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Estimates for the maximal singular integral
in terms of the singular integral:
the case of even kernels

By JOAN MATEU, JOAN OROBITG, and JOAN VERDERA

Abstract

Let T be a smooth homogeneous Calderén-Zygmund singular integral
operator in R™. In this paper we study the problem of controlling the max-
imal singular integral T” f by the singular integral T'f. The most basic
form of control one may consider is the estimate of the L?(R™) norm of
T*f by a constant times the L*(R") norm of T'f. We show that if T is
an even higher order Riesz transform, then one has the stronger pointwise
inequality T™ f(x) < CM(Tf)(x), where C is a constant and M is the
Hardy-Littlewood maximal operator. We prove that the L? estimate of
T* by T is equivalent, for even smooth homogeneous Calderén-Zygmund
operators, to the pointwise inequality between T* and M (7). Our main
result characterizes the L? and pointwise inequalities in terms of an alge-
i
even homogeneous function of degree 0, of class C*°(S™ ') and with zero
integral on the unit sphere S**. Let Q = > Pj be the expansion of  in
spherical harmonics P; of degree j. Let A stand for the algebra generated

braic condition expressed in terms of the kernel of T', where 2 is an

by the identity and the smooth homogeneous Calderén-Zygmund opera-
tors. Then our characterizing condition states that 7" is of the form Ro U,
where U is an invertible operator in A and R is a higher order Riesz trans-
form associated with a homogeneous harmonic polynomial P which divides
each P; in the ring of polynomials in n variables with real coefficients.

1. Introduction

Let T be a smooth homogeneous Calderén-Zygmund singular integral op-
erator on R™ with kernel

(1) K(z) =

where  is a (real valued) homogeneous function of degree 0 whose restriction

|’

z € R"\ {0},

to the unit sphere S"~! is of class C°°(S™"~!) and satisfies the cancellation
property

/x|:1 Q(x) do(z) = 0,
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with o being the normalized surface measure on S"~!. Recall that Tf is the
principal value convolution operator

2) Ti(@) = PV. [ fa—y) K(y)dy = lim T (),

where T is the truncation at level € defined by
i@ = [ S K@y,
y—x|>€

As we know, the limit in (2) exists for almost all = for f in LP(R"™), 1 < p < oo.
Let T be the maximal singular integral

T*f() = sup [T (2)], © € R".
e>0

In this paper we consider the problem of controlling T* f by T'f. The most
basic form of control one may think of is the L? estimate

3) IT*flla < CITfll2, | € LAR).

Another way of saying that T™ f is dominated by T'f, apparently much stronger,
is provided by the pointwise inequality

(4) T f(x) <CM(Tf)(z), =z=e&R",

where M denotes the Hardy-Littlewood maximal operator. Notice that (4)
may be viewed as an improved version of classical Cotlar’s inequality

T*f(z) < C(M(Tf)(z) + Mf(z)), zeR",

because the term involving M f is missing in the right-hand side of (4).

We prove that if T is an even higher order Riesz transform, then (4)
holds. Recall that T is a higher order Riesz transform if its kernel is given by
a function Q of the form

() = ]Tx(ﬁ), v €R™\ {0,
with P a homogeneous harmonic polynomial of degree d > 1. If P(z) = z;,
then one obtains the j-th Riesz transform R;. If the homogeneous polynomial
P is not required to be harmonic, but has still zero integral on the unit sphere,
then we call T a polynomial operator.

Thus, if T'= R is an even higher order Riesz transform, one has the weak
L' type inequality

(5) IR fll1.00 < CIRfl1,
which combined with the classical weak L' type estimate

I1R* fll100 < ClIf I
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yields the sharp inequality
IR f

Loo < Cmin[|flly, [Rfl1} -

In [MVO06] one proved (4) for the Beurling transform in the plane and also
that (5) fails for the Riesz transforms R;. Therefore the assumption that the
operator is even is crucial.

The question of estimating T*f by T'f was first raised in [MV06]. The
problem originated in an attempt to gain a better understanding of how one
can obtain almost everywhere existence of principal values of truncated sin-
gular integrals from L? boundedness, for underlying measures more general
than the Lebesgue measure in R™. This in turn is motivated by a problem
of David and Semmes [DS91], which consists in deriving uniform rectifiability
of a d-dimensional Ahlfors regular subset of R” from the L? boundedness of
the Riesz kernel of homogeneity —d with respect to d-dimensional Hausdorff
measure on the set. For more details on that see the last section of [MV09].

Our main result states that for even operators, inequalities (3) and (4) are
equivalent to an algebraic condition involving the expansion of §2 in spherical
harmonics. This condition may be very easily checked in practice and so,
in particular, we can produce extremely simple examples of even polynomial
operators for which (3) and (4) fail. For these operators no control of T f by
T f seems to be known. To state our main result we need to introduce a piece
of notation.

Recall that 2 has an expansion in spherical harmonics; that is,

(6) Qz) =) Pj(z), zes",
j=1

where P; is a homogeneous harmonic polynomial of degree j. If {1 is even, then
only the P; of even degree j may be nonzero.

An important role in this paper will be played by the algebra A consisting
of the bounded operators on L?(R") of the form

A+ S,

where A is a real number and S a smooth homogeneous Calderén-Zygmund
operator.
Our main result reads as follows.

THEOREM. Let T be an even smooth homogeneous Calderdn-Zygmund op-
erator with kernel (1) and assume that Q has the expansion (6). Then the
following are equivalent.

() T*f(z) <CM(Tf)(z), zeR".

(i) T fllz < CITfll2,  f € L2R").
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(iii) The operator T can be factorized as T = RoU, where U is an invertible
operator in the algebra A and R is a higher order Riesz transform
associated with a harmonic homogeneous polynomial P which divides
each Pj in the ring of polynomials in n variables with real coefficients.

Two remarks are in order.

Remark 1. Observe that condition (iii) is algebraic in nature. This is one
of the reasons that makes the proof difficult. Condition (iii) can be reformu-
lated in a more concrete fashion as follows. Assume that the expansion of (2
in spherical harmonics is

Q@)= 3 Pyle), Puy £0.

J=jo
Then (iii) is equivalent to the following condition.

(iv) For each j there exists a homogeneous polynomial Q2;—2j, of degree 2j—
2j0 fuch that Paj = Paj, Qaj—2j, and 352, 725 Q2j—25,(§) # 0, £ €
Sn

Here, for a positive integer j, we have set

J
% F(z)
2

(7) y=iimw

)

The quantities ; appear in the computation of the Fourier multiplier of the
higher order Riesz transform R with kernel given by a homogeneous harmonic
polynomial P of degree j. One has (see [Ste70, p. 73])

_ P
VU ep

As we will show later, the series 722 va; Q2j-2;,(x) is convergent in
C>(S"~1). If U is defined as the operator in the algebra A whose Fourier
multiplier is ’ygj(l) times the sum of the preceding series, then T'= Ro U for the

Rf(€) f©), feL*R).

higher order Riesz transform R given by the polynomial Pyj,. This shows that
(iii) follows from (iv).

To show that (iii) implies (iv) we prove that P = X Pyj, for some real
number A # 0. Since P divides P»j, by assumption, we only need to show that
the degree d of P must be 2jp. Now, let n(€) denote the Fourier multiplier of
U, so that p is a smooth function with no zeros on the sphere. The Fourier
multiplier of T is

> 2 Poj(€) =va P& (), e S

J=jo
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If d is less than 2jo, then P is orthogonal to all P»; [Ste70, p. 69], and so

P(&)* u(€)de =0,
lel=1

which yields P(§) =0, || = 1, a contradiction.

Remark 2. Condition (iii) is rather easy to check in practice. For instance,
take n = 2 and consider the polynomial of fourth degree

P(z,y) = 2y + z* +y* — 62%°.

The polynomial operator associated with P does not satisfy (i) or (ii), because
the definition of P above is also the spherical harmonics expansion of P and
xy clearly does not divide z* + y* — 6 2232, Section 7 contains other examples
of polynomial operators that do not satisfy (i) or (ii).

On the other hand, the polynomial operator associated with

P(z,y) = 2y + 2°y — y’z
does satisfy (i) and (ii), but this is not the case for the operator determined by
P(z,y) = xy +2(2°y — y’x),

although zy obviously divides 23y — y32. See Section 8 for the details.
Thus the condition on € so that T satisfies (i) or (ii) is rather subtle.

Having clarified the statement of the theorem and some of its implications,
we now say a few words on the proofs and the organization of the paper.

We devote Sections 2, 3 and 4 to the proof of “(iii) implies (i)”, which
we call the sufficient condition. In Section 2 we prove that the even higher
order Riesz transforms satisfy (i). Section 3 is devoted to the proof of the
sufficient condition for polynomial operators. The argument is an extension
of that used in the previous section. The drawback is that we lose control
on the dependence of the constants on the degree of the polynomial. The
main difficulty we have to overcome in Section 4 to complete the proof of the
sufficient condition in the general case, is to find a second approach to the
polynomial case which gives some estimates with constants independent of the
degree of the polynomial. This allows us to use a compactness argument to
finish the proof. It is an intriguing fact that the approach in Section 3 cannot
be dispensed with, because it provides certain properties which are vital for
the final argument and do not follow otherwise.

In Sections 5 and 6 we prove the necessary condition; that is, “(ii) implies
(iii)”. In Section 5 we deal with the polynomial case. Analysing the inequality
(ii) via Plancherel at the frequency side, we obtain various inclusion relations
among zero sets of certain polynomials. This requires a considerable combina-
torial effort for reasons that will become clear later on. In Maple, we found a
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formidable ally in formulating the right identities which were needed, which we
proved rigorously afterwards. In a second step we solve the division problem
which leads us to (iii) by a recurrent argument with some algebraic geometry
ingredients, the Hilbert’s Nullstellensatz in particular. The question of inde-
pendence on the degree of the polynomial appears again, this time related to
the coefficients of certain expansions. We deal with this problem in Section 6.
Section 7 is devoted to the proof of the intricate combinatorial lemmas used
in the previous sections. In Section 8 we discuss some examples and we ask a
couple of questions that we have not been able to answer.

Our methods are a combination of classical Fourier analysis techniques
and Calderén-Zygmund theory with potential theoretic ideas coming from our
previous work [MO90], [MPV05], [MV88], [MNOV96], [Ver87] and [Ver01].

As was discovered in [MVO06], there is remarkable difference between the
odd and even cases for the problem we consider. To keep this article a rea-
sonable length, we decided to only deal here with the even case, which is more
difficult, because one needs special L™ estimates for singular integrals, which
hold only in the even case. The results for the odd case will be published
elsewhere [MOPV10].

The L*° estimates mentioned above are not obvious even for the sim-
plest even homogeneous Calderén-Zygmund operator, the Beurling transform,
which plays an important role in planar quasiconformal mapping theory. An
application of our estimates to planar quasiconformal mappings is given in

IMOV09].

2. Even higher order Riesz transforms

In this section we prove that if 7" is an even higher order Riesz transform,
then
(8) T f(x) <CM(Tf)(z), z=eR".

Let B be the open ball of center 0 and radius 1, 9B its boundary and
B its closure. In proving (8) we will encounter the following situation. We
are given a function ¢ defined by different formulae in B and R™ \ B, which
is differentiable up to order N on B U (R"\ B) and whose derivatives up to
order N — 1 extend continuously up to dB. The question is to compare the
distributional derivatives of order N with the expressions one gets on B and
R"™ \ B by taking ordinary derivatives. The next simple lemma is a sample of
what we need.

LEMMA 1. Let ¢ be a continuously differentiable function on BU(R™\ B)
which extends continuously to 0B. Then we have the identity

Orp = D30(2)xB(x) + 0302 Xgm 5 (@)
where the left-hand side is the j-th distributional derivative of .
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Proof. Let 9 be a test function. Then
ety == [oow=— [ wom— [ ot

Now apply Green-Stokes’ theorem to the domains B and R™ \ B to move the
derivatives from v to ¢. The boundary terms cancel precisely because of the
continuity of ¢ on 9B, and we get

©50,0) = [ (209 + X5 Os9)0 =

We need an analog of the previous statement for second order derivatives
and radial functions, which is the case we take up in the next corollary.

COROLLARY 2. Assume that ¢ is a radial function of the form

p(x) = pr(lz))xs (@) + va(lz]) xpm 5 (2) ,

where 1 is continuously differentiable on [0,1) and w2 on (1,00). Let L be a
second order differential operator with constant coefficients. Then the distri-
bution L satisfies

Lo = Lo(z)xs(x) + Lo()xgm 5(@)
provided p1, ¢y, p2 and ¢ extend continuously to the point 1 and the two
conditions
p1(1) = p2(1),  ¢1(1) = ¥5(1)

are satisfied.

Proof. The proof reduces to applying Lemma 1 twice. Before the second
application one should remark that the hypothesis ¢/ (1) = ¢4(1) gives the
continuity of all first order partial derivatives of . O

We proceed now to describe in detail the main argument for the proof
of (8). By translating and dilating, one reduces the proof of (8) to

(9) T £(0)] < C M(T£)(0),
where
) = [ SE@)dy
ly|>1

is the truncated integral at level 1. Recall that the kernel of our singular

integral is
Qz) _ P(z)
jzfr

K(z) =

where P is an even homogeneous harmonic polynomial of degree d > 2. The

idea is to obtain an identity of the form

(10) K(z)xpmp(x) = T(b)(x)
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for some measurable bounded function b supported on B. Once (10) is at our
disposition we get, for f in some LP(R"), 1 < p < oo,

T 10) = [ Xamz) K(y) £()dy
= /T(b)(y) fy)dy

— [ s s dy.
B

and so (9) follows with C' = V,, ||b||co, Vi being the volume of the unit ball
of R™.

Let us turn our attention to the proof of (10). Set d = 2N and let E be
the standard fundamental solution of the N-th power AN of the Laplacean.
Consider the function

(11)  o(@) = B@) xgmp(@) + (Ao + Ay |22 + -+ Agoy [272) xp(2)

where the constants Ay, A1, ..., Ag_1 are chosen as follows. Since (z) is radial,
the same is true of A7y for each positive integer j. Thus, in order to apply the
preceding corollary N times, one needs 2N = d conditions, which (uniquely)
determine Ag, A1,...,Ay—1. Therefore, for some constants a1, o, ..., an_1,

(12) AN o = (ag+ anla)* + -+ an 1 |zPNV)xp() = b(x),
where the last identity is a definition of b. Since
p=ExANp,
taking derivatives of both sides we obtain
(13) P(0)p=P)E*x AN .
To compute P(0)E we take the Fourier transform

POIEE) = P9 O = T

On the other hand, as is well known ([Ste70, p. 73],

Ziﬁ)d (f) = Vdi;(fd) .

PV.

See (7) for the precise value of v4, which is not important now. We conclude
that, for some constant c¢; depending on d,

P(z)

Thus
P(x)

P(0)p =cq P.V. Pz

* AN o =cyT(b).
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The only thing left is the computation of P(0) ¢. We have, by Corollary 2,
P(9) ¢ = ca K(2) xgm 5 + PO) (Ao + Ar e + - + Agy |2[*7%) () x5 () ,
and so, to complete the proof of (10), we only have to show that
(14) PO)(Jz/¥)=0, 1<j<d-1.

Notice that the degree of P may be much smaller than the degree of |z|?/,
and so the previous identity is not obvious. Taking the Fourier transform we
obtain

P(9)(|z[) = ¢; P(§) A6,
where ¢ is the Dirac delta at the origin and ¢; is a constant depending on j.
Let 1) be a test function. Then, since P is harmonic,

(P(&) A 6,9) = (AT 5, P(€) ¥(€))
= (NI715,2VP() - Vi (€) + P(€) Av(9)) .

Iterating the previous computation, we obtain that

(P(&) &7 6, ¢) = (5, D(€)) = D(0),
where D is a linear combination of products of the form 9 (¢) 9° P(€), with
multi-indeces § of length |3| < j < d — 1. Therefore 3% P(¢) is a homogeneous
polynomial of degree at least d — j > 1, and so 9° P(0) = 0. This yields
D(0) = 0 and completes the proof of (14) and, thus, of (10).

In fact, (14) follows immediately from an identity of Lyons and Zumbrun
[LZ94] which will be discussed in the next section. However, we prefer to
present here the above independent natural argument for the reader’s conve-
nience.

3. Proof of the sufficient condition: the polynomial case

In this section we assume that 7T is an even polynomial operator. This
amounts to saying that for some even integer 2N, N > 1, the function |z|?N Q(z)
is a homogeneous polynomial of degree 2/N. Such a polynomial may be written
as [Ste70, p. 69]

2?2V Q(z) = Po(x)|z|*N 2+ 4 Pyj(2) |2V Y 4 4 Py (),
where P; is a homogeneous harmonic polynomial of degree 25,1 < j < N. In
other words, the expansion of Q(x) in spherical harmonics is

Q(J}) :P2<1')+P4($)+-”—|—P2N({L'), ‘{L” =1.

As in the previous section, we want to obtain an expression for the kernel
K (x) off the unit ball B. For this we need the differential operator Q(9) defined
by the polynomial

Q(x) = v2 Po(@)| PN 72 4 -+ + g5 Poj () |a*NTH 4 - 4 oy Pan(2) .
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If E is the standard fundamental solution of A", then
Q(O)E =PV.K(x),

which may be easily verified by taking the Fourier transform of both sides.
Now take the function ¢ of the previous section. We have ¢ = E « AN
and thus
Q) =QOExANo=PV.K()xb=T(b),
where b is defined as AY ¢. On the other hand, by Corollary 2,
(15)
Q(0) ¢ = K(x) xgn 5 + Q(0)(Ao + Ar |z + - + Aon—1 ]V 2)(2) x(2).

Contrary to what happened in the previous section, the term
S(x) == =Q() (Ao + A 2> + - + Aoy 1 2| 7?)(2)

does not necessarily vanish, the reason being that now () does not need to be
harmonic.
Our goal is to find a function 5 € L*°(R"™), satisfying the decay estimate

(16) B@)| < gy Io] >
and
a7 S(a)xs(a) = T(5)(x).

Once this is achieved, the proof of (i) is just a variation of the argument
presented in Section 2, which we now explain. By (15), the definition of S(x)
and (17), we get

(18) K(z)xgm\p(@) = T(b)(2) + T(B)(x).

Set v = b+ . We show (9) by arguing as follows. For f in any LP(R"),
1 < p < 00, we have

T £0) = [ Xenm®) K F0) dy

— [ 7)) 1) dy

= /v(y) Tf(y)dy

— [ A THdy+ [ ) TI)dy.
2B R"\2B

Thus, by the decay inequality (16) with 8 replaced by 7,

101 < ¢ (ke [l [ )
< CM(T)(0).
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To construct g satisfying (16) and (17) we resort to our hypothesis, condi-
tion (iii) in the theorem, which says that T'= Ro U, where R is a higher order
Riesz transform, U is an invertible operator in the algebra A and the polyno-
mial P which determines R divides P»;, 1 < j < N, in the ring of polynomials
in n variables with real coefficients. The construction of 5 is performed in two
steps.

The first step consists in proving that there exists a function f; in L*°(B),
satisfying a Lipschitz condition of order 1 on B, [ 31(x)dz = 0 and such that

(19) S(x)xs(x) = R(B1)(x) -

Later, it will become clear how the Lipschitz condition on 37 is used. To prove
(19) we need an explicit formula for S(z), and for that we will make use of the
following formula of Lyons and Zumbrun [LZ94].

LEMMA 3. Let L be a homogeneous polynomial of degree I, and let f be a
smooth function of one variable. Then

l—v
L) =Y g AL (F ) 1), r=al.
v>0 ’

An immediate consequence of Lemma 3 is:

LEMMA 4. Let P»; a homogeneous harmonic polynomial of degree 23, and
let k be a nonnegative integer. Then

Pay(0) () = 2 s Poa) [P0 2 < k.
and
Po(9)(|z|**) =0, if 2j > k.

On the other hand, a routine computation gives
O ( e 1) ML
and
(21) N(lz*) =0, k<j.

By Lemma 4, (20) and (21) we get that for some constants cjj, in view of the
definitions of Q(x) and S(z), one has

N—-1N-1

(22) S(x) =D Y ejp Po(a) o).

j=1 k=j

Therefore it suffices to prove (19) with S(z) replaced by Ps;(x) |z|?* for 1 <
7 < N and each nonnegative integer k. The idea is to look for an appropriate
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function v such that

(23) P(0)p(x) = Pyj(x) 2|** xp(x).
Indeed, if (23) holds and 2d is the degree of P, then
= ExA%),

provided E is the fundamental solution of A? and 1) is good enough. Hence

P(d)p = P()E x A%y = c P.V. ;ﬁid x A%p = R(f)

if 81 = ¢ A%). The conclusion is that we have to solve (23) in such a way that
A%y is supported on B, is a Lipschitz function on B and has zero integral.
Taking Fourier transforms in (23), we get

(24) (—D)TP(E) $(&) = (~1)""* Py(9) A (XB(9)) -
Recall that for m = n/2, one has [Gra04, A-10]

@@):"g&?, cer”,

where J,, is the Bessel function of order m. Set

_ M)

19
In computing the right-hand side of (24), we apply Lemma 3 to L(z) =
Pyj(z) |z|?* and f(r) = Gy (r), and we get

GA(§)

EeR”, A>0.

PE5(© = (-1 Y O av () 16%) Gunsagron(©).

v>0
owing to the well-known formula, e.g., [Gra04, A-6],

1d
;%G)\(’]‘):—G)Vi,l(?"), ?”>0, )\>0

Since P»;(&) is homogeneous of degree 2j, VP;(§) - & = 2j P»;(§), and hence
one may readily show by an inductive argument that

£ (Pay(€) 61) = g Pay(€) €267

for some constants a;,. Thus, for some other constants a;,, we get

(25) PE)Y(E) =3 aji Poj () IEPF ™) Grniagyan—u ().

v>0

By hypothesis, P divides P»; in the ring of polynomials in n variables, and so

Py (§) = P(§) Qaj—24(§)
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for some homogeneous polynomial QQ2;_24 of degree 2j — 2d. Cancelling out
the factor P(£) in (25), we conclude that

D(E) = = Q2j-24(§ Z ik [€)2* ) Gonrajron—u(€) -
Since [Gra04, A-10]
(1= |z[»)* xB(2))(&) = ex Gmya(§)

we finally obtain

() = Qaj—24(0 Za]kuAk ((1 =[P+ xp(x) -

Observe that v restricted to B is a polynomial which vanishes on dB up
to order 2d and 1 is zero off B. Therefore A%) is supported on B and its
restriction to B is a polynomial with zero integral. This completes the first
step of the construction of 5.

The second step proceeds as follows. Since by hypothesis T'= Ro U, with
U invertible in the algebra A, we have

R(B1) =T(U'B1).

Setting

(26) B=U""p1,

we are only left with the task of showing that
(27) p e L*R")

and that, for some positive constant C,

(28) x| > 2.

C
8(z)| < W7
Since U~! € A, for some real number A and some smooth homogeneous
Calderén-Zygmund operator V,

Ul=XI+V.
Thus
B=AB1+V(B).
Now (31 is supported on B and has zero integral on B. This is enough to insure

the decay estimate (28). Indeed, let L(z) be the kernel of V' and assume that
|z| > 2. Then

(29) /Ll’— ) Bi(y
/<L<x—y>— L(@)) Bi(y) dy
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(30) V(B)(x)] < / | (L(z —y) = L(z)) [ |81 (y)] dy,

vl
<C/| ‘n+1 |ﬁ1 ‘dy,

|$‘n+1

The boundedness of 5 is a more delicate issue. It follows immediately
from the next lemma applied to the operator V and the function 5. This is
precisely where we use the fact that £ satisfies a Lipschitz condition.

The constant of the kernel K (z) = Q(x)/|z|™ of the smooth homogeneous
Calderon-Zygmund operator T' is

(31) ITllez = 1Kllez = @ + 2] V() -

We adopt the standard notation for the minimal Lipschitz constant of a
Lipschitz function f on B, namely

1 lip(r,m) = sup {W

LEMMA 5. LetT be the homogeneous singular integral operator with kernel

:x,yeB,x#y}<oo

K(z) = ?x(gfl), where € is an even homogeneous function of degree 0, continu-

ously differentiable and with zero integral on the unit sphere. Then
IT(f x)llL@ < CIKlloz (Il + 1 fllLipa.5)) -
where C' is a positive constant which depends only on n.

Proof. We start by examining the behaviour of T'(f x5) on the unit sphere.
We claim that

IT(f x8)(@)]| < ClIK oz (Ifllz=m) + 1 flupa.s) > lal=1, >0.

Indeed, if one follows in detail the proof of the claim, which we discuss below,
one will realize that the principal value integral T'(f xp)(a) exists for all a in
the sphere and satisfies the desired estimate.

We have
T.(f xs)o) = [ xu() f(w) K(a = o) do +
e<|z—al<1/2 1/2<|z—al
=I.+1I.
Clearly,

2z —a)| n
————dz < 2" B[ [|Qc || | Lo (5)

|z — al

s [ @)
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To deal with the term I, we write

=[x (@)~ J@) K- 2)da

—I—f(a)/ xB(z) K(a — z)dx
e<|z—al<1/2
= TIL + f(a)IV,,

and we remark that III. can easily be estimated as follows:

| < [ flleip@,m) /B |z —al[K(a —2)|dz < C Qo [ fllLipa,s) -

Taking care of IV, is not so easy. Take spherical coordinates centered at the
point a, x = a + rw with 0 < r and |w| = 1. Then

(32) IV, = / v ( /A o ) da(w)> %,

where

A(r) ={w:|w|=1and |a +rw| < 1}.
Let H be the tangent hiperplane to S = {x : |z| = 1} at the point a. Call V
the half space with boundary H containing the origin. Set ¥ = {w : |w| = 1},

and think of ¥ as the sphere of radius 1 centered at the point a expressed in
polar coordinates centered at a. Then A(r) C ¥ NV. See the figure below.

Since () is even,

o:é;m@mmwzz [ w)do().

Thus
/ Q(w) do(w) = — / Qw) do(w),
A (EVNA)

/ Q(w) do(w)
A(r)

and so

< [[Qfloo o ((EN V)N A(r)) -
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Since H is tangent to S at the point a, we obtain
o((ENV)\A(r) <Cr,
which yields, by (32),
Ve[ < C|Q|oc -

Assume now that |a| < 1. Proceeding as before we estimate in the same
way the terms II and IIl, so that we are again left with IV.. Let ¢y stand for
the distance from a to the boundary of B. In estimating IV, we can assume,
without loss of generality, that g < 1/4. Set ag = a/|al,

A={zeB:¢ <|r—a|l<1/2}

and
Ay={x € B:¢ <|r—ag| <1/2}.

We compare IV, to the expression we get replacing a by ag and € by € in the
definition of IV.. For € < ¢y, we have

/ XB(ﬂJ)K(a—CC)de/ xB(z) K(a—z)dz,
e<|z—al<1/2

eo<|r—al<1/2
and then

/ xs() Kla—x)do - [ X () K (a = 2) da
e<|z—al<1/2 eo<|z—ag|<1/2

:’/AK(a—:U)d:U— AOK(ao—l‘)d@“

< /AMO K(a— ) — K(ag — )| dz

+ +

/ xB(x) K(a — z)dz
A\Ag

=J1+ o+ J;3.
If x € AN Ag, then

/ xB(z) K(ag — x) dzx
Ag\A

la — ao|
|K(a — ) — K(ag — z)| < CHKHCZW-
Hence do
J1 < C|K|czla— aol SO <ClKlcz-

To estimate Ja, observe that
A\ Ap = (AN B(ag, €)) U (AN (R™\ B(ap, 1/2))) .
Now, it is obvious that if |z — ag| > 1/2, then |z — a| > 1/4, and so

d
lbﬂmm(/ f+/MM)smM@.
|z—ao|<eo €0 B

A similar argument does the job for Js.
The case |a| > 1 is treated in a completely analogous way. O
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The construction of § is then completed and the theorem is proved for
polynomial operators.

We remark that a variant of Lemma 5 holds, with the same proof, replacing
B by R"\ B. To control the term II we have to assume, in addition to the
hypothesis of Lemma 5, that f satisfies a decay inequality of the type

|f(@)] <

Then we conclude that

||f||Loo(]Rn\§)

o |z| > 1.

)

IT(f xgm @)z @y < C 1Koz (1]l oo @) + 1 lLipa ams)) -
where C' depends on n and . Later, we will use this variant of Lemma 5 with
f(x) = K(x) on R™\ B, so that n = n and the constant C will depend only on
n.

We mention another straightforward extension of Lemma 5 that will not
be used in this paper. The function f may be assumed to be in Lip(«, B)
0 < a <1, and the unit ball may be replaced by a domain with boundary of
class C1F¢.

After the paper was completed, we learned from Stephen Semmes that
Lemma 5 is known in dimension 2 [Che95, p.52] or [MB02, p.348]. This was
used to prove global regularity of vortex patches for incompressible perfect
fluids.

4. Proof of the sufficient condition: the general case

We start this section by clarifying several facts about the convergence of
the series (6). Let us then assume that € is a function in C*°(S"~!) with
zero integral. Then () has an expansion (6) in spherical harmonics. For each
positive integer r, one has the identity [Ste70, p. 70]

(33 S GG +n-2) IR = (-1 [ A0,
i1 s
where Ag stands for the spherical Laplacean. Then
Y (G +n=2)" Bl < 12520212,
Jj=21
where the L? norm is taken with respect to do. Thus, by Schwarz’s inequality,
for each positive integer M,

(34) > M IIPjll2 < oo
j=1
We want to see that we also have

(35) > M IPjlloe < 00,
j=>1
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where the supremum norm is taken on S"~!. This follows immediately from
the next lemma, whose proof was indicated to us by Fulvio Ricci.

LEMMA 6. For all homogeneous polynomials of degree q,

n-1
1Qllc < Cq = [IQ2,
where C' is a positive constant which depends only on n.

Proof. Take an orthonormal basis Q1,...,Qq4, d = dg4, of the subspace of
L?(do) consisting of the restrictions to S”~! of all homogeneous polynomials
of degree ¢. Consider the function

d
S(z) = ZQj(af)2, ze s,
=1
We claim that S is rotation invariant, and, hence, constant. Since do is a

probability measure, this constant must be Z?:l [Qj(z)?do(x) = d. Now let
@ be a homogeneous polynomial of degree ¢ and set Q = Z?:l Aj @Qj. Then

NG

d % d
!Q(m)!é(ZA?) <ZQj<x>2> =Qll2dz, zes™,
j=1 =1

which proves the lemma because d = (n+371) ~ ¢"~ ! ([SWT71, p. 139)).

To show the claim, take a rotation p. Then we have
d
Qo)) =" aj, Qrlx)
j=1

for some matrix (a;) which is orthogonal, because the polynomials Q;(p(x))
form also an orthonormal basis due to the rotation invariance of o. Hence

d d
> Qil0()* =>"Qjx)*, we S 0O
J=1 Jj=1

Let us return now to the context of the theorem. Thus T is an even smooth
homogeneous Calderén-Zygmund operator with kernel K (x) = Q(z)/|z|", and
the expansion of 2 in spherical harmonics is

o
(36) Qz) =) Poj(x).

j>1
By hypothesis there is a homogeneous harmonic polynomial P of degree 2d
which divides each P;. In other words, Po; = P (Q2j_24, Where Qg;_24 is a
homogeneous polynomial of degree 25 — 2d. We want to show that the series
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>°j Q2j—24() is convergent in C>°(S"~1); that is, for each positive integer M,

(37) > M 11Q2j-2dlleo < o0
i>d

The next lemma states that when one divides two homogeneous polynomi-

als, then the supremum norm (on S"~1) of the quotient is controlled by the
supremum norm of the dividend.

LEMMA 7. Let P be a homogeneous polynomial nonidentically zero. Then
there exists a positive € and a positive constant C = C(n, P) such that

1Qlloe < C ¢ V| PQlloo
for each homogeneous polynomial @QQ of degree q.

Proof. Assume we can prove that for some positive e,

1
(38) /|a::]_ W dO’(.ﬁlf) < 0.

Then, by Lemma 6 and Schwarz’s inequality,

1Qllee < C " V2 Qll2

1/4
< Cq V2 pQYt ( [ da<x>)

z|=1
< Cq" V2P QIL QN

which completes the proof of the lemma.
Let us prove (38). Let d be the degree of P. By a well-known result of
Ricci and Stein [RS87], |P(z)| is a weight in the class A*°. Indeed, if ed < 1,

then
/|:c|<1 ]1'%1)\6 dv < Cle,d) (/|x<1 |P()| dflf) <00,

Since P is an homogeneous polynomial, (38) follows by changing to spherical
coordinates. (]

Now (37) may be proved readily from Lemma 7 and (35). Indeed, setting
My = 2(n —1)/e, we have
1Q2j-2allo0 < C(n, P) (21)™ || Pajloc

and

> M 1Qzj-2allo < Cln, P) Y (27)MFM0 || Pyjloo < 00.
j>d i1
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The scheme for the proof of the sufficient condition in the general case is as
follows. Taking a large partial sum of the series (36), we pass to a polynomial
operator Ty (associated to a polynomial of degree 2/N), which still satisfies
the hypothesis (iii) of the theorem. Then we may apply the construction of
Section 3 to T and get functions by and By. Unfortunately what was done
in Section 3 does not give any uniform estimate in N, which is precisely what
we need to try a compactness argument. The rest of the section is devoted to
get the appropriate uniform estimates and to describe the final compactness
argument.

By hypothesis, T = R o U, where R is the higher order Riesz transform
associated with the harmonic polynomial P of degree 2d that divides all P,
and U is invertible in the algebra A. The Fourier multiplier of 7" is

[o¢]
PQ](&) 2; Q2] 2d 5) n
V25 = >, £€R 0}.
2% e gt Em G Mol
Therefore the Fourier multiplier of U is
Q2;-24(§)
(39) 72d Z 2j |£]|2g 2d
j>d

and the series is convergent in C°°(S"~1) because vo; =~ (2j)"? [SWT1,
p. 226]. Set, for N > d,

(40) ’de Z’}/Q] Q’ZJP]?de), ¢e R\ {0}.

If

Py(
Z |x|§]+n S Rn \ {O} )

and Ty is the polynomial operator with kernel Ky, then Ty = Ro Uy, where
Un is the operator in the algebra A with Fourier multiplier py(§). From now
on N is assumed to be big enough so that py (&) does not vanish on S*~1. In
fact, later we will need the inequality

(41) U OI<C, [€l=1, 0<al<2(n+3),

which may be taken for granted owing to the convergence in C*°(S™~1) of the
series (39). In (41), C is a positive constant depending only on the dimension n
and p.

Notice that Ty satisfies condition (iii) in the theorem (with 7" replaced by
Tn), because un(€) # 0, || = 1, and so we can apply the results of Section 3.
In particular,

KN (2)Xgnp(®) = T (bn)(2) + Tn (By) (2)



ESTIMATES FOR THE MAXIMAL SINGULAR INTEGRAL 1449

where by and [y are, respectively, the functions b and /S defined in (18).
It is important to remark that by does not depend on T. As (12) shows,
the function by depends on N only through the fundamental solution of the
operator AN, The uniform estimate we need on by is given by part (i) of the
next lemma. The polynomial estimates in N of (ii) and (iii) are also basic for
the compactness argument we are looking for.

LEMMA 8. There exist a constant C depending only on n such that

(i) [n(O)|<C, €eR";
(i) [bwllze(m) < C(2N)2*2; and
(i) | Vbwllpoe(m < C (2N)2H

Proof. We first prove (i). Let hy,...,hq be an orthonormal basis of the
subspace of L?(do) consisting of all homogeneous harmonic polynomials of
degree 2N. As in the proof of Lemma 6, we have h$ + - -- + h?l =d, on S" L.
Set

1
YonVd ’

Let S; be the higher order Riesz transform with kernel K;(z) = H;(z)/|z|*N ™.
The Fourier multiplier of SJ2 is

1 hy(&)?
d g

Hj(z) (x), xeR".

0#&eR”,

and thus

By (10), we get

and so
d
(42) by =Y S; (Kj(=) XRn\g(ﬂ?)) :
j=1

We now appeal to a lemma of Calderén and Zygmund ([CZ55]; see [LS55] for
a simpler proof), which can be stated as follows.

LEMMA (Calderén and Zygmund). If K is the kernel of a higher order
Riesz transform, then, for some constant C depending only on n,

(K () xgm\5(2))(§)] < C{(P.V. K (2))(€)], €€ R"\{0}.
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By (42) and the preceding lemma, we get

d
bn (&) < Y [PV Kj(2) ()] (K (2) X 5(2)) ()]

=1

d
<C S|PV K @)(©)F
j=1

=C.

We now turn to the proof of (ii) in Lemma 8. In view of expression (42)
for by, we apply Lemma 5 to the operators S and the functions K;(x), which
satisfy a Lipschitz condition on R™ \ B. We obtain

43)  lbxlleo = Cd max [[Kjllcz (1Kl Lo o5y + 1K lLipa zmB) -

As is well known, d ~ (2N)"~2 [SW71, p. 140]. On the other hand,
1Kjllcz < [|Hjlloo + [[VHjl o ,

where the supremum norms are taken on S”~!. Clearly,

1  h; 1 n
— | “Elloo £ — =~ (2N)"2.
Yen  Vd V2N
For the estimate of the gradient of H;, we use the inequality [Ste70, p. 276]
(44) IVH;|loo < C (2N)"** || Hylla

[Hjlloo =

where the L? norm is taken with respect to do. Since the h;j are an orthonormal
system,

1 (2N)n?
Vdyn — (2N)n=2/2

Gathering the above inequalities, we get

|Kjllcz < C (2N)"/2+2.

|l = ~ 2N

On the other hand, a straightforward computation yields
1511 oo () + (1K1 LR\B) S CN|[Hjlloo + [VHjlloo < C(QN)n/2+2a
(R™\B) p(L,R™\B)
and therefore
HbNHLOO(B) <C (2N)n—2 <2N)n/2+2 <2N)n/2+2 —-C (2N)2n+2 )

We are only left with the proof of (iii) in Lemma 8. Recalling the definition of
bin (12), we see that by has the form

1 ’x‘2N72

bN(a;):ag+a1|m|2+~-+aN_ , zl <1

for some real coefficients a;, 0 < j < N — 1. Define the polynomial p(t) of the
real variable t as

p(t) = + a1 2.4 aN_1 2N -2
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so that by (x) = p(|z|), |z| < 1. By part (ii) of the lemma,
sup [p(t)| < C (2N)*"*2,
0<t<1

and thus, appealing to Markov’s inequality [Lor86, p. 40],
sup |p'(t)] < (2N —2)* sup [p(t)| < C (2N)* .
0<t<1 0<t<1

Now (iii) follows from the obvious identity 8bN = p/(|z]) 6|$|, which gives

[Vbn ()] < p'(Jz]), || < 1. O

Our goal is now to show that under condition (iii) of the theorem, we can
find a function ~ in L*°(R™) such that

(45) K(@)xgm (@) = T()(@), o€ R,

This was proven in the preceding section for the case in which 7" is a polynomial
operator (see (18)). However, the bound we got there for ||7||z®n) depends
on the degree of the polynomial defining the operator, and thus the proof does
not cover the general case we are now tackling.

Since 2 has the expansion (36) in spherical harmonics, we have

Py(
T — Zm;ﬁn X 3(0)

=2 T

Jj1

where Tj is the higher order Riesz transform with kernel Py;(x)/|z|¥*" and
b; is the function constructed in Section 2 (see (10) and (12)). The Fourier
multiplier of Tj is

P2J(f) _ P8 1 Qaj—24(8) n
Ve T e g e 0 SO

Let S; be the operator whose Fourier multiplier is

7 Gl ¢ R (0).

so that T = Ro S;. Then
K (2)xgmp(@) = Y (R0 8))(b))

j>d

=T (U " 08))(b;))

i>d

=T (Z(U_l o Sj)(bj)> :

j=d

(46)
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The latest identity is justified by the absolute convergence of the series
S i>a(U1 0 8;)(b;) in L?(R™), which follows from the estimate

Y MU0 8)B))ll2 < C > 11Qaj-2dlloo 101l L2(rm)

j=d j>d
< C Y [1Qaj-2dlloo 165l oo (5)
j=>d
<C 2(2]\7)2%2 |Q2j—2dllc < 00.
j=>d

We claim now that the series ,54(U " 0.5;)(b;) converges uniformly on R™ to
a function v, which will prove (45) . Observe that the operator U~ o S;eA
is not necessarily a Calderén-Zygmund operator because the integral on the
sphere of its multiplier does not need to vanish. However, it can be written as
Ulo S; = cjI + 'V, where

6= [ O Quaa() do(€)

Y2d Jsn—1
and Vj is the Calderén-Zygmund operator with multiplier
(47) —172j Q2j-2a(€)
Yoa  |€|%72 ’

Now

D (U 08 (by) =D eiby+ Y Vilhy),

j=d j=d j=d

and the first series offers no difficulties because, by Lemma 8(ii) and (37),

S leil bl sy < C D2 (20) 7 2(20)*" (1 Qaj-2dlloo < o0

j=d jzd
The second series is more difficult to treat. By Lemma 5 and Lemma 8(ii) and
(i),

Vi (o) oo ey < C 1 Vjllez (1651l () + 1Vb; | o< () )
< C2)** (Vjllez -

Estimating the Calderén-Zygmund constant of the kernel of the operator V; is
not an easy task, because we do not have an explicit expression for the kernel.
We do know, however, the multiplier (47) of V;. We need a way of estimating

the constant of the kernel in terms of the multiplier, and this is what the next
lemma supplies.

LEMMA 9. Let V be a smooth homogeneous Calderén-Zygmund operator
with Fourier multiplier m. Then for some constant C' depending only on n,

1/2 1/2
IVlioz < C 8% mlly [l
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where Ag is the spherical Laplacean and the L?> norm is taken with respect
to do.

Proof. Let w(x)/|z|™ be the kernel of V, so that w is a homogeneous
function of degree zero, of class C°°(S™~!) and with zero integral on the sphere.
Consider the expansion of w in spherical harmonics w(x) = Y ;> pj(z), [z| = 1,
so that the kernel of V' is 3,51 p;(2)/|z}™™, 2 € R™\ {0}, and its Fourier
multiplier is m(§) = Y5175 pj(§), |§] = 1. By definition (31) of the constant
of the kernel of a Calderén-Zygmund operator, we have

IVliez <C ) (G lipillee + [Vp5ll0)
=1

where the supremum is taken on S"~!. By (44) with H ; replaced by p;, and
Lemma 6,

Viez <C > (G2 pille + 52 Ipjllz)
j>1

<C Y (" Ipsll2) -

Jj=1

Since v; =~ §~™?, using Schwarz’s inequality and (33) with Q replaced by m
and P; by «; pj, the above sum can be estimated by

1/2
> 5" Iyl < € (ij I pj”g)

j21 j=1

1/2
<C (Z GG +n=2)"" |y pjll%)

Jj=21
1/2

=C ((—1)”/ Ag+3mmda>
Sn—1
1/2 1/2
< Ol mly m3”. 0
Since the multiplier of V; is given by (47) and p~! is in C*°(S"™1),
Lemma 9 reduces the estimate of ||V||cz to the estimate of the L?(do) norm

of Vngj,gd for 0 < k < 2(n+ 3). Let us consider first the case k = 1.
Since Ppj = P Q2j_24, we have

VP =VPQzj_2q+PVQ2_2q4,
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and so, by Lemma 7 and (44) with H; replaced by P»j, there is a large positive
integer M = M (n, P) such that

IV Q2j—2dllsc < C 7 IP VQ2j—2dllo
< C M (IVPyjllo + [|Q2j-2dllo0)
< M (C | Pyjllz + C M || Pajlloo)
< C M || Pyll2
where in the latest inequality M has been increased without changing the
notation.
By induction, for some large integer M = M (n, P), we get
IV Q2j-2dlloc < C 5™ || Pojll2; 0 <k <2(n+3).
Therefore, the estimate we finally obtain for the constant of the kernel of Vj is
IVilloz < C i || Pajll2
and thus
M
1V (0) | Lo mny < C 57 || Pojl2
where again M = M (n, P) is a positive integer. Hence the series
> (U0 85)(b))
j>d
converges uniformly on R™ and the proof of (45) is complete.
We are now ready for the discussion of the final compactness argument
that will complete the proof of the sufficient condition. The reader is invited

to review the definitions of the operators Ty (with kernel Ky ) and Uy given
in this section just before Lemma 8. We know from Section 3 (see (18)) that

(48) Kn(@)xgmp(®) = T (bn)(2) + T () (@) -

On the other hand, by the construction of the function v we have just described,

we also have
N

(49) En(@)xgmp(®) = Tn() (@), v =D (Uy' 09;)(b;).

j=d
Notice that (41) guarantees that the estimate of the supremum norm of v on
the whole of R” is applicable to the operator Ty, and thus we get an estimate
for [|yn||Loc(mny Which is uniform in N. Since T is injective, (48) and (49)
imply

(50) by + BN =N,

and, in particular, we conclude that the functions by + Sy are uniformly
bounded in L*°(R"™), a fact that cannot be derived from the work done in
Section 3. It is worth mentioning that numerical computations indicate that



ESTIMATES FOR THE MAXIMAL SINGULAR INTEGRAL 1455

by, and thus By, are not uniformly bounded. On the other hand, Section 3
tells us that vy satisfies the decay estimate (16) with 3 replaced by 7x, which
we cannot infer from the preceding construction of v. The advantages of both
approaches will be combined now to get both the boundedness and decay prop-
erty for ~.

In view of (49) and the expressions of the multipliers of Uy and S; (see

(46)),

N
e 1 25 Qoj—24(§) ~
7N(§) _]z::dﬂN(f) ~Vod ‘€|2j—2d bj(§)>

which yields, by Lemma 8 and (37) for M =0,

N
(51) 1N | 2o @ny < C D 1Q25—24ll
i=d

<C D 11Q2j-2dlloc

j=d
<C,

where C' does not depend on N. Recall that, from (26) in Section 3, we have
By =Ux'(BiN),

with 81y a bounded function supported on B satisfying [ 51 y(z)dz = 0.
Since

By = v By = v (T8 = bwv)
we have, again by Lemma 8,
181wl ooy < €.
Therefore, passing to a subsequence, we may assume that, as N goes to oo,
EJ; — ayp and ﬁ/17v — aq,
weak x in L>°(R™). Hence
by — g = FLag and By — @1 =F oy

in the weak % topology of tempered distributions, where F~! is the inverse
Fourier transform. In particular, ®g and ®; are distributions supported on B
and

(52) (®1,1) = ngnw//@’w(x) dr = 0.

Now we would like to understand the convergence properties of the se-
quence of the Sy’s . Since

BN () = iy (&) Bun(©),
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and we have pointwise bounded convergence of zuy'(¢) towards p~1(£) on R™\
{0}, we get that By — p~lay in the weak * topology of L>*(R™). Thus
By — U~Y(®1) in the weak % topology of tempered distributions. Letting
N — oo in (50), we obtain

Do+ U HP1) = 1.

Now we come to the last key point of the proof, namely, that one has the decay
estimate

C
(53) [y(@)| < [ |z| > 2.

Since ®¢ and ®; are supported on B and U~ (®1) = A ®; + V(®1), where A is
a real number and V' a smooth homogeneous Calderén-Zygmund operator, it is
enough to show that V(®1) has the appropriate behavior off the ball B(0,2).
Let L be the kernel of V. Regularizing ®1, one checks that, for a fixed x
satisfying |z| > 2,

(54) V(®1)(z) = (P1, L(z — y))
= <®17L(‘T - y) - L($)> )
where the latest identity follows from (52). Since ®; is a distribution supported

on B, there exists a positive integer v and a constant C' such that

(55) [(®1,0)] < C sup sup [0%p(y)
la|<v |y|<3/2

for each infinitely differentiable function ¢ on R™. The kernel L satisfies
o Ca
P (L(z —y) — L(z)) | < Tzl lyl <3/2,
and hence by (54) and (55),
C

‘x’n-l—l’

[V(®1)(2)] < [z > 2,

which proves (53) and then completes the proof of the sufficient condition in
the general case.
5. Proof of the necessary condition: the polynomial case

We assume in this section that 71" is a polynomial operator with kernel

Q(x) PQ (1’) P4($) PQN(x)
K(z) = — 0
(z) [ 2t " g [itn + 22N+ 70,

where P; is a homogeneous harmonic polynomials of degree 2j. Let @ be the
homogeneous polynomial of degree 2N defined by

Q(x) = v2 Po(@)| PN 72 4 -+ + g5 Poj () |a*NH 4 -+ 4 qan Pan(2) .
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Then

Our assumption is now the L? estimate between T* and T (see (ii) in the state-
ment of the theorem). Since the truncated operator T at level 1 is obviously
dominated by T, we have

J@' s p@an < [@pi@de<c [@pie)
The kernel of T is (see (15))
(56) K(z) Xgu\5(®) = T(b)(z) + S(z) xp(2),
where b is given in equation (12), and
—S(z) = Q(9)(Ag + Ay |z + -+ + Aon—1 |2|*N ) (2), =z €R".

The reader may consult the beginning of Section 3 to review the context of the
definition of S. In view of (56), for each f € L%(R"), we have

1S x5 * fll2 < CIT fll2 + [|b* T f||2
< C(ITfl2 + bl Tfl2)
= C||ITf]l2-

By Plancherel, the above L? inequality translates into a pointwise inequality
between the Fourier multipliers, namely,

Q)]

IS

(57) Sxs(8)] < C[PV.E()|=C

Our next goal is to show that (57) provides interesting relations between the
zero sets of @@ and the P»;. For each function f on R”, set Z(f) = {x € R™:

f(z) = 0}.
LEMMA (Zero Sets Lemma).
Z(Q) C Z(Py), 1<j<N.
Proof. We know that S has an expression of the form (see (22))

2N—-1 1—

(58) Z chj Pyj(x ’33‘21 N=d)

[=N+1 j=1
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Since XB = G, m = n/2, Lemma 3 yields

(59)  Sxp() = S(d)XB(¢)

The function G,(§) is, for each p > 0, a radial function which is the restriction
to the real positive axis of an entire function [Gra04, A-8]. Set £ = r&p,
|| =1, r > 0. Then

(60) Sxp(réo) =3 asy(€o) r??
p=1

and the power series has infinite radius of convergence for each &. Assume
now that Q(§o) = 0. Then, by (57), SxB(r&) = 0 for each r > 0, and hence
azp(&) = 0 for each p > 1. For p = 1, one has az(&y) = P(§o) C2, where

2N—-1

Co= Y ci1,1-N-1Gmi-n+1(0) .
I=N+1

It will be shown later that Cy # 0, and then we get P>(§y) = 0. Let us make

the inductive hypothesis that P»(§o) = -+ = Py(j_1)(§0) = 0. Then we obtain,
if j < N —1, az;(&) = Pj(6o) C2j, where

2N-1
(61) Coj= > cji-N—j Gmii-n+(0) .

I=N+j

Since we will show that Ca; # 0, Poj(&) =0, 1 < j < N — 1. We have

N
0=Q(%) =_j P(&).

j=1
and so we also get Pon (&) = 0. Therefore the Zero Sets Lemma is completely
proved provided we have at our disposition the following:
LEmMA 10.
—r5 (—1)7

V,25T(2+1) j4T(2j+5) J

Czj

The proof of Lemma 10 is lengthy and rather complicated from the computa-
tional point of view, and so we postpone it to Section 7. U
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Notice that, although the constants C5; are nonzero, they become rapidly
small as the index j increases.

The reason why Lemma 10 is involved is that one has to trace back the
exact values of the constants Cy; from the very beginning of our proof of (56).
This forces us to take into account the exact values of various other constants;
for instance, those which appear in the expression of the fundamental solution
of AN and the constants Ag, A1, ..., Asy_1 in formula (11). Finally, we need
to prove some new identities involving a triple sum of combinatorial numbers,
in spirit of those that can be found in the book of R. Graham, D. Knuth and
O. Patashnik [GKP94].

The following is elementary folklore, but is proved here for the reader’s
sake.

LEMMA (Dimension Lemma). If f is a real-valued, continuous function
on R™ which changes sign, then H" Y (Z(f)) > 0, H" being the Hausdorff
measure in dimension n — 1. In particular, the Hausdorff dimension of Z(f)
s at least n — 1.

Proof. Assume, without loss of generality, that f(0) > 0 and f(p) < 0,
where p = (0,...,0,1). For e > 0 small enough we have f(x) > 0 if |z| < €
and f(z) < 0if [x —p| <e. Set B={zx € R" : z, =0 and |z] < €}.
Bolzano’s theorem tells us that, for each x € B, f vanishes at some point

of the segment (z1,...,2,-1,t), 0 < ¢t < 1. Hence the orthogonal projec-
tion of the set Z(f) onto the hyperplane {x : z, = 0} contains B, and so
H" Y Z(f)) > H"(B) > 0. a

We now turn our attention to an algebraic lemma which plays a key role
in obtaining the necessary condition we are looking for.

LeEMMA (Division Lemma). Let F' and G be polynomials in R[xy, ..., zp].
Assume that G is irreducible and that H" Y (Z(F)N Z(G)) > 0. Then there
exists a polynomial H in R[z1,...,x,] such that F = G H.

Proof. Denote by V(P) the complex hyper-surface {z € C" : P(z) = 0}
of a polynomial P. By hypothesis, V(F) N V(G) is not empty. If V(G) is
not contained in V(F), then the complex dimension of V(G) N V(F) is not
greater than n — 2 [Kun85, 3.2 p. 131]. Since the real dimension of a variety
is less than or equal to the complex dimension, we conclude that Z(G) N Z(F)
has real dimension not greater than n — 2, which contradicts the fact that it
has positive n — 1-dimensional Hausdorff measure. Thus V(G) C V(F), and
therefore F' = G H for some polynomial H in Clzi,...,z,]. Since F' and G
have real coefficients, the same happens to H. ([l

We proceed to the proof of the necessary condition.
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Let jo be the first positive index such that P, does not vanish identically.
We want to show that Pyj, divides P»; for jo < j < N.

Since R[z1,. .., z,] is a unique factorization domain, we can express Paj,
as a product of irreducible factors, say R, 1 < k < M, which are also homo-
geneous. Clearly, Z(Psj,) = UpZ(Ry), and so

2(Q) =U(Z(@Q) N Z(Ry)).
k
Since the integral of ) on the sphere is 0, () changes sign. Thus, by the
Dimension Lemma, there is at least a k such that H"~1(Z(Q) N Z(Ry)) > 0.
Change notation if necessary so that k = 1. Then R; divides @, by the
Division Lemma. We may also apply the Division Lemma to R; and P; for
each jo < j < N, because Z(Q) N Z(Ry) C Z(P2j) N Z(Ry) by the Zero Sets
Lemma. Hence R; also divides P; for jo < j < N. Set

Q=R Q and P =Ry Py, jo<j<N

for certain homogeneous polynomials @1 and Py 1.

If M = 1, we are done. Otherwise our intention is to repeat as many
times as we can the above division process. With this in mind, we use (60) to
rewrite inequality (57) in the form

Z a2p(§0) r2p

p=1

(62) < ClR), 0<r,

The definition of the coefficients ag, and (59) show that there exist real num-
bers p;(p) such that

a2p 50 Z H] PQ] fO

Jj=jo
and so
N—1
(63) asp(€0) = Ri(€0) Y 11;(p) Paji(éo)
J=Jo
= R1(&o) azp1(%0),

where the last identity provides the definition of the numbers ag,1(&p). We
can simplify the common factor R;(&p) in (62) and get

> azp(6o) ™

p=1

(64) <CQ1(&)l, 0<r.

Equipped with (64), we are ready to begin the second step in the division
process. If Q1(&) = 0, then ag,1(§) = 0 for each p > 1. Hence, as in the
proof of the Zero Sets Lemma,

Z(Q1) C Z(Pj1), Jjo<j<N.
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To apply the Division Lemma we need to ascertain that the zero set of Q)1 is
big enough. For that it suffices to show, by the Dimension Lemma, that Q)
changes sign. As we are assuming that M is greater than 1, the degree of Ry is
less than 2j9. Considering the expansions of R; and @ in spherical harmonics,
we see that they are orthogonal in L?(do) [Ste70, p. 69]. Hence

0= [ Ri(€) Q) do(e) = [ B} @u(€) do(s),

which tells us that (); changes sign.

Since Pajy.1 = Hﬂi 5 Ry, we conclude that one of the Ry, say Rg, divides
the Paj1, jo < j < N. An inductive argument gives that Pyj, divides the Pj,
jo < j < N. At the k-th step, one should observe that QQ = ]_[f:1 R; Q. and

k k
0= [TI @) Q) do(©) = [ TT FHE) Qu(©) do(©),
=1 =1

so that Qi changes sign. It is also important to remark that

azp,k( ZMJ ) Poj (o), 1<k<M.
J=jo
Thus, at the M-th step, we get
(65) azjo,m (§0) = Caj # 0

for p = jo. We have P; = Py, QQ2;—2j, for some homogeneous polynomials
Q2j—2j, of degree 2j — 2jo, and so

Z V2j PQJ |£|2N &

J=jo

N
= P, (§) Z Y25 Q25—2j, (5)’5‘2N72j .

J=Jo
By (62) and the definition of the coefficients as) ar(§o), for || =1 and 0 < r,
we get,

<C 0<r.

Z a2p, M 50 r »

p=jo

Z Y25 Q2j-2jo (o),

J=jo

Taking (65) into account, we conclude that

N

> Y25 Q2j—2jo(€0) #0, || =1,

Jj=jo

which completes the proof of the necessary condition in the polynomial case.
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6. Proof of the necessary condition: the general case

In this section the kernel of our operator has the general form K(z) =
Q(x)/|z|™ with Q a homogeneous function of degree 0, with vanishing integral
on the sphere and of class C°°(S"~1). Then Q(z) = Y731 Poj (z)/|z|% with Py;
a homogeneous, harmonic polynomial of degree 2j. The strategy consists in
passing to the polynomial case by looking at a partial sum of the series above.
Set, for each N > 1, Kn(x) = Qn(z)/|z|", where Qn(z) = Zj-v:l Pyj(x)/|z|¥,
and let Ty be the operator with kernel K. The difficulty is now that there
is no obvious way of obtaining the inequality

(66) ITX fll2 < CITn fll2,  f € L*(R™),
from our hypothesis; namely,
IT*fll2 < CITfl2,  f € L*R").

Instead we try to get (66) with ||Tn f||2 replaced by ||Tf]|2 in the right-hand
side plus an additional term which becomes small as N tends to co. We start
as follows:

TN Fll2 < INT fll2 + 1T = T flla

Py(
<SCITfllz+ 11> z |;J+n Xgm\5 * fll2-

>N

By (10), there exists a bounded function b; supported on B such that

Pyj() _ Pyj(z)
|| 27T XR"\B( z) = ‘V|x‘2j+n

xbj.

By Lemma 8(i), HI;; | oo (rn) is bounded uniformly in j, and then an application
of Plancherel yields

Poi( ]

ZPVP2J 7) xbj % f

’2J+
J>N

C (Z ||P2j”oo> ||f||2’
>N

where the supremum norm is taken on the sphere. By (56) applied to T,

X]Rn \E * f

2

TJ{ff:KNXRn\E*f:KN*bN*f+SNXB*f-
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Hence, for each f in L?(R"),

1Snvx * fllz < I Txfll2 + 1K * f bl

<C|Tfla+C (Z ||P2j”oo> [fll2 + [[ KN f % by |l2

J>N

SCOITfll2+ T f *bnll2 +C (Z HPQj\oo) £l

>N

>N

< C|Tf|lz +C (Z ||P2j”oo) 1 £1l2

where in the latest inequality, Lemma 8(i) was used. The above L? inequality
translates, via Plancherel, into the pointwise estimate

(67) SvxB(€) < CIPV.K(€)|+C <Z HPQJHOO) , §#0.

>N

The idea is now to take limits, as N goes to oo, in the preceding inequality.
The remainder of the convergent series will disappear and we will get a useful
analog of (57). The first task is to clarify how the left-hand side converges.

Set £ = r &, with |{p| = 1 and r > 0. Rewrite (60) with S replaced by Sy
and ag, by aé\;:

Snxa(ré) = Za2p o)

It is a remarkable key fact that, for a fixed p, the sequence of the aé\; stabilizes
for N large. This fact depends on a laborious computation of various constants
and will be proved in Section 7 in the following form.

LEMMA 11. Ifp+1 < N, then a, —aé’;l.

Ifp>1and p+1< N, we set ag, = azp. We need an estimate for the
aé\]fj, which will be proved as well in Section 7.

LEMMA 12. We have, for a constant C depending only on n,

C p
T > IPylle, 1<p< N -1

(68) lagy| < W P

and

C(2+N-1\H
o =g () X el 1<x <0
‘]:
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Let us prove that for each &) in the sphere, the sequence Sy xp(r &)
converges uniformly on 0 <r < 1. For 1 < N < M,

S X (ré) - mm)\

<D Jagylr? + Z Jazp|r® + D lagy|r*

p=N p>M
1 (5+N-—-1
<ol w3z ZHPaH
- N _ 71100 »
(4 N -1 SN (p '4p
which clearly tends to 0 as N goes to oo. Letting N go to oo in (67), we get

Z a2p (50) T2p

p=1

(70) 30\137/?(50)!7 0<r<1, [§|=1.

At this point we may repeat almost verbatim the proof we presented in the
previous section, because the coefficients aé\; stabilize. This allows us to argue
as in the polynomial case. The only difference lays in the fact that now we are
dealing with infinite sums. However, no convergence problems will really arise
because of (35).

7. Proof of the combinatorial lemmata

This section will be devoted to prove Lemmas 10, 11 and 12 stated and
used in the preceding sections.

For the proof of Lemma 10 (see §5) we need to carefully trace back the
path that led us to the constants Co;. To begin with, we need a formula for
the coefficients A; in (11), and for that it is essential to have the expression
for the fundamental solution Ey = E% of A" in R™. One has [ACL83]

En(z) = Wl_QN(a(n,N) + B(n, N)log |z|?),

where o and (3 are constants that depend on n and N. To write in close form
a and 3, we consider different cases. Let w, be the surface measure of S”~ 1.

Case 1: n is odd. Then

I'2-3)
ANT(N-DITIN+1-2)2—n)w,

a(n,N) =

and

B(n,N)=0.
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Case 2: n is even, n # 2 and N < § — 1. Then
()N (3 - N - 1)!

N =
a(n, N) ANIN = D2 —2)1 (2 — 1) wn

and

B(n,N)=0.

Case 3: n is even, n # 2 and N > 5. Then
1
n,N) = =
N O 01 G -2l - e

and

where Sy = 0 and
Lo
Sp=> =+
= 2k
Case 4: n = 2. Then

B(2,N) = !

1
2 AN=I(N — 1)12

and
O[(2,N) = 2/8(27N) SN-1-
Recall that the constants Ay, A1,..., Asny_1 are chosen so that the func-
tion (see (11))
(1) ¢(x) = E(x) xgmp(@) + (Ao + Ar [a]* + - + Aoy |2[*N72) xp (@),

and all its partial derivatives of order not greater than 2N — 1 extend contin-
uously up to 0B.

LEmMA 13. For L=N+1,...,2N — 1, we have

Cove ()

Ar =
PTVAN(L+ 2 - N)2N - L - 1)L

where V, is the volume of the unit ball.

Proof. Set t = |z|?, so that

n

(72) Ev(z) = E(t) =tV "2(a+ Blog(t)).

Let P(t) be the polynomial Z%ﬁal Artt. By Corollary 2 in Section 2, we
need that
PP (1) =EM(1), 0<k<2N-1.
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By Taylor’s expansion, we have P(t) = 3281 Eiz!(l) (t — 1), and hence,
by the binomial formula applied to (t — 1),

2N—1 1 )

EZ)(l) i—L?

A=Y S (=)TH ) 0<L<2N-1.
i=L :

Now we want to compute EV(1). Clearly

(jty(t]v_g):(N—Z)...(N_Z_i_kl)t]v_g_i.

Notice that the logarithmic term in (72) only appears when the dimension n
is even. In this case, for each i > N + 1,

(4 g = (5 o5 s )t

Hence, for i > N + 1, we obtain

EV(1) = a(n, N) (N—E>-~-<n—ﬁ—i+1)

2 2
+ B(n, N) (N - g)!(—ui*m%*l (z ~N+Z- 1)!
Consequently,
I 2Vt n n o (=1 (i
(73)  Ap = (=1)"a(n,N) ; (N—g)---(N—i—H—l) : <L>
()P B, N (N - ;>!2§1 (i-N+3- 1)'(5) .

Let us remark that for the cases n =2 or n even and N > 3, the first term in
(73) is zero, while for the cases n odd or n even and N < § — 1, the second
term is zero because S(n, N) = 0. This explains why we compute below the
two terms separately.

For the first term we show that

2N—-1

4) 3 (N_Z)...(N—’;_Hl)(—ill)iG)

(A
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Indeed, the left-hand side of (74) is, setting k =i — L,

1 2N—-1-L (_1)L+k:

n n
o2 (V=) (NG rmkn)
)QNi‘L<g+L—N+k—1)
k

(T,

where the last identity comes from ([GKP94, (5.9), p. 159]).
To compute the second term we first show that

2N—-1 .
. n 1(i (L-N+2-1)/N+2-1
75 <—JV 7—1)7 = 2 2 :
(75) Z; TS ﬂ(L) Il (ﬂV—l—L

Il
0
—_
~—
~
=
&~
I3

As before, setting k = i — L and applying [GKP94, (5.9), p. 159], we see that
the left-hand side of (75) is

1 2N—1—-L n 1
- — — | -
7 X:(L+k N+2 1>m

k=0
2N—1—-L /n
n D4 L-N+k—1
=(L-N f—Q! 2
( +3 S ( )

k
k=0
(L-N+3-DI(N+3-1
Ll ON-1-L)°

We are now ready to complete the proof of the lemma distinguishing four
cases.

Case 1: n odd. Since 3(n,N) = 0, replacing in (73) a(n, N) by its value
and using (74) we get, by elementary arithmetics and the identity n 'V, = wy,

()2 - %) N-3\(5+N-1
AL:4N4@V—Uwuv+1fgx2—nm%“4ﬁ< L2><§V—1—L>
B (-DVNFEN+2 1) (341)
ANV, LI(2N —1—-L)!(L+ % — N)(N —1)!

o ()

TNV, N —1-L)(L+2—-N)’
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Case 2: n even, n # 2 and N < § — 1. As in Case 1, B(n
proceed similarly using (74) to obtain

(D" =)V (G - N - 1) Nozy (N+2-1
AL:4N(N 1)! (7—5) (2—n)wn(_1)L< L ><2N—21—L)
B (_1)N+1(N;Z— )%(n_ ~DH(N=2)-- (N -

N (2N —1— L)V LV4N=1(2 —n)wy, (5 —2)! (5 — N + L)!

(—1)V <N+g71)

N) =10. We

|3
|
~
+
_
=

_ N (-)L(3 = N+L—1)
4NV, LI(2N —1- L) (3 —N+L)
_1\N+L (N+5-1
oM ()

ANV, LIQN 1D (L+2-N)’

Case 3: n even,n # 2 and N > 5. Replacing in (73) a(n, N) and 3(n, N)
by their values and using (75), by elementary arithmetics and the identity
nV, = wn, we get

2N—-1

AL = Bln, N)(N = T(-p)Nea i ; (1= N+ 7 - 1) 1 (2)

il

()N LN+ 5 1) N+2-1
T LANTI(5 —2)I(N - n) ( )

N2 — 2N —1-1L
_ (DM VR - 1) N+3-1
AN=1(2 —n)w, L!I2N —1-L)(5 - N+L)\ N-1
_1\L+N (N+35-1
_ o ()
ANLIWV,2N —1-L)!(2 =N+ L)
Case 4: n = 2. Proceeding as in Case 3, we obtain
Ap = Bl MYV = ¥ Y v By
L= 2 P 2~ i\L
(—)NHEN!
© 2wodN-ILN(N - 1)!(2N —1 - L)(L+1—N)
L+N ( N
_ (=1)™" (N—1> 0
VANLI2n—1— L)(L+1—N)~

Proof of Lemma 10. Recall that (see (61))

2N—-1

Coj= > crji-N-j Grrn+;(0).
I=N+j
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Thus, we have to compute the constants ¢, appearing in expression (59)

for S@(f ). For that we need the constants ¢; ; appearing in formula (22) for
S(x). We start by computing Py;(0)AN7I(|z[#). Using (20) and Lemma 4,
one gets

» ANI(N — N (1=1+ 3 CN—i
Paj (9)AN J<|xr”>=(l_gv_j))!( N )Pax )N

ifl-N—-j>0(and =0if [ - N — 5 <0).
As in (25), we want to compute ng(f))Al_N_ng(g) by using Lemma 3
applied to f(r) = Gz(r) and the homogeneous polynomial

L(z) = Pyj(z) [a*~N9).
We obtain

Paj(9) AN G (€)

_1)\k )
= (—1)2=MH ﬁﬁk(&j(@mz(l_]\fﬁ) Gaiog—n)-k(§)

>0 2k k!
I-N—j . .
_ ZJ(—1)’f4k (I—N —j)! ol 4+j+1-N-1
2 kR (I—N—j—k)! k
X Pyj(€)]€|H NIk Grnio-n)-k(§) -

In view of the definitions of Q(x) and S(x),

aN—1 aN—1 '
S(z) = -Q(9) ( > Azlﬂfl”) = Z Aszngj (0) AN (| )

2N—1 [—-N N

4 (N [-1+4+35 o

- > YA 112 .) 2 ) Pyj() || 2N
-N-\ N—j

I=N+1 j=1 :

2N—1 |-N

= > > Py() PN

I=N+1 j=1

where the last identity defines the ¢; ;. In (59) we set

= >l (=1)"N Py(0) AN G (6)

vk P2J< )‘f‘z(l N=i= k)Gg+2l—2ka(§)-
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Consequently,

N (=D I-N—-j)! (2+j+]l-N-1
i = g (1) N(zk) 4k(l(—N—j—)k)!(2 k

ANIWN = 1—1+12
= (-1 l+k‘+NA . 2
- E TN =N

(I-N—j) (Z4j+I-N-1
(l—N—j—k)!( k )

Replacing A; by the formula given in Lemma 13 and performing some easy
arithmetics, we get

INHEZUN opoar oy (11HR [ BjH-N—1
(—1)k723( N )2 (N ])!( ijz)(Q k )
V.  (+2-NEN_-DII-N_j—k)

The final computation of the Cy; is as follows:

x 2k

(76) Cl,j,lc = —

2N—1
Coj= Y c151-N—j Gzi1-n+;(0)
I=N+j
= [by the explicit value of G,(0) given in (78) below]
2&1 . 1
= Lj,-N—j TR =N ;
N PO HENHID(R 4] - N 45 +1)
= [by (76)]
_ . (N+F-1N\g1—N—j Y I-1+Z Z4j+l-N-1
2 ()N 723( N1 )2 (N ])‘( N—]'Z)(2 I-N—j )

)

I=N-+j

Vi (I4+2-N)@2N—1-1)125 - NP2 4] - N4j+1)

= [substituting the value given in (7) in o]

TG () v )

- N-1
V,D(j+ 2)22+2
- _\4N (F1+3 24j+Hl-N-1
X 2%:1 ( 2 ( N—j )( I-N—j )
i U+ 5 =N)@N =1 -1I0(5 +1 = N+j+1)
= [setting | =i 4+ N + 7]
no . [ N+2—-1 ]
— _WQF(]) ( Nil ) (N =)
V.I(j + %)25+2j
N—-1—j _1\i+J Z'+N+j—1+% ny9i4i—1
X ’ =D ( N—j ) (2 i )

o (i+j+ 5N —i—j— DT (E+i+2j+1)
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i

= [becauseF(2+z+2]+1) F(2j+%)n(g+2j+i—k)]

k=0
;on . N+2_-1 .
AT () (V)
Val'(j + 3)2279T (2 + 3)
i (i+N+j—-1+2 Z242j+i—1
N2 (_l)l( N—j 2)(2 i )

X .
2 (i+j+5)(N—i—j—1) ITj— o5 +2j+i—k)
= [using Lemma 14 below]
. on 3 N+2Z2—-1 . '
OO ) Dty TG+
Vo I(j + )22 72125 + 1) -1
't (-1y
V22F( +1) j4T(25+5)
LEMMA 14. For each 3 =1,...,N — 1,
N—-1-j oy (FNAIIHS Y B2+ »
s (AT CTT) ey ey
S (it PN =i =i = Do +2i+i—k)  \i—1)T(N+5)

Proof. Divide the left-hand side by the right-hand side and denote the
quotient by A. We have to prove that A = 1. Using elementary arithmetics,

(i+N;j—jl+g) (%—i—?jl-l—i—l) F(N 4 %)

(+i+ 9 Teeo(3+2/+i—k)T(+5%)

NAidtj+2-1\( N+2-1 \(N—i—j—-D(24+itj—1
N—j—1 N—i—j—1 N—j i ’

and so

y Ni‘ﬂ N+t j+2 =1\ N+2-1 \[(24itj—1
)(N N—j—1 N—i—j—1 i

=

e (7))

B Ni (N+z+]+2—1>( N+2% -1 )(_g_j)
(fj:ll)(N N—-j—1 N—i—j—1 i
= [by the trlple—blnomlal identity (5.28) of ([GKP94, p. 171]); see below]

a0 )it

7—1
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For the reader’s convenience and later reference we state the triple-binomial
identity [GKP94, (5.28), p. 171]:

“(m—r+s\(n+r—s\[(r+k r\ (s
7 =
where m and n are nonnegative integers. O

Our next task is to prove Lemmas 11 and 12. Setting £ = r&o, |$] = 1,
n (59) we obtain

2N—1 [-NI-N—j

SNXB réo) = Z Z Z c 5,k Paj(réo) ’7'50’” NI k)G"+2l an—1(r60)

I=N+1j=1 k=0
[make the change of indexes | = N + 5]

N—-1 s s—j
Z ¢ N, j, k Paj(&0) 7 k)G%+237k(7ﬂ)
s=1 j=1k=0
N—-1N-1s—j
= CN sk Poj(§0) T2 G o i(r)
]:1 s=j k=0
= Z ay,(§0)rP
p=1

In order to compute the coefficients aé\; (&0), we substitute the power series
expansion of Gy(r) [Gra04, A-8]; namely,

(78) Gy =Y )
T T (g i+ 1) 22

in the last triple sum above.

Proof of Lemma 11. We are assuming that 1 < p < N —1. It is important
to remark that, for this range of p, after introducing (78) in the triple sum
above, only the values of the index j satisfying 1 < j < p are involved in the
expression for aé\;. Once (78) has been introduced in the triple sum, one should
sum, in principle, on the four indexes i, j, s and k. But since we are looking
at the coefficient of 7?7, we have the relation 2(s — k) +2i = 2p, which actually
leaves us with three indexes. The range of each of these indexes is easy to
determine and one gets

p—j N-1
a2p ZPQJ &o) Z C Ns, j, s—(p—i) X coefficient of 72" from Goysipi(r).

=0 s=p—1i
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In view of (78),

p—j N-1 (_1)i

ZPQJ *EO Z Z CN+s,j,s—

1=0 s=p—1

(p—i) !2i+%+s+PF(%+S+p+1)
= [by the expression (76) for ¢ ;]

P p—j N—1 (—1)i+1 (—=1)*— (=9
Z:: 24(%0) %S_ZP:Z 2R L sy p+ 1) Vi

yoi (VEET ) 20 (N — ) .(N+5 5 )( 2t 1)
)

(s+5)N —=s—=1Dl(p—i—yj)

p —1)I720(5) (N — j)! e (N]J\r[%11>
DY B P e S )
) Nzl o (") <7tj<:—_>l>
G+O(N—s—DT(Z+s+p+1)

s=p—i

In Lemma 15 below we give a useful compact form for the last sum. Using
it, we obtain

j n . . 'pfj <N+%_1>
aV — p+1z (-1) WQF(J)(N—J)- N—1
2p — p—i—

Easy arithmetics with binomial coefficients gives

(NJJ\;a_l)(N_p_l)!(Np_ 1>F(N1+ 7y~ p!r(gﬂ)‘

We finally get the extremely surprising identity

(79)
o —m3 (-1’1 P2] ) Ii (1)’

2p — n TS

PV (R r ) T(S S —i— (T Y
in which N has miraculously disappeared. Thus Lemma 11 is proved. O

Proof of Lemma 12. We start by proving the inequality (68), so that 1 <
p < N —1. We roughly estimate ag, = aé\; by putting the absolute value inside
the sums in (79). The absolute value of each term in the innermost sum in
(79) is obviously not greater than 1, and there are at most p terms. The factor
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in front of P5;(§p) is again not greater than 1 in absolute value. Denoting by
C' the terms that depend only on n, we obtain the desired inequality (68).
We turn now to the proof of inequality (69). Recall that

—1N—-1s—

Sn x5 (ré) Za’Zp €o)r Z Z ZCN+5 ik Poj(€0) PN Gl g k(1)
j=1 s=j k=0

Replacing G%Hs,k(r) by the expression given by (78), we obtain, as before, a
sum with four indexes. Now we eliminate the index i of (78) using s—k+i =p
Hence

N—-1s—j
a2p Z Py;(&o) Z Z CN+s,j,k X coefficient of r2P=s+k) from G%Jrgs_k(r)
s=j k=0
N— 1 N—-1s—j (_1)p—s+k:
= 50 CN+s, 4, n
9:1 Sz; kz% Sd b (p—s+E)T(5+p+s— 1)2%F5+k
N—1 N 1—j NZ:I ( )p s+k
= CN+s,j,k [
j:l k=0 s= ]-‘rk —s+ k(5 +p+s— 1)2%Pt etk

_ (Vg
= Vn4p2% ( N — z_: 72jP2j 50 kz:: :z:

oo g () ()
“—s+ k(2 tp+s+1)(s+ 5)(N—s—1).(s—j—k:)!'

The second identity is just (78). The third is a change of the order of summa-
tion and the latest follows from the formula (76) for the constants c; j .
In view of the elementary fact that

(N_j)!<N+s—1+’;>(;+j+s—1) _ T(s+5+N)

N-—j k ET(s+ 245 —k)
we get
oy NAs—14+5\ [ Z4j+s—1
N—-1 —1)s — | 2
SR DL MOV
= S s TRT(G +p+s+D(s+ 5N —s = Dl(s —j — b)!
N—-1—j 1
< > =
Kl
N-1 1
DI " e (N (s —j — k)!
S P+ 5+ — k) (p — s+R)!(G+p+s)(s+5) (N —s = Dl(s —j — k)!
N—-1—j 1 N—-1 )
S Z 7' <€,

k=0 " s=jtk (s—j—k!~
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where in the first inequality we used that, since N < p,

I(s+5+N) < 1
F'3+p+s+1) = Z+p+s’
The proof of (69) is complete. O

LEMMA 15. Let N —1> L > j >k >0 be integers. Then

N—1 (_1)8 <g+N+s—1) (%—Hﬁ-s—l)
N—k s—j

S AN —s—DT(E +s+L+1)

B (N—L-1)(N-1 1 1
= (=1 (N —k)! < L >k!F(”+N) (%+k]jj—1)'

2
Proof. To simplify notation set
_ _1\s [(FHN+s-1 SAk4s—1
L (P ()
(s +5)(N—-—s-DII(5+s+L+1)

s=j

Making the change of index of summation ¢ = s — j and using repeatedly the
identity I'(z + 1) = « I'(z), we have

A= i Ni_j (—1) (%H\;\i:j’l) (%+k+ii+j—1)
FG+i+L0) i (443N —i—j = D{Il=o(5 +iti+L =)}
(1)

=— B,
I'(5+j+1L)
where the last identity defines B. To compute B we need to rewrite the terms
in a more convenient way so that we may apply well-known equalities, among
which the triple-binomial identity (77). Notice that
FHN+i+j =1\ [ Ztk4itj—1
COT) )
{ITp=o(5 +i+ji+L—-p)}
:(N—L—l)!(L—k:)! s+N+i+j—-1\(5+j+L—1
/(N —k)! N-L-1 L—k ’

Hence

BiN*H (—1){(N—L—1)}(L —k)! B4 N4itj—1\(2+j+L—1
=2 z‘!(N—k)!(N—z’—j—l)!(i—i—j—i—g)( N—-L-1 )( L—k )

i=0
Since clearly

(3 +N) 1 _( 2EN-L (i1
D(2+4) (i4j+5)(N—i—j—1)! \N—-j—i—1 i "
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B can be written as

g LG+HIWN —L-DUL-K)! (5 +j+L—1
N L5+ N)(N —k)! L—k
N‘” PAN-1 (2 4ji—1\ [P+ N+itj—1
X
= N—]—z—l 1 N-L-1

TG +HN—L- (LK) (B4 j+L-1
T2 + NV — k)l ( Lk )C’

where the last identity defines C.

To simplify notation set L = m + j, where 0 < m < L — j. Using the
elementary identity

DAN-1 \(5+i+j—1\ (N —j)! Z4N-1
N—j—i—1 i A (N—i—j-DN(E+i+)\ N—j )’

we get,

SH+N+itj—1

Z4N-1 N (—1)f (o
c:<zN_j )(N—m S NI T

The only task left is the computation of the sum

VIO YT
D(Gm) = Y Tl
’ — NN —i—j =15 +i+7)

The identity

1 1 1 1
ity B+ +i+j)’

yields the expression

Dl m Ni] (—1) <g+z‘+j+N—1)
1 (54N —i—j -1\ N—j—m—1
—1—9 . .
Z’ (—1)% s+i+j+N-1 .
= NG+ HNE )N —i—j DI\ N—j-m—1
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The first sum in the above expression for D(j, m) turns out to vanish for m > 1.

This is because
Ni_j (1) ’5+i+j+N—1>
i=0 (5+7)i(N—i—j—-—1I\ N—j-—m-—1
= 1 Nzl:j(_l)i(N—j—1)<g+i+j+N—1>
(N-j-D'3+)) & ; Nejomo1
— (~1)N-iL 5+Jj+N-1
—-m

=0 ,
where the next to the last equality follows from an identity proven in [GKP94,

(5.24), p. 169] and the last equality follows from the fact that <Z) = 0 provided
k is a negative integer. Hence, setting s =7 — 1,
B+itj+N-—1

N—-1—j »
o ’ (1)1
DGm) == 3 i!(g+j)(g+j+z‘)(N—z'—j—1)!< N—-j—-—m—1 >

=0
o B+ +N+s—1 )
o v (Jf) ! (—1) (N—(j+1>—<m—1>—1
5+ S slEHs+ )N -(G+1) —s—1)
= —— D@ +1,m—1).
(3 +7) ( )

Repeating the above argument m times we obtain that
1
D(L,0).

D(j,m) = Z+)E+i+1D) - (2+j+m—1)

To compute D(L,0) we use the elementary identity
1 SN =L—s-DII'(5+L) (4 +L+s5-1 5+N-1
(24+L+s) L(2+N) s N—L-s—1)’
from which we get
N—-1-L
N2+ L)
DL = 3 (-2t
s;) I'(5+N)
(BT LAs =1\ BN -1\ (LN +s-1
S N—-L—-s—1 N—-L-1
_T(Z+1L) NlL(—’%—L)( T4+ N-1 )<3+L+N+s—1
IN'(3+N) %= s N—-L-s—1 N-L-1
_ I'(g+1L) (Nl)
Ng+N)\ L )’

)
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where in the second identity we applied [GKP94, (5.14), p. 164] and the latest
equality is consequence of the triple-binomial identity [GKP94, (5.28), p. 171]
(forn=N-L—-1,m=0,r=5+N+L~-1and s= N —1). Consequently,

£(§+L) (N—1> _ 1n
5+N)\ L J(5+4) - (5+L—-1)
_F(§+j)(N—1>'

D(j,m) =

re+nN\ L
Hence
[t N-1 o, TG+ (N-1
C‘( N-j )“V ”’r<’;+N>< L )
and
PB4 (N-L-D(L k) (24+j+L-1\(2+N-1
R T R T LAV | (P

(R e (),

Finally, after appropriate simplifications,
(-1y
I'(5+j5+1L)
N—1
:(_1)j(N—L—1)! (LZ |
(N =F)! D2+ Nkl

Y

which completes the proof of the lemma. O

8. Examples and questions

Example 1. Consider the polynomial operator 7' = T in R? determined

by
3 3
Ty Yy — xyY

where z = x + iy. We claim that the inequality || 7% fll2 < C||Tafll2, f €

L?(R?), holds if and only if |A\| < 2. This follows from the theorem because
the multiplier of the operator T} is

&n T (&2 —n?)
€2 + 2 <_W+A2 £2 + 2 ) ’

5237"7]2 is the multiplier of a second order Riesz Transform and the function

2 .2
—T+ A5 (§2+:772) has no zeroes on the unit circle if and only if |\| < 2.
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Ezxample 2. Let B stand for the Beurling transform and consider the op-
erator

T\=B—-)\B?> \eC,

which corresponds to

1 <2152 9 =4
O) = —— (z!z\—i—Az) .

m |2[*

In this case the multiplier is

£ -8 ¢ €
g (1) e

which is the multiplier of B times a function that vanishes on the unit circle

if and only if |A| = 1. Then the theorem tells us that ||T5 f|2 < C||Txfl2,

f € L*(R?), if and only if |A| # 1. Indeed, strictly speaking, the necessary

condition of the theorem, i.e., (iii) implies (i), applies only to real homogeneous

polynomials. However, in the case at hand, the factorization results one needs

can be checked by direct inspection.

Ezample 3. We give an example of a polynomial operator 7" which is of
the form T' = R o U, where R is an even higher order Riesz Transform and
U is invertible, but the L? inequality ||T*f|l2 < C||Tfll2, f € L?*(R™), does
not hold. The operator T is associated with the homogenous polynomial of
degree 8

1 1 1
P(:E7y) = PQ(IL‘,Z/)(I’Q + y2)3 +¢ (fP4(LL‘,y)(Jf2 + y2)2 - Pg(l’,y)) )
72 Y4 V8

where

Py(a,y) =wzy,  Pa(z,y) =" - 627y +y,
and

Ps(z,y) = 28 + y® — 282592 — 2822y + 7021y

are harmonic polynomials and ¢ is small enough. Notice that P» does not divide
Py or Ps. Therefore, by the Theorem, there is no control of T in terms of T'.
On the other hand, Py and Ps have been chosen so that Py (&1, &) |€|* — Ps(&1, &2)
is divisible by P, and so the multiplier of T is

Py (&1,62) +€<P4(§17§2) P8(§1,€2)> _ P(&,8) <1+€Q(€17§2)>

€]2 s el €[2 €[6

where () is a homogeneous polynomial of degree 6. Define R as the higher
order Riesz transform whose multiplier is PQ(‘ZE&) and U as the operator whose

multiplier is 1 4 5% If € is small enough, then U is invertible.




1480 JOAN MATEU, JOAN OROBITG, and JOAN VERDERA

Ezample 4. We show here that condition (iii) in the theorem is very re-
strictive. Take n = 2. Since Q(e”) is an even function, it has, modulo a
rotation, a Fourier series expansion of the type
(80) Qe = Zaj sin(250) .

jz1
Thus the harmonic polynomials P; are
2j _ %2
Py(2) = a7 %z
If a; # 0, then P5; vanishes exactly on 2j straight lines through the origin
uniformly distributed and containing the two axis. Each such line is determined
by a pair of opposed 4j-th roots of the unity. Assume now that the operator
determined by Q(e') satisfies condition (iii) of the theorem. Let jo be the first
positive integer with aj, # 0. Then only the a; with j a multiple of jpo may
be nonzero, owing to the particular structure of the zero set of P;. In other
words, the first nonzero P; determines all the others, modulo the constants a;.

Example 5. Now, we show a method to construct even kernels in R? that
satisfy condition (iii) in the theorem. It can be easily adapted to any dimension.
The kernel is determined by the function

Q(CE, Y, Z) =y Z €5 QQj(‘T7 Y, Z) )
Jj=>0
where the sequence (¢;) is chosen so that Q is in C°°(S?) and the Qo; are
defined by

2j
Q2j($7 Y, Z) = Z Ck y2k Z2]_2k .

k=0
The ¢ are determined by a recurrent formula obtained by requiring that
2y Q2j(x,y,2) is harmonic. Computing its Laplacean, we get the recurrent
condition

2k(2k 4+ 1
—CLaR) L 1<k<j,

2] —2k+1)(2j —2k+2)

where ¢y may be freely chosen.

Cr = —Ck—l(

We would like to close the paper by asking a couple of questions which we
have not been able to answer.

Question 1. Since our methods are very much dependent on the Fourier
transform, we do not know whether either the weak type inequality

IT* fll1c0 < CIITF 1y

or the LP inequality with 1 < p < oo, p # 2,
IT*fllp < CITfllp, | € LP(R),
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imply the L? inequality
IT* fll2 < CITfll2,  f e L*R™).

As suggested by Carlos Pérez, this might be related to interpolation results for
couples of sub-linear operators.

Question 2. How far may the smoothness assumption on €2 be weakened?
More concretely, does the theorem still hold true for  of class C™(S™~ 1) for
some positive integer m?
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