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Abstract

Let Q be a bounded C? domain in R"™, where n is any positive inte-
ger, and let Q" be the Euclidean ball centered at 0 and having the same
Lebesgue measure as €. Consider the operator L = —div(AV) +v-V+V
on {2 with Dirichlet boundary condition, where the symmetric matrix field
A'is in Wh(Q), the vector field v is in L*°(Q,R™) and V is a continu-
ous function in . We prove that minimizing the principal eigenvalue of
L when the Lebesgue measure of () is fixed and when A, v and V vary
under some constraints is the same as minimizing the principal eigenvalue
of some operators L™ in the ball Q" with smooth and radially symmetric
coefficients. The constraints which are satisfied by the original coefficients
in © and the new ones in 2" are expressed in terms of some distribution
functions or some integral, pointwise or geometric quantities. Some strict
comparisons are also established when €2 is not a ball. To these purposes,
we associate to the principal eigenfunction ¢ of L a new symmetric re-
arrangement defined on 2, which is different from the classical Schwarz
symmetrization and which preserves the integral of div(AVy) on suitable
equi-measurable sets. A substantial part of the paper is devoted to the
proofs of pointwise and integral inequalities of independent interest which
are satisfied by this rearrangement. The comparisons for the eigenvalues
hold for general operators of the type L and they are new even for sym-
metric operators. Furthermore they generalize, in particular, and provide
an alternative proof of the well-known Rayleigh-Faber-Krahn isoperimetric
inequality about the principal eigenvalue of the Laplacian under Dirichlet
boundary condition on a domain with fixed Lebesgue measure.
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1. Introduction

Throughout all the paper, we fix an integer n > 1 and denote by «a,, =
72 /T(n/2 + 1) the Lebesgue measure of the Euclidean unit ball in R™. By
“domain”, we mean a nonempty open connected subset of R, and we denote
by C the set of all bounded domains of R™ which are of class C?. Throughout
all the paper, unless otherwise specified, 2 will always be in the class C. For
any measurable subset A C R”, |A| stands for the Lebesgue measure of A. If
Q € C, then Q* will denote the Euclidean ball centered at 0 such that

Q7] =19

Define also C'(Q) (resp. C(©,R")) the space of real-valued (resp. R"-valued)
continuous functions on Q. For all z € R™\ {0}, set

(1.1) er(x) = ,j—|



REARRANGEMENT INEQUALITIES 649

where |z| denotes the Euclidean norm of x. Finally, if Q € C,if v: Q — R" is
measurable and if 1 < p < +o00, we say that v € LP(Q,R") if |v| € LP(Q), and
write (somewhat abusively) ||v|, or [|v]|zr(orn) instead of [[[v[|| 1p(q )

Various rearrangement techniques for functions defined on {2 were consid-
ered in the literature. The most famous one is the Schwarz symmetrization.
Let us briefly recall what the idea of this symmetrization is. For any function
u € L' (), denote by i, the distribution function of u, given by

pa(t) = {z € @ u(z) >t}

for all t € R. Note that p is right-continuous, nonincreasing and ,,(t) — 0
(resp. py(t) — |92]) as t — +oo (resp. t — —o0). For all z € Q*\{0}, define

u*(2) = sup {t € R; pua(t) > ay Jo]"}

The function u* is clearly radially symmetric, nonincreasing in the variable |x|,
and it satisfies

{z € Q, u(z) > (3 = {z € Q" w(x) > (}]

for all { € R. An essential property of the Schwarz symmetrization is the
following one: if u € Hg(Q), then |ul* € H}(Q*) and (see [41])

(1.2) Hul"ll 2@y = llull 2y and [[V]u[*|l 20 < [Vull2q) -

One of the main applications of this rearrangement technique is the resolu-
tion of optimization problems for the eigenvalues of some second-order elliptic
operators on 2. Let us briefly recall some of these problems. If A\1(Q) de-
notes the first eigenvalue of the Laplace operator in §2 with Dirichlet boundary
condition, then it is well known that A; () > A (£2*) and that the inequality
is strict unless Q2 is a ball (remember that 2 is always assumed to be in the
class C). Since A\ (£2*) can be explicitly computed, this result provides the
classical Rayleigh-Faber-Krahn inequality, which states that

2/n

(13 M) 200 = () a2

where j,, 1 the first positive zero of the Bessel function J,,. Moreover, equality
in (1.3) is attained if and only if  is a ball. This result was first conjectured
by Rayleigh for n = 2 ([42, pp. 339-340]), and proved independently by Faber
([21]) and Krahn ([30]) for n = 2, and by Krahn for all n in [31] (see [33] for
the English translation). The proof of the inequality A;(€2) > A1 (Q*) is an
immediate consequence of the following variational formula for A;(2):

/\Vv(m)|2da;
(1.4) MO = min 2T
! veHL(Q)\{0} /\v(a;)|2d:c

Q

and of the properties (1.2) of the Schwarz symmetrization.
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Lots of optimization results involving other eigenvalues of the Laplacian
(or more general elliptic symmetric operators of the form —div(AV)) on Q
under Dirichlet boundary condition have also been established. For instance,
the minimum of \y(£2) (the second eigenvalue of the Laplace operator in € un-
der Dirichlet boundary condition) among bounded open sets of R with given
Lebesgue measure is achieved by the union of two identical balls (this result
is attributed to Szegd; see [39]). Very few things seem to be known about
optimization problems for the other eigenvalues; see [17], [25], [39], [40], and
[49]. Various optimization results are also known for functions of the eigenval-
ues. For instance, it is proved in [5] that A2(2)/A1(2) < A2(2%)/A1(£2*), and
the equality is attained if and only if € is a ball. The same result was also
extended in [5] to elliptic operators in divergence form with definite weight.
We also refer to [6], [7], [9], [12], [18], [28], [29], [32], [34], [37], [38], and [40]
for further bounds or other optimization results for some eigenvalues or some
functions of the eigenvalues in fixed or varying domains of R™ (or of manifolds).

Other boundary conditions may also be considered. For instance, if p2(€2)
is the first nontrivial eigenvalue of —A under the Neumann boundary condi-
tion, then us () < pa(2*) and the equality is attained if, and only if, € is a ball
(see [44] in dimension n = 2, and [48] in any dimension). Bounds or optimiza-
tion results for other eigenvalues of the Laplacian under Neumann boundary
condition ([40], [44], [48]; see also [10] for inhomogeneous problems), for Robin
boundary condition ([15], [19], [20]) or for the Stekloff eigenvalue problem ([16])
have also been established. We also mention another Rayleigh conjecture for
the lowest eigenvalue of the clamped plate. If Q C R?, then denote by A1(f2)
the lowest eigenvalue of the operator A2, so that A%u; = Ay(Q)uy in Q with
up = v - Vur = 0 on 0f), where u; denotes the principal eigenfunction and
v denotes the outward unit normal on 9€2. The second author proved in [35]
that A1(Q) > A1(Q*) and that equality holds if and only if €2 is a ball, that is
a disk in dimension n = 2. The analogous result was also established in R? in
[8], while the problem is still open in higher dimensions. Much more complete
surveys of all these topics can be found in [11], [25], and [26].

It is important to observe that the variational formula (1.4) relies heavily
on the fact that —A is symmetric on L%(Q2). More generally, all the opti-
mization problems considered hitherto concern symmetric operators, and their
resolution relies on a “Rayleigh” quotient (that is, a variational formula similar
to (1.4)) and the Schwarz symmetrization. Before going further, let us recall
that rearrangement techniques other than the Schwarz symmetrization can be
found in the literature. For instance, even if this kind of problem is quite
different from the ones we are interested in for the present paper, the Steiner
symmetrization is the key tool to show that, among all triangles with fixed
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area, the principal eigenvalue of the Laplacian with Dirichlet boundary condi-
tion is minimal for the equilateral triangle (see [41]). Steiner symmetrization
is indeed relevant to take into account the polygonal geometry of the domain.

A natural question then arises: can inequalities on eigenvalues of nonsym-
metric operators be obtained? In view of what we have just explained, such
problems require different rearrangement techniques.

Actually, even for symmetric operators, some optimization problems can-
not be solved by means of the Schwarz symmetrization, and other rearrange-
ments have to be used. For instance, consider an operator L = —div(AV) on a
domain 2 under Dirichlet boundary condition. Assume that A(x) > A(x)Id on
) in the sense of quadratic forms (see below for precise definitions; Id denotes
the n x n identity matrix) for some positive function A and that the L' norm
of A=1 is given. Then, what can be said about the infimum of the principal
eigenvalue of L under this constraint? In particular, is this infimum greater
than the corresponding one on €2*, which is a natural conjecture in view of all
the previous results? Solving such a problem, which is one of our results in the
present paper, does not seem to be possible by means of a variational formula
for A\; (although the operator L is symmetric in L?*(Q)) and the Schwarz or
Steiner symmetrizations.

More general constraints (given distribution functions; integral, pointwise
or geometric constraints) on the coefficients A, v and V' of nonsymmetric op-
erators L of the type L = —div(AV) 4+ v - V 4+ V under Dirichlet boundary
condition will also be investigated. In general, the operator L is nonsymmet-
ric, and there is no simple variational formulation of its first eigenvalue such
as (1.4) — min-max formulations of the pointwise type (see [13]) or of the
integral type (see [27]) certainly hold, but they do not help in our context.

The purpose of the present paper is twofold. First, we present a new
rearrangement technique and we show some properties of the rearranged func-
tion. The inequalities we obtain between the function in €2 and its symmetriza-
tion in * are of independent interest. Then we show how this technique can
be used to cope with new comparisons between the principal eigenvalues of
general nonsymmetric elliptic operators of the type —div(AV) +v -V +V
in Q and of some symmetrized operators in 2*. Actually, the comparisons we
establish are new even when the operators are symmetric or one-dimensional.

2. Main results

Let us now give precise statements. We are interested in operators of the
form

L=—div(AV)4+v-V4+V
in © € C under Dirichlet boundary condition.
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Throughout the paper, we denote by S,,(R) the set of n x n symmetric ma-
trices with real entries. We always assume that A : Q — S,(R) is in W1H(Q).
This assumption will be denoted by A = (a;;)1<ij<n € WH(Q,S,(R)): all
the components a; ; are in W°°(Q), and they can therefore be assumed to be
continuous in € up to a modification on a zero-measure set. We set

1Al @50y = maX laillw.e (@),
where
O +
||ai,jHW17°°(Q) = ||ai,j||LOO(Q) + Z —
1<k<n

Oz, |l ooy

We always assume that A is uniformly elliptic on €, which means that there
exists 6 > 0 such that, for all z € Q and for all £ € R,

A(z)e-€> 8¢,

For B = (bi,j)lgi,jgn S Sn(R), f = (fl, ... ,fn) € R™ and 5/: (fi, ... ’51,1) GR“,
we denote BE-§ = Y 1<; j<p bi ;€56 Actually, in some statements we compare
the matrix field A with a matrix field of the type x — A(x)Id. We call

LT (Q) = {A € L™(Q), essQian > 0},

and, for A € WH*(Q,8,(R)) and A € L5°(12), we say that A > A Id almost
everywhere (a.e.) in 2 if, for almost every x € Q,

VEER", A)E- € > A@)é*

For instance, if, for each = € Q, A[A](x) denotes the smallest eigenvalue of
the matrix A(z), then A[A] € LP(Q) and there holds A(x) > A[A](z)Id (this
inequality is actually satisfied for all x € Q).

We also always assume that the vector field v is in L*>°(Q,R™) and that
the potential V' is in L°°(£2). In some statements, V will be in the space C(2)
of continuous functions on Q.

Denote by A\1(€2, A,v, V') the principal eigenvalue of
L=—-div(AV)+v-V4+V
with Dirichlet boundary condition on Qand ¢ 4 .,v the corresponding (unique)
nonnegative eigenfunction with L>°-norm equal to 1. Recall that the following
properties hold for vq 4, v (see [13]):

(2.1)
—div(AVea a5 v) +0-Veaauy + Voo aev = M(Q,A4,0,V)eq 4. v in Q,

©Q,ALYV > 0 in Q,
Yo, Apv =0 on 0Q,

lea,a0vilpe@ =1,
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and oo 4.y € W2P(Q) for all 1 < p < 400 by standard elliptic estimates,
whence g 4., v € CH¥(Q) for all 0<a < 1. Recall also that \;(Q, 4,v,V) >0
if and only if the operator L satisfies the maximum principle in §2, and that
the inequality

AM(Q, A0, V) > essQinf v

always holds (see [13] for details and further results).

We are interested in optimization problems for A\; (2, A,v, V) when Q, A, v
and V vary and satisfy some constraints. Our goal is to compare A1 (2, A, v, V')
with the principal eigenvalue A;(Q2*, A* v*, V*) for some fields A*, v* and V*
which are defined in the ball Q* and satisfy the same constraints as A, v and
V. The constraints may be of different types: integral type, L™ type, given
distribution function of V ~, or bounds on the determinant of A and on another
symmetric function of the eigenvalues of A. Throughout the paper, we denote

57 = max(—s,0) and s* = max(s,0) Vs€R.

2.1. Constraints on the distribution function of V'~ and on some integrals
involving A and v. We fix here the L' norms of A=1 and |v|?A~!, some L™
bounds on A and v, as well as the distribution function of the negative part of
V', under the condition that A;(€, A,v,V) > 0. Then we can associate some
fields A*, v* and V* satisfying the same constraints in Q*, and for which the
principal eigenvalue is not too much larger that A; (€2, A,v, V'), with the extra
property that A*, |[v*| and V* are smooth and radially symmetric.

THEOREM 2.1. Let Q € C, A € Whe(Q,S,(R)), A € LY(Q), v €
L>®(Q,R™) and V € C(Q). Assume that A > A 1d a.e. in Q, and that
A(Q,A,0, V) > 0. Then, for all e > 0, there exist three radially symmet-
ric O () fields A* > 0, w* > 0 and V' < 0 such that, for v* = w*e, in

a~\{0},

(2.2)
ess inf A < min A* <max A" <ess sup A, H(A*)_IHLI(Q*): HA_1||L1(Q),
Q (o8 Qr Q
[V | oo (e ey < WWllLosq@rmys | 0¥ P(AS) Hpi@ny =1 [0PA 2o,

Wi = Biry- S By,
and
(2.3) A, AT, 0" V) < M (Q, 4,0, V) 4.
There also exists a nonpositive radially symmetric L>(Q*) field V* such that
s =p_y—, V<V <0in Q* and A (QF, A*Id, v*, V*) <A (5, A*Id, v*, V)
<M(Q2,A,0,V) +e€.

If one further assumes that A is equal to a constant v > 0 in 2, then there
exist two radially symmetric bounded functions wy > 0 and V" < 0 in QF such
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that, for vy = wjer,
(2.4)
{ 06|l oo (= k) < N[Vl Loo @Ry, (106 L20% rr) < [Vl L2087,
Vo lzr) < IV llze) V1 <p <400, [Vl = IV llL o),
and
(2.5) AL(Q5, v 1d, vy, V) < A (2, 4,0,V).

Remember (see [13]) that the inequality A1 (2, A,v, V) > A\ (2, 4,v,—V ")
always holds. This is the reason why, in order to decrease A1(£2, A,v, V), the
rearranged potentials had better be nonpositive in ¥, and only the negative
part of V plays a role. Notice that the quantities such as the integral of A=,
which are preserved here after symmetrization, also appear in other contexts,
like in homogenization of elliptic or parabolic equations.

In the case when A is a constant, then the number & can be dropped
in (2.3). The price to pay is that the new fields in Q* may not be smooth
anymore, and the distribution function of the new potential V" in Q* is no
longer equal to that of —V .

However, in the general case, neither A is constant in 2 nor A* is constant
in O (see Remark 5.5 for details). For instance, as already underlined, an
admissible A is the continuous positive function A[A], which is not constant in
general. Actually, even in the case of operators L which are written in a self-
adjoint form (that is, with v = 0), the comparison result stated in Theorem 2.1
is new.

An optimization result follows immediately from Theorem 2.1. To state
it, we need a few notations. Given

(2.6)
_ m m _ — o _
m>0, My >my >0, ac MAmJ M, >0, 7€ [o,an}, My >0
and
r € Foar,(m) = { p: R —[0,m], p is right-continuous, nonincreasing,

p =m on (_0070)7 p=0on [MV7 +OO>}7
we set, for all open set Q € C such that |Q] = m,
Gty s Ty o) = { (A0, V) € WH2(Q, 8, (R)) x L(Q,R") x C(Q);
JA€ LT (), A>Aldae. in Q,

my < essﬂinf A< esstup A< My, HA_ «Q,

1||L1(Q) =

”U”LOO(SZ,R“) <M,, H\UPA—IHLI(Q) =7and py- < u}
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and

2.7 Axr = == ()= inf A (2, A0, V).
( ) 7MA7mA7a’MU7T’MV”u( ) (A,v,V)GQﬁA,mA,ayﬁvmﬁv,“(ﬁ) 1( )

Notice that, given p € F; 57 (m) and Q € C such that [ = m, there exists
V € C(Q) such that puy— < p (for instance, V = 0 is admissible; furthermore,
there is V' € L*>°(Q) such that py— = pu — see Appendix 7.2), and, necessarily,
V > —My in Q. It is immediate to see that, under the conditions (2.6), each

set QMA,mA,a,Mv,T,MV #(Q) is not empty.

COROLLARY 2.2. Let m, My, my, a, M,, 7, My be as in (2.6), u €
Fo i, (m) and Q0 be the Euclidean ball centered at the origin such that [Q*|=m
If A37, my Mo ,m My ,(§2) = 0 for all @ € C such that [ = m, then

(2.8) min

Q) =
QecC, |Q]=m

RISy IR v A A () Il v SN v et v S CLAD

Furthermore, in the definition of Az, 7 A v M(Q*) in (2.7), the data A,

v and V' can be assumed to be such that A = A Id, v = we, = |v|e, and V <0
in Q*, where A, w and V are C*®(Q*) and radially symmetric.

Let us now discuss about the nonnegativity condition A;(€Q, A,v,V) >0
in Theorem 2.1, as well as that of Corollary 2.2. We recall (see [13]) that

AM(Q, A0, V) >minV.
Q

Therefore, the condition A1 (€2, A,v, V) > 0 is satisfied in particular if V' > 0 in
Q, and the condition A7, NNy Ay ,.(€) = 0 in Corollary 2.2 is satisfied if

My = 0. Another more complex condition which also involves A and v can be
derived. To do so, assume A > A Id a.e. in Q with my := ess infg A > 0, and
call M, = ||v||oc and my = ming V. Multiply by ¢ = v 4.,V equation (2.1)
and integrate by parts over Q. It follows that, for all 8 € (0, 1],

M@ A0 V) [ = [ A = [ o] Vel gy [ ¢

J— 2 JR—
(1 /A|th\ +mv/<,0 45/|U|A

> (L= Bmak() +my — (@Bma) M2 [ ¢,

\%

v

where A\ (Q2) = \(Q,1d,0,0) = MiNge 110, [|g]l2=1 Jo |Vo[2 If M, > 0 and

may/A1(Q) > M, then the value § = M, /(2ma/A1(Q)) € (0 1] gives the best
inequality; that is, A1 (Q, A,v, V) > mv—i-\/)\l mA\/)\l . The same
inequality also holds from the previous Calculatmm if M, = O Therefore, the
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following inequality always holds:

)\1(9, A, v, V) > my + \/)\1(9) X maX(O,mA\/)\l(Q) — Mv).
As a consequence, under the notation of Corollary 2.2, it follows from (1.3)
that

7 —1/n_1/n;
AMA)mAuayﬂvﬂ'yMVvu(Q) 2 _MV + m /nan/n]n/Q_:L’l
X max(O,mAm_l/nay"jnﬂ—Ll — M,)

for all 2 € C such that |©2] = m. The conclusion of Corollary 2.2 is then true
if the right-hand side of the above inequality is nonnegative. In particular, for
given n € N\{0}, my > 0, M, > 0 and My > 0, this holds if m > 0 is small
enough.

To complete this section, we now give a more precise version of Theo-
rem 2.1 when 2 is not a ball.

THEOREM 2.3. Under the notation of Theorem 2.1, assume that 2 € C is
not a ball and let M 4 > 0, mp >0, M, >0 and My > 0 be such that

{ [Allwoe(,8,®) < M 4, essQian > my,

(2.9) v —
HUHLOO(Q,R") < M,, HVHLOO(Q,R) < My.

Then there exists a positive constant § = 0(Q,n, M a,mp, M,, My) > 0 de-
pending only on Q, n, M s, my, M, and My, such that if \1(Q, A,v,V) > 0,
then there exist three radially symmetric C°(QF) fields A* > 0, w* >0, V" <0
and a nonpositive radially symmetric L>(Q*) field V*, which satisfy (2.2),

Py = p_y—-, V: < V" <0 and are such that
T A QvAu 9
A, AT, v*, V*) < A (QF, A*Id, 0%, V) < 1(1+:V)

where v* = w*e, in O*\{0}.

Notice that the assumption A > A Id a.e. in  and the bounds (2.9)
necessarily imply that M4 > my,.

2.2. Constraints on the determinant and another symmetric function of
the eigenvalues of A. For our second type of comparison result, we keep the
same constraints on v and V as in Theorem 2.1 but we modify the one on A:
we now prescribe some conditions on the determinant and another symmetric
function of the eigenvalues of A. We assume in this subsection that n > 2.
If Ae S,(R),ifpe{l,...,n—1} and if A\i[4] < --- < A\,[A] denote the
eigenvalues of A, then we call

op(A) = 3 <H i [A]) .

Ic{1,...,n}, card(l)=p €l
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Throughout the paper, the notation card(l) means the cardinal of a finite
set . If A is nonnegative, it follows from the arithmetico-geometrical inequality
that CP x (det(A))?/™ < o,(A), where CP is the binomial coefficient CP =

n!/(p! x (n —p)!).
Our third result is as follows:

THEOREM 2.4. Assume n > 2. Let Q € C, A € WH°(Q,S,(R)), v €

L*(Q,R"), Ve C(Q) and let p € {1,...,n—1}, w > 0 and o > 0 be given.
Assume that A > v1Id in Q for some constant v > 0, that

(2.10) det(A(x)) > w, op(A(z)) <o Vze

and that \1(Q, A,v,V) > 0. Then, there are two positive numbers 0 < a; < ag
which only depend on n, p, w and o, such that, for all € > 0, there exist a
matriz field A* € C®°(Q*\{0},S,(R)), two radially symmetric C*°(Q*) fields
w* >0 and V' < 0, and a nonpositive radially symmetric L>°(Q*) field V*,
such that, for v* = w*e, in Q*\{0},

A>ald in Q, A* > ai1d in QF,

2.11) det(A* (7)) = w, op(A*(z)) =0 V x € Q*\{0},
2.11
[v* || Lo (@5 ) < [Vl Lo,y 10" lL2(% Ry = [Vl 22007

B S vy e = poy-, VISV <0in @
and
Al(Q*v A*v U*a V*) < )\1(9*’ A*a U*7V*) < >\1(Qv A7 v, V) +E.
Furthermore, the matriz field A* is defined, for all x € Q*\{0}, by
A*(z)z - = ay|z|? and A*(z)y -y = asly]* Yy Lz
Lastly, there exist two radially symmetric bounded functions wg > 0 and V7 <0
in Q* satisfying (2.4) and A\ (2, A%, v, Vi) < M(Q, A, v, V), where v§ = wie,
in QF.

Remark 2.5. Notice that the assumptions of Theorem 2.4 necessarily im-
ply that Cﬁwp/ " < g. Actually, the matrix field A* cannot be extended by con-
tinuity at 0, unless a; = ag, namely Cﬁwp/ " = ¢. As a consequence, A* is not
in Whe(Q*, S, (R)) if CEwP/™ # o, but we can still define \; (%, A%, v*, V*).
Indeed, for A* = a;Id in Q*, the principal eigenfunction @* (resp. ¢*) of the
operator —div(A*V) 4+ v*-V 4+ V" (resp. —div(A*V)+v* -V + V*) is radially
symmetric and belongs to all W2P(2*) spaces for all 1 < p < 4o00. Hence,

A'VG = AVE* = a1 Vp*
(resp. A*V* = AV = a1Ve*). With a slight abuse of notation, we say
that @* (resp. ¢*) is the principal eigenfunction of —div(A*V) + v* -V + V"



658 F. HAMEL, N. NADIRASHVILI, and E. RUSS

(resp. —div(A*V) 4+ v* -V 4+ V*) and we call
M (QF, A0, V) = 0 (QF, A% 0" V)
(resp. A\ (2%, A*, 0", V*) = )\1(9*,2*,”*7‘/*))-

An interpretation of the conditions (2.10) is that they provide some bounds
for the local deformations induced by the matrices A(x), uniformly with respect
to = € Q. Notice that these constraints are saturated for the matrix field A*
in the ball Q*.

As for Theorem 2.1, an optimization result follows immediately from The-
orem 2.4.

COROLLARY 2.6. Assumen > 2. Givenm >0,pe {l,...,n—1}, w >0,
o> CPwP/m M, >0, 7€ [O,ﬁxﬁv], My >0 and pu € foﬁv(m), we
set, for all Q € C such that |Q] = m,

G oitnnity () = { (A0, V) € WH2(Q,8,(R)) x L™(Q,R") x C();
Jv>0, A(x) >+4Id Ve,
det(A(z)) > w, op(A(z)) <o VazeqQ,

HUHL"O(Q,Rn) < M’U; HUHLQ(Q,R”) =7 and Ly - < u}

and
/ . .
L TR T orree L ) M 4,0,V).
p,w,0, My, 7,My/,p

If&;,w,a,ﬁu,r,ﬂv,u(g) >0 for all Q € C such that |QQ] = m, then

inf N - ()= inf AL(QF, A% 0*, V),

QeC, |Q‘:m7p7w7a’1MU7T1MV1IJ‘( ) (U*,V*)Gg% Fom 1( ’ )
Viy,7, My,

where Q* is the ball centered at the origin such that |Y*| = m, A* is given as
in Theorem 2.4 and

(v*,V*) € L>®(Q*,R") x C(Q), v* = |v¥]e,, V* <0,
[v*| and V* are radially symmetric and C>(Q¥),

HU*HLOO(Q,Rn) < ny HU*HL2(97R”) =17 and H(v)- < M}

* _
MU ’T7MV sH o {

Notice also that a sufficient condition for A; Q) to be non-

negative for all Q € C such that |Q] = m is

7w70-7M’07T7MV7/'L(

—My + m_l/n%l/njnm—m X maX(()»alm_l/na}/njnﬂ—m - M,) >0,
where a; > 0 is the same as in Theorem 2.4 and only depends on n, p, w and
o (see Lemma 5.10 for its definition). When n, p, w, o, M, and My are given,
the above inequality is satisfied in particular if m > 0 is small enough.
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When Q € C is not a ball, we can make Theorem 2.4 more precise: under
the same notation as in Theorem 2.4, if M4 > 0, M, > 0 and My > 0 are
such that [|A[ly1.0s,®) < Mas |[v]re@rr) < My and [|V|px@r) < My,
then there exists a positive constant

0 =0 (Q,n,p,w,o,Ma, My, My) >0

depending only on Q, n, p, w, o, M 4, M, and My, such that if \1(Q, 4,v,V)
> 0, then there exist a matrix field A* € C*°(Q2*\{0}, S,(R)) (the same as in
Theorem 2.4), two radially symmetric C*°(Q2¥) fields w* > 0, V' < 0 and a
nonpositive radially symmetric L>°(Q*) field V*, which satisfy (2.11), py+ =
woy-, V¥ < V" < 0 and are such that

e M ALY
Al(Q*,A*,’U*,V*) S Al(Q*,A*,U*,V ) S 1<1_i_9’l/})7

where v* = w*e, in O*\{0}. It is immediate to see that this fact is a conse-
quence of Theorems 2.3 and 2.4 (notice in particular that the eigenvalues of
A(z) are between two positive constants which only depend on n, p, w and o).

2.3. Faber-Krahn inequalities for nonsymmetric operators. An immediate
corollary of Theorem 2.1 is an optimization result, slightly different from Corol-
lary 2.2, where the constraint over the potential V is stated in terms of LP

norms. Namely, given m > 0, My > my > 0, a € [Mﬂl\’mﬂ,\}’ M, > 0,

TE [O,aﬁﬂ, v > 0,1 <p<+4ooand Q € C such that || = m, set
%MA7mA,OC,MU7T,Tv,p(Q)
= {(A,0,V) € Wh=(0,8,(R)) x L=(Q,R") x C(Q);
JAe LFE(Q), A>AId ae. in ©,

. _ 1 _
mp < esstfA < essﬂsupA < My, )A ‘ e = a,
Vi 241 . _
1oll o (@R < Mo, M”’ A 'LI(Q)—T’ ‘V ‘ LP(Q) STV}
and
éM/\,m[\,oz,Mv,ﬂ',TV,p(Q) = (A, V)M inf )‘1(97 Aa v, V)

M g mp My oy p (S

Since, in Theorem 2.1, the L? norm of V' is smaller than the one of V~
(because the distribution functions of their absolute values are ordered this
way), it follows from Theorem 2.1 that

min A — Q) = A — Qr
QGC’ |Q|:m:MA7mA7a>MU7TvTV9p( ) :MAzmAya7M’U7TvTV7p( )’
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assuming that éMA,mA,a,Mv,T,Tv,p(Q> > 0 for all Q € C such that || = m.
In other words, the infimum of A\; (€2, A, v, V') over all the previous constraints
when Q varies but still satisfies |Q2] = m is the same as the infimum in the
ball Q*. Observe that we do not know in general if this infimum is actually
a minimum. However, specializing to the case of L°° constraints for v and
V', we can solve a slightly different optimization problem and establish, as an
application of Theorems 2.4 and 6.8 (see §6 below), a generalization of the
classical Rayleigh-Faber-Krahn inequality for the principal eigenvalue of the
Laplace operator.

THEOREM 2.7. Let Q € C, M4 > 0, mp >0, 7 >0 and 10 > 0 be given.
Assume that Q0 is not a ball. Consider A € WH*(Q,8,(R)), A € LL(Q),
ve L®(Q,R") and V € L>®(Q) satisfying

{ A>ANTd a.e in €, ||Allwieqs,®) < Ma, essQinf A >my,

[0l Lo (@,rmy < 71 and [V (0) < 2.

Then there exists a positive constant n = n(Q,n, M a,my, 1) > 0 depending
only on Q, n, M 4, mp and 11, and there exists a radially symmetric C°°(Q¥)
field A* > 0 such that

(2.12)
ess inf A < min A* < max A" <ess supA, H(A*)*1||L1(Q*) = HA*1HL1(Q),
Q Qr o Q
and
(2.13) Al(Q*,A*Id,Tler,—TQ) < )\1(Q,A,’U,V) —1n.

Notice that, as in Theorem 2.3, the assumptions of Theorem 2.7 necessarily
imply that M 4 > m,. Notice also that, in Theorem 2.7, contrary to our other
results, we do not assume that A (2, A,v, V) > 0. In the previous results, we
imposed a constraint on the distribution function of the negative part of the
potential and we needed the nonnegativity of A\ (2, A,v,V). Here, we first
write

)\I(Q) A7 v, V) Z )‘1(9) A7 v, _7—2) = -T2 + )‘1(@’ A7 v, 0)7

and we apply Theorem 2.3 to A\;(Q2, A,v,0), which is positive. We complete
the proof with further results which are established in Section 6.
Observe also that, in inequality (2.13), the constraints 71 and 75 on the
L norms of the drift and the potential are saturated in the ball Q*.
Actually, in Theorem 2.7, if we replace the assumption ||[V|[1~@) < 7
with ess infg V' > 73 (where 73 € R), then inequality (2.13) is changed into

A (QF,AId, ey, 13) < A (Q, A0, V) — 1.
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Since A1 (2, A*Id, mie,, 7) = A\ (%, A*Id, e, 0) + 7 for all 7 € R, the previ-
ous inequality is better than (2.13). In the following corollary, we choose to
compare directly V' with ess infq V.

COROLLARY 2.8. Let Q € C, A € WH(Q, S, (R)), v € L>®(Q,R") and
V e L*(Q). Call A[A](z) the smallest eigenvalue of the matriz A(z) at each
point z € Q and assume that v4 = ming A[A] > 0. Then

(2.14) (S, A0, V) = Fo(|9], min A[AL o]l oeo ) ess inf V),
Q

where F, : (0,400) x (0,400) x [0,+00) x R — R is defined by

Fn(m777a’ﬁ) = Al(B?m/an)l/na’yIdua 67‘75)

for all (m,~,a, ) € (0,+00) x (0, +00) X [0, +00) x R, and B?m/a i/ denotes

the Buclidean ball of R™ with center 0 and radius (m/oy)/™. PFurthermore,

inequality (2.14) is strict if Q is not a ball.

In Corollary 2.8, formula (2.14) reduces to (1.3) when A = Id and v = 0,
V = 0. Theorem 2.7 can then be viewed as a natural extension of the first
Rayleigh conjecture to more general elliptic operators with potential, drift
and general diffusion. We refer to Remark 6.9 for further comments on these
results.

2.4. Some comparisons with results in the literature. If, in Theorem 2.1,
the function A is identically equal to a constant v > 0 in €2, and if V' > 0, then
inequality (2.5) could also be derived implicitly from Theorem 1 by Talenti
[45]. In [45], Talenti’s argument relies on the Schwarz symmetrization and one
of the key inequalities which is used in [45] is

/—diV(AVgo) X go:/AVgo-Vgozfy/ |Vl
Q Q Q

This kind of inequality cannot be used directly for our purpose since it does
not take into account the fact that A > A Id a.e. in €2, where the function
A may not be constant. The proofs of the present paper use a completely
different rearrangement technique which has its own interest and which allows
us to take into account any nonconstant function A € L°(€). Actually, paper
[45] was not concerned with eigenvalue problems, but with various comparison
results for solutions of elliptic problems (see also [2], [3], [4], [46]). Even in
the case when A is constant and V' > 0, proving inequality (2.5) between
the principal eigenvalues of the initial and rearranged operators by means of
Talenti’s results requires several extra arguments, some of them using results
contained in Section 6 of the present paper. We also refer to Section 6.2 for
additional comments in the case when A is constant.
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But, once again, besides the own interest and the novelty of the tools we
use in the present paper, one of the main features in Theorem 2.1 (and in
Theorems 2.3 and 2.7) is that the ellipticity function A and its symmetrization
A* are not constant in general (see Remark 5.5). Optimizing with noncon-
stant coefficients in the second-order terms creates additional and substantial
difficulties. In particular, the conclusion of Theorem 2.1 does not follow from
previous works, even implicitely and even if the lower-order terms are zero.
More generally speaking, all the comparison results of the present paper are
new even when v = 0, namely when the operator L is symmetric. Moreover,
all the results are also new when the operators are one-dimensional (except
Theorem 2.4 the statement of which does make sense only when n > 2).

The improved version of Theorem 2.1 when 2 is not a ball, namely The-
orem 2.3, is also new and does not follow from earlier results.

As far as Theorem 2.4 is concerned, optimization problems for eigenvalues
when the constraint on A is expressed in terms of the determinant and the
trace, or more general symmetric functions of the eigenvalues of A, have not
been considered hitherto.

Let us now focus on Theorem 2.7 and Corollary 2.8. In a previous work
([24], [23]), we proved a somewhat more complete version of this Faber-Krahn
inequality in the case of the Laplace operator with a drift term. Namely, let
Q be a C** nonempty bounded domain of R™ for some 0 < a < 1. For any
vector field v € L*°(2,R"), denote by

(2.15) /\1(9,1)) = )\1<Q,Id,'l),0)

the principal eigenvalue of —A+v-V in Q under Dirichlet boundary condition.
Then, the following Faber-Krahn type inequality holds:

THEOREM 2.9 ([24], [23]). Let Q be a C*“ nonempty bounded connected
open subset of R™ for some 0 < a < 1, let 7 > 0 and v € L>(Q,R™) be such
that [[v]| pec(rny < 7. Then

(2.16) )\1(9,@) > Al(Q*,Ter),
and the equality holds if and only if, up to translation, Q = Q* and v = Te,.

Remark 2.10. Here we quote exactly the statement of [24], [23], but actu-
ally it is enough to assume that € is of class C?.

Notice that we can recover Theorem 2.9 from the results of the present
paper. Indeed, when  is not ball, the strict inequality in (2.16) follows at
once from Theorem 2.7, and when (2 is a ball (say, with center 0) and v # Te,,
this strict inequality will follow from Theorem 6.8 (see §6 below). Strictly
speaking, inequality (2.16) could also be derived from Theorem 2 in [45] (see
also [2], [3]) and from extra arguments similar to the ones used in Section 6.1.
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But the case of equality is new, while Theorem 2.7 is entirely new. Indeed, an
important feature in Theorem 2.7 is the fact that the diffusion A is assumed
to be bounded from below by A Id where A is a possibly nonconstant function
and that A\ (2, A, v, V) is compared with A\ (2", A*Id, ||v]|sc€r, — ||V ||oc), Where
A* is also possibly nonconstant (in other words, the operator div(A*V) is not
necessarily equal to a constant times the Laplace operator). Furthermore,
another novelty in Theorem 2.7 is that, when €) is not a ball, the difference
M(Q2,A,0, V) = M (QF,AId, ||v||cer, —=||V]|oo) is estimated from below by a
positive quantity depending only on €2, n and on some structural constants of
the operator. All these observations imply that Theorem 2.7 is definitely more
general than Theorem 2.9 and is not implicit in [45], or even in more recent
works in the same spirit (like [4], for instance).

When the vector field v is divergence free (in the sense of distributions),
then A1(Q,v) > A1(Q2) (multiply —Apq1dwo TV Veaideo = Al(Q,v)gpQ’Id,v’O
by ¢ 1d.00 and integrate by parts over Q).! Thus, minimizing A1 (£2, v) when
2] = m and v is divergence free and satisfies ||v][f@rn) < 7 (With given
m > 0 and 7 > 0) is the same as minimizing A\;(Q2) in the Rayleigh conjecture.
We also refer to [24] and [23] for further optimization results for A; (€, v) with
L™ constraints on the drifts.

Remark 2.11. For nonempty connected and possibly unbounded open sets
Q) with finite measure, the principal eigenvalue A\ (€2, A, v, V) of the operator
L = —div(AV) 4+ v -V +V can be defined as

M A0, V)=sup {A€R, T € C*NQ), $>0inQ, (~L+N)p <0 in Q}.
When € is bounded, this definition is taken from [13] (see also [1], [36]), and

it coincides with the characterization (2.1) when Q € C. It follows from the
arguments of Chapter 2 of [13] that

(217) )\1 (Q, A, ’l)7 V) = Q/CCiSr)l7fQ/6C>\1(Q/7 14’5‘2/7’1)’917 ‘/v’Q/)7

where A|g/, v|qr, Vo denote the restrictions of the fields A, v and V to (V.
When (2 is a general nonempty open set with finite measure, we then define

(2.18) A(Q,A4,0,V) = Jlrelg A1 (€5, A’Qj,U‘Qj, V‘Qj),

where the €);’s are the connected components of 2. Some of the comparison
results which are stated in the previous subsections can then be extended to
the class of general open sets 0 with finite measure (see Remarks 5.9, 5.11
and 6.10).

1We refer to [14] for a detailed analysis of the behavior of A1 (€2, A, Bv, V) when B — 400
and v is a fixed divergence free vector field in L*°(Q).
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2.5. Main tools: a mew type of symmetrization. As already underlined,
the proofs of Theorems 2.1, 2.3, 2.4 and 2.7 do not use the usual Schwarz
symmetrization. The key tool in the proofs is a new (up to our knowledge)
rearrangement technique for some functions on {2, which can take into account
nonconstant ellipticity functions A. Roughly speaking, given Q, A, v and V
such that A > A Id, if ¢ = g 4,y denotes the principal eigenfunction of
the operator —div(AV) + v -V 4+ V in Q under Dirichlet boundary condition
(that is, ¢ solves (2.1)), then we associate to ¢, A, v and V some rearranged
functions or vector fields, which are called @, /AX, pand V. They are defined on
Q* and are built so that some quantities are preserved. The precise definitions
will be given in Section 3, but let us quickly explain how the function ¢ is
defined. Denote by R the radius of 2*. For all 0 < a < 1, define

Qe ={reQ, a<yp(x) <1}

and define p(a) € (0, R] such that |Q,| = ‘Bp(a)‘, where B, denotes the open
Euclidean ball of radius s > 0 and centre 0. Define also p(1) = 0. The function
p :10,1] — [0, R] is decreasing, continuous, one-to-one and onto. Then, the
rearrangement of ¢ is the radially symmetric decreasing function @ : O* — R
vanishing on 9Q* such that, for all 0 < a < 1,

/ div(AV ) (z)de = / div(AVE)(2)dx
Qa Bo(a)

(we do not wish to give the explicit expression of the function A right now).
The fundamental inequality satisfied by ¢ is the fact that, for all x € Q*,

(2.19) G(x) = p(|x)
(see Corollary 3.6 below, and Lemma 4.3 for strict inequalities when 2 is not
a ball).

This symmetrization is definitely different from the Schwarz symmetriza-
tion since the distribution functions of ¢ and @ are not the same in general.
Moreover, the L' norm of the gradient of ¢ on Q* is larger than or equal to that
of ¢ on €, and, when A = yId (for a positive constant 7), the L? norm of the
gradient of ¢ on Q* is larger than or equal to that of ¢ on Q (see Remark 3.13
below).

Actually, the function ¢ is not regular enough for this construction to be
correct, and we have to deal with suitable approximations of ¢. We refer to
Section 3 and the following ones for exact and complete statements and proofs.
Let us just mention that the proof of (2.19) relies, apart from the definition of
©, on the usual isoperimetric inequality on R".

Notice that the tools which are developed in this paper not only give new
comparison results for symmetric and nonsymmetric second-order operators
with nonconstant coefficients, but they also provide an alternative proof of the
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Rayleigh-Faber-Krahn isoperimetric inequality (1.3) for the Dirichlet Lapla-
cian.

Finally, the new rearrangement we introduce in this paper is likely to be
used in other problems involving elliptic partial differential equations.

Let us give a few open problems related to our results. In all our results,
several minimization problems for the principal eigenvalue of a second-order
elliptic operator in a domain €2 under some constraints have been reduced to
the same problems on the ball Q* centered at 0 with the same Lebesgue mea-
sure and for operators with radially symmetric coefficients. However, even in
the case of the ball and for operators with radially symmetric coefficients, some
of these optimization problems remain open. For instance, in Corollary 2.2,
is it possible to compute explicitly the right-hand side of (2.8)7 An analo-
gous question may be asked for the other theorems, corresponding to different
constraints (even for Theorem 2.7).

When we combine Theorems 2.1 and 2.3, it follows that inequality (2.5) is
strict when Q is not a ball and A;(€2, A,v, V) > 0. But in Theorem 2.1, when
Q2 is a ball, for which A, v and V' does the case of equality occur in (2.5)7 Does
this require that the initial data should be all radially symmetric? The same
question can be asked in Theorem 2.4 as well. An answer to these questions
would provide a complete analogue of Theorem 2.9 for general second-order
elliptic operators in divergence form. Furthermore, in Theorem 2.1, in the
general case when A is not constant and even if ) is a ball, can one state a
result without £ but with still keeping the constraints (2.2)? In Section 5.2.2,
we prove some inequalities of the type A1 (Q*, AfId, v§, Vy) < AM(Q,4,0,V)
(without the € term), where the radially symmetric bounded function Vi <0
only satisfies (2.4) and the radially symmetric function A{ satisfies (2.2) but is
a priori only in L (£2*): the quantity A;(2*, Ajld, v, Vi) is then understood
in a weaker sense (see §5.2.2 for more details).

When © = Q*, A* is fixed and v and V vary with some constraints on their
L norms, we prove in Section 6 that there exist a unique v and a unique V'
minimizing A\ (2%, A*Id, v, V). In particular, if A* is radially symmetric, then
we show that v and V are given by inequality (2.13) of Theorem 2.7. Many
other optimization results in the ball can be asked if some of the fields A*, v*
and V* are fixed while the others vary under some constraints. We intend to
come back to all these issues in a forthcoming paper.

Here are some other open problems. In Theorem 2.4, can one replace the
determinant of A with more general functions of the eigenvalues of A, namely
o4(A) with p < ¢ < n — 17 It would also be very interesting to obtain results
similar to ours for general second-order elliptic operators of the form

— Z ai,j&-,j + Z b;0; + ¢,
ij i
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where the a; ;’s are continuous in € (but do not necessarily belong to W1°°(Q)),
and the b;’s and ¢ are bounded in Q (recall that such operators still have a
real principal eigenvalue, see [13]), and to consider other boundary conditions
(Neumann, Robin, Stekloff problems....)

Outline of the paper. The paper is organized as follows. Section 3 is de-
voted to the precise definitions of the rearranged function and the proof of
the inequalities satisfied by this rearrangement, whereas improved inequalities
are obtained in Section 4 when € is not a ball. The proofs of Theorems 2.1,
2.3 and 2.4 are given in Section 5, while the Faber-Krahn inequalities (The-
orem 2.7 and Corollary 2.8) are established in Section 6. Some optimization
results in a fixed domain, which are interesting in their own right and are also
required for the proof of Theorem 2.7, are also proved in Section 6. Finally,
the appendix contains the proof of a technical approximation result (which is
used in the proofs of §5), a short remark about distribution functions and some
useful asymptotics of A\ (2*, 7e,) = A\ (Q*,1d, Te,, 0) when 7 — +00.

Acknowledgements. The authors thank C. Bandle for pointing out to us
reference [45] and L. Roques for valuable discussions.

3. Inequalities for the rearranged functions

In this section, we present a new spherical rearrangement of functions and
we prove some pointwise and integral inequalities for the rearranged data. The
results are of independent interest and this is the reason why we present them
in a separate section.

3.1. General framework, definitions of the rearrangements and basic prop-
erties. In this subsection, we give some assumptions which will remain valid

throughout all Section 3. Fix Q € C, Ag € CYQ,S,(R)), Ag € CYHQ),

weC()) and V € C(2). Assume that
(3.1) Ag(x) > Ag(z)Id V z € Q,
and that there exists v > 0 such that

Ag(x) >y Vzel

Let ¢ be a C'(Q) function, analytic and positive in €, such that ¢ = 0
on 0f) and
Vip(z) #0 Yz e o,
so that v - Vi < 0 on 02, where v denotes the outward unit normal to 0f2.

We always assume throughout this section that

f=—div(AqV) in O
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is a nonzero polynomial, so that ¢ € W2P(Q) for all 1 < p < +o00 and ¢ €
Clo(Q) for all 0 < a < 1.
Set

M = max(z).
zeN

For all a € [0, M), define

Qy ={x€Q, Y(x) >a}
and, for all a € [0, M],

Yo = {xeﬁ, w(x):a}.

The set {z € Q, Vi(x) = 0} is included in some compact set K C €, which
implies that the set

Z={a€cl0,M], 3z X, Vi(x)=0}
of the critical values of # is finite ([43]) and can then be written as
Z =Aai,...,anm}

for some m € N* = N\{0}. Observe also that M € Z and that 0 ¢ Z. One
can then assume without loss of generality that

O<ar < - <am=M.

The set Y = [0, M]\Z of the noncritical values of 1) is open relatively to [0, M]
and can be written as

Y = [O M]\Z = [0 al)U(al,ag)U‘--U(am_l,M).

For all a € Y, the hypersurface 3, is of class C? (notice also that ¥y = 09 is
of class C? by assumption) and |V1| does not vanish on %,. Therefore, the
functions defined on Y by

g : Y9ar—>/ IV (y)|~ 1alo'a()
(3.2) : Yaa»—>/ V)|V (y)|~tdoa(y)

i Y3a— | dogy)
a

are (at least) continuous in Y and C*' in Y\ {0}, where do, denotes the surface
measure on Y, for a € Y.

Denote by R the radius of * (the open Euclidean ball centered at the
origin and such that |Q*| = |Q], that is Q* = Bg). For all a € [0, M), let
p(a) € (0, R] be defined so that

Q] = [Bp(a)| = anp(a)”.
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(a) Domain (b) Ball Q"

Recall that «, is the volume of the unit ball B;. The function p is extended
at M by
p(M) =0.

LEMMA 3.1. The function p is a continuous decreasing map from [0, M]
onto [0, R].
Proof. The function p : [0, M] — [0, R] is clearly decreasing since
{zeQ, a< ) <b} >0

for all 0 < a < b < M. Fix now any a € (0, M]. Since ¢p € W2P() (actually,
for all 1 < p < 400), one has
0% oy .
M X 1{¢:a} = 8731 X 1{¢:a} = 0 almost everywhere in 2
for all 1 < 4,5 < n, where 1 denotes the characteristic function of a set F.
Therefore, f x 14—, = 0 almost everywhere in ). Since f is a nonzero
polynomial, one gets that

5. =0 Vae (0,M].

Notice that |Xo| = |02] = 0 as well. Lastly, p(0) = R and p(M) = 0. As a
conclusion, the function p is continuous on [0, M] and is a one-to-one and onto
map from [0, M] to [0, R]. O

LEMMA 3.2. The function p is of class C' in'Y, and for alla €Y,
p'(a) = —(nanp(a)" ') "g(a) = —(noznp(a)”_l)_l/E V(y)| ™ doa(y).
Proof. Fix a € Y. Let n > 0 be such that [a,a+n] C Y. For t € (0,n),

anlpla+1)" = pla)"] = 1Qurel ~ 190l = - [ o
ta<y(z)<att}

=<[”(&www*wmﬁw
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from the coarea formula. Hence,

anlp(a +1)" — p(a)”]
t

— —g(a) ast— 0"

for all @ € Y, due to the continuity of g on Y. Similarly, one has that

anlp(a +1)" — p(a)”]
t

— —g(a) ast— 0"

for all @ € Y\{0}. The conclusion of the lemma follows since Y C [0, M),
whence p(a) #0 for all a € Y. O

We now define the function 12? in Q*, which is a spherical rearrangement
of 1) by means of a new type of symmetrization. The definition of @Z involves
the rearrangement of the datum Agq.

First, call

E={xeQ* |z| €p(Y)}.

The set E is a finite union of spherical shells and, from Lemma 3.1, it is open
relatively to Q* and can be written as

E={zeR", [z] € (0, p(am-1))U---U(p(az), pla1)) U (p(ar), R]},
with
0= plam) = p(M) < plam-1) <+ <plar) < R.

Notice that 0 ¢ E.
Next, for all 7 € p(Y'), set

L v oy

(3.3) G(r) = ) 1 >0,
L e eI oy
Zp=1(r)
where p~! : [0, R] — [0, M] denotes the reciprocal of the function p. For all
x € FE, define
(3.4) A(z) = G(|z)).

The function A is then defined almost everywhere in Q*. By the observations
above and since Aq is positive and C1(€2), the function A is continuous on E
and C! on E N Q*. Furthermore, A € L>(Q*) and

(3.5) 0 <minAg < ess infA < ess sup A < max Ag.
Q ar o Q
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For any two real numbers a < b such that [a,b] C Y, the coarea formula gives

[ o200 = [ ([ 20 19wt o))

ol L 2@ VeI do, )

)

_/pa») /E IV (y)| ™ do 1) ()

p~1(t)

no,t"dt.

The last equality is obtained from Lemma 3.2 after the change of variables
s = p~Y(t). Since A is radially symmetric, it follows by (3.3)-(3.4) that

/ Aq(y)tdy = / A(z)~da,
Qa\Qp

Sp(b),p(a)

where, for any 0 < s < s, S ¢ denotes
Sss ={z eR", s<|z] <5}

Lebesgue’s dominated convergence theorem then implies that

(3.6) / Aa(y)'dy = / A(z)da.
Q Q=
Lastly, set F/(0) = 0 and, for all r € p(Y), set
1 .

The function F is then defined almost everywhere in [0, R].

LEMMA 3.3. The function F belongs to L>([0, R]) and is continuous on
p(Y)YU{0}. Moreover, F <0 on p(Y).

Proof. The continuity of F' on p(Y) is a consequence of Lemma 3.1, of
the continuity of A on E and of the fact that div(AqVY) = f in Q, with f
continuous and thus bounded in €.

Observe that, since Ag(z) >~ > 0 for all z € €2, one has A(z) > v for all
x € E. For 0 <r <Rwithr e pY) (D (0, p(am-1))), one has

[E(r)] < (nant" ) fllze ) anr™ = (09) 7 fllpse () 7

thus F' is continuous at 0 as well and belongs to L*> ([0, R]). Finally, for all
r € p(Y), since ¥(y) = p~L(r) for all y € ¥,-1() and since ¢ > p~L(r) in
Q,-1(r) and [Vih(y)| # 0 for all y € ¥,-1(,), one has

Vp=1(r) * Vi) < 0 on Ep—l(r)a

where, for any a € Y, v, denotes the outward unit normal on 0f2,. Therefore,

Vi(y) = = Vo)l -1y (y) ¥V rep(Y) and y € Zpoi ).
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As a consequence, the Green-Riemann formula yields that, for all r € p(Y'),

/Q div(Aq V) (y)dy = /E A(y)VY(y) - vVp-1(r) (y)do -1 (y)
p=1(r) Pl

:AfL AeW)Vpm1() W) Vo1 () W) [V (W) dOpm1) ()
p=1(r)
<0,

which ends the proof. ([

For all z € OQ*, set

(3.8) P(x) = — F(r)dr.
||
The function 1; is then radially symmetric and it vanishes on 9Q* = 0Bg.
From Lemma 3.3,
¥ > 0in QF,
the function {5 is continuous on OQ*, decreasing with respect to |z| in Q*, and
C' on EU {0} (remember that F(0) = 0). Note that

Y e HY Q") nWhe ().
Moreover, the following statement holds true:
LEMMA 3.4. The function 12? is of class C? in E N Q.

Proof. By definition of @Z and since A is C! in E N€2*, it is enough to prove
that the function

z rr—>/ div(Aq V) (z)dx :—/ f(z)dx

p1(r) )

is of class C! on p(Y). It would actually be enough to prove that z is C' on
p(Y)\(R}.

Let r be fixed in p(Y) = (0, p(am-1))U---U(p(az), p(a1)) U (p(a1), R] and
let n > 0 be such that [r —n,r] C p(Y). For t € (0,7), one has

z(r—t) —z(r) = f(z)dx
{p~ 1(T)<¢(I )<p~l(r—t)}

_/ v (/ F) |V (y)| oy )) —/plzj:t)h(a)da,

1

where h is defined in (3.2). Since p~! is of class C! on p(Y) from Lemma 3.2

and since h is continuous on Y, it follows that

z(r—1t) —z(r na, " h(p~(r
( t) ( ) N h(p_l(r))(p_l)'(r) - _ h(p ( ))

as +.
= 2 1(1) =0
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The same limit holds as t — 0~ for all » € p(Y)\{R}. Therefore, the function
z is differentiable on p(Y) and

_napr™ ' h(p~H(r))
g(p=1(r))

is continuous on [0, R], and g and h are continuous on Y, the function

Z(r) =

Vrepy).
Since p~!
z is of class C! on p(Y). That completes the proof of Lemma 3.4. O

We now define a rearranged drift ¥ and a rearranged potential V. For all
x € F, define

1/2
L e e 900 o, ()
(3.9) (@)= — er(z)
L e 196 doyg) )

(e

(remember that e, is defined by (1.1)). The vector field ¥ is then defined almost
everywhere in Q*. Notice also that |9] is radially symmetric, that ©(x) points
in the direction e,(x) at each point x € E, that v belongs to L>(2*,R™) and
that

(3.10) ess inf|w| < ess inf [0] < ess sup [0] < ess sup |w| = [|w]| o (q)-
Q O QO* Q

Furthermore, since A§1 and w are continuous in Q, the vector field ¥ is con-
tinuous in F, and, as it was done for (3.6), it is easy to check that

(3.11) [ ww?ha)tdy = | o@)PR@) e

Lastly, for all x € F, define

- V@ Ivew) doyga )
(3.12) V(z) = —— D — ,
/z IV (y)| " dop-1(a) (y)

P12l

where V'~ (y) denotes the negative part of V (y), that is V'~ (y) =max(0, =V (y)).
The function V is then defined almost everywhere in Q*. Observe that V is
radially symmetric, nonpositive, belongs to L°°(£2*), is continuous in E, and

that

(3.13) — [IVllgee(@y < min(=V7) < es%inf? < ess sup V < 0.
Q - Q
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3.2. Pointwise comparison between 1 and 15 The first interest of the
spherical rearrangement which was defined in the previous subsection is that
the functions ¢ and ¢ can be compared on the sets ¥, and 9B, ). Namely,

the function 1,; satisfies the following key inequalities, which are summarized
in Proposition 3.5 and Corollary 3.6:

PROPOSITION 3.5. For any unit vector e of R™, the function

Uoo0,M] - Ry
a — P(p(a)e)

is continuous on [0, M|, differentiable on'Y', and
(3.14) VacY, W(a)>1.

Before giving the proof of Proposition 3.5, let us first establish the follow-
ing important corollary.

COROLLARY 3.6. For all x € Q*,

Y(a) = p (|z]).

Proof. Since VU is continuous on [0, M] and differentiable on [0, M] except
on a finite set of points and since ¥(0) = 0, the mean-value theorem and (3.14)
show that W(a) > a for all a € [0, M], which means that 1(p(a)e) > a for all
a € [0, M] and all unit vector e. Since {/; is radially symmetric, Corollary 3.6
follows from Lemma 3.1. g

Proof of Proposition 3.5. Let us first observe that the function U is dif-
ferentiable on Y, from Lemma 3.2 and the fact that ¢ is C! in E (and even
in EU{0}). Furthermore, since QZ is radially symmetric, and decreasing with
respect to the variable |z| and since p is itself decreasing, it is enough to prove
that

(3.15) Vae B, |p(p ()] x Vi () > 1.

We will make use of the following inequality: for all x € F|
(3.16)

A1 () - 1oy () [990) 2 1)
e (=D < Az) V()%
/z IV ()|~ oy (e ()

p~L(l2)

where one recalls that v,-1(|,|) denotes the outward unit normal on 9€,-1(j4)).-
We postpone the proof of (3.16) to the end of this subsection and go on in the
proof of Proposition 3.5.
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Fix z € E and set r = |z|. Since p~1(r) € Y, there exists 7 > 0 such that
p~Y(r—t) €Y forall t €0,n]. Fort € (0,n], the Cauchy-Schwarz inequality
gives
(3.17)

2
/ vewlay\ Ao(y)dy
Q Q

p—1 ('r)\ p~L(r—t) p*l(T)\szl(rft)
1219\ 2pm1r) 1219\ 2pm1r)

/Q Aa(y) [Veb(y) [ dy

p=1() \ =1 ()
1219\ 101)|

The left-hand side of (3.17) is equal to

2 2
/ vewla\ /[ Vew)ldy y
Q01 \ 21— | e\t <P (r—t)—p ()
|21\ -1 )| P =t =p7 () 1)\ Qe
By the coarea formula,
L o VW
lim 20 ey = do -1 (y) =i(p~L(r)),
t>0+  pl(r—1t)—p~(r) 2,10 o)) (P (r)
and
= =) I ) i
- - n—1|,/(,—1
0 01\ Q1) /Z V()| dopayy) " T
p~L(r)

from Lemma 3.2. By the isoperimetric inequality applied to ¥,-1(,) = 0Q,-1()
and JB;, one has

(3.18) 0 < napr™ ! < i(p ' (r)) = /Z do 1) (4),

Therefore, one obtains

(3.19)
2
/ V()| dy :
hm prl(r)\prl('rft) > (Z(p 1(r))> 1
S0\ 2\ nanr™ ) g (o ()P
1
>
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The first factor of the right-hand side of (3.17) is equal to

/ Aa(y)~'dy / Ao(y) "My | B
Qp=1()\L=1(—1) _ 1)\ Q-1 N G t)—p (r)
= 1 1 )
21\ 2150 e e O B e ]
and the coarea formula therefore shows that
/Q @ Aa(y)~'dy
3.20 li p=L(r) o= 1(r—t) — K -1
(3:20) lim, (@)

191\ 21—
from (3.3) and (3.4). Finally, the coarea formula again implies that

(3.21)
/ o) IVo@)Pdy [ Aa@)IVem)ldr, 1))
i 1)\l _TEm
oo 219\ Q10| / IV(y)| o, (y)
p=1(r)
/E y )Aﬂ(y)ypfl(r) (y) “Vp—1(r) (y)‘vw(y)‘do'pfl(r) (y)
P (r
L 98I o, 0o
R _ Yo
< A@)|Vi(z)?
by (3.16).
Finally, (3.17), (3.19), (3.20) and (3.21) imply that
! i (r) ) )2
3.22 - < X —— < |Ve(z)[%
62 e < () * e <79
Therefore, inequality (3.15) holds and so does inequality (3.14). O

Remark 3.7. Observe that (3.17), (3.20) and (3.21) together with the
coarea formula yield

(3.23)
do 11z (Y) / Vi (y)| dy
e Gl — Jim et ot el) < |V (2)|
/ V()| oy (y) 0 Q-1 12y \ 1 1)
p—1(l=])
for all x € E.

We now give the

Proof of (3.16). Fix € E and call » = |z|. Notice first that, as was
already observed, for all y € 9Q,-1,y,

V¢(y) - = ’vw(y)’ fol(r)(y)'



676 F. HAMEL, N. NADIRASHVILI, and E. RUSS

The Green-Riemann formula and the choice of zz therefore yield

B21) [ Aa@pr®) vy IV, 1)

p=1(r)

- _ /Q div(AqV)(y)dy

p~L(r)

= —nar™  A(z)F(r)
= nanr"_lf\(xﬂV?Z(x)\.

By Cauchy-Schwarz,

2
oo —1 2
i(p~"(r))” = </zp_1<,.) d(fpl(r)(y)>

< /E AaW)Vp1 () (1) - Vi (1) (1) V)] dryr (1)

p~1(r)

<[ ey @) @) VW doya ()

p=1(r)

< / AaW)Vy 1Y) - Vo1 () (1) V()| dor 1 (1) (1)

p=1(r)

X /Z Aa)™H V)| do -1 (y)

< O o)

In other words,

L A0y ®) vy (0) VU oy @)

p~L(r)
[ 9ol do,w)
p~L(r)
2
L A0 0) v @) [90) o))
< K(x)—l « p1l(r)

i(p~1(r))

n—1\ 2
. nonT -~ T ~ T 2
- () A@vie)

by (3.24). The isoperimetric inequality (3.18) ends the proof of (3.16). O
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3.3. A pointwise differential inequality for the rearranged data. In the pre-
vious subsection, we could compare the values of ¢ and of its symmetrized
function 1/1 Here, we prove a partlal dlfferentlal inequality involving 1 and w,
as well as the rearranged data A dand V.

PROPOSITION 3.8. Letwy € Ry andxz € ENQ*. Then, there exists y €
such that )(y) = p~'(|z]), that is y € X ,-1(4)), and
— div(AVY)(2) +8(x) - Vi () — wol V()| + V(@) (x)
< = div(AVY)(y) — [w(y)| x [V (y)] = wol Vi (y)| + V(y)¥ (y)-
Notice that () - Vi (z) = —|0(z)| x |V (z)).

Proof. Let x € ENQ*, r = |z| and n > 0 such that S,_,, C ENQ*. As
done in the proof of Proposition 3.5, the coarea formula and Cauchy-Schwarz
inequality yield

(3.25)
2
/ )] x V()] dy

Q-1 \ Q-1

lim

t—0+ ‘Qp—l(r)\Qp—l (r—t) ‘

2
[ e@ldo,
Zp,1

(r)

L Ve e, )

pTH(r)

/E Aa(y)'w(®)?[Ve(y)| o, / Aa) VY (y)|do -1y (y)
P ) o—1(r) .
- V(y)| o1 () V(y)| o1 (0 ()

/Zp—l(r) S /Ep—lm Y

Using (3.16), one obtains

Ao (y)|IVY(y)ldo,-1(y)

¥ 1
(3.26) )
V()| o1y (y)
/Ep_l(r) e
/E AQ(y)fol(r) (y) “Vp=1(r) (Z/)’Vl/f(y)’d%*l(r)(w
S p~L(r)
L Vel e, w)

pT ()

< A@)| V()
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Finally, (3.25) and (3.26), together with definitions (3.3)—(3.4) and (3.9), give
that

(3.27)
/ (vl x [79()] dy
lpy =t Bt < [8(@)| x [Vib(@)| = —b(x) - Vi (x).
0 2169\ 1|

The last equality follows also from (3.8) and Lemma 3.3.
Remember also from (3.23) that

/ Vo)l dy
(3.28)  lim et tomn

< |Vi(2)] = e () - Vi (2).
20T 1)\ Q1)

As far as V is concerned, for any fixed unit vector e in R" and for any
t € (0,7n), it follows from (3.12) and Lemma 3.2 that

| V() (y)dy
Q

p= 1) =1 ()

- 1 ( L V) [Fe) dontn) ) da

- [ ([ v mew i) do

oy . Gy p~1(s)ds
- /T—t </Zp_1(s) Vv (y) |v¢(y)| d p- (s)(y)> |,0,(P_1(3))‘
L V@ Ve o)
r DI
_ —nan/ Sn—lp—l(s) P (s) ds
L v o)

p~1(s)

= nan/ " Lp7l(s)V (se)ds.
r—t
Moreover, the radial symmetry of V and J yields
[ Vwiwdy =nan [V (se)d(5e)ds.
Sr—t,r r—t

Corollary 3.6 and the facts that ‘Qp—l(r)\prl(r_t)’ = |Sr—¢,| and that V<0
therefore show that

/ VR [ Uiy
Q —1(7~)\Q R G)) Sr—t,r
219\ 10)| 15r—t]
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Since V and 15 are continuous in F and radially symmetric, one therefore
obtains, together with the coarea formula,

(3.29)
V@ WITe)| doy o (0) / V()o(y)dy
Zp-1(r) = i o\t
L V@I do, o) S0 [0\ 210

) - -
> V(z)i(z).

Let now ¢ be any real number in (0,7). Since ¢ (resp. A) is radially
symmetric and C? (resp. C!) on S,_;, C ENQ*, the Green Riemann formula
gives
(3.30)

div(AVY)(y)dy = / Ay)Vi(y) - v(y)do(y)
Sr—t,r OSr—t,r

= na, [ 'Gr)F(r) — (r — )" 'G(r — t)F(r — t)),
where do and v here denote the superficial measure on 9S5,_;, and the out-

ward unit normal to S,_¢,, and G and F were defined in (3.3) and (3.7). By
definition of F', one gets that

[ @V = | div(AaVe) (y)dy,
et

Q-1 \ 1)

whence
(3.31)
[ divAaVO @IV, )
p—1(r)
Vo (y) |~ do -1y (y)
p~1(r)
div(AaV)(y)dy
1)\ 1y N s
= hm+ = div(AVY)(x)
0 219 \2pm1r0)
since ’Sr—t,r| = ‘prl(r)\prl(r—t)"
It follows from (3.27), (3.28), (3.29) and (3.31) that
/ [div(AeVY)(y) + lw(y)] X [VY(y)| + wo VY (y)] — V(y)v(y)] dy
i et o\t
0% (1) \ Qo100

< div(AVY)(z) — B(z) - V() + wo| Vi (2)| — V()i ().

To finish the proof, pick any sequence of positive numbers (g;);en such that
g, — 0 asl — +o0. Since v is C? in Q, since Ag is C! in Q (and even in Q) and
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w and V are continuous in  (and even in ), the previous inequality provides
the existence of a sequence of positive real numbers (¢;);eny € (0,7) such that
t; — 0 as [ — 400, and a sequence of points

U € Qpm1(r)\ L1ty © Lpmrr) € O
such that
div(AaVY)(y) + [w(y)| X [V (u)] + wol VY ()| = V(v (w)
< div(AVY)(z) — () - V() + wo| Vi (z)| — V(2)h(z) + &

Since p~1(r) < (y) < p~'(r—t;) and p~! is continuous, the points y; converge,
up to the extraction of some subsequence, to a point y € X ,-1(,) such that

div(AeVY)(y) + [w(y)] x [VY ()] + wo | VY (y)| = V()Y (y)
< div(AVY)(z) — () - Vi (@) + wo| V()| — V(@) (2),

which is the conclusion of Proposition 3.8. ([l

COROLLARY 3.9. If there are wg > 0 and p > 0 such that
—div(AoVY)(y) — |w(y)| < [V (y)| — wol VY (y)| + V(y)v(y) < mp(y) ¥V y € Q,
then
—div(AVY)(2) + () -Vip(z) — wo | VY (2)| + V(2)(z) < pp(a) ¥ = € ENQ*.

Proof. 1t follows immediately from Corollary 3.6 and Proposition 3.8. [

3.4. An integral inequality for the rearranged data. A consequence of the
pointwise comparisons which were established in the previous subsections is
the following integral comparison result:

ProrosiTIiON 3.10. With the previous notation, assume that, for some
(wo, 1) € R?,
(3.32)
— div(AVY) (2)+0(z)-Vip(z) —wo |V () |[+V (2)0(x) < pp(z) YV z € ENQ..

Fiz a unit vector e € R™. For all r € [0, R], define

(3.33) H(r) = /O " 5(se)| A(se) " Lds

and, for all x € QF, let

(3.34) U(z) = H(|z|).

Then, the following integral inequality is valid:

635) [ B@IVH@P-wlVi@) )+ V@)@ e V@

<p Qﬁ(m)Qe*U(I)dx.
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Proof. Note first that, since |v| and A are radially symmetric and since
6] € L®°(Q*) and A satisfies (3.5), the function H is well defined and contin-
uous in [0, R]. Furthermore, its definition is independent from the choice of
e. The radially symmetric function U is then continuous in Q* and, since the
radially symmetric functions ¥ = [le, and 1/A are (at least) continuous in E,
the function U is of class C! in E and

(3.36) VU(z) = A(z)""5(z) VaxekE.

Observe also that the integrals in (3.35) are all well defined since ¢ € Hg (€2*)
and A, V, U € L®(Q*) (even, U € C(Q*)).
Now, recall that the set of critical values of ¢ is Z = {aq,...,an} with

O<ar<--<ap=M

and remember that the function p defined in Section 3.1 is continuous and
decreasing from [0, M] onto [0, R], from Lemma 3.1. Fix j € {1,...,m — 1}
and 7,7’ such that

0 < plajp1) <r <1’ <pla;) <R.

Multiplying (3.32) by the nonnegative function @e‘U and integrating over S,
yields
(3.37)

[ [FaivAVD)@) + 0(w)- V() — w0l V(@) + V(@) )] dla) e do

< u ; P(z)2e V@ dy,
Notice that all integrals above are well defined since 15 in C? in ENQ*, Ais C1
in ENQ*, 0, V are continuous in E, U is continuous in O* and S,.,» C ENQ*.
Furthermore, as in (3.30), the Green-Riemann formula yields

/S —div(AV) (2) d(z) e U@ dz

rr!

:/s Az) V() e V@ do — ) A2) 9(z) Vi (z) - VU (z) e V@ dz

— nan ()" G ) F () (r'e) e ) o G(r) F(r)d(re) e ).
By (3.36), it follows then that
(3.38)
[—div(AVY)(2) + 8(2)- V() — wo| V()| + V(@) (@)] () e V) da

/

S

T

= s /[K(x)‘V?Z(x)’Q _ (JJO‘V?Z(ZL’)’QZ(,%) + /V(J})?Z(x)ﬂ e_U(x) de

_ nan(r’)n—lG(r’)F(r’),&(r/e) e_H(r') + nanrn_lG(r)F(r)J(re) B_H(r).
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On the other hand, for all s € p(Y),

nans" L F(s)G(s) = /Q div(AoVe)(z)dz,

p~1(s)

by (3.7). The function
s+ 1(s) = nans" 1F(s)G(s),

which was a priori defined only in p(Y'), can then be extended continuously in
[0, R] from the results in Lemma 3.1 and since div(AqgVY) = —f is bounded
in Q. The continuous extension of I in [0, R] is still called I. Passing to the
limit as r — p(a;j+1)" and ' — p(a;)” in (3.37) and (3.38) yields, for each
jed{l,...,m—1},

(3.39) /S A@)|Vi()]* = wol Vi (@) | () + V(@) ()] e V) da

plajt1),p(ayz)

— I(p(ay)) ¥(plaj)e) e HP%) 4 T(p(aji1)) d(p(ajir)e) e HPas)
< / P(x)?e V) da.
SP(aj+1)vP(aj)

Once again, all integrals above are well defined. Arguing similarly in the
spherical shell S,,,) g and since 1)(Re) = 0, one obtains

(3.40) /5 [A(@)| V()2 — wol V(@) 9h(x) + V(@) (2)?] e V@) da
play),R

+I(p(a1)) (p(ar)e) e HPlen)) < u/ B(x)2e U@ g,

SP(M),R

Summing up (3.39) for all 1 < j < m — 1 and (3.40) and using the fact that
I(p(am)) = 1(0) = 0 yield (3.35). O

COROLLARY 3.11. If there are wy > 0 and p > 0 such that
—div(Ao V) (y) —w ()| < [VY(y)| —wo | Ve () |+ V()Y (y) < mb(y) Yy e,
then, under the notation of Proposition 3.10,
| BV Vi @d(a) + V(@)i()?] eV da

<u Qﬁ(ﬂf)ze—U(w) dz.
Proof. 1t follows immediately from Corollary 3.9 and Proposition 3.10. [

We complete this section by two remarks which proceed from the previous
results and provide comparisons between some norms of the function v and its
symmetrization .



REARRANGEMENT INEQUALITIES 683

Remark 3.12. The calculations of the previous subsections (see in par-
ticular the proof of Proposition 3.8) and Corollary 3.6 imply that, for any
nondecreasing function © : [0, +00) — [0, +00),

/ dy—/ O(p~(|z]))dx < O((z))dx
“19)\ -1

) S’r,s

for all 0 < r < s < R such that [r,s] C p(Y), and then for all 0 <r < s <R
from Lebesgue’s dominated convergence theorem. In particular,

/Q (V(y))Pdy < / *(J(x))pdx

for all 0 < p < 400. Remember also (as an immediate consequence of Corol-
lary 3.6) that

r%gxi =(0) > p~'(0) = max .

Q

Remark 3.13. For any 0 < r < s < R such that [r,s] C p(Y), it follows
from the coarea formula and a change of variables that

/ Ao(y)Vib(y) - Vib(y)dy
Q-16)\ -1y

S L 400 - v @) V60 oy 0 0)
= nan/ % 1) dt
r /E V()| oy ()

p=1(t)

N o 2
< /S R@IVi@)Pd

where the last inequality is due to (3.16). As usual, Lebesgue’s dominated
convergence theorem then yields

/ Aa(y) Vi) Vidy < [ A@)| Vi) s
“1(9)\ 1) Srs
for all 0 < r < s < R, whence

| Aa)Vot) - Viwy < | A@IVi)Pdr.
Q Q*

As a consequence,

My ~
IVl Le@rny <4/ —— X VY[ 20+ gn)
A

from (3.1) and (3.5), where M) = maxg Aq and mp = ming Aq. In particular,
VYl L20rm) < IVYl 200+ mry if A is constant in €.
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With the same notation as above, it follows from (3.23) that

/ do,-11)(y)
) dt
IV (y)| " do -1 (y)

p=1(s)\ =1 ()

/| Voldy = nan [ ¢71x i

Ep=1()

IN

/ V()| de.
S
The inequality then holds for all 0 < r < s < R, whence
IVl L1rny) < ”VTZ”LI(Q*,W)-
4. Improved inequalities when () is not a ball

Throughout this section, we assume that 2 € C is not a ball. Fix real
numbers o € (0,1), N > 0 and § > 0. Denote by E, n(€2) the set of all
functions 1 € C1¥(Q), positive in €2, vanishing on 0f2, such that

(4.1) HwHCLa(ﬁ) < N and ¢(z) > 6 x d(z,00) Vz €,

where d(x, 0Q) = minyecpq |x — y| denotes the distance between = and 02, and
we set

Vi(z) — V(2
[l gr.a@ = Il ey + IVl eapn + sup LEEZVEEN

2#2'€Q |Z - Z/‘a
Notice that, for each v € E, y(€2), one has
Vi(y) -v(y) = —=[Vi(y)| < =6 Vyeoq,

where v denotes the outward unit normal on 0f2.

Our goal here is to prove stronger versions of Corollary 3.6 and Corol-
lary 3.11, using the fact that €2 is not a ball. In the sequel, unless explicitly
mentioned, all the constants only depend on some of the data 2, n, o, N and 6.

Denote again by R the radius of %, so that Q* = Bg. First, the isoperi-
metric inequality yields the existence of 8 = (€2, n) > 0 such that

(4.2) area(0Q)) = /8(2 doga(y) > (1 + B)na, RV,

where the left-hand side is the (n — 1)-dimensional measure of 0.
For all v > 0, define

U,={x€Q, d(z,00) <~}

Since 9 is of class C?, there exists y1 = 71(€2) > 0 such that Q\U,, # 0
and the segments [y, y — v1v(y)] are included in € and pairwise disjoint when
y describes 9. Thus, for all v € (0,7], the segments [y,y — yv(y)] (resp.
(y,y —yv(y)]) describe the set Uy (resp. {x € Q, d(x,00) < v}) as y describes
o0.
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LEMMA 4.1. There exists a constant
"2 = '72(97 Q, N? 5) € (07 71]
such that, for all 1 € Eq ns(Q2), one has:

J
|v¢| > 5 m U’YZ?

Vip(ly —rv(y)) - v(y) < —g Vy e o andr € (0,7,

and 5
¥ =2 in U, ¥y e 0]

Proof. Assume that the conclusion of the lemma does not hold. Then
there exists a sequence of positive numbers (7!);ey — 0 and a sequence of
functions (¢!);en € Eon.6(2) such that one of the three following cases occur:

1) either for each [ € N, there is a point z! € U, such that |Vl (zh)| <

6/2;
2) or for each [ € N, there are a point y' € 9Q and a number 7' € [0,7/]
such that V! (y! — rlv(y) - v(y') > —6/2;

3) or for each I € N, there is a point 2! € Q\U.,; such that PHal) < A15)2.

Observe first that, by Ascoli theorem, up to the extraction of a subse-
quence, there exists a function ¥ € E, n5(£2) such that

P! = ¢ in C1(Q) as | — 4o0.

If case 1) occurs, then, up to some subsequence, one can assume without loss
of generality that z! — x € 99 as | — +oc, and one obtains |V (x)| < §/2,
which is impossible since 1) € E, n5(€2) and § > 0. Similarly, if case 2) occurs,
y' = y € 00 as | — +oo up to a subsequence, and one has —|Vi(y)| =
Vi(y) - v(y) > —/2, which is also impossible.

Therefore, only case 3) can occur. For each I € N, let ' € 9Q be such
that

d' =zt — Y| = d(a!,09) > 4! > 0.
Up to extraction of some subsequence, one has
! »xeQasl— +ooand ¢h(z) <0
by passing to the limit as [ — 400 in the inequality !(z!) < 4'§/2. Since
P(x) >0 d(z,00) >0 Ve,

it follows that = € 99, whence |z! — y!| — 0 and 3 — z as | — +oo. On the
one hand, the mean value theorem implies that

Vil _ ol(o I
W:v¢l(zl)'|il_ly/l|_>—v¢($)'V($)=|V1/)(x)| as | — +o0,
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where 2! is a point lying on the segment between z! and ' (whence, 2! — z as
| — +00). On the other hand, since 9! = 0 on 99,

W) =0 W) A8

|2l — ] d T2yt 2

Hence, |Vi(z)| < §/2 at the limit as | — 400, which contradicts the positivity
of 0 and the fact that ¢ € E, ys(Q2).

Therefore, case 3) is ruled out too and the proof of Lemma 4.1 is complete.

O

In the sequel, we assume that ¢ € E, ns(£2) and is analytic in . The
data Aq, Ag, w and V are as in Section 3. We assume that

div(AqVY) = —f in Q,

where f is a nonzero polynomlal and we use the same sets Z, Y, F, Q,, X,
and the same functions p, 1/1, A , V and U as in Section 3.

LEMMA 4.2. Assume that Q) € C is not a ball. Then there exists a constant
ap = ao(Q,n,a,N,5) > 0 only depending on Q, n, o, N and 0 such that
[0,a0] CY and

i(a) = [ doo(y) = area(s,) > (1+ g) nan R
Xa
for all a € [0, aq], where 8 = 5(2,n) >0 was given in (4.2).
Proof. Let v9 = 72(, a, N, d) > 0 be as in Lemma 4.1. Since 0 < v9 < 71,
it follows that Q\U,, # 0, and

Y20 N T
w27>01nQ\Uw

from Lemma 4.1. Therefore,

M = maxw > %5
and
(4.3) Se={re® b@)=a) C U, Vae o @]
Call
=ap(Q,a, N, ) = %5 > 0.

From Lemma 4.1 and the assumptions made on ¢ and 02, one has that |V|
# 0 everywhere on the C? hypersurface 3, for all a € [0, aj]. Thus,

(4.4) [0,al] C Y.
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On the other hand, for all y € 99, the segment [y, y — y2v(y)] is included
in Q and there exists § € [0,1] such that

Wy — yov(y)) = U(y) =2 (y) - Vo (y — Oyv(y)) > —7;5,
~—~—
=0

again from Lemma 4.1. Actually, more precisely, for each y € 912, the function

Kt [0,72] = R, s+— ¥y —sv(y))
is differentiable and &'(s) > §/2 for all s € [0,72]. It follows that, for all
a € [0,ap] and y € 99, there exists a unique point
ba(y) € [y, y — v2r(y)] N o

Moreover, for such a choice of a, the map ¢, is one-to-one since the segments
[y,y — 72v(y)] are pairwise disjoint (and describe U,,) when y describes 052
(because 0 < 2 < ~1). Lastly,

(4'5) Yo = {qba(y)a Y€ 8Q}

from (4.3).
Let us now prove that the area of ¥, is close to that of 9 for a > 0 small
enough. To do so, call

B={2=(z1,...,70-1), |2/] <1}
and represent 9 by a finite number of C? maps y',...,y? (for some p =
p(92) € N*) defined in B, depending only on €2, and for which

o (x) x - x 019/ (') #0 V1<j<panda €B.
Here, ‘
Oy’ (a') = (0w, (a'), ..., O,y (a)) €R"

foreach1 <i<n—1,1<j<panda’ € B, wherey/(z') = (y](2'),..., vyl (2")).
The maps y’ are chosen so that

N ={y(2'), 1<j<p, 2 B}

For each a € [0,qp] and for each 1 < j < p, there exists then a map
2 : B — [0, 72] such that
(4.6) Yy (2) (@)Y () =a V2’ €B,
and
Yo = {y/ () - (" )y’ (2")), 1<j<p 2’ €B}.
Namely,
Y (@') = th(a"w(y (') = ¢a(y’ (') ¥1<j<panda’€B.

From the arguments above, each real number tJ(2') is then uniquely deter-
mined, and #}(2") = 0. Since the functions ¥, y/ and v oy’ (for all 1 < j < p)
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are (at least) of class C'! (respectively in Q, B and B), it follows from the im-
plicit function theorem and Lemma 4.1 that the functions t, (for all a € [0, a})
and 1 < j < p) are of class C1(B) and that the functions
hl, :[0,a1] = [0,72], a — t}(z")
(for all 1 < j < p and 2’ € B) are of class C'([0,af]). From the chain rule
applied to (4.6), it is straightforward to check that, for all a € [0,a(], 1 < j <p
and 2’ € B,
(W) (a) = — L c(0,207]
v(yi(2') - Vip(y (2") —ta(2')v(y (27)))
(from Lemma 4.1), whence

(4.7) 0 <ti(z') =hl,(a) <267 a
because hfc,(()) = t}(z) = 0. Similarly,
(4.8)

o, 11 (o) — 09 ) @)D 0 )] TU) — Wy @)
o vyl (2')) - V(yi (') — ta(a')v(yi (2')))
foralla € [0,ap], 1 <i<n—-1,1<j<panda’ € B. Foralll1<j<p
and 2’ € B, one has ¥ (y’(2')) = 0, whence 95’ (2') - Vy(37 (2)) = 0 (for all
1 <i<n-—1). As a consequence,
07 (&) - Vi (@) — Bl )] < G x ()"

for all a € [0,a)], 1 <i<n-—1,1<j<p, 2" €B, and for some constant C}
defined by

-/ \v4 — V(2
C, = max _0yy? (€)] x sup [Ve(z) /1/1(2 ) < +oo.
1<i/<n—1, 1<j/<p, £€B 2£2/€Q |z — 2|
Observe that C; = C1(Q2,N) only depends on  and N (remember that

|W”C1,a(§) < N). Call now

Cy = Cy(Q, N) = max 10 (v oy ()] x sup [V(2)] < +o0,
1<i'<n—1, 1<5'<p, £€B 2eQ

which also depends on €2 and N only. Together with (4.8) and Lemma 4.1, the
above arguments imply that

|02t ()] < 207HCy x (H(2)* + Ca x t(2')]
< 26710y x (267 Ya)® +2Cy x §7ta] from (4.7)

for all a € [0,a)], 1 <i<n—1,1<j<pandz €B.
It follows that, for all n > 0, there exists aj = aj(Q, a, N,d,n) € (0, ag)
such that, for all a € [0, aj],

(4.9) sup 100, (], vo ) (2')] <.
1<i<n—1, 1<j<p, z'€B
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Finally, there are some open sets U',...,UP C B such that
P
area(02) = Z/ Oy (&) x - X Oy ()] da
=17t

where the sets {y/(2'), o’ € U’} for j = 1,...,p are pairwise disjoint and, for
any € > 0, there are some measurable sets V1,..., VP C B such that

00 ={y/(a)), 1<j<p, o' €V},
and V7 O Uj, /1vj\Uj (ac’)d:n' < e forall 1 < j < p. Since all functions yj
B

and #J v oy (for all a € [0,a)] and 1 < j < p) are of class C'!(B), since each
function ¢, is one-to-one and since (4.5) holds, it follows that

p
area() = 3 [ |0y — tiy oy )(@) s x 0,1 — th 0@ d
j=1

for all a € [0, ap).

One concludes from (4.9) that, since § = 5(2,n
exists a positive constant ag = ag(2,n,a, N,0) € (
on £, n, o, N and §, and which is such that

) in (4.2) is positive, there
0, agp] which only depends

larea(X,) — area(09Q)| < gnaan_l YV a €0, ao].
As a consequence, one has
i(a) = area(X,) > (1 + g) na, R"!

for all a € [0,a9]. The area of ¥, is well defined for all a € [0,ap] since
[0,a0] C [0,a] CY because of (4.4).
That completes the proof of Lemma 4.2. O

LEMMA 4.3. Assume that Q € C is not a ball. Then, with the notation of
Section 3 and Lemma 4.2, one has

@) = (14 2) o7 (o)

for all x € O such that p(ag) < |z| < R.
Proof. From Lemma 4.2, one knows that
Sp(ao),R Cc F.

Notice that 0 < p(ag) < R. Fix any x € O* such that r = |z| € [p(ao), R] (that
is p~1(r) € [0,a0] C Y). Formula (3.22) of Section 3 implies that

i(p~(r))

nayrt—1

<o (™ )| % [V (2)].
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But

i(p~l(r)) = / do,-1(y) = area(X,-1(,)) > (1 + g) noy, RM1
21

> (1 + é) na,r" !

2
from Lemma 4.2. Thus,
ﬁ _ ~
L+ 5 </ (p7 ()] x [V ()],

5 =
The conclusion of Lemma 4.3 follows from the above inequality, as in the proof
of Corollary 3.6. O

The improved version of Corollary 3.6 is the following:

COROLLARY 4.4. Assume that Q2 € C is not a ball. Then there exists a
positive constant n = n(Q,n, o, N,d) > 0 depending only on Q, n, a, N and 9,
such that

U(z) > (1+n) p~'(|2])
for all x € Q*.

Proof. Let e be any unit vector in R™. Let ® be the function defined in

[0, R] by

d(r) =1(re) Yrel0,R]
This function is continuous in [0, R|, differentiable (except at a finite set of
points) and decreasing in [0, R]. Furthermore, Proposition 3.5 and the fact
that p~! is decreasing in [0, R] imply that

~ d
—®'(r) > ——(p~(r)) >0
)2 (o) >

for all r € p(Y) = (0, p(am—1)) U--- U (p(az),p(a1)) U (p(a1), R]. As in the
proof of Corollary 3.6, the mean value theorem yields

p(re) — p(plag)e) > p~'(r) — ag

for all r € [0, p(ag)]. For each such a r in [0, p(ap)], one has p~1(r) € [ag, M] C
(0, M], whence

ore) | Polaoe) —ao | Ba

p~i(r) pt(r) T 2p7H(r)
from Lemma 4.3. Remind that M denotes the maximum of v, so that p~!(r) <
M < N. Hence, one obtains

Jre) = (14 59) o) v € [0, o))

>1+
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As in the proof of Corollary 3.6, the conclusion of Corollary 4.4 follows
from the above inequality and from Lemma 4.3, with the choice
B @) _ Bao
2’2N/ 2N
for instance (notice that ag < M < N). O

n:n(Q,n,a,N,é):min( >0

Lastly, the following corollary is an improved version of Corollary 3.11.

COROLLARY 4.5. Assume that 2 € C is not a ball. If there are wy > 0
and p > 0 such that

—div(AoVY) (y) —w(y) | < [V (y)| —wo | V() [+V (y) P (y) < pp(y) Yy € Q,

then, under the notation of Section 3,
[ B@IVI@)P -0l + @) e da

H T2 —U(x)
< d
ST+ Qf/}(x) e T,

where the positive constant n = n(Q,n,a, N,d§) > 0 is given in Corollary 4.4
and depends only on 2, n, a, N and J.

Proof. Under the assumptions of Corollary 4.5, it follows from Proposi-
tion 3.8 and Corollary 4.4 that, for all z € E N Q*,
P _ - - =\ - [
~div(AVY) (2)+0(x)-Vip(a) ~wo | Vip(x) [+ V (2)e(z) < pp~(Jz]) < mw(m)-
The conclusion of Corollary 4.5 then follows from Proposition 3.10. O

5. Application to eigenvalue problems

The present section is devoted to the proofs of some of the main theorems
which were stated in Section 2. We apply the rearrangement inequalities of
the previous two sections to get some comparison results for the principal
eigenvalues of operators which are defined in 2 and in Q*. Here, the data
have given averages or given distribution functions, or satisfy other types of
pointwise constraints.

We shall use a triple approximation process. First, we approximate the
diffusion and the drift coefficients in €2 by smooth functions. Second, we ap-
proximate the principal eigenfunctions in €2 by analytic functions. Lastly, we
approximate the symmetrized data in Q* by coefficients having the same dis-
tribution functions or satisfying the same constraints as the original data in Q.
Section 5.1 is concerned with the latter approximation process. In Section 5.2,
we deal with the case of general nonsymmetric operators for which the inverse
of the lower bound A of the diffusion matrix field A has a given L' norm, the
drift v has a given L? norm with weight A~ and the negative part of the po-
tential V has a given distribution function. Lastly, in Section 5.3, we consider
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diffusion matrix fields A whose trace and determinant satisfy some pointwise
constraints.

5.1. Approximation of symmetrized fields by fields having given distri-
bution functions. In this subsection, {2 denotes an open connected bounded
nonempty C' subset of R” and Q* is the open Euclidean ball which is centered
at the origin and such that |Q*| = |Q|. In this subsection we do not require
Q to be of class C2. Call R > 0 the radius of Q*, that is Q* = Bg. For
0 <s < s <R, onerecalls that Sy v = {z € R", s < |z| < §'}.

Let v : Q — R be a continuous function. Call

m =min¢ and M = max).
Q Q

For all a < b € R, denote

Qo={z e, a<yp(v)}, Qup={z€Q, a<p(x)<b}, Eo={z € Q, Y(z)=a}.
One assumes that

(5.1) |Xa] =0 VaeR.

It follows then that m < M. For each a € [m, M|, set

1/n
_ (194
pla) = (2)
The function p : [m,M] — R is then continuous, decreasing and it ranges
onto [0, R].
LEMMA 5.1. Under assumption (5.1), let g be in L*(Q,R) and h in

L>(Q*,R) and radially symmetric, and assume that

(5.2) Vm<a<b<M, / g= h.

Qap Sp),0(a)
Then there exist a sequence of radially symmetric functions (gr)ken in
L>®(Q*R) and two sequences of radially symmetric C°(Q* R) functions (9, ) ken
and (g )ken such that

gk —~h, g, —h and g, —h as k— +oo

in o (LP(Q*), LY (Q%)) for all 1 <p<4oco (weak convergence, with 1/p+1/p' =1
for 1 < p < +00, and weak-* convergence for p = +oo and p' =1),2 and

Hx € Q, g(z) >t} = [{z € Q*, gx(x) > t}| VteR and k € N,

Hzx € Q, g(z) >t} = {z € QF, gx(z) >t} VteR and k €N,

essQinfg <9, <9 <gp<esssupg a.e. in* VkeN.
B Q

2This convention is used throughout the paper.
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Remark 5.2. The functions g and g, are actually constructed so that
gk — g, =0 and gy — gy — 0 as k — +ooin LI(QF)
for all ¢ € [1,400) (see the proof of Lemma 5.1).

Remark 5.3. The functions gi then have the same distribution function as
g and the functions g, (resp. gj,) then have distribution functions which are less
than (resp. larger than) or equal to that of g. Moreover, if one further assumes
that g and h are nonnegative almost everywhere in {2 and 2* respectively, then
the functions gy (resp. 9y Jj.) are nonnegative almost everywhere in Q* (resp.
everywhere in Q*). The same property holds good with nonpositivity instead
of nonnegativity.

In order not to lengthen the reading of the paper, the proof of this lemma
is postponed in the Appendix. To finish this subsection, we just point out an
immediate corollary of Lemma 5.1.

COROLLARY 5.4. In addition to (5.1), assume that 1 is in C*(Q), v =m

on 02, b > m in Q, and 1 has a finite number p of critical values a; with
m<a <---<a,=DM. Let g € L*°(,R) and g € L>(Q*,R) be defined by

L sVl oy )
(53) o) =~
[ VeI do, )

p=1(l=)

for almost every x € Q* such that |z| # p(ap),...,p(a1), where do, denotes
the surface measure on ¥, for a € [m, M| which is not a critical value of 1.
Then the conclusion of Lemma 5.1 holds for h = g.

Proof. 1t is enough to prove that the function g defined by (5.3) is indeed
well defined, bounded and radially symmetric and that property (5.2) is satis-
fied with h = g. To do so, choose first any two real numbers a < b in [m, M]
such that a; & [a,b] for all i = 1,...,p. From the coarea formula and Fubini’s
theorem, one has

i) ol [ ’ ( IROE \va)\ldas(y)) ds < +oo

and the quantity
[ s x [96()| o (w)

is therefore finite for almost every s € [a, b]. The quantity
L s@Ive) e, )
p—1(r)

L Ivem o, )

p=1(r)
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is then finite for almost every r in [p~1(b),p!(a)] and for allm < a < b < M
such that {ai,...,ap} N [a,b] = 0. In other words, g is well defined for almost
every x € 0* such that |z| # p(a1),...,p(ap). Moreover, the function g is in
L>(Q*,R),
ess inf g < ess inf g < esssup g < esssup g,

and g is clearly radially symmetric.

On the other hand, the same calculations as the ones which were done in
Lemma 3.2 in Section 3 imply that the function p is actually differentiable at

each value a ¢ {a1,...,a,}, with
p(a) = ~(nanpla)™) [ 90| dou(y).
Ya

Coming back to (5.4), the change of variables s = p~!(r) then yields

pla) B noznr”_l
-/ (/ 9TV 1dap1(r><y>> dr;
p®) \/E,-1(,) / Vo (y)| " do 1) (y)
Ep=1(r)
that is,
| swiy= [ G
Qap Sp(b).p(a)

for all @ < b in [m, M] such that {a1,...,ap} N[a,b] = 0. Since || = 0 for
all ¢ € [m, M| (and then p is continuous), one gets from Lebesgue’s dominated

Jo 8= Jip?
Qa,b SP(b);

p(a)

convergence theorem that

for all a < b in [m, M|, and then the conclusion of Corollary 5.4 follows from
Lemma 5.1. g

5.2. Operators whose coefficients have given averages or given distribution
functions. In this subsection, we consider operators for which A > A Id, and A
and v satisfy some integral constraints while the negative part of the potential
V will be fixed. We first do in Section 5.2.1 the proof of one of the main results,
that is the inequality

AL(QF, AT, 0%, V) < A (Q, 4,0, V) + ¢

of Theorem 2.1. Then, in Section 5.2.2, we prove the same type of inequal-
ity without the € term, where the coefficients in (2* are less smooth and the
quantity A (2%, A*Id, v*, V*) is understood in a weaker sense. Lastly, in Sec-
tion 5.2.3, we establish some quantified strict inequalities, when €2 is not a ball,
which correspond to Theorem 2.3.
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5.2.1. Proof of Theorem 2.1.1t will be divided into several steps. Through-
out the proof, we fix

QeC, Ae WHe(Q,8,(R)), A€ LY(Q), ve L®(QR") and V € C(Q).
Call

(5.5) 0<mp= essQian <esssupA = M) < +oo,
Q

and assume that
(5.6) A>AId ae. in Q
and that
A(Q, A0, V) >0.
Step 1: Approximation of A in . Write first
Az) = (ai;(%))1<ij<n-

Each function a;; is in W1*°(Q) and is therefore continuous in Q (up to a
modification on a zero-measure set). For each x € Q, call A[A](x) the lowest
eigenvalue of A(x); that is,

Ve, AlAd](x)= geRgl,iE\:l Ax)€ - €.

The function A[A] is then continuous in Q and
A[A](z) > A(x) a.e. in 2

because of (5.6). In particular, A[A](x) > my for all z € Q, where my > 0 has
been defined in (5.5). There exists then a continuous function A in R such
that

A(z) = A[A](z) Yo eQ, and mpy < A(z) < |[A[A]|peo(q) Vo €R™
We first consider the case when mp < My . Thus,
/ Aly) M (y)dy > M9,
whence
g:= My — [|ATY ()| € (0, Ma —ma].
Pick any ¢ in (0,%). Let J. be the function defined in [0, My — mp — €] by

V1 e[0,My —mp— /max (min(A(y), My — &), ma +7) 7" dy.

This means that the function A is truncated between mp + 7 and M) — €.
The function J; is Lipschitz-continuous and nonincreasing in [0, My —my —é€].
Furthermore,

/mm ), My — )~ 1dy>/A “dy
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since My —e < My = ess supg A, while
To(My =y =€) = (M = )70 < (My —2) 719 = [ Aly)ldy
owing to the definition of €. Therefore,
7(e) —mln{TE[O My —myp —g], Je( /A 1dy
is well defined and 0 < 7(¢) < My —my —e.
Moreover, we claim that
(5.7) 7(e) - 0" ase — 0T,

If not, there exist 7o, € (0, My —mya] and a sequence (g,)pen € (0,%) such that
ep — 0 and 7(ep) — Too as p = +oo. Then,

/A “ldy = J, Jz, (T(gp)) /max (min(A ),MA—€p)7mA+T(5p))_l dy

— / max (min(A(y), Ma), ma + 7'c>o)71 dy,
p—+00 JQ
whence
[ Ay = [ max(A(y), ma + 1) dy
0 Q

and A > mp + Too > mp a.e. in ), which is impossible.
Choose a sequence (gx)ken of real numbers such that

O<er<& VEkeN, and g — 0 as k — +o0.
For each k£ € N, call
Tk = 7(e) € (0, My — mp — &g).
It then follows from (5.7) that
7. — 0 as k — +o0.
Then, for each k € N, denote
(5.8) Aq = max (min(A, My — ), ma + 75) a.e. in Q
and define the function Aj in R™ (almost everywhere) by
Aly) = { Aqk(y) ?f y €9,
ma + 71, if y € R™\Q,

and the continuous function A by

Ag(y) = max(A(y),ma +7) VyeR™
Notice that

(5.9) /QAk( ldy_/AQk; Ly = Je,, (Tk) /A “ldy
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for each k& € N. Observe also that
0<mp <mp+71 <Ay <My —ep <My, Ay <Apae. inR”,
and that
A < max(||A[A]|| Lo (), ma + Tk) = [|A[A]]| oo (@) in R™,

because ||A[A]||fo(q) > ess supg A = My > mp + 7.
Let (pi)wen be a sequence of mollifiers in R™. For each (k, k') € N2, call

Kk,k/ = (Pk’ *K?)

and Ak7k/ = (pk/ * Alzl)_l ;

that is,
Rearl) ™ = [ pwBuly=2)""dz and o)™ = [ peo()uly—9) '

for all y € R™. The functions Ay and Ay are of class C*°(R™) and they
satisfy

0<ma <mpa+T SAk,k’(y) < Mp — e, < My
and
A () < A (y) < [A[A]ll L) Yy €R™

Furthermore, for each k € N,

(5.10) Ay — A in P

loc

(R") V1<p<+ooask — +o0
and
Ag g — Ay = max(A[A], mp + 7)) uniformly in Q as k¥’ — +oc.

Actually, since K;l A uniformly in R™ as k& — +oo (because 7, — 0 as
k — 400 and A > my > 0 in R™), one even has that

(5.11) Ay — Ay — 0 uniformly in Q as (k, k') — (+00, +00).
Call, for each (k,k’) € N2,
Afl, 1
o = Hikﬁ (PR 0.
AL o)

Define the function A almost everywhere in R™ by:

A in Q,
A=
my  in R™\Q.
Since 0 < mpy <A < My a.e. in R” and ¢, 7, — 0 as k — 400, it follows that
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Thus,
1AGE — A Yl pioy < llow * (A5 =AY oo

+llow # A™H = A7) — 0 as (k, k') = (+00, +00),
whence

AL — AL
(512) ak,k’ — 1= ||7k7k ||L1(Q) ” ||L1(Q)

— 0 as (k, k') — (+00, +00).

A= Lo
Furthermore, because of (5.9) and (5.10), there holds
(5.13)
A — 1A
app —1= ‘ka HLI(SE)l 14 HLl(Q) — 0 as k' — 400, for each k € N.
A" 1)
Define now

Ak7k, (y) = ak,k’Ak,k’(y) Vye Q and (k‘, k/) S N2

The functions Ay s are of class C°°(§2) and they satisfy

(5.14) | Anety) My = [ M)y v () €N,
0 0
and
(5.15)
0 < appx(ma+7r) <App < appx(Mpy—er)inQ VY (k k) € N2,
Qpp X (MmpA+TK) — mp+ 7 VY keN,
k! ——+o00
ach/X(MA_gk) — Mp — e VkGN,
k! —+o00

together with

(5.16) 1A — A i) = 0 as (k, k') = (400, +00).

Lastly,

(5.17) Mg = i < apphpy in Q¥ (kK) e N?

and

(5.18) ek A g — A = 0 uniformly in Q as (k, k') = (+o0, +00)

from (5.11) and (5.12).

In the case when my = My, namely when A is equal to a constant (up
to modification on a zero-measure set), then one sets App = Ay = Ay =
AQ7k = A, ap =1, A = K, er = 1 = 0 and properties (5.14), (5.15), (5.16),
(5.17) and (5.18) hold immediately.
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Step 2: Approzimation of A in Q. Let us now approximate the W1>°(Q)
matrix field A = (a;j;)1<ij<n. First, each function a;; can be extended to a
WLe°(R™) function @; j such that

@i jll oo ®ny = ll@ijll oo () and [[Va; ;|| Lo mny = [[Vai |l oo )

whence

@il ey = llaijllwree @) < I|Allwre (),
where we recall that ||Ally1.00(q) = maxi<ij<n [|@ijllwie(q). Since the ma-
trix field A = (aij)1<ij<n is symmetric, the matrix field (@; ;)i<i j<n can be
assumed to be symmetric. For each 1 <4,j < n, the functions pys * @; ; are of
class C>°(R™) and converge uniformly to a; ; in Q as k" — +oo. Furthermore,

IV (o * @i j) || oo mry < (V@i 5] oo (mry
= [[VaijllL=(@) < llaijllwie@) <[ Alwi=@)
forall ¥ e Nand 1 <1i,5 < n.

Foieach k' € N, the matrix field (pg * @i j)1<ij<n can be approximateid
in C1(Q) norm by symmetric matrix fields with polynomial entries in €.
Therefore, there existsia sequence of symmetric matrix fields (A} )pen =
(@} ; )1<ij<n)wen in Q with polynomial entries a;, ,; ; such that, for all 1 <
i,j <n,

(5.19) ags ; j — a;j uniformly in Q as k' — 400

and

limsup ||Vaj,
k! —+o00 7

J 1L () < Hva@j”L‘X’(Q) < HAleoo(Q)

Call

Mk = n? x 1?‘1?’}5(71 Ha;/’i’j — ijllpo) + 1AL — ak,k’Kk,k’HLOO(Q) + Tk
Because of (5.18), (5.19), and since 7, — 0 as k — +o0, there holds
ke — 0 as (k, k') = (400, +00).
The symmetric matrix fields
Appr = A + i Id = (ap g i j)1<ij<n

with polynomial entries ay s ; ; are such that

(5.20) ak ki — @;j uniformly in Q as (k, k') — (o0, +00)
and
(5.21) sup limsup [[Vag ki jllL<@) < [Vaijlle@) < [|Allwie@)-

keN k'—+o0
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Furthermore, for each (k, k') € N2, 2 € Q and ¢ = (&1,...,&,) € R® with
|¢| = 1, there holds

A ()€ - & — A ()

_ LN o e 2 r
—1S§Sn(ak’,m($) ai ())& + n Xlgil?)énuak’,m az,JHL“’(Q)

FA@)E & — Mg () + [[Ag — g Age | Lo () + T
> A[A](2) +7h — g Mg g (2) + | Ap — g i Ag g | oo () (Decause of (5.17))
>0
because A[A] + 7, > max(A[A],mp + 7) = Ag in Q. In other words,
(5.22) A () > Mg (2)Id ¥ (k, k') € N? and 2 € Q,
in the sense of symmetric matrices.

Step 3: Approzimation of v in Q. Call

0<m,= essﬂinf|v| <eess sup [v] = [|[v]|poo (@ rn) = [|[V]]o0 = My < +o00.
Q

We first consider the case when m, < M, and mp < M. In particular,
it follows that M, = ||v||s > 0 and that there exists
(5.23)

g’ € (0, M, — my) such that (M, —E’)QX/A(y)_ldy > / lv(y)|?Aly) " Ldy.
Q Q
Call K the function defined for all ¢’ € [0,g'] by

K& = [ [lo@)? = min (jo(w) %, (M, = )2)] x A(9)dy.

The function K is continuous and nondecreasing in [0,€’], vanishes at 0 and
is positive in (0,&'] due to the definition of M,. Let the sequences of positive
numbers (g )ken and (7% )ken be as in Step 1. Since max(eg, %) — 0 as k —
400, one can assume without loss of generality that

|3

5 X max(eg, ;) < K(€') VkeN.
My

For each k € N, call

Q| M?
£}, = min {s’ € [0,€], it 5 X max(eg, ) = K(s’)} .
My

From the above remarks, ). is well defined and 0 < ¢} < &. Furthermore,
K(e) = max(ep, 1) x |Q|M2my? — 0 as k — 400, whence

g, — 07 as k — +o0.
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Fix now any unit vector e € R™. For each k € N, let Ly be the function
defined for all ' € [0, M, — m, —€}] by

(5.24) L) = [ oo ()P (o) dy,
where
(5.25)
(My —ep)|v(w)| " oly) if Jo(y)] > My — e,
v(y) if my, + 7" < |u(y)| < My — ey,
vok(y) = (M +7)|oy)| T oly)  if my < |v(y)] <m, + 7,
(my +7)|v(y)| " o(y) if |v(y)| = m, and my, > 0,

(my +7')e if |v(y)| =0 and m, = 0.

Each function Ly, is Lipschitz-continuous in [0, M, — m, — ¢}, and

L(0) = /Q min ([o(y)|%, (M, — 4)?) Aok (y)~dy,
whence
Lu(O)= [ o) PAG) " dy = [ min (jo(@), (M, — &%)

X (Aax(y)™ = Ay) ") dy — K(ep)

QM7

m2
A

=0

<

x max(ex, 7)) — K(e})

due to the definitions of Aq , (see (5.8)) and my, My, M, and },. Furthermore,
Li(M, = my = &) = (M, = )2 [ Aaey) Ny = (M, — <) [ A)dy

> /Q [o()PA(y) ~Ldy

from (5.9) and (5.23) (remember that 0 < ¢}, < & < M, — m, < M,). There-
fore, by continuity of L, the real number

(5:26) = min {7’ € [0.M, ~ m, ~ ). L) = [ o) PAG) " dy)

is well defined and 0 < 7, < M, — m,, — ¢},. Moreover, 7/, — 0 as k — +o0.
Otherwise, up to extraction, there exists 7 > 0 such that 7, — 7 as k — +o0,
and

Lu(rh), 7 [ max (o) (o 7)) Ay > | Jol) PAG) dy

by definition of m,. This is impossible by definition of 7.
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Call now
VQk = VQ k! -

Notice that, for each k € N, the vector field v j is in L>°(2, R"™) and it satisfies

my + 7, < essﬂinf|vg7k\ < essﬂsup okl < M, — ¢,

and

G20 Jor)PAer)dy = L) = [ o) PAG) dy.
Write now the vector fields v and vqy as v = (vq,...,v,) and voy =

(Vk,1s -+ Vkn), extend all functions v; and vg; by 0 in R"\Q, call v; and vy,

these extensions. Set
v=(vy,...,v,) and v, = (Qm, . ,yk,n).
One then has that
(5.28) |vg — vl poo (mr mry — 0 as k — +o00
since (g}, 71.) — (0,0) as k — +o0. For each (k, k') € N2, denote
U = (P07 * V15« P * Vg,

where (p)ren is the same sequence of mollifiers as in Step 1. The vector
fields vy, ;s are then of class C°°(R",R"), and they satisfy

[0k o | Lo (®n &) < [kl poo e gy < My — ), < My = |v]loc V (k, k') € N°.

For each fixed k € N, the fields vy, ;s converge to vy g = vox as k' — +oo in
all spaces LP(Q) for 1 < p < +o0o. Actually, one also has that

vkr — vokllze@rny + |k — vllrrny = 0 as (k, k') = (400, 400)

because of (5.28). Together with (5.12), (5.15) and (5.16), it follows that

[ s ) P A ()™ dy = [ o(@)PAG) " dy as (k) = (400, +00).
Q Q

Remember that the limit in the right-hand side is positive because M, > 0
here. Then the positive real numbers

1/2

1o PAw) " dy
Q

/Q’Uk,k/(y”zAk,k’(y)_ldy

Brj =

are well defined for k and %’ large enough (one can then assume for all (k, k') €
N? without loss of generality) and B¢ »» — 1 as (k, k') — (400, +00). Moreover,
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for each k € N,

o @A)y [ o) PAy)dy
—

o)A@y 7 o)A dy

/Q|UQ,k(y)|2AQ,k(y)_ldy

because of (5.10), (5.13) and (5.27).
Set

Ok (Y) = Brwvpw (y) Vy€Qand (k k)N
The vector fields vy s are in C*°(2, R™) and they satisfy
629 [ o @PAw) My = [ @)PAG) Y (kK) € N

and

(5.30)
[0k, | oo (0, -) < Breypr |0k 1 | oo (R mry < B X (10l o —e7,) ¥ (K, k) € N2,
Br i X (|v]loo — %) = [[V]loo — €} as k' — +o0 VkeN,
Vg2 — vl L rn) — 0 as (k, k") = (400, +00) V1<p<+oo.

Consider now the case when m, < M, and mpy = M,. Namely, up to
modification on a zero-measure set, A is constant. Choose ' € (0, M,, — my)
such that (5.23) holds; namely,

(5.31) (M, =219 > [ Jo(w) Py,

Take any sequence (})gen in (0,2’) such that €j, — 0 as k — +oo. For each
k € Nand 7" € [0, M, — m, — €}], define Ly(7’) as in (5.24) with Aqj = A.
Each function L; is Lipschitz-continuous. Moreover,

Lu(0) = A7 min (jo(w). O, = 4)2) dy < A7 o(w)dy

= [ PGy
since 0 < M, — ¢}, < M,, and
Li(My — my — g}) = (M, — €,,)*A71Q| > (M, —&')’A71 Q)
> A7 [ ow)Pdy= [ pw)PAw) " dy

from (5.31). Therefore, the real numbers 7;, given in (5.26) are well defined and
are such that 0 < 7, < M, — m,, — ¢}, for each k € N. We then keep the same
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definitions of vg, v, Vg, Vs, Brr and vg e as above and properties (5.29)
and (5.30) hold.

Lastly, in the case when m, = M, = ||v||o, namely when |v| is equal
to the constant ||v|s almost everywhere, then v is kept unchanged. We set
Vg = Uk = U, Pep = 1, €, = 0, and properties (5.29) and (5.30) hold.

Step 4: Approximation of the eigenvalue A\1(€2, A,v, V). Consider first the
case when m, < M, = ||v||s. For each k € N, it follows from (5.14), (5.15),
(5.22), (5.29) and (5.30) that there exists an integer k'(k) > k such that the
C* fields

A = (akig)1<ij<n = App k), M= Mgy and v = vp ()
satisfy, for all k € N,

[ An) Ny = [ A)ay.

Q Q
0<my<ma+ <A SMy— F <My,
(5.32) Ap(y) > A(y)ld Vy e Q,

[Ioe@Paw)dy = [ ow)PAw) s,
Q Q

€k
vk || Loo (@R < V] Loo (0 mm) — ) < vl oo (,rm)-

Notice that this is possible in both cases mpy < My (then, e and 74 are all
positive) or mp = My (then, e = 7, = 0 for all £ € N). Notice also that
g, > 0 for all £ € N in this case when m, < M,. Furthermore, the matrix
field Ay, is symmetric with polynomial entries a; ; in ©, and, by (5.20), (5.21)
and (5.30),
(5.33)

a,;j — a;; uniformly in Qas k — +oo,

limsup||Vak,,;llL=@) < [[Vai;

lLeo(@) < [[Allwreo@) ¥V 1<14,j<n,

k—4o00
vk — vl zp(rr) — 0 as k — +o0 V1<p<4oo.
In the case when m, = M, = ||v|/~, then one sets vy = v for all k£ € N, and

properties (5.32) and (5.33) still hold (with &), = 0 in that case).
Let us now prove that

(5.34) A(Q, A, v, V) = A (Q, A0, V) as k — +oc.

Notice first that each operator —div(AxV) + v - V 4+ V is elliptic because of
(5.32). Fix an open nonempty ball B such that B C Q. It follows from [13]
that

(5.35) minV < Al(Q,Ak,Uk,V) < Al(B,Ak,Uk,V) vV keN.
Q
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Furthermore, properties (5.32) and (5.33) imply that the sequences of matrix
fields (Ay)ren and (A, ')ren are bounded in W1H*°(Q2) (and then in W>(B)),
and that the sequence of vector fields (vg)gen is bounded in L*°(2), and then
in L*°(B). From Lemma 1.1 in [13], there exists then a constant C' independent
from k such that

Al(B,Ak,Uk,V) <C VkeN.

Together with (5.35), it resorts that the sequence (A1(€2, Ak, vk, V))ken is
bounded. Thus, for a sequence of integers n(k) — 400 as k — 400, one
has that

A1(€Q, An(k))vn(k)v V)= AeRas k— +oo.
For each k € N, call ¢y, the principal eigenfunction of the operator —div(A;V )+
v -V + V in Q with Dirichlet boundary condition, such that maxg ¢r = 1.
Namely, each function ¢y, satisfies

—div(AxVer) + vk - Vor + Vior = A(Q, Ak, vk, V) in €,

v > 0 in Q,
(5.36) g

lerllLe@ = 1,
wr = 0 on 0N.

From standard elliptic estimates, each function ¢y, is in W2P(Q) for all 1 <
p < +oo and in CH*(Q) for all 0 < o < 1. Furthermore, since the eigenvalues
A1(Q, Ag, vy, V) are bounded and ||k ||pe(q) = 1, it follows from (5.32) and
(5.33) that the sequence (¢ )ren is bounded in all W2P(Q) and C1*(€), for
all 1 <p < +4ooand 0 < a < 1. Up to extraction of another subsequence, one
can assume that there exists Yoo € (Ni<p<too W2P(Q) such that

On(k) = Poo as k — +00, weakly in W?P(Q) and strongly in C1*(Q)

forall 1 < p < 400 and 0 < a < 1. Notice that (5.33) implies that d ,ax;; —
Or,aij in o(L>®(Q),L1(Q)) as k — +oo, for all 1 < 7,4, < n. Multiplying
(5.36) for n(k) by any test function in D(f), integrating over Q and passing
to the limit as kK — +oo leads to, because of (5.32) and (5.33),

—div(AV¢eo) + v - Voo + Vipoo = Apeo in €,
together with
Voo =0 0n 9Q, Yoo > 0in Q and max ., = 1.
Q
The strong maximum principle and the characterization of the princi-
pal eigenvalue and eigenfunction thanks to Krein-Rutman theory imply that
A= M(2,4,0,V) and ¢ is the principal eigenfunction of the operator

—div(AV)+v-V+V in Q with Dirichlet boundary condition. The limiting func-
tion ¢ is uniquely determined because of the normalization maxg ¢ee = 1.
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Since the limits A = A\ (2, 4,v, V) and ¢+ do not depend on any subsequence,
one concludes that (5.34) holds and that the whole sequence (@g)ren con-
verges to (o as k — +o0o, weakly in W?2P(2) and strongly in C1*(Q) for all
1<p<+cand 0<a<l1.

Step 5: Approzimation of the principal eigenfunction of i for a large K.
Choose any arbitrary € > 0. Let ¢ € (0,1) be such that

M(Q, A0, V) + 38" +emit + €V oo

(5.37) T <AM(Q,A 0, V) +e
Thanks to (5.34), there exists then K € N such that
(5.38) M(Q A, v, V) < A\ (Q, A0, V) + €.

Remember that (5.32) holds with & = K. Let g be the (unique) solution
(5.36) with & = K. Notice that

v-Vog = —‘V(p[(’ < 0 on 092

from Hopf lemma.
Call F, F, F, S and f the functions defined in Q by

F=-Ver+ M, Ak, vk, V)ek,
F =—vg - Vog, F = |vk| x |Vegl,
f=F+F=—-vk -Vox —Vog + M (Q Ak, vk, V)ek,

? =F+F= |UK| X |VQOK| — Vo + Al(Q,AK,’UK, V)(,OK.
The function F is continuous in . There exists then a sequence (F1)ien of
polynomials such that

F; — F uniformly in Q as | — +oo.

Observe also that the function F is in L*°(Q), and that the function F is
nonnegative and continuous in : this is true if m, < M, because vk is
then actually of class C*(Q) and ¢x € C'(Q); this is also true if m, = M,
because v is then equal to v and |vg| = M, in Q up to a modification on a
zero-measure set. Let Ry > 0 be such that

ﬁ C BR();

where Bp, is the open Euclidean ball of radius Ry and center 0. Denote by F
(with a slight abuse of notation) a continuous extension of F in R"™ such that
F >0in R" and F = 0 in R"\ Bg,. Extend by 0 the function F in R™"\Q and
still call F this extension. Notice that

(5.39) F<FinR"
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For each [ € N, call (; the function defined in Byp, by
l
[(2R0)* — |2|?] '
/ {(2R0)2 - |z’\2]l dz'
2R,

0

G(z) =

Extend the functions (; by 0 outside Byg, and still call (; these extensions. In
Q, define the functions

Fi=¢*Fand F;=(*F VIeN

Owing to the choices of Ry and (j, the functions F; and F; are polynomials in
Q. Furthermore, since F € L®(R") and F € C(R"), there holds

IF — Flley = 0 V1<p<+4ooand F; — F uniformly in Q.
l—+o0 l—+o00

Furthermore,
Fi=q+*F<+xF=F inQ VIieN
because of (5.39). It follows that

L:£Z+ﬂl—> f inLP(Q) V1<p<+oo,

(5.40) L e B
fi=Fi+F — [ uniformly in Q
=400
together with
(5.41) f,<fiinQ VieN

Remember that the function g satisfies
—diV(AKV(pK) = i in Q,
with o = 0 on 9. For each [ € N, call v; the solution of

{ —div(Ag Vi) = f, inQ,

(5.42)
Y =0 on 0N.

Each function v is then analytic in © (remember that Ay is a field of sym-
metric positive definite matrices with polynomial entries, and that each f s a
polynomial in ). From standard elliptic estimates, the functions v; converge
to the function ¢ as I — +oco in W2P(Q) and CH*(Q) for all 1 < p < 400
and 0 < a < 1. Since px > 0 in Q and |Veg| > 0 = ¢k on 912, one then has

(5.43) ;> 0in Q and |V > 0 on 99 for [ large enough.
Furthermore, from (5.41), there holds
—div(Ax Vi) — [k | < [Vii| = €'V + [V = M(Q, A, 0, V) — 2€'] 4y
< fi = lok %[V = €'V + [V = A (@, 4,0, V) = 26T 4y in Q.
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From (5.40) and the definition of f, it follows that
— ‘UK| X ‘V@/)l‘ — €/‘V¢l‘ + [V — Al(Q,A,U, V) — 26/] Wy
— [Al(Q,AK,’UK, V) - )\1(97 A?”a V) - 5/] PK — 6/(|V¢K’ + SDK)

as | — 400, uniformly in Q. Using (5.38) and the properties of ¢, it follows
that the continuous function

[)‘1(9’ AKa VK, V) - )‘1((2’ Aa v, V) - 5,} YK — 6,(|V90K| + QDK)
is negative in . Therefore, there is L € N large enough so that (5.43) holds
with [ = L and

(5.44)
—div(Ax VL) — vk | < VL= [V +[V =M1 (Q, A, v, V) —2€"] ¢, <0 in Q.

Step 6: An inequality for the rearranged fields in the ball Q*. Apply then
the results of Section 3 to the function

V=1L
and to the data
(AQ, AQ,w, V) == (AK, AK, |UK|, V)

From the previous steps, these fields satisfy all assumptions of Section 3. Given
1, one can then define the sets Z, Y, E and the function p as in Section 3.1.
Given ¢ and the data Aqg = Ag, Aqg = AK, w = ]vK\ and V, one can also
define the corresponding rearranged fields 1/1, A, o, V and U given by (3.3),
(3.4), (3.7), (3.8), (3.9), (3.12), (3.33) and (3.34).

One recalls that A1 (€2, A,v, V) > 0 by assumption. From (5.44) and Corol-
lary 3.11 applied with wy =& > 0 and

w=X(Q,A0,V)+2 >0,
it follows that

645) | [A@)IVI@)P—e V@) +V @) e Vo

Remember that the function w is radially symmetric, continuous and decreas-
ing with respect to |z| in ©F, and that ¢ € H}(2*). The field A is radially
symmetric and belongs in L‘X’(Q* Furthermore,

(5.46) / A(x)\da _/ A (y)'dy = / A(y)~tdy
Q* Q
from (3.6) and (5.32). On the other hand,
(5.47)
O<mA<mA—|—7<m1nAK<ess inf A <ess supA<maxAK<MA—7<MA
Q Q* Q

from (3.5) and (5.32).
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From (5.45) and (5.47), it follows that
/
(1%')/ A|V¢126—U+/ VeV < pf 92U+ S [ Rlg2eV
Q* Q* QO* 4 QO
< (u+5’m/_\1)/ eV,
Q*

On the other hand, the field V is radially symmetric, it belongs to L>°(Q*),
and

—|IVloo <min(=V7) < es%inf? <esssupV <0
Q - Qx

(see (3.13)). Therefore,
(1- a’)/m (AVOP+Vi?) eV < (u+e'm)t + a’HV!oo>/Qj/?26U;
that is,

(5.48)
g o A, A0, V) 26 ey [V |
9 9 U< 184, A, V, A el
[ (AR eV < =

Step 7: Approximation of the rearranged fields in *. First, define the
function A almost everywhere in R™ by

Az) if x € 7,
(z) = min Ag  if z € R"\Q¥,
Q

X @Qe_U.
Q*

and then, for each m € N,

A = (,Om *A_1>71 in R™,

m

where the mollifiers p,, can be assumed to be radially symmetric for all m € N.
Next, for every m € N, call

(A7)~ L@
HA_IHLl(Q)

Ym = >0

and
A () = YAy (x) ¥z e Q.
As in Step 1, it follows from the above definitions and from (5.46) and

(5.47) that each function A}, is radially symmetric and of class C°°(Q*), that
limy, 400 Ym = 1, that

(5.49) A% (2) Ndw = / Ay)'dy ¥meN
O* Q
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and that
0 < ym X (mA + %{
. * €K
<min A}, <max A}, <y, X (MA——> VmeN,
(5.50) o ’
x(m +T—K> — m —i—K
Tm A 2 ) motoo A 9
EK EK
T X (MA - 7) mSheeMA T

From reciprocal of Lebesgue’s theorem, one can also assume without loss of
generality (even if it means extracting a subsequence) that

A% (x) = A(z) = A(z) as m — +oo for a.e. = € QF.

Remember also that if my < My then ex > 0, 75 > 0 and notice that if
mp = My then e = 75 = 0, vy, = 1, AY, = my in QF for all m € N and
properties (5.49) and (5.50) hold immediately.

Next, owing to the definition (3.9), the vector field ¥ can be written as

v(x) = [v(x)] er(z) in 7,

where |9] is radially symmetric. Furthermore, as in Step 3 and since w = |vg]|,
it follows from (3.10), (3.11) and (5.32) that

651) [ PR e = [ fox(@)PAx) = | o)Ay

and
(5.52)

€k
10| oo (2+ Ry < Nwllzoo (@) = vk || oo (rm) < HU”LOO(Q,RTL)—7 < vl poe (,r7)-

Call
[o(z)| if x € QF,
w(z) =
0 if z € R"\Q*
and, for each m € N,

U (2) = (pm * w)(2) er(z) V€ R"\{0}.

One has [[v}, [|eo®rrr) < [|@llpoo@erry < [[V] Lo (@re) and one can assume
without loss of generality that

vy (x) — v(z) as m — +oo for a.e. x € Q.

Consider first the case when ||v[| e rn) > 0. Therefore, for m large enough
(one can then assume that this holds for all m without loss of generality), the
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real numbers

(5.53)
1/2 N 1/2
o)Ay [ @)PA@) e

Om =
/|u JPAE () da /|v 2)PA% (2) " \dx

are well defined, positive, and they are such that d4,, — 1 as m — +oc.
Therefore, the vector fields defined by

v (x) = Ik, (x) V€ Q%\{0}

m

are of class C*°(Q*\{0}) and converge to (x) as m — +oo for almost every
x € Q*. These fields can be written as

(@) = o, ()]er(2) V€ Q°\{0}

and |v},| is radially symmetric, of class C*°(Q2*\{0}) and can actually be ex-
tended at 0 to a C°°(Q2*) function. Furthermore, it follows from (5.52) and
(5.53) that

(5.54) | @) e = [ o)A dy

and
(5.55)
vl oo (e mr) < O X [[0]] oo (@ 7y

e €]
< O % <||u|yLoo(Q,Rn) —~ 5) ol @ mny =

Lastly, remember that if m, < M,, then ¢} > 0, and notice that if m, = M,
(this is the case if [|v]| oo (,rn) = 0), then e = 0, w = m, In Q, ¥ = vy, = mye,
in 2 and properties (5.54) and (5.55) hold immediately with d,, = 1.

Fix now an arbitrary unit vector e in R™ and define, for each m € N,

_ ||
Ve, UL :/ (* (re) | A%, (re) V.
0
As in Proposition 3.10, the definition of U, does not depend on the choice

of e. Furthermore, each function U}, is continuous in Q*, radially symmetric,
of class C*°(0Q*\{0}) and it satisfies

(5.56) VU () = Ay (2) " op (@)]er(z) = A, (2) T'op,(2) ¥ @ € Q\{0}.
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On the other hand, each function U}, is nonnegative in Q* and it follows from
(5.50) and (5.55) that

* _ E/
(5.57)  NUn o) < dmmy " R X (HUHL‘X’(Q,R") - ;)

_ €}

m——+oo 2

Moreover, since all fields |v%,|, [3], A%, and A are radially symmetric, it follows
from the above estimates and Lebesgue’s dominated convergence theorem that

Ur(z) — Uz) VzeQF

m—r+00

where U is given in (3.34).
Lastly, Corollary 5.4 applied with ¢ = —V~ and g = V provides the

existence of two sequences of radially symmetric fields (V) ey and (V. )men
in Q* such that, for each m € N, Vi € L>(Q*), V. € C=(Q¥),

(5.58) — Vg < min(=V7") < Vi <V, <0in QF
Q

and the distribution functions of V;* and V, satisfy
prvy, = poy— and pype < pry— < pyy)-
Furthermore, the fields V* and V. are constructed so that

Vio Vi = Vino(L2(@), 17 ()

m—r

for all 1 < p < 400, with 1/p+1/(p') = 1.

Step 8: An inequality for the eigenvalue (AL Id, vf,, Vo) for large m.

) m?
Remember first that the function ¢ is continuous nonnegative in Q* and that

¥(0) > maxg ¢y > 0 because of Corollary 3.6 and (5.43). It also follows from
Lebesgue’s dominated convergence theorem and all estimates of Step 7 that

s o2 LT T2) U NOTI2 L UT2) U
/Q(Am\wy V%) e —>/Q(A\V¢| +V2) e,

R R
Q Q
as m — +oo. Therefore, from (5.48), there exists M € N such that

(5.59)

| (W3l 9P + V32) e Vi < M A V) 13 + eyt + Vo
i <

1—¢

X 152 e Un,
Q*
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Remember that (5.49) and (5.54) hold with m = M. Furthermore, because of
(5.50) and (5.55), one can choose M large enough so that
ma < A}y < My in O and [0 || oo (@ mry < (0] Loo (Y-

Notice that this holds also when my = My (in this case, A%, = mp in QF) or
when m, = M, (in this case, v}, = mye, in Q*\{0}).
Call now

| (83VP + Vy02) e Vi
I= inf .

seH (N0} 2 Ui
Q*

It follows from (5.59) that

< AM(Q, A0, V) + 3¢ +5'mX1 —|—6’HV*H00.

5.60 I
(5.60) T o

Furthermore, I is clearly finite and I > ming V), > —[|V " ||e. It is classical
to check that I is actually a minimum, which is reached at a function ¢}, €
H (2*)\{0} such that ¢%, > 0 a.e. in Q* and

[ (833 Vo + Vigheo) Vi = 1 [ g~V

for all ¢ € H}(Q*). Because of (5.56) with m = M, the change of functions
¢ = ® Vs leads to

/ Ay Vi - VO + 0t - Vi &+ Ve ® = I/ 0@
o O

for all ® € H}(Q*). From H? regularity and W?2P estimates, it then follows
that ¢%, is actually in all W2P(Q*) and C*(Q*) for all 1 < p < +oo and
0 < a <1 and that
—div(A3, V) + viy - Ve + Viei = Tey in @,

oy =0 on 00*,

oy =0 in Q*.
Since ¢}, # 0, one concludes from Krein-Rutman theory that ¢j, is — up
to multiplication by a positive constant — the principal eigenfunction of the
operator —div(A%,V) + v%, - V 4 V3, with Dirichlet boundary condition, and
that I is the principal eigenvalue I = Al(Q*,A’MId,v}V,VL). Together with
(5.37) and (5.60), it resorts that

s O A / 7/, —1 / oo
MO, NI, v}, V) < 2l ’U’V)+3f_+;mA vl

<M, A0, V) +e.
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Lastly, since Vi, < V) in Q (see (5.58) with m = M), if follows from [13]
that

Al(Q*,AhId,Uh,V]\t{) < )\1(Q*a *MIdv U}k\/lav;d) < )‘1(97147U7V) + €.

Step 9: Conclusion. Since € € (0,1) was arbitrary, the proof of the first
part of Theorem 2.1 is complete with the choice

(A%, w*, 0" V¥ V) = (Mg, il vir, Vi V).

Step 10: The case when A is equal to a constant v > 0 in Q. It follows from
the previous steps that A* is equal to the same constant v in Q*. Furthermore,
there exists a family (v}, V¥).>0 of bounded fields in Q* such that

{ [vZ [ oo (@ k) < [JVl[Loo(@rr)s V22200 Ry = V] 22 (0",
MVE* = H_y-,

together with
A (U yId, o, VE) < M (Q, A0, V) + €

» Vg
for all € > 0. Furthermore, v} = |v}|e, a.e. in O, and w} = |v¥| > 0 and
V> <0 are radially symmetric.

Take any sequence (e )gen of positive numbers such that e — 0 as k —
+o00. Up to extraction of a subsequence, there exist two radially symmetric
functions wj > 0 and Vg < 0 such that

wr, —wh and V. — Vi as k — +o0,

weak-* in L>°(Q*), whence weakly in LP(Q2*) for all 1 < p < 4+o00. Furthermore,
the fields v§ = wie, and Vj satisfy the bounds (2.4). Since

—max V"~ < A\ (Q%,vId, vl V) < A\ (Q,A4,0,V) +ep

EL) T Ek
Q

for all k € N, the sequence (A(Q*,vId,vZ,, V. ))ren converges, up to extrac-

ER
tion of a subsequence, to a real number

Ao € [— mﬁax Voo M(2,A, v, V)]

From standard elliptic estimates, the principal eigenfunctions ¢ = Pz, Vi
are bounded independently of k in W27 (Q*) for all 1 <r < co. Up to extrac-
tion of a subsequence, they converge weakly in W27 (Q*) for all 1 < r < oo

and strongly in C1*(Q*) for all 0 < a < 1 to a solution ¢} of
—YA + g - Vg + Vo'og = Agieg in

such that ¢f > 0 in %, @5 = 0 on 9Q* and ||¢§l/L@+) = 1. By uniqueness,
it resorts that A\j = A1 (Q",v1d,vg, V') and ¢f = pq« y1d,vz vz- Thus,

AL(Q5,v1d, vy, V) < M(2,4,0,V).
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Notice that the radially symmetric fields |vg| and Vj satisfy the bounds (2.4),
but may not be smooth anymore. O

Remark 5.5. Assume now that 0 < mp < Mj and that A = mp in a
neighbourhood of 912, that is A = myp in the set {z € Q, d(z,0Q) < ~}
for some v > 0. Then, under the notation of the previous proof, besides the
aforementioned conditions of Steps 1 to 5, one can choose K € N large enough
so that ||A_1HL1(Q) < |9 x (ma + 47k) " and

Ag =minAg € |mp + %amA‘f‘QTK
Q
in a (smaller) neighbourhood of 0€2. Then, owing to the definition of A in Step 6
(from §3), it follows that A = ming Ax = ess info«A in a neighbourhood of
092*. Finally, besides the conditions of Steps 7 and 8, one can choose M € N
large enough so that

Ay =min Ay, € \ma + TTK, ma + 47k | in a neighbourhood of 9.
Q*
Since A1y < 192 x (ma + 4720) ™" and [|(A5) " sy = IA 1o,
one concludes that A}, (= A*) is not constant in Q*. It then follows that, in
Theorem 2.1, the functions A and A* are not constant in general. Actually, for
the same reason, the same observation is true for Theorems 2.3 and 2.7.

Remark 5.6. Under the same assumptions as in Theorem 2.1, it follows
from (5.32) that, if 7 € R is such that

vl oo rmy < 7,

then inequality (5.44) still holds when |vk| is replaced with the constant 7.
Steps 6-9 of the proof of Theorem 2.1 then yield, for each € > 0, the existence
of two radially symmetric C*°(€0*) functions A* > 0, V' < 0 satisfying (2.2),
and the existence of a radially symmetric function V* € L%(Q*) satisfying
V*<V <0ae in Q* and py+ = t_y—, such that

M (QF, AT, Te,, V) < A (QF, A Id, 7e,, V) < M (Q, 4,0, V) + .

Furthermore, when A is equal to a constant v > 0 in €Q, it follows from the
above observations and Step 10 of the proof of Theorem 2.1 that there exists
a radially symmetric bounded function Vi < 0 in Q* satisfying (2.4) and such
that

A(Q% v 1d, Te,, V) < M (Q,4,0,V).

5.2.2. Inequalities without the € term. In this section, we prove that the
positive € term in inequality (2.3) of Theorem 2.1 can be dropped. But the
counterpart is that the field A* may not be smooth anymore and may even not
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be in W1*(Q*) in general. It will be only in LL(Q*) a priori and the eigen-
value A1 (Q*, A*1d, v*, V*) will be defined in a weaker sense. Furthermore, the
function |v*| will only be in L*°(Q*) and the function V* will only fulfill (2.4).

Let Q € C, A € WH(Q,S,(R)), A € LL(Q), v € L®(Q,R") and V €
C(Q) be given such that A > A Id a.e. in Q and A\ (Q, 4,v,V) > 0. Let us
argue as in the beginning of Step 10 of the proof of Theorem 2.1. There exists
a family (A, w?, V).50 of bounded radially symmetric functions in Q* such
that, for each ¢ > 0 and for v} = w}e, in O*\{0}, the functions A* and w} > 0
are in C>(Q%),
0 <essinf A <min A7 <max A <esssupA,

Q R oR Q

1A My = 1A L),
(5.61) |wE oo (@x) = 102 || oo (@x rr) < [Vl Loe(,R7),
o2 P(AD) sy = IHoPA L)

—max V"~ <V <0ae in Q, pyr = p_y-
Q

and

—max V"~ < A\ (QF, AIId, vl V) < M (Q,A,0, V) + e
Q

Take any sequence (ej)ren of positive real numbers such that e, — 0 as
k — 4o00. Up to extraction of a subsequence, one can assume that
(5.62)

AL, AL T, 07 VE) = A € [—max V™ A (Q,4,0,V)] as k — +oo.
Q

Let (¢, )ken be the sequence of principal eigenfunctions of the elliptic opera-
tors —div(AZ, V) + v, -V + V2 in Q° with Dirichlet boundary conditions on
0Q*, now normalized so that

Each function ¢, is positive in Q2* and obeys
(5.64)
—div(AZ, Ve,) + 07, - Ve, + V2 0o, = M (Q5, AL Id, v, V) @e,, in QF.

By the uniqueness (up to multiplication by positive constants) of the prin-
cipal eigenfunctions and the radial symmetry of the fields AZ , wZ and V_,
the functions ¢., are radially symmetric. Furthermore, each function ¢, is in
W2’p(Q)ﬁW01’p(Q*) for all 1 < p < 400 and then in C»*(Q*) for all 0 < « < 1.
However, contrarily to Step 10 of the proof of Theorem 2.1, the sequence
(A%, )ken is not constant anymore and may not be bounded in W>°(Q*) a pri-

ori, whence the sequence (¢, )ren may not be bounded in the spaces WP (Q)*)
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a priori. Nevertheless, this sequence will be bounded in H& (©2*) and this prop-
erty, combined with the radial symmetry property, will be enough to pass to
the limit in a weak sense.
To prove the boundedness of (¢, )ken in HE(2*), multiply equation (5.64)
by ¢., and integrate by parts over 2*. One gets that
(5.65)
%
€

| A Iea [ 8 Fendpat [ Vi = n@ Azt 0, ) [ 6

From (5.61), (5.62), (5.63) and Cauchy-Schwarz inequality used in (5.65), it fol-
lows that the sequence (V. )ken is bounded in L%(Q2*,R™). Finally, (¢:, )ken
is bounded in Hg(9*).

Due to the Rellich’s theorem and the converse to the dominated con-
vergence theorem, up to extraction of a subsequence, there exist a radially
symmetric function g € HE(Q2*) and a function @ € L?(2*) such that
(5.66)

e, — @0 as k — +00 a.e. in O, strongly in L?(Q*), weakly in H} (),
loe | < || ae.in Q* V¥V keN.
On the other hand, for each k € N, the function ¢., can be written as

e (7) = de,(|2]) YV €Q,
where, for all 0 < r < R, the function ¢, is in W*P(r, R) for all 1 < p < 400
and in C1([0, R]) for all 0 < a < 1. Furthermore, since (¢, )ken is bounded in
HE(Q%), the sequence (., ke is then bounded in H!(r, R) for all 0 < r < R.
Up to extraction of a subsequence, there exists a function ¢ € HL_((0, R])
such that, as k — 400,
(5.67) e, — ¢ strongly in L?(r, R) and weakly in H*(r,R) V0 <7 < R.

There also holds ¢o(z) = ¢o(|z]) a.e. in Q.
Let us now pass to the limit, up to extraction of a subsequence, in the
fields AZ , vZ and V. First, for eack k € N, there are some C*°([0, R])

Ek? Ek

functions G¢, > 0 and w,, > 0, and an L*>°(0, R) function W, < 0 such that
AL (z) = Gey(l2]) and Wi (2) =@ (|2]) V2 €O,
V2 (x) = We, (|z]) for ae. z € Q.

From the bounds (5.61), there exist some radially symmetric functions A €
LE(Q), wg > 0 and V" < 0 in L*°(2*), and some functions Gg € L5°(0, R),
wp > 0 and Wy <0 in L>(0, R) such that, up to extraction of a subsequence,

(A5)™h — (Ap)~
wi (ML) = wp (M)

* X
Ve = W

weak-* in L>°(02*)
and then weakly in LP(Q*) V1 <p < +4oo
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and
(5.68)
Gzl — Gyt _
e R weak-* in L*>°(0, R)
ke 00 and then weakly in LP(0,R) V1 <p < o0,
ng — W()

as k — +oo. Furthermore, Aj(z) = Go(|z]), wi(x) = wWo(|z|) and V(x) =
Wo(|z|) a.e. in QF, and
(5.69)

ess inf A < ess inf Ay < ess sup Aj < ess sup A,

Q Q* Q* Q

1AS) My = 1A L),

IVo'llzeosy < IV ) V1I<p<+oo, Vil = IV o)
Denote vj(x) = wi(x)e, for a.e. x € Q*. Since

0 < wi (AL) 7 < [lollzooommy (AZ) ™ in OF

and these two fields converge weakly (say, for instance, weak-* in L*°(Q2*))
to wi (A§) ™! and [|v]| oo (qrny (AF) " respectively, it follows that wg (Af) ™ <
[0]| oo (,rmy (A§)~F ace. in QF, whence 0 < w§ < [|v]| oo (q,rny a.e. in QF and

(5.70) 0o [l oo (2 rny = [lwoll Loo () < [Vl Loo (r)-

Lastly, for each k € N, denote

H.,(r) :/O ey (5) Gey(5) "V ds Vr € [0, R] and UY,(x) = He,(jz]) ¥z € OF.

Each function H,, is of class C*°([0, R]) and, from (5.61) and the above limits,
it follows that
(5.71)

. —1
NUZ | Loo () = [ Hey | oo 0,r) S R ||V | oo (0,m7) (GSS infq A) vV keN,
., (r) = Ho(r) = / Bo(s) Go(s)"Lds ¥ re[0,R] as k — +oo,
0
Uz (x) = Ug(z) := Ho(|z|) Ve Q¥ as k — +o0.

In order to pass to the limit in the second order term —diV(A:kV%k)
of (5.64), even in a weak sense, one needs additional bounds, since (A% )~!

and V., a priori only converge weakly. Call
Ze, (1) = Ge, (r) oL, (r)

for all k € R and 7 € [0, R]. Each function Z., is of class C%%([0, R]) for all
0 < a < 1 and of class WHP(r, R) for all 1 < p < 400 and 0 < r < R, and
the sequence (Z;, )ken is bounded in L?(r, R) for all 0 < r < R. Furthermore,
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from (5.64) and from the radial symmetry of all functions ¢, , A
and V* , there holds, for all £ € N,

EL?

S (V5] =2y

20, (1) = " 2y () By (), (1) + Wy (1), 1)

= )‘I(Q*7A:k1d vak7 ak)¢5k( )

for a.e. 7 € (0, R). Since the sequences (¢, )ren, (9L, )ren and (Ze, )ren are
bounded in L?(r,R) for all 0 < r < R, it follows from the bounds (5.61)
and (5.62) that the sequence (Zc, )ren is actually bounded in H(r, R) for all
0 < r < R. Up to extraction of a subsequence, there exist then a function
Zy € H}.((0,R]) and a function Z € L2 .((0, R]) such that
(5.72)

{ Ze k—>——|>—ooZO a.e. in (0, R) and strongly in L*(r,R) V0<r <R,

|Z:.] < |Z] a.e.in (0,R) VkeN.

Since ¢, = Z, G- in [0, R] for all k € N, it follows then from (5.67), (5.68)
and the uniqueness of the weak limit that

(5.73) oh = ZoGy' ae. in (0, R).

Multiply now equation (5.64) by g, ¢ U=k (which belongs to Wy P ()
for all 1 < p < 400) and integrate by parts over 2*. Owing to the definition
of U} , one gets that

gk

/Q*A ’v§0€k‘2 Uk +/ Vk: ‘pak Ve = AL(€2, A2 Id vz ek’ ak / Soak ska
that is,
" 2,~Hey (r)n-1 _uz
6:74)  non | Ge )l ()% IO s [ Vet e
= A (QF, AL Id, v, V) / o e Vi

by using the radial symmetry property in the first integral. But wgk e Vi

ote Y as k — +oo strongly in LY(Q*) from (5.66), (5.71) and Lebesgue’s
dominated convergence theorem. Therefore,

A5 AZLd, 7 V) / goak Vo )\6/ wae Y0 as k — +o0
Q*
by (5.62), and

/ ngogk gk—>/Q*VO*<p(2)e_U5 as k — +oo
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since V. — Vi as k — 400 weak-* in L>°(Q*). As far as the first integral
in (5.74) is concerned, one can say that, for all n € (0, R),

R R
na | G () L, (290 dr 2 [ 7, (r) 6L, () e o) L
0 n

But the limits (5.67), (5.71), (5.72) and (5.73) imply that Z., e Hex — Zge™Ho
strongly in L?(n, R) and

R
n an/ Zek (T) (plsk (T) eiHEk ) rnil dr
n

R R
— nan| Zo(r) h(r) e Hopr=lgr —p an/ Go(r) ¢ (r)2e Homyn=1 gy
k—+o00 n n

= [ A1V,
Sn.R

where we recall that S, r = {z € R", < || < R}. To sum up, we have
proved that, for all n € (0, R),

/ A§ [Vipol* ™% +/ Vo pge Vs < AES/ pge .
S»,]’R Q* O*

By taking the limit as n — 07 and using that Aj, Uj € L>°(Q*) and ¢y €
H(Q), it follows from Lebesgue’s dominated convergence theorem that

675) [ AIVele W+ [ Viede B <xg [ gherth.

On the other hand, we say that A € C is a weak eigenvalue, associated to
a weak eigenfunction ¢ € Hg(92*,C)\{0}, of the operator

Ly = —div(ALV) + vf - V + Vg

in * with Dirichlet boundary condition on 9Q2* if the equation Ljp = Ap is
satisfied in the H}(Q*,C) weak sense, that is

(6:76) [ 859eVi+ [ (0590 0+ [ VioT=a[ 0T Vo em@,),

where 1) denotes the complex conjugated of the function ¢). Writing p=h e,
the functions h describe H{ (2*, C) as the functions ¢ describe HE (Q*, C), since
Ug € WE(Q*) (notice that VU = (Af)~log a.e. in Q*). Thus, (5.76) means
that

/ AV - Vhe Y +/ Viphe Vo =X [ ohe Y% VheHN} U, C).
Q* Q* Q*

But, by Lax-Milgram’s and Rellich’s theorems, the set of such \’s is a discrete
subset of R which is bounded from below (and the eigenfunctions ¢ are real-
valued up to multiplication by complex numbers) and has a minimum Ay which
is therefore the lowest weak eigenvalue of Lg in 2* with Dirichlet boundary
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condition on 9*. We denote this real number A\ (%, A§ Id, v§, Vi) by analogy
with the previous notation. Furthermore, it is classical to see that

R e
M (QASTd, vl VE) =X =  min o Q-
07T 70 peHL(Q*)\{0} /¢26—U5

Since o € Hg(2*)\{0} (notice that leollz2(a+) = 1 by(5.63)), one con-
cludes from (5.62), (5.75) and the previous observations that

A AGId, v5, V) < A5 < A (R, 4,0, V).
This conclusion leads to the following statement:

THEOREM 5.7. Under the same assumptions as in Theorem 2.1, there
exist three radially symmetric fields Ay € LL(Y*), wg > 0 and V5 < 0 in
L>(Q*) such that, for v§ = wjer, the bounds (5.69) and (5.70) are fulfilled
and

(5.77) A, AgId, vy, V) < AM(Q,A,0,V),
where A\ (2, A§1d, vg, Vi) is understood as the lowest weak eigenvalue A of the

operator —div(A§V) + v -V + Vi associated with Hi (2*)\{0} eigenfunctions,
in the sense of (5.76).

Remark 5.8. Under the same assumptions as in Theorem 2.1, it follows
from Remark 5.6 that, if 7 € R is such that

vl oo rmy < 7,
then there is a family (A}, V*)cs0 of radially symmetric functions such that,
for each & > 0, A} is in C°°(Q*) N LL(Y*) and satisfies (2.2), V* is in L>®(Q*)
and satisfies pys = p_y -, and

A(Q AT, e, V) < A (Q, A 0, V) + €.

One can then argue as in the above proof of Theorem 5.7, with v, = vj = e,
and w;, = wj = 7 in Q" for all k& € N. Therefore, there exists two bounded
radially symmetric functions Aj € L (Q*) and Vj < 0 satisfying (5.69) and

A5 A Id, Te,, V) < A1(Q, 4,0, V),

where A\ (%, A§1d, Te,, V{) is understood in the weak sense, as in Theorem 5.7,
with v = Te,.

Remark 5.9. Consider now the case when 2 is a general nonempty open
subset of R with finite measure, and let A € WH°(Q, S,,(R)), v € L>®(Q, R"),
Ve L>*(Q) N C(Q) be such that A > Ald a.e. in Q, where A € L°().
Assume that A\;(Q, A,v,V) > 0, where A\(£2, A,v,V) has been characterized
in Remark 2.11.
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We first claim that we get a similar conclusion as in Theorem 2.1 in the
case when A is equal to a constant v > 0 in €. Indeed, it follows from (2.17)
and (2.18) that there exists a family of domains (£2;).>¢ in C such that Q. CC 2
and

0<AM(Q,4,0,V) <A\ (Q, 4,0, V) < M (Q,4,0,V) +¢

for each € > 0. To make notation simpler, we use the same symbols for the
fields in 2 and their restrictions in .. Apply Theorem 2.1 to ). and to the
fields A, v, V with A = v, and call Qf the ball centered at the origin with the
same measure as {).. There exist two radially symmetric bounded functions
wr > 0and V} <0in QF such that, for v} = wle, in QF,

(5.78) AL I, 05, V) < A (Qe, A, 0, V) < M (Q A0, V) + ¢

y Ugy
and
|02 1| oo (2 ) < [Vl zoo (0o k7)) < (0] Loo (@ rR)s

V2l 220z rr) < vll2emry < IVl 2200RR)S

(5.79) —esstup V< —mSTaX V™ <V <0ae. inQ,

IVollvon = Voo < V- lzye)
Vel sy < NV vy S IVl V1 <p < +oo.

Extend v} by the vector 0 in Q*\Q} and extend V* by the constant
=Vl o\ |Q\Q 7! in Q*\QF, and still call v and V* these extensions
(remember that * denotes the ball centered at the origin and having the same
Lebesgue measure as 2). These extended fields are now defined in Q* (D Q)

and they satisfy the same bounds as above in Q*. Actually, one still has
(5.80)

IVEllLr@s = IV ) and [V loe) < V7 llore) V1 <p <400
from (5.79) and Hoélder’s inequality. Furthermore,
—esssup V'~ < Al(Q*a v1d, U:: ‘/a*) < )\1(927 v1d, U:, V:) < )\I(Qv A, v, V) te
Q

because 2f C Q* and because of (5.78). One can then argue as in Step 10 of
the proof of Theorem 2.1 and one can then pass to the limit for a sequence
(ex)keny — 0T as k — +oo. There exist then two radially symmetric bounded
functions wj > 0 and Vi < 0 in Q* such that, for v5 = wge, in Q2F,

A (25, v 1d, v, V) < M (Q,4,0,V)

and the bounds (2.4) are satisfied.
In the general case when A € L3°(£2) is not assumed to be constant, there
exists a family (AZ,w?, V*)o>0 of bounded radially symmetric functions in €}

such that, for each € > 0, the functions A} and w} > 0 are in C*°(Q¥) and,
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for v* = wre, in Q*\{0},

(5.81)
0 < ess inf A <ess inf A <min A < max Al <ess supA < ess sup A,
Q Qe Qig Qiz Q. Q
1A ey = 1A Ly < IA ML),
|wZll oo () = 102l oo (@2 mry < N[Vl Loo (e ) < V1] Loo (7
oz P(AD) Ml prasy = HPA i) < HPATH o),
—ess sup V™ < —max V™ < V' <0 ae. in QF, pvr = oy
Q Qe €
and
(5.82)

—ess sup V™ < —max V7~ < A (Q5 AN, 0, V) < M(Q:, A0, V) + e
Q Qe
< M(Q,A,0,V) + 2e.

Let (¢¢)e>0 be the family of principal eigenfunctions of the operators —div(AXV)
+vl -V + V7 in QF with Dirichlet boundary conditions on 92}, normalized so
that ||¢c| r2(q:) = 1 for every € > 0. Extend the fields v} and ¢. by 0 in Q*\QZ,
extend V* by the constant —||V || 110 [Q\Qe| 7 in Q*\QZ and extend A
by the constant ||A_1||211( |O\Q| in Q*\QF. Thus, (5.80) holds, together
with

Q\Q.)

{ 0 < ess inf A <ess inf A7 <esssup Al <ess sup A,
Q Q* Q* Q
1(AD) MLy = 1A L)

Let R. € (0, R) be the radius of Q}, that is ap, Rl = |Qf| = || for all € > 0.
Choose any sequence (eg)geny — 01 as k — +o0o. From the bounds (5.81)
and (5.82) and from [13], the positive radii R, are bounded from below by
a positive constant and then converge, up to extraction of a subsequence, to
a radius Ry € (0, R]. Similar arguments as in the proof of Theorem 5.7 can
then be used, the only difference being that the functions Z;, are defined by
G, ¢-, only in [0, R]\{Rc, }. But the passages to the limit hold similarly. In
particular, one has

SUD || Ze, |11 5,1, < H00 VO <7 < R,
S

while Z., = 0 on (R,,R); hence, up to extraction of a subsequence, the
property (5.72) still holds for some functions Zy and Z € L ((0, R]). Finally,
there exist three radially symmetric fields Aj € LP(2*), wg >0 and V¥ <0
in L*°(Q*) such that, for v§ = wje,, the bounds (5.69) and (5.70) are fulfilled

and the conclusion (5.77) holds in the sense of Theorem 5.7.
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5.2.3. Quantified strict inequalities when ) is not a ball. Let us now turn
to the proof of Theorem 2.3. It shall use the results of Section 4 and it follows
the same scheme as the one of Theorem 2.1.

Proof of Theorem 2.3. Assume here that Q € C is not a ball. Let A €
Whee(Q,8,(R)), A € L(2), v € L¥(L,R"), V € C(Q), Mg > 0, my > 0,
M, >0and My > 0 be such that A > A Id a.e. in Q and

[Allwr.0e (.8, ) < Ma, essQian > my,
||UHL°"(Q,R") < MU, ||V||Loo(Q) < HV-

Throughout the proof, the notation p = p(Q,n, M 4,m,, M,, M) denotes a
constant p which only depends on €, n, M s, m,, M, and My .

Assume that A(Q, A,v,V) > 0 and call ¢ the unique principal eigen-
function of the operator —div(AV) +v -V + V in Q with Dirichlet boundary
condition, such that maxg ¢ = 1. Namely, the function ¢ satisfies

—div(AVy) +v-Vo+ Ve = A1 (2, 4,0, V)e in Q,

(5.83) ¢ >0 in Q,
el o) = 1,
@ =0 on 09,

and it is in W2P(Q) and in C1*(Q) for all 1 <p < +oo and 0 < a < 1.
First, remember that

—My <minV < A\ (2, A4,v,V).
Q
Then, let B be an open ball included in €2. As observed in Step 4 of the proof

of Theorem 2.1, it follows from Lemma 1.1 in [13] that there exists a constant
C > 0 only depending on B, n, M 4, my, M, and My, such that

A(Q,A,0,V) < \(B,A,0, V) <C.
From standard elliptic estimates, there exists then a constant

N = N'(Q,n,Ma,my, My, My) >0
such that

!
H‘P”cl,m(ﬁ) <N.
We now claim the existence of a positive constant

§ = 5/(Q,R,MA,mA,MU,Mv) >0
such that
o(z) > 8 x d(x,00) Vze.
Assume not. Then there is a sequence of fields (A4, Ap, vp, Vp)pen in

W (Q, S, (R)) x LL(Q) x L=(Q,R™) x C(Q)
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such that A4, > A, Id a.e. in 2,
{ ||Ap‘|wl,m(973n(R)) < MA, essﬂinf Ap > mp,
[vpll oo () < My, [[Vplloe() < My
for all p € N and a sequence of points (z;)pen in 2 such that
d(zp, 09)
p+1
where one calls (A (€2, Ay, vp, Vp), ¢p) the unique solution of
—div(4pVep) +vp - Vo + Vopp = A(, Ap, vp, Vp)pp in Q,
wp > 0 in (),

lepllie@) = 1,
¢p = 0 on 9N

(5.84) 0 < pp(zp) < VpeN,

for each pe N. We have already noticed that the sequence (A (€2, 4,,vp,V}))peN
is bounded. From standard elliptic estimates, the sequence (pp)pen is also
bounded in W?24(Q) and C*(Q) for each 1 < ¢ < +oc and 0 < o < 1. Up
to a subsequence, one can assume without loss of generality that A, — A
(componentwise) uniformly in Q, VA, — VA (componentwise) in o(L>, L!),
vp — Voo (componentwise) in o(L>, L), V, = Vi in o(L>°, L), vp = ¢oo
weakly in W24(Q2) for all 1<q< +oco and strongly in C»*(Q) for all 0 < a <1,
A (2, Ap,vp, V) = X and xp — 200 € Q as p — +oo. It follows that

Poo 0 in Q,

l¢oollLoe() = 1,
Yoo =0 on 0f)

v

and Yoo(Zoo) = 0. Since Ay > myld in Q, the strong maximum principle
yields that po, > 0 in €2, whence 2o, € 9. On the other hand, (5.84) implies
that |V¢eo(Zeo)| = 0, which is impossible from Hopf lemma. One has then
reached a contradiction.

Therefore, coming back to the fields (A, A,v,V) and to the function ¢
solving (5.83), we get the existence of &' = &' (Q,n, Ma,my, My, My) > 0
such that

o(z) > 8 xd(x,00) Vzel.
In other words, the function ¢ is in the set £y /5 y7 5 (£2).

Call

N = SNI(Q,TL,MA,mA,MU,M\/) >0

and

5,(97 n7MA7mA7 MU?MV)

0= 3

> 0.
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Then, call n > 0 the positive constant which is given in Corollary 4.5, with the
choice a = 1/2. Tt only depends on 2, N and 4, and therefore,

n= U(Qv n>MA7mA7 Mvaﬁ\/)'

Call now

Qu n)MAamAv M’U7MV)

5 > 0.

6 = H(QanaﬂAva7H’U7Mv) = n(

Then, choose any &’ € (0,1) such that

AM(Q, A0, V) + 2

+e +emt+ €|V

< A1(Q, A0, V)
1—¢ - 1+6 '

It is indeed possible to choose such a &’ since A1 (2, 4,0, V) > 0and 0 < 6 < 1.

Under the notation of Step 4 of the proof of Theorem 2.1, there exists
a sequence of C* fields (Ag, Ak, vk )ken satisfying (5.32) and (5.33), and such
that the solutions ¢y of (5.36) converge to ¢ as k — +oo weakly in W?2P(£2)
and strongly in C*(Q) for all 1 < p < 400 and 0 < o < 1. Furthermore,
it has been proved that A;(Q, Ak, vk, V) — A1(Q,4,v,V) as k — +o00. Then
there exists K € N such that (5.38) holds and

(5.85)

oK € E1jaon 50/2(2).

Under the same notation as in Step 5 of the proof of Theorem 2.1, the functions
1y converge to px as | — +oo in W2P(Q) and C*(Q) for all 1 < p < 40
and 0 < a < 1. Therefore, as in Step 5, there exists L € N such that (5.44)
holds and

YL € E1ja3n3(2) = E1ja n,5(82).
Therefore, all assumptions of Corollary 4.5 are satisfied with

(A, Aq,w,V,¥,wo, 1) = (A, Ak, [vk|, V0L, €', M(Q, A0, V) + 2¢).

Notice especially that wg and g are nonnegative. With the same notation as
in Sections 3 and 4, it then follows from Corollary 4.5 that

[ BRIV~ 9550+ V)] e Vs
L @) U@y,
S A )2e Vg

The same calculations as in Steps 6, 7 and 8 of the proof of Theorem 2.1
can be carried out, where in (5.45), p = A1 (2, A,v,V) + 2¢’ is replaced with
(AM(Q,A,0,V) +2¢") /(1 +n). One then gets the existence of three radially
symmetric C>(Q¥) fields A* > 0, w* > 0, V' < 0 and a nonpositive radially



REARRANGEMENT INEQUALITIES 727

symmetric L>°(Q*) field V* which satisfy (2.2) and are such that py+~=p_y -,

V*<V" and
AL(QF, A*Id, 0%, V™) < A (QF, A*Id, v*, V)
AM(Q, A0, V) + 2

< 1+n :
- 1—-¢

where v* = w*e, in Q*. As a consequence, there holds

+e + 6'mX1 +& IV |l

A(2,A4,0,V)
1+60

from the choice of ¢’ in (5.85). The proof of Theorem 2.3 is now complete. [J

A%, AT, 0¥, V) < A\ (QF, A*Id, 0", V") <

5.3. Constraints on the eigenvalues of the matrix field A. We now give
the proof of Theorem 2.4. The following elementary lemma will be needed:

LEMMA 5.10. Letn>2,pe{l,...,n—1},w>0,0 >0 and A € S,(R)
be positive definite such that det(A) > w and 0,(A) < o. Then, there exist
two positive numbers a1, as which only depend on n, p, w and o such that
det(D) = w, 0p(D) = 0, A > a1ld and D > a11d, where D is the diagonal
matriz D = diag(aq, ag, ..., a2) € Sp(R).

Proof. Notice first that, as already underlined in the introduction, the

assumptions of the lemma imply that CEwP/™ < 0. Let f(s) be defined for all
5> 0 as

fls) = waL:llsp_" + CP_ 8P
The function s is continuous and strictly convex in (0,+00). Furthermore,
f(0%) = f(+00) = +00 and elementary calculations give

min  f(s) = f(w'/™) = CPwP/" < 0.
s€(0,400)

Call
_w
(a2)n—1 ’

The real numbers a; and as are well defined and positive. They only depend

az =max{s >0, f(s) <o}, a1 = D = diag(ay, asg,...,as) € Sp(R).

on n, p, w and o. Furthermore, a1 < w¥™ < ay, D € Sn(R) and
det(D) = w, 0,(D) = CP"jay(ag)P L + CP_,(a2)? = f(az) = 0.

Denote 0 < A} < --- < A, the eigenvalues of A. Call

1/(n—1)
0< 62 = H i
2<i<n
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and
_ w det(A)
5.86 0<a == < = AL
(5:56) R
2<i<n

Since w = a1(az)" ! < A\1(@2)""!, one has

f@2) = wCl ()P + Ch_ (az)"

p—1 P

n—1 n—1
< CPTIA X ( I1 )\Z-) +CP | x ( I1 /\i> :
2<i<n 2<i<n

Forg=p—1or g=p, call
Jy=1{J C{2,...,n}, card(J) = q}
and, for all I C {1,...,n},

F]:H)\i.

i€l
Observe that card(J;) = C!_, and that

1/CP2 1/Ch,
Oa=(m~) =(II~) -
2<i<n JeETp-1 JeTp

p—1
n-1CP > n-1CP_}
fa) < CP~iax < 11 7TJ> : +Cp 1% < 1T WJ) ’

JeTp—1 JETp
1/CP_ 1/Ch
—1
= Cfl_l)\lx H Ty —|—Cfl_1>< H7TJ
JEJp—l Jejp
<nx ¥ mt Y
JEprl JeTp

_ > .

Ic{1,..n}, card(I)=p
= op(4)
< 0.

Hence, as < a9 and
w w

(62)71—1 - (a2)n—1

Together with (5.86), it follows that A\; > a1, whence A > a;1d.

al =

= aj.
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Proof of Theorem 2.4. Let Q, A, v, V, p, w, 0 be as in Theorem 2.4, and
let a1 > 0 and ag > 0 be given by Lemma 5.10. Therefore,

Alr) > a1ld VxeQ.

For all x € Q*\{0}, define now A*(z) as in Theorem 2.4. Thus, A*(x) > a;1d
and there is an invertible matrix P(z) of size n x n such that

A*(x) = P(z)DP(z) "1,
where D = diag(ay,as,...,a2) € S,(R). Hence,
det(A*(z)) = det(D) = w and 0,(A*(z)) = 0p(D) =0 V¥V x € Q*\{0}.

Let € > 0 be given. From Theorem 2.1 applied with A equal to the positive
constant aq, it follows that there exist two radially symmetric C>°(Q*) fields
w* > 0and V' < 0, and a nonpositive radially symmetric L (Q*) field V*,
such that, for v* = w*e, in 0*\{0},

[0 || Lo (= mry < [Vl Lo,y [V 22005y = IVl 220
{ W S Hy—s pys = poy-, VESTT
and
AL, arId, v*, V) < A (QF, a1ld, v*, V) < M(Q, 4,0, V) 4.
From Remark 2.5, one concludes that
AL, A% 0%, V) < A (QF, A% 0", V) < M (Q, A0, V) + e

Lastly, since A > a1ld in Q and A*V¢ = a1 V¢ for any radially symmetric
function ¢ in 9%, the existence of two radially symmetric bounded functions
wy > 0 and Vi <0 in Q* satisfying (2.4) and

)\I(Q*a A*a US: ‘/E)*) < )\I(Q7A7v7 V)7

where v = wie, in QF, can be done as in Step 10 of the proof of Theorem 2.1.
This completes the proof of Theorem 2.4. U

Remark 5.11. Consider now the case when () is a general open subset of
R™ with finite measure, and let (A, v, V) be as in Theorem 2.4, with the extra
assumption V € L>®(Q). Since A > a11d in Q, it follows, as in Remark 5.9,
that there exist two radially symmetric bounded functions wg > 0 and Vi < 0
in Q* satisfying (2.4) and A (%, A", v§, Vi) < A(Q, A, v, V), where v = wier
in % and A* is the same as in Theorem 2.4.
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6. The cases of LP constraints

In this section, we focus on optimization and comparison results for
A1(Q, A;v, V) when Q has fixed Lebesgue measure, A satisfies the same con-
straints as in Theorem 2.1 and v and V satisfy LP constraints. We first give
in Section 6.1 some optimization results when (2 is fixed. Then, relying on
Theorem 2.1, we derive in Section 6.2 some Faber-Krahn type inequalities.

6.1. Optimization in fired domains. In Theorem 2.1, we were able to com-
pare the eigenvalue A1 (2, A,v, V) to A\ (%, A*Id, v*, V*) in Q*, where the L!
norms of A=! (with A > A Id) and |v|?A~! and the distribution function of
V'~ were the same as for the new fields in Q* (in particular, all LP norms of
V'~ were preserved). In this section, we fix the domain {2 and we minimize and
maximize A;(Q, A,v,V) when A > A Id and v and V satisfy some LP N L>
constraints with some given weights. Furthermore, we prove the uniqueness of
the optimal fields when A is fixed and v and V satisfy given L constraints.

6.1.1. The case of LP constraints, 1 < p < 4o00. Given 2 € C, M > 0,
A€ Li_o(Q), 1< p,q < 400, W1p, W00, W2,q, W2 00 € Li_o(Q), Tlps Tloos 12,9
T2,00 > 0 such that M > ess sup A, define

‘AQ>M7A7p7q’wl,p7w1,oo7w2,q7w2,oo7Tl,p77—l,ooy7—2,q77—2,oo

={(4,0,V) € Wh=(0, 8,(R)) x L=(Q,R") x L¥();
HA”WLOO(Q,Sn(R)) <M, A>AIdae. in Q,

HwvaHp S T17p7 ||w1,OOUHOO S TLOO?

Vi, < Togs 02,00V [l < 7200

and
(6.1)
A(Q7 M, A, p,q, W1,ps W1,005 W2,q5 W2 005 T1,ps T1,005 72,q5 7_2,00)
_ inf M (Q, A0, V),

(AW»V)EAQ,M,Ayp,q,wvawl,ooﬁw2,qvwz,oole,val,oo"’lqﬂ'?’OO

)‘(97 M, A, Db, q,W1,p, W1,00, W2,q, W2 005 T1,py T1,005 72,q5 7_2,00)
= sup A(2,A4,0,V).

(A7U7V)G‘Aﬂ,MyAvpa‘Lwl,pawl,ooaw2,q7w2,oo’7—1,P’TIYOO’TZ‘I’TZOO

Observe that AQ7M7A7p7qvw1,p7w1,oo7w2,q7w2,oo7Tl,p77'1,ooy7-2,q772,oo # 0, that
72,00
A(Qa M, A\, p,q, W1,p, W1,00, W2,q, W2,00;5 T1,ps T1,005 72,q5 7_2,00) > — :
ess infows o

and that

)\(Qa M7 Aa D, q,W1,p, W1,00, W2,q, W2,005 T1,p5 T1,005 72,q> 7-2,00) < +00

by [13].
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Our first result deals with the optimization problem for (6.1):

THEOREM 6.1. Let Q € C, M >0, A € LT(Q), 1 < p,q < 400, wyp,
W00, W2,q, W2eo € LE(Q) and 71 p, Ti 00, T2,q, T2,00 = 0 be given such that
M > ess supqg A. Then,

(1) There exists (A,v,V) € AQ M A p.gwipawr.cows.qws.com.pio0sm2.qi 2,00 SUCH
that, fo = QQAV:

(a) A(Q, M, A,p,q, W1,ps W1,005 W2,q, W2,00, T1,ps T1,005 T2,q> 7'2,00)

= M(Q 4,0, V),

(b) v- Vo = —[v| x [Vy|a.e. in Q,

(¢) V(z) <0 a.e in Q,

(d) lJwipoll, = T1p or (w1l = Tr00s [[w2,4VI, =724 or

[w2,00V ]| o = T2,00-
Moreover, if (A, v, V) € AQ MAp,q.wi p w100, 024,102,071 psT1.00,72.q,72.00 15 SUCH
that
A(Q, M, A,p, q, wLp, 'LUl,oo, wqu, wgm, lep, Tl,ooa 7'27q, 7’2,00) = )\1 (Q, A, v, V)
and if ¢ = Yo vV, then properties (b), (¢) and (d) hold with ¢,v,V

instead of p,v and V,

(2) There exists (A,T,V) € AQMAp,qwipw1.cowa.gws o m.pm.omgm2.00 SUCH
that, if @ = COATT:

(a) A(Qa Ma éapa (Qw1,p, W1,00, W2,q5, W2,005 T1,ps T1,005 72,q5 7_2,00)

= AI(Q, A, T, V),

(b) v- Vg = [v] X |Vp| a.e. in Q,

(c) V(z) >0 a.e. in Q,

(@) Jwrgll, = 71p o w10l = Troos 12qV g = 724 o7

||w2,oov”oo = T2,00-
Moreover, if (A, 0, V) € AQ MM p.qw1.pw01,00 W2.g:02,00 71 py 00, T2.9 72,00 15 SUCH
that
)\(Q, ]\47 A,p, q, ’U}Lp, 'wl,oo; wqu, 'wgpo, 7'14,, 7’1700, T27q, 7_2’00) = )\1 (Q, A, v, V)
and if ¢ = Yo Apv, then properties (b), (c) and (d) hold with ¢,v,V
instead of B, and V.
We will use several times in the proof the following comparison result:

LEMMA 6.2. Let Q€ C, p € R, A € WH*(Q, S, (R)) with A > v1d a.e.
in Q for some vy >0, v € L®(Q,R") and V € L*(Q). Assume that ¢ and ¢
are functions in W™ (Q) for all 1 < r < +oo, satisfying ||¢|ly = V], and
=1 =0 on 0. Assume also that ¢ > 0 in Q, ¥ > 0 in Q and

—div(AVY) + 0.V + Vo > pp a.e. in Q,
—div(AVe) +v.Vo + Vo < pup a.e. in Q.
Then ¢ =1 in Q.
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Proof. The proof uses a classical comparison method. (This method was
used for instance in [13].) We give it here for the sake of completeness. Since
1 > 01in Q and ¢ = 0 on 01, the Hopf lemma yields v(z) - Vi(z) < 0 on 09,
where, for all z € 99, v(x) denotes the outward normal unit vector at x. Since
peCHWQ) forall 0 < B <1, ¢ >0inQand ¢ = 0 on 99, it follows that
there exists v > 0 such that vy > ¢ in €. Define

v =inf{y >0, 7 > ¢ in Q}.

One clearly has v*¢ > ¢ in 2, so that v* > 0. Define w = v*¢) — ¢ > 0 and
assume that w > 0 everywhere in 2. Since

(6.2) —div(AVw) +v-Vw + Vw — pw > 0 a.e. in §2

and w = 0 on 012, the Hopf maximum principle implies that v - Vw < 0 on 0f).
As above, this yields the existence of K > 0 such that w > ky in €2, whence
Y /(14 k) > ¢ in Q. This is a contradiction with the minimality of 4*. Thus,
there exists xg € Q such that w(zg) = 0 (i.e. v*9(zg) = ¢(x0)). Since w > 0
in ©, it follows from (6.2) and from the strong maximum principle, that w =0
in 2, which means that ¢ and v are proportional. Since they are nonnegative
in  and have the same L™ norm in {2, one has ¢ = 1), which ends the proof
of Lemma 6.2. O

For the proof of Theorem 6.1, we will treat the minimization problem only,
the maximization problem being clearly analogous. It is plain to see that the
result is a consequence of the two following lemmata:

LEMMA 6.3. Let Q € C, M > 0, A € LT(Q2), 1 < p,q < +00, wyp,
W00, W2,g, W2ee € LE(Q) and 71 p, T 00, T2,q, T2,00 = 0 be given such that
M > ess supg A. Assume that

(A’ v, Z) € AQ:MvAvp:%wl,pywl,oo:w2,q7w2,oo77'1,1077'1,00:7'2,11772,00

1 such that
(6.3)
A(Q7 M, A, D, 4, W1,p, W1,00, W2,q, W2,005 T1,p, T1,00; 72,q5 7'2,00) = )\1(97 A7 v, K)v

and let p = pq avv- Then, properties (b), (c) and (d) in Theorem 6.1 hold.
LEMMA 6.4. Let Q € C, M > 0, A € LT(Q), 1 < p,q < +00, wyp,

W00, W2,q, Woeo € LE(Q) and 71 p, Ti 0o, T2,q, T2,.00 = 0 be given such that
M > ess supg A. Then, there exists

(A’ v, K) € AQ:MvAapvq,wl,p)wl,oo:w2,q:w2,00771,p,71,oo77—2,q,7'2,oo

such that (6.3) holds.
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Proof of Lemma 6.3. Let A,v,V and ¢ as in Lemma 6.3. Remember that
p € C1(Q). Define, for a.e. z € €,

Vo(z) |
—Ju(@)] == if Vo(z) # 0,
w(zr) = ‘Vf(m)‘
0 if Vo(z) =0
so that w - Vo = — [y x ’Vg’ <wv-Vy a.e. in 2, and set

p=A(2,Aw, V) and ¥ = 9o Awy-
Notice that |w| < |v| a.e. in Q, whence
(A, w, V) € AQ M A p,gw1 w100 W2,9,12,00 71 p:T1,00172,:T2,00
and
A= A M, A, p, g, w1 p, W1 00, W2,q, W2,005 TLps T1,00s T2, T2,00) < -
Thus, one has
—div(AVy) + w-Vp + Vo < —div(AVe) + v- Vo + Vo = Ap < up
{ —div(AVY) + w-Vi + Vip = i)
a.e. in 2, and Lemma 6.2 yields ¥ = ¢ and therefore pt = A and v - Vyp =
w- Ve =—|v] x ‘Vg‘ a.e. in Q. - -
As far as assertion (c¢) is concerned, define, for a.e. x € Q,
e { V) V@) <0
0 if V(z) > 0.
Observe that |[W| < |V]| a.e. in Q, whence
(A, 0, W) € AQ MM p,gw1 p,101,00,0,4,W2,00, 71,9100, 72,0, T2,00
If p=X(Q,4,v,W) and ¢ = pq 4w, one therefore has A < p and
—div(AVY) + v - Vi + Wi = up ace. in €,
while, since W < Vo a.e. in (,
—div(AVy) +v- Vo + We < pp ae. in .

Lemma 6.2 therefore shows that ¢ = ¢, and it follows that Wy = Vp a.e. in
2, which implies W =V a.e. in {2 since ¢ > 0 in €2, and this is assertion (c).

Assume now that [lwipv|, < 71 and |lwiecv|,, < 71,00, and define, for
a.e. T € €,

Vo(z) .
— (Ju(x)| + = if V(z) # 0,
wl(z) = (lu(z)| + ) ‘Vg(m)‘ o(z)

0 if Vo(z) =0,
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where € > 0 is choosen in such a way that |jwipwl|, < 71, and [Jwiewl|, <
T1,00, 80 that, if = A1 (2, A, w,V), one has A < p1. Let ¢ = ¢ 4w, v. Observe
that

—div(AVy) +w- Ve + Ve

IN

Ap < pp a.e. in €,
since w - Vo = — (|v] +¢) ’Vg‘ < —ly] x |Veo| <v-Vyp ae. in Q, while
—div(AVY) +w - Vi + Vi) = pap ae. in Q.

Another application of Lemma 6.2 yields that ¢ = ¢ and therefore w - Vo =

v-Vy, so that —e V| = 0 a.e. in {2, which is impossible. One argues similarly
for V, using the fact that V. < 0 a.e. in Q. O

Proof of Lemma 6.4. Write
A= A(Q, M, A, D, 4, W1,p, W1,00, W2,q, W2 00y T1,py T1,005 72,q5 7—2,00)~

There exist a sequence (Ag)gen € WH(Q, S, (R)) with 1Ak 1,00 (0.5, )
< M and Ay > A ld a.e. in Q, a sequence (v )gen € L>(Q,R™) with [lwy pukl|,
< T1p and [|wi oV ||, < 71,00, and a sequence (Vi )ren € L*°(Q2) with Hw2,qVqu
< 7o and [Jw2 00 Vil o, < 72,00, such that

A= M (Q, A, vg, Vi) = A as k — +o0.
For each k € N, call ¢, = vq, 4, v, V4, SO that
—div(Ax Vo) + vk - Vor + Vior = Ak in 2 and ¢ = 0 on 9€2.

By the usual elliptic estimates, the functions (. ’s are uniformly bounded in the
spaces W27 (Q) for all 1 < r < +o0, and therefore in C1*(Q2) for all 0 < a < 1.
Therefore, up to a subsequence, one may assume that, for some nonnegative
function ¢ € W2"(Q) for all 1 < r < 400, pp — ¢ weakly in W27 (Q)

for all 1 < r < 400 and ¢ — ¢ strongly in Clo(Q) forall 0 < a < 1,
as k — +oo. Similarly, there exists 4 € WH*°(Q, S, (R)) such that (up to
extraction), Ay — A uniformly in Q and, for each 1 < j < n, 9;A4; — 9;A
in o(L>(Q), L' (€2)) componentwise. In particular, [| Al w1 (q,s, &) < M and
A > A Id ae. in Q. Finally, up to extraction again, there exists w € L*>()
such that |vg] = w > 0 in L*>(Q) weak-* and then weakly in L"(£2) for all
1 < r < 400, and there exists V. € L*(Q) such that V;, — V in L*(Q)
weak-* and then weakly in L"(Q) for all 1 < r < 4o00. Since, for all £ > 1, by

Cauchy-Schwarz,
—diV(Angok) — |’Uk| |Vg0k| + Vk@k < )\k(pk a.e. in €,

one has
—div(AVy) —w ‘Vg’ + Ve < Ap a.e. in €.
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Define now, for a.e. x € 2,

0 if Vo(z) =0,
so that v -V = —w ’Vg‘ a.e. in . One therefore has
(6.4) —div(AVy) +v- Vo +Vp < Ap a.e. in 2 and ¢ = 0 on 09.

Observe that (A,v,V) € A M A pgwipwi.cows.qws.com.p oo m2.gm20  Define
now p = A(Q,4,v,V) and ¥ = pq 4.V, so that A < p. It follows from (6.4)
that

—div(AVY) +v -V +Vip = up  a.e. in €,

—div(AVe) +v- Vo + Vo < pp  in Q.

Moreover, ¢ > 0 in €2, ¢ > 0 in €2, ¢ =% = 0 on IQ and Hf” =¥ =1
Lemma 6.2 therefore yields ¢ = 1, hence A = p. This ends the proof of
Lemma 6.4. O

Remark 6.5. What happens in Theorem 6.1 if one drops the L*° bounds
for v or V? Even if one still assumes that v and V are qualitatively in L (so
that the principal eigenvalue of —div(AV) +v -V + V is well defined by [13]),
it turns out that the infimum or the supremum considered there may not be
achieved. For instance, fix 1 <p<n, Q€ C,7>0, A=Idand V =0 in Q,
and define

A7) = A1 (Q,1d,v,0).

inf

vEL®(LR™), [Jv]|, <7
Since the operator —A+v-V satisfies the maximum principle in 2, its principal
eigenvalue is positive, for each v € L>(Q,R"), and therefore A\(Q2,7) > 0. We
claim that A(Q,7) = 0. Indeed, fix pg > 0 such that there exists a ball By
with radius pg included in Q. Call xg its center. For all A > 0 large enough,
define p4 € (0, pg) such that A(ay,p%)"/P = 7 (recall that a,, is the Lebesgue
measure of the Euclidean unit ball in R™), let B4 = B(xg, pa) be the ball with
the same center zp as By and with radius p4, and set v = A x 1p,e,(- —xp) in
Q, so that [[v]| gy = 7. One has A1 (€,1d, v,0) < A1(Ba,Id, Ae, (- — z9),0)
since B4 C 2. But

A (Ba, 1d, Aey(- — z0),0) = 22

Pa
where g = )\1(§, Id, Apae,(- — xp),0) is the principal eigenvalue of —A +
Apaer(- — xo) - V on the ball B with center xg and with radius 1, under
Dirichlet boundary condition. Notice that Aps — 400 as A — 400 since
1 < p < n. Furthermore, ug = A\ (BT, Apae,) under the notation (2.15),

where B is the Euclidean ball of R" with center 0 and radius 1. It then
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follows immediately from Appendix 7.3 that logug ~ —Aps when A — +00
(see also [22] for related results under stronger regularity assumptions). As a
consequence, there exists Ag > 0 such that, for all A > Ay,

—Apa/2
M (B, Id, Aey (- — 20),0) <

—— = a2/ny2/n A2p/ne—(a;”w/ml*p/">/2,
Pa
and this expression goes to 0 when A — 400, which proves the claim.

Similarly, one can show that, if @ € C, 7 > 0 and 1 < ¢ < n/2 are fixed,
(6.5) inf A1(92,1d,0,V) = —o0.

VeL>= Q) [IVl,<r

Indeed, fix pg as before, and, for all A large enough, let ps € (0, pg) such that
Adaypy = 74, and set V. = —A x 1, where By = B(xo,pa) is defined as
previously, so that [|V[| 4 = 7. One has

(6.6)
A1(€,1d,0,V) < A\y(Ba,1d,0, —A) = A\1(Ba,1d,0,0) — A
= % — A= Ca2/nr=/np2in A
Pa

where C' = A1(B,1d,0,0) > 0. The right-hand side of (6.6) goes to —oo when
A — 400, due to the choice of ¢. This ends the proof of the claim (6.5).

6.1.2. The case of L constraints. When solving optimization problems
for \1(Q, A,v,V) if A is fixed and v,V vary and satisfy L>° bounds, we can
precise the conclusions of Theorem 6.1. Fix Q € C and A € W1>(Q, S, (R))
such that A > v 1Id in € for some positive real number v > 0. Given 71,75 > 0
and w; € LT (Q), define

Aa,aunmm = {0, V) € LZ(QRY) x L=(Q); [wro]o <71, [Vl <7201

and
A(Q,A,wl,Tl,Tg) = inf Al(Q,A,U,V),
(U?V)GAQ,A71U17T1,T2
A A wr,11,72) = sup A (Q,A,0,V).

(’U?V)GAQ,A,’Wl,Tl,TQ

The optimization results under these constraints are the following ones:

THEOREM 6.6. Let Q € C, A € Wh*°(Q,S,(R)) such that A > ~Id in Q
for some v >0, 71,79 > 0 and wy € L(2) be given. Then:

(1) There exist a unique vector field v € L*(Q,R") with ||wiv|, < 71 and a
unique function V€ L®(Q) with ||V|leo < T2, such that

A(Qv Av w1, T1, 7—2) = )\1 (Qa A,Q, K)

Moreover, if ¢ = ©q Ay, one has
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(a) v- Vo= —mwy ‘Vg’ a.e. in £,
(b) |u(z)|wi(z) =1 a.e inQ,
(¢) V(x) = —72 a.e. in Q.
Furthermore, V(z) # 0 a.e. in Q and v(z) = —mywi(z) "' Vo(z)/|Ve(z)|
a.e. in €.

(2) There exist a unique vector field v € L*(Q,R™) with ||w1?|, < 71 and a
unique function V€ L®(Q) with |V |s < T2, such that

X(Q,A,’wl,Tl,Tg) = Al(Q,A,ﬁ,V).

Moreover, if p = ¢q 457, one has

(a) T- VP = nw; ' |VP| a.e in Q,

(b) [v(z)|wi(x) =11 a.e. in L,

(c) V(z) =72 a.e. in .

Furthermore, V@(x) # 0 a.e. in Q and v(z) = +mwy () 'Ve(z)/|Ve(z)|
a.e. in .

Proof. As in the proof of Theorem 6.1, let us focus on the minimization
problem. The existence of v and V such that A1 (Q, A,v, V) = A(Q, A, w1, 71, 72)
is obtained in the same way as in Lemma 6.4, except that one has to define,
for almost every z € Q,

V(z)

—rwy (z) == if Vo(z) # 0,
u(z) = Vo(@)|
0 if Vo(z) =0,
and V(x) = —m for all z € , and that we do not need to introduce the vector

field w. To prove the uniqueness of V, proceed as in the proof of assertion (c)
in Lemma 6.3. We are now left with the task of proving the uniqueness of v
and the fact that wq(x) |v(x)| = 71 for almost every x € Q.

First, arguing as in the proof of Lemma 6.3, one shows that, if v and
V' are such that A (2, 4,v,V) = A(Q, A, w1, 71, 72) and if ¢ = ¢ 44,v, then
v- Vo =—nw;" V| ae. in Q.

To conclude, we need the following lemma:

LEMMA 6.7. Let A € R and v € W27(Q) for all 1 < r < 400, be such
that 1 =0 on 082, ¥ > 0 in Q, Y], =1 and

—div(AVY) — Tywit V| — 1ath = M in Q.
Let v € L*(2,R"™) be such that ||wiv||, < 11 and
AM(Q, A v, —79) = AN(Q, A, wy, 11, T2).
Then A = X(Q, A, w1, 71, 72) and ¥ = 0o Av,—r-
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Proof of Lemma 6.7. Let v be as above and set ¢ = ¢ A 4y,—r,, S0 that
—div(AVe) — rwy V| — mp = —div(AVp) +v - Vo — 1
= A, A, wy, 71, m2)p inQ
by what we have just seen. Define also

vy | @ ;zgg if V() 0,

0 if Vip(x) = 0.
One has [Jwyw||, = 71 and
—div(AVY) + w-Vip — 1) = —div(AVY) — mywy [Vib| — 7o1h = M in Q,

so that, since 1) > 0 in Q and ¥ = 0 on 0f2, by the characterization of the prin-
cipal eigenfunction and the normalization |[9)|« = 1, one has ¥ = ¢ Aw,—m
and

A=A (Q A w, —72) > ANQ, A, wy, 11, T2).
As a consequence,
—div(AVY) +v - Vi) — 1o1p > —div(AVY) — mwy " [Vi| — 7
=\ > AQ, A, w1, 71, 72)1 in £,
while
—div(AVe) +v -V — 10 = A\ (Q, A, v, —72)p = A(Q, A, wy, 71, T2)p in

by assumption. Since 1 > 0 in €2, another application of Lemma 6.2 shows
that 1 = ¢ = Y a4,—7, and that A = A(Q, 4, wy, 71, 72). O

With the help of Lemma 6.7, we conclude the proof of Theorem 6.6. Let
v1 € L>®(Q,R™) and vy € L>®(Q,R") with |Jwivi], < 71 and ||wive| < 71
be such that

A(Qv A7 UJ1,7'1,7'2) - )\I(QvA7U17 _TQ) - )\I(Qa A7 V2, _T2)7

and set

01 = PQ Aw,—m and Y2 = OO A vy—7y-
Since v1 - Vi1 = —lel_l V1| and vy - Vg = —lel_l |[Vo| a.e. in 2, one
has

{ —diV(AV(pl) - lel_l ‘VQOI‘ — 121 = A(Q, A, wl,’l‘l,’rg)gol n Q,
_dIV(AVSD2) - Tlu}l_1 ‘VQPQ‘ — T2p2 = A(Qa Aa w1, T1, 7—2)802 in Q7
with ¢1, 02 € Ni<ratoo W (Q), ¢1,902 > 0in Q, [lp1flc = [[02]c = 1, and
p1 = @2 = 0 on 0. Lemma 6.7 shows that ¢1 =y 44, —r =¥2:=¢, so that

V1 'Vgo:vg-Vgo:—lel_l |V|. It follows that v1 = ve and |v1| = |va| = lel_l
a.e. on the set {x € Q; Vp(z) # 0}. It remains to be observed that Vi(z) # 0
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a.e. in Q. Indeed, if £ = { € Q; Vp(z) = 0}, one has div(AVy) = 0 a.e. in
E, so that =100 = A1(Q, A,v1, —72)p in E, and since A1 (2, A,v1, —T2) > —To,
one has |E| = 0. O

If, in Theorem 6.6, we specialize to the case when ) is a ball and the
diffusion matrix A is equal to A Id with A radially symmetric, we obtain
a more complete description of the unique minimizer and maximizer. More
precisely, we have:

THEOREM 6.8. Assume that ) is a Fuclidean ball centered at 0 with radius
R >0, let A € LL(Q) NWL2(Q) be radially symmetric, set A= Ald and use
the same notation as in Theorem 6.6, under the extra assumption that wy is
radially symmetric Then, v = lel_ler, T = —lel_ler a.e. in ), and ¢ and P
are radially symmetric and decreasing.

Proof. Let ¢ = ¢ = Y Aldw,—7 Where v is given in Theorem 6.6. One
has

(6.7) — diV(AV(p) — 7'1’LUl_1 ]Vg0| — T2 = A(Q, A, ’LU1,T1,T2)S0

in Q. If S is any orthogonal transformation in R™ and ¥ = ¢ o S, then
Y € W2(Q) for all 1 < r < +oo, satisfies (6.7), vanishes on 9Q and is
positive in . Lemma 6.7 therefore yields ¢ = 1, which means that ¢ is
radially symmetric, so that there exists a function w : [0, R] — R such that
o(z) = u(|z|) for all z € Q, and u is CH*([0,R]) for all 0 < a < 1. Let
0 <7 < ry < R. Remind that A\(Q, A, wy,71,72) = \M(Q, 4,0, —79) > —To.
Since

(6.8) —div(AVe) +v- Ve = (AQ, A, wy,71,72) + T2)p >0

in Q, the maximum principle applied to ¢ in B,, yields that ¢ > u(rs) in
B,,, which means that u(r1) > u(re). Moreover, if u(r1) = u(re), the strong
maximum principle implies that ¢ is constant in B,,, which is impossible be-
cause of (6.8). Therefore, u(r;) > u(rz). Finally, if 0 < r; < ro = R, one has
immediately u(r1) > u(re) = 0. Thus, u is decreasing in [0, R], and this yields
at once v = 1w, le, from Theorem 6.6.

The arguments for p and T are entirely analogous and this completes the
proof of Theorem 6.8. O

6.2. Faber-Krahn inequalities.
Proof of Theorem 2.7. First, since ||V || < 72, it follows from [13] that
Al(Q,A,U,V) > )\1(Q,A,’U, —Tz) = —To + Al(Q,A,U,O).

But A\ (2, A,v,0) > 0. Theorem 2.3 then yields the existence of a positive
constant 6 = 0(Q,n, M a,my,71) > 0 depending only on (Q,n, M4, my,71),
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and the existence of two radially symmetric C*(Q*) fields A* > 0, w* > 0
such that, for v* = w*e, in O,

{ essﬂian < ngln A < n;zzix A < esstupA, H(A*)*1HL1(Q*) = ”A71HL1(Q)7
[V | oo (e ey < N[0l o @y [ PAS) T p2gey = [PA™H L1
and
A (9, A,0,0) > A\ (2, A*1d, v*,0) x (1 +6).

Observe that ||v*||,, < 71. It follows from Theorem 6.8 (with w; = 1) that

—79 + A (X, A'Id, 0", 0) = A (QF, AId, 0™, —12) > A (QF, A*Id, Tie,, —72)
and A1 (Q*, A*Id, v*,0) > A\ (Q*, A*Id, 11e,,0). Therefore,

A(Q, A0, V) > A (AT, ey, —T2) + 60 x A (QF, A*Id, T1e,,0)

since 0 and A1 (Q*, A*1d, Tie,,0) are positive.
We now estimate A;(€2*, A*Id, 7ie,,0) from below. Let ¢ = ¢« A*1d,me,.0,
A=A\ (Q% A*Id, 11e,,0) > 0 and
|| L _
U(z) =7 A (re) " dr Y x € QF,
0
where e is an arbitrary unit vector. Multiply the equation

—div(A*Vy) + 116, - Vo = Ap in QF

by pe~V € HE(Q*)NWH>(Q*) and integrate by parts over Q*. It follows from
the definition of U that

/ A |Vp|?e ™V = )\/ e U <\ [ 2

Q* Q* Q*
The last inequality holds since A > 0, and U > 0 in Q*. But A* > ess infg A >
my > 0, whence U < 7ym; 'R in O, where R = aﬁl/n|Q|1/” > 0 is the radius
of 0*. Finally,

- —1/n n
)\ @2 Z mAe—TlmAlanl ‘Q|1/ / ‘v¢’27
Q* Q
whence
- —1/n n
A\ > mAe—nmAlanl |t/ « |Q|_2/n0é721/n(jn/2_171)2 = k>0
from (1.3) and (1.4). The conclusion of Theorem 2.7 follows with the choice
n=n(Q,n,Ma,my,7)=0xr>0.

Proof of Corollary 2.8. Assume first that ) is not a ball. Write

AM(Q,A,0, V) > A\ (Q,A,0,0) + essQian.



REARRANGEMENT INEQUALITIES 741

Under the notation of Corollary 2.8, then Theorem 2.7 applied to A (€2, A, v,0)
with A = 74 clearly gives A* = v, in Q*, so that

)\I(Q7A7/U70) > Al(Q*,VAId, H'U”ooerao)v

whence

AM(Q, A0, V) > A (Q*, vald, ||v||ecer, 0) + essQian
= M (2, yald, ||v]|ccer, ess infq V).

Assume now that 2 is a ball. From Theorem 2.1 applied to A1 (€2, A, v,0) with
A = 74, there exists v* € L°(Q*,R") such that [|v*||fec(q+rr) < [|[V]|Loc (@ rn)
and

A1L(Q2F,vald, v*,0) < A(Q, A, 0,0).
But A1 (%, v4ld, [|[v]| oo (@ rryer, 0) < A1(2%,7ald, v*,0) from Theorem 6.8 with
wy = 1. Therefore,

A(Q, 4,0, V) > A (QF,vald, HU”LOO(QJRTL)@T,eSSQian).
The conclusion of Corollary 2.8 follows immediately. O

Remark 6.9. If, in Theorem 2.7, we specialize to the case when A = v1d
and A =~ > 0 is a given constant, then we have immediately

A2,y 1d, 0, V) > M(€, 7 1d, [[oflocer, =[[V o)

provided that Q € C is not a ball. Furthermore, if ) is a ball, say with center
g, the uniqueness statement in Theorem 6.8 shows that

A (Q71d, 0, V) = M2,y 1d, [[ollecer (- = @0), —[[V o),

where the inequality is strict if v # ||v||ecer(- — x0) Or V # —||V||s. Finally,
we obtain that, if Q € C, then

(6.9) AL(Q,71d, v, V) = M(Q, v 1d, [|v]lccer, =[[V]loo)

and the equality holds if and only if, up to translation, Q = Q*, v = ||v||cer
and V = —||V||s-

A rough parabolic interpretation of inequality (6.9) can be as follows:
consider the evolution equation u; = YAu — v - Vu — Vu in Q, for t > 0,
with Dirichlet boundary condition on 92, and with an initial datum at ¢ = 0.
Roughly speaking, minimizing A\ (2,v1d,v,V) with given measure || and
with given L constraints ||v]|e < 71 and ||[V||eo < 72 can be interpreted as
looking for the slowest exponential time-decay of the solution u. The best way
to do that is: 1) to try to minimize the boundary effects, namely to have the
domain as round as possible, 2) to have —V as large as possible, that is V' as
small as possible, and 3) it is not unreasonable to say that the vector field —v
should as much as possible point inwards the domain to avoid the drift towards
the boundary. Of course diffusion, boundary losses, transport and reaction
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phenomena take place simultaneously, but these heuristic arguments tend to
lead to the optimal triple (Q, —v, =V) = (2*, —11e,, 72) (up to translation).
In Theorem 2.7, it follows from the above proofs that the inequality

A QA Id, e, 3) < A(Q, A0, V) —

holds if the assumption ||V||oo =[|V'|| oo (@) < T2 is replaced with: ess infqV > 73.
Furthermore, since A\ (2, A,v,V) > A\ (Q, A,v,ess infoV) = A\(Q, A,v,0) +
ess infoV with a strict inequality if V' is not constant (see [13]), it is then
immediate to check that formula (6.9) still holds when —||V||~ is replaced
with ess infqV', and that the case of equality can be extended similarly. The
parabolic interpretation is the same as above if the condition ||V < 72 is
replaced with: ess infoV > 73.

Remark 6.10. If € is a general open subset of R™ with finite measure, and
if A€ Wh™(Q,8,(R)), v € L®(Q,R"), V € L>¥(Q) are such that A > yId in
Q for some constant v > 0, then we claim that

(6.10) AM(Q, A0, V) >\ (QF,~v1d, HUHLOO(Q’RH)QT,GSSQin V)
> M (Q I, [[v][ oo rmyers =1V Lo ()

Indeed, given € > 0, as in Remark 5.9, there exists a nonempty set ' =
QL € C such that Q' cC Q and M (Y, 4,0, V) < A\ (Q,A,v,V) +e. Then the
arguments used in the proof of Corollary 2.8 (with 7 instead of v4) imply that

M (A0, V) > A (QF~1d, HUHLOO(Q?Rn)er,eSSQin V),

where QF is the ball centered at the origin with the same measure as V.
Therefore,
AM(Q,A,0, V) +e > M (Q,v1d, HUHLoo(Q’Rn)er,essﬂinf V)
> M (27, ~v1d, HUHLOO(Q’RH)QT,GSSQinf V)

since 2f C O, and (6.10) follows immediately. Notice that (6.10) holds in
particular with v = ess infq A[A].

7. Appendix
7.1. Proof of the approximation Lemma 5.1. Fix k € N. Call

1R )
T’L"k—m fOI"L—O,...,k"‘]_

and

n n 1/n
Tk T itk / for i — L
Ti+1/2,k = 72 € (7’2"]{” T,H_Lk) or 1 = 0, e, R
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Remember that

|Qp_1(7'i+1,k)7p_1(ri,k)’ = an(riyie = Tik) = |Sriprian] V1 E€{0,.. k]

Let us first define the function g almost everywhere in Q*: for ¢ € {0,...,k}
and = € S, such that [z] # riy1/2.4, set

gr(x) = Gr(|z]),

ik Ti+1,k

where

n n
Tiv1/2,6— T ‘}

1
Gp(r)=sup {CLER; 3 ’{xEQp_l("'i+l,k)7p_1(7"i,k)’ g(x) >a}‘ >ap,

for all 7 € (rix, riv1/24) U (7"2-+1/27k,ri+1,k).3 It then follows by definition that
g is radially symmetric, nondecreasing with respect to |z| in Sri g and

i+1/2,k
nonincreasing with respect to |x| in S, and that

i+1/2,k>Ti+1,k?
Hx € Qpi(riyy )t (rig)e 9(T) > t}‘ = Hx € Sri i IE(T) > t}’

Hx € QP_I(Ti-‘rl,k)vp_l("'i,k)’ g(x) = t}‘ = Hx € Sri,k7ri+l,k7 gk($) 2 t}’

for all i € {0,...,k} and t € R. As a consequence, the restriction of g to

o e
STi,kﬂ"iJrl,k 1S 11 L (Sﬁ,k,TiJrl,k)a
ess inf g < ess inf g= _essinf g < esssup g
@ L1 k) e (e k) Sri o1,k Sri koTid1,k
= ess sup g <esssup g
L YRR WA T C\
and
(7.1) / Gk = / 9= / h
Sﬁ',k»n‘ﬂ,k prl(riﬁ,lyk),p*l(m;’k) S’"i,k”"i«rl,k

for all = 0,...,k, by assumption (5.2). Therefore, gi € L>°(Q*) with

ess inf g = ess inf g < ess sup gx = ess sup g
Q Qx* O* Q

and
{z €, g(z) >t} = {z € Q*, gr(z) > t}]

Hz € Q, g(z) >t} = {z € O, gr(z) > t}]
for all t € R.

3Tn each shell S,

i woriga,ns the function gy is then a kind of Schwarz decreasing rearrange-

ment of the function g in €2, p=1(r; )» With respect to the inner radius 7;11/2 %

“Y(rig1k),
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Let us now define the sequence of functions (Qk) ren- Fix k € N. For each
i €{0,...,k}, the function Gy, is by construction nondecreasing in the interval
(T,k» Tix1/2,x) and nonincreasing in the interval (r;4 /9, 7i41,%). Furthermore,
ess inf Gj = ess inf G = ess inf g > ess inf g.
(Ti,k:ri+1/2,k) (7"1'+1/2,k,7“i+1/2,k) Qp—l(ri+17k),p—1(ri’k) Q
Therefore, in each of the intervals (g, 7i41/2,1) and (7541 /2 %, Ti+1,k), the func-
tion Gj, can be approximated uniformly and from below by piecewise constant
functions which are larger than or equal to ess infg g. As a consequence, there
exists a piecewise constant function Gy, defined in [0, R] such that
(7.2) N
essﬂinf g < Gi(r) < Gi(r) (£ essﬂsup 9) Vre(0,rpp)U-U(rom R)

and

~ 1
(7.3) |G — Gillze(0,r)

< —.
T k+1

Let 0 = pox < p1x < -+ < pn,+1,k = R be a subdivision adapted to CNJk (with
N, € N), namely G}, is equal to a constant mj; € [ess infq g, ess supg g] in

each interval (pjr,pj+1,6) for j = 0,...,Ni. Choose a real number Py such
that
: . PitLk — Pik 1
0 < < ’ ‘
b= (03?3}% 2 Nk Dkt 1))

Let ¢ be a fixed C*°(R,R) function such that 0 < ¢ < 1 in R, ( = 0 in
(—00,1/3] and ¢ = 1in [2/3,+00). Denote G, the function in [0, R] by:
Gy(r)=moy for re[0,p1x —p,J;
Gi(r)=mjy for r€[pjr+p,, pjr16 — p,) and 1<F< N — 1 (if Np>1),

Qk('l”):me,k for re [ka,k +Bk?R]a
m;j k if mjr < mjqpag,

VO < <N, —1,
— = Gp(r)= mj,k+(mj+1,k—mj,k)><C(

7= Pj+1k +pk>
Vrelpjrie—py, Pitikls

Py
i mjprr < myk,
and
myk ik > myg

V1<) <N,
=7 =k G(r)= mj,k—i-(mj—l,k—mj,k)XC(

pj,k;"‘ﬂk_T)
VrEpiks Pkt

Py

it m_1p <mjp.
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The function G, is well defined and C* in [0, R] and

ess inf G = goin mjy < G(r) < Gi(r) V7 € (0,p1) U+ U (px s B),

whence

essﬂinf g <G, < 5k < Gi <esssup g almost everywhere in [0, R]
Q

by (7.2). The function defined by
0,(@) = Gyllal) VoelF
is radially symmetric and of class C°°(Q*) and it satisfies
essﬂinf 9<g, < gk <ess qup g almost everywhere in Q.

Fix now ¢ € [1,+00) and let us check that gy — g, — 0 in LI(Q") as
k — +o00. One has

lgx = gy llzay < IGk(I - 1) = Gill - Dllzae) + IGk(| - 1) = Gall - Dl zages)

anRM)YV4 ~
< (k+>1 G- ) = Gl - DIl £agar)

by (7.3). On the other hand, the definition of G}, and formula (7.2) imply that
Gk — Gl (o,r) = oJnax M — M1kl < 2|Grllreo,r) < 209l Lo ()

Using once again the definition of Gy, it follows that

Nk kTP, ~
G- D=Call - Dl = [nanZ ( / T Galr) ~ Gy

J=0 \"Pik
Pi+1,k ~ 1/q
+ (Gr(r) =Gy (r)r" dr
Pi+1,k=P,

-~ 1
< [2n00 (N + 1)p, " 2l ()]

2noan”_1>1/q

<2 oo
<2|jgllz (Q)X< )

from the choice of Py~ Thus,

(aan)I/q

2na, R 1
ok =gy < T 4 2l x

1/q
Pl > — 0 as k — +o0.

Finally, let us check that the sequences (g)ken and (9, )ken converge to
h as k — +oo in LP(2*) weak for all 1 < p < 400 and in L*™(Q*) weak-*.
Let ¢ be in C(Q*,R) and fix £ > 0. Since the unit sphere S*~! is compact
and ¢ is uniformly continuous in OQ*, there exists ky € N and a finite family
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of measurable pairwise disjoint subsets U, ..., U, of Sn—1 with positive area,
such that S ' =U,U---U Uy, and
(7.4)
1
_ el =yl | < =5
lp(z)—d(y)| <e V¥ ax,y € Q*\{0} such that 0
. r oy
47 such that W7 W e Uj.
Ty

Fix any k such that k > kg. Use the notation = r6 with r = |z| and § = x/|z|
for the points of Q*\{0}. Denote by do the surface measure on S*~!. For all
i€{0,...,k} and j € {1,...,q}, call

/T :““ /U 6(r9) do(6) dr

Tit+1,k :
/ / do(0) dr
Ti,k UJ‘

Since gi and h are radially symmetric and satisfy (7.1) for all i = 0,...,k, it
follows that

bij =

[ a6 o6 dote) ar =0

for alli € {0,...,k} and j € {1,...,q}. Thus,

/Q k0 /Q ho = ij 3 / : /U ((r0) = REO)G(r8) — 9i5) 7 (0)dr

i=0 j=1

and then

k q Ti+1,k
[ oo [ me| < 3% [ (gl + M) < do(®) dr
O* O* i—0 j:1 Tik Uj

= anR"(||gllL~ @) + [[hlLe@x)) €

for all k& > ko (remember that ||gx|z~@=) = llgllze(q)). Since ¢ > 0 was
arbitrary, one concludes that

/gkqb—)/ h¢ as k — 4o00.
Q* Q*

Since this is true for every ¢ € C(Q* R), standard density arguments imply
then that

(7.5) / gLd — / ho as k — +o00, Vo€ Lp,(Q*) and for all p’ € [1, +c0),
Q* Q*

namely gy — h as k — 400 in LP(2*) weak for all p € (1, +00) and in L>(Q2¥)
weak-*. Lastly, since g — g, —+ 0ask — +ooin LP(Q*) for all p € [1,+00)
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and since the functions g, are uniformly bounded in L>°(2*), it follows from
(7.5) and standard density arguments that

(7.6) / 9,0 — / hp as k — +o00, V¢ € Lp/(Q*) and V p’ € [1,+00).
Q" Q*

Thus, g, — h as k — 400 in o(LP(2"), LV (%)) for all 1 < p < +00. Further-
more, since * is bounded, the limits (7.5) and (7.6) also hold with ¢ € L>(2*),
that is gy — h and g, — h as k — 400 in o(LY (), L=(Q%)).

The construction of the functions g, is similar to that of the functions g, ,
but they approximate the functions g from above. O

7.2. A remark on distribution functions. Let o < € R and m > 0 be
fixed. We extend a definition which we used just before Corollary 2.2: F, g(m)
stands for the set of right-continuous nonincreasing functions p : R — [0,m]
such that

wlt)y=m Vit<a and put)=0 Vit>g.

In this appendix, we prove the following fact:

PROPOSITION 7.1. Let a < S € R, m > 0, p € Fyp(m) and Q € C such
that || = m. Then, there exists V- € L*(Q) such that pn = py .

Proof. This fact is rather classical, but we give here a quick proof for the
sake of completeness. Let ¢ be the solution of

—Ap=1 inQ,
=0 on 0.

Observe that the function ¢ belongs to W2P(Q) for all 1 < p < 400, to C'(Q)
for all 0 <y < 1 and is analytic and positive in Q. Let M = maxg ¢ and, for
all 0 < a < M, define (as in §3)

Qg ={x € ¢p(x) >a}.

Set also Q7 = (. Remember that, for all 0 < a < M, |09Q,| = 0.
Define now, for all z € €,

Notice first that this supremum is well defined for all x € €. Indeed, if z € €,
one has ¢(x) > 0, therefore 0 < ’Q¢(z) < 19.

We now claim that V' is measurable and bounded in € and that uy = u.
Indeed, let t € R. By definition of V, for all x € €2,

V(x) = sup {s e R; u(s) > ‘Q¢(I)

Viz) >te (Els > t such that p(s) > ‘Q¢($)

) < ‘Qw(a:) < :U’(t)a

where the last equivalence follows from the right-continuity of p and the fact
that this function is nonincreasing. Define now, for all0 < a < M, F(a) = |Q,].
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The previous equivalence yields

pv(t) = {z € @ Fe(z)) < p@)}].

Since the function F' : [0, M| — [0, |©2|] is decreasing, one-to-one and onto, one
obtains that {z € Q; V(z) > t} is measurable for all ¢t € R, and that

wv(t) = [{z € 2 (@) > F ()} = [p-1u0p| = 1(0),

where the last equality uses the definition of F'. Finally, |[{z € Q; V(z) > 8} =
1(B) =0 and, for all s < «,

{z € V(z) < s}| = Q| = u(s) =0,
which shows that V' € L*>(9). O

7.3. Estimates of \i(B%,Tey) as T — +o0o. We recall that \i(Q,v) is
defined as A1(£2,1d,v,0) for v € L>(2,R™). We call Bf the open Euclidean
ball of R™ with center 0 and radius R > 0, and we set

Gn(m,7) =\ (B}

(m/an)l/"’ Ter)

for all n € N\{0}, m > 0 and 7 > 0. Notice that G, (m, 7) is always positive.
Our goal here is to discuss the behavior of G, (m,7) for large 7. Indeed,

if, in Theorem 2.7, A is a constant v > 0, then, with the same notation as in
Theorem 2.7,

Al(Q,A,U,V) > )\1(9*,")/1(1, T1€p, —7’2) = ’}//\1(9*,1(1,7'1’)/_1,0) — 79
= G (|0, 11y — 7.

The constants v and 7 appear as multiplicative and additive constants in the
previous formula. The function [0,+00) > 7 — G,(m,7) > 0 is obviously
continuous, and decreasing (as a consequence of Theorem 6.8). However, the
behaviour when 7 — 400 is not immediate. It is the purpose of the following
lemma, which was used in Remark 6.5. When A is not constant in Theorem 2.7
but still satisfies some given lower and upper bounds, the following lemma
provides some bounds of A\ (2*, A*Id, 1ye,, —72) when 7 — +o0.

LEMMA 7.2. For all m > 0, 7-2¢™/2G1(m,7) — 1 as 7 + co, and one
even has
(7.7)
3C(m) >0, 319> 0, V7 > 10, |77 272G (m,7) — 1] < C(m)re™™/2,

Moreover, for all n > 2 and m > 0, Gp(m,7) > G1(2(m/an)Y™ 1) for all
720, and

(7.8) — 7 og G (m, 1) = mY"a; V" as T — +o0.
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In [22], with probabilistic arguments, Friedman proved some lower and
upper logarithmic estimates, as ¢ — 0T, for the first eigenvalue of general
elliptic operators —a;;e20;; + b;0; with C! drifts —b = —(b1,...,b,) pointing
inwards on the boundary (see also [47]). Apart from the fact that the vector
field e, is not C' at the origin, the general result of Friedman would imply
the asymptotics (7.8) for log G,,(m, ) = log Al(B("m/an)l/n,TeT). For the sake
of completeness, we give here a proof of (7.8) with elementary analytic argu-
ments. Lemma 7.2 also provides the precise equivalent of G1(m, 1) for large .
However, giving an equivalent for G,,(m,7) when 7 is large and n > 2 is an

open question.

Proof of Lemma 7.2. First, to prove (7.7), fix m > 0 and 7 > 0, set
Q= (—R, R) with 2R = m, and denote
A= AM(Q,7er)
and ¢ = ¢ 1q ;. o- Theorem 6.8 ensures that ¢ is an even function, decreasing
in [0, R] and that
—"(r) + 7' (r) = Ap(r) VO<r<R,
with ¢(R) = 0, ¢ > 0 in (—R,R) and ¢'(0) = 0 (in particular, the above

equality holds in the classical sense in [0, R]). For all s € [0, 7R], define ¢(s) =
©(s/1), so that 1 satisfies the equation

() + /() = Syls) VO<s<TR

with ¥)(TR) = 0 and ¢'(0) = 0. Notice that A depends on 7, but since, for all
7>0,0< X< M((—R,R),0), there exists 79 > 0 such that 72 > 4\ for all
T > 79, and we will assume that 7 > 7p in the sequel. The function 1 can be
computed explicitly: there exist A, B € R such that, for all 0 < s < 7R,

P(s) = Ael+" + Bel"|

where py = (1 4+14/1 —4X/72)/2. Using the boundary values of ¢ and v, one
obtains after straightforward computations:

2
2 AN\ - /1-8r
)\:T4<1+ 1— =2 e Vit
T

Since A remains bounded when 7 — 400, it is then straightforward to check
that A ~ 72¢~7% when 7 — 400, and that (7.7) follows.

We now turn to the proof of assertion (7.8). Let n > 2, m > 0, 7 > 0
and Q = BY% be such that || = m, so that one has R = (m/a,)"/™ and
Gn(m,7) = A\ (2, Te,). We first claim that

Gn(m,7) > G1(2R, T).



750 F. HAMEL, N. NADIRASHVILI, and E. RUSS

Indeed, write

A= )\I(Q? 7—67’) and Pn = SOQ,Id,TeT,O'
Similarly, G1(2R, 7) = M ((—R, R), 7er), and we denote y = A ((—R, R), e)
and ¢ = P R.R)Idrer0 (where Id is then understood as the 1 x 1 identity

matrix). As before, define 9, (y) = ¢, (y/7) for all y € 7Q = B, and ¢4 (r) =
p1(r/7) for all » € [-TR,7R]. Finally, since v, is radially symmetric, let
Uy, @ [0, 7R] = R such that ¢, (y) = un(|y|) for all y € 72 = B"4. One has

i) = "l ) 4 (1) = Zyunlr) i (0,7R),

—u{ (1) +44(r) = Gun (r) in [0,7F],

with !, (0) = u,(TR) =0, ¥1(0) = ¢1(7R) = 0.
Assume that A < p. Since u}, < 0 in (0, 7R] and u, > 0, one obtains

(7.9)

—uy(r) + 1 (r) < Gua(r)  in [0,7R),
—i (1) + i () = Sea(r)  in [0,7R).

Since 9} (TR) < 0 by Hopf lemma, while 9;(r) > 0 in [0,7R), u,(r) > 0 in
[0,7R) and the functions u, and ; belong (at least) to C'([0,7R]), there
exists then v > 0 such that y¢1(r) > up(r) for all 0 < r < 7R. Define ~*
as the infimum of all the v > 0 such that yy; > w, in [0,7R), observe that
v* > 0 and define z = y*¢; — w,, which is nonnegative in [0, 7R| and satisfies

(7.11) — () + 2 (r) — %z(r) >0

(7.10)

forall 0 <r < 7R and z(7R) = 0.

Assume that there exists 0 < r < 7R such that z(r) = 0. The strong
maximum principle shows that z is identically zero in [0, 7R], which means
that y*1; = w, in [0, 7R], and even that ¢; = wu, because ¥1(0) = u,(0) = 1.
But this is impossible according to (7.9) and (7.10).

Thus, z > 0 in (0, 7R). Furthermore, z'(0) = 0, hence z(0) > 0 from Hopf
lemma. Another application of Hopf lemma shows that 2/(7R) < 0. Therefore,
there exists k > 0 such that z > ku, in [0, 7R), whence

*

T /<;¢1 > u, in [0,7R),

which is a contradiction with the definition of ~*.

Finally, we have obtained that p < A, which means that G,(m,7) >
G1(2R,T).

We now look for a reverse inequality. To that purpose, let ¢ € (0,1) and
Ry > 0 such that (n —1)/Ro < e. In the following computations, we always
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assume that 7R > Ry. Define u,, and A\ as before. Let

(- (- (2= ) -

and w the normalized corresponding eigenfunction, so that

—u(r) + (1= 2/ (r) = wu(r) in |0, R~ %} ’

w'(0) =0, w> 0 in [O,R—@» w(R—@) =0.

T

T — Ry

For all Ry <z < 7R, define v(z) = w ( ), which satisfies

/

() + (1 — e)(r) = %U(r) in [Ro,TR],

v'(Rp) =0, v >01in [Ry,TR), v(TR) = 0.

Assume that A > p/. Since (n — 1)/Ry < € and u,(r) < 0 in (0,7R], one
therefore has

—ui(r) + (1= () 2 Bua(r) in [Ro, 7R,
)+ (L= W) = Bulr)  in [Ro, 7R

Arguing as before, we see that there exists v > 0 such that yu,, > v in [Rg, TR).
Define v* (> 0) as the infimum of all such ’s and define z = y*u,, — v, which is
nonnegative in [Ry, 7R] and satisfies —2" + (1 —¢)z' — (¢//7%)2z > 0 in [Ro, TR].

Assume that z(r) = 0 for some r € (Ryp,7R). The strong maximum
principle ensures that z is 0 in [Ry, 7 R], which means that u,, = v in [Ry, TR],
which is impossible because ul,(Ry) < 0 = v'(Ryp).

Therefore, z > 0 everywhere in (Rp, 7R). Furthermore, 2'(Ry) < 0, thus
z(Rp) > 0. On the other hand, by Hopf lemma, 2/(7R) < 0. Thus, there exists
k > 0 such that z > kv in [Ro, 7R), whence (v*/(1 + k))u, > v in [Rp, TR).
This contradicts the definition of ~*.

Thus, we have established that A < p/. Straightforward computations
(similar to those of the proof of (7.7)) show that

2
2 A B e W p
)\<M’:T<1—5+ (1-e)2— 'Z)e (1-2)2— 4 (R~ Ry)

4 T

I

and, since A > G1(2R, 1), formula (7.7) and the equality m = a, R" end the
proof of (7.8). O
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