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On the structure of the Selberg class, VII:
l<d<?

By JErRZY KACZOROWSKI and ALBERTO PERELLI

Abstract

The Selberg class S is a rather general class of Dirichlet series with func-
tional equation and Euler product and can be regarded as an axiomatic
model for the global L-functions arising from number theory and auto-
morphic representations. One of the main problems of the Selberg class
theory is to classify the elements of S. Such a classification is based on a
real-valued invariant d called degree, and the degree conjecture asserts that
d € N for every L-function in §. The degree conjecture has been proved
for d < 5/3, and in this paper we extend its validity to d < 2. The proof
requires several new ingredients, in particular a rather precise description
of the properties of certain nonlinear twists associated with the L-functions

inS.

1. Introduction

The Selberg class, introduced by Selberg [17] and denoted by S, is a
rather general class of Dirichlet series with functional equation and Fuler
product (see below for definitions) and contains, at least conjecturally, the
global L-functions arising from number theory and automorphic representa-
tions. In fact, the Selberg class may be regarded as an axiomatic model of the
L-functions, and the main problem, apart from classical open problems such as
the Riemann Hypothesis, is to classify its elements. The classification is based
on the degree dr of the functions F' € §, a real-valued invariant which some-
how measures the analytic complexity of an L-function (see Bombieri [3]), and
according to a rather widely accepted expectation can be formulated in two
parts as follows. The first part, called the degree conjecture, states that dg is
a nonnegative integer for every I' € S, while the second part, a kind of general
analytic version of the Langlands program, predicts that the functions in S
with integer degree d coincide with the automorphic L-functions of degree d.

We recall that the class S consists of the ordinary Dirichlet series F'(s)
such that

i) F(s) is absolutely convergent for o > 1;
ii) (s—1)"™F(s) is an entire function of finite order for some integer m > 0;
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iii) F(s) satisfies a functional equation of type ®(s) = w®(1 — s), where
lw| =1 and

,
a(s) = @* [T TOys + 1) F(s)
j=1
with 7 > 0, @ > 0, A\; > 0, Ru; > 0 (here and in the sequel we write
f(s) = f(3), and an empty product equals 1);
iv) the Dirichlet coefficients ap(n) of F(s) satisfy ap(n) < n® for every
e > 0;
v) log F(s) is a Dirichlet series with coefficients by (n) satisfying bp(n) = 0
unless n = p™, m > 1, and bp(n) < n? for some ¥ < 1/2.
We also recall that S* denotes the extended Selberg class, consisting of the
nonzero functions satisfying only axioms i), ii) and iii). Further, the degree
dp, the conductor ¢qr and the shift 0y of F' € S* are invariants defined by

_r. — dF2T2)‘j _OT(A1>
dF2JZ::1)\], qF—(Qﬂ') Q jl;[l)\j , 9F2\)‘<j§::1 ,u]—i s
and Sy (resp. Sfl) denotes the subclass of S (resp. S*) consisting of the functions
with given degree d. Given an entire F' € Sg and 7 € R, the shifted function
F.(s) = F(s+i7) belongs to 82 as well, and clearly there exists a 7 such that
O, = 0. Hence, in the proof of nonexistence results for entire F' € Sg we may
assume that 6 = 0. For further information about the Selberg class we refer
to our survey papers [8], [6], [15] and [14]. Finally, we write e(x) = e?™* and
f(z) < g(x) if f(z) < g(z) < f(x), we denote by |A| the cardinality of the

set A and let 6, = 1 if a = b and d, = 0 otherwise.

Not much is known about the structure of the Selberg class. Richert
[16], Bochner [2] and Conrey-Ghosh [4] independently proved that Sy = ()
for 0 < d < 1, and Conrey-Ghosh [4] proved that Sy = {1}. Moreover, in
[7] we showed that S; consists of the Riemann zeta function ((s) and the
shifted Dirichlet L-functions L(s + i7,x) with 7 € R and x primitive, and
in [9] we proved that S; = 0 for 1 < d < 5/3. These results confirm the
above described expectation when the degree lies in the range [0,5/3). We
remark that the degree conjecture is expected to hold in the more general
framework of S, and in fact the nonexistence results for d € (0,1) U (1,5/3)
are proved in such a framework. However, the degree conjecture badly fails
if the ordinary Dirichlet series in axiom i) are replaced by general Dirichlet
series of type >0°; ank, ® with positive increasing k, — oco. Indeed, in this
case every functional equation in axiom iii) has uncountably many linearly
independent such solutions; see [11]. This shows that the degree conjecture is
a rather delicate problem, highly sensitive on the arithmetic structure of the
k,. In fact, integer k, are fundamental in all proofs of nonexistence results,
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and are usually exploited via the periodicity of e(aky,). In this paper we push
further the validity of the degree conjecture by proving the following

THEOREM. S = () for 1 < d < 2.

Further proofs that 8% = ) for 0 < d < 1 have been given by Molteni [13]
and in our papers [9] and [12]. In particular, the proof in [12] is based on the
standard nonlinear twist, defined for a > 0 and F € Sg with d > 0 by

Fy(s,a) = Z aljl(j)e(—nl/da), o>1
n=1

and satisfying the following properties: Fy(s,«) is meromorphic on C and,

writing
B ap(ng) ifng €N
1.1 ne = qrd—%a4, arp(ng) =
( ) a = 4F F( a) {0 ifna¢N,
it is entire if ap(ny) = 0, while if ap(ny) # 0 it has a simple pole at sg =
atl i%F; see [12] for a fuller account. The set
(1.2) Spec(F) = {a > 0:ar(ny) # 0}

is called the spectrum of F(s) and is clearly an unbounded subset of R*. The
nonexistence result for 0 < d < 1 follows then by choosing o € Spec(F) and
observing that Rsy = d2idl > 1 in this case. The properties of the standard

nonlinear twist, in the case d = 1 where it becomes the linear twist

F(s,a) = Z a];(sn)e(na), o>1,
n=1

were exploited also in [7], in order to classify the functions of S; and Slﬁ; see
Soundararajan [18] for a shorter proof. In [9] we used a transformation formula,
valid for 1 < d < 2, relating F'(s,«) to the nonlinear twist

> ap(n) 1 d—1 s+4—1+i0p
1. An” = A= * =
( 3) 7;- ns* 6( n )7 K d _ 17 (OéqF)'{’ S d o 1

to prove that Sg =( for 1 < d < 5/3. Moreover, since Rs* > o for o > 1/2,
choosing o = 1 the periodicity of the linear twist implies the nonexistence of
polar F' € Sg for every 1 < d < 2; see again [9]. In this paper we combine the
above ideas to deal with the more difficult case of entire F' € Sfl with1 <d < 2.
This process is rather complicated and requires several new ingredients; hence
for sake of clarity we first outline the main steps.

Our main tool is a general transformation formula for nonlinear twists of
functions F' € Sﬁ, of which the above mentioned transformation formula for
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the linear twist (see [9]) is a special case. Let d > 1, N > 0 be an integer,
a=(ag,...,ay) € RVl and for € >0
(1.4)

f€a) =60 a6 with drg>1, 0=wy < - <wy < Ko, ag > 0.
v=0

The multidimensional nonlinear twist of F € Sg associated with f(£, ) is
defined by

> ar(n
(15) F(s )= 3 0o fin, o), o> 1
n=1
Let further
N
Dy ={w= Zmywy :my € Z,m, >0}
v=1
(1.6)
dko
«_ o oW st 1 g
Ko_dlﬁo—:[, w_dlio—1’ 5T dli()—l ’ O-_%S
and

Fga)y=¢% Y Aga)E

W€Dy, w<ko

with certain coefficients A, (a) described in Theorem 1.2 below. We have

THEOREM 1.1. Letd > 1, F € 52 be entire with 0p = 0 and let f(&, o)
be as in (1.4). Then there exist an integer J > 0, constants 0 =ny < --- < ny
and functions Wy(s),...,Wy(s) holomorphic for o > 0, with Wy(s) # 0 for
o > 0, such that

J
(1.7) F(s; f) =Y Wj(s)F(s" + ;5. /) + G(s),
j=0

where G(s) is holomorphic for o > 0.

Note that the integer J, the constants n; and the functions W;(s) and
G(s) depend on both F(s) and f(§, a). Clearly, identity (1.7) means that the
difference of the two terms involving the nonlinear twists, which make sense at
least for min(o, 0*) > 1, is holomorphic for o > 0.

The function f*(§, ) comes into play by a suitable application of the
saddle point method. In fact, denoting by ¢°(¢) the truncation of a series of
the form g(&) = Y202 @&, Ky > K1 > - -+ — —00, obtained by dropping the
terms with x, < 0, it is clear from Lemma 2.8 below that for £ sufficiently
large

f*(ga a) = %@b(ﬂfoy 57 Oé),
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where o = xo(€, a) is the critical point of the function
(18)  @(s6a) = 24— 2nf (q; a). a = qr(2nd) ",

Moreover, ®(z, &, ) is holomorphic for z = x + iy € C\ [0, —00) and ¢ is the
unique z-solution of

%@(z,g,a) =0

in the region {z € C: Rz > 1, |arg z| < 0} with a suitably small § > 0, and is
real and simple; see Lemma 2.3 below. Writing

o) — 1 @(z,&a)%@(z,{,a)
(1.9) T(f)(E ) /C ¥ T

4724

where C is the circle |z — Zo| = 6Z¢ (contained in the region defined above),
dk

0 _ d
(1.10) To = 005“0*1 Cy= (27rd/10q”°0z0) dro—1
is the approximation to x¢ in Lemma 2.3 below and § > 0 is sufficiently small,
again thanks to Lemma 2.3 we have that x( lies inside C, and hence

L b(2o.£.0) = T(f) (€. ).

dz,

27
In particular, for every function f(§, ) defined by (1.4) we have
(1.11) F(&e)=T() (& a).

In order to exploit the transformation formula in Theorem 1.1 we need to
enter the finer structure of the operator T'. A simple computation shows that
(1.12)

* drg
K\ ’{6 _ *\k w* _ **_S+TO_1_
() = Gz —q =0 W) =go—g=w () =—7m=g =%

where k(, w* and s* are given by (1.6), and this suggests that the transforma-
tion in Theorem 1.1 is self-reciprocal. To this end we consider the following
slightly more general situation. For d > 1 we denote by X; the set of all
functions of type

f(§) = f(§a)=¢" Z a,é™Y  with dkg > 1 and ag > 0,
UJGDf

where Dy is the additive semigroup defined above with positive wy,...,wn,
and o, are real and satisfy o, < ¢ for some ¢ = ¢(f) > 0. Sometimes, in the
proofs, the ay,’s are treated as real variables in such ranges. We call g the
leading exponent of f(§, ) and write

ko = lexp(f), oy, = coeff (f,&707%).

Clearly, every function defined by (1.4) belongs to X4, every f € X4 is defined
for ¢ sufficiently large and the associated function ®(z, ¢, o), defined as in (1.8),
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is holomorphic for Rz sufficiently large. Note that, due to the presence of the
invariant ¢, the definition of ®(z, £, ) involves also a function F' € 82; although
not strictly necessary, for simplicity we tacitly assume that the positive number
q always comes from a function of Sfl. Further, for f € X4, T(f)(&, o) is defined
as in (1.9) and (1.10). We have

THEOREM 1.2. Let d > 1 and & be sufficiently large.
(i) If f € X4, then
T(f)(& o) =¢€% Y Ay (o)™,

UJEDf

1
w0t with a certain constant Ag >0, and for w>0,

/

where Ag(a) = Aoag

dw

1 _dw
Aw(a) = ao dro=1 Pw((O[gN07l O[w/)0<w/§w)

with certain P, € R{(2y)o<w <w| without constant term and

Ay(er) = A (e )ocwr<w) + Al (o), Al (ag) #0.
(ii) If f € X4, then T(f) € X4, and the operator T : Xq — X4 satisfies
T? = idy,.

For f,g € ¥4 and A € R we write f = g (mod &*) to mean that f(£) —
g(&) = O(€Y) as € — +oo0; in such a case, the terms with exponents > X are
equal. Note that if f,g € X4, A < ko = lexp(f) and f = g (mod &*), then (for
a fixed F € Sg)

A

N dlio -1 '

Indeed, from the hypotheses of (1.13) we have that lexp(g) = k¢ and hence we
can write

(1.13) T(f) = T(g) (mod &), A\*

F&) =€ Y aut™, g(&) =€ > But™

wGDf WG'Dg

with o, = By for 0 < w < kg — A. Thus from part (i) of Theorem 1.2 we get
Ay(a) = Ay(B) for 0 < w < kg — A (note that also the shape of the above
polynomials P,,((z,)o<w<w) depends only on the part of f(£) with 0 < o’ < w)
and (1.13) follows. Choosing A = 0 in (1.13) we see that for f € X4

(1.14) T(f) (& )= T(f) & ).
Thus, (1.11) and (1.14) allow to transfer into the framework of nonlinear twists
the properties of the operator T on X,.

Next we consider the shift operator
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which acts trivially on the nonlinear twists,

(1.15) Fs; S(f)) = F(s: f),
but is nontrivial on X;. Note that, due to condition dkg > 1 in the definition
of X4, S71(Xy) is not contained in X4 (e.g. S~1(—¢) = 0 identically); on the
other hand, S(f) is well defined for any function f : R — R. Note also that
T and S do not commute, and this is important for our purposes. In fact, the
proof of our theorem is based on a suitable combination of the operators T
and S, which we now describe. For 1 < d < 2 let &4 be the group generated
by T and S. Since T has order 2, every element of &, is a (formal) product
of elements of type T and S™, m € Z, and the inverse is the same product
in reverse order with —m in place of m. Since S71(X,) ¢ X4, the elements
of G4 in general are not well defined on X4; thus some care is needed when

dealing with them. Given a sequence my € Z, k > 1, we consider the sequence
Ly € G4, k > 0, defined recursively by Lo = S and

Ly = LN TS™+1 T L.
The number of factors of £ grows exponentially as a function of k; for example,
Lo=1S, L1=851TS™TS,
Lo= S 1TS™™ TSTS™ TS~ TS™ TS,
We write eg = 1 and for k£ > 1
ep=d"—d"'—...—d—1=(1—-kr)d" +&,

where £ is defined in (1.3). The sequence e, is strictly decreasing to —oo since
1 < d < 2, hence there exists an integer k4 such that

1
(1.16) €k, = P > ep +1 = deg, — 1.

We want kg > 1, and this implies that e; =d — 1 > 1/d, hence 1+—2‘/5 <d<2.

Note that the range 1 < d < 1*—2‘/5 is already covered by the theorem in [9]
and, moreover, that it is easy to deal with such a range by our present method;
see after (1.17) below. We write

g0(€) = ag!/?, a>0

(corresponding to the standard nonlinear twist; go ¢ X4) and study the action
of Ly, on go(§). To this end, for f € X4 with lexp(f) = ko we further write

o+t

S*(S’ T?f): dKO—l )

and for any f: R — R and m € Z
s*(s, 8™, f) = s.
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In view of Theorem 1.1, this notation reflects the behaviour of s under the two
generators of &4. Moreover, the behaviour of s under any element of G, is
inductively defined as

s* (s, HK, f) = s*(s* (s, K, ). 1, K(f)),

provided H,K € &4 and HK(f) is well defined. With the above notation,
thanks to Theorems 1.1 and 1.2 we can prove

THEOREM 1.3. Let % < d < 2. There exist positive integers my, ...,
my,—1 and my, such that for every integer my,, > my, the operator Ly, is well

defined on go(&) and

1eXp(£kd (90)) = €ky» Coeﬁ(ﬁkd (90)7 £6kd) =ap + bOmkd

with certain real numbers ag and by # 0 depending on o, mq, ..., my,—1. More-
over,

S*(Sa 'de7gﬂ) =S.

Now we are ready for proof of the Theorem. We first remark that k; — oo
as d — 2; hence the complexity of the argument increases as d approaches 2.
With a slight abuse of notation we will denote by T and S the transformations
of nonlinear twists corresponding to the operators T' and S, respectively (i.e.
Theorem on page 1399 and (1.15)). We recall that the Theorem in [9] excludes
the existence of polar functions F' € Sg with 1 < d < 2; therefore we may
restrict our attention to entire F' € Sg with 8 = 0. Given any such function,
we start with the associated standard nonlinear twist Fy(s,a), apply S and
get

Fy(s,a) = i M:gl)e(—n — anl/?).
n=1

Then we apply T thus getting, thanks to Theorem 1.1, (1.11) and (1.14), that
J

(1.17) Fy(s,a) =Y W;(s)F(s* +n;; TS(g0)") + G(s),
§=0

where the quantities on the right-hand side are as in Theorem 1.1. By the

way, note that choosing « € Spec(F), the left-hand side of (1.17) has a pole at

S0 = %; thus (1.17) already gives a contradiction if 1 < d < 1+2‘/5, since in

this case o = (sop+d/2—1)/(d—1) > 1. If d > 1+—2‘/5, then we choose Ly, as in
Theorem 1.3 and apply recursively the remaining factors of £, to all nonlinear
twists on the right-hand side of (1.17). Observing that Rs*(s, H, f) > 1/2 for
H=S58and H=Tif o >1/2, we deduce that

Rs*(s,H, f) >1/2 for every H € &4 and 0 > 1/2
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(of course provided that H(f) is well defined). Hence by Theorem 1.1, (1.11),
(1.14) and Theorem 1.3 we get an expression of type (note that the operator
T is applied an even number of times)

J/
(1.18) Fy(s,a) =Y Wj(s)F(s + 15 Lr,(90)") + G'(5),
j=0

where the involved quantities satisfy the properties stated in Theorem 1.1. To
conclude we have to consider two cases.

Case de, > 1. By Theorem 1.3, in this case Ly,(go) € X4; hence a
further application of Theorem 1.1 to the right-hand side of (1.18) leads to an
expression of type

J
(1.19) Fy(s,a) =Y Wi(s)F(s* + 53 TLry(90)") + G(5),
7=0

where s* = s*(s, T', L1,(go)) and, once again, the involved quantities are as in
Theorem 1.1. Choosing a € Spec(F’) and observing that by (1.16)

dey,
d+1 =1 1 1
N—,T,C >:2‘1—sz — > 1,
5 ( 2d ka(90) dey, — 1 2 + 2dey,+1
we get a contradiction, since the right-hand side of (1.19) is holomorphic at
__ d+1
So — ad *

Case dey, = 1. This case is more involved and requires the full force of
Theorem 1.3 as well as the following partial extension of Theorem 1 in [12] on
the analytic properties of the standard nonlinear twist. Let d > 1, N > 0 be
an integer, (3, B1,...,0n) € RV and for € >0
(1.20)

N
F&8) =Bt /N g7 0<w < <wy <1/d, B>0.
v=1
For any such function f(&,3) and F € Sfl, the nonlinear twist F'(s; f) and
the spectrum Spec(F') are defined as in (1.5) and (1.2) (with S in place of a),
respectively. We have

THEOREM 1.4. Letd > 1, F € Sg and f(&,3) be as in (1.20) with 5 ¢
Spec(F). Then F(s; f) is holomorphic for o > 0.

We remark that the full extension of Theorem 1 in [12] can be obtained by
suitably adapting the arguments in the proof of Theorem 1.1 and of Theorem 1
in [12]; however, such an extension is not needed here. We shall deal with it, as
well as with other results of similar nature and their applications, in a future

paper.
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If de, = 1, then by Theorem 1.3 we have that for all sufficiently large
integers my,, = m the function Ly, (go)’(¢) is of the form (1.20) with

B = ap + bom, bo # 0.

Choosing a € Spec(F) in (1.18) and recalling that W{(s) # 0 for o > 0, from
(1.18) we deduce that F(s; Ly, (go)’) has a pole at s) = $; hence Theorem 1.4
implies that ag + bpm € Spec(F') for every sufficiently large integer m. In
particular, in view of (1.1) and writing n,, in place of ngytpym, we have

(1.21) N = qrd~4(ag + bom)? € N for m large.

But the second difference A%n,,, = Nm+2 — 2m+1 + Ny, of Ny is an integer and
satisfies

A%n,, < m?2 = 0;

hence A?n,, = 0 for large m. Therefore, there exist a;,b; € R such that
N = a1 + bym (see e.g. [1, Thm. 4.1]), a contradiction in view of (1.21) since
l<d<2.

Our main theorem is therefore proved modulo Theorems 1.1-1.4, and the
rest of the paper is devoted to the proof of such results.

We conclude with the following two simple consequences of the Theorem.
The first consequence concerns primitivity in S and S¥. We refer to Selberg [17]
for the notion of primitivity in S and for the Selberg orthonormality conjecture
(SOC in short), and to our paper [10] for the notion of almost-primitivity in S*.
Moreover, we recall that SOC implies that the only polar primitive function
in S is ((s); see Conrey-Ghosh [4]. The nonexistence of functions in &* with
degree in (0,1) U (1,2) and the additivity of the degree immediately imply

COROLLARY 1. FEvery function F' € Sﬁ, with 2 < d < 3 is almost-primitive,
and every function F' € Sq with 2 < d < 3 is primitive. In particular, assuming
SOC every F € Sq with 2 < d < 3 is entire.

The second consequence is a sharpening of Corollary 4 of [12], and its
proof follows by the same argument.

COROLLARY 2. Let F' € §; with d > 1. If the series

> ap(n) —1 >, ar(n
2“13 (e 3 £ln))

converges for o > 1/4 — § with some 6 > 0, then F(s) = ((s) (resp. F(s) =
L(s+ 10, x) with some 8 € R and a primitive Dirichlet character x).

Note that 1/4 is probably the (upper) limit of this type of characterizations
of ¢(s) and L(s, ), due to the conjectural bound O(z'/4*¢) for the coefficient
sums of classical L-functions of degree 2.
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2. Proof of Theorem 1.1

1. Set up. Let F(s) and f(&, ) be as in Theorem 1.1 and d > 1. For
simplicity we write a(n) = ap(n) and k, = K9 — w,, and denote by ¢, ¢, ...
(with or without suffix) some constants whose value will not necessarily be the
same at each occurrence and by €,§,n > 0 sufficiently small constants, again
not necessarily having the same value at each occurrence. Let wy, ..., wy € C,
w, = uy + iv, and X > 1. Writing (with a slight abuse of notation)

1
2y = X + 2miay,, w = Z KyWsy,, dw = dwy . ..dwy,
00 N N
Z (—n“o Z zl,nw”> , G(w) = H I(wy)z, ",
n=1 v=0 v=0

by Mellin’s transform we have

1
2.1) Fx(s; :_7/ / F(s+ w)G(w)dw, > 0.
1) Fx(s:) = o [, [, P+ w)Gw) o

In order to deal with the multiple integral in (2.1) without entering the theory
of several complex variables we prove an ad hoc result. Let (again with a slight
abuse of notation) [N] = {0,1,..., N} and for ) # A C [N] write

w‘A - Z KyWy, G(wV) = F(wl’)zljwu7 w‘A H G 'l,UV
=y} veA

d’I_UA = du)y7 / :/ .. / ,
| 1,1;5 Lia (=1-m) (=1-m)

integrating with respect to the variables w, with v € A.

LEMMA 2.1. With the above notation, for o > 0 we have

Fx(s:f) =Fls)+ 3

—_— F(s+w4)G(w 4)dw, 4.
R (2m)\A\ » ( 14)G (W) 4) dw) 4

Proof. By induction over N, starting from (2.1). For N = 0 it is a standard
application of the residue theorem. Assuming N > 1 and the lemma true up
to N — 1 we have

omi N+1/ F (s + w)G(w)dw =

1
+ Z A F(s—l—wM+meN)G(w‘A)dw‘A}G(wN)dwN
ppaciv—1) 2T L,

/ {F (s + kNwp)

2mi
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1
= — F(s+ snywy)G(wy)dwy + Z

2mi J(2) 0£ACIN—1]

1
(27ri)‘“4‘

X/ { / F(s+wq+ KNu)N)G(wN)dwN}G(’wM)d'wM
L\A 271

1
= F(S) + 7/ F(S + anN)G(wN)dwN
2m1 Ly
1 1
+ Y. oo [ Fetrwa)Gwddwat Y oy
0£ACIN—1] (2mi) A Jr P£AC[N—1] (2mi)lAI
/ / s+'w|A+/<;NwN)G(w|A)G(wN)d'w|AdwN
Lia/Lyny
= (B#;C:N] (27Tz (2m) Al / (s + w)G(w)a)dwys
N¢A
+ ) &) |A| F(s +w)4)G(w) 4)dw) 4.
P#£AC[N]
NeA
The lemma follows. O

In view of Lemma 2.1, for A C [N], A # 0, we have to study integrals of
type
1

(22) Ix(S,A) = W L

F(S + w|A)G(w|A)dw|A
A

Assuming that 0 < o < 4, by the functional equation of F(s) and the reflection
formula I'(2)I'(1 — z) = 7/ sin(7z) we get

Cryiezs o= a(n) 1
(23)  Ix(s,4) = wr Q' EFW
w4

where, writing @4 = s + w4,
G(m4) = H P —pa) + 7)) T (1 = Ajz a4 — ),
S(a:|A) = H sinw(Ajw‘A + 115).

Jj=1

As in [9, Lemma 2.1], by means of Stirling’s formula we transform é(:q A)
to (roughly) a single I'-factor. In fact, given a sufficiently large integer L and
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recalling that 0 = 0, similar computations as in such a lemma, applied to the
variable x| 4, give

L
@4)  Glap) = (@/8)74 Y an (TEL —deyy - ) + i)
=0

where ¢, are constants with co # 0, 8 = []j—; )\?Aj and Ry (x| 4) is meromorphic
on C, holomorphic for 0 < ¢ < ¢ and in such a strip satisfies the uniform bound
(2.5) Ry(z)4) < e 2U5mal(1 4 | Qa4 ]) Lt

1

with some ¢ > 0. Analogously, by means of sin(z) = 5; (e’* —e %) we transform

S(x|4) to the more convenient form

(2.6) S(z14) = cre” Z®IA 4 yetzdTia 4 Ra(z)4)
with constants c1,c2 # 0 and Ra(x|4) entire and satisfying
(2.7) Ry(m)4) < e 3 ([d=n)ISz

with some 1 > 0. From (2.3)—(2.7), for 0 < 0 < § we have

(2.8)
IX(S7A)
ewﬂnia(")i(u (3, 4,1, 0) + ¢y Jx (s, An, €) + hx (s, A, n, £
- nl—s ¢Lx\8, AN, )+C£ X(Sa » 1, )+ X(87 > T, ))7
n=1 =0

where ay € R and by are certain constants, cocpy # 0,

IX(S,A,TL,E)
1 d+1 iz N N\ WA
= (27”-)‘A‘ L£< 5 da:|A — ﬁ) (e gddd/ﬁ) \AG(w‘A) <QQ> dw‘A,
Ix (s, A,n, L)
1 d+1 ix " "\ WA
= oy J, P (5~ dma— ) TG () dwia
and since

hx (s, A,n,0) < eclt\n—n/ (1 + |Swa))~F0|dw) 4],
L|A

hx (s, A,n,f) is meromorphic on C, holomorphic for 0 < o < ¢ and satisfies
(2.9) hx(s,A,n, ) < eCltlp=n

for some ¢, > 0, uniformly for A C [N],0< /¢ <L, 0< o0 <6 and X — oc.
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2. Mellin’s transform. For a given 0 < ¢ < L assume that

d+1 ¢ d+1 ¢
9.1 a+l f a+l L
(2.10) 50 d~7<2q “at

with some 7 > 0. The inverse Mellin transform Ix(y) of Ix(s,.A,n,{) is well
defined in the range (2.10), and we have
1

(2.11) IX(y):QTri (J)IX(S,.A,n,E)y ds

1 1 d+1
= [ A [ (T b o)
@ri)Al { 2mi /(U) g AT

X (6‘i5ddd/ﬁ)’”Ay‘st}G(wm) (52)% dw) 4.

In the inner integral we make the substitution
d+1 d+1 ‘0
72 —ds—dw‘A 6—9 8:7261 _’w|A_g_g
so that, thanks to (2.10),

d+1
(2.12) Oy _%e_i—daﬂz( +n>zm—e>o
2
veA

Therefore, in view of (2.12), the inner integral in (2.11) becomes

1 , -

S(e73dat/gystay e tateia— | T(0)(e"E (d/y) /) "a0

d 27 J(0,)

— Cli( —3Z ddd/ﬂ)ﬂfﬁ 7ﬂ+ +wM (dd/By)l/d’

and hence
(2.13) Ix(y) = clz( —i3dgd ) g) S =4 gild" )~ S G
1 > QQH,V —w,
g [ TGy )
ved LAV (=5—n) ntvy
2y 2Ky
S T (B

veA
with ¢y # 0. Applying the Mellin transform, from (2.11), (2.13) and the change
of variable g—z = z we obtain that for s in the range (2.10)

(2.14) IX(S,A,n,E):/ Ix(y)y*'dy
0

= ¢(d%/)° /O e T (5™~ 1)a5E o da

rveA



ON THE STRUCTURE OF THE SELBERG CLASS, VII: 1 <d <2 1411

with ¢y # 0, where ¢ is defined in (1.8). Exactly in the same way we also obtain
(2.15)

&0 1 TYV\RKy arl £ _ o
Jx(S,A,n,f) — CZ(dd/ﬁ)s/ e—ml/d H (e—z,,(%) _ 1)$d2-(-i1 (l; s 1d$,
0 veA
again with s in the range (2.10) and ¢} # 0.
In order to sum over the subsets A we use the identity
N
(2.16) o I -n=]]x -1,
0#£AC[N] veA v=0
which holds for arbitrary complex numbers X,, v = 0,..., N, and can be

proved by a simple induction over N. From (2.14) and (2.16) we obtain that
for s in the range (2.10)

(217) ) Ix(s,An,0)
0#AC[N]

= Cf(dd/ﬁ)s/o e (6_ e () 1) B L P

= c,(d?/B)* /Ooeml/d (e*‘PX(x’")e<—f(%7 a>> — 1) e ST dy
0
= c(d?/B)*Ix (s,n, ),
say, with ¢y # 0, f(§, @) given by (1.4) and
1 Y qx\"™
(2.18) Uxlan) =53 (&)™

n
v=0
In the same range of s, from (2.15) and (2.16) we have

(219) > Jx(s, A.n,0)
0#AC[N]

oo .. .
Cz(dd/ﬂ)s/o e—zzl/d<€_zl{v:02,,(%) _1) l‘d;:il ﬁ s 1dx

Cé(dd/ﬁ)s /Ooefixl/d (e—\llx(z,n)e<_f(%7 Ot)) _ 1) w%fgfsfldx
0 n

cp(d?/B)* Ix (s, n,0),

say, with ¢, # 0. Note that the integrals in (2.17) and (2.19) are clearly

convergent at oo for every s thanks to the middle exponential term, and at 0

in the range (2.10). The integral in (2.19) is simpler to deal with since there
is no critical point, and we have

LEMMA 2.2. The function Jx(s,n,t) is meromorphic over C and is holo-
morphic for 0 < o < 4 for some 6 > 0. Moreover, Jx(s,n,t) satisfies

Jx(s,n,0) < efltly—n
for some ¢,n > 0, uniformly for 0 <L <L, 0<0o<d and X — oo.
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Proof. Since the integrand in Jx (s,n, £) is holomorphic as a function of the
complex variable x for Rz > 0, we adhere to the notation in the introduction
and use instead of x the complex variable z. Consider the half-line z = pe~™
with p > 0 and ¢ > 0 sufficiently small. Recalling that ag > 0 and kg > x1 >

, on such a half-line we have

|€ | _ e—p sm(¢/d) |e—lI!X(z,n)| <1,

n

hence we switch the integration in Jx (s, n,£) from (0,00) to (0,00e~*) and
split the new integral as
—i oe—id

(2.20) JX(s,n,E):/ _/ / = D)+ (),
say, where € > 0 is sufficiently small. In view of the above estimates we have

(2.21) Ja(s) < el - g=p!/¢sin(¢ /d)p o ldp < eltln=

ne
with some ¢ > 0 and any ¢ > 0, uniformly for 0 < ¢ < L, ¢ in any fixed
interval and X — oo; moreover, J3(s) is an entire function.

In order to treat Ji(s), for s in the range (2.10) we use the Taylor expansion
of the two exponential terms in the first expression for Jx(s,n,¢) in (2.19). In
such a way, given any large integer K, the integrand in Ji(s) is expressed as a
finite sum of terms of type

n"TP(z,...,2N)27 5L,
where n > 0, P(zp,...,2n) is a polynomial and ~ is of the form
d+1
L 47 +Zmy, k>0 h, >0, kh, €L,

plus an error term R (s,z) which is an entire function of s and satisfies
Ric(s,z) < n~ el pl=o=1,
Hence Ji(s) is the sum of a finite number of terms of type

B ne—i®)(v—s)
n nP(Z(]’ s 7*@\7)¥7
vy—35
which are meromorphic over C, plus the term
i%

/ Ry (s,z)dz
0
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which is absolutely convergent, and hence holomorphic, for ¢ < K. Since K
is arbitrarily large we have that Ji(s) is meromorphic over C, holomorphic for
0 < o < § and, choosing € > 0 sufficiently small, satisfies

(2.22) Ji < n7elpsek « p el

for some ¢,n > 0, uniformly for 0 < ¢ < L, 0 < 0 < §d and X — oo. The
lemma follows at once from (2.20)—(2.22). O

From (2.17), (2.19) and Lemma 2.2 we have that for s in the range (2.10)

(2.23)

Z (CKIX(Sa -'47 n, E) +C/£JX(S7 -’41 n, g)) = Cg(dd/ﬁ)SIX(Sv n, f) +hX(S7 n, f),
0£AC[N]
say, where ¢; # 0 and hx(s,n,?) is meromorphic over C, holomorphic for
0 < 0 < ¢ and satisfies

hx(s,n, ) < et

for some ¢, > 0, uniformly for 0 </ < L, 0< 0 < and X — oo.

3. Saddle point. For future reference we switch from n to the real vari-
able £. Given f(§, o) as in (1.4), recall that dko > 1 and

(2,6 @) = 21/~ 2nf (quaa) ;

see (1.8). Then ®(z,&, ) is holomorphic for z = x + iy € C\ [0, —00), and we
write

(2,6, a) = %@(z,f,a).

With this notation we have

LEMMA 2.3. Let & be sufficiently large. Then ®'(z,£, ) has exactly one
zero xg = xo(&, ) in the region R = {z € C : Rz > 1,|argz| < 0} with a
suitably small > 0. Moreover, xq is real and simple, and for some n > 0
satisfies
(2.24)

_drg _drg —_d
xo = Tg+ O <§d“0*1 ") with &g = Co&¥o-1 and Cy = (2rdagkoq™) dmo-1.

Proof. We first consider the problem for the real variable x. Writing for
simplicity ®'(2) = ®'(z,&, ), for x > 1 we have

N Ky
' (z) = é:ﬁ’l - 271112_00,, (Z) %, Cy = k™.

Hence, since kg > 1/d, for £ sufficiently large

(1) = 2 +0(E™) >0, ¥'(z)~—27co (Zf) O% <0 asx — oo.
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Therefore, there exists at least one solution of ®'(x) = 0 in [1,00), and we
denote by xg one such solution. Assuming that zy < ¢ for a sufficiently small
constant ¢ > 0 we get

N .
x(l)/d:27rchV (?) K™Y <1,
v=0

a contradiction since xg > 1. Hence xy > ¢£; thus, in particular, xo/§ > 1 and
therefore
N Ky KO
x x
l’(l)/d = 27rdz cy (—0) < (*0) .
v=0 § ‘5

1
From this inequality we obtain that z/{ > 9 0-T; hence

l’(l)/d — 9nd g: cy (?)m = 2mdcy (x;)m (1 + O(g—n)>
V=0

for some 1 > 0 and consequently xz( satisfies (2.24). Next we show that z¢ is
unique and simple. With Z( as in (2.24) we have that (Z¢/£)" =< :E(l)/d, hence
for |x — To| < eZp, € > 0 sufficiently small, we obtain

(2.25)

- ~ - ~l—2)
" _ " " _ " d
" () = ®"(z9) + O <5w0 (1_6)%213;((1%)% o (:1:)) = ®"(z9) + O (6:130 .

On the other hand, recalling that ¢, = a,k,¢™ we have
(2.26)

1/1 1 Fo\"™ 1
CD” g (g — 1) Zﬁg — 27 Z Cy (5) (i’i%

1 _ 2 /50N Ko 1
_ dd 32{1+2wc0'€°(20_11)d (?) a?od(1+0(§"))}

o d—1~5—2{d/€0 }
=TT E N \gop O

and, since dkg > 1, the expression inside brackets is positive for £ sufficiently
large. Hence from (2.25) and (2.26) we have

(2.27) (I)”(l‘) <0, |ZL‘ — f0| < €Xg;

thus, in view of (2.24), the solution xg is unique and simple.
Now we write
N

N N

v=1
and observe that h(z) + k(z) = ®'(z)/z and z = 9%0 is the only zero of h(z) in

the region R. Moreover, recalling that &g = Cofd'ﬁo 1 for |z — Zg| = dzp we
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have
z|Ft 1
k) < [F|" < ogmi,
1 ZHO?I/d _"0
|h(2)| = g,z‘l/d 1 — 2mcy &0 > |Z|1/d > ¢dRoT
for some constants ¢,¢ > 0. Since kg > k1, for |z — Zg| = dZp we therefore

have |k(z)| < |h(2)[; hence by Rouché’s theorem (see §3.42 of Titchmarsh [19])
xo is the only zero of ®'(z) inside |z — Zo| < dZp. Since the other zeros of
h(z) are bounded away from the region R, a similar argument applies to any
closed contour in R containing the circle |z — Zg| = dZ¢, and hence the lemma
follows. ]

By Lemma 2.3, ¢ = z¢(§, o) is the critical point of the integral Ix(s,n,{)
in (2.23) with n replaced by & (see also (2.17)). For the reasons explained in
the introduction, we continue the treatment of such an integral with n replaced
by &, and only in the end we will choose £ = n. Moreover, as in Lemma 2.2,
since the integrand in Ix(s,&,¢) is holomorphic in the complex variable x for
Rx > 0, we use instead of x the complex variable z. By the saddle point
method, for ¢ sufficiently large the main contribution to I'x (s, &, ¢) is expected
to come from Ky (s + £,€), where

(228) _[{_)((87 ) = '}/x02d s/ eilI}X(ng)‘i’iq)(Z:f’a)(l + ,YA)%*Sfld)\’

Ux(z,€) and ®(z,&, ) are defined by (2.18) and (1.8), respectively, and
(2.29)
_ log¢

VIR

Note that Kx(s,§) is entire, and by (2.24) and (2.26) we have

and R = z2®0"(x0,¢, ).

7:172’ Z:$0(1+’Y>\), r

2

1_
(2.30) 9 (20, &, 0)| <28, |R| = x/*

la0]
=< Edro—T r <1

Inspired by the saddle point techniques in Jutila’s book [5] we prove the fol-
lowing

LEMMA 2.4. Let & be sufficiently large. Then for & > & we have
l
IX(S,&,E) = KX(S + &75) + kX(87£7£)7

where KX(s—i—g, €) is entire and kx (s, &, €) is meromorphic over C, holomorphic
for 0 < o < ¢ and satisfies

kX(Sv 55 6) < €C|t‘€—"7
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for some ¢, > 0, uniformly for 0 < ¢ < L,0< 0 <§ and X — co. Moreover,
for & < & the integral Ix(s,&,0) has the same properties of kx(s,&, ), with
n =0 and uniformly for £ < &.

Proof. The function Kx(s+ g, €) is clearly entire. Given ¢ > 0 sufficiently
small and recalling (2.29), we consider the points

zh = phe'®, z) = phe ®, xy = xo(l —r), zg = xo(1+7)
with
p/ _ Lo ,0” _ Lo
07 cos¢+sing’ 07 cos¢p—sing’

Then, given ¢ > 0 sufficiently small and using the simpler notation ¥x(z) =
Ux(z,&) and ®(z) = ®(z,&, ), for s in the range (2.10) we have

(2.31)
gfei¢ - 1/d qz a0
Tx(s:6,6) = / e (G_WX(Z)e <_f (57 o‘)) B 1) S --14,
0

OO€i¢

i l/d d+l £ _ o

—/ e B i e
gsew&

/ - + " —i¢
+ /IO Y +/x0 +/Ooe e YX(IHRE) 57 g1y,
geeld ) Ty arar zy
=A-B+C+D+FE+F+G,

say. We write z = pe? with § = +¢ or # = —7/4. Note that, after a change
of variable,

(2.32) B=Ky(s+ g,g) .

Thus we have to prove that the remaining terms in (2.31) satisfy the properties
of kx(s,£,¢) in the lemma. In the remaining part of the proof we implicitly
assume that the bounds we get satisfy the uniformity requirements in the
lemma.

A: we treat the term A as in the proof of Lemma 2.2, thus getting that
A satisfies the properties of kx (s, &, /).
izl/d] = ¢~ sin(¢/ d)pl/d, the integral is absolutely convergent for
every s, and hence B is an entire function. Moreover, with the same notation

as in (2.21) we have

B: since |e

1/d d+1_ ¢

B < efltl [7 o= sin(@/dy pSE i1, « eclle—
gE
C: for ¢ and ¢ sufficiently small, § = ¢ and & < p < p; we have
lem¥x(2)] < 1 and ['®®)] = ¢73%(), Writing ¢, = a,¢™ and using (2.24)
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we obtain

N .
C\‘ — : : p v
SP(z) = p"/?sin(¢/d) — 2 }: ¢y sin(ky, ) (€>

sin(k / (dro—1)/d
> p'/?sin(¢/d) { mCo E¢(;(Z; £ (1 + 0(5_77))}

1/d gy, _ LSIH(HO@ 1 -
sin(¢/d) {1 dro sin(¢/d) (cos ¢ + sin ¢)(dso—1)/d +0(8 77)}

> c1(¢)p'/!
with ¢;1(¢) > 0, since for ¢ sufficiently small

1 sin(kpo) 1
dro sin(¢/d) (cos ¢ + sin ¢)(@xo—1/d

<1

Hence, again with the notation in (2.21), we have

Po d
C < el e~c1(9)p l/dp i

—£—0 1d,0<<ec|t|£ d

nE

and C is clearly an entire function.
D: again, D is an entire function. We make the change of variable z =
zo(1 + ) as in (2.29), thus getting for some ¢1,co > 0 that

D < gcl ecgm /_T e_%(ID(Z)d)\’

where 7 is as in (2.29) and 7' = sin¢/(cos ¢ + sin@); here we used the fact
that RUx (xo(1 +vA)) > 0 for —' < X\ < —r. Since ®(z9) € R, ®'(z9) = 0,
" (20) < 0 (see (2.27)), Iv2 = —2 and 230" (2)| < /d = |23®" (20)| = |R|
for —r' < A < r, for some ¢ > 0 we have

1
(2.33) 3B(z) = S {iqﬂ'(;po)xgm)? vo( mae 2072 ¥}

= [RIN?(1+ O(|A])) > c|R|N*.
Hence a computation shows that, with the notation in (2.21),
o0 2 /
D < g2l / e RN AN « efltle=e,
T
F': we treat F' exactly in the same way as D and obtain the same result.

G: in this case we have § = —¢ and p > pj. We proceed as in the case of
C, with the difference that this time the term corresponding to kg dominates.



1418 JERZY KACZOROWSKI and ALBERTO PERELLI

Writing again ¢, = a,¢™ we have

N Ko
IB(2) = —p"/4sin(¢/d) + 2 Z ¢y sin(k, ) (g)
v=0

. P\ [ sin(g/d)pgt N gm0
> 2mcq sin(ko) <£> {1 — 2co sin(gd) +0(™)

K0 drea si d i A (dro—1)/d
— 9rep sin(rod) </§)> {1 _ drgsin(¢/ )(;sj(ﬁ0¢)5m ) 4 O(f_")}
> 02(@(%)@

with ca(¢) > 0, since for ¢ > 0 sufficiently small

drgsin(¢/d)(cos ¢ — sin ¢)(@ro—1)/d
sin(koo)

Hence, once again with the notation in (2.21), since pfj/§ < ¢1/(@rs0=1) e have

<1

o0 o0

G < et 6—62(¢)(§)”0p02dp < eCllﬂng/ 6—62(¢)y”0y03dy < eCWg—C',
Py Po/é

and G is clearly an entire function.

The first part of the lemma follows now from (2.31), (2.32) and the bounds
and properties of A, B, C, E, F and G. When £ < & the proof is simpler.
For simplicity, we still split Ix(s,&,¥) as in (2.31) and proceed as above in the
cases of A, B, C' and G (in this case n = 0). Then, the integral from z{, to x(,
i.e. D+ E+ F, is trivially bounded by el and the second part of the lemma
follows as well. ([

From Lemma 2.4 we see that Ix (s, &, ) is meromorphic on C; hence (2.23)
holds for s € C. Therefore, from Lemma 2.1, (2.2), (2.8), (2.9), (2.23) and
applying Lemma 2.4 with £ = n, summing over n we get

L 00 00
a(n { a(n
(2:34) Px(si f) = e 3 e 3 Sk (s Gn) + 2 2 (s, m)
=0 n=ng n=

provided the two series converge, where ng is a sufficiently large integer, az € R
and bs are certain constants, cg # 0, Kx(s,&) is defined by (2.28) and is an
entire function, and Hx (s,n) is holomorphic for 0 < ¢ < ¢ and satisfies

(2.35) Hyx(s,n) < eltn=n

uniformly for 0 < o < § and X — oo.

4. Limit as X — oco. Writing EBV(X) for “entire and bounded on every
vertical strip, depending on X and on the strip”, we have
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LEMMA 2.5. Under the hypotheses of Theorem 1.1 and with the notation
of (2.34) we have

L 9]
a(n 12
FX(3§f) — 235+bs E Cy E ng_ZKX (S + g,n) +HX(S) = MX(S) +Hx(8),
=0 n=ng

say, where co # 0, Mx(s) is EBV(X) and Hx(s) satisfies the following prop-
erties:

(1) s) is EBV(X);

(2) s) < e uniformly for 0 < o < 8 and X — oo with some ¢, 8 > 0;

(3) Hx(s) < 1 uniformly as X — oo for s in every strip oo < 0 < gp + 1
0 > drg, and

S
&
=
Q

lim HX (8)

X—o00

exists, convergence as X — oo being uniform on compact subsets of
such strips.

Proof. Thanks to (2.35) and to the absolute convergence of F'(s) for o > 1,
we deduce that the second series in (2.34) is absolutely convergent for 0 < o < ¢
for a sufficiently small § > 0; hence

a(n
ng_zHX(s,n) < el

(2.36) Hx(s) = i

uniformly for 0 < o < § and X — oo, and Hx(s) is holomorphic for 0 < o < §.
Concerning the first series in (2.34), recalling the notation in (2.29) we observe
that

d+1_ ¢

Kx (s + g, n) <L 72 i’ /r e RYx(2m) =S (zm0a) 4 \

and, thanks to (2.33), for some ¢, > 0
1 (g2 \™ ——
R x(2,n) = X VZ:% o cos(k, arg z) > ?ndm*l

IB(z,n, ) > ¢|RIN2.

Therefore, by (2.29) and (2.30) we have

14 _dng_d+1_ 0 o e ey [T

(2.37) Kx (5 + g,n) < no (5 —§=0) = gnro/ oD [T 4y
-
< efﬁnno/(dno—l)n%(%—g—o—) lOg "

Summing over n, from (2.37) we obtain that Mx(s) is EBV(X). Now, (1)
follows since both Fx(s; f) and Mx(s) are EBV(X), and (2) follows from
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(2.36). Moreover, by (2.37) we have

dk
Z agZKX <3 + g,n) < Z |a(n)|na—1+7d~091(%—a) log n

n>ng n>ng

uniformly as X — oo and 0 < ¢ < L. Hence, as X — oo, Mx(s) is uni-
formly bounded in every vertical strip contained in the half-plane o > dkg/2.
Moreover,

lim M

Xinoo X (S)

exists, convergence as X — oo being uniform on compact subsets of such strips.
The same properties hold trivially for Fx (s; f) in every vertical strip contained

in the half-plane o > 1. Therefore (3) follows since drg > 1, and the lemma is
proved. O

In order to take the limit as X — oo of Fx(s; f) we need the following
general result.

LEMMA 2.6. If a function Hx(s), depending on a parameter X > 1,
satisfies properties (1), (2) and (3) in Lemma 2.5, then

H(s)= lim Hx(s)
X—o00
exists and is holomorphic for o > 0.
Proof. For a suitable constant ¢ > 0 consider the function
Gx(s)=T(es+ 1)Hx(s),

holomorphic for o > —¢ for some § > 0. By (2), (3) and Stirling’s formula, for
o € (0,0)U (00,00 + 1) we have that Gx(s) is uniformly bounded as X — cc.
Moreover, by (1), Gx(s) is bounded, depending on X, on the vertical strip
—0 < 0 < 09+ 1/2. Hence, by the Phragmén-Lindel6f theorem, Gx(s) is
uniformly bounded as X — oo for 0 < 0 < 0. In view of (3), by Vitali’s
convergence theorem (see §5.21 of Titchmarsh [19])

G(s) = Xlgnoo Gx(s)

exists and is holomorphic for 0 < o < o9; thus the same holds for H(s) as well.
The lemma follows since oy can be chosen arbitrarily large. (]

Writing
K(s,€) = lim Kx(s,£),

with the notation in (2.29) we have

a1 oo
238 K S,g =z 2d el(b(zzg’a) 1 _i_,)/)\ %*S*ld)\‘
0

-
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Therefore, from Lemmas 2.5 and 2.6 we obtain

L 0o TN
(2.39) F(s;f) = 13 ¢, 3 ZE")K (s+ gn) +H(s) = M(s)+ H(s),
(=0 mn=no

say, where az € R and b3 are certain constants, ¢y # 0, ng is sufficiently large
and H(s) is holomorphic for o > 0. Note that F(s; f) and M(s) are defined,
respectively, for ¢ > 1 and o sufficiently large.

5. Computing f*(&, ). In order to prove Theorem 1.1 we have to extract
the main contribution from K (s + s,n), thus transforming (2.39) into (1.7).
Again we work with the real variable £ in place of n.

LEMMA 2.7. Let & be sufficiently large, & > &y, xo be as in (2.24) and
K(s,&) be as in (2.38). Then with the notation in (2.29) we have
W o

where f1(s,&,0) is entire and for 0 < ¢ < L satisfies

2—d

fils, 6,0 < €T TaT T logTe,
Proof. Write ®(z) = ®(z,¢, ). With the notation in (2.29) we have
d+1_ ¢

(2.40) K (5 + 2’6) = vz, E—Sez@(m)j(s)’

where
I(s) = / (@)~ 2(20)) (1 | 3y 5~ 5514,

-r
For every integer m > 2 let R, = z'®™) (), so that R = Ry and, writing
v = g™,
1 1/d al xo "™
R,, = <—> xo/ — 27 Z cv(Ky)m (—)
d/m v=0 &

where, as usual, for z € R we write (), = z(z —1)---(z —m+1). Note that
if k € N is such that k — 1 < |z| < k, then

|(@)m| < J2[(J2] +1) - (Ja[ +m = 1) <E(k+1)---(k+m —1)

_ (k —;m; 1)m' < 2k+m—1m! < 2|x|+mm!;
hence by (2.30)
R KO K K
(2.41) |n:f < 2m (a?(l)/d + <$§°) ) < 2METoT, |R| = T,
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Therefore, recalling (2.29), (2.30) and that ®'(z) = 0, for —r < A\ < r we have

S~ B 1 _no
D(2) — ®(x0) = ) i,(’yA)’” = —iRX + 67333)\3 L0 <£dn0‘11 )\4>
m=2 )
and hence
~Q

(2.42)  I(s)=1(s)+ O <§dn0,l / x&n) =1I(s)+0 (5*3id¥3071 log® g) :
where, since R < 0 by (2.27) and (2.29),
I(s)= / ¢TIV RN (1 4 )8 a1,

But
BTN — 14 PR+ O(RsPA), (LN H T =14+ O(A);
hence

(2.43)  I(s) = / e—lRW(Hm)%—%—S—ldwr%731%3 / e 1RV A3\

+0 <|R3| e“R|’\2)\4d)\)

T

+O(|R3|2/ e—lRWAGdA) —A+B+C+D,

say. Using the expansion (1 + ’y)\)%fgfsfl =1+ c(s)A + O(N\?), in view of
(2.29) we get
A= [ BN 4 o(s) / M+ 0 ( / e 1N N2 )

r

logf K
= i/ e_“2du+0(\R]_3/210g3§) = ﬁ%—O({*%W{llog?’{) .
|R| Jo R|

Clearly B = 0, and by (2.41)
_3_~K
O < |Rs||R|™5210g" ¢ < € 20T logP ¢,
§ K
D < |Rs2|R|7?log" ¢ < €2 0T log” €.

From (2.42), (2.43) and the evaluations of A, B, C' and D we obtain

(2.44) I(s) = T +0 ({%7«1;8“4 log7§> :
R
and hence, since by (2.24) we have
dro ( / d+1) 3 Ko (3 d+1> KQ
o+ - ° R
d/i()—l d 2dl€0—1 d/ﬁ:o—l

2d

2 2
2—d KO

the lemma follows from (2.40) and (2.44). O
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To conclude the proof of Theorem 1.1 we need suitable expansions for the
critical point xy and the associated critical value ®(z¢, £, o). Such expansions,
as well as the one in (2.47) below, are absolutely convergent; we will tacitly
use this fact in what follows. Recalling the definition of Dy, kg5 and w* in the
introduction we have

LEMMA 2.8. Let & be sufficiently large, £ > & and Cy be as in (2.24).
There exist coefficients a, (o) and A, (o), w € Dy and ag(a) =1, such that

2o = Co&™0 3" a, ()™,

UJGDf
1 * _w*
27(1)(1‘07 3 Ot) = fno Z Aw(a)§ :
T wEDf

Proof. From the definition of xg and writing ¢, = ayk,¢™ we have

K0 N Ky
(2.45) 2! = 2mdeg (”20) =2mdY ¢, (‘T;) .
v=1

Writing z¢g = Zo + r with |[r| < 1 (see Lemma 2.3), by (2.24) the left-hand side
of (2.45) becomes

l/d 2 d )
zi/d (1 + ;O) - ;foaégo (1 + ;0)

1/d Ko
S ) e ) ().
0 0 0

say, where for |z| < 1

h(z) = i {(1/d> - <’;2)} 2 R(0) =0, K(0) =1/d— ko < 0.

m=1 m

Therefore, the local inverse of h(z) exists, and we write h=1(z) = S°%°_; ¢, 2™,
Since (2.45) can be written as (see (2.24))

N Ky
h (i> =y "2md Y e, 6 Eg (1 + NL)
v=1 Zo

Zo
N 1 KQ—Kv o K r k
=21d ¢, Cp" 7¢It v <7)
" z;l’“ ¢ 2;(k> To/
v=1 k=0
recalling that x, = kg — w, and the definition of w* we have

N 00 k
r 1 Ky— —wr Ky r
— =h <27Td,/g:1 CVCO dé E ( k) (%) ) .

Zo k=0
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Hence expanding and interchanging summation we get

(2.46) LYY e (L)

O k=0 weDy,w>0 Zo

with certain coefficients ¢, j(c); the manipulations of the series are justified
by absolute convergence. By an iterative application of (2.46) we obtain that
r

o Y e

Zo w€Dy,w>0

with certain coefficients a, (), and hence in view of (2.24)

To = To (1+§;) :CO§% <1+ Z aw(a)gw*)

w€Dy,w>0

_ CodeS Z aw(a)g’w*
w€Dy
with ag(a) = 1, and the first assertion of the lemma follows.
To prove the second assertion we substitute the above series expansion of
xo into the definition of ®(xo,&, o) and observe that ro(dk§ — 1) = k§, thus
getting

(I)($07f,a) _ R Cé/d —w*
— 5, ¢ {277 > au(a)¢

WEDf

1/d

N v
- auq'“cs""&—wi( > aw<a>5-w*> }

v=0 weDy

The assertion follows recalling that ag(a) = 1 and applying the expansions of
(14 z)% and (1 + z)", and then rearranging the terms. O

By Lemma 2.8 and (2.26) with xg in place of o we also obtain that there
exist coefficients b, (o) with by(ax) # 0 such that for £ sufficiently large

(2.47) wlﬁ = (= 220" (w0, &, 0)) P =TT 3 b(a)e .

UJGDf

Theorem 1.1 follows now from the expansions in Lemma 2.8 and (2.47). Indeed,
by Lemma 2.8 we have

dfl_ £ ¢ 0 _(dtl_p_ gg —w*
e D D CH W) I
wEDf

with g, (s, a, ¢) holomorphic and go(s, e, ¢) # 0 for o > 0; hence by (2.47)

ISR Ko (d_g_gs e
(4g) D L S e,
‘R’ UJEDf
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with hy (s, a, £) holomorphic and ho(s,a, ) # 0 for o > 0. Moreover, from
Lemma 2.8 we also get

(2.49) e (%(I)(%,g’aw — e({"’é Z Aw(a)§°f‘> Z crgé(:f)

WG'Df,w<Ii0 m=0

o~ Cm(0)
=c(lE@) X =,
m=0
with ¢p(a) # 0 and 0 = §p < §; < --+ — 0. Let now o¢g > 2dkg, M be a
sufficiently large integer and £ be sufficiently large. Recalling the definition of
s* in the introduction, for 0 < ¢ < g and 0 < ¢ < L from (2.48) and (2.49)
we have

(2.50)

'yf d+1_§_s _ E(f*(g,a)) M cm(s,a,é)
|R| (271' (0’5’ )) - £S*+8*1 Z P lrq +f2(5’€7€)

with ¢, (s, o, 0), fa(s,&, ) holomorphic and cy(s, o, ¢) # 0 for o > 0, 0 = §j <
<+ < 0%, and
(2.51) fa(5,6,0) = O(€77).

Thanks to Lemma 2.7, (2.51) and the absolute convergence of F'(s) for
o > 1, the function

L oo T/ N
(2.52) ()= e Y e Y W pisn,0)+ folsm )
=0

n=ng

is holomorphic for 0 < o < 2dkg. Therefore, from (2.39), Lemma 2.7, (2.50)
and (2.52) we get

(2 53)
azs—+bs (n, a)) I cm(s; @, f) 77
F( =€ Z Z 1 s s*+s 1 Z / [ +H(S)+H(S)
n=ngo n n m=0 n6 +dn0 1

However, H(s), F'(s; f) and the first term on the right-hand side of (2.53) are

holomorphic for o > dkg, thus H(s) is holomorphic for ¢ > 0. Hence from
(2.53) we finally obtain

M

F(s; f) = emsths ZCg Z em(s, a,f) Z a(n) woe(f (n, o))

/
/=0 m=0 nlns+6 +d.‘<01

a38+b3 ) e(f*(nv a)) M cm(37 «, g) H 1’—‘{’
_ Zc ; w2 g [ HE) HHG)
n<ngo m= nm KQ—

J
Z F(s*+nj; f*) + G(s),

Jj=0
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say, where the quantities in the last equation are as in Theorem 1.1. This
concludes the proof.

3. Proof of Theorem 1.2

1. Computing T(f)(&, ). We first remark that the arguments in Lem-
mas 2.4 and 2.8 carry over to the case of f € X4; hence whenever needed we
will freely use such lemmas for any f € X;. Moreover, in what follows we
will tacitly use the absolute convergence of the involved expansions to justify
formal manipulations.

Let f € X; and £ be sufficiently large. Recalling the definitions of f(, a)
and ®(z,£, ) in the introduction and writing f(¢, @) = f(§, ay,) (a slightly
incorrect but very convenient notation in what follows), we have

L 0(2,6, )
%@(z,&a)
;—zl(zld/d — 27rf(§,q“°_“’(f£o —w)oy)) + Z%(i;d - 27rf(§,q“°_‘“(/£0 —w)ay,))
HET - 2 f (G (o — w)ow))

Hence, recalling also the definition of T'(f)(, o) and observing that the point
z = 0 is outside the circle C, by Cauchy’s theorem we get

T(f)(E @)
| / (219 = 2w f (2, g% )) (24 — 2 f (2,470 (g — w)?ew)) d
C

T Ar2di Z1/d — 2m f (%, a0~ d(ko — w)ow,) PR

thus by the change of variable z = Zow and denoting by C’ the circle [w—1| = ¢
we obtain

_1/d
T 1
T =0 —
(Do) = T 1
X/ (,wl/d_2ﬂ_jal/df(i%w’qnowaw))(wl/d_2ﬂjal/df(i%w’qmo—wdQ(ﬁo _ w)Qaw)) dw
: wi/d —2mig (g, gro-wd(ro — w)en,) w

Writing for simplicity
dw %
(3.1) B, = @rdrgon)™ ', B, =B, ()" a,

and recalling (2.24), a computation shows that

jal/df (‘%Zw, q“O_waw) =f <w, (:ig(])’“’” iol/daw> = f(w,B,);
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hence
(3.2) j(l)/d .
T((E @) = 3
(wl/d - 27Tf(lU, ﬂw)) <w1/d - 27Tf(w7 dQ(K’O B w)2,3w)) dw
X /, wl/d — 27 f (w, d(ko — w)B,,) w
But

w'? = 27 f(w, d(rkg — w)B,,) = W — wr — 2 f1(w, d(ko — w)B,,)

with
fi(w, ay) = w"° Z aLw Y

w€Dy,w>0
hence the denominator of the main fraction of the integrand in (3.2) equals
1 1 B i (27)™ f1(w, d(kp — w)B,)™

wl/d — ro | _ o hillwd(ro—w)B,)

dir ) (wl/d _ wno)m—i—l
wt/t—w"

Thus, writing X = d(ko — w), (3.2) becomes

(3.3)
jé/d 00 .
T(£)(€ @) =5 > (2m)
1 (wl/d — 27Tf(w’:6w)) (wl/d - 27Tf(w7 XQ/BUJ))fl(w’ X'Bw)m dw
ﬁ /C, (wl/d _ w”o)erl ?

Recalling the definition of w* in the introduction, by (3.1) we write the

w-component 3, of 3, as
dw

_dw g
¥ drn—
Buw =¢ @ OlonD ! Al

where ¢, are certain constants not depending on £ and on the «,’s. Note also
that By = (2wdkg) ™! does not depend on op. Hence, the numerator of the
integrand in (3.3) can be rearranged in the form

. _dw' g
(34) 50,mk0,m(w) + Z §_w Qw,m <<04(l)m01 aoﬂ) ) kw,m(w)a
O<w'<w

w€Dy,w>0

where Qum € R[(Zw)o<w'<w] are without constant term and the functions
ke.m(w) are holomorphic inside and on the circle C’, and do not depend on &
and on the ay,’s. Substituting (3.4) into (3.3) we obtain

()& )
~1/d oo _do’
=L Z(Qﬂ)m{ao,mco,m+ Y Y Qum ((ag“o—l law,)0<w,Sw> cw,m}

m=0 w€Dy,w>0
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with certain constants c, ,, not depending on { and on the «,’s. By a further
rearrangement of terms, and recalling the definition of Zp in (2.24), we finally
get

(3.5) T(f) (& a) =€ Y Ay(a)™,

UJEDf

1
where Ag(a) = Aga, “0"

with a constant Ag € R, and for w > 0

R _do’
Ay (a) =ay ™' P (adﬁo*la /)
wla) = ag w| (@0 ) ocorcn

with P, € R[(2y)o<w'<w) Without constant term. In order to deal with Ay we
note that

A (27Td/£0q“0)_d“3*1 1 / (w4 — (dkg) ™ wr) (w4 — drow"©) dw
0= bkt

2nd 2mi wl/d — ko w
1

B (27leyv-0q’fo)_dm0—l )

a 2md ilgll(w -1

{(wl/d — (d/io)_lw’m)(wl/d — dKow"°) 1}

wl/d — ko w

(2rdrog™) T T (1 — (dro) ™) (1 — dr)
27d 1/d — ko ’

and a computation shows that

(3.6) Ag = (dro — 1)gp™ > 0.

Hence the first assertions in part (i) of Theorem 1.2 follow from (3.5) and (3.6).
Now we turn to the proof of the last statement of part (i). To this end we

first note that the component 3, of B, in (3.1) is

(3.7) B, = ql/d(deql/dﬁo)dw*flag‘“*_10%57“’*.

Moreover, recalling the notation in (3.3), with obvious notation we write the
numerator of the integrand in (3.3) as

(3.8) (wl/d B > ﬁwwHO—W>

d%o w>0

X <w1/d — drow™® — 27 Z X26ww”°”> (Z Xﬂwwm“)

w>0 w>0
= (H(w) = 27%1(w)) (K (w) — 275s(w)) (E3(w))™,

say. Since :'i(l)/d = C’é/df”‘é (see Lemma 2.3), it is clear from (3.3), (3.7) and
(3.8) that the part containing a, of the coefficient A, () comes only from the
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terms with m = 0 and m = 1 in (3.3). More precisely, such a part equals
(3.9)

Cl d . .
2;)rdql/d(2,]qul/cl/€0)do.) 1agw law(—27r)

1 / H(w)X 2w~ + K(w)w ™ dw
27i Jer wl/d — ko w

Cé/d 1/d 1/d, \dw =1, dw*—1 L H(w)K(w)Xw"™ dw
+ 9 2rq 4 (2mdg ko) ap aWQm’/c/ T ——

cy/ .
= —(C)l ql/d(Qﬂdql/dﬁo)dw 71agw “tay(—A+ B),

say. A computation similar to the one leading to the value of Ay in (3.6) gives

X2
(3.10) A= 4

Ko

To compute B we observe that

_1)\2 Ko—w—1
B X lim d [ (w=1)"H(w)K(w)w"™
w—1 dw (wl/d _ wlio)?
and
(w—1)2 1

(w4 —wro)2 ~ ef + erea(w — 1) + g(w)’

where g(w) = O((w — 1)?) as w — 1 and

1 1/1
elzg—:‘ﬁo, 62:&(g—1)—/€0(:‘€0—1).

Hence, writing h(w) = H(w)K (w)w"~“~1 we obtain

(1 2 _ 1
B:Xh( )es 4h( )61527
€1

and a computation shows that

(dlio — 1)2
h(l) =020
(1) drg
dlio -1 X
R'(1) = pr— ko(dko — 1) + h(1) <U — 1) ,
o — _dlio —1
1= d )
drg — 1)(d 1
62:—61—(/10 )( Ko—i_ )

d2
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Therefore, writing Y = dkg — 1, we have

(3.11)
X (Y3 koY? YiX 5 5 Y (dro + 1)
B — % {d4/§0 — d2 — d4H0 — h(l)el + h(1)61 =+ h(l)d2€1}
X [ Y'X YR (dro)?YP N Yidso+1)| X2
6‘11 d4lﬂio d4/€0 d4/€0 d4,‘€0 - vy} ’

and the last statement of part (i) of Theorem 1.2 follows from (3.9), (3.10) and
(3.11).

2. Self-reciprocity. Let £ be sufficiently large. From the properties of
the coefficients A, (o) of T(f)(§, o) in part (i), it is clear that T'(f) € X4 if
f € X4. In order to prove that T2 = idx, we recall that, with the notation in
Lemma 2.3, if Rz is sufficiently large and | arg z| < 6, then there exists exactly
one zero of ®'(z,&, ), and it is real and simple. Given f € X, we denote by

(3.12) zo = zo(§, @) and xp = 5(¢; )
such a zero, referred to f(&, @) and T'(f)(, o), respectively. We also write
Q:O(qma(é’a) , a)
25§ )
Note that W (£, o) is well defined since z{/§ — oo as & — oo by Lemma 2.3.

Note also that f(¢,a) and T™(f)(§, ), m > 1 are differentiable in each
component «y, of a.

W(¢ ) =

LEMMA 3.1. Let f € X4 and & be sufficiently large. Then for everyw € Dy
we have

0 Ko—w

g T D(E @) = (W(E )™, ro = lexp(f).

Proof. Denoting by C* the circle |z — z§| = 0z§ with § > 0 sufficiently
small and
dng

_%o . —_d_
iy = Cpe™at, Ci = (2mdrjq™ Ap(ar)) ™o

and writing ®*(z) = ®*(z,£, a) = 21/4 — 277T(f)(q§—z,a), we have

dz.

1 / 0% (2) L, 0%(2)

 An?i 2% (2)

T*(f)(€ o)

Hence for every w € Dy we get

(3.13) 9 12)(6.a)

Jay,

o) * 02 F %
1 2 0% (2) L d* (2
/ O ( )8z2 ( ) 12 I*,

472 L o*(z)
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1 0 [Ld*(2)
I'=— /[ o* 9z dz.
472 /* (2) day, { L o*(z) :

Thanks to the above reported properties of the zero zj in (3.12) we have

where

2 *
%@ (2) _ 1
L2o%(z) z—1

with ¥} (2z) holomorphic inside and on the circle C*, thus with obvious notation

0% p*(»
) {M@ ( )}: L0 e o)+ U5(2),

day | Lo*(z) (z — xf)? O,

again with W3(z) holomorphic inside and on the circle C*. Therefore by
Cauchy’s theorem and the definition of x{j we obtain
0 .
dz = Mi@* = (.
z—xh)? : 27 0z (25) =0
To treat the integral in (3.13) we observe that the definition of ®*(z) and
(1.9) imply that
0 0 qz
— 0% (2) = 2n—T(f)(—
5o ¥ (2) = 2= T(N)(% @)

2
0 1 D(w, £, ) Lrb(w, £, a)
C

2 o(w, £, a)

. aiEe) [ (2
(B4 I"=2 Am2i /*(

dw

Oay, 271

(here C is the usual circle, referred to xo(%z, «)). Arguing as before, thanks to

the definition and the properties of xo(%, ), we see that

foad qz
1 0 52P w, =,
I:f/Q(w,%,a) ag,z ( qi ) dw = 0.
2mi Je £ Oay, %Q(w,?,a)
Thus, writing for simplicity ®(w) = ®(w, %, ), we obtain that
(3.15)
o) 9?2
0 1 22O (w) 25D (w
7¢*(2):—7/ o, B) ) w? ( )dw
day, 27t Jo aw(I)(w)
2
1w
271 Je % w)
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Hence (3.13), (3.14) and (3.15) finally give

qz Ko—Ww §2 %
Oy a) =gt (W> H)

Do, 2mi Je z L o*(z)

_ $0(qx3(££,a)7a) - gro—w
x5 (€, o)

and the lemma follows. O

Suppose now that W (£, ) = 1 identically. Then from Lemma 3.1 we
obtain that for every w € Dy

9 12(p)(€ a) = g0,

Oay,
On the other hand, from part (i) of Theorem 1.2 and (1.12) we get
T(f)(& ) = €% 3 Ho(a)g™

WGDf

with some coefficients H,(a), and hence such coefficients satisfy

0
—H, = ’.
Gaw w (a) 5w,w

Therefore, since each H,/(a) depends only on a finite number of «,,’s, we get
H,(a) = ay + ¢y

with some constant c,.

1
A simple direct computation based on Ag(a) = Agay “°”" and (3.6)
shows that Hyp(a) = . Moreover, writing & = (v, 0,0...), it is clear from
part (i) that Ay(a) = 0 for w > 0; hence also H,(a) = 0 for w > 0 and
therefore c,, = 0 for every w € Dy. Thus T? =idy ;- Therefore, in view of the
definition of W (&, av), part (ii) of Theorem 1.2 follows from

LEMMA 3.2. Let € be sufficiently large and xo, xf be as in (3.12). Then
ro( L, o) = (€, ).
Proof. Arguing as in the proof of (3.14) in Lemma 3.1 (using definition and

properties of ﬂvo(%, a) as well as Cauchy’s theorem) and writing for simplicity
®(w) = ®(w, £, ) we obtain

) qz 1 [ 2o(w) 2P (w)
27r$ T(f) <§,a) = /C 2 b dw,
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where C is the usual circle, referred to xo(%,a). Hence by the change of
wg

variable p = —> we get
0 qz 0 ( qz >
3.16 m—T —, — ¢ |(w, —,x
(3.16) T =g (o)
20(%, Q)€ 9
= 2”75!}0(% a)’p:xo(q{,a)g'
Since z{ = z{(&, ) is the solution of

9 ( 1/d (% )) _
55 \# 2 T(f) f’a =0,
from (3.16) we deduce that

mie o o

-1
— 27 z
82 dp ( ‘ zo(qgo 13
=

=

1 *

But mo(%, «) is the solution of

9 ( 1/d 29 B
w( QW(s)W”
j

and hence, by the change of variable p = it satisfies

1
1 qxy a—! £ 0
3.18 - (—, ) —2r—= , o* =0.
( ) de é_ (87 ﬂ-xEk) 8pf(p a)‘pzo(q£0 )€
g
Multiplying (3.18) by xo( a)/z{y and then subtracting from (3.17) we finally
obtain

z*

Loaiy_ 1330(5 ya)d
a0 d —ay

=

ie., mo(Le 5 ,a) =z and the lemma follows. O

The proof of Theorem 1.2 is now complete.

4. Proof of Theorem 1.3

In this section we assume that 1 < d < 2. We use the notation

1
[[H =Mt o Ha ey
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and an empty product is the identity; note that the order of factors is important
since &4 is noncommutative. Our first goal is to obtain a more explicit expres-
sion for the operators Ly, defined recursively in the introduction (remember
that the £;’s depend on a sequence of integers my),

LEMMA 4.1. Let1 <d < 2. For k > 0 we have
1 .
Ly = ( H S(—l)an>S
J=Npg
where Ny = 2% — 1 and X; = TS™ T with some n; € {£my,...,+my}.

Proof. By induction on k. If £ = 0 the assertion is trivial, so we assume
the lemma true up to a £ > 0. Then

Lip1 = LM TS™+TLy,
= (ST ATS - XIS (TS T (ST Xy, - 8T A S)
= ( ﬁ S(l)j)fg)sy
j=2Nj+1
where 2N, + 1 = Ni11 and for Ny +1 < 5 < Ngaq

(4.1)

X! if j=Ny+2,..., Nepq.

{TSmkHT if = Ny +1
X =
Niy1—j+1

Since for j = 1,..., N, we have X; = TS™ T with n; € {£my,...,£tmy},
and clearly X;l = TS T, from (4.1) we obtain that X; = T.S™ T with
nj € {£mq,...,Tmp1} for j =1,..., Nyy1, and the lemma follows. U

We need the following auxiliary lemma; we refer to the introduction for
the notation.

LEMMA 4.2. Let1 <d <2, f,g € X4, k be as in (1.3), kg = lexp(f) < k,
A< ko and X = TS"T with some n € Z be such that X(f) and X(g) are well
defined. Then

X(f) = f (mod €071)  and lexp(X(f)) = lexp().
Moreover, if f = g (mod &) then

lexp(X(f)) = lexp(X(g)) = lexp(f) = lexp(g)

and for every integer r

S"X(f) = 8" X(g) (mod €*).
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Proof. Since ko < K, we have that x{ > 1. Hence from (i) of Theorem 1.2
we obtain that S"T(f)(&) = T(f) (mod &), and therefore (1.13) and Theo-
rem 1.2 give

S
(4.2) X(f) = TS"T(f) = T(f) = f (mod ™),
But ﬁ = dko—1; hence (4.2) proves the first claim of the lemma. Moreover,

dry — 1 < Kg since kg < k; thus the second claim follows as well. The third
claim follows in the same way, since A\ < kg implies that lexp(g) = xg. To prove
the last claim we recall that x{; > 1; hence lexp(S" T'(f)) = lexp(S™ T'(g)) = Kj-
Moreover,

S"T(f) = S"T(g) (mod &)
by (1.13). Since \* < k{j and (A\*)* = A, again by (1.13) we also have that

X(f) = X(g) (mod &),

and the lemma follows. O

Let kg > 1 be as in (1.16), &, e, and go(€) = a€/? be as in the introduc-
tion, N and X; be as in Lemma 4.1 and for £ = 0,..., Ni, let

(4.3) ma:<Hﬂmﬁﬁam@x
j=t

clearly fo(€) = S(g0)(€). Note that fn, (§) = Li(g0)(§), and that the functions
fe(§) depend on the integers my in the definition of the Lj’s, although this
does not appear explicitly in our notation. Moreover, it is not a priori clear if
such functions are well defined. However, this follows from

LEMMA 4.3. Let 137‘/5 < d < 2. There exist integers my,...,my,—1 and

My, such that for every integer my, > My, the functions fy(§) are well defined
for 0 <0 < Ny,. Moreover, for 0 <k < kg and 1 < < Ni, we have

(4.4) e < lexp(fe) <1, Np <4< Ny,
(4.5) coeff(fy, §+1) = ag + bymy1 # 0, Ni, < £ < Nig
with ag, by € R depending on o, m1,...,my and by # 0, and

_1)¢ e
(4.6) fg = S( 1) (kaJrl,g) (mod f k+1>, Nk </ < Nk+1.

Proof. Clearly fo(€) is well defined. We proceed by induction on ¢. For
¢ =1 we have k = 1 in (4.4), and we have to deal with lexp(S~T'S™ TS(go)).

Recalling that d > % implies d — 1 > 1/d and that S(gg)(¢) = &€ + a&/?, a
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computation based on (i) of Theorem 1.2 shows
(4.7) TS(90)(€) = co€® + e (@)€/* + -
S™ TS (go)(€) = o™ + mi€ + cr(a)€™/* + - -
TS™ TS (g0)(€) = & + ca(m1)€" + ez, ma)e* + -
f1(&) = STITS™ TS(go)(€) = ca(ma)€ " + es(ar, my)E 4 + - -

with ca(mq) # 0 for my sufficiently large if d — 1 > 1/d, and ca(mq) +
c3(a,my) # 0 for my sufficiently large if d — 1 = 1/d. Hence lexp(f1) = e1;
thus (4.4) is verified in this case. Next we take k = 0 in (4.5) and (4.6). From
the third equation in (4.7) and (i) of Theorem 1.2 we have that ca(m;) is of the
form a+bm; with b # 0 if d —1 > 1/d, and similarly for ca(m1) + cz(a, my) if
d—1=1/d. Since e; = d—1, (4.5) is therefore verified for ¢/ = 1 thanks to the
last equation in (4.7). To verify (4.6) we apply Lemma 4.2 with f(£) = S(go)(£)
and X = X). Since kg = lexp(f) =1 < k and dkg—1 = d—1, from Lemma 4.2
we get
X15(go) = S(go) (mod £71) = fo (mod £).

Hence applying S~! to both sides we obtain that f; = S~!(/fo) (mod £°1), and
(4.6) follows for £ = 1.

Let now ¢ > 2 and suppose that the lemma holds up to £ —1. We consider
the following two cases.

Case I. £ = N + 1 for some 1 < k < ky. In this case £ is even; hence
fe(&) = SXe(fe—1)(&) by (4.3), and from the inductive assumption we have

e < lexp(fe-1) <1,
(4.8) coeff (fo—1,§%) = ag_1 + bp_1my # 0,

fee1 = 87 fo) (mod £°).
From the third assumption we see that f;_1 = gg = 0 (mod&®*) since e > 1/d;
hence from the first one we have that lexp(fy—1) = ex. Therefore, by an
application of SX, = STS"™+1 T (see (4.1)) to fr—1(&), the leading exponent
of fr—1(€) has the following evolution:
(4.9) (&% L) ek/ekH Sml ek/ekH 2> (% S—> 1,

since e < 1, the sequence e, is strictly decreasing and dey — 1 = ex41. Hence
fe(€&) is well defined for every my1, and lexp(fy) = 1 thus proving (4.4). Now
we apply Lemma 4.2 with f(£) = f,_1(£), X = Xy and ko = e, thus getting

Xg(fg_l) = fg_l (HlOd §€k+1)‘
A further application of S to both sides gives, since Ny = Niy1 — ¢, that

fo=8Xi(fo-1) = S(fn,,) = S(fNyy1—) (mod £7+1),
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and (4.6) is proved. To prove (4.5) we apply twice part (i) of Theorem 1.2 as
in (4.7) and (4.9). Starting from the second assumption in (4.8) we get
T(fe-1)(&) = cola,mq, ..., mk)ge’c/e’““ + - co(a,my,...,my) #0,
S T (o 1)(€) = oo Mty oy m)ERIFH e g
coeff (TS™ 1T (fr—1), %) = c1(a,ma, ... ,mg) + cala, my, ..., Mg )Mt
with co(a,mq,...,my) # 0, since the term in £ in the second equation is

transformed by T into the term in £°+1. Hence (4.5) follows by taking my1
sufficiently large.

Case II: Ny +2 < £ < Niqq for some 1 < k < kyg. In this case we have
fe(&) = S(_l)éXg(fg_l)(f) and the inductive assumptions
ex < lexp(fo-1) <1,
(4.10) coeff(fr—1,£%+1) = ap_1 +be_1mpq1 # 0, be—1 # 0,
fr1 = SV (Fyyy 1) (mod go+1).

Again fy(€) is well defined. Indeed, by (4.1) and T~! = T we have Xy = TS™ T
with ny € {£m,...,+my}, and hence the leading exponent kg of f;—1 has the

following evolution:
koD ki (> r>1) %5 k) D ko,

and then SC1' is certainly well defined. Applying Lemma 4.2 with f(£§) =

foo1(6), 9(€) = SV (fvpr—e+1) (), A = egr, 7= (~1)¢ and X = Xy, and
using the third assumption in (4.10) we obtain

fo=8V X(fo1) = 5(_1%?\’55(_1)“(ka+1—e+1) (mod £°++1)
_ Ny q —0+1
— 5D gD gD TR ANy —e+1(fNy . —¢) (mod £4+1)
— S(_l)eXEXNk+1—K+1(ka+1—f) (mod £5k+1)

since N4 is odd. By (4.1) we have X} = XJG:+1—Z+1; hence

fi= 8TV (fvya-0) (mod €741
and (4.6) follows.
To prove (4.5) we proceed as follows. Since e < 1 we have
(4.11) coeff(fz, £4+1) = coeff(SV Xy(fr_1), €4+1) = coeff(Xy(fo_1), €4+1)
= coeff (TS™ T'(fr-1), %),

and the inductive assumption gives lexp(fy—1) > er > er+1. Hence from (i) of
Theorem 1.2 we get

coeff (T (fr—1), £%+1) = A+ B coeff(fo_1,£%+1),
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where A and B # 0 depend on « and my, ..., mg. Therefore
(4.12) coeff (8™ T(fy_1),E%+1) = A" + B coeff (f;_y, £5+1)
with A’ again depending on a and my, . .., my. Moreover, since kg = lexp(fy_1)

<1, ;55 is decreasing and 1 < d < 2, from (i) of Theorem 1.2 we obtain

Ko 1

lexp(T(fe-1)) = Ko = p— > 1 > 1,
and hence
(4.13) lexp(5 T(f1)) = lexp(T(fs1).
Therefore, from (4.12), (4.13) and using again (i) of Theorem 1.2 we obtain
(4.14) coeff (TS™ T (fy—1),£%+1) = A” + B’ coeff(fp—1, 1),

where A” and B’ have the same properties of A and B above. Thus (4.5)
follows from (4.11) and (4.14), using the second assumption in (4.10) and
choosing my1 sufficiently large.

Finally, to check (4.4) we note that (4.6) gives

(4.15) lexp(fr) < max(1,lexp(fn, ,—¢)) =1

since Ngi11 — € < €. Suppose that Ny 1 — ¢ > 1 and let K > 0 be such that
Nig < Ng41—¢ < Ni41. Then 0 < K < k—1 and by the inductive assumption
we have

coeff (fn,,,—¢, £7H) # 0;

hence also coeff(S(*l)l(kaH,g),56K+1) # 0 since exy1 < 1. Observing that
€K1 > e > ey1, from (4.6) we deduce that lexp(fy) > e, and (4.4) follows
thanks to (4.15) if N1 —£ > 1. The case £ = N1 is easy, since (4.5) directly
shows that lexp(fn,,,) > exs1; thus (4.4) follows thanks to (4.15) in this case
as well, and the lemma is proved. O

All the statements, but the last one, of Theorem 1.3 follow easily from
Lemma 4.3 by choosing ¢ = Nj,. Indeed, fn, (§) = Lk,(90)(§) thanks to
Lemma 4.1. Moreover, by (4.4) we have that lexp(Lg,(g0)) > ex,, while by
(4.6)

Ly, (90) = S71S(g0) =0 (mod £%%a)
since ey, > 1/d, see (1.16). Therefore lexp(L,(g0)) < ex,; hence lexp(Ly,(g0))
= ey,. The claim concerning coeff(Ly,(go), (%) follows at once from (4.5).
Recalling the notation in the introduction, the last statement of Theorem 1.3
follows from

LEMMA 4.4. Let 1<d<2. Then for k=0,..., kq we have s*(s, Ly, go)=s.
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Proof. In view of Lemma 4.1 and (4.3) it is enough to show that
s*(5, 8V Xy, foo1) = s

for ¢ =1,...,N; and k < kq. Since application of S*! does not change s we
have

* —1)¢ *

s* (5,8 Xy, fir) = 87 (s, X, feon),
and we write Xy = TS™T. By (4.4) we have that ko = lexp(fr—1) < 1 and

hence from Theorem 1.2, since == is decreasing and 1 < d < 2, we obtain

K0 1
> >
dko—1 — d—1
Therefore lexp(S™ T'(fr—1)) = K¢, and hence again by Theorem 1.2 we get

lexp(TS™ T(fy 1)) = ()" = .

lexp(T(fo_1)) = 1 = L

As a consequence, appying Xy the evolution of s is as follows:

s Ty g S5 g Z>(s*)*:$,

and the lemma follows. O

The proof of Theorem 1.3 is therefore complete.

5. Proof of Theorem 1.4

The arguments leading to the proof of Theorem 1.1 can be modified to
prove Theorem 1.4. We only give a very brief sketch of the required changes.
An inspection of the proof of Theorem 1.1 shows that condition dkg > 1 is
not used in the first two subsections of Section 2, and hence the results up to
equation (2.23) hold true with any function f(n,3) as in (1.20). In the proof
of Theorem 1.4 we do not need to switch from n to the real variable &, hence
coming to the saddle point method (see subsection 3), in the present case we
have to deal with the function

o(z,n,B) = 2V —onf (%,ﬁ) ,
where ¢ is as in (1.8). Therefore, writing ¢, = B,k,¢" for v = 1,... N,
following the proof of Lemma 2.3 we have that ®'(x,n,3) = 0 if and only if

1/d N
—27d Z c,n T
v=1

(5.1) 0= éx%_l {1—2775 (%)

Hence, if

(5.2) 1— 2718 (Z)l/d £0,
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then the nonzero term 1 —2m3(Z)Y/4 is dominating inside the brackets in (5.1),
and hence ®'(z,n,3) # 0 for every > 1. As a consequence, the analogue
of the integral Ix(s,n,¢) in Lemma 2.4 has the properties of the function
kx(s,n,¥) in such a lemma if (5.2) holds; i.e., the function Kx (s+ g, n) arising
from the critical point z¢ is not present under condition (5.2), since there is
no critical point z( in this case. As a matter of fact, under (5.2) the analogue
of Lemma 2.4 can be replaced by the analogue of Lemma 2.2.

Now observe that, in view of (1.8), condition 5 ¢ Spec(F') means that for
any given n € N, either (5.2) holds or ap(n) = 0. Therefore, if 5 ¢ Spec(F)
then after summation over n to get the analogue of (2.34) we obtain

[e.e]

Fe(sif) =3 0 o (o,m),

nlfs

n=1
where Hx(s,n) has the properties stated after (2.34). Hence the arguments
in subsection 4 lead in the present case to (2.39) without the term M (s); thus
F(s; f) is holomorphic for o > 0 if 8 ¢ Spec(F') and Theorem 1.4 is proved.
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