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The local Langlands conjecture for GSp(4)

By WEE TECK GAN and SHUICHIRO TAKEDA

Abstract

We prove the local Langlands conjecture for GSp, (F') where F is a non-
archimedean local field of characteristic zero.

1. Introduction

Let F' be a non-archimedean local field of characteristic 0 and residue
characteristic p. Let Wg be the Weil group of F' and let W Dp = Wg x SLa(C)
be the Weil-Deligne group. It was shown by Harris-Taylor [HT01] and Henniart
[Hen00] that there is a natural bijection between the set of equivalence classes of
irreducible smooth representations of GL, (F') and the set of conjugacy classes
of L-parameters for GL,,, i.e. admissible homomorphisms

¢ : WDp — GL,(C).

This bijection satisfies a number of natural conditions which determine it
uniquely.

For a general connected reductive group G over F', which we assume to
be split for simplicity, Langlands conjectures that there is a surjective finite-
to-one map from the set II(G) of (equivalence classes of) irreducible smooth
representations of G(F) to the set ®(G) of (equivalence classes of) admissible
homomorphisms

WDp — GV,

where GV is the Langlands dual group of G and the homomorphisms are taken
up to GV-conjugacy. This leads to a partition of the set of equivalence classes
of irreducible representations of G(F') into a disjoint union of finite subsets,
which are the fibers of the map and are called L-packets. Again, this map is
supposed to preserve natural invariants which one can attach to both sides.
These natural invariants are the y-factors, L-factors and e-factors. Unfortu-
nately, on the representation theoretic side, one only has a general theory of
these invariants for generic representations of G(F).

The purpose of this paper is to prove the local Langlands conjecture for

G = GSp,.
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Main Theorem. There is a surjective finite-to-one map
L : TI(GSp,) — ®(GSp,)

with the following properties:

(i) m is a (essentially) discrete series representation of GSp,(F) if and
only if its L-parameter ¢, := L(m) does not factor through any proper Levi
subgroup of GSp,(C).

(ii) For an L-parameter ¢, its fiber L, can be naturally parametrized by
the set of irreducible characters of the component group

Ay = m0(Z(Im(¢))/Zasp,)-

This component group is either trivial or equal to Z/2Z. When A, = 7Z/2Z,
exactly one of the two representations in Lg is generic, and it is the one indexed
by the trivial character of Ag.

(iii) The similitude character sim(¢; ) of ¢ is equal to the central character
wy of m (via local class field theory). Here, sim : GSp,(C) — C* is the
similitude character of GSp,(C).

(iv) The L-parameter of m ® (x o A) is equal to ¢, ® x. Here, A :
GSpy(F) — F* is the similitude character of GSp,(F'), and we have re-
garded y as both a character of F* and a character of Wy by local class field
theory.

(v) Suppose that 7 is a generic representation or a nonsupercuspidal
representation. Then for any irreducible representation o of GL,(F'), with
L-parameter ¢,, we have:

"y(S,TF X o, 7,/}) = "Y(S;¢7r & ¢o‘7w)7
L(s,m x 0) = L(5, 0z ® ¢o),
e(s,m x 0,1) = (8, or @ Oo, V).

Here the functions on the right-hand side are the local factors of Artin type
associated to the relevant representations of W Dp, whereas those on the left-
hand side are the local factors of Shahidi, as defined in Section 4.

(vi) Suppose that 7 is a nongeneric supercuspidal representation. For any
irreducible supercuspidal representation o of GL,(F) with L-parameter ¢, let
wu(s, 7¥o, 1) denote the Plancherel measure associated to the family of induced
representations Ip(7Xo, s) on GSpiny,. , 5(F), where we have regarded 7o as a
representation of the Levi subgroup GSpins (F') x GL, (F') = GSp4(F) x GL,(F).
Then p(s,m X o,1)) is equal to

7(37 ¢>r/ @ gbda ¢) : 7(_87 ¢Tl’ & (l);/?@)
y(2s, Sym2¢, ® sim gb;l, ) - y(—2s, Sym2q{>g ® sim ¢y, 1)).
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(vii) An L-packet Ly contains a generic representation if and only if the
adjoint L-factor L(s,Ad o ¢) is holomorphic at s = 1. Here, Ad denotes the
adjoint representation of GSp,(C) on the complex Lie algebra sp,. Moreover,
L contains an essentially tempered generic representation if and only if ¢ is an
essentially tempered L-parameter, i.e. ¢|w, has bounded image in PGSp,(C).
In this case, the generic representation in the packet is unique and is indexed
by the trivial character of Ag.

The map L is uniquely determined by the properties (i), (iii), (v) and (vi),
with 7 < 2 in (v) and (vi). O

To the best of our knowledge, for nongeneric supercuspidal representa-
tions, the theory of local y-factors, L-factors and e-factors of pairs has not
been fully developed and so at this point, it is not possible for us to say any-
thing regarding these in part (v) of the theorem. However, if one assumes
the existence of a theory of y-factors satisfying the usual properties (such as
those listed as the “Ten Commandments” in [LRO05]), then we can show that
(v) holds for all representations, in which case the map L will be uniquely
characterized by (iii) and (v) (with » <2 in (v)).

In any case, we substitute the (as yet nonexistent) theory of y-factors of
pairs by the Plancherel measure. The Plancherel measure in (vi) is a coarser
invariant than the ~-factor, but has the advantage that it is defined for all
representations. For generic representations, the identity in (vi) follows from
results of Shahidi [Sha90] and Henniart [Henl0]. Thus, (vi) shows that the
Plancherel measure is an invariant of a supercuspidal L-packet. Moreover,
it turns out that this coarser invariant is sufficient to distinguish between
the nongeneric supercuspidal representations of GSp,(F'), and this gives the
characterization of L by (i), (iii), (v) and (vi).

The proof of the theorem relies on the local Langlands correspondence for
GLo and GL4 and a consideration of the following two towers of dual pairs:

GSO3.3
GSp4
GSOy,0 GSO22 .
Thus, it relies on a study of the local theta correspondence arising between

GSp, and the orthogonal similitude groups associated to quadratic spaces of
rank 4 or 6 with trivial discriminant and the accidental isomorphisms:

GSO22 = (GLg x GL2)/{(2,27 1) : 2 € GL1},
GSO33 = (GLy x GL1)/{(2,272) : 2 € GL1},

as well as the analogs for the inner forms.
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The first attempt to define L-packets for GSp, is the paper [Vig86] of
Vigneras, who considered the case p # 2. She defined her L-packets via theta
lifts from various forms of GOy4 (including those whose discriminant is not
trivial). However, she did not check that her L-packets exhaust II(GSp,). In
a more recent paper [Rob01], B. Roberts has given a more detailed treatment
of Vigneras’ construction of local L-packets (including the case p = 2).

Our construction of the local L-packets, on the other hand, relies only on
the theta lifting from GSp, to GSO22, GSO4 and GSO3 3. It works for any
p and also enables us to show that our packets exhaust all representations.
We shall also show that, starting from a given L-parameter, the L-packets
constructed by Vigneras and Roberts agree with ours. As a consequence, we
show that when p # 2, their construction exhausts all irreducible representa-
tions of GSp,(F'). We also mention that, considering only those representa-
tions of GSp,(F') whose central character is a square, a section of our map L
was constructed by Jiang-Soudry [JS04]. More precisely, for the split group
G = SOg,,+1, they constructed an injective (but definitely not surjective unless
n = 1) map from ®(G) — II(G) verifying the conditions (i), (iv) and (v) of
our main theorem.

Let us mention the various key ingredients used in the proof of the the-
orem. The first is a paper of Muié¢-Savin [MS00b] which studies the theta
lifting of generic discrete series representations for isometry groups and relates
the nonvanishing of these theta lifts to the local L-functions of Shahidi. The
second ingredient is a paper of Kudla-Rallis [KR05] which proves the conser-
vation conjecture for the first occurrences of supercuspidal representations of
symplectic groups in orthogonal towers. In particular, their results imply that
every nongeneric supercuspidal representations of GSp,(F') can be obtained
as a theta lift from the anisotropic GSO4. The third is a recent result of
Henniart [Henl0] which shows that the local Langlands correspondence for
GL,, respects the twisted exterior square L-factor. Finally, we have a com-
panion paper [GTb] in which we determine completely the three local theta
correspondences mentioned above. The detailed study of these theta corre-
spondences is necessary to supplement the results of [KR05] and [MS00b],
particularly for the nondiscrete series representations.

The crucial results of [KR05], [MS00b] and [Henl0] are reviewed in Sec-
tion 5, after we introduce some basic facts about the theta correspondence
for similitudes in Sections 2 and 3 and recall Shahidi’s construction of certain
L-functions in Section 4. Our construction of the L-packets and the proof of
exhaustion are given in Section 7, where we also verify the relation of genericity
and the adjoint L-factor. The preservation of local factors and Plancherel mea-
sures is demonstrated in Sections 8 and 9 respectively, and the characterization
of L is given in Section 10. In Section 11, we reconcile our construction with
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that given by Vigneras and Roberts. Finally, in Section 12, we give a global
application: using the results of this paper, we establish the strong lifting of
generic cuspidal representations from GSp, to GLj4.

We conclude this introduction with a number of subsequent developments:

(i) In a sequel [GT10a] to this paper, we deduce the local Langlands cor-
respondence for Sp, from the results of this paper;

(ii) In another sequel [GT] to this paper, by the first author and W.
Tantono, the local Langlands correspondence is extended to the unique
inner form of GSpy;

(iii) An L-packet is supposed to be “stable” and should satisfy some char-
acter identities relative to (twisted) endoscopic transfers. Our method,
unfortunately, does not shed any light on these harmonic analytic is-
sues. However, another sequel [CG] to this paper, by P. S. Chan and the
first author, establishes these properties of the L-packets constructed
here using the Arthur-Selberg trace formula;

(iv) In a recent paper [DR09], Debacker and Reeder have given a construc-
tion of L-packets associated to certain tamely ramified L-parameters
of an arbitrary reductive group GG. The elements in their L-packets
are all depth zero supercuspidal representations. One can ask whether
their packets agree with ours in the case G = GSp,. This is shown to
be the case in the UCSD Ph.D. thesis of J. Lust;

(v) A theory of L- and e-factors for GSp, x GL, (for r = 1 or 2) which
is valid for all representations, including the nongeneric ones, is being
developed by N. Townsend in his UCSD Ph.D. thesis.

Acknowledgments. We thank Dipendra Prasad, Brooks Roberts, Gordan
Savin and Marie-France Vigneras for their interests, suggestions and encour-
agements. We also thank Wilhelm Zink for sending us a copy of his letter
[Zin] to Vigneras. W. T. Gan’s research is partially supported by NSF grant
DMS-0500781.

2. Similitude theta correspondences

In this section, we shall describe some basic properties of the theta cor-
respondence for similitude groups. The definitive reference for this subject
matter is the paper [Rol] of B. Roberts. However, the results of [Rol] are not
sufficient for our purposes and need to be somewhat extended.

Consider the dual pair O(V) x Sp(W); for simplicity, we assume that
dimV is even. For each nontrivial additive character v, let w, be the Weil
representation for O(V') x Sp(W), which can be described as follows. Fix a
Witt decomposition W = X @Y and let P(Y) = GL(Y)-N(Y) be the parabolic



1846 WEE TECK GAN and SHUICHIRO TAKEDA

subgroup stabilizing the maximal isotropic subspace Y. Then
N(Y) = {b € Hom(X,Y) : b' = b},

where b* € Hom(Y™*, X*) = Hom(X,Y). The Weil representation wy, can be
realized on the Schwartz space S(X ® V) and the action of P(Y) x O(V) is
given by the usual formulas:

wy(h)d(z) = p(h ), for h € O(V),
wy(a)p(z) = xv(dety(a)) - ]dety(a)]%dimv ~plat - 2), for a € GL(Y),
wy (b)p(x) = Y((bx, x)) - p(z), for b € N(Y),

where 1 is the quadratic character associated to disc V € F*/F*2 and (—, —)
is the natural symplectic form on W ® V. To describe the full action of Sp(W),
one needs to specify the action of a Weyl group element, which acts by a Fourier
transform.

If 7 is an irreducible representation of O(V') (resp. Sp(W)), then the max-
imal m-isotypic quotient has the form

X Oy ()

for some smooth representation © () of Sp(W) (resp. O(V')). We call ©(m)
the big theta lift of 7. It is known that ©(7) is of finite length and hence is
admissible. Let 6y (7) be the maximal semisimple quotient of ©,(m); we call
it the small theta lift of 7. Then it was a conjecture of Howe that

e 0y () is irreducible whenever ©(7) is nonzero;
e the map 7 — 6, () is injective on its domain.

This has been proved by Waldspurger when the residual characteristic p of F
is not 2 and can be checked in many low-rank cases, regardless of the residual
characteristic of F'. If the Howe conjecture is true in general, our treatment in
the rest of the paper can be somewhat simplified. However, because we would
like to include the case p = 2 in our discussion, we shall refrain from assuming
Howe’s conjecture in this paper.

With this in mind, we take note of the following result which was shown
by Kudla [Kud86] for any residual characteristic p:

PROPOSITION 2.1. (i) If 7 is supercuspidal, ©y(m) = Oy () is irreducible
or zero.

(ii) If 0y (m1) = Oy (m2) # O for two supercuspidal representations w1 and
™9, then T = T2,

One of the main purposes of this section is to extend this result of Kudla
to the case of similitude groups.
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Let Ay and Ay be the similitude factors of GO(V') and GSp(W) respec-
tively. We shall consider the group

R = GO(V) x GSp(W)™,

where GSp(W)™ is the subgroup of GSp(W) consisting of elements g such that
Aw (g) is in the image of Ay . In fact, for the cases of interest in this paper (see
the next section), Ay is surjective, in which case GSp(W)* = GSp(W).

The group R contains the subgroup

Ro={(h,g) € R: Av(h) - Aw(g) = 1}.

The Weil representation wy, extends naturally to the group Ry via

w¢(g, h)p = ’)\V(h)|—§dimV-dimww(gl’ 1)(¢o h_l),

0 =g( A(gg_l " ) € Sp(IW).

Note that this differs from the normalization used in [Rob96]. Observe in
particular that the central elements (¢,2~!) € Rg act by the quadratic character

dim W

xv(t) 2
Now consider the (compactly) induced representation

where

Q= indgoww.

As a representation of R, 2 depends only on the orbit of ¥ under the evident
action of Im Ay, C F'*. For example, if Ay is surjective, then 2 is independent
of 1. For any irreducible representation © of GO(V) (resp. GSp(W)™T), the
maximal 7-isotypic quotient of €2 has the form

T ® ()

where ©(7) is some smooth representation of GSp(W)* (resp. GO(V)). Fur-
ther, we let () be the maximal semisimple quotient of ©(m). Note that
though ©(7) may be reducible, it has a central character wg(r) given by
dim W
we(r) = Xy > Wa-

The extended Howe conjecture for similitudes says that 6(w) is irreducible
whenever O(7) is nonzero, and the map 7 — () is injective on its domain. It
was shown by Roberts [Rob96] that this follows from the Howe conjecture for
isometry groups, and thus holds if p # 2. In any case, we have the following
lemma which relates the theta correspondence for isometries and similitudes:

LEMMA 2.2. (i) Suppose that 7 is an irreducible representation of a simil-
itude group and T is a constituent of the restriction of m to the isometry group.

Then 6, (1) # 0 implies that 6(m) # 0.
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(ii) Suppose that
HOIHR(Q,TFl X 7T2) ?é 0.

Suppose further that for each constituent 11 in the restriction of m to O(V),
0y (1) is irreducible and the map 11 — 0y (71) is injective on the set of irre-
ducible constituents of mi|o(v). Then there is a uniquely determined bijection

[+ {irreducible summands of m1|ov)} — {irreducible summands of m2|spw)}

such that for any irreducible summand 7; in the restriction of m; to the relevant
1sometry group,

o = f(11) <= Homgv)xspw) (wy, 11 K 12) # 0.
One has the analogous statement with the roles of O(V') and Sp(W') exchanged.
(iii) If 7 is a representation of GO(V) (resp. GSp(W)™) and the restric-
tion of m to the relevant isometry group is @®;7;, then as representations of
Sp(W) (resp. O(V)),
O(m) = P Oy (7).

In particular, ©(r) is admissible of finite length. Moreover, if ©y(1;) = 0y (T;)
for each i, then
O(m) = 0(r).
Proof. (i) Without loss of generality, suppose that 7 is a representation of
GSp(W)*. As a representation of GSp(W)™*,

0= indgs(%‘;v)+w¢.

Hence the result follows by Frobenius reciprocity.

(ii) This is [Rob96, Lemma 4.2], taking note of the results of [AP06], where
it was shown that restrictions of irreducible representations from similitude

groups to isometry groups are multiplicity-free.
(iii) By symmetry, let us suppose that 7 is a representation of GSp(W)™.
Then we have the following sequence of O(V')-equivariant isomorphisms:
@(ﬂ')* = HOInGSp(W)* (Q, 7T)
= Homgp, ) (wy, Tlspwy)  (by Frobenius reciprocity)

= @ Homsp(w) (ww, Ti)
=Doun),

where O(m)* denotes the full linear dual of ©(m). Thus, we have an O(V)-
equivariant isomorphism of O(V')-smooth vectors

o(m)" = P Ou(n)"
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Note that since ©(m) has a central character, the subspace of GO(V')-smooth
vectors in ©(7)* is the same as its subspace of O(V')-smooth vectors. In other
words, the contragredient of O(7) as a representation of GO(V') is the same as
its contragredient as a representation of O(V'). Using the fact that the ©,(7;)’s
are admissible of finite length, the above identity implies that ©() is admis-
sible of finite length. The desired result then follows by taking contragredient.
Moreover, if ©,(7;) is semisimple for each 4, then it is clear from the above
that ©(m) is semisimple as well. O

PROPOSITION 2.3. Suppose that w is a supercuspidal representation of
GO(V) (resp. GSp(W)™T). Then we have:
(i) ©(m) is either zero or is an irreducible representation of GSp(W)™*
(resp. GO(V)).
(ii) If ©' is another supercuspidal representation such that O(n') = ©(m)
# 0, then ™ = 7.

Proof. (i) Without loss of generality, suppose that 7 is a supercuspidal
representation of GO(V') and ©(r) is nonzero. By Lemma 2.2(iii), if 7|o() =
@; 7i, we have:

6(r) = 0(r) = D bu(r).

By Lemma 2.2(ii) and Proposition 2.1, we see that any irreducible constituent
IT of O(r) satisfies:

Hlgpwy = @%(Ti)-

Thus we see that O(m) is irreducible. This proves (i).

(ii) Proposition 2.1(ii) implies that if ©(n") = ©(7) # 0, then 7’|y =
Tlov). Since 7 and 7' must have the same central character, we see that
7' =7 ® (x o Ay) for some quadratic character xy. Moreover, it is easy to see
that

O(r @ (xoAv)) = O(7) @ (x 0 Aw)-

Hence we would be done if we can show that for any quadratic character ¥,
TRY=m<= 0O(r)® x = O(m).
Of course, the implication (=) is clear from the above. To show the converse,
let us set
I(m) = {quadratic characters y: 7 ® x = 7},
and let I(©(m)) be the analogous group of quadratic characters. As we noted
above,
I(m) C I(©(x)),
and we need to show the reverse inclusion. Now the size of the group I(7) is
equal to the number of irreducible constituents in 7|g(y). By Lemma 2.2(ii),
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however, the number of irreducible constituents in 7|o(y) and ©(7)|gp ) are
equal. Hence

as desired. O

3. Theta correspondences for GSp,

In this section, we specialize to the cases of interest in this paper. Let
D be a (possibly split) quaternion algebra over F' and let Np be its reduced
norm. Then (D,Np) is a rank 4 quadratic space. We have an isomorphism

GSO(D,Np) = (D* x D*)/{(z,27 ") : z € GLy}
via the action of the latter on D given by

(a, B) = axp.

Moreover, an element of GO(D,Np) of determinant —1 is given by the con-
jugation action ¢ : x — T on D. An irreducible representation of GSO(D) is
thus of the form 71 X 75 where 7; are representations of D* with equal central
character. Moreover, the action of ¢ on representations of GSO(D) is given
by 7 W7 — 79 X 71. One of the dual pairs which will be of interest to us
is GSpy x GO(D). In the companion paper [GTb|, we determine the associ-
ated theta correspondence completely. Some of the results are summarized in
Theorem 5.6 below.
Now consider the rank 6 quadratic space:

(Vp.qp) = (D,Np) & H
where H is the hyperbolic plane. Then one has an isomorphism
GSO(Vp) = (GLy(D) x GLy)/{(z-1d, 272) : 2 € GLy }.

To see this, note that the quadratic space Vp can also be described as the
space of 2 x 2-Hermitian matrices with entries in D, so that a typical element
has the form

(a,d;x)—(a m), a,de Fand xz € D,
T d
equipped with the quadratic form — det(a,d;x) = —ad + Np(x). The action

of GLy(D) x GL; on this space is given by
(9,2)(X)=2-9-X-7"

Observe that an irreducible representation of GSO(Vp) is of the form = X p
where 7 is a representation of GLa(D) and p is a square root of the central
character of m. The similitude factor of GSO(Vp) is given by Ap(g,z) =
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N(g) - 22, where N is the reduced norm on the central simple algebra My(D).
Thus,

SO(Vp) = {(g,2) € GSO(Vp) : N(g) - 22 = 1}.

We can now consider the theta correspondence in this case. Since we
only need to consider Vp when D is split, we shall suppress D from the no-
tations. Thus we specialize the results of the previous section to the case
when dim W =4 and V is the split quadratic space of dimension 6, so that
Ay is surjective and the induced Weil representation € is a representation of
R = GSp(W) x GO(V). In fact, we shall only consider the theta correspon-
dence for GSp(W) x GSO(V). There is no significant loss in restricting to
GSO(V) because of the following lemma:

LEMMA 3.1. Let 7 (resp. T) be an irreducible representation of GSp(W')
(resp. GO(V')) and suppose that

Homggpw)xcow) (2,7 ® 1) # 0.

Then the restriction of T to GSO(V) is irreducible. If vy = ;> - det is the
unique nontrivial quadratic character of GO(V')/ GSO(V'), then T vy does not
participate in the theta correspondence with GSp(W).

Proof. The analogous result for isometry groups is a well-known result of
Rallis [Ral84, App.] (see also [Pra93, §5, p. 282]). The lemma follows easily
from this and we omit the details. (]

We now collect some results concerning the theta correspondence for
GSp(W) x GSO(V). Firstly, we have:

THEOREM 3.2. Let w be an irreducible representation of GSp(W). Then

0(r) is irreducible or zero as a representation of GSO(V'). Moreover, if O(mw) =
O(r") £ 0, then m = 7'.

Proof. For supercuspidal representations, the result follows by Proposi-
tion 2.3 and the previous lemma. For nonsupercuspidal representations, the
result follows by the explicit determination of the theta correspondence for
GSp(W) x GSO(V) given in the companion paper [GTb, Th. 8.3]. O

Suppose now that U (resp. Up) is the unipotent radical of a Borel subgroup
of GSp(W) (resp. GSO(V)) and x (resp. xo) is a generic character of U (resp.
Up). One may compute the twisted Jacquet module Q.. The following
lemma (see [GT10b, Prop. 7.4] and [MS00b, Prop. 4.1]) describes the result:

LEMMA 3.3. As a representation of GSp(W),

.. 1GSp(W
Quy,xo = indy; P )X'
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In particular, if © is an irreducible generic representation of GSp(W), then
O©(m) is nonzero.

Finally we describe the functoriality of the above theta correspondence
for unramified representations. The L-group of GSp(W) is GSp,(C) and so
an unramified representation of GSp(W) corresponds to a semisimple class
in GSp,(C). On the other hand, the L-group of GSO(V') is the subgroup of
GL4(C) x GL;(C) given by

LGSO(V) = {(g,2) € GL4(C) x GL1(C) : det(g) = 2?},
which is isomorphic to the group GSping(C). There is a natural map
t:LGSp, — £ GSO(V)
given by
g+ (g,sim(g))

where sim : GSp,(C) — C* is the similitude factor. The following is shown in
the companion paper [GTb, Cor. 12.3]:

PROPOSITION 3.4. Let m =m(s) be an unramified representation of GSp(W')
corresponding to the semisimple class s € GSpy(C). Then 6(m(s)) is the un-
ramified representation of GSO(V') corresponding to the semisimple class ((s) €
GL4(C) x GL1(C).

4. On certain L-functions

In this section, we introduce certain L-functions, e-factors and ~-factors
which we will need. These local factors were defined by Shahidi [Sha90]. To
specify them more precisely, we need to consider certain representations of the
relevant L-groups.

Recall that we have an inclusion of L-groups:

v : ¥ GSpy — L GSO(V) = GSping(C) € GL4(C) x GL{(C).
The projection of GL4(C) x GL;(C) onto the first factor thus defines a natural
4-dimensional representation of ¥ GSO(V) (one of the half-spin representa-
tions of GSping(C)) whose restriction to ¥ GSp, = GSp4(C) is the natural
4-dimensional representation of GSp,(C). Following a terminology common
in the literature, we call this representation the Spin representation of * GSp,
and L' GSO(V).

Now, corresponding to the inclusion SO(V') < GSO(V), one has a map
of L-groups

std : L GSO(V) — L'SO(V) = S0¢(C).

Indeed, one has the map

GL4(C) X GL1 ((C) — GSO@(C)
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given by

(9,2) = 271 A%,
and the map std is simply the restriction of this map to the subgroup * GSO(V)
C GL4(C) x GLy(C). Similarly, corresponding to the inclusion Sp(W) <
GSp(W), we have a map of L-groups

std : GSpy(C) — SO5(C) = PGSp,4(C)
and a commutative diagram

GSp,(C) —— L GSO(V) —— GL4(C) x GL,(C)

std\ \std lstd

SO5((C) 0 SOG((C) E— GSOG(C)

We regard std as a 5-dimensional (resp. 6-dimensional) representation of ~ GSp,
(resp. L GSO(V)) and call it the standard representation.

Thus, for a representation 7 of GSp,(F'), one expects to be able to define
a standard degree 5 L-function L(s,7,std) and a degree 4 Spin L-function
L(s,m,spin). More generally, for representations 7 of GSp,(F) and o of
GL,(F'), one expects to have the L-functions

L(s,m x o,std Xstd) and L(s,7m X o,spin X std),
which are associated to the representations stdXstd and spinXstd respectively.

Similarly, given a representation ¥ of GSO(V'), one expects to have the
degree 6 L-function L(s, ¥, std) and the degree 4 L-function L(s, ¥, spin). More
generally, for representations ¥ of GSO(V) and ¢ of GL,(F), one expects to
have the L-functions

L(s,¥ x o,stdX®std) and L(s,% x o,spin X std).

Moreover, if we regard ¥ as a representation IIX p of GL4(F') x GL1(F'), then
L(s,% x o0,spin X std) should be nothing but the Rankin-Selberg L-function
L(s,11 x o) of the representation I X o of GL4(F) x GL,.(F). Further, one
expects that

L(s, %, std) = L(S,H, N u‘l),

where the L-function on the right-hand side is the twisted exterior square
L-function.

In the important paper [Sha90], the above L-functions and their associated
e-factors were defined by Shahidi when the representation 71Xo or ¥ is generic.
More precisely, suppose that

e M C G is the Levi subgroup of a maximal parabolic subgroup P =
M - N;
e 7 is an irreducible generic representation of M (F');
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Table 1. On certain L-functions

L-function M G T T

a | L(s,mxo,spin K std) r1=spin” X std

GSping xGL, | GSpin,, , 5 7 Ko
b | L(s,0,Sym® ® wr) ro=sim ™ * ® (Sym?std)
c| L(s,mxo,std®std) | GSp,xGL, GSpy,.y4 r1=std” X std v Ko
d L(s, X, std) GSOsxGLy GSOs r1=std¥ Kstd YY1
e L(s,IIx0) GL4sxGL, GLy44 1 =std X stdV IXoY
£ L(s,ILA°@u") GL4xGLy GSping ro=(\"std) K std" MK p

e the adjoint action of the dual group M"Y on n¥ = Lie(NV) decomposes
as ry @ ro @ ... ®r, where each r; is a maximal isotypic component for
the action of the central torus in M.

Then Shahidi defined the local factors ~(s,7,r:,v), L(s,7,15), e(s,7,1i,1)
which satisfy

L(1—s,7V,1)

7<3a7—7 Tz‘ﬂﬂ) - 6(877—7 Ti,’Q/J) ’ L(S T 7")

In Table 1, we list the various L-functions that we will use and the data
(M, G, 7) which are used in their definition via the Shahidi machinery.

Though Shahidi defined the L-functions in Table 1 only for generic rep-
resentations, the definition can be extended to nongeneric nonsupercuspidal
representations of the simple factors of the groups M which occur in the table.
This uses the Langlands classification, which says that every irreducible ad-
missible representation can be expressed as a quotient of a standard module,
i.e. one induced from a nonnegative twist of a discrete series representation
of a Levi subgroup. For the groups M occurring in Table 1, their simple fac-
tors have proper Levi subgroups which are essentially products of GLg’s, so
that a discrete series representation of such a proper Levi subgroup is generic.
Moreover, the restriction of each representation r; to a proper Levi subgroup
of M decomposes into the sum of irreducible constituents, all of which appears
in the setup of Shahidi’s theory. Thus, one may extend the definition of the
local factors to all nongeneric nonsupercuspidal representations of each simple
factor of M by multiplicativity (with respect to the standard module under
consideration). Thus, the local factors given in Table 1 are defined except when
the representation 7 of GSp,(F') = GSpins(F') is nongeneric supercuspidal.

The L-function L(s,7 X o,spin X std) in (a) of Table 1 is the main one
which intervenes in our main theorem. Hence, we shall simplify notations by
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writing it as L(s,m X o), suppressing the mention of spin X std. The same
comment applies to the e- and ~-factors.
Finally, we note the following two lemmas:

LEMMA 4.1. Let ¥ be an irreducible generic representation of GSO(V)
which we may identify with a representation 11X p of GL4(F') x GL1(F) via
the isomorphism

GSO(V) = GL4(F) x GLy(F)/{(t,t7%) : t € F*}.

Then we have:
L(s. S.std) = L(s, 1L AT @ ),

where the L-function on the left-hand side (resp. right-hand side) is that in (d)
(resp. (f)) of the above table. Moreover, one has the analogous identity for the
e- and y-factors.

LEMMA 4.2. Suppose that ¥ is an irreducible generic representation of a
similitude group GSp(W') or GSO(V') and ¢ is an irreducible constituent of
the restriction of ¥ to the isometry group Sp(W) or SO(V). Then one has:

L(s,%,std) = L(s,Xo,std) and (s, X, std, ) = &(s, Xo, std, ©).

Both of these lemmas follow from the characterization of Shahidi’s local
factors given in [Sha90, Th. 3.5].

5. The results of Kudla-Rallis, Muié¢-Savin and Henniart

In this section, we review some crucial general results of Kudla-Rallis
[KRO5], Mui¢-Savin [MS00b] and Henniart [Hen10] before specializing them to
the cases of interest in this paper.

Let W,, be the 2n-dimensional symplectic vector space with associated
symplectic group Sp(W,,) and consider the two towers of orthogonal groups
attached to the quadratic spaces with trivial discriminant. More precisely, let

Vin=H" and V¥ =Da@Hm?

and denote the orthogonal groups by O(V;,) and O(V,¥') respectively. For an
irreducible representation m of Sp(W),,), one may consider the theta lifts 6,, ()
and 07 (m) to O(V;,) and O(V,¥) respectively (with respect to a fixed nontrivial
additive character ). Set

m(m) = inf{m : 0,,(7) # 0},
m# (1) = inf{m : 07 (7) # 0}.

Then Kudla and Rallis [KR05, Ths. 3.8 and 3.9] showed:
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THEOREM 5.1. (i) For any irreducible representation m of Sp(W,),
m(m) +m (m) > 2n + 2.
(ii) If 7 is a supercuspidal representation of Sp(W,,), then

m(m) +m#(r) = 2n + 2.

If we specialize this result to the case dim W,, = 4 and take into account
the results of the companion paper [GTb], we obtain:

THEOREM 5.2. Let m be an irreducible representation of GSpy(F'). Then
one has the following two mutually exclusive possibilities:

(A) 7 participates in the theta correspondence with GSO(D) = GSOq4,(F),
where D is nonsplit;

(B) 7 participates in the theta correspondence with GSO(V') = GSO3 3(F).

Another way of describing this result is that one of the following two pos-
sibilities holds:

(I) m participates in the theta correspondence with either GSO(D) or
GSO(V2) = GSO22(F) (but necessarily not both);

(IT) 7 does not participate in the theta correspondence with GSO(D) or
Vo), in which case it must participate in the theta correspondence with

(
GSO(V).

Proof. Theorem 5.1(i) implies that any representation m participates in
the theta correspondence with at most one of GSO(D) or GSO(V'). Hence it
remains to show that any 7 does participate in the theta correspondence with
GSO(D) or GSO(V). If « is supercuspidal, this is an immediate consequence
of Theorem 5.1(ii). For generic representations, it follows by Lemma 3.3 that
7 has nonzero theta lift to GSO(V'); in particular, this implies the theorem for
essentially discrete series representations which are not supercuspidal, since
these are generic. For the remaining nongeneric representations, the result
follows by an explicit determination of theta correspondences for GSp, given
in the companion paper [GTb], especially [GTb, Ths. 8.1 and 8.3]. O

Now we come to the results of Mui¢-Savin [MS00b]. In the setting above,
they considered a discrete series representation of Sp(W,,) which is generic
with respect to a character x and determine the value of m(m). Similarly,
starting with a discrete series representation 7 of SO(V},,), one may define n(r)
analogously. Here is the result of Muié-Savin:

THEOREM 5.3. (i) Suppose that w is a discrete series representation of
Sp(W,,) which is generic with respect to a character x.
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(a) If the standard L-factor L(s,m,std) has a pole at s = 0, then m(w) = n
and all the irreducible constituents (as SO(Vy,(r))-modules) of 0, (x)(T)
are discrete series representations which are generic with respect to x.
(b) If the standard L-factor L(s,m,std) does not have a pole at s = 0,
then m(m) = n+ 1 and 0p,(r)(7) has a unique x-generic constituent.
Moreover, this x-generic constituent is a discrete series representation.

(ii) Suppose that T is a discrete series representation of SO(Vy,) which is
generic with respect to a character x.

(a) If the standard L-factor L(s,T,std) has a pole at s = 0, then n(t) =
m—1 and all the irreducible constituents of 0, (1) are discrete series
representations which are generic with respect to x.

(b) If the standard L-factor L(s,,std) does not have a pole at s =0, then
n(r) = m and 0,;)(T) has a unique x-generic SO(V,,(x))-constituent.
Moreover, this x-generic constituent is a discrete series representation.

COROLLARY 5.4. Let ¥ = II W p be a (necessarily generic) discrete se-
ries representation of GSO(V') and suppose that the twisted exterior square
L-function L(s,TI, A>®u~"') has a pole at s = 0. Then the theta lift of
Y =TI u to GSpy(F) is a nonzero generic discrete series representation.

Proof. Let Xg be an irreducible constituent of the restriction of ¥ = 11X
to SO(V), so that ¥y is x-generic with respect to some x. By Lemmas 4.1
and 4.2, the standard L-function of X is

L(s, Do, std) = L(s, 1I, /2\ ®/fl)

and thus has a pole at s = 0. By Theorem 5.3(ii)(a), the theta lift 6(X) of
¥ to GSp,(F') is nonzero and all its constituents are y-generic discrete series
representations. This shows that 6(IT X 1) is a nonzero generic discrete series
representation, which is irreducible by Theorem 3.2. ([l

Finally, in our application of Corollary 5.4 later on, we need the following
crucial result of Henniart [Henl0]:

THEOREM 5.5. The local Langlands correspondence for GL,, respects the
twisted exterior square L-function. In other words, if I1 is an irreducible repre-
sentation of GLy,(F) with L-parameter ¢ and p is a 1-dimensional character
of F*, then

L(s,H, N u‘l) = L(s, N u‘l),

where the L-function on the left-hand side is that of Shahids.
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The dichotomy given in Theorem 5.2 is qualitative in nature, but can be
made more concrete by the explicit determination of the three theta corre-
spondences in question. This detailed study of theta correspondences is given
in the companion paper [GTb]. We conclude this section by assembling the
above results together with those of [GTb].

THEOREM 5.6. (1) The set of irreducible representations of GSp,(F') which
are of Type (A) is precisely

H(GSpQZZmp::{nongeneric essentially tempered representations of GSpy(F)}.

More precisely, under the theta correspondence for GSO(D) x GSpy, the map
P RP - (P R rP)
defines a bijection

II(GSO(D)) modulo action of GO(D) +— II(GSp,)temP,

ng

Moreover, the image of the subset of T£ X 7, with P # P, is precisely
the subset of nongeneric supercuspidal representations of GSpy(F'). The other
representations in the image are the nondiscrete series representations in [GTb,
Table 1, NDS(c)].

(ii) The theta correspondence for GSO(Va) x GSp, defines an injection
II(GSO(V2)) modulo action of GO(V2) — II(GSpy).

The image is disjoint from H(GSp4)£fgmp and consists of:
(a) the generic discrete series representations (including the supercuspidal

ones) such that L(s,m,std) has a pole at s = 0.
(b) the nondiscrete series representations in [GTb, Table 1, NDS(b, d, e)].

Moreover, the images of the representations 11 X 1o’s, with 7 # To discrete
series representations of GLao(F), are precisely the representations in (a).
(iii) The theta correspondence for GSpy x GSO(V') defines an injection

TI(GSp,) ~ T(GSpy) '™ — TI(GSO(V)) C TI(GLy) x TI(GLy).

Moreover, the representations of GSpy(F') which are of Type (II), i.e. those
not accounted for by (i) and (ii) above, are

(a) the generic discrete series representations m whose standard factor
L(s,m,std) is holomorphic at s = 0. The images of these represen-
tations under the above map are precisely the discrete series represen-
tations 1 p1 of GLy(F) x GL1(F) such that L(s, N2¢n @ p~t) has a
pole at s = 0.
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(b) the nondiscrete series representations in [GTb, Table 1, NDS(a)]. The
1mages of these under the above map consists of nondiscrete series rep-
resentations ILX u such that

pn=p@®p-x and p=detp-x,
for an irreducible two dimensional p and a character x # 1.

(iv) If a representation w of GSp,(F) with central character p participates
in the theta correspondence with GSO(V2), so that

=01 Xm)=~0(rXmn),

then m has a nonzero theta lift to GSO(V). If II X u is the small theta lift of
m to GSO(V'), with I1 a representation of GL4(F), then

én = ¢r, &9, and p=detdr =detor,.
The proof of Theorem 5.6 is given in [GTb], where more complete and

explicit information can be found.

6. Langlands parameters

In this section, we record some facts about the Langlands parameters for
GSp,. Given such a parameter

¢ : WDp — GSp,(C),

we may consider its composition with the similitude factor sim to obtain a
1-dimensional character sim(¢) of WDpg. We call sim(¢) the similitude char-
acter of ¢.

Now consider the composite of ¢ with the inclusion
t: GSpy(C) — GL4(C) x GL1(C)

to obtain an L-parameter for GL4 x GL;. We note the following crucial lemma
(cf. also [V, §7]), which is the analog of Theorem 5.6(iii) for L-parameters.

LEMMA 6.1. The map ¢ — 1o ¢ gives an injection
®(GSp,) — P(GLy) x ®(GLy).

The discrete series L-parameters ¢ x p of GLg x GL1 which are in the image
of the map are precisely those such that L(s, N ¢ ® p~1) has a pole at s = 0.

Proof. We shall prove the lemma in the context of GSp,,,. For any n > 1,
we shall show that the natural map

®(GSpy,,) — P(GLay) x ®(GL1)

is injective. This injectivity is equivalent to the following assertion: if ¢ :
WDp — GL(V) is an L-parameter, with V' a 2n-dimensional vector space
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over C, and B and B’ are two nondegenerate symplectic forms on V which are
preserved by ¢ up to a similitude character u, then B and B’ are conjugate by
an element of GL(V') which centralizes ¢.

We now prove the above statement. Since (¢, V') is semisimple, we may
write

V=P MoV

where V; is irreducible and M; is its multiplicity space. Since VYV @ u =V, we
see that, for each i, either VY @ u = V;, or else V;Y ® u = Vj; for some j # i.
Corresponding to these two possibilities, we may decompose V as:

V= <@Mi®%>@ @Mjc@(wj@wjv.u)
i J

Since the nondegenerate forms B and B’ remain nondegenerate on each sum-
mand above, we are reduced to showing the statement on each summand.

First examine M; ® V;. Since V; is irreducible, it follows by Schur’s lemma
that there is a unique (up to scaling) bilinear form on V; which is WDp-
equivariant with similitude character p. Any such nonzero form is necessarily
nondegenerate and has a sign €;. Thus, giving a nondegenerate (W Dp, u)-
equivariant symplectic form on M; ® V; is equivalent to giving a nondegenerate
bilinear form on M; of sign —¢;. But any two such forms on M; are conjugate
under GL(M;), which commutes with the action of W Dg. This proves the
statement for the summand M; ® V.

Now examine the summand W = M; @ (W; @ W) - u). In this case, the
subspaces M; @ W; and M; ® W]V - u are necessarily totally isotropic (with
respect to any (W Dp, u)-equivariant symplectic form). Moreover, there is a
unique (W Dp, p)-equivariant pairing on W; x VVJy -, up to scaling. Hence,
giving a nondegenerate (W Dp, u)-equivariant symplectic form on W is equiv-
alent to giving a nondegenerate bilinear form on M;. But any two such are
conjugate under the natural action of GL(M;) x GL(M;), which commutes
with the action of W Dp. This proves the statement for the summand W.

Finally, suppose that ¢ x u € ®(GLg,) x ®(GLy) is such that ¢ is ir-
reducible as a 2n-dimensional representation. Then it is not difficult to see
that L(s, A2¢ ® p~1) has a pole at s = 0 if and only if (A\? ) ® u~! contains
the trivial representation as a summand. In other words, the action of W Dpg
via ¢ preserves a nonzero symplectic form up to scaling by the character pu.
This symplectic form is necessarily nondegenerate, so that ¢ factors through
GSps, (C) after conjugation, for otherwise its kernel would be a nontrivial sub-
module. O
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The theory of endoscopy shows that GSp, has a unique endoscopic group
which is isomorphic to GSOg 2. The dual group of GSO2 2 is

GSpiny (C) & (GL2(C) x GL2(C))° = {(g1, g2) : det g1 = det go},
so that there is a distinguished conjugacy class of embeddings of dual groups
(GLa(C) x GLy(C))? < GSp,(C).
This gives rise to a natural map
®(GSO2,2) — ®(GSpy).

We say that an L-parameter ¢ € ®(GSp,) is endoscopic if it is in the image
of this map. More concretely, ¢ is endoscopic if

¢ =¢1®ps with dime; = 2 and sim ¢ = det ¢; = det ¢o.

Note that the ¢;’s are not necessarily distinct and may be reducible. Observe
further that the outer automorphism group Out(SO4) = Z/27Z of SO4 acts
on ®(GSO22) via (¢1,¢2) — (P2, ¢1). It is clear that the natural map above
descends to give

®(GSO2,2) modulo action of Out(SO4) — ®(GSpy).

The following lemma is the analog of Theorem 5.6(i) and (ii) for L-para-
meters.

LEMMA 6.2. (i) The map
®(GSO22) modulo action of Out(SO4) — ®(GSpy)
18 injective.
(ii) If ¢ is a discrete series parameter of GSpy, then ¢ is either endoscopic
or is irreducible as a 4-dimensional representation. If ¢ is endoscopic, then

¢ = ¢1 D P2 with ¢p1 & ¢o irreducible, and the component group Ay is Z/27.
Otherwise, Ay is trivial.

(iii) If ¢ is a nondiscrete series parameter of GSpy, then ¢ is either en-
doscopic or ¢ = p @ p - x with sim¢ = detp - x and x # 1. The component
group Ay is trivial unless ¢ = ¢1 © ¢2 is endoscopic with ¢1 = ¢o irreducible,
in which case Ay = 7/27.

In particular, under the injection of Lemma 6.1, the nonendoscopic L-
parameters consists precisely of those pairs (¢, ) € ®(GLy) x ®(GL1) which
arise as (¢m, p) in Theorem 5.6(iii)(a) and (b).

Proof. (i) By Lemma 6.1, it suffices to show that the natural map
®(GSO2,2) modulo action of Out(SO4) — ®(GL4) x ¢(GLy)

is injective. This is a simple exercise which we leave to the reader.
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(ii) If ¢ is irreducible, then the centralizer in GSp,(C) of the image of
¢ is Zasp,(Im¢) = Zgsp,, so that Ay is trivial. If ¢ is reducible, then the
hypothesis that ¢ does not factor through any proper parabolic subgroup im-
plies that ¢ does not stabilize any nonzero isotropic subspaces. Thus ¢ cannot
contain any 1-dimensional summand and any 2-dimensional summand must
be a nondegenerate symplectic subspace. This shows that ¢ = ¢1 & ¢9 with
¢; irreducible 2-dimensional and sim ¢ = det ¢;. Moreover, ¢1 2 ¢9, for oth-
erwise ¢ would stabilize a 2-dimensional isotropic subspace. Thus, ¢ has the
form given in (i). Moreover,

Zasp,(Im(¢)) = {(a,b) € C* x C* : a* = b*} C (GLy(C) x GLy(C))"

with Zgsp, sitting diagonally as a subgroup. Thus, Ag = Z /27,

(iii) If ¢ stabilizes an isotropic line L which affords the character x, then
¢ must stabilize another line L’ which has nonzero pairing with L and affords
the character y~! - sim¢. The subspace spanned by L and L’ supports a
2-dimensional submodule ¢ of ¢ with sim¢ = det ¢;. It follows that ¢ is
endoscopic. On the other hand, if ¢ stabilizes an isotropic plane, but not a
line, then

p=p@p’-simp=pop-x

for an irreducible 2-dimensional p and with sim¢ = x - detp. If x = 1, then
¢ = 2 pis endoscopic. If x # 1, then ¢ is nonendoscopic of the type given
in (ii). We leave the determination of Ay in the various cases to the reader. [

Remarks. In a letter [Zin] to Vigneras (dated November 25, 1984 and
mentioned at the end of the introduction of [Vig86]), W. Zink gave an argument
that there do not exist primitive symplectic representations of Wr. However,
this is not the case, as one can construct such L-parameters when the residue
characteristic p of F is 2; see [GT10a, Prop. 5.3].

7. Construction of L-packets and exhaustion

In this section, we shall construct the map L, show that it is surjective
and verify (i), (ii), (iii), (iv) and (vii) of the Main Theorem. Since we are
working with reductive but nonsemisimple groups G, let us mention that for
the rest of the paper, by a discrete series (resp. tempered) representation of
G(F), we mean a representation which is equal to a unitary discrete series
(resp. tempered) representation after twisting by a 1-dimensional character.

Definition of the map L. According to Theorem 5.2, the irreducible rep-
resentations m of GSp,(F) fall into two disjoint families of Type (I) or (II).
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Type (I). If 7 is of Type (I), then there is an irreducible representation
P )7 of GSO(D) (where D is possibly split) such that

T =0(rP ®P) =6(xP ® D).

By the Jacquet-Langlands correspondence and the local Langlands correspon-
dence for GLg, each 72 gives rise to an irreducible 2-dimensional representation
¢; of W Dp such that det ¢; = det ¢o. We define L(7) to be the parameter

=1 @ py: WDp — (GL2(C) x GLo(C))° € GSp,(C).

By Theorem 5.6(i), (ii) and Lemma 6.2, we see that L(m) is a discrete series
parameter if and only if 7 is a discrete series representation.

Type (II). If 7 is of type (II), then the theta lift of 7 to GSO(V) is nonzero.
Regarding GSO(V) as a quotient of GL4(F') x GL1(F'), we may write

O(r) =1IK p.
Note that the central character of 7 is necessarily equal to u. Then we set
L<7T) = ¢H X W WDF — GL4((C) X GLl(C),

where ¢ is the Langlands parameter of II. We need to show that L(7) factors
through the inclusion ¢ : GSp,(C) < GL4(C) x GL;(C).

If 7 is a discrete series representation as in Theorem 5.6(iii)(a), then IT is a
discrete series representation of GL4(F) such that L(s, A2¢r @ u~1) has a pole
at s = 0. By Lemma 6.1, we conclude that ¢rp x p factors through GSp,(C)
and is a discrete series parameter. On the other hand, if 7 is a nondiscrete
series representation as in Theorem 5.6(iii)(b), then we have

n=¢Pod-x and p=detp-x, with yx#1.
One may consider the nondegenerate symplectic form which is totally isotropic
on ¢ and ¢ - x and such that the pairing between ¢ and ¢ - x is given by the
natural map

2
pR¢-x — No-x=p
It is clear that this last map is W Dp-equivariant, so that L(7) is a nondiscrete
series L-parameter of GSp,. Thus, we see again that L(w) is a discrete series
parameter if and only if 7 is a discrete series representation.

Using the fact that the theta correspondence preserves central characters
and the basic properties of the local Langlands correspondence for GL,,, one
easily checks that the central character of 7 is equal to the similitude character
of L(r), and for any character y, one has

L(mr® x) = L(7) ® x.

We have thus completed the definition of the map L and verified properties
(i), (iii) and (iv) of the Main Theorem.
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Observe that, in Theorem 5.2, there is another partition of the set of
irreducible representations of GSp,(F’) into two sets , namely those of Type
(A) or (B). One could have defined the map L using this partition as follows.

Type (A). If 7 is of Type (A), then m = (7 X 1) where now D is the
quaternion division algebra. One then defines L(w) as in the Type (I) case
above.

Type (B). If 7 is of Type (B), then the theta lift of 7 to GSO(V') is nonzero
and has the form ITX p. One then defines L(7) following the Type (II) case
above.

The only potential difference in these two definitions is for those represen-
tations 7 which have nonzero theta lifts to GSO(V2) = GSO22(F'). However,
it follows from Theorem 5.6(iv) that the two definitions are in fact the same.

Surjectivity and fibers. For a given L-parameter
6: WDp — GSp,(C),

with sim(¢) = u, we must now determine the fiber of the map L over ¢, and in
particular show that it is nonempty. From the construction of L, observe that
the parameter L() is endoscopic if and only if 7 is of Type I. Thus, we see
that #Ly < 2 if ¢ is endoscopic, and #Lg < 1 otherwise. We want to show
that #L4 = #A,, and we consider the endoscopic and nonendoscopic cases
separately.

Endoscopic case: If ¢ = ¢1 @ ¢o is endoscopic, then ¢ gives rise to an L-
parameter of GSO(V2) and thus determines a representation 71X 7o of GSO(V3),
where 7; has L-parameter ¢;. If the ¢;’s are irreducible, then ¢ is also an
L-parameter of GSO(D) and thus determines a representation 7 X 74’ of
GSO(D), with 7P the Jacquet-Langlands lift of 7;. By Theorem 5.6(i) and
(ii), both 7y K79 and 7f ¥ 7 have nonzero theta lifts to GSp,, and it follows
from the construction of L that

Ly ={0(n1 ®7),0(r{ K 75)},
where the latter representation is regarded as zero if one of the ¢;’s is reducible.
In view of Lemma 6.2, we see that #L, = #A4. Moreover, when #Lg = 2,
we have Ay = Z/27Z, which has two irreducible characters 1 and sign. In that
case, we set
1 =0(rXm) and 7gen = 0P R P).
Note that the representation 7y is generic, whereas mgjgn is nongeneric.

Nonendoscopic case: If ¢ is nonendoscopic with similitude character u,
then ¢ is as described in Lemma 6.2 or Theorem 5.6(iii). In this case, Theo-
rem 5.6(iii) implies immediately that L is nonempty, so that # L4 = 1. Indeed,
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if TT is the representation of GL4(F') with L-parameter ¢, then the representa-
tion Iy of GSO(V') has nonzero theta lift to GSp, by Theorem 5.6(iii), so that

Ly = {6(IR )},

Thus, for each L-parameter ¢, we have determined the fiber Ly, which
consists of one or two representations parametrized by the irreducible char-
acters of Ay. Indeed, in the companion paper [GTb, Prop. 13.1], we explic-
itly write down the L-parameters of all nonsupercuspidal representations. We
should mention that for a nondiscrete series parameter ¢, a construction of the
L-packet has been carried out by B. Roberts and R. Schmidt in their mono-
graph [RS07] using the results of Sally-Tadic [ST93]. The reader can refer to
the table in [RS07, §A.5] for the explicit description. Using [GTb, Prop. 13.1],
it is easy to check that our definition of Ly agrees with theirs.

We have thus verified property (ii) in the Main Theorem.

Genericity. Let us conclude this section by verifying property (vii) of the
Main Theorem, which relates generic representations and the adjoint L-factor.
For those L-packets which contain a nonsupercuspidal representation, this is a
straightforward calculation using the companion paper [GTb] and the structure
of principal series representations of GSp,(F') [ST93]. The verification in this
case has been carried out in a recent paper of Asgari-Schmidt [AS08]. However,
we give an independent proof in [GTb, Prop. 13.2], as our verification is much
more concise than that of [AS08].

Suppose on the other hand that L4 contains only supercuspidal repre-
sentations. From our construction of the discrete series L-packets, it is clear
that such an L-packet always contains a generic supercuspidal representation,
since it contains an element which is the theta lift of a (necessarily generic)
supercuspidal representation of GSOo(F') or GSO(V) = GSO33(F"). Thus,
we need to show that L(s, Ad o ¢) is holomorphic at s = 1. But we know
that ¢ is either an irreducible 4-dimensional representation of Wg, or else
¢ = ¢1 D ¢po where ¢ # ¢ are irreducible 2-dimensional representations of
Wr with det ¢1 = det ¢o. Thus, up to a twist by an unramified character, ¢ is
of Galois type and has bounded image in GL4(C). Thus, Ad o ¢ is a represen-
tation of W with bounded image. It follows that L(s, Ad o ¢) is holomorphic
in Re(s) > 0.

8. Preservation of local factors

In this section, we shall check that the local Langlands correspondence
we defined in the previous section respects the L-, v- and e-factors of pairs
for generic representations and nongeneric nonsupercuspidal representations.
This will prove property (v) of the Main Theorem. More precisely, we have:
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THEOREM 8.1. Let m be an irreducible generic or nonsupercuspidal repre-
sentation of GSpy(F) and o an irreducible representation of GL,.(F'). Suppose
that ¢ and ¢, are the L-parameters of m and o respectively. Then

L(S,Tr X J) = L(Sad)ﬂ' ® ¢0)7
5(5777' X 0'77/]) = 5(37¢7r ® ¢a,¢),
’)’(S,ﬂ X U:w) =7 8a¢7r ®¢aa¢>'

Proof. The proof is entirely similar to that of [MS00b, Prop. 5.4]. By using
the multiplicativity of ~-factors and the explicit determination of the local
theta correspondences given in the companion paper [GTb], we are reduced
by a standard argument to the case when 7 and o are generic supercuspidal
representations.

We first consider the case when the theta lift of 7 to GSO22(F') is zero, so
that its theta lift to GSO(V') is nonzero supercuspidal. By [MS00b, Lemma 5.2,
one can find a totally imaginary number field F such that F,, = F' for some
place vg. We may consider the split group GSp, over F. By [Sha90, Prop. 5.1],
one can find a globally generic cuspidal representation IT of GSp,(Ap) such
that II,, = 7 and for all other finite places v # v, II, is unramified. By
[GRS97], the global theta lift §(II) of II to GSO(V') is nonzero and cuspidal
(since its local component II,, does not participate in the local theta corre-
spondence with GSOg(F")). Similarly, let ¥ be a cuspidal representation of
GL,(Ap) such that ¥,, = 0 and ¥, is unramified for all finite places v # vp.

By the functoriality of the theta correspondence for unramified represen-
tations at finite places (see Proposition 3.4), we see that for all finite v # vy,

L(saHU X Ev) = L(S,H(Hv) X Z’U) = L(S7¢HU ®¢Eq})’
5(SaHv X Zvawv) = X Zv) = 5(37¢HU ® ¢zv,¢v),
X Xy) = (s, ¢, @ ¢, o).

Here, if we regard 6(IL,) as a representation IT, Xy, of GL4(FF, ) x GL1(F,), then
the L-factor L(s,6(11,) x X,) is simply the Rankin-Selberg L-factor L(s, I, x
¥,) (cf. (e) of Table 1). Moreover, the theta correspondences over C have
been completely determined by Adams-Barbasch [AB95]. Though they work
with isometry groups, there is no subtlety in passing from isometry groups to
similitude groups over C. Thus, from their results, one sees that the theta cor-
respondence from GSp, to GSO(V) is functorial with respect to the inclusion

L : GSp,(C) — GL4(C) x GL,(C).

Thus the above identities of local factors also hold over the archimedean places
of .
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Now by [Sha90, Th. 3.5 (3.14)], we see that for some finite set S of places
including all the archimedean ones, we have

LS(S,H X E) = (HUESV(SaHU X Zv,%)) : Ls(l - Svnv X ZV)?
L5(5,0(TT) x ) = (TTues 7(s, O(IL) x T 14)) - LS(1 — 5, O(ITY) x )

Taking everything into account, one deduces that at v = vg

7(87]-—-[’[)0 X EUO’ w’l}o) = 7(87 9(]:[1)0) X E’UO?Q;Z}’UQ)‘

From the definition of the parameter ¢, and the fact that the local Langlands
correspondence for GL4 respects local factors of pairs, we conclude that

(s, T ®0,%) = (s, 0x ® @5, ).

Then as in [MS00b, Cor. 5.1], since one knows that L-functions of discrete
series representations are holomorphic in Re(s) > 0, we deduce the desired
identity of L-factors from that of the ~-factors. From this, the identity of
e-factors also follows. This proves the theorem for those supercuspidal m which
do not lift to GSOq2(F).

Consider now the case when the theta lift of 7 to GSO22(F') is nonzero.
Thus, there is a supercuspidal representation 71 X 75 of GSOg2(F') such that
O(11 X 19) = m. Now we can globalize 71 K 75 as above and repeat the same
argument to get

Y(s,m x 0,1) = y(s, (11 K 12) X 0,0) = (s, or @ dg, ).

From this, the desired identities of L-factors and e-factors follow. The theorem
is proven. ([l

PROPOSITION 8.2. Suppose that one has a theory of v-factors for all irre-
ducible representations of GSp,(F) x GL,(F) satisfying the expected properties,
for example those listed in [LRO5, Th. 4]. Then the conclusion of Theorem 8.1
holds for all irreducible representations.

Proof. We shall only give a sketch proof. As before, one is reduced to the
case when 7 is a nongeneric supercuspidal representation and ¢ is a supercus-
pidal representation of GL,. In this case, 7 = (7 K1) for a representation
P 7P of GSO(D) (where D is the quaternion division algebra over F).

Now as in the proof of Theorem 8.1, let I be a totally imaginary number
field with F,, = F. Let v; be another finite place of ' and let D be the
quaternion algebra over F ramified at precisely vg and v;. Pick an irreducible
representation 7 of D* (F,, ) of dimension > 1, so that 77 is a representation of
GSO(D)(F,,). One can then find a cuspidal representation IT° of GSO(D)(Ag)
whose local components at vy and vy are 7 X 7 and 7 X 7 respectively.
Moreover, by the Jacquet-Langlands correspondence, one knows that JL(IIP)
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is cuspidal and hence the local components of II” are generic at all places
outside of {vg,v;}.

One can show that the global theta lift ©(IT?) of TI” to GSp,(Ar) is
nonzero, irreducible and cuspidal (cf. [GTa]). Moreover, the local component
of ©(II?) is 7 at vy, nonsupercuspidal at v; and generic at all other places.
Thus, one knows the desired equalities of local factors at every place except
vg, and the same argument as in the proof of Theorem 8.1 gives the desired
result at vg. U

One can also consider the standard L-function of GSp, x GL,. By the
same argument as above, one has the following theorem; we omit the details.

THEOREM 8.3. Let m be a generic representation or a nonsupercuspidal
representation of GSpy(F) and o a representation of GL,(F). Suppose that
o and ¢, are the L-parameters of m and o respectively. Then

L(s,m x o,std Kstd) = L(s,std ¢ @ ¢y),
e(s,m x o,std K std, ) = e(s,std ¢r @ ¢g, 1),
v(s,m x o,std K std, v) = (s, std pr ® @0, ).

If one has a theory of these standard ~y-factors for all irreducible representa-
tions of GSpy(F') x GL4(F), then the above identities hold for all irreducible
representations.

9. Comnservation of Plancherel measure

In this section, we prove (vi) of the Main Theorem, which expresses the
Plancherel measure p(s,m X 0,1) in terms of the product of various gamma
factors of the corresponding L-parameters. Let us briefly recall the definition
of the relevant Plancherel measure.

Let 7 be an irreducible representation of GSp,(F') and o a representation
of GL,(F'), so that m X o is a representation of

M, (F) := GSp,(F) x GL,(F) = GSpins(F) x GL,(F).

Now M, is the Levi factor of a maximal parabolic subgroup P, = M, - N, of
G = GSpiny, 5. One can thus form the generalized principal series represen-
tation

Ip (s,mXo) = Indg: 611312 -mWo|det %,

where det is the determinant character of GL, (F). If P, = M, - N, is the oppo-
site parabolic, then we similarly have the induced representation I (s,m X o).
The additive character v determines a Haar measure on N,, which induces a
dual measure on N,. Then there is a standard intertwining operator

Ay(s,mXo,Np, Ny) i Ip(s,mKo) — Ip (s,m R o).
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Then the composite Ay (s, X o, Ny, N;) o Ay(s,m K, N,., N,) is a scalar op-
erator on Ip, (s,m W o) and the Plancherel measure is the scalar-valued mero-
morphic function defined by

p(s,mRo,p)~t = Ay(s,mX o, N, N;)o Ay(s,mX o, N, N,).

When 7 and o are both supercuspidal, the analytic properties of (s, m x o,)
determine the points of reducibility of the principal series Ip, (s, 7 K o). More
precisely, we have [Sil79, §§5.3-5.4]:

PROPOSITION 9.1. Suppose that m K o is a unitary supercuspidal repre-
sentation of GSpy(F) x GL,(F).
(i) On the imaginary azis iR, p(s, 7 W o,1) is holomorphic and > 0.
(ii) If 0V # 0 @ wy, then u(0,7Xo,v) # 0 and Ip. (s, 7 X o) is irreducible
for all s € R.
(iii) If oV = c®uwy, then there is a unique real so > 0 such that Ip, (so, 7X¥0)
is reducible. Moreover, so > 0 if and only if (0, 7Xo, 1)) = 0, in which
case sg 1is the unique pole of p(s, ™ X o,1)) on the positive real axis.

When 7 K o is a generic (not necessarily supercuspidal) representation,
Shahidi showed that the meromorphic function u(s, 7 Xo,1) can be expressed
as a product of gamma factors. As a result, he was able to determine with
great precision the unique point of reducibility in (iii) of the above proposition
when (0,7 X o,1) = 0. Let us recall his results for the case at hand.

The parabolic subgroup P, C G, gives rise to a dual parabolic subgroup
BY = M, - N, in the dual group G, = GSpy, 4(C) and we have:

M," = GSp,(C) x GL,(C).
Under the adjoint action of M,’, the Lie algebra n) of the unipotent radical
N} decomposes as n)/ =11 @& ro with
ry =stdY Rstd and 7o = sim™! ®Sym2
where std denotes the relevant standard representation and sim is the similitude

character of GSp,(C). On the opposite nilpotent radical n,/, the adjoint action
of M is the dual representation ry @ ry. Now we have:

PROPOSITION 9.2. Suppose that 7¥o is a generic representation of M, (F)
= GSpy(F') x GL,(F). Then

(s, 7o) =~(s,mXao,ry, ) vy(s,mXao,r, P)
(25, X a,ra,1) - y(25, T Ko, 1y, 1)),
which is in turn equal to
V(5,67 @ bo, 1) - V(=5,6r ® &5, ) - 7(25, Sym®§o @ sim 61, )
y(—25, Sym?gY. @ sim by, ).
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Proof. The first equality is a result of Shahidi [Sha90, Th. 3.5]. The second
equality follows from Theorem 8.1 and a result of Henniart [Hen10, Th. 1.4].
Indeed, Henniart showed that the local Langlands correspondence for GL,
respect the twisted symmetric square epsilon-factors up to multiplication by a
root of unity «. Hence

v(2s,m K 0, 19,1))
v(1+2s, 7 Ko, ry, 1)
a - (25, Sym?¢, @ sim ¢ 1, v))
o - y(1 4 2s,Sym?¢, @ sim ¢z 1, 1)’

7(25777 X g, TQ,MJ) ’ 7(_25’71- I g, T%/’@) =

which is in turn equal to

v(2s, Sym?¢, ® sim ¢ 1, 1) - v(—2s, Sym*¢) ® sim ¢, ¥).

This explains why the root of unity « disappears. We thank Henniart for
explaining this point to us. O

After these preliminaries, the main result of this section is:

THEOREM 9.3. Let {m, 7'} be an L-packet of GSp,(F) such that 7’ is non-
generic supercuspidal and T is a generic discrete series representation. Then
for any supercuspidal representation o of GL,(F),

n(s,m®o,0) = (s, ' Ko, ).

In particular, if © is also supercuspidal, then Ip (s,7m X o) is reducible if and
only if Ip (s, 7' X o) is reducible.

COROLLARY 9.4. Property (vi) of the Main Theorem holds.

The rest of the section is devoted to the proof of Theorem 9.3, which is
similar to the proof of [MS00a, Prop. 2.1]. We know by the results of Section 7
that the representations 7 and 7’ can be obtained as theta lifts from GSOg 2(F)
and GSO(D) respectively, where D is the quaternion division algebra over F.
Thus, we have

T=0(n X)) and 7' =0(rf KwP),
where 7P is a representation of D* with the Jacquet-Langlands lift 7; on
GL2(F). Moreover, we know that 71 # 7.

Now choose a number field F such that for two places v; and v9, one has
F,, = F,, = F. Let D be the quaternion division algebra over F which is
ramified precisely at v; and vy. One can find a cuspidal representation = of
GSOg2(Ar) such that E,, = 7 X for i =1 or 2. If =P denotes the Jacquet-
Langlands lift of = to GSO(D)(Ag), then we have Z = 7P K7 for i = 1
or 2. We may now consider the global theta lifts IT = ©(Z) and II' = ©(ZP)
of = and ZP to GSp,(Ar). We have:
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LEMMA 9.5. The global theta lifts T1 = O(Z) and II' = O(EP) are nonzero
irreducible cuspidal representations of GSp,(Ar). Moreover, for i =1 or 2,

I, =7 and II, =7,
and for all v # vy or vy, I, =11,

Proof. Since = is globally generic and 7, # 79, the nonvanishing and cuspi-
dality of IT = ©(Z) follows from [GRS97]. On the other hand, the nonvanishing
and cuspidality of II' = O(ZP) follows from [GT3]. O

Hence, we have two irreducible cuspidal representations II and II' on
GSp4(Ap) which are locally isomorphic at all v # v; or ve, and whose local
components at v; (i =1 or 2) are m and 7’ respectively.

Similarly, let ¥ be a cuspidal representation of GL,(Ar) such that ¥,, = o
for i = 1 and 2. Now consider the global induced representations on G, (Ap):

Ip (s, IXY) and Ip (s, II'KY).
Fix an additive character ¥ of F\Ayp such that ¥,, = ¥,, = ¢. Then there
are global standard intertwining operators

Ay (s, IK X, Ny, N;) : Ip,(s,IKX) — I (s, IIK )
and B
Ag(s,T XX, N, N;) : Ip, (s, T KE) — Ip (s, 1T K X),
which satisfy the functional equations
Ay (s, IR, N,., N;) o Ay (s,IK B, N, N,) = Id
and B B
Ag(s,II' KX N,,N,) o Ag(s,II' XX, N, N,.) =1d.

These global intertwining operators are actually independent of the choice of
U, but their decompositions into local intertwining operators (for Re(s) large)

depend on W. By comparing the two global functional equations and using the
fact that IT, = IT/, for all v # v or vy, we deduce that

w(s, 7o, )? = u(s, 7' Mo, )? forall s € C.

However, the two Plancherel measures are > 0 when s is purely imaginary. So
we have the desired equality:

u(s,m W o, ) = p(s, 7' Ko, ).

This completes the proof of Theorem 9.3.

In a similar fashion, the group M, = GSp, x GL, may be considered as a
Levi subgroup of a maximal parabolic subgroup P} of G = GSpy,,4. Thus,
given a representation m X o of M, (F'), one may consider the generalized prin-
cipal series representation Ip/(s,7X o) and the associated Plancherel measure
' (s,m X o,1). The same argument as above gives:
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THEOREM 9.6. Let {m,n'} be an L-packet of GSp,(F') such that 7’ is non-
generic supercuspidal and 7 is a generic discrete series representation. Then
for any supercuspidal representation o of GL,(F),

MI(S’W®O’7/IZ}) = /‘L,(S77T/IE0-7/¢))?

and these are in turn given by:
_ 2 2 _
V(5,566 @ 6, 0) - (=5, stddx @ 65, D) -7(25, \ b0 ) - (= 25, \ 05, ).

10. Characterization of the map L

In this section, we shall show that the map L is characterized by the
properties (i), (iii), (v) and (vi) in the Main Theorem. In particular, this will
complete the proof of the Main Theorem. More precisely, we show:

THEOREM 10.1. There is at most one map
satisfying:

(a) the central character wy of m corresponds to the similitude character
sim(¢r) of ¢r := L(m) under local class field theory;

(b) 7 is an essentially discrete series representation if and only if ¢, does
not factor through any proper Levi subgroup of GSp,(C);

(¢) if m is generic or nonsupercuspidal, then for any irreducible represen-
tation o of GL,(F) with r < 2,

5(577T X Uﬂﬁ) = 5(57 Or ® %ﬂ/))-
(d) if 7 is nongeneric supercuspidal, then for any supercuspidal represen-

tation o of GL,.(F) with r < 2, the Plancherel measure u(s,m X o) is equal
to

’Y(Sa ¢>r/ & ¢Ua ¢) ' 7(_37 Qsﬂ' ® ¢;'/7E) ’ 7(287 Sym2¢a ® sim ¢;17 w)
(=25, Sym?¢; @ sim ¢, ).

The rest of the section is devoted to the proof of this theorem. Recall
from Lemma 6.1 that the natural inclusion

L GSp4(C) — GL4((C) X GLl(C)
gives rise to an injection
Ly - @(GSp4) — (I)(GL4) X (I)(GLl)

where the projection to ®(GL;) is simply given by taking similitude character.
Hence, if L1 and Ly are two maps satisfying the requirements of the theorem,



THE LOCAL LANGLANDS CONJECTURE FOR GSp(4) 1873

it suffices to show that ¢, o L1 = tx 0 Ly. In view of the requirement (a) in
the theorem, it suffices to show that for each m € II(GSp,) with ¢; := L;(m)
(i =1 or 2), ¢1 and ¢2 are equivalent as 4-dimensional representations of the
Weil-Deligne group W Dp. We treat two different cases separately.

Case 1: 7 is generic or nonsupercuspidal. In this case, the requirement

(c) implies that
(10 2) L(87¢1®¢U) :L(S7¢2®¢U)7

(37 (bl o2y ¢07w) = 5<3a ¢2 ® <Z>m¢)

for any representation o of GL,(F') with » < 2. At this point, we remark that if
the above equalities are assumed to hold for r» < 3, then the results of Henniart
in [Hen02, Cor. 1.4 and Th. 1.7] would immediately imply that ¢; = ¢9, as
desired. However, since we are only requiring the above equalities to hold for
r < 2, we need a refinement of these results of Henniart.

The first refinement (which refines [Hen02, Cors. 1.4 and 1.9]) is the so-
called n x (n—2) local converse theorem for GL,, which was shown in the thesis
of J.-P. Chen and has recently appeared in print [Che06]. We are of course
interested in the case n = 4. Applying [Che06, Th. 1.1], we see that if ¢; and
¢2 are both irreducible representations of the Weil-Deligne group W Dp, then
equation (10.2) implies that ¢1 = ¢o.

We thus need to consider the case when, without loss of generality, ¢
is reducible. Our argument below is nothing more than an elaboration of
the proof of [Hen02, Th. 1.7], taking into account the key observation that
since ¢1 and ¢ factor through GSp,(C), they do not contain any irreducible
3-dimensional constituent.

To be more precise, any irreducible representation of W D is of the form
p X S, where p is an irreducible representation of the Weil group Wr and S,
is the irreducible r-dimensional representation of SLa(C). If ¢ is a semisimple
representation of W Dp, then for each pXS,., let mg(p,r) > 0 be the multiplic-
ity of pX.S, in ¢. Moreover, let vg(p,r) > 0 denote the order of poles at s = 0
of the local L-factor L(s,¢ ® (pX S,)¥). We make a few simple observations:

(i) From the definitions, one has:

-1
L(s,p&ST):L<s+T2 ,p).

(ii) With ¢t = min(r, k),

r+k—2-29
L(s, (052 8,) & (1o 8 S)” HL( + T2 LagY).
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(iii) For any semisimple representation ¢ of W Dp,

min(r,k)

volpyr) =32 D2 mo (pl = U, k).

k>1 j=1

(iv) If the ¢ and ¢2 above have a common constituent, then ¢; = ¢o.
Indeed, after cancelling this common constituent, we have two repre-
sentations @] and ¢4 of dimension < 4. Moreover, L- and e-factors
behave multiplicatively with respect to direct sums of representations.
Hence, the analog of equation (10.2) holds for ¢, with r» < 2. Thus,
one can apply [Hen02, Cor. 1.4 and Th. 1.7] to conclude that ¢} = ¢}.

For i =1 or 2, let us write m;(p,r) and v;(p, ) for mg,(p,r) and vy, (p,r)
respectively. Now using the above observations (see also [Hen02, §4.2]), one
sees that for any 1-dimensional character x of W, one has the following system
of equations:

vi(x,2) = mi(x| — 7%, 1) + mi(x, 2)
+mi(x] =75 2) +mi(x| = 71 4) +milx] = [7%,4),
vilx| — 7Y2,1) = ma(x| = 72, 1) + ma(x| = [74,2) + ma(x| — |72, 4),
vilx| = [V2,1) = ma(x| = [Y2,1) + mi(x, 2) + mi(x| — |71, 4).

In particular, this implies that

mi(x, 1) = vilx, 1) +vilx] = 71 1) = wilx] = [72,2).

Thus, using the requirement (c), we conclude that any 1-dimensional irre-
ducible constituent of ¢ occurs with the same multiplicity in ¢o. In partic-
ular, if ¢; (and thus ¢2) contains a 1-dimensional irreducible constituent, we
are done by observation (iv) above.

We are thus reduced to the case where ¢ is the sum of two (possibly
equivalent) irreducible 2-dimensional representations. If p is an irreducible
2-dimensional representation of W, then

Vi(pv 1) = mi(pv 1) + ml(p| - |_1/272)'

Thus, if ¢1 contains p and ¢o does not, we must have ¢y = p| — |~/2X S, and
vi(p,1) = mi(p,1) = 1. This would imply that ¢1 = p @ po with pg # p, and
thus L(s, ¢1 ® py) has a pole at s = 0 whereas L(s, ¢2 ® pJ) is holomorphic at
s = 0. With this contradiction, we see that if ¢1 contains p, so must ¢2. Then
by observation (iv) above, we have ¢; = ¢q.

Finally, we are reduced to the case where

¢1 = (x X S2) @ (uXSy),

and ¢o is either of the same form as ¢ or is irreducible. In this case, one has

V’L(X‘ - ’1/25 1) = mZ(X7 2) +ml(X| - |_1’4)'
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Thus, if ¢2 does not contain y X S, then we must have ¢ = x| — |7} X Sy and
m1(x,2) = 1. This implies that © # x and one has

vi(p,2) =1 and wva(p,2)=0

which is a contradiction. Hence, ¢o must also contain x X S5 and by observa-
tion (iv) again, we deduce that ¢ = ¢s.

Case 2: 7 is nongeneric supercuspidal. In this case, we know that = =
0(r ® ) for a representation 7 X 7 of GSO(D). If 7; is the Jacquet-
Langlands lift of 7, then set

¢ = d)n EB(;S‘rz‘

We have shown in the previous section that pu(s, 7 X o) is equal to
’Y(S, o ® d)O'a 1, r(/]) : 7(87 ®® ¢0’7 T}/7 r@b) : 7(287 X g,72, 1/}) : 7(257 X g, Té/) 1/])

Hence, if L is a map satisfying the conditions of the theorem with ¢, := L(m),
then the requirement (d) implies that

(10.3)

7(5a ¢7r®¢0'a Tl)d’) '/7(5¢ ¢ﬂ'®¢tﬂri/’ ¢) = 7(87 <I>®¢0a 7”1,1/1) "7(57 (I)®¢0'3TY7¢)'

We need to show that this forces ¢, to be equal to ®.

Suppose first that 7 is supercuspidal. Taking ¢ = 71, the right-hand side
of equation (10.3) has a zero at s = 0, which implies that L(—s, dr ® ¢Y,) -
L(s, ¢, @ ¢7,) has a pole at s = 0. Thus, for some irreducible constituent
¢ = pN S, of ¢, the function

L(_Sv ¢ ® (b‘\r/l) ’ L(87 ¢v ® ¢7'1)
has a pole at s = 0. Since 71 is supercuspidal, this occurs if and only if

p= ¢7—1 ® ‘ o ’:I:(r—l)/Z'

‘i(rfl)/2 X S, as a constituent

Hence, we conclude that ¢, must contain ¢\r/1 =
and further » = 1 or 2. In other words, either ¢, contains ¢, or else ¢ is
equal to the irreducible representation ¢, | — [*1/2 X Ss.

On the other hand, suppose that 7y is the twisted Steinberg representation
Sty so that ¢, = x X So. Taking o = ), we see that the right-hand side of
equation (10.3) has a zero at s = 1/2. Thus, for some constituent ¢ = pX S,

of ¢, the function

V(s p" X RSp) - y(=s,p X" BS,)

L(T§1+1 s,p-x 1) L5+ 145,pY - X)
L5 + 5,0V x) - L5 = 5,0 x7Y)

= (e-factors) -
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has a zero at s = 1/2. Thus, the denominator must have a pole at s = 1/2.
This occurs if and only if

p=x-1—1" or p=x-|—-|" "

Now by requirement (b) of the theorem, we know that ¢ is either irreducible or
is the sum of two inequivalent 2-dimensional irreducible representations. Thus,
r = 2 or 4 above. In other words, ¢, is either the irreducible 4-dimensional
representation Sy up to twisting, or else ¢, contains x| — | X .Sy or x X Ss.

Taking note of the fact that 7 # m but w; = w,, the above discussion
shows that ¢, must be the sum of two irreducible 2-dimensional representations
of WDp, with each 7; contributing a constituent equal to ¢, or ¢, - | — |.
Moreover, the latter can only occur if 7; is nonsupercuspidal. However, it is
not difficult to check that equation (10.3) cannot hold for all o if ¢, contains
¢, - | — | as a constituent. The proof of Theorem 10.1 is complete.

Remarks. Observe that the requirement (b) is only used in the analysis
of Case 2 above. If the requirement (c) in the theorem is known to hold for all
representations 7, then the proof given above in Case 1 shows that the map L
is characterized by (a) and (c) alone.

11. Comparison with construction of Vigneras

When p # 2, Vigneras [Vig86] and Roberts [Rob01] have given an alter-
native definition of L-packets. In this section, we verify that their definition
agrees with ours. For that, we shall begin by recalling their construction.

We shall focus on an L-parameter ¢ for GSp, which is trivial on SLg(C)
and such that ¢ is irreducible of the form

¢ = indy}” ¢,.
Here K/F is a quadratic field extension and ¢, is an irreducible 2-dimensional
representation of Wy which does not extend to Wr but such that det ¢, does
extend. In this case, there are two extensions of det ¢, to W, differing from
each other by twisting by wg/p. One of these extensions of det ¢, is precisely
the similitude character p of ¢. This is the crucial case treated in [Vig86].

To construct the L-packet associated to ¢ following [Vig86|, consider the
rank 4 quadratic spaces

Vi =(K,Ng)®H and Vi =(K,§ Ng)oH,

where 0 € F*\Ng(K*). The associated orthogonal similitude groups of these
two quadratic spaces are isomorphic:

GSO(Vg) = (GLe(K) x F*)/AK™,
where A(a) = (a,Ng(a)~!) for a € K*.



THE LOCAL LANGLANDS CONJECTURE FOR GSp(4) 1877

If p is the supercuspidal representation of GLy(K') associated to ¢,, then
p is not obtained via base change from GLa(F'). One may consider the rep-
resentation p X p of GSO(Vj). Considering the theta correspondence for
GSO(VE) x GSpy(F)™, one gets two irreducible representations 6°(p X u) of
GSp4(F)*, which are exchanged under the conjugation action of an element
of GSp4(F) \ GSp,(F)". Thus we have an irreducible representation

.. 1GS
V(ipXRp) = 1ndGS§}95(p X ).

The packet associated to ¢ by Vigneras consists of the single supercuspidal
representation V(p X p).

On the other hand, if II, is the supercuspidal representation of GL4(F)
attached to ¢, then II, is the automorphic induction of p from GLa(K) to
GL4(F). According to our definition of L-packets, the packet associated to ¢
is the theta lift of II, X p to GSp,(F'). Thus, to show that our definition is
consistent with that of Vigneras and Roberts, it suffices to show:

PROPOSITION 11.1. Under the theta lifting from GSpy(F') to GSO(V),
we have

O(V(pWp) =1, X p.

Proof. We shall show the proposition using global means. Pick a quadratic
extension K/F of number fields such that for some place v of F, we have
K,/F, = K/F. Consider the quadratic space Vkx = (K, Ng) @& H over F so that

GSO(Vk) = (GLy(K) x F*)/AK*.

Let XY be a cuspidal representation of GSO(Vk)(Axk) whose local component
at the place v is isomorphic to p X u. Consider the global theta lift V(2 X T)
of EX T to GSp,(Ak). Then V(EX T) is a nonzero globally generic cuspidal
representation with central character T and the local component at v of an
irreducible constituent of V/(ZX T) is the representation V(p X pu).

Now consider the theta lift of V(EX T) from GSp,(Ar) to GSO(V)(Ap).
It is not difficult to see that this theta lift is nonzero and cuspidal. Thus we
obtain a cuspidal representation ¥ X Y on GL4(Ar) x GL1(Ar), whose local
component at v is the representation 6(V (p X p)).

From the functoriality of theta correspondences for unramified representa-
tions (Proposition 3.4), we see that ¥ is nearly equivalent to the automorphic
induction of = from GL2(Ak) to GL4(Ap). By the strong multiplicity one the-
orem for GlLy4, these two representations are thus isomorphic. In particular,
the proposition follows by extracting the local component at v. U

COROLLARY 11.2. When p # 2, Vigneras construction of L-packets in
[Vig86] exhausts all irreducible representations of GSpy(F).



1878 WEE TECK GAN and SHUICHIRO TAKEDA

12. Global generic lifting from GSp, to GL4

We conclude this paper with a global consequence of our local results.
Hence, in this section, F' will denote a number field and A its ring of ade-
les. Jacquet, Piatetski-Shapiro and Shalika announced some thirty years ago
that they have used the global theta correspondence for GSp, x GSO(V) to
show the weak lifting of globally generic cuspidal representations of GSp,(A)
to GL4(A), but unfortunately their proof was never published. Recently, an
alternative proof of this weak lifting, with some further refinements, was given
by Asgari-Shahidi [AS06] using the converse theorem.

Though the results of Jacquet-Piatetski-Shapiro-Shalika were not pub-
lished, essentially all the details of their proof can be found in the papers
[Sou87] and [GRS97]. Namely, given a globally generic cuspidal representation
7 of GSp4(A), one considers its global theta lift ©(7) to GSO(V') and shows
that the Whittaker-Fourier coefficients of ©(7) can be expressed in terms of the
Whittaker coefficient of 7 [GRS97, Prop. 2.2 and Cor. 2.5]. Thus one concludes
that ©(m) is globally generic (and in particular is nonzero). Moreover, by the
functoriality of the local theta correspondence for unramified representations
(Proposition 3.4), one sees that ©(m) is a weak lift of 7.

The purpose of this last section is to strengthen this weak lifting to a
strong one:

THEOREM 12.1. The global theta lifting m — O(mw) = II X u defines an
injection from the set of globally generic cuspidal representations of GSp,(A)
to the set of globally generic automorphic representations ILX pu of GLg(A) x
GL1(A). Moreover, one has:

(i) 4 = wy and the central character of 11 is w2;

(i) T 2TV ® we;
(iii) The image of the lifting consists precisely of those automorphic repre-
sentations 11X pu satisfying one of the following:

(a) II is cuspidal and the (partial) twisted exterior square L-function
L3(s,TI, A2®@u~") has a pole at s = 1;

(b) II is an isobaric sum 1 B 1o, where 71 # T2 are cuspidal represen-
tations of GLa(A) such that 7, = 77 ® . In this case, T is the
global theta lift of the cuspidal representation 71X 7o of GSO22(A).

(iv) for each place v of F', one has an equality of L-parameters

¢7r,v = ¢H,v : WDFv — GL4((C)

In other words, m +— ©(m) is a strong lift and one has the following equalities
of global L-functions and e-factors:

L(s,m x¥)=L(s,IIxX) and e(s,m x %) =¢e(s,IIxX)
for any cuspidal representation ¥ of GL,(A).
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We remark that (i), (ii) and parts of (iii) constitute the main theorem
of [AS06] and are proved by entirely different methods there. More precisely,
[ASh] showed that the image of the global generic lifting is contained in the set
of automorphic representations satisfying the conditions (a) and (b) of (iii).
Thus the new results in our theorem are (iv) and the other half of (iii), namely
that any automorphic representation satisfying (a) and (b) of (iii) is in the
image.

The rest of the section is devoted to the proof of the theorem. By the local
results of this paper, the local theta lift for GSp, x GSO(V') satisfies Howe’s
conjecture. The analogous result at archimedean places has been proved by
Adams-Barbasch [AB95] over C and by A. Paul [Pa] over R (suitably extended
to the similitude case). Thus the map m — ©(mw) = II ¥ p is injective. Since
the local theta correspondence preserves central characters, we immediately
deduce (i). Moreover, for a finite place, (iv) follows directly from our definition
of L-parameters for GSp, and Theorem 5.6(iii)(b). For an infinite place, (iv)
follows by [AB95] and [Pau05]. Thus, the weak lifting is strong.

By (iv) and the property of the local Langlands correspondence for GSp,
proved in this paper, one knows that for each place v, ¢, factors through
GSp,(C) with similitude character ji,. So we have ¢, = ¢y1,, ® p1y. By the
properties of the local Langlands correspondence for GL,4, one deduces that

I, 211 @ iy

This proves (ii).

Finally we come to (iii). By the functoriality of the theta correspondence
for unramified representations, we see that the degree 6 (partial) standard
L-function of O(7) = II Xy admits a factorization:

L3(s,0(m),std) = ¢5(s) - L (s, m,std).

Since L°(s,0(n),std) = L%(s, I, A\2®u~"') and L°(s,m,std) is nonzero at
s =1, we see that the twisted exterior square L-function L°(s,II, A2 @u 1)
has a pole at s = 1 for any II X i in the image of the global theta lift.

To complete the proof of (iii), suppose first that II is a cuspidal repre-
sentation of GL4(A) such that L5(s, I, A2®u~') has a pole at s = 1. By a
result of Jacquet-Shalika [JS90], this is equivalent to IT having nonzero Shalika
period with respect to u. Now let us consider the global theta lift of II X p
to GSp4(A), which one can easily check to be cuspidal. If one computes the
Whittaker-Fourier coefficient of ©(IIX ), one obtains an expression involving
the Shalika period of II with respect to p. A proof of this can be found in
[Sou87] and [GT10b, Prop. 3.1]. From this, one concludes that 7 = O(II X p)
is a globally generic cuspidal representation of GSp,(A). Thus, IIX y = ()
is in the image of the global theta lift.
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On the other hand, if ©(7) = IIXy is noncuspidal, then the global theta lift
of m to GSO22(A) is nonzero (by the tower property of theta correspondence).
It is easy to check that the theta lift of m to GSO1 1(A) vanishes; indeed, the
local theta lift of a representation of GSO1,; to GSp, is never generic. Thus,
m = (11X 1y) for a cuspidal representation 71 W7y of GSOg2(A) with wy = wy,
so that 7, = 7,¥ ® wy. Moreover, 11 # T2, for otherwise the theta lift of 71 X 7o
to GSpy(A) would not be cuspidal. Conversely, if II X p is of the type in
(iii)(b), so that II = 7, B 79, then we may consider the global theta lift of
the cuspidal representation 71 X 75 of GSO22(A) to GSpy(A). This gives us a
globally generic cuspidal representation m = ©(7; K1) of GSp,(A). The theta
lift of m to GSO(V)(A) is then equal to II X p.

This completes the proof of the theorem. O
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