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A solution to a problem of Cassels and
Diophantine properties of cubic numbers

By URI SHAPIRA

Abstract

We prove that almost any pair of real numbers «, 3, satisfies the follow-
ing inhomogeneous uniform version of Littlewood’s conjecture:

(C1) V7,0 € R, 1Im\1 inf |n| (nac —y)(nB — &) =0,
n|—oo

where (-) denotes the distance from the nearest integer. The existence of
even a single pair that satisfies statement (C1), solves a problem of Cas-
sels from the 50’s. We then prove that if 1, «, 8 span a totally real cubic
number field, then «, 8, satisfy (C1). This generalizes a result of Cassels
and Swinnerton-Dyer, which says that such pairs satisfy Littlewood’s con-
jecture. It is further shown that if a, 8 are any two real numbers, such that
1, @, B, are linearly dependent over Q, they cannot satisfy (C1). The results
are then applied to give examples of irregular orbit closures of the diagonal
group of a new type. The results are derived from rigidity results concern-
ing hyperbolic actions of higher rank commutative groups on homogeneous
spaces.

1. Introduction

1.1. Notation. We first fix our notation and define the basic objects to be
discussed in this paper. Let X; denote the space of d-dimensional unimodular
lattices in R? and let Y; denote the space of translates of such lattices. Points
of Y; will be referred to as grids; hence for x € Xz, v e R:, y = +v € Yy is
the grid obtained by translating the lattice « by the vector v. We denote by =
the natural projection

(1.1) Yy Xg, z+vea.

For each z € Xy, we identify the fiber 77!(x) in Y with the torus R%/x. Let
N:R% — R denote the function N(w) = [[¢w;. For a grid y € Yy, we define
the product set of y to be

(1.2) Py) = {N(w) : w € y}.
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In this paper we shall study properties of the product set. We will mainly be
interested in density properties and the values near zero. We denote

(1.3) N(y) = inf {|N(w)| : w € y} .

The ambiguous use of the symbol N both for a function on R? and for a
function on Yy and the lack of appearance of the dimension d in the notation
should not cause any confusion. The inhomogeneous minimum of a lattice
x € X is defined by

(1.4) p(x) =sup {N(y) :y € 7 ()} .
The inhomogeneous Markov spectrum (or just the spectrum) is defined by
(1.5) Sag=A{ulx):z e X4}.

A more geometric way to visualize the above notions is the following: The star
body of radius € > 0 is the set S, = {w € RY: |N(w)| < 6}. In terms of star
bodies for a grid y € Yy, N(y) = inf {e : S: Ny # 0} and for a lattice x € Xy,
w(x) is the least number such that for any € > p(x), the star body S: intersects
all the grids of x or equivalently, S. projects onto the torus 7~!(x) under the
natural projection.

1.2. Dimension 2. In [10] Davenport showed (generalizing a result of Khint-
chine) that for any « € X, one has pu(z) > 13g; hence the spectrum Sy is
bounded away from zero. The constant ﬁ is not optimal and much work has
been done to improve Davenport’s lower bound of the spectrum (see [7], [6],
[10], the references therein, and Remark 4.4). The set {y € 7~ 1(z) : u(y) > 0}
(where z € X5 is arbitrary) has also been investigated, and it is known to have
full Hausdorff dimension as well as being a winning set for Schmidt’s game.

See for example [13], [5], [22], and [11].

1.3. Cassels problem. In his book [7, p. 307], Cassels raised the following
natural question:

Problem 1.1 (Cassels). In dimension d > 3, is the infimum of the spectrum
S4 equal to zero?

We answer Cassels’ problem affirmatively. In fact we show that the infi-
mum is attained and give explicit constructions of lattices attaining the mini-
mum. The following theorem is a consequence of Corollary 4.9(i):

THEOREM 1.2. For d > 3, almost any lattice x € Xy (with respect to the
natural probability measure) satisfies p(x) = 0.
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1.4. Diophantine approximations. Of particular interest to Diophantine
approximations, are lattices of the following forms: Let v € R%~! be a column
vector. Denote

o Ig—1 v (1 vt
(16 w=( 1) =0 0 )

where I;_1 denotes the identity matrix of dimension d—1 and the 0’s denote the
corresponding trivial vectors. Let z,, 2z, € Xy denote the lattices spanned by
the columns of h, and g, respectively. For v € R, denoting by (v) the distance
from 7 to the nearest integer, an easy calculation shows that the statements

d—1
(Cl) ny c Rdfl 1|11T1 inf |n] H<T7/UZ — ")/,L> = O’
n|—oo 1
d—1 d—1
(C2) VyeR liminf [ |n nwi — ) =0

imply that pu(z,) = 0 and p(z,) = 0 respectively.

Definition 1.3. A vector v € R%! is said to have property C of the first
(resp. second) type, if statement (C1) (resp. (C2)) is satisfied.

THEOREM 1.4. Let d > 3.

(i) Almost any v € R (with respect to Lebesque measure) has property
C of first and second types. In particular, p(z,) = u(z,) = 0.

(ii) Nonetheless, if dimspang {1,v1,...,v4-1} < 2, then u(xy), u(z) are
positive.

Part (i) of the above theorem is a consequence of Corollary 4.9. Part (ii)
follows from known results in dimension 2 and will be proved in Section 6.

Perhaps the most interesting amongst the results in this paper is the
following theorem which shows that certain pairs of algebraic numbers are
generic. The proof follows from Corollaries 5.2 and 4.9(iii).

THEOREM 1.5. If1, a, B8 form a basis for a totally real cubic number field,
then

(1.7) Vy,0 € R liminf |n[(na —y)(nf — 6) =0,
[n|]—o0

(1.8) VyeR |lim‘inf |nm|(na+mp — ) = 0.
nm|—oo

That is, the vector (a, 3)t has property C of both types.
1.5. Remarks.

(i) Cassels and Swinnerton-Dyer have shown [8] that any real pair «, 3,
belonging to the same cubic totally real field satisfies Littlewood’s
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conjecture, i.e., it satisfies (1.7) with v = 6 = 0. Thus Theorem 1.5,
together with Theorem 1.4(ii), can be viewed as a strengthening of
their result.

(ii) As Cassels points out in his book [7], Problem 1.1 belongs to a family
of problems for various forms (other than N). Barnes [2] solved an
analogous problem with N replaced by an indefinite quadratic form
in d > 3 variables. Our method, when adapted appropriately, seems
to give a different proof of Barnes’ result.

(iii) In a recent paper [4], Y. Bugeaud raised (independently of Cassels)
the question of existence of pairs «, 5 € R which satisfy (1.7).

(iv) Our methods are dynamical and rely on rigidity results such as Rat-
ner’s theorem [18], the results and techniques appearing in [14] and
the extension of Furstenberg’s x2 x 3 theorem [12] due to Berend [3].
But, although the usual ergodic theoretic arguments provide existence
only, our results provide us with concrete examples of numbers and
lattices with nontrivial dynamical and Diophantine properties.

1.6. Acknowledgments. 1 would like to express my gratitude to Elon Lin-
denstrauss for numerous useful conversations, especially for the reference to [7]
and for discussing Theorem 5.1. 1 thank Hillel Furstenberg and Yitzhak
Katznelson for stimulating conversations concerning Problem 1.1. Finally, 1
would like to express my deepest gratitude and appreciation to my advisor
and teacher, Barak Weiss, for his constant help, encouragement and belief.

2. Basic notions, groups and homogeneous spaces

When d > 2 is fixed we denote G = SL4(R) x RY, Gy = SLg(R) and
V = R? We shall identify Gy, V with the corresponding subgroups of G.
Denote by A < Gg the subgroup of diagonal matrices with positive diagonal
entries. The Lie algebra of A is identified with the Euclidean d — 1-dimensional
space

d
(2.1) a:{t:(tl,...,td)eRd:Ztl-:()}.
1

A is isomorphic to the additive group a via the exponent map exp: a — A
given by exp(t) = diag(e't,. .., eld). We denote the inverse of exp by log. The
roots of A are the linear functionals on a of the following forms:

(2.2) v1§17é]§d, t'—)ti—t]‘; VlSde, t — tg.

The set of roots will be denoted by ®. As suggested in (2.2), we say that a
root a € ® corresponds to a pair 1 < i # j < d or to an index 1 < k < d.
To each root @ € ®, there corresponds a one parameter unipotent subgroup
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{ua(t)},er < G called the root group, for which the following equation is
satisfied:

(2.3) ate (t)a™t = ug (e?(1o8(@)y),

When the root a corresponds to a pair i # j, we sometime denote u,(t) =
u;;(t). In this case u;;(t) € Go is the matrix all of whose entries are zero, except
for the ij’th which is equal to ¢t and the diagonal entries which are equal to 1.
When « corresponds to 1 < k < d, we sometime denote uq(t) = ug(t). In this
case, ug(t) € V is the vector tey, where ey is the k’th standard vector. We
sometime abuse notation and write, for a root « € ® and a € A, a(a) instead
of a(log(a)).

For an element a € A we define the stable horospherical subgroup of G
corresponding to it to be U™ (a) = {(g,v) € G: a"(g,v)a™™ —p—00 €} and the
unstable horospherical subgroup to be U™ (a) = U~ (a~1). We further denote by
Uy (@) = Ut (a)NGo, Uy (a) = U~ (a) NGy, the horospherical subgroups in Gy.
An element b € A is called regular if for any root o € ®, a(b) # 0. For b € A,
any element g € G, which is close enough to e, has a unique decomposition
g = cutu™, where ¢ centralizes b, ut € UT(b),u” € U™ (b), and ¢, u™, u~ lie
in corresponding neighborhoods of e. If b is regular then the centralizer of b
is A.

The linear action of Gy on R induces a transitive action of Gy on Xy4. The
stabilizer of the lattice Z¢ € X, is I'g = SLg(Z). This enables us to identify X4
with the homogeneous space G /T'y. For g € Gy, we denote g = gl'y. g € Xy
represents the lattice spanned by the columns of the matrix g. In a similar
manner we identify Yy with G/T', where T' = SL4(Z) x Z¢. For (g,v) € G,
(g,v)T represents the grid g + v. T’ (resp. I'g) is a lattice in G (resp. Gp). The
G (resp. Gy) invariant probability measure on Yy (resp. X;) will be referred
to as the Haar measure. Gy and its subgroups act on Xy, Y; and the action
commutes with the projection 7: Y; — X;. Finally, we say that a grid y = x+v
is rational, if v belongs to the Q-span of the lattice x. This is equivalent to
saying that y € 7—!(z) is a torsion element.

3. Compact A orbits

The following classification theorem essentially goes back to [1]. A modern
proof can be found in [14] or [17]. Before stating it, let us recall some notions
from number theory. A totally real number field is a finite extension of Q,
all of whose embeddings into C are real. A lattice in a number field is the
Z-span of a basis of the field over Q. Let K be a totally real number field
of degree d and let 0;,7 = 1---d, be the different embeddings of K into the
reals. The map ¢ = (01,...,04)': K — R% is called a geometric embedding.
It is well known that if A is a lattice in K, then (A) is a lattice in R?. The
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ring of integers in K is denoted by Ok and the group of units of this ring is
denoted by Oj. The logarithmic embedding of O} in a (see (2.1)) is given
by w +— (log|oi(w)],...,log|og(w)|). We shall denote the image of O} by Q.
Dirichlet’s unit theorem implies that x is a lattice in a.

THEOREM 3.1. Let xg € Xg4. Axg is compact if and only if there exists
a € A such that axg is (up to multiplication by a normalizing scalar) the geomet-
ric embedding of a lattice in a totally real number field K of degree d. Moreover,
there exists some finite index subgroup Q0 < Qi such that Q@ = log (Stab 4 (zg)).

As a corollary we get a classification of the compact A-orbits in Y;. The
proof is left to the reader.

COROLLARY 3.2. A grid y € Yy has a compact A-orbit if and only if it is
rational and w(y) € Xy has a compact orbit. In this case, Staba(y) is of finite
index in Staba(m(y)).

The following corollary of Theorem 3.1 is one of the places in which higher
rank is reflected.

COROLLARY 3.3. Let d > 3 and let y € Yy be a grid with a compact A-
orbit. Denote Ay = Stab(y). Then, for any root o € @, the set {(a) : a € Ap}
is dense in the reals.

Proof. Let K be the totally real number field of degree d arising from
Theorem 3.1 and Corollary 3.2 and let @« € ® be a root. By Corollary 3.2,
log(Ayp) is of finite index in Qg. It follows that it is enough to justify why
a(Qk) is dense in the reals. As Qg is a lattice in a, this is equivalent to
Qg Nker(a) not being a lattice in ker(«). If a corresponds to a pair i # j
(see (2.2)), then if Qx Nker(a) < ker(av) is a lattice, then there is a subfield of
K (the field {0 € K : 0;(0) = 0j(#)}) with a group of units containing a copy
of Z%=2. The degree of this subfield is at most d/2 and so by Dirichlet’s unit
theorem the degree of the group of units in this subfield is at most d/2—1. This
means that d/2 — 1 > d — 2 which is equivalent to d < 2, a contradiction. If «
corresponds to k, then the situation is even simpler as Qg Nker(a) = {0}. O

4. Dynamics and GDP lattices

4.1. Inheritance. The reason that the action of A on X,4, Yy is of im-
portance to us is the invariance of the product set, namely Va € A,y € Yy,

P(y) = P(ay).
Definition 4.1.

(i) A grid y € Y is called DP (dense products) if P(y) = R.
(ii) A lattice x € Xy is called GDP if any grid y € 7—*(z) is DP.
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The proofs of the next useful lemma and its corollary are left to the reader.

LEMMA 4.2 (Inheritance). If y,yo € Yy are such that yo € Ay, then

P(yo) C P(y).

COROLLARY 4.3.

(i) If y,yo € Yy are such that yo € Ay and yo is DP, then y is DP too.
(ii) If x,xo € Xgq are such that xg € Ax and xo is GDP, then x is GDP
too.

Remark 4.4. An interesting consequence of the inheritance lemma is the
semicontinuity of the function p; observe that if z,, — x in Xy, then lim sup p(z,,)
< u(z). It follows that for xzg,z € Xg4

(4.1) zo € Az = p(xo) > p(x).

It follows from the ergodicity of the A-action on X; (with respect to the
Haar probability measure), that p (which is A-invariant) is almost surely con-
stant and moreover, equals almost surely to the minimal possible value; i.e. to

inf S = minS;. Theorem 1.2 says that for d > 3 this value equals zero, while
as noted before for d = 2 this value remains unknown.

LEMMA 4.5.

(i) If y € Yy is such that Ay D n=1(zg) for some z¢ € Xy, then y is DP.

(ii) Ify € Yy is such that there exists yo € Yy and a root group {ui;(t)},cp <
Go such that Ay O {u;j(t)yo : t € I}, where I C R is a ray, then y
is DP.

Proof. To see (i) note that from the inheritance lemma it follows that
Vv € R, P(zg+v) C P(y). Clearly U,cpa P(zo +v) = R. To see (ii) note that
it follows from [18, Th. B] that
{uij(t)yo S R} C {uij(t)yo 1t e I}.

Let w € yg be a vector all of whose coordinates are nonzero. By the inheritance

lemma

P{y) 5 (N (ugg(tyw) : ¢ € B} = {N(w) (ijt t1):teR} =R O

4.2. Existence of GDP lattices for d > 3. The proof of the following the-
orem is based on the ideas presented in [14].

THEOREM 4.6. If x,20 € X4 (d > 3), Axg is compact and x¢ € Az \ Ax,
then x is GDP.

Proof. Lety € n=1(z). Consider F = Ay and Fy = FN7—!(z¢). Note that
from the compactness of the fibers of m and the assumptions of the theorem,
it follows that Fy # (. In [20, Lemma 4.8] it is shown that any irrational grid
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Yo € (), satisfies Ayg D 7 1(xg) (in this context see also [9]). Hence by
Lemma 4.5(i), yo is DP, and, if Fjy contains an irrational grid, then y is DP by
Corollary 4.3(i).

Assume then that Fj contains only rational grids and let yo € Fj (this
could happen for example if y is a rational grid). By Corollary 3.2, Ay is
compact. Denote Ay = Staby (yo). Choose a regular element b € Ay. Let
U~ =U(b),U" = U*(b) be the corresponding stable and unstable horospher-
ical subgroups of G. Any point which is close enough to ¥y in Yy has a unique
representation of the form au™u"1g, where a € A,u™ € UT and u~ € U™ are
in corresponding neighborhoods of the identity. Choose a sequence y, — ¥o
from the orbit Ay. We may assume that

(4.2) Yn = anuiu,yo € F

where a,,u;,u;, — e. We may further assume that a, = e for all n, for if
not, replace y, by a, 'y,. The fact that yo is not in Ay implies that the pairs
(uw;f,u;) are nontrivial for any n. Our first goal is to show:

Claim 4.1. There exist a point in F of the form wuyg, where u # e is in
Ut orU-.

If there exists an n with one of u or u, being trivial, then the claim
follows. If not, then we denote, by k,, for any n, the least integer such that
the maximum of the absolute values of the entries of b*»uf b= is greater than
1. It then follows that this absolute value lies in some interval of the form
[1, M] (where M only depends on the choice of b). Since u;} — e we must have
kn, — oo. It is easy to see that the convergence b¥»u=b=*» — e, for u= € U~
is uniform on compact subsets of U~. Hence, in particular, bk"u,; b=k — .
Thus after going to a subsequence and abusing notation, we may assume that
brrutb=Fn — 4, where e # u € UT. Hence

lim b7y, = lim bk”u:{b_k"bk"u;b_k"yo =uyy € F
and Claim 4.1 follows.
Claim 4.2. There exist a root a € ® and tg # 0 such that uq(to)yo € F.
Let u be as in Claim 4.1. We denote for g € G,
¢, = {a € ®: the entry corresponding to « in g is nonzero} .

If ®,, contains only one root, then Claim 4.2 follows. If not, then there exists
a one parameter semigroup {a;}s>0 < A such that ®, is the union of two
nonempty disjoint sets, ®,, ®) such that for o € ®,, a(a;) < 0, while for
a € ®) a(a;) = 0 (see [14, Step 4.5] for details). It follows that for any

0 which is strictly smaller

sequence l, — 00, a,ua, ' 4/, where &, = &0,
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then ®,,. Since Ayg ~ A/Ap is a (d — 1)-torus, we can always find a sequence
tn, — oo such that at,yo — yo. Thus

: : -1 /
lim a;, uyo = lim ay, uay “ar,yo = wyo € F.

Repeating this process a finite number of times, we end up with a root o and
some nonzero real number ¢y such that u,(tg)yo € F' and Claim 4.2 follows.

Claim 4.3. There exists a ray I C R such that {u(t)yo:t € I} C F.

By Corollary 3.3, we have that {«a(a):a € Ap} is dense in R. It follows
that I = {e*(@)ty:a € Ay} is a ray. We have

{aua(to)yo 1 a € Ao} = {aua(to)aflyo ta € AO} = {ua(eo‘(“)to)yo = Ao} Cc F.

Claim 4.3 now follows from the fact that F' is closed.

Note that from our assumption that Fj contain only rational grids, it
follows that the root group u,(t) is contained in Gg. It now follows from 4.5(ii)
that y is DP and the theorem follows. ([

COROLLARY 4.7. For d > 3, any lattice with a dense A orbit is GDP.

Proof. This is a consequence of Theorem 4.6, and Corollary 4.3(ii). O

The following lemma is well known. We give the outline of a proof.

LEMMA 4.8. For any d > 2 and almost any v € R4 (with respect to
Lebesgue measure) Az, = Az, = Xg.

Proof. Let us consider lattices of the form z, for example. Denote
a; = diag(e!, . .., e, e1=Dh).

Note that for any positive ¢t the unstable horospherical subgroup of a; in Gy
is (recall the notation of §1.4) Uy (a;) = {hv RS Rd_l}. For any point
x € Xy there exists neighborhoods W, W, WY of the identity elements in
the groups Uy (a;) and Uy (at), and the centralizer of a; (in Gy), such that the
map W2 x W, x W} — Xy given by (¢, g, hy) — cghyz is a diffeomorphism
with a neighborhood W, of x in X4. Note that if z; = ¢;g;h,z,i = 1,2 are two
points in W, having the same U™ coordinate, then the trajectory {aiz1}~g
is dense in Xy if and only if {atazg}t>0 is dense. As the action of a; on Xy
is ergodic we know that for almost any 2/ € W, {a;2'},5, is dense in Xy
and from analyzing the structure of the Haar measure on Xy restricted to
W, we conclude that for almost any v in the neighborhood of zero in R4~!
corresponding to W, {ath,x},~, is dense in X4 We abuse notation and
think of W, as contained in R4~
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To finish the argument we find a countable collection v; € R4~! such
that the neighborhoods vai satisfy Ri-1 =y, <vi + vai> and note that

Wfl’vil’ﬂi = {xw W E v+ W%i}. O

COROLLARY 4.9. Let d > 3.

(i) Almost any lattice x € X4 (with respect to Haar measure) is GDP.
(ii) For almost any v € R~ (with respect to Lebesgue measure), both
Ty, 2y € Xgq are GDP.
(iii) If v € R is such that x, (resp. z,) is GDP, then v has property C
of the first (resp. second) type.

Proof. (i) follows from the ergodicity of the A action on Xy, which in
particular means that almost any point has a dense orbit, and Corollary 4.7.
(ii) follows from Lemma 4.8 and Corollary 4.7. (iii) is left to be verified by the
reader. O

5. A density result

Let g € X3 be a point with a compact A-orbit. We shall use the following
facts: It follows from Lemma 4.1 of [14] that the orbit of xp under any root
group u;;(t) is dense in X3; moreover, Theorem B of [18] implies that in fact
{uij(t)zo},c; is dense in X3, for any ray I C R. It follows from Corollary
1.4 in [14] that if b € Gy is lower or upper triangular but not diagonal, then
Abxg = X3. A more careful look yields the following theorem. The author is
indebted to Elon Lindenstrauss for valuable ideas appearing in the proof.

THEOREM 5.1. Let zg € X3 be a lattice with a compact A-orbit. If p =

(% g E) € Go is such that both 7, # 0, then Apzo = X3.

Proof. A straightforward computation shows that

(5.1)
100 o 0 0 100

p=( 012 5—%’ =20 0 1 0 | =us(to)bibo,
00 1 n 0 M 0z 1

where we denoted tg = % and the matrices appearing in the middle of (5.1) by
uas (to) , b1 and be according to appearance. Note that the matrix b = b1by is
nondiagonal as 7 # 0; hence by the preceding discussion, if we denote x1 = bxy,
then z; has a dense A-orbit. Hence, it is enough to show that z; belongs to
the orbit closure of pzg = w3 (tg) 1. This will follow from the existence of
a recurrence sequence a, € A for x; (i.e., a sequence such that a,z1 — x1)
which in addition satisfies a,us3 (to) a,' — e, for then

(5.2) lim a,pxry = lim anu23(to)a;1anx1 =x.
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1 (n) _

A sequence a,, satisfies anua3(to)a,  — e, if and only if ¢, tgn) — —00,
where t(" = log(a,). Thus it is enough to show that for any m > 0,
there exists a recurrence sequence for z1 in A,, = exp(R,,), where R,, =
{t €a:ty —t3 < —m} is a half plane. Choose m > 0. We shall show that in
fact A,,z1 is dense in X3. Denote

(5.3) a; = diag (e2t, et e*t) and o' = diag (e*m, 1, em) .

The line {a'a;},cp lies on the boundary of A,,. As b = biby, we write (empha-
sizing the desired partition into products)

(5.4)  Apr D dary = dagbxg
= (a'atbl (a'at)A) . ((a’at) ba (a'at)fl) ((d'at) xo) -

We observe that for any sequence t,, — oo, a’ay, by (a’ atn)_l converges to the di-
agonal matrix o’ = diag (a, 7—%, ,u), while at the same time (a’ay, ) by (d’ay,)
converges to ua3(sp), where sy = emﬁ # 0. Furthermore, since Axg ~
A/Staba(xo) and because the line a; is irrational with respect to the lattice
Staba(xo) (by Theorem 3.1), any trajectory of {a;},~, in Az is dense there.
In particular, any point in Azg is a limit point of some sequence (a'ay, ) xg, for
some sequence t,, — 0o. It follows now from (5.4) that

(55) Anxy D a"qu (S()) Axg = UQg(Sl)AJJ()

for a suitable choice of s1 # 0. As A, is closed under multiplication, A,z is
closed under the action of A,,. In particular, it follows from (5.5) that for any
a € Ap, augs(s1)a "ty € Ayxy; ie., uss(s)zo € Apnx1, where s ranges over
the set {etsl :t > m}, which is a ray. The discussion preceding this proof now
implies the density of A,,2; and in particular that 1 € A,,2; as desired. [

COROLLARY 5.2. Let K be a totally real cubic number field and let 1, a,
B be a basis of K over Q. Denote v = (o, B)! € R2. Then the lattices ,, 2,
have dense A orbits in X3 and in particular they are GDP by Corollary 4.7.

Proof. Let us denote o = a1, 8 = (1 and let oy, 5;,7 = 2,3 be the other
lor B

two embeddings of «q, 1 into the reals. Denote gy = c(l Qs gz>, where ¢
1 as B3

is chosen so that det(go) = 1. Then gy € X3 has a compact A-orbit by

Theorem 3.1. It is easy to see that there exists a unique matrix p € Gg as in
Theorem 5.1, such that (recall the notation of §1.4)

(5.6) Pgo = Go-

The reader can easily check that the relevant entries of p must be nonzero.
We apply Theorem 5.1 and conclude that g, = 2z, has a dense A-orbit in
X3. In order to see that x, has a dense orbit, we note that the involution
g — (gH)~1 = g* of Gy descends to a diffeomorphism of X3. We denote this
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map by g — g* = ¢g*. This is the well-known map which sends a lattice to its
dual. Since the group A is invariant under this involution, then for any lattice
x, we have that (ﬂ)* = Ax*. In particular, x has a dense orbit if and only if

z* has. In a similar way to what we have already shown, one can show that
1 00
the lattice spanned by the columns of g1 = ( 0 —16 (1)> has a dense A-orbit, in

—Q

X3. As g = hy, it follows that h, = x, has a dense orbit too, as desired. [

6. Irregular A orbits

In this section we use the existence of lattices z € X (d > 3) for which
w(xz) =0 (Theorem 1.2) and Theorem 1.4(ii) to give examples of lattices in X3
having irregular A orbit closures of a new type. This serves as a counterexam-
ple to Conjecture 1.1 in [15]. Our example proceeds the recent counterexample
that F. Maucourant gave to this conjecture in [16]. Our example is different
in nature from Maucourant’s example. We use a maximal split torus whilst
in [16] the acting group does not “separate roots”, which seems to be the rea-
son for the abnormality. It still seems plausible that a slightly different version
of that conjecture will be true.

Proof of Theorem 1.4(ii). We first note that if x1,z2 € X4 are commensu-
rable lattices (that is, their intersection is of finite index in each), then pu(z1) =
0 if and only if u(z2) = 0. Let v € R4~! satisfy dimg span {1,v;1 ...,v4_1} < 2.
Then there exist & € R and rationals p;, q;,2 = 1...d—1 such that v; = ¢;a+p;.
Denote v' = (q1q, . .., qq_1a)t. Tt follows that x, and z, are commensurable to
Ty, Zy Tespectively.

Claim 6.1. p(z,) > 0. Working with the definition of p we see that it is
enough to argue the existence of d — 1 real numbers ~; for which

d—1
(61) N <$v’ + (_71a ceey T Yd-15 1/2)t> = :lrel; ’n + 1/2‘ H <nqia - ’Yz> > 0.
1

From Davenport’s result described in Section 1.2 it follows that there exists
vi € R such that for each i, inf,,cz |n + 1/2| (ng;ae — 7;) > 0. Moreover, if we
denote by m a common denominator for the ¢;’s, then by [6, Th. 1], we can
choose the ~;’s such that for any i # j, qf — Z—; ¢ %Z. For r,s € R denote
by (r — s), the distance modulo 1Z from r to s. Denote p = min#j(% -
Z—j>m. Note that for ¢ > 0, (ngia — ) < ¢ = (na — %>m < ﬁ. Hence if
max; Iq%l < p/2, then (ng;a — 7;) < € for at most one index 7. Let € > 0 be

such. Assume that the left-hand side of (6.1) is smaller than ¢9=!/2. Then
for some k, (ngxae — y) < €, which implies that the left-hand side of (6.1) is
> e921inf, ez [n + 1/2| (nqra — ) > 0 as desired.
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Claim 6.2. p(zy) > 0. We use the notation as in Claim 6.1. From Dav-
enport’s result, we know that there exists 0 # v € R such that
inf |k + 1/2| (k — 0.
inf |k +1/2| (k (a/m) —7) >
The reader will easily argue the existence of a constant ¢ > 0 for which
d—1
vii € 277\ {0}, ] Ini +1/2 > c|mq- 7+ 1/2].
1
Working with the definition of u we see that

M(Zv’) > N (Zv’ + (77 1/27 cety 1/2)t)

= inf T I+ 1/20{(mq - 7 a/m —7)

. oo S o ]
> min {ﬁ}%ﬁoc |mq -7+ 1/2| {((mq- @) a/m —7); 9d—1 ( >

This concludes the proof of Theorem 1.4(ii). O

CONJECTURE 6.1 (Special case of Conjecture 1.1 in [15]). For z € X3,
one of the following three options occurs:
(i) Az is dense;
(ii) Az is closed;
(iii) Az is contained in a closed orbit Hx of an intermediate group A <
H < G, where H could be one of the following three subgroups of Go:

* *x 0 * 0 0 * 0 %
H, = x x 0 |,Hy= 0 * x ,Hs = 0 % 0
0 0 =x 0 * =x* * 0 =%

For t € R denote v; = (t,t)! € R%2. We denote the one parameter group
hy, (recall the notation of §1.4) simply by h; and the lattice x,, by x.

THEOREM 6.2. There exists t € R such that vy € X3 wviolates Conjec-
ture 6.1.

Proof. By Theorem 1.4(ii), pu(x¢) > 0 hence by Theorem 1.2 and (4.1),
possibility (1) is ruled out. To rule out possibilities (ii) and (iii), we note that
if H is either one of the groups A, Hi, Ho, H3, then by Lemma 6.3 below, for
any g € Gy, if the orbit Hg is closed in X3 then g~! Hg is defined over Q (in fact
an if and only if statement holds here). Assume to get a contradiction that for
any t € R, for H equals one of the above, the group h; LHh, is defined over Q.
Two elements g1, g2 € Gy conjugate H to the same group if and only if g195 !
normalizes H. All the above groups are of finite index in their normalizers in
Gy and so there exists some k such that whenever g normalizes H, then g* € H.
As there are only countably many Q-groups in Gy, there must exist some ¢t # s
such that (hths_l)]C = hi(t—s) € H which of course never happens. O
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LEMMA 6.3. Let H < Gy = SL3(R) be one of the groups A, H; i = 1,2,3.
Let g € G be such that Hg C X3 is closed. Then, g~ Hg is defined over Q.

Proof. The statement for H = A follows from [21]. We argue the proof
for H = H; for example. Let g be as in the statement of the lemma. Let
L = g-'Hg. Note that L = TL', where L’ is the commutator subgroup of
L and T the center of L, which equals the centralizer of L’ in Gy. Hence, in
order to prove that L is defined over Q, it is enough to show that L’ is defined
over Q. We shall conclude this by showing that the orbit L’e of L’ through the
identity coset is of finite volume (that is that L’ intersects SL3(Z) in a lattice
in it), hence as L' is simple and noncompact, it is defined over Q by the Borel
density theorem. Applying Ratner’s theorem to the orbit L’e, we conclude the
existence of a group L' < F, such that Fé is of finite volume (hence closed),
and L’ acts ergodically on this finite volume orbit. From [19, Lemma 2.2] our
assumption that Le is closed implies that F© < L, hence F must split as a
product of L’ and a subgroup T < T. As T lies in the center of F, L' can act
ergodically on the orbit F'e only if T is trivial which shows that F = L', hence
indeed the orbit L’é is of finite volume as desired. O
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