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Description of two soliton collision
for the quartic gKdV equation

By YvAN MARTEL and FRANK MERLE

Abstract

In this paper, we give the first description of the collision of two solitons
for a nonintegrable equation in a special regime. We consider solutions
of the quartic gKdV equation Oiu + 9. (0%u + u*) = 0, which behave as
t — —oo like

u(t7 iE’) = ch (.Z‘ - Clt) + QC2 (33 - Czt) + 77(75:55)7

where Q.(x — ct) is a soliton and ||n(t)|| g1 < [|Qes |l < [|Qey || g1 -

The global behavior of u(t) is given by the following stability result: for
all t € R, u(t,z) = Q¢ t)(® — y1(t)) + Qeyty(x — y2(t)) + n(t, x), where
()l < | Qeallirr and iy, yoo e1(£) = e , iy oo ca(t) = i

In the case where u(t) is a pure 2-soliton solution as ¢ — —oo (i.e.
lims—y—oo ||7(t)|| 1 = 0), we obtain ¢f > c1, ¢f < c2 and for the residual
part, lim¢—, oo ||7(¢)]|z1 > 0. Therefore, in contrast with the integrable
KdV equation (or mKdV equation), no global pure 2-soliton solution exists
and the collision is inelastic. A different notion of global 2-soliton is then
proposed.

1. Introduction

We consider the generalized Korteweg-de Vries (gKdV) equations:

Opu + 0,(0%u +uP) =0, xz,tER,

in the subcritical case, i.e. for p = 2, 3 or 4. Our main results concern the
nonintegrable case p = 4. An extension to the case of a general nonlinearity

f(u) for which the traveling waves are stable is considered in [26].

It is well-known that the Cauchy problem for equation (1.1) is globally
well-posed in the energy space H!(R) (see Kenig, Ponce and Vega [15]): for any
ug € H'(R), there exists a unique solution u(t) € C(R, H'(R)) of (1.1) with
u(0) = ug, uniformly bounded in H*(R). Moreover, the following quantities
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are conserved (whenever they are well-defined):

(1.2) Jutty = [0, [uie) = / u3(0),

(13) Blu) = & w20 - = [wn =5 [0

p+1 p+1

Recall that for p=2,3,4, global well-posedness follows from local well-posedness,
(1.2)—(1. 3) and the Gaghardo—Nlrenberg inequality: for all v € H!, [ |v|PT! <

C(?)T (1) T

There exist explicit traveling wave solutions of (1.1). Denote by @ the

uP1(0).

unique even solution of
(1.4)

1

Q>0 Q"+Q*=Q, Qc H'(R) given by Q(z) = (2%852—2;71—136)> pil,
2

and, for any ¢ > 0, let

(1.5) Qu(z) = cm1Q(Vex) be solution of Q + QP = cQ..

Then, for any dy € R, ¢ > 0, the functions R.s,(t,2) = Qc(x — dp — ct) are
single soliton solutions of (1.1). These solutions have been intensively studied,
especially in the integrable cases p = 2 and p = 3 in equation (1.1).

1.1. Known results on soliton and multi-soliton solutions.

a. Integrable case p = 2,3: N-solitons for the KAV and mKdV equations.
Pioneering works of Fermi, Pasta and Ulam [10] and Zabusky and Kruskal [39]
exhibited several remarkable phenomena related to soliton collision from the
numerical point of view. Subsequently, Lax ([17]) developed a mathematical
framework to study these problems, known now as complete integrability and
the theory of Lax pairs. Many other developements appeared, such as the
inverse scattering transform (for a review on this theory, we refer for example
to Miura [28]).

This nonlinear transformation exhibits one of the most striking properties
of the KdV and mKdV equations, which is the existence of pure IN-soliton
solutions (Hirota [13]). Namely, let p=2or p =3, and let ¢; > --- > ey >0,
d1,...,0n € R. There exists an explicit multi-soliton solution U (¢, x) of (1.1)
that satisfies

— 0,

H ZQCJ — ot = 9) Hlt% 00
H ZQCJ ot — &)

Hl t—+4o0 ’
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for some &’ such that the shifts A; = d7 — 0; depend on the (cx). Explicit
formulas for such solutions were derived using the inverse scattering transform.
For example, the following function Uj ., which is a solution of (1.1) with p = 2,
is a 2-soliton solution (0 < ¢ < 1):

(1.6)
2

o 1—ec\?
Upe(t,x) :6@ log<1+ez_t+e\/5(z_‘:t)—i—aez_te\/g(x_‘j)) with a= <1 n \/E> :

The N-solitons are fundamental in studying the properties of general solu-

tions of the KdV equation because of the following (Kruskal [16], Eckhaus and
Schuur [9], [33], Cohen [5]):

DECOMPOSITION PROPERTY ([9], [33], [5]). Let u(t) be a solution of (1.1)
with p = 2. Suppose that u(0) € C*(R) satisfies for k € {0,...,4}, for all
z € R, (8ku/8xk)(0,x)' < C/(1 + |z|*°). Then, there exist N € N, 61,...,0n
and c1 > -+ > cy > 0 such that for all z > 0,

N
u(t,x) — Zch(m —6j —cit) >0 ast— +oo.
j=1

This result means that the asymptotic behavior for large time of any
sufficiently regular and decaying solution is governed by a finite number of
solitons.

b. PDE results for the subcritical generalized KAV equations (p = 2, 3, 4).
First, we recall the following well-known orbital stability result.

STABILITY OF SOLITON FOR THE gKdV EQUATION ([1], [2], [4], [37]). Let
1 < p<5. Letu(t) be an H' solution of the gKAV equation (1.1). For all
e > 0, there exists 6 > 0, such that if |[u(0) — Q||g1 < 9, then there exists a
continuous function t € R = p(t), such that |[u(t) — Q(. — p(t)) || w) < e

By invariance by scaling and translation of the gKdV equation, the result
is the same for Q.,(z—0dp), for any ¢y > 0, dp € R. The proof of this result relies
only on the conservation laws (1.2)—(1.3) and the variational characterization
of Q(z) (see [4], [37]).

The family of solitons (R.s,(t,z)) is actually asymptotically stable, for
equation (1.1) in the subcritical case: p =2, 3 or 4.

ASYMPTOTIC STABILITY FOR THE gKdV EQUATION ([21], [22]). Let u(t)
be an H' solution of (1.1). There exists a > 0 such that if |u(0) — Q| m < a,
then there exist ¢* with |ct — 1| = O(a) and a C* function p : [0,+00) — R
such that

(L7) w(t,z) =u(t,x) — Qe+ (x—p(t)) satisfies t_l}grnoo Hw(t)||H1(r>T10t) = 0.

Moreover, lim;_, 1 o %(t) =ct.
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We comment on the above notion of asymptotic stability. This result
means that by taking a small enough, we know the behavior of u(t) as t — 400
in the energy topology H' but restricted to the space time region z > 10t
Actually, the result can be stated for any region x > St, for § > 0, provided «
is small enough depending on 3. Such regions of convergence are in some sense
sharp since there exist solutions which behave asymptotically, as ¢t — 400, as
the sum Q(x —t) + Q.(x — ct), where ¢ > 0 is arbitrarily small. To get around
this difficulty, one may also consider weighted spaces, as Pego and Weinstein
[30], who proved the first result of asymptotic stability of solitons of (gKdV).

Note that the above result, proved only for p = 2, 3 and 4 in [21], [22] also
holds for (1.1) with a general nonlinearity f(u), see the more recent papers [20]
and [23]. Stability and asymptotic stability results above can be extended to
the sum of N solitons (and then to multi-solitons), when the various solitons
are decoupled; see [27]. Moreover, assuming [, ,2%u? < +oo implies that
limy o0 (p(t) — cTt) exists (see [25] and §4.2 of the present paper).

Let us introduce the notion of asymptotic N-soliton solutions and pure
N-soliton solution.

Definition 1. (1) A solution u(t) of (1.1) is an asymptotic N-soliton so-
lution at —oo if there exist ¢, > --- > ¢y > 0 and p; (¢),...,py(t) such
that

(1.8)

t——o0 HI(R)

N
e I A )] I
j=1

(2) A solution u(t) of (1.1) is an asymptotic N -soliton solution at +oo if

there exist ¢f > -+ > ¢} > 0and pf (¢),...,px(t) such that
N
: B _ 4+ _

(3) An H! solution u(t) of (1.1) is a pure N-soliton solution if u(t) is an
asymptotic N-soliton solution at both +o00 and —oc.

We recall the following existence result.

ASYMPTOTIC N-SOLITON SOLUTIONS FOR THE gKdV EQUATION ([19]).
Letp=2,30r4. Let N>1,¢1>--->cy >0, and 61,...,05 € R. There
exists a unique H' solution U of (1.1) such that

(1.9) lim HU ZQ% — ;i —¢j )H =0.

t——o0 Hl(R)
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See Proposition 5.1 for more properties on U(t). A similar statement holds
true as t — +o00, since equation (1.1) is invariant under the transformation
r— —x,t— —t.

This result means that there exist asymptotic /N-soliton solutions at —oo
for p = 4, similarly as in the integrable cases p = 2,3. However, for p = 4, no
information is known concerning the collision phenomenon or the behavior as
t — 400 for such solutions.

Recent works have completed the above asymptotic results. Cote ([6], [7])
has proved, for p = 4, 5, the existence of solutions satisfying

lim
t—4o00

=0,
H1

N
u(t, :L‘) — Z QC;—( — 5]‘ — Cjt) - W(t)?./o
j=1

where W(t) is the linear Airy group and vg is a given function with suitable
properties.

Tao [35] has established a well-posedness and scattering result (small data)
for (1.1) with p = 4 in the critical space H~/%(R). As a corollary of the
estimates in [35] and of the asymptotic stability result above, it follows that if
ug is close to @) in H-16n H', then there exists vy € H-Y6n H! such that

u(t, z) = Qer (- = p(t)) = W(t)vo|| =0.

Hl

lim
t—4o00

1.2. Motivation of the problem. We consider in this paper the problem of
collision of two solitary waves.

In the integrable case p = 2,3, the explicit 2-soliton solutions provide a
precise description of the collision phenomenon, including, for example, com-
putations of the resulting shifts on the trajectories of the solitons (see e.g.
[28]). In the nonintegrable situation, the collision problem has been an open
question since the 70’s. The first works concerning solitons in the field of
nonlinear partial differential equations proved general existence and stability
properties of single solitary waves. More recently, the PDE community has
focused on interactions between single solitary waves and dispersion. So far,
except in some integrable situations where explicit formulas for N-solitons are
known, the question of the collision of two traveling waves for nonlinear PDE
is completely open.

For generalized KdV equations, similarly as in the integrable case, one may
conjecture that any general solution (under suitable assumptions) decomposes
when time goes to 400 as a sum of decoupled solitons plus a dispersive residue.
A natural question is to try to relate the decomposition as ¢ — +oo to the
one as t — —oo by understanding the interactions of the various parts of
the solution. In this framework, the collision of two solitons seems to be
the simplest case of interaction between nonlinear objects and thus a relevant
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question to understand the global behavior of solutions. This question is also
related to a well-known open problem of Moser, which asks for the construction
of N-solitary wave solutions of the problem of free surface water waves.

In addition to the integrability theory, the problem of interaction of nonlin-
ear waves has been studied since the 60’s from both experimental and numerical
points of view.

First, Fermi, Pasta and Ulam [10], Zabusky and Kruskal [39] and Zabusky
[38] have introduced nonlinear systems and computed interaction of nonlinear
objects by numerics. Later, the theory of integrability justified these numerics
as explained above. Since then, many other systems have been studied numer-
ically in this context; we just quote a few works below. Bona et al. [3], and
Kalisch and Bona [14] perform numerical studies of the problem of collision of
two solitary waves for the Benjamin and the BBM equations. Shih [34] studied
the case of the gKdV equation (1.1) with some half-integer values of p. Li and
Sattinger [18] investigated the collision problem for the case of the Ion Acous-
tic Plasma equation, and Craig et al. [8] reported on numerics for the Euler
equation with free surface. In all these works, the numerics show that, unlike
for the pure solitons of the integrable case, the collision of two solitary waves
fails to be elastic but only by a very small dispersion which is difficult to see
numerically.

There is also an extensive literature devoted to experiments on water
tanks. A key question is whether or not the collision between two solitary waves
is elastic (equivalently, whether the collision is pure or generates dispersion).
From experiments related to wave propagation in shallow water (see Weidman
and Maxworthy [36], Hammack et al. [11], Craig et al. [8]), it seems that
collisions are inelastic but very close to be elastic, for solitary waves of different
amplitude.

Let us now review some more recent mathematical results related to these
problems. First, Haragus and Sattinger [12] have studied perturbation of the
KdV equation around the explicit N-soliton solutions, in particular the invert-
ibility of the linearized operator around these solutions. Second, Mizumachi
[29] for equation (1.1) with p = 4 has treated the case of two solitons with
close sizes, in a situation of repulsive interaction without collision (using scat-
tering techniques). Finally, the multi-soliton solutions of the NLS (nonlinear
Schrédinger) model, with special nonlinearity and under spectral assumptions
(ruling out the existence of small solitary waves), have been studied by Perel-
man [31] and Rodnianski, Schlag and Soffer [32]. Using Galilean invariance,
speeds and sizes are independent (in particular, high speed is possible for size
one solitary waves). Thus, one can consider the case where the collision has a
negligeable effect on the solitary waves due to a very small time of interaction.
In all these works, the interaction of two nonlinear objects in a nonperturbative
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case is not considered. In addition, up to now, no example of inelastic collision
is known rigorously to exist.

1.3. Main results. Our main results in this paper concern the problem of
collision of two solitons for (1.1) in the (nonintegrable) case p = 4. We consider
the situation where one soliton, @, is supposed to be large with respect to
the other one, @Q.,; thus we assume ¢ = ¢o/c; < 1. This is not a perturbative
setting, related to the integrable case or to a linearized equation. In addition,
the techniques of this paper can be applied in a general context for (1.1),
p = 2,3,4 or with a general nonlinearity f(u) (see [26]). In this situation, we
are able to compute the interaction term during the collision up to any order
of ¢, which allows us to describe very precisely the collision phenomenon.

First, this approach allows us to prove that for p = 4, there do not exist
pure 2-soliton solutions in the regime cy < ¢;: an asymptotic 2-soliton solution
at —oo cannot be an asymptotic 2-soliton solution at +oc.

THEOREM 1.1 (Nonexistence of a pure 2-soliton solution for p = 4). Let
c1 > co > 0. There exists g > 0 such that if ¢ = g—f < €g, then there exists no
pure 2-soliton solution of (1.1) with speeds c1, ca at —o0.

More precisely, let 57, 65 € R, and let u(t) be the unique H' solution of
(1.1) such that

lm |u(t) — Qe (. — 67 —c1t) — Qe (- — 65 — cat)|| g1 = 0.

t——o00
Then, there exist 67,65, ¢f > c3 >0 and Ty, K > 0 such that

wh(t,z) = u(t,z) — QCT(J? —6f —cft) - Qc;(x — 0 —c3t)

satisfies
. + _
(110) tlg-noo Hw (t)||H1(x>%52t) =0,
4 +
(1.11) %cggc—l—ngc% %ngl_clg_;{c%’
Cq C2

|~

717

(1.12)  £cf?er < ||0,wT ()| + vere|w ()2 < Kef c%, fort > Ty.

1§

Theorem 1.1 confirms the common belief that the existence of pure 2-soli-
ton solutions, in particular, the elastic collision between two solitons, is a
property which is specific to integrable models. However, we observe that the
2-soliton structure persists, in the sense that the slow soliton is not destroyed
by the collision and remains approximately of the same size as t — +oo (see
also Remark 2 after the statement of Theorem 1.2).

The norm of w™ (t) measures the distance of the solution to a pure 2-soliton
solution for large time. The bound from below in (1.12) is thus a qualitative
version of nonexistence of a pure 2-soliton solution. As a corollary of the proof,
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asymptotically in time, the minimal distance of any solution to a pure 2 soliton
solution at 400 or at —oo is Kc13 at oo, in the same sense as in (1.12). We
also see from (1.11) how the speeds and the sizes of @Q., and Q., are altered
through the collision; the fast soliton accerelates while the slow soliton slows
down.

This result is the first rigorous evidence of the nonintegrability of the
equation from the dynamics of the solitary waves.

Remark 1. Using the invariant [wu(t) of equation (1.1) in the framework
of Theorem 1.1, one proves that w™(¢) has to contain some dispersive part as
t — —+00, in the sense that it does not converge to a pure sum of small solitons;
i.e., u(t) is not an asymptotic N-soliton solution at +oo, for any N > 1 (see
end of §5.1). See also Remark 2(4).

In spite of the nonexistence result above, we prove for p = 4 the existence
of special solutions (but not unique; see comment 3 in the remarks below)
related to the 2-soliton structure. These solutions are another illustration of
the persistence of the 2-soliton structure through the collision and provide a
different point of view on the collision.

THEOREM 1.2 (Existence of 2-soliton like solutions for p = 4). Let ¢; >
ca > 0. There exists €9 > 0 such that if ¢ = g—f < €, then there exist an H'
solution U(t) of (1.1) and A1, Ay € R, satisfying, for all t,x € R,

(1.13) U(—t,—x) =U(t,x),
and such that the following holds for w*(t) :
w(t,z) =U(t,x) — Qe (z — crt + 1A1) — Qey (T — ot + FA),
wt(t,2) = U(t,z) — Qe (x — c1t — 5A1) — Qep (T — cot — 5A9),
1. Asymptotic behavior at 00:

(114) tllrfnoo Hwi(t)HHl(x<%) =0, tilgrnoo Hw+(t)”H1(x>%) =0,

where the shifts Ay, Ao satisfy A1 <0, Ay <0 and
1 1 /@)’ 1 1(/Q)? 3
ciAr—c 6<_2fQ2 cf Ay — 37 Q2 —/Q
2. Distance to the sum of two solitons: There exists Ty > 0 such that,
(1.16)
7 17 7 17
Eei2erz < || 0pwt ()| 2 + Vere|wT (8) || £ Kef2etz,  for all t > Ty,

(1.15) + < Kets,

Remark 2. (1) From the stability result of one soliton (variational argu-
ment), it follows immediately that the soliton @, is preserved up to a certain
order through the collision by a slow soliton ().,. What is quite surprising,
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and very similar to the integrable situation, is the fact that the second soliton,
which is small, is also preserved by the collision (dynamical arguments). One
could have expected the small soliton to be destroyed by such a collision.

Moreover, the solutions constructed in Theorem 1.2 describe precisely the
effect of the collision on the two solitons: the speeds at +co are the same and
explicit formulas for the main order of the shifts on the trajectories of Q., and
Qc, are available. From the proof of Theorem 1.2, the shifts are a consequence
of the collision and are observed in the relatively short period of time around
the collision region.

Concerning the shifts, we point out two main differences with the inte-
grable cases:

— The shift A; on @, and the shift As on @, are both negative.

— The shift Ay - —oo as ¢ = ¢z/c; — 0, which means that the effect
of the soliton @Q., on the trajectory of Q., becomes larger when cs/c;
is smaller (note also that in this case the period of interaction is larger
since the support of Q., becomes larger).

(2) By the symmetry property of U(t) (see (1.13)), a statement similar
to (1.16) for w™ holds as t — —oo. Now, let w,, p,(t) = U(t) — Qc, (. — p1) —
Qc, (. — p2). Then, from the proof of Theorem 1.2, we also have for |¢| large,

L u . 5 17
Q17) gl e < inf (1000, pn (0)|12 + Vel po (B)12} < Kefc
and
. 1
(L18)  int {105, 0o ()12 + VTl o ()12} < KefPed, forall £ € R

Estimate (1.18) is sharp. Indeed, at ¢ = 0, we have

. 1
pllgfeR{llaxwm,pz(O)lle +v/erllwpy p (022} > Kief? 3.

For p = 4, ||Qcllz2 = ¢12||Q|| 2, this is to be compared with (1.17)~(1.16)
giving sharp estimates of the distance of U(t) to the sum of two solitons.

(3) By time and translation invariances, for all é;, d2 € R, one derives
from Theorem 1.2 the existence of a solution s, 5, such that

tl}r_noo ||U61,52(t) - ch(. —cit—01 + %Al)

_QCZ(' — CQt — 52 + %A2)|’H1(x<%) = 0,
tilgloo ||U51752 (t) - ch(- - Clt — (51 — %AI)

_Q62<' — CQt — 52 - %AQ)HHl(x>%) = 0.

From the proof of Theorem 1.2, there exist infinitely many solutions U(t)
satisfying the conclusions of Theorem 1.2 for given ¢; > co > 0, 1, J2 (even
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with the symmetry assumption (1.13)). Indeed, it is enough to perturb the
initial data U(0) in a suitable way to obtain a solution with similar properties
(see proof of Theorem 1.2).

Finally, we point out that the solution U(t) which we have constructed
belongs to H® for all s > 0.

(4) Remark 1 also applies to the solution U () constructed in Theorem 1.2;

i.e., U(t) has some dispersive part as t — foo. Using Tao [35] (specific for
p = 4), we should obtain some more information on the solution since U(0) €

L%(R). Indeed, U(t) is conjectured to satisfy, for some vy € H*,
(1.19)
Jim ([U() = Qey (- — et + 3A1) = Qey (- — ot + 582) = W(t)vol 1 =0,
lim U(t) — Qc, (- — e1t — A1) — Qe, (- — ot — 2A9) = W(t)vo|| i1 = 0,

t—+o0

7 7
where Kic}?cts < [|0,v0] 12 + v/erc [uoll e < Kaef?ets.

We further conjecture that there exists a universal vy, minimizer of a
certain functional related to energy quantities (for example [(8,v0)%+c1 ¢ [ v3).
This function vy should have additional special properties, such as smoothness
and exponential decay in space.

(5) Precise information concerning the solution U(t) at ¢ = 0 can be
obtained from the proof of Theorem 1.2. See, in particular, Theorem 2.1.

Finally, the behavior of such solutions is proved to be stable in H', which
means that if a solution u(t) of (1.1) is close to the solution U constructed
above at t = 0, then u(¢) has a 2-soliton structure for all time.

THEOREM 1.3 (Stability of the 2-soliton structure for p = 4). Let ¢; >
c2 > 0. Assume that ¢ = i—f < €p 1s small enough and let U(t) be the function
constructed in Theorem 1.2. Let u(t) be an H' solution of (1.1) such that for
some § > 0,

10,(0) = Dup ()l 2 + VT [u(0) — (O)] 2 < e+,
Then, there exist pi(t), pa(t) € R and c¢i, ¢ > 0 such that
1. Global in time stability: w(t,x) = u(t,x) — Qe (x—p1(t)) — Qcy (. —p2(t))
satisfies
10w (t)| 12 + Varllw()l| 2 < Kel (P +¢3),  for all t € R.
2. Asymptotic stability:
i [[uft) ~ Qe (-~ 1(8) ~ Qo (-~ 22t s sy =0,

tim_[Ju(t) = Qur (- = p1(6) = Qea (- = p2(0)l s gmcaty =0,

t—+o0
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C::Lt 7 k) 1 + 5 1
— — 1| < Kci2(c® + ¢3), — 1| < K(c¢’ + ¢3).
Cc1 C2

Remark 3. Theorem 1.3 shows that the various properties exhibited in
Theorem 1.2 are stable under perturbation of the initial data (during and
after the collision). This constructs, in particular, a large set of initial data
having globally in time a 2-soliton structure (as for the integrable case). The
stability property can also be proved assuming u(7p) close to ¢(7p) for some
To (see the proof of Theorem 1.3).

1.4. Strategy of the proofs. Let us sketch the main steps of the proof of
Theorem 1.1. The proofs of Theorems 1.2 and 1.3 follow a similar scheme.

(1) By scaling invariance, assume ¢; = 1 and ¢ca = ¢ < 1. The first
and main step is to construct an approximate solution to the problem in the
collision region [—T, T;|, where T, > ¢ 3. The approximate solution has the
following specific form:

o(t,x) = Q(y) + Qc(ye) + Zcé ( (Ye) Ak E( ) + (ng),(yc)Bk,Z(y)> )
k¢

)

where y and y. are two independent variables and the functions Ay, By,
are to be determined. One important point in the decomposition is to choose
suitable variables y and y. for the solitons @ and Q.. The choice of y. in
(2.2) is straightforward and corresponds to the trajectory of the small soliton
without perturbation; indeed, the shift on the trajectory of Q. will be deduced
from a recomposition of the above series and a simple Taylor expansion (see
(3) below). The choice of the variable y in (2.4)—(2.5) is more subtle and avoids
usual problems due to secular terms. Here secular terms have the same form
as nonlinear perturbation terms and the degrees of freedom due to the choice
of the parameters ay, in (2.5) are the key to prove the existence of suitable
functions Ay, and By, 4.

(2) Second, we consider the unique solution u(t) of (1.1) which satisfies

lim[[u(t) = Qe (- — e1t) = Qey (- — cat)l |1 = 0.

t——o0

It is straightforward to compare u(—7T.) and v(—T.), that is, before the colli-

sion. Using sharp asymptotic and perturbation arguments and taking ¢ small

enough, we prove that the solution u(t) is close to the approximate solution

v(t) on [T, T¢], so that the description of the collision given by v(t) is relevant
n [—T¢, Te].
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In addition, from the information on u(7,) and by asymptotic arguments
([25], [21], [27] and [22]) related to sharp monotonicity properties, we fully
describe the solution u(t) in large time, that is, for ¢ > T.

(3) Finally, we prove the inelastic character of the collision for p = 4
by a further analysis of the approximate solution. The defect is due to a
nonzero extra term in the approximate solution after recomposition of the
series. Indeed, we have the following expansion of v(7¢):

L 20(Q2) (we) + O (o),

v(Te) ~ Qy) + Qeclye) — bl,OQ/c(yC) )

for some explicit constants by o and bgg. Note that [|[(Q2) (ye)llzz ~ Kc%,

so that this term is relevant in the above expansion. Whereas the term
—b1,0Q%(yc) can be combined with Q.(y.) to obtain a shift on the trajectory
of Q. (by the Taylor expansion Qc(y. — b1,0) = Qc(ye) — b1,0Q%(ye) + Oy (c)),
the term by 0(Q?)'(y.) is the principal nonmatching term. A decisive point
in the computations is to obtain by g # 0; this computation is performed in
[24]. Thus, the defect is a direct consequence of the algebra underlying the
construction of the approximate solution. Again, stability and monotonicity
arguments allow us to propagate the defect on the solution u(t) for all time
t > T, and to prove that u(t) is not a global pure 2-soliton solution, with lower
bounds on the defect.

The paper is organized as follows. Section 2 is devoted to the construction
of the approximate solution v(t). Section 3 is concerned with the recomposition
of v(t) after the collision. We mainly focus on the case p = 4. For p = 2, we
only compare at the main orders the function v(t) to the explicit 2-soliton
solutions. In Section 4 we recall and adapt some asymptotic results from [25].
Section 5 is devoted to the proofs of the main results, i.e., Theorems 1.1, 1.2
and 1.3. Some technical proofs are presented in several appendices.

Acknowledgments. The authors would like to thank the anonymous referee
for useful suggestions concerning this paper.

2. Construction of an approximate 2-soliton

In the proof of the main results (Theorems 1, 2 and 3), we restrict ourselves
to the case ¢; = 1, ca = ¢ small by a scaling argument. Therefore, in this
section, we concentrate on this case.

Let p =2, 3, 4 and define
11 1 1
(2.1) T.=c 2710 and q:ﬁ_l
In this section, for any ng € N, for 0 < ¢ < ¢g small enough, we construct a
function vy, (t,z) = v(t, x) which satisfies the following two properties:
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e u(t,z —t) is a solution of the gKdV equation (1.1) on [T, T¢] up to an
error term of polynomial order ¢,

Vt e [T, T.], ||0w+ 0,(0%v —v + V) gy < K(no)e™.
e The principal contributions to v(—7,) and v(+7.) are the sum of two
solitons ) and . respectively before and after their collision.

The function v(t) is the new fundamental object of this paper. Its existence
and properties will lead to the main results stated in the introduction.

Our approach is to consider ¢ as a small parameter and look for such a
function v in terms of expansions in powers of ¢, both in the functions and
the space variables. More precisely, the construction of the function v(¢,z) is
related to the method of separation of variables: the variable y of the large
soliton Q(y) is separated from the variable y. of the small soliton Q.(y.).

First, we set

(2.2) ye=2x+ (1 —c)t and R.(t,z)= Qc(yc);

note that R.(t) is then a solution of 0;R. + 0,(0?R. — R, + RP) = 0.
We look for a function v(¢, z) having the structure

(2.3) u(t,z) = Q) + Qe(ye) + W (t, ).

We choose the function W and the variable y under the form of series. Let
ko > 1, £p > 0 and define

So={(k,6), 1 <k <ko, 0<£< Lo}

For real unknown parameters (a.¢)(x ¢)ex,, We consider the variable y of the

form

(2.4) y=z—a(y.) =z — a(w +(1- c)t) and R(t,z) = Q(y),
where

(2.5) a(s) = /0 B(s")ds' and B(s) = Z g0 QR (s).

(k,£)eXo
The form of W is
(2.6) Wi(t,z) = Y (Qye) Are(y) + (QF) (Ye) Bre(y)) ,
(k,£)eXo

where the functions Ay ¢, By ¢, as the parameters (a ), are to be determined.
Note that the functions c/Q¥ and ¢/(QF)" used to define the series play the
role of a set of nonlinear eigenfunctions for the interaction problem. Thus, the
structure of W will allow us to compute the interaction terms at any order
of power of ¢. Moreover, choosing the variable y as above will allow us to
understand the effect of the soliton ). on the position of ), that is, the shift
phenomenon which appears through the interaction of two solitons.
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THEOREM 2.1 (Construction of an approximate solution of the gKdV
equation). Let p =2, 3 or 4. For all k > 1, £ > 0, there exist apy € R and
C*° functions Ay, Br¢: R = R such that, for any 0 < c <1, for any kg > 1
and for any £y > 0, the function v(t) defined by

(2‘7) U(tv ) Q( )+Qc yc + Z (Qc yC)AkZ( ) (Q?)/(yC)Bk,f(y»v

(k,0)eX0
where ye =z + (1=c)t, y = = — a(ye) and a(s) = Yk pen, arec’ f; QF(s)ds’
satisfies
1. The function v(t,x —t) is an approzimate solution: S(t) defined by
(2.8) S(t,z) = 0w + 0,(0%v — v + vP)
satisfies, for all 7 > 0,
(2.9) vt [T T, 109 S(O)l 2w < Ke™,

1_ 1 1+ 4y) and K = K(j, ko, lo) > 0.

where no = (5 — 155) mm(

p—1’
2. The function v(t) belongs to H*(R) for all t € R and satisfies, for K =
K(k}o,go) > 0,
(2.10) Vt € [-Te, Te],  |lv(t) — R(t) — Re() || (m) < Koo,

Remarks. (a) Size comparison in (2.10). First, note that

(2.11)

1Qellze = clQllze,  NQllze = ™2 QN2 and (| Qellz = T [|Ql|ov-
Since p%l =q+ i, (2.10) says that v(t) — R(t) — R.(t) is smaller in H! norm
than R.(t) by a factor ¢'/4. Thus, in H', v(t) = R(t) + R.(t)+ smaller order
terms in c.

Remark that the L norm is not adequate in this framework; indeed, we
also have |[v(t) — R(t) — Re(t)||pe < Kllv(t) — R(t) — Re(t) ||z < Kt <
K||Q¢| L. Moreover, from (2.7) and from the fact A; o # 0 (see proofs), we
have for t ~ 0, ||v(t) — R(t) — Re(t)|| oo ~ ||Qcl|zoe. Observe also that | Q|72 is
smaller than [|@Q.||;2 for ¢ small. Throughout this paper, the norm that really
matters in the various estimates is the L? norm.

Note that (2.10) is only a first estimate concerning the relation between
v and the sum of two solitons. This estimate does not take into account the
shift of the soliton )., and thus cannot be sharp. In Sections 3 and 4, by
recompositing v at t = £7T¢, we will prove a better estimate for v(t) — Q(y) —
Qc(ye £ Ac), for some A, and for ¢ = +T, (see Proposition 3.1). Estimate
(2.9) is also not optimal, especially for small kg and ¢y (but ng — +oo as
ko, by — —|-OO).

Note also that kg > 5 and £y > 1 in Theorem 2.1 would be enough to
prove the main results of this paper. Nevertheless, the result as stated for all
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ko, £o clearly indicates that there is no algebraic obstruction to the complete
understanding of the interaction process, and we expect it to be useful in future
works.

(b) The time interval [T, Tc] contains the interaction region. Since for
t=—-T., y < y. and for t = T,, y > y., the interaction of the two solitons
Q@ and Q. takes place in the time interval [—T,,T.]. Moreover, since y. =
y+a(ye) + (1 —c)t, we have |y.| > (1 —c)|t| — |a(ye)| — |y|. Thus, if /e < 2, we
obtain /clye| > (1 — ¢)v/clt| — v/cla(ye)| — 5lyl, and by neglecting /cla(ye)],
we obtain for |t| > T,

1 1
0 < R(t)Ro(t) < Kcrie %

1

6%0 T00
which is an exponentially small term when c¢ is small, which says that the
interaction between @ and Q. is very weak for such t.

(¢) Decomposition of W. The function constructed in Theorem 2.1 is
not unique. For given kg and £y there exist, in fact, several such functions v
corresponding to the fact that the decomposition at ¢ = 0, for example, is not
unique.

We refer to Proposition 2.3 for more properties of the functions Ay, and
By, ¢ introduced in Theorem 2.1.

Note that choosing kg = g = 400 in this expression of v would formally
give an exact solution of the gKdV equation at least for t € [-T, T;]. However,
one has to verify that the resulting series in (2.6) converges in some appropriate
sense, which is an open problem.

We give a first interpretation of the function v constructed in Theorem 2.1.

Integrable case (p =2 and 3): In this case, one of the functions v con-
structed in Theorem 2.1 coincides in its principal terms of perturbation
theory to the explicit 2-soliton solution.

Nonintegrable case (p = 4): In this case, explicit 2-soliton solutions are
not a priori known and indeed will be proved to not exist later in this
paper. The function v is a completely new object. Note that this object,
up to the order ™, plays the same role as a 2-soliton solution in the
collision region. This will allow us to prove the main results of this
paper.

The proof of Theorem 2.1 is organized as follows. In Section 2.1, we claim
that the decomposition of v(t) is preserved by gKdV equation; see Proposi-
tion 2.1). The main part of the proof of Proposition 2.1 is given in Appendix A.

In Section 2.2, we derive the systems (£2;,) to be solved at each rank
(k,?). Next, we solve a model system (2) related to (€24 ). In particular, we
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choose a special structure for the functions A, and By, which follows from
the resolution of the model system.

Then we solve by induction on (k, £) all the systems (£ ¢), for 1 < k < ko,
0 < ¢ < {y. This determines (akj), (Akf) and (ka) for all 1 < k < kg,
0 < ¢ </ in the expression of v. Thus, at this point the function v(t) is fixed.

Finally, in Section 2.3 we prove some properties of v(t) and estimate the
size of S(t) in terms of powers of c.

For k, k', ¢, /' € N, we denote

(K, 0) < (k,0) ifk' <kand ¢ </lorif ¥ <kand ¢ </.
We denote by Y the set of functions f € C*°(R) such that
VjeN, 3K;, 7 >0, Ve e R, |fU(x)] < K;(1+ |z|)ie ol
Note that the set Y is stable by sum, multiplication and differentiation.

2.1. Preservation of the decomposition (2.7) by the equation. The motiva-
tion for choosing W of the form (2.6) is the stability of the family of functions

(2.12) {QF, L, k=1, £>0}

by multiplication and differentiation (see Lemma 2.1). A consequence is that
the term S(t,z) = 9w + 9, (02v — v + vP) has the same decomposition as the
function v in terms of functions (2.12). In particular, due to the special choices
of the variables y and y., secular terms are of same nature as the nonlinear
perturbation terms, and do not create specific difficulties in the decomposition
of S. Actually, such terms will be the key of the resolution of the systems of
Ay and By .
Let

(2.13) Lw = —d%w+w — pQFtw
PROPOSITION 2.1 (Decomposition of S(t,x)). Let v be as in (2.7). Let
Ko=(p+1)ko+12 and Lo = (p+ 1)lo + 4. Then

Sta)= Y cf@’c“(yc)[ak,e(—scz+2@P>'<y>—<£Ak,e>’<y>]

(k)€

+ > QY (5 [and(—3Q") ()

(k,0)eXg
+ (3A7, +pQP Ary) (y) — (ﬁBk,e)/(y)]
+ Y QM) Frey) + (QF) (o) G (v))

1<k<Kjp
0<e<Lg

where Fy, o and Gy ¢ are functions defined on R satisfying
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(i) Dependence property of F' and G: For any k,{, the expressions of Fj ¢
and Gy depend only on (ag ¢) and (A o), (Byr o) for k', £ such that
(K, 0) < (k,?0).

(ii) Parity property of F' and G: Let k € {1,...,Ko}, ¢ € {0,...,Lo}.
Assume that for any (kK',0') such that (K',0') < (k,€) A p is even and
By ¢ is odd, then Fy, ¢ is odd and Gy is even.

Moreover,
e [fp=2, then

Fio=2Q", Gipo=2Q,

Fop= (=410 + A%o)/ — (3B +2QBi )
—a1,0(Q + 347 o +2QA10)' + 3a% ,Q®),

G0 = A1+ Al g+ (—2B10 + A10B1)’

aro
2

3
(947 o +3B7 o +2QB1o) + §a%7oQ”-

o Ifp=4, then

Fio=(4Q%, Gio=14Q°
Fog = (6Q%(1+ A10)%) — a1,0(4Q° + 3A o + 4Q% A1 9) + 343 Q¥
Gao = 6Q%*(1+ A10)® + (6Q*B1o(1 + A1)
_aip
2
See Proposition 2.3, Lemma B.1 and Claim 2.4 for additional properties
of Fk’,@ and th.

3
(9470 +3B7y +4Q*B1o) + 5‘1%,0@”-

Proof of Proposition 2.1. A large part of the proof of Proposition 2.1 is
given in Appendix A. We present here some preliminary results.

We begin by proving that the family of functions (2.12) is stable by mul-
tiplication and differentiation.

LEMMA 2.1 (Properties of @ and Q.). 1. The function Q is even and
belongs to Y.
2. For any k € N*,

Q= Q. Q. <Q;>2:cQ2—]j1QCPH,
e ok KQE+p—1) o

(Qc) =ck Qc*pTQcﬂ) )

(@) = @ty - FERELZD) gy,

p+1
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k(2k+p—1)

(@Q@HD = 2K1QF — ¢ (K* + (k +p — 1)?) QP!

(& p+1
% +p—1)(2k +3p—3 ~
e
3. For any k1, ko € N*,
k
ki\' ko __ 1 k1+ka\/
(QC)QC _k1+k2(Qc )7
2k1k
k1\/ ko I ke ke ki+ka 1~2 k1+k2+p*1‘
(QC)(QC) leQc p+1Qc

Proof of Lemma 2.1. It is clear from (1.4) that @ is even and belongs
to Y. From the equation of Q., i.e. Q7 = cQ. — QF, we easily get the second
equation by multiplying by Q.. and integrating over (—oo, x).

Next, we have

(@5 =K(QF'QL =k ((k— QI 2(QL)* + Q5 QY)

2(k — 1)
= ck*QF — k
& QC <p+1

2k+p—1)

_ k _
4 1) Qlchrp 1_ Ck2QIC€ . " i Qlé+p 1'

From this we immediately obtain the expression of (Q¥)®). Next, we have

@) _ g2k KRk+p—1) i
(Q)™ = ck*(Q7) B Q)

k(2k+p—1) _
— k2 k2 k k+p—1
c ( QF - ==
k(2k+p—1) ( 2 k+p—1 2k+3p—3 piop
_omemvtE - kan—1 =1 (fegp—1)221C < +2P2>.
P c(k+p—1)°Q; (+p)pJrl Qe

The rest of the proof follows.
Now, we give a preliminary decomposition of S(¢). We insert v = R +
R.+ W into S(t,z), and rearrange terms:

S(t,x) = 0w + 05(0%v — v + vP)
=0(R+R.+W)
+0; (02(R+Re+W) — (R+Re+W) + (R+ R+ W)P)
= O R+ 0;(0?R — R+ RP) + O, R, + 0,(92R. — R. + RP)
+0.(R+ R,)” — R” — R?)
+ W + 0, (W — W + (R+ R. + W)P — (R+ R.)P).
By the equation of Q. (QY = cQ.—QF) and y. = z+(1—c)t, it is straightforward
that
(2.14) O Re+ 95(02R. — R+ RE) = (1 — ¢)Qc + QY — Qe + Q) (ye) = 0.
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Set

(2.15) Lw = —02w +w — pQP~ w, Lw=—0%w+w—pRPw.
We decompose S(t,x) as follows:

(2.16) S(t,z) =I+1I1+III+1V,

where I, II, IIT and IV are respectively:

— Contribution of terms containing only R: I = ;R + 0,(0?R — R+ RP).

— Nonlinear interaction terms between R and R.: II = 0,((R + R.)P —
RP — RY).

— Linear terms in W: III = O,W — 0,(LW).

— Higher order terms in W: IV = 9, ((R+R.+W)?—(R+R.)P—pRP~IWV).

The expansion of I, I, ITI and IV is given in Appendix A, and allows us
to finish the proof of Proposition 2.1.

2.2. Resolution of the systems (£2;,). From Proposition 2.1, we observe
that if for any 0 < k < ko, 0 < £ < ly, (akye, Ak, Bre) satisfies the following
system:

(Q0) { (LARe) + are(3Q — 2QP) = Fiy
’ (LBre) + are(3Q") = 3AY , — pQP~ ' A g = Gy

Then S(t,z) contains only terms of the form c‘!Q¥ or ¢*(QF) with k > ko + 1
or £ > éo + 1.

This observation leads us to consider the model system

@) { (LA +a(3Q —2QP) = F
(LB) +a(3Q") — 3A" —pQP~A = G,
where F(z) and G(x) are given functions (with a specific structure; see Propo-
sition 2.2) and (a, A(z), B(x)) is to be determined. We study existence of
solutions of the system (2). Before stating and proving the existence result for
the model system (£2), we introduce some notation and we recall well-known

results concerning the operator L.
First, let ¢ : R — R be defined by

Q'(z)
Q(z)
CrAaM 2.1. The function ¢ is odd and satisfies the following properties.

Ve eR, o(z)=—

(a) limg——oo p(x) = —1; limy 400 () = 1.

(b) For all 2 € R, ¢/(x)| + ¢(2)| + |¢®(z)] < CeFl.

(c) ¢ €y, (1—¢*) €.

(d) Forp=2, (Lp) =2Q — 3Q% Forp =4, (Ly) = TQ* - FQ°.
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Proof of Claim 2.1. From the explicit formula Q(z) = (p+11)> E,
we have
Q' (z) = — tanh(% x)Q(az),

and so ¢(x) = tanh(% q:) From tanh’ = 1 — tanh? =
(b) and (c).
By Q" =Q — Q" and (Q)* = Q* — ;37QP"", we have

ﬁ, we obtain (a),

P =@ @=L ma = g
Thus, —¢" — pQ" ' = (~ T 4 p)Q'Qr—2? = 221 Q/QP—2, and
oy = 2 lqrgr2+ R gpgrs g
1) g1 300101 g,

LEMMA 2.2 (Properties of £). Letp > 2. The operator L defined in L*(R)
by (2.13) is self-adjoint and satisfies the following properties.

(i) First eigenfunction: EQPTH = —i(p—l)(p-&-B)QLJ?rl
(ii) Second eigenfunction: LQ' = 0; the kernel of L is {\Q’, X € R}.
(iii) For any function h € L*(R) orthogonal to Q' for the L? scalar product,
there exists a unique function f € H?*(R) orthogonal to Q' such that
Lf = h. Moreover, if h is even (respectively, odd), then f is even
(respectively, odd).
(iv) Suppose that f € H?(R) is such that Lf € Y. Then f € Y.

Proof of Lemma 2.2. From Q" = Q — QP and (Q")? = Q? — I%QPJA’

d* i 1 /2 " +1\2 2L —1 2
QT =[P + QR ] = () Q" —pr Q"

and so £Q"F = —[(251)" —1]Q"F = —~Lp-1)(p+3)Q"F
The property £Q' = 0 is easily checked. Moreover, the fact that the
spectrum of £ is restricted to {A\Q’, A € R} was proved by ordinary differential
equations techniques (see Weinstein [37, Prop. 2.8(b)]). The third property is
a direct consequence of the structure of £ and the Lax-Milgram theorem.
Property (iv) is also a consequence of standard arguments of ordinary
differential equations theory. First, we claim the following.

CLAIM 2.2. Suppose that f € H*(R) satisfies, for K >0 and r > 0,
(2.17) Ve eR, |(f" = f)@)| < K1+ |z[")e .



DESCRIPTION OF TWO SOLITON COLLISION T

Then, there exists K' > 0 such that

(2.18) VeeR, |f(z)] < K'(1+ |z[Thel.
Proof of Claim 2.2. We set g(z) = e *(f' + f). Then ¢’ = e *(f" — f),

Ve >0, |¢(z)] <K@+ |z|")e *® and

+oo
l9(x)] < K/ (145 )e 2%ds < K'(1 4 2")e™ 2.
x

Set h = e*f. Then |h| = |e**g] < K(1 + |z|"). By integration between 0
and x, we obtain for all > 0, e*|f(z)| = |h(z)| < K”(1 + |2|"*1). The same
property is true for < 0, by changing = in —zx.

We now finish the proof of (iv). Let f € H?(R) be such that Lf € ).
Since " = (—Lf + f —pQP~1f), by induction on j and Q € Y, it is clear that
f € CI(R), for all j € N. Since (f)" — f0) = —(Lf + pP~1f)U) and Lf,
Q € Y, using Claim 2.2 we prove by an induction argument on j that for all j
and all 2, |fU)(z)| < K;(1 + |z|"7)e"1*l. Thus, f € V.

The next result of this section concerns the existence of solutions of sys-
tem ().

PRrOPOSITION 2.2 (Existence for the model problem (2)). Let F(z) and
G(x) be such that

F=F+F+oF, G=G+G+¢G,

where

o E, G e Y: F is odd and G is even; N
o F and G are odd polynomial functions: F and G are even polynomial
functions.

Then, there exist a € R and two functions A(x), B(x)
A=A+ A+ pA, B=B+B+¢B,

where

o g, BeY: Ais even and B is odd; N
e A and B are even polynomial functions: A and B are odd polynomial
functions;

satisfying

(Q) (‘CA)/ + CL(?)Q - 2Qp)/ =F (QA)
(LB) + a(3Q") — 34" — pQP~1A = G. (Q5)
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The degrees of the polynomial functions ;4v, Z, B and B are related to the
degrees of F', F', G and G as follows:

(2.19) deg A <1+ degF, degB < max(l+degG,degF),
(2.20) deg;l\g 14 deg F\, degE < max(1 + deg é\, degﬁ).
Moreover,

(2.21) iff = 0 (respectively, F= 0), then A=0 (respectively, A= 0);
(222)  if A” =0 and G =0, then B = 0;
(2.23)  if A" =0 and G =0, then deg B = 0.

Remark. Observe that the conclusions of (2.23) and (2.21)—(2.22) are dif-
ferent. In (2.23), only deg B = 0 which allows the possibility that B = b, a
nonzero constant, even if no polynomial is present in F' and G. Without this
freedom, the system cannot be solved in general. This remark is essential for
two reasons:

1. The fact that possibly B # 0 whereas F , F , G and G are zero, is re-
sponsible for the apparition of polynomial growths in A, y and By when
solving the systems (2;¢). Indeed, from the structure of the systems
(Q%,¢), one cannot find solutions Ay ¢, By all in Y. It is the reason why
we need to allow polynomial growth in the functions A, B, F' and G as
in Proposition 2.2.

2. In the next section, we will see that the shift on the soliton (). resulting
from the interaction with the soliton @ is obtained from §1,0 £ 0.

Remark. In Proposition 2.2, we find one solution of the system (£2). We
refer to Corollary 3.1 for the uniqueness question.

Proof of Proposition 2.2. We first reduce the proof to the case where
there is no polynomial functions in ' and GG. Then we solve the problem using
Lemma 2.2 and choosing the free parameter a.

Step 1. Reduction to the case without polynomial functions. Let F' and
G be two functions satisfying the assumptions of Proposition 2.2. First, we
consider A and A the two (unique) polynomial functions satisfying

— A"(z) + A(z) = /Ox F(z)dz and — A"(z / F(z

(obtained by resolution of a system in the basis {"},>0). Observe that Ais
even and A is odd. Moreover,
e if F =0 (respectively, F = 0), then A =0 (respectively, - A= 0);
o if F 75 0 (respectlvely, F # 0), then degA =1+ degF (respectively,
degA =1+ degF)



DESCRIPTION OF TWO SOLITON COLLISION 779

We have
(EA)’ = (—A” + A — prflA)’ =F — p(prlA)’,

_ ( 290/14/ //1’4\_’_ SOA\_pr—lgO;DI
90 +o / F + QQDIA/ //A pQP~ 1QDJZD
For A to be chosen later, let A = A + A + @A. Then, A solves (4) if and
only if
(LA) + (LAY + (L(pA)) +a(3Q — 2Q°) = F + F + ¢F,
or equivalently by the previous calculations (LA)" + a(3Q — 2QP) = F, where
(2.24) F=F+F— (LAY +¢oF — (L(pA))
=F— go’/o F (204 + " A+ pQ Y (A + pA))".

Since F, ¢', Q € Y, and Z, A and F are polynomial functions, we get F € ).
Moreover, we observe that F is odd.

We proceed in a similar way for B(x) except for the need of an additional
parameter b € R and the term (—3A”) in equation (2g). Let B and B* be the
two (unique) polynomial functions satisfying

_B"(2) + B(z) = /0 " (Gl2) +3A"(2)) d,
~(B")'(x) + B*(x) = /0 " (G2) +347(2)) de.

Observe that B is odd and B* is even. Moreover,

if A/ =0 and G =0, then B = 0;

if A" +£0or G #0, then degB = 1+ max(deg G, deg A");

1fA”—0andG—O thenB*—O

if A” 0 or G # 0, then deg B* = 1 + max(deg G,deg A”).

In all cases, we have

(2.25) deg B < max(1 + degG,deg F), degB* < max(1 + deg G, deg F).
We have

(LB) = (-B" + B —pQ"'B) = G + 34" — p(Q*"'BY,
_ ( /(B*)l N IIE* + QOB\* _prflgOE*)/
— oG+ 3A") + / )+ 34" (2))d=

— (2¢'(B") + ¢"B" + pQ"~ 1<p§*)'-
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For B and b to be chosen later, let
B=B+B+¢B, with B=B*+b.
Then, B solves (Qp) if and only if
(LB)' + (LB)' + (L(¢B)) + 3aQ" — 34" — pQ"~4
=347 —pQU M A = 3(pA)" —pQ" N (pA) =G+ G + G,
or equivalently by the previous calculations
(LB +3aQ" — 34" — pQ" " A =G —b(Ly),
where the function G is defined by
(2.26)
G=G+G+3A" — (LB) + G +3(pA)" — (L(pB")) +pQ* (A + pA)
—G+60/A +30"A— ¢ /Ox(é\(z) + 34" (2))dz
+(2¢/(BY) +¢"B* +pQ" ™ (B + ¢B")) .

Since G, ¢’, Q € Y, and :4: E, B* and G are polynomial functions, G € ) is
even.

Thus, in conclusion, the system (2) is equivalent to the following system
in (a,b, A, B):

(LA) +a(3Q —2QP) = F
(LB) +a(3Q") = 34" - pQ~"A =G — b(Ly),

where F € ) is odd, given by (2.24), G € ) is even, given by (2.26). Note that

F and G do not depend on the parameters a and b.

Step 2. Eristence of a solution of system (). We set H(z) = [ F(2)dz.
Since F is odd, [z F =0 and so H € Y is even.
To find a solution (a, b, 4, B) of (Q), it is sufficient to solve

@ { LA+ a(3Q —2QP) =H
(LB) +a(3Q") — 34" — pQPTA =G — b(Lyp)'.

Since [HQ' = 0 (by parity) and H € Y, it follows from Lemma 2.2(iii)—(iv)
that there exists H € ), even, such that

LH=H.

By Lemma 2.2, there also exists V € Y, even, such that LV = 3Q — 2QP. It
follows that, for all a,

(2.27) A=H—-al,
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is solution of LA + a(3Q — 2QP) = H, moreover, A is even and A € ). Note
that at this point (a,b) are still free. They will be chosen when solving the
second equation.

Now, replacing A by H — aV} in this equation, we only need to find B
such that

(2.28) (LB) = —aZy+ D — b(Lyp),
where
D=3H +pQ" "H+G, Zy=3Q"+3VJ +pQ" 'Vj.

It follows from the properties of Q, Vy, G and H that D and Zj are even and
satisfy Zg, D € Y. To solve (2.28), it suffices to find B € ) such that

(2.29) LB=E, where E= / (D — aZp)(2)dz — bLep.
0

We can choose (a,b) such that the function E is orthogonal to @' and has
decay at +oo.

CrAmM 2.3. (i) Nondegeneracy:

(2.30) /ZOQ - 4(7;__51) /QQ.

[0
| 20Q

(ii) Let a =

satisfies

and b = 0+O°(D —aZy)(z)dz. Then, E defined by (2.29)

(2.31) EcY, FEisodd, /EQ’ —0.

Assuming Claim 2.3, we finish the proof of Proposition 2.2. We fix (a,b)
as in Claim 2.3. Then, from (2.31) and Lemma 2.2, it follows that there exists
B € Y such that LB = E. Setting

A=A+A+A, B=B+B+B8,

we have constructed a solution of system (€2) with the structure described in
Proposition 2.2.
Now, we only have to prove Claim 2.3.

Proof of Claim 2.3. Proof of (i). First, we check that
(2.32) Vo =350~ 52Q".

Indeed, £Q = ~Q"+Q—pQ"'Q = —(p— Q¥ and L(2Q') = —2Q" +2LQ =
—2Q + 2QP. Thus,

£l-511Q -~ $0Q) = = £Q — $6(eQ) = @ +3Q - 3" =30 - 2Q".
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Second, we compute [ ZoQ, where Zy = 3Q" + 3V{' + pQP~1V;. By Q" =
Q — QP. We get

[ 200 = [ (3@ + 3% +p@" Vo) @
=3[ @ =3 [ @+ [WQ"+pQ?)
=3[ @ =3 [ @+ [WGQ+(p-3)Q7)
We compute the last term, integrating by parts:
[ 3@+ -9 = - [ (750 +4:Q) 6@+ (p-3)Q")
=3 -8 [ @+ 0-3) (- i) [ @

3p7/2 p5p3/p+1
Q"+ p+1Q

Finally, using Claim C.1 in Appendix C,

3(Tp—11) [ o (Gp=T)(p+3) 1_ P
20Q = 2= [qr - DL [gret
J o= 2(p—1)(p+1) 4p—
Proof of (ii). Let a and b be defined as in Claim 2.3. The function E is

odd by its definition in (2.29). By integration by parts and decay properties
of ), we have

/EQ’ - —/(D—aZO)Q—b/(&p)Q’ _ —/DQ+a/ZOQ—b/<p(£Q’) —

by the definition of a,b and £Q' = 0. By Claim 2.1 and the definition of a, b,
we have

+oo
limE = (D —aZp)dz —blim(Lyp) =0 andso E € ). O
+00 0 +oo
Resolution of the systems (S, ¢). Using Propositions 2.1 and 2.2, we solve
the systems (€4 ¢) by induction on (k, ). We check that at given (k, £), the sys-
tems () being solved for all (k',¢') < (k,£), we can apply Proposition 2.2
to (). The induction argument can be, for example,
1) initialization: k=1, ¢ = 0;
2) for £ =0, all k£ > 1, by induction on k;
3) by induction on ¢ > 0, all k£ > 1 similarly as in 2).
For future use in the proof of Theorem 2.1, we estlmate in the next section

the degrees of the polynomials Ak £ Ak £ BM and Bk ¢ with respect to k and
¢ (see Lemma 2.3).
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PROPOSITION 2.3 (Resolution of (€ ,) by induction on (k,¢)). For all
kEe{l,....ko}, £ €{0,...,0}, there exists (akg, Ak, Bry) of the form

(2.33)
Apo(2) = Apg(2) + Apo(z) + o(2) Ap (),
Bys(z) = Bie(z) + Ew(x) + gD(:L‘)Ek;’g(l‘), where
ZW, Ek,g ey, XW is even and EW s odd;

ZW and E]f’g are even polynomials; ZIM and E]C,g are odd polynomials;
satisfying

() { (LAge) + are(3Q —2QPF)" = Fy
’ (LBre) + are(3Q") = 3AY , — pQP ' Ay = G,

where Iy, ¢, Gy ¢ are defined in Proposition 2.1. Moreover, for all1 <k <p—1,
£=0,

(2.34) Ao = Ao =Bro=0, Bo=bro€R.

Remark. (i) The parity condition on Ay, ¢, By is related to the resolution
of the systems (o) for (k,€) < (K',¢"). The use of the function ¢ is related
to the asymmetry of the gKdV equation.

(ii) The resolution of (€ ,) at each step (k,f) does not give a unique
solution. Indeed, from Corollary 3.1, if (ak¢, Ak, Bre) is solution, then for

any (Y., Oke) € R?,
(2.35) (ak.e + V0010, Are + Veo(1 + A10), Bro + YkeB1o + 0k Q')

is also solution, which gives two degrees of freedom at each step. From Corol-
lary 3.1, (2.35) is exactly the set of solutions in the class (2.33). Note that
for p = 4, it seems that one cannot use the parameters to avoid polynomial
growth. For p = 2, there is a choice of parameters giving no polynomial growth
corresponding to the explicit 2-soliton solutions. See Section 5.2.

Proof of Proposition 2.3. The proof of Proposition 2.3 is based on Propo-
sition 2.2 and on the structure of F}, o and Gy, ¢ (see Lemma B.1). By the induc-
tion argument described above, it is enough to check that if (ax ¢, A o7, By /)
satisfies (2.33) for all (k',¢') < (k,¢), then we can find (aks, Ak, Bre) as in
(2.33) and solving (€24 ¢). This will follow from Proposition 2.2 and the follow-
ing claim.

CLAIM 2.4. Let (k,£) be such that (k,l) € Xo, with (k,£) # (1,0). Assume
that for all (K',0) < (k, (), the functions Ay ¢ and By ¢ verify (2.33). Then
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(2.36) Fro(w) = Fro(2) + Frg(@) + () Fro(2),
Gruo(z) = Ge(z) + ékg(a:) + cp(x)CA}’M(a:), where
Fre, Gop €Y; Fiyp is odd and Gy is even;
ﬁ;@g and é\k’g are odd polynomials; F\]ﬁg and CNJ;M are even polynomials.
Moreover, let 2 <k <p—1, if forany 1 <k <k,
deg :47«70 = deg Zk',o = deg Ek/,o = deg Ek/,o =0 then Fio, Gro€).

Claim 2.4 is a consequence of the more detailed Lemma B.1 proved in
Appendix B.

Case k =1, £ = 0. The system (€) is explicit from Proposition 2.1;
indeed, F1 o = p(QP~1) and G = pQP~!. Thus

Filo=Fip€e), Gio=GCGigeYand Fg= ﬁl,o =Gio= al,O = 0.
It follows from Proposition 2.2 that (€,) has a solution aj g, A1, Bio with
the desired properties. Moreover, from (2.21)—(2.23), we obtain A; 9= A1 =

B1 0=0 and B1 0 = b1, where by o € R is a constant. Whether or not by o
is zero will be determined in Section 3 for each case p = 2, 3 and 4.

Case 2 <k <p—1, £=0. By induction on 1 <k < p—1, we solve (£ 0)
and we prove
(2.37) Aro=Apo=DBro=0, Byo=bycR.
Indeed, let 2 < k < p — 1 and assume that (2.37) is true for all 1 < k' < k.
Then, it follows from Claim 2.4 that F}, o, Gro € ), which means that Fk 0=
Fk 0= Gk 0= Gk o = 0. Therefore, from Proposition 2.2, we solve (€4) with

property (2.37) at rank k, which completes the induction argument. Thus
(2.34) is proved.

Case k > p, £ > 0 ork > 1, £ > 1. By induction on (k, /), we prove
that (Q¢) has a solution (ay ¢, Ak, Bie) satisfying (2.33). First, note that
(2.33) holds for 1 < k < p—1, £ =0 by (2.37). From Claim 2.4, we know
that Fj ¢ and G} ¢ have the required structure to apply Proposition 2.2; thus
we obtain a solution (ay¢, Ak, Bre) with the structure (2.33). Thus, the
induction argument is complete and the system (€, ¢) is solved up to (ko, £o).

2.3. End of the proof of Theorem 2.1. We consider the function v(¢) con-
structed in (2.3)—(2.6) where (ary), (Are) and (By) are defined in Proposi-
tion 2.3. For this choice, we have

(2.38) Sta)y= Y. QW) Fre(y) + (QF) (o) Gre(w)) -

1<k<5ko+12
0<0<50p+4
k>kg or £>{g

1 1

Recall that ¢ = ﬁ — % and T, = ¢ 27 100.
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PRrROPOSITION 2.4 (Estimates on W and S). Let kg > 1, ¢y > 0. There
exists K such that, for any 0 < ¢ < 1, for any t € [T, T;], W (t), S(t) belong
to H3(R) for all s > 1 and satisfy

_1
(2.39) WD = llo(t) = R(t) = Re(t) |1 < Ker T,
(240) ] = 07 1> 2> ||aa(:J)S(t)HL2 < KCnO)

where ng = (3 — I—(I)O)min(%,ﬁo +1).

Before proving Proposition 2.4, we claim several preliminary results. The

first result concerns the degrees of the polynomials in the decomposition of
W (t).

LEMMA 2.3. a) For all 1 <k < ko and 0 < ¢ < {o such that %5+ <2,
(2.41) deg Zk,g = deg A\kl =0.

b) For all 1 <k < kg, 0 <<,
~ o~ = ~ -1
(2.42) ClAB(kJ, f) = Imax (deg Ak7g, deg Ak’g, deg ka, deg Bk’g) S Ll + /.
p [e—

Proof of Lemma 2.3. The proof proceeds by induction on (k, ¢).

Case k> p, £ >0 or k> 1, £ > 1. By induction on (k,¢), we prove that
(2.42) holds. First, note that (2.42) holds for 1 < k <p—1, £ =0 by (2.37).
Let

k—1
2.4 kt)=——+¢.
(2.43) 0 ==+
Assume
(2.44) for all (K',0') < (k,£), dap(k',¢") < &K', 0') holds true.

From Lemma B.1, we know that F}, , and G}, ¢ satisfy
(2.45)
dFG(ka E) < max (dAB(k;_l’ E)_L dAB(k_p + 17 f)’ dAB(k, 6_1)7 dN(k‘, 6)) .

We claim

itk>p, dap(k—p+1,0) <&k, 0)—1,

if¢>1, dap(k,l—1) <k, 0)—1,

ifk>p, dn(k,0)<&(k,f)—1 (dn is defined in Lemma B.1).
Indeed, assume k > p. Then by (2.44),
(2.46) dap(k—p+1,0) <&k —p+1,0) =&k, 0) — 1.
Similarly, if £ > 1, by (2.44)
(2.47) dap(k, 0 —1) < &k, £ —1) = &(k, 0) — 1.
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Finally, if k£ > p and if k;, ¢; satisfy Z?:l kj <k and Z§:1 ¢; < ¢, then (2.44)
implies

z k— k—1
S dan(ky b)) gz (kjy ) = =7 +l= "~ +=1=E(k0 - 1.

7=1
Thus, du(k, £) < £(k, ) — 1.
By (2.45), we obtain dpg(k,?) < &(k,¢) — 1; thus using Proposition 2.2,
(ak¢, A ¢, B ) satisfies (2.19)—(2.20). Therefore

degAB(k7£) S degFG(kﬂe) +1 S f(k7€)

Thus, the induction argument is complete and the system (€4 ) is solved up
to (ko, lo).
We now prove (2.41) to finish the proof of Proposition 2.3.

Case p < k < 2(p—1), £ = 0. We prove (2.41) for the case ¢ = 0 by
induction on k starting at k =p. For k = =P and ¢ = 0 we know that for all
K < D, Ak/ 0= Akl 0= Bk/ 0= = 0 and deg Bkl 0= = 0. Thus, by Lemma B. 1(b)
we have I, o € ), and thus by Proposition 2.2, 4,9 € Y, which means Ap 0=
Apo = 0. In the statement of Proposition 2.3, we give a weaker statement
degA 0= degA 0 = 0, since we want that the rest of the estimate to be
compatible with nonzero (constant) Ap7 (see §3). The induction argument
from p to 2(p — 1) is done in the same way and we omit it.

Case 1 <k <p-—1,¢=1. We also omit this case, since it is similar.

Cramv 2.5 (Estimate on «(s)). Let a(s) be the function defined in (2.5).
Then

VseR, |a(s)| < Ker 172, |a'(s)] < Ker T,

In particular, there exists cg > 0 so that for all 0 < ¢ < ¢g, for all s € R,
/()] < 5.

Remark. From now on, we choose ¢ > 0 small enough so that 1+a’ > 1/2
for all s € R.

Proof of Claim 2.5. We have

ak@/ Qk(s"ds'

Since Q.(s') = cp%lQ(ﬁs’), la(s)] < K [Q. = Keri73 J @ and similarly
1
o/ (s)] < KerT.

la(s)| < < max |age| X Z /Qk <K /Qc

(k,€)€Xo (k,0)eS0

(k,0)eXo
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CLAaM 2.6 (Hl—estimates). Let 0 < ¢ < 1/2. Let f € Y and let P be a
polynomial function of degree d. Then, for allk > 1, ¢ >0, for allt € [-T,, T,

k
e QE (ye) F @)l + € Z 1 (QFY (ye) fF W)l g < K1 Hem(imavell,
1< Q% (ye) P(y)l| 1
< KSMOT0750050) 4 o3[ (QF) (9e) Py) | < K PO T3 (50),
Proof ?f Claim 2.6. Lelt f €Y, so that |f(y)| < K|y["e ¥l on R. By
Qe(z) = ¢ 1Q(\/ex) < Ker—Te Vel we have
Q) FW)I? < KT 22Vl 220 < Jeits e 2elnely g2,

Since y. =z + (1 — ¢)t and y = = + a(y.), we have y. = y + (1 — o)t — a(y.),
and so by Claim 2.5,

Velyel = Vel(1 = o)t — |yl — |a(ye))) = (1 — e)Velt] — vVely| — K.
Thus,
CQE (ye) f()|? < K+ e20-aVeltl |y 2re =20Vl < fepmr 2ol

By changing the variable, y = = + a(z + (1 — ¢)t), and using Claim 2.5, we

have 4
/e"y‘dx — /e—ly\iy < 2/€—Iy|dy < K.
I+ O‘/(yC)

Thus, Q¥ (ye) f (y) 2 < K1+ e(-oveli,
Since |QL| < Ve Q. (recall (QL)? = cQ? — ,%ch)ﬂ)a we also get
I¢(QEY (o) (9 2 < KT+ 2em(mavel,

Since 9, (<"QE (ye) f () = < (QE) (ye) f(y) + (1+/ (ye)) " QF (ye) ' (y), and f' €
Y, the above estimates and Claim 2.5 give the H' estimate on c/Q¥(y.)f(y).
The proof of the estimates for ¢/(Q¥)(y.) f(y) is similar.

Now, we consider a monomial function P(y) = y?. For all t € [-T,,T.],
and by Claim 2.5,

1 1
y=ye—(1—c)t+aly.) andso |y| < |ye|+TetKciT 2 < |y|+Kc 20 Hm),

Therefore,
“QE (ye) Py)] = c“QE (el < K (el @QE(we) + 204500 Qk () )
By Qc(z) = 7 1Q(y/ex),

f+-k_ _d_1
e el Qe (ye) [ 22 = 777724 |2”|7Q (@) | 2,

. k_ _dpp 1y 1
eSO QE (e o = 7T H ) Qe
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k da 1 1
Thus, ||cfQF(y.)P(y)||2 < Kc“ﬁ*f(H%)iZHQk”Lg. The other estimates
are obtained in a similar way.

Proof of Proposition 2.4. From Claim 2.6, we claim sharp estimates on the
terms in W (¢) and S(¢). These estimates are applied to prove Proposition 2.4
and will be used again in the rest of this paper.

CramM 2.7 (Estimates for terms in W(t)). For allt € [-T,,T¢],
(a) foralll <k<p—1,0=0,

ko —(\1—cC C
(248) [|QE(ye) Aro(®) | < Ker-Tem(maVeld]

(249) 1¢(Q5) () Bro®) 2 + 102 (@) () Bro(®)lz2 < Ker' T+
(b) for all1 <k <ky and 0 < ¢ < {y such thatp%l—i—ﬁgl
(2.50)
1€°QE (ye) A e 22 + T2l 0u(QE (ye) Ar e ()l 2 < K RO,
(2.51)
1€(Qe ) (we) Bree(W) 22 + J 110 ((QF) (ye) Bre(w))ll 2 < Kz (-g)sk0+ats,
(c) forall1 <k <ky, 0 < <4y,
(2.52)
1 QE (ye) Are(y) |2 + ﬁHcﬁaz(Cleg(yc)Ak,z(y))HL2 < Kes(so)thtita,
(2.53)
1¢(Qe )" (ye) i)l 22 + 2110 (¢(Q2) (ye) Bre(W)) |l 2
<

Kes(-50)ék0)+a+35
Proof of Claim 2.7. By Proposition 2.3, we have
Apo=Age+ ;{k,é + @Ake, Bry=Bre+ Ek,é + @By s,

where Zk,g, PW € Y and Z;@,g, A\kyg, Ek,é §k’,€ are polynomial functions satis-
fying (Proposition 2.3(c)):

~ . - - k-1
(2.54) max (deg Ay, deg Ay ¢, deg By, ¢, deg BW) < E +0=¢(k,0).

By Claim 2.6, Q¢ (ye) Ar,e(y) and ¢“(QF)'(ye) Bre(y) belong to H'.

Proof of (c). From the estimates of Claim 2.6 applied to Ay, and By,
we obtain from (2.54), for all ¢t € [-T,, T,

1A QF () Apo(y) | 12 < KERO+Ta-30+55)600) < fro3(1-55)E0k0+g

and
1(QEY (ye) Bro(y)|| 12 < Kz a0)ék0 45+,
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The proof for ||0,(c* Q¥ (ye) Ak ¢(y))|| 12 is the same, except that since
Oa (" QE(ye) Ak () = < (QE) (ye) Ar,e(y) + " QE(ye) A 1 (1),

there is a gain of \/c due to derivation of Q.. , and of ¢=31455) due to derivation

of polynomial terms in Ay, (see Claim 2.6).

Proof of (a). Note that by Proposition 2.3(a) for all 1 < k < p — 1,
Zk’g = Zl\kp = 0, which means Ao € Y and thus for such k, by Claim 2.6, for
all t € R,

1@k (we) Aro(w)ll 1 < KerTe(1-IVel,

For such k£ and 2, Ek,o =0 and deg Ek,o =0, and thus, for all ¢t € [T, T¢],
k1
‘|C€(Q§)/(yc)Bk,0(y)||L2 < ch71+4'

Proof of (b). From Proposition 2.3(b) and Claim 2.6, in the case ;%7 + ¢
< 2 we obtain

Ve [T T, [¢QE o) Ane(y)l 2 < KEROT,
QY (4e) Bro ()| 12 < K31 30)ktta+s,

CraM 2.8 (Estimates for terms in S(t)). For all (k, ) satisfying ko+1 <
kE<Kyorly+1<t<Ly, foralte|-T.T,

(2.55) 1 Q8 (ye) Fre (W)l r + 1€°(QE) (ye) Gre (W)l < K™,
forng = %(1—5%) min (%, 1+ Eo).

Proof of Claim 2.8. Assume, for example, that k£ > kg + 1. By Claim 2.6,
for all t € [T, T],

1 Q% (ye) Free )Lt + 11€°(QF) () Gre (W)l 11
< KEERD+a-30re ko L0+ (144 < g d1-HEkd) < 30-3)3% O

Recall W (t, 2) = Ynoes, ¢ (QF (ve) Are(w) + (QF) (ye) Bre(y)) . We ap-
ply the estimates of Claim 2.7 to each term of W (t), for all t € [-T¢, T,):

(1) for 1 <k <p—1and ¢ =0, we have
1Q8 (ye) Ao W12 < Ker e moVall < ke,
(2) fork>pand £>0,0or k>1and £ > 1, for {(k,¢) > 1 we have
1 QE (ye) Ao (9)ln < Kz 0ms)E0a < Feitd — [T
and similarly for HCZ(QIC“)’(yC)Bkyg(y)H.

Thus, for all t € [~T,, T], |W(®)||;n < KevT.
By (2.38), for a given kg > 1 and ¢y > 0, the rest S(¢,x) contains only
terms for k > kg 4+ 1 or terms for ¢ > £y + 1. Thus, from Claim 2.7, for all
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€ [-T.,T), |S®)|lm < Kc™, where ng = 3(1—&) min(:£%, ¢y + 1). The

50 p—17

proof for ||02S(t)|| g1, for j = 1,2, is the same.
3. Recomposition of the approximate solution at +7,

In this section, we consider the function v defined in Theorem 2.1. We
prove further properties of v by solving explicitly the first two systems (£ )
and (€20). Detailed properties depend on the specific value of p =2 or 4.

3.1. Eaxplicit resolution of the first systems.

1. Resolution of the systems (1), (Q2,0) for p = 2,4. We begin with
two technical results.

Cramm 3.1 (Expression of V1). Let Vi € ), even, be a solution of LV} =

pQP~L. Then Vi = —2Q — zQ’ for p = 2 and V; = %(Q'(fgm Q%) — 2Q3) for
p=4.

Proof. For p =2, set Vi = —20Q — 2Q'. Then, using the equation of Q,
LV = =V +V1—2QVi = (2Q"+2Q" +2Q®))—2Q —2Q'+4Q* +2:QQ’ = 2Q.
Now, let p = 4. By £(fg) = g(Lf) — 2f'¢' — fg", we have
L@y @) = (Jy @)LQ" —2Q"Q* - 2(Q)*Q,
but from Lemma 2.2, £Q' = 0, so that by Q" = Q— Q" and (Q')2 = Q*— 2Q°,
L(Q (7 Q%) = —2Q° +20° —2Q° + £@° = ~4Q + £ Q.

We also have £Q% = —3Q"Q? —6(Q")?Q + Q> —4Q° = —8Q3 + %QG- Thus, by
combining these two calculations, we get %E(Q’ (Jy @) —2Q%) =4Q>.

CrAM 3.2 (Computation of [ Z1Q). Let Z; = 3V{ + pQP~'V; + pQP—1.

Then \
/ZlQ: 2(1;_— 1) /Q'

[ 7@ = [Ev+p@ i+ p@ 0 = [ViGQ"+p@7) +p [ Q7.

Proof of Claim 3.2.

Since LQ = —(p — 1)QP and E(%Q + 2Q') = —2Q), we have

3Q" +pQP =3Q + (p— 3)Q"
= L(—5(;24Q +2Q) — Q) = —L(;25Q + §2Q").



DESCRIPTION OF TWO SOLITON COLLISION 791
Thus,
[ 2@ =~ [VieGEQ+ 2@y +p [ @
= [+ $a@) +p [ @7
= —p/Qp_l(z%QJr 57Q) +p/Qp = 2p —

by integration by parts. Since @ = QP + Q”, we have [ QP = [ @, and the
claim follows.

LEMMA 3.1 (Resolution of the first systems for p = 2,4).
e Forp=2,

2 4
a10= 3, bio=-2, Aip= —§Q7 Bio=—2¢.

4 2 4 2 1 4
=—— =—, Asg=—-2+— A11=2—20Q—=2Q', byg=-.
a2,0 9 ai,1 3’ 2,0 +3Q, 1,1 3Q 390@7 2073
e Forp=4,
1

aio = j[éia 1, = -3 / Q3 6 2 07

A _ = (T N2 -9 3 QIQ 1 3 /

1,0 — (Q (f() Q ) Q )+ IQQ( 3Q QJ:Q )?

, 3(JQue’) 1 (fQ)°
bzo——*/Q_Z [Q? 18(fQ2)

From Corollary 3.1, there are several solutions. The choice of the solution
for p = 2 above is related to the exact 2-soliton solutions.

We only solve (€2 ) in this paper. The resolution of the next systems is
done in [24].

Proof of Lemma 3.1. From Propositions 2.1 and 2.3, the system (€)
writes, for p = 2, 3 and 4,

(Q1,0) LA+ a10(3Q —2QP) = pQP~!
o (LBip) +a1,0(3Q") = 3A7 o — pQP~' A1 9 = prfl-

Computation of A1g. Recall from Claim 2.3 that Vp = ——21:Q — 32’
and LV = 3Q —2QP. Thus, the function 419 = Vi —a1 oW solves the first line
of (€1,0), independently of the value of aj . By replacing A; ¢ in the second
line of the system (€21 ),

(LB1p) + a1020 = Z1,
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where
(3.1) Zo=3Q" +3Vy + pQP Wy, 71 =3V{ +pQP Vi +pQP L.

Computation of ay . Since LQ' = 0, we have [(LB1)'Q = 0 and so
a0 [ ZoQ = [ Z1Q. Recall that by Claim 2.3, [ ZyQ = 4{%}1) [ Q?. Assuming
this, we obtain

32 al,O = _
(3:2) )

e p =2 Since Q = Q%+ Q", we have [Q = [Q? and so (3.2) gives
a10 =3 Next, 419 =V — 3Vp = —2Q — 2Q' — 3(—Q — 32Q') = —3Q.
By the second line of the system (£2;), we get

(LB10)" =2Q — (3a1,0Q" — 347y — 2QA1 )
=90~ (2Q" +4Q" + 207 = —4Q + L@
From Claim 2.1, we have (L) = 2Q — %Qz; thus, B1,0 = —2¢ is solution.
From Proposition 2.1, we write the following two systems for p = 2:
(LA20) + a20(3Q — 2Q2)
= (=A10 + A7) — (3BY + 2QB10)
— a1,0(Q + 347 o + 2QA1 0)' + 343 ,Q¥,
(LB2p)" +3a20Q" — 3435 — 2QAs
= A1+ A% g+ (—2B1 + A1,0B1,)
— 3a10(94 o + 3By + 2QB1,) + 547 4Q",
@) { (LA11) +a1,1(3Q — 2Q°) =34, + 3By + 2QB1
’ (LB11)" +3a11Q" —3AT; —2QA11 = 3By .

The resolution of these two systems is done in [24].

e p = 4. From (3.2), we obtain the expression of a1, and from A; o =
Vi — a1V and the expressions of V; and Vj, we obtain A; . Here a9 < 0,
which will have a surprising consequence on the shift of @ after collision (see
Proposition 3.1).

Next, By is of the form By o= B + ¢b1, where Big€) and b g€R
from Proposition 2.2. We do not compute B g in this case. Thus we only need
to compute b1 . By Claim 2.1,

2b170 = lim Bl,O — lim Bl,O = lim LBLO — lim ,CBL().
+o0 —00 +o0 —00

Recall the equation of By o: (LB1y) = Z1 — a1,0Zo, where Zy = 3Q" + 3Vy' +
4Q%Vp and Z; = 4Q3 + 3V{" 4+ 4Q3Vy. Tt follows that 2by o = [ Z1 — a1 [ Zo.
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By integration by parts,
[Z=1]@Vi=-1[Q*do+h@) =t [@' =1 [a
[a=1f@+t[@Qusen -2 =1[@ -3 e =~ [¢°

since 3 [ Q% =5 [ Q* (from the equation of Q). Thus, 2b19 = — [ Q*—“° [Q,
which gives the desired formula.

We justify that b1 g < 0. By Cauchy-Schwarz’ inequality and Claim C.1,
we have

Jomfe=(fa) " (fa) - (1) (o)

2
Thus, é%gz < %fQ?) and so by < —% [ Q3. Numerically, by o ~ —0.9.

System (€20) for p = 4 writes
(LA20) + a20(3Q — 2Q*)
= (6Q*(1 + A10)?) — a1,0(4Q> + 347 ) + 4Q3A; )’ + 3a? ,Q®)
(LBap) + 3az0Q" — 345 o — 4Q* Az
=6Q*(1+ A10)* + (6Q*B1o(1+ A1)
— 3a1,0(941 o + 3By +4Q*B1o) + 3a3 Q"

The fact that bg o # 0 can easily be checked by solving (€22 ¢) numerically. How-
ever, we were able to give an explicit expression of by o, by long but elementary
calculations; see [24].

2. Determination of all solutions of (2). Now, let us justify the remark
following Proposition 2.3 concerning the existence of several solutions of system
(). At each step of resolution, the number of solutions of (€4 ) is related
to the existence of nontrivial solutions of the system (£g)

(Q ) (‘CAO), + QO(3Q - 2@1))/ =0
0 (LBy) + ao(3Q") — 3A% — pQP~1 4y = 0.

COROLLARY 3.1. Assume that (ag, Ag, Bo) solves the system (Qq), where
Ag is a C*° even function, with at most polynomial growth at co, and By is

a C* odd function, with at most polynomial growth at co. Then, there exists
v €R and § € R such that

(3.3) (a0, Ao, Bo) = (va1,0,7(1 + A10),vBi1,0 + 6Q").

Conversely, for any v,0 € R, (3.3) defines a solution of ().
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Proof of Corollary 3.1. The first line of () is equivalent to
LA+ ao(3Q — 2QF) =,
where 7 is a constant. Since £1 = 1—pQP~!, we have L(Ag—y+aoVo—7V1) = 0.
Claim 2.2 implies that if £f = 0 where f is a function with at most polynomial

growth, then f € L*(R), and so f = 0Q’. Since Ap is even and has at most
polynomial growth, we obtain

Ao =V1 —aoVo +7.
The resolution of the second line of the system is similar to the previous cal-
culations on (£1,0):

(LBy) =~Z1 — aoZo,
which gives a relation between ag and v: ag [ ZpQ = v [ Z1Q, which means
that ap = vai 0, and so Ay = v(1 + A1p). Thus, (LBy) = v(Zo — a10Z1) =
Y(LBy)', and so L(By — vB1,0) = 0 by parity. Therefore, By = 7B + 6Q’.

3.2. Asymptotics of the approrimate solution at +T,.. So far, we have
searched an approximate solution v on [T, T.] with a structure adapted to
the interaction problem. For ¢ € [—T., T¢], v(t) = Q(y) + Q(y.) + W(t), with
W (£Te) || < Kem ~ KC%HQCHHI. Nevertheless, since the functions Ay, ¢,
By, ¢ may contain polynomial functions of degree larger than 1, the previous
decomposition is not adapted for ¢t > T,.

At t = T,, we note that y. ~z + T, and y ~ = — %, where |A|/T. < 1.
Thus v(7¢) is close to the sum of two exponentially decoupled solitons, and for
t > T, one can use asymptotic techniques (see §4) close to 2-soliton solutions,
or equivalently close to the sum of two solitons for the proofs. This set of
2-soliton solutions have several parameters, as the size and the position of
each soliton. In this section, we understand what is the optimal choice for
these parameters. In fact, at the formal level, from the decomposition, the size
parameters will not be changed, we will concentrate on the position parameters.

First, we point out that the function v(¢,z) is, as the (gKdV) equation,
invariant by the transformation x — —z, t — —t. Indeed,

Ye(—t,—x) = —yc(t,x), a(-s)=—a(s), y(—t,—z)=—y(t,z)
and

v(=t,—z) = Q(~y) + Qc(—yc)

+ ¢ (QE(—ye) Are(—y)+(QE) (—ye) Bre(—y)) = v(t, z),
(k,0)eXg
by the parity properties of the functions @, Q., Ay and By, . Thus it suffices
to study the properties of the function v for ¢ > 0.
Let us present formal computations to recompose v(7.) in terms of the
asymptotic 2-soliton family at ¢ — 4+o00. We first observe that @) and ). are
well-ordered and located far away in the original space variable xz at ¢ = T,.
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Indeed, if > —T,/2, then y. =z + (1 — ¢)t > T./4 (say, 0 < ¢ < 1/4); thus
the soliton Q. is at the left of © = —T./2. Conversely, if x < —T./2, then
y =z —a(y.) < —T,/4 for ¢ small and thus the soliton @ is at the right of
x=-T./2.

1. Position of Q at t = T, (for p = 2,4). We determine the position of
Q(y), and thus we consider x > —T./2. For such z, \/cy. > \/cT./4> 1, and
so a(ye) = [§° B(s)ds ~ fOJrOO B(s)ds. Since [° QF(s)ds = %crﬁlfé [QF, we
obtain

o 1 K 1
alye) ~ . akv”f/o Qe(s)ds =5 > aggcr Tt / Q.

(k7£)620 (k7£)620

This means that at t = T, the soliton @ is located at = = %, where

(3.4) A= Z ak,gcﬁ+£7%/Qk.

(k,0)eXo

By symmetry, at t = —T, the soliton @ is located at x = —%. Thus, as a
consequence of the interaction with the small soliton Q., the large soliton @ is

shifted by A defined by (3.4).

2. Position of Q. at t = T, (for p = 2,4). For the soliton @, we have
introduced the variable y depending on x and ¢ which follows the trajectory of
@ and in particular the shift phenomenon. On @, the variable y. = 2+ (1—c¢)t
does not catch any shift of the trajectory of Q.. However, in the integrable
cases, it is known that the small soliton is also shifted after passing through
the interaction. In fact, the shift on (). is to be determined by examining the
rest of the expansion of v. Since we want to locate the soliton Q. at t = T, we
consider x < —T./2. In particular, y = z — a(y.) < —T./4, for ¢ small. Recall
from Proposition 2.3 that Ay, A2 € Y, and at t = T, B1g ~ B1g — b1,
where By € ). Thus

Qe(ye) + W(T.) ~ (1 + A1,0(y))Qc(ye) + A20(y) Q2 (ye) + B1.o(y)Qh(ye)
~ Qc(yc) - bl,OQ/c(yc) ~ Qc(yc - bl,())-
Thus,
(3.5) 0(Teyz) ~ Qz — ) + Qe(ye — bio).

By the symmetry x — —x, t — —t, the value —2b; ¢ can be interpreted as the
first order of the shift A, on the soliton ().. Thus, we can set

AC = 2[)170.

3. The integrable cases p = 2, 3.
e p = 2. In this case, we consider the explicit 2-soliton solution with
speeds 1 and 0 < ¢ < 1 defined in (1.6). It is classical to observe that for
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t large, for x € R,
Us(t,z) ~ Q(z—t— A+ Qc(z—ct), Us(—t,z) ~ Q(z+1t)+Qc(x+ct+Al),

where A’ = —loga(c) > 0 and A = —ﬁA’.

Let us check that the function v can be chosen to match the explicit 2-soli-
ton at the main orders at T.. We are not able to check all the relations up to
any ko, £o by an algebraic argument. However, one can expect that there exists
a function v matching precisely at any order the explicit 2-soliton solution.

First, let us check that the shifts are matching A’ ~ 4/c + 3c\/c, Al =
—L A’ From (3.4),

7
A~ (al,o/Q)\/E+ (CLQ,O/Q2 +a1,1/Q)03/27 A~ 2byp.

From [Q = [Q? =6, a1 = %, aso + a1 = % (Lemma 3.1) and by = —2
(Lemma 3.1), A" and A (and A/ and A.) math at the first order.

Now, we check that v(7,) matches the 2-soliton solution or equivalently
the sum of two solitons at the principal orders. From the decomposition of v
at t = T,., we have

v(Te) — Q(y) ~ Qc(ye) — b1,0Qe(ye)
+ A2 0Q2(ye) — b2,0(Q2) (ye) + A1,1¢Qc(ye) — br1¢(Qc) (ye)-
Since Agg = —3b3 ) = —2, A1; = 303y =2, byo = —b11 = — b1, = 4, from
Lemma 3.1, we obtain
(Te) = Qy) ~ Qelye) — b10Qu(ye) — 367 0Q% (ue)
+ 501 0(Q2) (ye) + 307 0cQe(ye) — §b7,0¢(Qe) (ye)-

But by Taylor expansion, we have

Qec(Ye — b1,0) ~ Qclye) — bl,OQ/c(yC) + %b%,OQIcI(QC) - éb?,OQf’)(%)
~ Qc(ye) — bl,OQlc(yC) + %b%,O(CQc - Qg)(%) - %b?,O(CQc - QE)I(ZUC)a
since Q" (y.) = ¢Q. — @2, and Q®) = (¢Q. — Q?)". Therefore, v(T.) matches

co
the sum of two translated solitons at this order.

4. Case p = 4. In this case, we recall that no explicit 2-soliton solution is
known, nor was any approximate solution. In the next sections, by analytical
methods, we will use the function v to describe any solution close in large time
to the sum of two solitons @, Q. for ¢ small. Therefore, the function v really
describes the interaction between a soliton ) and a soliton Q. for p = 4. In
particular, from equation (3.4) and Lemma 3.1,

1 (JOQ)

(3.6) (=4 A~-25 o
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Equation (3.6) is surprising for two reasons. First, the value of the shift is
negative. This means that for p = 4, the large soliton @ is shifted to the
left by interaction with the small soliton .. This is in contrast with the two
previously known situations p = 2 and p = 3, where the shift is positive.

The second surprise is that the shift becomes infinite as ¢ — 0. Therefore,
the smaller c is, the larger is the influence of ). on the trajectory of (). To
obtain the next order of the shift A for p = 4, it is sufficient to compute az
from Lemma 3.1. However, note that the next order is ¢'/¢ (k=2 and £ = 0)
and thus it corresponds to a small perturbation of A as ¢ is small.

The function v also allows us to determine the shift A. on the small soliton.
From Lemma 3.1, it is at the first order A, = 2b; o < 0. Thus, the small soliton
is also shifted to the left through the interaction, for ¢ sufficiently small, as for
p=2,3.

From the decomposition of v and then Taylor expansion, we obtain at
t =T,

)+ Qc(ye) — b1,0Q%(ye) — b2,0(Q2) (ye) + O(c)
) + Qc(ye — b1,0) — b2,0(Q2) (ye) + O(c).

v(Te) = Q(z —
Q-

NN

From Lemma 3.1, we have the fundamental information that bpo < 0 and
the term (Q?)(y.) above cannot be interpreted as a translation or scaling
perturbation term. Thus the approximate solution v at 7. does not match a
sum of two translated solitons by a term of order |[(Q2)||y1 ~ Kc''/'2. Note
that compared to (Q2)’, terms of order O(c) can indeed be neglected. This
fact and perturbative analytic arguments around 2-soliton solutions, allow us to
prove in Section 5 that there is no pure 2-soliton solution for the nonintegrable
case p = 4 and to estimate from above and below the size of the nonzero error
term created by the interaction.

Now, we give a precise statement concerning v at +7, for p = 4 and then
for p = 2. We prove it only for p = 4, the proof for p = 2 being similar.

PROPOSITION 3.1. Let p = 4. Let kg > 5 and £y > 1. There exists a
function v as in Theorem 2.1 and Proposition 2.3 satisfying, for ¢ sufficiently
small,

1. Approzimate solution on [—T¢.,T¢]: for all j > 1, there exists K =
K(j) > 0 such that

(3.7) Vt € [-T.,T.), 1|09(0v + 02(03v — v +07)) |l p2m) < K™,

where ng = 1 min(%,ﬁo +1).
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2. Closeness to the sum of two solitons for t = +T:

(3. 8)
[o(T {Q — D)+ Qe+ (1= )T = Ac/2) = b2(Q2) (ve)} | < Ke,
lo(=T2) = {Q( + ) + Qel- — (1 = T + A /2) + b20(Q2) (ye)} | < Ke,
(39)  0.(v(Te) = {Q( — 5) + Qel- + (1 = OT. — Ac/2)} |12 < Kei2,
where
(3.10)
A= arecr T [ QF Ac=2bo=— [ QP+ Q.
(k,%gzo kit / 1,0 = / Q2
3. Decay on the right:
(3.11) [o(T) = Q= D)l es—mp2) < Kexp(—icﬁ»
(3.12) Vz >0, [v(0,7)] < Cexp(—5vcx).

Remark. Recall that for p = 4, |Qcllz2 = ¢/'?||Q||z2. By (3.10) and
Lemma 3.1, we have

A ( (fg; 11/6 L 1/6+d2cl/2+d305/6>

where dy, dy and d3 are universal constants. The other terms in the sum (3.10)
are of higher order than ¢7/6;
estimate. We will not compute di1, d2 and ds, and will just keep the first order

(3.13) < K8,

; in particular, these terms are not relevant in our

term to state the main results (see Theorem 1.2).
Since %011/12 < Q%) (y)llgr < Kc''/12 and by # 0, estimates (3.8)
imply that

(314) e < [o(T) = Q( ~ 3) ~ Qul- + (1~ T, — Ae/2)l|gr < Kel,

(3.15) —c12 < [Ju(=To) —Q( +2) = Qe — (1 = Te + Ac/2) || < Kci2.

Proof of Proposition 3.1. We consider the function v constructed in The-
orem 2.1, for kg > 5 and ¢y > 1. Since p = 4, we have ¢ = 1/12. Thus estimate
(3.7) is a consequence of Theorem 2.1 (2.9). Estimate (2.10) still holds for v on
[—T¢, T¢], but our objective is to prove (3.14)—(3.15), which is a much sharper
estimate for t = £7,.. We consider only t = T, by symmetry. We justify the
formal approach above.

1. Estimates on the remaining terms in W (t,z) using Claim 2.7(a)—(b)-
(c). We claim, at t = T,

(3'16) HU {Q + Qc(yc) - bl,OQ/c(yc) - b2,0(Q3)/(yc)} ”H1 S Ke.



DESCRIPTION OF TWO SOLITON COLLISION 799
From (2.48)—(2.49), for k =1,2,3, £ =0, at t = T, we have

1Qc(ye) Aro W)l + Q2 (ye) Azo (W)l i1 + |Q2 (ye) As0(y) |2
< Ke (1-oVele < Kce_ciq/2

(@) (ye) Ba.o)l 2 + 2 10:((Q2) (ye) Bao(w)ll 2 < K™/,

I

By similar estimates, since ELO;EQ,O € ), we have at t = T,
1Qc) (ye) Bro)ll 22 + 7z 1102((Qe) (ye) Bro()) |l 2
+[1(Q2) (ye) B2o (W)l 2 + 7 10:((Q2) (ye) B2,o(y))l| 2 < Ke

We also check using Claim 2.7 (2.50)—(2.51), that for 4 < k < 6 = 2(p — 1),
(=0andfor 1<k<3=(p—1),¢=1,att =T,

e QE(we) Awe (w122 + 100" QE (ye) Are(w)ll 2
e (QE) (9e) Bre W)l 2 + J2 102 (e (QE) () Bre )| 2 < K22,

Finally, by Claim 2.7 (2.52)—(2.53), we check that for (k,¢) such that &(k, /)
> 2,

1€ Qe (ye) Are W)l 22 + 21100 Qe (ye) Are (1))l 2
+H1e(QE) (we) BreW) 22 + 2102 (Q8) (ye) Bre ()l 2 < Ke.

Thus (3.16) is proved.

/2

2. Position of the soliton Q@ att =T,. We claim
(a) For x > —T./2 and t = T¢,

(3.17) la(ye) — 8] < Ke 1",
(b) For t =T,
_le—a/
(3.18) 1QW) — Q. — 5) | < Ke™2¢ ",

We have |a(ye) — 5| < Kfytoo Q.(s)ds, and, for any k > 1, for any y. > 0,

0< / Qc(s)ds < Kcl/g/ e Vesds = Kc_l/Ge_\/EyC,
Ye

(&3
we obtain

’a(yc) — %’ < K¢ Yoeveve,

For x > —T,/2 and t = T,, we have y. = = + (1 — ¢)T.> (3 — ¢)T.. Thus
VCye > 2¢79/2 — 1, and so we obtain (a).
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Proof of (b). For x > —T,/2, using (a), we have

_ 1

1
1Q(y) — Q. = Dl @s—12) < Ke 3¢ 7.

For x < —T./2, since y = = — a(y.) and |a(y.)] < Ke /6, we have
—T./4. Thus,

HQ(:U) - Q( - %)||H1(x<ch/2)
<NQW) et wer/2) + 1Q( = S i1 (-1 j2) < K726 ™.

3. Position of the soliton Q). att =T,.. We claim that
(3.19) 1Qe(ye) — b1,0QL(Ye) — Qcl- — bro) |l < K312,

For example, for the L?-norm, we have

1Qc — b1,0Q% — Qc(- — b10)ll2 = I|Q — Vb1 oQ" — Q(. — Vebio)ll 2
S ch(ﬁb1,0)2 = Kcl+q.

Therefore, we obtain (3.8).

4. Estimate on the right. Finally, we prove (3.11). It is sufficient to prove
that at t =T,

_l. o
(3.20) 1Qelte) + Wt 2)l g1 (o 2y < e3¢ .
For x > —T./2 and t = T, we have y. = x + (1 — ¢)T. > (1/2 — ¢)T, and S0

Veye > 2e” ™0 — 1, Thus, it is clear that [|Qc(ye)ll g1 (z>—1./2) < Ke™ 3¢ T 0
All the other terms in W (¢, z) are checked to satisfy the same estimate, usmg
the control on the degrees of the polynomial functions Ak 2 Ak ¢ and Bk 2 Bk Y
as in the proof of Claim 2.7.
The pointwise estimate (3.12) for x > 0 is clear from the decay properties
of Q and Q.. Thus Proposition 3.1 is proved.

Finally, we present without proof a similar result for p = 2.

PROPOSITION 3.2. Let p = 2. Let kg > 2 and ¢y > 1. There exist
K > 0 and a function v as in Theorem 2.1 and Proposition 2.3 satisfying, for
¢ sufficiently small,

1. Approzimate solution on [—T,,T.]: for all j =0,1,2 such that
(3.21) Vt € [-T.,T.], |0%(0w0 + 0x(05v — v + 7)) || 2wy < K.
2. Closeness to the sum of two solitons for t = +T,:
(3.22) [0(Te) = Q- = 2v/e) = Qel- + (1 = )T + 2) || 11wy < K2,
(3:23) (=T — Q( +2v4) — Qul- — (1 — T — Dllsngey < K2
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4. Preliminary results for stability of the 2-soliton structure

In this section, we gather several stability results (essentially refinements
of tools developed in [21], [27] and [22]). Section 4.1 concerns the stability of
v(t) by the gKdV equation during the interaction. Sections 4.2 and 4.3 concern
the large time behavior (after interaction).

4.1. Dynamic stability in the interaction region. For any ¢ small enough,
we consider a function v(t) of the form

(4‘1) U(tv LU) = Q(y) + Qc(yc) + Z cé (ng(yc)Ak,l(y) + (Q?)/(yC)Bk,E(y» )

(k,0)eXo

where yo = a+(1=c)t, y=z—a(ye) and a(s) = Xk pes, ke e J5 QE(s')ds,
and (age), (Ake), (Bre) satisfy the properties of Proposition 2.3. Set S(t) =
O + 02 (020 — v + vP).

PropPosITION 4.1 (Exact solution close to the approximate solution v).
Letp=2,3 or4. Let 0 > p%l. There exists c5 > 0 such that the following
holds for any 0 < ¢ < c5. Suppose that

< K% = K3+

C

(42) forj=1,2,3, Vt e [-T,, T, ‘

28(1)|

L2(R)
and that for some Ty € [—T,, T.],
(4.3) [u(Th) = v(To) | 1wy < K,

where u(t) is an H' solution of the (gKdAV) equation (1.1). Then, there exist
Ky = Ky(0, K) and a function p : [=T¢,T;] — R such that, for allt € [-T.,T],

(4.4) lu(t) = v(t,. = p(O) | < Koc?,  |/(8) — 1] < Koc.

Remark. By usual techniques related to the resolution of the Cauchy
problem, one obtains for approximate solutions a divergence of order e’c for
a time interval [0,7;]. Here, such an estimate would not be sufficient since
T. = ¢~ 3+ > ¢ /2, In this proof, we use the Hamiltonian properties of the
gKdV equation. More precisely, the proof is based on the fact that v is close
to @ (c is small), and on refined stability analysis around @ (on the one hand
standard arguments of long time stability (see Weinstein [37]) and on the other
hand some algebraic cancellations in the energy functional). This leads us to
a simple ODE estimate in time on the error term.

Note that 8 > ﬁ is arbitrary in Proposition 4.1. Moreover, from the
algebraic argument (Theorem 2.1), there exists v such that (4.2) holds for
any 6 large. This implies that if (for example) u(0) = v(0), then ||u(7;) —
(Tl < K(0)?, for any 6 large. Therefore, the approximate function v
and its properties (for example the shift properties) are sharp up to any order

¢, and provide a sharper description of the collision problem as 6 — +o0.
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Proof of Proposition 4.1. We prove the result on [Ty, T.]. By using the
transformation x — —x, t — —t, the proof is the same on [—T.,Tp]. Let
K* > 1 be a constant to be fixed later. Since ||u(Tp) — v(To)||g < %, by
continuity in time in H'(R), there exists T* > Ty such that

T* = sup{T € [Ty, T.] s.t. Vt € [Ty, T],3r(t) € R
with [[u(t)—v(t,.—r(t))|m < K*}.
Note that the translation direction is degenerate and without the freedom in
the translation parameter, the result would not be correct. The objective is to
prove that 7% = T, for K* large. For this, we argue by contradiction, assuming
that T* < T, and reaching a contradiction with the definition of T by proving
independent estimates on ||u(t) — v(t,. — 7)|| g1 on [To, T%].
First, we claim some estimates related to v.

CLAIM 4.1 (Preliminary estimates). The following hold:
5) 190 (1)l < Ko,
6) [0v(t)+a ()@ (W)l 12 < Kctt2, [|0p0(t) + o/ (4e) Q' (y) || < K™,
T = QU e < Ko,
8) 1050 — Q' ()| < KT,
9) o @l + o )l s < Kk,

where mg = min (p21, 1 T )
Proof of Claim 4.1. (4.5)—(4.6): We differentiate formula (4.1) with

respect to t:
8tv(t) = _(1 - C)a/(yC)Q/<y) + (1 - C)Q/c(yc)
+ Y =)@ (W) Arely) — (1= ) (ye) QE (ye) At (1))

(k,£)eXo
+ Y (1= @) (o) Braly) — (1= ) (4e)(QF) (ye) Broe(v)
(k; E)EEO
By the same estimates as in the proofs of Proposition 2.4 and Claim 2.7, and by
1 1
|o/(ye)| < Ker=T (see Claim 2.5), we have [|0pv(t)||pe < K||Qcllpe < Kep—T1,
and (4.6).
From the expression of v and estimates as in the proof of Proposition 2.4,
we obtain (4.7).
(4.8): Differentiating (4.1) with respect to x:

00(t) = Q' (1) — o () Q' (y) + QLly) + o(c7 7).
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1, 1
(49): |0"(5)] < K Trcpeny Q) ()] < KNQLllpw < Kb 3,
Step 1. Choice of the translation parameter and control of the Q' direction.

LEMMA 4.1 (Modulation). There ezists a C' function p : [Ty, T*] — R
such that, for allt € [Ty, T*], the function z(t) defined by z(t) = u(t, z+p(t)) —
v(t,z) satisfies, for all t € [Ty, T*], [ 2(t)Q'(y)dx = 0, and for K independent
of K*,

(4.10) Izl < 2K*, |p(To)| + [|2(To) i < K,
1p'(t) = 1] < K[[2()l + KN SE) |11

Proof of Lemma 4.1. The existence of p(t) is obtained at fixed time
t € [Ty, T*]. Let (recall y =z — a(y.))

() = W+ = ot.2)Qw)da.

Then %(U, r) = [ U (z+7)Q' (y)dx, so that from Claim 4.1, for ¢ small enough,

200 = [)t0Q Wiz > [@@)dr - K > [(@)

(note that [(Q/(4)ds = [(QW)P =2 > 3 [(Q(y))*dy). Since ((0,0)
= 0, for U close to v(t) in L? norm, the existence of a unique p(U) satisfying
C(U(x = p(U)),p(U)) =0 is a consequence of the Implicit Function Theorem.

From the definition of 7%, it follows that there exists p(t) = p(u(t)), such
that ¢(u(z — p(t)), p(t)) = 0. We set

(4.11) 2(t,z) = u(t,z + p(t)) — v(t, x);

then [ z(t)Q" = 0 follows from the definition of p(¢) and (4.10) from the Implicit
Function Theorem and the definition of K*. Moreover, since ||u(Tp) — v(Tp)||
<, we have |p(To)| + ||2(To) || g2 < Kc?, where K is independent of K*.

Let us prove that

(4.12) 10'(t) = 1] < K[|zl 2 + KIS )]l 71

From the definition of z(t), u(t) being a solution of the (gKdV) equation, we
obtain

(4.13) Oz + 0,(0%2 — 2 + (2 + )P —oP)
= — {0 + 0:(20 — v+ )} + (P (t) — 1)Dpu
=—S(t)+ (p'(t) — 1)0s(v + 2).

Since [ z(t,2)Q'(y)dx =0, by y = 2 — a(y.) and y. =  + (1 — ¢)t, we have

0= 4 [QWir= [0:() - (1 -) [ a'w):Q"w)
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Thus, integrating by parts,
(19 (-1 [@+20.Qw)
:=/zwi—@xQ%ww+/«z+WP—w»@«y@»
- [s0@w) - (1-0) [ a'u)=Q" )

Therefore |(p'(t) — 1) [(v+ 2)0.(Q"(v))| < K||z(¢)||g1 + K|S (t)]| g1 - The term
— [(v+ 2)0,Q’(y) has a positive lower bound:
_l’_

Jw w<Qum:1/u—ammxv+aQ%m
- [ew@'w + [ -aw +2Q'w)
/a()@+@@<w.

Since — [ Q(y)Q"(y)dz > 2 [(Q'(y))?dy > 0 and since the other terms are
small for ¢ small, we have — [(v+ 2)0,Q'(y) > 5 [(Q')?. Note that p(t) is C!
since Q(y) and v are C* and z(t) is continuous in H'(R). (4.12) is proved.

Step 2. L? norm conservation and control of the direction [ zQ(y). The
use of the L? norm conservation replaces a modulation argument in the scaling
parameter.

LEMMA 4.2 (Control of the @ direction). For all t € [Ty, T*],

(4.15) [ 00w < K+ Kel(0)]z2 + [2(0) .

Proof of Lemma 4.2. Remark that since v(t) is an approximate solution of
(1.1), its L? norm has a small variation. Indeed, by multiplying the equation
S(t) = v + 9:(02v — v + vP) by v and integrating, we obtain ‘2dt [ v? ‘ =
| [ S(t, z)v(t, z)dz| < K||S(t)|| 2. Thus,

(4.16) Vt € [To, T, '/v2(t)—/u2(:r0) <KT, swp [SO)|m < K.

te[-T.,T¢]

Since u(t) is a solution of the (gKdV) equation, we have
@10 [er0 = [ +207 = [w@) = [ @) +m)7.
By expanding (4.17) and using (4.16) and (4.10), we obtain

2| [w(®)s(t)] < K v2 | [ o(@)a@)| +1@)a +HIOIF < Ke'+2(0)
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Using this and [|v(t) — Q(y)||r2 < K¢, we obtain

’/z(t)Q(y)’ ' '/ )‘ < K+ Ket||2(t)]| g2+ ]| 2() 2.

Step 3. Introduction of a energy functional for z(t). We set

2/ (0022 + (1+ /()=

((v 4 2)PTL Pt (p - 1)1}"2) .

p—|—1

The above definition is similar to a linearized energy

(@42 - f@22).

However, the terms [ a/(y.)z? and the nonlinear terms were added to
remove some diverging terms in F’'. This is the new ingredient of the proof of
Proposition 4.1.

We first claim that the functional F(¢) indeed controls the size of z(t)
in H' up to the direction Q(y), extending the similar classical result for the
linearized energy.

CrLAM 4.2 (Coercivity of F). There exists ko > 0 such that

JEGLY

The proof of Claim 4.2 is given in Appendix D.1
Next, we claim the following control of the variation of F(¢) through time.

(4.18) Hz(t)H%p < koF(t) + Ko i

LEMMA 4.3 (Control of the variation of the energy functional).
(4.19) F(T*) = F(Ty) < K ((K*)2(1 + K*)c? + K*)
where K is independent of ¢ and K*.

Proof of Lemma 4.3. We have

F(t /81;2 —Pz+2—((v+2)P —vp /(%za Ye)Z

+/ {%(1 — ) (y.)2* — O ((v +2)P —oP — pvpflz>} =F +Fy+Fs.

Now, we claim
(@200 [Fr+ (00~ [ @)@ )

1
< K2 |2(8)|30 + K=z (1825022 + 150l 2)
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(4.21)

By () - 1) [ @)z + P2 [ a2 were)

< K|z(t) |3 (cmo + Cp%l“'z(t)”Hl) + K|zl (1025@) 12 + 1Sl 2) »
(4.22)
‘Fg - p(pQ_l) / o' (o) Q' (y) QP2 (y) 2*

_1
< K2l Fp + Kev T |[=(t) Iz

Assuming (4.20)—(4.22), we conclude the proof of the lemma.

Note that q—i—% = pil +% < mg. From the cancellations of the main terms

of F1, Fo and F3, and then from (4.10), (4.2), we get

1
F 0 < K20) 3 (77 + 77 |2(0) | )
+ K|zl (1025012 + 15l 12)
<K [(K*)ch(c‘”% + K*cp%lw) + K*c%(H%)“G] .
Now, ¢> s and 0+ -L- > 2= > g+ 1 > (1 + L) + 4 impl
» 4 = 55 1= p1=9T3=3 50/ T 2 1Uply
|F(t)] < Kez(UHa)+20 (2921 + K*) + K*).

Integrating on the time interval [Ty, 7] where T* — Ty < 2T, = 20%(1+$),
we obtain

| F(T*) — F(To)| < K® ((K*)*(1+ K*)c?? + K*).

Proof of (4.20). We replace 0;z by its expression
F, — —/S(t) (=022 + 2 — (v +2)" — o))
PO -1) [Olv+2) (-0 42— (0427 =) = g1+,

By integration by parts and the Cauchy-Schwarz’ inequality, we have

g1l < KNzl g2 (182512 + I15(0)]l 2) -
Since [ 0y(v+ z)(v+ z)P =0, and by the definition of S(¢),

& = () (1) = 1) / Du(v+ 2)(—022 + 2 + oP)
= (70~ 1) [ @ro(~022 4 2) + By 27)

= (00 = 1) [ 20u(~0%0+0—0") = (F(1) - 1) [ 200 — S()).
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By (4.6) and (4.10), we obtain

g+ (0(0)~ 1) [ /() QW)
< K1) = U120l 2 (1900 = ()@ W)z + 15(0)12)
< K l=(0) i + IS 1)+ + 1S@)52)

Proof of (4.21). Note that the term Fg was introduced on purpose in the
expression of F to cancel the main terms in F; and Fs:

F, — /a'(yc)zax(—8§z 42— ((z40)P —oP)

~ [ =S + (00 = 1) [ @' wd(v+ 2)z = g+

First,
g1=— [ )50 + (00 - 1) [ @)owz - 56/ -1 [ 2a"(w).

By (4.8)—(4.9) and (4.10), we have

g~ (00 - 1) [/ )Q >

Second, for the term g3, we integrate by parts, to obtain
(4.23)

g = [ w3027+ 32+ [0~ [a()aul(z + v — )
Using the estimate on a”(y.) and a®(y,) in Claim 4.1, we obtain
'—/oz"(yc)(;’(axz)Q—i-§32)+/04(4)(522)

In the last term of (4.23), cubic and higher order terms are controlled by

< K™ |z g (2O + [1S@) ] )-

1.1
< Ker 2 [2(8) ||

Kt |2(¢)[|3:. The quadratic term is
[0 = 2 [ o)zt = [ ol ()220u (00 ) = g + g
As before, |g5| < Kcé+ﬁ||z(t)”%{1 Finally, by (4.7)—(4.8),

2 2
< K|z,

o+ 22 [ o

Proof of (4.22). First note that ‘%(1 —¢) fa”(yc)ZQ‘ < Kc%JrTile(t)H%z.
We now estimate

_/8161) ((U + Z)p — P — p’up_lz — @UP—QzQ)

—1
_p(p2 )/atvvp_QzQ = g7 + gs.
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By (4.5), we have |g7| < Kci7||2(8)|3,. By (4.6), (4.7), and |o(ye)| < Kci T,
we have

20U [t )@ (@222 < ke =)y

Step 4. Conclusion of the proof. By Claim 4.2 and Lemmas 4.1-4.2, we
have

g8 —

|[HT)QM)| < K+ KT |22 + 1=(T)

Thus by Claim 4.2, [[2(T%)[|2, < KF(T*)+ K (" +c?||2(T*)|| g2 +|2(T*)[|22)2.
It follows that for ¢ small enough, ||z(T%)[|%, < (K + 1)F(T*) + K.
Next, by Lemma 4.3 and | F(Tp)| < Kc??, we obtain
12(T*) 7 < (K + 1)(F(T*) = F(To)) + Kc*

<K (K*)*(1+ K*)e? + K* +1),,

where K7 is independent of ¢ and K*. Choose ¢* = ¢*(K™) such that
(K*)%(1 + K*)(¢)?? < 1.

Then, for 0 < ¢ < ¢*,

|A(T) 20 < Kic® 2+ K7).

Next, fix K* such that K7(2+ K*) < $(K*)2. Then [|2(T*)||%: < $(K*)%c®.
This contradict the definition of T%, thus proving that 7™ = T,.. Thus estimate
(4.4) is proved on [Ty, T¢].

4.2. Stability and asymptotic stability for large time. In this section, we
consider the stability of the 2-soliton structure after the collision. These ques-
tions have been considered in [25]. See also [21], [27] and [19]. Denote for

1
v e H'(R), [[vlm: = (Jg ((v/(2))* + cv?(x)) dx)? , which corresponds to the
natural norm to study the stability of Q).

PROPOSITION 4.2 (Stability of two decoupled solitons, [25]). There exists
K >0, ag >0, ¢cg > 0 such that, for any 0 < ¢ < ¢g, 0 < a < ag, the following
holds. Let u(t) be an H' solution of (1.1) such that, for some t; € R and
Xo > %Tm

(4.24) u(ts) — Q — Qel. + Xo)|| g1 < act™2.

Then there exist C* functions p1(t), p2(t) defined on [t1,+00) such that
1. Stability:

(425) sup [u())~(Q(-—p1(E)+Qel-~palt) 1y < Ko™} +K exp(—c )
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(4.26) Vi >t} < ()~ ph(t) < 3,

p1(t)] < Kac™ 2, |pa(t1) + Xo| < Ka.
2. Convergence of u(t): There exist ¢ ,cg > 0 such that
427) i Jlu(t) = @ (v = p1(t) = Qi (2 = p2()) | 1 (@>et/10) = 0,

(4.28)

+
lcf —1] < Kact™s + Kexp(—c_ﬁ), 2 _1|<Ka+ Kexp(—c_ﬁio).

C

3. Assume further that [, 2 u®(t1,2)dz < Ko. Then, there exist 6; and
65 such that

(4.29) lim py(t) —cft =07, m po(t) —cgt =04

li
t—+00 t—+00

Forp =4, if for k > 0,
(4.30) a < kel and / 22 u?(ty, x)dr < ﬁcg,
x>%|lnc|

then
(4.31) 67 = pr(t)] < Ke3, |05 — palty)] < Kez,

The proof of Proposition 4.2 is based on energy arguments, monotonicity
results on local quantities, and a Virial argument; see [23] and [25].

Remark. To obtain the convergence of the translation parameters, one has
to add an extra assumption on the initial data such as (4.30). Indeed, in the
energy space, one can construct an explicit example where convergence does
not hold (see [22]).

4.3. Decomposition and monotonicity result. We recall a more precise sta-
bility result related to the usual decomposition of the solution u(t). See the
proof of Proposition 4 in [25]. Define

(4.32) Y(z) = 2 arctan(exp(—%)), so that limjst) = 0, lim_s1) = 1.

CrLAaM 4.3 ([25]). Under the assumptions of Proposition 4.2, there exist
Cl functions p1(t), p2(t), c1(t) and ca(t), defined on [t1,+0oc), such that n(t,x)
and g(t) defined by

(4.33) n(t,x) = u(t,z) — Ri(t,z) — Ra(t, z),
where fO?"j =1,2, Rj(tax) = ch-(t)(x - pj(t))v

@3 g0 = [ (Bw)+ e+ bl — ml) r(t2) da
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satisfy for allt € [t1,+00), [ R;(t)n(t) = [(z — p;(£))R;(t)n(t) =0, j = 1,2,
(4.35)

()13 < g(t) < Kg(t1) + K exp(—c~0) < Ka?c®H 4 K exp(—c¢™ ),

ci(t) 2g+1 | €2(t) -
4.36 — 1|4+ | —% — 1| < Kg(t1) + Kexp(—c¢ 700),
( ) Cl(tl) CQ(tl) g( 1) p( )
t
(4.37) ler(t) — 1] + I3 elt) 1| < Kactt2 + Kexp(—c_ﬁ).
c

Now, we recall monotonicity results for quantities defined in 7n(t), to be
used in the proof of Theorem 1.2. For 0 <tg <t, x9>0,j=1,2, let

Myt = [ oo,

1 1
650 = [ |2 - i (s Rty ™= R

—(p+1)REn—(Ri+Ra)P ™) |45,

where ¥y (t,2) = (Z), T =2 — p1(t) + xo + %(t —tg), and Yy (t, ) = ¥(\/cZe),
Te=1T — pg(t) + xo + %(t — to).

Cramm 4.4 ([25]). Let xy > 0, tg > 0. For all t > tg,

(0 / O+ Ml(t)) Sk eﬁ(t*t“”"’gl(t) + KedaVelt+Te)

d 2q

ﬁ( 2q + 1 i /QQ+ 261+ 155 C%q(t)/QuMl(t)))
< Ke i6(ttotm0) g (1) 4 Ko~ ma Vet

d

@U$®+£%D/¢+wm@
< Kem 60004050 /2 gy (1) + K3 Vet T,

i( 223_1 <C2q+1(t)+cgq+1(t))/Q2 +252(t)

s ((F0+30) [ @+ M)
< Ke 6 e (t—t0) o — 16x00292( )+K6—3i2\/z(t+Tc)‘

5. Proofs of the main results (p = 4)

First, let us remark that for Theorems 1.1, 1.2 and 1.3 (concerning the
case p = 4), by considering a(t,x) = )\%u()\%t,)\%a:) with A\ = é instead of
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u(t), we can restrict ourselves to the case ¢; =1 and 2 = ¢ < ¢y < 1 without
loss of generality. We consider 0 < ¢ < ¢g, where ¢q is small enough so that
Sections 2, 3 and 4 apply for any 0 < ¢ < 2¢p.

5.1. Nonezxistence of pure 2-soliton solutions. Proof of Theorem 1.1. This
section is devoted to the proof of Theorem 1.1. First, we recall the following:
PROPOSITION 5.1. Letp=2,3 or4. Let 0 < ¢ < ¢y, for cg small enough.

1. Ezistence and exponential decay: Let 61,09 € R. There exists a unique
solution U.5, 5, = U € C(R, HY(R)) of (1.1) such that

(5.1) tiiznoo |U() —Q(. —t —61) — Qc(- — ct — b2)|| 1wy = 0.
: d2—0 T
Moreover, U(t) satisfies, for all t < 2= — 3£,

(5.2) |U®) —Q(.—t—61) — Qc(- — ct — 82) | grrry < KeiVel(l=o)t=(52-01)

2. Uniqueness of the asymptotic 2-soliton solution at —oo: If u(t) is an H*
solution of (1.1) satisfying

(53 lim [u(t) = Q(— pi(0) ~ Qel- — p2(8) sy = 0.

for p1, p2 : R — R, then u(t) satisfies (5.1) for some &1, 62, and so
u(t) = Uegs, 5,(1)-

This result was essentially proved in [19], using tools from [21] and [27].
However, some statements in Proposition 5.1 are slightly more precise than
the main result in [19], so we justify them in Appendix D.2.

The main ingredient of the proof of Theorem 1.1 is the following propo-
sition related to the approximate solution constructed in Section 2. We keep
the notation of Section 3, in particular, v(¢, ), b o and V;.

PROPOSITION 5.2. Let p=4. Let A and A. be defined by (3.10). Let
(5.4)
vyt ) = o(t,x) +wy(t,x),  where wy(t,z) = —(Q2) (ye)bao(1 + Vi(y)),
and
(5.5) Sy(t,x) = Oy + 0 (2vy — vy + vﬁ#),
where v is the function constructed in Proposition 3.1. Then, for all0 < ¢ < ¢y,
for ¢y sufficiently small,

1. Approximate solution: for j =0,1,2,
(5.6) Vi€ [T, T), [|02S4(t)| 2 < K2

2. Closeness to a pure two soliton at t = —T,:

(5.7) log(=T2) = Q(+3) = Qe(-=(1=)Tet- 5 )| < Ke.
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3. Nonmatching with a pure two-soliton solution at t = T,:
(5.8) log(Te) — {Q(—5) + Qe(A(1—c)T.—5¢)
—2by0(Q2) (4 (1=0)T.— %)} | < Ke.

Remark. Recall that |[(Q2) (ye)|| g > Kc'*/'2 and byg < 0. Thus at T,
the function vy differs from a two-soliton solution of a factor A2 At —T,
it is close to a two-soliton solution up to a factor ¢ and it is an approximate
solution of the gKdV equation in the sense (5.6). This will be sufficient to
prove Theorem 1.1 applying Proposition 4.1.

The function v4(t,z) is not exactly of the form imposed by Proposi-
tion 2.3. Indeed, the function 1 + Vj is even, and thus the function wx (¢, )
does not have the required structure. This will have no consequence in apply-
ing Proposition 4.1, which does not rely on the parity structure. In contrast,
the presence of wy in vy is definitely a problem in following the procedure of
Proposition 2.3. Indeed, this term creates a new term Fj5 o which has a nonzero
even part, not orthogonal to @, which is a problem in determining a suitable
As . Thus, we cannot improve (5.6) up to any power. However, (5.6) is suffi-
cient for our purposes, and the function vy is closer to a 2-soliton solution at
t = =T, than the function v itself.

It would be interesting to investigate further improvements of the function
vy since it would help understanding the behavior for ¢ > 0 of solutions which
are pure two-soliton solutions at ¢t — —oc.

Proof of Proposition 5.2. We have
Sy(t,z) = Oy + 0. (02vy — vy + v;l#)
= S(t,x) + 0p((v 4+ wy)?) — v — 4Q%wy) + Sywy — Ou(Lwy),
where £ is defined in (2.15).

la. Estimate of the linear part in Sy. We estimate dywy — 0, (Lwy),
where wy (t,7) = (Q2)'(yc)b2,0(1 + Vi(y)). Recall that from Claim 3.1,

LO+V)=1-4Q3+ LV, =1,

and thus (£(1+ V7))’ = 0. Claim A.4 gives an explicit expression for dywy —
Oz (Lwy), where the first term in the second-hand member is zero. For the
other terms, we use

1@2) e = Ke2, (@) ;2 = K212,

C

so that ||Oywy — 0p(Lwy)||p2 < K32
We obtain, for all j =0,1,2, ||/ (atw# - 893(210#)) 12 < K;c?2.
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1b. Estimate of the nonlinear part in Su. Note that
(v +wy)? — v —4QPwy = 4(v® — Q*)wy + 6v2w3¢ + 4vw§; + w%é,
so that
Ox [(v +wy)t — vt — 4Q3w#] =40, (v* — Q¥ )wy + 4(v® — Q*)0,wy
+ 60 (VW) + 40, (vwd) + Bx(wié).
Moreover,
9:(v° = Q%) = 0u(v = Q)(V* +0vQ + Q) + (v — Q) (v? +vQ + Q?),
02 (V” +0Q + Q%) = 0:(3Q° + (v* — Q) + (v — Q)Q)
Thus,
10:(v* = Q)12 < K(10:(v = Q)2 + [[v = Qllz=) < K.
We also have
lwglle < K0 lo* = Q%2 < K2,
0wl < K2, lwf e < K.
Thus,
102 [(v+ wge)* —v* — 4Q3wy] |12 < K2

Similarly, for j = 1,2, ||5H_1 [(v 4+ wy)? — vt — 4Q3wy] |12 < K;c*/2.
Taking kg, ¢y large enough, so that ||az )SHLQ < K¢3/2, by Proposition 3.1,
we have proved Hé?g(gj Sylle < K32,

2. Analysis at t = £T,. By the proof of Proposition 3.1 (see (3.8)), we
have

lo(=T2) = {Q( + 3) + Qel- = (1 = Te + Ac/2) + b20(Q2) ()} | < K,
lo(Te) = {Q( = 9) + Qel- + (1 = )Tz = Ac/2) = bao(Q2) (ye)} |l < Ke.
Note that by the deﬁnltlon of v4 and Claim 2.6, we have
lo(£T2) = (v (ET2) = b2,0(Q2) (4e)) it = [b20(Q0)* (W) Vi (W) | < KT/°.
Thus,

(7o) = {Q(+ 2) + Qe(- = (1 = )Te + Ac/2)} |1 < Ke
log(T.) — {Q(. — £) + Qc( (1= O)Te — Ac/2) — 2b20(Q2) () } Il < Ke.
By

1Q2) (ye) = (Q2)' (- + (1 = )T = Ac/2) |1
= 1(Q2) = (Q)'(- = Ae/2) [ < Keb,

since A. is a constant independent of ¢, we obtain the result.
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Proof of Theorem 1.1.

Step 1. Proof of nonezistence of a pure 2-soliton solution. First, we claim
that if there exists a global 2-soliton solution, then the speeds parameters at
400, ¢f < cj and at —oo, ¢ < ¢, satisfy ¢f = c; and c5 = ¢, . Indeed, by
the conservation of mass and energy, and a strong limit in H'(R), the following
holds (¢ = p%l -

(e)*7+ () = (e )+ (e ()77 4+ ()7 = (e7)*1 + (e ).

+\ 29 + -
Set v = 2‘12—:1, b= (Z—E) ,at = % <l,a” = Z—l < 1. The first identity yields
1 2 2
b(1+at)=1+a", and the second identity yields b7 (1 + (a™)?) =1+ (a™)".
Thus,
1+at\” 14 (at)? 1+ (at) 1+ (a)”
= ——— an = .
1+a- 1+ (a™) (I+at)  (1+4a)”
The function =z — &ii% is strictly decreasing on [0, 1]; thus a™ = a~ and
b=1.

(i) Behavior at —oo. Let u(t) be an asymptotic 2-soliton solution at —oo
with speed parameters 1 and ¢ (¢ small enough), in the sense of Definition 1.
Then, by the uniqueness part of Proposition 5.1, there exists d; , 6, € R such

Oy =0y

1
that, for all ¢ < = — 551t

(59) [lu(t) — Qe —t — 87) — Qele — et — 57| < KedVA(==(z =),
Let
0] — 0y EA—AC 0y — 07

_ 1 A S
T, =T.+ . To 12 > — o +ZTC and a=5— (T, —0,).

Recall from (3.10) that |A] < Ko and A, is a constant independent of c.
Then, applying (5.9) to t = =T, , we obtain

lu(=T;, +a) = Q(-+ 2) = Qe(- = (1 = )Te + %) |1
< KeiVe(=(1=a)T = (65, —6,)) < Ko 1Ve((1=0)Tet5(Ac—A)) < Ke,
for ¢ small enough. By translation in time and space, we can assume 7, =T,
and a = 0, so that
[u(=Te) = Q(-+ ) = Qe(- — (1 = )T + 57) |1 < Ko,

(i.e., we consider u(t,x) = u(t — T + T,z + a) instead of u(t, x), and we still
call it u(t)).

(ii) Behavior at t = T,. By (5.7) and the above estimate, we deduce
[u(=Te) = vy(=Tc) [ < Ke.
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Now, we apply Proposition 4.1 for v4 concerning the interaction region, with
0=1-— ﬁ and Ty = —T,. Thus,
Vi e [T, T, |lu(t) — va(t,. — p(t))||l g < Ke'~ 100,
for some p(t) satisfying |p/(t)| < Kc'~10. In particular,
1
[u(Te) = vg(Te, . — p(Te)) ||y < Kl ™00,
and so by Proposition 5.2, we obtain for a_, b_ € R such that a_ —b_ > %Tc,
1
(5.10) [[u(Te) = Q. — a-) = Qe — b-) = 2b2,0(Q2)' (- — b-) || < K~ 105,
(iii) Behavior ast — +oo. First, since ||(Q%)'|| ;1 < Ke2, estimate (5.10)
implies that for t = T,
11
(5.11) |u(Te) = Q(.—a—) — Qc(. —b_)|| g1 < K2,
We apply Proposition 4.2 to u(t) (stability of the 2-soliton structure after
interaction) with o = K¢3, so that, for w(t) =u(t)—Q(.—p1(t)) —Qc(-—p2(t)),

(5.12) W > T, Velw(®)m < Jwe(®)]] + vVellw(t) 2 < Keiz,
with pi1(t), p2(t) satisfying
(5.13)
u 1 T. 1
p1(Te)—a-| < Kew2, |po(Te)=b-| < Kes, VE> T, pr(t)=pa(t) 2 545 (= Te).

Assume now that u(t) is also an asymptotic 2-soliton solution at +oco. By
Proposition 5.1 (applied to +oc0), there exist d;, 65 such that, for all ¢+ >

(5.14) [fu(t) = Q(. —t — &) = Qel. — ct — 65 )| < K™ ¥ (-=05=50),
We define .
dy — 9 T,
T+ _ 22 1 70'
¢ l1—c * 32
By (5.12) and (5.14), we have for all ¢t > max(T., T.}),
(5.15) o1 (8) = (¢4 07)| < Kctz, |pa(t) — (et +65)] < K.

This is proved by considering the smallness of the L? norm of Q( —pi(t)) +
Qc(.— ( ))—Q(.—t—67)—Qc(.—ct—45 ) in the two regions = > 1 (p1(t)+p2(t))

and z < 3(p1(t) + p2(t))) and the fact that for a small
_z
(5.16) ol < K[Q - Q( —a)llr2 o] < Ke™2[|Qc — Qel- — a)l[ 2.

Let us prove that T, > T.F. By contradiction, if T." > T, then by (5.15)
we have

T
IPUT) = p2(T)| < (1= )T + 67 =6 |+ Ko = 2 (1—¢) + Ke™v < o

gl
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From (5.13),

1 1 1
\p1(T) = p2(T)] = =Te + §(TC+ ~T.) > T

4 4

We obtain a contradiction from these two estimates and thus T. > T.F.

(iv) Conclusion of the proof. Let ay = T, + 6 and by = ¢TI, + 65 . By
(5.14), we know

B (o) (o T+ LT
[u(Te) — Q. — ay) — Q- — by)|| g < Ke 1 1mTerTeva3Te) < fee,

Thus, from (5.10)—(5.11) and Proposition 4.2,

‘ =

1

(5.17) la— —ay| < la_ — pi(T2)| + |p1(T2) — (To + 67)| < Kew2,
b — by| < b — pa(To)| + |pa(Te) — (¢Tn+ 67| < Kes,

[V

and
Q. —a-) = Q. — ay)) + (Qel- = b-) — Qe(- — by)
+2b2,0(Q2)' (- = b )|l < K~ 0.

Considering the L? norm in the region = < 3(a + by), we obtain

1
1Qc + 2b2,0(Q2)" = Qe — (bs+ = b-)) |2 < Ke!~ 00,
where min(a_, a; ) >max(b_, by )+17.. By scaling, it gives for b, =/c(by—b_),
1@+ 2b2,0¢”/ Q%) — Q(. — be)| 2 < Kt Too,
where |b.| < Kecd. Thus, Q(z) — Q(z — b.) = Ac®/0Q!(x) + */50(1), where
[Ac| < K, so that
1AeQ" = 2b2,0(Q%) || 2 = o(1),
which is a contradiction with the fact by # 0 (Lemma 3.1).
Step 2. Behavior ast — +0o of u(t). As in the previous step, we consider

the solution u(t) which is an asymptotic 2-soliton solution at —oo i.e. satisfying
(5.9). Recall that we have just proved:

— u(t) is not an asymptotic 2-soliton solution at 4oo.
— There exist p1(t), p2(t) such that w(t,z) = u(t,x) — (Q(x — p1(t)) +
Qc(x — p2(t))), satisfies (5.12), (5.13); in particular,

5

(5.18) V> T, w(®)m < e 3 lw(t)|g < Kci.

(i) Stability properties of u(t) for t > T.. First, we claim

(5.19) / 22u*(T,, x)dx < K.
>0
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This follows directly from integration of the following estimate. For all xg > 0,
(5.20) / u*(Te, x + p1(T))da < Ke 16% 4 Kexp(—cfﬁ) e~ 16 V0,
Tr>x0

Let us prove (5.20). On the one hand, by monotonicity arguments on u(t) as
in Lemma 1 of [19],

(5.21) / (T, 2)o(x — pr(To) — z0)da

S /uz(_Tca x>¢($ - pl(_Tc) — Xy — %)dﬂ? + Ke_%xo.

Te

On the other hand, using Z, 4, for o = ¢, yo = p1(~Tc) + w0 + %,

any t < =T,
[Tyl = p(-T) — 20— §))ds

< [ tapp(Vele - p(-T) — mo — § — §0)du + Ke™Tava 1T,

we get for

By (5.9) and letting t — —o0, we obtain
(5.22)
[T )uvVele - p(=Te) — w0 = B))do < K exp(—c i) eV,

Therefore, from (5.21) and (5.22),
1
[ @t ()i < 5 [ (Tayila - pr(T2) ~ o)
Tr>x0

and ¥ (y/cy) > 31(y), we obtain (5.20).
Now, from (5.19) and (5.11), we can apply Proposition 4.2 to u(. + T¢),
for t > 0 (with a = Kc%) It follows that there exists ¢, ¢ >0, 6,05 € R
such that wt () = u(t) — QCT(' —6f —cft) - QC;(. — 65 — c3t) satisfies
(5.23)
11

tllg—noo ||w+(t)||H1(z>ct/10) =0 with |C+ - 1| < Ketz,

+
c 1
2 1 < Kes.
c

Note also that from the stability (5.11) and (5.23), we obtain the following
upper bound on w™(t) for ¢ large enough:

5
< ”w(t)||H1($<Tloct) + 0(1) < Keiz.

Therefore, to finish the proof of Theorem 1.1, we only have to prove the lower
+
bounds on wt(t), ¢f —1 and 1 — 2.



818 YVAN MARTEL and FRANK MERLE

(ii) Lower bounds on the defects. Let n(t), g(t) and ¢;(t) (j = 1,2) be
defined from u(t) for t > T, as in Claim 4.3 and satisfying

(5.24) H?’](t)HHl(mzﬁt) -0, ¢(t)— c;r ast — +oo (j =1,2).

In particular, it is sufficient to prove the lower bounds on 7(t) to obtain lower
bounds on w*(t) for large time. We claim

17
2

(5.25) Vi > T, (In(®)|m > Kiclr (K > 0).

Proof of (5.25). To prove this lower bounds using the defect (Q?) in
(5.10), we need to apply an argument of stability backwards in time, locally
around the soliton Rg(t). For this, we will use monotonicity type results on
n(t) as in Claim 4.4.

First, we claim

11

(5.26) 0 (T.,x)dx > Kocs (Ko > 0).

‘/CC<P2(T5)+}LTC
Proof of (5.26). Let ¢ > 0 to be fixed later and assume for the sake of
contradiction that fmépz(Tc)JriTc 0 (Te, x)dx < £2¢% . Recall from (5.10) that
(627 u(T) ~ Q( — )~ Qe —b) + 2bapl@2) (.~ b )1z < Ke
Thus, as in Step 1(iv), we obtain for ¢ small enough,
11
1Qe(. = ) — 220(QY (- = b) = Qe (- — b2 < Keclh,
and after scaling,
5 5
1Q = 202,0¢5(Q%) = Qa(- = )2 < Kecs,
for A = 2Te) p — Ve(by—b_). From orthogonality of even and odd functions

c Y

in L? and parity of %Qc for any k£ > 0, we obtain

1Q — 2b2.0¢8(Q%) — Q(. — be) |12 < Kec,

which is a contradiction for € small enough, as in Step 1(iv) (b2 # 0). Thus,
(5.26) is proved.

Let € > 0 to be fixed later and assume for the sake of contradiction that
for some t’ > T,

(5.28) () m < etz

Let ¢ (t, z) = 1 —(y/c(z — pa(t) — 1T.—3(t' —1)), where 1) is defined in (4.32)
and

Mo(t) = /772t)1/327

52(’5) = / [%773 - %((Rl + Ry + 77)5 - 5R%77 - 5R§77 — (R1 + R2)5)}”¢2-
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From (5.28) and the properties of Ry, R, we have cMa(t)+|E ()| < K2
Thus from Claim 4.4, integrated on [T, '], we have

(@) -G [ Q< Nl + K,

(G (BT = (1) = gm0 = () [ @

> 285(T.) + 155 Ma(T.) — K2

From this, using the coercive functional of n(t): & (t) + 502(t’)/\/lg(t), and
proceeding as in [25, App. B.3|, we obtain successively

)~ ext)| S K [ (2 + e T)is + KeeF,
/ 02 + en?) (T s < Ke2¢ + Klea(T) — eo(#)2 < K'e2c%

which contradicts (5.26) for € small enough.
Finally, we prove (1.11), that is, the upper and lower bounds on ¢ — 1

+
and 1— %, using the two conservation laws, written as ¢ — +o0o and the upper
and lower bounds on w™(t). By (5.9) and (5.23), we have, for ¢ large,

/ /Q2+/Q2 /Q2+/Q2+/ o(1),

E(u(0)) = E(Q) + E(Qc) = E(Q.+) + E(Qu) + E(w™ (1)) + o(1).

By the Gagliardo-Nirenberg inequality and the estimate ||w™(¢)||z < K c%
we have [(wT)® < K|wT|]3, [(wh)? < Ket [(w+)? and thus, for t large
enough,

Bt ) - [ o)

Thus, by Claim C.1, for ¢ large, we obtain

<Kc%/( ()2

(5.29) (2 = ()1 + (1= (¢)*) ~ fiﬁ /(w+(t))2 <K
. 1
(5.30) (Pt — (C;)Qq-&-l) +(1- (Cir)Q 1+ 2[E(Q)|

< Ket /(w*(t))2 + Kt

2+1 2g+1
Let a = (27! — (c3)%t1) /(c®+! — ¢ (c3)%); then %% <a< %%. Mul-
(

tiplying (5.29) by ca and summing (5.30), we obtain, for ¢ small enough,

K —1)> ()2 — 1> K / (wh)? + (w2 (1) — Kt > Koc'a
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Similarly, set b = (1 — (¢f)29)/(1 — (¢ )?9™1), then 1 <b < 2, and multiplying

(5.30) by —b and summing (5.29), we obtain, for ¢ small enough (¢ = 5),

et (1 - f) > M — (c3)* > 1"/<<w$)2 +(w))() > Ko

T, we also obtain

Arguing similarly and using the upper bound (5.12) on w
the upper bounds in (1.11) (in particular, using the conservation laws, we
improve the estimates (5.23) which were obtained by a stability argument).

This completes the proof of Theorem 1.1.

Proof of Remark 1. The remark is based on the fact that for p = 4,

[a.=ct e

In the framework of the proof of Theorem 1.1, we consider u(t) the asymptotic
2-soliton solution at —oo with speed parameters 1 and ¢ (¢ small enough). Let
us prove by contradiction that u(t) is not an asymptotic N-soliton solution at
+00.

Assume that ||u(t) — E;-V:l Qc;r(. - 5;7 - c;rt)pr — 0 as t — +o00, where
cg > cg > --- > c}. Using the methods of [27], [19] and the fact that u(t) is
an asymptotic N-soliton solution both at +o00, we have, for some Ty > 0 large
enough,

N 1
VE>To, Ve € R, Ju(t, )| < K QA (-0 —cft),
=1

which proves that u(t) € L'(R), and, in particular, [u(t) = Iy is well-defined
and constant in time. Moreover, u(t) — Z;-V:l Q+(.— 5; — cjt) —0ast— 400
J
in L}(R), from the H' convergence. A similar convergence in L' holds at —co.
On the one hand, at —oo, Iy = limy oo fu(t) = [Qc + [Qc, =
1 1
(¢; ® +¢,%) [ Q. On the other hand, at +oo, Iy = Zévzl(cj)_% J Q. Since by

7
Theorem 1.1, [|w*(¢)| 72 < Kcd?, we have ¢ < (c3)*. Thus, I > (cj)*g [Q,
which is a contradiction, for co small.

5.2. Ezistence of a 2-soliton-like solution. Proof of Theorem 1.2. We con-
sider first the case ¢; = 1 and ¢z = ¢, the general case following from a scaling
argument. For any ¢ > 0 small enough, we consider u.(t) the global solution
of

Otie + 02 (Pue +ud) =0,  uc(0,2) = v.(0,2),
where v.(t) is the approximate solution constructed in Proposition 3.1, for ko,

£y large enough but fixed. Recall also that A and A, are defined in Propo-
sition 3.1. By the parity property of x — v.(0,x) and since equation (1.1) is
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invariant under the transformation x — —z, t — —t, the solution u.(¢) has the
following symmetry:

(5.31) ue(t, ) = uc(—t, —x).
Thus, we shall only study u.(t) for ¢ > 0. We claim the following concerning
uc(t).

PROPOSITION 5.3. There exist cg > 0 such that for all 0 < ¢ < ¢y, there
exist ¢ (c), c5 (c) > 0, and 67 (c), 05 (c) € R such that

wh(t, @) = ue(t, ) — Qut (o (z — ¢f ()t = 87 (¢)) = Q) (z — e3 ()t — 03 (0)).

1. Asymptotic behavior:

(5.32) im0 (@)l et 10) = 0,
(5.33) 67 (c) — LA| < Kex, |65 () — 34, < Kz,
_l’_
cHe) -1 < ke, |29 g < ke,
C

(5.34) fort large, %c% < |lwt@)||m < K minRprl,pQ(t)HHl < KQC%,
c p N c

(5.35) where Wy, p,(t, ) = u(t,x) — ch(c) (x—p1) — ch(c) (z — p2).
2. cr— cj(c) for 3 =1,2 are continuous.

Proof of Theorem 1.2 assuming Proposition 5.3. We claim that a rescaled

version of uz(t) for some ¢ ~ ¢ satisfies the conclusions of Theorem 1.2.
0
e (o)

From Proposition 5.3, the function h(c) = is continuous on (0, ¢o);

moreover 3¢ < h(c) < 3c. It follows that h((0,co]) is an interval containing
(0, %co]. Thus, for any ¢ € (0, %co], there exists ¢ such that
1
(5.36) ¢ <é¢<2¢ h(e)=c
Let
1 3 1
(5.37) Ue(t,2) = Ut 2) = ¢, > (@uc (e * (@), ¢, * (0)x).

From Proposition 5.3, (5.37), (5.36) and (5.31), it follows that U satisfies (1.14).
Moreover, (1.16) follows from (5.34).
Let ¢1 > 0 and ¢co > 0 such that ¢ = g—f < €g small. Let

1 31 _1
Ueyeo(t ) = ¢} Ul,c(cft, cfaz), Aj=Aj(cr,2) = ¢ 25;(6), ji=1,2.

Then U, ., verifies the conclusion of Theorem 1.2. Note, in particular, that
(1.15) follows from (5.33) and (3.10), (3.13).
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Proof of Proposition 5.3. In Steps 1 and 2 of this proof, we omit the ¢

dependency.
Step 1. Control of the modulation of u(t) for t > T.. Applying Proposi-
tion 4.1 for t € [0, T¢], with § = ng — % — ﬁ, we obtain, for some p(t),

(5.38) Ve e 0,7, |lu(t) —v(t,. — pt)| g < K,
where |p/(t) — 1] < Kc?, p(0) = 0, and so |p(T.) — Te| < KcP~2 100 by T, =
1

11
¢ 27100,
1

By (3.11) and (5.38), and then by ||(Q§)’||HC1 = Kc12 and (3.8)-(3.9), we
have, for 8 > 2,
(5.39) [u(Te) = Q. — @) = Qe(- = W)l 1wy < K < K2,
(5.40)
VelulT) = Q. —a) = Qe = bl < u(Te) = Q(-— @) = Qe(- = b sy < K2,
for a=1A+p(T.), b= (1—c)T. + 1Ac + p(T.), so that a — b > 1T...

Therefore, from Claim 4.3 and Proposition 4.2, we have the decomposition
of u(t) in terms of n(t), ¢;(t), p;j(t) (j = 1,2) defined for all t > T¢.

LEMMA 5.1. For allt > T, %c% <@l < Kels .

Proof of Lemma 5.1. (i) Upper bounds by stability properties. We use
Claim 4.3, which is a refinement of Proposition 4.2 (see proof of Proposition 2
in [25]). Let g(t) be defined from n(t) by (4.34). Remark from (5.39) and the
proof of Claim 4.3 in [25], that |ci(t) — 1] + |a— — p1(t)] < Kc? and

(5.41) (Tl 1 @, 2y < K.

Similarly, we obtain |[9(T¢) || g1 (x<T,/2) < Kcis from (5.40). Thus,

17
2

Va(Te) < K|n(Te)l gt @<t ja) + 10T | 51 (@51, 2y < K2,
By Claim 4.3, for all £ > To, |n(t)]| g1 < v/9(t) < K(/9(T2) +exp(—¢ 7)) <
Keis.
(ii) Lower bounds by backwards stability. See the proof of (5.25) (Theo-
rem 1.1).

Step 2. Proof of asymptotic stability. From properties of v, we claim the
following:

(5.42) />H|1 lg;?u?(Tc,x + T+ 1A)dz < Kb,
X 12 nc

11

11 1
(5.43) p(T.) =T, — 5| < Ker2,  |po(T.) — T — 5¢| < Kc3.
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See Appendix D.3 for the proof of (5.42) and (5.43). Note that the proof
of (5.42) is based on monotonicity arguments on z(t) = u(t) — v(t,. — p(t)) as
defined in (4.11) in the proof of Proposition 4.1.

From (5.40)-(5.42), we apply Proposition 4.2 to u(. + 7¢) with o = K.
There exist ], c3 >0, d;, 85 € R such that

(5.44) ci(t) = ¢f, pit)—cft =06, ast— 400, =12,
and
(5‘45) tiifrnoo Hu(t) - w+<t)HH1(m>0t/10) =0,

where wt (t,z) = QCT(:U —cft—67) - Qe (x — cyt—67),

+

(5.46) lef — 1] < Ke, 2 ) < Kes,
C

(5.47) 67 + i To — pu(TL)| < K3, |05 + cf To — po(T)| < Kei.

From (5.43) and (5.47), we finish the computation of (5;?. For 67, inserting
(5.43) in (5.47), we obtain: |6 — (1 — ¢f)T, — A| < Kei. Since |1 — ¢ |T, <
KT, < KC%, we conclude that |5 — %A] < Kecs. Similarly for &5, we
obtain from (5.43) and (5.47), |65 — 34| < Kcis.

From (5.44), [|n(t) —w™ (t)||g1 — 0 as t — +o0 and thus, from Lemma 5.1,
we obtain %c% < lwt @)l < Kci for t large. From (5.45), [w* ()|l m <
ming, ,, Wy, (t) || 72 +0(1) for ¢ large, where wp, p, (¢) is defined in (5.35), and
thus (5.34) follows. This concludes the proof of the first part of Proposition 5.3.

Step 3. Continuity of ¢f(c) and c§(c). Now, we prove that the maps
¢ — cf (c) is continuous. Let us denote by 7.(t), cc;(t), cj (c), the parameters
in the decomposition of u.(t). We claim:

Cram 5.1. Forallt > T,
(548) Ief ()= con(®)] < Ko [ (2, +02) (. 2) (o — pu(t) + §)da+ Foe ™V

Assuming this claim, let us complete the proof of continuity of cf(c). Let
0 < ¢ <coandlet e > 0. Since [[nz(t)[| g1 (z>et/10) = 0 as t — +o0, there exits
T. > 0 such that

Ky /(ng,z + ) (Te, )b (@ — pr(T2) + T )dae + Koe 31VeT= < e,

We fix T, > 0 to such a value. Then, by continuous dependence in H' of
the wu.(t) solution of (1.1) upon the initial data (see [15]), and the fact that



824 YVAN MARTEL and FRANK MERLE

uc(0) = v.(0) is continuous upon the parameter ¢, there exists § > 0 such that
if |c — ¢| <6, then

1
Ko [0 4+ m2)(Tes )bl — pr(T2) + 5 ) + Koe 807> < 2e,

|ce1(Te) = cea(Te)| < e

From Claim 5.1, applied to 7. and 7, we have |cf (c) — c.1(T:)| < 2¢ and
|l (€) — cz1(T:)| < e. Therefore, |cf (¢) — ¢f (¢)| < 4e. Thus, ¢ = ¢ (c) is
continuous. We argue similarly for ¢ +— ¢3 (c) using a claim similar to Claim 5.1
on |c5 (¢)—cea(t)| (related to Ma(t) and E;(t)) and the previous result on ¢ (c).

This concludes the proofs of Proposition 5.3 and of Theorem 1.2.

Proof of Claim 5.1. The proof follows closely some arguments in [25]. For
T. <ty <t,let Mi(t) and &;(t) be defined in Secion 4.3, with xo = tz‘). From
the conclusions of Claim 4.4 integrated on [to, ], we obtain

(c9(t) - ch(to))/Q2 < (M (to) — My (t)) + Ke erVeto,

(2quL 1 (G () — 77 (t0)) — L(ch(t) - C%q(tO))) /Q2

> 261(t) — 2&1(to) + ﬁ(/\/ll(t) — My (to)) — Ke~aiveto,

Note, in particular, that fti) e_T16(t_t°+x°)gl(t)dt < Ke 16%0 < Ke#1!0, Let-
ting t — +o00, by the asymptotic stability, this gives

(G (e Pt =& 1) = 1 (D™ = ew))) [ @°

Thus, we obtain
1
of = e1lto)] < K [ (2 +1P) 0,2 — pa(to) + ) — e 3,

5.3. Stability of the 2-soliton structure. Proof of Theorem 1.3. Without
loss of generality, we prove Theorem 1.3 in the case ¢; = 1 and cg = ¢. We
assume

lu(0) = U]l < K,
for 6 > 0, where U is the solution constructed in Theorem 1.2. Let ¢ > 0 small

+ /=
satisfy Cigf) =cand A = 1/cf(¢). Then,
Cl &

~

IA5u(0, VAz) — A3U(0, VAz) || g < Ktie.
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By construction of U(t) in Theorem 1.2, )\%U(O, Vz) = v(0), where v is the
approximate solution introduced in Proposition 3.1 corresponding to ¢ for kg,
¢y large enough. Since the solution of (1.1) corresponding to )\%u((), Vz) is
)\%u(kt, V/Az), it is enough to prove the theorem in the case

(5.49) [u(0) — v(0)|| ;2 < K12,

By invariance of (1.1) by the transformation  — —z, t — —t, it is enough to
prove the result for ¢ > 0.

(i) Estimates on [0,T]. By (5.49) and Proposition 4.1, we obtain, for all
t € [-T¢, T¢), for some p(t),

lu(t) = v(t, = — p(t)) |l < K+,

2
11

From Proposition 3.1, we deduce, for some a, b, with a — b > 370,

(5:50) (L) = Q( —a) = Q- — )1 < K(¢32 +c12).
(ii) Estimates on [T.,+00). By (5.50) and Propositions 4.2 and 4.2, for

all t € [T, +o0), there exist p1(t), p2(t) and ¢, ¢5, such that (recall that for

P=4,q+3=13)

1 5
lu(t) = Qut (- = p1(1)) = Quy (- = p2(t)) i < K(PF37 4 1),
+
'CT—l‘SK(CN_%"‘C%)v 2 g SK(C(S‘FC%).
C

Appendix A. Proof of Proposition 2.1

To prove Proposition 2.1, we decompose each of the terms I, II, ITI and
IV obtained in (2.16) in series of c‘/Q¥, c*(QF). In this decomposition (for
future use in solving the systems (£ ¢)), we will separate terms depending on
(k, ) and terms depending on (k', ') < (k, ).

Cram A.1. 1. Forr >0, QZ(yc)ﬁ(yc> = Zl+r§k§ko+r Ctecc(yc)akfr,é-
0<¢

<U<to
2. Decomposition of B, 82, B'S and 33. There exist a}cfé, a%fz, adt, and
aij} depend on (ay o) for (K',0") < (k,£) such that

B'y) = Y QWdarn Bl = D CQiye)ai,

1<k<ko+p—1 2<k<2ko
0<E<fo+1 0<<20,

B/(yc)ﬁ(yc) = Z Ce(Qlcc)/(yc)a%Tb ﬁg(yc) = Z CZQlcc(yc)aéfZ'
2<k<2kg 3<k<3ko

0<0<20g 0<<34p
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Proof of Claim A.1. The first formula follows immediately from the de-
composition of 5(y.):

(Al) ﬁ(yc) = Z Ak Céng(yc)'

(k7£)620

Decomposition of ”. Using Lemma 2.1,

8" (ye) = Z CZ(QICC)”(?JC)“IC,Z

(k,f)EZo
k(2k+p—1 _

D () PO

1<k<ko p

000
= Y LK are

1<k<ko

1<0<lo+1

k—p+1)(2k—p+1
+ > LRk <( )—(l- . )ak—p+1,z) :
p<k<ko+p—1 p
0<1<to

Thus, 8" (ye) = Si<k<ko+p—1 QF (ye)ar, where (1 denoting the characteristic
0<l<ty+1 '
function)

(A.2)

N k—p+1)(2k—p+1
ayy = k2ak,ﬁ—11{ 1<k<ko ( I )
1

< Ak—pt1,61 (p<k<ko+p-11 -
O<lot+1 p+1 {

0<4<4y

Thus, the coefficient a}vj} depend on some (ay ) only for k', ¢ such that
(K',0") < (k,¢) (more precisely, either ¥ < kand ¢/ </ —1or k' <k—-p+1
and ¢/ < /().

Decomposition of 3. By (A.1),

Bye)= > QR TR (ya, par, = D QE(ye)aRy,

1<k ,k2<ko 2<k<2kg
0<4q,62<4p 024y
where
2%
(A.3) Ay = > Ak 0y Qhi—ky f—0y -

max(k—ko,1)<k1<min(k—1,ko)
max(£—¢p,0)<¢1 <min(¢,lp)
Note that the expression of a*, above involves ay, o, with k1 < k — 1 and
Qk—k, ¢—¢, With & —ky < k — 1 since k; > 1. Thus it is checked that aj, does
not appear in the expression of az*f.
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Decomposition of ' (ye)B(ye).

k1
B/(yC)ﬁ(yC) = Z CZH_Z?( Ic€1+k2)/(y6)m‘lk1f1ak2,€2

1<k1,ka<ko
0<41,82<4p

= > Q) (ye)aly,
2<k<2ko
0<<20,

where

k1
(A4) a%:kg - Z 76”91,[1 ak—kl,é—fl .

max(k—ko,1)<ki<min(k—1,ko) k
max(£—£o,0)<¢1<min(¢,{)

Decomposition of 32(y.). By 83(ye) = B(ye)3%(y.) and the decomposition
of 2,

53 (yC) = Z Cel ngl (yc)akl N X Z 642 Q(I§2 (yc)a;;g,fg

1<k1<ko 2<ka<2ko
0<41<4p 04224
_ { Nk ™
= > LQiye)ary,
3<k<3kg
0<¢<3/4y
where
4 2%
(A.5) Ap g = Z Ay 01 Ofg— ey 0—t7 -

max(k—2ko,1)<k1<min(k—2,ko)
max(€—20o,0)<¢; <min(¢,{p)

A.1. Decomposition of I = ;R + 0,(0>°R — R + RP).
LEMMA A.1 (Equation of R(t)).
(A6) I= > " (QF(ye)are(—3Q +2Q) (y) + (QF) (ye)ar,(—3Q") (1))

(kvé)ezo

+ > ¢ (QF(ye) Flo(y) + (Q) (5e)Gho ()

1<k<max(3ko,ko+p—1)
0<¢<max(3%p,l0+1)

where F,gj and Gi,ﬁ are functions defined on R satisfying
(i) Fig GLy €Y
(ii) Fi, and G}, depend only on (ap ) for K, ' such that (K',0') < (k,£);
(iii) F,;g is odd and Gi’e is even.
Moreover, F1170 =0, and for all £ >0, G{,e =0, and
e if p=2, then F2170 =a10Q + 3@%7062(3), Gg,o = %aiOQ”;
[ ] ’l,fp = 4, th@n F2170 — 3@%,0Q(3), G%,O — %a%70Q”.
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CrLAamM A.2. Let h(t,z) = g(y) = g(x — a(y.)), where g is a C* function.
Then,

Oh(t,z) = —(1 = ¢)Bye)d'(y), 0Ozh(t,z) = (1 - Bye)d (v),
Ozh(t,x) = (1= 2B(ye) + B2(ye))g" () — B (e)d' (v),
Oph(t,x) = (1= 3B(ye) + 38%(ye) — B(1e)) g™ (v)
+ (=38 (ye) + 38 (ye) B(ye))g" (v) — B (ye)d' (y)-
Proof of Claim A.2. Recall that y. = x4 (1 —¢)t and o/(s) = 3(s). Thus,

Oih(t,2) = ~ el (y)g (4) = ~(1 ~ Bl (v),

0un(t,2) = (1= P (y) ) o () = (1~ 5(0))g ().
Next, 02h(t,2) = (1~ 5(30))%"(s) — 5/ (3e)g'(5), and 0
(1, 2) = ~26'(5) (1~ Blu))g" () + (1~ Bue) e ()
) -1
1-— )29

= (1= B(e)* 9™ (y) — 38 (ye) (1 = Bye))g" (y) = B (ye)g' (v)-
Proof of Lemma A.1.

Ezxpression of I. We claim
I=B(ye)(—=3Q +2Q") (y) + B'(ye) (=3Q") () + cBy) Q' (y) + 8" (ye) (-Q') (¥)
+ 5240 3Q) () + B (5e) B(ye) 3Q") () + 5 () (=) ()
=L+L+IL+1L+1s+ I+ Iy
Indeed, since R(t,z) = Q(y), by Claim A.2, we have
OR(t,z) = —(1 - ¢)B(y.)Q'(v),
O2R(t, ) = (1= 3B(ye) +36°(ye) — B° (1) QP (v)
+ (=38"(ye) + 38 (ye) B(ye))Q" (y) — B"(ye) Q' (y)-
—0:R(t, ) = —(1 = B(ye)Q'(y), 0u(RF) = (1= Bye))(QY) (y)-

Thus, by arranging terms by increasing order of derivatives and powers of
B(ye), we get

I=0,R+0,(0°R— R+ RP)
=(Q" = Q+ Q) (y) + Bye)(=3Q" — QF + cQ)'(y) + B'(yc)(—3Q") (y)
+ 8" (4e) (—Q") (v) + B (5e) 3QP) (v)
+ 6/ (ye) Bye) 3Q") () + B (ye) (—QP) (w).
By the equation of Q, i.e. Q" — Q + QP = 0, the claim is proved.
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Decomposition of I and Is. These two terms give (A.6):

I = Bye)(—3Q +2Q°) (y) = Y 'QF(ye)ar(—3Q +2Q7) (v),

(k‘,f)EEQ

I = B'(ye)(=3Q") W) = > Q) (ye)ane(—3Q")(y)-

(k‘,f)GZo

Decomposition of Is = cB(y.)Q'(y).

L= >  QMy)anQ (y)

(kvf)ezo

= Z clej(yc)F,};}(y), where F,:f}:ak,g,lQ’.
1<k<ko
1<t<lp+1

Decomposition of 14, I, Ig and I7. For these terms, we use Claim A.1:

Li= Y dQie)F(y), where Fi(y) = aiy(-Q'(y)).
1<k<ko+p—1
0<<lo+1

L= Y dQFy)FS ), where  F%(y) = az7(3Q™)(y).
2<k<2ko
0<e<24y

Ii= > Q) (y)G(y), where G%(y) = aiy(3Q")(y).
2<k<2ko
0<0<2¢0

I = Z cfQ'Z(yc)Fgfg(y), where Fg}(y) :aﬁé(f@(ii))(y)_
3<k<3ko
0<¢<3(o

We check that F,}*Z, F,};, Flgs@, Giﬁz and FI?Z satisfy properties (i), (ii) and (iii).

Set FL,=F\,+ Fiy+ Fio,+ F, and GL ,=G}S,; they satisfy (i), (ii) and (iii).
To finish the proof of Lemma A.1, we compute F{O, Gh, F2170 and F2I’0.

k = 1: We check that FI¥) =0, F4 = al%,(-Q') = 0, F{j = F{j, =0, so
that F{O = 0. Moreover, for any ¢ > 0, we have Gio = G{?O =0.

k = 2: We check FQI% = 0. The term FZIj‘O = a3’y(—Q’) depends on the
value of p. From (A.2), if p = 2 then FQIj‘O = a10Q’, and if p = 3 or 4,
then F;j) = 0. By (A.3), we have FQI;”O = 3a§fOQ(3) = 3a%0Q(3) and by (A.5),
Fyy = —a3%,Q® = 0. Thus, if p = 2, we obtain Fi, = a10Q’ + 3a} ,Q®), and
if p =3 or 4, we obtain F2170 = 30%70@(3).

Similarly, G;O = G%?O = a%fg(3QN) = %CL%OQ”.
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A.2. Decomposition of II = 0,((R+ R.)? — RP — RP).

LEMMA A.2 (Interaction term between R and R.).

(A7) = > (QEy) PN + (QF) (ve) G () |

1<k<kotp-1
0<t<¥y

where for any k> 1, £ >0, Fglz, Gif satisfy properties (i), (i) and (iii) as in
Lemma A.1. Moreover, Fyo = p(QP~1), G1o = pQP~1 Flné = GH@ =0, for
any £ > 1.

o Ifp=2, then
F,gf = —2ag_1,4Q’, for any k € {2,ko+ 1}, £ € {0,4o}.
o I[fp=4, then
F2I’IO = (—4a10Q* +6Q%), G;IO = 6Q?, Ggg =0, for any £ > 1,
F35 = (—4az,0Q® — 6a10Q° +4Q)’, G¥y = 4Q, G5, =0, for any ¢ > 1.

Proof of Lemma A.2
e p = 2. Recall that R(t,z) = Q(y) and R.(t,z) = Qc(y.). By Claims A.2
and A.1, we have

II = 20,(R Rc) = 2(1 — B(ye) Q' (¥)Qc(ye) + 2Q(y)Qe(ye)

= Qc(y:)2Q'(y) + QL(¥e)2Q(Y) + Qe(ye) Bye) (—2Q (1))
= Qc(ye)2Q' (y) + QL(we)2Q(w) + > QF(ye)an—1,(—2Q") (y).
2<k<kg+1
0<t<ty

e p = 4. As before,
IT = 0,(4R°R. + 6R*R2 + 4RR?)

= Qe(ye)(4Q%) () + Qu(ye) (4Q%) () + Qe(ye) B(ye) (—4Q%) (y)
+Q2(1e) (6Q%) () + (Q2) () (6Q%) (y) + Q2 (ye) B(ye) (—6Q%) (1)
+ Q2 (ye)(4Q) () + (Q2) () (4Q) () + Q2(ye) Blye) (—4Q) (v)

= Qelye)(4Q) (y) + Qu(ye) (4Q°) (y)
+ Q2 (ye) (—4a10Q° + 6Q%) (y) + (Q2) () (6Q%)(v)
+ > R (ye)aro(—4Q%) (y)

1<t<ty

+ Q2 (ye) (—4a2,0Q° — 6a1,0Q” +4Q) (y) + (Q2) (y) (4Q) (y)
+ > Q3 (ye) (—4ag 1 Q® — 6a1 1Q%) (y)

1<t<¥ty
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+ Y LQF () (—a-1,0Q® — 6a_2,Q° — dar_3,Q) (y)
4<k<ko+1
0<t<ty

+ 3 QR (yo) (—6ary 0Q? — dag,—1,4Q) ()
0<0<to 4 leo+3(yc)(,4ak07€Q)’(y))_

A.3. Decomposition of III = 0, W — 0,(LW).

LEMMA A.3 (Linear terms in W).

(A8) TI= Y (QFe)(—LAky) ()
(k,0)eXg
+ (ng)/(yc)<3 b+ pQP T Apy — (EBM)')(y))
+ Y QRPN W) + (QF) (5e) G ()

1<k<4ko+2p—2
0<0<40p+2

where for any k> 1, £ >0, FkI;IéI and GHI satisfy
(i) Dependence property: F,g and GHI depend only on (ay ¢) and (Ap o),
(Bi o) for k', £ such that (K',0') < (k,£).

(ii) Parity property: Let k € {1,...,4ko +2p — 2}, £ € {0,...,44y + 2}.
Assume that for any (K',¢") < (k,{), Aw e is even and By p is odd,
then F,glgl is odd and G?} 1S even.

Moreover, F1HOI = G{% =0.

o I[fp=2, then

3o = a10(—347 y — 2QA10)" — (34 o + 3B{y + 2QB1y),
G = %(—914'1,0 — 387 —2QB1,) — (A10 + 3Bj )
o [fp=4, then

F3 = a10(—3A47 o — pQ" ' A1),

a _
GE& = ;’O(—9A/1,0 — 3B, — pQ” 'Bio).

First, we claim two preliminary results concerning ITI.

CrLaM A.3. Let k € N and let A(z) be a class C® function. Let w(t,x) =
QE(ye)A(y). Then
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Ow — 0y (Lw) = QF(ye) (—LA) (y)

+ QF () Bye) (—3A" — pQP A+ cA) (y) + QF (ye) B (ye) (—3A") (y)
+ QE(ye)B" (we) (= A') () + QF (ye) B (ye) BAP)) ()
+ QF(ye) B () B(ye) BA”) () + Qf () B2 (ye) (—A®) (y)
+ Q%Y (ye) (BA” + pQP ™A — cA)(y)
+(QF) () Bye) (—6A") (y)
+(QF) (ye) B' (e) (—3A") () + (QF) (ye) B> (ye) (BA") (1)

+(Q8)" () BA) (y) + (Q8)" () B(ye) (—3A4") () + (@) () A(y).
CrLaM A.4. Let k € N and let B(z) be a class C® function. Let w(t,x) =
(Q) (ye)B(y). Then
0s(Lw) = (Qe)'(ye) (~LB)'(y)
)' () B(ye) (=3B" — pQP "' B + ¢B)'(y) + (QF) () ' (ye) (=3B") (1)
) ()" (ye) (=B (y) + (Q2) (4e) 8 () BB (y)
) (ye)B' (4e)B(ye) BB") () + (Q) (5e) 8 (ye) (=B (v)
)
)
)
Q%)

Bt w —

Ye)3
"(ye)(3B" + pQ" ™' B — cB)(y)

"(ye) B(ye) (=6B")(y)

"(ye)B'(ye) (=3B")(y) + (@) (ye) B (ye) BB ()

@ (ye)3B")(y) + (@) (4e) B(ye) (=3B')(y) + ()W (5e) B(y).

Proof of Claim A.3. Let A(t,z) = A(y) = A(x — a(y.)), and w(t,x) =
QF(ye)A(t,x). We first give the expression of dyw — 9,(Lw) in terms of the
partial derivatives of A. First,

Orw = (1= 0)(Qe) (ye) A + Qe (ye) A,
Since L(fg) = gLf —2f'g' — g, we have Lw = Q¢ (ye) (LA) — 2(QF) (ye) A~
(QF)"(ye)A, and so
—0p(Lw) = = Q¢ () 0 (LA) = (Qc) () (LA) +2(Q2)" (4e) O A
+2(Q8) (9e) 2 A + (QE) P (ye) A+ (Q2) () D A,
Thus, by arranging terms by increasing order of derivatives of Q’g(yc), we get

(A.9)
Orw — p(Lw) = QF (ye) (OrA — 02(LA)) + (Q8) (ye) (1 — ) A — (LA) + 207 A)

+ (Q?),/(yc)(gamA) + (Q?)(g)(yc)A-
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Second, we use Claim A.2 to express the partial derivatives of A in terms
of derivatives of A. We have

O A = 05(LA) = —(1 =) Bye) A'(y) + (1 = 38(ye) + 367 (ye) — B2(y)) AP (y)
+ (=38 (ye) + 38" (ye) B(ye)) A" (y) — 8" (ye) A (y)
+ (1= Bye)) (A +pQ" 1 A) (y)
= (1= 3B(ye) +38%(ye) — B* () AP ()
+ (=38 (ye) + 38’ (ye) B(ye))A” ()
+ (1= cBye) + B" () (A" (y) + (1 = Blye)) (@A) (y).

Thus, by arranging terms by increasing order of derivatives and powers of
B(ye), we get

A — 0, (LA) = (—LA) (y) + Bye) (—3A" — pQP~ A+ cA) (y) + B (ye) (34" (y)

+ 8" (ye) (—A) () + B2 (ye) BAD) () + B () Bye) BA") () + B (y) (— AP (y).
Similarly,
(1—c)A— (LA) +20°A=—cA+302A+pQP (y)A
= —cA(y) +3(1 = 28(ye) + B(ye) A" (y) — 38 (ye) A (y) + pQ" ' () A(y)
= (34" +pQ" T A — cA)(y) + Blye) (—6A4")(y) + B (ye) (=3A") (y) + B> (ye) (BA")(v),
and

30, A =3A'(y) — 3B(yc)A' ().

Inserting all this into (A.9), we obtain Claim A.3. The proof of Claim A.4 is
the same.

Proof of Lemma A.3. We recall W(t,x) = > 40esx, Q¥ (ye) Aro(y) +
Q%) (ye) Bro(y). To expand III, we use Claims A.3-A.4 on W(t,x). We
obtain IIT = 3" pex, ¢ 1I(k, £), where
II(k, £) = Qe (ye) (—LAR) (y) + (QF) (ye) (BAY ¢ + QP Ape — (LBre)) (y)

+c(QF) (e) (— Arye) (y)

+ Bye) QE (ye) (=347 — pQP ' Ap.0)' (y)

+ B(ye) (Q2) (ye) (—64% , — 3By, — pQ" ' Bro)'(y)

+ cB(ye) QE (ye) (A o) () + cB(ye) (QF) (ye) (Bi) (v)

+ B/ (ye) Qe (ye) (=347 ) (y) + B' () (QE) (ye) (=34 ¢ — 3By ) (v)
+ 8" () QE (ye) (= A ) () + B” () (QF) (ye) (—Bi.o) ()

+ B (ye) QE (0) AL () + B2 (ue) (QF) (we) (3AY, + 3B{)) (v)

+ B (e) B(ye) QE (ye) (BAL o) () + B' () B(ye) (QF) (ye) BBiL0) ()
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+ B%(5e) @ () (— AN (9) + B3 (5) (@) (9) (~BED ()
+(Q5)" (ye) (BAL o + 3B1, + pQ" ' Bro) (v)
Q5 (1) (Ang + 3B ) () + Q) (1) Bre) (1)
+ Bye) Q) (ye) (—3 A%, — 6B () + Blye) Q)P (y) (—3B} 1) (v)
+ B () (QE) (ye) (—3By.0) (y)

+ B2ye) (QF) (o) BB ) (y) + (@) (ye) Bre(y)
— TII; + TTT, + 15 + IT1, + ITTs -+ ITIg

+ III; + IlIg + I1Ig + 1119 + 1114y + III49 + III43.
For j € {1,...,13}, we denote II1; = 3"} )ex, [11;.
Decomposition of I11;. This term gives (A.8):
L= Y Q) (—£Ax) ()
(k£)€Z0 ky/ " p—1 /
+(QFY (4e) (BAY g + pQ ™ Ay — (LBrt))(v)).
For the other terms, by elementary calculations, we obtain

I = Y QN ()G P (y), where GLP(y) = (—Are-1)(v);

1<k<kg
1<t<lp+1
0~k 111 111
O = > Qi) Fr )+ >, ¢ )G (),
2<k<2ko 2<k<2kg
0<0<20y 0<e<20
where
(A.10)
I1I " —1 /
Fk,@ ‘(y) = Z ak1,€1(—3f4k—k1,z—41 — PP Aty 0—0,) (y),
max(k—ko,1)<ki1<min(k—1,ko)
max(£—~o,0)<¢1<min(¢,lp)
111 k— ki
Gk,és(y) = Z Ay 00—

max(k—ko,1)<ki<min(k—1,ko) k

max(£—~o,0)<¢1<min(¢,lp)
—1
X (=64% g, 0, = 3By gy 0ty = PQP Broiyi-0)'(y):

From (A.10), we easily check property (i) since in the sum defining F,?gh, we
have k1 <k —1and k — k1 <k —1; moreover, 0 < {1 <fand ¢ —¥¢; <{. The
parity statement (ii) is also easily checked, as in the rest of this proof. Thus
F,:}KI:” satisfies properties (i) and (ii).

L= Y Q)P () + (QF) () GIF (1)
2<k<2ko
1<0<2p+1
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where

Flg,lzh (y) = Z akl,elA;ffkl,ffglfl(y%
max(k—ko,l)gklSmin(k—l,k;o)
max(Z—Zo—1,0)§€1§min(£—1,€0)

k—k

Gi%l (y) = Z Ay 01 5 Bl/c—kl,f—él—l(y)§
max(k—ko,1)<k1<min(k—1,ko)
max({—fp—1,0)<f; <min(¢—1,{)

I = Y QY)W+ Y. QW) F ),

2<k<2ko 2<k<2ko+p—1
0<0<200 0<<200+1
where
1115 o k1 "
Gk,é (y) = Z ?aklfl(_3Ak—k1,€—ﬁl)(y)?
max(k—ko,1)<ki<min(k—1,ko)
max(£—£0,0)<¢1<min(¢,{)
A1l Fls)) = ki(k —k
(A.11) k0 (y) = Z 1(k — 1)ak1,€1

max(k—ko,1)<ki<min(k—1,ko)
max(£—£o—1,0)<¢; <min(¢—1,¢p)

X (=3 A% ks o—ty—1 — 3Bl gy 0—t,-1) (W)

> 2%y (k—k1—p+1)
p+1

_l’_

max(k—ko—p+1,1)<ki <min(k—p,ko)
max(€—£0,0)<¢; <min(¢,{y)

X (BA%_py—pi10—0, T 3Bty —pr1.0-0,) (W)
satisfy properties (i) and (ii). In (A.11), the first sum term has no contribution
for k such that max(k — ko,1) > min(k — 1,ko) (i.e. K =1 or k > 2kg) and
similarly for the condition on ¢. We will use this notation in all sums appearing

in this proof.
For the next terms, we use Claim A.1:

k1,0,

M= > Q)P () + (@Y ()G ()
2<k<2ko+p—1
0<0<269+1
where
111
Fk,‘,@ G(y) = Z a]%:,lﬁ (_ ;€7k1,£7€1)(y)
max(k—ko,1)<k1<min(k—1,ko+p—1)
max(£—£p,0)<¢1 <min(¢,lp+1)
k—k
111 1
Gio’ly) = > A art 0, (= Bh_py0—0,)W);

max(k—ko,1)<ki <min(k—1,ko+p—1)
max(f—£p,0)<¢; <min(¢,{p+1)

I, = > (QFw) FLY () + (Q¥) () GIY ()
3<k<3ko
0<¢<34g
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where

Flg,lfh (y)= > agy g, (3141(@3—)1@1,5_41)(?/),

max(k—ko,2)<k1<min(k—1,2ko)
max(£—£0,0)<¢1 <min(¢,2¢p)

I1I; _
Eny; (y)= Z
max(k—ko,2)<k1<min(k—1,2ko)
max(£—£0,0)<¢1 <min(¢,2¢p)

k - ]fl * 3
a%1 N (3‘4/];—/4:1 L—0 + 3BIE:—)k1 L—0 ) (y)a

M= > Q) FEP W) + QY (w) G (),
3<k<3ko+p—1
0<0<300+1
where
k
1 1
Gpo*ly) = > ?a%f,a@ btrt—0,(Y)),

max(k—ko,2)<k1<min(k—1,2ko)
max(£—£p,0)<¢1<min(¥¢,2¢p)

1 3

Foofy) = Z ki(k — k1)agy o, BBy gy 00, -1(¥))
max(k—ko,2)<k1<min(k—1,2ko)
max(f—fo—1,0)<¢1 <min(¢—1,200)

+ >
max(k—ko—p+1,2) <k <min(k—p,2ko)
max(£—{p,0)<¢1 <min(¢,2¢p)

2k1(k—k1—p—|—1) 3
- P ags 0,(3By_py—pi1.0—0, (W));

Il = Y (Q¥w) BN () + (QF) (w) GIP ()
4<k<4kq
0<e<4ly

where
IIL * 3
Fk,f Q(y) = Z ail,h (_Al(ﬁl—)kl,z—el)(y)

max(k—ko,3)<ki1<min(k—1,3ko)
max(£—£o,0)<¢1<min(¥¢,3¢p)

k—k

ITI 1 4 3

G’ (y) = Z 2 akiﬁl(_B;E:—)kl,e—zl)(y)'
max(k—ko,3)<ki1<min(k—1,3ko)
max(€—{p,0)<f; <min(¢,3¢g)

Using the expression of (Q¥)” from Lemma 2.1,

IIr! 111!
o= Y (CQbw) R ) + @ ()G ()
1<k<ko
1<t<lp+1

1112 1112
Y (R ) + QY IR W)
p<k<ko+p—1
0<0<4y
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where

111! _
Fiop " (y) = K*(34% 41 + 3By y—1 + pQ" ' Bro1)(v),
112 (k—p+1)2k—p+1)
F 10 —
k¢ (y) p+1
X (3A%_pi10 3B _pi1e+PQ" ' Br_pi10)(y),

1113, 42 ,
G (y) = k" (Ak,e—1 + 3B —1) ()

1112 E—p+1)2k—p+1
(;kxlo(y) ::“( p?i-l )(f4k—p+1x +‘3Bllc—p+1,e)(y)~

I, 10, 112, I, A1, 1112,
We set Fk,é _Fk,é +Fk‘,€ ’Gk,f _Gk,f —|—Gk7£ .

II1! 1112
Iy = Y dQIwIF, ")+ D, Qi) Fie " (v),
1<k<ko p<k<ko+p—1
2<0<Lp+2 1<e<bo+1

where

E—p+1)(2k—p+1)
p+1

Ft ™ (y) = B(=Bra)(v),
_

2
FIHll (y)

k0 Bk—p+1,£—1(y)-

100 SRR 1§ £ 1112,
We set Fk,ﬁ _sz,z —i—FM .

111} Il
Mo = Y (AR () + QD) )Gl )
2<k<2kq
1<e<20p9+1

Y (R W) + L@ e R w) ).

p+1<k<2ko+p—1

0<0<20,
where
Il
Fy P(y) = Z akh@l(k_kl)Q
max(k—ko,1)<ki<min(k—1,ko)
max({—£p—1,0)<t; <min(¢—1,{p)
X (=3A% gy 0—ty-1 — 6Bk, 00, -1)(¥),
112 (k—k1—p+1)(2k—2k;—p+1)
Fk,é 12 (y) = Z Oy 0 +1
max(k—ko—p+1,1)<ki<min(k—p,ko) p
max(£—£0,0)<¢1<min(¢,{p)
X (3A§<:7k17p+1,€7f1 + GB],le’ﬂ 7p+1,f7€1)(y)7
11! (k—k1)?
G (y) = > “‘Z;“*aklll(“3132—k1¢—¢1—1)(y)7

max(k—ko,1)<ki<min(k—1,ko)
max(¢—fp—1,0)<¢; <min(¢—1,()
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e — 2 _ _
GIH%Q(y): Z (k—k1—p+1)°(2k—2k;—p+1)

k.t ]C(p n 1) Q1,0

max(k—ko—p+1,1)<ki <min(k—p,ko)
max(£—£0,0)<¢1<min(¢,{o)

X 3B71<57k1 —p+1,0—41 (y)

1 2 1 2
We set Fpibz = piie o gz githe = gifhe 4 il
The last term III;3 is the sum of three different terms.
The contribution of B'(ye)(QF)" (ye) (=3B () is

S QY@ )+ S QY ()G (),

2<k<2kg p+1<k<2ko+p—1
1<0<209+1 0<e<20
where
! k1 (k—Fkp)?
Gk,zlg (y) = Z — 5 Ok 0 (_3Bl/<:—k1,€—él—1)(y>

max(k—ko,1)<ki<min(k—1,ko)
max(¢—€p—1,0)<¢; <min(¢—1,{)

1112 k1(k—ki—p+1)(2k—2k;—p+1)
Gk,fls (y) — Z ( (

k(p+1) s

max(k—ko—p+1,1)<ki <min(k—p,ko)
max(€—£0,0)<¢; <min(¢,{y)

X (3Bl —pr1,0—00) ()

Using (A.3), the contribution of ﬁ2(yc)(Q’g)”(yc)(3B,’€’7£(y)) is

IIIL. 1112
Yo QR FL, B y) + > QE(ye) Fiy (1),

3<k<3ko p+2<k<3ko+p—1
1<0<30p+1 0<0<3¢0g
where
k0 (y) = Z ( 1) akl,él( k—kl,e—el—1)(y)7
max(k—k0,2)§k1gmin(k—1,2k0)
max(£—fp—1,0)<f; <min(¢—1,2¢p)
12 (k—k1—p+1)(2k—2k;—p+1)
Fk,g B(y) = Z

max(k—ko—p+1,2)<ki<min(k—p,2ko) p+1

max(€—€o,0)<f; <min(¢,2¢g)

2
X agy o (=3BY_py pr1.0-0,)(¥)-
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From Lemma 2.1, the contribution of (Q¥)® (y.)B(y) is
II13 11}
Yo fRUWIF P+ D QW) Fry P (y)

1<k<ko p<k<ko+p—1
2<4<Lp+2 1<e<to+1
0~k 1112
=+ Z c Qg (yc)Fk,e ¥ (y),
2p—1<k<ko+2p—2

0<0<£o
3
where F,:Iglls (y) = k*Bre—2(y),

(k—p+1)(2k—p+1)
p+1

1114,

FooPy) =— ((k=p+1)* 4+ k*) By—p11,0-1(v),

(2k—3p+3)(2k—p+1)

(p+1)?
100 PR § § EONRRS  y N § § CONN | § R | § N § § SUNR § §  FRR | § N
Weset Fy )" = F BBy DB P E P T Gt = Gy PGy,

so that
III;3 = > ¢ (QF(we) Fi* (v) + (QF) (o) G2 () -

1<k<max(3ko+p—1,ko+2p—2)
0</¢<max(3lo+1,00+2)

1113,
Feo®y)=(—-2p+2)(k—p+1)

Bk—2p+2,£(y)-

. 1T, 1T,
Finally, we set F,ggl = Zjlig Fk,f 7, GE} = Z}iQ Gk/.

We now finish the proof of Lemma A.3 by computing explicitely F117IOI7
G{%, F217101 and G%%. We first check F{IOI = G{% = 0. For FQI}OI, we make the
following observations:

° le’IOI?’ = Gl,o(—?)A,f,g —pr_lALo)’; F2I7IOI4 = F2I’IOIS = 0; FQI’IOIG = 0 since

1x _ 0.
ai’y = 0;
1
. FQI’IOI7 _ F2171018 — F2171019 — F21710110 —0;
2
e For p = 2, we have FQI})I“) = —(3A1 ¢+ 3By +2QB1y), for p = 4, we
2

have FQHO110 =

e All the remaining terms in F217IOI are checked to be zero.

Similarly, we check that the only nonzero contributions to G%% are

o G30° = ga10(—647 o — 3By — pQP'B1o); Ghy® = 3a10(—341 );
o if p=2, GI" = —(A1,0 + 3B} ), and if p = 4, G = 0.

Thus, summing up, Lemma A.3 is proved.
A4. Expansion of IV = 9, (R+ R.+ W)? — (R+ R.)P — pRP7W).

LEMMA A.4 (Nonlinear terms in W).

v= Y QR ) Y (y) + (QY (4G ()

2<k<(p+1)ko+12
0<e<(p+1)lo+4
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where F,Plf and GEQ are functions defined on R satisfying

(i) Dependence property: F,P[ and GE;; depend only on (ax ¢) and (A o),
(By ) for k', £ such that (K',0') < (k,£).

(ii) Parity property: Letk € {1,...,(p+1)ko+12}, £ € {0,..., (p+1)ly+4}.
Assume that for any (K',0") such that (K',¢') < (k,£), Ap ¢ is even and
By ¢ 15 odd, then FIFZ is odd and Gi}g s even.

Moreover,
o Ifp =2, then
/
(A12) FIY = (2410 + A1), GLY =2410+ Al + (Bio+ A10B1y) -
o Ifp =4, then
/
(A.13) FgX::(leLOQQ*-GA%0Q2>v
(A.14) G?{) — 12A1,0Q2 + 6A%70Q2 + (GBl,gQ2 + 6A1,oBl,0Q2>

Proof of Lemma A.4. Set N = (R+ R. + W)? — (R + R.)? — pRP~'W.
First, we determine F; ,glg and Gl,;rg such that

!/

(A.15) N= Y (Qiw) ) + (@) () Grew)) -
k>p, €30

Second, we differentiate formula (A.15) with respect to x to get the decom-
position of IV. We treat only the case p = 4, the case p = 2 is similar and
easier.
op=4:
N =4((R+ Re)® = R*) W + 6(R+ Re)*W? + 4(R + Ro)W* + W*
= 12R’R.W + 12RR*W + 4R3W + 6 R*W? + 12RR.W? + 6 R?W?
+ 4RW? + 4R.W3 + W
:N1—I—NQ+N3+N4+N5+N6+N7—|—N8—|—N9.

Terms N1, N, Nj:
Nl = Qc(yc)(12WQ2(y))
= Y (Q’g(yc)(12Ak,1,g(y)Q2(y)) + (Q’Z)’(yc)% (12B1-1,6Q?%) (y)) ;

2<k<ko-+1
0<0<¢,

N, = Q2(5) (12WQ())
= Y Q242 QW) + (@) ()

3<k<ko+2
0<0<¢,

"2 10B0Q) )
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N3 = Q2 (ye) (4W)

= Y (@A) + @ w0 B s ).
4<k<ko+3
0<E<£o

For the next three terms, we first need to expand W2:

W2 = Z 051 ( Icﬂ (yC)Akhfl (y) + (ngl)/(yc)Bkl,Zl (y))

1<k1<ko
0<t1<to

X3 (QE W) Ak () + (QF) (5e) By 0)

1<ko<ko
0<£2<ty

Using Lemma 2.1,

2= > Q) > Apy oy () Ap—y0—, (Y)

2<k<2kg max(k—ko,1)<ki<min(k—1,ko)
0<<2¢4y max(£—£0,0)<¢1<min(¢,{)

+ Y Ok > (k1(k—F1) By 0, Br—ky t—t:-1)(y)
2<k<2kg max(k—ko,1)<k1<min(k—1,ko)
1<6<26p+1 max({—fp—1,0)<f1 <min(¢{—1,6)

+ Z CEQIE(Z/C)
5<k<2ko+3
0<0<2ly
X Z (_%kl(k_kl_?))Bkl,@l Bk*klf?),f*fl) (y)

max(k—ko—3,1)<k1<min(k—4,ko)
max(€—{o,0)<f; <min(¢,{p)

+ > QD () o AL () Bik e (y).
2<k<2kg max(k—ko,1)<k1<min(k—1,ko)
0<<2¢4y max({—£0,0)<¢; <min(¢,{y)
Therefore,
(A.16) W= 3" Qi) Afo(y) + (Q2) (4e) Bire(v)) »
2<k<2ko+3
0<0<20p+1

where A7 , and Bj , can be extracted from the previous formula.

Terms Ny, N5 and Ng:
Ny = 6W2Q%(y)
= Y Q) (64;,Q1) () + (QF) () (6B;,QY) () ;

2<k<2ko+3
0<0<260+1

N5 = Qc(yc)W2(12Q(y))
= Y Qw024 Q)) + (@) (12B11,0) )

3<k<2ko+4
0<0<260+1
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Ng = Qg(yc)(GWQ)
= > ¢ Q?(yc)(‘lfl}i_z,z(y))+(Q§)/(yc)g(632_2,5) ())-
k

4<k<2ko+5
0<0<20p+1

For the next two terms, we expand W3 = WW? using (A.16). We get
(A.17) wi= > QW) A (w) + (Q1) () Bia(v)

3<k<3ko+6
0<0<360+2

where A7*, and B[, are explicit in terms of Ay, and By, A} , and Bj ,.

Terms N7 and Ng:
Ny =dW?Qy) = 3 ¢ (Qfy) QAL () + (Q2) (yo) QB () ;

3<k<3ko+6
0<0<360+2

Ng = 4QC(UC)W3( )
= > QWA )W) + (QF) (v (4B ) () -

4<k<3ko+7
0<0<34p+2

Term Ng = W*: By using W* = W2W? and (A.16), we get
No= > (QEu)AL (W) + Q) (ye) Bii (),

4<k<4ko+9
0<0<40p+3
where A"/ and B;” are explicit in terms of A", and BpY.
Next,
IV = 0,(N)
= > [(Qk) (Ye) Fine(y) + Qe (we) (Fe)' (v) — Bye) (Fry)' ()
2<k<4ko+9
0<¢<44p+3

+ (Q) (o) GRo(y) + (QF) (ve) ((GR) () — Blue)(GRY' ())-

Thus,
(A.18)
V=3 Lu)FN )
2<k<4ko+9
0<0<400+3
+ Y Q) > (ke (FN 1y o) ()
3<k<5ko+9 max(k—4ko—9,1)<k1<min(k—2,ko)
0<€<54p+3 max(¢—469—3,0)<f1 <min(¢,¢o)
+ Y QR G (y)
2<k<4ky+9

1<6<48y+4
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+ Y Q) (-GN ()

5<k<dko+12
0<i<469+3

01k N N 00k
+ Y @D ) (FNW + GRY W)+ D QN (we)
2<k<4ky+9 3<k<5ko+9
0<0<460+3 0<0<500+3

- N

X Z (—k kkl akhfl(Gk—kl,z—el),(y)) .

max(k—4ko—9,1)<ki<min(k—2,ko)
max(£—44p—3,0)<¢1 <min(¢,lp)

It follows that IV can be written as

(A19) IV = > ¢ (QE(wW)FLY () + (QF) (ye)GRY (1)) »

2§k§max(5k0 +9,4ko+12)
0<¢<max(5fp+3,4¢0+4)

where F; g}’ and Gi‘z can be extracted from the previous calculations. Let us
check that F) ,?e’ and GE; satisfy properties (i) and (ii).

Dependence property (i). In the decomposition of N1, the function in factor
of Q¥ is 1241 4Q? and the function in factor of c/(Q¥)" is %(HB;C_MQQ).
In the decomposition of W?2, in factor of CZQICC , we have sums where k1 < k—1
and £k — k1 < k — 1 since k1 > 1; moreover {1 < ¢ and £ — {1 < £. Similar
remarks apply to the other terms in N.

Thus, F]yz and le\f@ contain (A ) and (By ¢) only for (K',¢') < (k,¢)
(in fact ¥ < k — 1 is always true). From (A.18) it is clear that the same is
true for F,Fg/ and GEQ. Note, in a similar way, that when (aj ) is involved in
some formula for F,?{ and GE;, it is only for (K, ¢) < (k,£).

Parity property (ii). Assume that all (A ) are even and all (By ¢) are
odd. From the decomposition of the various terms of N, it is easy to observe
that all (F,?TZ) are even and all (GkNj) are odd. Then, formula (A.18) ensures
that all (F,FZ’) are odd and all (G?z) are even.

To complete the proof of Lemma A.4, we only have to compute FQI‘O/ and
ay,.

By (A.18), we have FQIX = (FQND)’, and so we are reduced to compute FQ%.
We give below the contribution of each N; for j =1,...,9 to FQ%:

e For Ny, the contribution is 124; ¢Q?;

e The contribution of Ny is 6A§70Q2 :6A%0Q2, by the expression of W?;

e The contribution of all the other terms N5, N3 N5, Ng, N7, Ng and
Ny is zero.

Therefore, FQI‘O/ = (Fg%)/ = (12A1,0Q2 + 6A%,0Q2),-



844 YVAN MARTEL and FRANK MERLE

By (A.18), we have G5Y) = F7\, + (G}))". Since F3y, was computed above,
we are reduced to compute G 90- We give below the contribution of each Nj
forj=1,...,9 to G%

e For Ny, the contribution is 6B 0Q?;

e The contribution of Ny is 6B§’0Q2 = 6A1,0B1,0Q?, by the expression of

w2,

e The contribution of all the other terms Ny, N3, N5, Ng, N7, Ng and

Ny is zero.
Therefore, Gé, = 12A1 0Q2 + 614 0Q2 (6317()@2 + 6141703170@2)/.

A.5. End of the proof of Proposition 2.1. By Lemmas A.1-A.4, we only
have to sum the various contributions of I, II, III and IV to prove Proposi-
tion 2.1. Setting

ij:F]:’Z_'_Fk FIII Fk]‘:,\f/ and Gkﬁ—Gkg‘i‘G +GIII+Gk€,
we obtain the formula of Proposition 2.1 for S(¢,z). Properties (i) and (ii)
have been checked on the functions F,gg, F,?g, F,glgl, F,P{ and GH, GH, GE},
Gk Ve and so they are also true on Fj ¢ and Gy, 4.
The expressions of Fig, Gio, Foo and Gao are obtained from Lem-

mas A.1-A.4. Observe that the only nonzero contribution to Fi o and G
comes from F11 and G1} ©0; We obtain F o = p(QP~Y) and Gy = pQP~ 1.

Appendix B. Lemma B.1

LEMMA B.1 (Structure of Fj, and Gy y). Let (k,£) be such that 1 < k
< Ko, 0 < 4 < Ly, with (k,£) # (1,0). Assume that for all 1 < k' < ko,
0 < <ty such that (K',0') < (k,£), the functions Ay p and By ¢ verify
(B.l) Ak’,é/ = Zklyg/ + ;{k/’gl + @A\k’,é’a Bk’,é’ = Ek’,é/ + Ek’,f/ + SOEIC’,EH
where

o Ay p, By € Y; the function Ay o is even and the function By g is

od. _

o Ay ¢ and By g are even polynomials; Ay ¢ and By ¢ are odd polyno-

mials.

Then the functions Fj o and Gy obtained in Proposition 2.1 from (ap ),
(A o) and (B ¢1) are such that
Foo=Fri+ fk,é + @F\k,z, G = Gre+ 5k,e + SOak,e,
where
° Fk £ GH € Y; the function FH is odd and the function GH s even.
° Fkg and Gkg are odd polynomials; Fkg and Gkg are even polynomials.
Moreover, the following hold:
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(a) Let2<k<p—1,0=0. If for any 1 <K' <k,
deg Z]f/p = deg A\kl70 = deg Ek’,O = deg E]y@ =0, then Fk:,O» Gk70 e

(b) Let 1 < k < kg and 0 < £ < ly be such that%-&—ﬁ < 2. If for any
(K, 0) < (k,0),

deg;fkgg/ = deg;l\kgg/ =0 and deg Ek/’gl = deg Ek/’g/ < 1, then Fk,g S y
(c) Let

max (deg A ¢, deg Ay pr, deg By ¢, deg By pr) if k > 1, £> 0,
1<k'<k
dap(k,0) = ¢ o<e<e

0 otherwise,

b b p
- 13%%(2(1,43(/@,@) for ij <k, Zej < 6) ifk>p, £>0,
dN(kjaE) = 0<l;<e, J=1 Jj=1 J=1

0 otherwise,
dp(k, 0) = max(deg Fy ¢, deg Fy, ¢, deg G ¢, deg Gie) for 1 < k < Ko, 0 < € < Lo.
Then, for all 1 < k < Ky, 0 < £ < Ly,
(B.2)
dra(k,0) < max (dap(k—1,0)—1,dap(k—p+1,0), dap(k, (—1),dn(k, ).

Proof of Lemma B.1. Let (k,¢) be such that 1 <k < Ky and 0 < ¢ < Ly,
with (k, £) # (1,0). We suppose that for all 1 < k&’ < kg, 0 < ¢ < £y such that
(K, 0") < (k,0), (ap ¢, A o, By o) satisfies the assumptions of Lemma B.1.
We consider Fj, ¢, G defined by Proposition 2.1 (recall that for given (k,¢),
Fk’z and G}mg depend only on (aklyg/,Akggl,Bk/’gl) for (k/,fl) < (k,ﬁ)) From
the proof of Proposition 2.1 (Appendix A),

Fio= Flg,z + Flglé + FlgIzI + Flg\éla G = Gi,e + Gﬂé + G% + G?@

where FkI%, Flgg, etc. are the contributions of I, II, ITI and IV in the decom-
position of S(t,z); see (2.16).

Contribution of I and II. From Lemmas A.1 and A.2, it follows that F,g’g,
F,ge, Gi,@ and GE@ belong to ) and do not depend on (A ¢), (Bj ) but only
on the coefficients (aj ¢). Moreover, F,g’g and F; ,gle are odd, and Gi’g and GEE
are even. Therefore, they only contribute to Fk%g and ék,g, with the desired
parity property.

Contribution of III. We use the notation and calculations of the proof of
Lemma A.3. Note that I1I; does not contribute to F,&I and Gig. Observing

the other terms, i.e. IIls, III%, III2, etc. up to IIIi’3, we note that there
are three kinds of terms depending on the structure of the function of the
variable y:
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Ti: Terms depending on Ay ¢ (y) and By p(y) without derivative, for (k', ')
< (k,£). A complete list of these terms is given in formula (B.3) below.
Ty: Terms depending on derivatives of Ay ¢ (y) and By ¢ (y) (up to order 3)
for (k:’ 4 ) (k,?). Examples of such terms are F&I‘*, Ggg‘*, a part of

1113
Fkﬁ ’

Ts: Terms dependmg on (QP Y Ap ) (y) and (QP~ By ) (y) for (K',0') <

(k, ). Examples of such terms are a part of F,:Ielg’, G?}”’,

Terms of type T3 are easily handled. Indeed, since Ay ¢ and By ¢ are of
the form (B.1) and since Q € Y, it follows that (QP~' Ay )" and (QP~ By )’
belong to Y. Therefore, this kind of terms only contribute to F, and G .
The parity statement for these terms was already checked in the proof of
Lemma A.3.

We now handle terms of type T5. It suffices to remark that when differ-
entiating terms such as Ay ¢ and By p of the form (B.1), we obtain terms of
the same form, except that the degrees of the polynomial functions decrease
by one or more depending on the order of derivation. Indeed, for example, it
follows from (B.1) that

— —~ ~
A%}’,K’ = (Ak:’,ﬁ’ + SOlAklygl) —+ A;C’,Z’ —+ (,01/4714;/7@,

and Z;ﬁ, v+ go';l\k/ ¢ € Y, because of the property ¢’ € V. Thus, for example,
we get FIH4 FIH4 + FkH4 F,:IZI“, where

deg Fif* < max  (deg Ap ) — 1 < max(dap(k—1,0),dap(k, (1)) — 1,
(K" £ =< (k,L)

deg M < max  (deg A o) — 1 < max(dap(k—1,0),dap(k, (~1))) — 1,
(K',0)= (kL)
if max(dap(k—1,¢),dap(k,¢—1))) > 1, and F} = FI* = 0 otherwise.

We obtain similar estimates for all terms of this type. The parity proper-
ties are easily checked. For terms of type T» with higher order derivatives (in
fact, only second and third derivative), the argument is the same.

Finally, we look at terms of type 771, i.e. depending on Ay ¢ and By g
without derivative:

(Bg) 1 2 1 2 3 4 5
G}:;Q ’ Gg;w 7 Gg;w 7 F}:’IKIM , Fl}:’l;u 7 FI;IKIB ’ Fl:,lflls ’ F}:’Iglls _

With the assumptions on Az and By ¢, these terms have the desired struc-

ture. We only have to check the estimates on the degrees of the polynomials.

First, we note from the proof of Lemma A.3 that terms GE}Q, G?EO,

1 2 3
F]:’IZI“, F;;Ill, F;Iélw F,:IZIB depend only on Ay and By ¢ with &' < k and
¢/ < { — 1. Thus, they appear only for £ > 1 and contain polynomials with

2
degrees less than or equal to dap(k,¢ — 1). The other two terms G?;w and
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F,:IKI% depend on Ay ¢ and By ¢ with &' <k —p+ 1 and ¢/ < ¢. Thus they
api)ear only for k > p, and contain polynomials with degrees less than or equal
to dap(k —p+1,¢).
Thus, in conclusion for the term ITI, we get polynomials of degrees less
than
max (dap(k—1,0)—1,dap(k—p+ 1,0),dap(k,(—1)).

This proves (c) for d¥k.
Let us now prove ( ) and (b) for F; ,ggl and Gi? .

Proof of (a). First, observe that terms of type T1 (see above) do not appear
for K < p—1and ¢ = 0. Thus, for such k, if we assume Ak/ 0= Ak/ 0= Bk/ 0=0
andBkro —bk’O € R, thenAk,O _A/’O_Bk’O_Bk’O_OforaH 1<k <k,
and so FIII = ECHI GIH = é\,lglg = 0, which means kI;IKI,GI € Y. This
proves (a) “for F,gH and GHI

Proof of (b). To justify (b) for ,51, we first observe that for (k,¢) such
that p%l + £ < 2, there is no term of type 17 contributing to F; kf}gl. Indeed,

looking at the expression of all the terms in the list (B.3) in the proof of

. I, T2, 108, IITé, 108
Proposition 2.1, we see that F,, ', F} ,*', F,.,'%, F} ", F,.,'* involves By ¢

for ¥ <k—2(p—1)ort </(— 2 or 81multane0usly k’ § k— (p 1) and ¢/ < /—1.
Therefore, these terms do not appear if 1% + ¢ < 2. Concerning terms of type
T3, we first note that By ¢ appear with at least two derivatives, thus any
polynomial function of degree 1 disappears. Second, Ay ¢ are differentiated
at least once, and so again any constant term disappears. Thus, there remains
no polynomial growth and F| HI € Y for such k, ¢.

Contribution of IV. We focus on the case p = 4. The other cases, i.e.
p = 2 or 3 are similar and easier. We use the notation and calculations of the
proof of Lemma A .4, where we have written IV = 0,(N), N = (R+R.+W)*—
(R 4+ R.)* — 4R*W, and where we have decomposed N into several parts
Ni,...,Ng. Here, we distinguish two kind of terms: first Ny, No, Ny, Ns,
N7, which contain the function Q(y), and second, N3, Ng, Ng, Ny, which
depend only on Q. and W.

For the first terms, N1, No, Ny, N5 and N7, since () € ), by the structure
of W, and the assumptions on Ay » and By ¢, the result follows.

For N3, Ng, Ng and Ny, we set

M = N3 + N + Ng + Ny = (Q. + W)* — Q4.

In order to have a simple expression when expanding (Q.+W)?, it is convenient
to set

A170 = 1+A170, Akj = A}c’g for any (k,f) 75 (1,0), B]ﬁg = Bk’g for any (/{7,5),
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(B.4) deg Ay =deg Ay, degBy = degByy.
With this notation, we have

Qc+W = Z CZ (Q’g(yc)Ak7€(y) + (Q?),(yc)Bk,Z(y)) :

(k,0)eXg

Then,

(B5) (Qe+W)t= Y htbtbth
(kj,Li)EX0
i=1,2,3,4

X {Q]c61 haths (yC) (Akl L1 Ak2 A2 Ak3 L3 Ak4,54 ) (y)

+ 4((@51 )/Q52+k3+k4)(y6)(3k1,41 Akz,b Aks,es Ak4754)(y)
+ 6((@51 )/(QISQ)/Qlc€3+k4)(y<3)(Bk1,€1Bk2,£2 Ak3,f3 Ak4,€4)(y)
+ 4((@51)/(62]52)/( 53)/ 54)(yC)(Bkl,lek2,€2Bk3,€3Ak4,f4)(y)

+ ((QICCl )/(QICCQ )/(Qlccg )/<Q’c€2)/) (yc) (Bk1,elBkz,szk37£3Bk4,f4 ) (y)} :

Recall that by Lemma 2.1, we have

ki Hko+ks+ks k k1+ko+ks+kqa\/
(ch) QC2+ 3+ks _ k1+k2+1k3+k4 (ch+ 2+k3 4) ,

(Q1§1)/(Q/§2)/Q/§3+k4 = kiko (CQ1§1+1€2+7€3+/€4 _ ]%Q/cﬁ1+k2+k3+k4+3) ’
(Qk1+k2+k3+k‘4)/
C
k1+ko+ks+ka
Q(Qk1+k2+k3+k4+3)/ )
. C

(@5 Y (QF) (@5 ) Q@ = kukaks (

(p + 1) (k1+ko+ks+ks+3)
(QF) (@) Q) (Q) = kukakghsQF Hhethorths (2 e F 4 40

Therefore, we can write

(B.6) M= Y Q) FM(y) + (QF) (ye)GNo(y)) ,
4<k<4ko+6
0<t<4Lp+2

where at given k > 4, £ > 0, F,% contains only terms of the type
(B.7) Ay 0y Aky 0y Aky 03 Ak sy Bry oy Brey 0o Akg 03 Ak 4
B, ,0,Bry,t,Bres 03By 04
for E?:l k; <k and Z?:l ¢; < ¢, and GI,XIK contains only terms of the type
(B.8) By oy Akg 0 Ak 05 Akt By oy Brog 0, Blog 05 A kg 45
for Z;*:l k; <k and E?:l 0 < L.
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Therefore, we only have to check the structure of the functions in (B.7)
and (B.8). We check the first term Ay, ¢, A, ¢, Aks 03 A%, 0,- The other terms
can be checked similarly. B R B

Recall that Akj,g]. = Akj,éj ‘l‘Akj,Z]- —l—(pAk].’gj, where Akj,g]. € Y, and Akj,g].
and Kk].’gj are polynomials. In the product Ay, ¢, Ak, to Aky 03 Ak, 04, a0y term
in factor to some ij £ 18 automatically in ). The other terms are

(Kkhél + (PAkhfl)(:&kz,fz + @Akz,fz)(:&ksy% + SOAksyfs)(KIM,& + @Ak4,f4)'

In this product we distinguish two kinds of terms:

° H?:lAkj,ﬂja Alﬂ,hAkQ,Ez ((,02Ak37g3Ak47g4) (and similar ternf), ¢4H§:1Akj’gj.
Since 1 — cﬁQ, 1 —¢* € Y, these terms are of the form F + F, where F € ) is
even and F' is an even polynomial of degree less than or equal to dn(k, /).

° H;’:lAkj’gj (VAR 0.), Ak (@3H§:2Akj7gj) (and similar terms). Since @3 —
@ € ), these terms are of the form F + ¢F, where F € ) and F is a
polynomial function of degree are less than dn(k, /).

In conclusion, we obtain

FM = Fry+ FM + oFM,  GM = Gy + G + oGM,
where
. FkM’g7 ékM,g ey, FI,XIE is even and @1,:13 is odd.
o F ,% and CAT’l,XIe are even polynomials; }/7%\’% and (NJ% are odd polynomials, sat-
isfying

(B.9)  d¥(k, ) = max(deg FF, deg FY, deg GNY, deg GM), < dni(k, 0).

The last step for IV is to use formulas (A.18) and (A.19) to derive the
properties of F) ,g‘; and GEE from the properties of F) ,?I,e and G}:{E. We note that
F, g}' involves some Gﬁg, and (F, ,?,I p) for k' <k and ¢ < ¢ and GEE involves
some (Gg’g,)’ and F 1\,{5, for ¥ < k and ¢/ < ¢. Thus IV contains polynomials
with degrees less than dn(k, £), and the parity properties are satisfied, which
proves (c) for dLY,.

Let us now prove (a) and (b) for £ IFZ and GEZ'.

Proof of (a). Note that from (B.5)-(B.6), for any 1 < k < p—1 = 3,
FG = Gy = 0. Thus, Y, GRYy € Y for such k. From (A.18) and (A.19) it
follows that F,?O[, GE(]) € Y for all 1 <k <p-—1. This proves (a) for term IV.

Proof of (b). To prove (b) for F,g}’, we need to give a closer look to (A.18)
and (A.19). Note that F,};}f contains only terms of the type le\,TE—p Gl,j_w and
(Fklfe)’. For (k,¢) such that £ +¢ < 2, this provides terms GE,@/ for %/ +0<1.
Since k' > 1, this condition implies £ = 0 and ¥’ < 3 = p — 1. But, we know
from (B.5)—(B.6) that G%e, =0 for such (£, ¢'). Next, by (B.5), Fé‘,{l =0 for
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1 < k' < 3. Moreover, F, A/{O contains only product of Ay, o for &' < 6. Indeed, if
we look for example at a term of the form (QF1)/(Q*2) Qks ng“BLoBz,oAg’oA&o,
by the formula of (Q?2)’, it gives a contribution only for Fj », where k' > 7 or
k' >4and ¢>1.

Thus, by the assumptions on Ay g, F) ,?,40 contains only constant polynomial
functions and so its derivative is in ). ’

Appendix C. Identities related to @)
CramM C.1 (Identities for any p > 1).
p+1 _ p-I—l/ 2 / ) :p—l/ 2
/ @ p+3 @ p+3 @,
5 —
2 _ 2 2 B(Q.) =Mt E - _
Jar=enfan E@o=e B@= -5

I;) 02q+1/Q2'

Proof of Lemma C.1. These are well-known calculations. We have QP =
Q — Q" and pHQPH Q? — (Q')%. Thus, by integration

1_ 2 "2 1 2 )
Joo-Jo o afe [
Thesefore, [ @ = 20 (G2 and [(Q)F = [@77 — @ = b3 Q2
Moreover, E(Q) = % (Q"? m JQrtl = m Q2.
Since Q.(y) = CP%Q(\/Ey) and ¢ = p%l — 1 we have
[ @y =7 [ @(veydy = [ @2

Similarly, [(Q1)? = ¢+ [(Q')? and [ QB+ = 2+ [ QPFL, and so E(Q.) =
62q+1E(Q).

Appendix D. Proof of some technical results

D.1. Proof of Claim 4.2. The proof is based on the following well-known
fact: There exists A\1 > 0 such that if v € H*(R) satisfies [ Qv = [xQuv = 0,
then

(D.1) [ 02 =p@ e + 02 = Aol

First, we claim from (D.1) that if § € H!(R) satisfies [ 2Qu = 0, then
1 2

(D2) [ -per @ 4 2 2l -+ ([50)
0

Set v =10 — %ﬁ@. Then [ Qv = [2Quv = 0 and from (D.1), [v2 —pQP~ 1% +

v? > \i||v]|%,. Moreover, ||v]|%, > [|5]|%: —K(J 9Q)? and [ v2—pQP~'v*+v? <
[92 —pQP~152 + 92 + K ([ 9Q)?. Thus (D.2) follows.
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Second, we recall
1
Ft) =5 [ (@2 + (1 +a'w))2?)
1
) ((v + 2P Pt (p l)vpz> .
Since |/ (s)| < Kcﬁ, lv—QllL= < KcrT and |zl < 2K*c?, we have from
(D.2) and [ 2Q’ = 0, for ¢ small enough,
1 _ L %
5 / (((%2)2 + 22 — pQP 122> —K(cr 1T+ K ce)/z2
Ao 1 2
1) (e +2) - ([ =0)
D.2. Proof of Proposition 5.1.

F(t)

v

v

D.2.1. For given 0 < ¢ < 1, 1, d2 € R, the existence of a solution U(t)
satisfying (5.1) is a consequence of Theorem 1 in [19]. Therefore, we only have
to check (5.2), for ¢ small, which is a more precise estimate than the one in
[19], giving explicitly the dependency in c. This is obtained by combining the
argument of the proof in [19] and estimates depending on ¢ in the proof of
Proposition 4.2 of the present paper.

We work on the time interval (—oo,—TC], for —7T, = ‘321:‘5 — % Let
R(t,z) = Q(z —t — 1) + Qc(x — ct — 62). In the spirit of Proposition 3 in [19],
we first claim the following:

PROPOSITION D.1. For ¢ > 0 small enough, if there exists t* < —T,
such that for all t < t*, |u(t) — R@®)||gn < exp(—c™%) then for all t < t*,

lu(t) — R(t) | < Koe T (1=0t=(62=00),

Assume Proposition D.1. Since lim;,_ o ||u(t) — R(¢)||g1 = 0, we can
define

t* = sup {t < —T, such that Vs < t*, |lu(s) — R(s)|| g < exp(—cﬂd)} .

Since Koe%(f(lfc)n*(‘sr‘sl)) < Km:%n < Sexp(—c™"), for ¢ small enough,
by a standard continuity argument in H', we have t* = —T,, and thus the
result follows from Proposition D.1 applied on (—oo, —TC]. Therefore, we are
reduced to prove Proposition D.1.

Sketch of the proof of Proposition D.1. For more details, we refer to the
proof of Proposition 3 in [19]. We decompose the solution u(t) on (—oo, t*] by
Lemma 4.3, with a = 0 and py(t) — po(t) < —L — %. Note that here the two
solitons are ordered in a different way, p2(t) > pi(t), where p1(t) is center of
Q@ and pa(t) is center of Q..
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Then, by [25], we have

NG

o) = 1+ eat) = f < Ka(0) + K exp (0=t = (32— 61) ).

where ¢(t) is defined as in (4.34).
Next, similarly as in [25], we use a monotonicity argument, but since the
solitons are ordered in reverse order, we will need the following quantities:

M) = [t )@ — m(t)dr,
(t) = / (%ui p}rlupﬂ + ﬁuz) Y(x —m(t))dz,

where m(t) = $(p1(t) + p2(t)). Similarly as in Lemma 1 of [19], we obtain, for
t<t <t

oy

(& -1) [ (B2 = et pe - m()
1 -
= §/u2(t) +Eut)+ (F-1)EB+3(L-1)1 - F5(E +D)M(@).
By the monotonicity results on M and &, we have for all ¢ < ¢ < t*,
F(t) = F(t') < Kexp(3((1 = c)t — (32 = 01))),

and using an expansion of F(t) from (4.33), and passing to the limit ¢’ — —oo,
we obtain the conclusion of Proposition D.1.

D.2.2. Sharper uniqueness property. First, we check that for ¢ small enough,
if the solution u(t) satisfies (5.3), then for —t large, p1(t) — pa(t) < —%[¢|. This
is a consequence of the asymptotic stability of one soliton. Indeed, if ¢ is
small enough, then for —t large, u(t) = Q(z — 01) + €(¢,z), and e(t) small
in H'. Then, by stability and asymptotic stability of the soliton (see 4.35),
there exists A such that A — 1| < 1 and p(t) with 3t < p(t) < & for —t
large such that [u(t) — Qx(z — p(0) a1 (z<t/10) — 0 as t — —oo. Thus,
Q@ — p1(1)) + Qelar — pa(t)) = Qa(x — POl r1(octyi0) — 0 as t — —oc.
This clearly implies that A = 1 and p2(¢) > t/10 for —t large, and thus
pr(t) — pa(t) < /4.

Using p1 () — p2(t) < —3]t|, as before by monotonicity arguments, we have

lu(t) = Q(z — p1(t)) = Qc(x — p2(t) i < K exp(g((1 — c)t — (62 — 1)) for —t
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large. Therefore, for this solution u(t), we obtain
[p1(t) = 1]+ [ph(t) — ¢ < K exp(g((1 — o)t — (32 — &1))),

which proves the convergence of pi(t) — ¢ and pa(t) — ¢t as t — —oo. Thus,
there exist 01, d2 such that (5.3) holds. We now apply the uniqueness result of
[19] to conclude.

D.3. Proofs of (5.42)—(5.43). Proof of (5.42). Consider the decompo-
sition of u(t,z) introduced in the proof of Proposition 4.1; i.e., u(t,z) =
v(t,x —p(t)) +2(t,x — p(t)), v(t) and S(t) = v + 0,(0%v — v + vP) satisfy the
assumptions of Proposition 4.1. Recall that z(t) satisfies equation (4.13), and
supjo,r,) |z < Kc?, where 6 is to be fixed large (for 6 > 2).

First, we check that

(D.3) / 2?2 (T, x4+ $A)dz < Kc¥
x>0

implies the result. By the explicit expression of v(¢,z) in (4.1), the decay
properties of @ and Q., and |||/~ < Kc_%, (v is defined in §4.1) we have
the following pointwise estimates:

(D.4)

Vi € [0,1T0), Vo > 1T, Jo(t, )| + [ua(t,2)| + |S(t,2)] < K exp(—¢ " )e™ 2V,

(D.5) Vt € [3T0,Te), Vo > 1A, |v(t, z)| + [vg(t,2)| +|S(t, 2)|
< K(e_l%(a’"_%A) + exp(—c_r)e_%‘/&”).

By UQ(Tca‘T) < 2(U2(Tc’$ - p(Te)) + ZQ(TC’I = p(Te))), lp(Te) — Te] <1,
and (D.5) at t = T, we have

/ v?u (T, o + Tp + $A)dx
22%|lnc|
<K 22e”5%dx + exp(—3¢") + / (z+1)22*(To, v + 1A — 1)dx
mz%ﬂnc\ x>0
< Ket +/ 2224 (Tp, x + FA)dx.
x>0
Second, we prove (D.3), which will finish the proof of (5.42). This is
proved by monotonicity arguments on z(t). For zy > 0, t € [0,T¢], let (¢ is

defined in (4.32))

M, (t) = /zQ(t,x)w(:vz)d:U, where . =z — 3(T. —t) — $A — .
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Using (4.13), we have by direct calculations

dﬁ :_3/27!)32“‘/ 2¢///
-3 [ - O -1 / 2/ (z2)
+ [t o)t ot = e (@) + 2(es)

b2 [P+ 6 -1 [ i),

y (4.32), ||2(t)|| g < Kc? small, and then (4.12), we obtaiin

M=) S Ksup ()13 + IS0
X (o (22)]| Lo + [[vatp (@)l Lo + [Jvatp(w2) | 22)-
Therefore, by the properties of ¢ and (D.4)—(D.5), we obtain
4
dt
Thus, by integating in t € [0, 7], we obtain for all zy > 0,

M., (t) < Kexp(fc_r)e_%*/gmO + KX em1(@ots(Temt)

1
[ ATaw+ A < Kexp(—e e 2o 4 Koo,
T>T0 2

Thus [,.,2%2*(Te,z + $A)dz < K¢ and (D.3) follows.
Proof of (5.43). From (5.38), |p(T.) — T.| < Kc? and ||v||g2 < K, we have
lu(Te) = v(Te, . = To)llin < K2
By (3.8)—(3.9), we have

17
lo(Te) = Q(. = ) = Qe + (1 = T — Ac/2)) | gy < K2
Thus by the decomposition of u(7,), and (5.16), we deduce (5.43).
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