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All automorphisms of the Calkin algebra
are inner

By Irijas FARAH

Dedicated to my wife Tatiana Velasevic and Dr. Carl J. Vaughan
and Dr. Leonard N. Girardi of New York-Presbyterian Hospital.
Without them I would not be around to prove Theorem 1.

Abstract

We prove that it is relatively consistent with the usual axioms of math-
ematics that all automorphisms of the Calkin algebra are inner. Together
with a 2006 Phillips-Weaver construction of an outer automorphism using
the Continuum Hypothesis, this gives a complete solution to a 1977 prob-
lem of Brown-Douglas-Fillmore. We also give a simpler and self-contained
proof of the Phillips-Weaver result.

Fix a separable infinite-dimensional complex Hilbert space H. Let B(H)
be its algebra of bounded linear operators, C(H) its ideal of compact opera-
tors and C(H) = B(H)/K(H) the Calkin algebra. Let 7: B(H) — C(H) be
the quotient map. In [7, 1.6(ii)] (also [35], [43]) it was asked whether all auto-
morphisms of the Calkin algebra are inner. Phillips and Weaver ([33]) gave a
partial answer by constructing an outer automorphism using the Continuum
Hypothesis. We complement their answer by showing that a well-known set-
theoretic axiom implies all automorphisms are inner. Neither the statement
of this axiom nor the proof of Theorem 1 involve set-theoretic considerations
beyond the standard functional analyst’s toolbox.

THEOREM 1. Todorcevic’s Axiom, TA, implies that all automorphisms of
the Calkin algebra of a separable Hilbert space are inner.

Todorcevic’s Axiom (also known as the Open Coloring Axiom, OCA) is
stated in Section 2.3. Every model of ZFC has a forcing extension in which
TA holds ([41]). TA also holds in Woodin’s canonical model for negation of
the Continuum Hypothesis ([44], [28]) and it follows from the Proper Forcing
Axiom, PFA ([40]). The latter is a strengthening of the Baire Category Theo-
rem and besides its applications to the theory of liftings it can be used to find
other combinatorial reductions ([40, §8], [31]).
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The Calkin algebra provides both a natural context and a powerful tool for
studying compact perturbations of operators on a Hilbert space. The original
motivation for the problem solved in Theorem 1 comes from a classification
problem for normal operators. By results of Weyl, von Neumann, Berg and
Sikonia, if a and b are normal operators in B(H ) then one is untarily equivalent
to a compact perturbation of the other if and only if their essential spectra
coincide (see the introduction to [6] or [8, §IX]). The essential spectrum, o.(a),
of a is the set of all accumulation points of its spectrum o(a), together with
all of its isolated points of infinite multiplicity. It is known to be equal to
the spectrum of m(a) in the Calkin algebra. Therefore the map a +— o.(a)
provides a complete invariant for the unitary equivalence of those operators in
the Calkin algebra that lift to normal operators in B(H).

An operator a is said to be essentially normal if aa* — a*a is compact, or
equivalently, if its image in the Calkin algebra is normal. Not every essentially
normal operator is a compact perturbation of a normal operator. For example,
an argument using the Fredholm index shows that the unilateral shift S is not
a compact perturbation of a normal operator ([6]) while its image in C(H)
is clearly a unitary. Since the essential spectra of S and its adjoint are both
equal to the unit circle, the above mentioned classification does not extend
to all normal operators in C(H). For an essentially normal operator a and
A € C\ oe(a) the operator a — AI is Fredholm. In [6] (see also [7] or [8, §IX]) it
was proved that the function A — index(a — AI) together with o¢(a) provides
a complete invariant for the relation of unitary equivalence modulo a compact
perturbation on essentially normal operators.

It is interesting to note that the unitary equivalence of normal (even self-
adjoint) operators is of much higher complexity than the unitary equivalence
of normal (or even essentially normal) operators modulo the compact pertur-
bation. By the above, the latter relation is smooth: a complete invariant is
given by a Borel-measurable map into a Polish space. On the other hand, the
complete invariant for the former given by the spectral theorem is of much
higher complexity. As a matter of fact, in [26] it was proved that the unitary
equivalence of self-adjoint operators does not admit any effectively assigned
complete invariants coded by countable structures.

Instead of the unitary equivalence modulo compact perturbation, one may
consider a coarser relation which we temporarily denote by ~. Let a ~ b if
there is an automorphism ¢ of the Calkin algebra sending m(a) to 7(b). It is
clear that a ~ b implies o.(a) = o.(b), and therefore two relations coincide on
normal operators. By [6] these two relations coincide on normal operators, and
the conclusion of Theorem 1 implies that they coincide on all of B(H). The
outer automorphism ® constructed in [33], as well as the one in Section 1 below,
is pointwise inner: ®(n(a)) = ®(n(b)) implies an inner automorphism sends
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m(a) to 7(b). It is not known whether ~ can differ from the unitary equivalence
modulo a compact perturbation in some model of set theory. In particular,
it is still open whether the Continuum Hypothesis implies the existence of an
automorphism of the Calkin algebra sending the image of the unilateral shift
to its adjoint. See [33] for a discussion and related open problems.

Theorem 1 belongs to a line of results starting with Shelah’s ground-
breaking construction of a model of set theory in which all automorphisms of
the quotient Boolean algebra P(N)/ Fin are trivial ([36]). An equivalent refor-
mulation states that it is impossible to construct a nontrivial automorphism
of P(N)/Fin without using some additional set-theoretic axiom. Through the
work of Shelah-Steprans, Velickovic, Just, and the author this conclusion was
extended to many other quotient algebras P(N)/Z. The progress was made
possible by replacing Shelah’s intricate forcing construction by the PFA ([37])
and then in [42] by Todorcevic’s Axiom ([40, §8]) in conjunction with Martin’s
Axiom. A survey of these results can be found in [16]. See also [24] for closely
related rigidity results in the Borel context (cf. §6 below).

0.1. Terminology and notation. All the necessary background on operator
algebras can be found e.g., in [32] or [43]. Throughout we fix an infinite di-
mensional separable complex Hilbert space H and an orthonormal basis (ey,).
Let w: B(H) — C(H) be the quotient map. If F'is a closed subspace of H
then projr denotes the orthogonal projection to F'. Fix an increasing family of
finite-dimensional projections (R,,) such that \/,, R, = I, and consider a non-
increasing family of seminorms ||al|, = [[(I —Ry)al|. Let ||a|x = lim,— o0 ||@]]n-
Note that |la||x = ||7(a)||, with the norm of m(a) computed in the Calkin al-
gebra. Projections P and Q are almost orthogonal if PQ is compact. This is
equivalent to QP = (PQ)* being compact.

Let A, B be C*-algebras, Ji, Jo their ideals and let ®: A/J; — B/J2 be a
*-homomorphism. A map ¥: A — B such that (7, is the quotient map)

A/Jl T)B/JQ

commutes, is a representation of ®. Since we do not require ¥ to be a *-homo-
morphism, the Axiom of Choice implies every ® has a representation.

For a partition E of N into finite intervals (E,) let D[E] be the von Neu-
mann algebra of all operators in B(H) for which each span{e; | i € E,} is
invariant. We always assume F,, are consecutive, so that max(F,) + 1 =
min(E,11) for cach n. If E, = {n} then D[E] is the standard atomic masa
von Neumann algebra of all operators diagonalized by the standard basis.
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These FDD (short for ‘finite dimensional decomposition’) von Neumann al-
gebras play an important role in the proof of Theorem 1. For M C N let P}%
(or Py if E is clear from the context) be the projection to the closed linear
span of J;car{en | n € E;} and let Dy/[E] be the ideal Py D[E|Py = PyD[E]
of DIE]. Tt is not difficult to see that an operator a in D[E] is compact if and
only if lim; HP%)aH = 0. The strong operator topology coincides with the

product of the norm topology on the unitary group of D[E], U[E] = [; U(E;)
and makes it into a compact metric group.

If A is a unital C*-algebra then U/(.A) denotes its unitary group. We shall
write U|[E] for U(D[E]) and Ua[E] for U(Da[E)). Similarly, we shall write C[E]
for D[E]/(D]|E] N K(H)). For a C*-algebra D and r < oo write

Doy = faeD|[af <r}.

The set of self-adjoint operators in D is denoted by Dg,.
The spectrum of a normal operator b in a unital C*-algebra is

o(b) = {A € C|b— A is not invertible}.

A rough outline of the proof of Theorem 1. If D is a subset of B(H), we
say that ® is inner on D if there is an inner automorphism ® of C(H) such
that the restrictions of ® and @' to 7[D] coincide. In Theorem 1.1 we use CH
to construct an outer automorphism of the Calkin algebra whose restriction
to each D[E] is inner. In Theorem 3.2 we use TA to show that for any outer
automorphism ® there is E such that ® is not inner on D[E]. Both of these
proofs involve the analysis of ‘coherent families of unitaries’ (§1).

Fix an automorphism of the Calkin algebra ®. Fix E such that the se-
quence #E, is nondecreasing. A simple fact that ® is inner on D[E] if and
only if it is inner on Dy;[E] for some infinite M is given in Lemma 6.2. Hence
we only need to find an infinite M such that the restriction of ® to Dy/[E] is
inner. This is done in Proposition 7.1. Its proof proceeds in several stages and
it involves the notion of an e-approximation (with respect to || - ||x) to a rep-
resentation (see §4) and the family J"(E) = {A C N | ® has a C-measurable
27 "-approximation on D[E]} In Lemma 7.2, TA is used again to prove that
J"™(E) is so large for every n that (), J"(E) contains an infinite set M. The
Jankov, von Neumann uniformization theorem (Theorem 2.1) is used to pro-
duce a C-measurable representation of ® on D)y [E] as a ‘limit’ of given 27"-
approximations. This C-measurable representation is turned into a conjuga-
tion by a unitary in Theorem 6.3. This result depends on the Ulam-stability
of approximate *-homomorphisms (Theorem 5.1).

Part of the present proof that deals with FDD von Neumann algebras
owes much to the proof of the ‘main lifting theorem’ from [13] and a number
of elegant improvements from Fremlin’s account [20]. In particular, the proof
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of Claim 6.5 is based on the proof of [20, Lemma 1P] and Section 7.1 closely
follows [20, Lemma 3C].

1. An outer automorphism from the Continuum Hypothesis

We first prove a slight strengthening of the Phillips-Weaver result. Lem-
mas 1.2, 1.3 and 1.6, as well as definitions of p and Ay, will be needed in the
proof of Theorem 1.

THEOREM 1.1. The Continuum Hypothesis implies there is an outer au-
tomorphism of the Calkin algebra. Moreover, the restriction of this automor-
phism to the standard atomic masa and to any separable subalgebra is inner.

If £ and F are partitions of N into finite intervals, we write E <* F if for
all but finitely many 4 there is j such that F; U E; 1 C F; U Fjq. A family £
of partitions is cofinal if for every F there is E € & such that F <* E.

Let T denote the circle group, {z € C | |z| = 1}, and let TY be its countable
power. It is isomorphic to the unitary group of the standard atomic masa. For
a € TN let u, be the unitary operator on H that sends e, to a(n)e,. For a
unitary u let ¥, be the conjugation by u, ¥, (a) = uau* (usually denoted by
Adw in the operator algebras literature.) If u = u, we write ¥, for ¥, . We
say that ¥, and ¥z agree modulo compacts on D if ¥, (a) — ¥g(a) is compact
for every a € D.

Given E define two coarser partitions: Eeven, whose entries are FopUFEoy+1
and E"dd, whose entries are Eo,_1 U Ey, (with E_1 = (). Let

F[E] = DIE®*"] U D[E°Y].
I have proved Lemma 1.2 below using the methods of [3]. George Elliott

pointed out that the proof of this lemma (in a more general setting) is contained
in the proof of [11, Theorem 3.1], as remarked in [12].

LEMMA 1.2. For a sequence (a,) in B(H) there are a partition E, a® €

DIE®] and a) € D[E°Y] such that a,, — a — al, is compact for each n.

Proof. For A C N write PS") for the projection to the closed linear span of
{ei i€ A}. Fixm € Nand ¢ > 0. Since aPyg ) is compact, we can find n > m
large enough to have [Py, yaPg )|l < € and similarly [P, »)a*Pom) |l < €.
Therefore ||Pjg )aP, o0l < € as well. Recursively find a strictly increasing
f+ N = Nsuch that for all m < n and i < nwe have ||P[¢(;41),00)@: P[0, f(m)) | <
27" and [|Po #(m))@iPf(ns1),00) | < 27". We shall check that E defined by
En = [f(n), f(n+1)) is as required. Write Qn = P(n) fn+1)) (With f(0) = 0).
Fix a = a; and define

a’ = 2% 1 (Q20,0Qa + Q2,aQ2n+1 + Q20410Q2y),
a' = 3% 1(Q2n41aQ2n11 + Q2n+10Q2n+2 + Q2n12aQ2n+1).
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Then a® € D[E*], a' € D[E°Y]. Let ¢ = a — a® — a’. For every n we have

1P el < [ 20 Pl 0aPio, -1 || + |21 Plron, @) aPis11) .00 |
< 2—n+2 + 2—n—&-17

and therefore ¢ is compact. O

Whenever possible we collapse the subscripts/superscripts and write e.g.,
W for W,e (which is of course ¥y, ).

LEMMA 1.3. Assume (Eg)geA 18 a directed cofinal family of partitions
and of, € € A, are such that v, and V¢ agree modulo compacts on f[Ef]
for & < n. Then there is an automorphism ® of C(H) such that V¢ is a
representation of ® on .F[Eﬂ for every & € A. Moreover, ® is unique.

Proof. By Lemma 1.2, for each a € B(H) there is a partition E with
ag € D[E¥"] and a; € D[E°Y] such that a — ag — a1 is compact. Fix F = E¢
such that E <* F and let ®(r(a)) = (¥ (a)).

Then @ is well-defined by the agreement of W¢’s. For every pair of oper-
ators a, b there is a single partition E with ag and by in D[E®*"] and a; and
by in D[E"dd] such that both a — ag — a1 and b — by — b; are compact. This
readily implies ® is a *-homomorphism.

The inverse maps ¥g = \I/(ua ¢)+ also satisfy the assumptions of the lemma
and there is a *-homomorphism ®* such that V¢ is a representation of * on

F[E¢] for every ¢. Then ®®* = &*® is the identity on C(H); hence ® is an
automorphism. The uniqueness follows from Lemma 1.2. U

Let T be the unitary group of the 1-dimensional complex Hilbert space.
Recall that every inner automorphism of C(H) has a representation of the form
W, for v which is an isometry between subspaces of H of finite codimension.
The proof of the following lemma was suggested by Nik Weaver.

LEMMA 1.4. Assume u and v are isometries between subspaces of H of
finite codimension. If ¥, (a)—V,(a) is compact for every a diagonalized by (ey,),
then there is o € (T)N for which the linear map w defined by w(e,) = a(n)v(ey,)
for all n is such that Wy (a) — Yy (a) is compact for all a in B(H).

Proof. Let A = {a € B(H) | a is diagonalized by (e,)}. By our assump-
tion, 7(v*u) commutes with 7(a) for all @ € A. Since 7[A] is, by [22], a maximal
abelian self-adjoint subalgebra of the Calkin algebra we have m(wp) = 7(v*u)
for some wg € A. Let wy = bwy be the polar decomposition of wq in A. Since
m(b) = I we have m(w;) = m(v*u). Since the Fredholm index of w; is 0 and
7(wy) is a unitary, we may assume wj is a unitary. Fix o € TN such that
W1 = Ug, 1.€., wi(ey) = a(n)e, for all n.
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Let w = vwy. Then 7(w) = w(vv*u) = 7(u). Hence ¥y (a) — ¥y(a)
is compact for all a € B(H). Also, for each n we have w(e,) = vwi(e,) =
v(a(n)e,) = a(n)v(ey,). O

For i,j in N and a, 8 in TV, let
p(i,g, o, B) = la(i)a(j) — BHBG)I-
For fixed 4, j the function f = p(i, j, -, ) satisfies the triangle inequality:
flo, B) + f(B,7) = fla,7).

We also have

p(i, g, o, B) = |p(i, j, o, B)a(7)B(0)] = |a()B(0) — a(5)B()]-

Hence for fixed «, 8 the function f; = p(-,-,«, 3) also satisfies the triangle
inequality:

fl(l,]) + fl(ja k) > fl(iv k)
For I C N and o and 3 in TV write
Al(a7ﬂ) = sup p(i,j’aaﬁ)'
iel, jel

The best picture Ay is furnished by (5) of the following lemma.

LEMMA 1.5. Forall I, a, 3,

(1) Ar(a, f) < 2supieq |a(i) = £(4)].

(2) Ar(a,B) = supjer |a(f) — B(j)| — infier |a(i) — B(i)]. In particular if

a(io) = B(io) for some ig € I, then Ar(a, B) > supjer |a(j) — B(j)]-

(3) If z €T, then Ar(a, B) = Ar(a, 25).

(4) If I N J is nonempty, then Arsy(a, B) < Ar(e, B) + Ay(a, 5).

(5) inf.ersuper [a(i) — 28(i)] < Ar(a, f) < 2inf.ersuper [a(i) — 28()].

Proof. Since

p(i g, . B) = a()B(i) — a(7)B(7)| = 1B8() (i) — B() + B(G)(B() — o))
and |5(i)| = |5(j)| = 1, we have

(@) = B(@)| = a(d) = B < p(i, 4, o, B) < |a(i) — B(E)| + [e(5) — B()I-
This implies

A[(O[,B): sup p(l7]7a718)
iel, jel

< sup (la(@) = B@0)| + |a(d) — B()]) < 2sup|a(i) — (i)

iel, jel il
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and (1) follows. For (2) we have

AI(aaB): sup p(iajaaaﬁ)

i€l, jeI

> sup |la(i) = B(i)] — |a(j) — BG)I|
icl, jel

= sup |a(i) — A(1)| — infla(i) — A(0)].
icl 1€

Clause (3) is an immediate consequence of the equality p(i, j, o, 28) = p(i, J, @, B).
It is not difficult to see that in order to prove (4), we only need to check
p(t, 5,0, 08) < Ar(a, ) + Aj(e, B) for all i € T and j € J. Pick k € I N J.
Then we have

p(iajaaaﬁ) < p(iakaavﬂ) +p(ka]a 05)6) < A](O&,ﬁ) + AJ(aaﬁ)a

completing the proof.
Now we prove (5). By the definition, for every j € I we have Aj(«, 3) >

super |a(i) — (a(7)B(5))B()|. Therefore Ar(a, B) > inf.er sup;e; (i) — B(i)].
On the other hand, for all ¢ and j,

(i) = (a()BG)BE < i) — 2B()| + a(j) — 2B(7)]

for every z € T, which immediately implies the other inequality. O

Recall that for a € TV by u, we denote the unitary such that us(e,) =
a(n)e, and that ¥, = ¥, is the conjugation by u.

LEMMA 1.6. (a) Iflim, |a(n)—pB(n)| =0 then ¥ (a)—¥s(a) is com-
pact for all a € B(H).
(b) The difference ¥o(a) — Vg(a) is compact for all a € DIE] if and only
if limsup,, Ag, (a, 8) = 0.

Proof. (a) Since limy, |a(n) — B(n)| = 0 implies 7(uq) = 7m(ug), we have
that Wo(a) — ¥g(a) = (ua — ug)a(ug, — uj) is compact.

(b) Assume limsup,, Ag, (a, 8) = 0. For each n let m, = min(E,) and
define v € TV by

(i) = B(@)B(mp)a(my,), ifi€ E,.

The operator Y, ey B(my)a(my) projg  (with the obvious interpretation of
the infinite sum) is central in D[E] and therefore for every a € D[E] we have
U, (a) = ¥g(a). By clauses (2) and (3) of Lemma 1.5 we have |y(i) — a(i)| <
Ag,(a,v) = Ag, (o, B) for i € E,. Therefore lim; |y(i) — «(é)] = 0 and the
conclusion follows by (a).

Now assume limsup,, Ag, (a, 8) >0. Fix e >0, an increasing sequence n(k)

and i(k) < j(k) in E,) such that p(i(k), j(k),a, ) > € for all k. The partial
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isometry a defined by a(e;x)) = €;k), alej)) = €ix), and a(e;) = 0 for other
values of j € E, ) belongs to DIE]. Then

Va(a)(ei)) = (uaaug)(€ir)) = valala(i(k))eir))
= ua(a(i(k))eji)) = ali(k))a(i(k))e;)-
Similarly Wg(a)(e;rk)) = 8(ji(k))B(i(k))ejq) for all k. Therefore

1(Wala) = Wsla))(eim)ll = pi(k), j(k), a, 5) > &

for all k, and the difference ¥, (a) — ¥g(a) is not compact. O

Proof of Theorem 1.1. Enumerate TV as 3¢ for ¢ < wy and all partitions
of N into finite intervals as F¢, with ¢ < w;. Construct a <*-increasing cofinal
chain E¢ of partitions and af € TN such that for all ¢ < 1 we have

(1) limsup, AEﬁuE§L+1(O‘£7 a) = 0.

(2) limsup, A e (a5, 55) > V2.
(3) E" is eventually coarser than E¢ in the sense that E7, is equal to a
union of intervals from E¢ for all but finitely many m.

In order to describe the recursive construction, we consider two cases.
First, assume ¢ < w; and E¢ and af were chosen for all & < (. Let E¢H!
be such that F,, = EST! is the union of 2n + 1 consecutive intervals of E€,
denoted by FJ',...,F3.. Fix n. If AE‘%+1(O&C,IBC) > V2, let a*! coincide
with a¢ on ES$*!. Now assume AE,E“(O‘C’/BC) < V2. Let 7, = exp(in/n).
Let a$*1(j) = vkal(j) for j € FP. If i € F} and j € F?, then ot1(i) =
af(i) and aft1(j) = —af(j). Since |a¢(4)al(i) — B(§)BC(i)| < V2, we have
Apern (@S, 59 > o€ (7)as(6) + BB (0)] > V2.

Hence (2) holds. We need to check limsup,, A

Ef,LUEfn+1(a<7aC+1) = 0.
We have A ¢ (a®,a¢t!) =0 for all m. Since o™ and o coincide on F§ and
on F} for each n, AF;nquL+1(O‘<7a<H) =0 for all n. If 0 < k < 2n then

AFIZLUF£L+1(04C,CMC+1) < |ynl < [sin(w/n)| < w/n. Hence clause (1) is satisfied
with € = ¢ and n = ( 4+ 1, and therefore it holds for all £ and n = ( + 1 by
transitivity.

Now assume ( < w; is a limit ordinal such that E¢ and of have been
defined for £ < . Let &,, for n € N, be an increasing sequence with supremum
¢ and write E", a™ for Ef”, af. Find a strictly increasing function f: N — N

such that

(4) £(0) =0.
(5) f(n+ 1) is large enough so that each E"! disjoint from [0, f(n + 1))
is the union of finitely many intervals of E™.
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(6) For all k£ < n the interval F,, = [f(n), f(n 4+ 1)) is the union of finitely
many intervals from E*.
(7) Ifl<k<mn,jeN, and AE;qu.H(al?ak) > 1/n, then maxEé < f(n).
(8) Ff 2 F, for all i and all n.
The values f(n) for n € N are chosen recursively. If f(n) has been chosen then
each of the clauses (5), (6), (7), and (8) can be satisfied by choosing f(n + 1)
to be larger than the maximum of a finite subset of N.

Assume f has been chosen to satisfy (4)—(8). By (6) for m and i > m we
have Ej" U Ej% | C F, U F,,41 if n is the maximal such that f(n) < min EJ".
Therefore with E¢ = F we have E" <* ES for all n, and therefore E€ <* ES
for all £ < ¢. By (8) we have that for each i € N the interval Ff intersects at
most two of the intervals F;, nontrivially and therefore F¢ <* E¢.

Recursively define v, € T for n € N and a¢(j) for j € N so that for all n
we have

(9) at(j) = yma™(j) for j € F, U{f(n+1)}.
To this end, let

at () = a’(j) for j € Fo U{f(1)},
v =a’(f(1)al(f(1))
a(j) = na'(j) for j € L U{f(2)},

and in general for n > 0 let

Tn+1 = an(f(n + 1))7nan+1<f(n + 1))

and let
0*(j) = mer0™(G)  forj € R U{f(n+2)}
This sequence satisfies (9).
Fix m and write I,, for EJ* U E]", ;. We want to show

. < my\ __
nh_)ngoAjn(a ,a'™) = 0.
By (6), for all n > m we have E)" C Fj, for some k = k(n) and therefore

I, C F;, U Fy41. This implies, by Lemma 1.5(4) and Lemma 1.5(3), that
A (0%, a™) < Apmugppy (@, a™) + Agm (@ a™)

and by (7) the right-hand side is < %4—%“, since n >m. Moreover lim,_,« k(n)
= o0, and we can conclude that lim, ,o, Az (a$,a™) = 0. Therefore the
conditions of Lemma 1.6(b) are satisfied and oS satisfies (1).

This finishes the description of the construction of E¢ and of satisfying
(1) and (2). By Lemma 1.3 there is an automorphism ® of C(H) that has W,
as its representation on F [EE] for each &. Assume this automorphism is inner.
Then it has a representation of the form W, for some partial isometry wu.
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By Lemma 1.4 applied to ¥y and ¥, there is 3 € TN such that Vg is a
representation of ®. But f is equal to 3¢ for some £ < wy, and by (2) and
Lemma 1.6(b) the mapping ¥ is not a representation of ® on FIES).

By construction, the constructed automorphism is inner on the standard
atomic masa, and actually on each D[E] In addition, Lemma 1.2 shows that
for every countable subset of C(H) there is an inner automorphism of C(H)

that sends a to ®(a). O

In the proof of Theorem 1.1, CH was used only in the first line to find
enumerations (F€) and (Be), &€ <wi. The first enumeration was used to find a
<*-cofinal wi-sequence of partitions E¢ and the second to assure that ® # W,
for all £. A weakening of CH known as 0 = N; (see e.g., [4]) suffices for the first
task. Stefan Geschke pointed out that the proof of Theorem 1.1 easily gives
281 automorphisms and therefore that the existence of the second enumeration
may be replaced with another cardinal inequality, 280 < 281 (so-called weak
Continuum Hypothesis). Therefore the assumptions 0 = R; and 2N < oM
together imply the existence of an outer automorphism of the Calkin algebra.
It not known whether these assumptions imply the existence of a nontrivial
automorphism of P(N)/Fin.

2. The toolbox

2.1. Descriptive set theory. The standard reference is [27]. A topological
space is Polish if it is separable and completely metrizable. We consider B(H)
with the strong operator topology. For every M < oo the strong operator
topology on (B(H))<m = {a € B(H) | |la]| < M} is Polish. Throughout
‘Borel’ refers to the Borel structure on B(H) induced by the strong operator
topology.

Fix a Polish space X. A subset of X is meager (or, it is of first category)
if it can be covered by countably many closed nowhere-dense sets. A sub-
set of X has the Property of Baire (or, is Baire-measurable) if its symmetric
difference with some open set is meager. A subset of X is analytic if it is a
continuous image of a Borel subset of a Polish space. Analytic sets (as well
as their complements, coanalytic sets), share the classical regularity properties
of Borel sets such as the Property of Baire and measurability with respect to
Borel measures. A function f between Polish spaces is C-measurable if it is
measurable with respect to the smallest o-algebra generated by analytic sets.
C-measurable functions are Baire-measurable (and therefore continuous on a
dense G subset of the domain) and, if the domain is also a locally compact
topological group, Haar-measurable. The following uniformization theorem
will be used a large number of times in the proof of Theorem 1; for its proof
see e.g. [27, Theorem 18.1].



630 ILIJAS FARAH

THEOREM 2.1 (Jankov, von Neumann). If X andY are Polish spaces and
A C X XY is analytic, then there is a C-measurable function f: X — 'Y such
that for all x € X, if (x,y) € A for some y, then (z, f(x)) € A. O

A function f as above uniformizes A. In general it is impossible to uni-
formize a Borel set by a Borel-measurable function, but the following two
special cases of [27, Theorem 8.6] (applied with Z, being the meager ideal or
the null ideal, respectively, for each z € X)) will suffice for our purposes.

THEOREM 2.2. Assume X and Y are Polish spaces, A C X xY is Borel
and for each x € X the vertical section Ay = {y | (x,y) € A} is either empty
or nonmeager. Then A can be uniformized by a Borel-measurable function. [

THEOREM 2.3. Assume X and Y are Polish spaces, Y carries a Borel
probability measure, A C X xX Y s Borel and for each x € X the vertical
section Ay = {y | (x,y) € A} is either empty or has a positive measure. Then
A can be uniformized by a Borel-measurable function. O

A topological group is Polish if has a compatible complete separable met-
ric. The unitary group of B(H), for a separable H, is a Polish group with
respect to the strong operator topology (see [27, 9.B(6)]). Also, the unitary
group of every separably acting von Neumann algebra D is Polish with respect
to strong operator topology. A complete separable metric on U(D) is given by
d'(a,b) = d(a,b) +d(a*,b*), where d is the usual complete metric on D<; com-
patible with the strong operator topology. The following is Pettis’s theorem
(see [27, Theorem 9.10)).

THEOREM 2.4. FEvery Baire-measurable homomorphism from a Polish
group into a second-countable group is continuous. ([

We end this subsection with a simple computation.
LEMMA 2.5. Consider B(H ) with the strong operator topology. Fiz M < co.

(a) The set of compact operators of norm <M is a Borel subset of B(H)<.
(b) For e >0 the set of operators a of norm < M such that |ja||x < € is a
Borel subset of B(H )< .

Proof. (a) Recall that R, is a fixed increasing sequence of finite-rank
projections such that \/, R,, = I. For a projection P the set {a | ||Pal < z}
is strongly closed for every x > 0, and

K(H) = {a | (vm)@En)|[(I = Rp)al| < 1/m}.

Hence K(H) N B(H )< is a relatively F,s subset of B(H)<as for each M.
The proof of (b) is almost identical. O
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2.2. Set theory of the power-set of the natural numbers. A metric d on
P(N) is defined by d(A, B) = 27 ™(AAB) ' where AAB is the symmetric dif-
ference of A and B. This turns (P(N), A) into a compact metric topological
group, and the natural identification of subsets of N with infinite sequences of
zeros and ones is a homeomorphism into the triadic Cantor set.

2.3. Todorcevic’s axiom. Let X be a separable metric space and let

[X]? = {{z,y}lz # y and 2,y € X}.

Subsets of [X]? are naturally identified with the symmetric subsets of X x X
minus the diagonal. A coloring [X]? = Ko U K is open if Ky, when identified
with a symmetric subset of X x X, is open in the product topology. If K C [X]?,
then a subset Y of X is K-homogeneous if [Y]? C K. Since K; = [X]?\ Kj
is closed, a closure of a Ki-homogeneous set is always Ki-homogeneous. The

following axiom was introduced by Todorcevic in [40] under the name Open
Coloring Axiom, OCA.

TA. If X is a separable metric space and [X]?> = Ky U K7 is an open
coloring, then X either has an uncountable Ky-homogeneous subset or it can
be covered by a countable family of K;-homogeneous sets.

The instance of TA when X is analytic follows from the usual axioms of
mathematics (see e.g., [19]). In this case the uncountable Kp-homogeneous set
can be chosen to be perfect; hence this variant of TA is a generalization of the
classical perfect-set property for analytic sets ([27]).

Note that K is not required to be open. We should say a word to clarify
our use of the phrase ‘open coloring.” In order to be able to apply TA to some
coloring [X]? = K U K] it suffices to know that there is a separable metric
topology 7 on X which makes K open. For example, for X C P(N) and for
each € X we fix an f, € NV and consider the coloring [X]? = Ko U K}
defined by

{z,y} € Ko if and only if fy(n) # f,(n) for some n € zNy.

This Ky is not necessarily open in the topology inherited from P(N) (§2.2).
However, it is open in the topology obtained by identifying X with a subspace
of P(N) x NN via the embedding = + (z, f,). We shall use such refinements
tacitly quite often and say only that the coloring [X]? = Ky U K is open,
meaning that it is open in some separable metric topology.

Assume Ky C [X]? is equal to a union of countably many rectangles
Ko =J; U; x V;. If sets U; and V; separate points of C, then this is equivalent
to Ky being open in some separable metric topology on X. Even without this
assumption, by [13, Prop. 2.2.11], TA is equivalent to its apparent strength-
ening to colorings Ky that can be expressed as a union of countably many
rectangles. Reformulations of TA are discussed at length in [13, §2].
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2.4. Absoluteness. A wvertical section of B C X x Y is a set of the form
={y | (x,y) € B} for some z € X.

THEOREM 2.6. Assume X and Y are Polish spaces and B C X XY is
Borel. Truth (or falsity) of the assertion that some vertical section of B is
empty cannot be changed by going to a forcing extension.

In particular, if there is a proof using TA that B has an empty vertical
section, then B has an empty vertical section.

Proof. The first part is a special case of Shoenfield’s Absoluteness Theo-
rem (see e.g., [23, Theorem 13.15]). The second part follows from the fact that
every model of ZFC has a forcing extension in which TA holds ([41]). O

3. Coherent families of unitaries

If u is a partial isometry between cofinite-dimensional subspaces of H we
write ¥, (a) = uwau*. An operator in C(H) is invertible if and only if it is
of the form m(a) for some Fredholm operator a (this is Atkinson’s theorem,
[32, Theorem 3.11.11]; see also [6, §3]). Therefore, inner automorphisms of
C(H) are exactly the ones of the form ¥, for a partial isomorphism u between
cofinite-dimensional subspaces of H. A family F of pairs (E, u) satisfying
conditions (1)—(3) below is called a coherent family of unitaries:

(1) If (E,u) € F then E is a partition of N into finite intervals and u is a
partial isometry between cofinite-dimensional subspaces of H,
(2) for all (E,u) and (F,v) in F and all a € D[E] N D[F] the operator
U, (a) — ¥,(a) is compact,
(3) for every partition E of N into finite intervals there is u such that
(E,u) € F.
(By (1) above, m(u) is a unitary in the Calkin algebra for each (E,u) € F.)
The following is an immediate consequence of Lemmas 1.4 and 1.3.

LEMMA 3.1. If F is a coherent family of unitaries, then there is a um'que
automorphism ® of C(H) such that V,, is a representation of ® on D[E ] for
all (E,u) € F. O

Such an automorphlsm ® is determined by a coherent family of unitaries.
Since D[E] C D[F] whenever F is coarser than E, ® is uniquely determined
by those (E,u) € F such that #FE, is strictly increasing. In Theorem 1.1 we
have seen that the Continuum Hypothesis implies the existence of an outer
automorphism determined by a coherent family of unitaries. The following
result, which is the main result of this section, complements Theorem 1.1.

THEOREM 3.2. Assume TA. Then every automorphism of C(H) deter-
mined by a coherent family of unitaries is inner.
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We shall first show that it suffices to prove Theorem 3.2 in the case when
each u is of the form u, for a € TN, as constructed in Section 1. If & is
determined by F, fix (Ep,ug) € F. Then F' = {(F,v(uo)*) | (F,v) € F}
is a coherent family of unitaries. The automorphism ®’ determined by F’ is
inner if and only if ® is inner. Also, ® is equal to the identity on the standard
atomic masa. In the proof of Theorem 3.2 we may therefore assume @ is
equal to the identity on the standard atomic masa. Recall that T is the circle
group. For a € TN by u, denote the unitary that sends e, to a,e,. By our
convention and Lemma 1.4, for every (E, u) € F there is «a such that ¥, and
U, agree modulo compacts on B(H). We may therefore identify F with the
family {(E, ) | (E,u) € F, ¥, and ¥, agree modulo compacts}. It will also
be convenient to code partitions E by functions f: N — N.

3.1. The directed set (NTN, <*). Let N™ denote the set of all strictly in-
creasing functions f: N — N such that f(0) > 0. (The reader should be warned
that the requirement f(0) > 0 is nonstandard and important.) Such a function
can code a partition of N into finite intervals in more than one way. It will be
convenient to use the following quantifiers: (V*°n) stands for (Ing)(¥n > np)
and (3°n) stands for the dual quantifier, (Vng)(3n > ng). For f and g in N™
write f >* g if (V®°n)f(n) > g(n). A diagonal argument shows that N™ is
o-directed in the sense that for each sequence (f,) in N™ there is g € N™
such that f,, <* g for all n.

For f € N™ recursively define f* by f¥(0) = f(0) and f+(i +1) =
F(fH(@)). Some X € N is <*_cofinal if (Vf € N'N)(Jg € X)f <* g.

LEMMA 3.3. Assume X C N™ js <*_cofinal.

(1) If X is partitioned into countably many pieces, then at least one of the
pieces is <*-cofinal.

(2) (3°n)(@0)(Vk > n)3f € X)(f(i) < n and f(i+1) > k).

(3) {fT| feXx} is <*-cofinal.

Proof. (1) Assume the contrary, let X = J,, Y be such that no Y, is
cofinal. Pick f, such that f,, £* g for all g € V,,. If f >* f, for all n, then
there is no g € X such that f <* ¢ — a contradiction.

(2) We first prove

(*) (3n)(Vk = n)(3i)(3f € X)(f(i) <nand f(i+1) > k).

Assume not and fix ng such that for all n > ng there is £ = g(n), such that
for all f € X and all ¢, if f(i) < n then f(i+ 1) < g(n). Define functions hy,
for m € N recursively by h,,(0) = max(m,ng) and hy,(i + 1) = g(hm,(7)). For
f € X we have f <* hy(. By recursion we prove f(i) < hyg)(é) for all i. For
i = 0 this is immediate. Assume f(i) < hyg)(7). Then f(i +1) < g(f(i)) <
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9(hs(0)(7)) = hpoy(i + 1). Now fix h € N™ such that hy, <* h. By the above,
there is no f € X such that h <* f, a contradiction.

For each n the set {i | (3f € X)f(i) < n} is finite. Therefore in (*) the
same i works for infinitely many k. An easy induction shows that for f € N™
we have f(i) < fT(i) for all ¢, and (3) follows. O

LEMMA 3.4. If f,g € NN and f >* g then for all but finitely many n there
is i such that f(0) < g(n) < g(n + 1) < f+2(0). If moreover f(m) > g(m)
for all m, then for every n there is such an 1.

Proof. If n is such that f(m) > g(m) for all m > n, let i be the minimal
such that fF1(0) > g(n). Then f*+2(0) > f(g(n)), and since g € N™ implies
g(n) >n+1thisis > f(n+1) > g(n+1). O

To f € N associate sequences of finite intervals of N:
Ef = [f(n), f(n+1)),

[
Ff = [f™(0), f"**(0)),
Féﬂeven [an( ) f2n+2(0)),

FT]:,odd _ [f2n+1( )’ f2n+3(0))

(‘F’ is for ‘“fast’). By Lemma 3.4, if X C N™ is <*_cofinal, then each one
of {Freven | f e X} and {F/°4 | f € X} is a cofinal family of partitions as
defined in Section 1. Notation Aj(«, ) used in the following proof was defined
before Lemma 1.5.

LEMMA 3.5. Assume ® is an automorphism of C(H) whose restriction to
the standard atomic masa is equal to the identity and which is determined by
a coherent family of unitaries. For each f € N™N there is a € TN such that U,
is a representation of ® on both D[Ffeven] and D[F[°dd],

Proof. By Lemma 1.4, for each f there are 8 and 7 in TV such that Ugisa

cvcn] odd] )

representation of ¢ on D[ﬁf ’ and ¥, is a representation of ® on D[ﬁf ’

Define 8’ and +' recursively as follows. For i € [£9(0), f2(0)), let 8'(i) = B(i).

If 5'(i) has been defined for i < f2%(0), then for i € [f2"~1(0), f2"*1(0)) let
7' (@) = (@) (F=1(0)) (£ H0)).

If 4/(i) has been defined for i < f2**1(0) then for i € [f**(0), f2**2(0)) let

B@) = BEBF ) (£7(0))-
Then +/(f7(0)) = B/(f7(0)) for all j, Ug(a) = Vg(a) for all a € D[FFHeven],
and U./(a) = W, (a) for all @ € D[FF°4]. Let J, = [f™(0), f**1(0)). Then
supie, |8'(1) =" (1) < Ay, (8,7") by Lemma 1.5(2). Since Vg, ¥g, ¥/ and
VU, are all representations of ® on D[J], by Lemma 1.6(b) we conclude that



ALL AUTOMORPHISMS OF C(H) ARE INNER 635

Agpin(B'57) = 0and Ay, (8,7") = 0 as n — oo. Thus lim; |5'(i) —+'(i)| = 0,
and therefore Lemma 1.6(a) implies that W., and g agree on B(H) modulo
the compact operators. Therefore o = 3’ is as required. O

Proof of Theorem 3.2. As pointed out after the statement of Theorem 3.2,
we may assume P is equal to the identity on the standard atomic masa and
that the unitary w is of the form w, for each (f,u) in the coherent family
defining ®. Let X C N™ x TN be the set of all pairs (f, ) such that ¥, is
a representation of ® on both D[F/even] and D[F/°d]. By Lemma 3.5, for
every f € N™ there is a such that (f, ) € X.

For ¢ > 0 define [X]? = K§ U K§ by assigning a pair (f, a), (g, 3) to K§ if

(K§): There are m,n such that with J = FJf N FY we have A j(a, B) > ¢.
We consider N™ with the Baire space topology, induced by the metric
d(f,g) =2 min{n|f(n)#g(n)}

This is a complete separable metric. Consider TV in the product of strong
operator topology and & in the product topology. If K is identified with a
symmetric subset of X2 off the diagonal, then it is open in this topology.

CrLAmM 3.6. TA implies that for € > 0 there are no uncountable K§-ho-
mogeneous subsets of X.

Proof. Assume the contrary and fix € > 0 and an uncountable Kj-homo-
geneous set H. We shall refine H to an uncountable subset several times, until
we reach a contradiction. In order to keep the notation under control, each
successive refinement will be called H. Let

F={g"| Ga)(g,e) € H}.

We may assume H has size 8y, hence TA and [40, Ths. 3.4 and 8.5] imply that
F is <*-bounded by some f € N™. For each g € F fix [, such that f(n) > g(n)
for all n > 1, and let s, = g | l,. Fix (,5) such that {g € F | (Ig,s4) = (1,5)}

is uncountable. By refining H and increasing f | [ to f(I) we may assume
f(n) > g*(n) for all g* € F and all n € N. Lemma 3.4 implies that for
every (g,a) € H and every n there is ¢ such that FJUFJ, | C Fif U Fz-ﬁ_l. By
Lemma 3.5 we may fix o € TN such that U, is a representation of ® on both
DIF/even] and D[F/°44]. Lemma 1.6(b) implies that for every (g,53) € H
we have limsup,, Ags(a, 3) = 0. Fix k,m € N for which the set 7’ of all
(9,8) € H such that ¢™(0) = k and Ags(, 8) < £/2 whenever n > m is
uncountable. By the separability of TN we can find distinct (g, 8) and (h, )
in H' such that g*(0) = h%(0) for all i < m + 1 and |3(i) — ~(i)| < &/2 for all
1 < k.
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Fix i and j such that J = FigﬁFJh # (). We shall prove A;(8,7) < . Since
max;_ |3(i) — v(i)| < £/2, we may assume that J \ [0,k) # 0 and therefore

JN[0,g™(0)) = JN[0,A™(0)) = 0. Find { such that Y C F/, and therefore
J C Flf. Then

AJ(/B’FY) é AF;IQFZJF(B7O[) + AF]hmFlf(’77 O[) <e.

Since 7 and j were arbitrary we conclude that {(g, 8), (h,7)} € K, contradict-
ing our assumption on H. O

Since K§ is an open partition, by TA and Claim 3.6, for each € > 0 there
is a partition of A into countably many Kj-homogeneous sets.

We fix n and let €, = 27". Repeatedly using Lemma 3.3, find sets Xy D
X1 D ... and 0 =m(0) < m(l) <... sothat (1) each X, is K{"-homogeneous,
(2) each set {f | (3a)(f,a) € Ay} is <*-cofinal, and (3) for all n and all
k > m(n) there are j € N and (f,a) € X, such that f/(0) < m(n) and
fIHH0) = &

In X, pick a sequence (fy i, o i) and j(7), for i € N, such that

(4) (fn:)D(0) <m(n) <m(n+i) < (fn:)?DT(0) for all i.
By compactness we may assume «,; converge to o, € TN. We claim that

(5) Apn(i),00) (ks ar) < € whenever k <[
Assume not and fix m(l) < ny < ng such that p(ni,ng, o, o) > €. By (4),
for all large enough i we have (fx;)?®+1(0)>ny and (f1,;)’®*1(0)>n2. Since
lim; o ; = o and lim; oy; = oy we have p(ni,no, a4, ;) > € for large

enough i. These facts imply A i (s aq i) > e for a large enough i.

Fryi
Fkinp't
IO O)
However, (fki, ki) € X and (fi;,0q:) € & C &, contradicting the homo-
geneity of Xj.
By (5) and Lemma 1.5(5), for k < [ we can fix z; € T such that
(6) sup;>mq)y |zkianr(i) — ai(@)] < ex,
with 25, = 1. We claim that
(7) |2kg — 2emZim| < 3€min{k,i,m) for all k,1 and m.
For # and v in TV and ¢ > 0, in the proof of (7) we write 8 ~. v if
SUP;>m(max{k,,m}) ‘B(Z) - ’Y(Z)’ < e. Letting € = Emin{k,l,m}» by (6) we have

ZEJO) ~e O ~e 2l mOm ~e ZlmREkmOEk

and therefore |z ; — 2kmZim| < 3e.

We want to find an infinite Y C N such that for all i < j in Y we have
11— 2k(i),k(j)| < 4€p(i)- To this end, define a coloring Mo U M; of triples in N
by putting a triple k < I < m into My if

|Zl,m — 1| S 48k.
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We claim there are no infinite sets Y such that every triple of elements from Y
belongs to M;. Assume the contrary. For such Y let & = min(Y’) and pick
n € Y such that Y has at least 27 /ey, strictly between k and n. Then there
are distinct [ and m in Y between k and n such that |2, — zmn| < k. Using
(7) in the second inequality we have

|Zl,m - 1| < |Zl,m - Zl,nzm,n| + |1 - Zl,nzm,n| < 4ey,.

Therefore there is no infinite M;-homogeneous set of triples. By using Ram-
sey’s theorem we can find an infinite Y C N such that all triples of elements of
Y belong to My. Enumerate Y increasingly as k(i), for i € N. We may assume
k(0) > 2 and therefore 4dey(;) < &;. Since |1 — z() k(;)| < €i, we have

(8) SUPL> (ki) k() — ()l < & for all i < j.

Define v € TV by v(I) = ayyy (1) if 1 € [m(k(3)), m(k(i+1))) and (1) = a0y (0)
if I <m(k(0)). By (8) we have
(9) |v(1) = ag@y(1)| < & for all @ and all I > m(k(i)).
We claim that for all j (recall that F{ = [£7(0), f+1(0)])
(10) If (f, B) € Xj(jy, then for all i we have AFif B,7) < bej.

Write n = k(j). Since (fn1, ) € Xy, for [ large enough to have

\mko’)(

[(fa0)7D(0), (f2)7PF1(0)) 2 F \ m(n),

we have A (B, an) < en. The continuity implies AFf\m(n) (B,an) <eéepn

Ff\m(n)
and (10) implies A ¢ (B,7) < bej.
Fi\mi )

By Lemma 3.1, it suffices to prove ¥, is a representation of ® on ev-
ery D[E]. Fix g such that E = EY (with E9 = lg(n),g(n+1))). Fix B such
that Wg is a representation of ® on D[EY]. By Lemma 1.6(b) it suffices to
prove Apge(8,7) — 0 asn — oco. Fix m € N and (f,a) € &, such that
f =" g. By Lemma 1.6(b) we have lim, Ags(a, ) — 0. By (10) we have

limsup,, Ags(B,7) < limsup, A.s(a,v) < 5e,. Since n was arbitrary, the

Fi
conclusion follows. O

The construction in Theorem 1.1 hinges on the existence of a nontrivial
coherent family of unitaries under CH. Theorem 3.2 shows that under TA,
every coherent family of unitaries is ‘uniformized’ by a single unitary. There is
an analogy to the effect of CH/TA on the additivity of the strong homology as
exhibited in [30]/[9] and [40, Theorem 8.7]. In the latter, uniformizing certain
families of functions from subsets of N into {0,1} that are coherent modulo
finite plays the key role. For more on such uniformizations see [13, §§2.2-2.4].
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4. Representations and c-approximations

The present section is a loose collection of results showing that a suffi-
ciently measurable representation, or an approximation to a representation,
can be further improved in one way or another.

Lemma 4.1 below illustrates how drastically different automorphisms of
the Calkin algebra are from the automorphisms of Boolean algebras P(N)/Z
and is directly responsible for the fact that Martin’s Axiom is not needed in
the proof of Theorem 1. Recall that for D C B(H) we say ® is inner on D if
there is an inner automorphism @’ of C(H) such that the restrictions of ® and
®’ to m[D] coincide.

LEMMA 4.1. Assume Dy and Dy are subsets of B(H) such that for some
partial isometry u we have uDou* C Dy and P = u*u satisfies PDo P = Ds. If
® is inner on Dy, then it is inner on Ds.

Proof. Fix v such that a — wvav* is a representation of ® on D; and w
such that 7(w) = ®(w(u)). If b € Dy, then ubu* € Dy and vw*ubu*u =b. If ¥ is
any representation of ®, then we have (writing ¢ ~x d for ‘c — d is compact’)

U(b) ~ U(u*)W(ubu™)¥(u) ~ wrvubu* v w.
Therefore w*vu shows that ® is inner on Ds. O

An analogue of Lemma 4.1 fails for automorphisms of P(N)/Fin. For
example, in [38] (see also [39]) it was proved that a weakening of the Continuum
Hypothesis implies the existence of a nontrivial automorphism whose ideal of
trivialities is a maximal ideal.

4.1. e-approximations. Assume A and B are C*-algebras, J; and Jo are
their ideals, ®: A/J; — B/Js is a *-homomorphism, and X C A. A map ©
whose domain contains X and is contained in A and whose range is contained
in B is an e-approximation to ® on X if for all a € X we have

[@(7s,(a) — 75,(O(a))|| <€
foralla € X. If X = A, we say O is an e-approximation to ®.

LEMMA 4.2. Assume A and B are C*-subalgebras of B(H) containing
K(H) and ® is a *-homomorphism from A/K(H) into B/IKC(H). Then
(1) ® has a Borel-measurable representation if and only if it has a Borel-
measurable representation on U(A).
(2) If ® has a Borel-measurable e-approzimation on U(A), then it has a
Borel-measurable 4e-approximation on A<;.

Proof. (1) We only need to prove the reverse implication. There are norm-
continuous maps 7;: A<; — U(A) for i < 4 such that a = > ;4 7i(a) for all
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a € A. This is because if a € A, then b = (a + a*)/2 and ¢ = i(a — a*)/2 are
self-adjoint of norm < ||a|| such that b+ic = a. If b is self-adjoint of norm < 1,
then the operators by = b+14vI — b? and by = b—1iv/I — b? have norm < 1 and
their product is equal to I. Therefore they are both unitaries. Also, their mean
is equal to b. It is now clear how to define ;. Assume V is a representation
of ® on U(A). Then let ¥1(0) = 0 and Vi(a) = |la|| Yica ¥(vi(a/|al|)) for
a # 0. This is the required Borel representation. The proof of (2) uses the
same formula and the obvious estimates. (]

LEMMA 4.3. Assume D is a von Neumann subalgebra of B(H) and assume
®: D/(K(H)ND) — B(H)/K(H) is a *-homomorphism.

(1) If ® has a C-measurable e-approrimation ¥ on U(D), then it has a
Borel-measurable 8-approzimation on U(D).

(2) If ® has a C-measurable representation on U(D), then it has a Borel-
measurable representation on D.

(3) If there are C-measurable maps V; for i € N whose graphs cover an
e-approximation to ® on D<y, then there are Borel-measurable maps
U’ for i € N whose graphs cover an 8e-approzimation to ® on D<;.

Proof. (1) Consider U(D) with respect to the strong operator topology. It
is a Polish group. Since V¥ is Baire-measurable we may fix a dense G5 subset
X of U(D) on which ¥ is continuous. The set

Y={(a,b) cUD)?|be XNa*X}

is Borel and it has co-meager sections. By Theorem 2.2 there is a Borel uni-
formization h for . Then for each a both h(a) and ah(a) belong to X and
therefore ¥'(a) = ¥(ah(a))¥(h(a))* is a Borel-measurable 2e-approximation
to ® on U(D). By Lemma 4.2, ¢ has an 8c-approximation. (2) follows from
the case € = 0 of (1) plus Lemma 4.2(1). To prove (3), find a dense G subset
X of U(D) on which each ¥; is continuous. Define ) and h as above and
consider the maps W;;(a) = V;(ah(a))¥;(h(a))*. O

LEMMA 4.4. Let DCB(H) be a von Neumann algebra, ®: D/(K(H)ND)
— B(H)/K(H) a *-homomorphism, and Y C D<j. Assume ® has a Borel-
measurable 27" -approximation =, on Y for every n € N. Then ® has a
C-measurable representation on Y.

Proof. Let X = {(a,b) € Dy x B(H)<1 | (¥n)|[Zn(@) — bl < 27},
By Lemma 2.5, this is a Borel set. If ¥ is a C-measurable uniformization of X
provided by Theorem 2.1, then W is a representation of ® on ). O
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5. Approximate *-homomorphisms

Assume A and B are C*-algebras. A map A: A — B in an e-approximate
*-homomorphism if for all a,b in A<; we have the following:

(1) [|A(ad) — A(a)A(B)]| <,

(2) [[A(a+0b) = Ala) = AQ)[| <,
(3) [[A(a") = Aa)"|| <,

@) [llall = Al <e.

We say A is unital if both A and B are unital and A(I) = I. We say A is
d-approzimated by © if [|A(a) —O(a)| < 0 for all a € A<;. Theorem 5.1 is the
main result of this section and may be of independent interest. The numerical
value of the constant K is irrelevant for our purposes and we shall make no
attempt to provide a sharp bound.

A shorter proof of Theorem 5.1 can be given by using a special case of a
result of Sakai ([34]). After applying the Grove-Karcher-Roh/Kazhdan result
on e-representations to obtain a representation © of A | U(.A) that is a norm-
continuous group homomorphism, use [34] to extend © to a *~homomorphism
or a conjugate *~homomorphism of A into B. An argument included in the
proof below shows that this extension has to be a *-homomorphism. Parts of
the proof of Theorem 5.1 resemble parts of Sakai’s proof, of which I was not
aware at the time of preparing this manuscript.

THEOREM 5.1. There is a universal constant K < oo such that the fol-
lowing holds. If e < 1/1000, A is a finite-dimensional C*-algebra, m € N, and
A: A — M, (C) is a Borel-measurable unital e-approximate *-homomorphism,
then A can be Ke-approzimated by a unital *-homomorphism.

In the terminology of S. Ulam, the approximate *-homomorphisms are
stable (see e.g., [24]). Connection between lifting theorems and Ulam-stability
of approximate homomorphisms between Boolean algebras was first exploited
n [13]. Analogous results for groups appear in [14] and [24]. The following is
a special case of a well-known result (see [29]) but we include a proof for the
reader’s convenience.

LEMMA 5.2. Assume ¢ < 1 and a is an element of a finite-dimensional
C*-algebra A such that ||a*a — I|| < €. If a = bu is the polar decomposition of
a, then u is a unitary and ||a — u| < e.

Proof. We have ||u*b?u — I|| < 1. Then P = w*u is a projection and
|I —P|| =||(I —P)(u*bu —I)| < 1. Therefore u*u = I and since A is finite-
dimensional u is a unitary. Hence we have ||b*> — I|| < € and ||b — I|| < e.
Clearly, |la — u|| = ||bu — u|| = ||b — I O
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Proof of Theorem 5.1. We shall write B for M,,(C) and consider its rep-
resentation on the m-dimensional Hilbert space, denoted K. We also write
a ~s b for |la —b|] < ¢. Fix a unitary v in A and let a = A(u). Then
aa* Re14e) Mu)A(u*) =~ A(uu*); thus [laa* — I|| < 2 + &% Similarly
la*a — I|| < 2¢ + €2. Therefore, by Lemma 5.2 there is a unitary v € B
such that ||A(u) —v|| < 26 + &2 = ¢;.

Let X be the set of all pairs (u, v) € U(A)xU(B) such that ||A(u)—v| < &1.
Since A is Borel-measurable, X’ is a Borel set. By Theorem 2.1 there is a
C-measurable A’: U4 — V uniformizing X. Note that ||A'(u) — A(u)|| < &1 for
all unitaries u.

We have A'(u)A'(v) =oye)e, Au)A(v) =e A(uv) =~ A'(uv). Thus
A (uv) — A ()N (v)]| < (34 €)e1 + € = e2. In the terminology of [25], A’ is a
2eq-representation of U(A) on K. In [25] and [21] it was proved (among other
things) that if 6 < 1/100, then every strongly continuous 26-representation p
of a compact group can be 2d-approximated by a (strongly continuous) rep-
resentation p’. See [1, Theorem 5.13] for a more streamlined presentation of
this proof. The approximating representation is obtained as a limit of a suc-
cession of integrals with respect to the Haar measure and the assumption that
p is continuous can be weakened to the assumption that p is Haar measurable
without altering the proof (or the conclusion). In particular, the proof given
in [1] taken verbatim covers the case of a Haar-measurable approximation.

Let © be a continuous homomorphism between the unitary groups of A
and B that is a 2e9-aproximation to A’ on U(A). For all u we then have

10(u) — Au)]] < 2e2 + &1 = e3.
For a self-adjoint @ € A the map R > r — exp(ira) € U(K) defines a
norm-continuous one-parameter group. By Stone’s theorem (e.g., [32, The-
orem 5.3.15]), there is the unique p(a) € U(K) such that
O©(exp(ira)) = exp(irp(a)).

Since B is a von Neumann algebra, we can conclude that p(a) € B.
CrLAIM 5.3. p(I) = I, hence for all v € R we have ©(e™I) = e I.

Proof. Let b = p(I) and assume b # I. Since b is self-adjoint, there is
s # 1 in the spectrum of b. Pick r € R such that (1 — s) = 7 + 2k7 for
some k € N. Let £ be the unital eigenvector of exp(irb) corresponding to the
eigenvalue €. Then the vector

exp(irb)(g) _ eir(g) _ eirsg _ eirf _ eirs(g _ eir(l—s)g) _ 261’7"55
has norm 2; hence || exp(irb) — e I|| = 2. However,
l0(e™ 1) — eIl < [|0(eT) = Al D[ + [|A(e"T) = "I < ez +e <1,

a contradiction. O
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Let u be a self-adjoint unitary. Then u = I — 2P for some projection P
and therefore exp(iru) = eu and by Claim 5.3 we have ©(u) = p(u). Also
P = (I — u) and one straightforwardly checks that p(P) = 3(I — p(u)) and
that [|o(P) — A(P)]| < =.

CrAamM 5.4. If projections P and Q commute, then p(P) and p(Q) com-
mute. If PQ =0, then p(P)p(Q) = 0.

Proof. Since I —2P and I —2@Q commute if and only if P and ) commute,
the first sentence follows. If PQ = 0, then

I=2p(P+Q)=06(I—-2P)(I-2Q)) = (I —2p(P))(I —2p(Q))

and we have p(P + Q) — p(P) — p(Q) = 2p(P)p(Q). The left-hand side has
norm < 4e < 1. As a product of two commuting projections, p(P)p(Q) is a
projection, and so it has to be 0. O

We say that projections P and @ in a C*-algebra A are Murray-von Neu-
mann equivalent and write P ~ @ if there is a partial isometry w such that
uPu* = Q. In the case when A is finite-dimensional this is equivalent to
asserting that there is a unitary u such that uPu* = Q.

Cram 5.5. If P and Q are Murray-von Neumann equivalent projections,
then p(P) and p(Q) are Murray-von Neumann equivalent projections.

Proof. Fix a unitary u such that uPu* = Q. Write vp = I — 2P ad
vg = I —2Q. Then (with w = O(u)) we have wO(vp)w* = O(vg), and
therefore wO(P)w* = 0(Q). O

Let u be a unitary in A and let 7, for 0 < j < n — 1, be the spectrum
of u. Fix projections P;, for 0 < j < n — 1, such that u = Z?:_& e"ﬂ'Pj =
H;L:_& exp(ir; Pj). Then (by Claim 5.4 in the last equality)

O(u) = [T/Z O(exp(ir; P})) = [1}=; exp(irp(Py)) = Y04 €' p(P;).

CramMm 5.6. If A is isomorphic to My(C) for some natural number k,
then © preserves the normalized trace, Tr, of the unitaries.

Proof. By the above computation, we only need to show there is d € N
such that for every m, every projection of rank m in A is mapped to a projection
of rank dm in B. But this is an immediate consequence of Claim 5.5 and the
obvious equality p(P + Q) = p(P) + p(Q)* for commuting projections P and
@, since in My (C) two projections are Murray-von Neumann equivalent if and
only if they have the same rank. O

IThis equality holds for any two self-adjoint operators, but we shall not need it.
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CrLam 5.7. The map Y: A — B given by Y (3 ; ajuj) = > ; a;0(u; )
whenever a; are scalars and uj are unitaries is a well-defined *-homomorphism

from A into B.

Proof. Since every operator in A is a linear combination of four unitaries
(cf. the proof of Lemma 4.2), in order to see that T is well defined we only
need to check that Y, aju; = 0 implies Y ; a;0(u;) = 0.

Let us first consider the case when A is a full matrix algebra. The following
argument is taken from Dye ([10, Lemma 3.1}).

Assume a = Y3; a;u; = 0. Then 0 = Tr(aa™) = Y3; ;5 a;a; Tr(u;u}). Also
with b = Y7; @;0(u;) we have

Tr(bb*) = 325 5 cicty Tr(O(uu})) = 325 5 iy Tr(uuj),
which is 0 by Claim 5.6. Therefore b = 0, proving that T is well-defined when
A is a full matrix algebra.

In order to prove the general case, let Sy, ..., Sp—1 list all minimal central
projections of A. Then S;AS; is isomorphic to some Mj,; ((C) and therefore T
is well-defined on this subalgebra. However, @( ) =% ! p(S;)O(u) for all
unitaries u in A, and therefore T(a) = 27", ' p(S;)Y(a) is well-defined for all
ac A

Clearly T is a complex vector space homomorphism and Y (u) = ©(u) for
a unitary u in A. It is straightforward to check that YT is multiplicative and a
*_homomorphism. O

Any a € A<; can be written as b + ic, where b and c are self-adjoints of
norm < 1, and A(a) ~3. A(b) +iA(c). If b is self-adjoint of norm < 1, then
there are unitaries u and v such that b = u + v (cf. the proof of Lemma 4.2).
Therefore A(b) ~. A(u) + A(v) =2z, E(u) + Z(v) = YT(b). All in all, we have
|A(a) — Y(a)|| < e+es3 for a € A<y. Since for small € each ¢; for 1 <i <3 is
bounded by a linear function of €, this concludes the proof. ([

The assumption that A is unital was not necessary in Theorem 5.1. This
is an easy consequence of Theorem 5.1 and the following well-known lemma,
whose proof can also be found in [29].

LEMMA 5.8. If 0 < & < 1/8, then in every C*-algebra A the following
holds. For every a satisfying |la®> — al| < & and ||a* — a| < ¢ there is a
projection @ such that ||a — Q| < 4e.

Proof. We claim that M = ||a|| < 2. Let b = (a + a*)/2. Then |ja — b|| <
£/2, b is self-adjoint, and ||b|| > M —e/2. Consider A as a concrete C*-algebra
acting on some Hilbert space H. In the weak closure of A find a spectral
projection R of b corresponding to (M —e/2 + |la — b||,||b]|]]. If £ is a unit
vector in the range of R, then ||b — M¢|| < /2 — |la —b||. If n = a§ — ME,
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then ||n]| < €/2, and M — ¢/2 < |laé|| < M. Also, a*¢ = an + Ma¢ =
an + Mn + M?¢, and therefore ||a%¢|| > M? — Me. Since ||a%¢ — af|| < &, we
have ||a?¢|| < ||a&]| + & < M + 3¢/2. Therefore M + 3¢/2 > M? — Me, and
with € < 1/4 this implies M < 2 as claimed.

Therefore ||aa* — a|| < 2||a* — a|| + ||a® — a|| < 3e. So we have

(1) 4)|6% = || = ||a® + aa* + a*a + (a*)* — 2a — 2a*|| < 8.

We may assume A is unital. Since b is self-adjoint, via the function calculus
in C*(b,I), the subalgebra of A generated by b and I, b corresponds to the
identity function on its spectrum o(b). By (1), for every z € o(b) we have
|z2 — 2| < 2e. Therefore 1/2 ¢ o(b), U = {x € o(b) | |z — 1| < 1/2} is a
relatively closed and open subset of o(b), and the projection ) corresponding to
the characteristic function of this set in C*(b, I) belongs to A. Then ||Q —b| =
SUPgeq(p) min(|z|, [1 — ). If 6(c) = sup{min(|z|, |1 —z]) | |z — x| < 2e} +¢/2,
then |ja — Q|| < d(e). Clearly d(¢) < 4e for e < 1. O

6. Automorphisms with C-measurable representations are inner

Each known proof that all automorphisms of a quotient structure related
to P(N)/Fin or B(H)/K(H) are ‘trivial’ proceeds in two stages. In the first,
some additional set-theoretic axioms are used to prove that all automorphisms
are ‘topologically simple.” In the second, all ‘topologically simple’ automor-
phisms are shown to be trivial, without use of any additional set-theoretic ax-
ioms (see [16]). The present proof is not an exception and the present section
deals with the second step. Even though no additional set-theoretic axioms
are needed for its conclusion, the proof of Theorem 6.1 given at the end of this
section will take a metamathematical detour via TA and Shoenfield’s theorem
(Theorem 2.6). Note that the latter is not needed for the proof of Theorem 1,
since TA follows from its assumptions.

THEOREM 6.1. Every automorphism of C(H) with a C-measurable repre-
sentation on U(H) is inner.

6.1. Inner on FDD wvon Neumann algebras. If v is a linear isometry be-
tween cofinite-dimensional subspaces of H then ¥,(a) = vav* is a representa-
tion of an automorphism of C(H). We use notation E, D[E], and Dy;[E] from
Section 0.1.

LEMMA 6.2. Assume #FE, is a nondecreasing sequence. If an automor-
phism ® of the Calkin algebra is inner on Dys[E] for some infinite M, then it
is inner on D[E].

Proof. By Lemma 4.1, it will suffice to find a partial isometry u such that

-,

uD[Eu* C Dy[E] and v u = I. If (mj) is an increasing enumeration of M,
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then #E; < #E,,, by our assumption. Let
u;: Span{e; | i € Ej} — span{e; | i € Ep,;}
be a partial isometry. Then u =}~ ; u; is as required. ([

THEOREM 6.3. Assume ® is an automorphism of C(H), E is a partition
of N into finite intervals, and ® has a C-measurable representation on D[E]
Then ® has a representation which is a *-homomorphism from D]E] into B(H).
Moreover, there is a partial isomorphism v of cofinite-dimensional subspaces

of H such that U, is a representation of ® on D[E].

Proof. By coarsening E we may assume the sequence #F,, is nondecreas-
ing. Since Eis fixed, we write P 4 for Pﬁ . The proof proceeds by successively
constructing a sequence of representations, each one with more adequate prop-
erties than the previous ones, until we reach one that is a *~homomorphism
between the underlying algebras. This is similar to the proofs in [13, §1]. Some
of the arguments may also resemble those from [3].

Let &; = 27%. Fix a finite ¢;-dense in norm subset

a; C B(span{e; | i € En})<1

l.+m

containing the identity and zero. Note that [] PUNAE: Y is 2¢;-dense in

I+m
H B(span{e; | i € Ej})<1.
j=l

-,

Let A = [];a;. We shall identify a € a; with a € D[E] such that Pya = a
and (I —Pyy)a=0. For J C Nand z € A it will be convenient to write z [ J
for the projection of x to [];cs a;, identified with P jx.

CraM 6.4. There is a strongly continuous representation Wy of ® on A.

Proof. Since each a; is finite, the strong operator topology on A coincides
with its Cantor-set topology which is compact metric. Let X C A be a dense
G5 set on which V¥ is continuous. Write X as an intersection of dense open
sets U,, n € N. Since each a; is finite, a straightforward diagonalization
argument produces an increasing sequence (n;) in N, with J; = [n;,nit+1),
b; = aj; = [[kes, @i, and s; € b; such that for all z € A and all i we have
x | J; = s; implies x € ﬂé-:o Uj. Therefore {x | (3®i)x | J; = s;} C X

Let C(] = Uj even Jj, Cl = Uj odd Jj, RO = PCO, and R1 = Pcl. Let
S0 =3"j oddSj and let S1 = 3", qien 8j. Note that Ryu = uR; = R;uR; for all

ey

u € D[E] and i € {0,1}. For u € A let
(*) Uy(u) = ¥(uRo+ So) — VU (So) + U(uRy + S1) — ¥(S1).

Then W is a continuous representation of ® on A. O
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Our next task is to find a representation Wy of ® on A which is stabilized
(in a sense to be made very precise below) and then extend it to a represen-
tation of ® on D[E] Start with Wy as provided by Claim 6.4. By possibly
replacing Wy with b — ¥ (b)¥(])*, we may assume ¥;(I) = I.

The sequence of projections (Ry) was fixed in Section 0.1.

CLAIM 6.5. For all n and € > 0 there are k > n and u € Hf;} a; such
that for all a and b in A satisfying a | [n,00) =b | [n,00) and a | [n,k) = u,
we have

(1) [[(1(a) = ¥1(b))(I — Ry)|| < & and
(2) [[(I = Rg)(¥1(a) — W1 ()] < e.

Proof. Write ¢ = ?;01 a;. For a € A and s € c write a[s] = s + P, )a.
For k > n let

Vi={a€eA|3secc)3tec)(¥i(als]) — ¥i(alt]))(I —Rg)|| >¢
or [[(I — Re)(¥1(als]) — Wi(at]))[| > e}

—,

Since ¥ is continuous, each Vj is an open subset of A. If a € D[E] and s and
t are in c, then ¥y (als]) — ¥1(alt]) is compact. Therefore

1(¥1(als]) = a(aft]))(I =R <€

and
(I = Ry) (W1 (als]) — Wa(alt])]| < e

for a large enough k& = k(a,s,t). Since c is finite, for some large enough
k = k(a) we have a ¢ Vj. Therefore the G5 set N Vi is empty. By the Baire
Category Theorem, we may fix [ such that V; is not dense. There is a basic
open set disjoint from V;. Since a € V; if and only if a[s] € V; for all a and
s € c, for some k > [ there is a u € [[F=! a; such that {a € A |a | [n,k) = u}
is disjoint from Vj (note that V3 C V;). Then k and u are as required. O

We shall find two increasing sequences of natural numbers, (n;) (unrelated
to the one appearing in the proof of Claim 6.4) and (k;) so that n; < k; <
n;11 for all i. These sequences will be chosen according to the requirements
described below. With J; = [n;,n;11) write b; = aj, = [[,eJ, a;-.

Let ¢, = 27" A u; € b; is an g;-stabilizer for ¥y (or a stabilizer) if for all
a,bin A such that a | [ng,n;11) = b [ [n;,ni+1) = u; the following hold.

(a) If a | [ng,00) = b | [n4,00), then

(a1) l(W1(a) — W1(B))(I — Ry)|| < = and
(a2) (7 — Ri,) (W1 (a) — ()] < e
(b) If a I [0,ni41) = b [ [0,ni41), then
(b1) [[(1(a) — W1 (b)) Ryl < & and
(b2) (R, (¥1(a) — i (b))[| <&
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We shall find (n;), (k;), Ji, b; as above and a stabilizer u; € b; for all i. Assume
all of these objects up to and including n;, k;—1 and u;_1 have been chosen to
satisfy the requirements. Applying Claim 6.5, find k; > n; and u) € Hf;;i a;
such that (al) and (a2) hold. Then apply the continuity of ¥; to find n;+1 > k;
and u; € []72 " a; such that u; | [n;,k) = ¥, and (b1) and (b2) hold as
well.

Once the sequences n;y1, k; and u; € b; = [IjeJ, @j are chosen, let

Vi = EB]'GJZ' B(Ej)~
Then D[E] = [[; Vi. We identify V; with P, D[E] and b € D[E]<; with the
sequence (bj); such that b; € V; and b = Y, b;. Let I; denote the identity of
Vj. Note that I; € b;. Recall that b; is 2¢;-dense in (V;)<; and fix a linear
ordering of each b;. Define
oi: Vi = by
by letting o;(c) be the first element of b; that is within 2¢; of ¢. For ¢ € D[E]<;
let
Ceven = 3 02i(c2i)  and  Coad = i 02i1(C2it1)-
Both of these elements belong to A and ¢ — Ceven — Codd 1S compact.
Let us concentrate on Vo;11. Define Ag;iq: Vo1 — B(H):

A2i+1(b) = qjl(”even + 02i+1(b)) - \Ill(ueven)-

Since both o; and ¥ are Borel-measurable, Ag;11 is Borel-measurable as well.
Let Q; = Rki“ — Ry, ,, with k_1 = 0.

CLAIM 6.6. For b € D[E}Sl such that by; = 0 for all i, the operator
Uy(b) — 3220 Qait1MA2i+1(b2i4+1)Qoit1 is compact. In particular the latter op-

erator is bounded.

Proof. Since b—boqq is compact, 8o is W1 (b) + V1 (teven) — U1 (Ueven + bodd) -
By applying (al) and (b1) to boad, b = Y52, 02;11(b) and o9i41(bai1) we see
that
| (A2iv1(b2iv1) + ¥1(Ueven) — V1 (Ueven + bodd)) Qait1 |l
= ||V1 ((teven + 02i+1(b)) — W1 (Ueven + bodd)) Q2i+1) |l
< [1(¥1 (veven + 02i41 (b)) — W1 (teven + b7)) Qait1 |
+ | (¥1 (teven + ") — W1 (Ueven + bodd)) Qait1 |

< 2€9i41.

Since $i(€2i41)? < 0o and I — 57; Qo;41 is a compact operator, the operator

vy (Ueven +bodd) -V, (ueven)_zz‘oio A2i+1 (b2i+1)Q2i+1 is compact. An analogous
proof using (a2) and (b2) instead of (al) and (b1l) gives that ¥ (ueyen +bodd) —

U (Ueven) — D520 Qoit1A2i4+1(b2i4+1)Q2i+1 is compact. U
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Define A%, : Vaiy1 — B(H) by
9i41(0) = Q2it1M2i41(b)Qait1.

With agir1 = A1 (L2ig1) let & = max([ag;,, — aziral, [lagiyy — azital).
We claim that limsup;e; = 0. Assume not and find ¢ > 0 and an infinite
M C 2N + 1 such that for all i € M we have max(||a? — a;|, ||a} — ai]|) > e.
With a = Y;car a; the operator ¥ (P ) —a is compact, thus a* —a and a® —a
are both compact. Since a; = Q;aQ; and Q;Q; = 0 for distinct 7 and j in M,
we have a* = Y ;e af and a? = Y;car a2, By the choice of M and ¢ at least
one of a — a* and a? — a is not compact, a contradiction.

Applying Lemma 5.8 to ag;11 such that ¢; is small enough, obtain projec-
tions Sgi11 < Qoiy1 such that limsup, . |[S2ip1 — Ad; 1 (J2i41)]| = 0. With
Lemma 4.1 in mind, we shall ignore all the even-numbered V; and A;. Let

A (a) = Sai4 10541 (a)S2i41
for a € Vi1 and let S! = Sg;41 and V! = Vy; 41 for all 4.
Then A”(a) = 3; AY(a;) is a representation of ® on @, V/. For j € N let

0
6 = sup [|A](ab) — AT (a)A] (D),
a,bE(VJ/-/)Sl

0j = sup [[Af(a+b)—Aj(a) — A} ()],
abe(V))<1

67 = sup [|A7(a") = Af(a)*l,

aE(VJ/-/)Sl
0; = sup |lla]l —[|A(a)]]]-
ac(V!)<1

J

We claim that lim; maxo<g<4 5;? = 0. We shall prove only lim; (5? = 0 since
the other proofs are similar. Assume the limit is nonzero, and for each j
fix bj and ¢; in (Vf)<1 such that [|A%(bjc;) — A (b;)AY(c;)|| > 69/2 for all j.
Let b and ¢ in B[E]<; be such that P ;b =b; and P;,c = ¢; for all j. Then
Wy (be)—W1(b)¥1(c) is compact. By Claim 6.6, sois y-; A7 (bjc;)—A7 (b;) A7 (c;).
This implies lim; 5? = 0, a contradiction.

Each A;»’ is a 20;-approximate *-homomorphism as defined in Section 5.
Since lim; 20; = 0 and each A’ is Borel-measurable, by applying Theorem 5.1
to A7 for j larger than some ng, we find a 2Kd;-approximation to A which
is a unital *-homomorphism, =;: Doi1; — B(S/[H]). For i < ng let =; be
identically equal to 0. Since lim;2Kd; = 0 and S} are pairwise orthogo-
nal, the diggonal = of &; is a *-homomorphism and a representation of ® on
DUi oda Ji [E].

Still ignoring the even-numbered V;’s, we address the second part of
Theorem 6.3 by showing & is inner on DUi i [E]. Let F; = Py [H] and
G; = S/[H].
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CLAIM 6.7. For all but finitely many i there is a linear isometry v;: F; —
G such that =i(a) = viav] for all a € D[(Ej)je,]-

Proof. Let &,, for n € N, be an orthonormal sequence such that each &, be-
longs to some F; and no two &, belong to the same F;. Let P = projsgange, jnen}
and consider the masa A of B(P[H]) consisting of all operators diagonalized by
&n, for n € N. The image under the quotient map of A in the Calkin algebra
C(P[H]) is a masa ([22]). It is contained in the domain of =. The image of
the =-image of A is a masa in C(E(P)[H]). Because of this, for all but finitely
many n the projection Z(projcg,) has rank 1. Since (§,) was arbitrary, for all
but finitely many n and all one-dimensional projections R < projp the rank
of Z(R) is equal to 1. Fix such n and a basis (n; | j < dim(E,)) of F,. Let
P; = E(projcnj). For all but finitely many n we have Y, dim(r,) P’j = Projg,,-
Consider n large enough for this to hold. Fix a unit vector &y in the range
of Py. Let a € U(F),) be generated by a cyclic permutation of {7;}, so that
a(nj) = njp1 (With Ngim(p,) = m0). With b = Z(a) let & = b/ (&) (here b/ is
the j-th power of b). Then (&;) form a basis of G,,. It is clear that n; — &;
defines an isometry v,, as required. U

For a large enough m the sum v = @;2,, v, is a partial isometry from
P, Fr to @22, Gy, such that E(a) — vav* has finite rank for all a € D[E].
Lemma 6.2 implies ® is inner on D[E]. O

Proof of Theorem 6.1. Fix an automorphism ® of C(H) with a C-measur-
able representation. By Lemma 4.3(2) we may assume that ® has a Borel-
measurable representation . Let B C B(H )<1 x B(H )< be the set of all pairs
(a,b) such that ¥(b) —aba™ is not compact. Then the assertion of Theorem 6.1
is equivalent to (Ja)(Vb)(a,b) ¢ B. Lemma 2.5 implies B is Borel and therefore
by Theorem 2.6 we may use TA in the_‘proof of Theorem 6.1.

By Theorem 6.3, @ is inner on D[E] for each finite-dimensional decompo-
sition E of H. By Theorem 3.2, ® is inner. O

7. Locally inner automorphisms

Fix an automorphism ® of C(H). Proposition 7.1 below is roughly mo-
deled on the proof of [13, Prop. 3.12.1]. Its main components are Lemma 7.2,
Proposition 7.7, and Theorem 6.3. The key device in the proof of Lemma 7.2 is
the partition defined in (K1)-(K3). It is a descendant of Velickovic’s partition
([42]) and the partitions used in [13, p. 100].

If u is a partial isomorphism we write ¥, for the conjugation, ¥,(a) =
uau®. Fix a partition E of N into finite intervals such that the sequence #FE,
is nondecreasing.

PROPOSITION 7.1. TA implies ® is inner on D[E).
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Using the Axiom of Choice, find a representation ¥: B(H) — B(H) of ®.
It is not assumed that ¥ is C-measurable or that it is a homomorphism, but we
may assume ¥ (P) is a projection whenever P is a projection. This is because
every projection in the Calkin algebra is the image of some projection in B(H)
via the quotient map ([43, Lemma 3.1]). We may also assume ||¥(a)| < |al
for all a: find the polar decomposition of ¥(a), apply the spectral theorem to
its positive part, and truncate the function to ||a/|.

For M C N let Uy |E] denote the unitary group of Dy[E] and let

J™(E) = {M C N | there is a Borel-measurable Z: Uy [E] — B(H)
(Va € Un[E]) | ®(m(a)) — m(E(a))]| < 27"},
JME) = {M C N | there are Borel-measurable ¥;: Uy [E] — B(H), i € N

-,

(Va € Unr[E])(30)[|[@((a)) — 7(Wila))[| < 27"}

In the terminology of Section 4.1, = is a 27 "-approximation to ® on Uy, [E]
Each J"(E) and each J(E) is hereditary and closed under finite changes of
its elements, but these sets are not necessarily closed under finite unions.

Given E = (BE,)>,, write F,, = span{e; | i € E,} and P% for the
projection to @Ppeca Fr,. While E is fixed we drop the superscript and write P 4.
A family of subsets of N is almost disjoint if AN B is finite for all distinct A
and B in the family. An almost disjoint family A is tree-like if there is a partial
ordering < of N such that (N, <) is isomorphic to (2<N, C) and each element
of A is a maximal branch of this tree. If Js (s € 2<N) are pairwise disjoint
finite subsets of N and X C 2N, then the family of all M, = Un Jzm, v € X, is
tree-like, and every tree-like family is of this form.

LEMMA 7.2. TA implies that for every k every tree-like family of J¥(E)-
positive sets is at most countable.

Proof. Fix an uncountable tree-like family A and a partial ordering < on
N such that (N, <) is isomorphic to (2<%, C) and all elements of A are maximal
branches in (N, <). Let

X ={(S,a) | S is infinite and (IB(S) € A)(S C B(S) and a € Us[E])}.

Note that (S,a) € X implies Pga = aPg = PgaPg = a. Also, for i € S we
have that Pg;ya € B(F;). If moreover (T,b) € X, then PsPr = Pgnr and for
each i we have (CL — b)P{l} = P{l} (a - b) = P{z} (a - b)P{Z}

Modify ¥ as follows. If a € Dp[E]\ K(H) for some B € A, then replace
VU(a) with ¥(Pp)¥(a)¥(Pp). Since a is not compact, such B is unique and
since PgaPp = a, the modified ¥ is a representation of ® which satisfies
¥ (a)|| < |la|| for all @ and ¥(a)¥(Pp) = V(Pp)¥(a) for a and B as above.
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Fix n € N. Define a partition [X]? = KJ U K by letting {(S,a), (T,b)}

in K if and only if the following three conditions hold:

(K1) B(S) # B(T). |

(K2) For each i € SNT we have |(a — b)P ;|| <27

(K3) ||[¥(a)¥(Pr) — W (Ps)W(b)|| > 27" or

[ (Pr)¥(a) - W)V (Ps)| > 27"

The definition is clearly symmetric. Consider P(N) with the Cantor-set topol-
ogy (§2.2) and B(H)<; with the strong operator topology.

CrLam 7.3. The coloring K{ is open in the topology on X obtained by
identifying (S, a) with (B(S),S,a,¥(Pgs), ¥(a)) € P(N)? x (B(H)<1)3.

Proof. Assume the pair (S, a), (T,b) satisfies (K1). Since S and T are
infinite subsets of disjoint branches of (N, <), their intersection is finite and we
may fix s € SN(B(S)\B(T)) and t € TN(B(T)\ B(S)). Then it follows that
U={(5,d)]|seS}and V = {(T',V) | s € T'} are open neighborhoods of
(S,a) and (T,b), and any pair in U x V satisfies (K1).

We shall show (K2) is open relative to (K1). Fix (S, a) and (7', b) satisfying
(K1) and (K2) and U, V as above. Let U’ = {(5",d’) | (Vr <X s)r € §" if and
only if r € S} and V' = {(T",V) | (Vr < t)r € T' if and only if r € T'}. These
two sets are open and for (S, a’) € U" and (T,b') € V' we have S'NT" = SNT.
For each 4 in this intersection, P; has finite rank. In a finite-dimensional space
the norm topology coincides with the strong operator topology; therefore (KK2)
is open on X modulo (K1).

It remains to prove (K3) is open. Assuming the pair {(S,a), (T,b)} satis-
fies one of the alternatives of (K3) (without a loss of generality, the first one)
one only needs to fix a unit vector £ such that ||(¥(a)¥(Pr)—¥(Pg)¥ (b)) >
27™; this defines an open neighborhood consisting of pairs satisfying (K3). O

CLAIM 7.4. There are no uncountable K{-homogeneous sets for any n.

Proof. Assume the contrary. Fix n € N and an uncountable K§-homoge-
neous H. For i € M = Js,0)en S fix (Si,a;) € H such that i € S; and let
¢ = Yiem aiPgiy. Then ¢ € Dy[El<; and [|(c — a)P ]| = [|(ai — a)P ]| <
27" for all (S,a) € H. For (S,a) € H we have M D S and the operator
Psc —a = ¢Pg — a is compact. Therefore, the operators ¥V (c)¥(Pg) — ¥(a)
and ¥(Pg)¥(c) — ¥(a) are in C(H). There is a finite-dimensional projec-
tion R = R(S,a) such that ||(I — R)(¥(c)¥(Pg) — ¥(a))|| < 27" 2 and
(I — R)(¥(Pg)¥(c) — ¥(a))|] < 27" 2. Since ¥(Pg) is a projection, we
may choose R so that R¥(Pg) = ¥(Pg)R.

Let 6 = 27"~%. By the separability of C(H) there are a projection R and
an uncountable H' C H such that |[R — R(S,a)|| < ¢ for all (S,a) in H'. By
the norm-separability of the range of R we may find an uncountable H” C H’
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such that for all (S,a) and (T,b) in H” we have |R(¥(Ps)— ¥(P7))|| < J and
IR(¥(a) = ¥(b))]| < 9.

Write a =, b for |[a—b|| < e. Fix distinct (S, a) and (7,b) in H”. Recalling
that [|U(d)|| = ||d|| for all d, we have

(I~ R)U(a)¥(Pr) ~s (I - R(S. ) ¥(a) ¥(Pry)
~pne (I R(S,a)¥(Ps)¥()¥(Pr)
- U(Ps)(I - R(S, a))¥(c)¥(Pr)
~s U(Ps)(I - R(T, 1)) ¥(c)¥(Pr)
Ny U(Ps)(I — R(T,H))¥(b)
~ons U(Ps)(I - R(S, a)) T (b)
~ (I~ R(S. ) ¥(Ps)¥(b)
~s (I - R)¥(Ps) T (0)

Hence ||(I — R)(¥(a)¥(Pr) — U (Pg)¥(b))|| < 66 +27 1. Also
RU(a)¥(Pr) ~5 RU(b)¥(Pr) = RY(P7)¥(b) ~5 RU(Ps)P(b)

and | ¥ (a)¥(Pr)— U (Pg)¥(b)|| < 85+27""! < 27", Since an analogous argu-
ment shows ||¥(Pr)¥(a)—V(b)¥(Pg)|| < 27", the pair {(S, a), (T,b)} satisfies
(K3). Since (K1) and (K2) are automatic, we have {(S,a), (T,b)} € K7, a con-
tradiction. O

With k as in the statement of Lemma 7.2 let n = k+ 3. By Claim 7.4 and
TA, X can be covered by the union of K-homogeneous sets X; for i € N. For
each ¢ fix a countable D; C X; dense in the separable metric topology from
Claim 7.3. It suffices to prove that every B € A\ {B(S) : (3a)(S,a) € J; Di}
belongs to J73(E).

Fix a dense set of projections @;, for i € N, in the projections of IC(H).
We also assume that Qg = 0 and that for every i the set {Qn, : Qm > Qi}
is dense in {P : P > @); and P is a projection in C(H)}. For example, we
may let @, enumerate all finite rank projections belonging to some countable
elementary submodel of H +.

For m € N define a relation ~,, on X by letting

(S,a) ~m (T, d)
if and only if all of the following conditions are satisfied.
(~ml) SNm=TnNm,
(~m2) [(a=b)Ppyll <2771 for all i < m,
(~m3) |1Q;(¥(Pg) — ¥(Pr))Q;| <1/m for all j <m, and
(~md) [1Q;(¥(a) — W (b)Q;l| < 1/m for all j < m.

We should emphasize that this is not an equivalence relation.

i
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For p and m in N and (S, a) € X}, let
m* (S, a,p) = min{j > m: (3(T,d) € D,)((T,d) ~m (S,a) and TN B C j)}.

If (S,a) € X, then (T, d) as in the definition of m™* (S, a,p) exists and T'N B
is finite. Therefore m™ (S, a,p) is well-defined whenever (S, a) € X,,.

We check that for every m and every p there is a finite set F,,, C D, such
that for every (S5,a) € &), there is (T, d) € F, satistying (S,a) ~pn, (T',d).
Clearly there are only finitely many possibilities for S N'm. The projections
Py and @) are finite-dimensional and therefore the unit ball of the range of
any of these projections is totally bounded. Finally, note that in (~,,2) we
have (a — b)Py; = Py(a — b)Py;y. Therefore for m € N we have that

+

mt =max{m*(S,a,p) : (S,a) € &, for some p < m}

is well-defined. Let m(0) = 0 and m(j + 1) > m(j)* for all j. Let
By = BNUjZolm(25), m(2j + 1))

and find a nondecreasing sequence k(j), for j € N, such that the following
conditions are satisfied.

(1) 0(4) = 1Qr(j) Y (P B,) — W(Ppy)Qu(y)ll satisties lim; o0 6(5) = 0,
(2) K(j) < m(2j +1), and
(3) Qpy) strongly converge to the identity.

Let us describe the construction of the sequence k(j), for j € N. Since we can
write R as a strong limit of an increasing sequence of finite rank projections,
there is an increasing sequence of finite rank projections R;, for ¢ € N, that
strongly converge to the identity and such that

Jim, IR;W(Pp,) — ¥(Pp,)R,| = 0.

Let k(0) = 0 and using the density of @;, for i € N, pick a nondecreasing
sequence [(j) such that |[@Q;;) — R;|| — 0 as j — oo and @Qy(;y converge to the
identity in the strong operator topology as j — oo. Letting k(j) = max{l(7) :
1(i) <m(2j + 1)} we have that (1)-(3) hold.

For a € Up,[E] and p € N let

Yap ={c: (Vj>p)(3(S,d) €Dyp) so that
(i) SN By Cm(2j + 1),
(i) SNm(25 +1) = BoNnm(2j + 1),
(iii) ||(a — d)Pyyl| < 27" for i € SN By,
and for all I < m(2j + 1) we have (iv) [|Q;(¥(Pp,) — ¥ (Ps))Q:ll < 2/j

)

and (v) [|[Qi(c — ¥(d))Qull <2/j}-
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Since D,, is countable, the set

Y(n,p) = J{{a} x Vap : a € Up, [E]}
is Borel for all p.

CLAIM 7.5. Assume a € Up,[E] is such that (Bo,a) € X,. Then
(4) ¥(a) € Yap and
(5) [¥(Ppy)e— U (a)¥U(Pp,)|| <27 for all ¢ € YV, p.
Proof. (4) Fix j. By the definition of ~,, ;1) and the choice of m(2j+2)
we can choose (5, d) € D), such that (i)—(v) are satisfied with ¢ = ¥(a).
(5) Assume the contrary, that | ¥(Pg,)c — ¥(a)¥(Pg,)|| > 277! Fix j
large enough to have 26(j) < 27" and
(6) 11Qu()(T(Pr,y)c— U(a)¥(Pg,))Queyll > 277
Fix i > j. By the definition of ), , we can pick (5,d) = (5(),d(i)) € D, such
that
(7) SN By Cm(2i+1),
(8) SNm(2i+1)=ByNm(2i+ 1),
9) l[(a = d)Ppq|l <277 for all r € SN By,
(10) [|Qi(¥(Pp,) — ¥(Pg))Qi]| < 2/i for all I < m(2i+ 1), and
(11) [|Qi(c — ¥ (d)Qi|| < 2/i for all I < m(2i + 1).
Since the pair {(By, a), (S,d)} belongs to K] and the corresponding instances
of (K1) and (K2) hold, we must have
(12) [ W(Pp,)¥(d) — W(a)¥(Ps)| <27

The proof is concluded by a computation. Writing z ~! y for

Qi) (* — ¥) Qi) < e,

by applying (1), (11), (1), and then (12) in this order we obtain the following
estimates:

\II(PBO)C '““st(]) \P(PBO)Qk(j)C %;/z \p(PBo)Qk(j)\Ij(d)
%%(j) U(Pp,)¥(d) ~) » U(a)¥(Pg)
and therefore
(13) Qk(j) (¥ (Ppy)e — ¥(a)¥(Ps))Quipll < 27" + 5 +25(j).
Recall that (S,d) = (S(i),d(i)) depends on i and note that (10) implies that
\I/(PS(Z-)) converge to ¥(Pp,) in the strong operator topology as i — co. Since
the range of Qy(;) is finite-dimensional,

Jim {|Qp) (W (@) ¥ (Ps) — ¥(a)¥ (P, ) Qs = 0.
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Together with (13) this implies

Qi) (¥ (P5y)e — ¥ (a)¥(Pg,))Qpjll < 27",
a contradiction. -

By Theorem 2.1 there is a C-measurable uniformization @2: Ug, [E] —

B(H) of Y(n,p). By Claim 7.5 the graphs of functions
Tp(a) = ¥(Pp5,)0)(a)

for p € N cover a graph of a 27"*l.approximation to ®. By Lemma 4.3(1)
there are Borel-measurable functions witnessing By € JJF“Q(E'). An analogous
argument gives (Y1); witnessing B; = B\ By € J 2(E). Since a € Up|E]
implies that both aPp, = Pp,aPp, € dom(YY) and aPp, = Pp,aPp, €
dom(Y}), functions Yj(a) = T{(aPp,)+T}(aPp,) witness B € J3(E). O

7.1. Uniformizations. An automorphism ® of C(H) and its representation
U are fixed. The unitary group Uz [E’] of Dy [E] is compact metric with respect
to its strong operator topology. Let vz denote the normalized Haar measure

on this group.

LEMMA 7.6. Assume K is a positive Haar-measurable subset ofU[E] such
that ® has a measurable e-approximation = on K. Then ® has a Borel-
measurable 2e-approximation on U[E].

Proof. By Luzin’s theorem ([27, Theorem 17.12]), by possibly shrinking
K we may assume it is compact and the restriction of = to K is continuous.
Let us first see that we may assume v(K) > 1/2. Let U C U[E] be a basic
open set such that »(KNU) > v(U)/2. Let n be large enough so that there
is an open Ug C [, U(E;) satisfying U = Ug X [[;>, U(E;). Fix a finite

F C{a cU[E]]| a(i) = I; for all i > n}

such that FUy = U[E]. Then K’ = FK has measure > 1/2 and = with
domain K’ defined by Z/'(b) = Z(ab), where a is the first element of F' such

that ab € K is a continuous e-approximation of ® on K'.

Let X = {(a,b) € U[E] x K' | ab* € K'}. This set is closed. Since Vi
is invariant and unimodular, for each a there is b such that (a,b) € X. By
Theorem 2.3 there is a Borel-measurable f: U[E] — K such that (a, f(a)) € X
for all a. The map =;(a) = E(af(a)*)Z(f(a)) is clearly a 2e-approximation to

® and it is Borel-measurable. O

ProproOSITION 7.7. If M;, i € N are pairwise disjoint infinite subsets of N
and M = J; M; is in J*(E) then there is i such that M; € J"2(E).
Proof. Assume not. Write P; = PEZ_ and P = PE. Fix Borel-measurable

functions Z;, i € N, whose graphs cover a 2~ "-approximation to ¥ on Uy, [E]
Let Q; = Vj=; Pj; then Qo = P. By making unessential changes to ¥, we
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may assume W (F;), i € N, are pairwise orthogonal projections such that
U(Qi) = Vj>i ¥(P;) for all i. Let V; = H?‘;iUMi[ﬁ], a compact group
with Haar measure p;. We shall find a; € Uy, [E] and a p;-positive compact
Vi € V;41 such that for all ¢ and all b € ); we have

(2) 1Ei((Cj<iaj) +0) — W(ai)) ()l > 27"
We shall also assume that for j < ¢ we have
(3) Vi C{beVip1 [ b+ iy ar € Vj}-

Condition (3) will assure that J; C Vo defined by Y; = {3i_ga; +b: b € Y},
for ¢ € N, form a decreasing sequence of compact sets. Assume ag, ai,...a;_1
and );_1 have been chosen to satisfy (2) and (3). Using Fubini’s theorem, the
Lebesgue density theorem, and the inner regularity of the Haar measure, find
compact positive sets V; C Uy, [E] and W; C V41 such that for every x € V;
we have pip1{y € Wi | (z,y) € Vi} > piv1(Wi)/2. Let
X = {(a,b,) € Vi x Wi x UH) | |E:((Sj<s 05) +a + BU(P) — el <27,
This is a Borel set, and so is
X = {((Z,C) | :Ui{b ‘ (CL, b, C) € X} > MI(Wl)/Q}
Let Z be the set of all a € V; such that {b | (a,b) € X1} # 0. This is a
projection of X;. If Z # V;, pick a; € V; \ Z. Since (a;, ¥(a;)) ¢ X1, with
Vi ={be Wi |Ei((Zj<iaj) + ai + 0)¥ () — ¥(a)llc > 27"}
we have pir1(Viy 1) = piv1(Ws)/2. In this case
Vi =Yg n{be Wi (a;b) € Yi}

is pi-positive and satisfies (2) and (3). By the inner regularity of the Haar mea-
sure, find a compact positive Vi41 C Y}, ; and proceed with the construction.

We may therefore without a loss of generality assume Z = V;. By Theo-
rem 2.1 there is a C-measurable f: Uy, [E] — B(H) such that (a, f(a)) € X
for all @ € Z. Then f defined by f(a) = W(P,)f¥(P;) is also Borel. Since
Z = V; has positive measure, if f is a 27" tl-approximation of ® on Z, then
Lemma 7.6 gives a Borel 27" +2-approximation of ® on Uy, [E], showing that
M; € " 2(E) and contradicting our assumption. Therefore we can fix a; € Z

such that ||(f(a;) — ¥ (a;))¥(P;)|lxc>2"""". Then Y/, ={b| (a:,b, f(a;)) € X}
has a positive measure and for each b € ), clause (2) holds because
1(Ei(Xj<iaj +b) — ¥(a:))¥(F)llx
> [[(f(ai) = ¥(a:) ¥ (Bl — [(Ei( X <i aj +b) — f(ai)) U (P)l[x > 27"
Let Yiy1 C V) 41 be a compact positive set. This describes the construction.

Let a = Y °5a;. Since a; = P;aP; for each i and P; are pairwise orthogo-
nal, ||a|| < sup; ||a;|| = 1. For some i we have ||Z;(a) — ¥(a)|[x < 27"; hence
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[(Ei(a) = ¥(a;)¥(F;)|c < 27" However, 3272, a; is in Y; by (3) and the
compactness of }; in the product topology. This contradicts (2). [l

Proof of Proposition 7.1. Enumerate N as n, (s € 2<V) and write M, =
{na1; | j € N}. By Lemma 7.2, for every m the set {z | M, ¢ J*(E)} is at most
countable. We may therefore fix 2 such that My = M,, belongs to J(E)
for each n. Partition My into infinitely many infinite pieces. By Lemma 7.7
at least one of these pieces, call it M, belongs to J! (E) By successively
applying this argument we find a decreasing sequence M; of infinite subsets of
My such that M; € J7(E) for each j. Fix an infinite M such that M \ M; is
finite for all j. Then M € (; J’ (E) and on Dy;[E] there is a Borel-measurable
27 J-approximation to ® for each j. By Lemma 4.4 there is a C-measurable
representation of ® on Dy [E] By Theorem 6.3, @ is inner on Dy, [E] and by
Lemma 6.2, ® is inner on D[E]. O

Proof of Theorem 1. Fix an automorphism ® of C(H) and an orthonor-
mal basis (e,) for H. For every partition E of N into finite intervals such that
#F,, is nondecreasing, Proposition 7.1 implies there is a partial isomorphism
U= u(E) between cofinite-dimensional subspaces of H such that ¥,, is a repre-
sentation of ® on C[E]. Therefore {(E,u(E))} is a coherent family of unitaries
and Theorem 3.2 implies & is inner. O

8. Concluding remarks

Let S denote the unilateral shift operator. The following problem of
Brown-Douglas-Fillmore is well-known.

Problem 8.1. Is it consistent with the usual axioms of mathematics that
some automorphism of the Calkin algebra sends 7(5) to its adjoint?

Ilan Hirshberg pointed out that there are essentially normal operators a
and b with the same essential spectrum such that ®(7(a)) # n(b) for all in-
ner automorphisms ® of the Calkin algebra. This is because for a fixed ®
either index(®(a)) = index(a) for all Fredholm operators a, or index(®(a)) =
—index(a) for all Fredholm operators a. Together with the Brown-Douglas-
Fillmore characterization of unitary equivalence modulo compact perturbation
of essentially normal operators, this implies that a positive answer to Prob-
lem 8.1 is equivalent to the consistency of the existence of normal operators a
and b in C(H) and an automorphism ® of C(H) such that ®(a) = b but for
every inner automorphism ¥ of C(H) we have ¥(a) # b. An argument using
[2] shows that if an automorphism ® sends the standard atomic masa to itself
then ® cannot send S to S* (see [18, Prop. 7.7]).

Recall that for a C*-algebra A its multiplier algebra, the quantized ana-
logue of the Cech-Stone compactification, is denoted by M (A) (see [5, 1.7.3]).
For example, M (KC(H)) = B(H), M(Cy(X)) = C(BX) for a locally compact
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Hausdorff space X, and M(A) = A for every unital C*-algebra A. George
Elliott suggested investigating when all automorphisms of M (A)/A are trivial
and Ping Wong Ng suggested investigating when isomorphism of the corona
algebras M (A)/A and M (B)/B implies isomorphism of A and B. The follow-
ing is the set-theoretic core of both of these problems and it is very close to
[16] and [13] in spirit.

Problem 8.2. Assume A and B are separable nonunital C*-algebras. When
does every isomorphism between the corona algebras M(A)/A and M(B)/B
lift to a *~homomorphism ® of M (A) into M (B), so that the diagram

P

M(A) M(B)

A

M(A)/A —~ M(B)/B

commutes?

TA implies the positive answer when A = B = K(H) (Theorem 1) and
TA+MA implies the positive answer when both A and B are of the form Cj(X)
for a countable locally compact space X ([13, Ch. 4]). One could also ask anal-
ogous questions for *~homomorphisms instead of isomorphisms or, as suggested
by Ping Wong Ng, for ¢*°(A)/co(A) instead of the corona algebra. A number
of analogous lifting results for quotient Boolean algebras P(N)/Z were proved
in [13] (see also [15], [16]).

It was recently proved by the author [17] that the Proper Forcing Axiom,
PFA, implies all automorphisms of the Calkin algebra B(H)/K(H) are inner,
even for nonseparable Hilbert space.

An analogous result for automorphisms of the Boolean algebra P(x)/ Fin,
where & is arbitrary, was proved in [42].
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