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Absence of mixing in area-preserving
flows on surfaces

By CORINNA ULCIGRAI

Abstract

We prove that minimal area-preserving flows locally given by a smooth
Hamiltonian on a closed surface of genus g > 2 are typically (in the
measure-theoretical sense) not mixing. The result is obtained by con-
sidering special flows over interval exchange transformations under roof
functions with symmetric logarithmic singularities and proving absence of
mixing for a full measure set of interval exchange transformations.

1. Definitions and main results

1.1. Flows given by multi-valued Hamiltonians. Let us consider the fol-
lowing natural construction of area-preserving flows on surfaces. On a closed
connected orientable surface S of genus g > 1 with a fixed smooth area form w,
consider a smooth closed real-valued differential 1-form 7. Let X be the vector
field determined by n = ixw = w(n,-) and consider the flow {y;}ter on S
associated to X. Since 7 is closed, the transformations ¢y, t € R, are area-
preserving. The flow {¢;}iecr is known as the multi-valued Hamiltonian flow
associated to 7. Indeed, the flow {¢;}tcr is locally Hamiltonian; i.e., locally
one can find coordinates (z,y) on S in which it is given by the solution to the
equations © = 0H /0y, y = —0H /Ox for some smooth real-valued Hamilton-
ian function H. A global Hamiltonian H cannot be in general be defined (see
[NZ99, §1.3.4]), but one can think of {¢; }4cr as globally given by a multi-valued
Hamiltonian function.

The study of flows given by multi-valued Hamiltonians was initiated by
S. P. Novikov [Nov82] in connection with problems arising in solid-state physics
i.e., the motion of an electron in a metal under the action of a magnetic field.
The orbits of such flows arise also in pseudo-periodic topology, as hyperplane
sections of periodic surfaces in T" (see e.g. Zorich [Zor99)).

From the point of view of topological dynamics, a decomposition into min-
imal components (i.e., subsurfaces on which the flow is minimal) and periodic
components on which all orbits are periodic (elliptic islands around a center
and cylinders filled by periodic orbits) was proved independently by Maier
[May43], Levitt [Lev82] (in the context of foliations on surfaces) and Zorich
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[Zor99] for multi-valued Hamiltonian flows. We consider the case in which the
flow is minimal; i.e., all semi-infinite trajectories are dense. This excludes the
presence of periodic components.

From the point of view of ergodic theory, one is naturally led to ask
whether the flow on each minimal component is ergodic and, in this case,
whether it is mizing. Ergodicity is equivalent to ergodicity of the Poincaré first
return map on a cross section, which is isomorphic to a minimal interval ex-
change transformation (see §1.2 for definitions). A well-known and celebrated
result asserts that typical' IETs are uniquely ergodic ([Vee82], [Mas82]).

In this paper we address the question of mixing. Let u be the area asso-
ciated to w, renormalized so that p(S) = 1. Let us recall that {¢;}er is said
to be mixzing if for each pair A, B of Borel-measurable sets one has

(1) Jim p(pe(A) N B) = p(A)u(B).

We assume that the 1-form 7 is Morse; i.e., it is locally the differential
of a Morse function. This condition is generic in the space of perturbations
of closed smooth 1-forms by closed smooth 1-forms. Thus, all zeros of i cor-
respond to either centers or simple saddles, and, in particular, if the the as-
sociated flow {¢;}ier is minimal, then all zeros are simple saddles. Let us
hence consider the space of multi-valued Hamiltonian flows with only simple
saddles. A measure-theoretical notion of typical is defined as follows by us-
ing the Katok fundamental class (introduced by Katok in [Kat73]; see also
[NZ99]). Let ¥ be the set of fixed points of 7 (in our case simple saddles) and
let k be the cardinality of 3. Let ~1,...,7v, be a base of the relative homology
Hy(S,%,R), where n = 2g + k — 1. The image of n by the period map Per is
Per(n) = ([, n,-.-, [, m) € R". The pull-back Per, Leb of the Lebesgue mea-
sure class by the period map gives the desired measure class on closed 1-forms.
When we use the expression typical below, we mean full measure with respect
to this measure class.

The main result is the following. Let us recall that a saddle connection
is a flow trajectory from a saddle to a saddle and a saddle loop is a saddle
connection from a saddle to the same saddle.

THEOREM 1.1. Let {pi}ier be the flow given by a multi-valued Hamil-
tonian associated to a smooth closed differential 1-form n on a closed surface
of genus g > 2. Assume that {¢i}er has only simple saddles and no saddle
loops homologous to zero. For a typical such form n, the flow {¢i}er is not
mixing.

!The notion of typical here is measure-theoretical; i.e., it refers to almost every IET in
the sense defined before the statement of Theorem 1.2.
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The assumption that there are no saddle loops homologous to zero ex-
cludes for typical flows the presence of periodic components and implies min-
imality by a result of Maier [May43]. In fact, a typical flow has no saddle
connections other than saddle loops homologous to zero and periodic compo-
nents are bounded by saddle connections.

Thus, Theorem 1.1 settles the open question (which appears, for example,
in Forni [For02] and in the survey [KT06, §6.3.2] by Katok and Thouvenot)
of whether a typical minimal multi-valued Hamiltonian flow with only simple
saddles is mixing. Even if nonmixing, such flows are nevertheless typically
weakly mizing® ([Ulc09]; see also §1.3). The asymptotic behavior of Birkhoff
sums and its deviation spectrum for this class of flows was described by Forni
in [For02].

Let us remark that both assumptions of Theorem 1.1 (i.e., simple saddles
and no saddle loops homologous to zero) are crucial for the absence of mixing.
Indeed, if a minimal flow has multi-saddles, corresponding to higher-order zeros
of n, then ¢; is mixing, as proved by Kochergin [Ko¢75]. On the other hand,
flows with saddle loops homologous to zero form an open set in the space of
multi-valued Hamiltonians, and if there are such saddle loops, then one can
typically produce mixing in each minimal component using the mechanism
developed in [SK92| for genus one and in [Ulc07b] for higher genus.

In the next section we recall the definitions of interval exchange transfor-
mations and special flows and formulate the main theorem in the setting of
special flows. (Theorem 1.2, from which Theorem 1.1 will be deduced.) Pre-
vious results on ergodic properties of special flows over IETs are recalled in
Section 1.3.

1.2. Special flows with logarithmic singularities. Special flows give a use-
ful tool to describe area-preserving flows on surfaces. When representing a flow
on a surface (or one of its minimal components) as a special flow, it is enough
to consider a transversal to the flow: the first return, or Poincaré map, to the
transversal determines the base transformation 7', while the function f gives
the first return time of the flow to the transversal. Different functions f de-
scribe different time-reparametrizations of the same flow; hence they give rise
to flows which, topologically, have the same orbits. Interval exchange transfor-
mations arise naturally as first return maps (up to smooth reparametrization);
see Section 5. flows over IETs with this type of singularities, we get as a
Corollary the following.

2Let us recall that a flow {©t}er preserving a probability measure p is weakly mizing if
for each pair A, B of measurable sets, + fOT |(pe(A) N B) — p(A)pu(B)| dt converges to zero
as T tends to infinity.
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Interval exchange transformations. Let 1(0) = [0,1), let m € 84, d > 2, be
a permutation® and let Ay_; denote the simplex of vectors \ € Ri such that
S4  \; = 1. The interval exchange transformation (IET) of d subintervals
given by (), m) with A € Ag_; is the map T': 10 — 1) given by*

J—1 J—1 J—1 J
Ta)=2-Y N+ A for 2l =323 M), j=1....d
=1 =1 =1 =1

In other words T is a piecewise isometry which rearranges the subintervals
of lengths given by A in the order determined by m. We shall often use the
notation T = (A, m). Let Xy = {3371 \i,j = 1,...,d} U {0} be the set of
discontinuities of T together with the endpoints of I(®©). We say that T is
minimal if the orbit of all points are dense. We say that the permutation
m € 84 is irreducible if, whenever the subset {1,2,...,k} is m-invariant, then
k = d. Irreducibility is a necessary condition for minimality. Recall that T
satisfies the Keane condition if the orbits of all discontinuities in ¥y ,\{0,1}
are infinite and disjoint. If 7" satisfies this condition, then 7" is minimal [Kea75].

Special flows. Let f € Ll([(o),daz) be a strictly positive function and as-
sume that [, f(z)dz = 1. Let X; = {(z,y) € R? |z € I©, 0 <y < f(x)}
be the set of points below the graph of the roof function f and p be the re-
striction to X of the Lebesgue measure dzdy. Given z € IO and r € Nt
we denote by S,(f)(x) = Y=g f(T'(z)) the r*" nonrenormalized Birkhoff
sum of f along the trajectory of x under 7. By convention, Sy(f)(z) = 0.
Let t > 0. Given = € I°) denote by r(x,t) the integer uniquely defined by
r(z,t) =max{r e N| S.(f)(x) <t}

The special flow built over® T under the roof function f is a one-parameter
group {¢¢}ter of p-measure-preserving transformations of X; whose action is
given, for t > 0, by

(2) pr(,0) = (T (@), = Sy () (@) -

For t < 0, the action of the flow is defined as the inverse map and g is the iden-
tity. Under the action of the flow a point (z,y) € X; moves with unit velocity
along the vertical line up to the point (z, f(z)), then jumps instantly to the

3We are using here the notation for IETs classically introduced by Keane [Kea75] and
Veech [Vee78], [Vee82]. We remark that recently Marmi-Moussa and Yoccoz introduced a new
labeling of IETs (see the lecture notes by Yoccoz [Yoc06] or Viana [Via]), which considerably
facilitates the analysis of Rauzy-Veech induction. We do not recall it here, since it does not
bring any simplification to our proofs.

4The sums in the definition are by convention zero if over the empty set, e.g., for j = 0.

One can define in the same way special flows over any measure-preserving transformation
T of a probability space (M, #, pn); see e.g., [CFS82].
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point (T'(x),0), according to the base transformation. Afterward it continues
its motion along the vertical line until the next jump and so on. The integer
r(x,t) gives the number of discrete iterations of the base transformation T,
which the point (x,0) undergoes when flowing up to time ¢ > 0.

Logarithmic singularities. We consider the following class of roof func-
tions with logarithmic symmetric singularities. The motivation for considering
special flows over IETs under such roofs is explained in Section 5.

Let 0 <z <7y < - < Zjl_l < 1 be the s; points where the roof
function is right-singular (i.e., the right limit is infinite) and 0 < Z; <z <

- < Zg_1 <1 the sp points where the roof function is left-singular (i.e., the
left limit is infinite). Let us denote by {{x}} the fractional part of z, that is a

periodic function of period 1 such that {z}} =z if z € [0,1).

Definition 1.1. The function f has logarithmic singularities at the set of

points {E(J{,...,2:1_1,20_,...,28_2_1}, where 0 < Za’,...j;_l < 1 are right
singularities and 0 < z7,...,Z;, 1 <1 are left singularities, if f € €? on

[0, 1}\{207~--; :1 10205+ Zgy 1)
and there exist constants C;r t=0,...,51—1land C; fori=0,...,s9—1and

a function w of bounded variation on [0, 1] such that

s1—1

f:f0+w7 fO ZC+

WHZC

;- zh.

The logarithmic singularities are called symmetric if, moreover, Zfial C; =

Zsl 1 C+

We remark that the derivative f’ of a function with symmetric logarithmic
singularities is not integrable. Indeed, to express the derivative, let us introduce
two auxiliary functions u, v defined on (0, 1) as follows:

and extended to the whole real line so that they are periodic of period 1, i.e., for
r € R, u(z) = uw({{z}}) and v(z) = v({{z}}). Let us denote u;(z) = u(z — z;")
fori=0,...,s1 — 1 and v(x) =v(r —%;), ¢ =0,...,50 — 1. Then, we can
write f' = fo 4+ w’ where w’ is integrable since w has bounded variation, while

so—1 s1—1

3) fo=>Y Civi—= Y Cfu
=0 =0

is not integrable since it has singularities of type 1/x.
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Absence of mizing. The main theorem that we prove in this context is the
following. Here and in the rest of the paper we will say that a result holds
for almost every IET if it holds for any #rreducible permutation m on d > 2
symbols and almost every choice of the length vector A € Ay_1 with respect
to the restriction of the d-Lebesgue measure to the simplex Ag_1.

THEOREM 1.2. For almost every IET T = (A, ), the special flow {4 }ier,
built over T under a roof function f with symmetric logarithmic singularities
at a subset of the discontinuities ¥ » of T', is not mixing.

It is worth remarking that nevertheless special flows with logarithmic sin-
gularities over typical IETs are weakly mixing,% as proved by the author in
[Ulc07a] and [Ulc09]. We show in Section 5 that flows on surfaces given by
multi-valued Hamiltonians can be represented as flows over IETs with loga-
rithmic singularities and that Theorem 1.1 can be deduced from Theorem 1.2.

1.3. Ergodic properties of logarithmic special flows.

Flows over rotations. Assume first that the base transformation is a ro-
tation of the circle (i.e. the map Ro,x = = + o (mod 1)), which can be seen
as an interval exchange of d = 2 intervals. Kochergin proved in [Ko¢76] that
special flows with symmetric logarithmic singularities [Ko¢76] are not mixing
for almost every a. Recently, in [Koc07], he shows that absence of mixing
holds indeed for all . An intermediate result for s; = so =1 and Cj = C(}L
is a consequence of [Lem00]. In [FLO3] Fraczek and Lemanczyk consider the
roof function f(x) = |Inz|/2+ |In(1 — z)|/2 and show that the corresponding
special flow over R, is weakly mizing for all &. They also push the investiga-
tion to more subtle spectral properties, showing in [FL05] that such flows are
spectrally disjoint from all mixing flows.

On the other hand, if the roof has asymmetric logarithmic singularities,
Khanin and Sinai proved in [SK92] that, under a diophantine condition on
the rotation angle which holds for a full measure set of a, the corresponding
special flow is mizing, answering affirmatively to a question asked by Arnold
in [Arn91]. The diophantine condition of [SK92] was weakened by Kochergin
in a series of works ([Koc03], [Koc04a], [Koc04b], [Koc0O4c]).

Flows over IETs. In [Ulc07a] and [Ulc07b] the author proved that special
flows over typical IETs under a roof function f having a single asymmetric log-
arithmic singularity at the origin (i.e., as in Definition 1.1 with s; =s2=1 and
C’J # C, ) are mizing. The same techniques can be applied to the situation

6The definition of weak mixing was recalled in footnote 2 (page 1745).
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of several logarithmic singularities as long as the roof satisfies the asymme-
try condition 31 C;" # ST C; . Let us also recall that if the singularities are
power-like (i.e., f blows up near singularities as 1/z® for a > 0) rather than
logarithmic, then mixing was proved by Kochergin in [Ko¢75].

If the singularities are symmetric, two results in special cases were recently
proved. In [Ulc07al, the author showed the absence of mixing if the IET on the
base satisfies a condition which is similar to « being bounded type for rota-
tions (which in particular holds only for a measure zero set of IETSs). Scheglov
recently showed in [Sch09] that if 7 = (54321), then for almost every A the
special flow over (A, 7) under a particular class of functions with symmetric
logarithmic singularities” is not mixing. From his result it follows that Theo-
rem 1.1 holds in the special case in which g = 2 and the flow has two isometric
saddles. Unfortunately, his methods do not seem to extend to higher genus,
for the reasons explained in the remark at the end of Section 4.2.

It is worth recalling also that IETSs are never mixing and that special
flows over IETs are never mixing if the function f is of bounded variation
(both results were proved by Katok in [Kat80]). On the other side, Avila and
Forni [AF07] showed that IETs which are not of rotation-type are typically
weakly mixing and that special flows over IETs with piecewise constant roofs
are also typically weakly mixing.

2. Background on cocycles and Rauzy-Veech induction

2.1. Some properties of cocycles. Let (X, u, F') be a discrete dynamical
system, where (X, ) is a probability space and F' is a pu-measure-preserving
map on X. A measurable map A : X — SL(d,Z) (d x d invertible matrices)
determines a cocycle A on (X, u, F'). If we denote by A, (x) = A(F"x) and by
A (z) = Ap—1(z) - - - A1(z) Ao(z), then the following cocycle identity

(4) AT (z) = AR(F"x) Afp ()

holds for all m,n € N and for all € X. If F is invertible, let us set A_,(x) =
A(F~"z). The map A~!(z) = A(x)~! gives a cocycle over F~! which we call
inverse cocycle.

If Y C X is a measurable subset with p(Y") > 0, then the induced cocycle
Ay on Y is a cocycle over (Y, uy, Fy) where Fy is the induced map of F' on
Y, uy = p/p(Y), and Ay (y) is defined for all y € Y which return to Y and is

A function f with symmetric logarithmic singularities, as defined in [Sch09], is such that
f' is a linear combination of the functions f;(z) = 1/(b; — ) — 1/(z — a;) defined on the
interior of the IET subintervals Ii([)) = [a;,b;) for i = 1,...,d and the function 1/(1—z)—1/z.
In particular, s; = s2 and constants come in pairs {C;L, C;} such that C;r = C; . Thus, this
class is more restrictive than the one given by Definition 1.1.
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given by
Ay (y) = AF W~ 1y) .  A(Fy) A(y),

where ry (y) = min{r | F"y € Y} is the first return time. The induced cocycle
is an acceleration of the original cocycle, i.e., if {ny }ren is the infinite sequence
of return times of some y € Y to Y (i.e., T"y € Y if and only if n = ny for
some k € N and ngy1 > ng), then

(5) (AY>k(y) = Ank+1—1(y) to Ank—i-l(y)Ank (y)

We say that x € X is recurrent to Y if there exists an infinite increasing
sequence {ng}ren such that 7™z € Y. Let us extend the definition of the
induced cocycle Ay to all x € X recurrent to Y. If the sequence {n}ren is
increasing and contains all n € NT such that T"x € Y, let us say that z recurs
to Y along {ng}ren. In this case, let us set

Ay (z) := Ay (y) AP (z), wherey:=F"z €Y,
(Ay)n(z) = (Ay )n(y), for n € NT.

If F is ergodic, then p-almost every x € X is recurrent to Y, and hence Ay is
defined on a full measure subset of X.

In the rest of the paper, we will use the norm |A| = Y7, [A;;| on matrices
(more in general, the same results on cocycles hold for any norm on SL(d, Z)).
With this choice one has |A| = |AT|. A cocycle over (X, F,p) is called inte-
grable if [y In|A(z)|du(zr) < co. Integrability is the assumption which allows
us to apply Oseledets Theorem. Let us recall the following properties of inte-
grable cocycles.®

Remark 2.1. If A is an integrable cocycle over (X, F, ;1) assuming values
in SL(d,Z), then

(i) the dual cocycle (A~1)T and, if F is invertible, the inverse cocycle A~!
over (X, F~! u) are integrable;

(ii) any induced cocycle Ay of A on a positive-measure subset Y C X is
integrable.

8The integrability of the dual cocycle stated in Remark 2.1(i) is proved in Zorich [Zor97],
and since |A™Y = [(A™H)T|, the integrability of the inverse cocycle follows. The proof of
Remark 2.1(ii) if F is invertible follows from Kac’s lemma representation of the space as
towers and the noninvertible case can be reduced to the invertible one by considering the

natural extension of F.
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In Section 2.2 we will consider the Rauzy-Veech Zorich cocycle for IETS,
and in Section 4 we will use various accelerations constructed using the follow-
ing two lemmas. For m < n, let us denote by”

Almn) — A At Ap_1.

LEMMA 2.1. Let A~ be an integrable cocycle over an ergodic and invert-

10 and

ible (X, pu, F'). There exist a measurable Ey C X with positive measure
a constant C1 > 0 such that for all v € X recurrent to E1 along the sequence

{nk }ren we have

In [ AU (2) |
ng —n

(6) Sél, V0 <n<ng.

Proof. Since A~! is integrable, by Remark 2.1(i), also the inverse co-
cycle A over (X,p, F~!) is integrable. Hence, by Oseledets Theorem, the
functions In || A7}_,||/m converge pointwise. There exists a set £y of positive
measure such that by Egorov’s theorem the convergence is uniform, so that
In||A%_i(z)|| < cm for some ¢ > 0 and all € Ey and all m > m > 0, and
at the same time |A_,,(z)| for 0 < m < T are uniformly bounded. Thus,
if F™ 2 € Ep, we have In A", (F™x)| < Cm for some C' > 0 and all
m > 0. Hence, since AT, (F™ ) = Ak—m+Lnt) () changing indexes by
n=mnr—m-+1, we get (6). O

LEMMA 2.2. Under the same assumptions of Lemma 2.1, for each € > 0
there exist a measurable Eo C X with positive measure and a constant Cy > 0
such that if x € X is recurrent to Eo along the sequence {my}ren, we have

(7) | Amy—n(z)|| < C2e™, V0 <n < my.

Proof. Recall that since F~! is ergodic, if f is integrable, then the func-
tions {f o F~™ /m}m,en converge to zero for almost every € X and hence, by
Egorov’s theorem, are eventually uniformly less than € on some positive mea-
sure set for m > m. Since A~!is integrable, also 4 is integrable (Remark 2.1(i))
and applying this observation to f = In||Al|, we can find a smaller positive
measure set Ey and Cy > 0 (in order to bound also |A(F~"z)| for x € Es,
0 < m < m) such that if y € Fa, we have |A(F~"y)| < Cae" for all n > 0.
When y = F™x € Es, this gives (7). O

9The reader should remark that here the order of the matrices in the product is the inverse
order than the one used in (4). This notation is convenient since we will apply it to matrices
Z where Z™! is the Rauzy cocycle.

10The same proof gives that for each ¢ > 0 there exists F1 with pu(E1) > 1 —e.
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2.2. Rauzy-Veech-Zorich cocycle.

Rauzy-Veech and Zorich algorithms. The Rauzy-Veech algorithm and the
associated cocycle were originally introduced and developed in the works of
Rauzy and Veech ([Rau79], [Vee78], [Vee82]) and proved since then to be a
powerful tool to study interval exchange transformations. If 7' = (A, 7) satisfies
the Keane’s condition recalled in Section 1.2, which holds for almost every IET
by [Kea75], then the Rauzy-Veech algorithm produces a sequence of IETs which
are induced maps of T onto a sequence of nested subintervals contained in 7(%),
The intervals are chosen so that the induced maps are again IETs of the same
number d of exchanged intervals. For the precise definition of the algorithm,
we refer, e.g., to the recent lecture notes by Yoccoz [Yoc06] or Viana [Via]. We
recall here only some basic definitions and properties needed in the proofs.

Let us use, here and in the rest of the paper, the vector norm || = S>%; \;.
If I' € 1O is the subinterval associated to one step of the algorithm and 7" is
the corresponding induced IET, then the Rauzy-Veech map R associates to T
the IET R(T) obtained by renormalizing 7" by Leb(I’) so that the renormalized
IET is again defined on an unit interval. The natural domain of definition of
the map R is a full Lebesgue measure subset of the space X := Ay_1 x R(m),
where R(7) is the Rauzy class!! of the permutation 7.

Veech proved in [Vee82] that R admits an invariant measure py which is
absolutely continuous with respect to Lebesgue measure, but this measure is
infinite. Zorich showed in [Zor96] that one can accelerate!? the map R in order
to obtain a map Z, which we call Zorich map, that admits a finite invariant
measure pgy. Let us also recall that both R and its acceleration Z are ergodic
with respect to ug and pg respectively [Vee82]. Let us recall the definition of
the cocycle associated by the algorithm to the map Z.

Lengths-cocycle. Let us consider the Zorich map Z on X = Az x R(n).
We denote by {I (n)}neN the sequence of inducing intervals for T' correspond-
ing to the Zorich acceleration of the Rauzy-Veech algorithm (well defined if
T satisfies the Keane’s condition). Let T = Z"(T) be the renormalized in-
duced IET, which is given by T := (z(™ A" /X)) where A = [\| =
Leb(I(). For each T = T© for which Z(T) = (7, A1 /AM) is defined, let
us associate to T the matrix Z = Z(T) in SL(d,Z) such that A\(0) = Z . \().

Uy et us recall that the Rauzy class of 7 is the subset of all permutations 7’ of d symbols
which appear as permutations of an IET 77 = (), #’) in the orbit under R of some IET
(X', ) with initial permutation .

12The acceleration of a map is obtained by defining almost everywhere an integer valued
function z(7T") which gives the return time to an appropriate section. The accelerated map is
then given by Z(T) := R*T(T).
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The map Z~': X — SL(d,Z) is a cocycle over (X, ug,2) , which we call the
Zorich lengths-cocycle. Zorich proved in [Zor96] that Z~1 is integrable.

Defining Z,, = Z,(T) = Z(Z"(T)) and Z™ = Zy---Z,_; and iterating
the lengths relation, we get

A()

n n)) 1 n = n
() A = (Z( )) A, where Z™(T):= (}\(n),ﬂ( )> :

For more general products with m < n we use the notation
Z(m,n) = ZmZmi1 Ln-1.

By our choice of the norm |A| = 37, |\;| on vectors and |A| = Y, ;|4;;| on
matrices, from (8),

©) A = A < Zmm A,

Moreover, if Z(™™) = A;... Ay where each of the matrices A; has strictly
positive entries, then

(10) A > gV (),

The natural extension Z of the map Z is an invertible map defined on
a domain X such that there exists a projection p : X — X for which pi =
Zp (see [Yoc06] and [Via] for the explicit definition of X, which admits a
geometric interpretation in terms of the space of zippered rectangles). The
natural extension Z preserves a natural invariant measure pz, which gives pg
as pull back by p. The cocycle Z~! can be extended to a cocycle over ()?, 15 2)
by defining the extended cocycle, for which we will use the same notation Z 71,
to be constant on the fibers of p.

Towers and induced partitions. The action of the initial interval exchange
T can be seen in terms of Rohlin towers over T := 2"(T) as follows. Let
A" € N be the vector such that h;n) gives the return time of any x € I j(n) to
I, Define the sets
h{ -1
Z\" = lUO T,

Each Z j(n) can be visualized as a tower over I J(-n) c I of height h;n), whose
floors are T J(n). Under the action of T every floor but the top one (i.e., every
T¢I ](-n) with 0 <1 < hgn) —1) moves one step up, while the image by T of the

last one (corresponding to [ = h;n)—l) is T(”)IJ(-R).
Let us denote by ¢(™ the partition of I(9) into floors of step n, i.e., intervals

of the form TZI](»H). We say that F € ¢(™ is of type j, where 1 < j < d, if it is a
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floor of Z J(-n). The following well-known fact is proved for example in [Yoc06],
[Vial.

Remark 2.2. If T satisfies the Keane’s condition, then the partitions ¢(™
converge as n tends to infinity to the trivial partitions into points.

We recall also that the entry Zl(jn ) of the matrix Z® equals the number
of visits of the orbit of any point x € I ](n) to the interval 1"

;  of the original
partition before its first return to I(™. Moreover, the height vectors A" can
be obtained by applying the dual cocycle to the column vector 29 with all

entries equal to 1, i.e.,
(11) ™ = (7)),
Balanced return times. Consider an orbit {Z"(T")}nen of a T satisfying

Keane’s condition. Let us say that a sequence {n; };cy is a sequence of balanced
times for T if there exists v > 1 such that the following hold for all [ € N:

(1) (1)
(12) Lod o) Lohoo V1<i,j<d
v A§”l) v hgm)

If n is such that the tower representation over Z"(T") satisfies (12), then we
call n a balanced return time. Lengths and heights of the induction towers are
approximately of the same size if n is a balanced return time or, more precisely:

1 1 v
— (1) (n) (n) n Y -
(13) AV SAT =AY ooy Sk s s Vi=0.d,

Hilbert metric and projective contractions. Consider on the simplex Ag_1a
C Ri the Hilbert distance dg, defined as follows:

, max;=1,...d %
da(A, X)) =log | ———+ |-
min;—1,..d )\7}
Let us write A > 0 if A has nonnegative entries and A > 0 if A has strictly
positive entries. Recall that to each A € SL(d,Z), A > 0, one can associate a

projective transformation A:Ag1 — Ay given by

~ AN

AN = AN
When A > 0, dH(;lvA, ZA’) < dg(), ). Furthermore, if A > 0, then we get a
contraction. More precisely, if A > 0, since the closure A (Ag—1) is contained
in Ag_1, we have
(14)
dir (AN, AN) < (1—e P)dy (A, )), where D(A)=  sup  dy (AN, AN) <oo.

AN €A
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3. Rigidity sets and the Kochergin criterion
3.1. A condition for absence of mixing.

Rigidity sets. Interval exchange transformations present some type of rigid-
ity, which was used by Katok in [Kat80] to show that they are never mixing.
Let us formalize it in the following definition.

Definition 3.1 (Rigidity sets and times). The sequence {Fj}ren of mea-
surable subsets Ej, C I forms a sequence of rigidity sets if there exist a corre-
sponding increasing sequence of rigidity times {ri}ren, 7z € N4, a sequence
of finite partitions {& }ren converging to the trivial partition into points and
a constant o > 0 such that

(i) Leb(Ex) > « for all k € N;
(ii) for any F' € &, T™*(F N Ey) C F.

Condition (ii) is a way to express that T"* is close to identity on Ej.

In order to show absence of mixing for a special flow whose base presents
this type of rigidity, it is enough to verify the following criterion, which was
proved in [Ko¢76] by Kochergin and there applied to flows over rotations.

LEMMA 3.1 (Absence of mixing criterion). If there exist a sequence
{Ek}ren of rigidity sets Ey, C I with corresponding rigidity times {ry}ren
and a constant M > 0 such that

(iii) for all k € N, for all y1,y2 € Eg, |Sr, (f) (1) — Sr. (F)(y2)| < M,

then the special flow {1 }icr is not mizing.

Condition (iii) is described sometimes by saying that Birkhoff sums S,, (f)
“do not stretch”. Stretching of Birkhoff sums is the main mechanism which
produces mixing in special flows over rotations or over interval exchange trans-
formations when the roof function has logarithmic asymmetric singularities (see
e.g. [SK92|, [UlcO7b]). Lemma 3.1 shows that stretching of the Birkhoff sums
is also a necessary condition to produce mixing, when there is rigidity in the
base.

We use Lemma 3.1 to prove Theorem 1.2. In Section 3.2 we describe the
construction of a class of sequences of rigidity sets Ej and times 7y for typical
IETSs, which are used in the proof of Theorem 1.2. The sets that we construct
are analogous to the type of sets used by Katok in [Kat80] to show that IETs
are never mixing, but are constructed with the help of Rohlin towers for Rauzy-
Veech induction. A variation of this construction is used by the author also in
[Ulc09], for the proof of weak mixing for this class of flows. The heart of the
proof of absence of mixing is the proof that (iii) holds, given in Section 4.
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3.2. Construction of rigidity sets. Assume that T satisfies Keane’s con-
dition. Let {ny}ren be a sequence of balanced times for T. Consider the
corresponding towers Zj(.n’“) for j = 1,...,d. By the pigeon hole principle,
since 3, h;n’“)/\ylk) =1, we can choose jy such that

1
(15) P A = .

The map T which is obtained inducing on T on I ](:") is an IET of at most

d + 2 intervals (see for example [CFS82]), which we denote (IJ(-:"))Z, where
0<I1<d+2. Let hg-:f}) be the first return time of (I](:’“))l to I](;l’“) under 7.
Choose [y so that

(n) 1 ()
(16) Leb (1), 2 7= Leb I,
Let Ji C (Ij(':k))lo be any subinterval such that Leb J, > 3 Leb (I](‘:k))lo for
some 0 < 8 < 1. Define

hime)
io

(17) Ey = U T Jg; 1= hg:j());
i=0

i.e., Ej is the part of the tower Z](-:’“) which lies above Ji,. Let & = ¢™) be
the sequence of partitions into floors corresponding to the considered balanced
steps.

LEMMA 3.2. The sequences {&k }ken, {7k }ken and {Ey}ren defined above
satisfy the assumptions (i) and (ii) of Definition 3.1.

Remark 3.1. For any 0 < j < A\"™) | all THTI(I"™)),)) with 0 < i < 7y

jo
are disjoint intervals, which are rigid translates of (I J(:k))

for TiJk, 0<1<rg.

lo- The same is true

The proof of Lemma 3.2 and of Remark 3.1 can be found in [Ulc09].

4. Upper bounds on Birkhoff sums of derivatives.

The key ingredient to show condition (iii) of the absence of mixing criterion
(Lemma 3.1) are upper bounds on the Birkhoff sums |S,, (f))| on some rigidity
set Ej, where fj is the pure logarithmic part of f = fy+w (see Definition 1.1)
and r is the rigidity time corresponding to Ej (see definitions in §3.1). Let
us first consider Birkhoff sums of the form S, (f)(z0) where zy € I ](-nk) and
()
J
along a tower, since the orbit segment {Tizo}gial has exactly one point in each
floor of the tower Zj(.n’“).

ry=~h is exactly the return time. We call this type of sums Birkhoff sums
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Let us denote by acf“i“, fori =0,...,s1 — 1, the minimum distance from
the singularity E;r of the orbit points to the right of Z;r and by ymin
i =0,...,52 — 1, the minimum distance from the singularity Z; of the points
to the left of Z;". In formulas, denoting by (x)P°® the positive part of = defined
by (z)P*® =z if z > 0 and (2)P* = 400 if < 0, these minimum distances are

given by
(18) M= min{ (7720 — )P, 0<j <), i=0,...,5 — 1,

(19) Y= min{(z; — T920)P%, 0<j<m}, i=0,...,8 —1

We adopt the convention that 1/c0 = 0.

, for

PROPOSITION 4.1. For almost every IET T there exist a constant M and
)

a sequence of balanced induction times {c;}ien such that, if zo € I](Cl and

T = hg-cl),
, s1—1 C+ so—1 C-ﬁ
(20) [Sn(fo)0)l < M+ 3 <5+ > s

i=0 1 i=0 Yi

Remark that if 21" = +o0 (and similarly if y" = +o0), since by con-
1

vention — = 0, the term ﬁ does not contribute to the sum (in other words,

only the closest visits from the side of the singularity contribute to the sum).

The proof of Proposition 4.1 is given in Section 4.2, using the lemmas
proved in Section 4.1. The estimate of Proposition 4.1 for Birkhoff sums along
towers is then used in Section 4.3 to give bounds on more general Birkhoff
sums.

Let us remark that the linear growth in (20) is essentially due to a principal
value phenomenon of cancellations between symmetric sides of the singularities,
which is peculiar to the symmetric case. A similar principal value phenomenon
was used, in the case of rotations, in [SU08]. In presence of an asymmetric
singularity, as shown in [Ulc07b], Sy, (f() grows as ry log r on a set of measure
tending to 1 as k tends to infinity.

4.1. Deviations estimates. In order to estimate deviations of ergodic av-
erages, it is standard to first consider deviations for the number of elements of
™ of type j inside Ii(m), i.e. for the quantities

NI = gfn | T 1™ 0 < b < BV}

7™ also gives the cardinality of

In terms of the cocycle matrices, Ni(jm’”) =Z,

elements of ¢(™ of type j inside each element of (™ of type i. Let us recall that

in [Zor97] Zorich proved an asymptotic result on deviations of ergodic averages

for characteristic functions of intervals of ¢(©) (hence on the asymptotic growth
(m,n)

of Ny ).
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4.1.1. Balanced acceleration. Let Z be the Zorich cocycle over the natural
extension 2 (see §2.2). Let K bea compact subset of X and denote by A := Zz
the induced cocycle of Z on K. If T is recurrent to K denote by {an}neN the
sequence of visits of T to K. One can choose the compact set13 K so that,
considering the acceleration corresponding to return times to K , the following
properties hold (the notation is the one introduced in Section 2.2 and more
details can be found in [Ulc07a] and [AGY06]).

LEMMA 4.1. There exists D > 0 and v > 1 depending only on K such
that

(i) A, = AZ*T) >0 for each n € N;
(ii) D(An) = supy yen, , da(An, ApXN) < D;

(iii) the return times {an}nen to K are v-balanced times.

4.1.2. Deviations estimates for partition intervals. Using the balanced ac-

celeration A we can control quantitatively the convergence of Ni(]m’") corre-

sponding to m,n which belong to the sequence {ay}ren of visits to K.

LEMMA 4.2. Let (NA)Z(;-n’n) = Nigqm’a"). There exists C5 > 0 such that
for each recurrent TeK , for each pair a,, < a, of return times, we have

(am)

m,n Qan )\’L am,an G O = n-m
@1) W) =6 Sy (e ), faim | < opt—en )
J
for all1 <i,j < d, where 5§an) _ hgan))\gan) .

Let us remark that the leading term in (21) is h§a") Leb(Ii(am)), as expected
by ergodicity. The form of the leading term in (21) shows that it is proportional
) depends only
on j. The error, i.e., the deviations from this leading behavior, decreases
exponentially in the number of visits to K.

to the ratio of lengths of the intervals where the density 5J(-a"

Proof. Let us denote g, := (1 — 6_5)"_15 where D > 0 is as in Property
(ii) in Lemma 4.1. Let us prove first that for each 1 <4, j < d and m < n we
have
(m,n)
(22) 6—26n7m)\§am) < %] < 626n7m)\£am)-

S e
h;

13Using the notation in [AGYO06], we can, for example, choose K to be a subset of the
Zorich cross-section contained in Ay x ©,, where 7 is a path in the Rauzy class of 7 starting
and ending at m, chosen to be positive and neat (see §83.2.1 and 4.1.3 in [AGY06] for the
corresponding definitions).
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Let us consider the sets WAH C Ay—q for { > m and let us remark that
give a sequence of nested sets. Since by (8) we have Aem) — Almd) y(@) e
also have

A(“m)
)\ anL)

mA(mlAd 1.

When [ = n, since D(A;) < D for each i € N by in Property (ii) in Lemma 4.1,
applying n —m — 1 times the contraction estimate (14), we get

(23) DA™Y < (1 — e Dyrm1p <o

Let us denote by e; the unit vector ( ]) = 0;5 (0 is here the Kronecker symbol).

Since both vectors A(™ ”)ej and /\(M belong to the closure of A A,y it

follows by (23), using compactness, that

Al

Maxi=1,..d —(amy

)\(am) 1 900y )\(am)

(}\(a o Alm ,) = log A(Zm,n) < €n—m,
mini:l,...,d ﬁ

where we also used the invariance of the distance expression by multiplication
of the arguments by a scalar. Equivalently, for each 1 <1, k < d,

1) e (A A) < AN < et (47A)

] 1

and summing over k or respectively multiplying (24) by hga
ming over both k£ and i and using that >, hgam))\gam) = 1 and (11), we get

respectively

m) and then sum-

A(mvn))\(am) h(an))\(am)
(25) e —En—m < < eenf'm’ e_En m < < eenfm'

YA mn))\( m) = ZkAg?n) -

Producing the estimates in (25) gives (22). Since, for n — m sufficiently large,
Enm < 1/2 and |1 — eT2n-m| < 4g, ,,, the lemma follows from (22) by

remarking that (N A)(m ™ = Agn’n) and setting 6](-%) = hga"))\ga"). O
4.1.3. Power form of the deviation. Let us show that, for times corre-
sponding to a further appropriate acceleration of the cocycle A, the deviations

can be expressed as a small power of the main order.
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LEMMA 4.3. For almost every T' there exist a subsequence {by = an, }ren
C {an}nen and 0 < v < 1 such that for all k € N, for all 0 < k' < k, we have

b,
(N )(k'7k) = (N )(nk/’nk) _ (5(bk) /\z( v + éa(bkubk)
Bl = Wady =0 Sy T4 )

J
)\('bk’) v
< const )\(bk) .
J

Proof. By Lemma, 2.1, there exist a measurable set Fg C K with positive
measure and C; > 0 such that if T ¢ Ep is recurrent to Ep along {an, }ren
(which is a subsequence of the visits to K since Eg C K ), then (6) holds.
By ergodicity of 2, alI/I\lOSt every T € X is recurrent to Ep. Thus for almost

(b ,bx)
a4

every T, there exists T € p~(T) recurrent to Ep (indeed a full measure set
of T in the fiber is recurrent), and we can define {an, }ren to be the sequence
along which T is recurrent.

Since (NA)E?’“”W“) satisfies, by Lemma 4.2, the estimate (21) and 5](-bk) <1,
it is enough to prove that, for some'* 4 < 1 and const > 0,

(byr) )\ 7
(26) )\i(b Eg’“/’bk) < const )\ib

By (9) and (13), Alw) ngHA(”k””k)H)\gbk). Let 1 —~:=—log(1—eP)/C1>0,

i
so that v < 1 and, recalling the estimate of 55;”"‘/ ) sg’“"bk)

and using (6),
we have

1—
SuAN A S (%
byr) = (nyrnk) z = 1—y
)\E ¥ dv|| Al i) | (eCr(me=mi))

_ (dy)’y—l(l _ e—D)"k_"k’ >

(bk’ bk)
]

9

for some constant ¢ > 0, which is exactly (26). O

We will denote by B the induced cocycle of A corresponding to this ac-
celeration. In particular, for k € N, let By(T) = By (T) = Alrbe+1)(T'), where
{bi. }ren is the sequence of visits of a chosen lift T € p~!(T'), which is recurrent
to K B-

141y the statement of Lemma 4.3 we require 0 < v < 1, but if (26) holds for some v < 0,
since )\Eb’“')/x\;bw > 1, then, by positivity, it also holds for 0 < " < 1.



ABSENCE OF MIXING IN AREA-PRESERVING FLOWS ON SURFACES 1761

4.1.4. Deviations for any interval. Let T, {b;}ren and 0 < v < 1 be as
in Lemma 4.3. Let us now consider an interval I 19 and let us denote the
number of intervals of type j of ¢(°*) contained in I by

®)ry = 1 7(bk) (bx)
(Np); (I) = #{1| T'I;Y C 1,0 <1 < hy*}.

In order to describe the deviations from ergodic averages, set by convention
B_1(T) := By(T) and introduce, for any 0 < k' < k, the quantity

The following lemma shows that the deviations of (N B)g-k) (I) can be estimated
in terms of @’lz(l)’ where

(28) k(I) := min{k | there exists F' € $**) such that F' C I}.
LEMMA 4.4. For almost every T and for all k € N and all 1 < j < d,
given any interval I of length Leb(I) > )\Sbk), we have

(bx) (bx)
)\j’“ Aj’“

y
(NB)gk)(I)_éj(bk)(Leb(I) Jréaj(k)(l)>, ‘(%(k)(l)‘ < const @,I:(I)(T)<Leb(l)> |

bk)

where {by }ken, 0 <y <1 and (5;- *are the same as in Lemma 4.3.

Proof. Let us decompose I into elements of the partitions ¢®%) k& > k(I),
as follows. Consider all intervals of gi)(bk(”) which are completely contained
in I. By definition of k(I), this set is not empty and, moreover, I is contained
in at most two intervals of qﬁ(bk(’ -1, Hence, if we denote by #f(l) the number
of intervals of ¢®*1) of type i contained in I, if k(I) > 0, then we have
#f(I) < 2max1§l§d(Bk(I)_1)li < 2||Bk‘(l)—1|| If k‘([) = O, since I(O) contains
S 1<i<d(Bo)ii elements of ") of type i, we have #9 < |Bo|. Thus, if by
convention we set B_1 := By, we have

Leb(I Z# DNPO) 4 51 k(1))

(br(r))
# < 2Byl ST K(D) <2 max A,

where 6(I,k(I)) is the length of the remainder (possibly empty), given by
the two intervals (at the two ends) left after subtracting from I all interval
of qﬁ(bk(f ) completely contained in it. Decompose in the same way the two
remainders into intervals of d)(b’c(le) (if any) completely contained in it and
two new remainder intervals and so on by induction, until decomposing into
elements of ¢(*). As before, if #fl is the number of intervals of (") of type
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i involved in the decomposition, then ## < 2||By_| since by construction
each of the two remainders is contained in an interval of gb(bk/*l). Thus, we get

(29)

B Aw) W (be)
Leb(N)= 3 S #AN a0 R), # <2ABl 50K < 2 max |
k' =k(I) i=1
Using this decomposition to estimate (NB)g-k) (I) in terms of (NB)E;?/”“) and

then applying Lemma 4.3, we get

'bk/)
(Np Z Z#k k k) _5(bk Z Z#k < (]bk ,bk)>.

k'=k(I)i=1

Recalling (29), we have

Leb(

/ , o(1,
(30 (Np)(1) = 5 > S R,

)\j k'=k(I)i=1 j
In order to conclude, let us show that the contribution to the error coming

from the last two terms in (30) is of the desired form. The very last term in

(30) is less then 2v by (29) and balance (13) and hence, since Leb(I)/)\gbk) >1
by assumption, it is controlled by choosing the constant appropriately. For the
other term, applying Lemma 4.3,

3 Sl < om LD s )
4 £l < congt (2D 1Bel [ 2 )
Since by definition of k(I), (10) and balance (13) we have Leb(/) > d—lu)\(bk(f)) >

d—lydk'_k(l ) )\Eb’“’), the sum is controlled as desired by

: AE v s Byl .
> Bl eb (1) S(dV) > m:(dV) Ok U

k' =k(I) k' =k(I)

In Section 4.2.1 we consider more in general intervals I = (a,b) C R
such that Leb(I) < 1 and either a or b belong to the set of singularities
{E(T, . ,2:1_1,26, .oy Zg, 1} We consider I as a subset of I modulo one;
ie., if a < 1 < b we consider the union (a,1) U (0,b—1), and if a < 0 < b we
consider (0,b)U(a+1,1). One can also decompose this type of intervals so that
(29) holds. Indeed, if I modulo one is a disjoint union, then one can decompose
any interval of this type so that k() = 0 since one of the two intervals ((a, 1)
or (0,b) respectively) is a union of elements of $(*0), whose total number is
bounded by || Byl|, and the other interval can be decomposed as before. Thus,
the same proof that shows Lemma 4.4 gives also the following remark.
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Remark 4.1. Lemma 4.4 also holds for intervals I modulo one such that
Leb(I) <1 and one of the endpoints of I is a singularity of f.

4.2. Cancellations. Let by be an induction time of the sequence {by }ren
of Lemma 4.4. Let g € I J(gk) and let 7, = h;ﬁ’“). Consider the distances of
the points in the orbit segment {Tixo}r’F1 from the right singularity z;, for

i =0,...,8 — 1, taken modulo one'® (i.e. 792y — Z; (mod 1),0 < j < ry),
and, respectively, consider the distances from the left singularity z; , for i =
0,...,82—1, taken modulo one (i.e. Z; =772 (mod1),0 < j < ry). Rearrange

each group in increasing order, renaming by z;(j) (or respectively y;(j)) the
b distance from the right (respectively from the left), so that the following
equalities of sets hold:'6

(31)
T‘k—l TE— 1

U {z:(j)} = U {TJ 0—2 (mod 1 } xi(71) < zi(J2) V71 < J2(0 <i < s1),
j=0

(32)

re—1 re—1

U )= U {7 — T2 (mod 1)} ,yi(j1) < %i(j2) Vi1 < j2(0 < i < s9).
j=0 j=0

4.2.1. Deviations from an arithmetic progression. As a consequence of
Lemma 4.4, we have the following. For j = 0,...,7, — 1, let I;(j), for
i=0,...,51—1, be the interval (z]",Z; +2;(j)) considered modulo one and let
I7(j), for i =0,...,s2 — 1 be the interval (Z; — y;(j),%; ) considered modulo
one. For brevity, let kX (j) == k (IZjE (])) (see the definition given in (28)).

COROLLARY 4.1. For all 1 < j < rg, we have

(br)
(33) () = 55 (140 (O UIBI)) i=0.m -1,
Jo

)\(bk)

(81 wl) = T (1 +0 (O ) (1Bl i))) s =0, s~ 1.

S

Jo

Proof. Consider the interval I;7 (j). Since by definition x;() is the distance
of the j* closest point to the right of Z;, there are j points of the orbit in I;"(j),

Lror example, if T7z < z+ then T7z9 — z =147z 0 — z+ (mod1). In this way,
since u;(z) and v;(s) are l-periodic, the quantity T7z0 — Z; (mod1) (respectively z; —
T 25 (mod 1)) gives the value of 1/u;(T920) (respectively 1/v; (T7z0)).

16Here the notation {z} denotes the singleton set containing z € R as its element and
should not be confused with the fractional part which we denote by {{z}}.
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so that (NB)(k)(I;r(j)) = j. Hence, Lemma 4.4 together with Remark 4.1 give

v
o) [ mild) ()1 B (r+())| = zi(j)
= % <A<.bk>+‘53 ) €50 D] = ( (Awk) ’
Jo

for some 0 < v < 1, or, rearranging the terms,

: J .
:Mﬁ=%?<$m—ﬁﬁuﬂﬁ0~
Jo

This gives (33) if we show that z; (j)/)\éﬁ’“) < ¢||Bg||j for some constant c. Since
by definition {by }ren is a subsequence of a balanced sequence, we have By, > 0.
Thus, inside each element of ¢(®*-1) there is at least one element of ¢(®r) of
type jo, or, equivalently, one point of the orbit {Till/‘[)};ial. Since a lower
bound for the number of elements of ¢(+~1) in ;¥ (5) is given by [x;(5)/Abx-1)],
where [] denotes the integer part, we get j > z;(j)/A®-1) — 1. Using that
A=) < || BRI, we get a4(5) < ||Bil|(j + 1)A®%). Together with the
elementary inequality 5( W< (recall that 5( k) = h(bk))\gﬁk) see Lemma 4.2),

this concludes the proof of (33). In the same vvay7 the proof of (34) follows by
applying Lemma 4.4 together with Remark 4.1 to the interval I, (j). O

Let us remark that, in the special case in which the permutation = is
(54321) and 7z are the endpoints of a subinterval IZ-(O) of T' (see footnote 7,
p. 1749), Scheglov [Sch09] shows that for almost every ) one can find a subse-
quence of times {by }ren and a constant K > 0 such that the |z;(j) — v:(j)] <
K )\52’“). This stronger form of control of the deviations, which presumably
holds for all combinatorics of the form (nn—1---21), crucially exploits the
symmetry of the permutation and hence can be used to prove Theorem 1.1
only for g = 2 (see footnote 21, p. 1775).

4.2.2. Acceleration for cancellations. Let us now accelerate one more time
in order to prove Proposition 4.1.

Proof of Proposition 4.1. By Lemma 2.2 applied to!” ¢ = ¥1n(2d/3) > 0
where 7 := min{y,1 — v} > 0, we can find Ec C Ep such that if T € p~1(T)
is recurrent to E¢ along {by, }ien (which is a subsequence of the return times
{bk}kEN to EB), we have

(35) | Byl < Ca(2d/3)7, 0 <m < k.

170ne can set & = ¥1n(d/t), where t is any number 1 < t < 2, so that d > 2 > ¢ gives
€ > 0. Later we need t > 1. Here, for concreteness, we choose t = 3/2.
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We remark that almost every T has a lift T recurrent to E¢, by ergodicity
of Z. Let us set ¢ := b, and let zo € IJ(-?), r; = hggl). Recall that f{ is of the
form (3).

For clarity, let us first give the proof in the special case so = s; = 1 and
fi(x) = —Cf Jx+Cy /(1—2) with Cf = C; = C, since the notation is heavier
in the general case. Using the relabeling of (31) and (32) for s = 1, let x¢(j)
and yo(j) denote the distances of the j*" orbit point from 0 and 1 respectively,
so that

I
—

/ x ¢ ¢
S, (fo)(20) = (1 —Tiz szo)

w(i)  zo(j) = 20(i)yo(j)

We remark that the points in {T"20};., ! belong to distinct floors of Z (1) and
have the same relative position within the floors. Hence, min;; |T% 29— TJ 20| >

)\(Cl) )

Jo
when j > 1. To estimate the numerator, let us apply Corollary 4.1. By (33)

and (34) the leading term in j in xo(j) and yo(j) for j > 1 are the same and

and we can estimate the denominator by using that xo(j), yo(j) > ])\( &

cancel out. Moreover, 1 /5](-51) < dv? by balance (12). So, setting aside the

contribution of the two closest points z¢(0) = z5™ and 0(0) = ", we get
B (0 (e, ) +o (e, )
Sry(fo)(20) = fﬁn+x§m <> ' (lzk <) 9) ko G)) )
Yo 0 j=1 j2(>\j0 1 )

Let us first bound the part of the above sum which involves @zl_ (j). Let It

0
be the interval of ¢(°*) which contains 1 as a right endpoint. Set by convention
(_1) = 1, The intervals {Ik tren are nested and we can use them to
rearrange the sum over j as follows. Let us remark that if yo(j) € I} K=\ 1 f/_
then, by definition of k; (j), we have k; (j) = k’. Moreover, since we kept aside
the closest point to 1, there are no orbit points in Ifl,. Thus, recalling also

that || By, || < Ca by (35), we obtain

v ky )
B0 (6,

o (bk)
‘72 ’YAJOZ

k
< const Zl Z

’— i /_ 2—7
k_OyO(])€1k7 1\Ik/ )\

b

ky @kf
E k
< const T m,
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(biy)

where in the last inequality we used that A jo = const(r;) ™!, which follows by

balance, and that, if ji denotes the minimum j such that yo(j) ¢ I , using
balance and positivity as in the proof of Corollary 4.1, we get
(36)

oy (o)

1 1 ) {mlnj )\j —I ok
Z R = (1_7> and jp > [WJ > const d™
yo() X Ik

Recall that ¥ = min{v,1 — v} and recall the definition of @k’ given in (27).
Changing indexes by k = k; — &k’ first and m = k —n later in order to rearrange

the sums, since k; by (35) is such that || By, _n—1|| < const (%d)ﬁm, we have
ki k k; kl k;
o O N By—kn—1ll 1 Bry=m—1ll 1“
k/z_:o A=) (k1 —k) < I;) Z Z - Pntk) T Z Z d7(2k—m)
kl k 2
const 27(d?*)7
Sy
= dV(2k) — 37
Since (2d?/3)7 > 1 and thus Y_F _,(2d?/3)7™ = O(d*7%(2/3)7%), the latter

expression is bounded by const lezl: 0(2/3)7%, which is uniformly bounded in-
dependently on [.

The proof that also the sum involving @ ki ' (7) is uniformly bounded in [ is

analogous and gives also an upper bound by a fixed constant. This concludes
the proof in this case.

In the general case, when f{ = Zfial C; v — Zflal Crug, reducing to a
common denominator, and denoting by X (j) :=[[;, Y2i(9), Y () =112 0 Yui(4)
and by X;(j) := Hlﬁléés;—l 21(5), Yi(5) = Hléléﬁz—l yi(j), we get

1 2

r—1 —~s2—1 ~—v (2 N sl o . yy
(37) S (f8)(20) Z Yizo G E(J)Xg()j)y%;):o CrY () Xi(5)

By Corollary 4.1, recalling that || By, || < const, we have

)\(.Cl) 1 S1
X(j):<5g3> AR D IE D D R T

Jo my1=1 1<y <+ <ipmy <s1 ‘1 tmy

1
)\(.Cl) s1—1
(2 — Jo -s1—1 251 —1—mo+yme ki kl
jo ma=1 i1 <<y € 2
{1, 1\ {i}
and analogous expressions hold for Y (j) and Y;(j) with 9Z and sy in-

stead of O

ki (4)

k() and s1. Thus, since the coefficients of ;17527 Tin Y (5)Xi(5)
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and Y;(7)X(j) are the same, by symmetry of the constants, the main or-
der in j of the numerator of the right-hand side of (37) cancels out. More-
over, using as before the minimum distance between points, we have X (j) >
(j)\g-z’))sl,Y(j) > (jkggl))sz when j > 1. Thus, from balance (13) we can esti-
mate (/\gﬁl))sl*”*l/()\ggl))31+S2 by const 7. Producing the lower-order terms,
foreach 1 <mj <sjand 1 <mgo<sp—1(orl1<mg <s;—1and 1 <my
< s9), we are left with a bounded number of terms to estimate. Each one,
after simplifying the power of j which is (s1 —mj +ymy) + (s2 — 1 —mg +yma)
at numerator and s; + s at denominator, is of the form

ki (s N T k.
195 0) O, (1)O,=() - O, ()
j1+m1+m2—(m1+m2)’y

j=1
. +ma—1
1 0% () CHAI N
k; k3 (4)
<> = max  max = )
—  j2 \ 1<i<ro<it<s-1\ gt
7= 0<i~<sy—1
where k:f; is any index among kf, el k;tbl, ki,...,k,,. Let us conclude the
proof by showing that each of these terms is bounded (uniformly in ). Let

I ;i (respectively I Zk,) be the interval of the partition ¢(®*) which has zh as

left endpoint (respectively Z; as right endpoint). The sum over j is estimated
exactly as before, decomposing the sum using the nested intervals I Z;l \1 Z’E i
To estimate the maximum, we remark that if z;(j) (respectively y;(j)) belongs
to If;l\fﬁr (respectively If__l\lf_), then k;F (j) = k (or respectively k; (j) = k)
and j > const d*~* (see (36)), so that

k1 ky—k
Ok _OF K IBrenail
Jimr T k) T e (k)
B fik | By —m—1] const M=K 7942\ 7™
= nlzzo A7 2ki—k)—m) — J27(k;—k) ? )

where, reasoning as before, we changed the indexes by m = k; —k —n and used
(35). Since the sum in the last expression is O (dﬂ(kl_k) (2/3)7(’“1_’“)), we get
a uniform bound for all 0 < k < k;, which concludes the proof. O

4.3. Decomposition into Birkhoff sums along towers. From the estimate of
Birkhoff sums along a tower given by Proposition 4.1, let us derive an estimate
for more general Birkhoff sums.

PROPOSITION 4.2. For almost every T, there exist a constant M’ and
(

sequence of induction times {ng}ren such that, whenever zy € Ij:’“) for some
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kand 0 <r < hg-g’“), we have

81—1 —+ 52—1 —

O :
(38) [Se(fo) (o)l < M'r+ 3~ Zm+ > e
i=0 1 i—0 Yi
where £ and y™™ are the closest points to the singularities defined in (18)

and (19).

Comparing Proposition 4.1 below with Proposition 4.2, the difference is
that the time r considered here is any 0 < r < h%”“).

Proof. Let {c;}1en be the sequence associated to almost every T' in Propo-
sition 4.1 and let B be the induced cocycle defined at the end of Section 4.1.3.
Let us denote by C the accelerated cocycle over the first return map of Z
to Ec (defined at the beginning of Proposition 4.1) so that C; := Bleuci+1),
Let Ep C E¢ be given by Lemma 2.2 for ¢ = In(d/2). For almost every T’
we can assume that the chosen lift 7' is recurrent to Ep along a subsequence
{nk = ¢, }ken. Then, by Lemma 2.2, we have

(39) 1Cy, ]l < Cs(d/2)!, YO0<I<I.

(Fz ©)
Jo

(cty—1)

i <r<h for some

Without loss of generality, we can assume that h
j1 and zg € I](-lclk_l). (Indeed, if not, since 1) are nested, we can define j

C / . C / . . .
for 0 < k' < k such that 2y € Ij(k/lk ). Since h;kl/k ) are increasing in k', we can

then substitute k& with the unique &’ for which h;il,’i' 1_1) < h;j/’“').)

Let us use the following notation: Let us denote the orbit segment
{Zo, TZ(), e ,TT_IZU}

by O;(z0). On O,(zp) introduce an ordering < and a distance do¢ using the
natural ordering given by T as follows. If 21,20 € O,(20) and z; = T z,
29 = Tz for iy,ip > 0, let 21 < 29 if and only if i1 < ip and let dg(21,22) = k
if and only if |i; — ia| = k.

Let us decompose the orbit O,(zp) into Birkhoff sums along towers as
follows. Consider first Birkhoff sums along the towers of qﬁ(clk*l). Let z](-l’c _1),

for 0<j<ay,_1, be the elements of O,(zy) which are contained in Iu-1) in

increasing order with respect to <. More precisely, define by induction z(()l’“fl)

= zp and z](-:]fl_l) :T(Clkfl)z](.l’“_l), so that zj(-l_ffl_l) is the smallest z > zj(lk_l) such

that z € 0,(z) NI, The last step of the induction is ay,—1 where a;, 1 =
max{j ]z](-l'“_l) < T"z}. Let us also define r§lk_1) = do(zo,z](-l"’_l)). Since r >
h(clkil)

. l—1) (-1 . e, — .
i , aj,—1 > 1. Moreover, since do(zj(-k ) )) > min hl( T 1), using

»“94+1
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balance (12) and (11) and r < hé-zl o)

< v||Cy,||- So far we can write

(ct—1)

we also have that a;, 1 <7/ min; h,

Sy (fo)(z0)
i (I—1)
Z S -1 _ s 1)(fo)( Fy 4 Sr/(fé)(zéi’;)_l), ay,—1 < v||Cy |l

Tj+1

where ' = r — Tc(fl’“ 1) and each term in the sum is by construction a Birkhoff

sum along a tower of cb(clk*l) while the last term is a remainder that cannot
be decomposed any more into Birkhoff sums along towers of the same order.
Let us continue by induction to decompose the remainder into Birkhoff
sums along the towers of ¢() with 0 < I < I — 1. To get from step { + 1
to step I, let z[()l) = zéllill) and z(l)l = T(cl)z](-l) e I for j = 0,...,a; with
O]

a; = max{j | z ) < T"zp}. In this way again z(l) < .-+ < 2, are all elements

z € O,(20) with z > z((llﬂ) for which z € I®). Letting rj(-l) = do(zo,zj(»l)), we

have
(40)
lpk—1a;—1
Si(f)0)=3 38w w8 (F)D), ' =r—rlD <maxh™),
1=0 j=0 i1y l
where, if ¢ = 0 (it might happen for [ < [ — 1), the sum over j is taken
by convention to be zero. Moreover, as before, by construction we have a; <
V||Cl+1H7 0 § l S lk — 1.
Let us apply Proposition 4.1 to each addend in the double sum in (40),
denoting, in each Birkhoff sum along a tower, the points which are closest to

right and left singularities (recalling that (- )P denotes the positive part) by
(x?“in)gl) = min (T‘Szi(l) — Ef)pos, 1=0,...,851 — 1,
O§s<r](:)_l r](l)
(y;mn)(l) = min (z; — Tszi(l))pos, i=0,...,8— 1.
O<s<r(l<z1 T](l)
We get
(41)
lk 1al 1 s1—1 + sag—1 -
C; C; ! !
Sl < X0 3 | X i+ Xy + M )
=0 j=0 \i=0 (&]"");" =0 (¥™");
+ | S0 (f) (=)
Since the sum Zl’“ ! Z?l;ol (rj(»l_il — r](l)) is telescopic, it reduces to r((lo) < r.

Moreover, the last term in (41) can be estimated by Mr' + S51;° Snﬁn +
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sa—1 O}
1=0 yr_nin

Py
the proof of (38), we are left to estimate the sums of contributions from closest
points to the singularities in each cycle. Let us show that their contributions
decrease exponentially in the order k of the towers, thanks to the choice (39)
of the times {¢;, }xen.

Given any 0 < i < s; — 1, let us consider the contribution to (41) coming

with ' < max; , which is a constant. Hence, to conclude

from the points

(42) {pm P, =0, a—1}.

Assume first that 0 < [ < [ — 1. We remark that all these points belong
by construction to a unique tower of order [ + 1, the tower Z ((“’1) such that

I+1)
zél) = y:llll el (8111)) Thus the minimum spacing between them is by balance

(12) at least A(¢+1) /dy, and if we consider separately the minimum of (42), each
of the other a; — 1 points of (42) gives a contribution less than C;"dv/A(“+1).

Since the minimum of (42) is bigger than the minimum (x;nm)gl:lll of the level

I + 1 orbit segment of length h(?lill)) which contains all points in (42), it can be
included in the analogous estimate corresponding to [ + 1, by considering a;;
contributions equals to C;rdy/)\(cl“) rather than a;41 —1. When [ = [;;—1, the
minimum is simply given by xgnin and the contributions of all the other points

are again estimated by Cjfdv/ Alen) since they are all contained in different

floors of the tower Z( ’“)

Hence, first recalhng that a; < v||Cj41]|, then using the fact that A1) >
d =10 and setting I/ := I — | — 1, we get

(43)
lgk—1a;—1 + l—1 + + 7.9 lp—1

C; C dv C. Crdv C,_p
> Y e S gt 2 MGl s < i S 3 1t
=0 j=0 xiﬂm ] Ty + €T; AN I'=0

where the last series is uniformly bounded for all k£ by (39). Since by (12) and

(13) we have 1/A) < 2 h;gl’“) and h;-zl’“) < ||Czk|]l/2h§'flk_1) < C3v?r (where
the last inequality uses again (39)), we get a bound of the desired form.
Since, for any 0 < ¢ < so — 1, the contribution from (yzmm)() j=0,.

a; — 1 is estimated in the same way, this concludes the proof. D

4.4. Birkhoff sums variations and proof of absence of mizring. In this sec-
tion we complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Let us verify the assumptions of the criterion for
absence of mixing (Lemma 3.1). Given a typical T, consider the subsequence
{n }ren of balanced times for which Proposition 4.2 holds. In Section 3.2 we
already defined, starting from {ny}ren, a corresponding class of sets Fj and
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times 7, which verify conditions (i) and (ii) of Definition 3.1 of rigidity sets.
Let us hence define the subintervals Jj, introduced in Section 3.2 in such a way

that condition (iii) is also satisfied. Referring to the notation in Section 3.2, if
(Ij(:’“))lo = [a,b), and A = b — a is its length, define Ji = [a + A/4,b — \/4).
Let us consider any two points y1,y2 € E. By definition of Ej, we can

write y; = Tklzl, Yo = T*2 2, where 21, 29 € Ji are two points in the base and
0<ky ko< hg-:’“). In order to prove (iii), let us decompose the Birkhoff sums
of the roof function f as
(44)
S () (1) = e (F)(W2) = (S (F)(TH21) — Sr, (f)(21))
+ (Sr, (1) (21) = S (1) (22)) + (S (5)(22) = S ()T 22)) -

Remark, moreover, that the first and the last term in (44) can be written, for
v=1,2, as
(45) Sk (T 2) = S5 () (20) = (Srpmie, ()T 20) + S, (F) (T 2))
~ (Sk, (F)(20) + Spte, (F)T* 20)) = Sk, (F) (T 2) = S, () ().

Recall that f = fo + w, where fy is the pure logarithmic part and w has
bounded variation (see Definition 1.1). Thus, we can write Sy, (f) = Sy, (fo) +
Sy (w). We will first estimate the terms in (44) coming from w, then the
ones from fy. Consider first the central term in (44) coming from w. Since

21, 29 € Jy, the iterates T for 0 < i < 7, of the interval between z; and 2y are
disjoint since ry is the first return time of Ji to (I;:k))lo. Thus,

Sy (W) (21) = Sy (w)(22)] < Var(w).
Similarly, since z, € Ji which by construction is contained in (I ](;”“)
since Tz, € T"*J, C T"* (IJ(-:I“))ZO C I](-:’“), 0<k < hg»:k) and the iterates

Tin(»:k) for 0 <i< h%’“) are disjoint, we can estimate

)lo and

|Sk, (W) (T 2,) — Sk, (w)(2,)| < Var(w), v=1,2.

We know have to estimate the terms in (44) coming from fy. Let us again
consider first the central term in (44). Since Ji is by construction contained in
a continuity interval of 7% for 0 < i < ry, the mean value theorem gives that
there exists some zg in Jp such that

(46)  [Sr.(fo)(21) = Sry.(fo) (22)] < |, (f5)(z0)l]21 — 22| < 1Sk, (fo)(20)|A/2.

The return time r; is in particular a return time to [ ](g”“) and hence to I(™);

assume that it is the n'® return to (™), where n = Z‘}:l af and a? is the

number of returns to Ij(nk) (so aé’?o > 1). Hence we can write rj, = E?:l aé‘?hE-nk).
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Let us decompose the Birkhoff sum into Birkhoff sums along the towers of ¢ (™)
as

M@
S

d
(47) rk fO ZO Z

Sh<nk fO Zl)
Jj=11= J

—_

k
’ aj ’
= 0, in which case the corresponding sum is

where the intermediate points'® are z{o = zp and zlj el ](-n’“) forl =1,...
and for j # jo one can have a;?
empty.

To each of the Birkhoff sums in (47) let us apply Proposition 4.1. Let us
remark that 7%(1 ](;”C ))10 fori =0,...,rr—1 are all disjoint and rigidly translated
by T" and that the singularities E;t are all contained in the boundary of the
floors of the towers, so that, since zg belongs to a central subinterval J, C

(I J(:’“))lo, the distance of each point in each orbit segment {lelj ;

=0,..,h (" —1
2 ) g
from the singularities §+ 0<j<siandZz;,0<j <spis at least /4.
Moreover, we have }~; a; k < 2d(d + 2)v, as it follows by combining that, by
disjointness of TZ(IJ(-O k))lo, we have 3, a;?hg-n’“))\/Q < 1 and that, by balance
(12) and construction (15), (16) of Jj, we have hg.m“) > 1/(Ad(d+2)v). Hence,

setting C' = Y71, ! Cl +Y5% ! C;, we have

(48) 5,0 8) el < 2+ 2 (M man )+ 25,
J

The combination of equations (46) and (48), using again balance (13), gives
the bound on the central term of (44) coming from fy by a constant. Each
of the other two terms of (44) coming from fy, as in (45), can be written, for
v=12 as

(49)  Sp(fo)(T*z) = Sr(fo)(z0) = Sk, (fo)(T™2,) = Sk, (fo)(z)

= Sk, (fo) () (T2 — 2),

where u, is a point in IJ((?’“) between z, and T"kz,. Since z, € Ji and, by
construction of Jy, Ji, C (I](‘:k))lo and T7kz, € T J, C TTk(I(n’“))l C I(n’“),
u, has distance at least \/4 from both endpoints of I (") Moreover, T ()

0

18T construct the intermediate points and show (47) one can use induction on n. For
brevity, let h := h;::k)' If n = 1, then T"(2) € Jix and there is nothing to prove, since
rr = h and setting afo =1 and af = 0 for j # jo, (47) becomes an identity. Otherwise,
if n > 1, let j be such that 7"z € I;"’” and define z; = T"(20) so that Sy, (f)(z0) =
Su(f6)(z0) + Sy (f6)(2}), with ' = 7 — h. Since for r’ the number of return times is by
construction n—1, the definition of the remaining intermediate points zlj follows by induction.
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for 0 <i < hgg’“) are disjoint and are rigid translates of I ](-:’“), so that all the
points T"u,, for 0 < i < k,, have distance at least \/4 from both endpoints of
T"IJ(»:’“) and hence, in particular, from the singularities E;r, 7 =0,...,81—1,
5;,]'20,...,52—1.

Hence, we can apply Proposition 4.2 with ™, y™™ > \/4 to get

(50) |, () () (T2 — 2,)| < (MK, +4C/A) A < M’ +8C(d + 2),

where in the last inequality we used that A > )\%”“) /2(d + 2), by (16) and
definition of Jj, and that kl,)\%““) < hg:k))\(-n’“) < 1. Thus, combining (49) and

J0
(50) we get the upper bound of the other two terms in (44) coming from fj by
a constant. This concludes the proof that Ej and r satisfy also Property (iii)

of Lemma 3.1 and hence, using Lemma 3.1, the proof of Theorem 1.2. ([

5. Reduction to special flows.
In this section we derive Theorem 1.1 from Theorem 1.2.

Proof of Theorem 1.1. Let us assume that the multi-valued Hamiltonian
flow associated to 7 has only simple saddles and no saddle loops homologous
to zero. In the set of multi-valued Hamiltonian flows without saddle loops
homologous to zero, the flow associated to a typical n in the sense defined
before Theorem 1.1 does not have saddle connections. Thus, from a result
by Calabi [Cal69] or by Katok [Kat73], there exists a holomorphic 1-form
(or Abelian differential) o whose associated vertical flow determines the same
measured foliation.

For any ~ cross-section transversal to the flow, the Poincaré first return
map T on v preserves the measure induced by the area form on the transver-
sal. Up to reparametrization (using the smooth conjugacy that sends the in-
duced invariant measure to the Lebesgue measure on an interval of unit length
parametrizing v) we can assume that 7" is an IET (A, 7) on I1(®) = [0,1). Since
we assume that the flow is minimal, 7 is irreducible. The flow {¢;}ier is iso-
morphic (up to the smooth conjugacy above) to a special flow over 7" under a
roof function f which is given by the first return time to the transversal. Using
the representation of typical Abelian differentials as zippered rectangles (for
which we refer for example to [Yoc06] or [Via]), one can see that a full measure
set of IETs gives a set of full measure of Abelian differentials. Moreover, since
the transverse measure of the multi-valued Hamiltonian flow {¢;}/er and of
the vertical flow of the Abelian differential o are the same (in other words
the horizontal components of the periods f% o are the same then f% n), a full
measure set of IETs also gives a full measure set of multi-valued Hamiltonian
flows. Thus, in order to deduce Theorem 1.1 from Theorem 1.2, it is enough
to check that f satisfies the assumptions of Theorem 1.2.
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Let us choose the transversal v so that the backward flow orbits of the
transversal endpoints both contain a saddle, but the endpoints are not at sad-
dles, for example, by considering a standard cross-section chosen for the zip-
pered rectangle representation of the corresponding Abelian differential and
shifting it by a sufficiently small ¢y < 0 along the flow direction. Both discon-
tinuities of T" and singularities of f occur at points Z; which lie on a separatrix,
hence whose forward orbit under ¢; limit toward a saddle. By our choice of
the transversal endpoints, the IET exchanges d = 2g + s — 1 intervals, where
g is the genus and s the number of saddles, and since the saddles are simple,
by Gauss-Bonnet formula!® d = 49 — 3 = 25 + 1.

Since the parametrization is locally Hamiltonian, trajectories are slowed
down more and more the closer they come to a saddle. The one-sided limit
lim, .+ f(z) (or lim,_ .- f(x)) of the return time f(z) blows up near z; if
the forward trajectories of the nearby points > Z; (or z < Z;) under the
vertical flow of the Abelian differential, considered up to their return time,
come arbitrarily close to a saddle. From the canonical form of a simple saddle,
one can show (see [Ko¢76]) that the singularities are in this case logarithmic,
i.e., of the form Cj|log(x — z;)| for > z; (or z < Z;) up to a function w of
bounded variation, where the constant C; depends on the saddle.?"

One can see, for example, by using the zippered rectangle representation,
that out of the 2d = 4s+ 2 (two for each interval) one-sided limits of the form
lim .-+ f(z), where Z; is either a discontinuity of 7" or an endpoint of I ©)
exactlyl 4s are infinite and give discontinuities of f, since the corresponding
zippered rectangle boundary contains a saddle. The remaining two limits are
finite and the corresponding return times for nearby z > Z; or x < Z; are
bounded. Each of the s saddles has two incoming separatrices, each of which
generates a left and a right logarithmic singularity of f with the same constant
C; depending on the saddle. Thus, the number of right and left singularities
is s1 = s9 = 2s and each constant C; appears four times, twice in a right-
side singularity and twice in a left-side one. In particular, the logarithmic
singularities are symmetric. (]

Remark 5.1. From the proof of Theorem 1.1 one can see that the class of
special flows which are used to represent multi-valued Hamiltonian flows is less
general than the class considered in Theorem 1.2. The permutations 7 that

191¢ ki, for i = i,...,s, denote the orders of the zeros, the Gauss-Bonnet formula gives
S 1 ki =29 — 2 (we refer for example to [Yoc06] or [Via]) and since we are assuming that
ki=1forall k=1,...,s, we have s = 2g — 2.

20The logarithmic nature of the singularities was first remarked by Arnold in [Arn91]. A
detailed calculation which gives more information on the function w can be found in [FUJ.
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arise are not all irreducible ones, but only the ones which correspond to Abelian
differentials in the principal stratum J#(1,...,1) of Abelian differentials with
simple zeros,?! and the roof functions have symmetric logarithmic singularities
. . _ . + _l’_ — —
in which s; = s and all constants appear in quadruples C;7,C;7, C; , C) (for
some 0 < i1 #£ iy < 81 =38, 0 < j; 7réj2<82:$)suchthatC’Z-f:C'ZTg:C'j_1
=C.
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