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Fast methods to compute
the Riemann zeta function

By GHAITH AYESH HIARY

Abstract

The Riemann zeta function on the critical line can be computed using
a straightforward application of the Riemann-Siegel formula, Schonhage’s
method, or Heath-Brown’s method. The complexities of these methods
have exponents 1/2, 3/8, and 1/3 respectively. In this article, three new
fast and potentially practical methods to compute zeta are presented. One
method is very simple. Its complexity has exponent 2/5. A second method
relies on this author’s algorithm to compute quadratic exponential sums.
Its complexity has exponent 1/3. The third method, which is our main
result, employs an algorithm developed here to compute cubic exponential
sums with a small cubic coefficient. Its complexity has exponent 4/13
(approximately, 0.307).

1. Introduction

The Riemann zeta function is defined by

(1) (=3 L

It can be continued analytically to the entire complex plane except for a simple
pole at s = 1. The values of ((1/24it) on finite intervals are of great interest to
number theorists. For example, they are used in the numerical verification of
the Riemann Hypothesis, and more recently, as numerical evidence for appar-
ent connections between the zeta function and certain random matrix theory
models.

Such considerations have motivated searches for methods to numerically
evaluate ¢(1/2 + it) to within +¢=* for any ¢ > 1 and any fixed A. Searches
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for such methods can also be motivated from a computational complexity per-
spective, for the zeta function is of fundamental importance in number theory,
so one may simply ask: how fast can it be computed?

In this article, new fast methods to numerically evaluate ((1/2 + it) to
within & ¢~ for any ¢ > 1 and any fixed A are presented. Our fastest method
has complexity t*/13+x(1) (notice 4/13 ~ 0.307). This improves by a notice-
able margin on the “complexity bound” of t!/3+x(1)_ (The notations Oy (t)
and t*() indicate asymptotic constants depend only on A, and are taken as
t— 0.)

Our main result is the following upper bound on the number of arith-
metic operations (additions, multiplications, evaluations of the logarithm of a
positive number, and evaluations of the complex exponential) on numbers of
Ox((logt)?) bits that our fastest algorithm uses.

THEOREM 1.1. Given any constant X\, there are effectively computable
constants Ay = A1(N), Ag := Ay(N), Ag := Az(N), and Ay := Ay(N), and ab-
solute constants k1, ko, and k3, such that for any t > 1, the value of ((1/2+1it)
can be computed to within £t~ using < A; (logt)™ t*/13 operations on num-
bers of < Ay (logt)? bits, provided a precomputation costing < As (logt)" t*/13
operations, and requiring < A4 (logt)"s t4/13 bits of storage, is performed.

We did not try to obtain numerical values for the constants k1, k2, and k3,
in the statement of the theorem. With some optimization, it is likely each can
be taken around 4. We remark that a bit-complexity bound follows routinely
from the arithmetic operations bound because all the numbers occurring in our
algorithm have Oy((logt)?) bits. Also, our algorithm can be modified easily
so that arithmetic is performed using O, (logt) bits, which is what one should
do in a practical version.

All of our methods immediately generalize off the critical line since the
Riemann-Siegel formula (1.2) can be generalized there. The methods exclu-
sively tackle the issue of accurately computing the main sum (1.3) in the
Riemann-Siegel formula, so they are quite independent of the precise choice of
the remainder function there.

There are several known methods to compute ¢(1/2 + it) to within +¢=*
for any t > 1 and any fixed A. An elementary such method is usually derived
from the Euler-Maclaurin summation formula. The majority of the computa-
tional effort in that method is in computing a main sum of length O, (t) terms,
where each term is of the form n~'/2 exp(itlog n); see [Edw01] and [Rub05] for
a detailed description.

Another method to compute ((1/2+it) relies on a straightforward applica-
tion of the Riemann-Siegel formula, which has a main sum of length | \/¢/(27)]
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terms. A simplified version of that formula on the critical line is
(1.2)

C(1/2 + it) = e~ <2 e~ 0 i: 2 exp(it log n)) + (1) +O(t™),

where n; = [/t/(2m)], and 6(t) and ®y(t) are certain generally understood
functions. Odlyzko and Schonhage [OS88] showed that the rotation factor 6(t)
and the remainder term ®) () can both be evaluated to within +¢~* for any A
using t°»(1) operations on numbers of Oy (logt) bits. So to calculate ¢(1/2+it)
using (1.2) directly, the bulk of the computational effort is exerted on the main
sum, which is

(1.3) Z n~ Y2 exp(itlogn), ny = [\/t/(27)].

Odlyzko and Schénhage [OS88] derived a practical algorithm to simultane-
ously compute any |T"'/2| values of ((1/2 + it) in the interval t € [T, T +1T"/?],
to within +7~* each, using T%/2t°x(1) arithmetic operations on numbers
of Ox(logT) bits, and requiring TY2+ex() bits of storage. The Odlyzko-
Schonhage algorithm does not reduce the cost of a single evaluation of zeta be-
cause it requires numerically evaluating a certain sum of length about \/t/(2m)
terms, which is the same length as the Riemann-Siegel main sum (1.3).

Schénhage [Sch90] improved the complexity of a single evaluation of zeta
to t3/8+ox(1) gperations on numbers of Ox(logt) bits, and requiring ¢3/8+0x(1)
bits of storage. Schonhage [Sch90] employed the Fast Fourier Transform (FFT)
and subdivisions of the main sum in the Riemann-Siegel formula to derive his
algorithm.

Heath-Brown [HB| later presented a method that further lowered the cost
of a single evaluation to about t'/3 operations. He described the approach in
the following way:

The underlying idea was to break the zeta-sum into t!/3 sub-
sums of length ¢'/%, on each of which exp(itlog(n + h)) could
be approximated by a quadratic exponential e(Ah+Bh?+ f(h))
with f(h) = O(1). One would then pick a rational approxima-
tion a/q to B and write the sum in terms of complete Gauss
sums to modulus gq.

This is motivated by Section 5.2 in Titchmarsh, but using
explicit formulae with Gauss sums in place of Weyl squaring.

The problem of numerically evaluating ((1/2 + it) was also considered by
Turing [Turb3], Berry and Keating [BK92|, and Rubinstein [Rub05], among
others.
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The work of [Sch90] and [HB] (see also [Tit86, p. 99 and §2]) makes it quite
apparent that a possible approach to improving the complexity of computing
zeta is to find efficient methods to numerically evaluate exponential sums of
the form

K
(1.4) % S Wexp@nif(k)),  f(z) € Rla].
k=1

This is our approach to improving the complexity of computing zeta. We
derive algorithms that enable faster evaluations of the sum (1.4) when f(x) is
a quadratic polynomial or a cubic polynomial, with additional restrictions on
the size of the cubic coefficient in latter. The basic idea is to apply Poisson
summation to (1.4) to obtain a shorter exponential sum of a similar type. This
is followed by an intervention that suitably normalizes the arguments of the
new sum, then another application of Poisson summation, which yields yet
a shorter sum, and so on. Notice the reason that repeated applications of
Poisson summation do not trivialize (i.e. bring us back to where we started)
is precisely because we intervene in between consecutive applications.

We explain the relation between the exponential sums (1.4) and the zeta
function in Section 2. In the same section, we outline three methods to compute
¢(1/2 + it) to within ¢* in asymptotic complexities ¢2/5+ex(1) ¢1/3+0ox(1)
and ¢4/13+ox(1) The first method is rather simple, while the second and third
methods are substantially more complicated. The second method, which has
complexity t1/37°2x() | relies on an efficient and quite involved algorithm to
compute quadratic exponential sums. These are sums of the form (1.4) with
f(x) a (real) quadratic polynomial. A nearly-optimal algorithm to compute
such sums has already been derived in [Hiall]. The third method, which
has complexity t*/13t°x(1) relies on an efficient algorithm to compute cubic
exponential sums with a small cubic coefficient (see §2 for precise details).
This algorithm is developed in Sections 3, 4, and 5.

We wish to make two remarks about the structure and the presentation of
the cubic sums algorithm, which, as mentioned earlier, is the essential compo-
nent of our t4/13+ox(1) method. First, as discussed in Section 3, the algorithm
generalizes that of [Hiall] to compute quadratic exponential sums, except it
incorporates the FFT and a few additional ideas. Second, our motivation for
deriving the algorithm is to enable efficient enough evaluations of cubic sums
rather than obtain elegant asymptotic expressions for them. So, for example,
we describe in Section 4 how the algorithm involves evaluating certain expo-
nential integrals, then we show in Section 5 how to compute each of these
integrals separately. By doing so, however, we obscure that some of these
integrals might combine in a manner that collapses them. We do not con-
cern ourselves with combining or simplifying such integrals since this does not
improve the complexity exponent of our method to compute zeta.
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To summarize, Sections 4 and 5 communicate the details of the cubic sums
algorithm. If one merely wishes to overview the general structure without
getting too involved in the details, then Section 3 might suffice.

2. Outline of fast methods to compute ((1/2 + it)

We first consider the following simplified, but prototypical, situation. Sup-

pose we wish to numerically evaluate the sum

2P—1
(2.1) Z exp(itlogn), P := P, =[0.5\/t/(2m)].

n=P
The sum (2.1) is basically the last half of the Riemann-Siegel main sum for
((o+1it) on the line o = 0. We initially restrict our discussion to this line, and
for the last half of the main sum, because the treatment of other values of o,
as well as of the remainder of the main sum, is completely similar, albeit more
tedious. (See the discussion following Theorem 2.2 for a detailed presentation
on the critical line for the full main sum.)

A direct evaluation of the sum (2.1) to within 4¢=* requires P+or(1)
operations on numbers of O (logt) bits. However, one observes that individual
“blocks” in that sum have a common structure, and that they all can be
expressed in terms of exponential sums of the form (1.4). The new algorithms
take advantage of this common structure to obtain substantially lower running
times.

Specifically, we divide the sum (2.1) into consecutive blocks of length
K := K; each, where, for simplicity, we assume P is multiple of K. So the
sum (2.1) is equal to a sum of P/K blocks:

P+K-1 P+2K—-1 2P—1
(2.2) Z exp(itlogn) + Z exp(itlogn)+---+ Z exp(itlogn) .
n=P n=P+K n=2P—K

Let v :=vpg, = P+ (r — 1)K — 1. Then the v*! block (the one starting
at v) can be written in the form

K-1 K-1
(2.3) Z exp(itlog(v + k)) = exp(itlogv) Z exp(itlog(l + k/v)).
k=0 k=0

Since K — 1 < v, we may apply Taylor expansions to log(1 + k/v) to obtain
(2.4)

K-1 K-1 . .19 .13 14
. ) itk itk itk itk
kz:%exp(zt log(v + k)) = exp(it log v)kz:% exp(v ~ 57 Y 35~ 1y 4. >
There is much flexibility in which block sizes K can be used. For example,

if we choose Pt=1/3 < K < Pt='/3 41, then the sum (2.4) can be reduced to

a linear combination of quadratic exponential sums. Because with this choice
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of K, the ratio K/P is very small and in particular tK3/P3 = O(1), so the
terms in the exponent on the right-hand side of (2.4) become of size O(1)
starting at the cubic term itk®/(3v%) (more precisely, the 7! term, which is
(—1)"titk" /(rv"), is of size < 27t'~"/3). This suggests the cubic and higher
terms in (2.4) should be expanded away as polynomials in k of low degree (say
degree J). This in turn allows us to express the v'" block (2.4) as a linear
combination of quadratic exponential sums
| k-1
(2.5) 7 ];) K exp (2miayok + 2mibok?),  §=0,1,...,J,

plus a small error that we can easily control via our choice of J. It is easy
to see that the coefficients of said linear combination are quickly computable,
and are of size O(1) each.

If the condition Pt~1/3 < K < Pt=1/3 4 1is replaced by PtV < K <
Pt—1/% 11 say, then the cubic term itk®/(3v°) is no longer of size O(1), but
the quartic term —itk?*/(4v%) still satisfies the bound O(1). Thus, on following
a similar procedure as before, each block (2.4) can be reduced to a linear
combination of cubic sums (instead of quadratic sums)

1 K1
(26) 5 kz_% K exp (2miay ok + 2mib k® + 2mico k%), j=0,1,...,J,
where the cubic coefficient ¢; ,, 1= t/(67v3), and K ~ t1/4. Notice by a straight-
forward calculation, we have 0 < ¢;,, < K ~2 50 the range where ¢, can as-
sume values is quite restricted. By comparison, a;, and b, can fall anywhere
in [0,1).

Table 1. Choosing K ~ t° in (2.2), where P ~ t/2 yields a total of
~ t'/27# blocks, each of which can be expressed as a linear combination of
the exponential sums (2.7). Below are examples of the polynomial f3 ;. (z)
in (2.7) for various choices of 3.

B 1/2 =B || faa0(®)

1/10 | 2/5 atv + by pr?
1/8 3/8 at T + bt7vx2
1/6 |1/3 o + by yx?

5/26 | 4/13 AT + by yx? + cppa’

1/5 |3/10 ag o + bt,va + ct,va:?’

1/4 [ 1/4 ato® + bypx? + cp

3/10 | 1/5 at o + beym? + cppx® + dt,vac4

1/3 |1/6 atp® + b y®? + cpr® + dp 2t + e p2°
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Table 2. Bounds, in terms of K, on the absolute values of the coefficients
of the polynomial fz:.(x) in (2.7).

B 1/2 -3 () bt,v Ctv dt,v €t
1/10 | 2/5 1 1

1/8 |3/8 1 1

1/6 |1/3 1 1

5/26 | 4/13 1 1 K—13/5

1/5 | 3/10 1 1 K5/

1/4 |1/4 1 1 K2

3/10 | 1/5 1 1 K—5/3  K—10/3

1/3 | 1/6 1 1 K32 K62 K-9/2

It is plain the procedure described so far can be continued further under
appropriate hypotheses. In general, given 5 € (0,1/2), if the block size K :=
Kpa in (2.2) is chosen according to Pt#~1/2 < K < Pt#~1/2 11, we obtain a
total of & t1/28 blocks, each of which can be expressed as a linear combination
of exponential sums of degree d := dg = [1/(1/2 - )] — 1:

1 K-1 ' '
(27) E Z K exp(zﬂ-zfﬁ,t,v(k)) ) J = 07 17 SR J7
k=0

plus a small error of size O(t#+/(1=(d+1)1/2=8)) /| /(d + 1)]!). Tables 1 and 2
provide examples of the (degree-dz) polynomial fg;,(x) for various choices
of 8. Notice that the error in approximating each block by a linear combination
of the sums (2.7) declines extremely rapidly with J. For example, taking
J = Jgix = [(d+1)(XA+ 3)logt] enables the computations of the v'!' block
to within +¢~*~2 for any fixed .

Furthermore, it is straightforward to show, under mild hypotheses, that
if one is capable of evaluating the exponential sums (2.7), to within +¢ A2
each, for all v € {P,P + K,...,2P — K} (which is a total of ~ (.J 4 1)t/2-#
such sums), using t1/2=F+ox(1) time, then the entire Riemann-Siegel main
sum, rather than its last half (2.2) only, can be computed to within +¢=*
in t1/2-6+ox() time. In particular, the column 1/2— 3 in Tables 1 and 2 is the
complexity exponent with which (o 4 it) can be computed on the line 0 =0
should the sums (2.7) lend themselves to an efficient enough computation (in
the sense just described). It is clear the restriction to the line o = 0 is not
important, and similar conclusions can be drawn for other values of o.

Reformulating the main sum of the Riemann-Siegel formula in terms of
quadratic exponential sums was carried out by Titchmarsh [Tit86, p. 99], and
later by Schonhage [Sch90] and Heath-Brown [HB]. But higher degree expo-
nential sums were not considered in these approaches. Schonhage sought an
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efficient method to evaluate quadratic exponential sums in order to improve
the complexity of computing the zeta function. He observed that if the values
of the quadratic sums

1 &
(28) F(K,j;a,b) =1 > K exp (2miak + 2mibk?),  j=0,1,...,J,
k=0

and several of their partial derivatives (which are of the same form), were
known at all points (a,b) of the lattice

(2.9) L={(p/K,q/K?):0<p< K,0<q<K?},

then values of F(K,j;a,b) elsewhere can be calculated quickly via a Taylor
expansion like
(2.10)

oo T
P gia) = 3243 () PR+ 20 =l KO () (80
r=0""1=0

where Aa := 27K (a —p/K), Ab:=27rK?(b — q/K?), py/K is a member of £
closest to a, and go/K? is a member of £ closest to b. This is because |Aa| and
|Ab| are both bounded by 7, so |(})(Aa) (Ab)"~!| < (27)", which implies the
' term in (2.10) is of size < K (2m)"/r!. Therefore, expansion (2.10) can be
truncated early, say after J' := J = [100(A + 1) logt] = to2(1) terms, which
yields a truncation error of size < Kt~ *~2.

In particular, Schonhage observed, if for each integer 0 < m < J+2J' the
values F(K, m;p/K, q/K) are precomputed to within £¢~*~2 on all of £, then
F(K,j;a,b) can be computed for any (a,b) € [0,1) x [0,1) to within 4=¢~*~!
using expansion (2.10) in about (J'+1)? = t°>(1) steps. Consequently, provided
K < Pt~'/3 41, which ensures that each block in (2.2) can be approximated
accurately by a linear combination of the quadratic sums (2.8), then (2.2) can
be computed to within £t~ in about (J +1)(J' 4+ 1)?P/K = t>) P/K steps.

Letting C := Ck, .57 denote the presumed cost of computing the values of
F(K,m;a,b) on all of £ and for 0 < m < J + 2J', we deduce that the choice
of K minimizing the complexity exponent for computing zeta is essentially
specified by the condition C = P/K, since this is when the precomputation
cost C is balanced against the cost of computing the sum (2.2) in blocks. Notice
if K is small, then the number of blocks P/K will be much larger than the size
of the lattice £. So there will be significant overlaps among the quadratic sums
arising from the blocks in the sense many of them can be expanded about the
same point (p/K,q/K?) € L. And this should lead to savings in the running
time.

To reduce the precomputation cost C, Schonhage observed that the value
of F(K,j;a,b) at (p/K,q/K?) is the discrete Fourier transform, evaluated at
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—p/ K, of the sequence of points
(2.11) {(k/K)? exp(2migh®/K?): 0 < k < K} .

So for each 0 < m < J+2J’, and each 0 < ¢ < K2, one can utilize the FFT to
compute F(K,m;p/K,q/K?) for all 0 < p < K in K'°x(1) steps. Since there
are J +2J 4+ 1 = t2() relevant values of m, and K2 relevant values of ¢, then
the total cost of the precomputation is about K3+°x(1) steps. The condition
C = P/K thus reads K3tox(1) = P/K, and so one chooses K = P4, This
implies P/K = P3/4tox(l) = ¢3/8+0x(1) " yielding Schonhage’s t3/8+°x(1) method
to compute the sum (2.2), hence, by a slight extension, the zeta function itself.

It is possible to improve the complexity of computing the zeta function via
this approach while avoiding the FFT, which can be advantageous in practice.
Indeed, if one simply evaluates (2.8) at all points of £ in a direct way, then
the total cost of the precomputation is about (J 4 2J" + 1) K*tox(1) steps. The
condition C = P/K hence reads K = P'/5 which gives a t¥/°x(1) method to
compute the zeta function.

In order to achieve a t1/3+ox(1) complexity via this approach, the precom-
putation cost C must be lowered to about K2+°x(1) gperations. However, it is
not possible to lower the precomputation cost to K2 operations (or to anything
< K3 operations) if one insists on precomputing the quadratic sum on all of L.
This difficulty motivated our search in [Hiall] for efficient methods to compute
quadratic exponential sum, which led to

THEOREM 2.1 (Theorem 1.1 in [Hiall]). There are absolute constants k4,
ks, As, Ag, and Az, such that for any integer K > 0, any integer 7 > 0, any
positive ¢ < e, any a,b € [0,1), and with v := v(K, j,e) = (j + 1) log(K/e),
the wvalue of the function F(K,j;a,b) can be computed to within + Asv"4e
using < Ag "™ arithmetic operations on numbers of < Az v? bits.

Theorem 2.1 yields a #1/3+ox(1) method to compute zeta, as we describe,
in detail, later in this section.

In Sections 3, 4, and 5, we generalize Theorem 2.1 to cubic exponen-
tial sums

K
1 ,
(2.12) H(K,j;a,b,c) = Vel > "k exp(2miak + 2mibk® + 2mick®)
k=0

with a small cubic coefficient ¢. Unlike the the algorithm for quadratic sums
though, where neither a precomputation nor an application of the FFT is
necessary, our algorithm for cubic sums does require a precomputation and, in
doing so, relies on the FFT in a critical way. We prove:

THEOREM 2.2. There are absolute constants kg, k7, ks, kg, Ag, Ag, A1g,
Aq1, and A1z, such that for any p < 1, any integer K > 0, any integer j > 0,
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any positive € < e~ 1, any a,b € [0,1), any ¢ € [0, KF 3], and with v :=
v(K,j,e) = (j+ 1)log(K/e), the value of the function H(K, j;a,b,c) can be
computed to within + Ag v"6e using < Ag V"7 arithmetic operations on numbers
of < Ajgv? bits, provided a precomputation costing < A1 v K* arithmetic
operations, and requiring < Ao 1" K* bits of storage, is performed.

Theorem 2.2 yields a t*/13+°x(1) method to compute zeta, as we explain
later in this section. (We remark that the restriction g < 1 in the statement
of the theorem is first needed during the first phase of the algorithm, in Sec-
tion 4.1, to ensure that a certain cubic sum can be evaluated accurately using
the Euler-Maclaurin summation formula with only a few correction terms.)

Let us show precisely how Theorems 2.1 and 2.2 lead to faster method
to compute the main sum in the Riemann-Siegel formula, hence ((1/2 + it)
itself. To this end, assume ¢ is large (say ¢t > 109), fix parameters A > 0
and 0 < 8 < 1/4 say, and suppose our goal is to enable the computation
of ¢(1/2 + it) to within £¢* using t'/2~#+ox(1) operations on numbers of
Ox((logt)"0) bits for some absolute constant kg, where we allow for a one-time
precomputation costing t1/2=B+ox(1) operations (e.g. in order to obtain the
t1/3+ox(1) anq ¢4/13+ox(1) complexities, B will have to be specialized to 1/6 and
5/26, respectively, while to obtain the t2/5+tx(1) and #3/8+ox(1) complexities,
one specializes § to 1/10 and 1/8).

We digress briefly to remark that as § increases, the target complexity
t1/2=6+ox(1) improves, but also, the arguments of the resulting exponential
sums will be allowed to assume values in larger and larger intervals, and some-
times the degree of these sums will increase (see Tables 1 and 2 for examples).
In fact, the latter observations are the main difficulties in deriving yet faster
zeta methods. Because, as explained in Section 3, computing exponential sums
via our approach becomes harder as the intervals where the arguments are al-
lowed to assume values expand, or as the degree of the sum increases.

Let us subdivide the Riemann-Siegel main sum (1.3) into O(logt) subsums
of the form

2ng—1
(2.13) Z n~12 exp(itlogn),

n=mng

where t1/27% < n, < 0.5,/t/(27), plus a remainder series of length O(t'/>=5).
The remainder series is not problematic since it can be evaluated directly in
t1/2=B+ox(1) operations on numbers of Oy(logt) bits, which falls within our
target complexity.

By construction, ny assumes only O(logt) distinct values. For each ng, we
choose a block size K, := Kgn, according to ngtﬁ_l/Q < Ky, < ngtﬁ_l/2 +1,
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so Ky, ~ ngt?=1/2. Then we rewrite the sum (2.13) as

{ exp(it log v+k))
(2.14) > § —— + Ring,Kn, -
vEVny k=0 +k R

where Vi, := Vn, Kk, Is any set of [ng/Kn,] equally spaced points in the
interval [ng,2n,), and Ry, is a Dirichlet series of length at most 2K = O(t?)
terms. Since t7 < t1/27F for B € [0,1/4], then Ry, can be evaluated directly
in t1/2=8+ox(1) gperations on numbers of Oy (logt) bits, which is falls within
our target complexity. So we may focus our attention on the double sum in
(2.14).

Like before, one notes exp(it log(v+k)) = exp(itlog v) exp(itlog(1+k/v)).
Also, Vv + k = y/vy/1 + k/v. So by a routine application of Taylor expansions
to log(1 + k/v) and 1/4/1 + k/v, each inner sum in (2.14) is expressed in the
form

K”g

' 0 L 27. m+1km
(2.15) exp(itlogv) Z (= )lll;[lvl-li-l/Q Z E exp (zt Z > :

m
=0 muv

Since k/v < K, /ng < 2tP~1/2 the Taylor series over [ and m in (2.15) con-
verge quite fast. Truncating them at L and U respectively yields
(2.16)

L 1! Kng U m+11.m
. -1 r=1(2r—1 ) -1 k
exp(itlogv) lzg ( )lgl_gllvlir(lﬂ ) ,;) k! exp <zt 2_:1(7311)’” + sky) +6r,
where
(2.17) exy = O (tKnUg/ngU) = O(t1-(1/2-B)Uy

o = O (KL nk) = 0@~ (1/2=0ky,

We choose L = U :=Ug = [(A+10)/(1/2 — )] say. So L = U = O (1).
By straightforward calculations, the total error (from the ey ¢/’s and 6r) is of
size Ox(t~*~!). Therefore, each of the inner sums in (2.14) is equal to

L ltUK " l m+1km )\ 1
2.18 — " k t t
iy Y el p( z i )+o< )
where
(=)' [They(2r = 1) K, .
(2.19) W t,0, K, = EIREEYE "9 exp(itlogv).

It is easy to see that each wyy,,k,, can be computed to within +¢ A1 s

ing t°»(1) operations on numbers of Oy(logt) bits. Also, by our choices of v
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and Kn,, Wik, = O(1) (in fact ]wl,vyKng\ < 214=(1/2=B) put that is not
important). Now let

(2.20) d:=dg=1[1/(1/2—B)] -

By truncating the series over m in (2.18) at d, each inner sum there is equal

to
(2.21)
. 00 hd,;h d+1\ "

Wito.K, (=1)"e" [tk h
;Tg Z k; eXp 27['7/fﬂt1)( )) lz h' <,Ud+1 > (Oé”u,U,d,k) )
= g k=0 h=0

where
d
-1 m+1t
(222) fﬂﬂf,’l)(x) = zz:o atvmxm At ym = (271_,’,)’1“”7
—d—1 ( )mk,m

(2.23) Oy Udk = Z

m=0

(m+d+1)vm’

Notice that in the notation of Tables 1 and 2, we have a;,1 = as, mod 1,
Atp,2 = by mod 1, az 3 = ¢t mod 1, and so on.

By routine calculations, at v m € [—t/(2mmny'), t/(2mmny)],
2, and, by our choice of d, t(k/v)1 < 241 So if the Taylor series over h
in (2.21) is truncated after J” := Ji', = [(A + 100)log?] terms, the resulting
error is of size O(t~*~1). Each inner sum in (2.14) is thus equal to

J" Kng
(2.24) )3 % Sk exp (2mifa 0 (k) + O,

7=0 ng k=0
where J" := L+ (d+ 1)J" +1 = Ox(logt), and fg¢,(z) is a real polynomial
of degree d = [1/(1/2 — B)| — 1. The coefficients 21,0, Kng U 1) (2.24) are of
size O(1) each, and are computable to within +¢ 1 using tox(1) operations
on numbers of O, (logt) bits. Last, suppose each of the sums: (this is a crit-

ical assumption, and proving it is the main difficulty in deriving faster zeta
methods)

1
(2.25) — > Kexp@rifsio(k), j=01,....J"

Ng k=0
can be evaluated to within =¢=*~1 in t°*(1) operations on Oy ((logt)")-bit
numbers for some absolute constant g, where we allow for a one-time precom-
putation costing t'/2~#+ox(1) gperations. Then ¢(1/2+it) can be computed to
within ¢~ using t/2-#+°x(1) gperations on numbers of O((logt)*°) bits.

Using this setup, Theorem 2.1, which handles quadratic exponential sums,

yields a t1/3+°x(1) method to compute zeta. First, we let 8 =1 /6, which implies
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the polynomial fg;,(x) has degree d = [1/(1/2 —1/6)] — 1 = 2, and the
sums (2.25) are quadratic exponential sums F(Ky,,, j; at v, biy). So applying
the algorithm of Theorem 2.1 with j < [(10A + 100)logt], e = t~*710, and
K = K,,, permits the evaluation of each quadratic sum to within +¢A1
using t*(1) operations on numbers of Ox(v(K, j,€)?) bits. In addition, given
our choices of Ky, j, and €, we have v(Ky,,j,e) = Ox((logt)?). Together,
this yields a t1/3t°x(1) method to compute zeta:

THEOREM 2.3. Given any constant A, there are effectively computable
constants A1z 1= Ai3(A) and A1y := A14(N), and an absolute constant k1o,
such that for any t > 1, the value of the function ((1/2+it) can be computed to
within £t~ using < A3 (log t)=1o t1/3 operations on numbers of < A1y (logt)?
bits.

Similarly, Theorem 2.2, which handles cubic sums, yields the ¢*/13+0a(1)
asymptotic complexity. First, we let § = 5/26, which implies the degree d
of fgton(x) in (2.25) is [1/(1/2 —5/26)] — 1 = 3. So the sums (2.25) are
now cubic exponential sums H (K, j; iy, bp, Ctw). Also, by construction,
we have K, < ngt=*13+1 and |c,| < t/(6wn3), and so |egy| < tl/l?’Kgg?’.
In particular, the range where the cubic coefficient ¢;, can assume values is
restricted by the sizes of K, and t. With this in mind, we distinguish the
following two cases: K, < /13 and K, g > t1/13,

If Ky, < t1/13 we use the FFT to precompute H(K,,,j;a,b,c), for each
0<j< J’” and at all points (a, b, ¢) of the lattice

(2.26)  {(p/Kn,,q/K} ,7/KE)0<p< Ky ,0<qg< K. 0<r<t/13})

Once the precomputation is carried out, then by a similar arguments to Schon-
hage’s method, Taylor expansions can be used to evaluate

H(Kng K at v, btm, Ct,v)

for any v € V,, to within ¢! in $>*() operations on numbers of Oy (logt)
bits using the precomputed data. It remains to calculate the cost of the pre-
computation. Since |c;,| < t1/13K;g3, then for each K, , the cost of the
FFT precomputation is K3 t1/13+ox(1) = 44/13+ox(1) gperations on numbers
of Ox(logt) bits, and requlrlng t4/13+0x(1) hits of storage. As there are only
O(logt) different values of K, that arise (one for each ngy), then the total cost
of the precomputation is still t#/13+tox(1) gperations.

On the other hand, if K,, > /13 then the previous FFT computa-
tion becomes too costly. So we invoke the algorithm of Theorem 2.2 for cu-
bic sums. We first observe |¢;,| < t1/13K 3 = K“ 3 where i 1= iy Ky =
(log t*/13) /(log K,,) (notice since /13 < K < t5/26 then 2/5 < i < 1, but
this is not important to what follows). Applymg Theorem 2.2 with p = fi,
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: : Afitor(l) _
we merely need to perform an FFT precomputation costing K,
t4/13+ox(1) operations and requiring KﬁngOA(l) = t¥/13+ox(1) bits of storage,

after which H(Kp,, j; at,v, bsw, ¢t0) can be computed for any v € V,, to within
+ ¢t~*~10 say using t°>(1) operations on numbers of Oy (v(K, j,£)?) bits, where
e =t2719 and j < J”. Last, since f = 5/26 we have the finer estimate
J" = 0x(1), and also log K, = O(logt), which together imply v(Kp,,j,€) =
Ox(logt). Collecting the various pieces together yields Theorem 1.1 immedi-
ately.

We make several comments. First, in order to improve on the complexity
exponent 4/13, one must lower the precomputation cost in Theorem 2.2 (equiv-
alently, one needs a better handle on sums with larger cubic coefficients). In
this regard, it appears that if certain quite substantial modifications to our
cubic sums algorithm are carried out, then the 4/13+0x(1) method is capable of
improvement to t3/10t°x() complexity (see §3 for further comments on this).

Second, both of the ¢1/3+0x(1) and ¢4/13+0x(1) methods appear to be compat-
ible with the amortized complexity techniques of Odlyzko-Schénhage [OS88].
In the case of the t1/3ox(1) method, for instance, this means that it can be
modified to permit the computation of about 7413 values of ((1/2+4(T + 1))
in the interval ¢t € [0, T%/13] using T*/13+t°x(1) operations.

Last, in the specific case of the ¢1/37°x(1) method, the use of the Riemann-
Siegel formula is actually not important. One can still achieve the ¢1/3t0x(1)
complexity using Theorem 2.1 even if one starts with the main sum in the
Euler-Maclaurin formula, which involves = ¢ terms. This flexibility is particu-
larly useful if one is interested in very accurate evaluations of ((s) in regions
where explicit asymptotics for the error term in the Riemann-Siegel formula
have not been worked out.

3. The idea of the algorithm to compute cubic exponential
sums with a small cubic coefficient

We first recall that by a direct application of Poisson summation we have

(31) f: 627rif(k?) — ﬂ + PV io: /K 627rif(:v)—27rim$ dx

k=0 2 m=—o0 0 ,
where PV means the terms of the infinite sum are taken in conjugate pairs.
Theorems 2.1 and 2.2, which handle quadratic and cubic exponential sums
respectively, were inspired by the following application of formula (3.1) due to
van der Corput (see [Tit86, p. 75], for a slightly different version; also see the
discussion following Theorem 1.2 in [Hiall]):

THEOREM 3.1 (van der Corput iteration). Let f(x) be a real function
with a continuous and strictly increasing derivative in s < x < t. For each
integer f'(s) <m < f'(t), let x,, be the (unique) solution of f'(x) = m in
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[s,t]. Assume f(x) has continuous derivatives up to the third order, that Ao <
|7 (x)] < AXg and |f" ()] < A3 for all s < x < t, where A is an absolute

constant. Then
e27ri(f(a:m )—mMTm)

(32) Z eQﬂ'if(k) — e71'2'/4 Z - + Rs,t,f s
skt p<mpwy VI (@m)]

where Ry = O (A;1/2 +1og(2+ (t — 8)Xa) + (t — s)/\;/5)\;)/5).

In the case of quadratic exponential sums the polynomial f(x) in (3.2)
is ax + bx?, where, by the periodicity of e?™* we may assume a and b are
in [0,1). Taking s = 0 and ¢t = K in (3.2), and assuming [a]| < |a + 20K,
which is frequently the case (this assumption is for a technical reason, and is to
ensure bK is bounded away from 0), then on substituting x,,, = (m — a)/(2b)
and f(x;,) = ary, + br2, in (3.2), the van der Corput iteration points to a

relation like
K
(3.3) Y exp(2miak + 2mibk?)
k=0
mi/A—mia?/(2b) a+20K] 1
— eT > exp <27ri%m — 2m@m2> + Ri(a, b, K).

As explained in [Hiall], the sum on the right-hand side of (3.3) arises from
the integrals in (3.1) that contain a saddle-point, where an integral is said to

m=[a]

contain a saddle-point if the exponent f/(z) —m vanishes for some 0 < 2z < K
(intuitively, the integral accumulates mass in a neighborhood of the saddle-
point).

As discussed in [Hiall], the relation (3.3) has several interesting features.
For example, the new sum there (on the right-hand side) is still a quadratic
sum. This is essentially a consequence of the self-similarity of the Gaussian
e~ Also, although we started with a sum of length K + 1 terms, the new
sum has < 2bK terms. In particular, since we can always normalize b so that
b € [0,1/4] (see [Hiall]), then we can ensure the new sum has length < K/2
terms, which is at most half the length of the original sum.

Moreover, the remainder term R; := Ri(a,b, K), which corresponds to
integrals in (3.1) with no saddle-point, has a fairly elementary structure, and,
as proved in [Hiall], it can be computed to within + ¢ using O(log"™ (K /¢)) op-
erations on numbers of O(log?(K/¢)) bits, where & is some absolute constant.
Indeed, the bulk of the effort in computing R is exerted on a particularly
simple type of an incomplete Gamma function:

1
(3.4) h(z,w) :== / t* exp(wt) dt , 0<z, z€Z, R(w)<O0.
0

For purposes of our algorithms, the nonnegative integer z in (3.4) will be of size
O(log(K/e)F), where & is some absolute constant, and we wish to compute the
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quadratic sum to within £ & say. So the relevant range of z is rather restricted,
which is important as it enables fast evaluations of the integrals (3.4).

Given these features, the important observation is that by iterating re-
lation (3.3) at most logy K times (log, x stands for the logarithm to base 2),
the quadratic sum can be computed to within +evK logy K in poly-log time
in K/e. It should be emphasized that the main technical hurdle in proving
this is in showing the remainder term Rq can in fact be computed sufficiently
accurately and quickly.

It is natural to ask whether this procedure, whereby one attempts to apply
the van der Corput iteration repeatedly, should generalize to cubic and higher
degree exponential sums. If it does, then in view of Tables 1 and 2 from
Section 2, we could obtain faster methods to compute the zeta function. One
difficulty towards such generalizations is the lack of self-similarity in the case
of higher degree exponential sums. As we explain next, however, it is possible
to overcome this difficulty if the coefficients of higher degree terms are small
enough.

To this end, consider the van der Corput iteration in the case of cubic
exponential sums. So in (3.2), we take s =0, t = K, and

(3.5) f(z) = ax + bx® + ca3.

2z and conjugation

As explained in [Hiall], it follows from the periodicity of e
if necessary, that we may assume a € [0,1) and b € [0,1/4]. We may also
assume K > 1000 say, and ¢ # 0, because if ¢ = 0 we obtain a quadratic sum.
We require the starting cubic coefficient ¢ and the starting sum length K to
satisfy |eK?| < 0.01 (the constant 0.01 is not significant but it is convenient
to use). This condition essentially corresponds to restricting g < 1 in the
statement of Theorem 2.2.

Our plan is to cut the length of the cubic exponential sums by repeatedly
applying the van der Corput iteration until one, or both, of the following two
conditions fails (possibly before entering the first iteration): |cK?| < 0.01b,
or bK > 1. Notice these conditions necessitate [a] < |a + 20K + 3cK?2|,
among other consequences. The significance of these conditions will become
clear a posteriori.

First, we locate the saddle-points by solving the equation f'(z) = m for
f(0) <m < f(K), or equivalently for [a] < m < |a+2bK +3cK?|. We obtain

(3.6) 02+ 3c(m—a)—b

3c

On substituting z,, in f(x) — mx, one finds

263 + 9be(m — a) — 2 (b? + 3¢(m — a))3/2

(3.7) f(xm) — may, = o2
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The function f(x,,) — mx,, is not a polynomial in m because it involves
a square-root term 1/b? + 3¢(m — a) (informally, this is a manifestation of the
lack of self-similarity in the cubic case). So the behavior of f(z,) —ma,, under
further applications of the van der Corput iteration is likely to be complicated
and hard to control. It therefore appears we cannot apply relation (3.2) repeat-
edly, like we did in the quadratic case, because we do not obtain sums of the
same type with each application. However, if ¢ is sufficiently small, it is rea-
sonable to apply Taylor expansions to the problematic term /b2 + 3¢(m — a)
in order to express it as a rapidly convergent power series in 3c(m — a)/b?.
And if ¢ is sufficiently small, then the contribution of the quartic and higher
terms in this series will be of size O(1), which allows us to expand them away
as polynomials of low degree in m — a.

Indeed, by the conditions |cK?| < 0.01b and 1 < bK that we imposed on
c and b earlier, together with the restriction [a] < m < |a + 20K + 3cK?|,
we see that 3c(m — a)/b? < 9cK /b < 0.09b < 1. So it is permissible to apply

Taylor expansions to /b? + 3¢(m — a) = (1/b) \/1 + 3¢(m — a)/b? to obtain

(m—a)?  c(m—a)? B 9c2(m — a)?

B8 flom) —mam = ===+ =g 6455
27c3(m — a)® 189 c(m —a)b n
128 b7 51269 ’

Notice that if bK > 1, then expansion (3.8) is still valid under the looser
condition |cK?| < 0.01, so, in particular, the full force of the condition |cK?| <
0.016 has not been used yet.

Now the quartic term in (3.8) satisfies 9c¢?(m —a)*/(64b%) <1002 K* /b <b,
which is small. And the quintic term satisfies 27¢3(m — a)3/(128b7) < b/K,
which is also small. In general, the 7" term is of the form n,¢"~2(m — a)" /6?3,
where |1,| < 3", and so it has size < 9"¢"2K"/b"~3 < bK*~". The rapid de-
cline in (3.8) is useful because, as indicated earlier, the contributions of quartic
and higher terms can now be eliminated from the exponent on the right side
of (3.2) by expanding them away as a polynomial in m — a of relatively low
degree, plus a small error term. This ensures the new sum produced by the
van der Corput iteration is still cubic. Specifically, we obtain

(3.9)

exp(2mi(f(zm) — maxy,))
Lf"(2m)]|

o2i (m —a)?  2mic(m —a)? J ;
=exp| — ( ) + ( 3 ) E na,b,C,j(m - a’)j +gjabcm’
4b 8b jzo YWy Uhly
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where we have tactfully expanded the term

\/m = \/%(1 + 3c(m — a)/b2)1/4

in the denominator on the l.h.s. as a power series in m — a as well. Notice
that the full force of the condition |cK?| < 0.01b still has not been used,
and all is needed to ensure the new sum is still cubic is a looser bound like
lcK?| < 0.01v/b.

By straightforward estimates, we have

A

; A 1 7
3.10 abeim’ | < —, & < — = +6J> ,
( ) ’n ’b7 5] ’ ,\/B | J,a,b,c,m’ \/6 ( LJ/4J !

where A is some absolute constant, 4 < .J, and [a] <m < |a + 2bK + 3cK?].
Therefore, given a € [0,1) and b € [0,1/4], and assuming |cK?| < 0.01b (c is
real), and 1 < bK, as we have done so far, then summing both sides of (3.9)
over [a] < m < |a+ 2bK +3cK?|, the van der Corput iteration (3.2) suggests
a relation of the form

J
(3.11) H(K,0;a,b,c) =Y % H(K,j;a,b,¢) + Ra(a,b,c, K) + EF abek
j=0

where K := K(a,b, ¢, K) = |a + 2bK + 3cK?], and

- - 7w mia?(ac + 2b% o
(3.12) Zj 1= ZjabeK = €XP <4 - (4b3)> K7 Mape,j -

The remainder R2 := Ra(a,b,c, K) corresponds to the remainder term in
iteration (3.2), except possibly for an extra term of —zg in case [a] = 1. Also,
simple algebraic manipulations yield

a 3a’c -~ - 1 3ac c
313) G:=Ggpe=—+ —5, bi=bope=—+—=, C:=Cobpe= —=-.
(3:13) @:=Gane = 57 T 3 be Ty Taps €T Cabe T g
And as a consequence of the estimates in (3.10), we have
A 1 .
3.14 zi| £ —, E; < 3AVDK ~+6J>.
GBI ] <34VEK (S

By the second estimate in (3.14), if we choose J = [4log(K /e)] say, we ensure
|gj,a,b,c,K| < Ae, which is small enough for purposes of the algorithm. So J
need not be taken large at all.

The remainder term R in the van der Corput iteration (3.11) essentially
corresponds to terms in the Poisson summation formula with no saddle-point
contribution. This is because such contributions have already been extracted
as the new cubic sums. So, guided in part by the case of quadratic sums, we
expect Ra to involve relatively little cancellation among its terms, and that
its computation is much less expensive than a direct evaluation of the original
cubic sum.
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It will transpire that the bulk of the effort in computing R is essentially
spent on dealing with a particularly simple type of an incomplete Gamma
function like (3.4) (which, as mentioned earlier, is where the bulk of the effort is
spent in the quadratic case as well). It will also transpire there are many routes
with great flexibility to evaluating the expressions and integrals occurring in
Ro. One finds several methods, applicable in overlapping regions, that can be
used. This flexibility is somewhat analogous to that encountered in evaluating
the incomplete Gamma function for general values of its arguments, where also
many methods applicable in overlapping regions are available; see [Rub05]. But
in our case, the task is significantly simpler because the relevant ranges of the
arguments will be fairly restricted.

With this in mind, our goal for this article is not to develop especially prac-
tical techniques to compute the integrals occurring in Ro, which is a somewhat
challenging task on its own, rather, it is to obtain explicit and provably efficient
techniques to achieve the complexity bounds claimed in Theorem 2.2. For ex-
ample, we make heavy use of Taylor expansions throughout, which simplifies
some conceptual aspects of the techniques that we present, but it also often
leads to large asymptotic constants and a loss of practicality.

We expect the van der Corput iteration (3.11) to generalize even further.
Under the same assumptions on K, a, b, and c¢ as before, and for J of moderate
size (say J bounded by some absolute power of log K), we expect a relation
like

J J+J
(3.15) Y wi H(K, jia,b,¢) = > oy H(K, j;a,b,8) + Ra + € 5,
J=0 J=0

where K, @, b, and ¢ are the same as in (3.13). This is because the additional
term k//K7 (on the Lh.s.) is not oscillatory, and so the form of the result is
given by (3.2), except for an extra factor of (x,,)? on the right side.

The utility of a transformation like (3.15) is it can be repeated easily, for
we still obtain cubic exponential sums with each repetition. In other words,
provided the cubic coefficient is small enough (specifically cK? < 0.01b), re-
lation (3.15) enables us to circumvent one difficulty in the cubic case, which
is the lack of self-similarity (recall the self-similarity of the Gaussian and the
periodicity of the complex exponential are critical ingredients in our algorithm
for computing quadratic sums).

Importantly, if @ and b continue to be normalized suitably at the begin-
ning of each iteration of (3.15), and if ¢ continues to satisfy |[cK?| < 0.01b
throughout, then the outcome after m repetitions is a linear combination of
J+mJ+1 cubic sums, each of length < K /2™ +2, where K denotes the length
of the original cubic sum (the sum we started with). It is straightforward to
show the coefficients in the linear combination are bounded by an absolute
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power of K. And due to the lack of saddle-points the remainder term Ro, we
anticipate it will be computable accurately and efficiently enough for purposes
of proving the complexity bounds of Theorem 2.2.

It remains to deal with the possibility that either (or both) of the condi-
tions 1 < bK and |cK?2| < 0.01b fails, or that K gets too small in comparison
with the given e, say K < v(K,e)®. The latter case is trivial though since
the cubic sum can then be evaluated directly to within 4+ ¢ in poly-log time in
K/e.

A failure of the condition 1 < bK implies b < 1/K, which means b is
quite small. This is a boundary case of the algorithm. One can use the Euler-
Maclaurin summation technique to compute the cubic sum to within £¢ in
poly-log time in K/e. This is possible to do because we will have a + 20K +
|3cK?| = O(1), which means the derivatives of the summand exp(2miax +
27mibz? 4 2mica®), evaluated at K, will not grow too rapidly for purposes of
applying the Euler-Maclaurin formula in such a way that only O(log(K/¢))
correction terms are needed. (Of course, depending on the exact size of a +
20K +|3cK?|, one may first have to divide the cubic sum into O(1) consecutive
subsums, then apply the Euler-Maclaurin formula to each subsum.) To see
why the estimate a + 20K + |3cK?| = O(1) should hold, let ¥, ¢/, and K’
denote the quadratic coefficient, cubic coefficient, and sum length from the
previous iteration, respectively. Then K < 2K’ + 1, ¢ = ¢//(2V')3, and by
hypothesis |¢/(K’)?| < 0.01¢', 1 < ¥'K’, and bK < 1. Combined, this implies
a+ 2bK + [3cK?| < 3+ |4¢'(K")?|/ = O(1). Notice this is the first time the
full force of the condition |cK 2| < 0.01b6 has been used.

Put together, we may now assume the condition |cK?| < 0.01b is the
sole condition that fails. Notice the reason the condition |cK?| < 0.01b can
eventually fail is that the new cubic coefficient is given by ¢ = ¢/(8(b)3),
which for &' € (0,1/2) is greater than the previous cubic coefficient ¢’. So
although the length of the cubic sum is cut by a factor of about 2b" with each
application of the van der Corput iteration, the size of the cubic coefficient
grows by a factor of 1/((2b')3.

Now, when the condition |cK?| < 0.01b fails, we apply the van der Corput
iteration exactly once more. Since cK? < ¢/ (20 K'+1)2/(2b)3 < 0.02, the series
expansion (3.8) is still valid, but its convergence is quite slow. In particular,
the exponential sum resulting from this last application of the van der Corput
iteration, which is a sum of length K < ¢K3 terms, is not necessarily cubic.
In order to compute this (possibly high degree) sum efficiently, we ultimately
rely on precomputed data. And as shown in Section 4 later, the cost of the
precomputation is about K* < AK12 operations.

In summary, starting with a cubic coefficient satisfying ¢ € [0, K#~3] say,
where u < 1, we repeatedly apply the van der Corput iteration (3.15) until K is
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not large enough, or the condition 1 < bK fails, or we encounter a sole failure of
the condition [cK?| < 0.01b (b here refers to the normalized b € [0,1/4]). The
first two scenarios are relatively easy to handle, and represent boundary points
of the algorithm. The third scenario is more complicated. There, we apply
the van der Corput iteration exactly once more, which leads to an exponential
sum of length roughly < K* terms. This last sum is not necessarily cubic, and
can be of high degree. Nevertheless, we show it can in fact be evaluated to
within +¢ in poly-log time in K /e provided an FFT precomputation costing
K4+o() gperations on numbers of O(log(K /€)?) bits is performed.

It might be helpful to keep the following prototypical example in mind.
We start with ¢ = K#~3 and b = K*~!, and apply the van der Corput iteration
to the cubic sum. This produces a new sum of length K ~ K* terms. The
new sum is still cubic because the contribution of the quartic and higher terms
in the series (3.8) is of size O(1). We observe that the new cubic coefficient
¢ = ¢/(2b)3 is of size about K2 ~ K~2* and that the van der Corput iteration
must end since ¢K2 ~ 1. The last cubic sum is then evaluated in poly-log
time using data that was precomputed via the FFT. The typical cost of the
precomputation is about K4 ~ K% steps since there are approximately K,
K2, and K, discretized values to consider for the linear, quadratic, and cubic,
arguments in the last sum (see our description of Schénhage’s method earlier).

We remark that many of steps of the previous outline still work even if
we relax some of the conditions; e.g. it might be possible to relax the halting
criteria ¢K? < 0.01b to ¢K? < 0.01v/b. So it might be possible to obtain
some yet faster algorithms to compute cubic sums via this approach, which in
turn lead to faster methods to compute ((1/2 + it). In addition, the idea of
repeated applications of the van der Corput iteration can be used to compute
exponential sums of higher degree (as well as cubic sums with a larger cubic
coefficient). However, the complexities of the resulting algorithms are not
useful for computing zeta since the costs of their needed precomputations are
too high.

It is plain that the quadratic and cubic sums algorithms share many fea-
tures, and it is desirable to take advantage of such similarities as directly and
as fully as possible. So although the approach just outlined appears to be a
natural way to generalize the quadratic sums algorithm of [Hiall] to the case
of cubic sums, a literal implementation of it does not make direct use of the
techniques and methods already developed in [Hiall]. We thus choose a dif-
ferent implementation that breaks up the cubic sum into simpler components
most of which are already handled by [Hiall]. This way, in the course of our
derivation of the cubic sums algorithm, we avoid having to reconstruct the
algorithm for quadratic sums from scratch.
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Specifically, in the initial step of our implementation, we convert the cubic
sum to an integral involving a quadratic sum. This is followed by two phases
(one of which is largely a direct application of the quadratic sums algorithm),
then an elementary saddle-point calculation, and an FFT precomputation. We
give a technical overview of this chain of steps in the next few paragraphs.

Let e € (0,e7!), and 0 < p < 1, assume K > 1000, and cq € [0, K#~3/100]
say. It is straightforward to verify

1 1/2
(316) H(Kﬂj;a()abOaCO) = 757 F(K;CLQ—$,b0)Q(K,j;$,CO)dm,
K7 ] 19
where the quadratic sum F'(.) and the cubic sum Q(.) are defined by
K
(3.17) F(K;ag,by) := Z exp(2miagk + 2mibok?)
k=0

K
1 .
Q(K,j;x,¢c0) := 7 E k7 exp(2mizk 4 2micok?) .
k=0

In order to motivate the first phase of the algorithm, we observe that if
F(K;ap — x,bp) on the right-hand side of (3.16) is replaced (completely un-
justifiably) by F(K;ag,bo), then the cubic and quadratic sums there become
“decoupled”, or independent of each other. Also, since ¢ is small, the cubic
sum @Q(.) can essentially be converted, via the Euler-Maclaurin formula, to an
integral that is not problematic to compute. So, under such a hypothetical
replacement of F(K;ag — x,by) by F(K;ap,bo), the bulk of the effort in com-
puting the right-hand side is essentially in computing a quadratic sum, which
we already know how to do efficiently via Theorem 2.1.

With this in mind, the purpose of the first phase is to “decouple” the
quadratic and cubic sums in (3.16) by making the coefficient of —x in F/(K; ag—
x,by), which starts at 1, as small as possible. We essentially regard the first
phase as a useful technical device to allow us to apply the quadratic sums
algorithm during the second phase. Slightly more explicitly, the first phase
consists of O(log K) iterations. With each iteration, the size of cubic coefficient
co in (3.16) grows, while the length of the cubic sum @Q(.) decreases. Also,
the coefficient of —z in F(K;ap — x,by), which starts at 1, decreases with
each iteration. It is shown the number of operations cost of each iteration is
polynomial in v(K, j, ¢).

The first phase ends when ¢, which denotes the current value of the cubic
coefficient, starts becoming too large for the Euler-Maclaurin formula to accu-
rately approximate the cubic sum @(.) in such a way that only a few correction
terms are needed. This roughly occurs when ¢N? ~ 1, where N denotes the
current length of the cubic sum. At that point, the cubic sum Q(.) is converted
to an integral, plus a few correction terms, via the Euler-Maclaurin formula,
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which yields a main expression of the form:

(3.18) L /N exp(2micy?) /1/4 exp(—2mizy)F(K; a0 — ap x, bo) dx dy

N7 Jo —1/4
where 0 < ag < K1 N < KM and 0 < ¢ < 1/N? (see §4.1 for precise
details).

In the second phase, we apply the quadratic sums algorithm to F(K;ag —
ag z,bg). It is straightforward to do so, despite the presence of the integral sign
in (3.18), precisely because ag is relatively small (recall 0 < g < K#71), and
so the length of the quadratic sum, which is about ag — agx + 20K, depends
very weakly on z. With each iteration of the second phase, the size of «g
grows by a factor of 1/2by > 2 while the length of the quadratic sum F(.) is
multiplied by a factor of about 2by < 1/2. It is shown the number of operations
cost of each iteration is polynomial in v(K, j, ). In general, the second phase
is more time-consuming than the first one because it requires evaluating the
remainder terms resulting from the quadratic sums algorithm.

The second phase ends when the value of ag nears 1, at which point further
applications of the quadratic sums algorithm start becoming complicated. This
is because the length of the quadratic sum, which is about ay — agx + 20K,
then depends measurably on z. At the end of the second phase, we are left
with an expression of the form

1 N 1/4
(3.19) — / exp(2micy®) / exp(—2miyz — 2mionx — 2miaez?)
NI Jo —1/4
xF(M;a — az,b)dxdy,

where M < N/a, 1/A(K,j,e) < a < 1, and «, a, and b, denote the values
of oy, ag, and by at the end of the second phase. The numbers a7 and a9 in
(3.19) are certain real parameters that are related to o and satisfy |a;| < 4o
and |as] < a.

To each term in the quadratic sum F'(M;a — ax,b), there is an associated
“saddle-point with respect to y” (see §4.3). On extracting the saddle-point
contributions (there are about M of them), expression (3.19) is reduced to a
short linear combination of O(v(K, j,¢)) exponential sums of the form

1 M
(3.20) v > K exp(2mipik + 2mifok® + - - + 2miBsk”)
k=0

where 3 < S <3+1logN/logM, 0 <1=O0(v(K,je)), and the (real) coeffi-
cients fs, 3 < s < 5, will typically assume values in restricted subintervals near
zero of decreasing length with s; see Section 4.3. The appearance of higher
degree exponential sums in (3.20) is simply a reflection of the growth in the
size of the cubic coefficient during the first phase, which implies that expansion
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(3.8) from earlier converges more slowly, leading to higher degree exponential
sums.

Next, we perform a “dyadic subdivision” of the sums (3.20) so that we may
restrict our attention to lengths of the form M = 2. For each relevant value of
n, [, and S, we precompute the sums (3.20) on a dense enough grid of points,
taking into account that the coefficients 8, 3 < s < 5, are generally small in
size. There are also some relations among the coefficients By, Bs, . . ., Bg, which
are useful during the FFT precomputation in the case M much smaller than
N. It is shown in Section 4.4 that the overall cost of the FFT precomputation
is about N4to() = gu+o(l) gperations. Once the precomputation is finished,
the sums (3.20) can be evaluated quickly elsewhere via Taylor expansions, as
claimed in Theorem 2.2.

4. The algorithm for cubic exponential sums
with a small cubic coefficient

Let |2] denote the largest integer less than or equal to x , [x] denote
smallest integer greater than or equal to z, {z} denote x — |z]|, and logz
denote log, z. Let exp(z) and e” both stand for the usual exponential func-
tion (they are used interchangeably). We define 0° := 1 whenever it occurs.
We measure complexity (or time) by the number of arithmetic operations on
numbers of O((logt)®) bits required, where kg is an absolute constant (not
necessarily the same for different methods to compute zeta). An arithmetic
operation means an addition, a multiplication, an evaluation of the logarithm
of a positive number, or an evaluation of the complex exponential. In what
follows, asymptotic constants are absolute unless otherwise is indicated.

Let 4 € [0,1], ¢ € (0,e7), 0 < 4,0 < K, ap € [0,1), by € [0,1),
and ¢y € [0, K*73]. As before, v(K,j,e) := (j + 1)log(K/e), and we define
AK,j,e) := 50*v(K, j,e)® say. We also define F(K;a,b) := F(K,O0;a,b).

In this section, different occurrences of K, j, and € will denote the same
values. For this reason, we drop the dependence of A and v on K, j, and &,
throughout Section 4. We use the same computational model as the one de-
scribed in Section 2. Arithmetic is performed using O(v(K, j,¢)?)-bits. And
any implicit asymptotic constants are absolute, unless otherwise is indicated.

In order to spare the reader some straightforward and repetitious details,
we will often use informal phrases such as “It is possible to reduce (or sim-
plify) the problem of computing the function X ;(.) to that of computing the

7 or “In order to compute the function Xg ;(.), it is enough

function Yk ;(.),
(or suffices) to compute the function Y ;(.).” This will mean there are abso-
lute constants &3, &4, B1, Ba, and B (not necessarily the same on different
occasions) such that for any positive ¢ < e™!, if the function Yk ;(.) can com-

puted for any of the permissible values of its arguments to within +e¢, then
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the function X ;(.) can be computed for any of the permissible values of its
arguments to within + By v(K, j, )¢ using at most By v(K, j,€)" arithmetic
operations on numbers of Bs v(K,j,€)? bits. The meaning of the phrase “per-
missible values of the arguments” will be clear from the context.

Similarly, we frequently say “the function Xg ;(.) can be computed (or
evaluated) efficiently (or quickly).
Rs, R, Ba, Bs, and Bg (not necessarily the same on different occasions) such
that for any positive ¢ < e~!, the function Xk j(.) can be computed for any

of the permissible values of its arguments to within + By v(K, j, )¢ using at

”

This means there are absolute constants

most Bs v(K, j,e)" arithmetic operations on numbers of Bg v(K, j,£)? bits.

We may assume K > A, otherwise the cubic sum can be evaluated directly
in O(A) operations on numbers of O(v) bits. Notice by the conventions just
presented, we will often abbreviate this, and similar statements, by saying that
the cubic sum can be computed efficiently or quickly if K < A.

As stated at the beginning of the section, ¢y € [0, K#~3]. We may assume
pu > 0, because if © < 0 we have cK? < 1, so by a routine application of
Taylor expansions, the term exp(2mick?) can be reduced to a polynomial in k
of degree O(v), plus an error of size O(e/K) say. As it is clear the coefficients
of this polynomial are quickly computable and are of size O(1) each, then the
cubic sum can be expressed as a linear combination of O(v) quadratic sum,
plus an error of size O(e). And since each such quadratic sum can be computed
efficiently via Theorem 2.1, so can the cubic sum.

We may also assume cg K2 < 1/A* (this is convenient to assume during the
first phase of the algorithm in Section 4.1). Because if K=2/A* < ¢y < K2,
then by a procedure completely similar to that used in describing Schénhage
method earlier, the cubic sum can be computed quickly provided an FF'T pre-
computation costing < AK* operations on numbers of O(v) bits, and requiring
< AK* bits of storage, is performed. In particular, since K ~2/A* < ¢g, then u
in the statement of Theorem 2.2 satisfies 1 — 4(log A)/(log K) < p. Therefore,
K4 < AYK4% and the claim of Theorem 2.2 over K"Q/A4 < ¢o < K2 holds
anyway.

4.1. The first phase: decoupling the cubic and quadratic sums. As before,
let Q(K,j;l‘,CO) = H(K,j;:ﬂ,O,CO), S0

1 &
(4.1) Q(K,j;x, o) = el ];) k? exp(2mixk + 2micok?) .
Also define
(4.2)

1 .
Sp. K j.a0.60 (Nos €0, 0t0,0) = (No)j/f F(K;a9 — agox,bo)Q(No, j; x,co) d
P
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where I := [-1/2,-1/4), I, := [-1/4,1/4], and I3 := (1/4,1/2]. By a
straightforward calculation, we have
(43) H(Ka ]7 aop, bUa CO) = Sl,K,j,ao,bo (K, €o, ]-) + SQ,K,j,ao,bo (Ka €0, 1)

+ 53,K j,a0.b0 (K, €0, 1) -

We do not expect the terms Si(.) and S3(.) in (4.3) to be computationally
troublesome because if K is large enough, which we are assuming, then the
derivative with respect to k of xk + cok® (this is the exponent of the summand
in Q(.)) never vanishes over 1/4 < |z|, 0 < k < K, and 0 < ¢y < K*73, with
coK? < 1/A*. So once Q(.) is converted to an integral via the Euler-Maclaurin
summation formula, as we plan to do, then the resulting cubic exponential inte-
gral will not contain any saddle-points. Thus, ultimately, we expect S1(.) and
S3(.) can be expressed as a linear combination of a few quadratic exponential
sums.

Indeed, on applying the Euler-Maclaurin summation formula to the cubic
sum Q(K, j;x, co) in S5k j.ao.bo (], co, 1), for instance, we obtain, via auxiliary
Lemma 5.1 in Section 5, an expression of the form

(4.4)
1/2 .
S3.K j,a0,b0 (£, co, 1 / / 1y’ exp(2m'coy3 + 2mixy)
T KI Jip 0
X F(K7 ap — T, bO) dy dr + R3,K,j,a0,b0 (K7 €0, 1) )

where R3 i jaobo (K, co, 1) is a remainder function arising from the correction
terms in the Euler-Maclaurin formula.

We claim the the remainder Rj3 g ; a5, (/K co,1) can be computed effi-
ciently (in poly-log time). For as an immediate consequence of auxiliary Lem-
mas 5.2 and 5.3 in Section 5, the remainder R3 f j 0,5, (K, co, 1) can be written
as a linear combination of < B7V quadratic exponential sums, plus an error
of size < Bg e e/K 2 where B7, Bg, and K7, are absolute constants (notice
an error size of < Bg V’” e/K? is small enough for purposes of proving Theo-
rem 2. 2) The coefficients of said linear combination can be computed to within
+ Fs Bg8 using < Blgy’“’ operatlons on numbers of < Blll/ bits, and each
coefficient is of size < Blz, where Bg, Blo, Bn, Blg, kg, and Kg, are absolute
constants. For simplicity, we will often abbreviate the above technical details
by saying “R3 g j.ag.bo (£, €0, 1) can be written as a linear combination, with
quickly computable coefficients each of size O(1), of O(v) quadratic sum, plus
an error of size O(e/K?).” Now, since each quadratic sum can be computed
efficiently via Theorem 2.1, then so can the remainder R3 g j 40,6, (£, o, 1).

As for the main term in (4.4), which is a double integral, we have by auxil-
iary Lemma 5.4 that it too can be written as a linear combination, with quickly
computable coefficients each of size O(1), of O(v) quadratic exponential sums,
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plus an error of size O(e/K?). The treatment of the term S g ja0,60 (K, o, 1)
in (4.3) is almost identical to that of the term S5 g ; a0, (K, co, 1).

So it remains to tackle the term S5 g j a5, (K, co, 1) in (4.3). This is the
computationally demanding term because it is where the cubic exponential
integral obtained from the cubic sum Q(.) can contain saddle-points. For sim-
plicity, assume K is a power of 2. The argument to follow is easily modifiable
to the case K not a power of 2. We define

(4.5) Ny, == K/2™ | Cm = 22Ty, agm =2""".

Notice 527Kyj7a0’b0 (K, co, 1) = 527K7j7a07b0 (N[), co, CMO’()). By splitting Q() into a
sum over the evens and a sum over the odds we obtain

(4.6) Q(Nm, j;x,¢m) = 2Q(Nm+1,J; 22, ¢mt1) — Q(Nmy j52 +1/2, )

By the definitions of N, ¢, and g, coupled with the transformation (4.6)
and the change of variable x < 2z applied to the integral with respect to x in
S2(Npy €y @0.m ), We obtain

(4.7) 59.K j,a0,b0 (Nms Cm, €0,m) = 52K j.a0,b0 (Nm+15 Cm+1, 00,m+1)
+ Sl,K,J}ao,bo (Nm—Ha Cm+1, CYO,m-H)
+ 53,k j,a0,b0 (Nimt1, Cm1, OCO,m—H)
- S47K7j7ao+ao,m+1,bo (va Cm, aO,m) )

where the integral with respect to x in S4(.) is taken over the interval Iy :=
(1/4,3/4].

Again, by the auxiliary Lemmas 5.1 through 5.4 in Section 5, the functions
S1(.), S3(.), and Sy(.), on the right side of (4.7) can be computed efficiently
provided ¢, N2, < 1/A say (this condition ensures the Euler-Maclaurin formula
can approximate the cubic sum Q(.) by an integral to within O(e/K?) using
only O(v) correction terms, which, since 1/4 < |z|, ensures said integral never
contains a saddle-point).

So by repeating the transformation (4.7) at most [logy K| times, we reach
either 1/A < ¢,, N2, or N,,, < A. The latter is a boundary point of the algorithm
since the problem simplifies to computing a total of N,,,+1 < A functions of the
form f_1{§2 exp(2mizn)F(K; ap—ao,m x, by) dz, where 0 < n < N, is an integer.
As an immediate consequence of the proof of Lemma 5.3 (see the calculations
following (5.8) there), such functions can be evaluated efficiently since they
reduce to quadratic sums. So we may assume A < N,,, and that the first phase
is ended due to a failure of the condition 0 < ¢,, N2, < 1/A. By the definitions
of ¢, and Ny, a failure of this condition implies 1/A < (23™c¢)(K/2™)2, and
hence ag., = 2™ < AcK?. Recalling that 0 < ¢ < K#~3 by hypothesis, it
follows agm < AK?* 1 which in turn implies N,, = apmK < AKH. Notice
also, since cgNo < 1/A* by hypothesis, then ag,, < 1/A.
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Put together, letting N, ag, and c denote the values of N,, ag,, and
Cm, Tespectively, at the end of the first phase, our task has been reduced to
numerically evaluating (to within + 1" e, for any absolute ) the function

1 1/4 rN |
(4.8) — / / v’ exp(2micy® — 2mizy) F(K; ag + ag z, by) dy dz
NI J_1/4Jo
where, for later convenience, we made the change of variable z <— —x in (4.8).
Here, ag € [0,1), by € [0,1), and N, ¢, and «y, satisfy the bounds
(4.9)
1/A<eN?<2/A, A< N <AK*, AK <ag<min{AK* 1 1/A}.

4.2. The second phase: the algorithm for quadratic sums. Each term in
the quadratic sum F(K;ag + agx,bp) in (4.8) has a saddle-point associated
with it; see Section 4.3 for a precise formulation of this. If we extract the
contribution of each saddle-point at this point of the algorithm (as done in
§4.3 later), we obtain a sum of length K terms, which is of the same length as
the original cubic sum H (K, j;ao, by, cp). But if we are able to cut the length
of F(K;ap+ apx,bg), then there will be fewer saddle-points to consider.

To cut the length, we employ the algorithm of [Hiall]. By the periodicity
of the complex exponential we have

(4.10) F(K;a0+ apx,by) = F(K;a0+ ooz £ 1/2,bp £ 1/2)
= F(K;ao—i—aoxi 1/2,b0$ 1/2)
Using (4.10), it is not too hard to see given any pair (ag, 50) € [0,~1) x[0,1), and

any 0 < & < 1/A say, there is a quickly computable pair (ai,b1), depending
only on ag and by, that satisfies

N1. a € [0,2],

N2. b € [0,1/4],

N3. a1 +ax € (0,2) for all x € [-1/4,1/4],
and such that either

(4.11) F(K;ao+ agz,by) = F(K;a; 4+ agx,by),
or
(4.12) F(K;ag+ agx,by) = F(K; a1 — agx,b1) .

The pair (a, l~)1) is not necessarily unique.

Without loss of generality, we may assume the original pair (ag,by) in
(4.8) already satisfies the normalization conditions N1 and N3, and that by €
[—1/4,1/4]. Also, for now, let us assume [ap + agz| < |a + agx + 2|bp| K |
holds for all x € [—1/4,1/4]. Notice this immediately implies |bg| > 1/(2K),
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so |bp| cannot be too small. Under such circumstances, Lemma 6.6 in [Hiall]
applies. If by € (0,1/4], that lemma yields

(4.13)

1
F(K;ap+aox,by) = ot a0 )

rifiitartaos)*/ i) (| p |, W TO0T

V2bo 200 | 4bo

+ R(K, a9 + agx,by) + O(K25 + 6_K) ,

which is valid for any ¢ € (0,e7!), and any = € [~1/4,1/4]. And if by €
[—1/4,0), which implies conjugation is needed to ensure condition N2 holds,
we obtain the same formula as (4.13) except the right side is replaced by its
conjugate, and «y, by, and ag, are replaced by —ag, —bg, and 1 — ag or 2 — ag,
respectively. In either case, the resulting remainder term R(K,ag + ap z,bp)
in (4.13) is fully described by Lemma 6.6 in [Hiall], as we discuss here later.
(It might be helpful to consult Lemmas 6.6 and 6.7 in [Hiall] at this point.)

We can repeatedly apply formula (4.13) for as long as the analogue of the
condition [ag+ap x| < [ag+apz+2]bo|K | holds for all = € [-1/4,1/4]. After
m such applications say, we arrive at an expression of the form

(4.14)
F(K, ag + Qg l‘, bO) — -Dm e*27|’i0£1,m $*2Tri0£2,m ;BQ F (Km’ am, + m, x’ bm)

+ R (K ag, ao, 2, bo) + O(K%e + e ) |

where
(4.15) K; <2bg2by ...2bj_1 K,
m—1 ) ] )
Rm(K; agp, g, T, bo) = Z Dy e 2o @—2miag x R(Kl, a;+opx, bl) .
=0

For example, if by € (0,1/4] and m = 1, then Ky := K, Ky := |2byKp],
a1 = ap/(2bp), aro = 0, a1 == a1 + apar, asp = 0, agq = ago +
b0<a1)2, DO = 1, and D1 = DO (2b0)71/26m/47ﬂ-i(a0)2/(2b0). As for al and bl,
they are defined according to whether the normalization procedure expresses
F(K1;a0/(2bo)+aiz, —1/(4bg)) as F(Ky; a+aiz,b) or as F(Ky;a — ayx, b), for
some @ and b satisfying conditions N1, N2, and N3. In the former case we define

a1 ;= a and by := 5, and in the latter case we define a1 := —a and b; := —b.
It is understood if b; in (4.15) is negative, the remainder R(Kj,a; + oyz, by)
stands for R(Kj;, —a; — oqzx, —by).

The numbers K, a;, b;, oy, a1, gy, and Dy are quickly computable. We
only need the following properties for them, which are valid for 1 <1 < m,

where m denotes the number of repetitions of formula (4.13), or its conjugate
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analogue, so far

(4.16)
Oél_l/al = |2bl_1| < 1/2, ’Dl| = 1/\/|2()02b1 ...2bl_1| < \/E,
l l
0<a;= Z lar—1]|ay < 4oy, lag | = Z ]br_1|(a,,)2 < min{qy, (al)2}.

r=1 r=1

Each application of formula (4.13) reduces the length of the quadratic
sum by a factor of about 2by < 1/2, but it also multiplies the size of ay by a
factor of 1/(2bg) > 2. So during the second phase, the length of quadratic sum
decreases, while the size of the parameter o grows. Eventually, formula (4.13)
is no longer useful because, essentially, due to the growth in «g, the length of
the new quadratic sum will start to depend strongly on x. The precise point at
which we stop applying formula (4.13) is determined by the following criteria.
Let mg be the first nonnegative integer for which at least one of the following
conditions fails (notice multiple conditions can fail at the same time):

Cl. ap, <1/A,
C2. A< Ky,
C3. [|amg| + @mex] < [|@mg| + Wme® + 2|bmg | K, | for some z € [—1/4,1/4].

Then the second phase is ended after exactly mg applications of formula
(4.13), or its conjugate analogue. We observe since 2b; < 1/2, then Kj;q <
K;/2. So by construction, mgy < log, K.

A failure of condition C2 or condition C3 is not hard to handle, and in
fact represents a boundary points of the algorithm (while a failure of condition
C1 is substantially more difficult to deal with, and will occupy most of this
remainder of this subsection). For the former means K, is not large enough,
and the latter means by, is too small. If K,,, is not large enough, then,
ignoring the remainder R,,,(.) for the moment, we need to deal with the sum

Ky

(4.17) Z exp(27i Gy k + 277 by k2)
k=0

D,
NI

N .
/ v’ exp(2micy®)
0

1/4
X / 1//4 exp (2m’ym + 27 (g k — Q1 mg )T — 2002 1y :z2) dx dy .
Since K, < A, it suffices to deal with this sum term by term. Lemma 5.5
shows each term in (4.17) can indeed be computed efficiently (because, essen-
tially, the integral over y in each term contains at most one saddle-point, and
there are only O(A) terms). And if condition C3 is the one that fails (so b is
too small), then the Euler-Maclaurin formula can be applied to F(.), which
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leads to a triple integral
1 /N 1/4
(4.18) N7 /0 y’ exp(2micy?) / » exp (27r7jyx — 2T @ — 2TE02 g :L'2>

X / " exXp(2MiCuny 2 + 2Tiamy 2 + 2ibyy 2°) dz dy dx
0

plus a remainder term arising from the correction terms in the Euler-Maclaurin
formula. Cauchy’s theorem as well as saddle-point techniques very similar to
those carried out in Section 4.3 later allow us to reduce (4.18) to double in-
tegrals (with respect to x and y) of the type handled by Lemma 5.5. The
calculations involved are tedious but elementary to do, and they involves con-
sidering several cases; see the discussion following (4.23) for instance.

Put together, we may assume conditions C2 and C3 still hold by the last
iteration (that is, K,,, > A and a;,, > 1/A), and the algorithm halts due to a
failure of condition C1. In other words, our task has been reduced to showing
how to deal with a sole failure of condition C1, and also to dealing with the

remainder functions
D, [N . 1/4
(4.19) ﬁ/ y’ exp(27ricy3)/ exp(—2mizy — 2miay  x — 2micg 2°)
0

—1/4
XR(Kj,a; + aqx,by) dx dy,
for 0 <1 < my.

Let us deal with the remainder functions first. We will show how to
efficiently compute (4.19). To this end, suppose b; (hence a;) is positive. Let
[w, z) be any subinterval of [—1/4,1/4) such that |a; + ayz + 2b; K| and [a; +
ayx | are constant for all z € [w, z). Since oy < 1/A, the interval [—1/4,1/4) can
be written as the union of at most 4 such subintervals, and these subintervals
can be determined quickly. Similarly, if b; (hence ;) is negative, we choose the
subinterval [w,z) C [-1/4,1/4) so that |—a; — gz — 2b K| and [—a; — o]
are constant for all z € [w, z). Since the treatments of these possibilities are
analogous, let us focus out attention on the case b; is positive.

Let r,d € [0,1000 v(K, €)] be integers, and let Wyg+aoz = Wag+ag z.b0,K0 =
{ap + awz + 2bpKo}, where {y} denotes the fractional part of y, and let
Waotaoz = |ao + apx] — (ap + apx). Then by Lemma 6.7 in [Hiall], we
have that over = € [w, z) the remainder R(Kj, a; + a; x,b;) can be written as a
linear combination of the functions

(4.20) 2", z" exp 2mioqz Kj) , exp [27riP g1 — 2miby (agqq)? xz] ,
where P € {—1,0, K41, K;41 + 1}, and the functions

Wa;+agx

(4.21)  exp {27& Waytagz @ — 2m(1 —i)r 5
1

1 w
x [ tYexp |—2m(1—i Wt—%m} dt,
[, e | -anta - P
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where @ € {0, K;}, and the functions
(4.22) (Waytayz)” €Xp 21 Way+aye L — 27 woytaue B

where L, R € [K;, K;+ 1000 v(Kj, €)] say, as well as functions of the same form,
but with wg,4a,z possibly replaced by 1 —wg,+a;z, OF W1,4;4a;z5 OF 1 — W1 a;4a;2>
plus an error term bounded by O(AK~2¢); the length of the linear combi-
nation is O(A) terms, and the coefficients in the linear combination can all
be computed efficiently. We remark that, using the notation and terminology
of [Hiall], the functions (4.20) arise from bulk terms like J (K, j; M, wa,+auz, 01),
while the functions (4.21) arise from boundary terms like fc7(K,j; Way+aqs b1)-

By choice of [w,z), it is straightforward to see there are two numbers
A= Aay,aq) and N := N(ay, o), which can be computed quickly, such that
Waytae = Aoqx and wi g, 40,0 = N —ax, for all z € [w, z) (notice 0 < Mgz <
land 0 < XN — gz < 1 over z € [w, z)). Substituting A\ + a;z for we,+a,2 We
see that the functions (4.21) and (4.21) can be expressed explicitly in terms
of z. It is plain such substitutions extend completely similarly if, instead of
Way+ayzs the functions (4.21) and (4.22) involve wi g,4a,2, OF 1 — Wa,+a,a, OF
1- Wi,a;+ogx-

Therefore, in order to enable an efficient computation of (4.19), it suf-
fices to show how to efficiently compute the expressions arising from replacing
R(Kj,a;+ g x,by) in (4.19) by any of the functions in (4.20), (4.21), or (4.22).

Substituting any of the functions (4.20) and (4.22) for R(Kj, a; + a; x,b;)
leads to integrals that can be computed efficiently by a direct application of
Lemma 5.5, provided one appeals to the set of observations (4.16), and the
fact 0 < Wy, 4apr = M1+ gz < 1 over z € [w, ). In fact, Lemma 5.5 can handle
substantially more general integrals than those arising from (4.20) and (4.22),
and can be generalized yet more.

As for the functions (4.21), they produce somewhat more complicated
expressions, involving a triple integral

A

(4.23) D, (N i omicy® [* 2mQ>\alx—27r(1—i)rﬁ—2m‘yz—2maux—zmawx?
. N g ye e
w

1 —on(l—i Atopz L—omrt
></ tde =) Ve dtdz dy,
0

which are not of the type immediately handled by Lemma 5.5. Nevertheless,
expression (4.23) can still be evaluated efficiently via that lemma. For one
can first apply the change of variable x < A\ + oy to (4.23), so the interval of
integration with respect to x is transformed to [w1, 1], where w1 = w; x o) w
A+ aqqw and 21 1= 21 )\ 0,0 = A+ oqz. One then considers the following two
cases.

On the one hand, if w; > A\/20; say, so v/2b/w; < 1/A, we evaluate the
integral with respect to t explicitly, which leads to a polynomial in /2b;/x
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of degree d. We then make the change of variable x < 2z /w;, which trans-
forms the interval of integration with respect to x to [2,2z;/w;]. Observing
z1/w1 = O(V/K)), one can divide the interval of integration with respect to
z into O(log K)) consecutive subintervals of the form [A,, A, + A,), where
2 < A, <2z1/wy; and A, = | A4,,/2], except in the final subinterval where A,
is possibly smaller. In any case, we always have A, < A,/2. So now, the
change of variable x <+ x — A, followed by an application of Taylor expan-
sions to the new term /2b; /(w1 (z + Ay,)), where now 0 < x < A, < 4,/2, can
be used to write v/2b;/(A,w1 (1 + 2/Ay)) as a polynomial in z/A,, of degree
bounded by O(v), plus an error of size O(c/K?) say. Together, this procedure
yields a linear combination, with quickly computable coefficients each of size
O(1), of O(A) integrals of the type directly handled by Lemma 5.5.

On the other hand, if w; < Av/2b;, then one separately deals with the
integral over z € [A\/20;, 21] as was just described, while over z € [wy, Av/2b]]
one expresses the cross-term e~ 27(1-9)zt/ \/%7 which was obtained after our
very first change of variable x «+— A+ oy, as a polynomial in = of degree O(v),
with coefficients depending on ¢, plus an error of size O(¢/K?). Specifically, we
apply the preliminary change of variable t < [A2]t say, then divide the interval
of integration with respect to ¢ into [A?] consecutive subintervals [n,n + 1).
Over each such subinterval we apply the change of variable ¢ <— ¢t —n. Last, by
a routine application of Taylor expansions, followed by integrating explicitly
with respect to ¢, we are led to a linear combination, with quickly computable
coefficients each of size O(1), of O(A?) integrals of the type directly handled
by Lemma 5.5.

To summarize, let M := Ky, @ := Gmy, D 1= Dy, b := by, @ := iy,
Q1 1= Qmg, and g 1= g . Notice N := apK and a := a/|2bg 2b1 ... 2by,,]
by definition, and A < M < |2bg 2b; ... 2by,|K by construction. From this it
follows A < M < N/a. Also, we may assume mg > 0, otherwise condition C3
fails before entering the second phase, in which case the question is reduced,
via the Euler-Maclaurin summation formula, to computing an integral of the
form (4.18), which can be done efficiently, as described earlier. Thus, our task
has been reduced to evaluating the expression

D N 1/4
(4.24) — / y’ exp(2micy?) / exp(—2miyx — 2mia iz — 2miagr?)
NI Jo ~1/4

xF(M;a+ az,b)dxdy,

where a € [0,1), b € [0,1), and by (4.9), (4.16), the remarks preceding (4.24),
as well as the bound 1/K3 < |ag|, which is easy to show, we have

(4.25) A< N<AKt, A<M<N/a, 1/A <eN? <2/A,
I/N<a<N/M, 0<o <da, 1/K3 < |ag| < .
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4.3. Some saddle-point calculations. In this subsection, we extract the
saddle-point contribution associated with the terms of F(M;a + ax,b) in the
double integral (4.24). There are about M saddle-points.

Since aip can assume values in a symmetric interval about zero, then with-
out loss of generality we may replace ag by —as. Also, let us drop the constant
D in front of (4.24) since it is bounded by v/K, and the methods we present
permit the evaluation of (4.24) to within &= K% for any fixed d > 0 anyway.
So the expression we wish to compute can be written explicitly as:

1 N . 1/4
(4.26) — / y’ exp(2micy?) / exp(2mica® — 2mionx — 2miyx)
N7 Jo ~1/4
M
X Z exp(2mi(a + az)k 4 2mibk?) dz dy .
k=0

We split the sum over k in (4.26) into three subsums (some of which possi-
bly empty): a bulk subsum consisting of the terms |A%] < k < M — |A?], and
two tail subsums consisting of the terms 0 < k < |[A?] and M — [A%] <k < M.
By a direct application of Lemma 5.5, each term in the tail subsums can be
computed efficiently (each such term contains at most one saddle-point with
respect to y and there are only O(A?) terms). We remark the reason we single
out the tail subsums is technical and it is to simplify the proof of Lemma 5.6
and the calculation of integrals (4.39) later.

Therefore, we only need to deal with the bulk subsum. The domain of
integration with respect to x for each term in the bulk can be extended to
(—00, ) because by a direct application of Lemma 5.6 the sum of the integrals
over the extra pieces z € (—o0,—1/4) and = € (1/4,00) can be computed
efficiently (because over these pieces, the integral with respect to y contains
no saddle-points, so the expression can be reduced to quadratic exponential
sums). Each term in the bulk sum thus becomes

(4.27)
1 N [e'S)
N7 / y’ exp(2micy?) / exp (27riozk::x — 2mixy — 2mionx + 27m'oz2x2) dx dy
0 —o0
exp (sign(ag)@) (N .
_ o — ) / Y’ exp (2mifr(y)) dy,
2‘042’]\” 0
where sign(z) := z/|z| for = # 0, and
2 ak — « ak — oq)?
(428)  fuly) == fuly,c. 0,01, 00) = ey’ — L+ ST

4o 209 4oy
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and we used the easily-provable formula

esign(y)mi/4

V2lyl

We want to extract the saddle point contribution from (4.27). To this end,
define the saddle-points

(4.29) / e2mizt2miyt® gy e 2/ (My) g e Ry £0.

(4.30) yk = y(c, o, aq, a0) =

(1 — /1= 24cas(ak —a1)) .

Notice by choice of y, we have f} (y;) = 0. In what follows, it might be helpful
to keep in mind the bound

12ca

4
(4.31) |24caz(ak — a1)| < Migﬁ/\ )

which follows from assumptions (4.25). The integral (4.27) can be written as

exp (sign(ag) & . N ,
(4.32) ( .4) exp (27”fk(yk))/ y’ exp (2mihi(y — yx)) dy
2|O£2|Nj 0
1
(4.33) hi(y) := hy(y, e, as) = cy® + (3Cyk - 4Q2) y2.

By elementary algebraic manipulations and Taylor expansions, we obtain

_ 3/2
(4.34) Filyr) = %61l ((1 = 24can(ak — a1))*? — 1
+ 36can(ak — ay) — 21620 (ak — a1)2)
o0
=: Z dsk?®,
s=0
where
(4.35) ds = dsca0,00 = (24)°c* a5 3a’qs,
(l+s
qs ‘= Q4s,c,a1,00 = Z < s )gl+8(_1)l(24)lclal2al1’
1=0

and where g9 = 0, g1 =0, g2 = 0, || < 1, and g; depends on [ only. Notice
since |gs| < 2571, |ag| <, ¢eN? < 1/A, and ak < N, it follows

(4.36) ’d8+3MS+3‘ < 2(48)3ca’®k? (48)5ca® M* < YNE for s > 0.
Also, each ¢, hence dg, can be computed efficiently. Now define
1 N ,
(437) Iy = IpjNcaoon = 7/ y’ exp (2mihy(y — yx)) dy -
2|052|NJ 0
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Then the sum (4.26) has been reduced to a sum of the form

M—|A2]
(4.38) > exp (2miak + 2mibk® + 2mi fi(yi) ) I -
k=|A2]

By our assumptions on N, M, ¢, a, o, and ag, and the bound [A?] < k <
M — |A?], we have a(|A?] —6) < yp < N — ([A%] +6), and so 0 < y < N.
So let us consider the integral (4.37) over the subintervals [0, yx) and [yg, N]
separately. We use Cauchy’s theorem to replace the contour {y : 0 <y < y},
for instance, with {ye™* : 0 < y < 2y} and {y +iyx : 0 < y < yu}
(or their conjugates, appropriately oriented, depending on whether ao is neg-
ative or positive, respectively). Taking into account the easily-deducible facts
hie(—yr) = —(ak — a1)?/(4az) — fe(yr) and hx(N —yr) = fe(N) — fr(yr),
combined with suitable applications of Taylor expansions, one finds

(4.39)

L Kt 2miay k+2miby k2 —2mi L K
Ik,j :Zzlw+e mia1 k+2mib1 k°— ﬂka(yk)ZwlM
=0 1=0

+ 627r72a1k+27rib1k2—27rifk(yk) i wlll + 627ria2k+27rib1k2—27rifk(yk) i ’Ulkill
=0 =0 M
. o L
+ 627r7,a2k+27rzb1k —27i [, (yk) Z ’Dlﬁ + O(AK—QE) 7
=0

where L = O(v), and a1 := a1,a,01,00, @2 = G2, N,a,01,00> a0d b1 := b1 o0, are
real numbers of size O(K?) that are quickly computable. The coefficients z; :=
2N, e ,an,a0> W= W N ca,a1,a05 @A U 1= U N ¢ 0,010, are quickly computable
and bounded by O(1). And the coefficients w; := W N ca,a1,0, a0d U5 =
VN, c,0,001 ,0 AT€ OFf sizE O(A!) and are also quickly computable. In particular, on
substituting expression (4.39) back into (4.38), we see the sum (4.38) is equal to

L M—[A?]

(4.40) 3 % S Kexp(2miak + 2mibk? + 2mi fi(yr))
=0 k= \_AQJ

plus a linear combination, with quickly computable coefficients, of either O(v)
quadratic sums of length < M terms, or O(v) sums of the type discussed in
Section 5 of [Hiall] of length < M terms (the latter also reduce to usual qua-
dratic sums; see [Hiall]). And all such sums can be computed efficiently via
Theorem 2.1.
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Let S :=3+ [log N/log M |. Then by the Taylor expansion of fx(yx) as a
polynomial in k, given in (4.34) and (4.35), we have

S 9
(4.41) Selyr) =D dsk® + > dok®.

s=0 s=S5+1
Also, by estimate (4.36) we have |dsM*®| < N/M*3. Since 0 < k < M, the tail
3% 641 dsk® = O(N/MS72) = O(1). So the tail can be routinely eliminated
from the exponent in (4.40) via Taylor expansions; see Section 2 for a similar
calculation. This transforms (4.40) into a linear combination, with quickly
computable coefficients each of size O(1), of O(v?) sums of the form

1 M
(4.42) i > Kl exp(2mipik + 2mifok® + - - + 2miBsk”)
k=0

where by (4.34), (4.35), (4.36), and the periodicity of the complex exponential,
we have

(4.43) 0<1=0(), A<M <AN <A’ KF,
(1 N
S:3+L10gN/10gMJ N |BS|SH11H{§,W} .
Notice that, for simplicity, we extended the range of summation in (4.42) to

include the tails 0 < k < |A?| and M — |A?| < k < M since these extra
subsums can be computed efficiently (they involve O(A?) terms only).

4.4. The FFT precomputation. We will show any sum of the form (4.42)
satisfying conditions (4.43) can be computed efficiently provided we perform
a precomputation costing < 16A°N* operations on numbers of O(v?) bits,
and requiring < 16A° N* bits of storage. (Notice by conditions (4.43) we have
N < AKH#, and so N* < A*K4H)

More specifically, our plan is to precompute the sum (4.42) for values of
its arguments specified by conditions (4.43) on a dense enough grid of points
so its evaluation elsewhere can be done quickly. To this end, let

(4.44) ni=n(M) = |log, M|, R:=R(N,A)= [log,(AN +1)].

Notice by the bounds on N and M in (4.43), we have 0 < n < R. Rather than
dealing with (4.42), we deal with the following more general sum:

S . 1 E - P
(445) FM’l’q<M;,81, con ,ﬂg) = M Z(Q—F k)lexp(Qmﬁlk—i— cee +27TZ,35~]€S),
k=0

where ¢ and M are nonnegative integers, the 8’s are real numbers, and

(4.46) g+ M <M,  S=3+|R/n|, |B<min{1/2,287 2267291
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Since S < S, and N/(4M?—3) < 28-226-29)7 the sum (4.45), with condi-
tions (4.46), is indeed more general than the sum (4.42), with conditions (4.43).
For example, (4.42) can be written as

(4.47)

1 Y , .
S0 O K exp@mipik + -+ 2miBgk®) = Fargo(M; By, -, 85,0, 0),
k=0

where we padded S — S zeros at the end. We now carry out a “dyadic approx-
imation” of the sum (4.47). With this in mind, let g := 0, My := M, ng := n,
and Bﬁo) := fB,, for 1 < s < S. Then for integers d > 0, and for as long as
Mgyq > 1, sequentially define

(448) Md+1 = Md — 2Md s nNg+1 = UOgQ Md+1J s
s
~ p _ ~
Gd+1 = qa + 2", B =3 (S) 2a=s) Gid) .
p=s

Notice Mg+ qq = Mo+ qo < M, My < My/2,d < n, and ng <n —d. And
we have

(449) Fargq(Ma; B, ... BD) = Fagpgu@ — 1,39, B9

3(d A(d
+a Fartgan, (Mazr; B0 Bé My,

where ¢y satisfies |¢q| = 1, and My, q4, cq, N4, B@, and B+ can all be
computed efficiently. By iterating (4.49) at most n times, the evaluation of
(4.47) can be reduced to numerically evaluating at most n functions of the
form

(4.50) Fargg (2" =187, .. 5.

Since n = O(v), it suffices to show how to deal with each such function. To

do so, we will need an upper bound on the size of the coefficients ﬁgd). By
induction on d, suppose the inequality

(4.51) [BU] < 2-29(-29m9%d(1 4 1/(2R))?

holds for 3 < s < S (notice by the third condition in (4.46) that (4.51) is
satisfied for d = 0 and all 3 < s < S). Then by the recurrence for ﬁ(d“) in
(4.48), and the estimate (p;fs) < 275 we obtain

S—s
(452) |B£d+1)‘ < 2R—22(3—23)n2s(d+1)(1 + 1/(2R))d Z 2p2pnd2—2np2dp )
p=0
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As remarked earlier, ng < n —d, so if n > logy R + 4 say, then

S—s
(4.53) > opgprag=2npody < Z 2~(=r <1 41/(2R).
p=0 p=0

Substituting (4.53) back into (4.52) shows estimate (4.51) holds for B(dH as
claimed. Moreover, if n < logy R + 4, then M < 32R = O(v), so should this
happen the sum (4.45) can be evaluated directly anyway. By (4.51), the fact
(14 1/(2R))? < 2, and using similar calculations to those in Section 2 (while
describing Schonhage’s method), one can employ Taylor expansions to reduce
the evaluation of (4.50) to that of precomputing the sums

(4.54)

(n—d) _1 ~(d> ~<d) 5()
1 ? ! In In 2y - %08 8
,;) k' exp <2m (e )k + 27i 2= )k -+ 27 S5n—d) k2],

2(n—

for all integers 1 < R < [logy(A’K* +1)],1<n< R, 0<d<n,0<I=

O(Sv), and all integers &7(,,62 satisfying

(455) | £L2| <H1111 {25(” d)—1 2R 12(3 s)n} )

Once the sums (4.54) are precomputed for all such values, the sum (4.42), with
conditions (4.43), can be evaluated efficiently using Taylor expansions. Alter-
natively, one can use band-limited interpolation techniques, which is probably

more practical; see [Odl].
d

Now, the sum (4.54) is the discrete Fourier transform, evaluated at — n%

of the sequence of points

)

(4.56)
! ~(d) FAON
Q(fid)l exp <2m220(2’2d) k2 4 -+ 2mi 25(”5 B )0 <k <20,

So, given I, n, and d, (4.54) can be computed at all the (integer) values of &(?%)
specified in (4.55) using the FFT in at most
3+|R/n]
(4.57) A230=D T min {2507=) 2figB=in}
s=3

operations on numbers of O(v?) bits, and requiring at most as many bits
of storage. Since min {23("*‘1)*1,21%*12(3*3)”} < min {25",2}”(3*3)”}, then
(4.57) is bounded by

3+|R/n]
(4.58) A JI min{2en, 2fFGm)
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We observe min {28”, 2R+(3_8)"} = 2°" for s < [R/2n + 3/2], from which it
follows by a fairly straightforward calculation that (4.58) is bounded by

The function n(R/(2n)+3/2)? is of size <4R exactly when R/9<n<R.
So, given n, [, and d such that R/9 < n < R, the cost of the FFT precompu-
tation is < A 2*% operations on numbers of O(v?) bits. Since 0 < d < n — 1
and 0 < | = O(Sv), and since by conditions (4.43) and definitions (4.44) we
have 27 < 2A2K*, then the total cost of the precomputation (for all possible
values of [, d, and R/9 < n < R) is at most 16 A K* operations on numbers
of O(v?) bits. Notice for R/9 < n < R, we have S < 12. So the exponential
sum (4.54) will have have degree < 12 over that range of n.

It remains to consider the case n < R/9. This implies M < vN 19 So M
is small compared to N, and the convergence of the Taylor series (4.34) from
Section 2 is slower, which leads to higher degree exponential sums (4.42).

By the definitions (4.44) of n and R, and the condition 2 < 2A2K*, we
have if n < R/9, the length of the sum (4.42) is at most 2"T1 < 28/9+1 <
4AKH? terms. Since this is a relatively short length, one option is to directly
evaluate (4.42) in such cases. If we do so, however, a simple optimization
procedure reveals the resulting algorithm to compute ((1/2+it) has complexity
t37/1T+o(1) only (notice 37/117 ~ 0.316...). We would like to avoid direct
computation of these sums in order to achieve the t4/13+°(1) complexity.

To this end, observe the sum (4.42) can be viewed in the following alter-
native light. Recall by Taylor series (4.34) we have 3, = ds for s > 3, where
ds is defined as in (4.35). So the coefficients 5,3, for s > 0, can be expressed
in the form

oo
(4-60) Bst3 = TNs, Ns ‘= Ns,py = p° Z zl,s’}’l )
=0

where the numbers z; ; are quickly computable, depend only on [ and s, satisfy
|z15] <1/2, and
(4.61)

T i=Teq = 2(48)30a3 . P I= Peanas = 2000002, Y I= Yean,a0 = 48canaz .

(Notice 7, p, and ~ are real numbers.) Therefore, by the bounds on ¢, a, ay,
and aw, specified in (4.25), as well as the bound |z 5| < 1/2, we have

N 1 1

The infinite series defining 7, in (4.60) converges rapidly, and only O(v) terms
are needed to ensure its calculation to within O(e/K?) say. Since each of 2 g,

v <

p, and v can be computed quickly, so can 75. So the sum (4.42) may now be
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formulated as a function W (M, 1, S; 81, B2, B3, T, p,7y) given by
(4.63)

1 M
W(Ma l: Sa 517 527 /837 T, P, 7) = M Z kl exp(27r2'61k + 27Ti62k2 + 27Ti53k3
k=0

+2mirmkt 4+ -+ 2772'7'775,3ks) .

In particular, once 81, B2, B3, 7, p, and ~, are determined, so is the value of
the original sum (4.42).

Presenting the sum (4.42) in the form W (M, 1, S; 51, B2, B3, T, p,y) is use-
ful because it considers that the coefficients Sy, fs, ..., s in (4.42) are not
independent of each other. Thus, the grid points where it is necessary to
precompute the sum (4.42) is much sparser than is required in formulation
(4.54). This becomes especially important when M is small in comparison to
N because this is when S = 3 + |log N/log M| is of noticeable size, and so
simplifying matters by treating the variables (4, ..., 8s independently, like we
did to arrive at (4.54), becomes quite costly as there are many variables f.

Given (1, 82,83 € [0,1), and 7, p, and ~, conforming to conditions (4.62),
we obtain by Cauchy’s estimate applied with circles C;, Cy, Cs, Cy, Cs, and
Cs, going about the origin once with radii 1/(8xM), 1/(87M?), 1/(8xM?),
1/(87M?), 1/(8cNM), and M/(87N), respectively, that

1 g ..o

1 6
ril..orel 020 .. Oz 21=0,....76=0

< N M (8t M)™ (8t M?)™ (87 M3)™ (StM?)™ (STMN)™ (87N /M)"® .

(4.64) W (M,1,8; 81+ 21,7 + 26)

Also, by Taylor expansions we have

oo o0 2,7'1 ZTG
(465)  WMLS: it 21y +26) = D o 3 A2
=0 =0 1f ... Tg!

om...0"
X|: W(M,Z,S;ﬁl—FZl,..-,’}/—i—Zﬁ)}

1 76
02" ... 0z

Therefore, if we ensure |z1| < 1/(167M), |z2| < 1/(167M?), |23| < 1/(167M3),
|z4] < 1/(167M?), |z5| < 1/(16nMN), and |zg] < M/(167N), then by bound
(4.64) each of the series over ri,...,7¢ in (4.65) can be truncated after O(v)
terms, which results in a truncation error of size O(g/K?) say. So for 21, ..., 2
of such sizes, the value of the perturbed function W (M, 1, S; 81+ 21,...,7+ %)
can be recovered efficiently, using expansion (4.65), from the values

21=0,...,26=0

o ... 0"
(466) ﬁW(M,l,S;ﬁl—i-Zl,...,')/‘f'ZG)
821 ... ZG 21:(),...,26:0
for 0 < ry,...,7¢ = O(v), and 0 < [ = O(Sv), assuming each such value is

known to within +¢/K? say.
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We discretize the interval [0, 1), which is where (5 resides, in step sizes of
1/(16wM). This ensures any 31 € [0,1) can be expressed as 1 = p1 /(167 M)
+ 21, where 0 < p; < 167 M an integer, and |21 < 1/(327M). This suffices to
kill the growth in the derivatives of W with respect to z1, as can be seen from
bound (4.64).

As for By and B3, which both also reside in [0,1), we use step sizes of
1/(16mM?) and 1/(167 M?3) respectively. This ensures they can be written as
B2 = pa/(16mM?) + 25 and 3 = p3/(16mM?3) + 23, where |zo| < 1/(327M?)
and |z3] < 1/(327rM?3). This again suffices to kill the growth in the derivatives
of W with respect to z and z3.

Similarly, we discretize the interval [—N/M?3 N/M?3], which is where 7
resides, in steps of 1/(167M?). This gives < 327 N/M relevant discretiza-
tions for 7. As for p, which resides in [—~1/M?,1/M?], we use a step size of
1/(16wr N M), which yields 32w N/M relevant discretizations. Last, in the case
of 7, which is restricted to [—1/M?,1/M?], we use a step size of M /(167 N),
yielding 327 N/M? relevant discretizations for it.

It is clear once we obtain the values of the partial derivatives of W in
(4.66) at the discretized values of (i, B2, B3, T, p, and <, and for integers
0 <1 = O(Sv), and integers 0 < ry,...,7¢ = O(v), then the values of W
elsewhere in the region f1, 032,03 € [0,1), and 7, p, and =, conforming to
conditions (4.62), and with 0 < I = O(v), can be recovered quickly, in O(1%)
steps, via (the truncated version of) expansion (4.65).

Suppose the values of W (M, 1, S; 81, B2, B3, T, p, ) have been precomputed
at all the discretized values of 81, £, 83, 7, p, and v, and for integers 0 <[ =
O(Sv), to within +¢/K? each say. Since the partial derivatives of W in (4.64),
evaluated at any of these discretizations, are needed up to r1 = O(v),...,r¢ =
O(v) only, they can be calculated via (quite laborious) recursions using O(A?)
operations on numbers of O(1?) bits (see the proof of Lemma 5.2 for an example
of such a recursion).

To conclude, for each I, S, and M, we employ the FFT to precompute
the values of W (M,1,S; 51, B2, B3, T, p,7y) at all the discretizations of fi, (2,
B3, T, p, and 7, to within 4 ¢/K? each say. By the discussion following (4.66),
there are < (167 M)® (327 N/M)? (32rN/M?) < (327)° N3 M discretizations to
consider. So the cost of the FFT precomputation is bounded by O(v2M N3)
operations on numbers of O(v?) bits. Finally, since | = O(Sv), S = O(v),
and, by hypothesis, M < vN 1/9 there are only O(V4N 1/ 9) permissible tuples
(1,8, M). Therefore, the total cost of the FFT precomputation is bounded by
O(AN?/9) operations on numbers of O(v?) bits. Since N < AK*, this cost
is certainly bounded by O(A®K?**) operations on numbers of O(v?), which
completes our proof of Theorem 2.2.
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5. Auxiliary results

Remark. The conventions stated at the start of Section 4 regarding the pre-
sentation of certain frequently occurring details apply here as well.

LEMMA 5.1. Let By = 1/6, By = —1/30, ..., denote the even Bernoulli
numbers. For any j > 0, any integer K > A(K,j,e), any real ¢, and with
I jaely) = fe TV we have

K K 1
(6:1) Y Srcsnem) = [ Frcjnc) dy+ 5 Ficgine ) + ficse(0)
n=0
< Bz (2m—1) (2m—1)
+ Z . (vajva (K) - K,j,z,c (0)) +EM’K’j’$7C’

where ff(?;)xc(y) denotes the m'™ derivative of fx ju.c(y) with respect to y, and

(52) ‘EMKJQCC’ 27‘( 2M/ ‘fK,],a:c y)’ dy

Proof. This is a direct application of the well-known Euler-Maclaurin sum-
mation formula, and the estimate |Ba,| < 10 (2m)!/(27)?™ for m > 1, say;
see [Rub05] for instance. O

LEMMA 5.2. For any ¢ € (0,e”Y) | any integer j > 0, any integer K >
A(K,j,€), any x € [-3/4,3/4] say, any real c satisfying |cK?| < 1/48 say, and
with fx jac(y) and Exk o defined as in Lemma 5.1, we have

2m+j\™
(5.3) max \f%),m(y)\ < <67rcK2 +37/2+ — / ) ,
jz[<1

where f}?;)xc(y) denotes the m'™ derivative of [K jac(y) with respect to y.

If M = [8log(K/e)], the remainder En K jo.e from Lemma 5.1 satis-
fies |Em i jacl < €. Also, the value of the derivative ff((n;)xc(y) for any y,
x, K, j, and ¢, falling within the ranges specified in the lemma, can be com-
puted to within + K2, say, using O((m + j + 1)?) operations on numbers of
O(v(K,j,e)?) bits.

Proof. One finds fK] ve¥) =Pk ja, o(y)e2micy’ +2mizy where Pk jac(y)
is a polynomial in y of degree 2m+j (it is also a polynomial in z of degree m).
Notice |ff(€2x7c(y)| = | P,k ja,c(y)|, and the polynomials P, i jz.(y) are de-
termined by the following recursion on m:

. d
(5.4) J%meAw:2MW+&fﬂ%KmAw+gf%Kmva
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where P i jac(y) == 1/ /K7. So Pijaem(y) = Simt™ dim,ije(x)y', where

the coefficients dj . i j.c() =1 S 7 g Zrim,K,j,c & - It is convenient to define the

norm | Py, i ja.c(y)|1 = leggﬂ S [2rim K o wryl|. Notice | P,k ja.c(y)] <

| P K jzc(y)]1. By induction on m, suppose

(5.5) max P jaem®), < (6mcK? +37/2 4+ (2m+5)/K)" .
o<1

One easily deduces from (5.5) that

d 2m+j
(5.6) ma | Pm,K,j,x,c(y)’l <% max | P, i e (W) -
lz|<1 || <1

On combining (5.4), (5.5), and (5.6), the first part of the lemma follows. The
second part of the lemma follows by using the recursion (5.4). O

LEMMA 5.3. Let B = 1/6, By = —1/30, ..., denote the even Bernoulli
numbers. There are absolute constants k11, K12, A1s, A1s, and A17, such that
for any e € (0,e™1), any integer j > 0, any positive integers K, K1 satisfying
ANK,je) < K1 < K, any a € [0,1), any b € [0,1), any real ¢ satisfying
|cK?| < 1/48, any 1 < m < 100v(K, j,€) say, any o € [—1,1], any interval
[w, 2] C [=1,1], and with fx jc(y) = L™’ $25iy ghe sym,

=¥
Bom 7 .2m—1) (2m—1)
(57) (2m)‘ / ( K,j,z,c1 (Kl) — JKjx,c1 (0)) F(Ka a+ ax, b) dz ,

where f[(g;)jxyc(y) denotes the m™ derivative of [K jac(y) with respect to y,
can be computed to within + A5 v(K,j, )" K2 using < Agv(K,7j,e)™2
arithmetic operations on numbers of < A7 v(K, j,€)? bits.

i gl
Proof. Write fl((n?m oY) = Pk jycm(x)e2™V 2T where, as can be seen

from the proof of Lemma 5.2,
m
Pr jy.em(t) = D UK jem(y)z!
1=0

and vy i jem(y) are polynomials in y of degree < 2m + j. Now the bound
UK jem| < (2m)™, afforded by Lemma 5.2, together with |Ba,,/(2m)!| <
10/(2m)?™, yields the bound (Bay,/(2m))|vi K jeo2m—1(y)]1 < 10. So in order
to be able to compute (5.7) with the claimed accuracy, it is enough to be able
to deal with the integrals

(5.8) / 2P (K a4 o, b) d / o F(K;a+ ox,b)de

w w
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where 0 < [ < m. More generally, we show how to deal with integrals of the
form

z .
(5.9) / '™ F(K; a + ax,b),
w

where —K < 7 < K say. We split the quadratic sum F(K;a + ax,b) into
two subsums, one over {0 < k < K : |7 + ak| < 2] + 2}, and another over
{0 <k <K : |T+ak|l > 2 +2}. For the first subsum, we use a change
of variable to expand the interval of integration, then we divide the expanded
interval into a few consecutive subintervals, and over each subinterval we show
the integral can be computed efficiently. Specifically, we start by applying the
change of variable x <— (2] + 2)x to the integral (5.9). Then we divide the now
expanded interval of integration into < 41+ 4 = O(v) consecutive subintervals
[n,n + 1), where 0 < n < 41 + 4. This leads to O(v) integrals of the form

) ) 1 n+1 )
5.10 2miak+-2mibk? / l 27Tz(7'+ak)x/(2l+2)d )
(5.10) 0<§k<:K e Q2 ), *° v
|7+ak|<21+2

For each integral (5.10), we apply the change of variable x <— x — n. Then we
use Taylor expansions to reduce the integrand to a polynomial in z of degree
bounded by O(v), plus an error of size O(e/K?) say. Explicitly, we obtain

(5.11)

1 ML L ori(rrak)e)(2042)
(2z+2)l+1/ ve e

p2mi(r+akyn L 7y I—r e (2mi)® (T + k) (1 L, 2
:(2l+2)l+1;)(r>n ;) sl (2+2)° /o o O,

The coefficients in said polynomial are quickly computable and are each
bounded by O(1). We then integrate (the polynomial in z) explicitly. On
substituting back into (5.10), we obtain a linear combination, with quickly
computable coefficients each of size O(1), of quadratic exponential sums. And
these sums are handled by Theorem 2.1 of [Hiall].

We remark it is not desirable to immediately apply a binomial expansion
to the powers (7+ak)® resulting from the above procedure because the terms of
such an expansion might have significant cancellations among them, depending
on the signs and sizes of o and 7. Instead, one can first change the index of
summation by k <+ k + |7/a] (if |a] > 1/K? say), then apply a binomial
expansion. This way, the amount of cancellation is minimal, which is useful
in practice (in theory this does not matter because |7| < K, s = O(v), and
we are using O(v?) bit arithmetic, so the amount cancellation is manageable
either way).
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For the second subsum, we integrate explicitly with respect to x. Specifi-
cally,
l (_1)1) i Zl—ve27ri(7—+ak)z _ wl—v€27ri(7—+ak)w

(512) / xl€27ri(7'+o¢k):c d.’IJ — Z

= (=) (2miT + 2miak)v Tt

Substituting (5.12) back into the second subsum produces a linear combination,
with quickly computable coefficients, of 2] + 2 exponential sums; namely,
l (_1)1) J| pl—ve2mitz 627ri(a+az)k+27ribk2

(5.13) vz:% (I —v)! (27i)v+1 (T +ak)ott 7

0<k<K
2l4+-2<|T+ak|

as well as another identical sum but with z replaced by w. We may assume
la| > 1/K? say, otherwise we can apply a Taylor expansion to the term e?7ik?
in (5.9) from the beginning, which immediately reduces it to a linear combi-
nation, with quickly computable coefficients each of size O(1), of O(v(K, j,¢))
quadratic exponential sums, and such sums are handled by Theorem 2.1. To
deal with subsum in (5.13) with 7 + ak > 2] + 2, for example, we define
ko= [(2l +2 —7)/a], and so

(5.14)

e2mi(ataz)k+2mibk? K—ko  2mi(ataz+2bko)k+2mibk?

_ 2mi(a+az)ko+2mibk? Z

=e

> =
0heK (T 4+ ak)v
20+2<7+ak
Observing 7+ ako > 20 + 2 and I!/(l — v)! <", we see
(_l)v Al Zlfv€27ri7'z

(I =) (2m8)* Tt (7 4 ako + ak)vT!
forall 1 <k < K —ko. In particular, the subsum in (5.13) with 7+ak > 2[+2
is of the type discussed in Section 5 of [Hiall], which is handled by Theorem 2.1
since, as shown in [Hiall], such sums can be reduced to a linear combination,

= (T + akp + ak)vtl

(5.15)

<1,

with quickly computable coefficients each of size O(1), of O(v?) quadratic
sums. Last, the treatment of the subsum in (5.13) with 7+ ak < =21 — 2 is
identical. O

LEMMA 5.4. There are absolute constants k13, k14, A1s, A19, and Ag,
such that for any e € (0,e71), any integer j > 0, any positive integers K, K,
satisfying A(K,j,e) < K1 < K, any a € [0,1), any b € [0,1), any real ¢
satisfying |cK?| < 1/48, any a € [-1,1], and any interval (w,z) C (—1,1)
such that |w| > 1/4, the function

1 @k j _2micy®—2mizy
(5.16) &) / ; ye F(K;a+ ax,b) dydz
w

can be computed to within + Az v(K,j,¢)"3K 2 using < A v(K,j,e)"14
arithmetic operations on numbers of < Asgv(K,j,€)? bits.
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Proof. We assume w > 0, since if w < 0 the treatment is completely
analogous. Define the contours Cp := {te*i”/6\0 <t < 2K1/V3}, Oy =
{K1—it]0<t<K;/V3}, and Cp:={t|0 <t < Ki}. Also define

A . _ 7 2micy® —2mixy
(5.17) L(0) = L 5(0) = /C e dy.
With this notation, the integral (5.16) can be expressed as

(5.18) /z I,(Co)F(K;a+ ax,b) dx .

By Cauchy’s theorem I,,(Cy) = I,(C1) — I;(C2). And by a routine calculation,
(5.19)

2K

I(C)) = dlKl’JC/ V3 o p2mey’ —/3mizy— Y dy

—2miK i x
(C2) d2 K1,] ce /\[ 67rcK1y 6micK1y?—2meyd —2mxy dy,

where dq k, jc and d27K1,j,c each has modulus 1, and both can be computed
quickly.

Since 1/4 < w < x and cK? < 1/48, the absolute values of the integrands
in I,(Cy) and I,(C3) decline faster than e~ ¥/6 throughout y € [0,v/2K1]. So,
in both cases we can truncate the interval of integration with respect to y at
L:=L(K,je) = [6v(K,je)] say.

Once truncated, the interval of integration (in both cases) is divided into
L consecutive intervals [n,n+1). As explained in detail following (5.9) earlier,
over each subinterval [n,n + 1), we apply the change of variable y « y — n.
Then we employ Taylor expansions to reduce the integrand to a polynomial in
y, with coefficients depending on z, of degree O(v(K, j,€)), plus an error of size
O(e/K?) say. On integrating said polynomial directly with respect to y, we
see that (5.18), hence (5.16), is equal to a linear combination of O(v(K, j,¢)?)
integrals of the form
(5.20)

z z
/ :cle_\/gmm_””xF(K; a+ax,b)dr, / ale 2rifaz=2mz p(I¢- o 4 o, b) da
w

w
plus an error of size O(g/K?) say, where 0 <n < L, and 0 < [ = O(v(K, j,¢)),
and where the coefficients of the linear combination can be computed quickly
and are each of size O(1). Finally, these integrals are treated similarly to (5.9)
earlier. ]

LEMMA 5.5. There are absolute constants kis, k16, As1, A2, and Asg,
such that for any € € (0,e™ 1Y), any integer j > 0, any positive integers K and
K1 satisfying A(K,j,¢) < K1 < K, any real B satisfying |3| < 100K3 say,
any real o satisfying |o| < 100K3 say, any real n satisfying |n| < 100K say,
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any real w € [0,1] say, any 0 € {—1,1}, and any real ¢ satisfying |cK?| <
1/A(K,j,€), the integral

1§ amicy+omi Y ori(a—0y)z—2mifa?
(5‘21) / yje Ticy®+ mny/ e mi(a—0y)r—2miBr dx dy
0 0

(K1)J

can be computed to within + Asy v(K,j,¢)"5 K 2 using < Agyv(K,j,e)"16
arithmetic operations on numbers of < Aszv(K, j,€)? bits.

Proof. Conjugating if necessary, we may also assume S > 0. Let us first
deal with the case § < L := L(K, j,e) = [v(K, j,e)]. We make the change of
variable z <— Lz in (5.21). Then we divide the resulting interval of integration
into | L| consecutive subintervals [n,n + 1), where 0 < n < L an integer, as
well as a final subinterval over [|wL],wL). It suffices to show how to deal with
the integral over each such subinterval since there are < L+1 = O(v) of them.

Following a similar procedure to that following (5.9) earlier, over the subin-
terval [n,n + 1), we employ Taylor expansions (preceded, as usual, by the

—2mifa?/L? iy the integrand

change of variable y <— y — n) to reduce the term e
to a polynomial in z of degree O(v(K,j,¢)), plus an error of size O(e/K?).
Notice in doing so, we appeal to the bound 5 < L. At this point, we reach a

linear combination of O(v(K, j,¢)) integrals of the form

Ky ) 1 a0
(5.22) (Kll)j /0 y]eQ’”C?’S”m’”y/O 25X T G dy
where the coefficients of the linear combination can be computed quickly, are
of size O(1) each, and where 0 < s = O(v (K, j,€)) an integer, N1 := N1 8, 1.n &
real number satisfying 71 = O(K?), and oy := a1,8,1,n @ real number satisfying
a1 = O(K?}). We divide the interval of integration with respect to y in (5.22)
into two sets:

(5.23) L:={ye[0,Kq] : |a1 —Oy| > 2(s+ 1)L},
I :={y€[0,K1] : |ag —0y| <2(s+1)L}.
So I} U Iy = [0, K1]. Notice each of I and I, as are all other such sets that
occur in this proof, is the union of O(1) many intervals of the form [s, t] where
s,t € [0, Kl]
To deal with the integral (5.22), with y restricted to I, we start by making
the change of variable y < a1 — fy. This leads to
1
(524) 1 A / yje?ﬂice(al—y)3+27ri7710(oz1—y) / .,L.seQNiyz/L dx dy,
(K1)7 Jry 0
where I3 := {y € [a1,a1 — 0K1] : |y| < 2(s+ 1)L}. By another change of
variable, x <— 2(s+ 1)z, applied to the integral with respect to x in (5.24), fol-

lowed by dividing the resulting interval of integration into 2(s+ 1) consecutive
intervals [n,n + 1), we can reduce (5.24), via a standard application of Taylor
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expansions, to a linear combination, with quickly computable coefficients each

of size O(1), of O(v(K, j,¢)) integrals of the form

(5.25)
S / yjeQWicg(al—y)3+2ﬂin19(a1—y) /n+1 2 e2mivr/s+DL) go qy
(K1)7 (25 +2)° Ji ’

plus an error of size O(g/K?) say, where 0 < n < 2(s + 1) an integer.

Since |y/(2(s + 1)L)| < 1 over I3, then by the change of variable = <«
x — n, followed by yet another application of Taylor expansions, we can elim-
inate the cross term e2m@y/(2(s+1)L) jp (5.25) as a polynomial in xy of degree
O(v(K,j,e)), plus an error of size O(e/K?) say. On integrating directly with
respect to x, we arrive at a linear combination, with quickly computable co-
efficients each of size O(1), of O(v(K, j,¢)) integrals of the form (5.27) below.
As we will soon explain, such integrals can be computed efficiently,

As for the set y € I, we integrate directly with respect to x in (5.22) to
also obtain a linear combination, with quickly computable coefficients each of
size O(1), of s + 1 integrals

s!L” j —r_2micy3+2mi
(5 +1— ) (K1)l (27i)" /Ilyﬂ(oq—ey) g2micy Y dy
where 0 < r < s+ 1 an integer and 72 := 72,4, , is a real number satisfying
no = O(K3) that can be computed quickly. Since |a; — fy| > 2(s + 1)L for all
y € I, it follows with careful use of Taylor expansions (see the treatment of
(4.21) in Section 4.2) that the evaluation of (5.26) can be reduced to computing

a linear combination, with quickly computable coefficients each of size O(1),
of O(v(K,j,¢)3) integrals of the form

1
Au
where 0 < u = O(v(K, j,€)) an integer, A = O(Kj) a real number, |cA?%| <
1/A(K, j,¢) say, where ¢ is a real number, n3 = O(K}) a real number, and

ne = O(1) a real number. The integral (5.27) is a variation on the Airy
integral; see [GK91] for example. We implicitly showed how to compute it

n

(5.26)

A 4 . .
(527) /0 yu627rzcy3+27rm4y2 +2minzy dy ,

efficiently in Section 4.3. Briefly though, one considers two cases: either the
integrand has a saddle-point or it does not; that is, either 3cy? + 24y + 13 has
a zero in [0, A] or it does not. In the former case, we extract the saddle-point
contribution like is done in Section 4.3. This reduces the problem to evaluating
an integral of the form (5.27), but with no saddle-point. And in the latter
case (the no saddle-point case), we use Cauchy’s theorem to suitably shift the
contour of integration (to the stationary phase) so the modulus of the integrand
is rapidly decaying, and the interval of integration can be truncated quickly,
after distance about O(v(K,j,¢)). We then divide the truncated interval of
integration into O(v(K, j,€)) consecutive subintervals [n,n + 1). Over each
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subinterval, we show the integral can be computed efficiently. We mention the
procedure for extracting the saddle point is that followed in evaluating the
integrals (4.39) in Section 4.3. We remark the evaluation of integral (5.27)
essentially reduces to evaluating incomplete Gamma functions like (3.4).

Having disposed of the case § < L in the integral (5.21), we now consider
the case f > L (recall L := L(K,j,e) = [v(K,j,e)]). So define

(5.28) Iy:={y € [0, Ki] : (a—0y)/(2P) € [0,w]},
I :={y € [0, K1] = (a—0y)/(26) ¢ [0,w]} .

Let us compute the integral (5.21) over the region (z,y) € [0, w] x I first. We
write Is = I U I7, where Ig is the subset of Is where o — 0y > 28w and I7 is
the subset where o — 0y < 0. We deal with Ig and I7 separately.

Over (z,y) € [0,w] x I, we apply Cauchy’s theorem to the integral with
respect to x in (5.21) to replace the contour {z : 0 < z < w} there with
the contours {iz : 0 < x < oo} and {w +ix : 0 < x < oo}, appropriately
oriented. On following this by the change of variable z + v/28x, we see the
integral (5.21), restricted to (x,y) € [0, w] x Ig, is equal to a linear combination,
with quickly computable coefficients each of size O(1), of the two integrals

1
(529) ' / yj€27rwy +2miny _ ~ / 727r7—1 y)x+miz? dx dy,
(Kl)j Is \/
! 2micy’ +2 e~ 22 (y)rtmia?
_ y]e micy®+2miny - / mT2(y)z+mizt 1. dy,
(K1) /I V2B

where 7] := 79,5 is a real number satisfying 7 = O(n + 1), and

(5.30)
1Y) == TLaos(y) = a\_ﬁng, 7(Y) = T2.0,0,8w(Y) = (w

We start by showing how to compute the second integral in (5.29) effi-
ciently. By the definitions of 72(y) and Is, we have 7o(y) > 0 over Is. So
we can use Cauchy’s theorem to shift the contour of integration in the inner
integral by an angle of 7/4. This transforms the second integral in (5.29) to:

1 emi/4 o mi/4 2
/ y] 2micy3+2miny © e 2me T2(y)z—mx dr .

(K1)! V28 Jo

We invoke our standard argument where we exploit the exponential decay in
the modulus of the integrand to truncate the interval of integration with re-
spect to z in (5.31) after distance about O(v(K,j,e) (which results in small
enough truncation error of size O(e/K?)), then divide the truncated interval
into O(v(K, j,€)) consecutive subintervals [n,n + 1), and deal with one subin-
terval at a time. Over each subinterval, one considers the regions determined
by 72(y) < L and m2(y) > L separately. One obtains, with some labor, that

(5.31)
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the evaluation of the integral (5.31) can be reduced to evaluating a linear com-
bination of O(v(K, j,)3) of Airy integrals of the form (5.27). (Notice over the
region determined by 72(y) > L, we encounter integrals like (5.26).)

As for the first integral in (5.29), its computation is even easier because
T1(y) > V2Bw for y € Is which ensures faster decay. And the evaluation
of the integral (5.21), restricted to (x,y) € [0,w] x I7, is similar to the case
(z,y) € [0,w] x Is already considered.

So it remains to deal with (5.21) when restricted to the region (z,y) €
[0, w] x I4. There, we use Cauchy’s theorem to replace the contour {z : 0 <
x < w} in the integral with respect to z in (5.21) with the contours {w — ix :
0 <z < w} and {ze ™/* : 0 < 2 < 2w}, appropriately oriented. On
following this by the change of variable x < \/23z, we see the integral (5.21),
restricted to (z,y) € [0,w] X Iy, is equal to a linear combination of the two

integrals
1 — 2
(532) . / y]62mcy +2miny - / 27rze T1(y)z—mz dr dy,
(Kl)] Iy V2
1 2micy3+2 e2 Yz +
‘ y]e micyS+2miny - / w2 (y)x+miz? dx dy
(K1)? /I V2B

where the coefficients of the linear combination are quickly computable, and
are of size O(1) each. By the definition of 7»(y) in (5.30), and the definition
of I in (5.28), we have 75(y) < 0 for y € I;. So the second integral in (5.32)
can be evaluated efficiently in an essentially similar way to the second integral
n (5.29); that is, we use Cauchy’s theorem to shift the contour of integration
by an angle of m/4, then we exploit the guaranteed exponential decay thus
obtained.

As for the first integral in (5.32), we have 71(y) > 0, which means there

is possibly some exponential growth with x in the linear factor e2mie /A (y)
there. To deal with this, we consider two cases: /Bw < 1 and 1 < /Bw.
The treatment of the case /Bw < 1 is particularly simple since by a direct
use of Taylor expansions, the integrand is reduced to a polynomial in 71 (y)
and x of degree bounded by O(v(K, j,¢)) in each, which, on integrating with
respect to z, leads to integrals of the type (5.27). So suppose v/Bw > 1. In
this case, we consider the “complementary” regions (x,y) € (—o00,0] x I4 and
(z,y) € [2/Bw,0) x I;. Computing the first integral in (5.32), but with
the region of integration switched to (x,y) € (—o0, 0] X Iy, is not problematic

. ——
because the linear factor e2me "/ Ti(y)z

now provides exponential decay with
x, and so the treatment coincides with that of integral (5.31) earlier. As for the
region (x,y) € [2v/Bw,00) x Iy, we have 71(y) < +/2Bw there. Combined with
x > 2y/Bw, this yields 71 (y)z/v2 — 22/2 < /Bw(l — z). Since /Bw > 1 by

hypothesis, the modulus of the integrand over (x,y) € [2v/Bw, o) x I declines
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* with . So once again our standard argument exploiting such

faster than e~
exponential decay applies, and leads to integrals of the type (5.27). It only

remains to calculate

(5 33) #/ y]e27ricy3+27riny /oo e27re"”/47'1(y)x77rx2 dr dy
. V2B (K1) /1, o
_ # / yj p2micy®+2miny+mitf (y) 4
J

VB (KL i, a
But this is also of the form (5.27), which we know how to handle efficiently. O

LEMMA 5.6. There are absolute constants k17, kig, Aos4, Ass, and Asg,
such that for any ¢ € (0,e71), any integer 7 > 0, any positive integers K
and Kj satisfying A(K, j,e) < K1 < K, any o € [1/A(K,j,¢),K1], any a1 €
[0,40a], any real number asg satisfying 1/K? < |as| < a and az/a? < 10 say,
any a €[0,1), any b€ [0, 1), any real number ¢ satisfying |e1 K?| < 1/A(K, j,¢),
any positive integer Ko satisfying, if possible, Ko < Ki /o, and with Cy = {z :
1/4 <z <o}, Co={z : —0co << —1/4}, the sum

(5.34)
1 K27 LAQJ ) PN K1 . A 3 . . - 2
. Z e?ﬂzak+27rzbk / / yj€27rzc1y —27rzzy627m(o¢k—a1):c—27rza2z dr dy,
(Kl )] k=|A2] 0 C

where C € {Cy, Co}, can be computed to within + Asy v(K, j,€)™7 K 3¢ using
< Aosv(K, j,€)™8 arithmetic operations on numbers of < Asgv (K, j,e)? bits.

Proof. Tt suffices to efficiently compute the sum (5.34) with C' = Cj as
the case C' = Cp is simply a conjugate case (since ¢; and «g are allowed to
assume values in a symmetric interval about 0, and a and b are allowed to
be any numbers in [0,1)). By the change of variable z <— = + 1/4, (5.34) is
transformed to

Ko—|AZ?] 0o
(5 35) Yay,az Z 627ria1 k—+2mibk? / 627ri7'kx—27ria21:2
) J

Ky Smicty® —miy)2—2mi
> / yje TiC1Y® — WY TiTY dy d.’L‘,
0

where a1 = 1,40 = a + /4, Tk = Tha.a1,00 = Ok — @1 — /2, and Vg, a, 18
quickly computable coefficient of modulus 1. Define the contours
(5.36)

Cri={ye ™0 . 0<y <2K/V3}, Cp:={Ki—iy:0<y<K /V3}.

By an application of Cauchy’s theorem, the contour {y : 0 <y < K;} in the
integral with respect to y in (5.35), can be replaced with the contours C and
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Cs, appropriately oriented. Over C7, we obtain
- CKa—|A?) o
(5.37) 1}(0}1(17a)2f Z 627ria1k+27ribk2 / 827ri7—ka:—27ria212
1 k=|A2] 0
2K,
% / V3 yj627T01y3—7re’”/3y/2—27rem/3xy dy dz ,
0

where ¥4, a,,; is a quickly computable coefficient of modulus 1. Since |¢; K7| <
1/A(K, j,€) by hypothesis, the integrand in (5.37) declines faster than e~¥/16
in absolute value throughout 0 < y < 2K/ V3. Therefore, by our standard
argument of truncating the interval of integration with respect to y at say
L:=L(K,je) = [16v(K,j,e)], subdividing it into L consecutive subintervals
[n,n + 1), applying the change of variable y < y — n in each subinterval,
followed by a routine application of Taylor expansions, the expression (5.37) is
reduced to a linear combination, with quickly computable coefficients each of
size O(1), of O(v(K, j,¢)?) sums of the form
KQ*LAZJ 1 00 .
(538) Z 627ria1k+27ribk2/ yl/ e—27re”/3(y+n):c627ri’rkx—27rioc2m2 dx dy,
k=[A2] o 70
where n and [ are integers satisfying 0 <n < Land 0 <! = O(v(K, j,¢)), plus
an error of size O(¢/K?). Now define

(5.39) Oy = {e ™/*2]0 < 2 < o0}, Cy = {e™*z|0 < 2 < 0} .

If aip is positive, then

2

T .
(540) / 6727rem/3 (y+n)(T—iz) 2Tk (T—iz)—2mias(T—ix)
0

So via Cauchy’s theorem, we can exchange the contour {z : 0 < z < oo} in

the integral with respect to x in (5.38) with the contour Cs. Similarly, if «y is

negative, we can exchange {z : 0 < z < oo} for Cy. Dealing with the case o

is positive first, we obtain, after a few rearrangements, that (5.38) is equal to
Ky—|A?] 1 00 . :

(541) Z 627ria1k+27ribk2/ yl/ 6271’(6"”/477676’"/12(y+n))x727r|a2|x2 dy dz .
k=[A2] o 70

Since by hypothesis 0 < a3 < 4a and |as| < «, it follows from the definition

Tk = ak — a1 — ag/2 that for k > |A(K, j,€)?], we have

(5.42) 7 > a(A(K, j,€)* —6).

And since a>1/A(K, j, €) by hypothesis, then (5.42) implies 7, > A (K, j,e)—1,
say. Hence, for 0 <y <1, |[A(K,j,¢)?] <k, and 0 < n < L, we have

(5.43) R{e™ /4y — ™2 (y +n)} > /2 —n— 1> A(K,j,e)/3,
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which is large. So initially there is some exponential growth with x in the size of
the integrand in (5.41), which is problematic. As usual though, we handle the
situation by writing the integral with respect to x in (5.41) as the difference
of two integrals, one over —oo < x < oo and another over —oo < x < 0.
Starting with the latter, we have by (5.43) that the integrand declines faster
than e~ AU79l2l/3 i absolute value with z, hence, it can be truncated at z =
—1. The resulting truncation error is bounded by O(e A5:9)/3) = O(e/ K?),
which is small enough for purposes of the lemma. Since now |zy| < 1, then by
a routine application of Taylor expansions, the cross-term e "2y i the
integrand in (5.41) can be expressed as a polynomial in yx of degree bounded
by O(v(K, j,€)), plus an error of size O(¢/K?) say. So integrating the resulting
integral explicitly with respect to ¥, this procedure yields a linear combination,
with quickly computable coefficients each of size O(1), of O(v(K, j,€)) integrals

—2me

Ka—|A?] , [l /4 12 )
) 1 _ s _ T _
(544) E 627r2a1k+27mbk / xPe 27 (e Tk—€ n)r—27|az|z dr
k=|A2] 0

where p is an integer satisfying 0 < p = O(v(K,j,€)), plus an error of size
O(e/K?).

With the aid of the bound (5.42) and o > 1/A(K,j,e) (by hypoth-
esis), the integral (5.44) can be truncated at min{l,a~!} with a trunca-
tion error bounded by O(e/K?) say. Once truncated, the quadratic factor
e~ 2rlazle® can be reduced, via Taylor expansions and by appealing to the bound
as/a? = O(1), to a polynomial in x of degree at most O(v(K, j,¢)), plus an
error of size O(¢/K?). Last, we evaluate the resulting integral (an incom-
plete Gamma function) explicitly. This, combined with a few further algebraic
manipulations, yields quadratic exponential sums of the type discussed in Sec-
tion 5 of [Hiall], and these sums can be computed efficiently via Theorem 2.1.

So it only remains to calculate

Ka—|A?] 1 ) . )
(545) Z 627m'a1k+2m'bk2/ yl/ 627r(e7”/47—k76“/12(y+n))1727ra2:p2 dy dz .
k=|A2] 0 —00

Integrating explicitly with respect to x produces

K27LA2J 1 7i/3 emi/6 n)2
1 Imiask-+2miby k2 | —2m AT g et (whn)
(5.46) Z e y'e 2 dy ,
V2 k—[A2] 0

where a2 := 2,4, ,0,01,00 a0d b1 := b1 p 0,01,0, are real numbers satisfying as =
O(a?/az) = O(K?) and b = O(a?/az) = O(K?). Certainly, az and by can
be reduced modulo 1, but we point out their magnitude pre-reduction modulo
1 to show they can be expressed using O(v(K, j,)?) bits throughout, as do
all other numbers in this article. The integrand in (5.46) declines very rapidly
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with y. In fact, it is of size O(e/K?) say if n > 0, which is negligible for our
purposes. So we may assume n = (.

We truncate the integral with respect to y at as/a (notice as/a < 1
by hypothesis). Since y?/as = O(az/a?) for 0 < y < ag/a, and since
as/a? = O(1) by hypothesis, we can use Taylor expansions to express the term
exp(me™/%y2 /(202)) as a polynomial in y of degree bounded by O(v(K, j, €)),
plus an error of size O(e/K?). Integrating explicitly with respect to g, along
with a few further manipulations, reduces the problem once again to computing
a linear combination, with quickly computable coefficients each of size O(1),
of O(v(K, j,e)) quadratic exponential sums of the type discussed in Section 5
in [Hiall].

This concludes our computation of (5.35) when the contour {y : 0 <
y < K;} there is replaced by Cj, and assuming «o is positive. The situa-
tion when s is negative, where Cy is used instead of Cs, is even easier be-
cause we essentially obtain an integral of the form (5.41), but with contour
{z : —oo <z <0}, over which there is (extremely) rapid decay with x.

Having shown how to deal with (5.35) when the contour of integration
with respect to y is C7, we move on to Cs. In this case, the integral is

- Ko—|AZ] 0o
(5.47) VK ,e1 Z o2miark-+2mibk? / o 2miTRT—2mianT?
(Kl)] 2 0
k=|A2]

Ky
V3 L NG — 3 _ 6 2_ _ 2

X/ (Kl—zy)]e 2me1y® —6mict K1y?—2n(1/44x 301K1)ydydx’
0

where 7, = Tk, , = K1 — 71, and Uk, ¢, is a quickly computable constant
of modulus 1. Since [3¢;K?| < 3/A(K,j,¢), the integral with respect to y
declines faster than e~¥/16 throughout 0 < y < K; /v/3. Employing our stan-
dard argument of exploiting the exponential decay, the expression (5.47) can
be reduced to a linear combination, with quickly computable coefficients each
of size O(1), of O(v(K, j,€)?) sums
KQ*LAQJ 1 oo
(548) Z e7ria1k:+27ribk2/ yl/ e—27r(y+n)x—27ri7~'kx—27ria2x2 dy dZL‘,
k=|A2] 0 0
where the integers n and [ satisfy 0 <n < Land 0 <[ = O(v(K, j,¢)). Finally,
(5.48) is treated in a completely analogous way to (5.38) except now, instead
of the bound (5.42), one appeals to the bound 7, > a(A(K, j,¢)? — 6), which
holds for 0 < k < Ko —|A(K, j,¢)?|, hence, holds over the range of summation
in (5.48). 0
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