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The link between the shape of the
irrational Aubry-Mather sets and their
Lyapunov exponents

By MARIE-CLAUDE ARNAUD

Abstract

We consider the irrational Aubry-Mather sets of an exact symplectic
monotone C* twist map of the two-dimensional annulus, introduce for them
a notion of “C'-regularity” (related to the notion of Bouligand paratingent
cone) and prove that

e a Mather measure has zero Lyapunov exponents if and only if its
support is C''-regular almost everywhere;

e a Mather measure has nonzero Lyapunov exponents if and only if its
support is C'-irregular almost everywhere;

e an Aubry-Mather set is uniformly hyperbolic if and only if it is irreg-
ular everywhere;

e the Aubry-Mather sets which are close to the KAM invariant curves,
even if they may be Cl-irregular, are not “too irregular” (i.e., have
small paratingent cones).

The main tools that we use in the proofs are the so-called Green bundles.
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1. Introduction

The exact symplectic twist maps of the two-dimensional annulus were
studied for a long time because they represent (via a symplectic change of
coordinates) the dynamic of the generic symplectic diffeomorphisms of surfaces
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near their elliptic periodic points (see [8]). One motivating example of such a
map was introduced by Poincaré for the study of the restricted 3-Body problem.

For these maps, the first invariant sets which were studied were the peri-
odic orbits. The “last geometric Poincaré’s theorem” was proved by G. D. Birk-
hoff in 1913 in [7]. Later, in the 50’s, the K.A.M. theorems provided the
existence of some invariant curves for sufficiently regular symplectic diffeomor-
phisms of surfaces near their elliptic fixed points (see [20], [3], [31] and [33]).
Then, in the 80’s, the Aubry-Mather sets were discovered simultaneously and
independently by Aubry and Le Daeron (in [5]) and Mather (in [29]). These
sets are the union of some quasi-periodic (in a weak sense) orbits, which are not
necessarily on an invariant curve. We can define for each of these sets a rota-
tion number and for every real number, there exists at least one Aubry-Mather
set with this rotation number.

In 1988, Le Calvez proved in [22] that for every generic exact symplectic
twist map f, there exists an open dense subset U(f) of R such that every
Aubry-Mather set for f whose rotation number belongs to U(f) is hyperbolic.
Of course this does not imply that all the Aubry-Mather sets are hyperbolic
(in particular the K.A.M. curves are not hyperbolic).

Some results concerning these hyperbolic Aubry-Mather sets are known.
It is proved in [26] that their projections have zero Lebesgue measure, and in
[24] it is proved that they have zero Hausdorff dimension.

The main question in which we will be interested is then: given some
Aubry-Mather set of a symplectic twist map, is there a link between the geo-
metric shape of these set and the fact that it is hyperbolic? Or: Can we deduce
the Lyapunov exponents of the measure supported on the Aubry-Mather set
from the “shape” of this measure?

I did not hear of such results for any dynamical systems and I think that
the ones contained in this article are the first in this direction.

Before explaining which kind of positive answers we can give to this ques-
tion, let us introduce some notations and definitions. For classical results
concerning exact symplectic twist map, the reader is referred to the books
[13], [23], [35] and the article [30].

Notation.
e T =R/Z is the circle.
e A =T x R is the annulus and an element of A is denoted by (6, r).

e A is endowed with its usual symplectic form, w = df A dr and its usual
Riemannian metric.

o 7:T x R — T is the first projection and 7 : R? — R its lift.

p: R%2 — A is the usual covering map.
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Definition. A C! diffeomorphism f : A — A of the annulus that is isotopic
to identity is a positive twist map (resp. negative twist map) if, for any given
lift f:R2 — R? and for every 0 € R, the maps r — 7o f (é, ) are increasing
(resp. decreasing) diffeomorphisms. A twist map may be positive or negative.

Moreover, f is exact symplectic if the 1-form f*(rdf) — rdf is exact.

Notation. ET_ is the set of exact symplectic positive C! twist maps of A
(C! ESPT), T, is the set of exact symplectic negative C! twist maps of A
and ET, = ET,T UET, is the set of exact symplectic C'' twist maps of A.

Definition. Let M be a nonempty subset of A, let f: A — A be an exact
symplectic twist map and let f : R? — R? be one of its lifts. The set M is
f-ordered if

e M is compact;
e )M is f-invariant;
o forall z, 2/ € p~ ' (M), 7(z) < 7(2') & 7(f(2)) < 7(f(2)).
(Note that this definition does not depend on the choice of the lift f of f.)

A classical result in the subject asserts that every f-ordered set is a Lips-
chitz graph above a compact subset of the circle. Moreover, if K is a compact
subset or A, then there exists a constant £ > 0 depending only on K and
f such that the Lipschitz constant of every f-ordered set meeting K is less
than k.

Definition. An Aubry-Mather set for an exact symplectic twist map f is
an f-ordered set My that is minimal in the following sense:

If M is a f-ordered set such that M C My, then M = M.

Remark. The original definition of the Aubry-Mather sets was done by
J. Mather in a variational setting and is a little different from this one. The
orbits of such a set have to minimize a certain functional called the action.
These sets are f-ordered, but not necessarily minimal in the previous sense
(the dynamic restricted to such a set is not necessarily minimal). Moreover,
the Aubry-Mather sets that we introduce here are not necessarily minimizing
for the action.

Then it is well known that if M is an Aubry-Mather set of a f € £7,,, then
there exists a bi-Lipschitz orientation-preserving homeomorphism h : T — T
of the circle such that for all (6,7) € M, wo f(6,r) = h(d). The dynamic
of f on M is conjugate via the first projection to the one of a bi-Lipschitz
homeomorphism of the circle on a minimal invariant compact set. If we write
the previous equality for a lift f of f, then we can associate to every Aubry-
Mather set M of f a rotation number (which is the rotation number of any h
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such that for all (6,7) € M = p~}(M), h(f) = 7o f(8,r)) denoted by p(M, f).
Then for every p € R, there exists at least one Aubry-Mather set M for f
such that p(M, f) = p. With our definition of Aubry-Mather set (minimal), if
p(M, f) is rational, then M is a periodic orbit; in the other case, we will say
that the Aubry-Mather set is irrational and two cases may happen:

e cither M is a curve (and h is C°-conjugate to a rotation);
e or M is a Cantor (and h is a Denjoy counter example).

Moreover, every Aubry-Mather set carries a unique f-invariant Borel prob-
ability measure denoted by u(M, f). This measure is always ergodic (even
uniquely ergodic on its support) and its support is M. Such a measure p (as-
sociated to an Aubry-Mather set M for f) will be called a Mather measure.
Let us now explain what we mean by “shape of a set” or of a measure. This
notion is related to a notion of regularity.

Definition. Let M C A be a subset of A and x € M a point of M.
The paratingent cone to M at x is the cone of T, A denoted by Pys(x) whose
elements are the limits

v = lim u,
n—00 Tn
where (z,,) and (y,) are sequences of elements of M converging to z, (7,,) is
a sequence of elements of R’ converging to 0, and z, — y, € R? refers to the
unique lift of this element of A that belongs to [—3, 5[>

We will say that M is Cl-regular at x if there exists a line D of T, A such

that Py(z) € D. If M is not Cl-regular at z, we say that M is C-irreqular

at x.

This notion of (Bouligand’s) paratingent cone comes from nonsmooth
analysis (see for example [4]). Of course, at an isolated point, the notion of
regularity does not mean anything, and we will use it only for Aubry-Mather
sets having no isolated point, i.e., irrational Aubry-Mather sets.

THEOREM 1. Let f be an exact symplectic C' twist map and let p be an
wrrational Mather measure of f. The following two assertions are equivalent:
e for p-almost every x, supp(u) is Cl-reqular at x;

e the Lyapunov exponents of p (for f) are zero.
An alternative statement of this result is

THEOREM 2. Let f be an exact symplectic C' twist map and let p be an
wrrational Mather measure of f. The following two assertions are equivalent:
e for p-almost every x, supp(u) is Ct-irreqular at x;

e the Lyapunov exponents of p (for f) are nonzero.
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Hence we do not obtain exactly the kind of result we wanted. Knowing
the measure p (and not the diffeomorphism f!), we can say if the Lyapunov
exponents are zero or not, but the a priori knowledge of the Aubry-Mather set
is not sufficient to deduce if the Lyapunov exponents are zero or no.

We can easily construct two C' ESPT f and g for which the zero section
is an irrational invariant curve, the dynamic restricted to the zero section is
minimal, but the two invariant measures p(M, f) and pu(M, g) are not mutually
absolutely continuous. Indeed, there exists a C'°° minimal diffeomorphism h
of the circle that is transitive but whose invariant measure is not absolutely
continuous with respect to the Lebesgue measure (see [16] for example). Then
we choose f such that its restriction to the zero section is h and g such that
its restriction to the zero section is an irrational rotation. For this example,
“almost everywhere” for one measure is different from “almost everywhere”
for the other one.

However, in the extreme cases, we obtain a result concerning the shape of
the Aubry-Mather sets.

COROLLARY 1. Let f be an exact symplectic C twist map and let M be
an irrational Aubry-Mather set of f. If for all x € M, M is C'-reqular at z,
then the Lyapunov exponents of u(M, f) (for f) are zero.

It is not hard to see that an Aubry-Mather set is C'-regular everywhere
if and only if there exists a C' map v : T — R whose graph contains M.
Therefore we can state Corollary 1 in the following nicer form:

If an irrational Aubry-Mather set is contained in a (not necessarily
invariant) C'! curve, then the Lyapunov exponents of u(M, f) are zero.

In [18], M. Herman gives some examples of irrational Aubry-Mather sets
which are invariant by a twist map, contained in a C'* graph but not contained
in an invariant continuous curve. I do not know any example of an irrational
Aubry-Mather set with zero Lyapunov exponents which is not contained in a
C' curve.

Problem. Is it possible to build an irrational Aubry-Mather set with zero
Lyapunov exponents which is not contained in a C' graph?

THEOREM 3. Let f be an exact symplectic C' twist map and let M be an
irrational Aubry-Mather set of f. The following two assertions are equivalent:

o for allx € M, M is C'-irregular at x;
e the set M is uniformly hyperbolic (for f).

In the nonuniformly hyperbolic case, we can be more specific.
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THEOREM 4. Let f be an exact symplectic C twist map and let u be
an irrational Mather measure of f which is nonuniformly hyperbolic; i.e., the
Lyapunov exponents are nonzero but the corresponding Aubry-Mather set M =
supp(u) is not (uniformly) hyperbolic. Then there exists a dense Gs subset G
of M such that M is C-reqular at every point of G.

I must say that I do not know any example of an irrational Aubry-Mather
set which is nonuniformly hyperbolic.

Questions.

e Is it possible to build an irrational nonuniformly hyperbolic Aubry-Mather
set for an exact symplectic C'! twist map?

e Is it possible to build an essential irrational nonsmooth invariant curve for
an exact symplectic C'' twist map? (This question is due to J. Mather.)

e Are there essential invariant irrational curves that support a measure with
positive Lyapunov exponents?

Let us now consider what happens near a K.A.M. invariant curve C for
a generic f € £7,. If a is the rotation number of this K.A.M. curve, then
for every neighbourhood V of C for the Hausdorff topology, there exists € > 0
such that every Aubry-Mather set whose rotation number is in Ja — ¢, + €|
belongs to V. (Indeed, a limit of f-ordered set is f-ordered and the rotation
number is continuous on the set of f-ordered sets; moreover, a classical result
asserts that if there is a KAM curve, it is the unique f-ordered set having this
rotation number.) Hence, using Le Calvez’s result mentioned before, we find
in every neighbourhood V of C some irrational uniformly hyperbolic Aubry-
Mather sets, and hence some Cl-irregular Cantor sets (see the beginning of
the proof of Theorem 10 to see why it cannot be a curve). But even if these
Cantor sets are C'l-irregular, the closest they are to C, then the less irregular
they are in the following sense.

THEOREM 5. Let f € £T,, be an exact symplectic twist map and C be a C*
invariant curve which is a graph such that fic is C! conjugate to a rotation.
Let W be a neighbourhood of T'C, the unit tangent bundle to C in T'A, the
unit tangent bundle to A. Then there exists a neighbourhood V of C in A such
that for every Aubry-Mather set M for f contained in V,

Yz € M, P} (x) C W,

where P (x) = Py (z) NTYA refers to the unit paratingent cone.

It implies that in this case, even if the paratingent cone at x to M is not
a line, it is a thin cone close to a line.
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Let us mention that we dealt only with irrational Aubry-Mather sets or in-
variant curves. Even in this case, it is interesting to understand the connection
with the periodic orbits. Let us now explain this.

If we consider a sequence of periodic f-ordered orbits whose rotation num-
bers converge to an irrational one, then we can extract a subsequence of peri-
odic orbits that converge to an irrational f-ordered set.

Hence, for example, if we want to “draw” (with a computer) our irregular
(and hyperbolic) Aubry-Mather sets, then we can use some sequences of min-
imizing periodic orbits. But if we look at the pictures of Aubry-Mather sets
that exist, we see Cantor sets or curves, but we never see angles of the tangent
spaces. That is why the following question was raised by X. Buff.

Question (X. Buff). Is it possible (for example by using minimizing peri-
odic orbits) to draw some Aubry-Mather sets with “corners”?

Another interesting connection is the so-called “Greene’s criterion” ( see
[10], [15] or [25]). Greene introduced a quantity attached to any periodic orbit,
called the residue, and stated that if a “good” sequence of minimizing periodic
orbit converge to an irrational f-ordered set, then

(1) either this f-ordered set is contained in an invariant curve and the
logarithms of the mean residues tend to 0;

(2) or there exist no invariant curve with this irrational number and the
logarithms of the mean residues do not tend to 0.

The logarithm of the mean residue is closely related to the Lyapunov exponents.
If Greene’s criterion is true, then any sequence of periodic orbits tending to
an invariant curves has its Lyapunov exponent that tends to 0. This seems to
be related to the question “Are there essential invariant irrational curves that
support a measure with positive Lyapunov exponents?” The problem is that
Greene criterion is not completely proved, only certain particular cases have
been considered in the mentioned articles. But we see that our problem has
some connections with Greene’s criterion.

To prove the results contained in this article, we will use a very useful
mathematical object, the Green bundles. They were introduced by L. W. Green
in [14] for Riemannian geodesic flows. Then P. Foulon extended this construc-
tion to Finsler metrics in [11], and G. Contreras and R. Iturriaga extended it
in [9] to optical Hamiltonian flows. In [6], M. Bialy and R. S. Mackay give an
analogous construction for the dynamics of sequence of symplectic twist maps
of T*T¢ without conjugate point. Let us also cite a very short survey [19] of
R. Iturriaga on the various applications of these bundles (problems of rigidity,
measure of hyperbolicity. .. ).

In [2] and [1], I constructed these bundles along invariant graphs and
proved, under various dynamical assumptions, that they may be used to prove
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some results of Cl-regularity. In particular, the strongest result contained
in [2] for twist maps is that the essential invariant curves are more regular
than Lipschitz (more precisely C'-regular on a dense G4 subset that has full
Lebesgue measure) or, equivalently that the C! solutions of the Hamilton-
Jacobi equation H(q,du(q)) = c for a Tonelli Hamiltonian H : T*S — R
defined on the cotangent bundle of a surface are C? on Gjs-dense subset of S
that has full measure.

In the second section of this new article, I enlarge the construction of the
Green bundles to a set that is called the Green set, which contains all the
irrational Aubry-Mather sets and is denoted by Green(f). I then give some
of their properties (semi-continuity...), introduce a notion of Cl-regularity
(which is quite different from the one contained in [2]) and explain how the
coincidence of the two Green bundles implies some regularity of the Aubry-
Mather sets. The main statement in this section is the following theorem (the
exact definition of the relation < will be given in next section, it is related to
the order between the slopes of the lines), that explains the link between the
Green bundles and the regularity.

THEOREM 6. Let f : A — A be a C' ESPT. Then the Green bundles,
defined at every point of Green(f), are invariant by Df.

The map (x € Green(f) — Gy(x)) is upper semi-continuous and the
map v — G_(x) is lower semi-continuous and we have that for all x €

Green(f),G_(f) = G+(f). Therefore, the set
G(f) =A{x € Green(f); G_(z) = G4(x)}
is a Gs subset of Green(f).
Moreover, for every irrational Aubry-Mather set M of f and every x € M,
we have G_(x) = Py (z) = G4(x), and for every xo € G(f) N M, M is C*-
regular at o and Py(zo) = G4 (v0) = G_(x0). Moreover, G_ and G+ are
continuous at such an xg.

In the third section, I explain how the transversality of the Green bun-
dles implies some hyperbolicity. The same result with an extra dynamical
assumption (the fact that the dynamic is nonwandering) is due to Contreras
and Iturriaga.

THEOREM 7. Let f be a C* ESPT and let K C Green(f) be an invariant
compact subset of Green(f) such that, at every point of K, G_(x) and G4+ (x)

are transverse. Then K is uniformly hyperbolic and at every x € K, we have
G_(z) = E%(z) and G4(x) = E%(x).

To obtain Theorem 7, I prove a result concerning symplectic quasi-hyper-
bolic cocycles (a cocycle is quasi-hyperbolic if the orbit of every nonzero vector
is unbounded).
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THEOREM 8. Let (F})) be a continuous, symplectic quasi-hyperbolic cocycle
on a linear and symplectic (finite dimensional) bundle P : E — K above a
compact metric space K. Then (Fy)rez is hyperbolic.

Then I prove a similar statement for nonuniformly hyperbolic measure.

THEOREM 9. Let f € ET, be a C' ESPT and let u be an irrational
Mather measure for f. We assume that at p-almost every point, G_ is trans-
verse to Gy. Then the Lyapunov exponents of i are nonzero.

This result concerning Lyapunov exponents is completely new.
In the fourth section, I prove that hyperbolic Aubry-Mather sets are C'-
irregular. I deal with the uniformly and nonuniformly hyperbolic cases.

THEOREM 10. Let M be a uniformly hyperbolic irrational Aubry-Mather
set of a CY ESPT f of A. Then at every x € M, M is C'-irregular.

THEOREM 11. Let f € ET, be a C' ESPT and let p be an irrational
Mather measure of f whose Lyapunov exponents are nonzero. Then, at
almost every point, supp(u) is Ct-irregular.

Finally, in the last section, I prove the four first theorems contained in the
introduction.

Acknowledgments. 1 am grateful to R. Perez-Marco who first suggested
to me that the result for Aubry-Mather sets could be “hyperbolicity versus
regularity”, to J.-C. Yoccoz whose questions led me to the appropriate defini-
tion of regularity, to L. Rifford who pointed to me the notion of Bouligand’s
paratingent cone and to S. Crovisier who suggested me to send one Green
bundle on the “horizontal” for the proof of the “dynamical criterion,” which
gives a significant improvement of the proof. I thank X. Buff for stimulating
discussions and the referees for many improvements of the article.

2. Construction of the Green bundles along an irrational
Aubry-Mather set, link with the C'-regularity

Notation.

m:T xR — T is the projection.

If x € A, then V(z) = ker D7t(z) C T,A is the vertical at z.

If € A and k € Z, then Gi(z) = DfF(f*(x)V(fF(x))is a 1-
dimensional linear subspace (or line) of T, A.

Definition. If we identify T,A with R? by using the standard coordinates
(6,7) € R2, then we may deal with the slope s(L) of any line L of T, A which
is transverse to the vertical V' (x): this means that L = {(¢, s(L)t);t € R}.

If x € A and if Ly and Lo , are two lines of T,,A which are transverse to the
vertical V(z), then Ly is above (resp. strictly above) Ly if s(L2) > s(Ly) (resp.
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s(Lg) > s(L1)). In this case, we write: L1 < Lo (resp. L1 < Lg). Similarly, if
L1 and L9 are two sets of lines of T,,A which are transverse to the vertical V' (z),
Lo is above (resp. strictly above) L if s(La) > s(L1) (resp. s(L2) > s(Ly)) for
all Ly € L1, Ly € Lo. In this case, we write: £1 < Lo (resp. £1 < La).

A sequence (Ly)nen of lines of T, A is nondecreasing (resp. increasing) if
for every n € N, L,, is transverse to the vertical and L, is above (resp. strictly
above) L,. We similarly, define the nonincreasing and decreasing sequences of
lines of T,,M .

Remark. A decreasing sequence of lines corresponds to a decreasing se-
quence of slopes.

Definition. If K is a subset of A or of its universal covering R x R and if F’
is a not necessarily 1-dimensional sub-bundle of Tk A (resp. Tk R?) transverse
to the vertical, we say that F' is upper (resp. lower) semi-continuous if the
map which maps x € K onto the slope s(F(x)) of F(z) is upper (resp. lower)
semi-continuous.

PROPOSITION 1. Let f : TxR — T xR be an ezact symplectic positive C'*
twist map (C' ESPT) and let M be a f-ordered set. Then, for every x € M
which is not an isolated point of M, the lines Gy(x) for k € Z* are transverse
to the vertical V(x) and we have

Vn € N*, G_n(ac) < G,(nJrl)(x) < PM(m') < Gn+1(w) < Gn(az)
In particular, if M is an irrational Aubry-Mather set, then it has no isolated
point.

(In this statement we identify the cone Pys(x) with the set of the lines
which are contained in this cone.)

Proof. As M is an f-ordered set, it is the graph of a Lipschitz map ~
above a nonempty and compact set K of T. Now let = = (¢,(t)) be a point
of M. We will use the left and right paratingent cones to M at x, defined by

e the right paratingent cone of M at z, denoted by Pj,(x), is the set
(un Y (un)) = (sn,(sn))

whose elements are the limit, v = lim,,_, - , Where
(up) and (s,) are sequences of elements of K converging to t from
above (i.e., up,s, € [t,+00[) and (7,) is a sequence of elements of R*.
converging to 0;

e similarly, the left paratingent cone of M at x, denoted by P]lw(a;), is
the set whose elements are the limits v = lim,, o, (2?(n))=(sn:7(sn))

Tn
where (u,) and (s,) are sequences of elements of K converging to ¢

from below and (7,,) is a sequence of elements of R converging to 0.
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It is not hard to verify that every element of Pys(x) is in the convex hull
of Pt (z)U Py, () (we identify the lines of T, A transverse to the vertical with
their slopes in order to deal with their convex hull). Hence, we only have to
prove the inequalities of Proposition 1 for P}, (z) and P;(z) (and even for
those of these two cones that are not trivial) to deduce the inequalities of this
proposition. Because the four proofs are similar, we will assume, for example,
that Py, (z) # {0} and we will prove that for all n € N*, Py, (z) < Gpq1(z) <
Gn(z).

In fact we shall need to deal with half lines instead of lines. Hence we
define Pj,;(z) as being the set of the half lines of T, A, which are contained in
P} (z) such that their points have positive abscissa. Equivalently, P}, (z) is
the set of the limits v = lim;,,—yoo (U"’A’(u”));(s"’ws”)), where (u,) and (s,) are
sequences of elements of K converging to t such that for all n,t < s, < u,
and (7,) is a sequence of elements of R converging to 0. As M is f-ordered,
for all y € M, we have Df(Py;(y)) = Py;(f(y)) (in particular the image
through Df of the right paratingent cone at y is the right paratingent cone
at the image f(y)). Hence for all k € Z, P},(f*z) = Df*(P;,(x)). Now let
Vi(xz) ={(0,R), R > 0} C T,A be the upper vertical at = and let us denote by
gr(x) the half line gy(x) = D f*(f~*(x))Vy(f ).

Let us look at the action of D f on the half lines of the tangent linear spaces
Tte(myA. As [ is a positive twist map, we have (identifying as before T'p(,)A
with R?) Df(x)(0,1) = (a,b) with a > 0. As a result, G1(f(x)) is transverse
to V(f(z)). Now if Ry(a, ) € Pj(x), then we know that o > 0. Hence
the base ((«, ), (0,1)) is a direct base (for w) of T, A; as D f(x) is symplectic,
the image base ((o/,3), (a,b)) is also direct. It means exactly that the line
R(a,b) = G1(f(x)) is strictly above the line R(/, 8’) of Pj;(f(z)). Repeating
this argument for every half line of Pj,(x) and every point of the orbit of z,
we obtain that for all k € Z, Py, (f*(z)) < G1(f*(=)).

Let us consider the action of Df on the circles bundle of the half lines
along the orbit of x: as f is orientation-preserving, this action preserves the

orientation of the circles. Moreover, if these circles are oriented in the direct
sense, then any half line of P4, (f*(z)), g1(f*(x)) and V. (f*x) are in the direct
sense (let us recall that on the oriented circle, we can speak of the orientation
of three points but not of a pair). Hence their images under Df, Df?, ... are
in the same order; i.e, any half line of P, (f*(z)), gnt1(f*(z)) and g, (f*(z))
are in the direct sense, and then all the G,,(f*(x)) are transverse to the vertical
and Pfy(f*(z)) < Gui1 (f*(2)) < Gn(f5(@)) < -+ < G1 (f*(2)). O

Remark. Let us notice that in the proof of Proposition 1, we have seen
that

Ve € M,Yn>1, DmoDf"(x)(0,1) > 0.
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Similarly, we have

Ve € M,Yn>1, DmoDf "(x)(0,1) <O0.

Hence (G, (z)) is a strictly decreasing sequence of lines of T, A which is
bounded below. Then it tends to a limit G4 (z). Similarly, the sequence
(G_n(x)) tends to a limit, G_(x).

Definition. If x € A belongs to a f-ordered set M of f € T and if x is
not an isolated point of M, then the bundles G_(z) and G4 (z) are called the
Green bundles at x associated to f.

Ezample. Let us assume that M is an f-ordered set and that x € M is
a periodic hyperbolic periodic point of f that is not an isolated point of M.
Then G4 (z) = E%(x) is the tangent space to the unstable manifold of z, and
G_(z) = E*(z) is the tangent space to the stable manifold.

In fact, in order to build the Green bundles for f at a point x € A, we
do not need that x belongs to a f-ordered set. Let us introduce the exact
set which will be useful for us (the one along which we can define the Green
bundles).

Definition. Let f € ET(f) be a C* ESPT. Then the Green set of f,
denoted by Green(f), is the set of points x € A such that

e foralln >1and k € Z,
Dmo Df™(f*x)(0,1) > 0 and Dw o Df"(f*2)(0,1) < 0;
e foralln>1and k € Z,

G—n(ka) _ fon(fnJrkx)V(fnJrkx) =< fo(nJrl) (fn+1+kx)v(fn+1+kx)
= G,(nﬂ)(f’“x) < Gy (fFx)
_ Dfn+1 (ff(n+1)+kx)V(ff(nJrl)Jrkx)
< Df"(f )V (T ) = G (fF).

Let us notice that the first point is not useful to define the Green bundles
(we only need to ask that G, (f¥z) and G_,(f¥z) are transverse to the ver-
tical), but will be used in the next section to prove the so-called “dynamical
criterion.” Then we have

PROPOSITION 2. Let f € ET be a C' ESPT. Then Green(f) is a
nonempty, closed subset of A which contains every irrational Aubry-Mather

set of f and is invariant by f. At every x € Green(f), we can define G_(x)
and G4 (z).
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Remark. Let us notice that every essential invariant curve by f € ETf
is a subset of Green(f) (see [2] or apply Proposition 1). Moreover, it can be
proved by using the construction done by M. Bialy and R. MacKay in [6] that
any Aubry-Mather set in the sense of Mather (i.e., minimizing for an action,
for example, any minimizing periodic orbit) is in Green(f).

Proof of Proposition 2. The only thing we need to prove is that Green(f)
is closed. Because f is a positive twist map, for every x € A, we have Dm o
Df(z)(0,1) > 0 and DroDf~1(x)(0,1) < 0. Hence for every z € A, V(z) and
G1(x) are transverse, and V(z) and G_;i(x) are also transverse. We deduce
that for every z € A and every n € N*, G, (z) = Df~"tDG(f*1z) and
Grs1(z) = Df~ DV (f+ly) are transverse, and G_, 1)(z) and G_,(z)
are transverse. Let us now consider C(f) the set of x € A such that

e forallm > 1, Dro Df"(x)(0,1) > 0 and Dmo Df~"(x)(0,1) < 0;

eforalln € N*, G_1 =< -+ X G_p(z) = G,(nﬂ)(x) = Gpyi(z) =2
Gn(z) = - 2 Gy(2).

Then C(f) is closed. If we prove that C(f) = Green(f), we have finished the
proof. We have Green(f) C C(f). Moreover, if € C(f), we know that for all
n € N*, Gp1(z) 2 Gu(z). As G,(x) and Gy11(x) are transverse, we deduce
that Gpy1(z) < Gy (). Similarly, we obtain that G_,,(z) < G_(,41)(z). From
G_n(z) = G_(ny1)(z) 2 Gny1(z) < Gu(z), we deduce that G_,(z) < Gu(z).
Thus if x € C(f), then x satisfies the second point of the definition of Green(f).
Hence every Gi(x) for k € Z* is transverse to the vertical and for all k € Z*
and = € C(f), Dm o Df¥(z)(1,0) # 0. Therefore, 2 € C(f) satisfies the first
point of the definition of Green(f) too. Finally, C(f) C Green(f) and then
C(f) = Green(f). O

Having built the Green bundles on Green(f), we can give some of their
properties, similar to the ones given in [2], which in particular give a link
between these Green bundles and the notion of C!-regularity. We recall the
theorem that was given in the introduction.

THEOREM 6. Let f be a C* ESPT f: A — A. Then the Green bundles,
defined at every point of Green(f), are invariant by Df.

The map (x € Green(f) — Gi(x)) is upper semi-continuous, the map

— G_(x) is lower semi-continuous, and for all z € Green(f), we have

G_(f) X G4(f). Therefore, the set
G(f) ={z € Green(f); G_(z) = G4+ (z)}

is a Gs subset of Green(f).
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Moreover, for every irrational Aubry-Mather set M of f and every x € M,
we have G_(x) = Py(x) = Gi(z) and for every o € G(f) N M, M is C'-
reqular at o and Py(zo) = G4 (v0) = G_(x0). Moreover, G_ and G4 are
continuous at such an xg.

This theorem is a corollary of Proposition 1 and of usual properties of
real functions (the fact that the (simple) limit of a decreasing sequence of
continuous functions is upper semi-continuous).

COROLLARY 2. Let M be an irrational Aubry-Mather set of a C' ESPT
f:A— A. We assume that

Ve e M,G_(z) = G4(x).
Then M is C'-reqular at every x € M, and therefore there exists a C* map
v : T — R whose graph contains M. Moreover, in this case, at every r =
(t,v(t)) € M, the sequences (Gn(x))nen and (G_,(x))nen converge uniformly
to R(1,~/(t)).

Everything in this corollary is a consequence of Theorem 6; the fact that
the convergence is uniform comes from Dini’s theorem: if an increasing or
decreasing sequence of real valued continuous functions defined on a compact
set converges simply to a continuous function, then the convergence is uniform.

This corollary gives us some criterion using the Green bundles to prove
that an Aubry-Mather set is C'-regular. But of course we never said that the
transversality of the Green bundles implies the irregularity of the corresponding
Aubry-Mather set. This will be explained later.

3. Green bundles and Lyapunov exponents

3.1. A dynamical criterion. We begin by giving a criterion to determine
if a given vector is in one of the two Green bundles.

PROPOSITION 3. Let f be a C* ESPT and let z € Green(f) be a point of
the Green set whose orbit {f*(x),k € Z} is relatively compact. Then

lim DroDf"(z)(1,0) =400 and lim DwoDf "(x)(1,0) = —oo.

n—-+o0o n—-+00

COROLLARY 3 (dynamical criterion). Let f be a C' ESPT and let x €
Green(f) be a point of the Green set whose orbit {f*(z),k € Z} is relatively
compact. Let v € T, A. Then

o ifveg G_(x), then lim |Dmo Df"(z)v| = +oo;

n—-+00

o ifv¢ Gi(x), then lim |DmoDf "(z)v] = +oo.
n—-+00
Proof of Proposition 3. We will only prove the part of the proposition

corresponding to what happens in +0o. We use the standard symplectic co-
ordinates (6,r) of A, and we define 2, = f¥(z) for every k € Z. In these
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coordinates, for j € Z*, the line G;(xy) is the graph of (t — s;(xx)t) (s;(zk)
is the slope of G;(zy)).
The matrix My (xy) of Df"(xy) (for n > 1) is a symplectic matrix

an(xg) bn(xk)>
My(zp) ="
() (cn(a?k) dp (k)
with det M, (zr) = 1. We know that the coordinate D(w o f")(z)(0,1) =
by () is strictly positive. Using the definition of Gy, (zk+y ), we obtain dy, (z) =
Sn(Th4n )b (Tk)-
The matrix M, (x) being symplectic, we have

- dn (k) bn(»’%))
M, (x 1= .
(k) (—cn(mk) an (k)
From the definition of G_,(xy), we deduce that a,(zy) = —bp(zk)s—n(zk).
Finally, if we use the fact that det M, (z;) = 1, then we obtain

_ ~bn (k) s—n(zK) bn (k)
Ma(ze) = (—bn@sk)l b ()5 () S (T 1) sn<xk+n>bn<xk>> |

LEMMA 1. Let K be a compact subset of Green(f). There exists a constant
A > 0 such that

Vo € K,Vn € N*, max{|s,(z)|,|s_n(z)|} < A.
Proof. From the definition of Green(f), we deduce that
Vz € Green(f),Vn € N*,s_1(z) < s_p(x) < sp(z) < s1(x).

Therefore, we only have to prove the inequalities of the lemma for n = 1.
The real number s_j(z), which is the slope of Df~L(f(x))V(f(z)), de-
pends continuously on z and is defined for every x belonging to the compact
subset K. Hence it is uniformly bounded. The same argument proves that s;
is uniformly bounded on K and concludes the proof of Lemma 1. O

LEMMA 2. Let x € Green(f) be such that its orbit is relatively compact.
Then we have lim bp(x) = +o0.

Let us notice that this gives exactly the first part of Proposition 3.

Proof. We will use a change of basis along the orbit of z. Let us denote by
s_(f*x) the slope of G_(f*z) and by s (f*) the slope of G (f*x). We will

b

choose G_(x) as new “horizontal line;” i.e., if the “old coordinates” in T,/A are

(©, R), the new coordinates are given via the 2-by-2 matrix P(y) as follows:

Py). (2) - (—sl<y> (1)> ® - <—s<y?@ + R> |
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In general, P does not depend continuously on the considered point, but by
Lemma 1, P(f*z) and P~'(f~*z) are bounded uniformly in k € Z (because
s is uniformly bounded). Moreover, P is symplectic. Let us compute in the
new coordinates Ny, (zx) = P(Znir) My (zr) P(x)) L.

N, () = (bn(xk)(s—(:vk) — s—n(z1)) b (1) ) |

0 b () (Sn(Thtn) = S (Thsn))
We know that lim 4 S_n(z) = s_(xy). Hence, Erf (s—(zx) — s—n(xk))

= 0". By Lemma 1, we have 8, (1) —5_(Thin) < 2A foralln > 1. As N, is
symplectic, we have 1 = det Ny, (x1) = bn(22)%(s_ (21) — 5_n(2r)) (5n(Than) —
S$—(Tk+n)). We deduce that

Vn € N* 1 < 2Ab,, (21)% (s (z) — 5_n(z1)),
and then nlggo b (k) = +00. O

Proof of Corollary 3. We will only prove the part of the corollary that
corresponds to what happens in +oo. Let us assume that v € T,A\G_(z).
We use the “old coordinates” (the usual ones) and write v = (v1, v2). Because
v ¢ G_(x), we have s_(z)v; —v2 # 0. Let us compute Dm o D f"(x)(v1,v2) =
b () (v2 — s_p(z)v1) wWith

nli)rfoo(vg —s_p(x)v1) =v2 — s_(z)v1 # 0 and ngrfm bp(z) = +00.

We deduce that
lim |Dmo Df"(z)v| = +o0. O

n—-+4oo

3.2. Some easy consequences concerning (nonuniform) hyperbolicity. All
the results contained in this subsection are not new; see, for example, [9]. At
first, an easy and well-known consequence of the dynamical criterion is the
following;:

PROPOSITION 4 (Contreras-Iturriaga). Let M be an f-ordered and uni-
formly hyperbolic set where f is a C* ESPT. Then at every x € M, G_(x) =
E*(z) and G4(x) = E"(x) are transverse.

The proposition clearly follows from the characterization of the stable
and unstable tangent spaces for a uniformly hyperbolic set and the dynamical
criterion for G_ and G.

Let us now consider an irrational Mather measure p for a positive twist
map f. We have noticed that u is ergodic. Hence we can associate to p two
Lyapunov exponents, —A and A (because f is area preserving). If A # 0, we
say that the measure is (nonuniformly) hyperbolic and the Oseledet theorem
asserts that at p almost every point there exists a measurable splitting T, A =
E? @ EY in two transverse lines, invariant under D f such that
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e Vo By, lim | Df (@)l =0
n oo

e Vv € EY, EIJP |Df~"(z)v| = 0.
n o0

Then we again deduce from the dynamical criterion that G_(z) = E*(z) and
G4 (x) = E"(x) are transverse ;1 almost everywhere:

PROPOSITION 5 (Contreras-Iturriaga). Let u be a Mather measure of a
C' ESPT. If the Lyapunov exponents of j are nonzero, then at p almost all
points, G_ and G4 are transverse.

We have explained why, for (nonuniformly) hyperbolic Mather measures,
the Green bundles are transverse almost everywhere. We will now interest
ourselves in the converse assertion: if the Green bundles are transverse (almost
everywhere), is the dynamic (nonuniformly) hyperbolic?

We begin by the uniform case, and then consider the nonuniform one.

3.3. What happens when the Green bundles are transverse everywhere. It
is known that, with some additional hypothesis, the transversality of the Green
bundles implies hyperbolicity. For example, in [9], the authors prove that if
K C Green(f) is an invariant compact subset such that on K, the Green
bundles are transverse and such that f|x is nonwandering, then K is hyperbolic
for f. As we know that the dynamic on Aubry-Mather sets is minimal and
then nonwandering, we can deduce a result for the Aubry-Mather sets.

In fact, we prove that the hypothesis “f|x is nonwandering” is not nec-
essary and that is why we give a new statement (it was also given in the
introduction).

THEOREM 7. Let f be a C* ESPT and let K C Green(f) be an invariant
compact subset of Green(f) such that, at every point of K, G_(x) and G4+ (x)

are transverse. Then K is uniformly hyperbolic and at every r € K, we have
G_(z) = E*(z) and G4(x) = E%(x).

COROLLARY 4. Let M be an irrational Aubry-Mather set for a C1 ESPT
f such that, at every point of M, G_(x) and G4 (x) are transverse. Then M

is uniformly hyperbolic and at every x € M, we have G_(x) = E®(x) and
G4i(x) = E*(x).

COROLLARY 5. Let M be an irrational Aubry-Mather set for a C* ESPT
f which is not uniformly hyperbolic. Then the set

G(M) = {z € M;G_(2) = G (a)}
is a dense Gs-subset of M and at every x € G(M), M is C*-regular.

This corollary is a consequence of Theorems 7 and 6. In order to prove
Theorem 7, let us give a definition.
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Definition. Let (Fy)rez be a continuous cocycle on a linear normed bundle
P : F — K above a compact metric space K. We say that the cocycle is quasi-
hyperbolic if

Vv € E,v # 0 = sup || Fxv| = +00.
kEZ

A consequence of the dynamical criterion (Corollary 3) is: If K C Green(f)
is a compact invariant subset of Green( f) such that for every z € K, G4 (z) and
G _(z) are transverse, then (D fﬁ()kez is a quasi-hyperbolic cocycle. Hence, we
only have to prove the following statement to deduce the proof of Theorem 7.

THEOREM 8. Let (Fy) be a continuous, symplectic and quasi-hyperbolic
cocycle on a linear and symplectic (finite dimensional) bundle P : E — K
above a compact metric space K. Then (Fy)kez is hyperbolic.

We will deduce Theorem 8 from two lemmas we will now state and prove.
The ideas of the two lemmas and their proofs are not really new. The reader
can find similar statements in the setting of the so-called “quasi-Anosov dif-
feomorphisms,” for example in [27].

LEMMA 3. Let (Fi)rez be a continuous and quasi-hyperbolic cocycle on
a linear normed bundle P : E — K above a compact metric space K. Let us

define
o £° ={v e E;sup | Frv| < oo};
k>0

o B = {v e E;sup |Fyv| < oo}
k<0

Then (Fygs)n>0 and (F_y gu)n>0 are uniformly contracting.

LEMMA 4. Let (Fi)kez be a continuous and quasi-hyperbolic cocycle on a
linear normed bundle P : E — K above a compact metric space K. If (xy,) is
a sequence of points of K tending to x and (k,) a sequence of integers tending
to +oo such that nlLHSOP o Fy, (zn) =y € K, then dim E*(y) > codimE*(x).

Let us explain how to deduce Theorem 8 from these lemmas.

Proof of Theorem 8. If the dimension of E is 2d, then we only have to
prove that for all x € K, dim E*(z) = dim E*(z) = d. Let us prove for
example that dim E%(x) = d.

By Lemma 3, (F,gs)n>0 and (F_ygu)n>0 are uniformly contracting. As
the cocycle is symplectic, we deduce that every E*(x) and E"(z) is isotropic
for the symplectic form and then dim E*(z) < d and dim E"(z) < d.

Let us now consider z € K. As K is compact, we can find a sequence (ky)nen
of integers tending to +o0o such that the sequence (P o Fj, (x))nen converges
to a point y € K. Then, by Lemma 4, we have dim E*(y) > codimE*(z).
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But we know that dim E*(y) < d, hence 2d — dim E*(z) < dim E*(y) < d and
dim E*(z) = d. O

Let us now prove the two lemmas.

Proof of Lemma 3. We will only prove the result for £°. Let us assume
that we know that
sup{||Frv|; k > 0}
c .

(x)VC > 1,3N¢ > 1,Vv € E*,Vn > N¢, ||Fyv|| <
Then in this case,
sup{[|Fvll; k > 0} = sup{[| Frvl|; k € |[0, Ncl[}-
We define M = sup{||Fx(x)||;x € K,k € |[0, N¢]|}. Then, if j € |[0, No — 1]
and n € N,
ol < & suplll Fuoyve-genvli b > 0}

1
< o2 sup{ || Fln—2)Ne+j+k?ll; k> 0}

1 1 M
< s Fygoll b 2 0} < o sup{|| ol = 0} < = ol

This prove exponential contraction.
Let us now prove (x). If (%) is not true, then there exists C' > 1, a sequence
(k) in N tending to +o0o0 and v, € E® with ||v,|| = 1 such that

< Sup{[|Fyvnll; k > 0}

Vn € N, || Ey,, vn|| > c
We define w,, = e n) It we take a subsequence, we can assume that the
[ Fr, (vn) I

sequence (wy,) converges to a limit w € E. Then we have
[ Esethn ()l sup{ || Ejonl; > 0}
[k onll [ Es n|

Hence, for all k € Z, || Fw|| < C. This is impossible because ||w|| = 1, and the
cocycle is quasi-hyperbolic. O

Vn € N,Vk € [~ky, +oo|, | Frwn|| = <C.

Proof of Lemma 4. With the notation of this lemma, we choose a linear
subspace V' C E, such that V is transverse to E*(xz). We want to prove
that dim E%(y) > dim V. We choose V,, C E,,, such that lim V,, = V. If we

n—oo

use a subsequence, we have le Fy, (V) = V' C E,. Then we will prove that
n oo
V' C E%(y).
Let us assume that we have proved that there exists C' > 0 such that

Then, for all w € V' and k € Z_, || Frw|| < C||lw|| and w € E"(y).
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Let us now assume that (*) is not true. Replacing (k) by a subse-
quence, for all n € N, we find an integer i, between 0 and k, such that
| F i ., vyl = n. We choose wy, € Fj, (V) such that [lw,| = 1 and
i, (wi) || = [[F=i,| 7y, (v |- We may even assume that

iy, (wn) || = sup{[[ Fk(wn)[; =kn <k < 0} > n.

Then lim i, = +4oo. If v, = W, we may extract a subsequence
=00 —in (wn)l
and assume that lim v, = v, with ||lv|| = 1. Then for all k£ € |[0,1,]|, we have

| Fxvn|l < ||vn|| and therefore ||Fyv|| < ||v| for all k € N and v € E*.
Now, we have two cases.

Case 1. (kp — in) does not tend to +0o. We may extract a subsequence
and assume that lim (k, —4,) = N > 0. Then
n—+o00

F_nv = Ji)rgoFin,kn(vn) = lim

F_ g, (wn)

We have m €V,, and then F_yv€eV. Moreover, F_yvEF_nyE*=FE?*.
As ||v]| =1 and V is transverse to E¥, we obtain a contradiction.

Case 2. nlLIIolo(kn —ip) = +0o. In this case, for every k = —ky, +ipn, ..., in,
we have —k, < k — i, < 0, and therefore ||Fiv,| = M <1 = [jvp]-

Hence, since v, — v, i, — 400, and —k,, + i, — —oo, when n — +o0o0, we
obtain |[Fyv|| < |lv|| = 1 for all k& € Z. This implies v € E* N E*. This
contradicts ||v]| = 1 and the fact that the cocycle is quasi-hyperbolic. O

3.4. What happens for the Mather measures whose Green bundles are
transverse almost everywhere. Let us now consider a Mather measure of f €
ET, . The map d : supp(u) — {0,1} defined by d(z) = dim(G_(z) N G4(x))
being measurable and constant along the orbits of f, we know that d is con-
stant p-almost everywhere. This constant is O or 1. In this subsection, we will
study the case of a constant equal to zero and prove

THEOREM 9. Let f € ET. be a C' ESPT and let u be an irrational
Mather measure for f. We assume that at p-almost every point, G_ is trans-
verse to Gy. Then the Lyapunov exponents of i are nonzero.

COROLLARY 6. Let f € ET.S be a C* ESPT and let pn be an irrational
Mather measure for f. We assume that the Lyapunov exponents of u are zero.
Then u almost everywhere, supp(u) is Ct-reqular.

Indeed, in this case, d = dim(G_- N G4) is p-almost equal to 1, i.e., pu-
almost everywhere, we have G_ = .. Hence we deduce from Theorem 6 that
p-almost everywhere, supp(p) is Cl-regular. We deduce
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COROLLARY 7. Let f € ET.S be a C* ESPT and let i be an irrational
Mather measure for f. We assume that u almost everywhere, supp(u) is C*-
irreqular. Then the Lyapunov exponents of u are monzero.

Proof of Theorem 9. We will use the same notations as in the proof of
Proposition 3. At x € supp(u), we have

—bp(x)s_pn(x) by () >
M x) = n n n .
n(®) <—bn(:v)_1 —bp(z)s—n(z)sn(zn)  Sn(Tn)bn(x)
Instead of using a change of basis which sends G_ on the horizontal, we will
use such a change which sends G4 on the horizontal:

P@ =Ll 1)

In the new coordinates, the new matrix of D f™(z) is
Nu(@)= P(zn)Mn(2)P(x)~
with

_ [ bn(z)(s4(2) — s—n(z)) by ()
N”(x)_< o bn<x><sn<xn>—5+<xn>>)'

In the proof we will use Lemma 1 and two other lemmas.

LEMMA 5. Let € > 0. There exists a subset K. C supp(u) such that
w(K.) > 1—¢ and such that on K., (s—y) and (s,) converge uniformly on K.
to their limits s— and s4.

This lemma is just a consequence of Egorov theorem (see, for example,
[21)).

LEMMA 6. Let € > 0. There exists a subset F, C supp(u) such that
w(Fz) >1—¢€ and a > 0 such that for all x € F;, sy(x) — s_(x) > a.

Proof. We have assumed that at p-almost every point x € A, G_(z) and
G, (z) are transverse, i.e., s (z) — s_(x) > 0. Hence

p <nL2Jl {w;8+(x) —s-(2) 2 ;}) =1

As the previous union is monotone, we deduce that there exists n > 1 such

that
u({x;s+(a:)—s_(a:)271l}> >1—e 0

From these two lemmas we deduce that there exists J. and a constant
a > 0 such that u(J:) > 1 —¢, (s,) and (s—,) converge uniformly on J. and
sy(x) —s—_(x) > a for all x € J..
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LEMMA 7. Let A > 0 and € > 0. Then there exists N = N(A,¢e) such
that

Vn > N,Vx € Jg, f"z € J. = by(z) > A.

Proof. We use the matrix N, (z) and obtain

1 = det Ny(z) = by(2)(51(2) = s-n(2))(0(20) = 54(2n))

with z,, = f"(x). By Lemma 1, there exists B > 0 such that for all y €
supp(u) and k € Z, —B < si(z) < B. Then for all z € supp(p) and n € N*,
0 < sq(x) — s_p(x) < 2B. We deduce that for all z € supp(p) and n € N,
1 < 2Bby,(2)?(sn(xn) — 51(22)).

By definition of J., we know that s,, converge uniformly on J; to s. Hence
there exists N > 1 such that for alln > N and y € J., 0 < s,(y) — s+ (y) <

1
2BAZ"

Let us now assume that z,z, = f"(z) € J.. Then 1 < Qan(a:)2(sn(xn) _
54(20)) < 2Bby(2)? 35 = b”j(é)z’ and by, (z) > A. 0

To a given € > 0, we have associated a set J. C supp(u) such that
u(Je) > 1 —¢, (sp) and (s—,) converge uniformly on J. to their limits and
Vo € Joys4(x) —s—(x) > a> 0. By Lemma 7, we find N > 1 such that

2
Vo € J.,Vn > N, f*(z) € J. = by(z) > o

Let us notice that because u is an irrational Mather measure, it is ergodic not
only for f but also for f& (we do not say in general that an ergodic measure
for f is ergodic for fV, but this is true for f homeomorphism of the circle with
a irrational rotation number). If we denote by #Y the cardinal of a set Y, then
we know by the ergodic theorem of Birkhoff (see, e.g., [28]) that for almost
z € Jg,

%ﬁ{o <h<l—1fN(@) e g} 20 u) > 1—c

We denote by A and —\ the Lyapunov exponents of f (with A > 0).
Then L. is the set of points of J. such that

o M{O<k<l—1; "N () e J} T u();
e 1 is a regular point for yu; i.e., at x there exists a splitting of the tangent
space T, A corresponding to the Lyapunov exponents (see, e.g., [28]).

1
Then p(L:) = p(Jz) > 1—e andif x € L., we have: lim —log||Df"(x)| = A
n—+oo n
If x € L., we define

n(f) =4{0 <k <l—1; f*N(2) e J.},
and 0 = k(1) < k(2) < -+ < k(n(£)) < ¢ are such that fFONz € J..
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The chain rule of derivatives implies that for all z € L,

ka(n(f))N(l,) _ Df(k(n(ﬂ))—k(n(ﬁ)—l))N(fk n() _1)N.’13)
D fEEO-D=K(O-DIN ( fkn(O-2N ) . ) RN ().

We write this equality for the matrices Vi, and especially for the terms ay,

br(n(e)) N (@) (54+(2) = S_pn(ey)n(T))
= B(k(u(e)—kn(e)-yn (FO DV a)
X A8 (1(n(e))—k(n(0)-1))N (PO Y b4y v () Asgy v (),
where As,(z) := si(z) — s,n(x)
Let us notice that || D fFM N (g)

> bin@e)n (@) (54(T) — S_kneeN) =
)N

|
k(n(e))- Moreover, since we have fEON(z) e J. for every 0 < j < n(f),
we know that bi(jt1)—k(; )N(fk N(z)) > 2 for every 0 <j<nl-1
Furthermore, As((j1)—r)n (FFON(2)) > s ((fFON(2))) — s (FFON ()
a. We deduce that
2
1D fEOEN (2] > by n (2) (54(2) = $_gneyyn (z)) = (a-a)"(z) =2n0),
We also deduce that
e 1og [DACON @) = Do
k(n(6))N - k(”(@)N '
But we have k(n(¢)) < ¢; then k(n( ~ log | DfFOEN ()] > 2 ) log 2.
As lim nf) = u(J:) > 1 — e, we obtain
£—~+00
A= lim ——log | D RN ()| > L0250
t=+o0 k(n(l))N - '
hence the Lyapunov exponents are nonzero. O

4. The hyperbolic case: proof of its irregularity
4.1. Case of uniform hyperbolicity.

4.1.1. THEOREM 10. Let M be a uniformly hyperbolic irrational Aubry-
Mather set of a C* ESPT f of A. Then at every x € M, M is C'-irregular.

Proof of Theorem 10. At first, let us notice that such a M cannot be a
curve. We proved in [2] that if the graph of a continuous map v : T — R
is invariant by f, then Lebesgue almost everywhere, we have G_(t,v(t)) =
G4 (t,v(t)), which contradicts Proposition 4 that asserts that G_ = E* and
G4 = E". Another argument is the fact, proved in [26], that w(M) has zero
Lebesgue measure.
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Hence M is a Cantor and the dynamic on M is Lipschitz conjugate to
the one of a Denjoy counterexample on its minimal invariant set. Then we
consider two points x # y of M such that there exists an open interval I C T
whose ends are 7(z) and 7(y) and which does not meet 7(M): I N7 (M) = 0.
From the dynamic of the Denjoy counter examples (see [17]) , we deduce that

e the positive and negative orbits of x and y under f are dense in M;
: n n _ : —-n —n _
As M is uniformly hyperbolic, we can define a local stable and unstable lami-
nations on M (see, for example, [34]), Wi . and W} . Then for big enough n,

f"x and f"y belong to the same local stable leaf, and f~"x and f~"y belong
to the same local unstable leaf. Hence, because

. n n _ : —-n —-n _
Jim d(f"z, fry) = lm d(f e, fTy) =0,

for big enough n, the vector joining f"x to f™y (resp. f~"x to f~"y) is close
to the stable bundle E® (resp. the unstable bundle E*).

Now let z € M be any point. Then there exist two sequences (i,) and
(jn) of integers which tend to +oo and are such that

] in — 3 in — 1 _jn — ] _.jn —

The direction of the “vector” joining f»x to fi»y tends to E*(z), and the
direction of the vector joining f~/»x to f~/my tends to E%(z). Hence E%(z) U
E5(2) C Py(z) and M is Cl-irregular at z. O

4.2. Case of nonuniform hyperbolicity.

THEOREM 11. Let f € ET,, be a C* ESPT and let y be an irrational
Mather measure of f whose Lyapunov exponents are nonzero. Then, at
almost every point, supp(p) is Ct-irregular.

To prove this result, we will need some results concerning ergodic theory
(see, for example, [32]). For us, every probability space (X, u) will be such
that X is a metric compact space endowed with its Borel o-algebra.

Definition. Let (X, u) be a probability space, T be a measure-preserving
transformation of (X,u) and (f,) € L'(X,pu) be a sequence of p-integrable
functions from X to R. Then (f,) is T-sub-additive if for p almost every
z € X and n,m € N, we have fp1m(x) < fo(z) + f(T"2).

A useful result in ergodic theory is the following:

THEOREM (Sub-additive ergodic theorem, Klingman). Let (X, u) be a
probability space, let T' be a measure-preserving transformation of (X, u) such
that u is ergodic for T and let f = (f,) € L*(X,pn) be a T-sub-additive se-
quence. Then there exists a constant A(f) > —oo such that for p-almost every
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x € X, we have

lim 2 fu(x) = A(f).

n—+oo n

Moreover, the constant A(f) satisfies

We will use the following refinement of this proposition, which concerns
only the uniquely ergodic measures. A proof of it in the case of continuous
functions is given in [12]; the proof for upper semi-continuous functions is
exactly the same.

THEOREM (Furman). Let (X, u) be a probability space, T be a measure-
preserving transformation of (X, p) such that p is uniquely ergodic for T and
(fn) € LY(X, ) be a T-sub-additive sequence of upper semi-continuous func-
tions. Let A(f) be the constant associated to f wvia the sub-additive ergodic
theorem. We assume that A(f) € R. Then

1
Ve >0,3N 2 0,¥n > N.Va € X, ~fu(2) < A(f) +e.

Proof of Theorem 11. At first, let us notice that the set R of points where
supp(u) is Cl-regular is a G5 subset of supp(u) and then is measurable. Let
us assume that p(R) = a > 0. If supp(u) is the graph of v above 7(supp(u)),
then ~ is differentiable at every 6 € m(R), and its derivative is continuous at
such a 6. Moreover, R is invariant by f.

We know that there exists an orientation-preserving bi-Lipschitz homeo-
morphism A : T — T such that for all (0,r) € supp(u), we have wo f(0,r) =
h(6). We denote by m the unique h-invariant probability measure on T (this
measure is supported in 7(supp(u))).

We may choose h in a more precise way. If I =|a,b[ is an open interval
which is a connected component of T\7(supp(u)), then we may choose h affine
on I. Let D be the (countable) set of the points of 7(supp(x)) which are ends
of such intervals. Let us prove that every h¥ is differentiable on 7(R)\D.

Let us consider § € m(R)\D and (o) < (8n) two sequences of elements
of T converging to 6. Let I, = [a), a2] (resp. J, = [BL, B2]) be

o either the longest closed interval of (T\7(supp(p))) U D containing o,
(resp. B) if an & mw(supp(u))\D (resp. B, & m(supp(p))\D);
o or {an} (resp {Bn}) if an € m(supp(u))\D (resp. By, € m(supp(p))\D).

As 0 ¢ D, we have

lim o} = lim o2 = lim B! = lim B2 = 6.
n—oo " nSoo " nSoo B” n—00 B”
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Moreover (we denote by CH the convex hull),
h*(an) = h*(Bn)

an — Bp

c CH {h’“(an) —h*a7) hM(eq) — h*(B) hM(B) — h’“(ﬂn)} _

an—ap T ap—PBy T By—bn
(When the written slope is not defined, we do not write it.)
As h¥ is affine on I,, and J,,, this last set is equal to

cp [P am) = W (aR) hE(aq) = B*(Ba) RE(Br) — W (B})
oo ' a-pl ' M- )
As a}, a2, 8L, 8% € w(supp(u)) tend to 6 € w(R) when n goes to +o0o, we have

(when the slope is defined, i.e., al # a?2)

k(1) _ Bk(n2 k(1 1)) _ k(2 2
i PO P 2) e fHoded) = o fHod0d)
n—00 oy, — oF n— 00 o, — O
= Dr o Df*(0,7(0))(1,7'(9))
and similarly (if defined)

h*(a3) — h*(8y)

h*(8y) — h*(B3)

i g = lim g = Do Df*(0,~(0)(1,7'()).
k _ 1k
Hence lim h (a;) _Z (Bn) _ Dm0 Df*(6,~(0))(1,7'(9)).

Finally, every h" is differentiable on w(R)\D and

V6 € 7(R)\D,¥n € N, lim h(a) = h(B)

a,f—0 a—

= (h")'(9)
= Dmo Dfn(g, ’7(0))(1, '7/(0))'

For every 6 € T, we define h,(f) = lim infw

yF#z—0 z—=Y

h!, is lower semi-continuous and then measurable. As h is bi-Lipschitz, there

exists K, > 1 such that for every z € T, K%L < hl(x) < K,. Hence every

gn = —logh! is bounded and measurable and thus belongs to L!(m), and
the sequence g = (gn)n>1 is a h-sub-additive sequence. Moreover, every gy, is

> (0. Then every

upper semicontinuous. As m is uniquely ergodic for h, we may apply Furman’s
theorem:

1
Ve >0,3N > 0,0 € T,Vn > N, ~gn(60) < A(g) +<.

Let A be the Lebesgue measure on T. As (— log) is convex, we have by Jensen

—log </ h%d)\) < —/log hld\ = /gnd)\.

inequality
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Moreover, h being Lipschitz is differentiable A-almost everywhere and [ h] d\ <
J(R™)dX = h™(1) — h™(0) = 1. Hence

O:—loglg—log(/h;d)\) §/gnd)\;

ie., [gnd)\ > 0. Let us now choose € > 0. We know that there exists N > 1
such that for all n > N and z € T, 2g,(2) < A(g) + ¢ and thus for all n > N,
0<1[g,d\ <Ag)+e. We deduce that A(g) > 0.

1
By Klingman theorem, we know that we have lim —g,(0) = A(g) for

n—+oo n
1
m-almost 6 € T. Hence for m-almost 6 € w(R)\D, we have 11}111 ﬁgn(ﬂ) > 0;
we denote by A = w(R’) the set of such §s. We have noticed that for such a 0,
if (0,7) € supp(p)

e every h" is differentiable at § and even: (h")'() = lim

— 1 (6) and then go(6) = — log((h"Y(8)):
e we have also seen that (h")'(6) = Do Df™(0,r)(1,7/(0)).

Let us now denote by v > 0, —v the Lyapunov exponents of p for f. Then
there exists a subset S of R’ such that u(S) = u(R’) = a > 0 and such that at
every (6,r) € S, we can define the Oseledet’s splitting E* & E":

Y € E“(@,r),nli)rfoo % log ||Df"v|| = v;
Vo e ES(Q,T),nli)rinoo % log || Df™v| = —v.
Then for (6,r) € S, we have (we recall that +' is bounded because supp(u) is
Lipschitz)
€ N, Slog [D7(0,1) (1,7 (0)] = - log (") (0), 7 (@) (Y @)
= Dlog (Y (0)] +  log | (1, (1" ()]

- —%gn(e) + %bg 1(1, " (R™(0)))]

n—

% —Ag) <.

We deduce that (1,7/(0)) € E*(,r). A similar argument for n going to —oo
(replacing f by f~! and h by h~!) proves that (1,7'()) € E*(0,r). As
E"(0,r)NE*(0,r) = {0}, we obtain a contradiction. O
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5. Proof of the remaining results contained in the introduction

Notation. We denote the diffeomorphism (6,7) — (—6,r) of the 2-dimen-
sional annulus A by I. Themap Z: f € €T, — Lo foI~! € £T, is then an
involution Z of T, such that Z(ET) =T, .

Proof of Theorem 1. We assume that p is an irrational Mather measure
of f € £T,; considering Z(f) instead of f, we may assume that f € ETF.

1) Let us assume that for p-almost z, supp(u) is C'-regular at x. Then
by Theorem 11, the Lyapunov exponents of f are zero.

2) Let us assume that the Lyapunov exponents of u are zero. Then we
deduce from Corollary 6 that supp(u) is C'-regular p-almost everywhere. [

Proof of Theorem 2. We assume that p is an irrational Mather measure
of f € £T,,. Considering Z(f) instead of f, we may assume that f € ET .

1) Let us assume that for y-almost x, supp(u) is C'-irregular at 2. Then
by Theorem 1, the Lyapunov exponents of p are nonzero.

2) Let us assume that the Lyapunov exponents of u are nonzero. Then
by Theorem 11, supp(p) is Cl-irregular at p-almost every point. O

Proof of Theorem 3. We assume that M is an irrational Aubry-Mather
set of f € ET,. Considering Z(f) instead of f, we may assume that f € ET .

1) We assume that M is nowhere C'-regular. By Theorem 6, at every = €
M, G4 (z) and G_(x) are transverse. Hence, by Corollary 4, M is uniformly
hyperbolic.

2) We assume that M is uniformly hyperbolic. Then by Theorem 10, M
is nowhere C'-regular. O

Proof of Theorem 4. Let f € ET_ be a C! ESPT and let ;1 be an irrational
Mather measure of f which is nonuniformly hyperbolic; i.e., the Lyapunov
exponents are nonzero but the corresponding Aubry-Mather set M = supp(u)
is not uniformly hyperbolic. The set G of the points = of M, where G_(z) =
G (z), is a G5 of M which is invariant by f. As f|5; is minimal, either G is
empty or it is a dense G5 of M. Moreover, by Theorem 6, at every point of G,
M is Cl-regular.

Hence we only have to prove that G # (). By Theorem 7, as M is not
uniformly hyperbolic, G # (). O

Proof of Theorem 5. Let f € T be a C' ESPT and let C be a C'-
invariant curve, which is a graph such that fc is C' conjugate to a rotation.
Then we know (see [2], it is an easy consequence of the dynamical criterion)
that at every x € C, G_(z) = G4 ().

Then, by Theorem 6, the map (z € Green(f) — G_(z)) and (x €
Green(f) — G4 (x)) are continuous at every point of C.
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Let W be a neigbourhood of T''C, the unit tangent bundle to C in T'A (the
unit tangent bundle to A). We may assume that W is “symmetrically fibered
convex” (i.e., if u,v € WNT,A, if Ru < Rw < Ro, then w € W). We denote
by G! and G}r the unit Green bundles. Then there exists a neighbourhood V'
of C in A such that

Vz € Green(f) NV, G (z) UG (z) C W.

Hence for every Aubry-Mather set M for f contained in V, G (z),Gl.(z) Cc W
for all z € M.

Moreover, by Theorem 6 we know that G_(z) < Py(z) = G4(x). For
every Aubry-Mather set M for f contained in V', we deduce that

Vo € M, Py;(x) C W. O
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