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Hermitian integral geometry

By ANDREAS BERNIG and JoseEPH H. G. Fu

Abstract

We give in explicit form the principal kinematic formula for the action
of the affine unitary group on C", together with a straightforward alge-
braic method for computing the full array of unitary kinematic formulas,
expressed in terms of certain convex valuations introduced, essentially, by
H. Tasaki. We introduce also several other canonical bases for the algebra of
unitary-invariant valuations, explore their interrelations, and characterize
in these terms the cones of positive and monotone elements.

1. Introduction

1.1. General background. In [17], it was shown that if G is a Lie group
acting transitively on the sphere bundle of a Riemannian manifold M, then
there exist kinematic formulas (cf. (1) below) for certain geometric quantities
associated to subspaces A, B C M; the case G = SO(n) x R", M = R" being
the classical kinematic formulas of Blaschke-Santalé-Federer-Chern [26], [30].
The proof was a distillation of the geometric method used in [14] and [16] to
establish the classical case.

A different and in some ways more incisive proof of the classical case was
provided by [22]. Restricting formally to the case where the subspaces are
convex sets, Hadwiger displayed a concrete finite basis for the vector space of
continuous convex valuations invariant under the euclidean group. The exis-
tence of the kinematic formulas is then a simple consequence, and the precise
numerical values of the coefficients involved may be calculated using the “tem-
plate method”, i.e., by evaluating the relevant integrals for enough conveniently
chosen A, B. This approach leaves the impression that the values of the co-
efficients are in some way accidental. However, A. Nijenhuis [27] showed by
direct calculation that under a suitable renormalization of the Hadwiger basis
all of the coefficients are equal to unity.

More recently, S. Alesker [1] gave another proof of the theorem of [17] as
part of a far-reaching reconceptualization of the theory of convex valuations.
He showed that if G is a compact Lie group acting transitively on the sphere of
a euclidean space V', then the space ValG(V) of continuous convex valuations
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invariant under the group G := G'x V, generated by translations and the action
of GG, is finite dimensional. Just as in the case of the full euclidean group, the
theorem of [17] follows directly (at least in the euclidean case). In these terms,
the result may be stated as follows.

THEOREM 1.1. Let ¢, ..., N be a basis for Val® (V). Given peVal®(V),

I

there are comstants Cijs

bodies A, BCV
(1) L (ANgB)dg = 3 cli6,(4)0,(B).

ij

1 < 4,5 < N, such that for any two compact convex

Moreover, in [1] Alesker gave an explicit basis (in fact two of them) for
the space Val/(™(C") of unitary-invariant valuations on C". Although this
in itself gives a lot of information about the kinematic formulas, a complete
determination of the formulas using the template method appears intractable
(although H. Park [28] used it successfully in the cases n = 2, 3).

Meanwhile, H. Tasaki [31], [32], building on previous work of R. Howard
[23], established a more detailed description of the unitary kinematic formula,
which he stated in the restricted case where A, B are compact submanifolds
of complementary dimension. He showed first of all that if k& < n, then the
unitary orbits of the (real) dimension k (resp. codimension k) Grassmannian
Gry,(C") (resp. Gra,—;x(C")) are naturally parametrized by the p = |-
simplex {(01,...,0p) : 0 < 61 < --- <6, < §}. Put O(F) for this “multi-
ple Kihler angle” of E € Gry, o 2, k(C"), and cos? O(E) for the vector with
components cos? ;. Tasaki’s theorem may then be restated as follows.

THEOREM 1.2 (Tasaki [32]). Given k < n, there is a symmetric (p+ 1) X
(p+1) matriz T = T} such that whenever Ak, B>"=F C C" are C' submanifolds
of dimension and codimension k respectively,

(2)

a G — » ) 2 ) 2
/U(n)#(AﬂgB) dg—%:T@]/Aal(cos @(TxA))dx/Baj(cos O(TyB)) dy,

where o; is the i™ elementary symmetric function and U(n) = U(n) x C" is
the affine unitary group.

As Tasaki noted, this formula also holds verbatim if C" is replaced by ei-
ther of the complex space forms CP™, CH", with their full groups of isometries.
This is an instance of the transfer principle, which we discuss in Section 2.5
below.

1.2. Results of the present paper. In the pages to follow we bring more
of the algebraic machinery introduced by Alesker to bear on the problem of
the integral geometry of the unitary group. The key underlying observation
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(Theorem 2.1 below) is that the graded multiplication introduced in [3] on
the space of convex valuations is intimately related to the various G-kinematic
formulas. This illuminates even the classical SO(n) theory, explaining the
result of Nijenhuis cited above (cf. [20, §2.3], and also [19]). Our point of entry
is the determination in [20] of the multiplicative structure of Val/ (™ (C"). Here
we give a more or less complete set of answers to the questions posed in Section
4 of [20]. We now describe our present results as they relate to those questions,
in the order given there.

(1) Explicit kinematic formulas for U(n). The paper [20] posed the prob-
lem of computing the kinematic formulas explicitly in terms of the monomial
basis (cf. §3.1). This boils down to computing the inverses Q} of certain sym-
metric matrices P;’. It turns out that the P’ are Hankel matrices with ascend-
ing entries of the form (QZ’) Thus the expansion of the inverse as a polynomial
in the matrix entries gives some kind of answer to this question, but it seems
unreasonably complicated. It would be interesting to have a closed form.

In the present paper we take a different approach, showing how to de-
termine completely the unitary kinematic formulas (cf. Theorem 5.12, Corol-
lary 5.14 and §5.4) in terms of the Tasaki basis (cf. Proposition 3.7 below) for
ValU(”), obtaining in this way the Tasaki matrices T}, which may be obtained
in principle by a change of basis from the Q7. Although the formulas remain
complicated, they are an order of magnitude less so than the naive formulas for
Q7 described above. Using this approach we can show, for instance, that the
Qy are positive definite (Corollary 5.13), answering another question of [20].
Furthermore, the Tasaki valuations are more amenable to calculation in con-
crete geometric situations. Strictly speaking we carry this out in full detail only
for the principal kinematic formula k() (x) (cf. (8) below), then show how the
general formulas may be computed in an essentially straightforward way.

Among the many special bases for ValV (™ (cf. the next item) the Tasaki
valuations seem to enjoy a privileged status. For example, if k& = 2p is
even then, in addition to the usual diagonal symmetry (T}');; = (1}');;, the

Tasaki matrices 15, display the unexpected antidiagonal symmetry ( 2’;,) =

ij
(Tﬁz)p,wfj (Theorem 3.10).

(2) Canonical bases and their interrelations. We explore with varying de-
grees of depth several canonical bases for Valt () (C™): the monomial basis and
its Fourier transform, the hermitian intrinsic volumes py, , (which correspond
in a natural way with certain differential forms on the tangent bundle of C™),
their “Crofton duals” v} 4, and the Tasaki valuations 73, and their Fourier
transforms 7 4. Although we explicitly study their interrelations only to the
extent necessary to answer our other concerns, there is enough information
here to give a complete (though again complicated) dictionary among them.
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(2) Special cones. We show that the cone P of nonnegative elements of
ValV (™ ig generated by the hermitian intrinsic volumes. Stimulated by the fact
(due to Kazarnovskii) that the “Kazarnovskii pseudo-volume” p, o is at once
nonnegative and nonmonotone, we give a complete characterization of the cone
M of monotone elements of ValV (™).

As a concluding general remark, we have taken care to give precise and
complete values whenever possible. Beyond the obvious motive of providing
solid information for possible applications, we mean to make the point (in the
only way possible) that this algebraic approach is sufficient to formulate these
results in complete detail, in an area historically plagued by statements of the
form “There exists a formula such that....”

In the latter respect, however, things are not yet in a satisfactory state.
Some results are given in terms of sums for which we have not found closed
forms. Whether or not such closed forms exist, their nature suggests that there
might exist some combinatorial model that generates them, perhaps something
like the devices that occur in Schubert calculus. Indeed much of the approach
in the following pages is inspired by the principle that the algebras Val® (V') are
similar to the cohomology algebras of Kahler manifolds — it is even the case
that the main subject of this paper, ValV () (C™), has the same Betti numbers
as the even-degree cohomology of the Grassmann manifold of complex 2-planes
in C"*2, although the algebras themselves are not isomorphic.

Acknowledgements. We wish to thank Semyon Alesker, Ludwig Brocker,
Dan Nakano, Jason Parsley, Ted Shifrin and Robert Varley for helpful discus-
sions, and the Universities of Georgia (USA) and Fribourg (Switzerland) for
hosting our mutual visits as we worked out this material. We thank also the
anonymous referee, whose many useful remarks greatly improved the text at
key points, and who in particular suggested the proof of Theorem 2.12 in the
nonsmooth case.

2. Valuations and curvature measures

Throughout most of this section we let V be an oriented euclidean vector
space of dimension n < co. We note, however, that for much of the discussion
the euclidean assumption is not strictly necessary if we substitute the dual
space V* for V in appropriate spots.

We put

4
T2

L(§+1)
for the volume of the k-dimensional euclidean ball. In particular

7t

ﬂa

W 1=

W =
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which also happens to be the volume of the complex projective space CP
under the Fubini-Study metric.

2.1. Basics. For definiteness we will work formally in the context of con-
vex valuations on V. However, many statements apply also to other geometri-
cally valid subsets (e.g. C? submanifolds, or in the case of the Crofton formulas
even C! submanifolds) of smooth manifolds, in terms of the formalism of val-
uations on manifolds [4], [5], [10], [7], [6]. Since these notions intervene only
at the stage of interpretation of our main results, and never in an essential
technical way, we will say no more about them.

We put K = K(V) for the space of all compact convex subsets of V', en-
dowed with the Hausdorff metric, and (V') C (V) for the subspace con-
sisting of subsets with nonempty interior and smooth boundary, and for which
all principal curvatures are nonzero. We refer to [13] and the sources cited
there for the definition and basic properties of the vector space Val = Val(V)
of continuous translation-invariant valuations on V', and of the dense subspace
Val*™ (V') of smooth valuations. Basic examples of these objects include the
Euler characteristic x and the volume measure vol,,.

Recall that a valuation ¢ is of degree k if p(tK) = t*¢(K) for all t > 0 and
even if p(—K) = ¢(K) for all K € K. The corresponding subspace of Val is
denoted by Valg. It is known [25] that the restriction of an even valuation u of
degree k to a k-dimensional subspace 2 C V' is a multiple of the restriction of
the usual Hausdorff measure voly, to E. Putting K1,(FE) for the proportionality
factor, we obtain the Klain function Kl, € C(Gri(V)) of . In other words,
Kl,, is uniquely characterized by the relation

(3) u(K) = Kl,(E)vol,(K) for E € Gr,, K e K(E).

A theorem of Klain [25] states that the resulting map Kl from the space of
even valuations of degree k to C'(Grg(V)) is injective.

Every even p € Vali™(V') admits a Crofton measure, i.e. a signed measure
m on Grg (V) such that

pA) = [ voly(ms(A)) dim(E),
Gri(V)

where 7g is the orthogonal projection to E. This follows from the Alesker-
Bernstein theorem [9] (compare also §1 in [1]).

We recall also Alesker’s Fourier transform F : Vali™(V) — Vali2, (V)
(cf. [8]). In the present paper we will denote the Fourier transform of a valua-
tion ¢ by

(4) ¢ :=TF¢.
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We will only make use of it for even valuations, in which case it is uniquely
characterized in terms of the Klain embedding by

(5) KI5(E) = Klg(E*), E€Gr, (V)

for even ¢ € Val}™. In this form, the Alesker-Fourier transform was denoted
by D in [1], [13] and in several other papers.

Alesker has defined in [3] a commutative graded product on Val**(V),
with the property that the symmetric pairing

(6) (¢,1) := degree n part of ¢ - ¢

is perfect. We recall [13] that the related pairing

(7) (6, 0) = (¢,7))

is symmetric. We will see later that the restriction of the pairing (-, ) to ValV (™)
is positive definite. However this is not true of the unrestricted pairing— it is
shown in [11] that if n is odd then the index of the restriction of the pairing
to Val*U(™(C") is 1.

2.2. Grassmannians. We denote the Grassmannian of k-dimensional sub-
spaces of the real vector space V by Grg(V). If V= C" (considered as a real
vector space) we consider the (k, p)-Grassmannian Gry ,(C") C Gry(C") to be
the submanifold of all k-dimensional real subspaces that may be expressed as
the orthogonal direct sum of a p-dimensional complex subspace and a (k — 2p)-
dimensional real subspace that is isotropic with respect to the standard sym-
plectic (Kéhler) structure on C". A general element of Gry, will be denoted
EFRP_ Tt is easy to see that Gty p is the orbit of CP @ R*=2P under the standard
action of U(n). In particular, Gryp, is the Grassmannian of p-dimensional
complex subspaces and Gr,, o(C") is the Lagrangian Grassmannian.

2.3. Global and local. We recall that the family of algebras Vall/(™ .=
ValU(”)(C”) is related by the sequence of surjective restriction homomorphisms
ValV/ ™ — valV’(»=b > 1. The algebra ValV(®) of global valuations is the
inverse limit of this system; abusing terminology we will identify a global val-
uation with its images in the various ValV™ . An expression for an element
of ValV™ that does not hold in ValV’(®) will be called local, or local at n.
Likewise we will refer to global and local relations among valuations.

2.4. Poincaré duality and kinematic formulas. We recall from [1] that if
G C O(V) is a compact group acting transitively on the sphere of V', then
the space Val®(V) of G-invariant and translation invariant valuations on V/
is finite dimensional. It follows (cf. [13]) that there is a linear injection k¢ :
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Val® — Val® @ Val® such that whenever A, B € K and ¢ € Val®,
(8) ka(0)(4,B) = [ o(ANgB)dg

Here G := G x V is the group generated by G and the translation group of V
and dg is the Haar measure, normalized so that

9) dg ({g: go € S}) =vol,(S), S CV measurable,

where 0 € V is an arbitrarily chosen point. If ¢ € Val{, then kq(¢) €
Ditj=ntk VallG ®Va1jG. Taking A to be a point, it is clear that the term of
ka(x) of bidegree (0,n) is x ® vol,.

The algebraic approach to the kinematic formula is based on the following
statement from [13]. Let p : Val® — Val®" denote the linear isomorphism
induced by the Poincaré duality pairing (6), mq : Val® ® Val¥ — Val® the
restriction of the multiplication map to ValG, and mg, : Val¢" — Val¢ @ Val®”
its adjoint.

THEOREM 2.1.

(10) (p®p) o kg =mgop.
To state this in more sensible terms:

THEOREM 2.2. Let ¢1,...,¢n and V1, ..., 0N be bases of Val®, and let
M be the N x N matriz

M;j == (¢4, v5),

where the right-hand side is given by the Poincaré duality pairing (6). Let
K :=M~'. Then

(11) ka(x) =Y Kij éi @ 1.

ihj

If the ¢; = (@, then M and K are symmetric. More generally, for any u €
Val®,

(12) ko(p) =Y Kij (n-¢i) @bj = > Kij ¢ @ (- ;).
,J 2y

The symmetry assertion is of course the same as the symmetry of the
pairing (7).

These formulas also apply to other types of geometric subsets of V', as
described in [17], [23], and [18]. The simplest case occurs when A, B are
smooth compact submanifolds of complementary dimensions k,n — k. It is
advantageous to use bases for Val® comprised of bases for the components
Valf of the grading by degree. Given an even valuation ¢ € Val{, and a
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compact C! k-dimensional submanifold A C V, it is natural to put

S(A) = /A Kly(T,A) do

and the kinematic formula yields the Crofton formula

(13) /G#<A NgB)dg = 3 Ky 6:(A);(B),

deg ¢p;=k,degp;=n—k
where # denotes the cardinality.

2.5. The transfer principle for Crofton formulas. R. Howard has estab-
lished a general Crofton formula for Riemannian homogeneous spaces M :=
G/K. Put Gr,, (M) for the dimension m Grassmann bundle over M.

THEOREM 2.3 ([23]). Let G be a unimodular Lie group and M = G/K
a Riemannian homogeneous space of G, and let m +n > dim M. Let the
Haar measure on M be given by (9). Then there exists a nonnegative function
v € C®(Grp, (M) x Grp(M)), invariant under the action of G x G on
Grp (M) x Gr, (M), such that if A™, B C M are C' submanifolds, then

(14) [ vl ma(ANgBYdg = [ [ furcu(TAT,B)drdy.
G AxB

Note that the function fa g i is completely determined by its restriction
fvcrto Grp(ToM) x Gry(T,M), where o = [K] € M is a representative
point, and that this restriction is K x K invariant. Under this correspondence,
the function fys gk is in a certain sense universal:

THEOREM 2.4 (Transfer principle [23]). Suppose G’ is another unimodular
Lie group containing K, and M' = G'/K an associated Riemannian homoge-
neous space, such that for representative points o € M,o € M’ there exists an
isometric K-map T,M — T, M'. If we identify these two spaces via this map,

then farax = farar k-
Heuristic proof. Given A™, B™ C M, we may think of A, B as being made

up of infinitesimal pieces of linear elements E € Gr,,(V), F € Gr,(V), where
Vi=T,M ~ T, M for any x € M. Taking Riemann sums, it follows that

fM,G,K = fV,K[xv,K- O
2.6. The normal cycle, curvature measures and the first variation of a
valuation. Let S(V') denote the unit sphere of V' and set SV :=V x S(V),

the sphere bundle over V. Given a smooth translation-invariant form g €
Q" 1(SV)V we define U € Val*™ (V) by

(15) Ws(A) = /N P
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for A € K(V'), where N(A) is the normal cycle of A. Conversely, any element
of Val® (V') may be expressed as cvol, +V¥g for some constant ¢ and some
as above. This was proved by Alesker [4, Thm. 5.2.1].

The map ¥ : Q" 1(SV)V — Val™(V) from forms to valuations may
be factored through the curvature measure map ® as follows. The curvature
measure ®g is defined to be the assignment to any A € K(V), of a signed
measure supported on JA given by

A —
5(5) = /Tr—l(S)ﬂN(A) P

for measurable subsets S C V, where 7 : SV — V is the projection. Thus
Vs(A) = @g(A). We say that the curvature measure ®g is nonnegative if
the measure CIJE > 0 for all A € (V). We observe that if the boundary of
A is a smooth hypersurface, then the last integral may be expressed as the
integral over S of a function, determined by [, which at each point z € 0A is
polynomial in the second fundamental form of 9A at z (cf. Lemma 2.8 below).

Recall that SV is a contact manifold with the global contact form «
defined by al(; ) (w) = (v,dm(w)). The unique vector field T on SV with
irae = 1,Lpa = 0 is called the Reeb wvector field (here £ denotes the Lie
derivative). Given a form 3 € Q" 1(SV) there exists a unique vertical form
a A € such that d(8 + a A &) is vertical, i.e., is a multiple of «. The Rumin
operator D, introduced in [29], is the second order differential operator Dj :=
d(B+anf).

Consider now the first variation of a valuation p € Val®™(V'): given A €
K™ and a smooth vector field £ on V', we put

dep(A) : n(Fi(A))

" dtli=

where F} is the flow of {. The following implies that ¢y extends by continuity
to a smooth (but not translation-invariant) valuation in the sense of [4], [5],
[7], [6], [10] (although we will not make use of this fact).

LEMMA 2.5. If p= Vg, then

(16) Sen(4) = [ (& mT)in(DB)

N(4)

Since JA is smooth this may be rephrased as

COROLLARY 2.6. Suppose A € KS™(V'), and let n be the outward pointing
normal field to OA. Then

GeWp(A) = /<9A<§’n> d(I)?T(DB) :
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Proof of Lemma 2.5. Let € denote the complete lift of ¢ to SV, i.e., the
vector field whose flow F} consists of contact transformations and which covers
F; ([33]). Put A := Fy(A). Then N(A;) = Fi(N(A)), whence

; t=0 </N(At) B)

dt
= / LB
N(A)

= a(§)irDpB

N(A)
= [ (emD)ir (D),
N(A)

as claimed. O

0gWp(A) =

The kernel of the map ¥ of (15) has been characterized in [12]. This result
may be restated in the vector space setting as follows. Define the map § from
Val®™ to the space of curvature measures by

(17) (W) := Di(Dp)s d(voly,) := P,

where PE(S) = vol,_1(S NOK) for K € K and S C V measurable. We
recall that p € Val(V) is said to be monotone if u(K) < p(L) whenever
KcCLK,LeK(V).

THEOREM 2.7. The mapping 0 is well-defined, with kernel equal to the
one-dimensional subspace spanned by the Euler characteristic x. A valuation
w € Val®™ (V) is monotone if and only if 6 > 0 and p({point}) > 0.

Proof. That ¢ is well-defined follows from Lemma 2.5. Corollary 2.6 im-
plies that if 4 € kerd then d¢pu = 0 for all smooth vector fields {. Taking
&= — ina%i to be the Euler vector field generating the homothetic flow
towards the origin, continuity implies that p(K) = u({0}) =: ¢ for all K € K.
It follows that u = cy.

To prove the last assertion, by continuity of w it is enough to show that p
is monotone if and only if y({point}) > 0 and du* > 0 for all K € ™.

Suppose p is monotone and K € K. Then p({point}) > 0 since u(0)
= 0. Furthermore, if f : K — R is smooth and > 0 then by Corollary 2.6
0 < Spap(K) = [y fd(6p)X. This implies that (§u)% > 0, as claimed.

To prove the converse, it is enough to show that if K, L € K and K D L
then p(K) > p(L). Under these conditions there is a smooth deformation
F,:V — V such that Fy = Id, Fi(L) = K and (%(t),n) > 0 for all outward
normals n to Fy(L) (for example, the deformation arising from the linear in-
terpolation between the support functions of the two bodies). Integrating the
result of Corollary 2.6 completes the proof. O
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2.7. Constant coefficient valuations. If B extends to a translation-invari-
ant form B € Q""Y(TV)V ~ Q""1(V x V)V, then Stokes’ theorem gives

/ 5= dB,
N(A) Ni1(A)

where Nj(A) is the “disk bundle” defined in (41) of [13]. We consider here the
case where ¢ := df3 has constant coefficients, i.e. p € A*(V @ V).

This subject is relevant here for two related reasons. First, it turns out
(cf. Theorem 3.2 below) that all unitary-invariant valuations belong to this
class. Second, constant coefficient valuations are important even in the gen-
eral theory of valuations: from (17), we know that the first variation du of
any valuation p on V" corresponds to a translation-invariant differential form
~ of degree m — 1 on the sphere bundle SV, which is a contact manifold. At
each point (z,v) € SV, the contact hyperplane @, may be naturally iden-
tified with P, ® P,, where P, := v*. Thus if we fix (z,v) and restrict Ve,
to Qgv, We obtain an element of A"_l(PU @ P,). We may now regard -, as
giving a constant coefficient valuation on the vector space P,. It turns out
that the positivity of this family of “infinitesimal” constant coefficient valua-
tions (parametrized by (z,v) € SV) is equivalent to the monotonicity (in the
sense defined in the remarks preceding Theorem 2.7 above) of p. This has
the following consequence: in view of the fact (Corollary 2.10) that a constant
coefficient valuation is positive if and only if its homogeneous components are
positive, a general translation-invariant valuation is monotone if and only if its
homogeneous components are monotone (Theorem 2.12).

Strictly speaking, the positivity of the constant coefficient valuation de-
termined by 7, is not the relevant concern for the monotonicity question—
instead, the matter turns on the positivity of the functional on symmetric
bilinear forms defined in equation (18). However, Lemma 2.9 and and Propo-
sition 2.11 show that these two conditions are equivalent. This is a help when
we want to determine the monotone cone in the space of U(n)-invariant valu-
ations: the family of infinitesimal constant coeflicient valuations that arise in
calculating their first variations may be expressed in terms of the invariant val-
uations in dimension n — 1. Thus the determination of the (invariant) positive
cone translates at once into a criterion (Proposition 4.5) for the monotone cone.

Put X for the vector space of self-adjoint linear maps V' — V. We identify
> in the usual way with the space of symmetric bilinear forms on V. Given
¢ € A"(V @ V), consider the map Ay : ¥ — R given by

(18) Ag(0) ==7T",

where 7(v) := (v,0v) is the graphing map, and we identify A"V with R by
t-vol ~ t. Given a euclidean space W of dimension n + 1, together with A €
K™ (W) and 3 € Q(SW)W | it is convenient to express the curvature measure
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‘I’é in these terms by taking V := T,0A, where x € 0A. Let n: 9A — S(W)
denote the Gauss map and o, : V — V the Weingarten map. As above,
the contact hyperplane @, () is naturally identified with V' & V, and (after
restriction) 3, ,(z) € A"(V @ V). The following is immediate.

LEMMA 2.8. Let B € Q(SV)V. For A € K™ the curvature measure
determined by B may be expressed as the curvature integral

(19) @4(3) = [

SNOA

)\517”(1) (o) dx.

We say that Ay, > 0 if A\y(0) > 0 whenever o is nonnegative semidefinite.
Put vy for the valuation

(20) v (K) = /N o

Put A} (V @& V) for the space of forms of bidegree (k,n — k) and X, C ¥ for
the cone of maps of corank k.

Observe that if ¢ € A} (V @ V) then the Klain function Kl,, is given as
follows. Given E € Grg(V), let é1,...,€, be a basis adapted to FE, i.e., an

orthonormal basis for V' such that é;,...,é; span E. Put e; := (€;,0),&; :=
(0,€;). Then
(21) KI%(E) ::I:wn_k gf)(el,...,ek,6k+1,...,5n),

where the sign is positive or negative accordingly as the ordered basis é; de-
termines the correct orientation of V' or not.

LEMMA 2.9. Suppose ¢ € A} (V @& V). The following are equivalent:
(2) K1, > 0.

(3) )\¢ > 0.

(4) Ap(o) >0 for all o € Xy, with o > 0.

Proof. (1) <= (2): That (1) = (2) is obvious. To prove the converse it
is enough to observe that if P C V is a compact convex polytope then

vs(P) = 3 Kl ((F)) volu(F) (P, F),
Fepk
where P* is the k-skeleton of P, (F) is the k-plane spanned by F', and /(P, F)
is the normalized exterior angle of P along F. (4) <= (3): That (3) = (4)
is obvious. To prove the converse, let 7 € ¥, 7 > 0. We may assume that 7 is
diagonal. The restriction of A4 to the subspace of diagonal maps 7, with entries
In—k for

Setting suitable subsets of the ¢; to be zero, the

t1,...,tp > 0, may be expressed as A\g(7) = i <ociy, @iyoiyy g biy -t

some coefficients a;,...;, -
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hypothesis implies that all a;,..;, , > 0. (4) <= (2): Given o € ¥, 0 > 0,
let €; be a positively oriented basis of V' adapted to F := kero. Then

As(0) = d(e1,. .., ek, pr1 + Akp1€k+1, - - -+ €n + AnEn)
== ¢(617 co oy €Ly (ék+17gék+l)7 ceey (én7 Uén))
=det(o|gL) d(e1, ..., €kyEkt1y---sEn)-

Since o > 0, the determinant is nonnegative. Thus both conditions are equiv-
alent to the assertion that the right-hand side of (21) is nonnegative on such
a basis. m

COROLLARY 2.10. A constant coefficient valuation is positive if and only
if its homogeneous components are positive.

Proof. Let pp = vg,¢ € A"(V @ V) be a constant coefficient valuation.
Let ¢ = >k or, ¢ € AR(V ® V). Suppose some vy, # 0. By Lemma 2.9,
there is £ € Gry such that Kl,, (E) < 0. Since the restrictions to £ of the
Vy;»J > k, all vanish, it follows that vg(E N Br) < 0 for balls of sufficiently
large radius R. (]

PRrROPOSITION 2.11. Let ¢ € A™"(V ® V). Then vy > 0 if and only if
g > 0.

Proof. This follows from Lemma 2.9, Corollary 2.10 and the fact that
A¢ > 0 if and only if each Ay, >0,

whose proof is similar to that of Corollary 2.10, substituting an appropriate
nonnegative symmetric bilinear form of rank k in place of E. ([

THEOREM 2.12. A waluation p € Val(V') is monotone if and only if all of
its homogeneous components are monotone.

Proof. First we prove the statement in the smooth case.

By (17), given p € Val*™, the first variation measure of ;1 may be ex-
pressed as du = @, for some v € Q(SV)V (if p is a multiple of vol then 7 is
the corresponding multiple of the form k,_; of [17]). Since the second fun-
damental form of a smooth convex hypersurface is nonnegative semidefinite,
and conversely every nonnegative semidefinite bilinear form may be realized as
such at some point of the boundary of such a hypersurface, from Lemma 2.8 it
follows that the curvature measure ®, is nonnegative if and only if M =0
as an element of A} (Q,,) for every (z,v) € SV. By Lemma 2.9, this is the
case if and only if )\7& ) >0,k=0,...,n— 1, where sz,u) € AV (Qu) are
the homogeneous combonents of Y(z,v)- Thus by assertion (2) from the proof
of Proposition 2.11, the present proof will be completed by showing that these
correspond to the homogeneous components of p.
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This amounts to showing: if degpu = k then 7, € A} 1(Qu,) for all
(z,v) € SV. Since this is clearly true when p is a multiple of vol, we may
assume that deg pr < n, and hence u = W3 for some translation-invariant form
B of bidegree (k,n — k —1). Note that df then has bidegree (k,n — k). By the
construction of [29], DS = d(8 + a A §), where £ is the unique form such that
i€ = 0 and (df + da A §)|Qx , = 0. In particular ¢ is translation-invariant
and of bidegree (k—1,n—k —71)7 so v :=i7 D has bidegree (k —1,n — k), as
claimed.

Next, let p be any continuous translation invariant valuation. Let mg,
ma, ... be a sequence of smooth compactly supported probability measures on
GL(V) whose supports converge to the identity. The valuations

[ * ::/ grdm;(g),
GI(V)

where gu(A) := u(g~'A), are then smooth and monotone, with p * m; — p.
Thus the homogeneous components of each p; are monotone by what we have
shown above, and the resulting sequences converge, respectively, to the homo-
geneous components of p. Since monotonicity is clearly a closed condition, the
result follows. (]

PRrROPOSITION 2.13. Suppose W is the orthogonal direct sum R® V| with
orientation induced by those of R,V, and let t,7 : W x W — R be the projec-
tions to the two R factors respectively. Let ¢ € AN™(V x V). Then the three
conditions

V¢20a Z/dt/\¢205 VdT/\d)ZO

are equivalent. If ¢ € AL(V x V) and ¢ € A}_{(V x V), then Vgrpptdiny > 0
if and only if both vy, vy > 0.

Proof. We may assume that ¢ € AZ(V x V), so that
dt A § € AW x W), dr Ap € APHH (W x W).
Given E € Gryy1(W), there is a positively oriented basis of W adapted to E
of the form

Ca + Sék—‘rluéla ey €k _Sa + Cek+1,€k+25-- -, En,

where €1, ..., &, is a positively oriented orthonormal basis for V and c?+s% = 1.
Similarly, given any F € Grp(W) there is a positively oriented basis of W
adapted to F' of the form

e + séq, ..., Ex, B + CE1, ka1, -, (—1)k_1én.
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By Lemma 2.9, we may check the nonnegativity of v4a4 by evaluating

0 0
(22) dt N\ ¢ (c& + S€k11, €1, -, Ek, —SE + CEk11, €kt s .- s En)

0
= dt/\¢ Ca)elw <y CEky CEL41,Ek425 -+ -5 En

2
=cC (;5(617"’ y €y Ek+1,y - - .,8n)7

and of vg-pg by evaluating

0 0
(23) dr N ¢ (Ca +sel,...,6, =S + CEL,E 41y -, (_1)/6—15”)

or
_d a 1k‘—1
=dr AN¢ S€Ls- -, Chy ~S 7 JEkaly - (—1) ey
T
2
= SP(€1, ..y ChyEktlsEktDy- - rEn)-

By (21), each of these expressions is nonnegative precisely when vy > 0, which
proves the first assertion.

To prove the second assertion, it is enough to show that the first condition
implies the second. But (22) and (23) imply that for £ € Grg(V), F €
Grk_l(V)

(24) w;ilfk KlVdT/\¢+th'z/) ({0} X E) = w;ik Kqu; (E)7
(25> KlVd¢/\¢+dm¢ (R X F) - Klmp (F>v
from which this follows at once. O

3. Special bases for ValV(
Every valuation in Val’(™(C") is even and smooth.

3.1. The monomial basis and its Fourier transform. We recall the global
valuations s € Valg (n), te Valg](n) from [20]. The monomials

k 2n — k
w0 spsmin{[g]L [ 750
s , 0<p<min 5 5

constitute a basis of Val’ (™. In Alesker’s [1] notation,

k=2 _ nl(k — 2p)lwi—2p
T (n—plaw T

where
Up(K) = |
Gran—2p,n—p
and the integral is over the corresponding affine Grassmannian with Haar mea-
sure dF normalized as in (19) of [20]. By [13] and [1], their Fourier transforms
are given by

,uk_gp(K N E) db

—_—

sPth=20 = (sP) % (th=2P) = const.s" P * t*""FT2 = const.Cop_fnp,
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where # is the convolution product of [13] and

Crg(K) = [ mlmn(K)dE.

Grag,q

We recall from [20]:

THEOREM 3.1. The ideal of polynomials p such that p(s,t) = 0 locally at n
is the ideal (fn41, fn+2), where deg fr(s,t) = k and log(1+s+1t) = >k fx(s,t).
The fi. satisfy the relations

(26> fl = ta

ksfr+ (k+ Dt ferr + (b +2)fry2=0, k>1

3.2. The hermitian intrinsic volumes.

(c0)

THEOREM 3.2. There ewist global valuations py 4 € Valg uniquely de-

termined by the relations

/ k/, !
(27) Kl (B ) = 6

The valuations py 4, max(0,k —n) < g < L%J, comprise a basis for the vector
U(n)
space Val, .
The py,q are all constant coefficient valuations in the sense of Section 2.7,

and satisfy the local relations
(28) @ = H2n—kn—k+q-

Proof. Let (z1,...,2n,(1,-..,(y) be canonical coordinates on TC™ ~ C" x
C", where z; = x; + v/—1y; and (; = & + v/—1n;. The natural action of U(n)
on T'C™ corresponds to the diagonal action on C™ x C".

Following Park [28], we consider the elements

0o := > _ d&i A dn,

=1

= Z (dacl A dTh — dyl AN dfz) R
i=1

0y := Z dx; N\ dy;
=1

in A2(C"@C™)*. Thus 65 is the pullback via the projection map TC" — C" of
the Kéahler form of C", and 89—+ 61 + 05 is the pullback of the Kahler form under
the exponential map exp(z,() := z + (. Together with the symplectic form
0s = >0 (dx; Ad&;+dy; Ndn;), the 6; generate the algebra of all U(n)-invariant
elements in A*(C" x C") (cf. [28]).
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For positive integers k,q with max{0,k —n} < ¢ < g < n, we now set

L n-+q—k k—2q q
9k7q .— Cn7k7q90 /\ 01 /\ 62,

where
1
¢'(n — k4 q)(k — 2q)\wan 1
Note that 6, € AZ"(C" x C™). We put
(29) g (K) o= / O

N1 (K)

Cnk,q -=

Since this valuation has constant coefficients in the sense of Section 2.7, we may
evaluate its Klain function using (21). We write E*? for a generic element of
Gry»(C™). By invariance we may assume that ERP = CP@RF~?P| with adapted
basis

gy 200 o9 o o o
0z1"" " 0zp Oxpi1’ T Oxph—p OYpr1 OYk—p Ozk—pt1 Ozn’
where 8%1- stands for the pair 8%@-’ (%_. We evaluate
(31)
(i 9 _9 o _9 o o 3)
k,q 8217 R azp7 8$p+1’ R 8xk7p7 877p+17. ] 877k7p, 8Ck7p+17. sty aCn
_ 0 0 0 0
= 6pl(n — k + p)oF 27’( , )
P!l Py 0Tp i1 0T—p OMpt1 OMk—p
+68
B w2n—k7

o o)
P Ozp_p’ Oypy1’ "
the standard orientation of C¥~?7, i.e., the same as that of the basis (30).
This proves (27). In particular, for fixed n the pj, in the given range
are linearly independent, since their Klain functions are. Since their number
equals the dimension of ValV(™ they form a basis. Finally, since (ERa)L =
E?n=kn=k+d relation (28) is immediate, concluding the proof of Theorem 3.2.

O

. . . b ) .
where the sign is that of the basis Bapri ¥ relative to

As a final remark about the hermitian intrinsic volumes, we recall from
Theorem 3.1 that the kernel of the map Valfﬁ_olo) — Valg_(ﬁ) is spanned by the
polynomial f, 1. At the same time it is clear that p,410 = 0 locally at n.

This implies the following global relation.

LEMMA 3.3. There are constants vy # 0 such that

Pk,0 = Vi Sk
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The valuation p, 0 € ValV’(™ was originally discovered by Kazarnovskii,
and is called the Kazarnovskii pseudo-volume.

3.3. Hermitian curvature measures. Next we consider the U(n)-invariant
curvature measures, which correspond to invariant (2n—1)-forms on the sphere
bundle SC"* ~ C" x §?"~1 ¢ C" x C* ~ TC". Consider first the following
three invariant 1-forms on T'C™ and their exterior derivatives:

a =Y &dri + ndy;, do = —0s,

i=1

B=> &dy; —midr;, dB =0,
=1

v = &dni —midéi, dy = 26p,
=1

where 6, is the symplectic form of C" x C™ ~ T*C". The restrictions of these
forms to the sphere bundle C* x S?"~!, together with that of 65, generate the
algebra of invariant forms on that space (we will not distinguish notationally
the forms from their restrictions) [28]. Thus each form of degree 2n — 1 that
is a product of these forms gives rise to a U(n)-invariant curvature measure.
Since the contact form « and its exterior derivative 85 vanish identically on

any normal cycle, it is enough to consider the products of 3,, 8, 81, 02. Since
ONi(K) = N(K), from Stokes’ theorem one easily computes that

PROPOSITION 3.4. Set By g := ®p, ,I'kg = @4, to be the curvature
measures corresponding to the invariant forms

(32) /Bk,q = Cn,kygq 5 A 98_k+q A 9]16—2(]—1 A eg, k> 2q,
(33) Vh,g = CL;’(ZV/\%Z_H"_I ANOY2A0L n>k—gq

on the sphere bundle C* x S?"~1. Then both of these curvature measures give
rise to the hermitian intrinsic volume py, 4, i.e., for K € K

3.4. Tasaki valuations. Tasaki ([31], [32]) was the first to give explicit
Poincaré-Crofton formulas for submanifolds in complex space forms. As a
preparatory step, Tasaki showed that if & < n then the family of U(n) orbits
of Grg(C™) is in natural one-to-one correspondence with the p-dimensional
simplex

k
0<b < <6,< 7, p:= ||
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The invariant O(F) := (61(E),...,0,(F)) is called the multiple Kdhler angle
of E € Gri(C"), and is characterized by the condition that there is an or-
thonormal basis a7, ..., a; of the dual space E* such that the restriction of
the Kahler form of C™ to E is

E]

Z cosb; aoi_1 N ;.

i=1
Thus a subspace F is of type (k,¢q) if and only if

™ ™
@(E):(07,0,2,,2>
q H—/

p—q
With this definition, the multiple Kahler angle is a global invariant in the
sense of Section 2.3, in that it remains the same under the natural embedding
Gri(C") — Grp(C™"1). On the other hand it is easy to see that if & > n then

O(E) = <o, . ,o,@(EL)).
———
k—n

We remark that Tasaki defined the multiple Kihler angle to be ©(E~) in this
case.

Tasaki ([31, Prop. 3]) observed that if k¥ = 2p < n is even then there is an
orthonormal basis e, ..., e, of the hermitian vector space C”, such that
(34) e1,e3,...,ep—1,co801 V—1ley +sinb; ey, ..., cosb, v —leg,_1+sinby,ey,

is an orthonormal basis for F as a real euclidean vector space, and

vV -1 €2,...,V -1 621,, 62p+1, vV _162p+17 ceesCnyV —len,
—sinf; v —1le; +cosby e, ..., —sinb, vV —1legy,—1 + cosbty ez,

is an orthonormal basis for £+, and similarly if k is odd and/or larger than n.
By (21), it is now easy to see

LEMMA 3.5. For each k,q as above, the Klain function Kl,, (E) is a
linear combination of the elementary symmetric functions in

cos? 01(E), ..., cos? 0,(E).

Proof. Referring to the basis (34) and the expression (21) for the Klain
function, the latter is symmetric in these quantities, and of degree at most one
in each of them. O

We now define the Tasaki valuations 1,4 € ValV/(®) 0 < g <p:= {%j by
the condition

(35) Kl (E) = 0,(0(F)) := 04(cos? 01(E), ..., cos* 0,(F))

where o, is the the ¢ elementary symmetric function.
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DEFINITION 3.6.
w = 4s — t°.

ProposITION 3.7. The Tasaki valuations are well-defined, and are given
by

Lk/2) s
(36) Tk, = Z ( )Mk,i
i=q q

k

37 = 21,
B0 k= 2)1(24)]
Furthermore the polynomials from Theorem 3.1 may be expressed
1 [k/2] A
— _1)¢ th—2q,,9
(38) = g 2 (Y (2q) “

Proof. Since the elementary symmetric functions corresponding to the
p+1 hermitian intrinsic volumes are linearily independent, relation (36) is a
straightforward calculation, using the defining relations (27).

To prove (38), we introduce the formal complex variable z := t + v/—1v,
where v is formally real and v? = u. Then

2 02
kazlog(1+s+t):10g(1+t++)
k 4 4

22
=1 142
og(‘ +3 )

= 2Re (log (1 + 5))

RGZ 2)k- 1(t+r>

IS

We postpone the proof of (37) to Section 5.2. O

COROLLARY 3.8. The global Tasaki valuations 7j.4,0 < g < %, constitute

a basis for Valg(oo)

(39) Pkg = kaJ(—n”q (Z)Tk

i=q

, and in fact

If k < n then the local Tasaki valuations T, 4,0 < q < % constitute a basis for
U (n)
Val,
If we now write out the U(n) kinematic formula in terms of the basis
{Thgs Thg : b <n,0< g < Y of Val’™ | then the general Crofton formula (13)
now yields the main theorem of [32].
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THEOREM 3.9 (Tasaki). For 0 <k < n, there is a (L%J + 1) X (L%J + 1)
symmetric matriz T, such that whenever M, N C C" are C' compact sub-

manifolds of dimensions k,2n — k respectively,
(40)

/U(n)#(M NgN)dg = Z(T;?)i,j /M oi(6(T,M)) dx /N o,(6(T,N) dy.

Z?]

The symmetry of 1} follows from that of the pairing (7). In fact these
formulas exhibit a further remarkable symmetry:

THEOREM 3.10. If k = 2l is even then

(41) (Ti)ij = (T¢)i—ia—j» 0<id,5 <L
To prove Theorem 3.10 we introduce the linear involution ¢ : Valg*(oo) —
Valgk(oo) on the subspace of valuations of even degree, determined by its action

on Tasaki valuations:
UTat,q) = Tati—q-

LEMMA 3.11. (1) ¢ is an algebra automorphism.

(2) ¢ covers an algebra automorphism of every Valgk(n).

(3) The action of v on the top degree component Valen(n) is trivial.
(4) ¢ commutes with the Fourier transform.

Proof of Lemma 3.11. (1) Any element of Val%foo)

polynomial in ¢ and v, involving only even powers of each variable. We may
regard this as a (real) polynomial function p(z) in the complex variable z =
t++/—1v. From the expression (37), in these terms ¢(p(z)) = p(v/—12), which
is of course an algebra isomorphism.

may be expressed as

(2) To prove that ¢ descends to an automorphism of ValV™ it is enough

to show that ¢ stabilizes the kernel of the map Vale*(oo) — ValQU*(n). This kernel
consists of the even degree elements of the ideal (fyn+1, fnt2). By (1), it is
enough to show that ¢(for) € (for) and that t(tfor—1) € (tfor—1, for). But by

the proof of (38),

t(for) = —ﬁ t(Re z2k)

1
= —T3% Re(ﬁz)Qk
(-

= W Re Z2k

= (=) for
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and
Utfor—1) = (%_11)2%2 (Re[tz?*71))
— G Relo(VT2
~ g Re (VT2 - VT T

4k
= (—1)H! (% —qfet tf2k71) :
(3) Since locally pg, = 0 for k < n, (36) shows that 7o, 1 = Tonn—k =

(z) H2n.n locally.
(4) Put X, for the vector space spanned by the elementary symmetric

polynomials 0,0 = 1,0p1 1= @1 + -+ + Zp,...,0pp := T1T2...Tp in the p
. . . . . U
variables x1,...,z,. As noted above, ¥, is canonically isomorphic to ValQP(OO)

via 0y 4 + Topq, Where the map ¢ corresponds to oy, 4 — 0p—g, which we again
denote by .
Fixing n > 2p, the Fourier transform ~: ValQUéz)Qp — Valgp(n)
to the linear surjection r : ¥,,_, — ¥, given by
r(f) = f(x1,...,2p,1,...,1).
The assertion thus reduces to the claim that for m = n — p > p the diagram

Y —— S

"]
2, — %,

commutes. It is enough to prove this for m = p 4 1, in which case r(opt1,) =
Opi +0pi—1. Hence for i =0,...,p+1,

corresponds

Lor(0pt1,i) = U0pi+0pi-1) = Opp—itOpp—i+1 = T(Opt1p—it1) = 10L(0p41,i)-
O

Proof of Theorem 3.10. By Lemma 3.11,

. —

Tapi * T2pj = Tepi * ((Tap,p—j)
—
= Top,i - UT2pp—yj)

= 1 (T2p,i - t(T2pp—y))

= 1(T2p;) - T2p,p—j

= T2pp—i " T2p,p—j-
With Theorem 2.2, this implies the result. O
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4. The positive, monotone and Crofton-positive cones
We wish to determine the cones CP C M C P C ValV(™ given by

(42) P:={¢:¢(K)>0foral K € L},
(43) M :={¢: ¢(K) > ¢(L) whenever K,L € K and K D L},
(44) CP :={¢: the homogeneous components of ¢ each admit

a nonnegative Crofton measure}.

We recall from [13] that if ¢, € Val;™" are even, and my is a Crofton
measure for ¢, then the pairing (7) is given by

(45) 0.0 = [ Kly dmy.

PrROPOSITION 4.1. The cone P is generated by the hermitian intrinsic
volumes py q. The cone CP is the cone P* := {¢ : (¢, ) > 0 for all p € P}
dual to P with respect to the pairing (-,-) of (7).

Proof. By the equivalence (1) <= (3) <= (4) in Lemma 2.9, a con-
stant coefficient valuation belongs to P if and only if its homogeneous com-
ponents do; and by the equivalence (1) <= (2), a homogeneous constant
coefficient valuation belongs to P if and only if its Klain function is nonnega-
tive. By Lemma 3.5, the first assertion of Proposition 4.1 is equivalent to the
following statement. Consider the vector space ¥ spanned by the elementary
symmetric functions in the variables x1,...,xp,, and let C' denote the cube
0 < xp,...,7p < 1 (we think of 7; = cos?6;). Let f € ¥ be given. Then
fle = 0 if and only if its value at each vertex of C' > 0. This is easily proved
by induction on the dimension of the faces of C, using the observation that f
is affine in each variable separately if the others are held fixed.

Moving on to CP, put vy, € ValV (™ for the dual basis to fik,p With respect
to the pairing (7), i.e.,

<Vk,p7 Ml,q> = 55;;7
Thus, by (45), v is the valuation determined by the Crofton measure that is
U(n)-invariant, is supported on Gry,, and has total mass 1; furthermore it is
clear that the dual cone P* is generated by the v, € CP, so P* C CP. To
prove the opposite inclusion, we note that (45) implies that if v € C'P then

(¢,1) > 0 for all ¢ with nonnegative Klain function. Taking 1) to have degree
k and writing ¢ = 3", by, we find that

(46) 0< <Z apﬂk,pa¢> = Zapbpa
P P

whenever all a, > 0, which implies that all b, > 0, i.e. 1» € P*. O
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This discussion invites the following brief excursion. Define the norms
Il and [l on Val*™* by

(47) [0lloe = [Klsll »
(48) |#]|; := min{massm : m is a Crofton measure for ¢}.

By (45), the norm dual to ||-||, with respect to the pairing (-,-) satisfies
(49) 5% < M1l -

PROPOSITION 4.2. Restricted to Val,g(n) the norms |||, and ||-|| ., are dual
to one another with respect to the pairing (7), with

Z Aplk,p
p

(50)

:mﬁx‘apL

pr’/k,p = Z |bp |-
p 1 p

Proof. Relation (50) follows from the argument in the first paragraph of
the proof of Proposition 4.1, and by (46),

Z bplipl| = Z |by| = mass (Z bpww,) > Z bpVk p
P o P P P 1

which, with (49), completes the proof. O

(51)

4.0.1. The monotone cone.

THEOREM 4.3. A wvaluation u € ValkU(n) is monotone if and only if
[k/2]

n= Z Aqllk,q5

g=max{0,k—n}
where
k — 1J

(52) (k—2q)ag > (k —2q — 1)ag41, max{0,k—n} <qg< {T

(53)
(n+qg—k+1)ag < (n+q—k+3/2)agy1, max{0,k—n—1} <g< L

k— 2J
5 )
COROLLARY 4.4. The inclusions CP C M C P are strict.

By Theorem 2.7, in order to prove Theorem 4.3 we need to characterize
the cone of nonnegative hermitian curvature measures.

PROPOSITION 4.5. Given constants ayq,b;p € R, k > 2q,n >1—p , the
curvature measure Y ay ¢ Br.q + > by pl', > 0 if and only if all ay q,b;, > 0.
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Proof. Each tangent space T,0A is naturally isomorphic to the orthogonal
direct sum R®C"~!, where the first summand corresponds to the distinguished
line spanned byy/—1n(z) and the second summand to the maximal complex
subspace of T,0A. Thus the 1-forms (3,7 correspond respectively to dt,dr
in Proposition 2.13. In view of the characterization in Proposition 4.1 of the
nonnegative elements of Val/ "~ (C"1), the result now follows from Propo-
sitions 2.11 and 2.13. O

Recall from Theorem 2.7 the first variation map § from valuations to
curvature measures.

PROPOSITION 4.6.
(54)

Otk = 20nkq(Cr 1,0k = 20)°Th1g — € h 101 (N + 0= K)qTh 1,41
_ 1 _
o1t (T a—k+ 3)4Br-14-1 -~ Crie1.q(F —20)(k —2¢ — 1)By_14).

Proof. By definition of the py 4, this valuation is represented by some
(2n — 1)-form wy, , with

—k , pk—2
(55) dwi.q = Cn gl T AOTTI N0,
Le., kg = Yy, To compute Dwy 4, we must solve for § in the equation
(56) Duwp g =d(wrg +aN§) =0 mod a.

Fixing a point (z,v) € SC* = C" x §?"71 let Q C T(2,0)SC™ denote the
contact hyperplane aé,v). Thus Q ~ R® C" ! ® R @ C" ! in a natural
way, and carries a symplectic structure (cf. [29]). Let L denote the Lefschetz
operator on A*Q (i.e., multiplication by the symplectic form 6, = —da) and
A the dual Lefschetz operator. By [24], they induce an sly-structure on A*Q,
ie., [L,A] = k+1—2n on AFQ.

To solve (56) amounts to finding & € A?"~2(Q) with

We write dwy, 4| in terms of its Lefschetz decomposition

n—1

(57) dwk,q|Q = Z Ln_iﬂ%.
=0

Here m9; is a primitive form of degree 2i, i.e. Amo; = 0, where A is the dual
Lefschetz operator. The sum terminates with i = n — 1 (and not with i = n)
since there are no primitive forms of degree 2n. Clearly

n—1 )
§ — Z Ln_l_lﬂ'gi
=0

solves (56).
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We apply A to both sides of (57) and use the fact that
LAl =i(k+i—2n)L"Y on AFQ

to deduce that
n—1

(58) Adwiglo = (n—i)’L" " 'my; = ¢ mod da.
i=0

From this point on we drop the A notation, with all products of forms
understood to be wedge products.

LEMMA 4.7.
A (060505) = B05~ 10572051 (ach? — b(b — 1)0p02) mod (a, dav).

Proof. Since everything is U (n)-invariant, it suffices to do the computation
at the point (0,e1) € SC", i.e., where & = 1,§ = --- =, = 0. At this point,
déy =0, 8% = 0 since (&2 +n?) = 1, and 8 = dy1,v = dn1.

Next, using the abbreviation i,, =1 2 We compute that
zj

ig; o iq, (050305) = i, (b0Gdn; 00105 + 0§08 dy;05")
= dy;dn; (b(b— 1)0565205 — act§~'05057")
and similarly
in, 0y, (060505) = da;d&; (b(b— 1)05605 205 — acty ' 0505") .
Since A = iy, 0y, + Y jo(ig; © iz, + iy ©dy;) at the selected point, and
By + X j=o(dx;dé; 4 dy;dn;) = —da, the result follows. O
With (58) and the defining relation (55), this yields
€= CopugBy05 T T TOT 205 (0 4 q — k)abF — (k — 2q)(k — 2q — 1)6o)
mod («, da).
Replacing this into (56) we find
(59) irDwy, g = ipdwy,q — d€
= copgfy T O T R08!
x ((k - 24)*4006102 — (n + q — k)q 63
+2(n+q—k+1/2)q B067
—2(k —2q)(k — 2q — 1)69802) mod (a, da).

The proposition now follows from Theorem 2.7 and the definition of B, I" from
Proposition 3.4. [l
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Proof of Theorem 4.3. Let p = 3", , aqpirq- The coefficient of I'y_1 ; with
max{0,k —n} <q< {%J in du is given by
Cpgri(n+g—k+1)(¢+1)

2
Cn kq(k — 2q)
LY LEE—— VA Ggtl;
q q+1,
Cn,k—1,q Cnk—1,q

2

it has the same sign as (k — 2q)ag — (k — 2¢ — 1)ag41.
Similarly, the coefficient of By ; with max{0,k —n —1} < ¢ < L%J in
dp is given by
2¢n kgr1(n+q—k+3/2)(g+1) 2 pg(k —2¢)(k —2q — 1)@

a
q+1
Cnk—1,q Cnk—1,q

q»

which has the same sign as (n + ¢ — k + 3/2)ag+1 — (n — k + ¢ + 1)aq. By
Theorem 2.7 and Proposition 4.5, the valuation p is monotone if and only if
inequalities (52) and (53) are satisfied. O

5. Explicit kinematic formulas

Our goal in this section is to give explicit forms for the kinematic formulas
(12) in terms of the basis of Tasaki valuations and their Fourier transforms.
Our approach is based on the explicit calculation of the structure of ValV ()
as an s[(2) module. The existence of such a structure follows from general
considerations (the Jacobson-Morozov theorem [15]) and the fact, originally
established by Alesker [1], [2], that Val*™ satisfies the hard Lefschetz property
with respect to either of two different operators of degrees +1 respectively.
Using the results of [12], [13] we compute explicitly how these operators act
on the Tasaki valuations, and show that together they yield a representation
of s[(2) on ValV™ (although Alesker has pointed out that this is not the case
when these operators are regarded as acting on the entire space Val*™). We
then calculate explicitly the primitive elements of ValV’(™ with respect to this
representation, giving rise to one more canonical basis 7y, for ValV ™ Since
the Poincaré duality multiplication table of ValV(™ in terms of this basis is
antidiagonal (Proposition 5.5 below), we can then easily express the kinematic
formulas in these terms.

5.1. The sl(2) action. We recall [1], [12], [13] the two operators L, A :
Val*™(C™) — Val*™(C™), of degrees +1 respectively:

(60) Lo = - ¢,

(61) Ropim 2piam 16— &

dt |i—o ¢( + tB)a

where B is the unit ball of C”. (1\~Tote that A¢ is the valuation corresponding
to the curvature measure ¢, i.e. Ap(A) = (66)*(A).)
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Since L is a multiplication operator in a commutative algebra, the follow-
ing point is obvious:

LEMMA 5.1. For ¢, € ValV(®,

(Lo) v = ¢+ (L).

We renormalize these operators by taking

2wy ~
(62) L="%]
Wk+1
(63) A= W2k j
Wan—k+1

on each homogeneous component Val;™.

LEMMA 5.2.
(64) Lty = (k=2p+1) Thg1p,
(65) Ampp=02n—2p—k+ 1)1+ (k—2p+ 1) Tp—1p1.

Proof. We show first that
(66) Aﬂk,q = 2(n —k+ q+ 1)Hk71,q + (k — 2(] + 1)Mk71,q717
(67) Lpu,g = 2(q + Dpttr,g+1 + (B — 2¢ + 1) piger1,6-

Recall from [12] that if (K), u € Val®™(V), is obtained by integration over
N1(K) of a differential form t» on TV then Au(K) is obtained by integration
of the Lie derivative Lp with respect to the Reeb vector field T i.e. in the
notation of (20),

[iydj =VLpap-
The Lie derivatives of the 8; with respect to T" are
L7160y =0, L0 =20y, L7703 = 01,

from which one computes that

W —
Ly = 3)27’“:1 (2(n =k +q+ 1,4 + (k= 2¢ + 1)0_14-1) -

Relation (66) now follows at once. Relation (67) follows from (66) using
equation (28) and the fact (which follows at once from Corollary 1.9 of [13])
that the Fourier transform intertwines the operators L, A:

(68) ToL=A0o"

The assertions of the lemma now follow from (36) and (39). O
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THEOREM 5.3. Let X,Y,H with [X,Y]|=H,[H,X]=2X,[H,Y]=-2Y
be generators of sl(2,R). The map
H — 2k — 2n,
X— L,
Y= A

defines a representation of s[(2,R) on Vall(),

Proof. This is a direct calculation, using Lemma 5.2. (]

The following corollary is a standard fact for s[(2) representations, com-
pare [24] or [21].

COROLLARY 5.4.
(69) [H,L'] = 2iL",
(70) [L,A] =iL" Yo H 44(i — 1)L L

We recall that an element 7 in degree k < n of such a representation is
called primitive if AT = 0, or equivalently, if L?"~2**1x = 0. By the Hard
Lefschetz Theorem of Alesker [1], and comparing dimensions, it follows that
there exists a unique (up to a multiplicative constant) primitive valuation in

ValV ™ in each even degree not larger than n.
In the following, we use the standard notation

k+1=2k+1)-(2k—1)-(2k—-3)---1
and set formally (—1)!! := 1. For 0 < 2r < n, using Lemma 5.2 we put
r o (@2r—2i— 1)

1 = (=1 (20— dr + DS (=1) :
(T1) mory = (=1)"(2n ”);( V an = —

to be the unique primitive valuation of degree 2r whose expansion in terms of
the Tasaki valuations has leading term 7,.,, and define for k > 2r

(72) Tk = Lk_2r772r,r
T (k=2) (2r—2i—1)!

(73) = (=1)"(2n —dr + D izo(_l) (2r — 2i)! (2n — 2r — 20 + 1)!

| Thii

by (64).
For further use, we note that by equation (36),
(2n —4r + DHN(2r — D!! n 2(2r—n-—1)
(2n—2r + 1)1 Han0 or —1 1t
mod (uor; 1@ >1), 2r <n.

(714) morr = (—1)"
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PROPOSITION 5.5. For each 0 < k < 2n the valuations m,, 0 < r <

min(k,2n—k) (n)

5 constitute a basis of ValkU . Furthermore,

Tk " T2n—k,s — 0, r 75 8.

Proof. The fact that these elements constitute a base of Valg(") follows at
once from the Lefschetz decomposition of the s[(2)-representation Val/(™. If
r # s, say r > s, then
(75) Tkr " Ton—k,s — Lk_2r772r,r : Lk_25772s,s =C- L2n_2r_287r2r,r *T2s,8 = 0

since L2411y, . = 0. O

LEMMA 5.6. For 0 <2r <k <2n-—2r,
_ (k —2r)!
76 = Ton k-
(76) Tk = on — 2 — k)1 2k
Proof. We assume, as we may, that k& < n. By the Hard Lefschetz Theorem
of Alesker [1], A"~F : Valeéﬁk — ValV (") is injective, so it is enough to show
that A”_kﬂ; = %A”_kmn_k,r. By (68) and the fact that the Fourier
transform acts trivially on Valg (") the left-hand side is just m, . On the other
hand, relation (70) yields
Ampp =0 =2r)2n —2r — 14+ 1)m_1,,
which after iterating n — k times gives
_ 2n — 2r — k)!
A" kﬂznfk,r = ((16—27‘)!)7(-”7“
as claimed. O

Remark. Comparing the algebra of ValV™ to the cohomology of Kéahler
manifolds, (76) corresponds to the magic formula relating primitive forms, the
Lefschetz operator and the Hodge star operator ([24, Prop. 1.2.31]).

5.2. Two loose ends. We tie up two loose ends from Sections 3.2 and 3.4.

PROPOSITION 5.7. The constants 7y, from Lemma 3.3 are given by

Y
Pk,0 = (—1)k+1(2)1f :

ka(k: — 1)

To this end we will make use of two lemmas. We say that a valua-
(n)

k-Grassmannian Gry o. Thus the space of anisotropic valuations is spanned by
the jup,p > 1.

tion in Val, is anisotropic if its Klain function vanishes on the isotropic

LEMMA 5.8. The space of anisotropic valuations is an ideal in ValV (),
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Proof of Lemma 5.8. Let ¢ € Valg(n) be anisotropic, and 3 € ValV (™) of
degree [. By [13, §1.2.2], we may write

W) = [ MK E)du(E)

with some smooth measure y on the affine Grassmannian Gra,,_;(C"), and the
product ¢ - ¥ may be expressed

b uK) = [ oK N E)du(E).

Grap g ((Cn)

If K is contained in an isotropic subspace, then the same trivially holds
true for K N E. Since ¢ is anisotropic, the integrand on the right-hand side
vanishes. It follows that ¢ - v is anisotropic. O

Remark. In fact the ideal of anisotropic valuations equals the principal
ideal (u) = (72,1) = (p2,1)-

LEMMA 5.9.
o dws
(77) = —tu,
1 1
78 - — ( s ) )
(78) s p H2,1 + 2#2,0
2

Proof. Clearly t° = xy = pp and t = %Ml by equations (46) and (48) of
[20]. Relation (77) now follows by induction using equation (67) (cf. also |20,
Cor. 3.4]).

Theorem 3.1 implies that s = %tz locally at n = 1. This implies that
the value of s on a complex disc is 1. Thus s = %(,uz@ + apgo) for some
a € R. Meanwhile, —st + %t3 = f3 = 0 locally at n = 2. Therefore —s + étQ
is primitive in Val”(® with respect to the given s[(2, R)-representation. Since
13,0 = 132 = 0 locally at n = 2, this implies that

1 2
0=wL (—s + §t2> =L (_NZ,l —apo + g(/@,o + M2,1))
1

=,
== Z_a)2
3M3,1 + (3 a)Zp3

by (67). Thus a = 1. O
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Proof of Proposition 5.7. By the recursion (26) we have

(80)
kfiy =—t(k—1)fr—1 — s(k —2)fr_2
_ 2 Yito(k = 2)
= _t'Yk_11(k - 1)/%—1,0 - Z’Yk_lz(k - 2)/%—2,0 - szu#k—z&

Since u = %le is anisotropic, the same holds true for - 152 o by Lemma 5.8.
Comparing the coefficients of ju in (80), we obtain using (64)

-1
Wk N2k —2)  wy
TWk—1 4 772ka2

kvt = —(k = 1)y k(k—1),

from which the proposition follows by induction. O

The next loose end is

Proof of (37) from Section 3.4. We proceed by induction on ¢. Since 7
is the &*® intrinsic volume sy, the case ¢ = 0 is (77). For the inductive step we
observe first that since (64) may be reformulated as

TWi

Thtlp = t- T p,
TP (k= 2p + Dwpga P

it is enough to prove the desired relation for 7o,,. To accomplish this we
compare the expressions (38) for the f; with

1)
fe = (-UHIW 1,0

lk/2]
2w (k — 1)! :

= (=1 k+1k7 § 1 7 ;
which follows from Corollary 3.8 and Proposition 5.7. Taking k = 2r and
equating the two expressions, (37) follows from the inductive hypothesis. O

COROLLARY 5.10. If2p < k then

Ap+1)
m(k+2)
mod (fig42i 4> p+2).

(81) U flp = (2p+ Vpig2pr1 — 2(p + 2) pir2,p42)

2(2p+1)(2p+2)
m(k+2)
tion (81) may be computed from relations (36), (39) between the 7 and the p.

O

Proof. Since u - 7, = Tk+2,p+1 by (37), the desired rela-

Remark. The two sides of (81) are in reality precisely equal, although we
will not use this fact.
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5.3. The main computation.
PROPOSITION 5.11. For all k > 2r

n\ (k—2r)!2n—4r)! (2n—4r+ 1)
27") (n—r)!(2n —2r —k)! (2n —2r + IV

o 8T7rn
82 -7
®2) (o o) WEWon—k (

Proof. We show first that for 2r < n, the value of the Poincaré pairing (6)
of u" and Ta,., is

™

. 8\"  nl  (2n—4r4+ 1!
(83) (W Tarr) (n—2r)! (2n— 2r + )II
This follows in turn from the relation

812n—2r+3)(n—2r+1)(n—2r+2)
m(2n — 4r + 3)(2n — 4r 4+ 5)

(84) u - 7T/2-T\77= = T2r—21r—1,

after r iterations, since oo = fiop = pon. Both sides of (84) lie in the kernel
of the map L : Valgrgﬁ)% L9 & Valgézr 13, Which is one-dimensional. In or-
der to fix the proportionality factor, it suffices to compare the coefficients of
H2n—2r+2n—2r+2 o0 the two sides (note that locally 12,—2y42,n—2r+1 = 0). It is
straightforward to carry this out using (81) and (74).

To prove (82) observe first that by (37),

2r T

T !
Tory = Topy = u = uv"  mod t.
(2r)!

CL)QT(Q’I’)!

Since t - Ta,,, = const.t - To,_2,, = 0, the case k = 2r follows from (83), the
definition (71) of my,,, and (37). If k > 2r we use Lemmas 5.1 and 5.6 to
compute

(k=2
Ty Thy = m”km " T2n—k,r

(k — QT)‘ —2r n—k—2r
= Gn—2r k) (LF =2 mgpy) - (L2 1y, )
(k - QT)! WorWon—2r

2n—4
= | T2rr * L TT‘-Q’I‘,T
(2n —2r — k)! wrwon—k

(kb —2r)!(2n — 47)! warwan oy

Torr - Tors
(2n—2r — k)  wpwon_ T

which with the previous case yields (82). O

Using Theorem 2.2, relation (82), Proposition 5.5 and Lemma 5.6 now
yield at once
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THEOREM 5.12. Set p := min {ng, LMQ_kJ}

(85)

1 2n
kU(n) (X) - on Z WrWon—k
k=0

Poon—2r—K)n—r)!@2n—-2r+1!1(n
Z( )N ) ( + )(

-1
8" (k —2r)!(2n — 4r)! (2n — 4r + 1! 27") Mg @ Mg r

r=0
1 2n

= s Z WkW2n—k
k=0

zp: (n—r)! (2n—2r—|—1)!!<n>_1ﬂ_ -
k,r 2n—k,r-
= 87(2n —4r)! (2n —4r + DI\ 2r

COROLLARY 5.13. The Tasaki matrices T}, and the matrices Q} of [20],
are positive definite.

Proof. These matrices are the inverses of those arising respectively by
expressing the bilinear forms

(0.0) = @0, (p,9) = ¢- 12"y

on ValkU(n) in terms of specific bases (the Tasaki valuations in the first case
and the monomials in s and ¢ in the second). Both of these diagonalize upon
change of basis to the m,, and the diagonal entries are the inverses of the
(positive) coefficients of (85) in the first case, and positive multiples of these
in the second (by Lemma 5.6 and the definition (72) of the 7y ). O

Expanding via (73) we obtain
COROLLARY 5.14. The (i, ) entry of the Tasaki matrixz T} is

4§ WEW2n—k
(lel)z'j = (_1)1+JW7:

15) -1 . .
2 n (2n —2r — k)l(n — r)l(k — 2i)!(k — 29)!
Z ) [(27’) 8" (k —2r)!(2n — 4r)!(2r — 2i)!1(2r — 25)!

r=max(%,j
(2n —2r + DN (2n — 4r + 1)I(2r — 20 — D)NN(2r — 25 — D!
(2n—2r —2i+ 1)N'(2n —2r — 25 + D! '

We have not been able to simplify this expression further. However, for
fixed k, the above sum is finite and can be computed in a closed form. Thus
it is straightforward (albeit messy) to calculate

1 2n —1 -1
y 1 —
(86) 2 4n(n—1) ( -1 2n- 1) ’
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L 2" 2 =3)! (2n—3 —1
(87) 5= ’17,71'(257,—3))” ( ~1 2”31>
(88)
(n — 4)! 32n—-5)(2n—-3) —3(2n —3) 9
Ty = T —3(2n — 3) 2n% —4n +3 —3(2n — 3) :
" 9 —3(2n—3) 3(2n—5)(2n —3)

etc. The matrices T4, T5 had previously been computed in [32] using the
template method.

Note that since k = 2,4 are even, the matrices 73", Ty display both the
expected diagonal symmetry and the antidiagonal symmetry predicted by The-
orem 3.10. In fact that theorem gives a family of identities among the values
given in Corollary 5.14 whenever k is even. From a practical perspective this is
an aid in computing closed forms for these expressions, since for larger values
of i, j the sum in Corollary 5.14 is shorter.

5.4. Other kinematic formulas. Of course the whole point of the compu-
tations above is to give explicit forms for the kinematic formulas

U(n)

which in turn specialize to Crofton formulas when A, B C C" are compact
C' submanifolds (or even rectifiable sets) of complementary dimension. By
the transfer principle (Theorem 2.4), the latter formulas hold verbatim if C"
and U(n) are replaced by the spaces CP™ or CH™ of constant holomorphic
sectional curvature together with their groups of isometries, with measures dg
given by the standard convention (9).

In the case of CP™, however, another natural convention is to take dg to
be a probability measure. The resulting Crofton formulas may then be viewed

as a generalization of Bézout’s theorem. Normalizing the metric to be the
standard Fubini-Study metric (i.e. with holomorphic sectional curvature 4),
they are obtained by dividing the constants above by vola,(CP™) = 7;—7: It
is reassuring to recover Bézout’s theorem for pairs (algebraic curve, algebraic
hypersurface) and (algebraic surface, algebraic variety of codimension 2) from

the matrices (86), (88), using the fact that for varieties V¥, Wn=* c CP"

Tokq(V) = <S) pokk (V) = <k> pok(V) = (S) 7;]: deg(V),

q

a0 = (Yoo ) = (B st = (1) T deson),

as may be computed via (36).
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The calculations above also permit us to compute in explicit form the
kinematic formulas k() (7x,), using the fundamental relation (12) and the
product formula

(89) Thop Tig = Bt Rl =2p=2¢) (2p +2q Thtlp+
P 4 wkwl k_2p 2p ,PTq»

which is a simple consequence of (37). Rather than write down further messy
general formulas, we illustrate by computing the expected value of the length
of the curve given by the intersection of a real 4-fold and a real 5-fold in CP*.

THEOREM 5.15. Let M*, N5 ¢ CP* be real C' submanifolds of dimension
4,5 respectively. Let 01,602 be the Kahler angles of the tangent plane to M at
a general point x and 1 the Kdhler angle of the orthogonal complement to the
tangent plane to N at y. Let dg denote the invariant probability measure on

U(5). Then
/ length(M N gN) dg
U(5)
= %x {30 voly(M) vols(N) — 6 voly(M) / cos? 1 dy
5% N

- 3/ (cos® 01 + cos? Bs) dx - vols(N)
M

+7/ (cos® By + cos? Bs) du - / cos? 1) dy} .
M N

Proof. If | C CP™ is a real curve, then 71(l) = length(l). Thus by
the transfer principle we wish to compute the terms of bidegree (4,5) in
L kyay (T10). Since
A MU ()\T1,

8 8 8
TA0*T10 = =T T4l T10 = =T Tao T10 = =T
40710 = 3750, T4 TLO = gT51, 427 TL0 = 1£75.2
the matrix giving the relevant terms is
1 7 —15 3
— | -25 19 -5
4 )
0\ 15 15 15

where the columns are indexed by the 75, and the rows by the 74, = 74;.
Locally at n = 4,

T50 = T30, T51 =730+ 731, T52=7T31
so with respect to the bases 73;, 74 ; one computes the pairing matrix to be

30 —6
-3 7 . (]
0 O

1

(90) 54
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By [13], we can also translate this result to give an additive kinematic
formula for the average 7-dimensional volume of the Minkowski sum of two
convex subsets in C* of dimensions 3 and 4 respectively.

THEOREM 5.16. Let E € Gry(C*), F € Gr3(C*); let 61,02 be the Kdhler
angles of E and v the Kdhler angle of F. Let dg be the invariant probability
measure on U(4). If A€ K(E),B € K(F) then
/ vol7(A+ gB)dg = L vols(A) vol3(B)

U(4) 120
X [30 — 6cos?1p — 3(cos? 0y + cos? By) + 7 cos? Y(cos? 0 + cos? 92)] .

Proof. Recall that the additive kinematic operator ag 4 : ValV® (CY —
Val? @ (C*) @ Val? @ (C?) is given by

aua)($)(A, B) = /U AT 9B ds

By Theorem 1.7 of [13],

ay(ay(p7) = k@ (T = kyay ().
Thus the bidegree (3,4) terms of ay(4)(p17) are given with respect to the bases
T3,iy T4,j by the matrix %X (90) O
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