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On resonances and the formation
of gaps in the spectrum of quasi-periodic
Schrodinger equations

By MICHAEL GOLDSTEIN and WILHELM SCHLAG

Abstract

We consider one-dimensional difference Schrédinger equations
[H(z,w)g](n) = —p(n — 1) = p(n + 1) + V(2 + nw)p(n) = Ep(n) ,
n € Z, z,w € [0, 1] with real-analytic potential function V(z). If L(E,wo)
is greater than 0 for all E € (E’, E”) and some Diophantine wo, then the
integrated density of states is absolutely continuous for almost every w close
to wo, as shown by the authors in earlier work. In this paper we establish
the formation of a dense set of gaps in spec(H(z,w)) N (E', E"). Our
approach is based on an induction on scales argument, and is therefore both
constructive as well as quantitative. Resonances between eigenfunctions of
one scale lead to “pre-gaps” at a larger scale. To pass to actual gaps in the
spectrum, we show that these pre-gaps cannot be filled more than a finite
(and uniformly bounded) number of times. To accomplish this, one relates
a pre-gap to pairs of complex zeros of the Dirichlet determinants off the
unit circle. Amongst other things, we establish a nonperturbative version of
the co-variant parametrization of the eigenvalues and eigenfunctions via the
phases in the spirit of Sinai’s (perturbative) description of the spectrum via
his function A. This allows us to relate the gaps in the spectrum with the
graphs of the eigenvalues parametrized by the phase. Our infinite volume
theorems hold for all Diophantine frequencies w up to a set of Hausdorff
dimension zero.

1. Introduction and statement of the main results

The main goal of this work is to establish a multiscale description of the
structure of the spectrum of quasi-periodic Schrodinger equations

(11)  [H(z,w)p|(n) = —p(n —1) = p(n +1) + V(z + nw)p(n) = Ep(n)
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in the regime of exponentially localized eigenfunctions. We assume that V'(z)

is a 1-periodic, real-analytic function, and that w € [0,1]. Let Hy(z,w) be the

restriction of H(x,w) to the finite interval [1, N] with zero boundary conditions.

Consider the union Sy = |Jspec(Hn(z,w)), where spec(Hy(z,w)) stands for
x

the spectrum of Hy(z,w). The set Sy is closed, so that
Sy = [V EW\Y(EW.£). F(V.K).  E(V) = min £, B(N) = max B
k N

Sn
where ( (N, k), E(N, k:)) are the maximal intervals of {E(N),E(N)] \ Sn.
More specifically, the goals of this work are as follows:

(a) To relate the intervals (E(N,k), E(N,k)) and (E(N',k'),E(N',K))
for “consecutive scales” N > N'.
(b) To “label” the interval (E(N, k), E(N, k)) relative to the intervals
(E(m, ), E(m,€)> of the previous scales.
(c¢) To describe the mechanism responsible for the formation of the intervals
( (N, k), E(N k)) inside the set Sy, N’ < N, independently of any
( (N/ k‘/) (N/ k‘/)>
Our interest in these properties is largely motivated by possible applica-
tions to inverse spectral problems for the quasi-periodic Schrodinger equation
and the Toda lattice with quasi-periodic initial data [Tod89]. This paper relies
heavily on the methods developed in [GS08]. For the convenience of the reader,
in Sections 2-7 we recall — and expand upon — some of the material of that
paper. The eigenvalues

EN(z,w) < BN (z,0) < -+ < BN (2, w)

of Hy(z,w) are real analytic functions of x € [0,1]. Although the graphs
of the functions EJ(N)(.%', w) can be very complicated, the following was proved
in [GS08] for Diophantine w, see (1.6), and positive Lyapunov exponents: there
exist intervals (Ef\/,k’ Ej(,’k>, k=1,2,...,ky, with

mkax<E}<,7k, — E?\f,k) < exp(—(log N)A>, kn < exp((log N)B),
with constants 1 < B <« A depending on w, such that if
EM (z,0) ¢ Ex = (ENk,E b)s

for some j and x, then

" jN)(:L‘,w)‘ > exp(—N‘S).

Here 0 < § < 1 is an arbitrary but fixed small parameter. In other words, the
graphs of Ej(z,w) have controlled slopes off a small set Ey.
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Figure 1. I-segments

The segments of the graph where E](N)(:c,w) € I and I = (E,E) is
an interval disjoint from €y, are called I-segments. They are denoted by
{EJ(-N) (m,w),g,a’c}, where
(N) _ (N) ¢~ _T
EM@w) =B EMEw =F.
The I-segments are important for our purposes, because they allow us to lo-

cate the resonances and to describe the graphs of the functions Ej(-N)

N > N in the region where the resonance occurs. A possible definition of a
resonance is as follows: With a constant A > 1 depending on w,

(z,w) for

(1.2) T = ‘E](fv) (x,w) — E](;V)(x + mw,w)’ <m™A

for some x € T, 1 < 51, jo < N and m > N. In fact, there is some stability in
the constant A with regard to small perturbations of w.

The significance of such resonances was explained by Sinai [Sin87] in his
work on quasi-periodic Anderson localization for potentials V' (z) = A cos(2mx)
in the regime of large |A|; see (1.1). Sinai developed a KAM-type scheme
to analyze the functions EJ(-N) (z,w) and the corresponding eigenvectors. The

critical points of E](.N) (z,w) with N > N were proved to be closely related
to resonances as in (1.2). It is very important for the analysis of the reso-
nances (1.2) in [Sin87] that given x € T and j; there exist at most one jp and
m < N so that (1.2) holds. For that reason the function V(x) in [Sin87] is
assumed to have two monotonicity intervals with nondegenerate critical points.

That allows one to reduce the analysis of W)

;" (x,w) to an eigenvalue problem

for a 2 x 2 matrix function of the form
E(z—xzo)  e(x)
13 A xTr) = ,
(13) (z) e(x) Es(z — x0)
where E1(0) = E»(0), 0,E1 < 0, 0zE2 > 0 locally around zero, and e(z) is
small together with its derivatives. It is easy to check that the eigenvalues
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Figure 2. Classical formation of the resonant eigenvalues

Ef(x), E~(x) of A(x) plotted against x are as in Figure 2, at least locally
around xg.

We would like to emphasize that some of the conclusions which we reach
in this paper are similar in spirit to those of Sinai [Sin87]. This is particularly
true with regard to the main result involving gaps and the aforementioned
pictures describing the splitting of eigenvalues. At the same time, we stress
that we use entirely nonperturbative methods (i.e., we are only assuming a
positive Lyapunov exponent rather than large |A|) and we work with more
general potentials than the cosine. In this respect we would like to mention
the recent breakthrough by Puig [Pui04], who established the Cantor structure
of the spectrum for the almost Mathieu case (cosine potential) and Diophan-
tine w. Earlier, Choi, Elliott, and Yui [CEY90] had obtained gaps for the case
of Liouville rotation numbers w. The remaining cases of irrational rotation
numbers (i.e., those with behavior intermediate to Diophantine and Liouville)
are settled by Avila and Jitomirskaya [AJ06] (but this again only applies to
the cosine).

The major objective in this work is to locate those segments of the graphs
of some E( )(x,w), E,giv) (x,w) which look like ET(x,w) and E~(x,w) in Fig-
ure 2. Ultlmately, such regions give rise to gaps in the spectrum. Before we
state the main result of this work let us recall the central notions involved.

It is convenient to replace V(z) in (1.1) by V(e(m)) (with e(x) = €2™%),
where V(z) is an analytic function in the annulus

Apoz{ze(C:l—po<|z|<1+p0}

which assumes only real values for |z| = 1. The monodromy matrices are as
follows:

(1.4) Mg (2,0, E) H A(ze (kw),w E)
k=b

A(z,w, E) {V 1},
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a,b € Z,a <b, E € C. For My nj(2,w, E) we reserve the notation My (z,w, E).
For almost all z = e(z + iy) € A,, the limit
(1.5) lim N 'log HMN(z,w,E)H

N—oo
exists; if w is irrational, then the limit does not depend on z a.s. and it is
denoted by L(y,w, E). The most important case is y = 0, and we reserve the
notation L(w, E) for the Lyapunov exponents L(0,w, F). We always assume
that the frequency w satisfies the same Diophantine condition as in [GS08],
namely

(1.6) |nw]|| > T foralln >1

and some a > 1. We denote the class of w satisfying (1.6) by T,, and further
define
Dioph:= ] Teq-
a>1,c>0
Let w € Dioph. By a theorem of Avron and Simon [AS83] the spectrum
spec(H (xz,w)) does not depend on x and we denote it by X,.

THEOREM 1.1. Assume that L(w,E) > 0 for any w € (W',&") and any
E € (E',E"). There exists a set Q of Hausdorff dimension zero such that for
any w € (w',w”) N Dioph\Q, the intersection X, N(E', E") is a Cantor set.

We remark that it follows from this theorem that if L(wg, F) > > 0 for
some wy € T, and Ey € R then there exist PO = pO(V, ¢ a,v) > 0, and a
set  of Hausdorff dimension zero such that for any w € (wo — p(?, wy + p©@)N
Dioph\Q the spectrum spec(H (x,w)) N (Eo — p?, By + p©) is a Cantor set.
This is due to the fact that L(w, E) > /2 for all |w — wo| < p(® (see [GS01]
or [BJ02]).

Concerning the statement of Theorem 1.1, note that the removal of a set
of Hausdorff dimension zero cannot be achieved by a “Fubini”’-type argument;
rather, it requires some information on the complexity of a suitable cover of
sets of bad frequencies w (relative to finite volume). Throughout this paper we
rely heavily on the notion of “complexity” of a set of real or complex numbers:
if § C R, then

mes (S) <&, compl(S) < K
mean that for some intervals Iy,
K K

SCUIk, Z|Ik|<€.

k=1 k=1
In all cases considered here, Ke <« 1 and we will often replace the latter
condition by the stronger maxy, |I| < €2. In the complex case, replace ‘interval’
by ‘disk’. We derive Theorem 1.1 as a simple corollary of our analysis of the
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gap development in finite volume. The following theorem should be thought of
as an (important) representative of the finite volume analysis — the reader will
find a more detailed description in later sections. As usual, [y] stands for the
entire part of y and H; is the s-dimensional Hausdorff outer measure of scale
a; see e.g. Falconer [Fal86]. Finally, we introduce the notation H](VP) (z,w) for
the Schrodinger operator on [—N + 1, N] with periodic boundary conditions
and
S](\,Iz = U spec(H](VP)(ac,w)).
zeT
THEOREM 1.2. Assume that L(w,E) > v > 0 for any w € (o', ") and
any E € (E',E"). Given ¢ > 0, and a > 1, 0 < s < 1, there exist positive
integers Nog = No(V,c,a,v,s) and Ty = To(V,c,a,v),A = A(V,c,a,v) such
that for any N1 > Ny there exists a subset Qn, s C T,

Hony(Qnis) <1, a(N) = exp(—(loglogNl)A>

such that for allw € Te o N (W, W )\Qn, s the following statement holds: Set

N(Ni,1):=Ni, N(Np,t+1):=[exp(N(N1,1)°)] VE>1

with some small 0 < § = §(V,c,a,v) < 1. Then there exists N < N(Ny,Tp)
depending on w, such that for any interval I = (E,E), I C (E',E") with
|I| > exp(—(log N1)€) there exists a subinterval IV = (E(l),E(l)) C I such
that |[IM| > exp(=N (N1, Tp)) and 8](\,12 NIM =p.

In the previous theorem, we use the Hausdorff outer measure just for
simplicity. In fact, one has the following bounds on the measure and complexity
of Ni,s-

Oy, s = U Bn, ¢, mes(Bn, ) < p(t), compl(By, ) < C(t)
1<t<Tp+1

where p(t) = exp(—(loglog N(N1,t))4), C(t) = u(t)~*.

It is not clear how to pass from Theorem 1.2 to Theorem 1.1 via the
basic definition of the spectrum in ¢? alone. The well-known description of the
spectrum via polynomially bounded solutions (via the Schnol-Simon theorem)
appears not to be too helpful in this context, either, since it is an existence
theorem and thus noneffective. Let us recall in passing that the “proper”
spectrum ¥, which is the closure of the set {E;(x,w)}; of the eigenvalues of
H(z,w), does not depend on z, whereas the set { E;(x,w)}; of eigenvalues itself
does. The methods developed in [GS08], which are expanded upon here, are
centered around the parametrization of the eigenvalues by the phase. Amongst
the properties of these parametrizations we single out the crucial separation

as the most important; it says that the eigenvalues F (N)

j (ZL‘,O)) OfH[—N,N](x7w)
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tisf
Y (N) (N) —N?
B (@,w) - B (w,w)| > e

for any j # k, provided g

5 (v,w) € Enw where the latter set is small both
with regard to measure and complexity; see Section 7 for more details. In
his seminal paper [Sin87] on cosine-like potentials, Sinai introduced a (multi-
valued) function A, defined almost everywhere on T, which allows for the
parametrization of the eigenvalues in the infinite volume in a co-variant fash-

ion. This means that for almost every x € T, the set {A(z + jw)}2 is the

j=—00
complete set of eigenvalues of H(z,w) and the associated orthonormal basis of
eigenfunctions {1;(-, z,w)}32 _ satisfies

Yz +w,w) =9(-+1,z,w).

The following theorem on infinite volume Anderson localization arises as
part of our construction of gaps. It is proved via an induction on scales argu-
ment with a suitable finite volume localization statement at its core. Amongst
other things, it shows that the set of exceptional frequencies w which need to be
removed from all Diophantine w in order to ensure Anderson localization in the
work of Bourgain and the first author, see [BG00], is of Hausdorff dimension
zero. The positive measure statement in the theorem improves on [Bou02] for
the same reason. However, our proof of localization is very different technically
speaking from the one in [BG00] and property (4) in the following theorem is
new. In essence, this property controls the number of monotonicity intervals
of Sinai’s function.

THEOREM 1.3. Assume that L(wg, E) > v > 0 for some wy € T.q and
any B € R. Then there exist p0 = pO(V ¢,a,v) > 0, and a set Q € T of
Hausdorff dimension zero such that for any w € (wo— p9, wo+ p(®) N Dioph\Q
the spectrum satisfies mes (3,) > 0..

Furthermore, there exists a set B, C T of Hausdorff dimension zero, such
that for any x € T\ By, the following conditions hold:

(1) There exists an orthonormal basis {1j(x,w,-)};>1 of eigenfunctions of
H(x,w) in (*(Z),

H(%,W)wj(l’,w, ) = Ej((ll,bd)wj(ﬂf,w, )
Moreover, each function ¢;(x,w,-) is exponentially localized and

lim (2’N|)71 IOg(Wj(an,N)F + |¢j($7w7N - 1)|2) = _L(w7Ej<wi))‘

|N|—o0
(2) The eigenvalues E;(xz,w) are simple.
(3) The set By, is invariant under the shifts x +— x + mw (mod 1), m € Z.

For any x € T\ B,, j > 1, and m € Z , ¢j(xz,w,- + m) is the eigen-
function of H(x + mw,w) with the eigenvalue E;j(z,w).
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(4) For each E € R the set
T(E) ={zxeT\B, : 3j sothat E= Ej(z,w)}

is either empty or consists of a union of trajectories I'(x(E, k)), z(E, k)
€T\ By, 1 <k<Ek(E) where k(E) < C(V) < 00 and

I'(z) =z 4+wZ (modl).
If V is a trigonometric polynomial of degree' ko, then C(V) < 2kq.

We feel that the methods of this paper, combined with some “soft” mea-
sure theoretic consideration, should allow for the construction of a true Sinai
function. That is, we claim that there exists a function A : T — R, defined
up to a set of Hausdorff dimension zero and with at most C'(V') monotonicity
intervals where C'(V) is as in part (4) above such that

Ej(z,w) = Az + jw) VieZ VzeT\Q

where € is of Hausdorff dimension zero. However, we have chosen not to pursue
this issue here.

In Section 13 we derive a detailed finite volume version of Theorem 1.3.
Amongst other things, this derivation gives an effective quantitative descrip-
tion of the spectrum of the problem (1.1) on the whole lattice Z in terms of
the spectrum on finite volume and also allows for a simple transition from
Theorem 1.2 to Theorem 1.1. The co-variant parametrization of the eigen-
values and eigenfunctions via the phases is based on the description of the
exponentially localized eigenfunctions on the interval [—N, N] by means of
the eigenfunction on the interval [-N, N] with N < N, combined with the
aforementioned quantitative repulsion property of the Dirichlet eigenvalues on
a finite volume. We discuss these results in Sections 5-7. As already men-
tioned, we produce gaps (on finite volume) from resonances of the previous
scale. This requires restricting the graphs of the eigenfunctions to segments
which have a controlled slope (in the sense of a favorable lower bound). Thus,
in Section 10 we introduce I-segments {E](-N) (z,w), z, a‘c} of the graphs of the
eigenfunctions on a finite volume [—N, N| which have slopes bounded below
(in absolute value) by e~V ’ Amongst those we single out reqular I-segments
which have the property that the eigenfunctions with eigenvalues EJ(»N) (z,w)
are supported away from the boundary of [-N, N] for all x < < z. This is
needed in order to assure that crossing I-segments do indeed form a resonance
at a larger scale as in the figures above. For that we use the spectrum and the
eigenfunctions of the Schrédinger operator on a finite interval with periodic
(respectively, antiperiodic) boundary conditions.

IThis means that V(z) = Z,’z(’:_ko are(kx) with a_j, = ax.
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The key analytical tool for the study of periodic boundary conditions
consists of a large deviation estimate for the trace of the propagator matrix
My which we derive in Section 3. In deriving these large deviation estimates
we rely on techniques developed by Bourgain and the first author in [BG00],
and by the authors in [GS01] and [GS07]. Loosely speaking, a large deviation
estimate is a quantitative version of the ergodic theorem. More precisely, they
allow one to control the probability (i.e., the measure of those points on T) for
which the deviation from log || My || to its mean is of a certain size. Amongst the
aforementioned references, [GS07] is particularly relevant to this paper, since
it introduced large deviation estimates for the Dirichlet determinants on finite
volume which appear as the entries of the propagator matrices My. While
[BGO0] and [GSO01] only consider large deviation estimates for My, [GS07] and
the present work need to go beyond the matrices and consider their entries and
traces. We now describe the strategy behind the proof of Theorem 1.2 in more
detail. One first shows that segments E(x), E2(x) as in the matrix (1.3) exist.
Invoking the estimates for the separation of the Dirichlet eigenvalues and the
zeros of the Dirichlet determinants established in [GS08], one next shows that
the resonance defined by E, Ey leads to two new eigenvalues ET (x), E~ () of
the “next scale”; see Figure 2. We call the interval

E~ in £+
(12 B (@), min ¥ (2))

a pre-gap at scale N. The interval .J here is the common domain of £ and Es.
At this point one faces the obstruction of a so-called triple resonance. Recall
that the resonance defined by (1.2) is called a double resonance if, with B > A
from (1.2),

(1.7) ‘Ej(fv)(x,w) — E(.N)(l‘ + m'w,w)‘ > (m/)~ 8,

J3

for any pair (j3,m’) # (jo, m), with m < m/ < N, where N < exp(N5> is the
“next scale”. Otherwise it is called a triple (or higher order) resonance.

As mentioned above, the triple resonance obstruction already appears
in Sinai’s perturbative method [Sin87], see also Bourgain’s paper on almost
Mathieu [Bou00]. In fact, by the choice of a cosine-like potential and for large
|A| this type of resonance is excluded in [Sin87] and [Bou0O]. For general
potentials, it was shown by J. Chan [Cha08] that if

() ()
0, B! Oua |

(2,w)| +

(ZE,W)‘ > AN,w) >0

with a suitable function A\(NN,w), then triple resonances do not occur for
most w. In Section 14 we follow a similar approach in the case where the

graphs EJ(N) (z,w) have controlled slopes. Moreover, for the case of analytic
potentials, one can show that the triple (or higher) resonance obstruction can

occur only for a set of frequencies of Hausdorff dimension zero.
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In order to run an “induction on scales” argument that shows how pre-
gaps in finite volume eventually lead to gaps in infinite volume, we invoke
the mechanism of counting complex zeros of the characteristic determinants
of Hy(z,w) as developed in [GS08]. Using complexified notation, the charac-
teristic determinants are as follows:

(1.8)
fn(z,w, E) = det(HN(z,w) - E)
V(ze(w))—E -1 o - - 0
-1 V(ze(w))—E -1 0 0
-1
0 0 -1 V(2e(Nw)) — E
where
(1.9) Jlap) (2w, E) = fo_ar1 (ze(aw),w,E).

For future reference, we remark that for any interval A C Z, Hy(z,w) denotes
the matrix obtained from H(z,w) by restriction to A with Dirichlet boundary
conditions; in addition, we let fy := det(Hp—FE). As remarked above, we write
Hy and fy for Hpy ny and f}; n), respectively (although occasionally, the same
notation will also be used relative to the interval [—N, N]). It is well-known
that these functions are closely related to the monodromy (or propagator)
matrices (1.4). In fact,

(1.10) My(z,w,E) = l In(z,w, E) —fN_1<ze(w),w,E>] '

fn-1(z,w, E) —fn—2 (ze(w), w, E)

By means of this relation, large deviation estimates and an avalanche princi-
ple expansion for the function log ‘ fN(z,w,E)‘ were developed in [GS08]. In
Section 2 we recall the statements of these results and prove some corollaries.
These corollaries, combined with a suitable version of the Jensen formula (see
(e) in §2) enable one to locate and count the zeros of fy(-,w, E) in the annu-

lus A,, and its subdomains. In particular, this technique allows one to claim
that if

E € (mgx E~(z) + exp(—N1/2), min Et(x) — exp(—W1/2>>,

where (max E~(z), min E+(x)) is a pre-gap at scale N, then fx(-,w, E) has

two complex zeros ¢y = e(xy + iyy), with exp(—N‘;) > |y > exp(—Nd),
¢ = 1,2. This is due to the absence of triple resonances and the stability
of the number of zeros of fx(-,w,E) under small perturbations of E. The
most effective form of the last property consists of the Weierstrass preparation
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theorem for fy (-, w, F), which is described in part (g) of Section 2. To complete
the description of the formation of a gap from a pre-gap we use the translations
of the segments {E](fv)(x),g,i} under the shifts * — z + kw. Using the
localization property of eigenfunctions on a finite interval (see §6), we show
that if a double resonance (1.2) occurs then the same is true for a sequence of
segments which are “almost” identical with the shifts E;, (x +kw), Ej, (z + kw),

1<k<N (1 - 0(1)). This method is explained in great detail in Sections 11—
12. In particular, the possible locations of the “center of localization” of an
eigenfunction plays an important role with the “bad case” being when this
center is too close to the boundary of the finite volume interval. Due to this
method we obtain a whole sequence of complex zeros (¢ = e(xg + kw + z'yg)
of fy(,w, E). Thus, the numbers

My(E) = N"'#{z:1— py < 2| < L+ pw, fv(z,w, E) = 0},

PN = exp(—N5> decrease at least by 2 — o(1) by going from scale N to scale

N, provided F is in the pre-gap. After a finite number of inductive steps one
can locate a gap and complete the proof of Theorem 1.2. Needless to say, the
zero counting mechanism for the Dirichlet determinants from [GSO08] plays a
crucial role here. The relevant sections in this regard Sections 4 and 9, where
the applications of the Jensen formula and the avalanche principle expansions,
respectively, are presented. For a summary of [GS08] see [GS05], and for a
heuristic discussion of gaps in the context of this paper see [GS07].

2. A review of the basic tools

In this section we give a sketch of the main ingredients of the method
developed in [GS08]. We of course do not reproduce all the material from that
paper in full detail, and refer the reader for most proofs to [GS08]. We start
our discussion with the classical Cartan estimate for analytic functions.

2.1. Cartan estimate.

Definition 2.1. Let H > 1. For an arbitrary subset B C D(zp,1) C C we
J
say that B € Cary(H, K) if B C ‘le D(zj,r;j) with jo < K, and
J:

(21) Z i < 6_H .

If d is a positive integer greater than one and B C H D(z;0,1) C C? then
we define inductively that B € Cary(H, K) if for any 1 < j < d there exists
Bj C D(zj0,1) C C,Bj € Cari(H, K) so that BY e Cary_1(H, K) for any
z € C\ Bj, here B,gj) = {(zl,...,zd) €B:z :z}.
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Remark 2.2. (a) This definition is consistent with the notation of Theo-
rem 4 in Levin’s book [Lev96, p. 79].
(b) It is important in the definition of Carg(H, K) for d > 1 that we

control both the measure and the complexity K of each slice ng ), 1<5<d.
The following lemma is a straightforward consequence of this definition.
LEMMA 2.3.
(1) Let Bj € Cary(H,K), Bj C jﬁ1p(zj’071)’ j=12,....,T. Then B =

U B; € Carq(H —log T, TK).
J
d
(2) Let B e Caryg(H,K), BC [] D(zj0,1). Then there exists
j=1

d
B e Card,l(H, K), B c H ’D(ZjV(), 1)
j=2

such that By, .. w,) € Car1(H, K), for any (wa, ..., wq) € B'.
Next, we generalize the usual Cartan estimate to several variables.

LEMMA 2.4. Let p(z1,...,2q) be an analytic function defined in a polydisk
d
P = [I D(z0,1), zjo € C. Let M > suploglp(z)|, m < log‘go(go)
j=1 2€P

y 20 —

(21,0, -+, 240). Given H > 1 there exists a set B C P, B € Card(Hl/d,K>,
K = CqH(M —m), such that

(2.2) log|p(2)] > M — CqH(M —m)
for any z € H;lzl D(zj0,1/6) \ B.

Proof. The proof goes by induction over d. For d = 1 the assertion is Car-
tan’s estimate for analytic functions. Indeed, Theorem 4 on page 79 in [Lev96]
applied to f(z) = e ™p(z) yields that

log‘go(z)‘ >m—CHM —m)=M— (CH+1)(M —m)

holds outside of a collection of disks {D(ay, )}, with 2K r) < exp(—H).
Increasing the constant C' leads to (2.2). Moreover, K /5 cannot exceed the
number of zeros of the function ¢(z) in the disk D(z10,1) counted with mul-
tiplicity, which is in turn estimated by Jensen’s formula, as < M — m; see
the following section. Although this bound on K is not explicitly stated in
Theorem 4 in [Lev96], it can be deduced from the proofs of Theorems 3 and 4
in [Lev96]. Indeed, one can assume that each of the disks D(ag, ) contains a
zero of ¢, and it is shown in the proof of Theorem 3 in [Lev96] that no point
is contained in more than five of these disks. Hence we have proved the d = 1
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case with a bad set B € Cari(H,C(M — m)), which is slightly better than
stated above (the H dependence of K appears if d > 1 and we will ignore some
slight improvements that are possible to the statement of the lemma due to
this issue).
In the general case, take 1 < j7 < d and consider
P(2) = 0(210, - - 2=1,0: 2, 2j 41,05 - - - 2d,0) -

Due to the d = 1 case there exists BY) € Car; (Hl/d, Cy(M — m)), such that
log’w(z)‘ >M — CyHYY (M —m)

for any z € D(sz, 1/6) \ BU). Take arbitrary z;; € D(Zj’(), 1/6) \ BY) and
consider the function

X<217227 Y e CEZ BN P 7Zd) = 90(217 sy Ri—15 24,15 Zj415 - - ')Zd)
in the polydisk P’ := [] D(zm, 1). Then
i#]
Suplog‘x(zh--~,Zj—1,zj+17---7zd)’ < M,
P/

log’x(zl,o, ce ey Z5—1,05%541,05 - - - Zd,())’ > M — CHl/d(M — m)

Thus x satisfies the conditions of the lemma with the same M and with m
replaced with

M — CHY4(M —m).
We now apply the inductive assumption for d — 1 and with H replaced with
H*T" to finish the proof. ([

Later we will need the following general assertion which is a combination
of the Cartan-type estimate of the previous lemma and Jensen’s formula on
the zeros of analytic functions; see (e) of the present section.

LEMMA 2.5. Fiz some wy = (w1,0,wa0,...,Wwa0) € C and suppose that

d
f(w) is an analytic function in P = [ D(wjo,1).
j=1
Assume that M > sup,eplog|f(w)|, and let m < log|f(w;)| for some

d
wy = (wi,1,w21,...,wa1) € [[ D(wjo,1/2). Given H > 1 there exists By C
i=1

d
P' = 11 D(wjo,3/4), By € Card_l(Hl/d,K), K = CH(M —m) such that for
j:
any w' = (wa,...,wq) € P'\ By the following holds: if
log | f(w1,w')| < M — C4H(M —m) for some wy € D(wyp,1/2),

1
then there exists Wy with |wy — w1 | < e 77 such that f(wy,w') = 0.
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Proof. Due to Lemma 2.4, there exists By C P, By € Card(Hl/d,K),
d
K = CqH(M — m) such that for any w € [] D(wj,0,3/4) \ By one has
i=1

(2.3) log )f(w)( > M — CyH(M —m) .

d
By Lemma 2.3, part (2), there exists By C [] D(wj’o, 1), By € Card_l(H%,K)
j=2

such that (BH>w' € Carl(Hé,K) for any w' = (wo, ..., wq) € By. Here (B)y

stands for the Q -section of B. Assume
log | f (@1, w)| < M — C4H (M —m)

for some w; € D(wi0,1/2), and w' € P"\ By. Since (BH>w, € Carl(Hé,K)
there exists r < exp(—Hl/d) such that

{z:\z—@ﬂ:r}ﬂ(lﬁ[{) =0

w

Then in view of (2.3),
log ’f(z,w’)\ > M — CqH(M —m)

for any |z — wy| = r. It follows from the maximum principle that f(-,w’) has
at least one zero in the disk D(wi,7), as claimed. O

2.2. Large deviation theorem for the monodromies and their entries. Let
M, (z,w, E) be the monodromies defined as in (1.4). The entries of M,,(z,w, E)
are the determinants f;4, n—p)(2,w, E), a,b € {0,1}; see (1.8), (1.9). Let

Ly, B) = Jim N7 [log | My (e(x + iy). o, B)| da

N—oo

be the Lyapunov exponent. We shall assume throughout this paper that the
Lyapunov exponents are bounded away from zero; the positive lower bounds
on the Lyapunov exponent will typically be denoted by v. We shall also adhere
to the following convention regarding constants for the remainder of the paper:

Definition 2.6. Constants appearing in the paper will be denoted by A,
B, C aswell as A;, B;,C}, 7 > 0. As a rule, they will be allowed to depend on
w,v,V,E. The dependence on V will only be exclusively through pg > 0 and
V[ (4,,) where V' is analytic on the annulus A,,. Moreover, the dependence
on w will be only through a,c where w € T.,. Finally, constants depending
on F will be uniform for F ranging over bounded sets. For any positive numbers
a,b we let a < b denote a < Ob and a < b denote a < C~'b. Finally, a < b
stands for a < b and b < a.
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We now state the large deviation estimates (LDEs) which are fundamental
to the arguments of this paper. It will be assumed tacitly that V is analytic
on A,, for some py > 0 and Definition 2.6 will be in force. However, we shall
for now not assume that V' is real-valued.

PROPOSITION 2.7. Assume that L(y,w,E) > v > 0 for some w € Tcg,,
EeC,ye (—po/10,p9/10). Then for any N > 2,

(24) mes{z €T : |log |Mn(e(x +iy),w, B)| - NL(y,w, E)| > H}

< Cexp(—H /(log N)™),
(25) mes{z €T : [log|fv(e(z+iy),w, E)| - NL(y,w, B)| > H}

< Cexp(—H/(log N)),
for all H > (log N)".

We remark that it makes no difference here whether we write NL or N L.
This is due to the estimate

0< LN(va) _L(va) <

2lQ

VN 2>1

from [GSO01]. The bound (2.4) for the monodromies (in an even sharper form)
is in [GSO01]. In [GSO08] it is shown how to pass from (2.4) to (2.5); see Sections 2
and 3 of that paper.

2.3. The avalanche principle expansion for the Dirichlet determinants. An-
other basic tool in this paper is the following avalanche principle; see [GS01]
and [GS08].

PROPOSITION 2.8. Let Ay,..., A, be a sequence of 2 X 2-matrices whose
determinants satisfy
. i< 1.
(2.6) 1rélj§Xn|detAj| <1
Suppose that
. 1 A >
(2.7) iy (14502 o>
and
1
(28) o flog | A 1| +log | Aj| — log [ A1 4] < log .
<j<n 2
Then
n—1 n—1 n
(2.9) [log [[Ap - .. Adl| + Y Tog [ A;]] — > Tog | 441 44l| < c
j=2 j=1

with some absolute constant C.
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Combining this with the large deviation theorems from above yields the
following expansion for the determinants. Let fx(z,w, E') be the determinants
defined as in (1.8), and let L(w, E) be the Lyapunov exponent as above but
with y = 0. As before, V' is analytic on A,,. For convenience we will assume
that V is real-valued. As mentioned above, any constant depending on V
depends only on pg and [[V|Le(4,,)-

COROLLARY 2.9. Assume that L(w, E) > v > 0 for somew € T.,, E € C.
There exists Ng = No(V,w, v, E), p© = pO(V,w,~, E) > 0 such that for any
N > No(V,w,v, E) and any integers {1, ..., Ly, (log N)CO < lj < cN (where
Co = Co(a) is a large constant), 3-£; = N the following expansion is valid:

J

(2.10) log’fN (e(z +iy),w, E)‘
- 2 log | 4j41(2) 45(2)]| - 2 log | 4;(2)]| + O(exp(~£72))
for any z = e(;+ iy) € Ay \ BN, wh;
Brap = U D(Guesp(~£2)) . £=mint;, kSN,
Am(2) = My, (ze(smw),w, E),  m=2,...,n—1,

M) =M ) [y o],

An(z) = Ll) 8} My, (ze(50),, E),

and with sy, = Y 4.

j<m
A detailed derivation of this theorem can be found in Sections 2 and 3 of
[GS08].

2.4. Uniform upper estimates on the norms of monodromy matrices. The
proof of the uniform upper estimate is based on an application of the avalanche
principle expansion in combination with the following useful general property
of averages of subharmonic functions.

LEMMA 2.10. Let 1 > p > 0 and suppose u is subharmonic on A, such
that sup,c 4, u(2) < 1 and [pu(e(z))dz > 0. Then for any ri,r2 so that
1 -8 <ry,re <145 one has

[(u(rie(-))) = (u(rae()))]| < Cp r1 = ra;
here (v()) = Jy v(€) d€.
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For the proof see Lemma 4.1 in [GS08]. This assertion immediately implies
the following corollary regarding the continuity of Ly in y.

COROLLARY 2.11. Let Ly(y,w, E) and L(y,w, E) be defined as above.
Then with some constant p > 0 that is determined by the potential,
[Ln(y1,w, E) = Ly (y2,w, E)| < Clys —ya|  for all |y, |y2| < p

uniformly in N. In particular, the same bound holds for L instead of L so that
irElfL(w,E) >y >0

implies that y

inf L(y,w,FE)> —.

B lyl<y Y ) 2
The following result improves on the uniform upper bound on the mono-
dromy matrices from [BG00] and [GS01]. The (log N)# error here (rather than
N7, say, as in [BG00] and [GS01]) is crucial for the study of the distribution of
the zeros of the determinants and eigenvalues, see Proposition 4.3 in [GS08].

We remind the reader of our convention regarding constants; see Definition 2.6.

PROPOSITION 2.12. Assume L(w,E) >~y > 0, w € T.,. Then for all
N >2,
suplog || My (z,w, E)|| < NLy(w, E) + C(log N)“°.
z€eT
We now list some applications of this upper bound (see §4 of [GS08]).

COROLLARY 2.13. Fiz wy € T.q and Ey € C, |y| < po. Assume that
L(y,w1, E1) >~ > 0. Then for all N > 2,

sup{logHMN(e(:v +z’y),w,E)H |JE—FEi|+|w—w|<N%ze ']I‘}
< NLy(y,w1, E1) + C(log N)°.

The importance here lies with the large size of the perturbations: a crude
argument would only allow for perturbations of size e"N. To achieve the
much larger size N~¢ one needs to invoke the avalanche principle with smaller
factors of size ¢ =< log N which is allowed by the sharp LDE (on scale /)
from [GSO01].

COROLLARY 2.14. Fiz wy € T.q and Ey € C, |y| < po. Assume that
L(y,wi,E1) >~ > 0. Let 0 denote any of the partial derivatives O, 0,,0r or
Oy. Then

sup{log HBMN<e(x + iy),w,E)H JE-Ei|4|lw—w| <N %ze ’]I‘}
< NLn(y,w1, E1) + C(log N)<°
for all N > 2. Here C; = Ci(a) and C = C(V, py,a,c,v, E1).
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Proof. Clearly, for all z,y,w, F,

BMN(e(:U +iy),w, E)

Vie(x + nw+iy)) — E -1
1 0

X Mp_1 (e(az + 1Y), w, E)

N
= Z MN_n<e(m + nw + iy),w,E) 0
n=1

Since |E—Ej |+|w—wi| < N™¢ the statement now follows from Corollaries 2.13
and 2.11, as well as the rate of convergence estimate

0 < Ly(w, E) — L(w, E) < % VN > 2
from [GSO1]. O

The previous bound on the derivatives implies the following bound on
differences of propagator matrices.

COROLLARY 2.15. Under the assumptions of the previous corollary,
HMN(e(m—I—iy),w,E) —MN(e(ml —|—iy1),w1,E1)H
S(’E_E1|+|W —w1|+|$—$1|+|y—y1|>'eXP(NLN(yl,wl,El)+C(10gN)CO)

provided |E — Ey| 4 |w — wi| + |z — 21| < N7, |y1| < po/2, ly —y1| < N~L
In particular,
(2.11)

’fN(e(x—i—iy),w,E))
‘fN(e(ffl +iyr),wi, By )

log "g(E—E1|+|w—w1|+|m—331\+|y—y1|)

eXp(NL(thh El) + C(log N)CO)
‘fN(e(fL‘l +iy1), wi, El)‘
for all N > 2 provided the right-hand side of (2.11) is less than 1/2.

9

Proof. For (2.11) estimate
(2.12)
|fN(€(93 + 1Y), w, E) - fN(€(551 +iy1), wi, El)!
S (|E = Erl + |w —wi] + |z — 1] + |y — w1]) sup [dfn (e(z” + iy), ', E')],

where the supremum is taken over all 2/, ¢/, w’, E' on the line joining (z,y,w, E)
to (x1,y1,w1, F1) and d stands for the derivative in all variables. By Corol-
lary 2.14 we can bound

sup |dfn (e(z" + i), ', E')| < exp(NL(y1, w1, E1) + C(log N)CO).
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Dividing (2.12) by fN(e(ajl + iyl),wl,El) therefore yields

+ ,E
WN v+ iy).w. B)| 1| £ (1B - Bil + o =l + o = 2] + 1y = ]

(z1 + iy1), wl,El)‘
'exp(NL(yl,wl,El) + C(log N)CO)
‘fN(e(iﬁl +iy1),w1,E1>‘

By assumption, the right-hand side here is < % Hence, (2.11) follows by taking
logarithms. ([

A particular instance of this bound is the following one.

COROLLARY 2.16. Using the notation of the previous corollary one has

HMN<e(x+iy),w,E)’
(2.13) log HMN<€({B1 N iyl),wl,El H‘ < Cexp (log N)© )
‘fN(e(x—l—iy),w,E) )
(2.14) log ‘fN<€($1 +iy1),w1,E1)M < Cexp(—(log N))

for any |E— By |+|w—wi|+|z—z1|+]y—1| < exp(—(log N)IP), 21 € A,y 2\
By, wi,51, where mes (By, w, 5,) < eXp(—(log N)CO), compl(By, w,.5,) < CN.
In particular,

(2.15) 1L(y,w, ) — L(ys, w1, Fy)| < Cexp(—(log N))

provided |E — E1| + |w —w1| + |y — 1] < exp(—(logN)4CO).

An important application of the uniform upper bounds is the following
analogue of Wegner’s estimate from the random case. We provide the proof
here just to demonstrate how the previous corollaries can be applied.

LEMMA 2.17. Let V' be analytic and real-valued on T as in the previous
result. Suppose w € Teq. Then for any E € R, H > (log N)° one has
(2.16)
mes {a: eT: dist(spec(HN(a;,w)),E) < exp(— } < exp( H/(logN)CO)

for all N > 2. Moreover, the set on the left-hand side is contained in the union
of S N intervals each of which does not exceed the bound stated in (2.16) in
measure.

Proof. By Cramer’s rule
‘f[l,k] (e(:v),w,E)‘ ‘f[m-i—l,N](e(x)ava)‘
’fN <e(x),w, E)‘ ‘

(217) |(Hy(w,w) = B) ™ (h,m)| =
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By Proposition 2.12
log ’f[Lk] (e(a:),w, E)’ + log ‘f[m+17N] (e(:r),w, E)’ < NL(w, E) + C(log N)©0
for any x € T. Therefore,
) exp(NL(w, E) + C(log N)CO)
‘fN(e(x),w,E)’

(2.18) |(Hn(@w) - B) [ <N

for any x € T. Since

dist(spec(HN(:c,w),E>> = ”(HN(a?,w) — E>71H_1 ,

the lemma follows from Proposition 2.7. ([

Next, we derive an important application of Lemma 2.5 and Proposi-
tion 2.12 to the Dirichlet determinants fy. The constants Cy, C1, Cy depend
on w as explained above; see Definition 2.6.

COROLLARY 2.18. Suppose w € T.,. Given Ey € C and H > (log N)2,
N > 2, there exists

By, gy w(H) CC, Bn.Eyw(H) € Carl(\/ﬁ, HNQ)

such that for any z € C\ By gyw(H) with |Imz| < N1, and large N the
following holds: If

log | fn(e(2),w, B1)| < NL(w, E1)—H(log N)*, |Eg—E4| < exp(—(log N)2),
then fN(e(z),w,E> = 0 for some |E — E1| < exp(—VH). Similarly, given

zo € T and |yo| < N71, let z0 = e(xo + iyo). Then for any H > 1, the
following holds: if

log ]fN(zo,w, E)] < NL(w, E) — H(log N)°2,
then fN(z,w,E> =0 for some |z — zo| S exp(—H).

Proof. Set rg = exp(—(log N)“°) with some (large) constant Cy = Cp(a)
as above. Fix any zp with |z9| = 1 and consider the analytic function
f(z,E) = fn(20+ (z = 20) N~ ', Eo + (E — Eo)ro,w)
on the polydisk P = D(zp,1) x D(Ep, 1). Then, by Proposition 2.12,
sup log |f(z, E)| < NL(Ey,w) + C(log N)°° = M
and by the large deviation theorem,
log | f(z1, Eo)| > NL(Eg,w) — (log N)“© = m

for some |zp — 21| < 1/100, say. By Lemma 2.5 there exists

B.ogow(H) CC, By gw(H) € Cary (VH, H(log N)“)
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so that for any z € D(20,1/2) \ Bz, Eyw(H) the following holds: If
log |f (2, E1)| < NL(Eo,w) — H(log N)!

for some |y — Ep| < 1/2, then there is E with |E; — E| < exp(—+/H) such that
f(z,E) = 0. Now let zp run over a N~2-net on |z| =1 and define By, g, o (H)
to be the union of the sets zg + N_lBZO7EO7w(H). The first half of the lemma
now follows by taking C9 sufficiently large and by absorbing some powers of
log N into H if needed.

The second half of the lemma dealing with zeros in the z variable can be
shown without appealing to Lemma 2.5. Indeed, we apply Cartan’s estimate
in d = 1 directly to u(-) = log|fn(-,w, F)| on the disk D(z9, N~!). By the
preceding, the Riesz mass of u(-) on this disk is at most (log N)“°. Hence, we
can find a radius r < exp(—H) so that

_min_ log |fn (2w, B)| > NL(w, B) — H(log )
z—zo|=r
Now if
log ]fN(zo,w, E)] < NL(w, E) — H(log N)°2,

then from the maximum principle, fy (zo,w,E) = 0 for some |z — zp| < r as
claimed. O

Corollary 2.18 should be thought of as a converse to the large deviation
theorem in some sense; indeed, it shows that if log|fn| is too small at some
point, then nearby there must be a zero. In other words, and not surprisingly,
zeros are responsible for the failure of the large deviation estimates.

The following result allows us to translate separations of an energy E from
the spectrum of Hy(z,w) into quantitative lower bounds on log | fn (x,w, Ep)|.
For it we need V' to be real-valued on T. As usual, w € T, ,, and we remind
the reader that C7,Cy etc. depend on w; see Definition 2.6. Before proving it,
we recall a basic fact of Hermitian matrices. This will be applied repeatedly
below.

LEMMA 2.19. Suppose A is a Hermitian n X n-matriz. Further, let B be
another n x n-matriz with ||A — B|| < € in operator norm. Then

dist(spec(A), spec(B)) < e.

Proof. Suppose z € C satisfies dist(z,spec(A)) > . Since A is Hermitian,
we see (from the spectral theorem) that

I(A—z)1<e
Then

R(z) := i(A — B)"(A — z)~(n+1)
n=0



358 MICHAEL GOLDSTEIN and WILHELM SCHLAG

converges as a Neuman series in operator norm. Moreover,
R(z2)(B—z2)=(B—-2)R(z) =1,
the identity. Hence z € C \ spec(B) whence the lemma. O

We can now state another important type of converse of the large deviation
theorem.

COROLLARY 2.20. Let V' be real-valued on T. Assume that for sufficiently
large N, xg € T, Eg € R one has

(Bo — 1, o + 1) N spec(H(0,w)) = 0
with n < exp(—(log N)Cl>. Then
c 1

log| fn (€(w0),w, E)| > NL(w, Eo) — (log )" log

for any |Eq — E| < 1.
Proof. Suppose that
log ‘fN(e(xg),w,El)‘ < NL(w, Ey) — (log N)°" logn~!

for some |Ey — Ep| < 3. Then there is z; € C with [z, — x| < 7 so that

fN (6(2’1), W, E1> =0.

Since Hy(z,w) is Hermitian for € T, it follows from Lemma 2.19 that the
. V), .
eigenvalues E; (-, w) satisfy

BN (z,0) — BN (20,0)] < Clag — 2| Yz € Ay po.
In other words, there is some Fy with |Fy — Ey| < 7 such that

N (e(a:o), w, Eg) =0.

However, this contradicts our assumption. O

We now address the important issue of a large deviation estimate with
regard to the E variable.

LEMMA 2.21. Letwy € Teq and xg € T. Then there exists x1 € T so that
21 — o] < exp(—(log N)),
dist(spec(HN(xl,wo)), spec(HN(xg,wo))> > exp(—(log N)1)

where Cy < C1.
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Proof. Write spec(Hy (x0,w0)) = {Ej(z0,w0)}_;. By Lemma 2.17,
) . . ) _ Cy
mes {ac eT:  in dlst(spec(HN(a:,w)), E; (:L‘o,wo)> < exp(—(log N) )}

< exp(—(log }))
where Cy < C1, and we are done. O

LEMMA 2.22. Let wy € T¢q and fix xo €T, Ey € R. There exists | Eq1— Ep|
< exp(—(log N)“°) with

(2.19) log | fa(e(zo),wo, B1)| > NL(Eg,wp) — (log N)©2
where Cy > Cy.
Proof. If
dist(Eo,spec(HN(azo,wo))) > exp(—(log N)1)

then
log |fN(€(330), wo, E0)| > NL(E(), wo) — (IOg N)201
by Corollary 2.20. Hence, in this case we can choose Fy = Ey. Now assume
that
dist(Eo,spec(HN(:vg,wo))) < exp(—(log N)1).

By the previous lemma we choose |21 — xg| < exp(—(log N)¢0) such that
(2.20) dist (spec(Hp (1, wp)), spec(Hy (0, wp))) > exp(—(log N)").
By self-adjointness, there exists £ € spec(Hy(x1,wp)) with
By — Fo| < Cexp(—(log N)°)
which, in view of (2.20), also satisfies
dist (spec(HN(aso, wo)), El) > exp(—(log N)1).
By Corollary 2.20 we conclude that
log | fn (e(x0),wo, B1)| > NL(Eo,wo) — (log N)2¢1.
The lemma follows with Cy = 2C;. O

We can now state the large deviation estimate with respect to the FE-
variable.

PROPOSITION 2.23. Let wy € T, and assume that L(wo, E) >y > 0 for
all E € [E',E"]. Then for large N, and all xy € T,

(2.21) mes{E € [E',E"] : |log|fn(e(z0),wo, E)| — NL(wo, E)| > H}
< Cexp(—H/(log N)Cl)
for all H > (log N)%“1.
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Proof. Let Cj be as in the previous lemma. Covering [E’, E”] by in-
tervals of length 100 exp(—(log N)“°) we see that it suffices to prove (2.21)
locally on such an interval. Thus, consider a disk D(FEp,ry) where ro =
100 exp(—(log N)©°). By Lemma 2.22 there exists E € D(Ey,ro/100) with

log | fr(e(x0), wo, F1)| > NL(Eg,wp) — (log N)©2.
On the other hand, there is the uniform upper bound

sup log | fn(e(xo),wo, E1)| < NL(Ep,wp) + (log N)C2
EE'D(Eo,To/lOO)

(see Corollary 2.13). Now the proposition follows from Cartan’s estimate. O

Remark 2.24. Even though (2.21) was stated for real F, one can pass to a
version of this estimate in the complex plane via Cartan’s theorem: For all H >
(log N)3¢ there exist disks {D(¢;, rj)}le with 3, r; < exp(—H (log N)~2¢1),
J < (log N)“2 and

{E€[E,E"|+DO,N"):
|log | fx(e(0),wo, E)|l — NL(wo, E)| > H} C Up(gj,rj)

for large N. This follows from Proposition 2.23 by choosing H = (log N)*“1
(where C} is large depending on (E’, E”)) which insures that there is at least
one energy in (E’, E") satisfying (2.21). Now apply Cartan’s theorem as in
part (a) of this section.

We close this subsection with an important consequence of the previous
estimates; this allows us to bound the number of zeros of the determinants
with respect to both the z and E variables.

PROPOSITION 2.25. Let V' be analytic on A,, and real-valued on T. Let
w € Teq. Then for any xo € T, Eg € R, one has

(2.22)  #{E€R: fy(e(xo),w,E) =0, |E - Ey|
< exp(—(logN)cl)} < (log N)©v
(2.23) #{z eC : fn(z,w,Ep) =0, |z —e(xg)| < N_l} < (log N)“1
for all sufficiently large N > N(V,~, po,w, Ep).
Proof. By the uniform upper bound
sup{log ‘fN(e(x),w,E)‘ cxeT, E€C, |E—-E< exp(—(logN)Cl)}
< NLy(w, E) + (log N)“!

for any Fq. Due to the large deviation theorem with respect to the F variable,
see Proposition 2.23, there exist z1, Fy such that |xg—z1| < exp(—(log N)zcl),
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|Eo — E1| < exp(—(logN)QCl) so that
log | fx(e(21),w, B1)| > NLn(w, B1) = (log N)©".
By Jensen’s formula (4.1),
#{E : fy(e(n1),w, E) = 0,|E — E1| < exp(—(log N)? )} < 2(log N)“*.

Since HHN(:JJO,w) - HN(xl,w)H N exp(—(logN)201> and since Hy(xo,w) is
Hermitian one has

#{E : fy(e(wo),w,E) = 0,|E — Eo| < exp(—(log N)*?)}

< #{E s fn(e(xr),w, E) =0,|FE — Eq| < exp(—(logN)Cl)} < (log N)“1 .

That proves (2.22). The proof of (2.23) is similar. Indeed, due to the uniform
upper bound

sup{log ‘fN(e(:L‘+iy),w,E0)‘ cxeT, |yl < 2N_1} < NLy(w, Eo)+(log N ).

By the large deviation theorem, there is 1 with |zo — 21| < exp(—(log N)¢1/2)
such that

log | fx(e(21), w, Eo)| > NLn(w, Bo) — (log N)°*.
Hence, by Jensen’s formula (4.1),
#{z s fn(z,w, E) =0,z —e(xy)| < 2N*1} < 2(log N1,
and (2.23) follows. O
2.5. The Weierstrass preparation theorem for Dirichlet determinants. We

now recall the classical Weierstrass preparation theorem for an analytic func-
tion f(z,wi,...,wy) defined in a polydisk

d

1
(2.24) P = D(Z(),Ro) X H D(wjp,Ro), z20, Wjo € C 5 >Ry>0.
j=1
PROPOSITION 2.26. Assume that f(-,w1,...,wq) has no zeros on some

circle {z Dz — 20| = po}, 0 < po < Ry/2, for any w = (wq,...,wq) € Py =

ﬁl D(wjpo,m1) where 0 < r1 < Ry. Then there exist a polynomial P(z,w) =

;; + ap—1(w)z*t + -+ + ap(w) with aj(w) analytic in Py and an analytic

function g(z,w), (z,w) € D(zg, po) X P1 so that the following properties hold:
(a) f(z,w) = P(z,w)g(z,w) for any (z,w) € D(z0, po) X P1.

(b) g(z,w) # 0 for any (= w) € D(z0,po) X Py.
(c) For any w € Py, P(-,w) has no zeros in C\ D(zo, po),
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Proof. By the classical Weierstrass argument,

k
0. f(z,w
bp(w):zzg’(w):%m }{ » O:fzw)
=1 |z—z0l=p0

are analytic in w € Py. Here (;(w) are the zeros of f(-,w) in D(zo, py) counted
with multiplicity. Since the coefficients a;(w) are linear combinations of the
by, they are analytic in w. Analyticity of g follows by standard arguments. [J

Since there is an estimate for the local number of the zeros of the Dirichlet
determinant and also for the local number of the Dirichlet eigenvalues, one can
apply Proposition 2.26 to fx(z,w, E). We need to do this in both the z and
the E variables. See Section 6 of [GS08] for more details. In what follows recall
the convention adopted in Definition 2.6.

PROPOSITION 2.27. Given zg € A, /2, By € C, and wy € Tcq, there
exists No = No(V, po, a,c,y) so that the following holds: for any N > Ny there
exists a polynomaial

Pn(z,w,E) = 28 + ap_1(w, E)2" 1 + - 4 ao(B,w)

with a;j(w, E) analytic in D(Ey,r1) x D(wo,m1), 11 < exp(—(log N)1) and an
analytic function

gN(Z)w7E)7 (Z,W,E) €EP:= D(207T0) X D(E07T1) X D((U(),Tl)
with N™' < rog < 2N~ such that:
(a) fN(ZawaE) = PN(Z7W7E)9N(Z7W7E);
(b) gn(z,w, E) #0 for any (z,w, E) € P;
(¢) For any (w, E) € D(wy, 1) X D(Ep,r1), the polynomial Pn(-,w, E) has
no zeros in C\ D(zo,70);
(d) & = dog Py (- w, E) < (log N)©.
Proof. With rg := 2N~! and 71 := exp(—(log N)°1), we set
F(Gwi,w2) i= fn(z0+ N71¢,wo + riwn, Bo +riws) ¥ (G, wi, w2) € D(0,1)%.

Then by the uniform upper bound |f| < exp(NL(wo, Eo) + (log N)¢0) =: M
on D(0,1) and, by the large deviation theorem,

|£(¢,0,0)| > exp(N L(wo, Eo) — (log N)°)
for all || = r and some % < r < 1. Moreover, by Cauchy’s estimate
M
[£(6,0,0) = F(Gwr,wa)| < 2M(Jwn| + wa]) < - exp(=2(log N)°)
for all |w1| + |w| < § exp(—2(log N)“?). In particular,
1
F(Gwnwe) 0V [¢] =, Jwr| + |wa] < ; exp(=2(log N)).
The proposition follows by application of Proposition 2.26 and a rescaling. [
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Later we shall need to localize Proposition 2.27 to smaller regions in F
and z.

COROLLARY 2.28. Using the notation of the previous proposition, let
0 < r < e~ (g M) e given. With the same hypotheses, the conclusions
of Proposition 2.27 hold on the smaller poly-disk

D(z0,75) x D(Eo,75) X D(wo,74)

where o
h < 1o, rh =< r;”’“"gm '
Proof. Apply the proposition and let z;(E,w) be the zeros of Py (-,w, E).
Then

k
N (z,w, F) Hz—z]
Jj=1

Select 7/2 so that
I z,w, F o c
inf ’ N( , W, )| > (TQ/(IOgN)Cl>(1 g N)C1

|z—z0|="}

Since |a;(w, )| < 1, it follows that

. L (log N)C1 _ 2(log N)C1
inf Py(z,w, E “(rs/(log NC1 < 2(log
oy oinf, 1o )| > 5 (r2/(log N)) > 2
|w—wo|<rY
where rj is as above. We can now apply Proposition 2.26 as before. O

The preparation theorem relative to E is easier since we need it only in
the neighborhood of the unit circle, i.e., in the neighborhood of points e(zg)
with g € T. In this case, one can use the fact that Hy(e(z¢),w) is Hermitian.

PROPOSITION 2.29. Given xg € T, Ey € C, and wy € T, there exist a

polynomial
Pn(z,w,E) = E* + ap_1(z,w)E*¥ 1 + - + ag(z,w)

with a;(z,w) analytic in D(z0,71)xD(wo,71), 20 =e(z0), 71 < exp(—(log N)2C1)
and an analytic function gy(z,w, E), (z,w,E) € P = D(zp,71) X D(wo,r1) X
D(Ey,r1) such that

(a) fN(Z,W, E) - PN(Z,W, E)gN(z,w, E)v

(b) gn(zw, E) £ 0 for any (=, F) € P,

(c) For any (z,w) € D(z0,71) X D(wo,r1), the polynomial Pn(z,w,-) has

no zeros in C\ D(Eoy,19), ro =< exp(—(log N)Cl),
(d) k= degPN(Zawa ) < (logN)Cz‘
Proof. Recall that due to Proposition 2.25 one has

#{E € C: fn(20,w0, E) =0, |E— Ep| <exp(—(log N)?")} < (log N)©!
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Find rg < exp(—(log N)Cl> such that fx(z0,wo, ) has no zeros in the annulus
{ro(1=2N"?) < |E — Eg| <ro(1+2N"?)}.
Since Hp (20, wo) is self-adjoint, fn(z,w, ) has no zeros in the annulus
{ro(1 = N72) < |E — Eg| < ro(1 + N~?)},

provided |z — 29| < 11 := roN %, |w — wo| < 71; see Lemma 2.19. The
proposition now follows from Proposition 2.26. O

3. The trace of My and Hill’s discriminant of the periodic problem

This section establishes large deviation estimates for the trace of My
as well as other useful relations involving the trace. The importance of this
section, which does not appear in [GS08], lies with periodic boundary con-
ditions: Recall that the determinant of the Hamiltonian Hp; y) with periodic
boundary conditions equals the trace of the monodromy matrix My up to
a constant (the latter trace is referred to as “Hill’s discriminant”). In our
proof of gap formation, periodic boundary conditions play an important tech-
nical role, whence the relevance of this section. Let us recall some properties
of matrices in SL(2,R). It follows from the polar decomposition that for any
M € SL(2,R) there are unit vectors uy,, uys, vi;, vy so that Muyt, = ||M|vi,
Muy, = HMH’lyJT/[. Moreover, QX/[ 1 u,, and Q}CI 1 vy,

LEMMA 3.1. For any M € SL(2,R),

(3.1) M2 =4 < | M| [tr M| < || M2 + 2.
Proof. Due to the properties of the vectors u™ = gj\z, , U~ = u,, one has
(3.2) tr M = [|M]jo* - ut + M| o u,
On the other hand,
(3.3) MPut =Mt v et + (@t u )

It follows from (3.2) and (3.3) that
[t M| [|M| < [[M|]* [u" - o[+ 1 < |M?]| +2,
as well as
[t M| M| > [ M| [ub - ot — 1> ||MPut] - 2.
Finally, using that | M|| > 1 one checks that || M?u~| < 2, and thus ||[M?u*]|| >
| M 2H — 2. Inserting this bound into the last line finishes the proof. O

The following lemma establishes the large deviation estimate for a product
of mondromy matrices. The technical (albeit, important) twist here is that we
shift the phase in the second factor by a small but fized amount. This will be
essential for applications to the trace. Indeed, in view of the previous lemma,
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in order to prove a large deviation theorem for tr My, say, it will be necessary
to do the same for M%. The latter should behave like My, but more precisely
it is equal to Mn(z + Nw + k) My (z) where kK = —Nw (mod 1).

LEMMA 3.2. Assume that for some w € T.q and E € R, one has L(w, E)
>~ > 0. Then there exists ko = ko(V,w,7, E) > 0 such that for any |k| < Ko,

(3.4)
mes{xe'ﬂ‘ : 'log |Mny(e(z+Nw+k),w, EYMy(e(z),w, E)||— 2NL(E,w)‘ >H}

< Cexp(—H/(log N)CQ)

for all H >0 and N > 2.

Proof. This will be done by induction in IN; more precisely, we will in-
troduce an increasing integer sequence {N;};>o so that if (3.4) holds for all
Nj < N < Nj1, then it also holds in the range Njy1 < N < Njjo. Clearly,
by choosing Ny := Ny(v, V,w, E) large and ko := exp(—CN7) we see that the
case j = 0 can be made to hold for any Nj. Next, let Njy 1 < N < Njyo
and set n := [(lolg N)1] where C; = 2C with Cy as in (2.4). Also, we define

Nji1:=exp (N jZTl>. By the large deviation theorem from Section 2 as well as
our inductive assumption (applied with H = n2/3

principle expansion of the form

, say), there is an avalanche

log HMN (e(z + Nw + k), w, E) My (e(z), w, E) H
—log HMN (e + Nw + k), w, B) H —log HMN (e(z),w, E) H
=log HMn(e(:B + Nw + k), w, B) My (e(z + (N — n)w),w, E) H
~log HMn(e(m +Nw + k),w, E) H
—log | My (e(z + (N = n)w),w, B) |+ O(e™V")

for all z € T\ B where mes (B) < e~V In particular, this implies that
log HMN(e(x1 + Nw + k), w, E)MN(e(arl),w,E)H > 2N L(w, E) — (log N)“!

for all z; € T \ B. Next, note from the uniform upper bounds in Part (e) of
Section 2 that

sup  log HMN(e(az +iy+ Nw + K),w, E)MN(e(:L" +1iy), w, E) H
z€T, |y|<N-1

< 2NL(w, E) 4 (log N)°1.
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By averaging, we conclude that

‘/1 logHMN(e(:E—i-iijNw+m),w,E)MN(e(:z:—l—iy),w,E)H dx —2NL(w, E)
0
< (log N)*1,

Furthermore, by Cartan’s theorem, see Lemma 2.4, this yields (3.4) for N with
Cy = 4, say. ]

We can now state and prove the main result of this section. Note that
even the average of log | tr M|, which appears as the first statement below, is
far from being clear and requires much of the machinery developed so far in
this paper.

PROPOSITION 3.3. Assume that for some w € T.,, E € R, one has
L(w,E) >~ >0 and let kg > 0 be as in the previous lemma. Then there exists
No = No(V,c,a,E,~) such that for any N > Ny satisfying |Nw|| < ko the
following properties hold:

o [rlog|tr My(e(z),w,E)|dx = NL(w, E) 4+ O(1),

e Large deviation estimate for the traces:
mes {z € [0,1] : |log | tr My/(e(z +iy),w, E)| — NL(w,E)| > H}
<C exp(—H(log N)*C())
for all |y| < N=1 and all H > 0.

Proof. For simplicity, we set y = 0 and begin with the simple observation
that

(3.5) log||My(e(z),w, B)?|| = log | My (e(z+ Nw+k),w, E)My(e(z),w, E) |

where Kk = —Nw (mod 1). By assumption, we can choose |k| < ko from
Lemma 3.2. We apply the avalanche principle to

Mpy(e(xr + Nw+ k),w, E)My(e(x),w, E).
To this end, define for 1 < j <m
m
Aj = My, (e(z + tjw),w, E), (log N)% < nj < VN, t; = Zni, an =N
i<j =1

as well as Ay (z) == Aj(r+ Nw+k) = Aj(x). We also require that ny = ny,.
Then by the large deviation estimate (2.4) and Lemma 3.2, we conclude that
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(3.6)  log||My(e(z),w, )|

2m—1 2m—1
= Y log||Aj41(2)A;(2)] — Z log || 4;(z)[| + 0(e™VE)
7j=1

m—1
2[5 o 4@l - 3 toglla, @]
j=1 j=1

+log || A1 (2) Am(2)|| — log | A1 ()| — log || Am ()] + 0(e™V™)

for any = € T\ B, with mes B < exp(—n'/?) where n = min; n;. Interpreting
the expression in brackets as expansion of log || My (e(z),w, E)||, and in view
of Lemma 3.1, we see that

(3.7) log |[tr My (e(z),w, E)| —log ||My(e(z),w, E)|
— 1og | 41 (2) Am(2)]] — 108 | A1 (2)]] — log [l A (2)]] + (e VE)

for any x € T\B with the same B. The proposition now follows from Lemma 3.2
and the standard large deviation theorem for the matrices M. ([l

For future reference, we remark that the avalanche principle expansion of
log | tr M| given by (3.6), and the comparison statement (3.7) are of indepen-
dent interest. Note that

log |tr My(e(z),w, E)| <log||My(e(z),w, E)|| + log 2.

In particular, due to Proposition 2.12, one has the following uniform upper
bound for the trace:

COROLLARY 3.4. Assume L(w,E) >~ >0, we€ T.,. Then

suplog | tr My (z,w, E)| < NLy(w, E) + C(log N)°,
zeT

for all N > 2, provided |Nw|| < ko(V, ¢,a,7).
Now just as in Section 2 one has the following:

COROLLARY 3.5. Assume L(w,E1) > v > 0, wy € Tcq. Then for any
weT, y1,y €R, |yil, lyl <1/N and any x1,x € T, one has

)trMN( (x+iy),w ‘

3.8
35 ‘tr My (e(z1 + iy1), wr, By ‘

log

< (1B = Ei| + |w = wn| + & — 21| + |y — )
. exp(NL(yl,wl,El) + C(logN)CO>
‘tr MN(6(1‘1 + iy1),w1,E1)’

9
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provided ||Nw| < ko(V,c,a,v) and the right-hand side of (3.8) is less than
1/2.
With these results on the trace at our disposal, we now turn to their

implications for the periodic problem. To fix notation, let

(3.9)  [Hi N (@ w)e](n) = —(n — 1) = d(n+1) + V(e(w + nw))(n)

be the Schrodinger operator on [1, N| with periodic (respectively, antiperiodic)
boundary conditions:

(3.10) $(0) = £(N), (1) = £p(N +1).
Let
311 B0 < BN @w) < < BY (2,0)
be the eigenvalues of H [(f ]}\;}) (r,w). Recall that the characteristic determinant
+ +pP
95\/ )(e(x),w, E):= det(H[(LN])(x,w) - E)
which takes the form
o8 (e(@). 0. B)
[ Vie(z +w)—F -1 0o -~ 0 F1 i
-1 Vie(x+2w)—E -1 --- 0 0
= det
0 0 -1
L F1 0 cev oo =1 V(e(x+ Nw)—FE |
satisfies
(3.12) 95 (e(x),w, E) = hy(e(z),w, E) F 2
where
(3.13)

hN(e(x),w,E) = tr MN(e(x)vwa E) - f[l,N](e(x)vwv E) - f[Q,N—l](e(x>vw7 E)

is Hill’s discriminant. Cramer’s rule then yields
+P -1
(3.14) (H[(LN]) (z,w) — E) (m,n)

_ f[l,m—l} (6(1‘), w, E)f[n-i—l,N} (6(33), W, E)
oy (e(2),w, B) |

The large deviation estimate for log|tr My(e(x),w, E)| from above implies
the following lemma concerning the spectrum of the periodic problem. In

1<m<n<N.

particular, we obtain an analogue of the Wegner bound.
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LEMMA 3.6. Let V(e(z)) be real analytic, and let w € T, ,. Assume that
L(w,E) >~ >0 for some E € R. Then there exists Nyg = No(V, a,c,v, E) such
that for any N > Ny with ||[Nw| < ko(V, ¢, a,7) the following properties hold:

(a) For any H > (log N)?%° one has
mes{zr € T : dist(spec(H[(liﬁ]) (7,w)), E) < exp(—H)} < exp(—H/(log N)“°).
(b) If for some x € T
(E—n,E+n)N Spec(H](ViP) (x,w)) =0
with n < exp(—(log N')2¢0) then
1
loglgy™(e(@'), w, B')| > NL(E,w) — (log N) " log .-
for any |z’ — x|+ |E' — E| < n/C.

Proof. The proof of (a) is analogous to the proof of Lemma 2.17; the
only difference is that we apply the large deviation theorem for the traces
instead of for the determinants. Part (b) is analogous to Corollary 2.20, at
least when 2/ = z, and we skip the proof. Finally, to move z to 2’ one uses
Corollary 3.5. (]

To close this section, we prove the following large deviation theorem for
the traces with respect to the E variable; cf. Proposition 2.23. This will play
an important role later when we start counting eigenvalues by means of the
Jensen average machinery which is the subject of the following section.

PROPOSITION 3.7. Let wy € T¢, and assume that L(wg, E) >~ > 0 for
all E € [E',E"]. Then for large N, with |Nw| < ko(V,¢,a,7) and all g € T,

(3.15) mes{E € [E',E"] : \log|g§$P)(e(:vg),w0,E)| — NL(wo, E)| > H}
< Cexp(—H/(log N))
for all H > (log N)?“1. The same statement applies to tr My (e(xo),wo, ).

Proof. This proof is completely analogous to the proof of Proposition 2.23.
Indeed, the previous Lemma 3.6 replaces the Wegner type lemma used there
as well as Corollary 2.20. O

4. Zeros, eigenvalues, and the Jensen formula

This section introduces a key element in our approach to the problem
of determining the location of the spectrum and of the spectral gaps. More
specifically, we identify the spectral values and the spectral gaps according to
whether fy(-,w, E) has a sequence of real or complex zeros in the annulus
Ay = {z ceC:1—-py <z <1+ pN} with appropriate py. We would
also like to single out Lemma 4.6 below. It guarantees that the gaps in finite
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volume stabilize after a finite (and uniformly bounded) number of iterations in
our “induction on scales” procedure. An important feature of the machinery
developed here lies with the fact that it applies equally well to the z-variable as
to the E-variable of fy(z,w, F). Another important feature is the “linearity”
of our bounds which means that the zero count is additive.

Now for the details, which for the most part already appear in [GSO08|
(with the exception of the crucial Lemma 4.6). The Jensen formula states that
for any function f analytic on a neighborhood of D(z, R), see [Lev96],

1 R
4 [ 0wl o+ ReOD] 0 log o)l = 3 tog g
0 ¢ — 2o
¢ (<)
provided f(zg) # 0. In the previous section, we showed how to combine this
fact with the large deviation theorem and the uniform upper bounds to bound
the number of zeros of fy which fall into small disks, in both the z and E vari-
ables. In what follows, we will refine this approach further. For this purpose,
it will be convenient to average over zg in (4.1). Henceforth, we shall use the

notation

(4.2) v(z0,7) = #{z € D(20,7) : f(2) =0},

(4.3) J (u, 20,71, 72) ][ T (u, z,7) dz dy,
D(z0,r1)

(14) Tz = | dgdnfu(¢) - u(z)]
D(z,r)

where z = x + iy, = £ +in. Recall that J(u, z,7) > 0 for any subharmonic
function w.

LEMMA 4.1. Let f(z) be analytic in D(zo, Ro). Then for any 0 < ry <
r1 < Ro — 72,
2

,
vi(zo,r1 — 1) < 4r%j(10g |fl,20,71,72) < vp(20,71 +12).
2

Proof. Jensen’s formula yields

el = f day 5 far(s ¥ MQGWD}

D(z0,r1) 0 f($)=0,L€D(z,r)

T2
1 (2
. 3 2{2/dr<r / log (M)dwdy)}
F(€)=0,(eD(20,r1+r2) T 0 D(¢.r) e
1 r

= 47"1 Vf(Zoﬂ“l +72),
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which proves the upper estimate for 7 (log | f|, z0, r1,72). The proof of the lower
estimate is similar. O

COROLLARY 4.2. Let f be analytic in D(zop, Rp), 0 < r2 <11 < Ry — 12.
Assume that f has no zeros in the annulus A = {7“1 —ro <l|z—2zo| <ri+ 7"2}.
Then

2
r

v(z0,7m1) =4 T—é J(log|f|,zo,r1,r2).
2

COROLLARY 4.3. Let f(z),9(2) be analytic in D(zo, Ry). Assume that for
some 0 <1 <711 < Ro—12

|j(10g|f’7207r17r2) - j(log ’9‘7ZO7T17T2)’ < 477‘2
1

Then vy(zo,r1 —12) < vg(20,71 +72), vg(20,71 —12) < vp(20,71 + 72).

We shall also need a simple generalization of these estimates to averages
over general domains. More precisely, set

(45) vi(D) = #{z € D f(2) = 0}
T(w.Dirs) = f dudy o dednfu(c) - u(z))
D D(z,r2)

Given a domain D and r > 0, set D(r) = {z : dist(z,D) < r}. Let f(z) be
analytic in D(R). Then for any 0 < ry <r; < R—19

(4.6) vi(D(r1 —rg)) < 2m€:7“?‘7(log |f,D(r1),7m2) < vp(D(r1 +12)).

Let AR1,R2 = {Z eC: Ri< |Z’ < RQ}.

LEMMA 4.4.
(4.7)

N7 (log | (-,w, E)

R T
7AR1,R27T2) — 4(R% - R%)_1T;2 /R pdp/o rdr
1

5l gL (Epr 1 y)s0 ) — Lv(€(p).0, )

where §(p,r,y) = log|p +re(y)], §(p) = log p.



372 MICHAEL GOLDSTEIN and WILHELM SCHLAG

Proof. Due to the definition of J(u,D,r2) one has

Nﬁlj(log|fN( w E)| AR1,R27T2)

T 1
|«ia]\;|7“2/3 pdp/ Tdr{/ d-’If/ dy log!fzv(,oe( )+ re(y), w, B)|

- g f(peli) . B

4r N1 2 1 1
[ o [ rar [ ao [ el + retw)iete) . B)
|~AR1,R2|T2 0 0 0

- gl (peta). . B
9 Ra T2
=4(R% — R 'ry / ,odp/ rdr
R1 0

' Al dy[LN(f(,O,T, y),w,E) - LN(&(/))vva)]

as claimed. O

Set

(4.8) My (w, E, Ry, Rg) := N_l#{z € Ag,.ry : IN(z,w,E) = 0}.

Remark 4.5. Recall that log|fn(z,w, E)] < C(V)N. Corollary 4.2 and
the previous lemma therefore imply that

MN((U,E, Rl, RQ) S C(V)

for any N and Rj, Rp. Furthermore, if V(e(x)) is a trigonometric polynomial
of degree kg then

V(z) =z M P(2)
where P(z) is a polynomial of degree 2ky. Hence, with w and FE fixed, one has
Nk £ (2,w, E) = Fy(2)
where Fy(z) is a polynomial of degree 2Nky. Therefore, in this case
Mpy(w, E, R, Ra) < 2k
which will be crucial for the 2kg bound at the end of Theorem 1.3.

The following lemma allows us to compare these averages for different
scales. Later, this will be the crucial device that prevents “pre-gaps” from
collapsing at subsequent stages of the iteration.
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LEMMA 4.6. Assume v = L(w, E) > 0 and fix some small 0 < 0 < 1.
There exist Ny = No(V,w,v,0), p© = pO(V,w,~) > 0 such that for any
n > Ny, N >exp(yn?), 1 —p© < Ry < Ry <1+ p® one has

(4.9) MN(w, E, Ry + 9, Ry — 7“2) < /\/ln(w, E, Ry — T‘Q,RQ + 7"2) + n_1/4,
M (w, E, Ry + 9, Ry — 19) < My (w, E, Ry — 19, Ry +19) +n~ /4,

where ry = n*1/4(R2 — Ry) and provided ro > exp(—yn?/100).
Proof. Recall that due to avalanche principle expansion one has
||Mn (e(x +nw +iy),w, E) H HMn(e(x + iy),w, E) H
[Mzn (e + iy),w, E) |

| M (e(@ + nw +iy)) || || Me(e(z + (n — Ow +iy),w, E) || '
| Mae(e(x + (n — O)w + iy)||

log

—log < exp(—m n'/?)
for any |y| < po/2, x € T\ By, mes B, < exp(—fyl nl/g) where ¢ = [n1/2],
= L(w, E) /2"

That implies in particular

(4.10) Ln(y,w, E) — Lop(y,w, E)
= Ly B) ~ Ly, B)) + O exp(—2n'/2)).

Let {(p) = logp, &(p,1y) = loglp +re(y)], R1 < p < Ry, 0 <1 <1y,
0 <y <1, asin Lemma 4.4. Then, by Lemma 2.10

(@11)  |Lie(&lp ) w, B) = Lis(&(p),w, E)| < CR v, =12
Recall that for any N > exp(vy; n?) one has
‘LN(vav E) - 2L2n(yv W, E) + Ln(vav E)‘ < eXP(*WnU) ;

see [GSO01]. Hence, due to (4.6) and Lemma 4.4

4|A
MN(W’E7R1 + TQ’R2 o T2) S % j<log ’fN(ava) aAR1,R277"2)
rsN
(4.12)
114 )
- |f?1’R2|‘7<n l[log’an("w’E)‘ B log ’fn(‘,OJ,E) ]’ARI,R27T2>
2

(4.13)

+ O((Rg — Rl)TQ_Q exp(—fygn")).
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Next, we rewrite the Jensen average in (4.12) using Lemma 4.4:
]7 AR1,R27 7"2)

AR R, 7”2)

j(n_l[log ’f%(-,w,E)‘ —log ’fn(~,w,E)

(4.14) ZQJ(%IOg’an(WW’E)’_%log’fn('vva)

(4.15) + j(n‘llog ‘fn('vva)

) ‘ARl,RQ ) T?) .

Inserting (4.15) into (4.12) leads to the main term on the right-hand side
of (4.9). It is bounded above by My, (w, E, Ry —r2, Ry +12) in view of (4.6). It
remains to bound the error term (4.14). We introduce the shorthand notation

SLa(&(p,r,y)sw, E) = Ly (€(p),w, E)]
- 47T/Rzpdp /Or2 Tdr/ol dy[Ln((p, 7 y), 0, E) Ly (£(p),w, E) .

(R% - R%)T% Ry
Hence, the Jensen-average in (4.14) equals, see (4.10),
S |:L27L <§(p7 T, y)v w, E> — Ly, (f(p7 T, y)> w, E)]
= 8[Lan(€(p),w, B) = La(€(p), w, E)|

- 28[L24<5(p7747 y)vva) - Lf(f(pv Tay)?w7E)}
~ 28 [La(€(0) 0, B) ~ Le(€(0), 0, B)
+ O(exp(—’ygnlﬂ)).

By the Lipschitz bound (4.11), we can further estimate the absolute value here
by

S ‘fLS [LQ@(f(p,T, y)awa E) - L%(‘f(p)vwv E)] ’
+ 'fLS[Lg(ﬁ(p,r, Y),w, E) - Lg(f(p),w, E)} ‘ + O<6XP(—727L1/2)>
< n~ 2y + O(exp(—72n1/2>).

4‘~AR1,R2‘

2
L)

In view of our assumptions on ry the lemma is proved. ([

So the total error is the sum of this term times plus the error in (4.13).

5. Eliminating resonances via resultants

In this section we describe the mechanism behind the process of eliminat-
ing “bad” frequencies w, which is fundamental to everything we do. “Bad”
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here refers to those w which produce too many too close resonances. More
precisely, we will need to ensure that the zeros of

fo,(,w, E) and fy,(-e(tw),w, E)

do not come too close. This requires the elimination of a set of energies of
small measure and not too large complexity. The elimination method is based
on the natural idea that w and tw act almost as independent variables (due
to w being the slow and tw being the fast variable). On a technical level this
will be accomplished via a Cartan estimate on the resultant of two polynomials
(which themselves come from the Weierstrass preparation theorem applied to
fes fey). For those properties of the resultant which we need here, we refer
the reader to Appendix A. We would like to draw the reader’s attention
to the fact that all sets removed in this section are very small in terms of
Hausdorff dimension. Indeed, the complexity of the bad sets is always less
than their measure raised to an arbitrarily small negative number (at least for
fn with N large). This is one reason why we are able to eventually remove
sets of Hausdorff dimension zero. Another reason has to do with the second,
a completely different, elimination method used in this paper. It is designed
to remove triple resonances and is based on the implicit function theorem
rather than resultants; see Section 14. It should be emphasized, though, that
Section 14 must come after this section in the sense that the methods there can
possible only work after we have removed the frequencies (as well as energies)
specified in this section. This is simply due to the fact that the implicit function
theorem requires a nondegeneracy condition which can be guaranteed only via
the results of this section.

LEMMA 5.1. Let f(z;w) = 2F +ap_1(w)zF "1+ -+ ag(w) and g(z;w) =
2™ 4 b1 (0) 2™ 4 bg(w) be polynomials whose coefficients a;(w), b;(w)
are analytic functions defined in a domain G C CL. Then Res(f(-,w), g(-,w))
is analytic in G.

Our goal here is to separate the zeros of two analytic functions using the
resultants by means of shifts in the argument, see Section 7 of [GS08], in partic-
ular Lemma 7.4. This can be reduced to the same question for polynomials due
to the Weierstrass preparation theorem. Here is a simple observation regarding
the resultant of a polynomial and a shifted version of another polynomial.

LEMMA 5.2. Let f(2) = 2F+ap_128" 1+ -4ag, g(2) = 2" +bp_12™ 1+
-+ by be polynomials. Then

(5.1) Res(f(- + w)aQ(')) = ()" + e + g

where n = km, and co,c1--- are polynomials in the a;,b;.
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Proof. Let (j, 1 < j <k (resp. 1;,1 < i < m) be the zeros of f(-) (resp.
g(+)). The zeros of f(-+ w) are (; —w, 1 < j < k. Hence

(5:2) Res(f(-+w),9() =(G —w—m)

and (5.1) follows. O

The following lemma gives some information on the coefficients in (5.1).

LEMMA 5.3. Let Ps(z,w) = 2% + asp,_1(w)z¥ 1 + - +as0(w), z € C,
where a, ;(w) are analytic functions defined in some polydisk P = [[D(w;o,7),
i

w = (wy,...,wq) € ce, wy = (w10,...,W40) € C% s =1,2. Set x(n,w) =
Res(Pl(-,w),PQ(- + 77,@)), neC, weP. Then

(5.3) x(m,w) = (—=n)F + bp_1 (w)n* ™t + - + by (w)

where k = kika, bj(w) are analytic in P, j = 0,1,...,k — 1. Moreover, if
the zeros of Pi(-,w) belong to the same disk D(zp,79), ¢ = 1,2, then for all
0<j<k-1,

k ‘ 4
(5.4) 1b(w)| < (k ) (2r0)F < (2rok)F .

—J

Proof. The relation (5.3) with some coefficients b;(w) follows from Lemma
5.2 whereas the bound (5.4) follows from the expansion (5.2). By Lemma 5.2,
x(n,w) is analytic in C x P. Therefore b;(w) = (51)71(9,) x(n, w) ) , are
77:

analytic j =0,1,...,k — 1.

The following lemma allows for the separation of the zeros of one polyno-
mial from those of a shifted version of another polynomial. This will be the
main mechanism for eliminating certain “bad” rotation numbers w. The logic
is as follows: due to the basic definition of the resultant,

()| = TT|Gin(w) = Galm,w)|

i,J

where ¢ 1(w), ¢j2(n, w) are the zeros of P;(-,w) and P»(- + 1, w), respectively.
Therefore, if |(; 1 (w) —(j2(w)| < exp(—kH) for one choice of 7, then |x(n, w)| <
exp(—kH). This simple fact allows one to separate the zeros ¢; 1(w) from the
zeros (jo(w) provided w falls outside of a set whose measure and complexity
is controlled by Cartan’s estimate. More specifically, we obtain this separation
by means of a shift by tw; in the z-slot:

LEMMA 5.4. Let Ps(z,w) be polynomials in z as in Lemma 5.3, s = 1,2.
In particular, w € P where P is a polydisk of some given radius r > 0. Assume
that ks > 0, s = 1,2, and set k = k1ks. Suppose that for any w € P the zeros of
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Ps(-,w) belong to the same disk D(z9,70), 10 < 1, s =1,2. Lett > 16kror—1.
Given H > 1 there exists a set

d
BH,t cCP:= ’D(wLo, 8k7’0/t) X H D(wj70,r/2)
j=2

such that Sy (16kret—1,r,....r)(BHt) € Carg(HY4 K), K = CHk and for any
w e 55\ B+ one has

(5.5) dist({zeros of Pl(-,w)}, {zeros of Pg(- + t(wy — wl,o),wﬂ) > ¢ CHE,

Proof. Define x(n,w) as in Lemma 5.3. Note that for any w € P one has

()| > o[t = ()] = il
=l

provided |n| > 8r¢ k. Furthermore, for any w € P,
2rok

)] < P+ S (Y] < gpyp

Z\ )

provided |n| > 8rg k. Hence, by the maximum principle,

sup{|x(n,w)| : [n] < 16rok} < 2(16kro)" .
Set
flw) = X(t(w1 —wi), (wi,wa,. .., wd)>, wy € D(wy o, 16kry/t),

d

(wg, ... ,wd) € H D(wj,Oa 1”).
=2

This function is well-defined because 16krq/t < r by our lower bound on ¢. By
the preceding,

1
sup | f(w)] < 2(16kro)*, ‘f(wLo + 8kro/t, wap, ... ,wd,o)‘ > 5(81@7“0)’“.

We can therefore apply Lemma 2.4 to
¢:fosiol,(wkro/t,r,...,r) with M =log 2+klog(16krg), m=—log2+klog(8kry)

on a polydisk of unit size. Thus, given H > 1 there exists BS,)t C P such that

Suwg (16701, (Big}) € Carg(HY4 K), K = CkH,

it
and such that for any

d

(wi,...,wa) € D(wyo,8kro/t) x [[ D(wjo,r/2)\ By,
j=2
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one has |f(w)| > e"“#*. Recall that due to basic properties of the resultant

|f(w)] = H |Gi1(w) — Gja(w)|
1,]

where (;1(w), (j2(w) are the zeros of Pi(-,w), and Pa(- + t(wr — wip),w),
respectively. Since g < 1, this implies (5.5), and we are done. O

Lemma 5.4 of course applies to polynomials Ps(z) that do not depend on w
at all. This example is important, and explains why quantities like K have the
stated form. This method of elimination applies to the Dirichlet determinants
fo,(-,w, E) and fy,(-e(tw),w, E). We now state a result in this direction. We
shall use the following notation:

Z(f,Q) = {z €Q: f(z) = O} and  Z(f,z0,70) = Z(f,D(z0,70))-

PROPOSITION 5.5. Let V' be analytic on A,, and real-valued on T. As-
sume that L(w,E) > v > 0 for al? w,E. Fiza > 1, and 1> ¢ > 0 as well
as a bounded set S C C. There exists by = o(V, po,a,c,7,S), such that for

any €1 > b > ly the following holds: Given t > exp((log El)co>, H > 1, there
exists a set Qy, ¢, ¢ gy C T, with

(5.6) mes (9517527t,H) < exp((logﬁl)cl)e*‘/ﬁ,
compl(le,g%t,H) < texp((logﬁl)cl)H,
such that for any w € Teq \ Q0,1 there exists a set Eg, gyt Hw With

mes (5@1752,t7H7w) < texp((log Kl)cl) e_‘/ﬁ,

compl (5@1732,t7H7w) <t exp((log El)cl)H,

such that for any E € S\ &, 5.4, Hw One has

(5.7)  dist(Z(f (0. B), Apy ). Z(fir (eltw). w, ), Ay ) ) > e 080,

(5:8)  dist(specHi (e(0),)) \ € s
spec(Hez (e(xo + tw),w)>> > o~ H(10g 1)z

Here C; are also allowed to depend on S.

Proof. Fix some choice of 2y € Ay, Ey € S, and wy € T.,. By the
Weierstrass preparation theorem of the previous section we can write

fo,(e(2),w, E) = Pi(z,w, E)g1(2,w, E)

20ne can localize here to intervals of w and E.
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and

fo,(e(z 4+ twp),w, E) = Py(z,w, E)ga(z,w, E)

for all

(z,w, E) € Py :=D(z0,70) X D(wo,T) X D(Ep,r),
where? ro < ¢!, r < exp(—(log £1)¢?), and g; does not vanish on P. More-
over, each Pj(-,w, E) is a polynomial of degree k; < (log ¢;)“° for all (w, E) €
D(wj,r) X D(E;,r) and all its zeros belong to D(zp,79). Apply Lemma 5.4,
with ¢t > (log £1)¢" > 16k1koror™!, to the polynomials

Pl(-,w,E), Pg(-—i—t(w—wo),w,E).
Thus, for any H > 1 there exists By C D(wo, 8kro/t) x D(Ep,r) with
{ (tw=w0)/(16kro), (B~ Eo)/r) : (w, B)€Buy } € Cans(H'2, K), K =CHE,

so that for any (w, E) € D(wo, 8kro/t) x D(Ey,7/2) \ Br+ one has
(5.9)
dist({zeros of P(+,w, E)}, {zeros of PQ(‘ +t(w; —wrp),w, E)}) > e CHE,

By definition of P;, P> (5.9), this implies that
dist(Z(fgl(-, w, E), 2o, ro),Z(fZQ(-e(tw),w, E), 2o, 7"())) > e~ H(log )1
Now let zg,wg, Eg run over a net
N ={(zj,wj, Ej)}/—1 C Apy X Tea x S

so that each point in A,, x T, X S comes (rg,krg/t,r)-close to one of the
points in A and no two points in N are closer than this distance. Denoting
by Br+(j) the bad set constructed above for each point in N, there exists

Qj € wj +t tkroCary(VH, K)

so that for each
A D(w]',k’l“o/t) \ Qj
the z-slice &, := B (j)|. belongs to E; 4+ r Cari (v H, K). Now define

Qo1 = J Y-
j

By construction, Qy, ¢, + i satisfies (5.6). Moreover, for each w € T¢ o \Qp, 0541
we may define

Etr i =&z
j

3We remind the reader that = means proportional. The constant of proportionality here
is allowed to depend on V, po,a,c, 7y, S.
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Then

mes (£, ¢,1.Hw) < texp((log 1) )e VH,

Compl(“:@llQ,t,H,w) < exp((log £1)01)tH2
as desired. If (5.7) failed, then there would have to be 21,20 € A, and
wo € Tea \ Qo1 and Eg € S\ &, ¢, 4,1 such that

fgl (21,WQ, Eo) = ng (de(tWO),wO, E()) = 0, |Z1 — 22’ < e—H(log£1)02.

Then (z1,wo, Eo) € D(zj,r0) X D(wj, kro/t) x D(Ep,r) for some choice of j.
By construction, wy € D(wj, kro/t) \ ; and Ey € D(Ey,r) \ £, which implies
that
|21 — 29| > e~ “HK;

see (5.9). This is a contradiction and we are done with (5.7). For (5.8), assume
that fo, (z1,w, E1) =0, fr, (zle(tw),w, E2) = 0 for arbitrary z; = e(zg), and
(5.10)

|Ey — By| < e Hlogt)

Then, by Corollary 2.14,
‘ng(zle(tw),w, El)’ S |EL — By exp(ﬁgL(w, Ey) + (logKQ)B)
< exp(loL(w, By) — H(log 1)°“?).

3Co

Ey € [-C,CI\ &yt s w € T\ Quy gy 1. -

By our choice of Fj, there exists zp so that |2y — 21| < exp(—100H (log ¢1)%?),
for which

fo, (zze(tw), w, El) =0;
see Corollary 2.18. But this would contradict (5.7) and we are done. g

6. Localized eigenfunctions in finite volume

In this section we apply the results of the previous section to the study
of the eigenfunctions of the Hamiltonian restricted to intervals on the integer
lattice. More precisely, we shall obtain a finite-volume version of Anderson
localization (albeit, at the expense of removing a small set of energies). This
section corresponds to Section 9 of [GSO08].

LEMMA 6.1. Let w € T.,, By € R, L(w,Ey) > v > 0, and N >
No(V, po,a,c,, Ey). Furthermore, assume that

(6.1) log | f (20, w, Eo)| > NL(w, Bo) — K/2
for some zy = e(w), o € T, K > (log N)°°. Then

(6.2) G320, @, E) i, )| < exp(—(k = §) + K),
(6:3) |91 3120, 0, B) | < exp(K),
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where Gy n)(20,w, Eo) = (H(zo,w) —Eo) is the Green function, v=L(w, Ey),
1<j<k<N.

Proof. By Cramer’s rule and the uniform upper bound of Proposition 2.12
as well as the rate of convergence estimate (4.10),

(6.4)
G320, w0, E) (i, k)|

= ‘fj—l(zovwan)‘ : ’fN—k(Z()e(kw)’waEO)‘ : ‘fN(me’Eo)

< |#v(z0.w, Bo)| " exp(NL(w, Eo) — (k — j)L(w, Eo) + (log N)°).

Therefore, (6.2) follows from condition (6.1). The estimate (6.3) follows from
(6.2) via Hilbert-Schmidt norms. O

‘71

Any solution of the equation

(6.5) —¢n+1) = —-1) +v(n)p(n) = Ed(n), nel

obeys the relation (“Poisson formula”)

(6.6)

(m) = Glap)(E)(m,a — 1)ip(a = 1) + Ga ) (E)(m, b+ 1)ip(b+ 1), m € [a, b],

where G|, (E) = (H[a,b} — E)_l is the Green function, Hp,y is the linear
operator defined by (6.5) for n € [a,b] with zero boundary conditions. In
particular, if v is a solution of equation (6.5), which satisfies a zero boundary
condition at the left (right) edge, i.e.,

PY(a—1)=0 (resp. ¥(b+1)=0),
then
Y(m) =G p)(m, b+ 1)p(b+1)  (resp. p(m) = Gigp)(m,a —1)(a —1)).

The following lemma states that after removal of certain rotation numbers
w and energies F, but uniformly in € T, only one choice of n € [1, N] can
lead to a determinant f(z + nw,w, ) with £ < (logn)® which is not large.
This relies on the elimination results, see (g) in Section 2, and is of crucial
importance for all our work.

LEMMA 6.2. Fiz a > 1,¢ > 0 and assume that L(w,E) > v > 0 for
alll w,E. Given N > No(V, po,7,a,c) large, there exist a constant B =
B(V, po,7,a,c) and a set Qn C T with

mes (Qy) < exp(—(logN)B>, compl(Qy) < N?,

4This can of course be localized to intervals of w and E.
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such that for all w € T.q \ Qn there is a setd Envw CR,
mes (En ) < exp(—(log N)B>, compl(En,) < N2,
with the following property: For any x € T and anyw € T o \Qn, E € R\ENny

either

(6.7) log| fe(e(x + nw), w, E)| > £L(w, E) = V¢
for all

(6.8) (log N)*B < ¢ < 4(log N)*°B

and all 1 < n < N, or there ezists n1 = ni(x,w, E) € [1, N]| such that (6.7)
holds for all m € [1, N]\ [n1 — Q,n1 + Q], with

Q= Lexp((loglogN)Bl)J, By = B1(V, po, 7, a;c)

but not for n = nyi. Moreover, in this case

(6.9) ‘f[lm] (e(w),w,E)‘ > exp(nL(w,E) — (log N)lOOB>
foreach 1 <n<mny;—Q and
(6.10) 'f[n,N] (e(z),w, E)] > exp((N —n)L(w, E) — (log N)'%°F)

foreachmni +Q <n<N.

Proof. Let By > 2 (below, we will need to make B large depending on a
as well). With a > 1 and ¢ > 0 fixed, we let £, 4, + g be as in Proposition 5.5
and define

Oy = Q.1

where H = (log N)?P is fixed, and the union runs over /1, fs as in (6.8), and
N >t> exp((loglog N)QCO) where Cy is from Proposition 5.5 (thus, take
By =2Cy). For any w € T, \ Qn define

gN,w = U gﬁl,lz,t,H,w

where &, ¢, 1 Hw 1S from the proposition and the union is the same as before.
Now fix w € Tc, \ Qn, E € R\ En, and suppose (6.7) fails somewhere; i.e.,

log ’le (e(z + n1w), w, E)‘ <O L(w,E) =/t
for some 1 < ny < N and ¢; as in (6.8). By Corollary 2.18 there exists z; with
1
|21 — e(z + mw)| < e and

fo,(z1,w, E) = 0.

5The sets Qn,EN,w also depend on V, po,7,a,c but we omit these parameters from our
notation.
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If
log ’fb (e(x + now), w, E)‘ < UyL(w,E) — \/ls

for some /5 as in (6.8) and |ny — nqy| > exp((log log N)Bl>, then for some zj,
and t := ny, —ng,

fe, (z@e(tw),w,E) =0 with |21 — 2| < ¢~ (o M)
However, by our choice of (w, F)

|21 — 22| > exp(—CH(log log N)Cl) = exp(—C’(log N)3B(loglog N)Cl)
which is a contradiction for N > Ny large. Thus (6.7) holds for all ¢ as
in (6.8), and any 1 < n < N such that |n —n;| > exp((loglogN)Bl). This
property allows one to apply the avalanche principle Proposition 2.8 to the
determinants appearing in (6.9) and (6.10). It will suffice to consider the
former with n > (log N)?°B: in view of (6.7) the conditions of Proposition 2.8
hold if we choose the factor matrices A; there to be of length as in (6.8). This
yields that
n
IOg )f[l,n] (e(:v),w, E)‘ Z TLL((/J, E) — CW >0

provided Ny is large. In fact, we can vary x here: note that by Corollary 2.15,
if (6.7) holds at z, then it holds also for all z € D(e(:v), e‘z), ¢ = (log N)?0B,
Repetation of the avalanche principle expansion for those z yields

(6.11) fom (2w, E) # 0.
Now suppose
log ‘f[l,n]<e(m),w, E)’ <nL(w, E) — (log N)lOOB.
By Corollary 2.18,
fam(z,w, E) =0
for some |z — e(z)] < exp(—(log N)®0B ) provided B is sufficiently large (de-
pending on a). This contradicts (6.11) and we are done. O

Remark 6.3. It follows from Corollary 2.15 that (6.7) is stable under per-
turbations of E by an amount < e~“¢. More precisely, if (6.7) holds for E,
then

log ’fg(e(a; + nw), w, E’) > (L(E' w) — 2V

for any E' with |E' — E| < e~¢*. Inspection of the previous proof now shows
that (6.9) and (6.10) are therefore also stable under such perturbations.

The previous lemma yields the following finite volume version of Anderson
localization.
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LEMMA 6.4. Fiz a > 1,¢> 0, assume that L(w,E) > v >0 for all w, E,
and let Qn and En,, be as in the previous lemma with N > No. For any
z,w € T, let {E](-N)(a:,w)}jil and {1/1§N)(x,w,-)}jy:1 denote the eigenvalues
and normalized eigenvectors of Hyy (7, w), respectively. If w € Teq \ Qn and
for some j, E](N)(a:,w) ¢ Enw, then there exists a point V](-N)(x,w) € [1,N]
(which we call the center of localization) so that for any exp((log log N)Bl) <

Q < N and with Ag == [1,N] N [VJ(N) (z,w) —2Q, V](N) (x,w) + QQ) one has

(i) dist(EJ(,N)(gij),speC(HAQ(ggw))) < e QA

2
(i) 3 ‘LZJJ(»N) (z, w; k:)‘ < e~9 where vy > 0 is a lower bound for the
kE[l,N]\AQ
Lyapunov exponents.

Here B, By are the constants from the previous lemma.

Proof. Fix N > Ny, w € T., \ Qn and EJ(.N)(x,w) ¢ Enw. Let ng =

() (z,w) be such that

v

5™ (@, wim)| = max [ (e, win)].

Fix an ¢ as in (6.8) and suppose that, with £ = E](N) (z,w), and Ag := [1, N]N
[nl - Ea ni + E],

(6.12) log | fao (z,w, B)| > [Ao|L(w, B) — VZ.
By Cramer’s rule, see (2.17), this would then imply that
Gro (2,0, B)(k, )| < exp(—r|k — j| + CV7)

for all k,j € Ag. But this contradicts the maximality of ‘wj(-N) (,w; nl)‘ due
to (6.6) and ¢ being large. Hence (6.12) above fails, and we conclude from
Lemma 6.2 that

log ‘fAl(a;,w,E)‘ > |A|L(w, E) — Vi

for every Ay = [k—{, k+¢]N[1, N] provided |k—n1| > exp((log log N)Bl). Since
(6.12) fails, we conclude that fa,(z0,w, E) = 0 for some zp with |z — e(z)| <
et By self-adjointness of Hy,(z,w, F) we obtain

dist(E, spec(HAo(x,w)>) < et ’

as claimed (the same argument applies to the larger intervals Ag around nyg).
From (6.9) of the previous lemma with n = n; — Q (if ny — Q < (log N)?¢0,
then proceed to the next case) one concludes from Cramer’s rule, see (2.17),
that

(6.13) |Gl —q) (@, E)(k,m)| < exp(—[k — m] + (log N)©°)
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for all 1 < k,m < nj; — Q. In particular,
600, < -
for all 1 < k < nj —2@Q). The same reasoning applies to

G[nlJrQ,N} (an,E)
via (6.10) of the previous lemma, and (ii) follows. For (i), note that (6.6)
and (ii) imply that
(H g (,0) = Bf ()™ | < 7792,
Since ||| 2(ag) > 1 — €2, we obtain (i). O

Since eigenvalues of the Dirichlet problem are simple, we can order the
E](-N) (z,w) according to the convention

E£N)(x,w) < EéN)(x,w) << E](VN)(ac,w).

The following corollary deals with the stability of the localization statement of
Lemma 6.4 with respect to the energy. As in previous stability results of this
type in this paper, the most important issue is the relatively large size of the
perturbation, i.e., exp(—(log N)¢) instead of eV, say.

COROLLARY 6.5. Using the assumptions and terminology of the previous
lemma, let w € T., \ Qn, EJ(-N)(x,w) ¢ Enw, and VJ(N)({E,(U) be associated
with l/J](»N) (x,w;-) as stated there. If |E — EJ(-N) (z,w)| < e 108N with B as
above, then

V;N)(wi)_Q

(6.14) Z ‘]"[Ln](e(ac),w,E))2 < e 92 Z ‘f[lvn](e(x),w,E)‘Q

n=1 neAg
where Ag = [V](N) (z,w) — Q, VJ(N) (r,w) + Q] N [1, N]. Similarly,
N 2 _op 2
(615) Z ‘f[n,N](x7waE)‘ <e Z ‘f[n,N](xawa)‘
n:V]<.N)(;r,w)+Q neAg

Finally, under the same assumptions one has

‘f[l,n] (e(x)’ W, E) - f[l,n] (6(33)’ W, E](N) (x7 w)) ‘

(6.16)
< exp((log N)C) ‘E - E](N) (m,w)‘ ‘f[lyn](e(:n),w,E](-N)(:L',w»‘

provided 1 < n < I/(~N)

G (w,w) — Q, and similarly for fi, N)-
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Proof. For each j there exists a constant p;(z,w) so that

P (@, win) = (2, w) fiy ) (2,03 Y (2,0))
for all 1 < n < N (with the convention that fj; g = 1). A similar formula
holds for
Jin+1,N) (e(x)’waEJ('N)(wi))-
As in the previous proof, this implies estimate (6.13) with F = E](-N) (x,w).
Thus, for all 1 <n < Z/J(-N) (x,w) — @ one has

[ (e(@), 0, B, )| < e wednir2 | (e@),w, By (z,0))|.

V;N)(x,w)]

which implies (6.14) for E = Ej(-N) (r,w), and (6.15) follows by a similar argu-
ment for this E. Corollary 2.15 implies that

’f[l,n] (e(x)7w7E) - f[l,n] (e(x)vva]('N)(wi))‘
< exp((log N)C)‘E - E](N) (SL‘,UJ)‘ ‘fu’n} (e(m),w, E](N) (x,w))‘

forall1 <mn < VJ(.N)(x,w) — @, and (6.16) follows for all ‘E — EﬁN)(:U,w)‘ <
exp(—(logN)B). O

7. Quantitative separation of the Dirichlet eigenvalues
in finite volume

At least conceptually, this section provides arguably the most important
single ingredient in the proof of gap formation. It already played a crucial
role in our earlier work [GS08]. Based on the finite volume Anderson localiza-
tion from the previous section, we shall now obtain a quantitative separation
property of the eigenvalues on finite volume. Note carefully that localization
does not depend on the off-diagonal terms in the Hamiltonian — indeed, a
diagonal Hamiltonian has J-function eigenstates which are perfectly localized.
In contrast to this, the separation or even the simplicity of the eigenvalues,
of course, crucially depend on these off-diagonal terms. Needless to say, the
gaps in the spectrum also hinge on this property and this section is one of the
places where it enters in an essential way. The reader will easily see this in
the proofs of the first two results of this section. The off-diagonal terms enter
there simply through the mechanism of transfer matrices; or in other words,
we have to exploit the fact that we are dealing with a second order difference
equation which we can solve via initial conditions.

We now turn to the details. In this section it will be convenient for us
to work with the operators H|_y ni(, w) instead of Hp n(z, w). Abusing our

N) )
)

notation somewhat, we use the symbols Ej( to denote the eigenvalues
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and normalized eigenfunctions of H|_y nj(7,w), rather than the eigenvalues
and normalized eigenfunctions of Hjj yj(z,w), as in the previous section. A
similar comment applies to Qn, En -

The following proposition states that the eigenvalues {EJ(»N) (x,w)}fﬁf !

are separated from each other by at least eV ’ provided w ¢ Q and provided

we delete those eigenvalues that fall into a bad set £y, of energies. We remind
the reader that

SN,

mes (En ) S exp(—(log N)B), compl(En )

and similarly for Qx; see Lemma 6.2. This section corresponds to [GS08, §11].

PROPOSITION 7.1. Fiza > 1, ¢ > 0 and assume that L(w, E) >~ > 0 for
allw,E. Let Qn, &y N be as in Lemma 6.2. Furthermore, fiz 6 € (0,1). Then
there exists No = No(9,V, po, a,c,v) so that for any N > Ny, anyw € T. o\ Qn
and all x one has

(N) s

(7.1) ‘E

i (W) — EIEN) (m,w)‘ >e N

for all §,k provided E](»N) (x,w) ¢ Enw-

Proof. Fix x € T, E](-N)(a:,w) ¢ Enw. Let Q =< exp((loglogN)Bl), see
Lemma 6.2. By Lemma 6.4 there exists

A = [V (@,w) = Qi (2,0) + Q) N[N, N]

so that

(7.2) Z ‘f[—N,n] (6(:6)’W;EJ(‘N)(:E’CU)>’2

nE[—N,N}\AQ

N
< Y fna(ela)w BV @ w)|
n=—N

Here we used that with some p = const

v (@,win) = - flon oy (e(@), w; B (z,0))

for —N < n < N. Note the convention that

Jen-N-11=0, f-n_Nn =1
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One can assume I/](-N) (z,w) > 0 by symmetry. Using Corollary 2.15 and (6.16),
we conclude that

(7.3)

Vi (@,0)-Q

/ 2

Z ‘f[—N,n] (6(1’), w, E) - f[—N,n] (B(ZE), w, EJ(N) ($7 w)) ‘
n=—N
< e_VQ‘E— EJ(-N)(:):,w ‘ (log N)© Z ‘f Non) ( ,W E(N)(x,w))’%
nEAQ
Let ny = uj(-N) (z,w) — @ — 1. Furthermore,
f[ Nn+1]( e(z),w, E) fevmin(e@),w, B (0, 0))
(7.4) - )
~Nn(e(@),w, E) Jl=Nm] (e(x),w, E; (w,w))

= HM[nH-l,n] (€($)a w, E) (f[N’nlJrl] (6(1’), W, E))

f[—N,nﬂ(e(SU)vva)
f[—N,m-H](e( ),w, E<N))>H

f[—N,nﬂ (6(56)7 w, Ej( )>
< eC(”*m)e*’YQ/Q’E _ EJ(N) (z, w)’e(log N)C

(3 sl B ) )

nEAQ

- M[’m-‘rl,n} (6(1‘), W, EJ(N) (l’, w)) (

Now suppose there is E,(CN)(x,w) with ’E,(CN)(e(:c),w) — E](-N)(a:,w)‘ < e N

where the small 6 > 0 is arbitrary but fixed. Then (7.3), (7.4) imply that

v (z.w)+Q ,
75) > |fewa(e@)w, B (@w) = fn (e(@),w, BV (2,w)))|
n=—N
<e ; e ‘f[ Nn] ( ) aEJ('N)(xaw))‘za
nGAQ

provided N° > exp((log log N)Bl).

Let us estimate the contributions of [V§N) (z,w)+Q, N} to the sum terms
in the left-hand side of (7.5).
For both E = E](-N) and EIEN) one has

f[fN,n] (e(m), w, E) = G[V§N)(x,w)+%,N](e(x)’ w, E)

(W Q)
(n,uj (z,w) + 5 f[fNW](_N)(x’wH%fl](e(x)aW,E)
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due to the zero boundary condition at N + 1; i.e.,

fion (e@), w0, BN (2,w)) = fi_nn(e(@), 0, B (2,w)) =0 .

Therefore,

N
@6 Y |fvae@.wB)| <e Y [fvmle@).e B
n:V§N)+Q keAg

again for both £ = E](.N) (z,w) and E = E](CN)(x,w). Finally, in view of (7.5)
and (7.6),
N

@7 Y |feva(e@),w BN @,0) — fion (ela)w, BV (2,0)|
n=—N
<e [ |fiowa(ele) w. BNV (@)
nelg
+ Z ‘f[—N,n] (6($), w, E]E;N)(:U7 w)) ‘2} :
’I’LEAQ

By orthogonality of
{f[—N,n] (e(:U)a W, E](N) (J}, w>>}7]:[:,]v and {f[—N,n] (6(213), W, EIE;N) (.CL‘, w)) }szfN
we obtain a contradiction from (7.7). O

In order to capture the mechanism behind Figure 2 later in this paper, we
will need to achieve the separation property of the previous proposition without
removing any energies. Rather, we will be using some a priori information
which has the same effect as requiring the energies to be “good”. This is done
in the following result which is a corollary of the preceding proof rather than
of the statement itself.

COROLLARY 7.2. Assume L(w,E) >~ >0 for all w, E and let (zo,w) €
T x T¢q be arbitrary where a > 1 and ¢ > 0 are fized. Also, fix constants
1>6>e>0andlet N > No(d,e,V,a,c,v) be sufficiently large. Suppose
there is A = [N, N"] C [-N, N| satisfying

(log N)20 < |A| < N°,  100(log N)?“© < N’ < N"” < N —100(log N )2,
and such that for some pair E1, Eo € R
fr(ze(sw),w, E) #0
Vz € D(e(xg),r0), VE € D(E1,r9) UD(E2,19), Vs € [-N,N]\ A
and all choices of (log N)©0 < k < 100(log N)©° with ro := exp(—(log N)©0/?).

If Eq, By are eigenvalues of H|_y n)(zo,w), then

By — By| > e,
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Furthermore, suppose ¥;(-) are normalized eigenfunctions of the Dirichlet prob-
lem on [—N, N]
Hi_y nj(wo,w); = Ej ;.
Then
(7.8) ’wj(n)’ < exp(—’ydist(n, A)/Q), j=12
for alln € [-N, N].

Proof. Let N':=N'+10(log N)¢° and N":= N"—10(log N)“°. We apply the
avalanche principle Proposition 2.8 to fi_y x/ (zo,w, F) and S w (zo,w, F)
with arbitrary E € D(E1,19) UD(E2,1r0). It will suffice to consider the former.
If for some choice of k as above and —N < s < N/,

log | fx(zoe(sw),w, E)| < kL(w, E) — k%,
then by Corollary 2.18, fx(z0e(sw),w, E) = 0 for some zy € D(e(xo),e*‘/g)
contradicting our hypothesis. Hence, Proposition 2.8 implies that
f[—N,]\_f’] (ro,w,F)#0 VE € D(Fy,r9) UD(Es,10)
and similarly for f[_ NN (zo,w, F). In fact, by the same argument,
f[_N7N/}(Z,w,E) #0 Vze D(e(ajo),’l”o), VE € D(E1,To) U D(EQ,T()).
Now suppose that for some choice of E € D(FE1,ry) UD(Es, 1),
log | fi_n 51 (20, w, E)| < (N' = N)L — (log N)>°°.
Then Corollary 2.18 implies that fi_y y1(z,w, E) = 0 where |z — e(zo)| <
exp(—(log N)°), a contradiction to our choice of . Thus,
log | fi_n ) (x0, w, B)| > (N' = N)L — (log N)>°,
log | fzn (0, w, B)| > (N = N")L — (log N>,
which in turn imply the Green function bounds
|G[7N,N’} (1:07 W, E)(p7 q)| < eXp(—fy|p - Q| + (log N)QCO) Vp, qe [_Nv N/]a
|G vy (20, w, E)(p, q)| < exp(—7lp — q| + (log N)*®)  ¥p,q € [N, N]

and some constant Cp = Cp(a); see Cramer’s rule (2.17). These bounds
prove (7.8) via the Poisson formula (6.6). Furthermore, inspection of the proofs
of Corollary 6.5 and Proposition 7.1 shows that they apply verbatim to the
situation at hand (the only difference here is that eV * needs to beat eV 7). In
particular, |E; — Ea| > eV * for large N as desired. O

The eigenvalues EJ(.N) (x,w) of the Dirichlet problem on [—N, N] are real-

analytic functions of x € T and can therefore be extended analytically to a
complex neighborhood of T. Moreover, by simplicity of the eigenvalues of the
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Dirichlet problem, the graphs of these functions of x do not cross. Propo-
sition 7.1 makes this noncrossing quantitative, up to certain sections of the
graphs where we lose control. These are the portions of the graph that in-
tersect horizontal strips corresponding to energies in Ey,,. The quantitative
control provided by (10.1) allows us to give lower bounds on the radii of the

disks to which the functions E](-N) (z,w) extend analytically.

COROLLARY 7.3. Fiza>1,¢>0aswell asd € (0,1), assume L(w, E) >
v >0 for all (w, E), and let Qn, En be as in Lemma 6.2. There exists a large
integer No(V,~,a,c,0) such that for all N > Ny the following holds: assume
fn(zo,wo, Ep) = 0 for some xg € T, wy € Te o \ O, and Ey € R\ En . Then
(with wo fized)

(7.9) In(z,w0, B) = (E = bo(2))x(2, E)

for all z € D(xg,ro), E € D(Ep,r1) where r| = e_Né, ro = C~'ri. Moreover,

bo(2) is analytic on D(xo,r0), x(2, F) is analytic and nonzero on D(xg, 1) X
D(Eo,?”l), bo(xo) = E().

Proof. By Proposition 7.1, fy(xg,wo, F) # 0 if E € D(Ey,r1), E # Ejp.
Since Hy(xg,wp) is self-adjoint and

HHN(ZMO) - HN(%,WO)H < |z — o],

it follows that fn(z,wo, E) # 0 for any |z — x| < C7lry, & < |E— Ep| < 21.
The representation (7.9) is now obtained by the same arguments that lead to
the Weierstrass preparation theorem; see Proposition 2.26. U

We shall also require quantitative control on the function y. Let zy :=
e(zp).

COROLLARY 7.4. Using the notation of the previous corollary one has

In(z,wo, B) = (E = bo(2))x(2, E)
where x(z, E) is analytic in D(zop,r9) X D(Ey,19) and obeys the bound
NL(Egy,wo) — N¥ <log|x(z, E)| < NL(Ey,wo) + N®

for any (z, E) € D(z0,70/2) X D(Ep,10/2).

Proof. Due to the uniform upper estimates on log |fx| one has

| = bo(2)|[x(2, B)| < exp(NL(Ep,wo) + (log N)*)

for any (z, E) € D(zp,r0) x D(Ep,ro). Taking arbitrary z; € D(zo,r0), E1 €
D(Ey,10/2), we distinguish two cases:
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(a) Tf | Ex = bo(21)| > 70/4, then
(7.10)
[X(21, E1)| < 4exp(NL(Eo,wo) + N°),  log|x(21, E1)| < NL(Eo,wo) +2N°

(b) Otherwise, |E — bg(z1)| > ro/4 for any |E — Ey| = r9/2. Hence
Ix(z1, F)| < 4exp(NL(Ep,wp) + N‘S)

for any |E — E1| = r9/2 in this case. The maximum principle implies (7.10).
Thus (7.10) holds for any z; € D(zp,70), E1 € D(Ey,r9/2) which proves the
upper estimate for log |x(z, F)|. Furthermore, |by(z)| < 1 for any z € D(zg,10).
Hence

log|fn(z, E)| <log|x(z, E)|[ + C.
It follows from the large deviation estimate that given Ey € D(Ey, o) there
exists z; € D(zp,70/4) such that

log [x(z1, E1)| > NL(Ep,wp) — N%.

Therefore, the lower bound for log|x(z, E)| follows from the Harnack inequal-
ities. |

8. Evaluating Jensen averages via the Harnack inequality

This section is part of the

of crucial importance to the gap development, as we shall see later. Technically

‘zero counting machinery” from [GS08] and is

speaking, the goal of this section is to develop estimates for log || My|| that are
analogous to those valid for log | f(z)| where f is analytic. Special attention will
be paid to the location of the zeros of the entries of M. Similar considerations
appear in [GS08|, and as in that paper it will be convenient to work in the
following degree of generality:

Definition 8.1. Let M(z) be a 2 x 2 matrix-function defined in a disk
D(zy,70) C C, 19 < 1 and let

~ai(z)  aia(z)
(8.1) M (z) = Lm(z) a22(2)}

det M(z) = 1. We say that M (z) satisfies an abstract large deviation estimate
(ALDE) provided the following holds: let 100 < K := sup{HM(z)H Pz €

D(zo,ro)} < 00. Then for any H > (loglog K)¢ one has
(ALDE) log aij(z)’ >logK — H

for any entry a;; which is not identically zero and all

=/

J
2 Do) \B. B= PG, r=res (o

j=1
and J < (loglog K)4.
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In our applications, A,C will be constants as in Definition 2.6. This
definition is set up to be scaling invariant, which is useful throughout this
section. We begin by recalling the following version of Harnack’s inequality:

LEMMA 8.2. Let f(x) be analytic in D(z9,70) and nonvanishing in D(zo, 1)
with 0 < ry < rg. Assume that

100 < K := sup{|f(z)| 1z € D(zo,ro)} < 00.
Assume also that
(8.2) |f(z0)| > K.
Then, with some absolute constant C,
F(OI < Clf(2)]
for any z,{ € D(20,72),72 = (1 + log K)~2ry.

Proof. The function u(z) := log K —log | f(z)| is harmonic and nonnegative
in D(zp,71). Applying Harnack’s inequality to it in D(zp,71) yields

[1—2(1 + log K)~*|(log K —log|f(20)])
<log K —log|f(2)| < [1 +3(1 +log K)*|(log K — log|f(20)|)
for any z € D(zg, r2). Hence, using (8.2), this implies that
—2—log|f(z0)| < —log|f(2)] <2 —log|f(z0)]
for any z € D(zp,72), and the lemma follows with C' = e*. (]
Next, we turn to matrices as in Definition 8.1.

LEMMA 8.3. Fix some 0 < 61 < %0. Then for K sufficiently large depend-
ing on 01, the following holds: suppose that one of the entries a;;(z) has no
zeros in D(zp,71), with exp(—(log K)*)rg < ry < exp(—(log K)*)rg. Then

2]
|21z

for any |z — zo| < r1 for which the right-hand side of (8.3) is < %, say.

(8.3) log

‘ < exp((log K)561)]z — z0|r0_1

Proof. We first claim that
(8.4) log |[M (20)]] > log K — (log )™

Let aj,j,(2) be an entry which has no zeros in D(zp,71). Due to condition
(ALDE) there exists z; with |21 — 2| < 7o exp(—(log K)3%) such that

|aiogo(21)] = K exp(—(log K)*') > K~
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Since aj,j,(2) is analytic and does not vanish in D(z1,r1/2), one can apply
Lemma 8.2 with 27 in the role of zy3. Therefore,

log |aiyjo (21)| — C < log |aiqy,(20)]

Hence,
10g |aiyjo (20)| > log K — (log K)>
which implies (8.4). Next, we note that for any |z — 2| < ro,

1M (2) = M(z0)ll < |2 = 20| sup [M'(Q)Il < 2]z —zolrg"  sup [[M(Q)

¢—20[<r0o ¢—20|<2r0
< exp((log K)*)|z — zo|rg || M (20)|
where we used (8.4) to pass to the final inequality. This implies that

M) ’ 56 1
— 1| <exp((log K)>°t )|z — zo|r
1M (=z0) ( ) ’
for all |z — 29| < r1, which is the same as (8.3). O

Next, we consider the case when all entries a;j(z) have zeros in D(zg,79).
Assume that for some (g € D(zg,79/4) the following conditions® are valid:”

(a) Each entry a;;(z) has exactly one zero in D((y, po), where
exp(—(log K)?)ry < p < exp(—(log K)®)ro.
We denote this unique zero by ¢;;.
(b) No entry a;j(z) has any zeros in D(o, p1) \ P(Co, po), where
exp(—(log K)*")rg < p1 < g
with 0 < 1007 < §p < 1.
K will need to be large depending on dg, 1.

LEMMA 8.4. The function bjj(z) := ro( CU) a;j(z) is analytic in
D(z0,70) and nonvanishing in D(Co, p1). Set M(z) := {bw }1<Z Then
(8.5) T .= sup{HM(z)H 1z € D(zo,r0/2)} <5K.

Furthermore,
(8.6) log || M(z)|| > log K — (log K)*!

for any = € D(Co, pa) with ps = p1(log K)~2, and
(8.7) log [|M(z)|| > log K + log(|z — Colrg ") — (log K)*
for any z € D(Co, p2) \ D(Co, 2p0)-

6We will later verify conditions (a) and (b) above for the Dirichlet determinants by means
of Proposition 7.1.

In this section po is used with a different meaning than as before; however, there is no
danger of confusion.
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Proof. For every |z — zo| = ro/2 and large K,
2 = Gijl = |z = 20l — [20 — Gol = [Co — Gij| = 70/4 — po =70/5
which implies via the maximum principle that
[bij (2)] < 5laij(2)| <BK VY [z — 20| <70/2

as claimed. Next, it follows from (ALDE) that for some (; € D((p, p1/2) one
has

log [bi;(1)] > log K — (log K)**.
Application of Lemma 8.2 above with (; in the role of zg and p;/2 in the role
of r1 implies that
[bij(2)] > log K — (log K)**

for all z € D((p, p2) where po is as above. Finally, (8.7) follows from (8.6) since

log(|z — Gijlrg ') =log(|z — Colrg ™) — log(|z — Collz — Gil ™)
> log(|z — Colrg ") — log(1 + polz — Ci| ™) > log(|z — Colrg ") — log 2
and since |2 — ;| > |2 —Col = |Co—Cij| > po for all z € D(Co, p2) \ D(Co, 2p0). O

Next, we obtain the analogue of Lemma 8.3 for the case of M(z) as in (a),
(b) above.

LEMMA 8.5. For any z,w € D((o, pa) \ D(Co, p3),

IM@E_ ), 12 =Gl
M (w)] |w — Gol

where py = exp(—(log K)?2)p; and p3 = exp((log K)°2)po, where 1 > 5y >
09 > 361 > 0 and K is large depending on these parameters.

(8.8) log lo < Cexp(—(log K)%)

Proof. Set
aij(2) == (z = Co)rg L by (2), 4,5 = 1,2, M(z) := {aij(z)}lgi,jgz.
Then

1M (2)]] 12 — Gol 1M (2)]| ||V (w)] IV (2)]]
log ———— —log ————— =] —— log —————.
BIMw) -G Og{HM(z)H ||M<w>||}+ T

Since
IME g IME) =M@y =Gl oy o
1M (=)]| IV ()] 125952 |2 — G 03
and similarly,
M@ L, IME =M, =Gl o e

1M ()]~ M) T =i 2= Gl p3
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we see that

tog {RLAIT@ILy

|M ()| 1M (w)]] p3
whereas from Lemma 8.3,
IM(2)| 35 1
log ——| < Cexp((logK) 1)\z—w\r0
’ ([ M (w)

for any z,w € D((o, p2) where py is as above. In conclusion,

M (=)l |z — Gol 361, —1 . AP0
log ———— — log < Cexp((log K)*°t ) pyry - + C—
’ [ M (w)]| lw — Col ( Jurs p3
which implies the lemma. O

Next, we apply these results to the propagator matrices M. Of particular
importance for the zero count are the Jensen averages

(39) T(wzr) = | [u(¢) - u(z)dedn
D(z,r)

(8.10) J(u,D,re) = ][j(u, z,19)dx dy ,
D

where D is an arbitrary bounded domain in the second line (as usual, f means
average). Recall that we are assuming that V' is analytic on some annulus A, .

PROPOSITION 8.6. Let 0 < 1001 < 0 be fized small parameters, w € Teq,
and zg € A, 2. There exists a positive integer No(do,d1,¢,a,7,V, E) so that
the following holds:

(1) Suppose that one of the Dirichlet determinants

fonGw, B), funv-yCw, E), fon(w E), fon-1(,w, E)

has no zeros in D(zy,71), exp(—N?1) < ry < exp(—N%). Then

(8.11) ‘1 HMN(Z’W’E)H

o 2| C

for any z € D(z9,71/2). In particular, with J (u, z,7) defined as in (8.9), one
has

(8.12) T (log | My (-,w, E)||, z0,7) < rexp(N*)

for any e VN <r < r1/2.

2) Assume that for some (5 € A the following conditions are valid:
po/8
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(a) Each determinant

fonGw B), fun-1Gw, E), fonGw E), fion-1(,w, E)

has ezactly one zero in D(Co, po), where exp(—N?%) < pg <exp(—N%).
(b) None of these determinants has any zeros in D((o, p1)\D(Co, po), where

exp(—N") < p1 < po/10 .

Then

[ My (z,w, E)| |z — ol 5
8.13 log ——————— — log < exp(—N°
(849) MG B B il = PN
for any

poexp(N®2) < |z — (o, |w — Co| < p1 exp(—N?2)
where i > g > 09 > 361 > 0. Furthermore,

(19) |7 (g | Mo B)| = log |- ~Gl) 7)| < exp(~N?")

for any z € D((o, p1/2) and any poexp(N?2) < r < pyexp(—N292). Statements
similar to (1) and (2) hold with respect to zeros in the E-variable with z = e(x)
arbitrary but fized.

Proof. Part (1) follows from Lemma 8.3 with a choice of ro = pg/2. Part
(2) follows from Lemma 8.5. In both cases, the (ALDE) holds due to the large
deviation theorem for My and fx; see Propositions 2.7 (for the LDE in x)
and 2.23 and Remark 2.24 (for the LDE in E). O

9. A multi-scale approach to counting zeros
of Dirichlet determinants

The basic question motivating this section is as follows: suppose
J—1
[1I,N) = U[no,nj+1), l=ng<ny <---<njy=N.
j=1
Can we relate the number of zeros of fj; v)(-,w, E) in D(20,7) to the sum of
nj+1)(-,w,E) in D(zp,7)? This seems like a very
farfetched question; indeed, since typically

the numbers of zeros of fj,,,

J—-1
(91) f[l,N)('kuE) 7é H f[nj,nj+1)(')w7E)
j=0

there is no reason to assume that the zeros on the left-hand side are in any
way related to the zeros on the right-hand side. Nevertheless, we shall see in
this section that under certain conditions (which will still be flexible enough
for our purposes) such an addition theorem does hold for the number of zeros.
The basic tools here are the avalanche principle and the Jensen averages from
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Section 2. The former will give us something akin to (9.1), whereas the latter
allows for an effective zero count based on averaging. Averaging here is par-
ticularly important as it “washes out” a set of exceptional phases that need
to be removed for the avalanche principle to hold. Results similar to those of
this section can be found in Sections 12 and 13 of [GS08]. We describe how
to combine Proposition 8.6 with the avalanche principle expansion to count
precisely the number of the zeros of Dirichlet determinants. The following
definition is very important in this regard. For the following definition, recall

that Z(f,z,r) ={¢ € D(z,7) : f(¢) =0}.

Definition 9.1. Let £ > 1 be an integer, and s € Z. Fix (w, F) as well as
some disk D(zo,r0). We say that s is adjusted to (D(zo,70),w, E) at scale £ if
for all £ < k <1004

Z(fr(-e((s +m)w),w, E), z0,m0) =0 ¥V |m| <1002

First, an easy but useful observation: the determinants appearing in the
definition of “adjusted” automatically satisfy a large deviation type estimate.

LEMMA 9.2. Let wy € T.q and Ey € C. There exists by = Lo(V, po, a,c)
so that if s is adjusted to (D(zo,70),wo, Eo) at scale £ > Ly with ro > e_‘/z,
then

log | fi(ze((s +m)wo), wo, Eo)| > kL(wo, Eo) — ki ¥ |2 — 20| < 19/2,
for all |m| < 100¢ and ¢ < k < 100¢.

Proof. Suppose not. Then

1w

log | fr(z1e((s + m)wo), wo, Eo)| < kL(wo, Eo) — k

for some choice of |m| < 1004, ¢ < k < 1004, and |21 — 20| < 79/2. By
Corollary 2.18, there exists

|22 — 21| < exp(—k1/(logk)°) < 70/2

such that fx(z2e((s + m)wo),wo, Ep) = 0. But this contradicts Definition 9.1.
O

We shall now prove that the notion of “adjusted” allows for an affirmative
answer to the “additivity of the zero count” question stated at the beginning
of this section. In the following proposition, the constants implicit in the <
and < notation are absolute. For the vy notation, see (4.2). Also, as usual, V'
is analytic on A,, for some pg > 0.

PrOPOSITION 9.3. Let a > 1,¢ > 0, and fir wg € Tc,. Assume that
L(wo, Eg) > v > 0 where Ey € C is arbitrary but fired. There exists a large



RESONANCES AND THE FORMATION OF GAPS 399

integer
No = No(V, po, 7, a,c, Ep)
such that for any N > Ny the following holds. Let ¢ be an integer (log N)* < ¢
where A = A(V, po,7,a,c, Ep) is a large constant. Suppose that with some
ngp:=1<n; <ng << nyg<njy =N,
J
[1,N] = ]gl[njl,nj) Ulns,N], m:= Ogig](njﬂ —nj) > 10¢4.
We assume that nj is adjusted to (D(z0,71),wo, Eo) at scale £ for each 0 < j <
J + 1, where zg = e(xg), o € T, and eVl <y < po. Let Aj = [nj,nj41)
with 0 < j < J —1 and Ay := [ny, N]. Then, with e VM < rg < N7lry and
Tro = CilT’Q
J

I (log | fi1,n(-swo, Eo)l, 20,70, m2) = Y _ T (log | fa, (-swo, Eo)|, 20,70, 72)
7j=1
1
+ O < (T0T1_1+€7€2>).
Furthermore, suppose also that for all 0 < j < J one has
(9.2) Z(fa, (- wo, Eo), D(z0,3r0/2) \ D(20,70/2)) = 0.
Then
J
Vf[l’N](gwo,Eo)(ZO? 7’0) = Z VfAj (-,wO,Eo)(z()v TO)'
j=0

Finally, if every 1 < s < N is adjusted to (D(z0,71),wo, Eo) at scale £, then
VfN(~,w0,E0)(an Nﬁl?ﬁl) = 0
Proof. We begin by noting that
In(z,wo, Eog) O 10 10
= M E .
{ 0 o) = [o of MxEwoEo) g

The idea is to apply the avalanche principle to the matrix on the right-hand
side by writing it as a product of monodromy matrices corresponding to the
Aj. However, we need to connect any two such adjacent matrices by (much
shorter) ones of length ¢. Hence, we let

A; = [nj + 2¢, Nj+1 — 2@], Aj(z) = MA;(Z,(,Uo,E()), 0<3<J

where My for an interval A C Z denotes the monodromy matrix corresponding
to A. Next, we define

ijl(z) = M(njf%,njfﬂ](szoﬂ EO)’ Bj,2(z) = M(njff,nj}(z’w& E0)7
Bj3(2) = Mn; m;+e)(2, wo, Eo), Bja(2) := M, 1,420 (2, w0, Eo)
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for 1 <j < J and
1 0 1 0
Bos(z) = {O O} My 0)(z,w0, Eo),  Byi12(2) := Mn_¢ n)(2,w0, Eo) {0 0}

as well as Boa(2) 1= M2 (2, wo, Eo), Bry1,1(2) = Mn_2e,n-g(2; w0, Eo)-
Then,

{fN(va()aEO) 0

0 0} = Bo3(2)Bo,a(2)Ao(z)

J

T (Bia(2)Bja(2)Bys(2) Bia(2) Aj(2) ) Bai1.1(2) By s o).
j=1

Since each n; is adjusted to (D(zg,71),wo, Ep) at scale £, Lemma 9.2 implies
that each B;; satisfies an estimate of the form

log || Bji(2)|| > ¢L(wo, Eo) — £7 ¥ 2z € D(z0,71/2).

The point here is that we avoid the removal of sets of measure eV in the
z-variable coming from the large deviation theorem; such sets would be unnec-
essarily large. On the other hand, the large deviation theorem applied to each
A; implies that there exists B := By w5, C C with mes (B) < exp(—m3/4) SO
that for any z € D(zg,71/2) \ B
7
log [|A4;(2)I| > [Aj|L(wo, Eo) — [Aj]5.
Therefore, for all z € D(zg,r1/2)\ B, one has the avalanche principle expansion
(9.3)
log ‘fN(z,wo, EO)‘
= log || Bo,1(2) Bo2(2)|| + log || Bo,2(2) Ao(2)]| + log [[Ao(2) B1,1(2)
+log || BnaAn(2)[| +1og | An Bry1,1(2)]| +10g || Bns1,1(2) Bny1,2(2) |

- (log [1Bo2(2) |l +1og [[Ao(2)[| + -+ +log || B11(2)[| + - - - + 1og || Bna(2)]

_p1/2
+1og | An (=) +10g [ Bas 1 (2)]] +log | Busr2(2)]]) + O(™").

Next, we apply the avalanche principle again, this time to each of the
far(zywo, Ep), 0 < j < J. Thus, we write
J

fAj(zaw()aEO) 0
0 0

= B 8} My, (2, wo, Eo) Ll) 8} = B;3(2)Bja(2)Aj(2)Bj+1,1(2)Bjt1.2(2)

where
~ 1 0 ~ 1 0
Bjs(z)= {0 O} Mip; mj10(2:wo0, E0),  Bj2(2):=Mn, ;) (2, wo, Eo) { } :

0 0
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Now, for all z € D(z9,71/2) \ B,
log | /1, (2, wo, Eo)| = log || B;3(2) Bja(2)|| +log | Bja(2)4; ()
+10g | 4;(2)Bj 111 (2)|| +1og | Bj11(2) Bjgr2(2)||
~ (1og 1 Bja()]| +log [\ A4; ()| + log | Bis11(2)])) + O™

where we again applied Lemma 9.2. Summing these expressions over j, and
subtracting the result from (9.3) show the following: for all z € D(zg,71/2)\ B
(9.4)

log‘fN z,wo, Fo) ‘— Zlog’f/x z,wo, Eo) ’ = ZilogHWk( )| + 09,
k=1

with K < N, where W}, is a 2 X 2-matrix, each entry of which is either identi-
cally zero or a determinant fa(z,wo, Ep) with A C [1, N] being an interval of
length proportional to ¢; the point here is that we set up the avalanche princi-
ple in such a way that the bulk terms containing A;(z) exactly cancel in (9.4).
Moreover, every W}, contains at least one nonzero entry, which necessarily is a
determinant satisfying the conditions of Definition 9.1; i.e., it does not vanish
on D(zg,r1). Thus, by Proposition 8.6, and with ro := r(/10,

J

(9.5) ‘j(logfN(',wo,Eo)LZoﬂ”o,Tz) > T (log|fa,(-;wo, Eo)l, 20,70, 72)
7=0

< Nﬁ_l(rorfl + e_£%>.

We used here that J < N¢~!'. It is important to note that ro is very large
compared to the measure of 5. Hence, when we apply the averaging operator J
1

the exceptional set B only produces an additive error of the form e *?. By
(9.5) and Corollary 4.2,

Ut (-ww0,E0) (20, T0—T2) Svg(20,m0+72),  Vg(20,T0—72) SV (- w0,E0) (20, T0+T2),

where

J
— [T, (=0 o).

j=0
Replacing rg by (r9 £ r2), one obtains similarly
Vfn (-wo,E0) (20, 70) < vg(20,70 + 272), vg(20,70 — 212) < Viy (-0, E0) (20, T0)-
Due to the assumptions of the lemma,
vg(20,70 + 212) = v4(20, 70 — 212)

and the assertion follows. O
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Heuristically speaking, the fact that edges of the main intervals A; are
adjusted in Proposition 9.3 ensures that these intervals are “independent” of
each other. This is of course crucial for the zero count to work. One can think
of it in this way: each zero zj; of det(Hx,(-,wo) — E) produces an eigenstate
Y on A; with energy Fy that is localized strictly inside A; (since by ad-
justedness the Green function decays exponentially close to the edges of A;).
For this reason, we can simply extend each of these eigenstates 1;;(2) to all
of [1, N] by setting them equal to zero outside of A;. This creates an approx-
imate eigenstate of Hjj nj(wo,wo) with energy Ep and therefore a zero 2 of
det(Hp nj(-,wo) — E) which is very close to zjx. Note that in this process the
assumption (9.2) plays a very important role: it guarantees that we do not
“pull in” any zero from outside of D(zy, o) — this may certainly occur under
the process we just described. This discussion shows that the assumptions
of Proposition 9.3 are essentially optimal. We now consider the exact same
questions but with regard to zeros in E rather than z. Just as in the case of
zeros in z there is a notion of “adjusted” for zeros in E.

Definition 9.4. Let £ > 1 be some integer, and s € Z. Fix (z,w). We say
that s is adjusted to (z,w, D(Ey, 1)) at scale £ if for all £ < k < 1004

Z(fr(ze((s + m)w),w, ), Eo,m0) =0 ¥V |m| < 100¢.

Using self-adjointness of Hp(z,w), for z € R and real-valued V' we can
say that the notion of “adjusted” is symmetric with respect to z and E. This
will use the crucial Corollary 2.18.

LEMMA 9.5. Let V' be real-valued on T and let zo = e(xg) where xy € R.
There exists a constant C(V') with the following property: suppose that s is
adjusted to (29, wo, D(Eo,70)) at scale £. Then s is adjusted to (z,wo, D(Ep, 1))
at scale £ for every z € D(z9,C(V)71rg). In other words, s is adjusted to
(D(20,C(V)"trg),wo, E) at scale £ for every E € D(Eq,r0). In particular,

log | fu(e(z + (s + m)wo), wo, E)| > kL(wo, E) — ki
W |E — Eo‘ < T0/2, V|Z — Z()‘ < C(V)il’l”o

and for all |m| < 1004, ¢ < k < 100¢. Conversely, if s is adjusted to
(D(z0,10),wo, Fo) at scale £, then s is adjusted to (2o, wo, D(Ep,71)) at scale £,
where log(r; 1) = log(rg ') (log £)2.

Proof. We need to show that for all £ < k& < 100/
Z(fr(ze((s + m)wo),wo, ), Eo,r0/2) =0 ¥ |m| < 100£

and all |z — 29| < C(V)~ro. Suppose fi(ze((s +m)wo),wo, E) = 0 for some
choice of |z — z| < C(V)~rg, E € D(Ey,70/2), and k,m in the admissible
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ranges. Since for large enough C'(V)

| Hp g (ze((s +m)eo) wo) — Hiy gy (20e((s +m)wo),wo) | < Co(V)]z = 20| < ro/2

and Hpy j1(20e((s + m)wo),wo) is Hermitian, we conclude by Lemma 2.19 that

the latter operator would need to have an eigenvalue in the interval
(E—19/2,E+10/2).

Since this is included in D(Ey, 9), we arrive at a contradiction to Definition 9.4.
The final statement follows from Lemma 9.2.

For the converse, note that if s is adjusted to (D(zp,r0),wo, Eo) at scale ¢,
then for any ¢ < k < 1004

log | fi (20, w0, Eo)| > kL(Eo,wo) — log(rg ") (log k)<
by Corollary 2.18. Next, by Corollary 2.15, fi(z0,wo, E) # 0 for all |E — Ep| <

r1 where r1 is as in the statement of the lemma. O

We are now in a position to state the analogue of Proposition 9.3 with
regard to the E-variable. Recall that the proof of that result used the large
deviation estimate. Here, we shall do the same but with regard to the matrix
function E — Mpy(e(x),w, E). The large deviation estimate for this purpose
is provided by Proposition 2.23.

PROPOSITION 9.6. Let V' be real-valued anda > 1,¢ > 0 and fixwg € Teq.
Assume that L(wo, Eg) > v > 0 where Ey € C is arbitrary but fixed. There
exists a large integer No = No(V, po,7,a,c, Ey) such that for any N > Ny
the following holds. Let £ be an integer such that (log N)4 < ¢ where A =
A(V, po,,a,c, Ey) is a large constant. Suppose that with some ng :=1 < nj <
n2<-~-<nJ<nJ+1 = N,

L:J nj_1,nj)U[ns, N|, m:= Orgr}iélj(njﬂ —n;) > 10L.

Suppose, moreover, that n; is adjusted to (zo,wo, D(Ey,71)) at scale  for each
1
0 <j < J+1, where 2o = e(x0), zo € T, and e=** < ry < exp(—(log )“°). Let
1

Aj = [nj,njp) with0 < j < J—1and Ay :=[ny, N]. Let e < rg< N7 py
be arbitrary. Then, with ry = C~'rg,

J
j(IOg |f[17N](ZO,CUO, )|’ E0>7“07 T2> Z (IOg ‘fA 205 Wo, )|7 EOa r07r2)
+ O(N6_1<7“07“1_1 + e_g%)).

Furthermore, suppose that for all 0 < j < J one has
Z(fA]. (ZOa wo, ')7D(E07 37"0/2) \ D(E07 T0/2)) =
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Then
J

Vf[l,zv](%wo,')(EO’TO) = Z I/fAj (Z7w07,)(E0,7‘0) A ‘Z — Zo’ < C(V)flT‘o.
=0

Finally, if every 1 < s < N is adjusted to (z9,wo, D(Eo,71)) at scale £, then
I/fN(~7wo,Eo)(Z,N_1T1) =0 for all |z — 29| < C(V)"IN~1ry.

Proof. This is very similar to the proof of Proposition 9.3. More precisely,
running the argument of Proposition 9.3 in the variable E rather than z yields
the following:

J

Vf[l,N](va()v')(EO’ UTO) = Z VfAj (Zzwof)(EO’ UTO)
=0

for all z € T where % <u< g. Therefore, using Lemma 2.19 yields that

J

Vf[l,N](vaOf)(EO? To) = Z VfAj (z,wo,-)(EOa 7o)
=0

for all |2 — 29| < C(V)71rg as claimed. O

In applications we will need the n; to be adjusted. This is can be done
via the following results.

LEMMA 9.7. Let wg € Teq, xo € T, Eg € R, and ng € Z. Given £ > 1
and 11 = exp(—(log £)®), there exists
(96) n6 S [’I’Lo — 66, ng + 66]
such that with zy = e(xg),

(9.7) fk(-e(nwo),wo,E()) has no zero in D(zy,11)

for any ‘n — n()) <1004 and £ < k < 100¢L. In other words, each ny is adjusted
to (20, wo, D(Eqy, r2)) with 1y = exp(—(log £)>%).

Proof. Suppose this fails. Then there exists a sequence {k; }3-]:1 C [¢,100]
with J > ¢4 as well as an increasing sequence {nj};’:l C [no — £%,ng + £°] so
that

Z(fr; (-e(njwo), wo, Eo)) N D(z0,71) # 0
for each 1 < j < J. Since there are at most 100¢ choices for k;, there exists
some jg in this range such that

Z( fi,, (-e(miwo), wo, Eo)) N D(20,71) # 0

for some increasing sequence {m;}/_; C [ng — €5, ng + £6] where J’ > ¢2. Since
s, (s wo, Ep) has at most C(V')€ zeros, it follows that there exist 21 € D(z0,71)
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as well as m € [1,2(5] with the property that z1e(mwo) € D(z20,71). However,
this contradicts the Diophantine property of wy. O

This lemma gives us a lot of room to find adjusted sequences.
COROLLARY 9.8. Assume that wy € Tc,o. Given a disk D(zo,71), 11 <
exp(—(log )4) and an increasing sequence {ﬁj}gozl such that fijp1 — nj > €7

for 1 < j < jo, there exists an increasing sequence {nj};ozl which is adjusted
to D(zp,71) at scale £ and such that

(9.8) ‘njfﬁj\ <5, 1<j<j.
Proof. Simply apply the previous lemma to each 7;. O

We now show how one can apply this zero count to improving the bound
on the separation between the zeros as in Proposition 5.5. The point is that
due to passing to a smaller scale we will be able to substantially reduce the
size of t in Proposition 5.5.

PROPOSITION 9.9. Assume that L(w,E) >~ > 0 for all® w,E. Given
¢>0,a>1, and A > 1 there exists Ng = No(V,c,a,v,A) such that for any
N > Ng and T' > 2N there exist Qn 1 C T and Enwr C R with

mes (n7) < T exp(—(log N)A), compl(Qn,7) < T2 N,
mes (En 1) < T exp(—(log N4, compl(En 1) < T2 N
and with the following property: For any w € Teq \ Qn 1, 20 = e(x0), Ep €
R\ Enwr and any N', t which satisfy the following conditions:
(i) (logmin(N, N"))% > log max(N, N'),
(i) 2N <t < T,
one has
Z(fn(20,w, "), D(Eo,m0)) N Z(fn(20e(tw),w, -), D(Eo, o)) = 0
where o := exp(—(log N)%).
Proof. Let ¢ be an integer, £ = (log N)*4. Let Qoy 0.1, and Egy g v H o
be as in Proposition 5.5. Set H = ¢/4,

Qnr = U U Qo o0, H
N<t'<T €<01,02<100¢

and

Envwor= U U &ubrme
N<t<T 0<l1 ,£a<100¢

80mne can localize here as usual.
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Assume that Z(fn(z0,w, ), D(Ep,r0)) # . Due to the last part of Proposi-
tion 9.6 there exists 1 < s < N which is not adjusted to (zq,wo, D(Fp,71)) at
scale ¢, where r := exp(—€7/24); in other words,

Z(f& (Zoe(SCU), w, ')7 D(E(]a ?"1)) 7& (D
for some ¢ < ¢1 < 100¢ . Then, due to Proposition 5.5, provided w € Tc,a\ﬁN,T
and Ey € R\ En 1, one has

Z(f@z (206(5/0‘})7 w, ')7 D(E07 Tl)) = @

for any 2N < s’ < N’. We used here that ¢/ :== s’ —s > N, and N >
exp((loglog £)©°), where Cj is the same as in the statement of Proposition 5.5.
That suffices for Proposition 5.5. Hence

Z(fn(20e(tw), w, ), D(Eo,10)) = 0
due to the last part of Proposition 9.6. O

Next, we use this improvement in the size of ¢ to reduce the size of the
window of localization in Section 6. The gain here is due to an “induction on
scales” which enters into the proof of the previous proposition through the zero
count used there (Proposition 9.9). We shall use the notation of that section,

as, for example, y](-N) (x,w).
COROLLARY 9.10. Assume that L(w,E) > v > 0 for all w,E. Given

¢>0,a>1, A there exists Ny = No(V,~v,a,c, A) such that for any N > Ny
there exist Qn C T, Uy C T, Enw C R, EJ/VM C R with

(9.9) mes (Qn) < exp(—(log N)4), compl(Qy) < N4,
mes () < exp(—(loglog N)A), compl(Qy) < exp((loglog N)A/z),
mes (En.) < exp(—(log N)Y), compl(En,,) < N4,
mes (SJ’VW) < exp(—(loglog N)A), compl(f}v,w) < exp((loglog N)A/2),
satisfying the following properties: For anyw € T, o\ (QyUQy) and anyz € T,
any (?-normalized eigenfunction @/Jj(»N) (z,w) of Hi_n nj(z,w) with associated

eigenvalue E](-N) (z,w) € R\ (Enw U&Y,,) satisfies

) (2, w) (n)] < C exp(—ydist(n, A;)/2)

(x,w)—¢, i

for alln € [-N, N] where A := [V(N) ]

J (x,w)+LN[=N,N| where
¢ = (log N)*4.

Proof. Inspection of the proofs in Section 6 shows that the size of the
window of localization is determined by the size of the shift ¢ that assures
separation of the zeros as in Proposition 9.9. Note that we apply that propo-
sition on scale ¢ rather than IN; the point here is that we then take T" =
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exp((loglog N)P1) which is the size of the localization window guaranteed by
Proposition 6.4 from Section 6. As long as we choose A > Bj the corollary
immediately follows. O

Definition 9.11. Using the notation of the previous corollary, we set
QF = v Uy, (L = EnwUEhL.

In what follows we use this notation for sets satisfying the estimates from (9.9).
We shall also need to go down one more level: Thus, we set

af =afual, €7 =¢el) uel

w 0w

where ¢ = (log N)*4 as in Corollary 9.10.

10. On the parametrization of the Dirichlet eigenfunctions

In this section we describe the graphs of the Rellich parametrization of
the eigenvalues and eigenfunctions. It should be thought of as a preliminary
ingredient in the construction of Sinai’s function A; see Section 13. In this
section we shall assume for simplicity that

Lw,E)>~v>0 VY(w,E)eTxR.

This assumption can of course be localized to a rectangle (', w”) x (E’, E").
In addition, we will fix a > 1, ¢ > 0 and consider T, .

ProrosITION 10.1. Given 0 < § < 1 there exist large constants Ny =
No(6,V,v,a,c), and A = A(S,V,7,a,c) such that for any N > Ny, and any
(log N)A = ¢ there exist Qg\lf), ](\}L as in Definition 9.11 such that for any

weTeq\ 95\1,) and all x € T one has

(10.1) ’EJ(N)(QJ,LU) - E,gN) (x,w)‘ > exp(—£°)

for all j # k provided B\ (z,w) ¢ £\

Proof. This follows from the proof of the eigenvalue separation from Sec-
tion 7 in combination with the reduction of the size of the localization window
which was obtained in Corollary 9.10. (]

We emphasize that §A > 1. Thus, the separation achieved here is always
much smaller than N1,

COROLLARY 10.2. Using the notation of Definition 9.11, assume that
weTeq\ Qg\?) and Ej, (v, w) ¢ 51(\?)w k=1,2 for some x € T. If for j1 # jo

N N
i (2, w) — v (@, w)| < ¢,
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then
EM (@,w) — BN (2,0)] = exp(—(log 0)*)

where A is a large parameter as in the definition.

Proof. Since ’I/](-fv) (x,w) — uj(év) (z,w)| < ¢,

N N
[ (ar,w,m)| < exp(—yln —v))") (2,w)[/2)
for |n — V](-fv)(a;,w)\ > (Y, s = 1,2, due to Corollary 9.10 where C' > 1. Hence,

- (V)
(10.2) dist [Ejs (xo,w),spec(H[VJ(iv)(Lw)_czyyj(‘iv)(w’chg] (x,w))] < exp(—~Y)

and the corollary follows from Proposition 10.1. Indeed, applied to

H z,w),

[1/](;\7) (x,w)—CZ,V](.iV) (z,w)+CY) (
Proposition 10.1 guarantees a splitting between the eigenvalues EJ(»;N), by an
amount exp(—(log#)4%). Since A5 > 1 anyway, we simply set § = 1 and
we are done. Note that (10.2) guarantees that the restriction to the interval
[y](-fv)(x, w)—CY, V](fv) (z,w) + C¥] only affects the estimate by an exponentially
small amount e~ which is acceptable. O

We will now investigate — and single out — those portions of the graphs
of the eigenvalues E;N) (z,w) which have controlled slopes and controlled sep-
arations from the other eigenvalues. In order to obtain reasonable complexity
bounds (i.e., to efficiently limit the number of these portions), we replace the
function V' (e(z)), = € T, by an approximating algebraic polynomial. Since
V() is analytic in A,, the Fourier coefficients ©(n) of v(x) := V(e(x)) satisfy

0(n)| < Boexp (~2n)

where By = max{|V(z)| : z € A,,/2}. Replacing each exponent e(nz) by its
Taylor polynomial leads to the following statement.

 LeEmwma 10.3. Given 0 < 0 < 1, and T > 1 there exists a polynomial
V(z),z € R, with real coefficients such that

1 1% — V()| <

(1) ll;ﬂg! (e(z)) = V(z)| <o,

(2) degV(z) <AT(Ko+logo™t), Ko= Ko(V).

For the remainder of this section, we set ¢ := o = exp(—N?), and T :=
Tn = N + 1 and we denote the corresponding polynomial from Lemma 10.3
by Vy(x). Let H_y nj(z,w) be the Schrédinger operator on [N, N] with
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Dirichlet boundary conditions and with potential VN(;E +nw), =N <n < N.
Furthermore, let

E£N)(:c,w) < EéN)(x,w) << Eé%ll(x,w)

be the eigenvalues of ﬁ[,N,N] (z,w).
LEMMA 10.4. With the previous notation, one has the following esti-
mates:
(1) ||H[—N,N](x7w) - H[—N,N](%W)H <o, v T,w € [_15 1]7
(2) For any z,w € [—1,1], one has 1 < j < 2N + 1; there exists 1 < j; <
2N + 1 such that
() ()
|Ej (x,w) — B (z,w)| < o,
and vice versa.

(3) If for some xz,w

) () N
2in (B (ew) = B (@,w) = exp(=N"),

then one has j1 = j and

IEMN (@, w) — BN (2,w)| < 0, j € [1,2N + 1],
() _ ) Lo s
1§I?égN(Ej+1($aw) E; (z,w)) = 5 exp(—N°).

Proof. (1) follows from the estimate (1) of Lemma 10.3. Properties (2)
and (3) now follow from assertion (1) due to basic facts about perturbations
of self-adjoint operators. O

Set ) B
fn(e(r),w, E) = det(H|_y n)(z,w) — E).

Note that due to property (1) of Lemma 10.3, fN(x,w, E) is a polynomial in
r,w, F with

(10.3) deg fy < N*,  for N> Ny(V,e,a,7).

Given an arbitrary interval [E, E] set

(104)  Bnw(E,E) = {z €[0,1] : spec(H_n n)(z,w)) N (E, E) # 0},
BB, ) = {x € [0,1] : spec(Hi_y x)(2,)) 1 (B, E) £ 0},

These sets have a number of simple properties:

LEMMA 10.5. The sets introduced in (10.4) satisfy the following proper-
ties:

(1) Byw(BE, E) C BNwW(E —0,E +0) C By o(E —20,E 4 20);

(2) mes By (E,E) < exp(—H/(log N)°), where e # = min(1/2,F — E);
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(3) By (E,E) consists of a union of at most O(KoN*) closed intervals,
where Ky is as in Lemma 10.3.

Proof. Property (1) is due to fact (2) of Lemma 10.4. (2) follows from
(1) due to Lemma 2.17 (the analogue of Wegner’s estimate). The edges of the
maximal intervals in the complement of By, are the roots of the equations
fy(z,w,E)=0 or fy(z,w,E)=0.
Since deg fn < KoN*, property (3) follows. O

For the rest of this section, we fix w € T ,\Qn, where Qn,En,, are the
sets from Corollary 7.2 and Proposition 7.1..

COROLLARY 10.6. There exist intervals [£;,&] € [0,1], k = 1,... ko
such that the following conditions hold:

(1) |E](N)(:c,w) - E§N)(x,w)| < o for any x € ij[ég,fg] and any j =

1,...,2N 4+ 1,
. N N 1
@ min (B (,w) - B (2,0)) 2  exp(-N),
: (N ~(N 1
15?§I21N(Eﬂ(‘+%($"") -5 (,w) 2 1 exp(=N?),

for any z € 9[52, ks
(3) mes ([0, 1]\9[62, 1) < exp(—5(log N)P),
(4) ko S NT.
Proof. Set
eV ={EeR : dist(E,Eny) < on)

,w

and
g]\/,w = {x €[0,1] : spec(ﬁ[_N,N](x,w» ﬂé’](\;ri + (ZJ}.
Note that B N
BN,(U - U BN,w(Ea E)?
[EEcey),

where the union runs over the maximal subintervals of 5](\2. One the one

hand, due to the properties of £y, the set 8](\;21 can be covered by at most
N3 intervals [E}, E}/] with

Y (B — Ey) S exp(—(log N)P).

k

Qn the other hand, by Lemma 10.5, it follows that for each such k, tlle set
By . (E, E) is the union of at most < N 4 intervals on the z-axis. Hence, B N 1S



RESONANCES AND THE FORMATION OF GAPS 411

the union of at most < N7 intervals. The maximal intervals in the complement
of BNW are now deﬁned to be [&,&}] with 1 < k < ky. The corollary follows
by combining Lemma 10.4 and Lemma 10.5. (]

We also record the following standard fact about the perturbations of
analytic matrix functions M (z) which take values in the Hermitian matrices.
We state it for the case of H|_y yj(7,w) with N large.

LEMMA 10.7. Assume that for some xg,wq, jo

(10.5) min B} (w0, w0) = 5, (0, w0)| 2 0 > 0.

Then there exists an analytic function E](év)(z, w), (z,w) € D(zg,ro)xD(wo, r0),
ro = Uéﬁ)/N2 such that

spec(Hi_yni(2,w)) NDEN, 00 /2) = (B (2,0)}

for any (z,w) € D(xg,10) X D(woy,70). Furthermore, suppose (10.5) holds
for all jo. If %0(0) > on, then for each j there exists an analytic function

EN)(z,w), (z,w) € D(g, 70) x D(wo, 7o) such that
spec(Hi_y,n)(z,w)) N DE (20, w0), 00 /2) = (B (2,0)}

for any (z,w) € D(xg,10) X D(wo,r0). Finally, for each j,

BN (z,0) — BYV(2,w)] < 20

and
0B (2,0) — 0" By (z,0)] < 201(5) “on

for any (z,w) € D(xzo,7r0/2) X D(wo,70/2).
Combining Lemma 10.7 with Corollary 10.6 one obtains the following.
COROLLARY 10.8. Using the notation of Corollary 10.6 one has
10BN (2, 0) — 8, B8 (2,0)| < Vo
for any x € U[ﬁ,’c,fg] and any j=1,...,2N + 1.
Note that each E( )( w) is an algebraic function (see Appendix A). This
implies the following statement.

LEMMA 10.9. For each j = 1,...,2N + 1 and each 7 > 0 there exist
disjoint intervals [1; ., (7), 77, (T)], m = 1,2,...,mo, mo < N? such that

(i) 105" (2.0)| > 7 for amy @ € [~ 1 1\UII} (7). 7 ();
(i) 102 B (2, )| < 7 for any @ € Yl (7). 0 (7))
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Proof. The degree of fy is < N*; see (10.3). Since fN(x,w,E](-N)(x,w))
= 0, we see that

&cE](N)(x,w) = —8EfN(x7w,E)/3sz(a:,w,E)

E:E](.N)(x,w).
Hence, by Bezout’s theorem in the appendix it follows that the equation
aTE](-N) (z,w) = £7 has at most 2N® solutions, whence the result. O

LEMMA 10.10. Using the notation of Lemma 10.9 define

E;(r,m) = min{ B (2,0) : & € [ (1), 7l (P}

Ej(r,m) = max{E (2,0) 1 @ € [11; (1), 11 (7)1},

m=1,...,mg. Then one has
(10.6) Ej(t,m) — Ej(T, m) < 2r,
(10.7) 1 i (7) = 1 (1) < exp(—log 77" /(log N)©).

Proof. The estimate (10.6) follows from part (ii) of Lemma 10.9. The
bound (10.7) follows from relation (10.6) of Lemma 2.17 (which is the analogue
of Wegner’s estimate). O

Now we obtain the main result of this section. It allows us to control the
graphs of the eigenvalues in terms of slopes and separation properties up to
the removal of certain sets.

PROPOSITION 10.11. Assume that L(w,E) > ~v > 0 for all w € (w',w")
and all E € (E',E"). Given § < 1 < A there exists Ng = No(V,¢,a,,0,A),
such that for any N > Ny, and arbitrary exp(—N%) < 7 < exp(—(log N)?)
there exist By ., Bj\,’w ENw(T), BN w(T) such that, with Qg\l,) and 8](\}1) as in
Definition 9.11:

(1) One has the measure and complexity bounds
(10.8)

mes (By..,) < exp(—(log N)A), compl(By,,) < N,

mes (ij’w) < exp(—(loglog N)A)7 compl(BﬁVM) < exp((loglog N)A/Q),
as well as
(10.9)  mes (En,(7)) < exp(—(log 7~ ) (log N)~%), compl(En (7)) < N,
mes (By., (1)) < exp(—(log 7~ ) (log N)~%), compl(By,.,(7)) < N°.
(2) If for some w € Teo \ QY and z € T,
spec(H[,NyN] (a:,w)) N ((E’,E”) \ (5](\}20 U SNM(T))) # 0,
then x € T\(Bnw U By, UBNw(T))-
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(3) Forw e Teq\ Qy,

(10.10) B (2, w) — B (2,w)] > exp(—N?)

for any j1 # ja, provided E](-::V)(x,w) € (E'E")\ éNw, s = 1,2. For
we Teq Q(l),

(10.11) 1B (2, w) — BN (2,w)| > exp(—(log N)*)

for any j1 # jo, provided Ej(jv)(a;,w) e (F,E") \8](\}20, s=1,2.
(4) Forw e Teq\ Qg\l,) one has laxE](-N) (x,w)| > 1, provided

EM(z,w) € (B, E")\ (E§), U Enw(T)).

Proof. In this proof we do not distinguish between H (—n~,n] and H{_y n1-
This is justified by the results of this section which demonstrate that the small
“fattening” parameter oy can be ignored. Set

By = {x cT: spec(HN(x,w)) NENW # @},
By, = {a: eT: spec(HN(x,w)> NENW 7 @},

where Ej(vlzu = ENw U &, as in Definition 9.11. Then conditions (10.8) hold

for By, Bj\w due to Lemma 2.17 (the analogue of Wegner’s estimate). Using
the notation of Lemma 10.10 set

BN,UJ (T) = er’Jn(Ej(2Ta m)v Ej(27—7 m))a BNM (7—) = jgn(n;,m(27_)v 77;/,m(27)) :

Then conditions (10.9) follow from Lemma 10.10. Property (2) holds due to the
definition of the sets involved, whereas (3) is due to Proposition 10.1. Finally,
property (4) is due to Lemma 10.9. O

Remark 10.12. For future reference we note that in addition to (1)—(4) of
Proposition 10.11, the following property holds due to Corollary 9.10: For any
w e Teg \ Qg\l,) and any x € T, any ¢?-normalized eigenfunction wj(N) (z,w) of

H_y n)(z,w) with associated eigenvalue E](N) (r,w) e R\ SJ(\})UJ satisfies

9 (,0)(m)| < Cexp(—dist(n. 4,)/2)
for all n € [-N, N] where A; := [VJ('N)(
¢ = (log N)*4.

zr,w) — 4L, I/](-N)(SL‘,OJ) + /4 N[—N,N] with

11. Segments of eigenvalue parametrizations and their translations

In this section we discuss the segments of functions E](-N) (-,w) and establish
a self-similar structure of these functions with regard to the shift by w. The
later property is based on the finite volume localization of Section 6, and should
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be considered as a precursor to the co-variant property of Sinai’s function
from Section 13. Let By, Bnw(7) be as in Proposition 10.11. Set 7n =
exp(—(log N)B), B> A, and

Byw =By, UBynu(rx),  BY) =Byu,UBy,.
There exist intervals [&;,&],6) < &1, k=1,... ko, ko < N¢ such that
T\BN,W = U [g;w g]
1<k<ko

Set
B =T\ J{I&. &) : & — & > exp(—(log N)**)}.

The point here is that we add all very short “good intervals” into the bad set.
This does not increase the measure of the bad set too much. Indeed,

mes (BY,,) < exp(—(log N)A>, compl(BY,,) < NC.
We denote by [z, Zx], & =1,2,...,k1, T) <z, the maximal intervals of
T\BYy - Recall that due to Proposition 10.11

(11.1) 0. EY) (2,0)| > 7y for any € 23, Zh)-
1<k<k;

We summarize the properties of the intervals [z}, Zx] (including those men-
tioned in Remark 10.12) in the following lemma.

LEMMA 11.1. Letw € ’]I‘C,a\ﬂg\l,). There exist intervals [z, Tj| (depending
onw), k=1,... k1, x;, < T+1 such that
N
(1) IOmEJ( )(x,w)| > exp(—(log N)B) for any = €
1<j<2N+1.
(2) For any x €

U [$k7jk] and any
1<k<k;

1<%J<k [}, Tr] and any j there exists u](»N) (x,w) € [-N, N]
SRR

such that

.
™) (a2, 0,m)| < exp(—gIn —vi™ (@,w)])

provided |n — VJ(N) (z,w)| > Nz,

(3) mes (T\KU [, 24]) < Bexp(—(log N)*),

<k<ky
(4) k1 < N,
(5) Tx — zj, > exp(—(log N)*Y), k=1,2,... k1.

Definition 11.2. We refer to each triplet {E](-N)(:U,w),gk,fk}, ji=1,...,
2N + 1, k = 1,...,k; as a segment of Rellich’s parametrization, or just a

segment of E](.N). If (%CE’](-N)(:E,w) > 0, respectively 8wE](-N)(a:,w) < 0, for
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any ¢ € [x,Tk] then {E](-N)(x,w),gk,ik} is called a positive-slope, respec-
tively negative-slope, segment. We also refer to these segments as I-seg-
ments provided the open interval I C R is the range of the segment; i.e.,
I= {EJ(-N)(m,w) Cxy < T < Ti)

Remark 11.3. Let {EJ(»N) (z,w), 21, T} be a segment. Recall that due to
Proposition 10.11 one has in particular

55"

W (@,0) — BYY (2, w)| > exp(—N?)

J1
for any j; # j. Since V is analytic one infers from this and standard per-

turbation theory of Hermitian matrices that the function g

;7 (++) admits an

analytic continuation to the polydisk
Pi={(z,w) € C? : |z —e(x)] <7y, |w—w| < 1o}
where 79 := C(V)~!exp(—N?). Moreover,

sup \E](N)(z,w)] <C(V).
P

Note that the same bound holds with the stronger estimate (10.11) instead of
the weaker one (10.10), albeit with § > 0 arbitrarily small (simply because of
the stronger bound). Below, for many applications, the weaker bound suffices,
and we have chosen to use it for the remainder of the section. The reader will
have no difficulty replacing it with the stronger one (10.11) whenever the need
arises.

We now turn to translations of the segments. For this purpose we are
going to impose the condition

(11.2) ~N+N2 <M (z,0) <N - N3

which guarantees that the window of localization is separated from the bound-
ary of the box [N, NJ.
LEMMA 11.4. Using the notation of Proposition 7.1 assume that

dist(E{Y) (2,0), Enw) > 2exp(—N?), —N+NY2 <)

_nl/2
G (T,w) < N—=NVZ

Then for any k such that —N + N'/2/2 < V](-N)(x,w) +k < N —NY2/2 there
exists a unique E](iv) (x + kw,w) € spec(H[,N,N] (x + kw, w)) such that
(11.3) )E](-N) (r,w) — Ej(iv) (x + kw, w)‘ < exp(—'ygNl/2) ,

(11.4)

&BEJ(»N) (r,w) — GxE](-iV) (x + k‘w,w)‘ < exp(—fygNl/Q) ,
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as well as
(11.5) EM (2 + hw,w) ¢ En
(1L.6) Vi (@ + kw,w) = (1 (z,w) + k)| < NV2/4,
(11.7) ~ N+ NY2 /4 < i (z + kw,w) < N - NY2/4
(11.8)
2
Z ‘wj(iv)(x—i—kw,m) —%(-N)(ﬂ?,m—i-k)’ < exp(—fyg)Nl/z),

k=1 ™) (2 w) [ <N1/2/4

where v; = 27 1y,
Proof. Note that

(11.9) H[—N,N}(x+kW,W)(1/)J(.N)(x,UJ,~—}—k‘))(m)

= Hp_yn)(z,0) (0™ (2,0.)) (m + k)

_ (V) (N)
= BN (2,0)™ (2, w0,k +m)

provided —N <m+k <N and —N <m < N. Recall also that WJ(N) (x,w, £N)]
< exp(—y3N'/?), since —N + N1/2 < Vj(-N)(ﬂs,w) < N — NY2, Hence

(11.10)

(H[_MN] (z+ kw,w) — E](-N) (x,w))@bj(N) (r,w, -+ k)H < exp(—74N1/2> .

Therefore, there exists

(V) (V)
B (z+kw,w) € <E

j (x,w)—exp(—’V5N1/2>’E(N)(x’w)+exp(_,y5N1/2)).

J

Moreover, due to our assumptions on E](-N) (xz,w), we have E](:f)(x + kw,w) ¢
En . Hence,

(11.11) ‘Ey(iv) (x4 kw,w) — EJ(,N) (x+ k:w,w)’ > exp(—Né)

for any j' # jr. Relations (11.9) and (11.10) combined imply (11.3). Rela-
tions (11.5), (11.6) follow from (11.3). The estimate (11.8) follows from (11.10)
and (11.11) via the spectral theorem for Hermitian matrices. Finally, (11.4)
follows from the well-known “Feynman formula” (or first order eigenvalue per-
turbation formula)

N
(%CEJ(-N)(x,w) =Y Viie+ Kw)’w]w)(:c,w,ﬁ)
=N

:

and the preceding estimates. ([

We now illustrate how to relate the localized eigenfunctions of consecutive
scales.
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LEMMA 11.5. Using the notation of Proposition 7.1, we assume that
w e Teq (QN U QN/), where N’ =< exp((loglogN)Cl>, C1>C, and Q =

exp((log log N)C). If

EJ(»N)(QS‘,LU) ¢ Enw, dist(E](-N)(:U,w),SN/,Q > exp(—(N’)1/2>,

then there exists v € Z, |v — V](-N) (x,w)] < Q and

E](.,N/)(a: +rw,w) € (EJ(-N) (r,w) — exp(—n N'), EJ(-N) (x,w) + exp(—le’)) ,

where v1 = ¢y, v = inf L(E,w). Moreover, the corresponding normalized
eigenfunctions
VM (@ w,k), e (@ vw,w k- v)
satisfy
/ 2
(11.12) Z ’w§N)(x,w,k)—w§{V)(x—i—uw,w,k—y)’ < exp(—mN') .

k€lv—N',v+N']

Proof. Assume first —N + N’ < V](-N)(x,w) < N — N'. Then with v =
(N

2 )(:c,w) one has:

(11.13) | (Hpenr pevy (2,0) = B (2, w) )i (2,0, )| < exp(—N'/4)
(11.14) 1= Y @k <o)

k€[v—N'v+N']
due to Proposition 7.1. Hence, there exists

EN (@ + vw,w) € (B (2,0) — exp(-N'), BV (,w) + exp(—mN')).

Moreover, by the assumptions on E](-N)(ac, w), one has E]gw)(m—i—yw, w) & Env -
Hence,

(11.15) ’E](fw)(q; + vw,w) — E]E;N/)([L‘ + vw, w)‘ > exp(—(N’)‘S)

for any k # j'. Then (11.13)—(11.15) combined imply (11.12) (expand in the
orthonormal basis {¢,(€N)}k). If V§N)(x7w) < —N + N’ (resp., I/](N)(:E,w) >
N — N'), then (11.13)—(11.15) are valid with ™ (z,w) = —N + N’ (resp.,

J
with i) (z,0) = N — N'). O

Recall that V](-N) (z,w) is stable under perturbations of H|_y nj(z,w) of
magnitude exp(—(log N)¢). Since some parts of the interval [z, Zx] are defi-
nitely of a larger size, condition (11.2) can hold on some part of [z, Z] and
fail on another one. For that reason we consider also all the triplets

(B (@), 2.2}

where [z, Z] is an arbitrary subsegment of some [z,,Z1], k =1,2,... k1.
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Definition 11.6. A segment {E](-N) (x,w),z,z} is called regular if the con-
dition

(NI

(11.16) ~N+N: <M (zw) < N-N
holds for every z € [z, Z|.

The condition (11.16), which requires the associated eigenfunction to be
properly localized inside of the base interval [—N, N], will play a central role
in this paper. It ensures stability of resonances as one passes from one scale to
the next.

12. Formation of regular spectral segments

This section is devoted to the comparison of the zeros in energy of each
entry of My(e(r),w, Ep). These entries are determinants f, xy_p (e(7),w, E)
where a,b = 1,2. The main theme will be to single out a “good case” char-
acterized by each determinant having a zero very close to Ey (we refer to Fy
as an unconditional spectral value at scale N in that case; see Definition 12.2
below). The significance of this idea lies with the induction in the scale; in-
deed, in passing from [1, N] to [-N, N] with N = N¢ we shall see that if Ej
is an unconditional spectral value at scale N, then it remains very close to the
spectrum at the larger scale N. Furthermore, this will be the crucial vehicle
for constructing regular segments as introduced in Definition 11.6; see Propo-
sition 12.6 below which is the main result of this section. With the notation
of Section 10, define

On = Qv UQN_1 UQn o,
gN,w = BN,w U BNfl,w ) BN72,wa
B .~ o ol sl
(1 1 1 1

AgV,)w = B](V,)w U B](V)fl,w U B](V)72,w’

where Qn, By o, QS\I,), B](\}) are the same as in Proposition 10.11 and EJ(N) is as

;W
in the previous section. In the following lemma, we begin with the comparison

of the spectra of the entries, as indicated in the previous paragraph. Using the
notation from above, one has the following:

LEMMA 12.1. (1) Letw e Teo \ Qn, and z9 € T\ gN,w. Then
min[dist (Spec (H[LN_” (xo, w)), Ej(év) (z0, w)),

dist (spec(H[ZN] (:Uo,w)), Ej(év) (zo, w))} <rg= exp(—N(log N)_CO)

provided N is large.
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(2) Furthermore, let ro = e N where 0 < § < 1 is arbitrary but fived and
assume that N > No(V,a,c,v,0). If

(12.1) max[dist(spec(H[LN_l](xo,w)),E](-ON)(xo,w)),
dist (speC(H[ZN] (0, w) ), BV (o, w))} < 1o,
then
(12.2) dist (SpeC(H[ZN_l] (a0, w)), EJ(éV)(:co,w)) <

where r; = e N2
(3) Finally, assume that w € T.gq \ Qs\l,) and xo € T\ B%)w. Let ry =
exp(—(log N)A) with some constant A. Then (12.1) implies (12.2) with

ry = e~ (log N)*/2 for N > No(V,¢,a, A).
Proof. Let Ey = E](-N) (z0,w). Then fn(e(zo),w, Eo) = fi1,n(e(x0), w, Eo)

= 0. Since

(12.3) = fu,n(e(zo),w, Eo) fio,n—1)(e(20),w, Eo)
+ fuv-1y(e(zo), w, Eo) fr2, 3 (e(20), w, Ep) =1

one obtains

frv—1y(e(zo), w, Eo) fiz,n)(e(20), w, Eo) = 1.
In particular,

min(| fi1, n-1j(e(z0), w, Eo)l, | fl2,n) (e(z0), w, Eo)[) < 1.
Assume, for instance, that
|f[1,N—1} (e(z0),w, Eo)| < 1.

Then, due to Corollary 2.20 with 1 = exp(—N (log N)~¢), one has
(12.4) (Eo —n,Eo+n)N spec(H[l,N,l] (o, w)) # (.
This proves (1). Assume now that, in addition to (12.4),
(12.5) (Eo —ro, Eo+10) N spec(H[Q’N} (xo, w)) #0

where rg = e~N’ where 0 < § is small and fixed. Let EJ[.a7N_b] (r,w),j=1,2,...
stand for the eigenvalues of Hy, y_y(7,w), a = 1,2, b = 0,1. Due to (12.4)

and (12.5), there exist EE’N_I] (xo,w), Ej[z’N] (20, w) such that

7N_ ,N
BN (g, w) — Bo|, BN (20,w) — Bo| < 0.
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Due to Corollary 7.3, one now has

(126) f[lN ( > (E i an ))XO(G(CEO)aw?E)a
(12.7) fun-y(e(zo),w,E) = (E—E xo,w))X1<€($o)aw7E>,
(12.8) fi2, N]( e(zg,w, E) (E jz ] (o, w )>X2<e(:c0),w,E>

where (2, w, E) is analytic in D(e(zq), 72) x D(Eo, r2), 72 =< exp(—N?%/*), with
w fixed, xx(z,w, F) # 0 for any (z, E) € D(e(xg),r2) X D(Ey,72), k = 0,1,2.
Moreover,

(12.9) NL(Ey,w) — N3 < log |xx(z,w, E)| < NL(Ey,w) + N°/3

for any (z, E') € D(e(xq),12/2) X D(Ep,12/2). It follows from (12.3) and (12.6)—
(12.9) that

(12.10)  |fio,n—1)(e(w0),w, E)]
< |E — El'M(@g,w))| "L exp(— NL(Eg,w) + 2N%/?)
+ 1) |E — B (wo,0)| 7 E = BN (w0, 0)
B — EZN (@, w)| exp(NL(Ep,w))
for any |E — Ep| < r2/2, where
O(E) := e NEE“)y v /x0
and O(E) satisfies the bound
exp(=3N°/?) < |6(E)| < exp(3N°/?).
Clearly there exists |E1 — Ey| < 2r¢ such that

1B — BN (@o,w) 71 B — BN (o, w) || By — B2 (20, w)] < 2r0.

Thus,
| fio.nv—1)(e(z0),w, E1)| < exp(NL(Ep,w) — N° + 10N°/3).

Due to Corollary 2.20, one has with 1 = exp(—N?%?),
(Eo — 1, Eo +n) Nspec( Hpp, n_qj(xo,w)) # 0
and we are done with case (2). Case (3) is completely analogous. O

The following definition introduces the crucial notion of an unconditional
spectral value.
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. . . . _N®
Definition 12.2. Using the notation of Lemma 12.1 with rg = ¢ V", as-
sume that

(12.11) max {dist ( spec(H[LN_l] (xo, w)) ) E](év) (xo, w)) ,

dist (spec(H[ZN] (xo, w)) , E](év) (zo, w))} < 7p.

In this case one says that Ey := ](év) (zg,w) is an rg-unconditional spectral

value of Hjy n)(zo,w). Let {Ej(év) (r,w),z, =} be a segment of a Rellich graph.

Assume that for any z € [z, 7], Ej(év) (x,w) is an ro-unconditional spectral value
of Hjy nj(z,w). We call this segment an ro-unconditional spectral segment of
the Hamiltonian Hj; n(-,w).

Note that by (2) of Lemma 12.1, each entry has a zero in energy which is
close to EJ(»;V)([IJ(), w) in case the latter is an unconditional spectral value. The
importance of the unconditional spectral values lies with the fact that they are
stable with regard to the induction-on-scales procedure. In other words, the
unconditional energies at a small scale will turn out to belong to the spectrum
(or rather, be close to it) at the next larger scale. This process can also be
reversed: we will show later that the conditional spectral values die out when
we pass to the next larger scale. The corresponding analysis appears later in
this section when we discuss property (NS) which stands for “nonspectral”.

COROLLARY 12.3. Under the assumptions of Lemma 12.1 one has the fol-
lowing: There exists No=No(V, ¢, a,~,9), or respectively, No=Ny(V, ¢, a,~, A)
so that the following holds for all N > Ny: Assume that Ey = E](-év)(azo,w) i
an ro-unconditional spectral value of Hjy nj(wo,w). Then

(12.12) log|| My (e(x0),w, Eo)|| < NL(Eg,w) — N°/?

or, respectively,

(12.13) log|| M (e(x0), w, Eo)|| < NL(Eo,w) — (log N)*/2,
Conversely, assume that (12.12) (respectively, (12.13)) holds. Then Ey is
an ry-unconditional spectral value of Hp nj(wo,w), with 1| = exp(—N?/3)

(respectively, rf := exp(—(log N)4/3)).

Proof. Inspection of the proof of Lemma 12.1 establishes the direct impli-
cation. Assume that (12.12) holds. Then

10g | fa.n ) (e(0), w, B)| < NL(Eg,w) — N°/?

for any @ = 1,2, and b = 0,1. Due to Corollary 2.20, one has with n =
exp(—N6/3),

(Eo —n, Eo+n)N SpeC(H[a,N—b} (xo,w)) # 0
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for any @ = 1,2, and b = 0,1. Due to Definition 12.2 this means that Fjy
is an rj-unconditional spectral value for Hp yj(zo,w). The case of (12.13) is
similar. (]

Recall that for any z € T, E € R, and any integers N/, N/, i = 1,2, such
that N| < Nj < NJ < Ny, one has

(12.14) [ 1og]| Mg vy (ele), w, B) | — log]| Ming agy(ela). 0, B)|
< C(V, E) max(N} — NI, N} — N{)).

Combination of (12.14) with Corollary 12.3 implies the following important
stability property implied by the concept of unconditional spectral values. Note
that this fails if at least one entry does not have a zero close to Ej.

COROLLARY 12.4. Using the notation of Lemma 12.1 assume that Ey is
an ro-unconditional spectral value of H[I’N}(-,w). Then for any —(log N)¢ <
N'<1<N<N"< N+ (logN)¢ one has

dist (spec(H[N/7N/q (zo, w)),EO) <}
where Tl == exp(—N°/*); respectively, r := exp(—(log N)A/4).

To continue the analysis of unconditional spectral segments we will use the
avalanche principle expansion as in Proposition 9.6 for the following logarithm

(12.15) log]f[_ﬁm(e(:ro),w,E)]

where N2 < N < N E € D(Ey,rg), and N, xg, Eg are as in Corollary 12.4.
We arrange the expansion so that one of the intervals, say Ag, = [Ny, Nko+1],
will obey the following condition:

(12.16) —(log N)Y <npy <1< N <ngyy1 <N+ (log N)©.

Due to Corollary 9.8, one can assume that ny etc. are adjusted at scale ¢ :=
(log N)€/6 relative to D(e(xo), 1) x D(Fo, 1), 71 := exp(—(log N)?). Finally,
one can assume that

(12.17) N < m}én(nkﬂ —ng) < N + (log N)©.
Set
_— ~ J— 1 _—
By = U Bvw Byvw' =By, U B
N<N'<N+(log N)C N<N'<N4(log N)C

The notation of this paragraph will be used in the following lemma and propo-
sition.

LEMMA 12.5. Using the notation of Corollary 12.4 assume that Ey is
an ro-unconditional spectral value of H[LN](-,w). Assume that o € T \ By
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(respectively xg € T\BN,M(D). Then for any |z — xo| < C~'rg each entry of
the matrix
M[nko Mkg+1] (e(m), w, )
has exactly one zero in the disk D(Ey, (). Furthermore,
(12.18) I/f[_ﬁﬂm(e(l,)M’.)(Eo,’l“g) >1 where 7“6, = (7“6)1/4.

Proof. The first part of the statement follows from Corollary 12.4 and
Proposition 10.11. Due to Proposition 9.6 one has

(1219) J(log |f[—N,7} (Z(), wo, )|, EQ, 1, TQ)
> j(log ’f[nkoynk0+1](207w07 )‘7 EO) 1, 7"2) - O(\/E)
for any (ry)'/2 < ry < (rp)'/3, ro = r1/4. Since z9 € T\ By, (respectively
x0T\ BNM(D ) one can pick r; so that f[nkoynkOJrl](ZO’wO’ -) has no zeros in
D(Eo, 27“1) \ D(Eo, T'l). Then
(12.20) 42152 7 (log | f g g 121 (05 @05 )| Bo, 71, 72) > 1.
Equation (12.19) combined with (12.20) implies (12.18) via Lemma 4.1. O
By the notation of Definition 12.2, assume that Ej is an rg-unconditional
spectral value of Hp nj(zo,w). Assume also that zg € T\ By, (respectively,
g € T\BN,W(D ). Due to Lemma 11.1 there exists a segment {Ej(év) (z,w),z, T}
such that the following conditions hold:
(i) Zo € [Q’ 3_3]7
(ii) |z — 2| > exp(—(logrg)"),
N _
(iti) 0:55,"| > exp(~(logrg")?)
where 1 < B. Set z; := max(xo — C~rg,z), #1 := min(zg + C~'ry,z). The
following proposition is the main statement concerning the formation of regular

7)

spectral segments.

PROPOSITION 12.6. Using the above notation assume for instance that
{Ej(év) (z,w),z, 2} is a positive slope segment. Then for any 1 € [z, T1]\ By,
respectively, r1 € |xy,T1 BW and any a € [—iN,IN]| there exists a

1 Nw 8 8
positive slope reqular spectral segment {E](,N) (z,w), 2, 7'} OfH[—N,N] (z,w) such
that the following conditions hold:

EM(z,w) — BN (@,w)] < ()&%,
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Proof. Let a = 0. Due to Lemma 12.5 one has
. N’
dist {spee(H[_Nﬁ] (:n,w)),E](-O )(:n,w)} <ry
for any x € [z1,Z1]. Assume that z1 € [z1,71]\By . Due to Lemma 11.1 there

exists a segment {E](fv)(x,w),gl,i"l} such that conditions (1), (2), (3) hold.
Condition (4) follows from (3) combined with (iii) and the Cauchy estimates
for the derivatives. Condition (5) follows just from the definition of the center
of localization and the first part in Lemma 12.5. For arbitrary a € [—%W, %N]
the argument is similar. O

We now turn to the investigation of conditional spectral values. For tech-
nical reasons we formulate this property in the following way which does not
require Fy to be a zero of the first entry of My; in fact, it will be convenient
also to state this at scale ¢ rather than N. (NS) here stands for nonspec-
tral, which refers to the fact that Fy will be separated from the spectrum of
Hy(e(x),w) (up to shifting the edges) uniformly in z; see Proposition 12.10.

Definition 12.7. As in Lemma 6.2, Q, &, ¢. Let w € T¢ 4\ U Qs
m=0—30—1,0

zo € [0,1], and Ep € R\ &, . By condition (NS) we mean that at least one of
the Dirichlet determinants

frge(xo),w, ), flne—1(e(wo),w,); fiog(e(zo),w,-), frze—11(e(zo),w,)

has no zeros in D(Ey, o), 7o := exp(—£?), where 0 < § < 1 is a parameter.
Similarly to Corollary 12.3 one now has the following statement.

LEMMA 12.8. Assume that condition (NS) holds. Then
(12.21) CL(Eg,w) — 6% <log||My(e(xo),w, B)|

for any |E — Ep| < 19/2. Conversely, assume that for any |E — Ep| < 19/2,
equation (12.21) holds. Then condition (NS) holds with ro replaced by r(y :=
exp(—£19).

Proof. It (12.21) fails for some |E — Ep| < r9/2, then
108 | fla,—t) (e(z0), w, B)| < LL(Eo,w) — %
for any ¢ = 1,2, and b = 0,1. Due to Corollary 2.20, one has, with 1 := rq,
(Eo — n, Eo + 1) N spec(Hjg oy (x0,w)) # 0

for any @ = 1,2, and b = 0, 1, contrary to the assumptions of the lemma. For
the converse, let us assume that some determinant f, s (e(70),w,-) has a
zero at Ey, where |Ey — Ey| < r{. Just as in the proof of Lemma 12.1 it follows
that

log ‘f[a,f—b](e(xo)a w, )| < EL(EOv w) — .
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Consequently, if each entry of My(e(xo),w, -) exhibits such a zero, then
CL(Eg,w) — €% > log||My(e(x0),w, E) |
which is a contradiction. O

In the following corollary we show that (NS) has a natural stability prop-
erty.

COROLLARY 12.9. Assume condition (NS). Then for any —° < ' <1<
< 0" < 0+0, at least one of the Dirichlet determinants

firv1,0m(e(zo),w,*),  flos1,e—1y(e(wo),w, ),
firs2,0m(e(w0),w,+),  floqo,m—1y(e(zo),w, )
has no zeros in D(Ey, r}), where rfy := exp(—£1).

Proof. For any x, E, and any integers N/, N/,
Nj < Ny < N{ one has

(12.22) | log]| Myw; vy (e(x), E)|| — logl| My gy (e(a), )|
< C(V, E) max(Nj — Nj, Ny — N3).

i = 1,2, such that N| <

Hence, the estimate (12.21) is stable under such changes to the length of the
monodromy matrix as long as the change is much smaller than ¢?°. In partic-
ular, this holds with a change of size ¢° as stated in the corollary. (]

The following proposition proves that conditional spectral values die out
when we pass from scale ¢ to a larger scale N. Clearly, this is of great im-
portance as it ensures that our inductive procedure can be carried out with
unconditional spectral values Ej rather than conditional ones. The relevance
of the unconditionality property here stems from Proposition 12.6 which shows
that at larger scales eigenfunctions with eigenvalues close to Ej are localized
away from the edges of the underlying interval. If this were not so, then these
eigenfunctions would not be stable when passing the next larger scale. We
note one disadvantage of the following proposition: for each x it gives a choice
of four determinants. We will subsequently see that periodic boundary condi-
tions can be used uniformly for all . This is the reason why periodic boundary
conditions appear in this paper at all.

PrOPOSITION 12.10. Let Fy be arbitrary. Assume there is an interval
(zfy, 2f) with =l — xfy > €793 such that for any xo € (xh,x) condition (NS)
holds. Then for any |E — Eo| < r9/4 and any x € T, and N > (% at least one
of the Dirichlet determinants

f[l,N](e(x)7w7')u f[LN,l](e(.%'),W,'), f[27N}(e(m),w,-), f[Q,Nfl](e(x)ﬂ"J?')

has no zeros in D(E,rl), where rlj := exp(—N?).
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Proof. Let |E — Ep| < r9/4 be arbitrary. Note that (NS) holds on the
disk D(E,r/4) for any zo € (z(,z(). Let € T be arbitrary. We invoke once
again the avalanche principle expansion (9.3). Let 2 < N < ¢! be arbitrary.
By Corollary 12.9, one can pick 1 < a < ¢, N — % < b < N, and arrange the
avalanche principle expansion so that the following conditions hold:

t
(1) [a,b] = k! Ag, Ap = [+ 1, np s
(2) for any k = 1,...,t— 1 there exists |n}, —nj| < £°, such that z +njw €
(x(va/0/>§
(3) Inpg1 —mi — €] < 20%;
(4) n1,...,n are adjusted to D(e(x), 70/C(V))xD(E,r0/2), ro = exp(—£%)
at scale £0/6,
In item (4) we used Corollary 9.8, whereas for (2) we invoked the dynamics:
since w € Tegq, for any x € T and any s’ € Z,s’ > 0 there exists s’ < s < 5
such that

(12.23) |z — sw|| <1/s.

In view of (1)-(4) we can apply the zero count of Proposition 9.6; the crucial
observation here is that due to Corollary 12.9 one can pick the edge points ny
so that fl,, +1,n,.,)(e(z),w, ") has no zeros in D(E, (), where rj := exp(—£%9).
In conclusion,

t—1

fla,b)(e(z),w (E7 ’f‘6/2> = kz:(] Vf[nk+1,nk+1](B(I),w,')(‘E[)? TE)/Q) =0.

This means that (NS) holds for the entries of M, (e(r),w,-) on the disk
D(E,ry/2) for all x € (z(, x(). By Corollary 12.9 one can now replace [a, b] by
[1, N] whence the proposition holds for the range £2 < N < ¢'%. For arbitrary
N > (2 one can use an induction argument. Indeed, by the preceding any zq €
(0, zg) has the property that (NS) holds for the entries of My yay(e(z),w, ")
on the disk D(E,r1), with N := ¢8 and (1) .= exp(—(N(l))‘s). Therefore,

one can apply the very same argument with N in the role of . ([

We now discuss the relation between the unconditional Dirichlet spectral
values and the periodic spectrum. For this purpose, recall the following relation
from Propositions 3.3 and 3.7 which follows from properties of the trace:

(12.24) loglgn(e(x), w, E)| = log || Mo (e(x), w, E)|
—logHMN(e(x),w,E)H + O(exp(—(log N)?))

provided | Nw|| < ko(V,¢,a,v) and E € C\ &, where & C C, mes (5 ) <
exp(—(log N)B). Here gy (e(x),w, E) := det(H) (z,w) — E) with H{ (2, w)
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the Schrédinger operator on [1, N| with periodic boundary conditions, and
gn(e(z),w, E) = tr (My(e(z),w, E)) — 2.

The reason for considering periodic boundary conditions is as follows: Propo-
sition 12.10 shows that under the (NS) condition at scale ¢, for each z € T
it is possible to “wiggle” the boundary of [1, N] slightly so as to ensure that
the corresponding entry has no zeros in a disk of energies. The technically
unpleasant feature here is that the “wiggling” or in precise terms, the choice
of boundary conditions, depends on z. However, we will now see that (12.24)
implies that periodic boundary conditions achieve the desired absence of zeros
in E uniformly for all x € T.

LEMMA 12.11. Assume that for some xq, Eg and with 2N in the role of £,
condition (NS) holds. Then
(1) T (10g g (e(z0),, )|, Eo,7) < exp(—(log N)C) for any exp(—N'/2) < r <
1 := exp(—N199),
(2) VgN(e(mo),w,-)(Ea T1/2) =0.

Proof. Since each logarithm involved in (12.24) is subharmonic in E, one
has

j(log |gN(e($0)’ W, )|, Ey, T)

< J (log || Man (e(0), w, )|, Eo. ) + C exp(—(log N)").
Therefore, the estimate in (1) is due to Proposition 8.6. Part (2) from (1) due
to Lemma 4.1. g

Property (2) in Lemma 12.11 simply says that the periodic spectrum does
not intersect the interval (E, E{f). We record this fact as a separate statement
and definition.

COROLLARY 12.12. Using the notation of Proposition 12.10 one has, with
(E[l)a Eg) = (EO - T0/87 EO + TU/S)a

0

(12.25) spec (H](VP) (x, w)) N (E, Ef)

for any x € T and any N > (2 provided |Nw| < ro(V,c,a,7). An inter-
val (E}, E{) is called spectrum free if there exists Ny depending on the usual
parameters a,c,V,po as well as on (E{, Ej) such that (12.25) holds for any
N > Ny with | Nw|| < ko and any x € T.

The following lemma establishes a crucial dichotomy between an interval
being spectrum free and the existence of a regular segment.
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LEMMA 12.13. Given a scale £, a parameter 0 < § < 1, and intervals
(Ep. EY), (wh,at) with

E{ — E} > exp(—(log K)A), Ty — T > (/3
either the interval

(E(') + iexp(—(log E)A), Ej — %exp(—(log é)A)>

is spectrum free, or for any scale £> < N < 19 and any %N <a< %N there
exists a reqular I1-segment

{E(N) $ w iUl,fL'l} II - (E(/)vE(,)/)v

with
(21,71) C (z(,20), a—20< V](-N)(w,w) <a+ 24

Proof. Assume that there exist zg € (z{,z() and

Ey € (Eé + iexp(—(log K)A>,E6’ — iexp(—(logﬁ)‘q))

such that condition (NS) fails. Then there exists j; such that
1 1
E, = E](-f) (zg,w) € (E6 + 3 exp(—(logE)A), Ej — 3 exp(—(logﬁ)A))

is an ro-unconditional spectral value, where rg := %exp(—ﬁ‘s). Due to Propo-
sition 12.6 for any /2 < N < ¢'0 and any %N <a< %N there exists a regular
I;-segment

{E(.N)(x,w),gl,fl}7 I C (Ey, EY),

J1

with
(z1,71) C (0, 23), -2 < I/(N)( yw) < a+ 20
Fix arbitrary
1 1
(12.26) Ep € (E(’) +1 exp(—(logﬁ)A),E(’)' v exp(—(log E)A)>

and assume that for any zg € (z(, () condition (NS) holds. There exists
N = (¢ such that ||Nw| < ko with kg as in Proposition 3.3. Then due to
Corollary 12.12 there exists a spectrum-free subinterval (E', E") C (E{, E{)
containing Ejy. Since Ey as in (12.26) is arbitrary, the statement holds. O

To proceed, we need a version of Lemma 11.1 for the parametrization of
the eigenvalues of the Schrédinger operator with periodic boundary conditions.
Let

ENP (2,w) < BN (,w) < - < BEOP) (2, 0)
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be the eigenvalues of H [(1P J)V} (r,w). We define segments of the graphs of the

eigenvalue parametrization E;
2N
{E( (z,w) xl,xl}

-,w) via approximation by the segments

LEMMA 12.14. Assume that | Nw| < ko, with ko as in Proposition 3.3.
Then the following properties hold:

(1) Let 52(]1\),w be as in Proposition 10.11 with 2N in the role of N. Assume
that for some xq, j one has

dist (E](-N’P) (xo,w), 52(]1\;7W) > 2exp(—N?).

Then there exists an unconditional segment {E](-fN) (x,w),gl,fl} with
xo € (21,T1) such that

(12.27) BN (2,0) — BPY (2,w)] < exp(—N?)

for any x € [z, T1].

(2) Let {E](l2 )(1‘ w), 21, T1} be a regular segment such that N < V(2N)( L w)
< N on that segment. Then there exists EJ( )( ,w) such that (12.27)
holds for all x € (x;,T1).

Proof. Due to Lemma 12.11 there exists j; such that (12.27) holds for
= xo Note that E( )( w) ¢ 52(2“ Then, there exists a segment

{ xl,xl}, with 9 € (z1,%1). Once again due to Lemma 12.11,
for any x there exists j(z) such that

(12.28) B (@, 0) — EEN) (,0)] < exp(—N?).

Recall that for any j # j; and any z € [z;,T;] one has

(2N)
(12.29) B!

(r,w) — ol

i (ww)| = exp(—(log N)™).

Combining (12.29) with (12.27) for x = z¢ one concludes that j(x) = j; for

any x € [z1,71] in (12.28). Thus, (12.27) holds. It follows from Lemma 12.11
and (12.27) that each value EJ(IQN) (z,w) is unconditional. This proves the first

part. To establish the second part, note that since 1N < V(2N)( yw) < %N ,
one has

P 2N 2N
| (B 1,0) = BV @0, (21,0, )| < exp(—/8)
for any 1 € (z1,%1). Hence, for any 7 there exists j(x1) such that

)(acl,w) _ 3N (x1,w)] < exp(—yN/8).

1B5 i

(961
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Let 1 = (; + %1)/2. Then due to the lower bound on the Dirichlet graphs,
the last estimate implies in particular that

. N,P 1
dist(E() (21,w), E53,,) > 2exp(—N?).
Due to the first part there exists jo such that

By (@1,0) = B (1, 0)] < exp(=N)

for any z1 € (z;,71). Because of the separation property of the segments, we
may conclude that jo = j;. O

The following proposition establishes a dichotomy which will be an essen-
tial ingredient in our proof of Theorem 1.2. It shows that either an interval
does not intersect the infinite volume spectrum, or it has to contain the graphs
of both a positive slope as well as of a negative slope regular segment at all
sufficiently large scales. In view of Figure 2 this is of course important for
the creation of resonances and thus also, gaps. As already mentioned before,
the regularity of the segments is essential for the rigorous implementation of
Figure 2, Section 2.

PRroOPOSITION 12.15. Given £ large, a parameter 0 < § < 1, and intervals
(EL, B, (2}, 28) with EY — Ely > exp(—(log £)A), xff — xf > £7%/3 there is the
following dichotomy:

e cither the interval (E}) + 1exp(—(log0)?), Ej — +exp(—(log£)?)) is
spectrum free

e or at some scale 1> < N < 010 there exist a reqular positive slope
I-segment {E](fv) (x,w),2z1,%T1}, as well as a regular negative slope I-
segment {EJ(;V) (:E,w),gz,fg} with I C (Ey, Ej) and (z1,T1) C (2, x(),
with the same I.

Proof. Assume that the first alternative does not hold. Then, due to
Lemma 12.13 one can assume that for any 2 < N; < ¢4 there exists a regular
I;-segment {Ej(le)(x,w),gl,fl} with

_ 1 2N 1
L C(Ep By, (21,7) C (ahaf), N <™ (@w) < 5N

Since w € T4, one can choose Ny so that || Niw|| < ko(V, ¢, a,v). Then due to
part (2) of Lemma 12.14 there exists j such that

(12.30) BN (2,w) — B2 (2,w)] < exp(—NP)

J1

2N7)

. (w,w)} is a positive-

for any x € (x;,71). Assume for instance that {E](
slope segment. Let

x1 = (2, +71)/2, E, = EJ(-12N1)(ZL‘1,OJ).
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Without loss of generality (because of the periodicity), we may assume that x;
is close to the middle of T ~ [0, 1]. Due to the 1-periodicity, E(-NI’P)(O,w) =

E](-fvl’P)(l,w) Hence, either By < E(N1 P)((),w) or B > E(Nl’ )(1,w). As-
sume, for instance, the latter case. Let

xg = (21 +71)/2, Eo:= E]12N1 (22,w), E1:= E](ile)(fl?w)'

Then E; + exp((—1log N1)?4) < Ea, Fs + exp((—log N1)?4) < E. Hence,

;W)
(—

P )(Lw) + exp((—log N1)%4) < E(Nl’ )(mg,W),
) <

J1
B (25, 0) + exp((—log N1)*Y) < BN (@, w).

J1
Since E(Nl’ )( w) is continuous, there exists zg € (T1,1) such that

(i) E§f“’P> (@0,w) = ESP) (25, 0),

(ii) for any x € (T1,x0) one has E(Nl’ )( w) > E(Nl’ )(xg,w).
Note that xg was chosen to be the first point to the right of T; where the graph
of Ej(-fvl’P)( w) hits the level E(Nl’ )(xg,w). Due to part (1) of Lemma 12.14

there exists an unconditional segment {E](-QQNI)(x, w), Ty, Eg} with zg € (29, %2)
such that
(2N1)

(12.31) (BN (2, 0) — B

0
i (2,w)] < exp(—=NP°)
for any x € (x9,T2). Because of (ii) above, this must be a negative-slope
segment. To see this, assume that it is a positive slope segment. Note that
since ]E](?i\il)) (z0,w) — Fa| < exp(—N7) one has

1
dlst( j((w ))(xo,w),é'é]\;hw) > exp(—(log N1 )*4).

Therefore,

10 BN (2, w)| > exp(—(log N)P)
for any = € [xy,xg], where 3 := xq + exp(—(log N1)°4). Due to part (1) of
Lemma 12.14,

(12.32) BN (2, 0) — BEY (2,w)] < exp(—NP)

for any z € [z;,z¢]. In particular,

EJ(NLP)( ) < E(Nl’ )( X0, U.)) = E]('thP)(x?)w)a

which contradicts (ii) above. Thus, {E](2 1)(',0)),@2,@} is indeed an uncon-
ditional, negative slope, segment. Application of Proposition 12.6 to

{E 2N1 )z, a:l} and { (ZNI)(-,w),QQ,Tg}

J2

concludes the argument. The case Fy < E(N1 )(O,Ld) is treated analogously.
([
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13. The proof of Theorem 1.3

In this section we prove Theorem 1.3 on Sinai’s parametrization of eigen-
functions. Sinai needed to assume cosine-like potentials and his argument was
perturbative. Our construction applies to general analytic potentials under
the condition that L(w,E) > 0. We derive Theorem 1.3 from the following
detailed finite volume version.

PRrROPOSITION 13.1. Assume that L(wg, E) > v > 0 for some wy € T¢gq
and any FE € (E',E"). Then there exist p© = pO(V,¢,a,~) > 0 and Ny =
No(V,e,a,v) such that for any N > Ny there exists a subset Qn C T so that
for allw € TN (wo —p9 Wy +p(0))\QN there exist En C R, By, C T such
that the following statements hold:

(1) mes () < exp(—(log N)40), compl(Qy) < N,
mes (En,,) < exp(—(log N)40), compl(En,,) < N,
mes (Bn,,) < exp(—(log N)4°), compl(By,,) < N.

(2) For any x € T\Bn w,

SpeC(H[—N,N] (ﬁ,W)) N ((E/,E”) M gN’w) = @

(3) For any N > N,
SN7W\SN7W C SN,w
where

SNw = U spec(H[_MN](x,w)).
zeT
Furthermore, assume that for some N > Ny,

w e Tga N (wo - p(o),w(o) + p(o))\ U Q.
N'SN

Then the following further properties hold:
(4) Let = € T\Bny. If some eigenvalue g

j
(E',E"), then there exists y](-N)(x,w) € [=N, N]| such that

(x,w) falls into the interval

)
45 @,w,m)] < exp(=gln =1 (@,0)])

for all n — V}N)(x,w)] > N2,

(5) Set Oy = Un>n Q7 ngw = U By Letw € ']I‘C’G\QN and let
- N'>N

x € T\EN,W, E](-N) (x,w) € (E',E"). Assume that

v (2,0) € [-N + N2, N - N2
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Then for each N' > N there exists jn such that
(N) YAl

(13.1) B — B (@,w)| < exp( 2]\72),
v o1

‘(%EjN/ (r,w) — 8IEJ(- )(az,w)‘ < exp(—iNz),

N’ Y N
[, (@ w,m)| < exp(—2In— vV (@),
for any |n| < N', and any N’ > N;

‘E](JV// EJ(IJ\\;//)(QJ‘,W)‘ §exp<—%(N’)%),

N’ y 1
’ ]NN (x,w,n) ij/)(:r,w,n)‘ < exp(—§(N’)2),
for any |n| < N', and any N < N' < N". In particular, the limits

E(z,w):= lim E( )(:U,w) and Y(x,w,n) = Nl/igloowg\\:)(a:,w,n), n ez

N’— 00

exist,

(13.2) )E(x,w) - E](N)(x,w)‘ < Qexp(—%N%>,

1
‘w(xawvn) - T/Jj(g)(l’awan)‘ < eXp(_%(N)§)
and 3 [¢(z,w,n)|?> = 1. Furthermore,

(13.3) H(z,w)Y(z,w, ) = E(z,w)Y(z,w,-),

(184)  Jim o log((w,w ) + [h(,w,n + D) = ~L(w, Bz, w)).

(6) Let w € ']I‘C’Q\QN, x € T\ENW, and E](-f:)(a:,w) e (E,E"), m = 1,2,
J1 # jo. Then

’E](f\f)(x7w) - E(N)<m7w)‘ > exp(_Né)'

J2

Let Ey,(xz,w) be the eigenvalue of H(x,w), defined in (5) above, which
obeys

’Em(x,w) — E](-:)(x,w)‘ < Qexp(—%]\f%)

form =1,2. Then
1
’El(m,w) - Eg(a?,w)' >3 exp(—N?).

If (E',E") = (—00,+), then for each |j| < N/2 one has an “almost
Parseval identity”

0<1—Z‘ ), Ym(x, w, ))‘QSexp(—%N)
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where 6;(-) stands for the 6-function at n = j. The collection of all eigen-
functions Py, (x,w, ) obtained this way for N,N +1,... form a complete
orthonormal system in (2.

Letw € Tqa\ﬁN, x € ’]T\l?N,w. Let {tpm(x,w, )} be all possible eigenfunc-
tions of H(x,w) defined in (5) above for all scales > N. Let J,,, be the
closure of the set of the corresponding eigenvalues. If E € (E', E")\Jy .,
then (H(z,w) — E) is invertible. In other words,

spec(H(w,w)) N(ELE") = Jyw,
and the functions ¥y, (x,w,-) form a complete orthonormal system in the
spectral subspace of H(x,w) corresponding to (E', E").
Assume that I/](N) (r,w) € [-N + NY2,N — NY2]. Then for any k such
that
~N+NY2/2 <N (@,0) + & < N - NY2)2

there exists a unique

EJ(}]CV) (r + kw,w) € Spec(H[,N,N] (x + kw, w))
such that
(13.5) ‘EJ('N) (z,w) — E](iv) (x + kw, w)’ < exp(—’le/2/4) ,
(136) E](;iV) (.’ﬁ + kwa w) ¢ gN,w )
(13.7) ) @ + kw,w) = (VY (@,w) + k)| < N2/
(138) -~ N+NYa<y (et ho.w) <N NP4
(13.9)
2
> Wj('iv)(erkw,m) —Tﬂj(-N)(fr,erk)‘ < exp(—yN"?/8).

[m+k—v™N) (z,w)|<N1/2 /4

(9)

(10)

J
Let w € TM\QN, T € T\gN,w. Then for any x € T,
spec(H(z,w)) N (E',E") = Joy -

In other words, spec(H(:r,w)) N (E', E") is the same for all x € T.
For any x € T and any N,

[(spec(H(x,w))\SNw) U (SN,w\spec(H(x,w)))] N(E,E") C UNSN'M'

(11)

N>
If spec(H (z,w)) N (E', E") # 0 for some x, then
mes (spec(H (z,w))) N (E', E") > 0.
If (F',E") = (—00,00), then
mes (spec(H (z,w))) > exp(—(log No)1).
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Most of the preparatory work needed for the proof of this proposition has
already been done in the previous sections. We need only few more auxiliary
statements.

LEMMA 13.2. There exists Ny = No(V,c,a,7y) such that for any N
No, w € Teo, E € (E,E) the following property holds: if dist(E,Sn.w)

1

exp(—N2), then dist(E, Sy ) > %exp(—N%) for any N > N.

>
>

Proof. Due to Corollary 2.20, dist {E, spec(Hn (z, w))] > %exp(—N%) im-
plies

(13.10) log'f[LN](e(:U),w, E)‘ >N — Ni
provided N > Ny(V, ¢, a,). Due to Lemma 6.1, (13.10) implies

|(Hy (2. w) = B) ™ (m,m)| < exp(—1N)

N|=

)

for any m,n € [1,N], |[m —n| > % Therefore, dist(E, Syw) > % exp(—N
implies

. v
(13.11) |(Hinrsa v (,0) = B) ™ (m, )| < exp(—N)
forany v € T, N' € Z, m,n € [N'+ 1, N'+ N], |m —n| > % Let N < N <
exp(N %) Assume that
(13.12) Hy (z,w)Y(z,n) = EY(x,n).

Let pu: = max, _, 5 [¢(z,n)[. Then, due to (13.11) and the “Poisson formula”
one obtains

[h(x,n)| < 2,uexp(—%N), for any n € [1, N|.
Hence,
i
u< Qp,eXp(—ZN).
This yields x4 = 0, and thus 1 (x,n) = 0 for any n € [1, N|. Thus

NI

1
(13.13) dist(E,Snw) > 3 exp(—N2) = E ¢ spec(H[LN] (a:,w)) VaeT.
The lemma follows from (13.13). O

LEMMA 13.3. There exists No = No(V,¢,a,~, A) such that for any N >
Ny, w € Teq, E € (E,E) the following property holds: if

dist [E,spec(H[LN] (:L",w))] > exp(—(log N)4),
then
(13.14) |(Hjpx(2,w) = B) "' (m,n)| < exp(~L(w, B)|m - n| + (log N)**)

for any m,n € [1, NJ.
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Proof. Due to Corollary 2.20, dist [E, spec(HN(x,w)>] > exp(—(log N)4)
implies
(13.15) log | fi.nj(e(x),w, B)| > L(w, E)N — (log N)**¢
provided N > Ny(V,¢c,a,7,A). As in the proof of Lemma 6.1 one sees that
(13.15) implies (13.14). O

LEMMA 13.4. Given € > 0 sufficiently small, there exists a constant Ng =
No(V,c,a,v,€) such that for any N > Ny, w € Ty, # € T, E € (E,E) the
following assertion holds. Assume that

(13.16) H(z,w)ip(-) = E(:)

for some E and some function ¢(n), n € Z. Assume also that
(13.17)  max, |(n)| = 1.

Then

(13.18) iy Slog([P( + (n — P) = ~N(L(w, B) +2)

Proof. Recall that for any a < b
(b + 1)} { P(a) }
13.19 = M, ple(z),w, B
(18:19) | = Mateta e |1
where M,y (e(r),w, E). Recall also that due to the uniform upper estimate
of Lemma 2.10 for any E € (E, E)

sip Mgy (e(@),w, B)|| < exp(N(L(w, E) +¢))
0<b—a<N,z€T

provided N > Ny = No(V, ¢, a,,¢). Since | M~} = |M]| for any unimodular
matrix M, one obtains

(13.20)
(=N B + )| |0 T <] P00 |

a—1
< exp(N(L(w, E) +¢)) 'H —1“‘

for any 0 < b —a < N. Due to the assumptions of the lemma there exist
a € [1, N] such that
< 2.
<[y |

Therefore the statement follows from (13.20). O

We now turn to the proof of Proposition 13.1.
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Proof of Proposition 13.1. (1) Let Qn, En . be the subset defined in Lemma
6.2. Let w € T.,. Set

By = {x eT: spec(H[,NyN] (x,w)) N(EENNENW # @}.

The subsets Qn, Enw, Bnw satisfy properties (1), (2) of Proposition 13.1.
(3) Clearly, Sy, is a union of (2N + 1) closed intervals. Set

Enw ={E €R: E ¢ Sy, dist(E, Sy.) < exp(—N7)}.

Note that mes (€ ,,) < Nexp(—N%), compl(€y ) S N. With some abuse of
notation we denote the set Ex,UEN , as En . Clearly En, obeys property (1)
of Proposition 13.1. Due to Proposition 13.2, property (3) of Proposition 13.1
holds.

(4) Let Ej(-N)(J:,w) € (E',E") for some z € T\ By,. Then due to
Lemma 6.2 there exists V](-N) (x,w) € [N, N] such that

]w](N)(a;,w, n)| < exp(—%\n - V](-N)(a:,w)])

provided |n — Z/J(»N) (z,w)| > Nz. So, part (4) of Proposition 13.1 is valid.

(5) Let w € Tqa\@N, x €T\ B\va. Assume

Y (2,w) € [-N + N2, N — N3],
Then due to standard perturbation theory of Hermitian matrices, for each
N < N’ < N there exists an eigenvalue E](N,)(x,w) of Hi_n/ nv(%,w) such
that the estimates (13.1) hold. Assume that = € T\EN,W. Then (13.1) applies
for any N’ > N. Therefore the limits

_ (N) % (N')
E(x,w) = Nl’lgloo E; (r,w), and Y(r,w,n)= NlllgloO (N8 (r,w,n), nez
exist, relations (13.2), (13.3) hold and
(13.21) > o(z,w,n)? =1.
n

Pick Ny € Z so that N = (log N1)B. Since w € ’]I‘C,a\ﬁN, x €T\ Z§N7w due to
Proposition 9.9 (applied with ¢t = 2N) one has with A = 4B

dist [E](-]]\Zl)(a:,w),spec(H[gN’Nl](:U,w))] > exp(—(log N1)?),
dist {E](-gll)(a:,w),spec(H[,le,gN] (a:,w))] > exp(—(log N1)*4).

That implies
(13.22) dist [E(m,w), spec(H[gNle](x,w))] > exp(—(log N1)?),
dist [E(x,w), Spec(H[,va,gN] (x,w))] > exp(—(log N1)™).
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Due to Lemma 13.3 relation (13.22) in its turn implies the following estimates:
(13.23) |(Higw ) (@,0) — Bz, @)~ (m, n)
< exp(—L(w, E(z,w))|m — n| + (log N1)?4),
[(Hi ) (1,0) — B, @) (m, )|
< exp(—L(w, E(z,w))|m — n| + (log N1)?4)
for any m,n in the corresponding interval. Let n be arbitrary such that
(log N1)34 < [n| < Ny/2.
Applying Poisson’s formula to ¢ (x,w,n) one obtains
(@, w,m)| < exp [ — Liw, B(w,w))(In| - 3N — (log N7)?4)]
+exp [~ Llw, Bz, ) (N — [n] — (log N1)**)]
S exp | = L(w, B(z,w))[n|(1 - o(1))]

as n — oo. This estimate implies
1
(13.24)  limsup — log (|t (x,w,n)* + [¢(z,w,n + 1)|*) < —L(w, B(z,w)).
n—oo 2N

Note that using the above notation one has

>1/N
mas [z, 0,m)| 2 1/

n|

since |¢(z,w,n)| is normalized. Thus, in view of Lemma 13.4,

- 1 2 2
- _ > _
min los(l(e, )+~ D) = N (L, E) + )
provided Ny > Ny(V, ¢, a,v,€). Hence
1
lim inf o log([¢(z,w,n)|* + [¢(z,w,n + 1)|*) > —L(w, E(z,w)) — ¢.
n—oo 2n

Since € > 0 is arbitrary

1
hIglnf 27 10g(|¢($aw7n)|2 + ’¢(wian + 1)|2) > _L(wa E(CE,W))
n—oo 2n

Thus

1 2 2y _

Jim o o2, ) + [+ D)) = — Lo, B(z,).
Similarly,

Jim o og ([ (@, w,m)? 4 [(z,w,n + D) = ~L(w, Bz, )

as claimed.
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(6) Let w € ’]I‘qa\ﬁN, z € T\ By, Assume that E](-fj)(x,w) € (E',E"),
and

vV (z,w) € =N+ N3 N = N3], m=1,2.

Then due to Proposition 7.1 one has

(13.25) ’E(N z,Ww) ](i\f)( )‘ > exp(—N?).

Let Ep(z,w),¥m(z,w, ) be defined as in (5) for j = j,, m = 1,2. Then,
from (13.2) and (13.25),

(13.26) By(2,) - Ba(ar, )| > %exp(—N‘s).

If (E', E") = (—00, 00), then part (5) is applicable to each eigenvalue EJ(-N) (x,w),
provided

(13.27) v (@,w) € [-N + N2,N — N3].

Furthermore, let w](-fj) (z,w,-) be all eigenfunctions of H|_y nj(7,w) with
~N+Nz< Vj(»f:)(x,w) <N-—Nz.

Let ¢, (z,w,-) be the eigenfunction defined in part (5) for j = j,, where
1 <j < mp < 2N + 1. Let §(-) be the delta-function at n = k, k €
[N +4N'Y2 N — 4N'/?]. Clearly, one has

N
’<5ka d{g )(IL‘,(U, )>| < eXp(_7N1/2/2)
for any j with y( )( w) ¢ [-N+NY2 N — NY2]. Since {%('N) }2N+17
form an orthonormal basis in the space of all functions on [-N, N ] one has

0<1— Z 1{6(-), om0, ) < exp(—%N%).

(7) Let Jy, be the closure of the set of all eigenvalues E,(z,w) of H(z,w)
defined in (5). Let Ey € (E', E”). Assume o := dist(Ep, J3.) > 0. Then due
to the definition of the eigenvalues E,,(x,w) one has for any N > N

min{|E0 — Ej(.N)(x,w)\ : E](-N)(a:,w) € (E'E"),

v (2,0) € [-N + N2, N = N3]} > 09/2.

Let ¢(n), n € Z be an arbitrary normalized ¢2(Z) function supported on some
interval [-T,T]. Let N > 2T. Then |{yp, ¢§»N) (z,w,-))| < exp(—=N?/3) for any
J with V](.N)(x,w) ¢ [-N + NY2 N — N'/?]. Hence,
N
> o ™ (@0, DI = 1/2.

V™) (0,w) €[~ N+NV2,N-N1/2]
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Expanding ¢(-) in the basis {wJ(N)(x,w, )}?51“ one obtains

I(H - n,3 (2, w) = Eo)¢ll* > (1/2)(00/2)*.
Hence
I(H (2, w) = Eo)pll* > (1/2)(00/2)*.
Since ¢ here is arbitrary one infers that
dist(H (z,w), Ey) 2 0y.
Thus part (7) holds.

(8) Part (8) is due to Lemma 11.4.

(9) Given z, let M(z, N, s) be the collection of all m such that the eigen-
function ¢§Z> (x,w, ) defined as in (5) obeys

~N+sN3 < iV (z,0) < N —sN3, s=123.

Let Jg..s be the closure of all eigenvalues E,,(z,w) defined in (5) for all N
and m € M(xz,N,s). Then just as above one has spec(H(z,w)) N (E', E")

= Jzws. On the other hand, fix 9 € T \Z§N7w, and take arbitrary k such
that —N/2 < V](N)(x,w) +k < NJ/2. Let © = x¢ + kw (mod 1). Then xp,z €
T\ Ban,- Due to part (8) and part (5) for each m € M(z,2N, 3), there exists
m’ € M(x,2N,2) such that

EPN (29,0) — BN (2,w) < exp(~N'/?).

Hence Jyyw3 C{E : dist(E, Jyw2) < exp(—N3)}. Thus
Jrow = Jrow,3 C Jrw2 = Jrw-
Switching the roles of z¢ and x in this argument implies J; ., = J; provided
xo €T\ EN,W, x =z + kw (mod 1)

for some |k| < N/2. Since ENW C BNW for N’ > N the claim is valid for any
x =z + kw (mod 1) with arbitrary k. Given arbitrary z’ and p > 0, one can
find &k such that with = 29 + kw (mod 1) one has |2’ — x| < p. Then

spec(H (z',w)) C {E : dist(E,spec(H(:n,w))) < p}
and
spec(H (z,w)) C {E : dist(E,specH(az’,w)) < p}.

Since spec(H (z,w)) = Jyw, and p is arbitrary, one has spec(H (z',w)) = Jzo w-
Thus (9) is valid.

(10) Part (10) follows from (7) combined with part (3).
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(11) If spec(H (z,w)) N (E', E") # () for some x, then Jy, o N (E', E") # ()
for some g € T \ By, with some N. Therefore, using the notation from the
proof of part (9) one has

Jro w1 N(E' E") £ 0.

Hence E](-iN) (zo,w) € (E', E"). Tt follows from Proposition 10.11 that Sy, N
(E', E") contains an I-segment, |I| > exp(—(log N)). Due to part (10) this
implies

mes (spec(H(z,w))) N (E', E") > exp(—(log N)¢) /2
which proves the first claim of (11). The second claim of (11) is implicit in the
argument leading to the first part and we are done. [l

Before we proceed with the proof of Theorem 1.3 we make the following
remark which we will use in the proof of Theorem 1.1. It follows from inspection
of the proof of assertion (7) of Proposition 13.1.

Remark 13.5. Let w € Tc,a\ﬁNl, xg €T\ gNl’w, Ey € R, and let g > 0
be a constant. Assume that for any Ny > Nj there exists N > N, such that

(13.28)  min {|By — B} (z0,w)| : B (w0,w) € (B, E"),

V](-N)(l‘o,w) €[-N+ Nz, N — N%]} > 0.
Then for any x € T one has Ey ¢ spec(H (z,w)).
To proceed we need the following general statement.
LEMMA 13.6. Let w € Tcy. Givenx € T and N € Z, N > 0, set

plew,N) = min [l ]|

Let 0 < o < B < 1 be arbitrary. There exists Ng = No(c,a, o, ) such that
the following statement holds: Let x € T, and © ¢ wZ (mod1). Assume that
|z — tiw|| < exp(—|t1|?) for some t1 € Z, |t1| > No. Then there exists s > t;
such that for any s/4 < s; < s holds

exp(—s”) < p(z,w, s1) S exp(—s*).
Proof. Given arbitrary Ny set (R here stands for “recurrence”)
R(z,w, Nog) :={t € Z : |[t| > Ny, ||z — tw| < exp(—|t|*)}.

If Y € R(z,w,Np) and t € Z, |t| < ||, t # ¢/, then ||z — tw] > ||z — t'w||
provided Ny is large enough. Indeed, otherwise

I(t — )]l < 2exp(~[t']7)
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and [t' — t| < 2|¢/| which contradicts the condition w € T.,. Hence for each
t' € R(z,w, Np)

(w0, ) = 1z =t
Assume first that R(z,w, Ng) consists of a single integer ¢;. Let T' := |t;
Note that pu(z,w,T) > 0 since = ¢ wZ (mod 1). Set s := [(log pu(z,w, T)™ 1)
Then

Q=

.

!
B

s> [|t1]€] > 4t1| = 4T

because of o < 3. Let t € Z be such that T' < [t| < s. Since ¢; is the only
element of R(z,w, N) one has ¢t ¢ R(z,w, N). Hence,

lz — tw|| > exp(—[t|”) > exp(—s").
If |t| < T, then from the definition of pu(z,w,T) one has
|z —tw]| > p(x,w,T) > exp(—(s 4+ 1)%) < exp(—s*).
Since p(z,w,T) = ||z — tiw|| < exp(—s®) one concludes that
exp(—5) < (., 51) S exp(—s?)

for any T' < s1 < s. Since T' < s/4, the lemma follows in this case. Assume
now that there exist at least two points in R(z,w,N), viz. t; € R(x,w, Np),
i=1,2, t; # t2. We can assume that |¢;| < |t2| and also that

|to| = min{|t| : t € R(x,w, No) \ {t1}, [t| > |t1]}-
Then
[t = o)l < 2max |z — tiw]| = 2[jz — t1w]]
since
[z — tiw|| = p(z,w, [t1]) = pl@,w, [t2]) = [lv = taw].

Since w € T, 4, that implies in particular
1
— _ —-1/3 _ 4,18
t2 = t1] > ||o — 1 2 > exp(~ 511217
provided Ny is large enough. Hence
1 _ 1 _
ta] > Sl = b0 72 > a7

Define T and s just as before. Then 4|t;| < s < |ta|. Moreover, if |t;| < |t| < s,
then t ¢ R(x,w, Ny) due to our choice of to. Therefore, one can just repeat
the argument from the case R(z,w, No) = {t1}. O

Proof of Theorem 1.3. We will follow the notation of Proposition 13.1.
Set
Q= () W, Bo:= () U Byw+kw) (mod1)

N>No N>No [k|<N
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where
gN,w ={zeT: dist(z:,BNM) < exp(—N%)}.

These sets are decreasing and it follows from part (1) of Proposition 13.1 that
they are of Hausdorff dimension zero. Moreover, the set B, is invariant under
the shifts x — = + mw, m € Z. Let

w € (Tea N (wo — PO, wo + p)) \ Q.
Due to part (11) of Proposition 13.1, mes (X,) > 0. Due to part (5) of Propo-
sition 13.1 for any x € T\B,, eigenfunctions ¢;(z,w,-), j =1, ... are defined,

) 1
lim lOg(|¢]($awaN)|2 + |’¢j(l’,w,N + 1)|2) = —L(w,Ej(x,w))
|N|—o0 2| N|

and functions ;(z,w,-) form an orthonormal basis in ?%(Z). Moreover, the

eigenvalues Fj(z,w) are simple. Let Ey € R be arbitrary. Assume that there
exist x(k) € T\ By, 1 <k < ko € Z" U {oo} such that

(i) for each k there exists j(k) such that Ey = Ej)(z(k)),
(ii) the orbits I'(z(k)) are all different, i.e., for any k; # kg and any t € Z
one has z(kg) # x(k1) + tw (mod 1).

To finish the proof of the theorem we have to evaluate ky. There exists Ny

such that z(k) € T\ By, for each 1 <k < kg and all N > Ny. It follows from

parts (5) and (6) of Proposition 13.1 that for each k there exists ji such that
(

~N+ Nz < l/jiv)(x,w) < N - N2 and
N
|Bo — B}, (a(k),w)| < exp(~N"/?).
Fix arbitrary k. Due to part (8) of Proposition 13.1, for each s € Z with
~N+Nz< uj(»iv)(x,w)—i—s <N-N=
(we call these s admissible in this proof) there exists jj s such that
N
(13.29) |Bo — B (2(k) + sw,w)| S exp(—-N'3).

Set 2z s := e(x(k) + sw). By (13.29) and Corollary 2.20 there exists (x5 €
D(zkﬁ,exp(—Nl/?’)) such that fn((k,s,w, Fo) = 0. Recall the following esti-
mate (see Remark 4.5):
(13.30) My (w, E,1/2,2)

=N+ 1) #{z : z€ Ay, fn(zw,E) =0} <CO(V) < oc.

Assume that kg > C(V). Then there exist k1 # ko and admissible s1,s9 such
that Ck1781 = Ck2,52ﬂ ‘Zkl»sl - zk2,82| S exp(_Nl/g)' Hence

(13.31) |z (k1) — x(ke) — s(ki, ka)w]|| < exp(le/?’)
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with some s(k1,ke) € Z, |s(k1,k2)] <2N. By Lemma 13.6, either there exists
Ny, depending on (x(k1) — z(k2)) such that for any ¢t > Ny
(k1) = @(k2) — tw]| Z exp(—t"/?)
or there exists N > Ny, t € Z, |t| < N/4 such that
exp(—NY/3) < [lo(kn) — 2(ks) — tw]] S exp(~N4).

Recall that N/ < N’ implies that gN“,w C gN/,w. Therefore, using the argu-
ment which leads to (13.31), one can assume that the latter case takes place.
Hence, we can replace relation (13.31) by the following one:

(13.32) exp(—=N"?) S e (k) — x(ks) — s(kr, ko)l S exp(=N"*)
where |s(ky, ko)| < N/4. Since x(k;) € T\ By, due to Proposition 13.1(5),
there exists a segment {E]"L )( w), x;, Z} such that z(k;) € (z; +exp(—N/9),
Z; — exp(—N'/%)), and

N 1
By (2(k), w) — B (2(ks), w)| < exp(—yN)
i =1,2. Note that due to Proposition 13.1(5) we can also assume that

(13.33) i (@ k), w)| < N/4,

1 = 1,2 since otherwise we can just replace N by N/ = 2N. Set
(k1) = x(k2) + s(k1, k2)w (mod1).
Then & (k1) € (zq, T1). Since exp(—NY?3) < |z(k1) — #(k1)| one has
B (@(kr),w) = B (@ k), )| 2 exp(—2N3),
On the other hand due to part (8) of Proposition 13.1 and since |s(kq, k2)| <
N/4,
B k), w) = B (@(ka), )| S exp(—N12).
Since Ej,)(x(k1),w)=Ejq )( x(k2),w) we arrive at a contradiction. Thus ko <
(x

c(V). If V( )) is a trigonometric polynomial then C(V) < 2deg(V(e(+)))
by Remark 4.5. (]

14. Elimination of triple resonances

The goal of this section is to eliminate w with the property that for some
xETandsom60<m<m’

(14.1) B (@ + mw, w) — By (z,0)] <e,

B! n)(:v—i—mw w) — B (z,w)| < e,

with three distinct jo,j1,j2. Of course it will be important to specify the
mutual sizes of m,m,m’ and e. Unlike the previous elimination machinery
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based on the resultant of two polynomials from Section 5, the elimination here
will be based on the implicit function theorem; this in turn will require the
lower bound on the slopes of the E;N)(-,w) that was obtained above at the
expense of eliminating a small set of energies. Note that there is no hope
of eliminating the situation described by (14.1) unless the EJ(»N)(x,w) truly
depend on z (for example, if the potential is constant — this is of course
excluded in our case since we are assuming positive Lyapunov exponents).
We have chosen to present the elimination process “abstractly” at first, i.e.,
without any reference to the EJ(.N). Later we apply the abstract elimination
theorem (see Proposition 14.7) to the system (14.1). We now begin with a
number of standard calculus lemmas that develop the implicit function theorem
in a quantitative way. We use the well-known idea of basing the implicit
function theorem on monotonicity arguments (this is of course restricted to
scalar implicit functions). The first lemma is nothing but a careful statement
of a quantitative implicit function theorem.

LEMMA 14.1. (1) Let f € CY(R) where R := (a,b) x (¢,d). Assume
that

(14.2) pe= inf O,f(x,y) >0, K:= sup |0.f(z,y)| < oc.
(z.y)eR (z,y)ER

If f(xo,y0) =0 for some (x0,y0) € R, then for any
x € Jy := (xo—Ko, To+ko)N(a,b), ko= houK™t, hy:= min(yp—c, d—yp)

there exists a unique y = ¢o(z) € (c,d) such that f(z,po(x)) = 0.
Moreover, ¢y € C'(Jo) and sup,e s, |¢p(z)| < Kp~t.

(2) Assume in addition that the function f(x,y) admits an analytic con-
tinuation to the domain

(14.3) T ={(z,w) € C%: dist((z,w),R) <ro}
for some rog > 0, and obeys

(14.4) sup | f(z,w)| < 1.
T

Then the implicit function ¢g has an analytic continuation to the rec-
tangle U = Jo x (—r,r) where

(14.5) 7= min(rgu?, r)/8.
Furthermore, f(z,¢0(z)) =0 for all z € U and

sup ¢0(2)| < max(|c|, |d]) + 7o
FAS
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Proof. Note that for any = € (a,b) one has |f(x,yo)| < K|z — zo|. In
particular, for any |z — x| < Ko,

|f(z,90)| < hop
Given such an z consider the case 0 < f(x,y9) < hou. Since ¢ < yg — hg <
1Yo + ho < d, we infer that
f(x,y0 — ho) < hop — hop = 0.

Hence, there exists a unique y = ¢o(z) € (yo—ho, yo) such that f(z, ¢o(x)) = 0.
If instead, —hop < f(x,y0) < O then there exists a unique y = ¢o(x) €
(Y0,Yo + ho) such that f(z,¢o(x)) = 0. It follows from the chain rule that
¢o € C'(Jo) and |¢p(z)| < Kpu~'; in fact,

_amf(xv (ZSO('CC))
9y f (x, o())

for all x € Jp. This finishes the proof of part (1). To prove part (2) fix an
arbitrary x1 € Jy and set y; = ¢o(x1). Due to Cauchy’s estimates one has

¢o(x) =

105 f(z1, 91 + W) |w=0 < nlrg™ VYn>0.

Since f(z1,y1) = 0, Ouf(x1,y1 + w)|w=o > p the Taylor series expansion for
f(z1,y1 +w) in the disk D(0,r1), with 71 := min(r3u/2, o) yields

|f(x1, 51 +w)| > pry/2

for any |w| = 1. Furthermore, w — f(z1,y1 + w) has a simple zero at w =0
in the disk |w| < r;. Applying Cauchy’s estimate in the z-variable now implies
that

(21 + 2,91 +w)| > rgp?/8, Y |2| <y |w| =1
where r is as in the statement of the lemma. We now claim that

L% fw(x1+27y1+w)d
271 Jjw|=ry [z + 2,91 +w)

for all |z] < r. Indeed, the integral on the left counts the number of zeros
f(z1+ 2,51 + ) = 0 inside the disk |w| < r; and with z fixed. Since there is a
unique zero at w = 0 in this disk when z = 0 is fixed, and since the integral is
analytic in |z| < 7, the claim follows. By the residue theorem, the sought-after
implicit function is given by

1 f fw(zayl +w)
w—
|w|=r1

w=1

— dw = ¢o(z
2mi f(zy1 +w) 90(2)
for all |z — x1| < r. It is analytic and has all the desired properties. Covering
all of Jy with such disks we obtain ¢g on U by the uniqueness of analytic
continuations. U
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The next lemma is a slight variant which does not require vanishing at a
point but only smallness. We of course reduce the latter case to the former.

LEMMA 14.2. Let f € CY(R) be as in the previous lemma and suppose i
and K are as in (14.2). Assume that |f(x1,y1)| < € for some (z1,y1) € R and
0 <& < hip where hy := min(y; — ¢, d — y1)/2. Then

(1) for any x € Jy := (21 — k1,71 + K1) N (a,b) with k1 := hiuK ! there
exists a unique y = ¢1(x) € (¢,d) such that f(x,$1(x)) = 0. Moreover,
¢1 € CL(J1) and

sup [¢ (z)] < Kp™t
zeJy

(2) for any x € J1 and any y € (c,d) \ (¢1(x) — ep™t, ¢1(x) +ep™t) one
has | f(z,y)| > e.

Assume in addition that f admits an analytic continuation to the domain

(14.3) and obeys condition (14.4). Then ¢1 admits an analytic continuation

to the rectangle V := Jy X (—r,r) with r as in (14.5). One has sup |p1(2)| <
z€V

max(|c|, |d|) +ro and f(z,¢1(2)) =0 for all z € V.

Proof. Assume for instance that 0 < f(x1,y1) < e. Since ¢ < y; — hy < d,
we conclude that f(x1,y1 — h1) < & — phy < 0. Hence, there exists a unique
71 € (y1 — h1,y1] such that f(x1,91) = 0. By Lemma 14.1 with (xg,yo) :=
(21, 71) there exists a C-function ¢;(z) defined on the interval

Ja = (z1 — Ko, z1 + Ko) N (a, b)

with
ko = hopK Y, ho= min(g; — ¢, d — 41)
such that f(z,$1(z)) = 0 for any = € Jo. Moreover, sup,c;, |¢)(z)] < Kp™'.
Note first that
ho > min(y; — ¢, d —y1) —h1 =y

by construction. So, ¢1(x) is defined on the interval J;. Clearly, |f(x,y)| > ¢
for any x € J; and any y € (c,d) \ (¢1(x) —ep™t, ¢1(x) +ep™t). That proves
the first part of the statement. The statement about the analytic continuation
of ¢; follows from part (2) of Lemma 14.1. O

We can now combine these local lemmas with a covering procedure to
obtain a global result. It is a quantitative version of the following qualitative
statement: suppose f = f(z,y) is smooth on some rectangle R and 9,f # 0
on R. Then the set where |f| < e in R with £ > 0 small is covered by a union
of neighborhoods of the (local) graphs (z, ¢(z)) where f(z,¢(z)) = 0. Figure 3
shows a possible form of the set Uy (h, ) appearing in the following proposition
(indicated by the shaded areas). The big rectangle is R and the two horizontal
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Figure 3. The set Us(h,¢)

dashed lines are at heights ¢ + hy and d — hq, respectively, defining a smaller
rectangle. Note that since f(z,y) is increasing in y, the dashed areas cannot
have any xz-projection in common. Also, they cannot “die” inside of the smaller
rectangle due to the previous lemmas (implicit function theorem). Hence, they
can only end on the boundaries of the smaller rectangle. Also note that while
each of the two shaded areas is defined by graphs over x, they are not graphs
over y. However, we can cut them up into finitely many graphs over y; see
Proposition 14.6 below.

PROPOSITION 14.3. Let f € CY(R) and u, K be as in (14.2). Given
0<hy <(d—c)/4, and 0 < ¢ < hyp, there is a sequence of pairwise disjoint
intervals {J; }1¢ in (a,b), with (provided they are arranged in increasing order)

min |J;| > Ky := hypK !
2§i§m—1| il 2 #1 1H

and satisfying the following properties:
(1) For each 1 <i < m there exists ¢; € C'(J;) such that

flz,di(x) =0 Yaecld, supld(z)<Ku '
reJ;

(2) The set
Up(hy,e) := {(z,y) € (a,0) x (¢ + hy,d = ha) = |f(z,y)] <e}

satisfies
m

Uf(hl,s) C U Sx(gbi,g,u_l)
i=1
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where for any o > 0,

Su(@iy0) i={(z,y) : v € J;, y € (pi(x) — 0,¢pi(x) +0)}.

Now, assume in addition that f admits an analytic continuation to the domain
(14.3) and obeys condition (14.4). Then for each i the function ¢; admits an
analytic continuation to the domain

Ti={z=x+iy : x€J; |yl <r}

with v as in (14.5), and f(z,¢i(2)) = 0 as well as |¢p;(z)| < max(|c|, |d|) + 70
for all z € 7.

Proof. By Lemma 14.2, for each (x1,y1) € Us(h1,€) there exist an interval
J(x1,y1) := J1 and a function y = ¢1(x) as described in that lemma. This
defines a collection

C = {J(Jfl, yl)}(xl,y1)€ujc(h1,8)'

Suppose J(x1,y1),J(Z1,791) € C have a nonempty intersection and let ¢; and
¢1 denote the functions associated with J(x1,y1) and J(Z1, 1), respectively.
Then

p1(z) = ¢1(x) V€ J(z1,y) N J(F1,41)

due to the monotonicity of y — f(x,y). Define an equivalence relation on the
intervals in C as follows: J,J € C are equivalent if and only if they can be
connected by a chain of pairwise intersecting intervals in C. Then we find the
J; in the statement above simply by taking the union over all intervals in an
equivalence class. The ¢; are well-defined by the aforementioned uniqueness
property of the graphs. The analytic continuation statement follows from
Lemma 14.2. O

In view of (14.1) we will need to apply the previous proposition to a
system |f(z,y)| < e, |g(z,y)| < e. More precisely, we wish to eliminate a
small set of y so that this system fails for every x when we assume suitable
lower bounds on 0, f(x,y) and 9yg(x,y) (one of these derivatives will need to
be much larger than the other). We shall proceed by eliminating x from the
system |f(z,y)| < e, |g(x,y)| < e. Note that this cannot be done on the basis
of Proposition 14.3 alone as we will need to invert each function y = ¢;(z).
This will not of course always be possible. However, by a Sard-type argument
we will be able to remove a small set of y (in measure) so that the inversion
can be carried out for the remaining y.

The precise formulation of this procedure is given by Proposition 14.6
below. We start with the following lemma, which is a quantitative version of
Sard’s theorem.
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LEMMA 14.4. Let ¢ be a real-valued function defined on the interval (o, 3)
which admits an analytic continuation to the domain

S={zeC : dist(z (o, 8)) < r}
for some r > 0 and satisfies sup |¢p(z)| < q for some ¢ > 0. Then, given
S

0 <6 < & there exist at most
n<12r (B —a+r)log(gr-toh
disjoint intervals I; C (a, 8) such that
(14.6) |¢'(z)] > 6, Ve el
J

(14.7) /(@) <26, Vae(a,B\UIL

J

In particular,

(14.8) ¢ (z)| dx < 26(8 — «).

/(a,ﬁ)\Ufa'

J
Proof. Let 21 € (a, ) be arbitrary and define (o, 1) := (71 — g, 71+ g).
By a standard covering argument, it suffices to consider (a1, 1) in the role of
(a, B). The function ¢’ is analytic on D(z1,7) and due to Cauchy’s estimates
satisfies
max |¢'(2)| < 8¢r L.

D(x1,7r/8)
Assume first that there exists ¢(; € D(z1,r/8) such that
(14.9) ¢(c)l = 26.

Then, due to the standard Jensen formula (4.1) applied to ¢/(z) 4 in the disk
D(¢1,3r/4) one obtains

#{z € D(C1,7/4) : ¢/(2) £ 6 =0}

< [ o1/ + Sre(@)) = 6140 ~ tog |/ ()
< log(8qr~' + d) —log(20) < log(5qr—16—1)
< 2log(gr=t671).
Hence there exist at most
ny < 2log(qr='6 1) +1 < 3log(qr ')
disjoint intervals I; C (o, 81) such that
| (z)] >, VIEL]JIj and ¢/ (z)] <68, Vo € (a1, B1)\UL

J
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If condition (14.9) fails then |¢'(z)| < 26 for all = € (a1, $1) which finishes the
proof. O

Remark 14.5. In Lemma 14.4 we set up J as a “dimensionless” quantity
in the following sense: consider the scaling ¢y (z) := A~ '¢(\z) for any A > 0.
Clearly, ¢y scales like A’ which is what we mean by (14.6) and thus § is
scaling invariant. Note, however, that ¢ scales like A~ which explains why
the ¢0~'r~! term inside the logarithm above is scaling invariant (which of
course is necessary). The somewhat strange scaling comes from the context of
the implicit function theorem. Indeed, let fy(z,y) := f(Az, A\y) which simply
means that we homothetically scale the rectangle R to A™'R. Then the implicit
function y = ¢(x) scales precisely as ¢,(x) above. It is instructive to check
our “abstract” results in this section against this scaling. For example, in
Lemma 14.1 both K and pu scale like A\, whereas ¢f, scales like A\ as required
by the estimate |¢f(z)] < Ku~!'. We will keep all “abstract” results in this
section scaling invariant.

” version of

Proposition 14.3. In Figure 3 this corresponds to removing those pieces from

We are now able to formulate the aforementioned “x = ¥ (y)

the two shaded areas where the graphs defining the boundaries have horizontal
tangents.

PROPOSITION 14.6. Let f(x,y) be a real-valued function defined in R =
(a,b) x (¢,d). Assume that f admits an analytic continuation to the domain
(14.3) and obeys condition (14.4). Let u, K be as in (14.2). Apply Proposi-
tion 14.3 to f with parameters hy, e as specified there, and let ¢; be the resulting
functions defined on the intervals J;, 1 <1i < m. Fiz an arbitrary

(14.10) 0<éd< % r = min(riu®,r0)/8, ¢ :=max(|e|,|d]) + ro;

see (14.5). Then for each 1 < i < m there exist pairwise disjoint intervals
Jij C iy, V1< <5(0),

so that for each of these intervals
i+ Jig = 1ij = ¢i(Ji )

is invertible. Denote the inverse by 1; j. Then the following properties hold:

(1) The total number of intervals J; j (and thus of I;; as well as of J;}

which are defined to be the connected components of J; \ U;g Jij ) is
at most

M :=12((b— a)(r™" + 57") +2) log(gr'07")

where K1 := hl,uK_l.
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(2) There exist no more than 3M many intervals I such that >, |I| <
2(b—a)d +3Mepu~! and so that with Ug(hi,€) as in Proposition 14.3,

(14.11) Up(hy, e \(U UijI”) (a,b) x | Io.
l

i=1j5=1

(3) For any o > 0, define
Sy(Wij,0) ={(z,y) + y € Lij, [Yi;(y) —z| <o}

Then
m j(%) m (i)
(14.12) Up(h, )V (U U Jis x Lig) € U U Sy(@igreo ).
i=1j=1 i=1j=1

(4) [0} ;(y)| <671 for ally € I; j and all i, j.

Proof. By Proposition 14.3 for each i the function ¢; admits an analytic
continuation in the domain

Ti={z=z+iy:xz € Jlyl <r}
with sup |pp(z)| < ¢. Applying Lemma 14.4 to each ¢; produces pairwise
1
disjoint intervals

with, cf. (14.10),
ng < 12(|JiJr~t 4 1) log(gr—671)
such that
30)
(14.13) ¢i(x)] >0 Vael] iy,
7j=1
(14.14) 3 / 64| dz < 372158 < 2(b — a)o.
' Jz\U;S)l Jij '

Since J; > k1 for all but possibly two ¢, one has
m
Zni < 12((b —a)r ey + 2) log(gr—t671)
i=1

as claimed in property (1). To prove property (2) of the proposition, we define
I; to be the collection of all intervals arising as follows: eu~'-neighborhoods
of all ¢;(J; ) (we refer to these as type I), as well as e~ L-neighborhoods of
each of the two points in ¢;(0J; ;) (these are type II). By property (1) there
are no more than M type I intervals, as well as at most 2M type II intervals.
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1

Moreover, each type II interval has measure not exceeding 2¢1~ ", whereas all

type I intervals in total have measure at most
S (16i( T )| + 26" ) < 2(b— a)d + 2Mep
ik
see (14.14). To prove (14.11), observe from Proposition 14.3 that it suffices to
prove the inclusion
(@)
[Se(@ien™)\ U Jig x L] < (a,0) x [(e;d) \ | J 1]

1 j=1 ¢

s

(2

A point (z,y) belongs to the set inside the brackets on the left-hand side if
and only if either of the following two scenarios occurs:

o e S\ Jig = U Jiy and ly — i) < ep™,
ez Ji;and |y — ¢i(z) <ep ' buty ¢ I ; = ¢i(Jij).
In the first case, y € Iy where I is a type-I interval, whereas in the second
case, y € Iy which is type-II. In conclusion,
3(3)
Selien™ )\ U Jig x Ly € Ji % (e, )\ 1e]

Jj=1 L

which yields the desired property by taking unions over the pairwise disjoint J;.

On each interval [; j := ¢;(J; ;) an inverse function ; ; = gb-_l is defined, and

1
moreover

sup [ ;(y)] < 5"
yel; j

from (14.13). This establishes property (4). Note that if y € I, ; and |y —
¢i(z)| < ep! for some z € J; j, then |z —v; ;(y)| < ed'p~!. In other words,
in view of Proposition 14.3 one has

Z/[f(hl,e’f) N (Ji,j X Ii,j) C Sy(lbi’j, 8/1,_1(5_1)
which implies property (3) above. O

We are now in a position to state and prove the main “abstract” elimina-
tion result of this section. It will be applied to (14.1).

PROPOSITION 14.7. Let f(x,y) be a real-valued function defined in R =
(a,b) x (¢,d). Assume that f admits an analytic continuation to the domain

T = {(z,w) eC?: dist((z,w),R) < 7"0}
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for some g > 0, and obeys sup |f(z,w)| < 1. Furthermore, let g € C*(R) be a
T
real-valued function defined on R := (a,b) x (¢',d'). Assume that

p:= inf Oyf(x,y) >0, p:= inf Jyg(x,y) >0,

(z,y)ER (z,y)ER
K:= sup |0:f(z,y)|+ sup |0zg(z,y)| < oo.
(z,y)ER (z,y)€ER

Set r := min(rgu?,70)/8, ¢ := max(|c|, |d|) + ro and pick hy € (0,(d — c)/4),
o1 € (0,£), o2 € (0,h1p). Define k1 := hipK =1, as well as

(14.15) M = 12((() —a)(r Tt Rt + 2) log(qr o)
and assume that
fi > max {4(1 + Koy twHM, 2K0f1].

Then there exist subintervals {Ug}gozl of (¢,d) and {V;}5, of (¢,d') so that
(i) ko < o < 3M.
(it) S0, |U] < 201(b — a) + 3Mogp™", S50 [Vi| < 209(b — a).
(iii) The intervals Uy only depend on the function f, the rectangle R, and
01,02.
(iv) For any

y € (c+hi,d—hi)n(d,d)\|JU UV
L,k

and any x € (a,b), at least one of the following two inequalities fails:

(14.16) [f(z,y)| <oz, |g(z,y)] < o2

Proof. We apply Proposition 14.6 to f with § = o1, ¢ := 09. This produces
intervals J; ; and I; ; as well as functions v; ; defined on I; ; satisfying properties
(1)-(4) in that proposition. First, we define {Ug}ﬁozl to be the same as the Iy;
see property (2) of the proposition. Hence, properties (i)—(iii) from above
pertaining to {Uy} follow immediately from Proposition 14.6. To define the
Vi, observe the following: by the chain rule, for any y € I, ; N (¢, d'),

d
dfyg(wm(y)vy) > 0yg (Wi (1), y) — [ ;W)10x9(Wii(y), )| > i — o7 'K >

NI

since we are assuming that p > 2 K‘71_1- Hence, given § > 0 there exists
Il ; C LN (¢, d') such that

(14.17) 15| < 4B~

and
lgWij(w),y)| >B8  Vyelin(d,d)\I;.
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Note that we allow for the possibility that I;; N (', d') \ I} ; = 0 or I} ; = 0.
Now define the intervals {V;}F°, to be the entire collection {0, d)}ig
(skipping empty I} ;), with the choice of 8 := oo(1 + Kal_lu_l). Note that
ko < jo and property (i) is done. Moreover, by (1) of the previous proposition,

SOVl =D <487 M < oy
k 2,]

by our lower bound on g. This finishes property (ii) above. To prove prop-
erty (iv), let

(14.18) (2,9) € (a,b) x [(c+ hi,d = h) N (¢, d) \ [ JU U V|
0,k

We can of course assume that (x,y) € Us(hi,02) for otherwise |f(z,y)| > o2.
Because of (14.18) and (14.11), we then have

m j(%) m j(4)
(z,y) € Up(h1,o2) (YU U Jig x Ui\ Iiy) € U U Sy, 0207 '),
i=1j=1 i=1j=1

where the inclusion is (14.12). Now note the following: fix ¢, j so that (x,y) €
Jij % I j. Since | f(x,y)| < 02, we have |z — ; j(y)| < o207 ™!, Hence,
l9(z )| = lg(Wis(y),v)| = Klo = vij(y)| > B~ Kosoy 'n™ > oy
provided we choose 8 = o2(1+ Koy ! p~1) as before. In the final step we used
that
(z,y) € Jij x (Ligjn(d,d)\ I} ;).

But this means that |g(z,y)| > o2 i and we may assume (14.18) and | f(z,y)| <
o2. The proposition is proved. ]

Next, we apply this result to establish the main elimination result concern-

ing system (14.1). We will use the notion of a segment from Definition 11.2.

Let {Ej(m)(-,w),g' , T } be a segment. In the following corollary we will work
with the following quantitative properties of segments:

(a) |0:E\"™ (,w)| > e, for any z € (2/,7'), and

(b) — g > e—m%
where 0 < &g, 01 < 1 are some parameters. Note that these are weaker
than the ones implicit in Definition 11.2; cf. (11.1). Furthermore, due to Re-

mark 11.3, given z, w the function Ej(-m)(-, -) admits an analytic continuation
to the polydisk

P(z,w,m) = {(z,w) € C*: |z —e(z)| < r(m),|w —w| < r(m)}
where 7(m) := exp(—m%). Moreover,

sup ]E](-m)(z,w)] < C(V).
P(z,w,m)
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Recall the sets Q,,, &n 0, and 5m7w from Section 11 (the latter obviously de-
pends on parameters dg, d1). In the following corollary,
Q, = U Q,,.
n<m<100n
COROLLARY 14.8. Choose A > 10, d > 4 arbitrary’ but fized, as well as
0<egy< 2% and 0 < 20g < 01 < . Let N > No(V, po,a,c,v,d0,01,A,d,e0)
be large and set n := [(log N)A]. Then there exist B, B!! C T so that

mes (B),) < N7, compl(B,) < exp((log N)'/?),
mes (B) < N=%3 compl(B!)) < N3,

with the following property: for all w € Tqq \ (B), U B) U ﬁn) and for each
choice of n < ni,ng,ng < 100n and 1 < j; < 2n; + 1, ¢ = 1,2,3, as well as
every

" < my < exp((log N)Y4), N0 < my < 2N
the system

(14.19) B8 (2 4+ myw,w) — B (2,w)] < N4

J1

\E§:3)(x+m2w,w) — EJ(1 )(yc w)| < N7¢

has no solution with each EJ(»?I)(x,w), Ej(2 )(x—i-mlw w), and E§§3)($+m2w,w)

being the evaluation of a segment with the parameters oy, d1 as in (a), (b) above.

Proof. For each
w € ’]Tc,a \ﬁn, ﬁn = U Qn/
n<n’<100n
we enumerate all possible segments as follows: the set
[_C(V)v C(V)] \ U gn’,w
n<n’<100n

2ns1

can be written as the union of no more than e many intervals (E, E) of

lengths e~""! (with n large). Fixing such an (E, E) one obtains no more than

2"™ many I-segments {E](nl)(-,w),g,:i} with n <n/ <100n and I = (E, E).

4n1 many segments in this enumeration, each
. Fix three n’ in the specified
range and denote them by ni,ne,ns. In addition, fix three segments from our

list which we denote by
{E(m 331,3:1} {E n2) ), Zg, xg} {E§:3)(',W),£3,j3}.

In total, there are no more than e
n o1

of which has slope bounded below by sy := e

9n what follows, the parameter “d” is a large number that has nothing to do with the
parameter appearing earlier in this section in connection with the rectangle R.
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Let C(V) be a large enough. The functions

(14.20) flz,w) = C(V)_I(E](-;w)(ﬂf +miw,w) — J(?l)( ,w)

glw,w) = COV)HERY (@ + maw,w) — B (2,w)

i i (@ w)
are defined on rectangles Ry := (x1, x2) x (w1, w2) and ﬁg = (z1, 22) X (w], wh),
respectively, where

To—x1 2 Ao, w2 —wi 2 A/ mi,  wh— w2 Ai/ma

with A\g := e*”%, A= ¢! This is a consequence of the stability of the

segments under perturbations in x,w.

Via an obvious covering argument, the total number of such rectangles Ry
and R that we need to consider is no larger than (AgA1) ~'my and (AgA1) Lo,
respectlvely, with my, mg fixed (and up to multiplicative constants). Simi-
larly, the number of choices of f which we need to consider with m; fixed is
no larger than e’ "(AoA1)"tmy and that of all possible g is no larger than

ednt ()\0)\1) my. Finally, summing over all admissible choices of mi,mo as in
the statement yields

(14.21) F < e (A1) Lexp(2(log N)Y4), G < e (Aghy) LN2

where F, G denote the total number of f and g, respectively, that need to be
considered in this enumeration. Note that by our choice of 41,

et < exp((logN)%> < N°

for any € > 0 provided N is large. We now verify the conditions of Proposi-
tion 14.7 for such a fixed choice of f, g living on some pair R = Ry, R = Ry
as above. In the notation of that proposition,

_ 28,
m1 2 @2 miso 2 /mi, me 22 masg 2 /me, KS1, ro=e " =5

where we used that mq,mo > sal.

Since rou > 1, it follows that r» =
min(rgu?,r)/8 < ro = sp. Moreover, due torg < ¢ < 1, one has - £ 2 1so that
the condition on o7 in Proposition 14.7 turns into the harmless 0 < o1 < 1.
We choose hy := (wy — w1)/8 = Ai/my which implies that k1 = hiuK 1 >
himisg 2 A1So. Now set o1 = N~—20 and g9 = N—% which is admissible for

Proposition 14.7 by the preceding. Then the constant M from (14.15) satisfies
M S A s Hlog(sg tor ) S A log(or )
and our main condition on i reduces to
i o AT log(oph).

This holds because
i > masg > o 22
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Finally, since
oy L o1 M 71,
it follows that the first bound in part (ii) of Proposition 14.7 reduces to

Z‘Ug‘ 5 g1.
l

Applying Proposition 14.7, we define B/, and B!, as the union over all possible
choices of f and g as explained above, of all intervals U, and V}, respectively as
in Proposition 14.7. Recall that due to property (iii) in Proposition 14.7 the
intervals Uy depend on the function f only. Therefore B/, is a union of at most
F intervals. The set B] is a union of at most F'G intervals. Furthermore,

mes (B)) S o F < N 26040 (Aod1) " exp(2(log N)Y/4) < N2,
mes (B!) < 02 FG < N™%8" (\gA;) 2N 220 < Ny —d+3
as claimed. The complexity bounds are as follows:
compl(B,) S MF <exp(VN)  and  compl(B!) < MFG < N3

as desired. Finally, suppose (14.19) had a solution for some x satisfying all the
conditions stated above. Although the segments from (14.19) do not necessarily
belong to our list of segments described in the beginning of the proof, locally
around z they would have to agree with some choice of segment from our list.
Therefore, for some choice of f, g as in (14.20) necessarily

[f(z,w)| < o2, |g(z,w)| < o2

contradicting that w & B,; see Proposition 14.7. (|

Remark 14.9. The purpose of this remark is to comment further on the
set of exceptional w in Proposition 15.7. Recall that we assume that

(14.22) we Ty \B(N), B(N):=B,UB'uQ,
with the effective bounds
mes (B,) < N~ compl(B,) < exp((log N)*/?),
mes (B) < N793 " compl(BY) < N3.
Here 0 < g9 < 1, d > 4 are arbitrary, provided
N > No(V,e,a,v,00,01, A, d, )

and &g, 01, A are parameters as specified in Corollary 14.8. For the rest of
this paper we fix all the parameters except d in such a way that the corollary
holds. Thus the statement of Corollary 14.8 holds as long as NV is large enough
depending on d. Recall also that

Q= U Q.

n<n/<100n
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where
mes (Q) < exp(—(logm)™),  compl(2) < mC,

n =< (log N)A. Tt is convenient to use the outer Hausdorff measures He(F),
F CR,

H(F) ZZin{Z‘IﬂO‘ : .FCUI]', Sup|fj| Sr}
J J J

where 0 < a < 1, r > 0 are arbitrary. For d > 7 define

(14.23) a(d) =4/(d—3), r(N)=exp(—(loglog N)?).
Then
HIG) (B(N)) < exp(—(loglog N)P)

where B = A/2.

15. Resonances and the formation of pre-gaps

The main objective of this section is to establish the resonance-splitting
picture for the Rellich parametrization of the eigenvalues similar to the one
described in Figure 2. For ease of notation, we mostly drop w from functions
when it appears as an independent variable.

We begin with the following statement, which formalizes the idea that we
can make a positive slope I-segment intersect with a negative of the same scale
by means of a shift of the form mw. Of crucial importance is the fact that
the intersecting segments can be chosen to be regular unless we are inside a
spectrum-free interval of energies in the sense of Section 12.

LEMMA 15.1.

(i) Fiz 6 > 0 small and let {E](IE) (:c),gl,fl} and {EJ(QE) (), z9, T2} be a
positive-slope and a negative-slope I-segment, respectively, where I =
[E, E], with E — E > exp(—ﬂ‘s). Then for all N > Ny(0) there exists
an integer m € [exp(ﬂ‘s),exp@ﬁ‘s)} and xg € (1,T1) such that

(15.1) BN (20) = BX (g + mw).
Moreover'?,
(15.2) dist(zo, {z;,7;}) > C(V)""(E—E)  for j=1,2.

(ii) Given a scale £ and an interval (Ey, EY), El — E} > exp(—(log£)4),
either the interval

(2 + iexp(—(log O"), Bg ~ iexp(—(l‘)g ")

lo{gj,fj} here is the set with these two points as elements.
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is spectrum free, or at some scale (> < N < (10 there exist a regular
positive-slope I-segment {Ej(lﬂ) (w),gl,fl}, a regular negative-slope I-
segment {E](-g)(x),@,@}, I= [E,E} C [E),El], E-E > exp(—N?),
an integer m € [exp(N?),exp (2&5)] and a point xg € (x1,T1) such
that conditions (15.1) and (15.2) hold.

Proof. (i) Assume for instance, x; < xy. Then necessarily also T < Zs.

Let y1 = T2 — 1 and y2 = 29 — z;. The function
N\ —1 N\ —1
hE) = (ER) 7 (B) - (B7)(B)
is strictly decreasing and satisfies h(E) = y1, h(E) = y2. Let AE ;== E — E,
E =E—-AE/4and E' = E + AE/4, and define ¢} := h(E'), v := h(E').
Then
vh—yy > C(V)™HE - E) > C(V) " exp(—N?).
Hence, by the Diophantine nature of w, there exists exp(N?) < m < exp(2N?)
so that {mw} € (v}, v5). Consequently, there is a unique Fy € (E, F) so that
N)

h(Eo) = {mw}. Set xp := (E](T )_I(E(]). By construction, z; < xg < T1 and

E](Qﬂ) (xo +mw) = Ey = E](lﬂ) (x0)
as desired. Moreover, (15.2) follows from
dist(Eo, {E, E}) > AE/A.
(ii) This part follows from part (i) due to Proposition 12.15. O

For the remainder of this section we fix a regular positive-slope I-segment
{Eslﬂ) (), 24, Tl}, a regular negative-slope I-segment {EJ(QM (a:),QQ,Tg}, I=
[E,E}, E — E > exp(—N?),

(i) 0. E| > exp(—N°) for any @ € (z,,7.), s = 1,2,
(it) Zs -z, > exp(—N°)

where § > 0 can be made arbitrarily small but fixed and N large depending
on 8. We also fix an integer m € [exp (N°), exp (2N?)] and a point zy € (z;,71)
such that condition (15.1) holds. As usual, we denote the eigenvalues of
Hi_y nj(z,w) by E](-N)(x), 1 <5 < 2N + 1, and a normalized eigenfunc-
tion corresponding to EJ(N)(x) by wj(-N) (x,-). As in the proof of the previous

lemma, Ey := EJ(IM (zo). In the following proposition, we pass to a larger

scale. The idea is as follows: since they are regular the segments Ej(lﬂ)()
and E](lﬂ)( + mw) correspond to eigenfunctions supported on [—N, N], and
[m — N, m + NJ, respectively, which are exponentially small near the edges of

these intervals. Hence, they each generate an approximate eigenstate of the
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operator H|_y ] (x,w) with eigenvalues close to Ey. Proposition 15.2 quanti-
fies these qualitative properties. What remains to be done as far as Figure 2
is concerned is to show that there is a true bottom arc E~, i.e., an arc that
achieves its maximum in the interior of the interval on which it is defined.

PROPOSITION 15.2. Let 0<egg < % be arbitrary but fived, and 0 <6<
where A = A(V,7,a,¢). Set N := [exp(N%)], n := [(log N)4]. We assume
that w € Teq \ (B, UBLUQ,) as in Corollary 14.8.

(a) For any interval [N', N"], with n < N"” — N’ < 100n, N1%0 < |N’| <
2N and any |x — x| < N=9 where d is as in Corollary 14.8 one has

spec(H[N/,Nu] (LU)) N (EO — KJ,EO + K) = @

with rk := N~%.
(b) For any zo — N=471 < 2 < 29 + N~971 there exist j, jb (possibly
depending on x) such that

Y (@)= By (0)] < exp(=N'3),  |ESY (w4+mw) =B}V (2)] < exp(-N'73).
1
(c) For any xo — N~ 1 <2 < a9 — e (resp. 29 + e <z, <

zo + N~971) there exist j'_, j", respectively j', 5, (possibly depending
on x_,x4) such that

ol—=

Ey—C(zg—2z_) < E(N) z_) < Ey— (20 — z_) exp(—N°),

Ey — C(as —z0) < EQ (24) < By — (w0 — 24) exp(~N°),
(N

(

(

)(3: ) < Eo+ C(zo — 2_),
N° (

)

) <
Eo+ (zo — - )exp( 5)<E

) <

Eo + (x4 — z0) exp(— NN E(N) z4) < Eo + C(z4 — 20).

(d) If E](-N)(x) € (By — N4/2,Ey + N~4/2) for some
x€lzg— N1 gg+ N9
then

[ (@,n)| < exp(—il/4) V| > N,

() If BV (2), BV (2) € (Bo — N=%/2, Bo + N™9/2), j # j', x € [o_, 2]
then

B (@) — B (2)] > 7 = exp(~N11e0).

Proof. To prove (a) we use Corollary 14.8. Recall that we assume that
we Teo \ (B, UBIU,). We set & := 0, § := 30, g9 := 1/50, ny := N,
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no = ni, n3 := N’ — N'+1, m; := m, mg := N’. Then all conditions of
Corollary 14.8 hold. Let |z — zo| < N~9"!. Then

ED (@) — B + muw)| < C(V) |z — zo| < N7

Due to Corollary 14.8 one has |EJ(1M (x) — E](.ns)(:n + mow)| > N~ for any
1 < j < 2n3+1 which proves (a). Since {Ej(lm (:c),gl,fl} is a regular segment
()

we have NY/2 < Vi (z) < N — N'/2, Therefore,

N N
|(H () = B @)y ()] < exp(-N"?)
whence there exists j{ such that

B (@) - BN (@)] < exp(-N?).

The proof of the statement regarding Ej(g) () is similar. Thus (b) holds.
Because of (15.2) and

(15.3) axEj(lﬂ)(iL') > exp(—ﬂ(s), x € [z, 7],
OZEJ(QM)(:E) < exp(—ﬂ‘s)’ T € |29, To),

part (c) follows from (b). To validate (d) and (e) we invoke Corollary 7.2.
Indeed, part (a) of the current proposition implies that the conditions needed
for Corollary 7.2 are met. Therefore, (d) and (e) hold. O

Remark 15.3. The previous proposition is based on the elimination via
Corollary 14.8 and not via resultants as in Proposition 5.5. This is crucial,
as the latter method of elimination requires the removal of some subset of the
energy FE. Although the subset in Proposition 5.5 is small, its removal would
destroy the argument.

The following lemma establishes the existence of the E~ branch in Fig-
ure 2.

LEMMA 15.4. For N large, there exists jo with
(15.4) ‘EJ(.;V) (z0) — Eo| < C(V)N 4~
and an interval [x_, x],
(15.5) 0<zg—ax_ < N4 0<zy—xg < N 44

such that E](év) (x) assumes its mazimum over the interval [x_,x1] at some
point O which is located “properly inside the interval”, i.e.,

(15.6) x4+ CTINTB <O g oINS,
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Proof. To establish this lemma we use Proposition 15.2 and the property
that the graphs of EJ(N) (z), 1 <j < 2N + 1 never intersect. Set
z_(k) =20 —kN"T8 1<k< N
_ V)
E_(k) = E;~ (x-(k)),

(k) = {j : |V (e- (k) = B— (k)| < exp(-N5)},

where k£ > 1. Due to part (b) in Proposition 15.2 each set J_(k) is nonempty.
Furthermore, due to the fact that 82;E](-1M (z) > exp(—N?) one also has

E (k—1)>E_(k) + N~ ®exp(—N?).
Let j € J_(k) for some k. Assume that
(15.7)  max{E(z) : @ € [z_(k), 0]} < E_(k— N) — exp(~N'/3).
Then clearly one has
(15.8) j & J_(K) for any k' <k — N.

Since there are only 2N + 1 eigenvalues EJ(-N) (z) in total, there exist N3 >
k_ > N3/2 and j_ € J_(k_) such that

max{E(z) : @ € [e_(k_), 0]} = E_(k- — N) — exp(~N"/3).
Analogously, we set
(k) =xg+ kN4 1<E<NT,
Emc) = B2 (24 (k) + mow),
Te(k) == {j + 1B (2 (k) — B (k)] < exp(~N3)}.

We want to show that there exist k4 and j; € J4(k4) such that the following
conditions hold:

(@) max{EN(2) : & € [wo, 04 (k1)]} > By (ky — N) — exp(—N5),
(B) E_(k.)—N"4UN<E (ky)<E_(k_)+CN—8,
To achieve this, note that due to (15.3) and k_ > N3/2, one has
1
E (k)< Ey— 5N—d—5 exp(—N9).
On the other hand,
E_ (k.)>FE_(N3 > Ey—CN %,
Once again, due to (15.3),

EW (21 (N7) +mw) < By — N~ exp(—N°).
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Hence, there exists &, < N7 such that E4 (k/, +1) < E_(k—) < E4+ (k). Since

1
_ iN*d*E) eXp(—Mé) > E_(k_)
= Eﬁzﬂ)(%r(k; +1)+mw) > Ey — C'kﬂrN_d—ll,
one has N7 > K,z N 6 exp(—N 5). Applying an argument analogous to the

one used to determine k_, one finds k4 € [k, — N3, k] and jy € J;(k4) such

that condition («) holds. Furthermore,

Bi(ky) > Bo(K,) > B_ (k).

Ei(ky) < By (K, — N®) < B4 (k,) + CN—48

<E+(k’ +1)+CN L oN—d-8
E_ (k) +CN~ 1 oN—9-8,

Therefore, condition (f) holds. To finish the proof of the lemma assume for
instance that

(15.9) B (2 (ky)) < BS (24 (ky)).

Then
max{E™M () : @ € oy (ks) - N7 o ()]}
< B (wy (k) + ON~41 < BV (0 (ky)) + CN 471
< Ey(ky) +exp(~N3) + N~ < BN (2 (k) + 3CN~05,

Furthermore,

max{E"N () : z € fo_(k-),z_(k-) + N~48)} < BN (@_(k_)) + ON~978,

On the other hand,

max{E™N (2) ¢ @€ [o_ (ko) 24 (k)]} 2 max{EN (2) © 2 € [z (k-), 20}
> E_(k- — N) —exp(—N'/?)
> EM(@_(k_)) + N~ exp(—N°) — 2exp(~NY?)

(V) L \—a-7 5
> B (- (k) + 5N~ exp(~V).
Set jo =j_, [x—,z4] = [x_(k_),z4+(k+)]. Then (15.6) holds. Note that

O0<zg—z_ (k)< N4 0<ay(ky)—z < N9
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since k_ < N4, ky < N7 as well as
N N N
1" (w0) — Eo| < | B} (o) = B} (a— (k)|
+ BN (a_(k2)) — B_(k=)| + |E-(k-) — Eo
< C(V)N—H,
Hence (15.4), (15.5) also hold. Consider now the case opposite to (15.9). Since

the graphs of EJ(]_V) () and g

;. () do not intersect one has in this case

BN (2) < BN ()

J+

for all z. Hence,
max{E™M(2) 1z € [w_(k_),z_(k_) + N~913)}
< max{EM (@) s 2 € [e- (ko) o (k_) + N1}
(N) —d—12
<E;(wv_(k-)) +CN
<E_(k_)+exp(~N'"3) + CN~42 < E, (k) 4+ 2N—9"1!
N —d— N —d—

< B (w4 (k) + exp(—NY?) + 2N < BN (0 (ke )) 4+ 3N 41,
Furthermore,
max{E\N(2) 1 @ € [14 (ky) — N5 2y ()]} < BV (24 (ks ) + ON7O713,
On the other hand,

max{E™M (2) 12 € [e_(k_), 21 (k1)]} > max{EN (@) : @ € [wo, x4 (ky)]}

> By (ky — N) —exp(—N'/?)

> By (ki) + N~ Wexp(—N°) — exp(—N'/?)

> B\ (w4 (k) + N9 exp(—N?) — 2exp(—N'/?)

|

> Ej (@ (k) + 5N O exp(—N7).

Set jo = j+. Then (15.6) and (15.5) follow. Finally,
B (o) = Bo| < 1B (20) = EX (w4 (ky))|
+ B (24 (ky)) = By (ky)| + [ By (k) — Byl
< C(V)N—d

and (15.4) holds as claimed. O

For convenience we summarize the conclusions of Lemma 15.4 and Propo-
sition 15.2 in the following corollary.
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COROLLARY 15.5. Using the notation of Proposition 15.2 there exists jo
and an interval [x_,x,] C [xg — N~94 o + N=94] such that

(1) The function E)(z) = Ej(év)(x),x € [zr_,z4] assumes its maximal
value of the interval [x_, x| at some point

$(0) e [‘T, + CN_d_lg, Ty — CN_d_IS].

(2) For any x € [x—,x4] the operator H_y nj(w) has no eigenvalues in the
interval

(E(*)(ac)7 E(*)(m) +7), T =exp(—N'e0),

(3) The eigenfunction ) (z,n') == wj(év)(x,n’), obeys

9O, n)] < exp (= 2a)

for |n'| > N1/2.

Next, we will establish that any energy E € (E) (), EC) (2(0) 4 7)
generates two complex zeros of fy(-, E) with imaginary part bounded below.
In order to do this, we apply the Weierstrass preparation theorem as in Corol-
lary 2.28 to fn(z, E) relative to the z-variable locally around the point

(O, EO) 20 = ¢z O = ) (70,

Thus, there exist a polynomial P(z,E) = zF + ap_1(E)zF"! + -+ + ao(E)
with a;(E) analytic in D(E©®), 1), where r; < exp(—N'2%0), and an analytic
function g(z, E), (z,E) € P = D(29,r)) x D(E©®, ) such that:

(a) fn(z E) = P(z, E)g(z, E);

(b) g(z,E) # 0 for any (z, E) € P;

(¢) For any E € D(Ejy,r1), the polynomial P(., E) has no zeros in C\D(z(?, r1);
(d) 1 <k =deg Py(-,w, E) < (log N)0.

Here the property k > 1 is due to the fact that fy(2(9, E(0) = 0. We
can now derive the following result:

LEMMA 15.6. For any E € (E© + 71 /4, E®) 4 r,/2), the Dirichlet de-
terminant fn(-, FE) has at least two complex zeros (¥ = (*(E) = e(z(E) £
iy(E)) € D(e(z),ry), with 1 /Cy < |y(E)| < r1.

Proof. For any E € D(Ep,r1), the polynomial P(-, E) has at least one zero
C(E), with ¢(E) € D(2), 7). Let Ey € (E© 411 /4, EO®) 41 /2) be arbitrary,
and let Cl = C(E1> == 6(5[51 + iyl). Note that E(O) - 07’1 < E(_)(:El) < E(O)
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Therefore,
ET (@) +m /A< B9 4r/a< B <E® 45 /2
< ET)Nx) 4+ Cr < B (21) + 7/2.

Furthermore, recall that due to condition (2) of Corollary 15.5, the operator
Hy (1) has no eigenvalues in the interval (E(-)(z1), EC)(z1) + 7). In partic-
ular,

dist [spec(H[,NyN] (xl)), EI] >ri/4.
Since Hy(x1) is self-adjoint and
I1H NNy (z1) — H-y vy (@1 + iy || < Clyal,
one has also
0 = dist [Spec(H[,N,N](ml + iyl)),El} >r1/4 — Cly].

The determinant fy(e(x), F1) assumes only real values for real z. Therefore,
each complex zero (; produces a conjugate zero and we are done. ([

The following is the main result of this section. Due to the fact that
an eigenfunction ¢ of H|_y yj(z,w) which is very well localized in [~N, N]
remains close to an eigenfunction of this operator if it is translated inside of
the interval, we obtain a whole sequence of complex zeros as in the previous
lemma. The parameters d, g are as above.

PROPOSITION 15.7. Using the notation of part (ii) in Lemma 15.1, as-
sume that

(Ey+ iexp(—(logm), Ey — iexp(—(log o)

is not spectrum-free. Then there exists N = [exp(ﬂﬁ‘s)] with 2 < N < ¢10
and an interval (E',E") C (E}, EY), E" — E' = exp(—N?>°) such that for any
E € (E',E") the Dirichlet determinant fn(-,w,E) has a sequence of zeros
C,:: = e(xy £ iyy), where k runs in the interval (—N 4+ 2NY2, N —2N/2), with

|l — w0 — kwl| < exp(=N'®),  exp(=N') < |yi| < exp(—N'1").
Proof. Due to part (a) of Proposition 15.2 one has
spec(H[N/,Nu](az,w» N(Ey—k,Ey+r)=10
for any |z — x| < N~97! and any interval [N’, N”] with
n < N”— N <100n, N <|N'| <2N,
where n is as above, k := N~%. Therefore, due to Proposition 9.3, one obtains

(1510) Vf[Nl,N2]('7E)(e(x)’RO) =0
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for any
[N1,No] € [-2N,2N]\ [-2NY4 2NV, Ny — Ny > n,

and any E € (Ey — 1/2, By + k/2), where Ry =: exp(—(log N)¢). Let 20,
E € (E® 4 r1/2,E© 4 r/2) be as in Lemma 15.6. Then the Dirichlet
determinant fy (-, E) has a complex zero

(H(E) = e(x(E) + iy(E)) € D(e(=""),r)

with y(F) > r1/Cy. Set No := [N'/3]. Then (15.10) implies in particular that
No, —Np are adjusted to (D((H(E), Ro), E©) at scale £y := [N'/4]. Due to
Proposition 9.3, with (15.10) taken into account, one obtains

(15.11) Vi ngng (B) (G (E),m0) 2 1

where rg = exp(—ﬁéﬂ) = exp(—NY®). Let k € [-N 4+ 2N'/2 N — 2N1/2] be
arbitrary. Recall that
fap(e(@ +kw +1y), E) = flarrpir ez +iy), E)

for any x, y, F and any [a,b]. Using once again Proposition 9.3 with (15.10)
and (15.11) taken into account yields

Vi () (T (B)e(kw),ro) > 1.
Hence there exists (; (E) as claimed. The argument for ¢, (E) is similar. [

By a pre-gap we mean an interval of energies (E’, E”) as described in
Proposition 15.7. It remains to show that pre-gaps do not fill up again as we
pass to larger scales. The following section makes this precise.

16. Proofs of Theorems 1.1, 1.2

To prove Theorem 1.2 we use Proposition 15.7 in combination with the
analysis of the quantities

(16.1) Mny(E, Ry, Ry) = %#{Z € Ag, R, : fn(z,w, E) = 0}

from Section 4. Recall the following relations established for these quantities;
cf. Lemma 4.6:

(16.2) MN(W,E,Rl + 19, Ry — 7’2) < Mn(w,E,Rl — 19, Ry + 7"2) + n71/4,

M, (w, E, Ry + 12, Ry — 79) < My (w, E, Ry — 19, Ry +19) +n~ /4

for any n > No(V,7,a,¢,0), N > exp(yn?), 1 — p(© < Ry < Ry < 1+ p©
where Ny = No(V, ¢, a,7), p0) = p(o)(V, ca,y) > 0, 19 = n_1/4(R2 — Ry),
provided r2 > exp(—vyn?/100). Here ¢ > 0 is small but fixed and 7 stands
for the lower bound on the Lyapunov exponent as usual. In what follows,
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0 < g9 < 1 is small and fixed as in the previous section and we will set
o := 20¢gy.

LEMMA 16.1. Using the notation of Proposition 15.7, one has for any
E € (E',E"), and any N1 > exp(y N?20?0)

(16.3) My, (E,R_(N),R,(N)) < My(E,R"(N),R(N)) —2+CN~1/4
where R, (N) = 1 £ exp(—N¥) R (N) =14 exp(—N%0).

Proof. Due to Proposition 15.7 for any E € (E’, E"), the Dirichlet deter-
minant fy(-,w, E) has a sequence of zeros C,ét = e(xp £ iyx), where k runs in
the interval (—N + 2NV2 N — 2N1/2),

|l — 2o — kw|| < exp(=N%),  exp(=N"2) < |yy| < exp(=N'*).
Since w € T, 4, all these zeros are different; i.e., Cki =+ C,;'i if k # k1. Hence,

My(E, Ry, Ry +) < My(E,R"(N), R} (N)) -2+ 2N~/
where Ryt = 14 exp(—2N'3%). Combining this estimate and (16.2) one
obtains (16.3). O

We can now prove Theorems 1.2 and 1.1.

Proof of Theorem 1.2. Following the notation of Remark 14.9 given N,
we denote by B(NN) the set of exceptional values of w defined in Corollary 14.8.
Recall that due to Remark 14.9 one has

Hf((;?) (B(N)) < exp(—(log log N)B>

where HY stands for the corresponding Hausdorff outer measure, r(N) =
exp(—(loglog N)4), a(d) = 4/(d — 3), A,B > 1 are constants, and d > 7
is arbitrary and provided N > Ny(V,c,a,7v,d). We need to iterate the re-
sult of Lemma 16.1. Set (with some 0 < § < ¢¢ as in the previous section)
N(N,1) := N,N(N,t +1) := [exp((N(N,t))%)] for all t > 1, and

B(N.T):= |J B(N(N,t)).

1<t<T
Assume that w € T, o \ B(N,T). Given arbitrary 1 <t < T and an interval
(Et71, Et72) with
Eio—Ep1 > exp(—(logN(N, t))c),
either (Ey 1, By 2) contains a spectrum-free subinterval (Ej ;, Ey 5) with
E£,2 - E£,1 2 exp(—(log N(N’ t))c)v
or there exists a subinterval (Ej, E}) with

E/ — B} > exp(-N(N,t + 1)*)
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such that

(16.4) My (n1)(E, BL(N(N, 1)), B} (N(N, 1))

< My(E,R"(N(N,t)), RL.(N(N,t))) — 2 + CN(N,t)~1/4
for any FE € (E}, E}'). Hence, given an arbitrary interval (Eq, Eo) with

Ey — FEy > exp(—(log N)C),
either (E1, E2) contains a spectrum-free subinterval (E7;, E75) with
Erg—Epg > exp(—(logW(N, T))C)v
or there exists a subinterval (E/., EY.) with
El — EL > exp(—W(N, T+ 1)35>
such that
(16.5) My vy (E, RL(N(N,T)), Ry (N(N,T)))
< My(E,R"(N),R(N)) — 2T + CN~/4

for any E € (EL, EY). Recall that due to Lemma 11.5 on translations of
regular I-segments one has in particular

Mn(E, Ry, Ry) >1—2N~1/2

for any £ € I, and any R;, Rs, provided there exists at least one regular
segment {EJ(-N) (w,w),@,f}. On the other hand, My (FE, Ry, Re) < C(V) for
any N, R, Ry. In particular, using the notation of (16.3) with T":=[C(V')/2]+1
one has
My vr)(E,RL(N(N,T)), Ry (N(N,T)))

< Mn(E,R"(N),R(N)) — 2T + CN~Y4 < N1/
for any E € (E7., Ell). Combining this estimate with (16.2) one obtains
My, (B, R_(N(N,T +1)), R\ (N(N, T +1)))

< Mpn(E,R"(N), R (N)) < 5N~1/4
for any N1 > N(N,T + 2). Consequently, there is no regular I-segment
(B (@,w),2,7),  Ic (B, BY).

Due to Proposition 12.15 the interval (Ef., E7.) is spectrum-free. Finally, set
Bn.a = B(N,T). Then

a(d)
r(N)

and we are done. O

H (Byg) <T+1<C(V)

Proof of Theorem 1.1. It is convenient to split the proof into a few steps.
We enumerate these steps as a, b, ¢, and d.
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(a) Using the notation of Proposition 13.1 assume that w € ']I‘Qa\@Nl,
xz € T\ Bn,, for some N; > Ny. Assume that (Ej, Ej) is a spectrum free
interval. Then for any Ny there exists N > Ns such that

U spec(HY 1 (w,0)) 0 (B, Ef) = 0.
z€T

Let Ey := (Ey + Efj)/2, 00 := Ej — E{,. Then

(16.6) min {|Eo — B} (z,w)| : B (z,0) € (B, B"),v™ (@, 0)

€[-N+ Nz, N - Nz]} > 09/,

Indeed, assume that |Ey — E](év) (z,w)| < op/4 for some jo with

(V) (N) 1 1
B,V (x,w) € (B E"), v '(z,w)€[-N+Nz,N—N2J.

Then
N N
|(H X 1 (@) = B (2,0)) 007 (@, w,)| < exp(—/N"2) < o0/4.

Hence,

dist [Eo,spec(H[(f])VH’N] (x,w))} < 00/2

contrary to our assumption. Thus (16.6) is valid. Due to Remark 13.5 for any
2’ € T and any |E — Ey| < 0¢/8 one has E ¢ spec(H (2',w)).

(b) Assume that w € ']I‘C’a\(@\]\/1 U Bn,.4), for some Ny > No, where By, 4
is defined as in Theorem 1.2. Let (E’,E”) be an arbitrary interval. Then
(E', E") contains a spectrum free interval (E{, E{). Then due to (a), (E{, E{})
contains an interval (Ef, EY) such that ¥, N (E}, EY) = 0.

(c) Set Q" = Nn>n, Qn,. Then € has Hausdorff dimension zero. Fur-
thermore, proceeding inductively, for each d > 7 pick an arbitrary N(d) large
enough so that By (g) 4 is defined, and also N(d) > max(exp(exp(d)), N(d—1)).

Set
g = U BN(d’),d’a Q” = ﬂQIdI
d'>d d
If d > d then a(d) < a(d) and r(N(d')) < r(N(d)), due to N(d) < N(d').
Hence

a(d) a(d)
H'I’(N(d)) (Qg) Z ’Hr(d) (BN d’ Z H d’ BN d’)

d'>d d'>d
< > exp(—(loglog N(d))?) < Y (d) P ga Pt <a.
d'>d d'>d

Therefore H (( )( @) (") < d~t for any d. Since a(d),r(N(d)) — 0 with d — oo,

the Hausdorff dimension of Q" is zero.
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(d) Set Q := Q' UQ”. Then the Hausdorff dimension of  is zero. Assume
that w € T, \ 2. Then there exist N{, d; such that w ¢ @N{, and w ¢ By(a),d
for any d < dy. Pick arbitrary d > d; such that N(d) > Nj. Set Ny := N(d).
Then Qy, C ﬁN{. Hence, w € ’]I‘c,a\(ﬁ]\/1 U Bn,.d). Due to (b) any given
interval (E', E") contains a subinterval (E{, EY) such that X, N (£}, EY) =0
as claimed. O

Appendix A. Polynomials, resultants, and algebraic functions

We recall some basic facts on polynomials. They can be found in [Lan65,
Chap. 5].

e A polynomial f(x),z = (xj,...,2,), of v variables z; € R,j —1,2...n
is called irreducible if there is no factorization

f(@) = g(x)h(z)
with g(z), h(x) being nonconstant polynomials.

e Each polynomial f(z) can be factorized
f(@) =11 #i(=)
j=1

with f;(z) irreducible. This factorization is unique up to scalars.

o Let

flxy,...,xy) = Zaj(xg,...,xl,)x{, ap Z 0,

j=

[e=]

g(x1,...,2y) = ij(arg,...,xy)x{, bm Z 0
§=0

be two arbitrary polynomials of v variables. The following determinant

m k
ay 0 R ) 0
ag—1 ap o bpo1 by
ag—2 ag—1 -+ bm—a bm—1
(A1) Res(f.g) =
ap  ay
0 a
0 0

is called the resultant of f and g with respect to the first variable. For arbitrary
variable x; the resultant is defined similarly.
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o Let f(2) =2F+ap12F 1+ +ag, g(z) = 2™ + b2+ + by,
a;,bj € C. Let (;, 1 <i < kandnj, 1 <j<m be the zeros of f(z) and g(z),
respectively. The resultant of f and g satisfies

Res(f,g) = [[(G; = nj)-
1,J
The discriminant of the polynomial f is defined as
(A.2) dise f =](¢—¢) -
1#]
One has also
disc f = (—1)"™ V2 Res(f, 1) .
o Let R(x2,...,2,) beasin (A.1). R(xa,...,x,)is a polynomial deg(R) <

deg(f)deg(g). Recall that for
(A.3) flz) = Z Cax®,

the degree deg(f) is defined as max{|a|: ¢, # 0}. Here

r=(x1,...,2), a = (a1,...,0p), 2% =27 x5% - aL”.

e The main property of the resultant is as follows:

R(f,9)=0 if and only if f=hfi, g=hg.

k .
e In particular, if f = " a;(z1,...,2)2], ag(za,...,x,) # 0 is irre-
7=0
ducible, then

Res(f,9) =0 for any g.

e Let f(z,y),g(x,y) be polynomials of two variables, z,y € R. Bezout’s
Theorem says that if f or g is irreducible then the system

flz,y) =0, g(z,y)=0
has at most m - n solutions, m = deg f, n = degg.

e Let f(x,y) be a polynomial, and let ¢(x) be a function defined on some
interval [a, b] such that

(A.4) f(z,o(x)) =0, forany =« € [a,b)
has m(m — 1) solutions at most. If for some zg € [a, ]

Oy f(zo,y(x0)) # 0

then ¢(x) is real analytic in some neighborhood of z,

Outp=—02f/0yf



474

MICHAEL GOLDSTEIN and WILHELM SCHLAG

On the other hand if ¢(x) is real analytic on [a, b] and obeys (A.3), then there
exists an irreducible polynomial f(x,y) such that

filz,o(z)) =0 for any z € [a,b].

For any p € R the number of solutions of the equation

Oxp =

does not exceed 2m(m — 1), where m = deg f.
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