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On the distributional Jacobian of
maps from SV into SV in fractional
Sobolev and Holder spaces

By Haim BRrEZIS and HOAI-MINH NGUYEN

Abstract

H. Brezis and L. Nirenberg proved that if (gr) € C°(SY,S") and g €
C°(SY,SM) (N > 1) are such that g — g in BMO(S"), then deg g, —
degg. On the other hand, if g € C*(SY,SY), then Kronecker’s formula
asserts that degg = ‘Sl—N‘ fsN det(Vg) do. Consequently, fsN det(Vgy) do
converges to fsN det(Vg) do provided gy — g in BMO(SY). In the same
spirit, we consider the quantity J(g,%) := fsN Y det(Vg)do, for all ¥ €
C*(S™,R) and study the convergence of J(gx,). In particular, we prove
that J(gx, ) converges to J(g,¢) for any 1 € C*(SY,R) if g, converges
to g in C%*(SV) for some o > % Surprisingly, this result is “optimal”
when N > 1. In the case N = 1 we prove that if g, — ¢ almost everywhere
and limsup,_, . |gx — g|BMmo is sufficiently small, then J(gr, ) — J(g, %)
for any ¢ € C*(S*,R). We also establish bounds for J(g,+) which are
motivated by the works of J. Bourgain, H. Brezis, and H.-M. Nguyen and
H.-M. Nguyen. We pay special attention to the case N = 1.
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1. Introduction

H. Brezis and L. Nirenberg [20] proved that if (gi) ¢ C°(S™,S") and
g € CO(SN,SN) (N > 1) are such that limy_o |gx — g|mo = 0, then

(1.1) lim deg gy, = degg.
k—o00

Hereafter in this paper, we use the following BMO-semi-norm:
flovowey = swp_ o Jp©~f  soyanfdg, s < BMO@),
B(z,r)ccQ B(z,r) B(z,r)

where B(z,r) denotes the ball in  of radius r centered at = and | | denotes
the Euclidean norm. In fact we will establish a slightly better result (see §4.2,
Prop. 4), namely if limsup,_, |gx — g/mo < 1 and gi converges to g a.e.,
then (1.1) holds. On the other hand, the well-known Kronecker formula asserts
that

1
(1.2) degg = ] /SN det(Vyg) do,

for any g € C*(S™,S"). In this integral “det” denotes the determinant of an
N x N matrix, once an orientation has been chosen on S¥. Note that one has

(1.3) det(Vg) = det(Vg,g) on SV,

where “det” in the right-hand side denotes the determinant of an (N + 1) x
(N + 1) matrix and g is considered as a map with values into R¥*!. Equal-
ity (1.3) holds provided we choose an orientation on SV such that at every
point ¢ € SV, (Be,ne) is a direct basis of RN+1 where B¢ is a direct basis
in the tangent hyperplane to SV at ¢ with the orientation inherited from the
one of SV and ng is the outward normal at £. Consequently, Jov det(Vgy) do
converges to [qn det(Vg) do provided gr — g in BMO(SY).
In the same spirit we consider the quantity

Jg.0) = [ wdet(Vg)do, Wi e C'EVR)
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and study the convergence of J(gy,) for fixed ¢» € C*(S",R) under various
assumptions on the convergence of (gr). As a consequence, we will be able
to give a “robust” meaning to the quantity J(g,?) even in the case where
g : SN — SV is not differentiable but ¢» € C>®(SV,R). Roughly speaking,
the main assumptions will be that g belongs to VMO N WP(SN SV) with
s = % and p = N. It is convenient to present our results first in the case
g € CYSN,SN). We will explain in Sections 6 and 7 how to weaken this
assumption. In view of the results mentioned above one may ask whether
J(gr,¥) — J(g, ) if g1, — g for example in C°. This is not true even if g, — g
in C%® for any a < % (see Proposition 1 below). To present our result, we
first introduce the following notation.

Notation 1. Let N > 1 and Q be an N-dimensional smooth manifold of
RN*1 or an open subset of RV, and g : @ — R* (k > 1) be a measurable map.
Define

N lg(z) — g(y)|V
It is clear that
(1.5) W(Q) := {g € L'(Q); [glw < oo}

is a normed space with the following norm:

lgllw = lglw + llgllzr, Vg€ W(Q).

When N > 2, the semi-norm ||y corresponds to the semi-norm in the

fractional Sobolev space W*P with s = % and p = N (also called the

Slobodeckij semi-norm; see e.g. [58]).
We recall that for 0 < s <1 and p > 1,

g(z) —g(y)|? s
oty = [ [ o GO dady, g e W)

We have

THEOREM 1. Let N > 1, (g) € CY(SN,SV), and g € CH(SN,SN) be such
that

i) limsup [|gr — gllpmoEyy < 1
k—o0
and

i) limg—o0 [lgk — gllw = 0.
Then

Jim J(gr, ) = I(g,¥), Ve Cc'(sV,R).
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Remark 1. The proof of Theorem 1 is inspired from the work of J. Bour-
gain, H. Brezis, and P. Mironescu [9], [10], J. Bourgain, H. Brezis, and H.-M.
Nguyen [7], and H.-M. Nguyen [54].

Remark 2. If one of the assumptions of Theorem 1 fails, the conclusion
need not be true. More precisely, one can construct the following examples
(see §85.2 and 5.1):

a) There exists a sequence (gi) € C*(SV,SY) (N > 1) such that g, —
g:=(0,...,0,1) in W(SV), gr — g almost everywhere, supy, || Vx| o~
< 400, limg 00 |lgr—9llBMO = 1, and for all k, deg g, = 1 > 0 = deg g.

b) There exists a sequence (g,) C C*(SV,SY) (N > 2) such that g, —
g = (0,...,0,1) weakly in W(SY), (gx) — ¢ uniformly on SV, and
liminfy 00 J(gk, TN 41) > 0= JI(g, TN 41)-

As a consequence of Theorem 1 one has

COROLLARY 1. Let N > 3, (gx) € CY(SN,SV), and g € CH(SN,SN) be
such that

i) limg—oo [lgx — gllBMO = 0
and
i) supy, [|[Vgrllpy-1 < oo.
Then
Jim J(gi, ) = I(g,v), Vi e CHSY,R).

Proof. We have (see [18]), for N > 3,

N-1 1
lgr — gllw < Cllge — glly.v-1llgr — 9llgmo — 0 as & — oo.
The conclusion now follows from Theorem 1. O

Open question 1. We do not know whether Corollary 1 holds when N = 2
even if condition i) is replaced by the stronger assumption klim llgr —gll L= = 0.
—00

Another consequence of Theorem 1 is

COROLLARY 2. Let N > 2, 82t < o < 1, (g) C CHSN,SN), and
g € CY(SN,SN) be such that gj, converges to g in CO*(SN). Then

Jim I(gi, ¥) = I(g,¥), Vi€ ClEST,R).

Proof of Corollary 2. Since (gi) converges to g in C%*(SV) and a > %,
it follows that (gx) and g satisfy conditions i) and ii) of Theorem 1. O

Corollary 2 is optimal in the following sense.
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PROPOSITION 1. Let N > 2. There exist a sequence (gi) C C*(SV,SV)
and 1 € CY(SV,R) such that g, converges to g := (0,...,0,1) in CO’¥(SN),
supy, [|gxllw < +o0, and

liminf J(g,v) > 0 = J(g,v).
k—o0

Hereafter || denotes the usual semi-norm in the Holder space C%2.
There is a natural quantity which appears in the study of N-forms. Con-
sider a smooth N-form on SV

w = F(y)dy.
The pullback g*w of w under a smooth map g : SV — SV is given by
g'w = F(g(x))det Vg(x) dx.
Recall (see e.g. [55]) that

degg:/ g'w if w=1.
SN

SN
Using Theorem 1, in Section 4.1 we will establish the following convergence
result for the quantity

g [ Flo()) det V(a)ie) da,
where 1) € C1(SV,R).

COROLLARY 3. Let N > 1, F € C**SV,R) (0 < a < 1), (gx) C
CHSN,SN), and g € CH(SN,SN) be such that

1) limg—e0 |9 — glBMoEy) =0

and
i) limg—o0 l9k — glw(syy = 0.
Then
Jim / F(gi(x)) det(Vge)(z)y(z) de = | F(g(x))det(Vg) (@) (z)dz,
—o00 JSN SN

for all » € CY(SN,R).

We next establish bounds for J(g,%) which are motivated by the works
of J. Bourgain, H. Brezis, and H.-M. Nguyen [7] and H.-M. Nguyen [54]. We
first recall a new estimate for the topological degree of maps from S into SV
established by J. Bourgain, H. Brezis, and H.-M. Nguyen in [7].

PROPOSITION 2. Let g : SN — SV be a continuous map. Then, for every
0 < § < V2, there exists a constant C = C (8, N), independent of g, such that

1
< -
|degg| < C /SN /SN Iy dz dy.
lg(z)—g(y)|>0
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Subsequently, H.-M. Nguyen improved this result and showed in [54] that

PROPOSITION 3. There ezists a positive constant C = C(N), depending
only on N, such that

(1.6) |degg| < C / / Ty drdy, Vg€ C(sN,sMy,
SN SN -
|>5N
where
2
1. / 24+ —
(L.7) NEVET N

Moreover, this estimate is optimal in the sense that there exists a sequence of
maps (gr) C C(SV,SN) such that
deggr =1
and
lim / / v drdy = 0.
k—o00 SN SN —
g (z)— |>€N

Remark 3. {y is the edge of an (N + 1)-dimensional regular simplex in-
scribed in SV, i.e., an equilateral triangle when N = 1, a regular tetrahedron
when N = 2, etc.

The following notation will be useful.

Notation 2. Let N > 1 and ) be an N-dimensional smooth manifold of
RN+ or an open subset of RV, and g : Q@ — R* (k > 1) be a measurable map.
Define

(1.8) / / P y|2N dxdy, Yd§>0.
lg(z)—g(y)|=6

The following result provides an estimate for J(g, ).
THEOREM 2. Let N > 1, g € C*(SV,SN), and » € C*(SV,R). Then
(1.9) [3(g,9)| < C (I[Nl Tey (9) + IVl = lg i) -

for some positive constant C = C(N).

Here (y is defined by (1.7), Ty, (g) is defined by (1.8) with 6 = ¢, and
| [ is defined in (1.4). Clearly, Theorem 2 implies Proposition 3. One cannot
deduce Theorem 2 from Proposition 3 (see Remark 5 below). However, the
proof of Theorem 2 borrows many ideas from the proof of Proposition 3 in [54]
and also from the earlier papers of J. Bourgain, H. Brezis, and P. Mironescu

[9], [10], and J. Bourgain, H. Brezis, and H.-M. Nguyen [7].
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Remark 4. Obviously, from the definition of J(g,), we have

(1.10) 13(g, %) < IVgllPxlleb] Loe-

Therefore, for fixed v € C*(SY), J(g,%) is controlled when |[|g||y1.v < C.
Similarly, J(gx, %) — J(g,v) for ¢ € CH(SV,R) if g — g in WHNV(SY). In
some sense these facts are optimal in the scale of the Sobolev spaces W!P: there
exists a sequence (gix) C C1(SY,SV) (N > 2) such that limy_.o ||Vgr|/zr = 0,
for all p < N and |deggx| — +00 as k — +oo. This is proved in Section 3.1.

Remark 5. In view of Proposition 3 one may wonder whether it is possible
to replace Ty, (g) by deg g in (1.9). The answer is negative. More precisely: Let
N > 1. Then there exists a sequence (gz) C C1(SV,SV) and v € C1(SV,R)
such that limy_,oo (| deg gr| + |gr|lw + |gr|lwip) = 0 for all p < N, g — g :=
(0,...,0,1) a.e., while

lim J(gk, ) = +o0.
k—o0
This will be proved in Section 3.2.
An immediate consequence of Theorem 2 is
COROLLARY 4. Let N > 1, ¥t < a < 1, g € CHSN,SN), and ¢ €
CY(SN,R). Then
N
3(9.4)] < © (Illz=lalsa + 190l lgld)

for some positive constant C = C(«, N), depending only on o and N.
Proof of Corollary 4. Since o > %, it follows that
l9lw < Ca,Nlgloa-

On the other hand, by a direct computation, one has

N
TEN(g) S CN|g|OOjo¢‘ U
Remark 6. Corollary 4 is optimal in the following sense: Let N > 2 and
g = (0,...,0,1) € S¥. There exist a sequence (gr) C C*(SV,SV) and ¢ €
C(SY,R) such that limy_,e [|gk — g]lg x-1 = 0 and
> N
lim J(gg, ) = +o0.
k—o0
This will be proved in Section 3.3.
Using Theorem 2, we will establish in Section 2

COROLLARY 5. Let N>1, FeC%*(SN R) (0<a<1), g€ CY(SN,SN),
and ¢ € C*(SV,R). Then there exists § > 0, depending only on || F||co.a, such
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that

| F9(2)) det(Vg)(z)i(z) dz) < C (I L=T5(9) + IVl L=lg V) .

for some positive constant C' = C(N, || F||co.a).

Remark 7. Assume N > 3; then WHN=1(SV SNV) ¢ W(SN,SV). Indeed
WLN_I(SN, SN) C WLN_I(SN) N LOO(SN) C W(SN),
with the corresponding inequality

(L.11) gl < gl llglne

(here we use the fact that N —1 > 1). This is a special case of the following
more general case

(1.12) lgllws=as < lgllivaellgl =,

with p = s¢, p > 1, 0 < s < 1; see [16, Cor. 2] (see also [47]). Therefore,
in Theorem 2 and Corollary 5 we may replace |g|}), by HVgHgﬁ_ll. Inequal-
ity (1.11) fails when N = 2. However, we do not know whether the following
inequality

139, 0) S (Il Ten (9) + IVellL=lglyii-s) Vo € CH(SY,R)
holds when N = 2.
On the other hand, for every N > 1, we have trivially

T5(g) < 5_p|g|€vs,p V0 <s<1andsp=N,

and thus, in Theorem 2 and Corollary 5, we may replace T5(g) by 6 P|g|}y«.p-
When 1) = 1 we obtain an estimate for | deg g| originally due to J. Bourgain,
H. Brezis, and P. Mironescu [10].

We can give a meaning to det(Vg) as a distribution assuming only that g €
(WNVMO)(SY,SY) (when N = 1, it suffices to assume that g € VMO(S!, S1)).
More generally, F(g) det(Vg) is also well-defined if in addition F' € C%*(SV,R)
for some a > 0 (resp. F € C°(S',R)) when N > 2 (resp. N = 1). In particular
the pullback g*w is well-defined as a distribution when w is a (smooth) N-form
on SV and g € (W NVMO)(SY,SY). All the preceding results remain valid in
this framework (see §§6 and 7).

Remark 8. In a subsequent paper [18], we will define det(Vh) for any
h € W(RN,RY); or more generally, for maps h € W(Q,R"Y), where Q is an
open subset of RY. A major difference is that VMO is irrelevant there but the
space W will play a crucial role. When g € W(SV,SM)nCY(SN,SY) we could
use the result of [18] to define directly the distribution det(Vg) as follows.
Given a point zg € SV, fix small spherical caps ¥, (zg) and Y g(g(zo)) centered
at zo and g(xo) such that g(X,(x0)) C Xr(g(xo)). Then choose ' > 0, R > 0,
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and smooth maps 7 : B,v(0) — ,(x¢) and 72 : Xg(g(z0)) — Br/(0), where
B,(0) denotes the ball in RV of radius p, centered at 0, such that

det(Vm) =1 and det(Vme) = 1.
Set h = Mg O gOTy : BTJ(O) — BR/(O), so that
det(Vg) = (det V) o 7y ' on %, (z0).

We conclude that det(Vg) is a well-defined distribution on SV using a partition
of unity. We do not know how to adapt this argument if g € WNVMO(SY,SN).

Remark 9. F. Hang and F. Lin [36] considered a notion of distributional
Jacobian for maps g € WNLH’NH(Rm,SN) form > N+ 1 > 2 (see also an
earlier work of R. Jerrard and M. Soner [40]). In their work the condition
g € VMO is not necessary. They also proved that if this distribution has finite
total mass, then it is an integer multiplicity rectifiable current. In the case m =
N + 1, this result was improved by J. Bourgain, H. Brezis, and P. Mironescu
[10]. They proved that, for every g € W*P(SN*1 SV) with sp = N for any
0 < s < 1, det(Vg) is a distribution of the form wy 1 3;(0p, — dy;) in SVF1
such that

> |Pi = Ni| < Clglyss
%

(wni1 = [SV*TY). In the special case N = 1, this result had been previously
established by J. Bourgain, H. Brezis, and P. Mironescu in [9] for maps in H 2,
In the same esprit, H. Brezis, P. Mironescu, and A. Ponce [17] studied the
distributional Jacobian for maps g € WH1(Q,S'), where Q is the boundary
of a simply connected domain of R? and they obtained similar results. Our
situation in this paper is completely different: we handle the case m = N > 1.
In our framework, we need the two conditions: g must belong to VMO(S",S")
and to W = W v (SN, SM). The reader may also wonder whether our
condition g € W = W N could be replaced by W#P with sp = N — 1 and
0 < s < Y21 However this is not true (see Proposition 1). Finally, let us
mention that the case g : RVt — SV could be considered as a special case
of the situation where ¢g : R¥NT! — RN+l In this general setting, we are able
to define the distributional Jacobian provided ¢g € WNLH’NH(RN +1) (which is
the same space as in [36]) and this condition is optimal (see [18]).

Finally, we present further properties in the case N = 1. Here we have
(1.13) det(Vg) =det(g,¢') =gAg = ¢,

provided we choose the standard positive orientation on S! and a locally smooth
lifting ¢ of g (¢ = €*¥). We have variants of the above results, which do not
involve the space W.
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THEOREM 3. Let F € C°(SL,R), (gr) Cc C}(S',SY), g € CY(SL,SY) be
such that
lim |gx — g|smo = 0.
k—o0

Then

lim [ F(gr(x)) det(Vgr) () (x) da

k—o0 Js1

= . F(g(z)) det(Vg)(z)y(z) dz, Y e CHSLR).

When F' = 1, we still have an open problem motivated by Theorems 1
and 3:
Open question 2. Let (gx) C C1(S',S!) and g € C1(S!,S!) be such that
i) limsupy_, |9k — glBMO(SH) < 1
and
ii) g converges to g a.e. on S!.

Is it true that
(1.14) lim / det(Vgyp) dx :/ det(Vg)pdx, Vi e CHS',R)?
k—oo Jst St
Remark 10. We can prove that (1.14) holds in two cases:
a) if ¥ =1 (see Proposition 4 in §4.2),
b) if the constant 1 in i) is replaced by some small (universal) constant
(see Proposition 10 in §7.3).

Concerning the bound, we have

THEOREM 4. Let F € C°(SY,R). Then there exist constants 6 > 0 and
C depending only on ||F||co such that for all g € C*(SY,S') and for all ¢ €
C'(s',R),

[ Plot@) det(Va)@yi(a) da| < Cllollwn~ (To(g) +1).

Other types of results concerning SV-valued maps can be found in e.g.
(13], [26], [27], 5], [31], [20], [32], [33], [15], [36], [40], [42], [41], [2], [12], [9],
[44], [1], [29], [6], [11], [45], [46], and [48].

The Jacobian determinant of maps from R” into R" has been extensively
studied in the literature; see e.g. [49], [56], [3], [4], [51], [52], [24], [39], [14],
[21], [53], [35], [37], [32], [33], [38], [28], and [30].

We first present the proof of Theorem 2 which is inspired by the works
of J. Bourgain, H. Brezis, and P. Mironescu [9], [10], J. Bourgain, H. Brezis,
and H.-M. Nguyen [7], and H.-M. Nguyen [54] related to an estimate for the
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topological degree. We then turn to the proof of Theorem 1 which uses a
similar device.

2. The main bounds: Proofs of Theorem 2 and Corollary 5

We first give another representation of J(g,.). This representation is in-
spired by the work of J. Bourgain, H. Brezis, and P. Mironescu in [9, Lemma 3|.
Their idea is also used in [36].

Hereafter in this paper, B denotes the unit ball in RV 1.

LEMMA 1. Let N > 1. Assume that g € WHN (SN SN) (and in addition
ge HzSYH if N =1), ¢y € CL(SV,R), u € WLN+L(B,RN*1) 0 L®(B), and
o € CY(B,R). Suppose that

wsy =g and  pgy =Y.

Then
N+1

21 Igv) = (N +1) /gpdet Vu dac—l—Z/@Zch (u) da,

where D;(v) is given by
D;(v) = det (O1v,...,0;—1v,v,0;410, ..., ON+1V) ,
Vo e WhVHH(B, RN 0 L>2(B),
for1<i< N+ 1.
Proof. Case 1: g€ C*(SN,SN) and u € C?(B). We first note that
(N +1)det(Vu) = divD.

Hence by Green’s formula, one has
N+1 N+1

/(N—I— 1)pdet(Vu)d / Z 0ipDj(u) dx +/ Z eD;(u)n; dz.

However, >V D;n; = det(Vg,g) on SV, and the conclusion follows.

Case 2: The general case. Let (gr) C C*°(SY,SY) be a sequence con-
verging to g in WYY (SY). Let @ and @ be the harmonic extensions of g

and gr on B. From (1.12), we have g € WNLH’NH(SN) when N > 2 since
g € WHN 1 L. This implies & € WHVTY(B) and 4y, — @ in WHVH(B).
Let (vx) be a sequence of C°(B,RN*1), such that (vj) converges to u —
in WHNHY(B) and supy, ||lug]lpeo(p) < oo. Since u — u € W, Nt(B)
u—a € L*°(B) such a sequence exists. Set ur = v + @y for & > 1. Then
Uk|gN = gk, Uy converges to u in WENTL(B), and supy, [Jug| () < 0o. From
Case 1, one has

and

N+1
J(gk, ) = (N +1) /godet (Vuyg) dJU"‘Z/azSOD (uy) da.
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Letting k go to infinity yields

N+1
J(g,w)z(zvﬂ)/ngdet(vu)dH ;/B@mDi(u)d:ﬁ. 0

We are ready to present the

Proof of Theorem 2. Let @ : B — RNT! be the extension by average of g,
ie.,
ire) = f gy VaesVre 1),
B(z,2(1-r))NSN

and ¢ € C1(B) be an extension of ¢ such that
lelloBy S N¥llpoesyy and  [[Vollpe(m) S IVl g sny-

Hereafter in this proof B(z,r) := {y € SV;|y — x| < r}. The notation
a < b means that there exists a constant C' depending only on N such that
a < Cb. The notation a 2 b means that b < a.

It is well-known that the mapping g — @ is a bounded linear operator

from W (S") into WV (B) and

1
(2.2) Va(ry)l S 7— Yy e sV r e (0,1).
Set o = m. Define u : B — RV*1! as follows:

u( X

Qf(X) if [4(X)| > o,
(2.3) w(X) = ’1“( )

—u(X) otherwise.

a

From Lemma 1, we have

(24) 1300 S Wz [, 1det(Va)lde + [Vl o) [ [Vu(@) da.

Since det(Vu) = 0 if || > «, it follows from (2.2) that

q Ip < 1—-p(y) 1 drd
/B|et(Vu)|:L“N/SN/O mry,

where p : SV i R is defined by
p(y) = sup{r; |a((1 — s)y)| > a forall0 < s < r}.
This implies, as in [10] (see also [7] and [54]),

1
<
(2.5) /B|det(Vu)|da:N /SN _dy.
p(y)<1
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Using the idea in the proof of [54, Lemma 6] (see also [7] when T}, is replaced
by T, for the case 0 < § < v/2), one has

1
2.6 /  dr < Ty (g).
20 sv p(y)V e l9)
p(y)<1
Thus it follows from (2.5) and (2.6) that
(2.7) [, 14et(Va) de S Ty (o).
On the other hand, from (2.3), one has
(2.8) / VaulN de 5/ vl da
B B

and, since 4 is the extension by average of g,

[ Vi@l do < [gl-

Thus
(29) | IVu@I¥ dz 5 1glf
B
The conclusion follows from (2.4), (2.7), and (2.9). O

Remark 11. By the same proof, we can also obtain that
N
13(g, )| S (Il 2Tuy (9) + I@ﬁlwl_;qlglwlfﬁwp),
where 1 —i—% =1,1<p < oo (the case p =1 corresponds to Theorem 2). Thus

q
13(g, )| S (1]l e T (9) + [lo0,81910'0. )
for any o > &=t and 1> 8> N(1 — ).
We next turn to

Proof of Corollary 5. We first recall the fact, due to B. Dacorogna and
J. Moser [23] (see also [50] and [34]), that if G € C%*(SV,R) (0 < a < 1) is
such that G > 0 on SV and fsv G = 1, then there exists G € cla(sN,sM)
such that det(VG) = G with a bound for ||G||c1,« depending only on ||G||co.a.
Define

G = Cl(F +02),

where ¢; > 0 and ¢o > 0, depending only on |[F|/co, are chosen such that
G > 0 and fgv G = 1. Hence there exists G : SV — SV such that det(VG) = G
(with a bound for ||G||c1,« depending only on ||F'||co,«). This implies

G(g)det(Vg) = det VG(g).
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Next, applying Theorem 2 to G(g), one has
13(G(9), V)| £ Ten (G ¥ ] + 1G9 VIV £

However,

Tin(G(9)) < Ts(9),
for some § > 0, e.g., § =N /(||VG]|| L~ + 1), and

1G(9)lw < Clglw,

for some C' > 0. Hence

(2.10) 3G (9), )| S Ts(@) ¥z + gl IVl oo
On the other hand, from the definition of G,

| Flo)det(Vg)u| <

1

G(g) det(Vg)w‘ + co

/gN det(Vg)w’

SN

RUOROIER

C1

/ det(Vg)¢‘.
SN
Applying Theorem 2 to g and using (2.10), one has

F(g) det(Vg)u| S Ts(g)l[v ]l roe + lglw V| oo O

SN

3. Optimality of the bounds:
Proofs of the statements in Remarks 4, 5, and 6

3.1. Proof of the statement in Remark 4. Let N and S be the north pole
and the south pole of SV; i.e., NV = (0,...,0,1), S = (0,...,0,—1). Let exp
be the exponential map on SV (see e.g. [25]). For k > 1, take m € N such that
m = Ink. Consider g € W1°°(SV) such that gx(x) = N for z # exp(tv) for
veRN, |v] =1 and t € [0,2m/k], and satisfying (a) and (b) below:

(a) gr(expy(tv)) =exppr(kr(t—i/k)w;) if veRN |v| =1, t€[i/k, (i+1)/k],
for 0 < i < 2m—1 and i even, where wj is chosen in the set {(v/, vy), (v, —vn)}
(v=(v',un) € RN~ x R) such that

sign det(Vgg(expys(tiv))) =1
with t; = i/k + 1/(4k).
(b) gr(expy(tv)) = expg(kn(t —i/k)w;) if |v| = 1,t € [i/k, (i + 1)/k], for
0 <i<2m—1 and i odd, where w; is chosen in the set {(v/,vn), (v/, —vn)}
(v=(v',uny) € R¥N=1 x R) such that
sign det Vi ((expy(tiv))) =1

with t; = i/k + 1/(4k).
Then
deg gi. = 2m,
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and
k ifzeA,
V| S ,
0 otherwise,
where
A= {expN(tv) with ¢ € [0,2m/k] and |v| = 1} c sV,
Since |A| < (m/k)N and m ~ Ink, we obtain

lim |VgilP dz < lim (Ink/k)NkP = 0.
k—oo JSN k—o0

The conclusion follows by a standard regularization argument. ([

3.2. Proof of the statement in Remark 5. We use the same notations as
above for S, N, and exp. For k >> 1, take m € N such that m ~ Ink. Define
gr € WH(SN SN as follows:

(i) For x # expyr(tv) and = # expg(tv), where v € RV, |v| = 1, and
t € [0,2m/k], gr(z) = N.

(ii) For z = expy(tv) with t € [0,2m/k] and |v| = 1, we define g as
follows:

gr(exppr(tv)) = expy(kn(t —i/k)w;) if v € RN |v| = 1, € [i/k, (i + 1) /K],

for 0 <4 < 2m—1 and i even, where w; is chosen in the set {(v/, vy), (v/, —vn)}
(v = (v',ux) € RN~ x R) such that

sign det(Vgr(expps(tiv))) =1
with t; =i/k + 1/(4k), and
gr(expy(t0)) = exps(kn(t — ifkyws) i [o] = 1,2 € [i/k, (i + 1) /A,

for 0 <7 < 2m—1 and i odd, where w; is chosen in the set {(v/, vy), (v, —vn)}
(v=(v,ux) € RN=1 x R) such that

sign det Vg ((expy(tv))) = 1
with ¢; = i/k + 1/(4k).

(iii) For x = expg(tv) with ¢ € [0,2m/k] and |v| = 1, we define g; as
follows:

gr(expg(tv)) = expp(km(t — i/k)w;) if v € RN Ju| = 1,t € [i/k, (i + 1)/K],

for 0 <4 < 2m—1 and i even, where wj is chosen in the set {(v',vy), (v/, —vN)}
(v = (v',un) € RN~ x R) such that

(3.1) sign det Vgi((expg(tiv))) = —1
with t; =i/k + 1/(4k), and
gk (expg(tv)) = expg(km(t —i/k)w;) if |v| =1,t € [i/k, (i +1)/k],
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for 0 < i <2m—1 and i odd, where wj is chosen in the set {(v/,vy), (v/, —vN)}
(v=(v',un) € RN~ x R) such that

(3.2) sign det Vgi((expg(tiv))) = —1

with t; = i¢/k + 1/(4k).

From the definition of g, we have

deggr =0
and g — g :=(0,...,0,1) a.e.

Define hy, € W1°(SV SV) similarly as gz, however in the right-hand side
of (3.1) and (3.2), we take +1 instead of —1. Fix ¢p € C*(S™,R) such that
Y=—-1lifxys <—=1/2and ¢ =1if xy41 > 1/2. Then

1 1
@J(gkﬂb) = @J(hm 1) = deg(hy) = 2m.

On the other hand, since g is Lipschitz with Lip (gx) < k and m =~ Ink,
it follows from the construction of g; that, for 1 <p < N,

N
/N IVglP < /cp(%) <InPk/ENP = 0 as k — oo.
S

Therefore, since ||gi|lre = 1 it follows from interpolation inequalities that

limy o0 [gk|lw = 0.
By a standard regularization argument, we may construct a sequence in
C1(SN,SV) with similar properties. O

3.3. Proof of the statement in Remark 6. We only prove here that there
exist (gr) € CH(SN,SY) and ¢ € C1(SY,R) such that supy, ||gxlo.a < +oo for
all0 < a < %, gr — g uniformly on SV, and

k—o0

The proof in the general case, which is more involved, uses the same technique
as in [18, Prop. 4].
Let vg = (V1 k.-, onk) : RY = RY (k> 1) be defined as follows:

vig(x) =k~ *sin(kx;), V1<i<N-1

and
N-1
unk(z) =k N H cos(kx;).
i=1
We have
N-1
(3.3) det Vo, = kV-D1-a)-a H cos?(kz;) > 0.
i=1
Set

Gk = PUg,
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where ¢ € C*(RY) is such that supp ¢ C Blj\;Q and ¢ = 1 in B{h. Hereafter in
this proof BY denotes the open ball of R of radius r centered at the origin.
Since ||Grlle~ < k7 and [|[VGy| = < k179, it is clear that
(3.4) 1Grlloa S 1.
Set

Y ={zeSV;|2/| <1/2 and xy41 > 0},
where © = (2/,xn4+1) € RY x R. Let ¢ : B{\;Q — X be defined by ¢(a') =
(2, /1 — |2'|2). Clearly ¢ is bijective, ¢, ¢! are smooth, and det(Vep) >

det Vo=t > 1.
Define gy, : SN — SV (for k large) as follows:

poGrodp~(x) ifxeX,

—_

gk(x) =
0,...,0,1) otherwise.

Let v € C1(SY) be such that suppty C ¢(B{\;4), 0<¢y<1l,and ¥ =1 in
¢(B1)g). Then

[, det(Tg)v

SN

= /SN det(V)(Gy 0 ¢~ ! (x)) det(VGy) (¢~ () det(Vo™ ) (x)y () do

= [ 4et(T6)(Gulw) det(VGi) W)Y (6(w) dy.
1/4
Thus from the definition of gk, vk, 1, ¢, and (3.3) we have

(35) [, detVawz [ det(Vuy) 2 kD0
SN B{\;S

Since 0 < a < Y=L the conclusion follows from (3.4) and the definition of g.
O

4. The main convergence results:
Proofs of Theorem 1 and Corollary 3

4.1. Proofs of Theorem 1 and Corollary 3.
Proof of Theorem 1. Set
a = limsup g — glpmosy) < 1
k—o00
and define

1—a
1

Eo =
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Let @ and g be the extensions by average of g, as in the proof of Theorem 2,
and g (k € N) respectively. Fix a € (g0, 2¢9) and let u and uy be the functions
defined on B as follows:

UX) i jax)| > o,
uw(X) = |4 (X)]
Li (X) otherwise
e
and R
B (X)) 2 o,
aﬂ,k (X) otherwise,

for all k > 1. Let ¢ € C'(B) be an extension of ¥ in B. Then by Lemma 1,
one has
N+1

(4.1) J(g,q,z)):(NH)/B@dethH ;/Baingi(u)dw

and
N+1
(4.2) J(gk, ) = (N + 1)/ pdet Vuy dz + Z / OipD;(uy) dz.
B — /B

We claim that

(4.3) lim [ @det Vugdx = / pdet Vudz.
B B

k—o0

Indeed, since g € VMO(S™,S"), there exists d > 0 such that
VNGRS ST
B(y,r) B(y,r)

li(ry)| >1—eo>a, VyeSY Vre(l-dl),
which shows that
(4.4) det Vu(ry) =0, VyeSY,vre(1—d,1).

dé <ey, YyeSY,Vre(0,24).

Thus

Moreover, since lim supy,_, . |9k — glBmo(s~) = a, there exists m € N such that

£ Je@ -, aman
B(y,r) B(yr)

<|gx — g9/B™mO +7[
B(y,r)

dg

9€) =, gln)dn|ds < a+ 220
B(y,r)

for all y € S¥, r € (0,2d), and for all £ > m. Thus
lig(ry)| >1—a—2e0 =260 >a, VYyeSY,Vre(l—-d,1),Yk>m,
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which shows that

(4.5) det Vuy(ry) =0, VYyeSY,Vre(1—d,1),YVk>m.

Combining (4.4) and (4.5) yields

(4.6) lim pdet Vuy, do = / pdet Vudx = 0.
k—o0 || >1—d |z|>1—d

On the other hand, since g converges to g in L'(SV), we may assume
(passing to a subsequence still denoted (g;)) that g — ¢ a.e. on SV. This
implies

lim Vug(z) = Vu(z), fora.e. x € B.
k—o0
Moreover, since iy is the extension by average of gy,

Vur(ry)l S 1/(1 =), VyeSY,vre(0,1).

Thus applying the Lebesgue dominated convergence theorem, one gets
(4.7) lim pdet Vug do = / pdet Vudz, Vde(0,1).
k—o0 |z|<1—d |z|<1—d

Combining (4.6) and (4.7) yields
hm / pdet Vuy dz —/ pdet Vudz.

Thus (4.3) is established.
Next, we claim that
(4.8) lim / 0soD; (ug) dr — / OoDy(u) dw, V1<i<N+41.
k—oo JB B

This is obvious since ug — u in WHN(B), |ug| < 1 and ug — u a.e. in B.
Combining (4.1), (4.2), (4.3), and (4.8), we obtain

lim /Nwdet(gk,ng)dyz/N%bdet(g,Vg)dy- O
S

k—oo Js

Proof of Corollary 3. Corollary 3 is a consequence of Theorem 1. Indeed,
it suffices to prove that any subsequence of gy (still denoted by gx) there exists
a subsequence g,, such that

lim/ Fge(x)) det(Vagp) (« d:v—/ Fg(x)) det(Vg) (2)o(x) da,

k—o00

for all 1 € CY(SY,R). Since limg_.o0 [gxr — g|BMO = 0, there exists a subse-
quence (gy, ) of gx and ¢ € RV*! such that g,, converges to g + c in L(S").
It is clear that g + ¢ € SV for almost every z € SN. Hence either ¢ = 0, or
¢ # 0 and g - ¢ = constant.
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Case 1: ¢ = 0. Then g; converges to g in W. Let G be the function
defined as in the proof of Corollary 5. Since

lim |gx — g[pmo = 0 and  lim |[gx — gllw =0,
k—o0 k—o00
it follows that limy,e0 |G(gk) —G(9)|BMo = 0 and limy_o [|G(gx) —G(9)[lw = 0.
Thus one can apply Theorem 1 and the conclusion follows.
Case 2: ¢ # 0 and g - ¢ = constant. Then det(Vg) = 0, which implies
| Flo(@) det(Vg)(2)9(x) dz =0
and, as in the case ¢ = 0,

tim [ F(gu(e)) det(Vge) (@) (@) d
SN

k—o00

= [ Flg(e) +¢) det(V(g + ) (@)b(a) do = 0

SN

The conclusion follows. U
4.2. A remark on the degree. Motivated by Theorem 1 we prove

PROPOSITION 4. Let (gi) C C(SV,SN) and g € C(SV,SY). Suppose that
gr converges to g for almost every x € SN and

limsup |gr — glpmoy) < 1-
k—o0
Then
lim deg g = degg.
k—oo

Proof. We could prove Proposition 4 by using the same method as in the
proof of Theorem 1. Nevertheless, we present here a direct argument.
Since limsupy,_, |9k — glmo(sy) < 1 and g € C(SM,SVN), there exist

o > 0, kg > 0, and g¢ > 0 such that ‘:,CB(w,T') Gk da‘ > go and ’JLB(z,r) gda‘ > gg,
for all r < rg and k > kg. Set

][ gk do f gdo
B(z,r0) B(z,r0)

]l gr. do ]l gdo
B(z,r0) B(z,ro)

where B(z,r) = {y € SV; |y — x| < r}. Then deg gy, = deg gk, degg,, =
deg g, and g, converges uniformly to g,, in SN. This implies

ko () = and g, (z) =

)

lim deg g = degg. O
k—o00

Remark 12. Proposition 4 is a slight improvement of the result of H. Brezis
and L. Nirenberg [20] which asserts that if limy o |gx — g|BMmo = 0, then

limg o0 deg g = deg g.
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5. Proofs of Proposition 1 and Remark 2

5.1. Proof of Proposition 1. We only prove here that there exist (gx) C
C(SN, SN) and ¢ € CY(SY,R) such that limy o0 [|gk — gllo.a < 400 for all
0<a<H ,supngkHO N1 < +00, supk||gk|| N1y < oo, and

lim J(gs, ) = +oo.
k—o0

The proof in the general case, which is more involved, uses the same technique
as in [18, Prop. 4].
Define (g) and v as in the proof of the statement in Remark 6 (see §3.3)
with a = % Then
Sup gk llg, 21 < o0,

gr. converges uniformly to g := (0,...,0,1), and
liminf J(gx, ) >0 = I(g,v),
k—o0

by (3.5).
It remains to check that supsey |gr|lw < 0o. Indeed, from the definition
of gy, it suffices to prove that, with x = (2/, acN) e RVN-1 xR,

Sup (|]€ N Sln(k$N)|W [ 1 1]N + |k N COS(k’CL’NHW 171]N)) < 4o0.
A standard computation yields

1 1
——dd'dy < ————,
/[—1,1}1\/1 /[—1,1}N1 |z — y|2N -1 v lzn —yn |V

where z = (2/,zx) € RV x R and y = (v/,yn) € R¥~! x R. This implies

(5.1)
N1, ! ~(N=1)| sin(kt) — sin(ks)|V
k=~ sm(kxN)VV\(,([_L”N) 5/_1 /_1 T— dsdt.

On the other hand,

Ul g=(N=Dgin(kt) — sin(ks) |V k |sin(t) — sin(s)|V
/1 /1 [t —s|V dsdt = k/ / |t — s|NV ds dt.

Since

| sin(t) — sin(s)|V < 1
e N

/ / dsdt <k
(I+[t—sPN ~
it follows that

1 pl .—(N—-1)| o o N
/ / k \sm(l{:t)N sin(ks)| dsdt < 1.
—1J=1 |t — $|

Vit,s € (—k,k)

and
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Thus from (5.1),

N-1 |
|k~ "~ sm(k:xN)IW([—l,l}N) S

Similarly,

N—-1

|k~ v cos(kxn)|w (-1,1~) S 1. .

5.2. Proof of Remark 2: Optimality of Theorem 1. It suffices to prove
that condition i) is necessary since the importance of condition ii) was already
discussed in Proposition 1.

PROPOSITION 5. Let N > 1. There exists a sequence (gi) C C*(SV,SV)
(N > 1) such that gr — g = (0,...,0,1) in W(SV,SN), g — g a.e.,
supy, [|Vgrllpy < 400, limgoe l9x — glBMO = 1, and deggy = 1> 0 = degg.

Proof. For k > 1, define

(0,...,0,1) ifznp > —1+1,
gk(x) = .
(7', 2Nn41) otherwise,

x/

where 2= (2, xn41) € RV XR, 2y41=2kzn,1+2k—1and 2/ =/1 — zJQVHm.

It is clear that gy is Lipschitz with |gk|lLip < Vk. Hence, since gi(z) =
(0,...,0,1) if zy41 > —1+ 4, it follows that

p—N

1
{z;znp < _1+k}’ Sk

’gk‘%/l,p S k%

Therefore supy, | Vil v < +oo and limg_yo0 [|[Vgr||zr = 0 for all 1 < p < N.
By interpolation, we obtain

lim |gg|w = 0.
k—o0
On the other hand, from the construction of g and g, one has
degg=0 and deggy=1 Vk2>1.

It remains to prove that |gx|pmo = 1. We first note that

2
][ gk(y)—f 9k dy=][ lgw|* dy — ’7[ gr dy
B(z,r) B(z,r) B(z,r) B(z,r)

for any ball B(z,7) € SV. Thus |gi|mo < 1. Next, we recall that for any
h € CYSN,SN) if degh # 0, then for any v € C*(B) extension of h, there
exists a point X € B such that v(X) = 0. Thus, since deg gy = 1, there exist
B(xg,70) for some zg € S and ry > 0 such that fB(m’m)gk dy = 0. This
implies that f,. .y 196(¥) = f5(00.m0) gr|>dy = 1 for such a ball. Therefore

2
<1

‘gk|BMO 2 1. Consequently, ‘gk"BMO =1. 0
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6. Definition and properties of g*w for g € (W N VMO)(SY,SV)

In this section we extend the previous results to the case g € VMO(SY,SV)
AW (SN, sV); VMO(SY,sM)n W (SV,SV) is denoted by (VMO NW)(SV,SV)
or (WNVMO)(SY,SY), and VMO(SM)NW (SV) is denoted by (VMONW)(SY)
or (W N VMO)(SM).

We begin with

LEMMA 2. Let N > 1 and g € (VMO NW)(SY,SN). Then there exists a
sequence (gr) C CH(SN,SN) such that g, — g in W(SY) and BMO(SY).

Proof. For k> 1, define

ar(z) = f gr(s)ds
B(z,1/k)

and

gr(x) = gr(x)/|ge()]-
Since g € VMO(SY, SY), g, is well-defined when k is large enough. In addition
gr — g in BMO(SY) (see e.g. [20, Cor. 4]). Moreover, g = F(gx), where
F(¢) = €/|¢| is a Lipschitz map on {¢ € RN*L;|¢] > 1/2}. We conclude (see
e.g. [9, Claim (5.43)]) that g = F(gx) — F(g) = g in W(S") since g, — g in
W (sM). O

LEMMA 3. Let (gx) CCH(SY,SN) be a Cauchy sequence in (WNVMO)(SV).
Then J(gy, ) is a Cauchy sequence for any ¢ € C1(SV,R).

Proof. Let up be the extension of g; as in the proof of Theorem 1. Then

N+1
J(gk, ) = (N + 1)/ pdet Vuy do + Z / ;oD (uy) dz,
B = /B

where ¢ € C!(B) is an extension of 1. Applying the method used in the proof
of Theorem 4, one can show that det Vuy, is a Cauchy sequence in L' (B). Here
we only use the fact that g is a Cauchy sequence in VMO. Next we see that
D;(ug) is a Cauchy sequence in L'(B) for 1 < i < N+ 1. Here we only use the
fact that gy is a Cauchy sequence in W (S") so that uy, is Cauchy in WV (B).
The conclusion follows. O

Definition 1. Let N > 1 and g € (VMO N W)(SY,SY). Then for any
Y € CHSM,R), we can define J(g,7) as the limit of J(gg, ) for any sequence
(gr) € CY(SN,SN) such that g — ¢ in (W N VMO)(SY). This object is
well-defined according to Lemmas 2 and 3.

Remark 13. Let g € (W NVMO)(SY,S¥) and let u be the extension of g
as in the proof of Theorem 1. Then det Vu € L>(B) since g € VMO(SY,SV)
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and u € WHY(B) since g € W(SY). Moreover,

(6.1)
N+1

(g, ) = (N+1)/ pdet Vuds + 3 / 0¢Dy(u)dz, Vi € CL(SV,R),
B = /B
where ¢ € C1(B,R) is any extension of .

Similarly, the quantity

|, Fla) det(Vg)u da

is well-defined in the distributional sense when F € C%%(SV,R), g € (VMO N
W)(SN,SN), and ¥ € CH(SV,R) (see the proof of Corollary 5). Moreover, if
(gx) € (VMONW)(SY,SY) and g € (VMONW)(SY,SV) are such that gx — g
in (VMO NW)(SY), then

lim /S  Flg) det(Vge) do = /S _ Flg)det(Va)y de.

k—o0

We next state some properties of J(g,v) (resp. [on F(g)det(Vg)y dx)
in the case g € (W N VMO)(SY,SY) (resp. g € (W N VMO)(SY,SV) and
F € 0%(SN,R), for some a > 0). The proofs are left to the reader.

PROPOSITION 6. Let N > 1, g € W(SN,SN)n CO(SN,SN), and v €
CY(SN,R). Then

13(g, )| < C ([l LTy (9) + I Vll< gl ) ,
for some positive constant C = C(N).
As a consequence of Proposition 6, we have

PROPOSITION 7. Let N >1, g € W(SY,SMNCO(SN,SN), Fe CO*(SN | R)
for some a > 0, and ¢ € C*(SY,R). Then

02 |[ Flo)deuTopwds| < € (Jl=Ts(o) +T6]xlgl).

for some positive constants C = C(N, || Fllo,a) and 6 = 6(N, || Fllo,a)-

Propositions 6 and 7 are still valid for g € (W N VMO)(SY,S"). For the
proofs we go back to the formula (6.1) and use the same method as in the one
of Theorem 2. It would be natural to construct a sequence (g) C C1(SV,SV)
such that g — ¢ in (W N VMO)(SY) and then use (6.2). The left-hand side
in (6.2) converges to the desired quantity. However, we do not know whether
liminfg oo T5(gx) < T5(g), even for a particular sequence (see Remark 16 at
the end of the appendix). We warn the reader that the corresponding estimates
are sometimes useless. More precisely, there exists g € (W N VMO)(SY,SV)
such that Tj5(g) = oo for every 0 < § < 1 (see [19]).



ON THE DISTRIBUTIONAL JACOBIAN OF MAPS 1165

7. The case N=1

7.1. Proofs of Theorems 4 and 3. We continue our study of J(g,%) and
establish further properties valid when N = 1. Our main estimate is

THEOREM 5. Let g € C*(SY,SY) and ¢ € CH(SY,R). Then for all0 < § <
01 = /3, there exists a constant Cs > 0, depending only on &, such that

(g, V) < Csl[¢llwre (T5(g) +1) -

The limiting case § = v/3 in Theorem 5 is open (this is in contrast with
Theorem 2).

Open question 3. Is it true that
3(9.9)| < Cllollwi (T509) +1) Vo€ Clsh,8Y,
for some positive constant C'?
Our main ingredient in the proof of Theorem 5 is the following:

THEOREM 6. For each 6 € (0,v/3), there exists a positive constant Cgs
such that

/ / lo(z ]dwdy<Cg[T5( w)—l—l] Vo € VMO((0,1),R).

Theorem 6 was first established when 0 is very small and ¢ is continuous
by J. Bourgain, H. Brezis, and P. Mironescu [8]. Their (unpublished) proof
is quite involved. Our proof is also very technical and totally different from
theirs. We will present it in the appendix. We will also prove there that /3 is
optimal in the sense that for any ¢ > v/3, the conclusion fails.

Proof of Theorem 5. Fix P a point of S'. Let ¢ € C*(S'\ {P},R) be a
lifting of g; i.e., g = € on S' \ {P}. Then, by (1.13),

/ w(s)Y'(s) ds + 2w (P) deg g.

It follows that

(7.1) (g, \<‘/ o ()0 (s) ds

We have, since [ ¢/(s)ds =0,

[elsp@ds = [ (o= [ ewar)esds= [ [ e —p)/(s)ds

This implies
<l [, [ 1e(s) = ool dsa,

+ 27| deg g[[4(P)]-

$)'(s) ds

‘Sl
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Applying Theorem 6, one has, for any 0 < § < /3,

[ 60/ (s)ds| < ol (Talg) + 1),
for some positive constant Cs. On the other hand, by Proposition 3,

| deg || (P)] < |9l L=T5(g)-

The conclusion follows from (7.1). O

THEOREM 7. Let (gr) C CY(SY,S!) and g € CY(SY,SY). Suppose that
kli{go Hgk — gHBMO = 0. Then

Jim J(g, ) = I(g,¥), V¢ € CH(SLR).

Proof. Fix P € S'. Since gx,g € C*(S',S') and g, — ¢g in BMO(S!,S!),
there exist ¢, @ € C1(S'\ {P}) such that e = g, ¢ = g on S'\ {P}, and
o — ¢ in BMO(S! \ {P}) by [20, Th. 3] Thus since

J(gi, ¥ / or(8)Y'(s) ds + 2mp(P) deg gy,

and
== [ @50/ () ds + 2m0(P) deg .

the conclusion follows. Here we use the fact that if (gi) € C'(S',S!') con-
verges to g € C1(SY,S!) in BMO(S!), then limy_,o deg g = deg g according
to Proposition 4 (see also [20]). O

Proofs of Theorems 4 and 3. Theorems 4 and 3 are consequences of The-
orems 5 and 7 respectively (see the proofs of Corollaries 5 and 3).

7.2. Definition and properties of g*w for g € VMO(S!,S!). In this section
we will extend the result in Section 7.1 to g € VMO(S!,S!). We begin with
(see e.g. [20, Cor. 4])

LEMMA 4. Let g € VMO(SY,SY). There exists (g,) € C*(S',SY) such that
gr, — g in BMO(S!).

We also have

LEMMA 5. Let (gr) C CH(SY,SY) be such that (gi) is a Cauchy sequence
in BMO(S!). Then for any ¢ € C*(S',R), J(gx, ) is a Cauchy sequence.

Proof. Fix P € S'. Since (g) C C*(S!,S') and (gi) is a Cauchy sequence
in BMO(S'), there exists ¢ € CY(S'\ {P},R) such that ¢ is a Cauchy
sequence in BMO(S! \ {P},R) (see [20, Th. 3]). Thus since

I(gr. ¢ /sok s)ds + 2m(P) deg gp, V1 € CL(SL,R),

the conclusion follows. O
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Definition 2. Let g€ VMO(S!,S!). Then for any v € C*(S},R), we can
define J(g, ) as the limit of J(gg, ) for any sequence (gx) C C*(S!,S') such
that gr — g in VMO(S'). This object is well-defined according to Lemmas 4
and 5.

Remark 14. Let g € VMO(S1 Sl) Then

(7.2) / (s s)ds + 2mip(P) deg g,

for any P € S' and for any ¢ € VMO(S1 \ {P},R) such that ¥ = g on
St\ {P}.

Similarly, the quantity,

F(g)det(Vg)y ds

is well-defined in the distributional sense when F' € C(S',R), g € VMO(S!, S1),
and ¢ € C1(S',R) (see the proof of Corollary 5).

Moreover, if (gr) € VMO(S!,S!) and g € VMO(S',S!) are such that
gr, — g in BMO(S!), then
lim F(gk) det(Vgg) ds = / F(g) det(Vg)y ds.

k—o0
We next State some properties of J(g,v) (vesp. Jsv F(g)det(Vg)i dzx) in
the case g € VMO(S!, S!) (resp. g € VMO(S!,S!) and F € C(SHR)).

PROPOSITION 8. Let g € VMO(SY,S) and ¢ € CY(SY,R). Then for all
0 < < {1 =+/3, there exists a constant Cs > 0 depending only on & such that

I (g, )| < Cosl[¥[lwre (T5(g) +1) -
Proof. The proof is the same as that of Theorem 5 by using Theorem 6. [

As a consequence of Proposition 8, we have

PROPOSITION 9. Let g € VMO(SY, S, F € C(SYR), and ¢ € CH(SHR).
Then

[, Flo) det(Vg)wds| < Cllilhwnee (Talo) + 1),

for some positive positive constants C' and ¢ depending only on || F||fec.

7.3. An improvement of Theorem 3: A partial answer to Open Question 2.
In this section, we prove
PROPOSITION 10. There ezists a constant ¢ > 0 such that if (gx) C
CL(St,Sh), g € CL(SY,SY), gi converges to g a.e. in S, and
limsup |gx — glBmo(st) < ¢
k—o0

then
lim/ det(ng)zbda::/ det(Vg)y dx.
St

k—oo JSs1



1168 HAIM BREZIS and HOAI-MINH NGUYEN

This proposition is a consequence of

PROPOSITION 11. There exists a constant ¢ > 0 such that if (gx) C
C1((0,1),SY), g € C*((0,1),SY), g converges to g a.e. in (0,1), and

limsup |gx — g|BMmO < ¢,
k—o0

then

im [ [ lerte) ~ o) ~ o) — o)l e dy = .

k—o0

Here @), and p € C1((0,1),R) are respectively liftings of gr and g.

We first accept Proposition 11 and turn to the

Proof of Proposition 10. Fix P € S'. Let ¢, 1, € CY(S'\ {P},R) be
liftings of g and gi. Then

I t) = = [ out! ds +2m deg 9 v(P).

From the assumption of Proposition 10, by Proposition 4,
lim deggy = degg.
k—oo

It suffices to prove that

hm/ or ds-/ o dx.

/Sl pr dr = /Sl /S1 [pr(x) — or(Y)]Y (x) dz dy
/S1 Py de = /S1 /S1 [p(x) — e(W)]Y' (x) dz dy.

It follows from Proposition 11 that

hm/ Ry’ ds—/ o’ dx. (]

We have

and

We now return to

Proof of Proposition 11. In this proof I denotes the interval (0, 1). For all
x, y € I, one has

k(@) — ()] = [ery) — oW S lexp(iler(@) —p(x)] —iler(y) —e(y)]) — 1
+ [ler(z) — ()] = [or(y) — )]
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However,
lexp(i[pr(z) — (x)] —iler(y) — eW)]) — 1| = |ge(z)/9(x) — gr(y)/9(y)]
<lgr(x) — g(z)| + lgr(y) — 9(y)|-
Hence
lon(z) = p(@)] = [erly) — )]
Slgr(@) = g(@)| + gk (y) — )| + ler(x) — o(@)] — [er(y) — e(W)].
This implies

/1 /[ [or(z) — o(@)] = [er(y) — e)]| dz dy

< /I k() — g(=)| dr + /I /I (@) — o(@)] — [ox(y) — o)) da dy.

On the other hand, as a consequence of inequality (2)" in F. John and
L. Nirenberg [43] we have

[ [lten(@) - o)) - lostw) ~ o)) dzdy

S lo = elimio [ [ llpnla) = o(a)] = oe) - o(w)]] da dy.

Thus

/1/1 k() — (@)] = [pr(y) — w(y)]| dv dy

S [ @) =g@)| de+loi—plao | [ ller(@) =) ~lor )~ W)l dudy.

Finally, we use an inequality of R. Coifman and Y. Meyer [22] (see also [20,
Th. 4)):

lor — plemo < 4lgk — glBmo

when |gr — g|pmo is sufficiently small. Hence, there exists a positive constant
¢ such that if |gr — g|pmo < ¢, then

| [ ller@ = e@) = lonty) = el dwdy < [ lguta) - gl do.
1J1 I

Since g converges to g for almost every = € I,

tim [ [ lin(a) = o(@)) = lpuly) = ¢(w)l| dady = 0. 0

k—o00



1170 HAIM BREZIS and HOAI-MINH NGUYEN

Appendix A. A basic estimate for the lifting: Proof of Theorem 6

This section is devoted to the proof of the following fundamental estimate
in Theorem 6:

/ / o(2)—p(y)| dudy < C5[T5(e)+1], Y € VMO((0,1),R),¥d < v/3.

We recall that
/ / T drdy, Vé>0.
|z — yl
|ew(z) ew<y)|>5

The constant /3 in estimate (A.1) is optimal in the sense that for any
§ > /3, the conclusion fails. Indeed, one can construct as in [54] a sequence
(o) € CH([0,1],R) such that ¢y, is increasing, ¢ (0) = 0, i (1/k) = 27

or(x +1/k) = pp(z) + 2m,Va € [0,1 — 1/k],

1 r1 1
lim / / g drdy=0
k—o00 o Jo |:L’ — y|
le??r (@) _eter (¥)|>/3

It is easy to see that |¢k|pmo =~ k.
The limiting case § = v/3 is open:

and

Open question 4. Is it true that

/ / lo(z) — @(y)| dzdy < C[T 5(e) + 1], ¥ € VMO((0,1),R),
for some positive constant C'?

Proof of (A.1). We follow the strategy of J. Bourgain, H. Brezis, and
P. Mironescu in the proof of [10, Th. 0.1] and use ideas inspired from [7] and
[54].

In this proof the notation a < b means that there exists a positive constant
Cs such that a < Csb. The notation a 2 b means that b < a and I denotes the
unit open interval (0, 1).

Set g = €'?. Extending g by symmetry to the interval (—1,0), and then
by periodicity to all of R, one may assume, without loss of generality, that
g € VMO(R,S'), and it suffices to prove that

(A.2) //‘(p )| dedy < Ts(g) +1, V6 € (0,v3),

where
dx dy.
/ / 6!w—y!2

w)g >
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We only need to prove (A.2) for § < V/3 and ¢ is close to v/3 . Hereafter, we
assume this.

Step 1: Proof of (A.1) when g is continuous. Let u : I?> — R? be the
extension by average of g, i.e.

wer) = g(e)d,

andsetoz—‘s_2 > 0.
For each = € I, define p(z) by

p(x) = sup{r; |u(x, s)| > afor all0 < s < r}.
We adapt here the ideas used in the proof of [10, Theorem 0.1]. Set
G={X=(x,r);xeland re (p(x),1)}.

Since |Vu(z,r)| < 1/r for (z,r) € I?, one has

(A.3) / \Vu(z,r)|* drde < / L dx.
G p(x)
p(x)<1

To obtain an estimate for the right-hand side of (A.3), we follow the same
argument as in the proof of [54, Th. 1]. Recall that if J is a nonempty set and
(Aj)jes is a collection of points in S! such that dist(conv ({A;; j € J}),0) <
1/2, then there exist ji,j2 € J such that |A;, — Aj,| > V/3 (see [54, Cor. 4]).
Here O = (0,0) € R? and conv (.) denotes the convex hull of a subset of R2,
Thus, since o < 1/2, if p(z) < 1,

z+p(x)
][ g(s)ds| < «
z—p(z)

which implies, as in the proof of [54, Lemma 6],

A9 [{Em e @—pa)z+ p@)%19(6) - g(n)] > 6}| 2 p(a)?
Hence, for some positive constant 7, independent of g and x, one has
z+p(z z+p(x
/ / g dtdn 2
z— p(:r z—p(x) |
n)|>6
IE nIZTﬂ(I)

It follows that

/ 1 . </ 1 /a:+p(x) /z+p(w) 1 dt dnd
——dx — ndz.
p(z)<1 p(x) p(z)< (33) z—p(z) Jz—p(z) ‘g 77’2

\g(é)*g(n)|>5
|E—n|>Tp(x)
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A simple computation gives

1
A5 / ——dz < Ts(g).
(A.5) Sy S (0
p(z)<1
Combining (A.3) and (A.5) yields
(A.6) [ 1Vul? ax £ 7y(g).
G
Using the co-area formula, one has

(A7) / / Vu| do df = / V| [V]u]| dX.

1/4

/ {oel?; ju(o)|=8} {Xer;1/a<fu(X)|<a}

However, from the definition of G and p it is clear that
(A.8) {(X eI’ 1/4< u(X)| <a}CG.
Combining (A.6), (A.7), and (A.8) yields
[ [ Vuldeds £ Ti00).
1/4
{oel?; |u(o)|=5}
Thus, by Sard’s theorem, there exists a regular value g of |u| (1/4 < 8 < «)
such that
(4.9) [ IValdo £ Ty(a),
r

where I' = {X € B; |[u(X)| = 8}.
Fix zand y in I (2 <y). Set

U=A{(zr) € [z,y] x I; [u(z,r)| > B}

Let W be the connected component of U such that [z,y] x {0} C W and ~
be the connected component of OW such that [x,y] x {0} C 7 (see Figure 1).
Set

h ionVV.

ul

Let ¢ € C(y — {y},R) be such that h = €*¥ on v and ¢ = ¢ on (z,y) x {0}.
Then

(A.10) [9(w.00) w0 < | [Vuldo,

where 9 (y,04) = lim, 0, ¥(y,7) and ¢(y—,0) = lim.,, (z,0). Hence
from (A.10) one has

(A1) fo(a) =) = [¥(a.0) = 6ly=,0)| < |v(y: 0:4) = (a,0)|+ [ [Vl do.
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(z,1) (y,1)
~y
-
w (v, p(y))
(z, p(x))
(z,0) " (,0)
Figure 1.

However,
[, 04) = (,0)| < [, 04) — V(. p(w))]
+ [y, o) = v, pl@))| + i, p(a)) = (x, 0)]

and, with 71 1= ([, 5] x {0}) U ({2} x [0, p(x)]) U ({y} x [0, p(w)]);
1 1
(. ply) — (e pla))] < / Vo 5 [ \vuldo + FrRie
It follows from (A.11) that

1 1
(A12) o) — )| < /F Vuldy o+

+ [ (z, p(x)) = ¥ (@, 0)| + [v(y, p(y)) — ¥(y, 04)].
We claim that

1
(A13) @) vl S [ gdet
lg(z)—g(x)|>6

and

1
(A1) [y o) — (. 04)] < / oL
lg(2)—g(y)|>6

To prove the claim, we proceed as follows (this is inspired from [7] and [54]):
Let k € Z be such that

(A.15) 2km < (z, p(x)) — Y(x,0) < 2km + 2.
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Without loss of generality, one may assume that & > 0 and ¥(z,0) = 0. It
follows from (A.15) that there exist 0 < t; < to < -+ < tor—1 < top < p(x)
such that

w(.%', tgm_1> =2mm — ™,
(A.16) Vi<m<k.
Y(x, toy,) = 2mm,
Set
Az,m:{zeR§t2m<|Z_'r|<t2m+1}7 Vm >1
and

Bim={zeR;|z—z|<tn}, Ym>1.

Since |u] > a on {z} x [0, p(z)], with the notation g = (g1, 92), it follows
from (A.16) that

(A.17) 71 g1dz > a and 71 grdz < —a.
Bz,?m Br,2m+1
However,
B A
(A.18) 7[ g1 dz = 1Beom| g1 dz + Mom] g1 dz.
Bz,2m+1 ‘Bm72m+1| Bz,2m ’Bm,zm"!‘l‘ Az,m
Combining (A.17) and (A.18) yields
(A19) |Ax,m‘ Z ’Bx,2m+l‘ 2 t2m+1
and
(A.20) ][ g1dz < —a.

x,m

From (A.20), one has
{z € Avm; 91(2) < —a}| 2 Az ml,
which implies, since 2 + 2a = §2 and g(z) = (1,0),
(A.21) {z € Aemi 19(2) — g(2)| 2 0} 2 [Aeml.
Using (A.19), (A.20), and (A.21) we obtain
{z € Aemi 19(2) — g(2)| = 0} 2 tom1-

This implies, since |z — x| < top41 for z € Ay,

dz 2 1.
|z —
Az,mN{2;9(2)—g(x)| 26}
Consequently,
k—1
1 1
/ ——dz 2 / ——dz 2 k—1.
\z—ac]Q m=1 ‘Z—[L”Q
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This shows that
1
[(z, p(x)) = ¥(x,04)] S / e dz + 1.

l9(z)—g(2)|=6

Similarly,

(Y, p()) — (y, 04)] < / |Z_1y|2dz+1.

lg(2)—g(y)|>6

Thus (A.13) and (A.14) are proved.
Combining (A.9), (A.12), (A.13), and (A.14) yields

1 1 1
r) — <T. +—+ / d
[p(a) ~ o) STo(9) + o5+ o -t
l9(2)—g(z)|>d
1
Y .
|z —y?

lg(2)—g(y)|>6

Integrating the above inequality with respect to (x,y) over I x I, one has

//|cp y)|dzdy <Ts(g) + / —d+/ dy+1

p(r)<1 p(y)<1
It follows from (A.5) that

| [ 1e@ = etldzdy < (o) +

Remark 15. Inequality (A.4) is equivalent to the existence of a constant
Cs > 0 such that

(A22)  {(&mn) € (@ = p@),x + p(2));19(€) — 9)]| = 8} > Cop(w)?

One cannot deduce from the assumptions g € L'((a,b),S') and H‘Zf g(z)dz| =
a < 1/2, that there exists a universal positive constant C' such that

{(&m) € (x =z +7);19(8) — 9(n)| = V3}| = O,

Here is an example. Assume a = 0 and b = 2. Let A = (1,0), B = ¢'(?7/3+7),
and C' = ¢™/3=7) where 7 > 0 (small) is chosen such that |O — 25| =
1—a > 1/2. Let g be a function defined on (0, 2) such that |{y; g(y) = B}| =
{y: 9(y) = C}| = 572, and [{y: g(y) = A} = 5=¢. Then

[{(6m) € (0,2):19(€) — g(n)| = VBY =2 2‘_“551 S 0asa—1/2,

This is the reason why we cannot establish estimate (A.1) for § = /3 using
this method.
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Step 2: The general case. Define g. : [—1,2] = S! (¢ small) as follows:

Let ¢. € VMO(I,R) be the lifting of g. such that (. converges to ¢ in L', let

ues be the extension by average of g. as in Step 1, and let 0 < A < % be such

that 2 + 2\ = (3 4 62)/2. Then, since 2 + 2a = §? < 3, one has a < A < 1/2.
For each = € I, define p.(z) by

pe(x) = sup{r; |us(x, s)| > Aor all0 < s < r}.
If po(z) < 1, then

(A.23) =\

x+pe ()
f g:(z) dz
z—pe(z)

We claim that p.(z) > ro for some rg > 0 independent of £ and x as ¢ is small.
In fact, from (A.23), ¢ < p-(z). Since

x+pe () z+pe ()
f 1g+(r) \dr<][ f g(r)|de dr
z—pe ()
T+pe () r4e 1
+ / g(&)\( ) dear
z—pe(x) Wr—e J%‘—a g
it follows that
T+ pe(2)
(A2) f e —glar < s
z—pe(x

when ¢ small (by g € VMO). On the other hand,
@+pe () a+pe () a+pe ()
0 amar =, " gt —gndr+ gy dr
z—pe(w) z—pe () z—pe ()

and | ‘ yy+; g(r )dr‘ converges to 1 uniformly in [0,1] as s goes to 0. It follows
from (A.23) and (A.24) that p.(x) > ro for some 79 > 0 independent of ¢
and x.

Since p- > 7o, there exists €1 such that for all € < 1,

z+pe(T) 1 1
][ 9(y) dy §7<)\+7)<1/2.

—pe(a) 2 2

Hence, as in the proof of Step 1, one has
1
A.25 / dr < Ts(g),
( ) pe() (9)
pe(z)<1

for e <eq.
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Let 71 > 0 be such that

(A.26) J[ 1@~ ewldedy < 5 [ [ 1)~ pw) o,

for every measurable subset D of I? such that |D| < r?.
Set 79 = (A — a)/2 > 0. We have

(A.27)
x+Tr
][ g:(z)dz

m—H"
1f7[ lg:(2) — g(2)| dz <7y and >, then
lg=(2) — g(2)| dz > 7 for some r € (0, 1)} .

> Q.

]{:zw o(2) dz

—r

Define
(A.28) A= {x €r; 7[

From the theory of maximal functions (see e.g. [57, Th. 1, p. 5]), we infer that

1 2
A5 = [ loe() = gl s

x+r

T

Thus, since g. converges to g in L', there exists 2 > 0 such that

(A.29) Al <r3/2, Ve<en.
Since . converges to ¢ in L'(I), there exists e3 > 0 such that
(A.30) IB.| <7%/2, Ve <es,
where
(A.31) B. = {v € L) — o) >

Set C. = I\ A.. We claim that, for ¢ < min{eq,e9,e3},
(432 [ [ 16-@) — petw)l e dy < o) + 1.

Indeed, fix € < min{ey,e2,e3}. As in Step 1, it follows from (A.25) that
there exists . € (1/4, ) such that

(4.33) [ IVudldo 5 To)
Ie

where T'. = {X € I?; |u.(X)| = 8}.
Set
Us ={(z,7) € [z,y] X I} |uc(z, )| > B}
Let W, be the connected component of U, such that [x,y] x {0} C OW. and
v be the connected component of OW, such that [z,y] x {0} C 7.. Set

e = Ye on W-.
|ue|
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Let ¢ € C(v.—{y}, R) be such that h. = e'¥s on 7. and 9. = ¢. on (z,y)x {0}
(we recall that ¢ is a lifting of g.). As in the proof of (A.12), one has

1 1
e(T) — @e S el d
joe(a) — )| 5 [ [Vl dy + s s

(A.34) + [Ye(@, pe () — Ye(@, 04)] + Ve (Y, pe(¥)) — Ye(y,04)].

We claim that
(A3 [rep) —v@0lS [ ogdit

l9(z)—g(z)| =6
and
1

(A36)  Welp@) w0l [ gded

lg(2)—g(y)|>d

We follow the strategy presented in Step 1. Take z, y € C. and let k € Z
such that

(A.37) 2km < Y (z, p(x)) — Ye(2,0) < 2k7 + 27.

Let 1 € C({x} x [0, p<(2)]) be such that e = u/|u| on {z} x [0, pe(x)] (u is
the extension by average of g as in Step 1). From (A.28), 1 is well-defined
since z ¢ A.. Without loss of generality, one may assume that & > 0 and
P(x,0) = 0 and Y(z,0) € [-m,w|. It follows from (A.37) that there exist
0 <ty <ty<-+ <top_1 < tor < pe(x) such that
Ye(w, tam—1) = 2mm — ,
¢€($at2m) = 2mm,
Since = ¢ A, it follows from (A.28) that there exist si,..., Sox_2 such that
0<t; <s1 <83 < Sop_2 < pe(x) and
{ Y(x, Som—1) = 2mm — T,

Y(x, Som) = 2mm,

Vi<m<k-1.

Vi<m<Ek-1.

Thus since x ¢ A., according to (A.27) and (A.28), one has

T4+52m T+52m
][ g91(2)dz > a and 91(2)dz < —au.
€T

—S2m T—82m
Applying the same method used to obtain (A.13) in Step 1, one has
1
Velospl@) — vl s [ —pd

|z — z|?
lg(2)—g(z)[>d
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Similarly,
1
e p@) — w00l S [ et

lg(2)—g(y)|>d

Thus (A.35) and (A.36) are proved.

Integrating (A.34) with respect to x and y on I? and using (A.25) and
(A.33), one obtains (A.32).

Combining (A.29), (A.30), (A.31), and (A.32) yields

/ / p(z) = p(y)dzdy < T5(g) + 1.
2\B. JC\B.

Therefore, the conclusion follows from (A.26). O

Remark 16. A natural strategy for Step 2 would be to construct, for any
given g € VMO(SY, S1), a sequence (gr) € C(S',S') such that g, — ¢ in
BMO(S!) and

(A.38) Jim T5(gx) = T5(9)-

We warn the reader that there exist g € C([0,1],R) and a sequence (gx) C
C([0,1],R) such that gy — ¢g in BMO and

lim T5(gx) = +o0, V6> 0.
k—o0

(see [19]). However, it might be true that (A.38) holds for a special sequence
(gx); this is an open problem (see [19]).
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