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Global regularity for some classes of large
solutions to the Navier-Stokes equations

By JEAN-YVES CHEMIN, ISABELLE GALLAGHER, and MARIUS PAICU

Abstract

In previous works by the first two authors, classes of initial data to the
three-dimensional, incompressible Navier-Stokes equations were presented,
generating a global smooth solution although the norm of the initial data
may be chosen arbitrarily large. The main feature of the initial data consid-
ered in one of those studies is that it varies slowly in one direction, though
in some sense it is “well-prepared” (its norm is large but does not depend
on the slow parameter). The aim of this article is to generalize that setting
to an “ill prepared” situation (the norm blows up as the small parameter
goes to zero). As in those works, the proof uses the special structure of the
nonlinear term of the equation.

1. Introduction

We study in this paper the Navier-Stokes equation with initial data which
are slowly varying in the vertical variable. More precisely we consider the
system

Ou+u-Vu—Au=—-Vp in RT xQ
(NS) ¢divu=0
u‘tZO = UQ,e,

where Q = T? xR (the choice of this particular domain will be explained
later on), and wug. is a divergence free vector field, whose dependence on the
vertical variable x3 will be chosen to be “slow”, meaning that it depends on ex3
where ¢ is a small parameter. Our goal is to prove a global existence in time
result for the solution generated by this type of initial data, with no smallness
assumption on its norm.

1.1. Recollection of some known results on the Navier-Stokes equations.
The mathematical study of the Navier-Stokes equations has a long history,
which we shall describe briefly in this paragraph. We shall first recall the
main global wellposedness results and some blow-up criteria. Then we shall

983


http://annals.math.princeton.edu/annals/about/cover/cover.html
http://dx.doi.org/10.4007/annals.2011.173.2.9

984 J.-Y. CHEMIN, I. GALLAGHER, and M. PAICU

concentrate on the case when the special algebraic structure of the system is
used, in order to improve those previous results.

To simplify, we shall place ourselves in the whole euclidian space R? or
in the torus T¢ (or in variants of those spaces, such as T? x R in three space
dimensions); of course results exist in the case when the equations are posed
in domains of the euclidian space, with Dirichlet boundary conditions, but we
choose to simplify the presentation by not mentioning explicitly those stud-
ies (although some of the theorems recalled below also hold in the case of
domains up to obvious modifications of the statements and sometimes much
more difficult proofs).

1.1.1. Global wellposedness and blow-up results. The first important re-
sult on the Navier-Stokes system was obtained by J. Leray in his seminal
paper [24] in 1933. He proved that any finite energy initial data (meaning
square-integrable data) generates a (possibly nonunique) global in time weak
solution which satisfies the energy estimate

1 t 1
(1.1) Sz +/0 IVE) 724t < S lluollza.

Moreover, he proved in [23] the uniqueness of the solution in two space dimen-
sions. Those results use the structure of the nonlinear terms, in order to obtain
the energy inequality. He also proved the uniqueness of weak solutions in three
space dimensions, under the additional condition that one of the weak solutions
has more regularity properties (say belongs to L?(R*; L®); this would now be
qualified as a “weak-strong uniqueness result”). Moreover, he proved under
a smallness hypothesis on ||ug|| 12| Vuo|[z2 that global regular solutions exists
and thus are unique. The question of the global wellposedness of the three-
dimensional Navier-Stokes equations for large initial data was then raised, and
has been open ever since. The main difficulty can be explained using the scal-
ing property of the incompressible Navier-Stokes system. If u is a solution
of (NS) on [0,7] x R%, then uy (¢, z) = Au(\*t, Az) is a solution on [0, 7] x R%.
It can be easily checked that in the case when the dimension d is 2, then the
energy is scaling invariant and thus can be used for contraction argument. In
such a case, the problem is called “critical”. It is of course not the case when
the dimension d is equal to 3 which is “super-critical”, which means that the
conserved quantities are less regular than the scaling invariant quantities. We
shall now present a few of the historical landmarks in that study.

The Fujita-Kato theorem [11] gives a partial answer to the construction
of a global unique solution. Indeed, that theorem provides a unique, local in
time solution in the homogeneous Sobolev space H $lind space dimensions,
and that solution is proved to be global if the initial data is small in H 51
(compared to the viscosity, which is chosen equal to one here to simplify).
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The result was improved to the Lebesgue space LY by F. Weissler in [36];
see also [15] and [19]. The method consists in applying a Banach fixed point
theorem to the integral formulation of the equation, and was generalized by
M. Cannone, Y. Meyer, and F. Planchon in [2] to Besov spaces of negative
index of regularity. Moredprecisely they proved that if the initial data is small

in the Besov space B; i: P (for p < o), then there is a unique, global in time
solution. Let us emphasize that this result allows to construct global solutions
for strongly oscillating initial data which may have a large norm in H 51 or
in LY. A typical example in three space dimensions is

(1.2) uj(2) = e sin (=) (~Oup(a), (). 0),

where 0 < a < 1 and ¢ € S(R3;R). This can be checked by using the definition
of Besov norms:

def

Vs> 0,V(p,q) € [Lodl, [fllz % 3112 Al o

La(RT;4)

More recently in [20], H. Koch and D. Tataru obtained a unique global in time
solution for data small enough in a more general space, consisting of vector
fields whose components are derivatives of BMO functions. The norm in that
space is given by

1
1.3 Ul 2ns o1 & sup t]etPu 2o + su —/ Py t.y)|2dy,
R L
>

where P(z, R) stands for the parabolic set [0, R?] x B(x, R) while B(z, R) is the
ball centered at x, of radius R. This implies in particular global existence and
uniqueness for initial data given by (1.2) in the case when av = 1 (provided that
¢ is small). Those theorems are general results of global existence for small
initial data in the sense that they are valid for a very large class of quadratic
nonlinearities and do not take into account any particular algebraic properties
of the nonlinear terms in the Navier-Stokes equation.

One should notice that spaces where global, unique solutions are con-
structed for small initial data, are necessarily scaling-invariant spaces. More-
over it can be proved (as observed for instance in [6]) that if B is a Banach
space continuously included in the space S’ of tempered distributions such that

for any (A, a) € RF xRY, [ f(A(- —a))llz = A~ (| f |,

then || -[|p < C'sup t3 le"®ug|| oo . One recognizes on the right-hand side of the
>0

-1
00,00

inequality the B norm, which is slightly smaller than the BMO™! norm
recalled above in (1.3); indeed the BMO™! norm takes into account not only
the BO_OI’oo information, but also the fact that first Picard iterate of the Navier-

Stokes equations should be locally square integrable in space and time. It
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thus seems that the Koch-Tataru theorem is optimal for the wellposedness of
the Navier-Stokes equations — note that it was very recently proved (see [14]
and [1]) that the equations are in fact ill-posed in Bo_ofoo. This observation also
shows that if one wants to go beyond a smallness assumption on the initial
data to prove the global existence of unique solutions, one should check that
the Bo_olpo norm of the initial data may be chosen large.

To conclude this paragraph, let us remark that the fixed-point methods
used to prove local in time wellposedness for arbitrarily large data (such re-

sults are available in Banach spaces in which the Schwartz class is dense,
d

g
typically By * for finite p and ¢) naturally provide blow-up criteria. For

instance, one can prove that if the life span of the solution is finite, then
d 2

—1+44
the Lq([O,T |; Bpg * q) norm blows up as T approaches the blow up time.

d

A natural question is to ask if the By, ;er norm itself blows up. Progress has
been made very recently on this question, and uses the specific structure of the
equation, which was not the case for the results presented in this paragraph.
We therefore postpone the exposition of those results to the next paragraph.

We will not describe more results on the Cauchy problem for the Navier-
Stokes equations. We refer the interested reader to the monographs [22] and
[28] for more details.

1.1.2. Results using the specific algebraic structure of the equation. If one
wishes to improve the theory on the Cauchy problem for the Navier-Stokes
equations, it seems crucial to use the specific structure of the nonlinear term in
the equations, as well as the divergence free assumption. Indeed it was proved
by S. Montgomery-Smith in [29] (in a one-dimensional setting, which was later
generalized to a 2D and 3D situation by two of the authors in [13]) that some
models exist for which finite time blow up can be proved for some classes
of large data, despite the fact that the same small-data global wellposedness
results hold as for the Navier-Stokes system. Furthermore, the generalization
to the 3D case in [13] shows that some large initial data which generate a global
solution for the Navier-Stokes equations (namely the data of [5] which will be
presented below) actually generate a blowing up solution for the toy model.

In this paragraph, we shall present a number of wellposedness theorems
(or blow up criteria) which have been obtained in the past and which specifi-
cally concern the Navier-Stokes equations. In order to make the presentation
shorter, we choose not to present a number of results which have been proved
by various authors under some additional geometrical assumptions on the flow,
which imply the conservation of quantities beyond the scaling (namely spher-
ical, helicoidal or axisymmetric conditions). We refer the reader to [21], [26],
[32], or [35] for such studies.
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To start with, let us recall the question asked in the previous paragraph,
d

R
concerning the blow up of the B, ; ” norm at blow-up time. A typical example
d

of a solution with a finite By, ;Jr; norm at blow-up time is a self-similar solution,
and the question of the existence of such solutions was actually addressed by
J. Leray in [24]. The answer was given 60 years later by J. Necas, M. Ruzicka,
and V. Sverdk in [30]. By analyzing the profile equation, they proved that there
is no self-similar solution in L? in three space dimensions. Later L. Escauriaza,
G. Seregin, and V. Sverdk were able to prove in [10] that, more generally, if
the solution remains bounded in L3, then it remains regular: in particular any
solution blowing up in finite time must blow up in L3.

Now let us turn to the existence of large, global unique solutions to the
Navier-Stokes system in three space dimensions.

An important example where a unique global in time solution exists for
large initial data is the case where the domain is thin in the vertical direction
(in three space dimensions): that was proved by G. Raugel, and G. Sell in [33];
see also the paper [18] by D. Iftimie, G. Raugel, and G. Sell. The authors
obtained the global existence of a strong solution for initial data which are
allowed to have a large two-dimensional part (the vertical mean of the initial
data) and a small three-dimensional part. Another example of large initial data
generating a global solution was obtained by A. Mahalov and B. Nicolaenko
in [27]: in that case, the initial data is chosen so as to transform the equation
into a rotating fluid equation (for which it is known that global solutions exist
for a sufficiently strong rotation).

In both those examples, the global wellposedness of the two-dimensional
equation is an important ingredient in the proof. Two of the authors also used
such a property to construct in [5] an example of periodic initial data which
is strongly oscillating and large in Bo_ol’oo but yet generates a global solution.
Such an initial data is given by

b () & (Nup (4) cos(Nas), — divy, g () sin(Nas)),

where [[up |22y < C’(lnN)i, and its B!

~.00 Dorm is typically of the same
size. This was generalized to the case of the space R® in [6]. The main idea
was to obtain the global existence of the solution under a nonlinear smallness
assumption on the first iterate etPug - Vel instead of a smallness condition
directly on e*®uq.

Similarly in [7], the global wellposedness of the two-dimensional equation
was used to prove a global existence result for large data which are slowly
varying in one direction. More precisely, if (vf,0) and wy are two smooth

divergence free “profile” vector fields, then they proved that the initial data

def
(1.4) ug e (zh, 13) = (Vf (x4, €73),0) + (cwh (xp, ex3), Wi (21, £23))
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generates, for € small enough, a global smooth solution. Here, we have denoted
xp = (z1,22). Using the language of the weak compressible limit or fast
rotating fluids, this case may be qualified as a “well-prepared” case. Indeed
the initial data converges uniformely for x3 in any compact subset of R to a
two-dimensional vector field which generates global smooth solutions. We shall
be coming back to that example in the next paragraph.

As a conclusion of this short (and of course incomplete) survey, let us
present some results for the Navier-Stokes system with viscosity vanishing in
the vertical direction. Analogous results to the classical Navier-Stokes system
in the framework of small data are proved in [4], [17], [31], and [9]. To cir-
cumvent the difficulty linked with the absence of vertical viscosity, the key
idea, which will be also crucial here (see for instance the proof of the second
estimate of Proposition 2.1) is the following: the vertical derivative 03 appears
in the nonlinear term of the equation with the prefactor uz, which has some
additional smoothness thanks to the divergence free condition which states
that 83163 = —61u1 — 62’&2.

1.2. Statement of the main result. In this work, we are interested in gen-
eralizing the situation (1.4) to the ill-prepared case. We shall investigate the
case of initial data of the form

1
(1.5) (vg(xh,sxg),gvg(azh,sxg)) ,

where z;, belongs to the torus T? and z3 belongs to R. Following the termi-
nology for weakly compressible fluids or rotating fluids, the above intial data
can be qualified as ill-prepared because they do not converge in any sense to
a two-dimensional divergence free vector field. The case of ill-prepared initial
data studied here is much more difficult than the case of well-prepared data
dealt with in [7]. Roughly speaking, this initial data indeed may give rise to
instability in the inviscid case or for small viscosity, as for instance in the case
of the Prandtl equation arising in the problem of vanishing viscosity in do-
mains with boundaries (see [16]) and the hypothesis of analyticity can make
the system solvable (see [34]). This prevents us from working in the framework
of Sobolev spaces. However, for analytical initial data we can hope to avoid
the possible instability and consequently a good framework in this situation is
the analytical class. More precisely, we shall see in the next section that after
a change of scale in the vertical variable, the system becomes a Navier-Stokes
system with an anisotropic Laplacian of the form —(0% + 03) — €202 and an
anisotropic pressure term of the form (—Vjp,e203p). The equation on the
pressure is

(16) (Ot B3+ 2R = Y Oy h(ui),
7.k
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and this equation is not uniformly elliptic and we lose control of one derivative
in the vertical variable. This prevents us from working with Sobolev spaces
as in the well-prepared case. To overcome this difficulty, we work in the class
of analytical functions. The main difficulty is then to control the loss in the
radius of analyticity, using a variation of the method introduced in [3]. Our
result may in this sense be seen as a Cauchy-Kovalevskaya result, which is
global in time. The main theorem of this article is the following.

THEOREM 1. Let a be a positive number. There are two positive num-
bers g and n such that for any divergence free vector field vy satisfying

lePslug) 4 < m,

then, for any positive € smaller than ey, the initial data
def 1
woe(2) € (of (en, ew3), —ofi(an. x3))
generates a global smooth solution u. of (NS) on T? x R.

Remarks.
e Such an initial data may be arbitrarily large in Bo_ofoo,
of size e~!. Indeed it is proved in [7, Prop. 1.1], that if f and g are

two functions in S(T?) and S(R) respectively, then if ¢ is small enough,

more precisely

he(zp, x3) o f(zn)g(exs) satisfies

1
1 lsz, = gz lglloee

e As in the well-prepared case studied in [7] and recalled in the previous
paragraph, the structure of the nonlinear term will have a crucial role
to play in the proof of the theorem.

e The reason why we put periodic boundary condition on horizontal vari-
ables is technical: in (1.6), in the case of the whole space R3, it seems
difficult to control the very low horizontal frequencies. As we shall see
in the proof, in the case of periodic boundary condition in the hori-
zontal variable, we treat separately functions which do not depend on
the horizontal variable from the others (for which the horizontal fre-
quencies are greater or equal to 1). In that situation, we are able to
solve globally in time the equation (conveniently rescaled in ) for small
analytic-type initial data. We recall that in that spirit, some local in
time results for Euler and Prandtl equation with analytic initial data
can be found in [34].

e Finally, let us observe that, as pointed out by N. Lerner, Y. Mori-
moto, and C.-J. Xu in [25], solutions of nonlinear equations obtained by
Cauchy-Kovalevskaya type method can be extremely unstable. Here,
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each solution u, is stable in the following sense: for any fixed &, we can
perturb the initial data ug . by any element 6 of the Sobolev space )i
provided |[|§ HH 3 s less or equal to some positive r¢; then the corre-
sponding initial data still generates a global smooth solution. This
comes from the stability results proved in [12].

Acknowledgments. The authors wish to thank Vladimir Sverdk for point-
ing out the interest of this problem to them. They also thank Franck Sueur
for suggesting the analogy with Prandlt’s problem.

2. Structure of the proof

2.1. Reduction to a rescaled problem. We look for the solution under the

form

ue(t, x) Cl:ef(vh(t, T, ET3), %v?’(t, Zh, 5363)).
This leads to the following rescaled Navier-Stokes system:
ol — Aol + v - Vol = =y
Ov® — Av® +v - Vod = —£203q

(RNS:) dive =0
Ujt=0 = V0
with A, def 0% + 03 + £203. As there is no boundary, the rescaled pressure q
can be computed with the formula
(2.1) Aeq = Z 8jvk8kvj = Z 8jak(1)j1}k).
gk gk

It turns out that when & goes to 0, At looks like A,:l. In the case of R3,
for low horizontal frequencies, an expression of the type A;l(ab) cannot be
estimated in L? in general. This is the reason why we work in T? x R. In this
domain, the problem of low horizontal frequencies reduces to the problem of
the horizontal average that we denote by

(M) ™ Fan) ™ [ flanas)dan,

Let us also define M f déf(ld —M)f. Notice that, because the vector field v is
divergence free, we have 73 = 0. The system (RNS.) can be rewritten in the
following form:

Ol — ALwh + M+ (v Vul + w?’@gﬁh) = —th

o — Acw® + M+ (v - Vu?) = —205M*q
(RNS.) { 00" — £2025" = —9s M (ww™)

div(v +w) =0

(0, 0)=0 = (Yo, wo).
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The problem with solving this sytem is that there is no obvious way to com-
pensate the loss of one vertical derivative which appears in the equation on wy,
and v and also, but more hidden, in the pressure term. The method we use is
inspired by the one introduced in [3] and can be understood as a global Cauchy-
Kovalevskaya result. This is the reason why the hypothesis of analyticity in
the vertical variable is required in our theorem.

Let us denote by B the unit ball of R® and by C the annulus of small
radius 1 and large radius 2. For nonnegative j, let us denote by L? the
space FL?((Z* x R)N27C) and by L? | the space FL?((Z? x R)NB) respectively
equipped with the (semi)norms

fulls S em [ a©Rde and ula, “em [ [a©)Rd

Let us now recall the definition of inhomogeneous Besov spaces modeled on L?.

Definition 2.1. Let s be a nonnegative real number. The space B? is the
subspace of L? such that

def
lull s =

(2 lullzz)

We note that u € B* is equivalent to writing ||u|;2 < Cc;j277%||u|| gs where
J

, < oo

(¢j) is a nonnegative series which belongs to the sphere of ¢*. Let us notice
that B2 is included in F (L') and thus in the space of continuous bounded
functions. Moreover, if we substitute ¢? to ¢! in the above definition, we
recover the classical Sobolev space H®.

The theorem we actually prove is the following.

THEOREM 2. Let a be a positive number. There are two positive num-
bers g and n such that for any divergence free vector field vy satisfying

a| D3|

lePslun]l 3 <.

then, for any positive € smaller than g, the initial data
def 1.
upe(z) = (vg(xh, exs), gvg(xh, 8.%'3))

generates a global smooth solution of (NS) on T? x R.

2.2. Study of a model problem. In order to motivate the functional setting
and to give a flavour of the method used to prove the theorem, let us study
for a moment the following simplified model problem for (RNS,), in which we
shall see in a rather easy way how the same type of method as that of [3] can
be used (as a global Cauchy-Kovalevskaya technique): the idea is to control a
nonlinear quantity, which depends on the solution itself. So let us consider the
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equation

dpu + yu + a(D)(u?) = 0,
where u is a scalar, real-valued function, 7 is a positive parameter, and a(D)
is a Fourier multiplier of order one. We shall sketch the proof of the fact that
if the initial data satisfies

4| D]

1e”uoll y3 < ey

for some positive § and some small enough constant ¢, then one has a global
smooth solution, say in the space B 3 as well as all its derivatives. The idea of
the proof is the following: we want to control the same kind of quantity on the
solution, but one expects the radius of analyticity of the solution to decay in
time. Let us introduce the following notation, which will be used throughout
this article. For any locally bounded function ¥ on R x Z? x R and for any
function f, we define

fu() & F (I f(, ).
Let us notice that this notation does not make sense for any f; the following
can be made rigourous by a cut-off in Fourier space. This will be done in the
next section, in the proof of Theorem 2.
So let us introduce the function 6(¢) which describes the “loss of analyt-
icity” of the solution. We define

(2.2) 6t jus(t) with 0(0)=0 and ®(t &) = (5 — \O(1))[¢].

[
The parameter A will be chosen large enough at the end, and we shall prove
that 6 — A@(t) remains positive for all times. The computations that follow
hold as long as that assumption is true (and a bootstrap will prove that in
fact it does remain true for all times). Taking the Fourier transform of the
equation gives

t !
k. O] < e fa€)| +C [ e €] [F (X)) .
Using the fact that
t,
A+ (6= 20(0) g < 2t =) = el [ 6 ar”

+t' 4+ (6 = A0(t)) [§ = nl + (0 = M) Inl,

we infer that
t Ly " ’
fan(t.€)] < ()| +C [ MO g o (¢ ) a.
Thus, for any ¢ in 27C,

t it 7 /
M (t,€)] < ()] + € [ e N Y o\ F ) (0
0
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Taking the L?(27C, d¢) norm gives
(2.3)
_\9J 0 "y dt’
Mtz < e Plullg +C [ € S0 i (1) g

Now, we need a lemma of paradifferential calculus type. The statement requires
the following spaces, introduced in [8].

Definition 2.2. Let s be a real number. We define the space E%O(Bs) as
the subspace of functions f of L3 (B?) such that the following quantity is finite:

def is
17z ey = %:2] 1l e r2)-

Let us notice that Z%O(Bs) is obviously included in L (B?).
We shall also use a very basic version of Bony’s decomposition: let us
define

T, F 12 / — n)b(n)dy

2CNB(E, 2J

and

Rb % F 12/ a(& — n)b(n)dn.

2CNB(E, 2J+1)
We obviously have ab = T,b + Rpa.

LEMMA 2.1. For any positive s, a constant C' exists which satisfies the
following properties. For any function ¥ satisfying

(24) ‘ll(t7 5) < ‘ll(taf - 77) + \Ij(tv 77)

for any function b and any positive T, a positive sequence (c;)jez evists in
the sphere of £*(Z) (and depending only on T and b) such that, for any a and
any t € (0,77,

I(Tab)w ()| 2 + |(Rab)w (D] 12 < Ce;27[law (t)] 43 160|700 (-

Proof. We prove only the lemma for R, the proof for T being strictly
identical. Let us first investigate the case when the function ¥ is identically 0.
We first observe that for any ¢ in the annulus 2/C, we have

F(R, - >/, at, € — mb(t, n)dn.

5o 2 CNB(E 2"+

By definition of || - HZOO(BS)’ we infer that
T

1Rab()]22 < Clla®llzzy D 2 7 [Ibllz 5e):
i'25-2
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Defining ¢; = Z 2(i=i")s c;» which satisfies Z ¢; < Cs, we obtain
3252 J

(2.5) [Rab()]l 2 < CéjTjsHa(t)llf(Ll)||sz%O(Bs)-

Since B2 is included in F (L'), the lemma is then proved in the case when the
function ¥ is identically 0. In order to treat the general case, let us write that

P EOF(Rob)(1,6)| =0 Z/ a(t,€ = o)l b(t, )l
21CNB(¢,29)
<Z/ T M[a(t, ¢ — )l B ) d
21CNB(¢,29)
Estimate (2.5) implies the lemma. O

Now let us return to (2.3). We write
() = T%(t/)e'yt/u@(t/) + R%(t/)e'yt/u<1>(t/).
Lemma 2.1 gives

w2 (4 . —i3 ! o (4 ,
I (Vg < Ces(T)2 0 )y ™ w3

for all ¥ < T, as long as the function ® is positive. By definition of the
function 6, this gives

’ .3 -
|l w (¢, )12 < Oy (D)27720()["" ua(t e

§
2

Plugging this inequality in (2.3) (after multiplication by 293 2) gives

227" ua(t, ol/%
. t i [t g "o
< 2]%H€6|D|UOHL2 +CC‘(T)||€Vt’LLq>(t)H~ 5 e—/\23 ft’ o(t") dt 9J G(t’) dt/,
i J L2 (B2) J,
for all t < T, as long as the function ® is positive. Since
t .t o "o
/ oA [ 00t) dt” o o) dt’ < l’
0 A
we get

C
236 uaft, iz < 2/3 He‘w'UOHL2 +5e(T )Hewué(t)\\z?(B%)'

Taking the supremum for ¢ < T and summing over j, we get

C
e uq (t, < Heé‘D‘UoHBg + Xﬂevt%(t)H

)”ZOO(B%) Z;O(B%)
as long as the function @ is positive. Thus, choosing A = 2C' we infer that

le ue (t, )l

- 3 <2H€5‘D|UOH 3
(B2) B2
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Since HaHLOO , by definition of 0, we get

gy < llall-,
7 (B2) LF

3
(B2)
) =7 || 01D
0(t) < 2e77(|e"Fluol| 5,
as long as the function @ is positive. This gives v0(t) < 2”65‘D|u0||3%. If

)
5|D‘Uo||B% < %’

then we get that the function ® remains positive for all time and the global
regularity is proved.

le

2.3. Functional setting for the study of (RNS;). In the light of the com-
putations of the previous section, let us introduce the functional setting we
are going to work with to prove the theorem. The proof relies on exponential
decay estimates for the Fourier transform of the solution. Let us define the
key quantity we wish to control in order to prove the theorem. To do so, let
us consider the Friedrichs approximation of the original (NS) system

ou — Au+Pp(u-Vu+ Vp) =0
dive =0

uli—o = Py ug e,

where P,, denotes the orthogonal projection of L? on functions the Fourier
transform of which is supported in the ball B,, centered at the origin and of
radius n. Thanks to the L? energy estimate, this approximated system has a
global solution the Fourier transform of which is supported in B,. Of course,
this provides an approximation of the rescaled system namely

o — Ajw" + P M+t (v V' + w3850 + th> =0
dw® — Agw® + P, . M+ (v - Vw® + 5283q) =0
(RNS.;) { 80" — 203" + P, . 3 M (wuw™) = 0

div(t +w) =0

(v, w)lt:(] = (o, wo),
where P, . denotes the orthogonal projection of L? on functions the Fourier
transform of which is supported in B, . déf{5/ ]55\2(1:ef &n|% +e2¢2 < n?}. We
shall prove analytic type estimates here, meaning exponential decay estimates
for the solution of the above approximated system. In order to make notation
not too heavy we shall drop the fact that the solutions we deal with are in fact
approximate solutions and not solutions of the original system. A priori bounds
on the approximate sequence will be derived, which will clearly yield the same
bounds on the solution. In the spirit of [3] (see also (2.2) in the previous
section), we define the function 6 (we drop also the fact that # depends on ¢
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in all that follows) by

(2.6) 0(t) = Ilw O 3 +ellwh(®)] 3 and 6(0) =0,
where
(2.7) B(t,€) = t3|6x] + alés| — A(1)|&s)

for some A that will be chosen later on (see §2.5). Notice that the definition of
6 takes into account the particular algebraic structure of (RNS ). Since the
Fourier transform of w is compactly supported, the above differential equation
has a unique global solution on R*. If we prove that

(2.8) Vt e RT, O(t) <

> e

this will imply that the sequence of approximated solutions of the rescaled
system is a bounded sequence of L!(R™;Lip). So is, for a fixed ¢, the family
of approximation of the original Navier-Stokes equations. This is (more than)
enough to imply that a global smooth solution exists.

2.4. Main steps of the proof. The proof of intequality (2.8) (and of The-
orem 2) will be a consequence of the following two propositions which provide

h

estimates on v, w”, and w3. They will be proved in the coming sections.

The first one uses only the fact that the function @ is subadditive.

PROPOSITION 2.1. A constant C'(()l) exists such that, for any positive A,
for any initial data vo, and for any T satisfying 0(T) < a/\, we have

O(T) < ellePlufl] 7 + Pl g+ CE sl 1 OCD).
T

(%)
Moreover, we have the following L -type estimate on the vertical component:

3 alDs|,, 3 (1) 2
03 ) < Nt + O ol e

The second proposition is more subtle to prove, and it shows that the
use of the analytic-type norm actually allows to recover the missing vertical
h in a L>®-type space. It should be compared to the methods
described in the model case above.

derivative on v

PROPOSITION 2.2. A constant C’ég) exists such that, for any positive X,

for any initial data vy, and for any T satisfying 0(T) < a/\, we have

h alDs|, @1 h
~ < ~ ~
||vq>HL%o(Bg) < [le"™ gl 41 + Co (/\ + chpHL%o(Bg))H%IIL%Q(B%)-
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2.5. Proof of the theorem assuming the two propositions. Let us assume
these two propositions are true for the time being and conclude the proof of
Theorem 2. It relies on a continuation argument.

For any positive A and 7, let us define

def

= ~ < .

T/ max{lvally, 5, 0(T)} < 4n}

Since the two functions involved in the definition of 7y are nondecreasing, Ty
is an interval. Since # is an increasing function which vanishes at 0, a positive
time Ty exists such that 6(Tp) < 4n. Moreover, if ||ea‘D‘3‘v0||B% < 7 then,
since Oyv = P, F'(v) (recall that we are considering Friedrich’s approximations),
a positive time 77 (possibly depending on n) exists such that H’U(I)HZOO &%
Ty
< 4n. Thus T, is of the form [0,7™) for some positive T*. Our purpose is to
prove that T* = oo. As we want to apply Propositions 2.1 and 2.2, we need
that \0(T") < a. This leads to the condition

(2.9) 4 < a.
From Proposition 2.1, defining Cj def C(()l) + C'(()Q) , we have
sl .z, < el s +—£§1HU¢H~' 7 +Collvs|_ -
LE(B2z) = Bz )\ L¥(BZ) L¥(B?)

1
for all T € Ty. Let us choose A = ST This gives
0

Ve ||~ 7 <2 €a|D3‘U0 7 + 4Cyn||vel|~ 7.
ool 3, < 2Nl 5 +ACumlvelz 5,

Choosing n = » we infer that, for any T € Ty,

120,
(2.10) HU(DHZ;?(B%) < 3H€a|D3|UOHB%'
Propositions 2.1 and 2.2 imply that, for all T € T,,

T) < elle Pl g + Pl + Cond(T).
This implies that

O(T) < 2eljePhuf| g + 2etPlusf] .

If 25He“|D3|w6LHB% —|—2He“|D3|wS’HB% < nand He“|D3|ngB% < 7, then the above
estimate and intequality (2.10) ensure (2.8). This concludes the proof of The-
orem 2.
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3. The action of the phase ® on the heat operator

The purpose of this section is the study of the action of the multiplier e®
on E. f. Let us recall that the function @ is defined in (2.7) by ®(¢,§) =
t2 |€n| + al&3] — A0(t)|€3]. This action is described by the following lemma.

LEMMA 3.1. A constant Cy exists such that, for any function f with com-
pact spectrum, for any s we have

[ (Ee MLf)<I>Hf%o(Bs) < Collgelze gy and

ef ~—1
(e M £)al| s 54y < Collgall s sy where ﬂf‘%ﬂﬂﬁm

Proof. 1t will be useful to consider, for any function f, the inverse Fourier
transform of |f|, defined as

FrEF L
Let us notice that the map f + f preserves the norm of all B* spaces.

Let us write E. in terms of the Fourier transform. For any ¢ € (Z%\{0})
x R,

F (B2 £y (1,6) = *09 [ e O0E 0, €)ar
0

with |£.|? o €12 + €2|€3]2, as in all that follows. Thus we infer, for any ¢ €
(Z*\{0}) x R,

|F ((Ee fa) (t,€)] < /te—(t—t’)£52+q>(t,£) t".8) - FHE, o)t
0
By definition of ®, we have (see [3, estimate (24)])
B 09 -89 < Nel [ 0+ el

Thus, for any & € (Z?\{0}) x R,

(3.2) |F ((Ee fa) (t,6)] S/Ote(tgt/)lihl2 (-t F(fHE,&)at

Let us define Cp, d:'Ef{l < |én| < 2} x R. The above inequality means that for
any £ in 27C N 2%C),, we have

F(E: Pla)(t,)] < C [ 0% 2kgu (1 )it

Taking the L? norm in £ in that inequality gives

t —e(t—t' 2k
(3.3) I(Ee f)a ()| 72 (2icn25cy) S/O e U290 lgg (¢ p2dt'.
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By definition of the EOO(BS) norm, this gives, for any t < T,

2k
27%||(E. DellLser2@icnere,)) <CCJ||9<I>||Loo Bs)/ (=2 ok gt/
<Cc¢2” Hg‘D”Z%O(Ba)
Now, writing that

| (Ee MJ_f)fP”L%O(L?) <Y NEB(fo)ll o (2 icrzeey))
k=0

gives the first inequality of the lemma.
In order to prove the second one, let us use the definition of the norm of
the space B® and (3.3); this gives

ZQJSH(E f)<1>||L1 (L?) <22]S”E f<I>)||L1 L(FL2(29CN2kCy))
J 7.k

02k (44t
SC.Z/ , =€ A2k e (1) | go () || p=dtdt.
Integrating first in ¢ gives

D2 fluya < O3 Jo g 2 il

As the index k is nonnegative, we get the second estimate of the lemma. [
The following proposition will be of frequent use.
PROPOSITION 3.1. If s is positive, then for any function ¥ satisfying (2.4),
1(Tab)wllzee oy + 1(Rab)wllzec oy = CHG\I/HLOO s 169z () and
ITD)ollzy 0 + I Bablollag o < Cmin{llasl, i 1ol oy
Jaull 1, 100l 230 -

Proof. Taking the L* norm in time in the inequality of Lemma 2.1 gives
that

H(Tab)‘l’”L%o(L?) + H(Rab)‘l/”L;O(L;) < ch27js||aHL%o(B%)||bHZ%O(Bs)7

which is the first inequality of the corollary. Taking the L' norm in time on
the inequality of Lemma 2.1 gives

I(Tab)wll Ly (r2) + (Rab)wllpy (r2) < CCjTjSHaHLIT(Bg)Hbllz%o(Bs),

while the other estimate is a consequence of product rules in Besov spaces. [
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The following lemma is a key one. It is here that the function 6 allows
the gain of the vertical derivative, in the spirit of the method followed in the
model example presented above.

LEMMA 3.2. Let a(D) and b(D) be two Fourier multipliers such that
|a(€)] < C|és| and [b(8)| < C|&]*. We have
I(E< a(D) Rypyus el + [(Ee a(D) Ty pyus el

= (B?)

2 )l foll-

Proof. We give only the proof for the first term. The second term is
estimated exactly along the same lines. Let us write [E. in Fourier variables.
We have

Ly (BY)

<05 + vl

L°°(BZ) L( B?)

t /
F(E- alD) Rygpyuna(t,) = 209 [ ODNER o) F(Rypy 0 )¢ €)1
0
Thus, using the fact that |a(§)| < C|&3], we obtain that

| F(Ez a(D)Rys fa(t, §)|
t , ’
< C/ I CORLCASIPN | F((Rypyws f)a) (', €)|dt’.
0

Taking into account Inequality (3.1),

| F(Ee a(D) Ry f)a(t,€)|
t _d 2_ t aon "
< C’/O e 2 |€< 1 —=X|€s] t,O(t )di ‘53‘ ’f((Rb(D)wgf)q>)<t/,§)|dt/.

Let us denote by W the Fourier multiplier ¥a e F 1, <216510)- IE [€n] < 2/&5]
and ¢ is in 2/C, then we have that |£3| ~ 2/. Thus, for any & in 2/C, we infer
that

t i [t A "o
FU(E: (D) Ryppus$)o(t )| < [ & e M 5| F(Byppus £o) ¢ €)1t
Taking the L? norm gives

t i [t Hran "o
19 (E= (D) Bygpyus ot 12 < [ €0 (Rygys o) (¢ 1202
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Using Lemma 2.1, we get

272||(E. a(D) Ry pyu2 e (1, Mz < Ccjll fa(t )||~

t " 1" .
XA e—c)\2] ft,e(t )dt 2JHb(D)w§D(t', )HB%dt/
<Ccl fo(t)

l\"\\l

T

t i [t g "o
< [ MO (¢ ) g a

SCC‘]qu) ”~ BZ)/ 70)\21f g(t// dt" 9( )dt/
C
< SOl i,

By summation in j, we deduce that
(34) [W(Ee a(D)Rys fa|

If 2|&3] < [&p], then, for any & in 27C, \§h| is equivalent to 27 and |£3] is less
than 2/. So we infer that for any ¢ in 27C,

|F(Id —0)(E. a(D) Ry pyus o (t, €|
¢ 25 64 / /
< /0 e~ t=2 93| F((Rypyus fe) (', €)1

taking the L? norm of the above inequality gives

By definition of || - HZOO(B%)’
T

iz
273 (1d ~0)(E- a(D) Rygpyun o (t) 12
t o
< [ e 2098 Ry f)0) (¢ | ot
0 J
< Cejl(Rygoyun ol

After a summation in j, Proposition 3.1 implies that

L2o( (BEY’

(00 ) 2 (D) Rugpys Dol 7, < CIODIR . 3 Il
< Ol 7, M e
Together with (3.4), this concludes the proof of the lemma. O

LEMMA 3.3. A constant Cy exists such that, for any function f with com-
pact spectrum, we have for « in {1,2},

|(B-(z05) M f) < Coll folljo(pey and

HZ;?(BS -
<Collfellrys

|(B(eas) M f) |

LL(B®)
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Proof. Let us start with the case when o = 2. Recalling (3.2), we have
that (for 0 <e < 1)

PR Nl < [ e TIPLGE D .

Writing that |3] < |£], we infer that

& (B 55 al0))

t . ,
< /O 6—052(t—t )2215222j”f(tl)||L32_dt/.

) S
L

The estimates follow directly by applying Young’s inequality in ¢.
In the case when o = 1, we decompose f into two parts,

F=fO+ O with O = F (1< f)-

Let us start by studying the first contribution. We simply write that

t t—t/ 2
e (B0 )y (1. 0)| < [ e T el F U (0

t oy
< [ e SRl F (R0 @ ar
0

which amounts exactly to the computation (3.3), with g replaced by fA). On
the other hand, for f@ we can write

. det 1
gAE= mldgg\zghﬂfﬂéflf@)(ﬁ)\
so that

=

t ! ,
F(E oM 2)(1,6) < [ e TP 00 i, GO, ).

3

Since || < €]&3], we are reduced to the case when o = 2 and the conclusion
comes from the fact that H9<(1>2)HBS < HMJ-fg)HBs < ||fe||Bs. That proves the
lemma. (]

4. Classical analytic-type parabolic estimates

The purpose of this section is to prove Proposition 2.1. We shall use the
algebraic structure of the Navier-Stokes system and the fact that the function ®
is subadditive.

Let us first bound the horizontal component. We recall that

wg(t) _ etAE-i-q)(t,D)wh(O)

— (B M (v Vu)) (1) = (B M (w050M)) (£) = (Ec(Vag)) 4 (1)-
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We note that v - Vw" = divy (v? @ w") + 93 (w3w"), recalling that v3 = w3. On
the one hand, using Lemma 3.1 and Corollary 3.1, we can write

el Ec(div(v"w")all , .7, < Cell(v ")

L1(B?) LlT(B%)
< ~ h
By definition of 6, we infer that

(4.1) el Ec(diva(v"w"))e]

h
sty < COD vl

(B’
On the other hand, Lemma 3.3 and Proposition 3.1 imply that
(4.2) | B (05 M (wPu"))

3, h
<1>||L1T(B%) < Cllw’w HLlT(B%)

<COMD b 8,

For the second term, we use paradifferential calculus which gives
w?030" = T,3 050" + Ry, pnw®
= 03T30" — T 30" + Ry, pnw®.
Using again Lemma 3.3 and Proposition 3.1, we get

I Ee (205 M T,50") ) S Cll(Tust™)a |

<I)HLlT(B% LL(BY)
< 3 —h _
_C||wq>||L1T(Bg)||U ||L%O(Bg)-

By definition of 6, we infer that

(4.3) I Ee (EazMLTwwhhHLlT(Bg) < 09(T)Hv$||3%0(3g)-
By Lemma 3.1 and Proposition 3.1, we can write that
1 ~h _h
| Ee (M Tyl 7, < ClTaastl 1,
3 —h
<Celwdlly, 5 1" 8
Thus,
1 ~h h

(14) I Ex (=M Topustal 1, 3, < CODThl 5,
and finally, along the same lines,
(4.5) IEx (M Ryl 3, < COTI 0kl

Now we are left with the study of the pressure. Some of its properties are
described in the following lemma.
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LEMMA 4.1. Let us define V (Vh,eﬁg) The following two inequalities
on the rescaled pressure hold:

el (Ee VEMLQMIIZOO z C||U<1>||~
T

2

M\\I

B2)
and
el|(Ee V-M~"q)o||

< Cllvallz, 53, 0(D)-

LL(B%) = (B)
Proof. Using the formula (2.1) on the rescaled pressure and the divergence

free condition on v, let us decompose it as eq¢ = g1, — g2, with

2
0 S 00N wtoh) + 3 Op(edn) AT (wh)
k=1 1<k<2

and
@ def 2e03A; Lw? divy, wh)

Let us start with ¢; .. We have

Veqie = Zak<2v DA ewrvh) + Vo (e03) A (w?’vk)>
k=1

Since V2A_ ! is a family of bounded Fourier multipliers (uniformly with respect
to €), from Lemma 3.1 and Proposition 3.1, we infer that

il 2
(4.6 BV g1 D)ol 7, <Ol g
and
(4.7) (VM 0Dl 7, < Cllvall 7,07
In order to study g2, let us observe that
h

(4.8) w? divy, wh = Ry, wh WS+ T3 divy, w

2
= Rdivh wh’UJ3 + Z (8}€TwswlC — Takwswk).
k=1

As above, using Lemma 3.1 and Proposition 3.1 we get

H(Es(VsMqu,e))M\zoo( 1, <Cllval2
T

B2) Ly 5E)

and
o(T).

1
[(Ee(VeM Q2,€))<I>HL1T( 7 CHU<I>HLOO(B2)

Together with estimates (4.6) and (4.7), this concludes the proof of the lemma.
U

The above Lemma 4.1, together with estimates (4.1) to (4.4), implies that

h a|Ds|, h (1)
(49)  ellw®ly o3 < elle ™l g+ O lval, 3, 0(T).

) )
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Let us prove the estimates on the vertical component. It turns out that
it is better behaved because of the special structure of the system. Indeed,
thanks to the divergence free condition, almost no vertical derivatives appear
in the equation of w3: we have (since w3 = v3)

(4.10) o’ — Agwd = = - Vi + wd divy, w" — £205q.
The Duhamel formula reads

wi(t) = e w?(0) + B ML (w divy, w" — o - Vw?) (t) — Ee M (203q)(2).

®(t,D)

Applying the Fourier multiplier e to the above relation gives

(411)  wi(t) = 2PNy (0) + (B M (w® divy w" — o - Vi) (2)
- (E€ ML5283q)q>(t).

Using (4.8) and then Lemma 3.1 and Proposition 3.1, we get

4.12)  ||(Ec M*(w? divy, w™)) ||~ <Olwdll- By
(4.12) H( e (w” divy, w ))‘DHL%’(B%)_ Hw@”L%(B%)qu)HLOTO(B%)
and

1 3 7: h 3 h
(4.13) (B M divw™) Ly o) SClN0R I g 08l

Writing
2
oM Viwa= Z (Tka)ka + Rakavk)
k=1
2
=T, wr@ + 3 (0T, ea + Ry qv*)
k=1

and using Lemma 3.1 and Proposition 3.1, we get

H(EEML(vh-Vhw‘?)) ~ %SCHU’%HZW(
T

h
CPHL%O(B ) B%)Hw‘bHZ%O(B%)

and

NI~

L/, h 3 3 h
(B3 V), 5, SR, e
Together with estimates (4.12) and (4.13), and Lemma 4.1, this gives

3 alDs|, 3 (1)
Il 3, <Pl + O el 3 0(T)
and

3 a|Ds|,, .3 (1) 2
~ < + b .
Hw<1>||L%o(Bg) <lle onBg Co HU‘I’HLgs(B%)

Together with (4.9), this concludes the proof of Proposition 2.1.
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5. The gain of one vertical derivative on the horizontal part

In this section we shall prove Proposition 2.2. The proof will be separated

into two parts: first we shall consider the case of the horizontal average 172,,

and then the remainder wg.

5.1. The gain of one vertical derivative on the horizontal average. We
shall study in this section the equation on the horizontal average of the solu-
tion. We emphasize that in the equation on v we cannot recover the vertical
derivative appearing in the force term by the regularizing effect. The funda-
mental idea to gain a vertical derivative is to use the analyticity of the solution
and therefore to estimate vg. The lemma is the following.

LEMMA 5.1. A constant Cy exists such that, for any positive A, for any
initial data vy, and for any T satisfying 0(T) < a/X,

—~h
[l

1
a| D3| =h 4 h
o < e P2l0fll g5 + Co(5 + Mol o, )18

~ 7 ~ 7. .
L9 (BZ) L2 (B?)

Proof. The horizontal average v satisfies

(5.1) 40 — 2920 = —M(ww") and Vjy—o = Do-

Let us define G % —O3M (w3w¥). Writing the solution of (5.1) in terms of the
Fourier transform, using (3.1) with &, = 0, we get

t t Ao "
|F(B9)(t,€)] < |FT0(€) e + /0 e NGl 0| £ (1 €)
Then, taking the sz norm, we infer that
3 i [t pran "
R I e L P A R [T P

Now, let us estimate ||Gg ()] 2. For any function a, using the fact that the
vector field w is divergence free, let us write that

(5.3) 03(w?a) = 03(T 50 + Raw®)
= 03T ,3a + Ro,qw® — Ry divy, w"

2 2
=03T,3a + Ragaw?’ — Z 8@Rawe + Z Razawz.
=1 =1
Thus, we infer that

2 2
(54) G=-BMT,su" — M(Ry,w’ + 3 Ry’ = > 0 Ry’
=1 =1

2
= —83MTw3wk — M(Raswk’lUB + Z Raéwsz)
(=1
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Now, let us study FM (T,b)e and FM (Ryb)e for two functions a and b which
have 0 horizontal average. As the two terms are identical, let us study the first
one. By definition, we have

FEDEO.) =5 [, 0.6 =

Since §(T) < A" la, by definition of ®, for any 1 € (Z*\{0}) x R, we gave
®(t, (0,&3)) < @(t, (0,83 — m3)) + (¢, (0,73))
<262 + (1, ((0,&) — ) + B(t, —n).
Thus we have
(FMT)e)(4.)] < 2 (FMT,.b3)(1,).
Applied to (5.4), this implies that

FGa(t,€)| < 1€1F (T s (wh) ) (¢ (0,3))
i 2
+e ]:<R(agw§,)+ (wg)™ + ; Bopuk)+ (wé)Jr) (t,(0,3))-
Inequality (2.1) then implies that, for any ¢ € [0, 7],

. 1
(Zlwg @)l 3 +e> lvall

iz
(55) 23 Galt)]12 < Cojllvhll P ph):

= (BY)
Then, by definition of 6, inequalities (5.2) and (5.5) imply that

PT 7 _
273 (58) (1) 2 < 23 |e Pl 2

t o ortos t 1
_ )\2] 9 " d 1" .. _o4l5
+CC]HU¢)HZ%°(B£)</O e ¢ ft/ (t'")dt 2]9(t/)dt/—|— HU‘I’HZ%O(BZ)/O e 2t 2dt/).

This gives

itls J% (6ol Dsl h 1
2% [0a g 2) < 221N 002 + Ceslublzg o3, (5 + 108l e 3
Taking the sum over j concludes the proof of the lemma. ([

5.2. The gain of the vertical derivative on the whole horizontal term. Now

let us estimate the rest of the horizontal term, that is ||wg|lzw(3%). As in
T

Section 5.1, the function 6 will play a crucial role.
LEMMA 5.2. A constant Cy exists such that, for any A, for any initial
data vg, and for any T satisfying 6(T) < a/\, we have
1
Ds|, h h
< flelolufy) +C°<X + |[val~ 7

s | - PR

h
(s .
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Proof. The Duhamel formula writes
wh(t) = 5w (0) = Ee divy, (v" @ 0") () — B M 05(w*")(t) — B=(Vag)(t)-
Lemma 3.1 and Proposition 3.1 imply that

(5.6) I(E= diva(v" @ v"))all-, SCII(vh®vh)<1>Hzoo( 3
T T

(B%) B?)

<Cllob2 .
® e (B7)

Then using (5.4), thanks to Leibnitz formula, we get
MLo3(wv®) = ML03T,, 0% + F*  with

2

FRfprt (Rasvkw Z(@gR rw’ — Ro,u, w£)> .
/=1

Thanks to Lemma 3.1 and Proposition 3.1, we get

1 ok k
B M4 PRl 7, <P )<1>HZ%Q(B§)
ot
Together with Lemma 3.2, this gives
i
(5.7) " e M= 0s(w HL“sz)—-Cb( +_HU®HL“>BQ )H ¢H =(B%)

Now let us study the pressure term. Formula (2.1) together with the divergence
free condition leads to the decomposition ¢ = g, (w") + ¢3(v) with

(5.8) qn(w )defA ((dlvhw )+ Z 8kw£(9@wk>
1<k <2
and et
(5.9) aa() =AY oo,
1<4<2

For the first term we use Bony’s decomposition in order to obtain
Ow' O = Ty, e Opw® + Ry, Opw’.
Then the Leibnitz formula implies that
(5.10) opw' o = (%Takwewk + 3kR3£wkwé - Taéaszwk - Rakaewsz.
On the other hand, again by paradifferential calculus, we can write that
(5.11) r(divy w")? = Ty, or divy 0" + Ry, yn divy, w'
= divy, (Tdi\,h oW 4 Ry, whwh)

2
- Z (Tak divh whwk + Rak dth whwk) :
k=1
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Then Lemma 3.1 implies that

1
(= Vaan(w"Dallz 3, < ColM " Dall 5

Using Proposition 3.1 and the fact that the operators V,AZ! M+ and AZt M+
are bounded (uniformly in 6) Fourier multipliers, we obtain

(5.12) | (B (Vagn(w

_ < hi2 )
chL;O(B%) = COHUCI)”L%O(B%)

For the second term, let us decompose ¢3(v) in the following way:

O30 0w = Ty, e Opw® + Ry, 030"

3 14 3 14
= 8@T33er + 83R32w3v — Ty,p,00w” — Ro,0,u30"-

Using now Lemma 3.1 together with Proposition 3.1 and Lemma 3.2, we obtain

o
(5.13) ” «(Vhas(v HLOO(BQ) = CO( + HU(DHLOO B2)>” HLO"(BQ)
The expected result is obtained putting together estimates (5.12) and (5.13)
on the pressure with estimates (5.6) and (5.7) on the nonlinear terms. O
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