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Global Schrodinger maps in
dimensions d > 2: Small data
in the critical Sobolev spaces

By I. BEJENARU, A. D. IoNEscu, C. E. KENIG, and D. TATARU

Abstract

We consider the Schrédinger map initial-value problem

{8,5(;5 = ¢ x A¢ on R? x R,
¢(0) = ¢07

where ¢ : R xR — S% < R? is a smooth function. In all dimensions d > 2,
we prove that the Schrodinger map initial-value problem admits a unique
global smooth solution ¢ € C(R : HY), Q € S?, provided that the data
$o € HZ is smooth and satisfies the smallness condition ||¢o— Q|| a2 < 1.

We prove also that the solution operator extends continuously to the space
of data in HY? N Héﬂfl with small H%? norm.
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1. Introduction

In this paper we consider the Schrodinger map initial-value problem

Oip = ¢ x Agp on R% x R,

(1) $(0) = ¢o,
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where d > 2 and ¢ : R¢ x R — S? — R3. The Schrédinger map equation has
a rich geometric structure and arises in several different ways. For instance, it
arises in ferromagnetism as the Heisenberg model for the ferromagnetic spin
system whose classical spin ¢, which belongs to S? < R3, is given by (1.1) in
dimensions d = 1,2, 3; we refer the reader to [5], [34], [37], and [30] for more
details. In this paper we are concerned with the issue of global well-posedness
of the initial-value problem (1.1), in the case of data ¢ which is small in the
critical Sobolev spaces H%2, d > 2 (see [5] for results in dimension d = 1).
Our main result is the direct analogue in the setting of Schrodinger maps of
the theorem of Tao [43] on global regularity of wave maps with small critical
Sobolev norms. We also prove continuous dependence of solutions on the initial
data in certain norms, as in [49].

We start with some notation. Let Zy = {0,1,...}. For ¢ € [0,00) let
H? = H°(R?) denote the usual Sobolev spaces of complex valued functions on
R%. For Q € S? we define the metric space

(1.2) Hg?:{f:Rd:]RS):|f(:U)|Ela.e. and f —Q € H°},

with the induced distance df)(f,g) = || f — gllu-. For simplicity of notation,
let HfHng =dj(f,Q) for f € Hj. We also define the metric spaces

H®= () H” and HZ = () HJ,
oEL 4 iy

with the induced distances.
Similarly, for T € (0,00) and o,p € Z4, let H7?(T') denote the Sobolev
spaces of complex valued functions in R? x [~7.T with norm

p /
1 lzreory = sup > 1107 f(.0)llme.
te(~T,T) y =g

For Q € S? we also define the metric space
Hg)’p(T) ={f:REx (=T, T) : R®);|f(z,t)| =1 ae. and f — Q € H"(T)},
with the distance induced by the H%?(T') norm. Finally, we define the metric
spaces
H®(T)= (] H?(T) and Hy*(T)= () HZ"(T),
o,pEL 4 o,pEL

with the induced distances.
For f € H* we define the homogeneous Sobolev norms

£l 7= = IF(HE) - 1€l Nz, o 20

Our first main theorem concerns global existence and uniqueness of solutions
of the initial-value problem (1.1) for data ¢o € Hg’, with [[¢o — Q|| a2 < 1.
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THEOREM 1.1 (Global regularity). Assumed > 2 and Q € S®. Then there
is €o(d) > 0 such that for any ¢o € HEY with [|¢o — Q|| a2 < o(d) there is
a unique solution ¢ = Sq(¢o) € C(R: HE) of the initial-value problem (1.1).
Moreover

(1.3) sup [6(t) = Qll grarz < Clldo — Qll grase,
€

and for any T € [0,00), 0 € Z4,

(1.4) sup |¢(t)||ag < C(o, T, ||| g)-
te[-T,T)

Theorem 1.1 was proved in dimensions d > 4 by the first three authors
in [3]. In addition to this global regularity result, we also prove a uniform global
bound on certain smooth norms and a well-posedness result; see Theorem 1.2
below. If 0 < d/2, then the completion of H* with respect to the H? norm is
a space of distributions which we denote by H. As above, we set

Hgg:{f:Rd%Rg;f—QGHU, |f(x)] =1 a.e. in R},

In the interesting case o = d/2, this is no longer the case. Instead, the comple-
tion of H* with respect to the H%? norm can be identified with a subspace
of the quotient space of distributions modulo constants. For this and other
technical reasons, in this article we do not consider the most general problem
with initial data in H%? and instead we restrict ourselves to the smaller initial
data space H? N Hg/ 2_1, where the above difficulty does not arise. More
precisely, for o > d/2 and £ > 0 we define

BZ ={pe HY "N H :||¢ - Qll sz < €}

with the distance induced by the space H, g/ >IN F17. Our second main theorem
concerns global well-posedness of the initial-value problem (1.1) for initial data
inB?,0>d/2, e < 1.

THEOREM 1.2 (Uniform bounds and well-posedness). Assumed > 2, Q) €
S?, and o1 > d/2. Then there is eo(d, 1) € (0,e0(d)] such that for any ¢g €
HE with ||¢— Q|| gras2 < €0(d, 01), the global solution ¢ = Sq(¢o) € C(R: HZ)
constructed in Theorem 1.1 satisfies the uniform bound

(1.5) igﬂg!@(ﬂ—@”m < Coli¢o = Qllu-,  d/2<0 <o

In addition, for any o € [d/2,01] the operator Sq admits a continuous exten-
ston

S B (g0 — C(R,H N HY* ).

d,o1
Our analysis gives more information about the global solution ¢; we can

prove for instance that V¢ satisfies all the Strichartz estimates globally in
time. The rough solutions obtained in Theorem 1.2 as uniform limits of smooth
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solutions can also be shown to satisfy equation (1.1) in a suitable distributional
sense. The global bound (1.5) is sometimes interpreted as the absence of “weak
turbulence”.

We also record two conservation laws for solutions of the Schrodinger map
equation (1.1): if ¢ € C((T1,T2) : HE) solves the equation d;¢ = ¢ x Ay¢ on
some time interval (77,7%) then the quantities

d
(16)  Eo(t)= [ 16() = QFds and Ei(t)= [ > jono(t)ds
m=1
are conserved. In particular, with Sg(¢o) as in Theorem 1.2,

150(@0) Dl = ldollg,  IS@(Go)(®)llmy = Idollz, ¢ ER.

As mentioned earlier, the direct analogue of Theorem 1.1 in the setting
of wave maps is the theorem of Tao [43]. However, our proof of Theorem 1.1
is closer to that of [38], [35], [28], and [29], in the sense that we prove a priori
bounds on the derivatives of the Schrodinger map ¢, in a suitable gauge, rather
than the Schrodinger map itself. See also [23], [25], [47], [48], [42], [24], [38],
[35], [28], [29], and [49] for other local and global regularity (or well-posedness)
theorems for wave maps. A complete account of the main ideas in the work
on wave maps can be found in the book [45, Ch. 6].

We remark that, while from the geometric and algebraic points of view
there are many similarities between wave maps and Schrédinger maps, there is
a fundamental difference from the analytic point of view. This is mainly due
to the fact that it is much more difficult to handle perturbatively derivatives
in the nonlinearity for Schrédinger equations than for wave equations. This re-
flects the fact that wave equations have two time derivatives, while Schrodinger
equations have only one, with corresponding effect on the Cauchy data (see
[46, p. 268] for a related discussion). Thus, for wave equations, at least in
high dimensions, there are large classes of Strichartz estimates which can be
used to control derivative nonlinearities in a perturbative way. This is not
the case for Schrodinger equations. To deal with this problem for Schrédinger
equations, Kenig, Ponce, and Vega [18] introduced for the first time a method
to obtain local well-posedness for general derivative nonlinearity Schrodinger
equations. This method combines “local smoothing estimates”, “inhomoge-
neous local smoothing estimates”, which give the crucial gain of one derivative,
and “maximal function estimates”. Further results are in [19] and [21].

The initial-value problem (1.1) has been studied extensively (also in the
case in which the sphere S? is replaced by more general targets). It is known
that sufficiently smooth solutions exist locally in time, even for large data (see,
for example, [40], [5], [8], [32] and the references therein). Such theorems for
(local in time) smooth solutions are proved using delicate geometric variants of
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the energy method. For low-regularity data, the initial-value problem (1.1) has
been studied indirectly using the “modified Schrodinger map equations” and
certain enhanced energy methods (see, for example, [5], [34], [36], [17], [15],
and [16]), and directly, in the case of small data, using fixed point arguments
in suitable spaces (see [12], [2]).

The first global well-posedness result for (1.1) in critical spaces (precisely,
global well-posedness for small data in the critical Besov spaces in dimensions
d > 3) was proved by two of the authors in [14], and independently by the
first author [1]. This was later improved to global regularity for small data in
the critical Sobolev spaces in dimensions d > 4 in [3]. In dimension d = 2, in
the case of equivariant data with energy close to the energy of the equivariant
harmonic map, the existence of global equivariant solutions (and asymptotic
stability) was proved in [9]. In the case of radial or equivariant data of small
energy, global well-posedness was proved in [5].

The global results in [14], [1], and [3] use in a fundamental way the strong
“local smoothing”, “inhomogeneous local smoothing”, and “maximal function”
spaces

(1.7) L2, LY?

e

2,00
L2

See (3.3) for definitions and a longer discussion. These spaces were introduced
earlier in the study of Schrédinger maps by two of the authors in [12], and
replace the corresponding spaces in [18]-[21] (where everything was localized
to finite cubes). It is essential to work with the strong spaces in (1.7) instead
of their localized versions in order to be able to prove global in time results.
The spaces in (1.7) were first used by Linares and Ponce [31] to study the local
well-posedness of the Davey-Stewartson system. Other uses of such spaces
(implicit or explicit) to prove local well-posedness are in [20], [11], and [7]. In
the case of global well-posedness, the strong spaces (1.7) were used for the first
time by two of the authors in [13] in the study of the Benjamin-Ono equation
in L%

As mentioned earlier, Theorem 1.1 was proved in dimensions d > 4 by the
first three authors in [3]. It is likely that the proof in [3] can be extended to
dimension d = 3, provided one uses some type of “dynamical separation” to
bound High x High — Low frequency interactions that appear in the connection
coefficients A, of the Coulomb gauge (as in [28] and [29] in the case of wave
maps). There are, however, two significant difficulties in dimension d = 2. The
first main difficulty is related to the maximal function estimate

itA
(1.8) "2 20 S N0l 22

for functions ¢ € L?(RY) with F(¢) supported in {¢& € R? : |¢] € [1/2,2]}.
This estimate holds in dimensions d > 3 (see [12]) and plays a key role in
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the global results of [14], [3], and [1], but fails “logarithmically” in dimension
d = 2. Because of this logarithmic failure, in dimension d = 2 we replace the
space L& in the left-hand side of (1.8) with a sum of Galilean transforms of
it (see the precise definitions in §3). The idea of using such sums of spaces as
substitutes for missing estimates in low dimensions is due to Tataru [48], in
the setting of wave maps, where the Lorentz invariance and Strichartz spaces
are used instead of the Galilean invariance and the maximal function space.
These substitutes have played a key role in all the subsequent work on global
wave maps in dimensions 2 and 3.

The second main difficulty is related to the choice of a suitable system of
coordinates (or gauge) for perturbative analysis. The use of gauges for equa-
tion (1.1) was pioneered in [5], where orthonormal frames were first used in
the context of Schrédinger maps. These constructions have been presented by
J. Shatah, his students, and collaborators on several occasions (see [32], [33]
and the references therein). Unlike in dimensions d > 3, in dimension d = 2 it
appears that one cannot use the standard Coulomb gauge, even if the analysis
of the Schrédinger equation is combined with elliptic techniques such as the
dynamical separation mentioned earlier. We substitute the Coulomb gauge
with Tao’s caloric gauge introduced in [44]; see Section 2 and [45, Ch. 6] for
a longer discussion on the various gauges used in the study of wave maps.
As explained in [44], this caloric gauge leads to better estimates on the con-
nection coefficients A, than the Coulomb gauge, which allow us to close the
perturbative part of the argument.

It is important to notice that the main components of the spaces we use
for our perturbative analysis are the strong local smoothing, inhomogeneous
local smoothing, and maximal function spaces in (1.7), as well as Galilean
transformations of these spaces in dimension d = 2 (see Definition (3.3)). In
particular, we do not use X *°-type structures that have been frequently used in
the subject. All of our norms are defined in the physical space, without the use
of the Fourier transform (except for dyadic localizations), and are very simple
(see Definitions 3.6 and 3.7), at least when compared to the corresponding
spaces used in the study of wave maps in dimensions 2 and 3. This reflects
the cubic nature of the main part of the nonlinearity; see also [22] for another
instance of this phenomenon. The simplicity of these spaces is due, in part,
to the geometric nature and the efficiency of the caloric gauge, compared to
other gauges used in the study of wave maps and Schrodinger maps.

Most of our construction is geometric and can be written in covariant
form. There is one exception, however, namely the definition of the space H%,
which depends on the Euclidean distance |¢(z)—@Q)|. The supercritical quantity
llo(t) HH% = Ey(t) is conserved through the Schrodinger map flow; see (1.6). It

is useful to have control of such a supercritical quantity in the construction of
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the caloric gauge in Proposition 4.2, particularly in dimension d = 2, in order
to be able to prove that the orthonormal frame v, w does indeed trivialize as
the heat time s tends to infinity.

We prefer, however, to adopt the extrinsic point of view throughout the
paper: we think of smooth maps g : D — S?, where D is some domain, as
maps g : D — R3 (thus (3 x 1) matrices) with |g| = 1. With this point of
view, an orthonormal frame of ¢*T'S? on D is simply a pair of smooth maps
v,w: D — S? such that ‘v - g = ‘w-g ='w-w = 0 on D. See [45, Ch. 6]
for a discussion on the relation between the intrinsic and the extrinsic points
of view, in the setting of wave maps. The extrinsic formalism we use in this
paper was explained to us by T. Tao [41].

For the sake of completeness we write the proof of the main theorems in
all dimensions d > 2. We emphasize, however, that many of the difficulties
are only present in dimension d = 2. In dimensions d > 3 the main normed
spaces Fi(T), Gi(T), and Ni(T) are simpler. Also the analysis related to
High x High — Low frequency interactions, which motivates the use of the
caloric gauge, is easier.

We thank T. Tao for a discussion on the benefits of the caloric gauge and
for explaining to us the elementary extrinsic formalism we use in this paper.

2. The differentiated equations and the caloric gauge

In this section we start with a smooth solution ¢ to the Schrédinger map
equation and a smooth orthonormal frame (v, w) in T4S?. Then we construct
the fields v,,, and the connection coefficients A,,,, and derive the differentiated
(modified) Schrodinger map equations satisfied by these functions (see [5], [34],
where the modified Schrédinger map equations were introduced, and [33] for a
detailed discussion on the connection between the modified Schrodinger maps
and the original equation). Next we introduce the caloric gauge. This is
done by solving first a covariant heat equation which leads to an extension of
smooth Schrédinger maps to parabolic time s € [0,00). We then construct
the orthonormal frame (v, w) by solving an ordinary differential equation with
data prescribed at infinity in order to construct the orthonormal frame (v, w).
This construction is due to Tao [44].

The Schrédinger map equation leads to the system (2.11) of d scalar
Schrodinger equations satisfied by the fields ¢,,, m = 1,...,d, at heat time
s = 0. The caloric gauge condition allows us to express the connection coeffi-
cients A,, in terms of the parabolic extensions of the differentiated fields v,,,
see (2.20). Finally, we derive the linearized Schrédinger map equation and we
express it in the frame form (2.25).

We begin with a smooth function ¢ : R? x (=T,T) — S?. Instead of
working directly on equation (1.1) for the function ¢, it is convenient to study
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the equations satisfied by its derivatives Op,¢(x,t) for m = 1,d + 1, where
J4+1 = 0. These are tangent vectors to the sphere at ¢(x,t). Suppose we
have a smooth orthonormal frame (v(t, z), w(t,z)) in Ty, »S*. Then we can
introduce the differentiated variables,

(2.1) U =0 0o + i 'w - 0.
Thus we can express O, ¢ in the (v, w) frame as
(2‘2) Om = v%&bm) + w%(wm)

In order to write the equations for 1, we need to know how v and w vary as
functions of (x,t). For this we introduce the real coefficients

(2.3) A ="w - 0.

In particular this allows us to complement (2.2) with
Omv = *¢%(¢m) + ’U)Am,
Omw = — ¢S (Vp,) — vAp,.

The variables 1, are not independent. Instead, they satisfy the curl type
relations

(2.5) (O + 1A = (Om + 1An)Y;.
Thus with the notation D,,, = 0,, + 74, we can rewrite this as
(2.6) DY = D

A direct computation using the definition of A,, shows that
(2.7) O Am — O A = S(Vihm) = Qim-

Thus the curvature of the connection is given by

(2.4)

(28) Dle - Dle = iqlm-

Assume now that the smooth function ¢ satisfies the Schrodinger map
equation 0t = ¢ x Ay¢. Then we derive the Schrodinger equations for the
functions 1,,. A direct computation, using (2.5), (2.7), ¢ xv = w, and ¢ x w =
—uv, shows that

d
(2.9) Yar1 =1 _ Dy

1=1
Using (2.6) and (2.8), it follows that for m =1,...,d,

d d
(2.10) Dyi1tm =iy DD + > aumthi,
=1 =1



GLOBAL SCHRODINGER MAPS 1451

which is equivalent to
(2.11)

d d d
(1014 D2)om = =20 Y A0+ (Aar1+ Y (A7 —i0AD )bm—i > 1S (Wtbm)-
Pt pt =1

Consider the system of equations which consists of (2.5), (2.7), and (2.11).
The solution {#,,} for the above system cannot be uniquely determined as it
depends on the choice of the orthonormal frame (v, w). Precisely, it is invariant
with respect to the gauge transformation

U — €99, Ay — Ay + 0.

In order to obtain a well-posed system one needs to make a choice which
uniquely determines the gauge. Ideally one may hope that this choice uniquely
determines the A,;’s in terms of the v,,,’s in a way that makes the nonlinearity
in (2.11) perturbative.

A natural choice for this is the Coulomb gauge, where one adds the equa-

tion
d
> OmAm =0
m=1
which in view of (2.7) leads to
d —
(2.12) A = AT 0SS (Wibm), m=1,...,d.

I=1
This choice works well in high dimension d > 4; see [3]. However, in low dimen-
sion there are difficulties caused by the contributions of two high frequencies
in v to the low frequencies in A.

This is what causes us to look for a different choice of gauge, namely
the caloric gauge. This was proposed in [44] in the context of the wave map
equation, and then as a possible gauge for Schrédinger maps [41].

Precisely, at each time ¢ we solve a covariant heat equation with ¢(t) as
the initial data,

(2.13) { 056 = Do+ ¢+ k1 [0mel*  on [0,00) x RY,

#(0,t,x) = ¢(t, x).

We heuristically remark that as the heat time s approaches infinity, the solution
¢(s) approaches the equilibrium state Q. This is related to our assumption
that the “mass” Ejy of ¢q is finite, and would not necessarily be true otherwise.
This would allow us to arbitrarily pick (vee,Wso) at s = 00 as an arbitrary
orthonormal base in TQSQ, independently of ¢ and x. To define the orthonormal
frame (v, w) for all s > 0 we pull back (veo, Woo) along the backward heat flow
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using parallel transport. This translates into the relation
(2.14) fw - v = 0.

The existence of a global smooth solution for the caloric equation (4.7) and of
the corresponding frame (v, w) is proved in Proposition 4.2. In particular for
each F € {¢p — Q,v — v, w — Weo } the following decay properties are valid:

(2.15) |09F (s)| < cols)~UelHD)/2 s>,

Setting 0y = s we can define the functions v, and A,, for all s € [0, 00)
and m=0,...,d+ 1 by

__t,, . T st Y
2.16) {wm— V- O+ i - O,

A, =tw - 0.

Then relations (2.5)—(2.8) hold for all I, m = 0,d + 1. In addition, the parallel
transport relation ‘w - dsv = 0 yields the main gauge condition

(2.17) Ay =0.

As in the case of the Schrodinger equation, a direct computation using
the heat equation (4.7) and (2.5), (2.7) shows that

d
(2.18) Yo => Dy
=1

Thus, using again (2.7), for any m =1,...,d + 1,

d d d
Oothm = Dmtbo = > _ DDyt =Y DDty +i > gruathy

=1 =1 =1

d
:ZD Dl¢m+lz ¢m¢l P,
=1

which is equivalent to
d

d d
(2'19) (as - Am)wm =21 Z Alalwm - Z(AZZ - ialAl>wm + ZZ 9(¢mﬁ)"¢z

=1 =1 =1
On the other hand, from (2.7) we obtain
IsAm = S(Yotm)-
Due to (4.12) and (4.13) we can integrate back from s = oo to obtain
(220) An(s) == [~ Sta)r 2 [ Sm@wnriaw)ar

forany m =1,...,d+1 and s € [0,00). Then A, |, represents our choice of
the gauge for the Schrodinger map equation. The reason we prefer the caloric
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gauge to the Coulomb gauge is the way the high-high frequency interactions
are handled. Indeed, while (2.12) can be conceptually written in the form

A=Y 27 PPy + > 27 Py (P Poy),
J<k J<k
substituting the first approximation (s) ~ e**(0) in (2.20) yields the rela-
tion
(2.21) ArD 27" PP + > 27 Py (P Pr).
J<k J<k
This has a better frequency factor in the high x high — low frequency inter-
actions.
We consider now linearized Schrodinger map equations. This is necessary

in order to establish the continuous dependence of the solutions on the initial
data. The linearized equation along a Schrodinger map ¢ has the form

(2.22) OtPlin = Prin X AP + ¢ X Agyin,
where

t¢lin ¢ =0.
Then we can express ¢y, in the (v, w) frame by setting
(223) ¢1in = tv : ¢lin +1 tw : ¢lin7
or equivalently
(2.24) Drin = VR(Y1in) + WS (Yrin)-

The field )3, satisfies the linearized equation

d
(2.25)  (i0 + Ag)tin = —2i Y A1Otiin
=1

d d
+ (Agpr + D (A7 = i0LA) ) thin — i Y S (Prthrin).-
=1 =1
This can be derived by direct computations as before. Heuristically, one can
also think of a one parameter family of solutions ¢(h) for the Schrédinger map
equation so that ¢(0) = ¢ and Opd|p—9 = Plin, and extend the frame (v,w) as
h varies. Then we have 1y, = 1, and we can use (2.10) with m replaced by h.

3. Function spaces

In this section we define our main function spaces and derive some of their
properties. We define first several cutoff functions and (smooth) projection
operators.
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Definition 3.1. We fix no : R — [0, 1] to be a smooth even function sup-
ported in the set {p€R : |u|<8/5} and equal to 1 in the set {peR : |u| <5/4}.
We define

X5 () =mo(p/27) = no(u/277),  x<j=mo(u/?), JEL

Let Pj, denote the operator on L>®(R?) defined by the Fourier multiplier & —
xk(|£]). For any interval I C R, let x; = > erXx; and let Pr denote the
operator on L®(R?) defined by the Fourier multiplier £ — e xx(|€]). For
simplicity of notation, we define P<y = P_ }). For any e € S 1 and k € Z,
we define the operators Py ¢ by the Fourier multipliers £ — xx (€ - e).

To motivate our choice of spaces, recall the Schrodinger nonlinearities (see
(2.11))

d d d

(3.1) Ly =20 A0thm + (Ad+1 +) (47 - i@lAl)>wm — i Y USWm).
I=1 =1 =1

We would like to analyze these nonlinearities perturbatively in suitable spaces.

The main difficulty is caused by the magnetic terms —2i Zle A0, Using

(2.21) (for simplicity consider only the terms corresponding to k = j), they

can be written schematically in the form

(3.2) S 27 PPy - 2V P
kK€L

The difficulty is to estimate the sum over & < k&’ — 100 in (3.2). The main
ingredient needed to estimate such magnetic terms in Schrédinger problems
is the local smoothing phenomenon: we place the highest frequency factor of
the nonlinearity in the local smoothing space Le~ 2 (see definition below) and
attempt to estimate the nonlinearity in the inhomogeneous local smoothing
space LL%. This allows us to barely recover the full derivative loss of the
magnetic nonlinearity. This approach, with certain local smoothing and in-
homogeneous local smoothing spaces localized to cubes, was first used in [18]
to study local well-posedness of Schrédinger equations with general derivative
nonlinearities. To prove global results, it is essential to work with stronger
local smoothing/inhomogeneous local smoothing spaces, which exploit better
the geometry of Euclidean spaces. A low-regularity global result using such
stronger local smoothing spaces was proved by two of the authors in [13].

This scheme was first used in the setting of Schrodinger maps by two of
the authors in [12] and played a key role in all the global results in [14], [3],
and [1]. In order for this scheme to work in the Schrédinger map problem we
need to be able to control the LZ> norm (in a scale invariant way) of the low
frequency terms.
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For a unit vector e € S*~! we denote by H, its orthogonal complement in
R? with the induced measure. We define the lateral spaces L2? with norms

(3.3) 1Al o = [/R [/H Ih(me+al o) da'ds

with the usual modifications when p = oo or ¢ = oo. The key spaces in this fam-
ily are the local smoothing space L2 and the inhomogeneous local smoothing
space L&?. These are the only spaces in this family that can be used to analyze
perturbatively magnetic nonlinearities, such as L,,. This is in sharp contrast

dl‘l

9

}p/q }1/10

with the case of wave equations, where large classes of Strichartz estimates
can be used to control magnetic nonlinearities, at least in high dimensions. To
make the transition between the local smoothing and the inhomogeneous local
smoothing spaces we use the maximal function spaces L&,

The following local smoothing/maximal function estimates were proved
by two of the authors in [12] and [14]:

LEMMA 3.2. If f € L*(R?), k € Z, and e € ST, then

(3.4) € Prefll oo S 2721 £ 2
In addition, if d > 3, then
(3.5) €2 P f 2o S 25D ] 2.

It is easy to see that the two bounds (3.4) and (3.5) cooperate in the right
way to allow us to estimate the expression in (3.2) in the inhomogeneous local
smoothing space L&”. The bounds (3.4) and (3.5) are not hard to prove. They
depend, however, on delicate global properties of the Euclidean geometry.

Unfortunately, the maximal function bound (3.5) fails in dimension d = 2,
which causes considerable difficulties. To handle this case we need to use the
Galilean invariance: if f solves (i0; + A;)f = 0 in R? x R, then T,,(f) solves
the same equation, where T}, w € R?, is the Galilean operator defined below.

Definition 3.3. Assume d = 2, p,q € [1,00], e € S}, A € R, and W C R
finite. We define the spaces LY using the norms

(3.6)
IRlze = [ Tae (Mg = [/ [/ Ih((x1 + M)e + o', £)|7 da'dt
€ R He xR

e

q
d.’L‘l

)

}p/ }1/12

Tw(h)(z,t) = e @0/ 2=l /AR (1 4 iy, ¢)
with the usual modifications when p = oo or ¢ = co. Then we define the spaces

g .
Low:

Lefy =3 L85 lhllpg, = nf 3 fhallzg.
AEW ’ h=>_xew M xew ’



1456 I. BEJENARU, A. D. IONESCU, C. E. KENIG, and D. TATARU

In what follows we fix some large integer C and define, for k € Z,
Wi = Wi(K) = {\ e [-2F,2F] : 262K\ ¢ 7).
LEMMA 3.4. Letd =2. For any f € L?, k € Z, and e € S' we have
(37) [ Prefllpze S 27520 lles 1Al <257

In addition, if T € (0,2%X], then
(3.8) Lz (e A Pofll 200 S 282 f] 2.
e Wk440

The bound (3.7) is a straightforward consequence of (3.4) via a Galilean
transformation. The main novelty is the estimate (3.8), which provides a
usable replacement to (3.5) in dimension d = 2. Indeed, it is easy to see that
the bounds (3.7) and (3.8) can still be used to estimate the expression in (3.2)

. 1,2 o . .
in the space L.y, |, which is an acceptable inhomogeneous local smoothing
sVVk—40
2,00
. . . . . . . e7Wk+4O
as substitutes for missing estimates in the setting of wave maps is due to

Tataru [48].
Limiting the time T to the interval (0,22X] is what allows us to use the

space in dimension d = 2. The idea of using sums of spaces such as L

discretization which is given by the Wy sets. One could also allow T' to be
arbitrarily large, at the expense of replacing the discrete sums in the definition
of the Li”omc}kﬂo with a continuous counterpart. We do not pursue this here in
order to avoid distracting technicalities.

Once the main terms of the Schrédinger nonlinearities (3.1) are under
control, we can use various Strichartz-type estimates to estimate the remaining
terms. We state below the Strichartz-type estimates we need in this paper;
at this stage many variations are possible. Let pg = (2d 4+ 4)/d denote the
Strichartz exponent.

LeEmMA 3.5. If f € L2(R%), then we have the Strichartz estimates
€2 10 5 171122
and the mazimal function bounds
€42 Pl e S 2D f 0, ke

In addition, if 2/p+d/q=d/2 and 2 < q < 2d(d — 2), then

; k(42 _1
sup e P ze <p 200 2|l p<a,
ecS!
respectively
; k(g2 _1
sup (|2 Py fllppa S 250 | fll2,  p>a.

ecS!
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The first bound in Lemma 3.5 is the original Strichartz estimate [39].
The second bound follows by scaling. The last two bounds, which we call
lateral Strichartz estimates, follow informally by interpolation between the
LPd Strichartz estimate and the local smoothing/maximal function estimates of
Lemma 3.4. The results stated in Lemma 3.2, Lemma 3.4, and Lemma 3.5 are
summarized and proved later in Lemma 7.1 (we prove in fact a slightly stronger
version of (3.8), which is needed to prove full inhomogeneous estimates).

We are now ready to define our main dyadic function spaces Fy,(T), Gx(T),
and Ni(T). Assume that T € R. For k € Z, let I, = {¢ € R? : |¢| €
[2]’6‘717 2k+1]} and

LI(T) = {f € L*(R? x [T, T]) : F(f) is supported in I x R}.

Definition 3.6. Assume d > 3, T € R, and k € Z. Then Fy(T), G,(T') and
Ni(T) are the Banach spaces of functions in L?(T’) for which the corresponding
norms are finite:

(3.9) o mury = I @llzeere + 16l Lra
+ Q_kd/(d+2)|’¢HL§st°° + Q_k(d—l)/Q sup H¢HL§°°?
ecSd-1
(3.10) I¢llGory = I6llm, + 252 sup  sup [|Pjedll 2,
|i—k|<20 eeSd—1 ©
respectively
3.11 = inf L4+ 2782 gy 2.
B Wl = nt il + 277 sup ol

Definition 3.7. Assume that d = 2, k € Z, K € Z,, and T € (0,22~].
Recall the definition Wy, = {\ € [-2F,2F] : 2k+2K )\ € Z}. For ¢ € L?(R? x
[—T,T]) let

e Wita0

(3.12) |18l poery = 6]l ooz + 16l s +27*/% Bl La o +2772 sup 18]l 2,00
ec

We define Fy(T), Gi(T), and Ny (T) as the normed spaces of functions in L2 (T)
for which the corresponding norms are finite:

J

3.13 = inf inf 2mMi . ,
(3.13) 116l mcr) J,ml,...,mj%f:fmﬁ‘..ﬂm‘,j; .

(3.14) NI8lla,ry = lI@llpp +27" sup 6] 56 +2° sup sup [|Pjed| o
ecS! € li—k|<20 ecS? €

k/2
+2F2 sup sup sup 1P| ooz,
|7—k|<20 ecS! |\|<2k—40 e,
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respectively

3.15 26 ;
(3.15) £l v (1) = f+f2+f3+f4||f1|! 4 + 26| fo| By

-

_k
+281fsl g +2 8 sup lfull e

e2 eesS e Wk—40
where (e1,ez) is the canonical basis in R2.

In all dimensions d > 2, the spaces Ni(T) and Gi(T') are related by the
following linear estimate, which is proved in Section 7.

PROPOSITION 3.8 (Main linear estimate). Assume K € Zy, T € (0,22~]
and k € Z. Then for each ug € L? which is frequency localized in Ij, and any
h € Ni(T), the solution u to

(10 + Ag)u = h, u(0) = up
satisfies

[ullayry < Nw0)]zz + (1Rl N (1)

We describe now the structure of the normed spaces Gi(T'), Ni(T'), and
Fi(T). As Proposition 3.8 suggests, we use the spaces Gi(T) to measure
solutions of Schrodinger equations. The main components of the spaces G (T")
and Lz}f

in dimension d = 2, respectively L% and L in dimensions d > 3 (compare

are given by the local smoothing/maximal functlon spaces Le W10

with Lemmas 3.2 and 3.4). The other components of the spaces Gi(T') are
Strichartz-type spaces; compare with Lemma 3.5. These components are much
more flexible.
As Proposition 3.8 suggests, we use the spaces Ni(7') to measure nonlin-
earities of Schrodinger equations. The key components of the spaces Ni(T')
. . 1,2 .. .
are the inhomogeneous local smoothing spaces L Wi_so 1D dimension d = 2,

and L.lg’2 in dimension d > 3, which are the only spaces that can be used to
bound the difficult magnetic parts of the Schrédinger nonlinearities. The other
components of the spaces Ni(T') are Strichartz-type spaces, and are chosen in
a way that matches the Strichartz spaces of Gy (T).

We discuss now the spaces Fj(T'). It is clear from the definition that
Gi(T) < Fy(T). The larger spaces Fj(T') have an important advantage over
the spaces Gk( ): for any k € Z and f € Fi(T) N Fi11(T) we have || f|| g, (1) ~
| f1l ., (7). This is easy to see by examining the definitions and noticing that
llFo H¢||F0 for any ¢ € L2(RY x [~T,T)) if d = 2. Moreover, if

k+1

k, k' €7, |k K| < 20, u € Fj(T), and v € L®(R? x (~T,T)), then

(3.16) 1Pe(uo) | pry S ull oy 0] 22z, -



GLOBAL SCHRODINGER MAPS 1459

The spaces G (T') do not have this important property, proved in Lemma 5.1,
mostly because of the local smoothing norms which require certain frequency
localizations.

We use the spaces Gi(T') to measure the fields ¢,,,, m = 1,...,d, at par-
abolic time s = 0. This is consistent with the Schrdodinger equations (2.11)
satisfied by these fields. We use, however, the weaker spaces Fi(T') to mea-
sure the fields iy, (s) for s > 0, as well as the connection coefficients A,,(s).
The fields ¢, (s) satisfy the covariant heat equations (2.19), and we are able
to propagate control of these fields along the heat flow, with suitable para-
bolic decay, only in the larger spaces Fj(T'). Fortunately, in the perturbative
analysis of Schrodinger equations, it is not necessary to control the connection
coefficients A,,(0) in the missing local smoothing norms.

To bound products of functions in Fj(7T) we often use a more relaxed
criterion. Precisely, since for e € S! we have

HfHLQ;;H < Iflpzee S 25D £l 2 oo

mj

it follows that, in all dimensions d > 2,

(3.17) 1 lpeery S Wfllezege + 11l zea-

This criterion is often used to estimate bilinear expressions, by exploiting the
LP4 [ norms in the spaces Fy(T).

We also need to evolve Fi(T') functions along the heat flow. Since the
Fy(T) norm is translation invariant, it immediately follows that if h € Fy(T),
then

(318) "€SAIh|’Fk(T) S (1 + S22k)720||h”Fk(T)7 s 2 0.

To prove useful bounds on the connection coefficients A,,, m = 1,...,d,
for k € Z and w € [0,1/2], we define the normed spaces Sy’(T") of functions in
L%(T) for which

(3.19)
7l cry = 251 oz + 1l o s + 27 @2 ) nas ) < oo,
where the exponents 2, and pg,, are such that
1 1 1 1 w

2y 2 Pd,w Pa d’

The spaces Sy(T') are at the same scale as the spaces Fi(T') and Fj(T) —
S(T). By Sobolev embeddings we have

(3.20) 1l S 1 flspeny i <w.

Thus the spaces S(T') can be interpreted as refinements of the Strichartz part
of the spaces Fi(T) (which corresponds to SY(T)). It is important to be able
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to prove bounds on the coefficients A4,,, m = 1,...,d, in both spaces F(T)
and S,i/ 2(T ). These bounds quantify an essential gain of smoothness of the
coefficients A,, compared to the fields v,,,. This is proved in Lemma 5.2 and
used in many estimates in Sections 5 and 6.

4. Outline of the proof

This section contains an outline of the proofs of the main theorems. We
observe first that it suffices to construct the solution ¢ on the time interval
(—22K 22K for any given K € Z,, and prove the bounds (1.3) and (1.5)
uniformly in /C. We therefore fix! once and for all £ > 1 € Z, and assume
T € (0,2%%].

We start with a solution ¢ € C((-7,T) : Hg’) of (1.1) on some time
interval (—7,T), where T € (0,2?X]. Our main goal is to prove a priori
estimates on

sup |[¢(t)llgra,  and  sup |[|o(t)]|mg,
te(=T.,T) te(=T,7)
for o in a fixed interval o € [d/2, 01]. We use the notion of frequency envelopes.
We fix a small parameter § (for instance § = 1/(20d) suffices).

Definition 4.1. A positive sequence {by}rez is a frequency envelope if it
is 12 bounded

(4.1) > b < oo

k€EZ
and slowly varying,
(4.2) by < ;20001 kjez,
An e-frequency envelope {by }rez satisfies the additional relation
(4.3) Z b2 < €2
keZ

Given an [? bounded nonnegative sequence {ay trez, we often define the

frequency envelope
o), = sup o 2701k,
k'€Z
Clearly, we have ap < ) and o) = oy if {og}rez is already a frequency

envelope. In addition, Y pez[c}]? < Ypez i

IThe value of K does not appear in any of the effective bounds; it is useful, however, to
have K < oo in some of the continuity arguments and to be able to define the sets W (K)
in Definition 3.7 as finite sets. Weak bounds, such as (4.10), may depend implicitly on the
value of K.
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Given o1 > d/2 as in Theorem 1.2, T' > 0, and ¢ € Hg?o’oo(T), we define
the frequency envelopes

(4.4) w(o) = sup 272 Pgllppers, o €l0an], 6 =1/(20d).
'e

We also set v, =7x(d/2). Then we have v (o) <205y, (o) for any k, k¥ €Z,
and

(4.5) [Pl ooz <27 (o), o €[0,01].

PROPOSITION 4.2 (Construction of the caloric gauge). Assume that T' €
(0,00) and Q € S2. Let ¢ € HEQO’OO(T) which satisfies the smallness condition

(4.6) ’%2%“13@”%5%; =7 <L
€

Then there is a unique smooth solution ¢ € C([0,00) : HE;OO(T)) of the co-
vartant heat equation

(47) {855=Aw5+$-z%:1\am5\2 on [0,00) x RY x (~T,T),

(E(Oa Zz, t) = ¢<1‘, t)
In addition, there are smooth functions v,w : [0,00) x R% x (=T, T) — S% with
the properties

(4.8) bopg=tw-p="v-w="w-8v =0 on[0,00) x R x (=T,T).
For any F € {a,v,w}, we have the bounds

(49)  IPFO) s S (o)1 +52%) 2295 e ld/2,0)
with v, (o) defined by (4.4), and, for any o,p € Z,

(4.10) sup sup (s+ 1)0/22Uk]\Pk8fF(s)HL?oL% < 0.
ke€Z se(0,00)

The key caloric gauge condition is the last identity in (4.8), namely ‘w -
0sv = 0, which leads to the identity Ag = 0. It is also important that the func-
tions quS,v,w become trivial as s — oo, in the sense of (4.10). Proposition 4.2
is due to Tao [44]; we give a complete proof of Proposition 4.2 in Section 8.

Most of our analysis is done at the level of the fields 1), and the connection
coefficients A,,. From (4.9) and (8.4) we obtain

(4.11)  ||Petpm(s)lzeerz + |1 PeAm(s)| Leerz S (o) (1 + 522h) 2097 (0= Dk,

form=1,...,d, 0 € [d/2,01], s € [0,00), k € Z. By (4.10) we also have
(4.12)

Sup sup )(s +1)7225 27 || (0 b (9)) | e 12 + 1Pe(OF Am(5)) | e 2| < 00
se|0,00
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form=1,...,d, and
(4.13)
sup sup (s + 1)7/22% || P(0f ay1(5))ll 5o 12 + 1P (0 Adya ()| oo 2] < o0
kEZ s€(0,00)

Given an initial data ¢9 € Hg’ for the Schrédinger map equation, for
o€ [(d—2)/2,01 — 1] we introduce the frequency envelopes

(4.14) cr(0) = sup || PV 2 27% 270K,
k'€Z
Then we have the relations, for any o € [(d — 2)/2,01 — 1] and k € Z,
(4.15) IVollf, = D ci(o)  and  [[PVeole < cx(o)277 .
keZ

Let ¢ = cp(d/2 — 1). If |¢o|| gras2 < €0, then Ypez i < €.

The bounds in Proposition 4.2 in the energy space L{°L2 are far from
sufficient for the study of the Schrodinger equation. We need suitable bounds
in the Fj(T) spaces. In the next proposition we fix some o¢ € [d/2 — 1,01 — 1]
and use two frequency envelopes by, and bx (o). The envelope by, = bi((d—2)/2)
is used to measure critical regularity and carries a smallness condition. The
envelope by (0g) is always used to measure noncritical regularity. To these two
envelopes we associate the sequences

1/2 —)oo—(d— 1/2
b= (S8, tason) = (3 by (aatloo-ta=2rm)' 2
i>k Jjzk
PROPOSITION 4.3 (Heat flow bootstrap estimates). Assume that T €
(0,00) and Q € S%. Given ¢ € Hg?o’oo(T) satisfying (4.6), we consider ¢, v, w
as in Proposition 4.2, and ., and A,, the associated fields and connection

coefficients. Let by, = bi(d/2 — 1) be an e-frequency envelope with small € and
bi(og) be another frequency envelope.

(a) Suppose that the functions {1, }m=1.4 satisfy

(416)  [1Pitm(0)llm(r) < br(@)277%, o € {(d~2)/2,00}
as well as the bootstrap condition
(4.17) | Pitbn (8) || oy < /2027 RA72/2(1 4 s22R) 1,

Then for o € {(d —2)/2,00}, we have
(418) (| Pstom(s)llmery S br(0)277 (1 +522)7% o€ {(d~2)/2,00}.
Also, forl,m=1,...,d and o0 € {(d —2)/2,00}, we have the F(T') bounds

(4.19) | P (Am(8)01(s) |7y (1) S bi ()27 (T DR(22k6) =5 (1 4 s22%) 72,
as well as the LPe estimate at s =0
(4.20) | PeAn(O)l| s S bi(er)2 ",
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(b) Assume in addition that

(421) [Pt 0)ra S bu(@)2" @k, o e {(d—2)/2,00}.
Then for o € {(d —2)/2,00}, we have

(4.22) | Petbaya (s)l| e S br(o)27 DR (1 + 2%55)~2

and the connection coefficient Agy1 satisfies the L? estimate at s = 0
(4.23) 1PeAG1 (0)ll2 S ebr(0)27F,  d =3

respectively

(424) A1)z S 1PA Ol SR4(@)27F,  d=2.

Proposition 4.3 is proved in Section 5. Here we note the following im-
provement:

COROLLARY 4.4. The result in Proposition 4.3 remains valid as well if
the bootstrap assumption (4.17) is dropped.

Proof of Corollary 4.4. Define the function

U(T') = supsup by, 122272 (1 + s22) Y| Pppa (5) | vy O < T' < T
kEZ s>0
It follows easily from (4.12) with p = 1 that ¥ is an increasing, continuous
function of T7. We will prove that
4.25 lim ¥(T") < 1.
(4.25) Jim (T 5

Since ¥ : (0, 7] — [0, 00) is a continuous increasing function and ¥(7") < e~ 1/2

implies ¥(7") < 1 (see (4.18)), the corollary follows easily from (4.25). To prove
(4.25), let Y 0(s, ) = ¥m(s,2,0). Using (3.17) and (4.12), it suffices to prove
that

(4.26) sup sup by 12M472/2(1 4 522)4 || Peapn o(s) | 12 < 1.
k€Z s>0

It follows from (4.16) that

(4.27) K202 Papn 0(0) || 2 < D

We need to extend this bound to s > 0 with suitable parabolic decay.
Recall the coefficients ¢, = cx(d/2—1) defined in (4.14). We apply Propo-
sition 4.2 on sufficiently short time intervals (=7, 7). Using (4.9),

(4.28) 202 (1 4 52°%)2°[|| Py(vo(9)) |3 + || Pelwo(s)) 2] S e

where vg(s,z) = v(s,x,0) and wo(s,z) = w(s,z,0). We use this bound at
s =0, the identity (2.2), and the bounds (4.27) and (8.4); it follows that

2522 PV ol 2 S i
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Since {by}rez is a frequency envelope, it follows that ¢, < by; see Definition
(4.14). It follows from (4.11) that

IPbmo(s)llza S cx(1+ s23%)~209-Kd-2/2
The bound (4.26) follows since ¢ < bg. O

Next we turn our attention to the Schrédinger equations (2.11). Our main
Schrédinger bootstrap result is the following.

PROPOSITION 4.5 (Schrodinger bootstrap estimates). Assume that T' €
(0,22K] and Q € S?. Let {cy}rez be an eo-frequency envelope with ey €
(0,e0(d)] and {ck(o0)}kez another frequency envelope. Let ¢ € HgO’OO(T) be a
solution of the Schriodinger map equation (1.1) whose initial data satisfies

(4.29) 1PuVollr2 < cr(0)2°F, o €{(d—2)/2,00}.
Assume that ¢ satisfies the bootstrap condition
(4.30) | PVl ez < o /22720,

and let (¢,v,w) be the caloric extension of ¢ given by Proposition 4.2, with the
corresponding fields ¥, Apm. Suppose also that at the initial parabolic time
s =0, the functions {tm }m=1.4 satisfy the additional bootstrap condition

4.31 Pythm (0 < g M29-(d-2k/2,
(4.31) | (Ol < o
Then we have

(4.32) | Petom (0) |G, () S crl(0)27F, o € {(d—2)/2,00}.

The above proposition is proved in Section 6 by applying the linear result
in Proposition 3.8 to equation (2.11). The right-hand side in (2.11) is estimated
in the Ny (T) spaces using the bounds in Proposition 4.3 for the differentiated
fields %, and the connection coefficients A,,. In what follows we show that
Proposition 4.5 implies Theorem 1.1 and the bound (1.5).

Proof of Theorem 1.1 and the bound (1.5). Consider an initial data ¢ €
H@ for the Schrédinger map equation (1.1) which satisfies ||¢ol| ;a2 < 1. Our
starting point is the local existence and uniqueness of smooth solutions of the
Schrodinger map equation (see, for example, [32]): if ¢g € Hgy, then there is
T = T(H¢0||Héd+20) > 0 and a unique solution ¢ € C((—=7,T) : HZ) of the

initial value problem (1.1).

In order to prove Theorem 1.1 we take o1 = 2d + 20 in what follows. For
Theorem 1.2, on the other hand, we allow o1 to be arbitrarily large. It suffices
to prove that the solution ¢ € C((=T,T) : HZ) of the initial value problem
(1.1) satisfies the bounds (1.3) and (1.5) with constants which are independent
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of T. In preparation for the proof of the well-posedness part of Theorem 1.2,
we prove stronger bounds for the ¢ in terms of the frequency envelopes of ¢q.
Define the frequency envelopes ci (o) as in (4.14). Our goal for the rest of
this proof is to use Proposition 4.5 in order to prove that
(433)  sup [PV, .02 S (0)2™F, o€ [([d—2)/201 — 1],
t ) ’

)

with implicit constants which depend only on d and ;. In view of (4.15) and
(1.6), this suffices to establish (1.3) and (1.5). Then (1.4) follows from (1.5)
for o up to 2d + 20 and from the result in [32] for larger o.

For T" € (0,7, let

U(T') = sup CEIQ(CHWZ(HPkV¢HL;o,Lg + 1 Petom (O)| (1)), O <T' <T.
€
The function ¥ : (0,7] — [0,00) is well-defined, increasing and continuous,

using (4.12), the fact that ¢ € C((=7.,7T) : HZ), and the fact that cj is a
frequency envelope. We show now that

(434) if U(T') < e5/?, then U(T') < 1,
. limT/_>0 ‘IJ(T/) 5 1.

The limit in the second line of (4.34) follows from the definition of the coeffi-
cients c; see (4.15) and (4.11) (we apply Proposition 4.2 on sufficiently short

intervals (—7",7")). Also, using Proposition 4.5, if U(7") < 581/2, then

sup o 12U DR 2| P (0) | gy S L
c

Assuming U(T") < g, Y 2, we apply Proposition 4.2 to conclude that

(4.35) | PeVo(0) 2o 2z + PV (0) oo rz S 5 /227 (- 2k 2y,
On the other hand, from (4.32),
(4.36) 1Pt (0)[ Lo 22 S 277 ¢y (o), o€((d—-2)/201—1].

We use the relation 0,0 = vR(¢p,) + wS(Y,) (see (2.2)). From (4.36) with
o= (d—2)/2 and (4.35), using (8.4), we obtain

||Pk:V¢HL;°,L2 < 27 (@=Dk/2

The implication in the first line of (4.34) follows.
It follows from (4.34) and the continuity of ¥ that ¥(7") < 1. Thus

(4.37) 1PVl Lo 2 + |1 Petoin (0) |Gy (ry S ex2 #7272,

This suffices to prove the bound (4.33) for o = (d — 2)/2. To establish (4.33)
for a different o, we denote by B > 0 the best constant so that

(4.38) HP]CV¢HL’%OLE < Bck(U)Q_Uk.
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Such a constant exists because of the smoothness of ¢ and the fact that cx(o)
is a frequency envelope. Using (4.37) and Proposition 4.2 we have

(4.39) 1Pev(0)| o2 + | Pew(0) | e r2 S Bew(o)2™ 7 HDF,
From (4.36) and (4.39), by (8.4), we obtain
(4.40) | PV poorz < (1+eB)2 ¢ (o).

By the optimality of B in (4.38) we conclude that B < 1 + B, which yields
B < 1. Thus (4.33) is proved. O

To define rough solutions and study the dependence of solutions on the
initial data, we consider the linearized equation (2.25) and prove that it is
well-posed in H(@-2)/2,

PROPOSITION 4.6. Let ¢g € Hgy' be an initial data for the Schrodinger
map equation which satisfies the smallness condition ||¢ol| ae < 1. Let ¢ be
the corresponding global solution to (1.1), (¢,u,v) its caloric extension, and
UYm, Am as before. Then for each initial data ¢y, (0) € H™ there ezists an
unique solution Py, € C(R, H*®) for (2.25), which satisfies the bounds

(4.41) ZQ(d_Z)kHPk%nH%k(T) S Whn(o)@%-
k

The proof of this result is identical to the proof of Proposition 4.3. As a
consequence of this we obtain the Lipschitz dependence of solutions to (1.1) in
terms of the initial data in a weaker topology.

PROPOSITION 4.7. Consider two initial data ¢ and ¢} in HZ which
¢ <1, h=0,1, and let ¢°, ¢' be the

satisfy the smallness condition qugHH
corresponding global solutions for (2.25). Then

(4.42) D22 Pu(6” — )72 S 1168 — S s
k

Proof. By (4.41) we have the global in time bound

S 2 DE | B2 e 2 S [[rm (0)]12 acs -
% H2

As in the proof of Theorem 1.1, this bound easily transfers to the functions
¢1in, and we obtain

(4.43) D22 Pedinll e 12 S im0 a2

& 2

for all solutions ¢y, € C(R, H*) to (2.22).
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Any two initial data ¢ and ¢} in H, ¢ Wwhich satisfy the smallness condition
|k HH ¢ <1, =0,1can be joined with a one parameter family of initial data
as follows:

LEMMA 4.8 ([48, Prop. 3.13]). Consider two functions ¢, ¢y € HE so
that H%LHH% < 1, h=0,1. Then there exists a smooth one parameter family
of initial data {¢f}rep,1) € C([0,1]; H>), taking values in HE, which joins
them, so that the smallness condition HqﬁSLHH% < 1, h € [0,1] is satisfied
uniformly and

1
(444) 1006512~ 1106 = 9812

The corresponding family of global solutions ¢ is smooth with respect
to h, and the functions d,¢" solve the linearized equation (2.25) with ¢ replaced
by én. Applying (4.43) to d,¢", we obtain

PR L AP [l (U]
k

The estimate (4.42) is obtained by integrating with respect to h due to (4.44).
(]

The above proposition allows us to conclude the proof of Theorem 1.2.

Proof of Theorem 1.2. The bound (1.5) was proved earlier. To show that
the map Sg admits an unique continuous extension

ca . d=2 ia . d=2
Sg:H2NHL* — C(R;H= NHy? )
it suffices to consider a sequence of smooth initial data ¢ € Hg> which satisfy
uniformly the smallness condition ||<Z>8HH ¢ < 1 and so that ¢f — ¢o in bigNe
L d—2
H Q2 , and show that the corresponding sequence of global solutions is Cauchy
. . d=2
in the space in C'(R; 05N Hg? ). By Proposition 4.7 it follows that the ¢" is
. d—2
Cauchy in C(R; Hp? )R
(4.45) lim_{|¢" —¢™|

. d—2
n,m—00 C(R;H 2 )

=0.

Consider frequency envelopes {c}'} associated as in (4.14) to ¢f. Since ¢f is
convergent in H % we can choose the corresponding envelopes {c}'} to converge
in {2. Then we have the uniform summability property

(4.46) lim sup »_ (cf)* =0.

k
077 n k ke
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Now we use (4.33) to estimate

16" = 6" gty = IP<ka(6™ = 6™l g 4,
TPk gty + I1Pok00™ g
S 2’“0\|ng0(¢> ="M gz, * Z )+ ()’
(R;H 2
k>ko

Hence using (4.45) we have
limsup ||¢" — o™ La.Ssu E c)?
o Pl HC(R;Hg) N ”pk>k0( ")

Letting kg — 00, by (4.46) we obtain

lim su & m =0
n,m%olg H¢ —¢ HC(R H2

and the argument is concluded.
The continuity of the solution operator SQ in higher Sobolev spaces
2

d d
So: HoNHy —>C(RH"HH2 ) 5<o<a

is obtained in the same manner. The proof of Theorem 1.2 is concluded. [J

5. The heat flow: proof of Proposition 4.3

For k € Z we denote

(5.1) a(k) = S[lolp) (1+ 52%%)* ZHPwm ()l 7
se|0,00

For o € {(d —2)/2,00} we introduce the frequency envelopes
(5.2) ax(0) = sup 277271 lq(5).
JEL

These are finite and belong to [ due to (4.12) and (3.17). For (4.18) we need to
show that ai(0) < br(o). On the other hand, from the bootstrap assumption
(4.17) we know that aj, = ap(d/2 — 1) < e~ Y/2b;. In particular, this implies
that
(5.3) Y ai<e.

keZ

We prove first a bilinear estimate.

LEMMA 5.1. Assume that T € (0,22X], f,g € H®>(T), Pyf € Fx(T) N
SY(T), Prg € Fip(T) for some w € [0,1/2] and any k € Z, and

ac= Y, IPflsmnssay Be= D I1Pigllm.
|7 —k[<20 |7—k[<20
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Then, for any k € Z,
(5.4)

jd kd k) (2L
1P gy rynstrzery S 22 2% (Broy + aBy) + 27 Y 20 M@y, ;.
J<k jzk

Proof of Lemma 5.1. We observe first that if k,j € Z with |k — j| < 20
and w’ € [0,1/2], then

(5.5) 1B (wo) | oy S lwll oy vl nee,
and
(5.6) 1Pl 7y S oy 2 ol

both of which follow directly the definitions. For the second factor on the right
in both (5.5) and (5.6), we observe that for v which is localized at frequency
2% we have by Sobolev embeddings

(5.7) [v]| e, +2* 1ol s oo < C2™2||v]l gy

We show now that if |k; — ka| < 8 and f%,, gk, are localized at frequency
2F1 respectively 252, then
(5.8)

1Pk (L k)l g )52 )

< O2kd/29(k2=k)(2d/(d+2)~w) | fo Hsfl )1 9hs ||522 T)-

To prove this we use (3.17) and Sobolev embeddings:
1 (o 92 g2y S N1 (Fra o)l 22 1

/2
+2 HPk(fklgkz)HL?oLi

< de(1/10d+1/10d,w*1/2)||fk1

1/2 Pd,1/2

NLY4 L,

HLZd,ngonglczHLZstoo
+ 282 i, 202 | ks [ oo L2 LPa

< 242 (glke—kI2d/(d42) =) sg cmllgrs llse_ ()

e llsg @) llgkallsg r))-

To prove the estimate (5.4) we use a bilinear Littlewood-Paley decompo-

sition
|ko—k|<4
(5.9) Pu(f9)= > Pu(Pe fPr9)
k1 <k—4
|y —k| <4 k1 —ka|<8

+ > PuPufPng)+ Y. Pu(PifPug)
ko<k—4 k1,ka>k—4
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and bound each of the terms on the right in F,(7') N S;/Q(T). For the first two
we use (5.5), (5.6), and (5.7). For the third we use (5.8) instead. The bound
(5.4) follows. O

We prove now our main estimates on the connection coefficients A,,, m =

1,...,d.

LEMMA 5.2 (Bounds on A,,(s)). For any k € Z, s € [0,00), and m =
1,...,d,

510) 1PN g gygprairy S 20+ 25 (0),
where, if s € [22k0=1 22ko+1y "Ly € 7 then

b (o) = 2k+hoq_yoap (o) if k+ ko > 0,
s S ajaz(o) if k+ ko < 0.

Proof of Lemma 5.2. We use the identity (2.20)

(5.11)

(5.12) Z/S S (¢ (Oupr + i) ) (r) dr

To prove (5.10), let By denote the smallest number in [1, c0) with the property
that for any s € [0,00), k € Z, m=1,...,d, and 0 € {(d — 2)/2,01 — 1},

(5.13) 1Pr(Am ()l 71y < Br27 7" (1 + s2°%) by 4(0).

We observe first that for any f, g € {{m, ¥m :m=1,...d}, r€[2%72 22+2],
jeZ,l=1,...,d,and o € {(d —2)/2,01 — 1}, we have the bounds
(5:14) 1P g sty S 27750+ 22) 420 st (0),

(5.15) 4
1PCFIOGIN g sty S22 2 0 (2P a(o) 12 ay (o).

To prove this we consider the cases kK + j < 0 and k4 j > 0, use the bounds
(4.17) and (5.4) with w = 0, and simplify the resulting expressions using the
fact that ag is slowly varying.

We apply Py to (5.12) to conclude that for any s € [0,00), k € Z, m =
1,....,d,

(5.16)

P D oo S 3 [ WP 0y

,ﬂ v=1

> [P r0) A () g, sy

a,B8y=1
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With kg as before, using (5.15), the first term in the right-hand side of (5.16)
is dominated by

92j+1

G Y Y / 1P r) 0t (D g st 2y

,ﬂ = 1 j>k’
Jj>ko
< 9ok Z (14 22kF20)=4(20%kq_ay(0) + a_ja_j(0))
Jj=>ko
5 2_0k(1 + 822k)_4bk,s(a-)a

where the last inequality follows easily from (5.11) by checking the two cases
k+ko>0and k+ ko <O0.

We estimate now ||Py(va(r)1hs(r) - Ay (r))|| gy ) for r € [2%71,22H1] Tt
follows from (5.14) that for any k' € Z,
(5.18)

1P (a0 sty 277 (4 25 59) 9250 o (0),
It follows from (5.4), (5.13), and (5.3) that
I PL@a(r)r) - As () gy sy S B2 42 P jas(0)
if k+j <0 and
Pl 1s(r) - Ay )y oy S B2 75614 2%45) 42 5y (o)

if k4 7 > 0. Thus, with kg as before, the second term in the right-hand side
of (5.16) is dominated by

92741
S Ly IR@a0(r) - Ay (D, v A
o,B,7=13j>ko
S B2 e 30 (14 228 2) (1 (k4 jaja—s(0) + 1y (k + )by o2 ()
Jj=>ko

< B12 (1 4 22720y~ o (0).

Thus, by (5.16) and (5.17), for any s € [0,00) and o € {(d — 2)/2,00}, we
obtain

HPk(Am(S))||Fk(T)ﬁSi/2(T) 5 2_0k(1 + 822k)_4bk,8(0)(1 + B1€)7

which shows that B; < 1+ Bie and further By < 1. This completes the proof
of (5.10). O
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We prove now bounds on nonlinearity of the heat equation (2.19)
d

d d
(5:19) K =23 0(Ahm) = 3 (A7 +i01A)Ym +1 Y S(mt)
=1 =1 (=
LEMMA 5.3 (Control of the heat nonlinearities). For any s € [0,00),
keZ,m=1,...,d, and o € {(d—2)/2,00},
/0 A p (K () dr| S (14 522912 TRy (o).

(5.20) '
Fi(T)

Proof of Lemma 5.3. Assume r € [2%/72,22/+2] for some j € Z and assume
that

(5.21)  Fe{Al, oA fg:l=1,....d, f.g € {tn, ¥, :n=1,...d}}.
We show first that for F' as in (5.21), we have
(5.22) ”Pk(F(T))HFk(T)ﬂS;/Z(T) < Q*Uk(l + 22k+2j)*40k’j(0,)7

where

277a_ja_; if k+5<0
(5.23) ck,j(a):{ toyomilo) iR <0,

2%+iq_jap(o) ifk+j>0.

If F' is of the form 0;4; or fg, then the bound (5.22) follows from (5.10) and
(5.11), respectively (5.14) (recall that ax(o) is slowly varying). To prove this
bound for F = A? we use (5.10) and Lemma 5.1 with w = 0: if k+j < 0, then

HPk(A%(T))||Fk(T)ﬂS;/2(T) S 62_0k2_ja*]’a*j (0)7
and if £+ j > 0, then
HPk(A% (T))HF;C(T)HS;/Z(T) 5 62_0k2_jbk,22j (U)

These bounds suffice to prove (5.22).
We prove now that, with r € [2%772 22/+2] ag before,

(5.24) || Pe(Km (M)l pury S €277F2% (14 2242) 4y (o) +273FH) 20 (o).
In view of the formula (5.19), it suffices to prove that
(5.25) 1Pe(F(r) f ) oy + 251 Pi(Au(r) £ ) | (1)

< E2fok:22k(1 + 22k+2j)74[ak(0_) + 273(k+j)/2a_j (O’)]

for any F asin (5.21) and f € {Wn,%,, : n =1,...,d}. In the proof of (5.25)
we need to use Lemma 5.1 with w = 1/2. From (4.17) we have

(5.26) 1Pe(f (M) ey < 27 Far(o) (1 +22720) 74
We combine this with (5.22), using Lemma 5.1 with w = 1/2, to obtain
I1PF ) Dy S 2772270002 jas(0), b+ <0,
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1B (F () f() |y S 27751+ 2872) 7122062 jar (o) b+ >0,
which imply (5.25) for the first term. By (5.10), (5.26), and Lemma 5.1 with
w=1/2,
2| Po(A(r) f () ) S 2027 7F27 0202 ja (o) k+j <0,
2| Pe(Ai(r) F ) |y < C277F (14 228020) 71222 jap(0) - k+j > 0.

These bounds imply (5.25) for the second term.
We use now (5.24) to prove (5.20). Assume s € [22k0—1 22ko+1) for some
ko € Z. We use (3.18). If k + ko < 0, then

‘ / (s— T‘)AZP ( ( d’l"
0

< Z 92 c9—0ko2ko—3 (k+3)/2a_j(0) < g2~ ko(k+ko)/2 a_p, (o),
J<ko

which suffices. If k + ko > 0, then with dj, ; as in the right-hand side of (5.24),

| [ P () ar

0

22]+1

S [, IR sy dr

Fi(T) 7<ko

Fr(T)
5/2
< [ 1O B Dy dr - [ 1A P () ey

< Z 2_20(k+k0)223dk’j + 272 A ko

~

J<ko

< 9—20(k~+ko) Z 62—ok22k(1 +221c+2j)—4[22jak(0) +2j/22_3k/2a,j(0')]
J<ko

+ 52—0k(1 + 22k+2k0)—4ak(0_)
S 52—ok(1 + 2216—!—2k0)—4ak(0_)7
which suffices. This completes the proof of the lemma. O

We are now able to prove the Fy(T') bounds (4.18) in Proposition 4.3. In
view of (2.19) we have

Py(m(s)) = %27 Py (0)) + /0 el By (K (1)) dr
Thus, from Lemma 5.3 and (4.16), (3.18), we obtain
1Petom ()|l ) S 2771+ 522) 7 (b(0) +ear(0)), o € {(d~2)/2,00}.

Due to the definition of a; (o) in (5.2) this implies that ax(o) < bk(0) +eag(o),
and further ai(o) < bk(o). Then (4.18) follows.

Next we consider the Fj, bound (4.19) for the functions Pi(An(s)yi(s)).
It follows from Lemma 5.1 (with w = 1/2), Lemma 5.2, and (4.17) that for any
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I,m=1,...,d, and r € [2272 2212]
IR () iy S 272269262 0 i(o), k<
respectively

1Pk (A m () | ey S 277728 (L + 29029) a2 jag (o), k> =)

Then (4.19) follows since ag, ai(o) are slowly varying.
Next we turn our attention to the LP4 bounds in Proposition 4.3. We start
with a general lemma, similar to Lemma 5.1.

LEMMA 5.4. Assume that T € (0,22K], f,g € H®>(T), Ppf € S¥(T),
Prg € L}, for some w € [0,1/2] and any k € Z, and

= 3 NPellsgme = 3 [IPwgllpy.
|k’ —k|<20 |k’ —k|<20 '

Then, for any k € Z,
(5.27)

k'd _d_(f—k' kd —w(k —
|1 P:(fg) ||Lpd > 27 (wrvr + 27257 ) 4 27 S o .
K<k K>k

Proof of Lemma 5.4. We use the same bilinear Littlewood-Paley decom-
position (5.9) as in the proof of Lemma 5.1 and estimate each term. If
|ka—k| < 4and k; < k—4, then by the Sobolev embedding || Py f||ee < 2%/2 1y,

t,x N

we have

|Pe(Prs f - Peog)llpra < 1 Pos Fllzge I Pragll e < 259 iy v
If |k1 — k| <4, k2 < k—4, then we use the Sobolev embeddings HPkaLtooLz;d <
Qﬁk,uk and HPkQHLdego < 2(%—#“2)/’?% to obtain
IPu(Praf - Prag) 0 S 1PouFl gl Proglge 2522285207
Finally, if k1, ko > k — 4 and |k; — ko] < 8, then we similarly have
12 (P f - Prog)ll pra S Qk(d/ﬂw)HPklfHLgong 1Bz ppa

< 2R A/ZR gk vy

The bound (5.27) follows by summing up the three cases above. O

We prove now L7% bounds on the connection coefficients A, (0), m =
1,...,d.

LEMMA 5.5. Foranyk € Z, m=1,...,d, and o € {(d —2)/2,00},
(5.29) 1 (A (O 7 S 2 i),
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Proof of Lemma 5.5. We start from the identity (2.20)

(5.29) Z / S(PmDithy)(s) ds

where, as before, Dy = Oy + i Ajyp;. From (4.18) we have
1Peom(s)llso < 277 (1 + 52%%) by, (o)
while from (4.18), (4.19) we obtain
LD ()], S 2277 (s22%) 51 + 22~y (o).

We use now (5.27) with w = 0 to estimate
d_ oo
IPAR O g0 £ 3 [ TGP 9l

0o
< 2—ak Z bk bk/2k +k/0 (822k)—3/8(1 + 822k)—3d5
k' <k

+ 278 37 by (o) 22 22 KK / (s22F)73/8(1 4 52%%)~*ds

k' <k 0
/ © / /
+ 37 27 Wby (o) by 2B 292 / (s22K)73/8(1 + 22" Tds
k' >k 0
2 o’k’bk Z bk’ (K'—k) /4+ Z bk’ bk’2 ok’ 2(k’ k')d/2
k' <k K>k
5 2iakbkbk(0).
Thus (5.28) follows. U

This concludes the proof of part (a) of Proposition 4.3. We next turn our
attention to part (b). We first prove LP¢ bounds on the field ¥441(s).

LEMMA 5.6. For any k € Z and o € {(d —2)/2,01 — 1},
(5.30) 1P (D0 < C22 b (o)(1 + 52%) 2
Proof of Lemma 5.6. We use the heat equation (2.19) for 141,
(5.31) (0s — Ax)vasr1 = K(¥a+1),

d d d
K () =20y o(Ap) = Y (A7 +i0i Ay +1i ) ().
1

=1 = =1

We rewrite this equation in the form

(632 ben®) = a0 + [ TIAE @) ()
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Assuming that
(5.33) 1Pitp(s)l pra S 2770 (o) (1 + 52%%) 72,

we claim the following:

/0 MR p R () (r)dr| <2270 VR (o) (1 4 s2%F) 72

Pd
Lt,z

(5.34)

By (4.21), the function e*2+1)4,1(0) satisfies (5.33). Then a standard iteration
argument shows that the solution ¥441 to (5.32) also satisfies (5.33). We note
that by standard L* bounds for the heat equation, (5.31) admits a unique
bounded solution on each interval [0, S], with S > 0. Therefore the solution
obtained iteratively must coincide with ¥4 1.

It remains to prove our claim. As in the proof of Lemma 5.3, assume that

Fe{Al,0A,fg:1=1,....d, f,g € {tn, ¥, :n=1,...d}
Due to (5.22) and (5.23) we have
(5.35) | PeF ()l g1z S 277D+ 5225) 72 (5225) S by by (o).
Also, by Proposition 5.2,
(5.36) | P g1 72y S 277F (14 527) 75 (52%) S bib (o).
Using (5.27) (with w = 1/2), (5.35), (5.36), and (5.33), it follows that
PPy o + 2Pl Ar ()
<27 OHDE(] 4 592)72(527R) 520, (o)
forany k€ Z, 1 =1,...,d, and o € {(d — 2)/2,00}. Since b7 < &2, we get
| PLE (@) 20 S 22714 527%) 72(s2%%) "5y (o).
This implies (5.34) after integration with respect to s, since

S
/ (14 (s — 1)228) "N (14 r22) 20022y~ F g < 272%(1 4 522%)2. [
0

We conclude the proof of Proposition 4.3 with the L% bounds on Py A, 1(0).
LEMMA 5.7. The connection coefficient Aqy1 satisfies

(5.37) 1Pi(Aas1(O)l 2, S €2 (o), d >3,

respectively

(539) [Awa Oz, S [PoAsa ()2, S2H2400),  d=2
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Proof of Lemma 5.38. To bound Ag41 we start from the identity (2.20)

(5.39) Agy1(0 Z / S(Yar1Ditr)(s) ds

For 1441 we use the bound (5.30). For D1y, by (4.18) and (4.19),
(540) D) e pznpre S 22 (o) (s2%) /51 + 5272
To multiply L$°L2 N LP¢ and LP¢ functions we will use the following bound: if

Pl = Z HPk’fHLfdszSOLg’ Vk = Z ||Pk'gHLfdz>
|k!—k|<20 ’ |k'—k|<20 ’

then, for any k € Z,

(541) P9z, S DX P (wgun + ) + Y- 2N P
j<k Y

This is easy to prove as in Lemma 5.4 using a bilinear Littlewood-Paley de-
composition and Sobolev embeddings.
In dimension d > 3 we estimate using (5.41), (5.30), and (5.40):

d oo
1PkAar1 (0]l < Z/ 1P (Va1 Ditn) (s)ll 2 ds

S22 Ry (o b/ §22)73/8(1 4 522k) "2 s
1<k

+ 3 272922, (5, / $220)73/8(1 4 $229) s
7>k

<27 (o Zb (i=k)/4 Zb Vb2~ 0jo(k—5)(d—2)/2
i<k 7>k

< Q_Ukbkbk(()').
In dimension d = 2 the same computation applies, with the only difference

that the last sum can only be bounded by b2> 4 (0)279%. This gives the second
part of (5.37). For the first part we replace (5.41) by

(5.42) 1fgllz, < ZMkZVJ +ZVkZMa

i<k i<k

Then repeating the above computation we obtain

14241 (0)ll2, S Zbk S 20 <N O
k

i<k
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6. Perturbative analysis of the Schrédinger equation

In this section we prove Proposition 4.5. For k € Z we denote

d
(6.1) b(k) = D I1Putom(0)|| Gy (r)-
m=1
For o € {(d —2)/2,00} we introduce the frequency envelopes
(6.2) b (o) = sup 2072701k =7lp( ).
JEZ

These are finite and belong to 12 due to (4.12) and Sobolev embeddings. We
also have

(6.3) | Petbm (0) |Gy < 277 bi(0).
For (4.32) we need to show that bi(c) < cx(o). On the other hand, from
1

the bootstrap assumption (4.31) we know that by < Eaﬁck. In particular,

(6.4) > bi < eo.

keZ

For the connection coefficients A,, we use Proposition 4.3 with ¢ = 5§ . The
assumption (4.16) follows from the inclusion Gy C Fj. We also need to verify
that the assumption (4.21) in Proposition 4.3 follows from (4.16) if ¢ solves
the Schrodinger map equation:

LEMMA 6.1. If by(o) are as above, then the field 1q11(0) satisfies the
bounds

(6.5) 1Pitbar (0] pra S bi(or)2™ @Dk,

Proof of Lemma 6.1. We use the identity (2.9)

d
Yar1(0) =i Y (O (0) + i Ay (0)y(0)).
=1

From (4.18), (4.20), and (4.11) we have
(6-6) HPMZ)Z(O)”LgoLgmLfi + HPkAl(O)HLgoLgmLfi 5 Q_kak(g)-

The L{%, bound for the first term djt);(0) immediately follows. The second term
A;(0)1(0) can also be estimated by (6.6) using (5.41), except in dimension
d=2. If d =2, then from (5.41) and (6.6) we still obtain

|Pe(Pasa (01 (0)) 2, < 2" bi(o).

However, in order to handle the high-high frequency interactions, we need a
stronger bound on A; which follows from Lemma 5.2, namely

k
22| P A(0)lzarz < HPk(Al(O))HS;/Q(T) Se
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Combining this with (6.6) for A; we easily obtain the remaining bound
1Pk (PoraAi(0)11(0)) | 2 S 277 br(0). O

Thus we can apply Proposition 4.3 and Corollary 4.4. For convenience we
summarize the two main ingredients which are to be used in the sequel. On
one hand, for I = 1,--- ,m we have the bounds

6.7) lu() |y < 277 br(0) (1 + s22) 74,
' 1PD1u(5) | 1y S 2827 Fbi () (s224) 75 (1 + 5224) 2,
which follow from (4.18) and (4.19). On the other hand, for each
F € {$m(0)$(0), A7(0), Aa41(0)}

we have the bounds

1
(6.5) 1PeFllz < g2 (o), d>3,
1Pl Seo.  IBFllz, S27M2,0),  d=2.
Also by Sobolev embeddings and Littlewood-Paley theory,
(6.9) 1Fll2zg S [ IPF 724" S (3 20b]? S eo-
keZ keZ

Here the A4y 1 bound is from (4.23) and (4.24), while the t,,(0)t;(0) and the
A?(0) bounds follow from (6.6) due to (5.41).

For m = 1,...,d we denote the nonlinearity of the Schrédinger equa-
tion (2.11)

d d d
(6.10) Ly = —2i > Ayt + (Ad+1+Z(A?—i8lAz))wm—i > SWim).-

=1 =1 =1

For simplicity of notation, in this section we use sometimes 1, for 1,,(0) and
Ay, for A, (0).

PROPOSITION 6.2 (Control of the Schrodinger nonlinearities). For any
m=1,...,d and o € {(d —2)/2,00} we have

(6.11) 1 Pe( L) 3y (1) S €027 7Fbi(0).

Before proving the above proposition we show how to use it to conclude
the proof of Proposition 4.5. Applying Proposition 3.8 for the equations (2.11),
by (6.11) and (4.29) we obtain

(6.12) 1Pt (0) |Gy S 27" (crlo) + eobr(o)).
By the definition of bg (o) this implies that
b(0) < ck(o) + oby (o).
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Hence
be(0) S crlo),
which combined with (6.12) gives (4.32), concluding the proof of Proposi-
tion 4.5.
The rest of this section is concerned with the proof of Proposition 6.2,
which follows from Lemmas 6.4 and 6.7. We begin our analysis with some
bilinear estimates:

LEMMA 6.3. (a) If |ky — k| <80 and f € Fy, (T'), then

(6.13) IPE ) nvery S 1F ) a0l -
(b) If k1 <k —80 and f € Fy,(T), then
(6.14) 1PL(F f)ll iy < 2517222002 B ) fll g, ().

(c) If k < k1 — 80 and g € G, (T'), then
615 IPF)lyer) < 29@D2A R FY s gl

Proof of Lemma 6.3. Part (a) follows from the definition of Fy(T"), Ni(T),
and

IF A1, S 1F eI e rgnrs
Part (b) also follows directly from the definitions, since

1P(E )|y S272 sup MEAl2 — $27 *2 sup MAllgzee  AFlLz -

ecSd— Wk—40 ecSd— W1 +40

Finally, for part (c) we use Sobolev embeddings if d > 3,
1P (Eneery S 1PFII 2, < M2 ) M9l oo r2rpre

t,x

If d = 2, we need to use the lateral Strichartz estimates. Using an angular
partition of unity in frequency, we can write

g=gitg  larlee + loelss S 27 lgla
Then we have

1PLFlnumy S 27 (1Farll 35+ 1Fall 3 4)
el ey

SJ Qk/ﬁHFHLQ(HngLgf’ + HgQHLg’23>
< 2(Ic—:’<31)/6||]'7'||[/2HgHle(T)' .

The above lemma suffices in order to estimate the easier component of L,,:

d d
(6.16) Lm71 = (Ad+1 + Z A12>7,bm - Zz¢l%(%¢m)

=1 =1
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LEMMA 6.4. Let F satisfy (6.8) and ¢ € {¢y,, m=1,--- ,d}. Then
(6.17) 1P (W F) | w1y S €027 bi (o).

Proof of Lemma 6.4. We use a bilinear Littlewood-Paley decomposition

Pp(Fv) = Pr(P<k—80F Pl—y jya?)

ko <k—80 k1 —k2|<90
|k1—k|<4 k1,k2>kE—80

The first term is estimated using (6.13) and (6.9). For the second, by (6.14),

ko—k

> P, Fllgz 1 Pro¥ll ()

ky—k
< 502272_0kbk(0').

| Pi( Py F Proyt) || v (ry S 2820472/22

The summation with respect to ko < k — 80 is straightforward.
Finally, for the third term we use (6.15)

k—k

| PPy F - Py )|l v () S 278

If d > 3, then using (6.8) and the fact that ¢ > 3, the third sum is

easily estimated. If d = 2, one needs to distinguish between two cases. If
0 <o <1/12, then we bound the right-hand side by

2 —
o(d 2)’“2/2||Pk1FHng”szwHsz(T)'

k—k k—k
275 202 "2y, (0) < e0277F2 12 by (o),

and the summation with respect to ki,ke > k — 80 is straightforward. If
o > 1/12, then we bound the right-hand side by

k—ko

272 M (o), S 2752 by (0) b,

and the summation with respect to k1, ks > k—80 is again straightforward. [

It remains to estimate the second part of L,,, namely

(6.18)
d d

d d
Ling = =20 Ai0pm —i Y O1A1 b = =iy O(Aihm) — i) A0

=1 =1 =1 =1

For this we first complement Lemma 6.3 with two L? bilinear estimates:
LEMMA 6.5. (a) If ki1 < ko, f1 € Fy,,(T), and fa € Fy,(T), then
(6.19) - fellrz, 22 1| gy oyl fell sy -
(b) If k1 < ka, f € Fi, (T), and g € Gy, (T), then

(6.20) If - gll 2 S 2022202 fll gy lgllay, (-
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Proof of Lemma 6.5. Part (a) follows by Sobolev embeddings from
| f1- fQHsz S HfIHL;*Lgd”fQHLtooLgmLf,i-

For part (b), we first observe that, using a smooth partition of 1 in the fre-
quency space, we may assume that F(g) is supported in the set

{(67) el € 251,27 and € - e > 225
for some vector ey € S*1. Thus

(6.21) HgHLzzg S 27PN gllg,, ) i A < 28

Then in dimension d > 3 we have

1f - gllzz, S Ifpzecllgll e S 29222022 £ g oy llglly, (-
t,x e e 1 2

The argument is more involved if d = 2. Given the definition (3.13) of the
Fi.(T) space in terms of FQ(T), it suffices to show that the following bounds
hold for FQ(T):

(6.22) 1F - gllzz S I fllre (llglie, @y, K1 = ke =100,
respectively
(6.23) If-gllrz S 2(k1_k2)/2||f”Flgl(T)HgHsz(T)a ki < kg — 100.

The bound (6.22) follows easily by estimating both factors in L{ . For (6.23),
on the other hand, we use the local smoothing/maximal function spaces. Pre-
cisely, for g as in (6.21) we have

k1—k
”fg”L?l S |’f”Lz£)°,°Wk1+40 |>\\<S;}2)—40 HPngHL:Eﬁ S (k1 2)/2HfHFlgl(T)HgHGkQ(T)>

as desired. O

The bilinear estimates in Lemmas 6.3 and 6.5 allow us to obtain corre-
sponding trilinear estimates. We denote by C(k, k1, k2, k3) the best constant
C in the estimate

(6.24) || Pe(Pr, f1Pry f2Prs9) |l v, (1)

a—2 e
< 0277 Rt P £l g () | Pro fol iy (1) | Prs 9l ()

Using the L°L2 N L}% norm for each of the three factors and the L‘ff; norm
for the output, by Sobolev embeddings one can easily show that

C(k, k1, ko, k) < 1.

We seek to improve this with certain off-diagonal gains:



GLOBAL SCHRODINGER MAPS 1483

LEMMA 6.6. The best constant C = C(k, k1, ka, k3) in (6.24) satisfies the
following bounds:

o(k1tk2)/2—k ki, ko < k — 40,
(6.25) C(k, k1, ko, k3) < 27 1k—ksl/6 k, ks < k1 — 40,
2~ |AK|/6 otherwise,

where Ak = max{k, k1, ko, ks} — min{k, k1, ko, k3}.

Proof. In the case ki, ko < k — 40 we must also have |ks — k| < 4. Then
we successively apply (6.20) and (6.14).

In the case k, k3 < k; — 40 we apply first (6.19) and then conclude with
(6.15) if k < ks, respectively (6.14) if k& > ks.

In the remaining case we can assume without any restriction in generality
that k1 < k9. Then there are two possibilities:

(1) k3 < k and |k — k2| < 40. If k1 < k3, then we use (6.19) for Py, foPr,g
and then conclude with (6.14). If k3 < ki, then we use (6.19) for
Py, f1 Py, f2 and then conclude with (6.14).

(ii) k3 > k and |ks — ko| < 40. If k1 < k, then we use (6.20) for Py, f1 P9
and then conclude using only Strichartz norms. If k., = k, then we
use (6.19) for Py, f1 Py, fo and then conclude with (6.15). O

LEMMA 6.7. The following estimate holds:
(6.26) |1 PeLm2|| vy (1) < €027 7 by (o).

Proof of Lemma 6.7. To bound Ly, 2 we use the representation (2.20) for
the connection coefficients A;. Thus using the short notations A, Dy and
for Ay, D, and 9, with m = 1, d we can write

”Pk;ax(A¢>”Nk(T)
5/0 10 P (4(5) Dt (5)8) | o (1) ds

S 2 /000 27| P (P, 0 (8) Py (D(8)) Py ) || v, (my ds

k1,k2,k3

S 3 2ColPlna [ 1P b, @I PaDEE) 5, mds
k1,k2,k3

where Cy = C(k, ky, ko, kg)Z%("‘H‘kﬁk:”_m. For the term Ad,1 we obtain a
similar bound but with 2* replaced by 23, since

102 Prs ¥l iy (1) S 2k3||Pk3¢||Gk3(T)-
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Thus

|PeLmallnery S D 2maX{k’k3}COHPk3¢HGk3(T)
k1,k2,k3

< [ 1P 9, 1)1 Pra (D) s

For the last two factors we use (6.7). Thus we need to evaluate the integrals
Ik1k2 _ /oo(1 I 522k1)—42k2 (822k2)—3/8(1 + 822k2)—2d5 5 2—max{k1,k2}‘
0

Taking this into account, from (6.7) and (6.3) we obtain

[P Lon,2|| 3y, (1)
5 2ak Z C(k, kla k‘Q, k3)2max{k,k3}—max{k1,kg}bkminbkmidbkmax (O’)
k1,k2,ks
= QUk(S1 + Sy + Sg),

where the sums S, Sy, and S3 correspond to the three cases in (6.25) and the
indices {kmin, Kmid, kmax } represent the increasing rearrangement of {k1, kg, k3}.
Then
S1< > 27kl 2 by bi(o) < obi(o).
k1,ka<k—4

In the second case we have full off-diagonal decay

k3<k1

So S Z 2max{k,k3}fk127|k7k3|/6bk3bk1 bkl (O’) ,S Eobk(O').
k1>k

In the third case max{k, k3} = max{ki, ko}; therefore we obtain

Z 2_‘Ak;|/6bk;mm bkmid bkmax (U) /S €Obk5 (U) D
k1,ka,k3

7. The main linear estimates

In this section we prove Proposition 3.8. We use the notation of Section 3,
see in particular Definitions 3.3, 3.6, and 3.7. We define two more classes of
spaces, which are used only in this section. Given a finite subset W C R and
r € [1,00], we define the spaces " LZ”({,V and " Lz:‘{,v using the norms

(7.1) §lI§~r ppa = [W[™™"  _in [@All7pa
2 Lalw o= Z/\ew A)\g/ Le!

and

(7.2) el o, = WIT "y ||¢||qu

rew
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Clearly, Y-' LYYy, = L2, (compare with Definition 3.3) and
(7.3) ol zog, <WOlswr ppg - 17 < r.
We first consider the homogeneous equation
(10 + Ag)u=0,  u(0) = f e L*R?)
which has the solution u(t) = e f. For this we have the following:

LEMMA 7.1. Assume f € L>(R%), k € Z, and e € S*'. We have:

(1) Local smoothing estimate:

(7.4) sup [ Profll oo < I1f] 2
NEE o

(ii) Mazimal function estimates:

7.5 eitAPkf 2,00 S ok(d=1)/2 fllz2 d>3
( L ~ L2 9
and, for any K € Z,
(7.6) ||1[_22)c’22)c] (t)eitAPkaZQ 12,00 < Qk/QHfHLz, d=2.
eWkis

(iii) Strichartz-type estimates:
(.7) 162 Fll 2, S 112
and
(7.8) HeitAPkaLgdLgo g 2kd/(d+2)HfHL2_
If d=2 and (p,q) € (2,00] x [2,00], 1/p+1/q =1/2, then
(7.9) |e"® Peeflligs S 2D fll e, p2g
and
(7.10) "2 Pf | ppe Sp 2°P7 V2| fll2s p<a.

Proof of Lemma 7.1. The Strichartz estimate (7.7) is well-known,; see [39].
As a consequence, we obtain

€% Pef gz + 27210 Pufllpa o S 1Flge.

The maximal Strichartz estimate (7.8) follows. The local smoothing estimate
(7.4) is proved, for example, in [12] and [14] for A = 0. The general case
follows using the Galilean transformation T)e; see Definition (3.6). The maxi-
mal function estimate (7.5) is known; see for example [12] or [14]. The lateral
Strichartz estimate (7.9) follows by interpolation between (7.4) and (7.7). The
lateral Strichartz estimate (7.10) follows using a standard 77 argument and
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the Hardy-Littlewood-Sobolev inequality. We prove below the maximal func-
tion estimate (7.6), which represents our main new contribution to the linear
theory.

Proof of (7.6). We fix e € S!. By rescaling we can assume that K = 0.
We may also assume that k > 1, since for k < 0 one has the stronger bound

1210 Pefllrarse < 1fllze-

We need to show that
(7.11) 1111 (t)e“APkaZng,oo < 252 £l o
eWkis

We show first that if ||g||ﬂ2 721 < 1, then
eWiis

(7.12)

[ T O P ) dode] £ 272
R2xR
This can be rewritten as

[, @ PO @)t 4(0)f (a) dedo
R2xR

S 221 f ) e,

or equivalently

< 2k/2
L2

1
/ e A Pg(t)

Hence it suffices to show that
(7.13)

Lo [ a0t 05t (5) Kk = .t = ) dodtdyds) < 2",
R2xR JR2xR

where
iz —it]¢|?
(7.14) Kk(a:,t):/Rze €e= e v (1€))? d.

By stationary phase,

22K (14 22F[¢)) =1 || < 2R,
22k (1 4 2F|2[)™N |z > 2k

K (t,2)| < {

The key idea is to foliate K in the e direction with respect to (thickened) rays
with speed less than 2¥+5. We observe that for ¢t € [-2, 2],

‘Kk(t,l')’ g Z K]%/\(t,l'), Kk»\(t,x) = (1+2k]a:~e—/\t])_N.
)\GWk+5
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Hence the left-hand side of (7.13) can be bounded by

1 1
S [ Kealt = s.a = wla(w.s)lg(e. ) dadydst

AEW 45

N E HKk,)\HleOOHgHL?vl HQH[QJ
e, e, e,
AEWg 45

rg 2_k Z HgHinl S QkHQH?]Q %1 )
)\GW}C+5 e, e,Wk+5

where we used the fact that [Wj5| ~ 22¢. Thus (7.12) follows.
Formally the main bound (7.11) would follow from (7.12) and the duality

relation
221 "2, 2,00
(ﬂ L97Wk+5) - Z L97Wk+5'
However this duality relation is not entirely straightforward so we provide a
direct argument. Let x(¢) be a function which has the following properties:
a) Fx is smooth and with compact support.
b) x(t) #0 for t € [-1,1].

Then y is rapidly decreasing at infinity; therefore from (7.12) it follows
that

(7.15)

| a@ DX Pef) ) dade] S 22 ]2

R2XxR

whenever ||g|| 2 L2 < 1. We will use this to prove a stronger form of
eWiys5

(7.11), namely

(7.16) ||><(1f)6“APkfIIZ2 oo S22 fl e
eWks

The advantage is that the function u = X(t)eitAPk f has a compactly supported
Fourier transform. To obtain (7.16) from (7.15) it suffices to show that

7.17) ||u o Ssu / w(zx, t)v(x, t)dxdt; . <1;.
01 Tz Ssw { [ ule e nasdss lolp 2y, <1
Indeed, suppose that the space-time Fourier transform Fu is supported
inside a ball B. We define the normed space
Xp = {h € L*(R*xR) : F(h) supported in B and ||h|4= [Allg2 200 < o0}
e Wiis
We also use a larger ball 2B and the corresponding space Xsop.
Since u € Xp, by the Hahn-Banach theorem there is A € X% so that

|ullxz = A(u) and [[A]|x;, = 1. By the Hahn-Banach theorem we can extend
A to Xop. On the other hand, for any h € Xsp,

1Pl X2 S [1A]] L2
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Thus, using the Hahn-Banach theorem again, there is a linear functional A’ :
L? — C such that A’(h) = A(h) for any h € AN L? and |A' (k)| <p ||h||2 for
any h € L?. Therefore there is g € L?(R? x R) with the property that

A(h):/ G- hdzdt for any h € Xop N L2
R2xR

We consider a space-time multiplier x (D) whose symbol is smooth, supported
in 2B, and equals 1 in B. By the choice of A we have

U . =Au :/ 7-udxdt:/ D)g - udxdt.
g2 =A)= [ g [, s

Hence for (7.17) it suffices to prove that

7.18 D . <1
(7.18) x5 (D)gll 2 24
Since xg(D) is a bounded operator on 2 Li:omo,kﬁ and A is bounded in Xsp,
we have
/ XB(D)ghdxdt' _ / x5 (D)hdzdt] < A=z 2
R2xR R2xR > LW s

for all h € 2 inomc}k% N L2. In view of the duality relations (Li’;\)’ = Liﬁo,
we can optimize the choice of h above to obtain (7.18). In order to guarantee
that h € L?, one can carry out this analysis first in a compact set and then

expand it to infinity. O

We return to the proof of Proposition 3.8, which we restate here for con-
venience.

PROPOSITION 7.2 (Main linear estimate). Assume K € Z, T € (0,22X],
and k € Z. Then for any ug € L? localized at frequency 2% and h € Ni(T), the
solution u to

(7.19) (10 + Az)u = h, u(0) = up
satisfies
(7.20) lullG () S lluollrz + 2l vcr)-

The proposition follows from Lemmas 7.3 and 7.4 below. If d = 2, we
define G¢(T') as the normed spaces of functions in Lf(7') for which the norm

oll~ = ¢l + 27%/? sup || 2,00 +2F/6 sup  sup Pj e ;6.3
H HGk(T) H H k(T) st ” HE2Le,Wk+35 k<25 ecS! H j.e HLe

+ 22 sup sup sup | Pjedll o0
|j—k|<25 eeS! [A|<2k—35 e
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is finite. In other words, we replace the norm Le Wisao = ElLi:a}kHO in (3.12)

o W57 COMPAre with Definition 3.7 and (7.3), and
readjust slightly the ranges of j and A. Similarly, if d > 3, let

with the stronger norm ¥212%

19l ) = el +252 sup  sup ||Pjedl| 2.
K li—k|<25 ecSd—1

It is easy to check from the definition that

(7.21) ol g < mew ol o

for any partition {7 =ty < --- < t, = T’} of the interval [-T,T] and any
v € G(T'). This property does not hold for the spaces G (7T) if d = 2.
The solution u for (7.19) can be represented as

. t
u(t) = Py +/ e =98 (s)ds.
0

As a consequence of the Lemma 7.1, we immediately obtain (7.20) for the first
term. More precisely, for any f € L?*(R?) localized at frequency 2F we have

(7.22) e fllg, oy S I1F 22

It remains to make the transition to the full inhomogeneous problem. We
divide the Ni(T) space into two components, Ni(T) = N2(T) + NL(T) with
norms

@28) Wl = _m il + 28150+ 28050 g
_ o—k/2
1 =2 su 1,2
Illvgery = 2747 sup s,
in dimension d = 2 and
k
(7.24) I Ivoery = I1F11 2, Iy =27 /2 sup HfHL12

ecSd-

in dimensions d > 3. The spaces N{(T) have the property that if f € NP(T)
and =T =ty <ty < -+ <ty =T is a partition of the interval [-T, T, then

(7.25) Z I|f-1 [tirtis1) )] < ”f] for some p1 < 2.

This property is easy to verify for py = pj; if d > 3 and p; = 3/2 if d = 2.
The spaces N, ,%(T) do not have this property. From Lemma 7.1, by duality, we
obtain the energy bound

¢
/ e =58 (s)ds

0

(7.26) < HhHNg(T) for any h € NJ(T).

L°L2
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LEMMA 7.3. Assume that u € L{(T) satisfies
(i0; + Ag)u = h on RY x [-T,T], u(0) =0.
Then
lllg, gy S WAllnery-

Proof of Lemma 7.3. This lemma is an abstract consequence of the ho-
mogeneous bound (7.22), the energy bound (7.26), and the bounds (7.21) and
(7.25).

The simplest way to prove this lemma is by using the UX and VX spaces
associated to the Schrodinger evolution. These spaces have been first intro-
duced in unpublished work of the last author, as substitutes for Bourgain’s
XY spaces which are better suited for the study of dispersive evolutions in
critical Sobolev spaces. They have been successfully used for instance in [27],
[26], [4], and [10].

For convenience, we recall their definition. V3 is the space of right con-
tinuous L? valued functions with bounded p-variation along the Schrédinger
flow

i —tp)A
llfrp = Ml Zoo z + 5D D [t e/t =t By (1) |1,
b/ kez
where the supremum is taken over all increasing sequences tr. On the other

hand, UX is the atomic space generated by a family A, of atoms a which have
the form

a(t) = el's Z Lty tot1) Uks Z ”Uk”lz2 <1,
k k
where the sequence {tx} is increasing. Precisely, we have

UR :{U:chak: Z\ck|<oo, ap € Ap}.
k

The above sum converges uniformly in L?; it also converges in the stronger VX
topology. The UR norm is defined by

ullyz = inf{> lex| : u="> cpar, ar € Ap}.
k
These spaces are related as follows:
(7.27) UR c VR c UL, 1<p<qg<oc.

The first inclusion is straightforward, but the second is not. As a consequence
of the bounds (7.22) and (7.21) we have

(7.28) lllg, iz < lealug
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for all u € Ui localized at frequency 2*. On the other hand, as a consequence
of the bounds (7.26) and (7.25) we have

t
(7.29) lullyer S hllyo,  ult) = / =2 n(s)ds.
0

The lemma follows using (7.27) and p; < 2.

One could also provide a self-contained proof which does not use the spaces
UR and VX, in the spirit of the Christ-Kiselev lemma [6] or of the proof of the
second inclusion in (7.27) (see [27, Lemma 6.4]). O

We estimate now the contribution of terms in N} (7).
LEMMA 7.4. Assume that v € L3(T) satisfies
(i0; + Ap)u=h on RY x [-T,T], u(0)=0.

Then
lullc ey S Al v -

Proof of Lemma 7.4. The spaces N (T) do not satisfy (7.25), so the gen-
eral argument given in Lemma 7.3 does not apply. We give a direct argument
starting from the definition of the spaces Lii Using a smooth angular parti-
tion of unity in frequency, we can assume without any restriction in generality
that h is frequency localized to a region ¢ - e € [2F72, 2F2] for some e € S,
After a Galilean transformation, we may assume that h € LY? and it suffices
to prove the stronger bound

(7.30) 1PPeullg, gy S 27200012, 15—kl <4

Suppose e = e;. The solution u can be expressed via the fundamental solution
K for the Schrédinger equation as

utr) = [ [ Kolt = s, = (s, )dyds
<t JRd
= / Ko(t —s,z1 —y1, 2" — ¢ )h(s,y1, ¥ )dyrdy'ds
<t JRd
= / Uy, (tu x>dy17
R
where
Uy, (t, 1) = / Ko(t — s, 21 —y1, 2" — o' )h(s,y1, 9 )dy'ds.
<t JRd-1
It suffices to show that

(7.31) ||PkPj:eluy1 Hék(T) < 2_k/2||h(y1)||L2-

This is a consequence of the following:
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LEMMA 7.5. Suppose that |j — k| < 4. Then the function PPje, uy, can
be represented as

(7.32) P Pj e uy, (t,z) = (P<k740,911{a:1>y1}) : Pkpj,eleitAUO +w(t, z),
lvollz2 + 27 (| Awll 2 + |9pwl]|12) S 2752 (h(y1) |l 2.

To see that this implies (7.31), notice that since w is also localized at

frequency 2*, the bound for is obtained from Sobolev embeddings.

HwH@'k(T)
We observe also that the function P<k740,e11{:)31<y1} is bounded while v =
Pklﬁeleimvo is an L? solution for the homogeneous equation which is local-
ized at frequency 2i. By Lemma 7.1, this allows us to directly estimate all

components of its Gi(7T') norm except for the L:))’\Q and the LS bounds if
d = 2, respectively the Lg° 2 pound if d > 3. For these we need an addi-
tional step: if |[k1 — k| < 25 and e € S*!, we take advantage of the frequency
localization of the above cutoff function in order to write

Pkl,e[(P<k740,el1{$1>y1}) ’ U] = Z Pkl,e[(P<kf40,e1 1{$1>y1}) ’ sz,ev]‘
|k2—k|<30

This suffices to prove (7.31), in view of Lemma 7.1. It remains to prove the
last lemma.

Proof of Lemma 7.5. By translation invariance we can set y; = 0 and drop
the parameter y; from the notations. The Fourier transform of P Pje, u is

xk(I€1) x5 (€1) 3

—r—ep a0t

(F(PrePje,u)(T,§) =

tA

On the other hand, the Fourier transform of v = PkPj,elei vo equals

(Fu)(7,€) = xx(1€]) x5 (§1)v0(§)0r 1 g2

Assuming that @ is supported in the region {|¢| ~ 2%, &1 ~ 27}, after truncation
we obtain

FUPet100: o)D) (72 = (€D (600 ) = X200,
On the {&; > 0} part of the paraboloid, we can write

1

5T+|£‘2 - o0/ —7 — |£/|26£1—\/—T—\5’\2'
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Hence, with the notation & = \/—7 — |€’|2, the above convolution gives

(F((P<k—10.e1 1 {21 59,1)0))(T,6)
(& —&)

_ AL 5o L X<k—10
= Xk([(§1,§)Dx;(§1)v (€1, € )251 6 F — 10

_ N s b+ & xar-10(b — &)
= —Xk(I(&1, €)Dx; (&1)v (&, €) 26, T |[EP+i0

Matching the two expressions on the paraboloid 7 + |£|2 = 0, we see that it is
natural to choose vy of the form

h(l€%,€) € € supp xa(€)x; (),

Vo glafl =
( ) { 0 otherwise.
Changing variables we obtain the required bound for v, namely
_k
lvollzz S 272 [ 2.

It remains to consider w, whose Fourier transform is obtained by taking
the difference w(7,&) = h(7,&)q(7, &), where

q(7,€)
_ (Xkua)xj(sl) )Xk a6 — )

£+ & ) 1

261 —7 — {2 40
The expression in the bracket is supported in {& ~ 2¥, |¢/| < 2%} and vanishes
on the paraboloid {7 + |£]? = 0}, canceling the singularity. Thus we obtain

lg(r, )1 S (7] + €)™
The bounds for w follow. O

8. Proof of Proposition 4.2

In this section we prove Proposition 4.2. Recall that the frequency en-
velopes (o) and ~y, have the properties

(8.1) Yoy <,
keZ

| Pl poerz < 27, (0) for any o € [0,00) and k € Z.
We start with two technical lemmas.

LeEMMA 8.1. Assume f,g € L®(R? x (=T,T) : C), Pyf, Prg € L°L2,
and for any k € Z, define

82 ar= > 2%PPufllperz, Be= Y, 2%/ Puglrers.
|k’ —k|<20 |k’ —k|<20
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Then, for any k € Z,

(8.3) 2% Pu(f)llpoore Son Y B+ Bk D aw + > 27K oy, By
k' <k k' <k k' >k

In addition, if ||g||L, < 1, then for any k € Z,

(8.4) Qdk/zHPk(fg)HL§°Lg Sap+Be Y ap+ Y 27N Koy 6.
K<k K>k

Finally, if || fllre, + lgllzee, < 1, then for any k € Z,

(8.5) 22| Pu(fo)llpoore S o+ B+ Y 27 oy .
K>k

Proof of Lemma 8.1. We decompose the expressions to be estimated into
Low x High — High frequency interactions and High x High — Low frequency
interactions. We estimate Low x High — High frequency interactions using
the L% norm for the low frequency factor and the L°L2 norm for the high
frequency factor. We estimate High x High — Low frequency interactions using
the L°L2 norms for both factors and Sobolev embedding.

For example, for (8.3) we estimate

1P(fD)llLere S Y I1Pe(Peksf - Peyg)llpeor2

Ik —k|<4
+ > PP f - Pesg)llLera
Ik —k|<4
+ > [P (Piy f - Pryg)l o2

k1,ka>k—4,|k1—k2|<8
S Y P<k—sflle, 1 Preoglloeere

ks —k|<4
+ > [Py fll o2 | P<i—59| 2,
|1 —k|<4
+ > 2dk/2|\Pk1f'Pk29HL;>OL;

k1 ko >k—d, k1 —k2| <8

<Y 2728+ Y B2 ey,
k1<k ko<k
+ 2dk/2 Z 27dkl04k/5k/
K>k

and the bound (8.3) follows. To prove (8.4) we use a similar argument, but
estimate || P<y—s5g||re, S 1 instead of [|[P<p—59l|r, S k< Bre- For (8.5), we
also estimate ||P<x—5f| 1z, S 1 instead of ||P<x—5fll12, S Yko<h Q- O

Tt N
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LEMMA 8.2. Assume f,g,h € C®(R4x (=T, T) : C), and Py f, P.g, Pxh €
LPL2 for any k € Z. Let

=y, 2% /Q(HPk'fHLgoLg + |1Pwglizeere + [Pehllpeorz)-
K —k|<20

We assume that || f| Lz, + [l9llzee, + [Pz, <1 and supgez p < 1. Then, for
anyk €Z andl,m=1,...,d,
(8.6)
22| PL(fO1g90mh) | pgerz S 2% [ Y 27 F M + D 27 @mDIRH R T
k'<k k'>k

Proof of Lemma 8.2. By symmetry, it suffices to estimate

> X 2IBS - P(99) - POz

ko€7Z k1<kso

which is dominated by

S>> 2™ PuPapes(f) - Poa(919) - Pra (Omh))lze 12

ko>k—4 k1 <kg

+ 303 > 2%PP(Pi(f) - Pr(019) - Py (0mh) ez

ko€Z k1<k2 k3>k245
+ 33 S 2% Pu(Pry(f) - Piy(019) + Py (Omh)) |l o2
ko€Z k1<ko |k,‘3—k22|§4
=T+ 1T+ 111

We estimate

1< > > 2% Py(Papy—s(f)  Pr(019) - Pry(Omh)) | poor2
|ko—k|<4 k1 <k

+ > Y 2% P(Pepy—s(f) - Pr(019) - Pry(Omh)) | per2
ko> k45 | k1 —ko| <4

SO Y 2% Paky s ()l || Py (009) |l 222, 1 Py (O [l o 2
|ko—k|<4 k1 <k

+ 3 D> 2% P, ()i, Py (009) | Lo 12 | P (OmB) | Lo 2
ko> k45 |k1—ko| <4

<Y 2 2+ O Y 2k Hgey
k1<k ko>k
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which is dominated by the right-hand side of (8.6). We estimate

m< ) = 2% Py(Pey(f) - Pr,(019) - Pry(Omh)) | poer2
|ks—k|<5 k1,k2a<k+5

Y o 2% Py (D)l 2| Py (019) | £, | Pry (Onh) | e,
ks —k|<5 ki1,ka<k+5

S > 2k1ﬂk1)27

k1<k

which is dominated by the right-hand side of (8.6) since supycz pr < 1. Finally,
we estimate

mr< Y % 30 2% (P (f) - Pi(99) - Pro(0mh)) | ez

ka>k—8 ky<ka |k3—ko|<4

S D > Y 2%IPG (D)l 21 Pey (019) |22, | Pry (BmP)) || oo 12

ko>k—8 k1<kso |k3—k2|S4

dko—dkaoks 2 k
S 2ty 3 2,
ko>k k1<ko

which is dominated by the right-hand side of (8.6) since supyez pr < 1. This
completes the proof of (8.6). O

We construct now the function 5

LEMMA 8.3. Assume ¢ € HEQO’OO(T) and {vi(o)}rez to be as in (8.1).
Then, there is a unique global solution ¢ € C([0,c0) : HQ™(T)) of the initial-
value problem

(8.7) {@5=Aﬁ+$zﬁﬂﬁﬁﬁ on [0,00) x RY x (~T,7),

$(0) = ¢.
In addition, for any k € Z, s € [0,00), and o € [0, 01|, we have
(8.8) 1Pe(6()) 512 S (14 52%) 71277y (0),
and for any o,p € Z,
(8.9) SGS[ISEO)(S + 1) PVI0E (6(s) = Q) 1z < o0

Proof of Proposition 8.3. Let M = Y c7(2271F 4 1)|| Pu(¢ H%tOOLQ. A sim-
ple fixed-point argument shows th~at there is S = S(M) > 0 and a unique
smooth solution ¢ for (8.7), with ¢ — @ € C([0,S] : H*>°(T)). In addition,
for any o, p € Z+,

(810)  sup [8(s) = Qlluewir) < C(M,5.p, 6 = Qllwwiny)

s€[0,5]
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and
d d
05('¢- ¢ —1)=2'6- D00 +2 Y [Omo* +2('0- 6 —1) > |0md|*.
m=1 m=1

This shows that |¢| = 1, thus ¢ € C(]0, 5] : HQ"™(T)). We prove now a priori
estimates on the solution gg
For any S’ € [0, 5], we define

(8.11) Bi(S") = sup sup(l + s2°%)7 2529 P (6(s)) | oo 12
s€[0,5'] keZ

It is easy to see that Bj : [0, 5] — (0,00) is a well-defined continuous nonde-
creasing function and limg/_,o B1(S") < 1.
Using Duhamel’s principle, for any k € Z and s € [0, 5],

d
812 BB =2 (Fu) + [ eI [B[BE)  D omble)] ] !

Hence for any k € Z and s € [0, 5],
~ —s 2k—2
(8.13) 2% Pu(d(s))llpgerz < €% 22| Prg|| ooz

No2k—2 d v
+/ (s—s)2 2dk:/2 [ (31)'7712:1’8m¢(3,>‘2}

In view of Definition (8.11), for any s’ € [0,5'] and k' € Z,
22| P (&)l o2 < Bi(S)(1 +5"22) 7y

It follows from (8.6) (since d > 2) that, for any k € Z and s’ € [0, 5],
(8.14)

odk/2|| p

LL2

S2PBIS)? YD (1 +5'22) 7
LFLE K>k

AL S a1

We substitute this bound into (8.13) and integrate in s’. We notice that

(8.15) / eI+ SN ds’ < s(1 4 As) 71+ Ns) !
0

for any s>0 and 0<A<)\. Using (8.1), for any s€[0,S’] and k€Z, we get
(8.16)
2dk/2||Pk((Z(8))HL?oL% (1 + 822k)0'1
S , ,
5 Yk + Bl(Sl)222k(1 + 822k)01 / e_(s_s )22 /4 Z 7}%/(1 + 5/22k )—01 ds’
0 E >k
S+ Bi(8)22%s 3 AR (1422 s) !
k' >k
S W+ Bi(S) v,
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which gives

Bi(S") S1+7Bi(S")%
Since Bj is continuous and B;(0) < 1, it follows that B(S’) < 1 for any
S’ € [0,S] (provided that v is sufficiently small). Thus for any k& € Z and
s €10,5],

(8.17) 22| Py(6()) |l Lorz < C(1 4 522) ™71y
We control now (1 4 s22F)71 QUkHPk((Z(S))HLfoL%, o € [0,01]. We define

By(S) = sup sup sup(l+ s27)7127 (o) 7| P(d(s)) | oo 2
oe{0,01} s€[0,5] k€Z

It is easy to see that Ba(S) < co. It follows from (8.12) that

(818) [1Pi((5))[| oo r227F (1 + 522)70 < (14 522) 716752y (o)
d
Pe[o(s) - 3 10mo(s)?]

=1

ds'

1 (1 + 522Ky / T e (s=s)22 2 g0k
LeL

0

for any s € [0, S]. Using the definition of Bs(S), we have
(819) 22 Pu(d(s))ll ez S Ba(S)(1+ 827K 712207 oy (o),
We combine this with (8.17). It follows from (8.6) that

20k

d
Pe[o(s)) - Y 10me(s)]?]
m=1

< 2% By(8) - 21+ 522 ) "y (o)
K>k

for any k € Z and s € [0, 5]. Using (8.15),

L$°L2

d
Po(s") - D 10md ()]

1

< sBa(8) > 2" My (0) (1 + 522) 1 < Ba(S) ey (o).
K>k

ds'

(1 + s22k)n / T m(a=s2% 2 g0k
L*L2

0

It follows from (8.18) that

By(s) Ssup sup (o) | Pe(9(9))l| e 227" (1 + 52°5)70 S 1+ 7Ba(S).
k€Z s€(0,5]

Since vy is small, this gives B2(S) < 1. Thusforany k € Z, s € [0,5], 0 € [0, 01],
(8.20) 27| Pr(d(s))ll oo 2 S (o) (1 4 52°F) 1.
As a consequence, the solution Eﬁf can be extended globally to a smooth solution

(?6 ()Z'([O,oo) : H"(T)) of (8.7). The bound (8.8) follows from (8.17) and
8.20).
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It remains to prove the bound (8.9), which follows from (8.8) (applied for
o=0and o =0;) for p=0 and 0 < 07. It follows also from (8.8) that for
any s > So = (M/y)* > 1,0 € [0,01 + 10| NZ, and my,...,my € {1,...,d},

821) [0y - Oy (D) = Q)llzze, S D 27225 Pr((s) — Q)| o2
keZ

S Z 2dk/22k0(1 + 82214:)701M
keZ
< Ms—1/25-0/2

and
(8.22)

100 - - O, (3(5) = Dllzerz S [ 22 IPL(B(s) — Qe 2] ' S M7
keZ

For S > Sp, let

Myo($)=M+1+ 3 3 sup 72V (4(s) - Q)ll o1z

o'<o p'<pSE[50,5]
As in (8.21),
(8.23) s7 IV O (6(s) ~ Qlluge, < 5712 M,0(S)
for any s € [So, S], p' < p, and o/ < o —d/2.
We first prove (8.9) for p = 0 and o > o1 + 1. We use induction over o,

(8.21), (8.23), and (8.7) to estimate, for s > 2S5y,

(8:24)  s72|VE(d(3))llrgera < 572V (VES(S0) | Loz

d
57 [l - Y 10m P,y 0
0 m=1 ¢
< ~S /2~ 1 d ) T2 !
SU8(S0)lzmez + [ |66 32 10md() P, 0
So m=1
2 [ :
o/2 o— 1 /
b //2( mHV mzl|a )] ey

< (CoMs Y2\ My o (s) + Co(Mop—1(s))3.

It follows by induction that sup,sg, Mo (s) < oo for any o € Z,, and (8.9)
follows for p = 0.

To prove (8.9) for a pair (p,0) € Zy X Zy, p > 1, we may assume by induc-
tion that supysg, M,—1,(s) < oo for any o’ € Z and sup,>g, My s—1(s) < oo.
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In view of (8.7), the function v, = &/ ¢ solves the heat equation

(8.25)

d d
(85 - Ax)vp =Up- Z |8m¢|2 + 2¢ ’ Z t(am¢) ' amvp + Ep—l

d d
Z Uama‘213 —20,(6 - t(amg)ﬂ “Up T+ Z On[26 - "(Omd) - vpl + Ep

=1 m=1

3

d
Up‘FZam Qm - Up + Ep-1.
=1

m
It follows from (8.21) that for any s > Sy,

I
"U

(8.26) S| Pllrg, + s Z 1Qmllzz, < M.

In addition, it follows from (8.23) and the induction hypothesis that

sup[ 3/2 a/2||va P||L°° +s //2+1||va QmHL‘X’ +S3/2 U’/QHVO’ p 1||L§°L§]<Oo
s>80

for any 0/ € Z, and m = 1,...,d. An estimate similar to (8.24) shows that
Supg>g, My (s) < oo, which completes the proof of the lemma. O

We construct now the function v.

LEMMA 8.4. There is a smooth function v : [0,00) x R? x (=T,T) — S?
such that

(8.27) og=0 and O =1[0:¢ "¢ "(0:0)] v
on [0,00) x RY x (=T, T). In addition, for any k € Z, s € [0,00), o € [d/2,01],
(8.28) 27F|| Py(v(s))ll ooz S (14 522) =71y (),
and for any o,p € 7.,
(8.29) sup sup(s + 1)7/22%(| P (07 (v(s)) || pge 2 < oo
5€[0,00) kEZ

Proof of Lemma 8.4. Let R denote the 3 x 3 matrix
(8.30)
R=0.0-"0—0-1(0:0) = oo "0~ Za Om¢- D=6 (Ome)],

where one of the identities follows from (8.7). It follows from (8.8) and (8.4)
that

(8.31) 27| Pe(R(5))l| gz S 22(1+ 52°%) 71y (o)
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for any k € Z, s € [0,00), 0 € [d/2,01]. It follows from (8.9) and (8.23) that
(8.32)
sup [(s+1) 22| VIOL (R(s)) || oo 2 +(s+1) T2 VIO (R(9)) | £, | < o0

s€[0,00)

for any o,p € Z.

We prove first the existence of a smooth function v : [0,00) x R? x
(=T, T) — S? satisfying (8.27). We fix Q' € S%! with the property that
'Q-Q = 0. By (8.32) we have

/0 IR (5)|| Lz, ds < oo.

This allows us to construct v : [0,00) x R? x (=T, T) — R? (by a simple fixed
point argument) as the unique solution of the ODE

(8.33) 9dsv = R(s) -v and v(c0) = @’

for any (z,t) € R? x (=T, T).
Since [5°|V307(R(s))||lL>, ds < oo for any o,p € Zy, the function v
constructed as a solution of (8.33) is smooth on [0, 00) x R? x (=T, T) and

(8.34) sup (s+ 1) T2VI (v(s) - @)1z, < o0

$€[0,00)
for any o, p € Z,. Using (8.33) and £(8,¢) - ¢ = 0, it is easy to see that
(U (b) = 1) [¢ ( S(Z) - S(E‘t@ ‘@ngtU'@s%:(l
Since lim,_,o0 '0(s)-¢(s) = 0, it follows that ‘v-¢ = 0 on [0, 00) x R% x (=T, T').
Thus, using (8.33) again,
0s("v-v) =20 - (056 - "¢ = $-1(059)] - v =

Since lim_so ‘v(s) - v(s) = 1, it follows that ‘v-v = 1 on [0, 00) x RY x (=T, T).
To summarize, we constructed a smooth function v : [0, 00) xR x (=T, T) — S?
that satisfies (8.27).

We now prove (8.29). In view of (8.33), we have

-Q +/ R(s') - Q' ds' = / R(s —-Q)ds.
Thus, using (8.32) and (8.34),

sup (S+1)(U+1)/2
s€[0,00)

for any o, p € Z,. The bound (8.29) follows from (8.32).
Finally, we prove (8.28). It follows from (8.33) that

(8.35) Pu(v(s)) = — / T PRS- v(s)) ds.

VIO (v / VIOL(R(s)) - Q' ds’
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For any S € [0,00), let

B3(S) =14+ sup sup sup (o) (1 + s’22k)“1_12”kHPk(v(s’))HLooLg.

c€ld/2,01] s'€[S,00) kEZ t
We have B3(S) < oo for any S € [0, 00), using (8.29) and supy¢y, A (o) 12~ %0lkl
< 00. Also,

27 || P (v(5) | Lo 12 < Ba(S)we (o) (1 + 822) 71+
for any o € [d/2,01], s > S, and k' € Z. Tt follows from (8.4) and (8.31) that
27M|| PL(R(s") - (s lLger2 S 25 (w(0) +4Bs(S) Y. (o))

22k <92k <1 /s
if $'22k <1, and
278 Pe(R(s') - 0(s) | oz S 22 (s'2%%) 71 (0) (1 + v B3 (9))
if $22% > 1. Thus, for s > S and k € Z,

|72 HIPURG) o) ez 45 S (o) (14 52) (1 4+ By (S)),

S

It follows from (8.35) that B3(S) < (1 + vBs(S)), which gives (8.28). O

We now complete the proof of Proposition 4.2. We define the smooth
function w = ¢ x v : [0,00) x R x (=T, T) — S2. Tt follows from (8.5), (8.8),
and (8.28) that

27| Py (w(s))l| ez S (1 + 82%F) 71127y (o)

for any k € Z, s € [0,00), 0 € [d/2,01]. It follows easily from (8.9) and (8.29)
that
sup sup(s + 1)°/225|| Py (6f (w(s)) || e 2 < 00
s€[0,00) kEZ

for any p,o € Z,. Finally, the identities (4.8) follow from (8.27) and w = ¢ x v.
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