Almost good actions. Let (I,T+ Tg) be as in Section 2.3, and let Q,
as before, be a T-set. Let also { be an A-torsor over {2 on which I' acts in
such a way that A C I acts on it in the natural way and the action of T on Q
is compatible with the action of I' on €2. Then we may define the notion of an
almost good action of It onQ (similarly to the notion of an almost good pair).
Namely, we say that a [g-invariant subset W of Q is almost a finite union of
To-orbits (or just almost finite for brevity) if W is contained in Z, (Z), where
Z is a finite union of Tg-orbits. (Note that Z = A /B acts naturally on the set
of Tg-orbits in €2.) We say that the action of T' on € is almost good if condition
25 is satisfied together with the following condition 1’5.
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1’5: For any Ly double coset X in I'" and for any Lg-orbit Z in €2, the
image of ay 7 is almost a finite union of f’o—orbits.

We now let Ffir(Q (~) denote the space of fo invariant C-valued functions on €
which are supported on a finite union of Ty-orbits, and we also let F (Q) denote
the space of ['o-invariant C-valued functions on Q which are supported on an
almost finite union of ['g-orbits. It is easy to see that if the action of 't on Q
is almost good, then the algebra H(I't,T) acts on F(Q).

2.7. A generalization. Let (9,9) be as above, and let (€, ) be another
such pair. Assume that we are given an I- equivariant morphism @ : Q- .
We shall say that a FO invariant subset Z of 0 is almost finite with respect to
 if

a) w(Z) is almost finite.

b) The natural map I'g\Z — To\w(Z) has finite fibers.

We shall say that Q is almost good with respect to Q' if the following two
conditions hold:

(i) For any X € ['\\I'" /Ty and any Z fo\ﬁ, the image of the map ax z

is almost finite with respect to Q.

(i) QV is almost good.
We claim that condition (ii) implies condition 25. Indeed, without loss of
generality, we may assume that Q and Q' are homogenous spaces for I (resp. Q
and ' are homogenous spaces for F) Le, Q=T/A, Q=T/A,Q =T/N,Q=
F/A’ where A ¢ A’ ¢ T and A C A’ c I. Let X be a double coset in
't with respect to FO Choose z,v € [. Set X = Foch‘o, Z = FOZA/A and
7' = TpzA / A’. Then the fiber of ax,z over the image of v in Q) consists of
all triples (z,0) € X x A such that 226 = ~. Similarly, the fiber of a X,z Over
the image of v in Q) consists of all triples (z,0') € X x A’ such that 228" = .
Since A C A/ , it follows that the former fiber is embedded in the latter. Thus,
the fact that the fibers of ax 7/ are finite implies that the fibers of ax 7z are
finite.

In addition it is obvious that condition (ii) implies part a) of condition (i).
Let now Fgy /() denote the space of all Tg-invariant functions on € whose

support is alrnost finite with respect to V. Then it is easy to see that conditions
(i) and (ii) imply that the Hecke algebra #(I'",Tp) acts on Fg, ().

3. An example

3.1. The setup. Let A be a lattice of finite rank (i.e., A is an abelian group
isomorphic to Z! for some ). Let T' = (A @ A) x Z, where Z acts on A & A by
means of the autormorphism o sending (A, p) to (A, A + u). We shall usually
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write an element of I" as (A, u, k). Define the subgroup I'y C I" as the subgroup
consisting of all elements of the form (A, 0,0).
Define also the semigroup I'" by setting

'™ ={(),0,0)] X € A} U {(A\, p, k) where X and p are arbitrary and k > 0}.
Let b(-,-) be any Z-valued bilinear form on A. We set

QA 1) = b(A, 1) + b(p, A).
Then @ is a symmetric Z-valued form on A. Moreover, @ is even; i.e., Q(A, \)
is even for any A € A. We define the central extension A @& A of A@ A by means

of Z in the following way: ADA=Zx (A® A) as a set and the multiplication
is defined by

(a1, A1, p1)(az, A2, p2) = (a1 + a2 + b(A1, p2) — b(p1, A2), A1 + A2, 1 + p2).

Tt is well known that A & A depends (canonically) only on @ and not on b.
The automorphism o of A @& A considered above extends naturally to

A @ A. Abusing the notation, we shall denote the resulting automorphism of
A @ A also by o. It is defined by

o:(a,\p) = (a, A\, N+ p).

We define I' = EG\A X Z, where the generator of Z acts on @ by means
of 0. Explicitly, we have I' = Z x (A @ A) x Z as a set and the multiplication
is given by
(3.1)
(a1, A1, p1, k) (az, Ao, 2, k2) = (a1 + ag + b(A1, ) — b(p1, A2)

+ k1b(A1, A2), A+ Ao, pn + po + ki, ki + k2).

We set T to consist of all elements of T of the form (0,A,0,0). Note that in
this case I'g is naturally isomorphic to I'o. N
As before we define I'" to be the preimage of I'" in .

3.2. The variety Xq . From now on we assume that () is nondegenerate.
Let AV denote the dual lattice to A. Then  defines a homomorphism e : A —
AV, which is injective since @ is nondegenerate. Let T = AQC*, TV = AV®C*.
Then AV is a lattice of characters of T and A is the lattice of characters of T".

For every v € C* and any \Y € AV, we denote by v*’ the corresponding
element of TV. Assume that |v| < 1. In this case we set

Xgo=T"/v*W.

It is well known that Xg, is a complex abelian variety. The form (@ also
defines a holomorphic line bundle Lo, on Xg, in the following way. Let
7w : TV — Xg, be the natural projection. Then for any open subset U of
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X@,n we define the space of holomorphic sections of Lg, to be the space of
holomorphic functions F on 7~ (U) satisfying

F(zvt™) = v~ ) x VF(x).

Here x € TV and 2¥ = v(z). The line bundle Lg,, is ample if and only if Q is
negative definite. In this case we set

o
ClXq.] = PT(Xqw LY.

k=0
Then C[Xg ,] is a graded holomorphic vector bundle of algebras on the punc-
tured unit disc D* = {v € C*, |v| < 1}. More precisely, let R denote the
subring of C((v)) consisting of those formal series which are convergent for
0 < |v| < 1. Then there exists a pair (Xq, Lg), where X is an abelian variety
over R and L is a line bundle over it, such that the specialization of (Xq, Lg)
to any v € D* is isomorphic to (Xq., Lowv). We set C[Xg] to be the direct
image of the sheaf @kzgﬁgk to Spec(R); it can be naturally regarded as a

—

graded R-algebra. We also set C[Xg] = C[X(] % C((v)).

Below is the main result of this section.

THEOREM 3.3. Assume that Q is negative-definite. Then

(1) The pair (I, Tg) defined above is almost good.
(2) There is a natural isomorphism

H(TH,Ty) ~ C[Xg]

of graded C((v))-algebras.
(3) The algebra H(I',Ty) is defined over the ring R, and we have the
natural isomorphism

Hr(IF,To) ~ C[Xq)
of graded R-algebras.

_ Proof. The proof is a straightforward calculation. Let us first describe
H(TT,Ty) as a vector space. It follows from (3.1) that we have the following
formula:

(3.2) (0,v,0,0)(a, A\, u, k) = (a + b(v, u), N+ v, u, k).

Hence it follows that every left [o-coset contains unique element of the form
(a,0,u, k). Let us investigate when two such elements lie in the same double
coset with respect to I'g. For any v € A, we have

(a,0, p, k)(0,v,0,0) = (a — b(p, v), v, p+ kv, k).
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Multiplying the result on the left by (0, —v,0,0) and applying (3.2) again we
get
(a —b(v, ) — b(p,v) — kb(v,v),0, u + kv, k)

kQ(v, v)

= <a—Q(M,y)—2,O,,u—i—k:V,k:).

In other words, we see that an element of H(I't, )y, is a function f on Z x A
(“corresponding” to a and ) satisfying the relation

(33 Flam) = f <a—Q<u, ) - ’“Q(;’”),uwu)

for any v € A and such that
1) For fixed a, the number f(a, 1) is nonzero only for finitely many values
of .
2) There exists some ag € Z such that f(a,u) = 0 for any p and any
a < a0.2

Now set

F(v,z) = Z fla, p)vat.

(a,n)EZXA
Then (3.3) together with 1) and 2) above imply that F' can naturally be re-

garded as an element of C[Xg],. In other words, we get an isomorphism of

graded vector spaces H (T, Tg) ~ C[Xg]. Let us prove that this is actually an
isomorphism of algebras.

Let L be the collection of all the elements of I’ of the form (a,0, u, k).
It is easy to see that L is actually a normal subgroup of r isomorphic to
Z x A x Z, which can also be identified with the kernel of the homomorphism
I = A sending (a, A, 1, k) to A. It is also easy to see that L and I'y satisfy the
following properties:

1) LNTy = {e}.

)T =L-Ty=TIg-L.
In other words L is a normal subgroup of I whose elements provide unique
representatives for both left and right cosets of I with respect to I'y. In par-
ticular, since L is normal, we have a natural (conjugation) action of H on L.
Let C[L] denote the space C-valued functions on L with almost finite support.
This is an algebra with respect to convolution (this algebra is a completion of
the group algebra of L). Let also C[L]'® be the space T'g-invariants in C[L].
(Note that it follows from (3.3) that every I'g-orbit in L is almost finite.) Then
it is easy to see that conditions 1) and 2) above imply that the restriction map

2Note that here we use the assumption that @ is negative-definite.
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from T to L defines an isomorphism of algebras H/(I'", T'g) ~ C[L] . However,

_

L is isomorphic to Z x A x Z, which implies that C[L]'® ~ C[X(]. O

3.4. A reformulation. The above result can be reformulated as follows.
Define an action of A on the torus TV x C* by the following formula:

(3.4) vz, t) = (ve(”)x,tw”vQ(;’”) .

Then the quotient (T x C*)/A can be naturally identified with the total space
of the complement to the zero section in the line L‘é}v on Xq,. In particular,
the algebra C[X( ,] is equal to the algebra of regular functions on (7 x C*)/A.
In other words, let us consider the torus T, = C* xT" x C* with “coordinates”

(t,z,v). There is a natural action of A on 1), defined by the obvious analog
of (3.4):

(v,v
(3.5) v(t,x,v) = (tml’vQ P ),ve(”)x,v> :

Also, for every k € Z, let C(T,5)r denote the space of regular functions
on T4 which are homogeneous of degree k with respect to the first C*. Let

C(@/ﬁ)k denote the completion of this space in the v-adic topology. We also
set

(3.6) C(Thg) = P C(Tof)n-
keZ

Then there is natural identification C[Xqg] ~ C(@/H)A. (It is easy to see that
C(T )2 # 0 if and only if k > 0.)

4. The main result

4.1. Loop groups and their cousins. In this paper, for convenience, we
adopt the polynomial version of loop groups (as opposed to formal loops ver-
sion; the case of formal loops can also be treated with some modifications).

Let G be a split connected reductive algebraic group over a field k with
Lie algebra g. Let T be a maximal (split) torus in G, and let t denote the
corresponding Cartan subalgebra of g. We also denote by W the Weyl group
of G.

Let A denote the coweight lattice of G. Note that we can regard A as a
subset of h. We shall assume that there exists an integral, negative-definite
symmetric bilinear form ) on A which is W-invariant. In this case Q ® k is a
restriction to A of a G-invariant form on g, which we shall denote by Q.

Consider the corresponding polynomial Lie algebra g[t, t~!] and the group
G[t,t71]. As was mentioned in the introduction, the form @ gives rise to a
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central extension G of G[t,t1]:
155G — GGt — 1.

Moreover, both G[t,t~!] and G have a natural structure of a group ind-scheme
over k.> We denote by g the corresponding Lie algebra; it fits into the exact
sequence
0—k—g—g[t,t™']—0.
The group G, acts naturally on G[t,t~!], and this action lifts to G. We
denote the corresponding semi-direct product by G.g; we also let g.g denote
its Lie algebra. Thus if G is semi-simple, then g,g is an untwisted affine Kac-
Moody Lie algebra in the sense of [7]; in particular, it can be described by the
corresponding affine root system.
We also let G’ denote the semi-direct product G, x G[t,t~1].

4.2. The algebra C(@VH)WE‘“. Let us recall that for G as above one can
consider the Langlands dual group GV. One of its crucial properties says that
the complexified Grothendieck group Ko(RepGY) of the category Rep(G")
of finite-dimensional representations is naturally isomorphic to the algebra
C(TV)W of W-invariant polynomials on the torus 7.

We would like to define analogous notions when G is replaced by Gag.
First of all, let us describe the analog of the algebra C(7"). Similarly to
Section 3, let us set Tog = Gy, X T X Gy, and T, = C* x TV x C*. (We shall
only work with the dual torus T, over C.) It will be convenient for us to think
about the first G,,-factor in T, as dual to the second C*-factor in T (and
vice versa). We also define C(TY) as in (3.6).

The weight lattice Aug of T)§ is naturally identified with Z x A x Z. It
is also the coweight lattice of T,g. (However, let us stress that according to
our conventions, the first multiple in A,g = Z x A X Z corresponds to the loop
rotation in G, and the last multiple corresponds to the center of G.g.) Let

af = Z x A. For any k € Z we denote by Aaq i (resp. by Alg ;) the set of all
elements of A,z (resp. of Alg) whose first coordinate is equal to k.

Let W,g denote affine Weyl group of G which is the semi-direct product
of W and A. It acts on the lattice Aug (resp. Alg) preserving each Aag g
(resp. each Agﬁf,k). In order to describe this action explicitly, it is convenient
to set Wug r = W x kA which naturally acts on A. Then the restriction of the
Wag-action to Aug i ~ A x Z comes from the natural Wag p-action on the first
multiple.

In the case when G is semi-simple and simply connected, the set Aug 1,/ Wag
admits the following description. Let us denote by A;ff the set of dominant

3This group-scheme is nonreduced if G is not semi-simple.
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coweights of G,g (i.e., those coweights whose product with every positive root
of G.g is nonnegative). We put A;rff,k = A:ff APIW S

Let A} C A denote the set of dominant coweights of G such that (A, ) < k
when « is the highest root of g. It is well known that a weight (k, A\, n) of Gy
lies in A:ﬁ:k if and only if A € A} (thus A:mk =A{ xZ).

Then (under the assumption that G is simply connected) every W,g-orbit
on A, contains unique element of Aiﬂp,k. This is equivalent to saying that
AZ'; ~ A/Waﬁ",k.

4.3. The Langlands dual group. We would like to interpret the algebra
(C(TQ/H)W&H as the Grothendieck ring of a certain category of representations
of the appropriately defined affine Langlands dual group G;. Unfortunately,
we do not know a good definition of GY; for general G. However, we can
define GY; (and the appropriate category of representations) in the following
two cases:

1) G is torus
2) G is simply connected.

Let us explain these definitions. (We are not going to use the group GYg
in the remaining part of the paper; however, we think that interpreting the
algebra C(@\%)Wa“ (that will one of the most important players in our main
Theorem 4.6) at least in some cases is very instructive.)

Case 1: G is a torus. Let us use the notations of the previous section. In
particular, we let e : A — AV denote the map given by the form Q. We let Gé
denote the torus over C whose lattice of cocharacters is e(A). Thus Gé fits
into the short exact sequence

0= Z—G)—G' =0,

where Z = AV /e(A). Note that the form @ can be used to define the dual
form QY on e(A) which is also integral and even. Thus we can form the group
(GY)asr- Tt contains the group G) as a subgroup; it is easy to see that Z C G¢)
is central in (G))asr. Thus we may define GYg = (G))agt/Z.

The quotient of GY; by the central C* can be described as follows. Con-
sider the group ind-scheme (GV)! . It is easy to see that its connected compo-
nents are numbered by AY. Then G);/C* is equal to the union of the above
connected components corresponding to the elements of e(A) C AV.

Case 2: G is semi-simple and simply connected. In this case let gy denote
the Langlands dual affine Lie algebra of g,g (considered as a Lie algebra over
C. By definition, this is an affine Kac-Moody Lie algebra whose root system
is dual to that of g.g. Moreover, it comes also with a fixed central sublagebra
C C g which is determined uniquely by the choice of Q4. Note that in general
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(when g is not simply laced) the algebra g/ is not isomorphic to (g")a.x. (Here
gV as before denotes the Langlands dual Lie algebra of g.) Moreover, if g is
not simply laced, then g is a twisted affine Lie algebra. However, the algebra
9)¢ always contains gV x C? as a Levi subalgebra.

We now let G denote any connected group ind-scheme over C such that

a) The Lie algebra of Gt is g
b) The above embedding g < g;/; extends to an embedding G¥ < G Y.

The existence (and uniqueness) of GY; follows immediately from [14].

In both cases 1) and 2), the group G contains the torus T, = C* x
TV x C*. Here the first Z-factor is responsible for the center of GYg; it can
also be thought of as coming from the loop rotation in G,g. The second
Z-factor is responsible for the loop rotation in G)g. Similarly, we shall denote
by Alg = A x Z the weight lattice of Glg.

It follows easily from the above definitions that (in both cases 1) and
2)) the group G4 maps naturally to C*. (This homomorphism is dual to the
central embedding C* — G,g.) We denote the kernel of this homomorphism by
GV and we let §¥ denote its Lie algebra. It is clear that in fact Gy = GY % C*.
We shall fix such an isomorphism, which, in particular, endows G}; with a
subgroup C*, which we shall call the loop rotation subgroup in G-

Also G has a natural central subgroup isomorphic to C*. In addition,
it is easy to see that GYg is generated by (GYs)° and by T.%.

4.4. Representations of G)z. The Lie algebra gag is endowed with a canon-
ical “parabolic” subalgebra py which is equal to k @ g[t] & k. We let py denote
the corresponding dual subalgebra of g and we set ng = [py, py].

By an integrable highest weight representation of G, we shall mean an
algebraic representation of Gy whose restriction to the Lie algebra ng is locally
nilpotent. It is easy to see that any such representation is semi-simple. We say
that such a representation L is of level k if the central C* acts on L by means
of the character z — z¥. Then it is well known that

a) If L is a nonzero representation of level k, then k& > 0.

b) Any representation of level 0 is a pull-back of a representation of C*
under the above-mentioned map GY; — C*.

c¢) The irreducible representations of level £ > 0 are in one-to-one corre-
spondence with elements of Aug r/Wag.

Let Rep(GYs) denote the category of integrable highest weight represen-
tations L of GY satisfying the following conditions:

(i) L is a direct sum of irreducible representations of GY; with finite mul-
tiplicities.
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(ii) For every n € Z, let us denote by L,, the subspace of L on which the
loop rotation subgroup C* acts by means of the character z — 2z".
Then L, = 0 for 0 < n.

The category Rep(GY;) is stable under a tensor product (cf. [7]). Also the
group Z acts naturally on this category by multiplying every L by the cor-
responding character of GY; coming from the homomorphism Gz — Gp,.
We denote by Ko(GYs) the complexified Grothendieck ring of Rep(GY;) ten-
sored with C. It is clear that the above Z-action gives rise to a C((v))-module
structure on Ko(GY;). In addition, the algebra Ko(GYs) is Zi-graded. By
definition, elements of degree k in Ky(GYs) correspond to representations of
GYg of level k. In this way, Ko(GY;) becomes a graded C((v))-algebra.

To every L € Rep(GY), we can consider its character ch(L) which is an
element of C(Qz\%) The assignment L +— ch(L) extends to an isomorphism

(4.1) Ko(GYy) = C(Tg) .

In the future we are going to work with the algebra C(@/H)Waff, which is defined
for any reductive G. However, we think that intuitively it is important keep
in mind the isomorphism (4.1).

4.5. The spherical Hecke algebra of G.g. Let now k be a finite field. We
shall choose a ring K and its subring O, which will come from one of the
following two situations:

a) K is a local non-archimedian field with residue field k and O is its ring
of integers

b) K = k[s,s7!], O = k[s].
Case a) is somewhat more interesting and natural. However, we still include
case b), since our proofs are a little more transparent in this case (although
the difference between the two cases is not essential). In both cases we are
given the natural valuation homomorphism val : K* — Z, whose kernel is O*.

It now makes sense to consider the group I = G.g(K) and its subgroup
To = Gag(O). (We also have T = G/ ¢(K),Tg = G'.4(0).) Note that this pair
satisfies the conditions of Section 2.3 with A = K* which, in both cases a) and
b), has a natural map to Z with kernel being B = O*.

We have the natural homomorphisms

(:T=GxK)—= K" and val: K" — Z.

We set © = val o ¢. Similarly we have the homomorphisms ( : G.g(K) = K*
and 7 : G (K) — Z.
We set
I = Gl (0) Un ! (Zso).

As in Section 2.3 we let I't denote the preimage of I't in T
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Below is the main result of this paper.

THEOREM 4.6. (1) The pair (I, Ty) defined above is almost good in
the terminology of Section 2.3. R

(2) The Hecke algebra H(I'+,Ty) is naturally isomorphic to C(Typ)Vaf as
a graded C((v))-algebra.

In fact, we are going to construct the isomorphism (2) explicitly; we shall
call it the Satake isomorphism for the group G.g. We expect that it should
be possible to describe this isomorphism explicitly in terms of representation
theory of GY; in the spirit of [11] (cf. also [1] for some closely related conjec-
tures). However, we shall postpone the detailed discussion of this question for
another publication.

The proof of the first assertion occupies Sections 5, 6 and 7. Although the
first assertion seems to be quite elementary, the only proof of Theorem 4.6(1)
that we know requires interpreting the fibers of the corresponding maps mx y
in terms of algebraic geometry. The proof of the second assertion occupies
Section 8.

5. The algebra H(I't,T,) via bundles on surfaces

5.1. Double cosets and Kleinian singularities. For any k > 0, let S be
the scheme Spec(k[z,y, z]/zy — 2*); let also S be the complement to the point
(0,0,0) in S. This is a smooth surface over k.

Let A? denote the 2-dimensional affine plane over k; the multiplicative
group G, acts on A? by t : (z,y) — (tz,t"'y). Let uj denote the group-
scheme of roots of unity of order k; this is a group sub-scheme of G,,. Then
the natural map py : A> — S}, given by

(u,v) — (u®,vF u)

identifies Sy, with (A2\{0})/ux. (Note that the action of G,, (and thus also of
wr) on (A%\{0}) is free.)

Let ¥ be some other surface over k, and let a be a point of . We shall
say that a is of type Ay if there is an étale neighborhood of a in ¥ which is
isomorphic to an étale neighborhood of (0,0,0) in Sk. In particular, if k£ = 1,
then this will just mean that a is a smooth point of X.

5.2. A wvariant: the case of an arbitrary local field. The surface Sj, intro-
duced above will play a crucial role in the proof of Theorem 4.6 in case b) from
Section 4.5. Let us explain how to define it in case a), i.e., when we work over
a local nonarchimedian field I with ring of integers O. Let z be a uniformizer
in O. (It is convenient to choose it, though nothing will actually depend on
this choice.) In this case we shall set Sy = Spec(O[x,y]/zy — 2¥). This is a
scheme over O. It is easy to see that if k& = 1, then this scheme is regular.
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(Warning: it is, however, not regular as a scheme over 0.) We set 5’,8 to be the
complement in S, of the (closed) point given by the equations z = y = z = 0.
The scheme S} is regular for all k > 0. We define a map py : S1 — Sk of
O-schemes which sends (u,v) to (z = u¥,y = v*). It is clear that under this
identification we get Sg = SV /up where py is the group-scheme of k-th roots
of unity (over O).

We shall say that a two-dimensional scheme ¥ has a singularity of type
Ay at a closed point p if near p it is étale-locally isomorphic to S, with p
corresponding to the point (0,0,0). (In particular, if £ = 1, then this implies
that p is a smooth point of 3.)

In all the proofs that follow, we shall always assume that we are in case b)
(in the terminology of §4.5). The extension to case a) will be straightforward
using the notation introduced in this subsection.

For any k-variety S, we shall denote by Bung(S) the set of isomorphism
classes of principal G-bundles on S.

PROPOSITION 5.3. The following sets are in natural bijection:

1) the set Bung(SY);

2) the set Glg(O)\n~L(k) /Gl (O);

3) the set A/Wag k;

4) the set of G-conjugacy classes of homomorphisms pr — G.

o~ o~~~

Proof. Let us first establish the bijection between (1) and (4). Let F de-
note a G-bundle on Sj;. Consider the G-bundle p}(F) on A%\{0}. It extends
uniquely to the whole of A? and thus it is trivial. On the other hand, the bun-
dle p;(F) is pg-equivariant. Since this bundle is trivial, such an equivariant
structure gives rise to a homomorphism p; — G defined uniquely up to con-
jugacy. This defines a map Bung(S)) — Hom(ug, G)/G. It is clear that this
is actually a bijection, since a jg-equivariant G-bundle on A?\{0} descends
uniquely to Sk.

Let us now establish the bijection between (1) and (2). To do that let us
denote by o the automorphism of G(K) sending g(¢, s) to g(ts, s). Let us now
identify 7—1(k) with G(K), with right G(K) action being the standard one (by
right shifts), and with left G(KC)-action given by g(h) = o*(g)h. Thus we have
the bijection
(5.1)

Le(ONT L (k) /Gl (O) = Gts® t71s7F s\G[t, t 7L, 5,571 /Gt t7 L, s].

Let Uy = Speck[ts®, t71s7% 5], Vi = Speck[t,t7!,s]. Both U and Vj are
isomorphic to G,, x A!, and thus every G-bundle on either of these surfaces
is trivial. Both Uy and Vj, contain W = Spec k[t,t_l,s, 5_1] ~ Gy, X G,y as a
Zariski open subset. Thus the right-hand side of (5.1) can be identified with
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Bung(S’), where S’ is obtained by gluing Uy and Vj, along W. Hence it remains
to construct an isomorphism S’ Sj. Such an isomorphism can be obtained
by setting z = ts*, y =t1, 2 = s.

It remains to construct a bijection between (3) and (4). Recall that A =
Hom(Gy,,T). Thus, since py, is a closed subscheme of G,,, given every A € A,
we may restrict it to pg and get a homomorphism p; — 7. By composing it
with the embedding T" — G, we get a homomorphism p; — G which clearly
depends only on the image of X\ in A/W,g 1. Thus we get a well-defined map
A/Wag . — (Hom(px, G)/G). The surjectivity of this map follows from the
fact that uy is a diagonalizable group-scheme. For the injectivity, note that
any two elements in 7" which are conjugate in G lie in the same W-orbit in 7.
Thus it is enough to show that for any two homomorphisms A\, u : G, — T
whose restrictions to ug coincide the difference, A — p is divisible by k. This is
enough to check for T' = G,,, where it is obvious. U

5.4. Groupoids. Recall that a groupoid is a category in which all mor-
phisms are isomorphisms. All groupoids that will appear in this paper will be
small. A typical example of a groupoid for us will be as follows. If a group H
acts on a set X, then we can consider the groupoid X/H, where the objects
are points of X and a morphism from x to y is an element h € H such that
h(z) = y. Using the terminology common in the theory of algebraic stacks, we
shall say that a functor f : ) — )’ between two groupoids is representable if
any y € ) has no nontrivial automorphisms which act trivially on f(y). In this
case, for any 3 € ), we define the fiber f~1(3/) to be the set of isomorphism
classes of pairs (y,«a), where y € S and « is an isomorphism between f(y)
and v/

By a groupoid structure on a set Y we shall mean a groupoid Y whose set
of isomorphism classes is identified with Y.

The double quotient G/4(O)\m1(k)/G.30) and the set Bung(S)) have
natural groupoid structures and it is easy to see that the above identification
between the them is actually an equivalence of groupoids.

From now on we shall treat these sets as groupods. (Abusing the notation,
we shall denote them in the same way as before.)

5.5. The convolution diagram. Choose any two positive integers k and I.
Consider the following “convolution diagram:”

(52)  GigO)\r (k) &0 T 1)/ Gag0) 5 GugO)\n (M) /G O),

where m denotes the multiplication map. As was mentioned above we shall
think about this diagram as a map of groupoids. We want to give an interpre-
tation of this diagram in geometric terms, i.e., in terms of G-bundles on some
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surfaces. The right-hand side of (5.2) is clearly equal to Bung(Sp, ;). Let us
interpret the left-hand side.

The surface Sii; has canonical crepant resolution §k+l. Its fiber over
0 € Sk consists of a tree of kK + 1 — 1 rational curves Fy, ..., Frij_1, where
the self-intersection of each Ej; is —2. Thus it is possible to blow down all the
E; except Ej. Let us call the resulting surface Si;. It has two potentially
singular points corresponding to 0 and oo in Ej. They are of type Ay and A;
respectively (i.e., these points are really singular if the corresponding integer
(k or 1) is greater than 1). More precisely, we claim that Sy ; can be covered by
two open subsets which are isomorphic to Sg, S, respectively. Let us describe
how this is done in more detail.

The surface Sy can be covered by two open subsets U, and Vi, each
one isomorphic to A' x G,,. Namely, if S, = Speck[z,y, z]/zy — 2*, then
Up = Speck[z,z71, 2] and V3 = Specly,y~!,2]. (Note that Uy and Vj, can
be considered as open subsets both S; and Sg.) Similarly, let us consider
S; = Speck[u,v,w]/uv — w'. Let us identify V}; with U; by setting z = w
and y = u~!. Let us now glue S and S; along V;, and U; respectively. The
resulting surface ¥ maps to Sy = Speck|p, ¢, r]/pg—r**! in the following way.
We map Sy to Sk by sending (x,, 2) to (z,y2', 2), and we map S; to Sk
by sending (u,v,w) to (uw”,v,w). These formulas are compatible, since by
multiplying the equality y = u~! by zu on both sides, we get uzy = uz* in the
left-hand side and z in the right-hand side, which implies that z = uz* = uw*.
Similarly, multiplying « = y~' by vy on both sides, we get the equality yz! = v.
These equalities make sense as long as y and u are invertible. It is now easy to
see that the resulting map ¥ — Si4; is an isomorphism away from the point
(0,0,0) and the fiber over (0,0, 0) is naturally isomorphic to P'. From this it is
easy to deduce that ¥ ~ S; ;. We let pj; denote the natural map Si; — Sk
Note that S&APE}(0,0, 0) ~ Sk

We let S,g’l denote the complement to the two singular points in Sy ;.

PROPOSITION 5.6. a) The left-hand side of (5.2) can be naturally identi-
fied with Bung(S,g’l) (as a groupoid).

b) The corresponding map Bung(S,%l) — Bung(Sp,,) is just the restric-
tion to the complement of p,;ll(O, 0,0).

Proof. According to the proof of Proposition 5.3, the convolution diagram
(5.2) can be identified with
(5.3)
Glts" 7 Ls™F L s\Gt, s,t 71,571 X Glt,t ™1, 5,5 1/Glt, t 7 5]
Gltst,t—1s71 3]

B Gltst s s\Gt, s, 7 5T /G T ).
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We claim now that the left-hand side of (5.3) can be naturally identified with
Bung(S,gJ). Indeed, let us set

T = tsk+l,y = t_ls_l,u = tsl,v = t_l,z =w = S.

Then we have 2y = 2* and wv = w' and k[ts* t71s7F= s] = k[z,z7 1, 2],
k[ts',t~'s7!, s] = k[y,y ™', 2z]. Thus the product
Glts" 7 s L s\Gt, t 7Y, 5,57 x G[t, t 7L, 5,571 /Gt t71, 5]

classifies (Fy, Fi, Bk, oq), where

a) Fy is a G-bundle on Sy and Sy is a trivialization of Fj on Vi;

b) F; is a G-bundle on S; and f; is a trivialization of F; on U.
It follows from this that the product

G[tskH,t_ls_k_l, s\G[t, s, t 1, 57! X Glt,t71, 5,57 /Glt, t71, 5]

Gltstt=1s—1 5]

classifies the triples (Fy,F;,7), where Fj and F; are as above and ~ is an
isomorphism between Fy|y, and Fi|y, (with respect to the identification of Vj
and U; discussed in the previous subsection). But such a triple is the same as
a G-bundle Fj,; on S} ; since the latter surface is obtained by gluing S, and S
by identifying Vj, with Uj. O

5.7. A generalization. Fix now some positive integers k1, ..., k,, and let
k = ki+---ky. In this case we can define the surface Sy, .. x, which is obtained
by gluing the surfaces Sy, ..., Sk, by identifying Vi, with Uy,, Vi, with Uy,
etc. We have the map pg, .k, : Ski,.. k. — Sk- The surface Sy, . 1, is smooth
away from n singular points which all lie in the preimage of zero under pg, . 1.
and are of types Ag,,..., Ak
complement to these singular points.

It is easy to see that away from p,;lmkn(0,0,0) the map pg,, . %, is an

n

respectively. We shall denote by S]gl7--~7kn the

n

isomorphism. In particular, Sp embeds into 521,...,kn as an open subset.
On the other hand, we can consider the map (of groupoids)

(ONT k) x o w7l (ke) X e % (k) /Gog(O)
G (0) Ga(0)  Gu(0)
= GO\ (k) /G (0).
Then, using the same argument as above, we can identify this map with the
restriction map

Bung(S,gh__’kn) — Bung(S,g).
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5.8. Fibers of the convolution morphism. Consider again the convolution
morphism (5.2). It is easy to see that this morphism is representable and we
would like to understand its fibers. According to Section 5.5, we can instead
look at the fibers of the restriction map Bung(ngl) — Bung/(S},,). By defini-
tion, the fiber of this map over a bundle Fj.; consists of all extensions F; of
Fi+1 to Sk If the pair (I, Ty) were good, this would imply that this set is
finite. However, it is easy to see that this set is actually infinite. In Section 7
we shall see that this problem can be remedied by changing the group Glg
by Gag. First we need to recall some (mostly well-known) constructions from
algebraic geometry.

6. Determinant torsors

6.1. Relative determinants. Let X be a smooth variety (over an arbitrary
field), and let Q be a vector bundle on X. Then we shall denote by det(Q) €
Pic(X) the top exterior power of Q. More generally, let Q be an arbitrary
coherent sheaf on X. Then locally Q has a resolution

0=& ==& =8 —QQ—0,

where all &; are locally free. In this case we set
n .
det(Q) = X) det(&) V",
i=0

It is well known that the result is canonically independent of the choice of the
resolution. (Thus, in particular, it makes sense globally.)

Let now S be a smooth variety, and let X be a smooth divisor in S. (In
the future, S will usually be a surface and X will usually be a closed curve
inside S.) Set SY = S\ X.

Let Fi, Fa, be two locally free sheaves on S together with an isomor-
phism « : Fi|go—=F2|g0. In this case we can form the relative determinant
detx (F1, Fa2,a) € Pic(X) of F; and F; in the following way.t

Assume first that o defines an embedding of F; into J» as coherent
sheaves. Then we may consider the quotient Q@ = F»/F;. This is a coherent
sheaf on S which is set-theoretically concentrated on X. Thus we can find a
filtration 0 C @1 C Q2 C --- C 9, = Q of Q by coherent subsheaves such that
each successive quotient Q;/Q;_1 is scheme-theoretically concentrated on X.
In particular, we may regard each quotient Q;/Q;_1 just as a coherent sheaf

4n the sequel we shall just write detx (F1, F2) or detx(a) when it does not lead to a
confusion.
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on X. We set
detx (Fi, F2) = Q) det(Q;/Qi1).
=1

It is easy to see that the result does not depend on the choice of the above
filtration.

In the general case, there exists another locally free sheaf F3 and embed-
dings 1, B : F1, F2 < F3 such that

a) Both 5 and [y are isomorphisms away from X.

b) a = Bi]s0 0 Ba|g0-

In this case we set detx (Fi, F2, a) = detx (Fi, F3, 1) @detx (Fa, F3, B2) L. It
is easy to see that the result is canonically independent of the choice of F3 and
B1, B2. (This definition is certainly well known, but we were unable to find a
good reference for it.)

Let now G be an algebraic group, and let V be a finite-dimensional rep-
resentation of G. In this case for any G-bundle F (on any variety) we can
consider the associated vector bundle Fy,. Given two G-bundles F; and F5 on
S with an isomorphism between their restrictions to S°, we set

detX7v(.7:1,]'—2) = detX((JTl)v, (‘FZ)V)'

6.2. Representations and bilinear forms. We now go back to the case when
G is reductive and keep all the notations from the previous sections. Then any
finite-dimensional representation V' of G as above defines a symmetric bilinear
W-invariant form on A in the following way. By restricting V to T we get a
collection of n = dim V' weights Y, ..., A of T, which gives an action of A on
Z". We set

Qv(A\ ) = = Trzn (A - p).

It is clear that this form is nonpositive definite, integral and W-invariant. Also,
if we assume that the determinant of V' is an even character of G (i.e., it is
a square of another character), then this form is even. (In particular, that is
always the case when G is semi-simple.) This form is negative-definite if V' is
almost faithful (i.e., if V' is a faithful representation of a quotient of G by a
finite central subgroup).

Moreover, it is well known that for any negative-definite W-invariant form
Q, there exists a positive integer ¢ and a representation V' as above such that
c@ = Qy. It is easy to see that Theorem 4.6 holds for the form @ if and only
if it holds for ¢@). Thus we may assume that Q) = Qv .

6.3. Description of the central extension. We now want to define the cen-
tral extension Gg of the group G[t,t!] x G, (which we shall only do in the
case Q = Qy). For any test k-scheme W, we need to define G,g(W). Let us
first do it just for G[t,t71]; i.e., let us define G(W).
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Consider some element g € G[t,t~!](W). By definition, this is the same
as amap WxG,, — G. Let S = A’ x W. Then to ¢ there corresponds a triple
(F1,F2, aq) as above, where F; and F; are both trivial bundles on W x Al and
oy is an isomorphism between their restrictions to W x G, which is “equal
to g” in the obvious sense. Then we can consider £, := detyy(F1, F2) which
is a line bundle on W. It is clear that L. is canonically trivial (here e is the
identity element). Moreover, for any g1, g2 € G[t,t~'](W), we have the natural
isomorphism

(6.1) Lg, @ Lgy = Ly, g,-

We set G(W) to be the set of pairs (g, x) where £ is a trivialization of Ly. The
group structure on G(W) comes from (6.1).

It is easy to see that with the above definition of G the action of G,, on
G[t,t™1] by loop rotations extends to G (this follows from the fact that the
line bundle £, considered above does not change when we change g by a loop
rotation), and thus we may consider the semi-direct product G.g = G x G-

Remark. In [5] Faltings explains how to construct geometrically the cen-
tral extension (and the determinant torsor) associated with any even symmetric
invariant form @). In principle, in what follows we could work with arbitrary
@ using the construction of [5]. However, this would considerably complicate
the exposition. As mentioned above, in order to prove Theorem 4.6(1), it is
enough to assume that Q) = Qy for some V.

6.4. Torsors of extension. Here is another source of examples of Z-torsors
that will be important in the future. Let X be a curve, and let x be a smooth
point of X. Set X = X\{z}. Assume that we are given a line bundle £° on
X0, Then the set of all possible extensions £ of £ to the whole of X (as a line
bundle) is naturally a Z-torsor, which we shall call the torsor of extensions of
£ to X.

The following remark will become very important later. Assume that X
is projective. Then the above torsor of extensions is canonically trivial. Indeed
to any extension £ we can associate the integer deg £ (the degree of L).

6.5. More Z-torsors. Let now S be a smooth surface, and let Xy,..., X,
be a collecton of smooth curves S, intersecting at a point y € S. Let us
denote their union by X. Let now F; and F» be two vector bundles on S
with an isomorphism away from X. Let X? = X\{y}. Then we can consider
the relative determinants det yo(F1, F2) € Pic(X?). Let 7; be the Z-torsor of
extensions of det yo(F1, F2) to the whole of X;. The following result is probably
well known, but we were not able to find a reference. The proof given below
is due to V. Drinfeld.
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LEMMA 6.6. The Z-torsor

18 canonically trivial.

Proof. Clearly, we can replace S by the formal neighbourhood of y. Let
also D denote the one-dimensional formal disc (formal neighbourhood of 0 in
Ab). Let us choose formal coordinates u, v, around y. Then for any a,b € k,
we can consider the map fop : S — D sending (u,v) to au + bv. Then for
generic pair (a,b), this map induces an isomorphism X; ~ D. Let us choose
such a pair.

As before we may assume that the identification F1|g\ x =~ JF2| S\x comes
from an embedding F; — Fo. Let Q = Fy/F;. This is a coherent sheaf
on S, which is set-theoretically supported on X. Consider the direct image
R = (fap)+Q. Then we may consider det R. This is a line bundle on D; it is
clear that its restriction to D is canonically isomorphic to the tensor product
of all the det xo (F1, F2) (where we identify X with D° by means of f, ). Thus

the Z-torsor .
RTi
i=1

is canonically isomorphic to the torsor of extensions of det R|po to D. But
since det R is a line bundle defined on all of D, it defines such an extension
canonically and thus our Z-torsor is canonically trivial.

The collection of all pairs (a,b) for which the above arguments works is a
Zariski open subset X' of A?; in particular, X is an irreducible algebraic variety.
It is clear that the above trivialization depends regularly on (a,b) € X’; thus
the irreducibility of X implies that the trivialization is independent of the
choice of the pair (a,b). Similar argument shows that the above trivialization
is independent of the choice of coordinates (u,v). O

It the sequel, we shall say that a curve X C S is good if it is a union of
smooth irreducible components.

6.7. Relative co. Let again S be a smooth surface, and let X be a smooth
connected projective curve inside S. Let also Fi, Fa, be two G-bundles on S.
Let also a be an identification between F; and F» on S = S\ X (compatible
with the trivialization of the determinants). Then we set

Cg(fl,.FQ) = deg(detx(}"l, .7:2))

More generally, assume that X is a good connected curve. In this case
detx (F1, F2) is not well defined as a line bundle on X. (It is only well defined
on the smooth part X° of X.) It follows, however, from Lemma 6.6 that the
degree of detx (Fi,F2) does make sense and we again denote it by ca(Fi, F2).
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Assume now that G = GL(n). In this case we can think about F; and Fo
as vector bundles of rank n, and we can define the relative Fuler characteristic
X(F1, Fa) in the following way. First, as before, we choose some vector bundle
F3 on S of rank n containing both 7 and JF3 as locally free subsheaves. We set
Q; = F3/F; for i = 1,2. Then both Q; and Qs are set-theoretically supported
on X and, therefore, their cohomology is finite-dimensional. We set

X(F1, F2) = x(Q1) — x(Qa),
where x(Q;) denotes the Euler characteristic of Q;. It is clear that the result
does not depend on the choice of Fj.

PROPOSITION 6.8. Assume that the triple (Fi,Fa, «) is such that det(ca)
(which is an isomorphism between det Fi|go and det Fa|g0) extends (as an
isomoprhism) to the whole of S. Then

X(Fi, F2) = co(Fi, Fa).

Proof. Assume first that X is irreducible. Let us choose F3 as above.
Since both Q7 and Q> have a filtration with quotients supported on X, it
follows that it makes sense to speak about the rank and the degree of Q; on
X, which we shall denote by rk Q; and deg Q;. Then the fact that det(«)
extends to the whole of X implies that rk @1 = rk Q5. On the other hand, by
definition, we have

co(F1, Fa) = deg Q1 — deg Q.
Thus Proposition 6.8 follows from the Riemann-Roch theorem for the curve X.

In the general case (i.e., when X is not necessarily irreducible) we can find
a sequence Fo = F, Fi,..., Fm = F of vector bundles of rank n on S together
with the isomorphisms «; : F;|g0—=Fit+1|go for all i =0,...,m — 1 such that

a) The composition of all the «; is equal to a.

b) Each «; is an isomorphism away from one irreducible component of X.

In this case the above proof shows that for all ¢ = 0,...,m — 1, we have
co(Fiy Fir1) = x(Fi, Fir1). Since we have
m—1 m—1
o(F,F)=> ca(F, Fiyr)  and  x(F,F) = > x(Fi, Fir1),
=0 1=0
the assertion of Proposition 6.8 follows. ([l

Proposition 6.8 implies the following result, which in some sense explains
the notation ca(F, F2). (This result will not be used in this paper and we leave
the proof to the reader.)

LEMMA 6.9. Assume that S is projective. Assume also that G = SL(n).
(In other words, F1 and Fa are vector bundles, det F1 and det Fy are trivialized
and o is compatible with these trivializations.) Then

c2(F1, F2) = co(F2) — ca(F1).
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6.10. The torsor Tr. Let now S and X be as above, and let F be a
G-bundle on S°. Then to this data we can associate a Z-torsor Tr, which is
uniquely characterized by the following properties:

1) Any extension F; of F to S defines a trivialization of Kz, of Tr.
2) Let F1 and F» be two extensions of F to S. Then the difference between
kr, and Kz, is equal to ca(F1, Fa).

6.11. The case of disconnected X. We would like to refine slightly the
above definitions. Namely, assume X has r connected components. Then the
relative Chern class co(Fy, F2) naturally takes values in Z" (since it makes
sense to talk about ca(F7, F2) in the formal neighbourhood of each connected
component of X). In particular, in this case we shall denote by 7r the corre-
sponding Z"-torsor.

6.12. Consider the groupoid Bung(S°). We let Bung(S°) denote the “to-
tal space of all the T£’s.” (In other words, a point of %G(SO) is given by a
G-bundle F on S together with the trivialization of the torsor 7x.) By defini-
tion, we have a natural map ¢ : Bung(S) — Bung(S°) which is representable.

THEOREM 6.13. Assume that X can be blown down, i.e., that there exists
a (not necessarily smooth) surface ¥ with a pointy € ¥ and a proper birational
map f: S — X such that

a) X is equal to the set-theoretic preimage of y.
b) The restriction of f to S° is an isomorphism between S° and X0 =

“\{y}-

Assume also that G is semi-simple. Then

(1) Let F € Bung(S°) and assume that X has v connected components.
Then there exists A € Z such that for any a = (a1,...,a,) € Z" such
that a; > A for somei=1,...,r, we have

a - F ¢ im(q).

(Here, by a - f, we mean the action of a on F as an element of the
Z"-torsor Bung(S°).)
(2) q has finite fibers.

Remark. When X is smooth this is exactly Theorem 2.2.1 of [8], since
in this case our condition is equivalent to the fact that X has negative self-
intersection.

Proof. First of all, without loss of generality, we may assume that X is
connected. We shall denote by y € 3 the image of X in X.

The first assertion of Theorem 6.13 is equivalent to the following state-
ment. Fix some F € Bung(S). Then we must show that for all triples
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(F,F',a) (where F' € Bung(S) and « is an isomorphism between the re-
strictions of F and F’ to SY), the set of all possible values of ca(F,F’) is
bounded above.

For any F € Bung(S) and [ € Z, let us consider the set of isomorphism
classes of triples (F, F’, «) as above such that

(6.2) co(F,F')=1.

Then the second assertion of Theorem 6.13 says that this set is finite.

Since G is semi-simple, we can choose an embedding G < SL(n). Without
loss of generality, we may assume that the quadratic form @ comes from this
embedding. Then the set of all possible (F', ) for G embeds into the similar set
for SL(n). Hence we may assume that G = SL(n). In this case F and F’ above
should be thought of as vector bundles of rank n with trivial determinant.

Let us first concentrate on Theorem 6.13(2). Then

X('F:]:/) - CQ(-FwF/) =1l
The proof of the required finiteness is based on the following result.

LEMMA 6.14. There exists a locally free subsheaf £ of F, which is equal
to F on SO and such that for any F' as above, the resulting identification
E|go >~ F'|g0 extends to an embedding & — F'.

Proof. Let j denote the (open) embedding of SY into ¥. Then we can
consider the sheaf G = j.(F|g0) on X. Since the complement of S° in ¥ con-
sists of one point, it follows that this sheaf is coherent. Also, for any F' as
above, we have the natural embedding (of coherent sheaves) f.F’' < G which
is an isomorphism away from y. Hence there exists some N > 0 such that f,F’
contains mg’yg , where my , denotes the maximal ideal of the point y in X.

We claim now that the number N as above can be chosen uniformly for
all F' satisfying (6.2). To prove this let us define

n(F') = length(coker(f,. F' — G)) + length(R! f.F').
Then it is clear that | = x(F,F’) = n(F) —n(F'). Thus
length(coker(f. F' — G)) = n(F) — length(R' f,(F')) — L.

Hence length(coker(f.F" — G)) < n(F) — I. Hence (by Nakayama lemma) if
we choose a number N such that length(g/mgyg) > n(F) — I, then the sheaf
f+F must contain mg’ yg .

Let now H = mgyg. This a coherent sheaf on 3. The embedding
H < f.F' gives rise to a morphism f*H — JF’, which is an isomorphism
on S°. Let £ denote the quotient of f*#H by torsion. This is a torsion-free co-
herent sheaf on S. Let £ denote its saturation (i.e., minimal locally free sheaf,

containing &’). Then the morphism f*H — F’ gives rise to an embedding
£ — F' of locally free sheaves, which is an isomorphism on S°. O
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Let us now explain why Lemma 6.14 implies Theorem 6.13(1). Without
loss of generality, we may assume that & = F(N - X). Applying the same
argument to the dual of F we see that we may also assume that any F' as
above is contained in F(—N - X). Let Q = F(—N - X)/F(N - X). This is
a coherent sheaf on S, which is set-theoretically supported on X. Any F’
as above is uniquely determined by its image Fo = F'/F(-N - X) in Q.
Moreover, the Euler characteristic x(F5) is independent of F'. (It is equal to
X(F, F) + X(F(N - X), F) = L+ (F(N - X), F).)

Hence it is enough for us to show that there exists a scheme of finite type
over k whose k points are subsheaves of Q with given Euler characteristic. (In-
deed, since k is finite, the set of k-points of a scheme of finite type is finite.)
Without loss of generality, we can assume that .S is projective. We shall choose
an embedding of S into some projective space. In other words, we are going
to choose some very ample line bundle £ on S. Thus @ is a coherent sheaf on
a projective scheme S; hence, according to [6], there exists a scheme Quot(Q)
whose k-points are subsheaves G of Q. Moreover, the subscheme of Quot(Q)
corresponding to looking at G as above with fixed Hilbert polynomial is of finite
type over k. For every irreducible component X; of X we can define the generic
rank rk;(G) of G as follows. First, we can find a filtration0 C G; C --- C Gs =G
of G such that every quotient G, /gj_l is scheme-theoretically concentrated
on X. Then we define rk;(G) = >, 1ki(G;/G;j-1), where 7k;(G;/G;-1) is the
rank of the restriction of G; / G;—1 to the generic point of X;. It is clear that
0 <rk;(G) < rk;(Q); hence there are finitely many possibilities for each of the
numbers rk;(G). Thus to finish the proof, it is enough to show the following.

LEMMA 6.15. The Hilbert polynomial of F is uniquely determined by x(G)
and by the numbers rk;(G).

Proof. For each X; as above, let us set £; = L]|x,. Let d; = degy, L;. Also,
let us choose a filtration G; of G as above such that every quotient G; / Gi—1
is concentrated scheme-theoretically on some irreducible component X;; of X.
We shall denote by S; the corresponding coherent sheaf on X;;. By definition,
the Hilbert polynomial of G is determined by the numbers dim H%(G ® £&")
for n sufficiently large. However, if n is large, then H?(G ® £%™) = 0 for p > 0,
and thus we have

dim H(G © L%") = x(G @ L%") = x(S; ® L")
j

=Y X(8)) +1k(S)) - n - diy = x(G) + Zrki(g) -n - ds,

J

which finishes the proof. ([
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Remark. The same proof works for arbitrary reductive G if we fix the
G/|G, G]-bundle obtained from F’ by push-forward with respect to the natu-
ral map G — G/[G,G].

Let us now prove Theorem 6.13(1). We are going to use the notation
introduced in the proof of Lemma 6.14. We need to show that x(F,F’) is
bounded above. However, we have

X(F, F') =n(F) = n(F).
By definition, n(F’) > 0. Hence x(F,F") < n(F). O

7. Turning on the central extension

7.1. We now want to generalize Proposition 5.3 to the case where the
group G’ is replaced by its central extension using the results of the previous
section. For this, we have to first interpret the Z-torsor Gag(ON\7T 1 (k)/Gag (O)
over Glg(O\771(k)/Gl4(O) in geometric terms. To do this we are going to
apply the constructions of the previous Section to S = Sk, where the role of
X will be played by the exceptional fiber of the morphism §k — Sk which we
shall denote by E. (We want to reserve the notation X for something else.)
Note that in this case S = S?. We shall write Bung(SO) instead of writing
Bung(S?).

PROPOSITION 7.2. The groupoid G.g(O)\7 1(k)/Gag(O) is canonically
equivalent to the groupoid Bung(SY).

Proof. Consider the quotient CN}(IC) /O* where we take the quotient by the
central O* C K*. This is a central extension of G(K[t,t~!]) by Z. In particular,
it defines a Z-torsor over every g(t,s) € G(K), which we shall denote by 7j.
By definition, this torsor can be described as follows.

Consider the plane A? with coordinates ¢ and s. Let C C A2 be given
by the equation s = 0, and let D C A? be given by the equation ¢t = 0. Let
y € A? be the point t = 0,5 = 0. Set CY (resp. DY) to be the complement
of y in C (resp. D). Let now Mj, My, be two trivial bundles on A2, Let ¢
be the isomorphism between their restrictions on G, x G, given by g. (£ is
the natural isomorphism between two trivial bundles on G, x G, multiplied
by g(t,s).) Consider detpo(My7, Ma); this is a line bundle on D° (which is
isomorphic to Gy, with coordinate s). Then by definition, the Z-torsor 7y is
the torsor of extensions of detpo(My, Ms) from DY to D. On the other hand,
by Lemma 6.6 this torsor is canonically isomorphic to the inverse of the torsor
of extensions of detgo(My, M3) to C.

On the other hand, given ¢(t, s) as above, we can construct a G-bundle
F on Sg together with trivializations on U and Vj, as in the proof of Proposi-
tion 5.3. What we need to do is construct a trivialization of 7, starting from
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a trivialization of 7r. (Recall that we consider Sg as an open subset of Sk
and the torsor Tr is constructed via this embedding.) In other words, we need
to start with an extension F’ of F to gk and construct a trivialization of 7.
(The fact that this construction gives rise to an isomorphism 7r ~ 7, will
eventually be obvious.)

Let X C Si be given by the equation z = 0 in Si. Let X° = X\{0,0,0} =
S?N X. Let a denote the trivialization of F on Uy = Speck[z,z™!,y]. Let
us also identify X° with CY by setting y = t~!. Then it is easy to see that
detco (M1, M3y) = detyo(a). Thus the torsor of extensions of detco( M7, Ma)
to 0 is canonically isomorphic to the torsor of extensions of detyo(a) to oo.
The latter torsor is inverse to the torsor of extensions of detyo(a) to 0. In
other words, we get the canonical isomorphism between 7, and the torsor of
extensions of det yo(a) to 0.

We claim now that an extension F’ of F to §k as above provides a canon-
ical extension of detyo(a) to the whole of X. Indeed, let us identify X with
its proper preimage in §k, and let also E denote the exceptional divisor in Sj.
Then E and X intersect at a unique point p in gk, and Y = FU X is a good
curve in Sp. We set E® = E\{p}. Let F° denote the trivial bundle on S;. We
may regard « as an isomorphism between F”| 50 and FY| 50- Then by Lemma 6.6
the torsor of extensions of detyo(a) to X is inverse to the torsor of extensions
of det o (F', FY, ) to E. However, since E is proper, by Section 6.4 the latter
torsor acquires a canonical trivialization and hence the same is true for the
former. O

7.3. Geometric interpretation of the convolution diagram. We now want
to generalize the results of Section 5.5 in order to give a geometric interpreta-
tion of the convolution diagram in the presence of a central extension. Namely,
let us choose as before two positive integers k and [. Recall that in this case we
have the partial resolution py; : Sk — Si+i. Also we have the full resolution
P11 §k+l = S1,..,1 — Sk which factorizes through a map v : §k+l — Sk,
composed with py, ;.

The map v is an isomorphism over 5’271. Note that the complement of Sg’ ;in
§k+l is disconnected. (It has two connected components, which correspond to
the two singular points of Sy ;.) Hence the groupoid B—Ex/lg(Sg’l) (here we view

5271 as a complement to a divisor in the smooth surface §k+l) is Z x Z-torsor
over Bung(S,g,l). Since Sj,; contains Sj1; as an open subset, it follows that the
restriction map Bung(S,g’l) — Bung(S),,) extends to a map ﬁlg(S,gJ) —
%G(S}g 41)- This map is Z x Z-equivariant, where Z x Z acts naturally on the

left-hand side and on the right-hand side it acts by means of the homomorphism
Z x Z — Z sending (a,b) to a + b.
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ProrosITION 7.4. The groupoid

(7.1) Gat(ONTH(k) X 7H(1)/Gar(O)
Gat (0)

can be canonically identified with %G(S%Z). Under this identification the

natural Z x Z-action on (7.1) corresponds to the Z x Z-action on ]/3—1\1?16;(5’270.
Moreover, under this identification the multiplication map

Gag(O)\7 " (k) oo T (1)/Garr(0) = Gag(O\T (5511 /Gagt (0)

corresponds to the map %G(S,%l) — %G(Sgﬂ) discussed above.

The proof of Proposition 7.4 is essentially the same as the proof of Propo-
sition 7.2 and we leave it to the reader.

7.5. Proof of Theorem 4.6(1). We now claim that Proposition 7.4 together
with Theorem 6.13 imply Theorem 4.6(1). First of all, this is clear if G is
semi-simple. In this case condition 1’) of Section 2 follows immediately from
Theorem 6.13(1) and condition 2) follows from Theorem 6.13(2). Also, when
G is a torus, Theorem 4.6(1) follows from Section 3. Hence it is easy to see
that Theorem 4.6(1) holds for any reductive group G’ which is isomorphic to
a product of a semi-simple group and a torus. Also assume that we are given
an isogeny G — G’ of split reductive groups. Then it is easy to see that
Theorem 4.6(1) for G’ implies Theorem 4.6(1) for G. By taking G’ to be the
product of the adjoint group of G and of G/[G, G|, we see that Theorem 4.6(1)
is true for any G.

8. Action on the principal series and proof of Theorem 4.6(2)

8.1. Principal series. Consider first the subgroup A’ of T which is equal
to O* x G(K[t]) x O*. We shall denote by A’ its image in T

Now we define subgroups A C A’ and A C A’. First of all note that
A’ maps naturally to O* x G(K) x O* (by setting t = 0). Let B be a Borel
subgroup of G. It has the decomposition B = T'U, where T is a maximal torus
in G and U is the unipotent radical of B. We set A to be the preimage of
O* x T(O)U(K) x O* in A’. We denote by A the image of A in T'.

We now set

Q=T/A, Q=T/A, ' =T/A, O =T/A".

Clearly, I" acts on  and €, and T acts on Q and €. In addition, we have the
natural map @ : Q — ', which is I'-equivariant.

THEOREM 8.2. The action of I on Qs good with respect to Q.
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As before, it is enough to prove Theorem 8.2 in the case Q = Qv for some
representation V'; so we are going to assume this until the end of Section 8.9.

8.3. The structure of ). Before we go to the proof of Theorem 8.2, we
would like to discuss how © and Q' look. First of all, let us introduce another
pair of groups (A”,A”) such that A ¢ A” c A’ (resp. A ¢ A” c A).
These are defined exactly as A and A except that the group T(O)U(K), used
in the definition, has to be replaced by B(K). It is easy to see that A is
normal in A” (resp. A is normal in A”) and we have the natural isomorphism
A'/A = A"/A = T(K)/T(O) ~ A. Thus A acts on Q on the right. In
addition, the group Z acts on 2. (This action comes from the center of I'.)
Altogether, we get an action of Z x A = Alz on §, and this action commutes
with the action of I'. In partlcular Al g acts on T'p\Q. Similarly, the lattice
Ao = 7Z x A X Z acts on Q and this action commutes with the action of T.
In particular, A,g acts on FO\Q. The following lemma follows easily from [9,
Prop. 1.4.5].

LEMMA 8.4. (1) The action of Al g on To\Q is simply transitive. Sim-
ilarly, the action of Aag on f‘o\ﬁ 1s simply transitive.

(2) The action of Z x Z on T)\S is simply transitive.

(3) Let us identify FO\Q with Aug = Zx AXZ by acting on the unit element.
Szmzlarly, let us identify FO\Q’ with Z x Z. Then the natural map
FO\Q — FO\Q induced by w L Q= corresponds to the projection
onto the first and the third factor.

Lemma 8.4 implies that F ﬁn(ﬁ) ~ C[A,g]. Similarly, Fs (?2) is the v-adic
completion of C[A,g] (here as before the action of v on the right-hand side
comes from the “central” copy of Z in A.g)), which consists of all functions
f(k, A\, n) such that

1) f(k,A\,n) =0 for k < 0.

2) For almost all n, we have f(k,A\,n) = 0 for all A, k.

3) For given k, the function f(k,A,n) is not equal to 0 only for finitely
many pairs (A, n).

8.5. (V is almost good. Let us now move to the proof of Theorem 8.2. By
definition we first have to prove that the action of [ on € is almost good.
The proof is similar to that of Theorem 4.6. Namely, we are going to give a
geometric interpretation of the convolution diagram for the action of [ on (.
More precisely, for any [ € Z, let Q’ =7 1(1)/ A (resp. Q) =n"1(1)/A’). Then
for any k£ > 0, we want to give a a geometric interpretation of the morphism
(of groupoids)

To\Q] < Do\ (k) x Q) — Do\ Q..
To
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First let us do this for I' and Q'. In other words, we want to give a
geometric interpretation of the morphism (of groupoids)

Lo\ + To\m 1 (k) x  — To\ Q-
To

First, we need some preparatory material.

8.6. Blow ups. Let X be a smooth surface, and let Y be a smooth curve in
Y. Let o be some point in Y. Set X0 = ¥\ {z}. Let Ox (resp. Oy) denote the
structure sheaf of S (resp. of V), and let my, be the ideal sheaf of the point
in Oy. Abusing the notation, we shall regard Oy as a sheaf on S with support
on Y. For each k£ > 0, let J; be the preimage of mY under the natural map
Ox. = Oy. We shall denote by Bl, ;(2) the blow up of ¥ at the ideal Jj. This
is a new surface which has unique singular point y of type Ax.° It is endowed
with a proper birational map f : Bl ,(X) — 3, which is an isomorphism
away from x and whose fiber over z is isomorphic to P!. We shall denote by
Bl 1(X)° the complement to the point y in Bl, x(¥). Also we shall identify
the proper preimage of Y in Bl, x(X) with Y. Let ¥’ = Bl ;(¥)\Y. Thus
we have the natural morphism of groupoids q : Bung (Bl £(2)") — Bung (%)
and p : Bung(Bl£(2)?) — Bung(¥Y'). (The first morphism is obtained by
restricting a G-bundle to X° and then taking the unique extension to 3; the
second morphism is obtained just by restriction to X'.)

The surface Bl, ;(3) admits canonical resolution of singularities ]/S'lek(Z)
This is a smooth surface, containing le,k(Z)O as an open subset. Moreover,
the complement to Bl x(3)? in Elxk(Z) is a good connected projective curve.
Thus it makes sense to consider B—Elg(BlLk(E)O). We have canonical mor-
phism q : B\u;lg(le’k(z)o) — Bung(X) x Z (which modulo Z give rise to q)
constructed as follows. Let us pick up an element in %G(le,k(E)). We
may assume that it comes from a G-bundle F on Blek(E) To describe §(F)
we only need to describe its projection to Z. Consider Q(j':‘Blz,k(Z)O)- Let us
denote by F' its lift to Blek(E) Then the desired integer is co(F,F’).

We shall also denote by p : %G(le7k(2)0) — Bung(X') the composition
of the projection %G(leyk(il)o) — Bung(Bl, (X)) with p.

Here is an example of such a situation. Let X be another smooth curve,
and let £ be a line bundle over X. Let also x be some point of X. We want
to consider the above construction in the case when S = L and Y = £, —
the fiber of £ over x. In this case it is easy to see that Bl, ;(X)\Y is naturally
isomorphic to L(—kzx).

5In fact, if k = 1, then this point is smooth; in this case Bl x(X) is the usual blow up of
S at the point z and the point y corresponds to the tangent space to Y at x.
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Let us now consider the case X = A!. In this case the bundle £ is
automatically trivial and thus we can identify ¥ with A2 with coordinates (p, s),
where the point = corresponds to (0, 0) and the curve Y is given by the equation
s = 0. In this case the surface Bl, ;(3) can be described as follows. Consider
two surfaces X1 and ¥y, where ©; = Speck[p, ¢, s]/pg—s* and ¥ = Speck|u, s].
(Here p, g and u are some additional variables.) Let us identify the open subset
of 31, given by the equation ¢ # 0, with the open subset of s, given by the
equation u # 0 by setting u = ¢~ . Then Bl, x(X) is obtained by gluing ¥; and
¥ along this common open subset. The corresponding map Bl () — 3 is
obvious. On ¥ it is given by (p,q,s) — (p,s), and on Xy it is given by
(u,s) — (us®,s). The proper preimage of Y lies inside ¥; and is given there
by the equation ¢ = 0. Thus in this case ¥’ = ¥y and it can be naturally
identified with A? with coordinates (u, s).

In what follows we shall only work with 3,3’ in this case. We shall also
set XY = ¥ ﬂle,k(E)O. We have natural isomorphisms ; ~ Sy, and X{ ~ S?.

Now we claim the following proposition.

PropoOSITION 8.7. The diagram of groupoids
Lo\ « To\m " (k) x Y = To\ Dy

1s equivalent to the diagram
Bung(¥') ¢ Bung (B, x(2)°) % Bung ().
Similarly, the diagram
Lo\ Q) « 7 (k) x Q) — T\
1 equivalent to
Bung () x Z "84 Bung (Bl 4(2)°) x Z 75 Bung(E) x Z.

(Here, by q+id, we mean the map which sends a pair (j-:, a) € %G(le,k(Z)o)

x Z, such that §(F) = (G,b), to (G,a+b).)
Proof. The proof is very similar to the proof of Propositions 5.6 and 7.4.
First, for any n € Z, let us consider the quotient

Do\, = G[ts™, tts™™, s|\G[t,t "1, s,571]/G[t,s,s7}].

We claim that (as a groupoid) it can naturally be identified with Bung(A?)
with coordinates (u, s), where u = ts™. The proof is exactly the same as the
proof of the bijection (1) < (2) from Proposition 5.3.

Next, we claim that the Z-torsor ['g\§2, — T'\(Y, is canonically trivialized.
In other words, we get an equivalence

Lo\, ~ Bung(2) x Z.
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This would have been obvious if we were dealing with sets, rather than with
groupoids, since the set of isomorphism classes of points of T'\{)] consists of
one element. In order to construct the required trivialization on the level of
groupoids we must prove the following result.

LEMMA 8.8. The group of automorphisms of the unique point of T\Q),
acts trivially on Z.

Proof. Note that by definition, this group is equal to A’ = G(K[t]) x O*.
It is easy to see that it is enough to prove this separately in the case when G is
a torus and when G is semi-simple. If G is a torus, then our statement follows
from the calculations of Section 3. When G is semi-simple, then A’ is actually
the group of k-points of a connected group ind-scheme Gas over k and it is
clear that the above homomorphism from A’ — Z comes from an algebraic
homomorphism Gar — Z, which has to be trivial since Gas is connected. [

Let us now recall that Bl, (2)? is glued from X9 ~ SP and £ ~ A2, Thus
setting p = ts**t" g = ts™"
get the the equivalence

Co\m (k) x Q] =~ Bung(Bl, x(2)?).
0

, and arguing as in the proof of Proposition 5.6, we

The rest of the proof is essentially a word-by-word repetition of the proof of
Propositions 5.6 and 7.4. It is left to the reader. O

8.9. Proof of Theorem 8.2. We can now prove Theorem 8.2. Indeed, the
fact that the action of I' on € is good follows from Proposition 8.7 together
with Theorem 6.13 (as in the proof of Theorem 4.6(1)). What is left to show
is property (i) from Section 2.7. For this we need some additional geometric
construction.

Recall that ¥ is a (trivial) line bundle over X ~ Al. In particular, X is
embedded into . In coordinates (p, s) it is given by the equation s = 0.

Let now Bung a(X) denote the groupoid of G-bundles F on ¥ endowed
with the following additional data:

1) A reduction of F|xo_ x\{z} to B. We shall denote the corresponding
B-bundle on XY by ]-“g. We shall also denote by .7-"% the corresponding
T-bundle.

2) An extension F7 of FP to X.

Then arguing as in the previous subsection, for any n € Z, we can construct
an equivalence of groupoids

I'o\Qp ~ Bung a(X), fo\ﬁn ~ Bung a(X) x Z.

Recall that the set of isomorphism classes of the groupoid I'p\2,, is A. Geo-
metrically the corresponding map Bung A(X) — A is constructed as follows.
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Since the quotient G/ B is proper, any B-structure on X° extends uniquely to
X. Let us denote by Fp the corresponding B-bundle on X and by Fr the
induced T-bundle. In particular, this shows that Bung a(X) classifies triples
(F,Fp,Fp), where Fp is a reduction of F to B on X and F7 is a modifica-
tion of Fr at x; i.e., F is a T-bundle on X endowed with an isomorphism
Frlxo =~ Fr|xo. It is well known that the set of isomorphism classed of pairs
of T-bundles (Fr,F7) on (any smooth curve) X together with an isomor-
phism on XY is in one-to-one correspondence with elements of A. Given some
(F,FB,Fp) € Bung a(X) we shall denote by d(F, Fg, F}) the corresponding
element of A, and we shall call it the defect of (F,Fp, Fr).

Similarly, we can define Bung a (Bl%,g) (in that case we should work with
the proper preimage of X in Bl ;(3) which we shall identify with X) and

Bung.a(Blyy) = Bung.a(Blhy) . )Eﬁcasl?c,k)
ung o,k

together with natural equivalences

Fo\ﬂ_l(k)rﬁﬂl ~ Bung a (Bl (%)), To\# (k) x & ~ Bung a(Bly £(%)°).
To

The corresponding maps
Bunga(2') ¥ Bung a (Bl 1(£)°) 23 Bung a (%)

and
Bunga (Bl x(2)°) 38 Bung a(X) x Z

are constructed in the obvious way.

With this notation, in order to prove property (i), we must show the
following. Fix some a € Z and A € A. Consider the set Z of isomorphism
classes of all points £ € B—ElGA(BILk(E)O) such that

a) d(§) = A

b) The projection of qa(€) to Z is equal to a.

Consider now the set d(qa(Z)) of all possible defects of elements of ga(Z).
We must show that this set is finite. To see this, assume that we have a point £
as above of the form (5‘-:, Fp,Fr), where F is an element of BEIG’A(Blz,k(E)O)
lying over some F € Bunga (Bl x(X)°) and Fp and F}. are as before. Let
F denote the underlying G-bundle on Bl x(X)". Let G denote the unique
extension of F|yo to X, and let F’ denote the pull-back of G to Bl, x(X)°. Note
that F|yo = F'|xo; thus F’ comes with canonical A-structure. Moreover, it
is clear that d(F', Fg, Fr) is equal to d(q(F, Fg, Fp)). Thus what we have to
show is that the defect of (F’, Fp, F) lies in some finite subset of A. This
follows from condition b) together with Theorem 6.13.
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8.10. Construction of the Satake isomorphism. We are now in the position
to construct the isomorphism claimed in Theorem 4. 6(2). As mentioned above,
the quotient I‘O\Q can be naturally identified with A,g. Thus the space of To-
invariant functions on Q supported on finitely many To- orbits, is naturally
isomorphic to C[Aag] = C(T)- This together with Theorem 8.2 implies that
the action of ’H(F o) on F(I'o\2) gives rise to a homomorphism H(T', Tg) —
C(Ta\b/ﬁ). Let pYy denote any element of AY; whose scalar product with every
simple root of GYs is equal to 1. Then Theorem 3.3.5 of [9] implies that
the composition of the above homomorphism with the shift by q*pzﬂ? lands in
(C(TV YWatt We claim that the resulting homomorphism

(8.1) L H(DT, Tg) — C(Toy)Wan

is an isomorphism.
PROPOSITION 8.11. ¢ is injective.

Proof. Recall that

H(IF,To) = H(TT, Do) 2oy G,

where H(f,f‘o)ﬁn is the space of finitely supported functions on fo\f+ / To.
Moreover, for any k£ > 0, we have f‘o\%_l(k:)/fo = Nt o/ Wag. In particular,
H(T, )i ~ C[A[] as a vector space. It is enough to show that the restriction
of + to H"(T'+, Ty) is injective, since ¢ is a morphism of graded C((v))-algebras
and every graded component of #(T',T)™ is of finite rank over Clv,v 1].
For any Aag € Aag, let 0y, denote the characteristic function of fgs aff FO
Then we have to show that the functions ¢(d,) are linearly independent for all
A€ Aaff / Watt-

To simplify the discussion, let us prove this in the case when G is simply
connected. (The general case is similar, but notationally a bit more cumber-
some; we shall leave it to the reader.) Recall that when G is simply connected,
the quotient A,g/Wag can be identified with the set Aiﬁ of dominant coweights
of Gag. Let us define a partial ordering on A,g/Wag by saying that Aag > plag
if Naff — faff 1S & sum of positive roots of gY;. Then we claim that for any
Aot € A:H, we have

(82) L((s)\aﬂ) = SAaH + Z auaffsﬂaﬂ‘

H‘aff<>\aff

It is clear that (8.2) implies that all the ¢(d) ) are linearly independent. The
proof of (8.2) is a word-by-word repetition of the corresponding statement for
finite-dimensional semi-simple groups (cf., e.g., [3, p. 148]). O
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To prove the surjectivity, let us note that ¢ is a morphism of graded C((v))-

algebras. On the other hand, we have

dimg () (I, To)i) = # (Aot o/ Wasr) = dime () (C(Ta) ).

Thus the injectivity of « implies its surjectivity.
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