Annals of Mathematics 173 (2011), 1-50
doi: 10.4007/annals.2011.173.1.1

The fourth moment of Dirichlet L-functions

By MaTTHEW P. YOUNG

Abstract

We compute the fourth moment of Dirichlet L-functions at the central
point for prime moduli, with a power savings in the error term.

1. Introduction

Estimating moments of families of L-functions is a central problem in
number theory due in large part to extensive applications. Yet, these moments
are seen to be natural objects to study in their own right as they illuminate
structure of the family and display beautiful symmetries.

The Riemann zeta function has by far garnered the most attention from
researchers. Ingham [Ing26] proved the asymptotic formula

T/ 5 +it)|'dt = as(log T)* + O((log T)?)

where a4 = (27%)~!. Heath-Brown [HB? 9] improved this result by obtaining
1 r 4 lie

(1.1) T/o (5 +it)| dt = Zzgal log T) + O(T~s%°)

for certain explicitly computable constants a; (see (5.1.4) of [CFK+05]). Ob-
taining a power savings in the error term was a significant challenge because
it requires a difficult analysis of off-diagonal terms which contribute to the
lower-order terms in the asymptotic formula.
The fourth moment problem is related to the problem of estimating
(1.2) > d(n)d(n+ f)
n<x

uniformly for f as large as possible with respect to x. Extensive discussion
of this binary divisor problem can be found in [Mot94]. The sum (1.2) can
be transformed into a problem involving Kloosterman sums. The strength of
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Heath-Brown’s result (1.1) relies on the Weil bound. Using the spectral theory
of automorphic forms (the Kuznetsov formula), Iwaniec ([Iwa80, Th. 3]) showed

T+T2/3
(1.3) / C(L +it)|*dt < T3
T

Notice that Heath-Brown’s result gives (1.3) with 7%/3 replaced by T7/%. With
some extra work, these mean-value estimates can be turned into subconvex-
ity estimates for the zeta function (although Weyl’s method already gives
(3 +it) < tY/6%¢ with far less effort).

Motohashi has proved a beautiful exact formula for a smoothed version
of the fourth moment of zeta in terms of the cubes of the central values of
all automorphic (degree 2, level 1) L-functions ([Mot97, Th. 4.2]). The re-
sult is difficult to describe precisely because the dependence on the smoothing
function involves elaborate integral transforms. Motohashi considers

(1.4)
M,(a, B,7,9) /_ C(E+a+it)(34+B+it)((5 +~ —it)((5 + 6 —it)g(t/T)dt,

where initially the parameters «, 3,7, have large real parts, and uses the
Kuznetsov formula to develop a meromorphic continuation of Mg(«, 3,7, 9) to
include the origin. These parameters (or shifts) are helpful for developing the
main term in the asymptotic formula for the fourth moment because certain
residue computations become simplified (e.g., it is much easier to compute the
residues of five simple poles than it is to compute a residue at a fifth order pole).
The smoothing function g can be replaced with the sharp truncation t < T
using standard techniques (however, unsurprisingly, the error term becomes
larger).

Recently, five authors [CFK+05] have developed a recipe for conjectur-
ing moments of families of L-functions, including all lower order terms. The
presence of these shifts plays an important role in their conjectures. Besides
allowing for simpler residue computations, the presence of these parameters
makes symmetries of the family visible. For example, M, is invariant under
switching « and g or v and §. Application of the functional equation for zeta
shows relations under @ — —7v, v — —a, and other similar relations. The
shifts are useful too since for example one can differentiate with respect to
them to study moments of the derivatives of a family.

The family of all primitive Dirichlet L-functions of modulus ¢ is analogous
in some ways to the Riemann zeta function in t-aspect. However, there are
significant differences which cause the family of Dirichlet L-functions to be
more difficult to study. Ramachandra [Ram79] conjectured that for prime p,

pt Y LG )t~ (27%) H(logp)*
X (mod p)



THE FOURTH MOMENT OF DIRICHLET L-FUNCTIONS 3

Heath-Brown [HB81] proved

(1.5)
1 * 3
L(3, (1 O(2«(@ 1 3)
QZ)*(Q)X(I% q)’ (2 Xl 27‘r2 H l—l— qu) + ( o*(q )(qu) )

where ¢*(g) is the number of primitive characters modulo ¢, w(q) is the number
of distinct prime factors of ¢, and the sum is over all primitive characters
modulo ¢. For almost all ¢ this is an asymptotic formula; however if w(q) >
(loglog q)/log2 the error term is not smaller than the main term. Recently,
Soundararajan [Sou07] improved the error term in (1.5) so that an asymptotic
formula does indeed hold for all ¢.

In this paper we obtain the asymptotic formula with a power savings for
prime moduli.

THEOREM 1.1. For prime q # 2,

1 " 1
(1.6) " Z ch (log q)" +O(q 512+5)
¢ ( ) (mod q) i=0
for certain computable absolute constants ¢;. Here —5/512 = —1/80 + 6/40,
where § = 7/64 is the current best-known bound on the size of the Hecke

eigenvalue A\(n) of a Maass form, that is, a bound of the form |A(n)| < d(n)n?

This result is the analog of (1.1) for Dirichlet L-functions of prime moduli.
The method of proof can possibly generalize to handle certain variations on
(1.6) with twists of fixed Dirichlet L-functions. Such variations could be used
to prove simultaneous nonvanishing results for four Dirichlet L-functions. For
this type of variation it is imperative to have a power saving in the error term
because the main term may be as small as a constant.

The study of (1.6) with L (1/2, x)? replaced by L(f xx,1/2) for f a Hecke
cusp form has similarities to the analysis in this paper. The difference amounts
to replacing the divisor function with the Hecke eigenvalues of the cusp form.
In this paper we crucially use the fact that the divisor function can be written
as 1 x 1. It is a difficult and interesting problem to obtain a power savings in
the second moment of Dirichlet twists of a Hecke cusp form.

In order to obtain power savings in (1.6) it is necessary to obtain an
asymptotic formula for the off-diagonal terms. The results of Heath-Brown
and Soundararjan arise from bounding the contribution of these off-diagonal
terms. To elaborate, the problem of estimating (1.6) essentially reduces to the
analysis of the following divisor sum

(17) o(d)pu(a/d) STV (27 ),
% q m(;rr%d ( q2 )
mn,q)=1
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where V(z) is a smooth function with rapid decay, satisfying V(z) ~ 1 for
x small. The contribution of the diagonal terms m = n in the sum is easily
computed and gives the main term of (1.5).

The off-diagonal terms m # n are much more difficult to analyze. One of
the primary difficulties in treating (1.7) is the large ranges of summation of m
and n. Consider the sum Bjs n consisting of those summands in (1.7) in the
dyadic segments M < m < 2M, N < n < 2N, where MN < ¢* (by symmetry
suppose N > M). If M < 1 then N can be as large as ¢> but if M =< ¢
then N =< ¢ also. It is not surprising that different techniques are required to
estimate By n for these different regions. In fact, the relative sizes of M and
N has a large effect on how large By n is. Qualitatively, By n is small if M
and N are far from each other, but when M and IV are close to the same size,
then By n contributes to the main term of (1.6). To see this former assertion
heuristically, we use the fact that the divisor function is uniformly distributed
in arithmetic progressions, that is if (m,q) = 1,

(1.8) Z d(n) <Z51 Z d(n) + (error).

n<x n<x
n=m (mod q) (n,q)=1

It is known unconditionally that (1.8) holds for ¢ < 237 with an error of
size O(m%“), following from Weil’s bound for Kloosterman sums; see Corollary
1 of [HBT79] for a proof. Note that if ¢ is prime, then

1

Byn = Z d(m) Z d(n) — — Z d(n) ),
VMN \ mom ( N<n<2N ¢(q) N<n<2N )
() =1 n=m (mod q) =

which is small provided the error term of (1.8) is smaller than the main term.
Improving the uniformity for which (1.8) is true is a challenging open
problem. It seems natural to expect that the divisor function is evenly dis-

1=¢. Fouvry [Fou85] proved

tributed across arithmetic progressions for ¢ < x
this is true on average over %3¢ < ¢ < £'=¢ | and Fouvry and Iwaniec [F192]
have produced results which cover z2/37¢ < ¢ < 22/3+¢ for special values of ¢.
These results fix the arithmetic progression m (mod ¢) and average over ¢; for
the application of estimating (1.7), ¢ is fixed but m is allowed to vary. One of
the main difficulties in this work is treating the range of summation in (1.7)
where M = q%, N < q%, which is at the edge of the range where the error
term of O(x%“) for (1.8) is barely insufficient.

The expectation (1.8) breaks down when x and ¢ are of comparable size.
Instead, main terms are formed from the summands with M ~ N =~ ¢q. To see
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this heuristically, note that in this range the sum (1.7) is mimicked by

* d(m) B 1 d(m)\2
a(ngq)( ﬂ"(bzzqd : vm  ¢(q) mzzq \/ﬁ) ’

which can be seen by opening the square and summing over a. Clearly this ex-
pression cannot be small because the sum of m ~ ¢, m = a (mod ¢) essentially
picks up one term which certainly cannot approximate the average behavior of
the divisor function!

This dichotomy is somewhat analogous to the (smoothed) fourth moment
of the zeta function, where averaging over t-aspect forces m and n to be close
to each other (because there is an integral of the form [(n/m)%g(t)dt, which
is small unless m and n are close). It is remarkable that the same phenomenon
occurs for Dirichlet L-functions (the main contribution coming from m and n
close) but for completely different reasons. If we combined our average over
characters with a short t-aspect integration then our problem would become
much simpler; however, this would destroy any nonvanishing applications.

One apparent difficulty in finding an asymptotic formula for (1.7) is that
the values of V (mn/q?) when m and n are around q are at the transition range
of V. However, this type of behavior has been encountered by Soundararajan
([Sou00, discussion following (5.16)]) and Kowalski ([Kow98, p. 155]) in their
studies of other families of L-functions. The analysis of the main term in
this region of summation leads to a contour integral which can be computed
exactly using symmetry properties of the integrand, which in turn relies upon
the functional equation for the Riemann zeta function. In our work this occurs
in the proof of Lemma 8.3.

In this paper we use essentially two different methods of handling the sum
(1.7), depending on the sizes of M and N. When N is significantly larger
than M, then we treat the sum over n as the divisor function in arithmetic
progression. Using only Weil’s bound in a straightforward way, we could obtain
the necessary asymptotic formula for N/M > ¢'*¢. We succeeded at extending
the range of summation of n to smaller values by exploiting extra savings by
averaging over m. These arguments are presented in Section 4.

The region where M and N are relatively close is treated using similar
techniques as Motohashi in his work on the fourth moment of the Riemann
zeta function [Mot97]. The Kuznetsov formula plays the key role in estimating
the binary divisor sum (1.2); the range of uniformity of f with respect to x de-
pends on the best-known bound on the size of the Hecke eigenvalues of Maass
forms (see [Mot94, Th. 5]). Assumption of the Ramanujan-Petersson conjec-
ture would provide an asymptotic formula for (1.7) in the region N/M < ¢'~¢.

Actually, our treatment is different from Motohashi’s because we chose to
use approximate functional equations in order to have formulas a priori valid
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in our region of interest (e.g., at the central point of the critical strip). This
feature causes the main terms to be captured in a more straightforward way in
our work. In addition, approximate functional equations explicitly display how
large variables are with respect to each other. Nevertheless, the basic strategy
closely follows Motohashi.

One curious aspect of our work is an approximate generalization of Mo-
tohashi’s formula for the fourth moment of the zeta function in terms of the
third moment of Hecke-Maass L-functions. We arrive at a certain formula in-
volving products of three Hecke-Maass L-functions twisted by the ¢g-th Hecke
eigenvalue; see (9.12) below. An important difference between these formulas
is that our (9.12) is only helpful when M and N are restricted to being fairly
close.

We have chosen to compute the shifted fourth moment of Dirichlet L-func-
tions; that is, we include the parameters «, 3,7, ¢ similarly to (1.4). Doing so
allows for a more structural viewpoint of the main terms, and also allows us
to check the conjecture of the five authors.

1.1. Acknowledgements. 1 am most grateful to Brian Conrey for extensive
discussions on this material and for suggesting this problem. I benefited from
conversations with David Farmer, Peng Gao, and Soundararajan. I especially
want to thank Henryk Iwaniec for a number of useful discussions.

2. Notation and background

2.1. Dirichlet L-functions. In this section we briefly recall some standard
facts needed about Dirichlet L-functions. Let ¢ be an odd prime (¢ > 3), x be a
primitive character modulo ¢, and L (s, x) be the Dirichlet L-function L (s, x) =
S x(n)n~*%. The completed L-function satisfies the functional equation

A0 = (2)7 1 (352 L(so0 = c0A 1 - 5,0

where 7(X) = Y5 (mod q) X(T)e (%) is the Gauss sum, and

e _ )0 x(=1) =1
e(x) =1 27(x), a= {17 x(—=1) = —1.

In its asymmetric form, the functional equation reads
L(Sa X) = G(X)X(S)L(l - S?Y)a

where

(2.1) X(3+u) = (i)ﬂr,
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The central quantity of interest in this paper is
(2.2)

M (e, B,7,9)

( . STLG a0+ B X)LG %), LA +6,7),
mod gq)

where the + indicates the summation is restricted to primitive even characters
and ¢*(q) is the number of primitive (odd or even) characters. Throughout
this work we assume that the shifts «, 3,v,d are all sufficiently small with
respect to ¢ (say, < (logq)~!). It is natural to split the family separately into
even characters and odd characters because the two families have different
gamma factors in their functional equations. In this work we concentrate
almost exclusively on the even characters because the case of the odd characters
is similar (we could treat both cases simultaneously but it would clutter the
notation). In Section 8.3 we briefly describe the necessary changes to treat the
odd characters.

2.2. The conjecture for the fourth moment.

CONJECTURE 2.1 ([CFK405]). For any ¢ # 2 (mod 4), and with shifts
< (logg) ™,

(2.3)
G+ a+9)G(1+a+8)G(1+ 8+ 7)1+ 8 +9)
M(a76a775)_ Cq(2+a+6+7+5)
X Co(1 —a+ B)((1 —a—7)((1+ B8+ 6)((1 —v+9)
“r G2—a+B8—v+9)
L X Co(1 —a+ B)(1 —a—0)C(1+ B+ 7)1 +v—9)
@ G2—a+B+7-0)
X Cq(1+a_6)gq(1+a+5)<q(1_B_’Y)Cq(l_V“‘(S)
o G2+a—B—v+0)
X Cq(1+04_ﬁ)<q(1+0‘+7)(q<1_5_5)Cq(1+'7_5)
e @@+a—6+7—®
where (4(s) = ((8) [Tpjg(1 —p~%) and Xo = X3 +a)X(3+7), et

In the case of ¢ prime one may replace each occurrence of ¢, with ¢ without
altering the error term. There are no primitive characters modulo ¢ if ¢ = 2
(mod 4).

The main terms on the right-hand side clearly exhibit the same symmetries
as the moment must (arising from trivial permutations of the variables as well
as applications of the functional equation of the Dirichlet L-functions). A
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similar conjecture holds for the odd characters; the only change is to have the
X factors given by (2.1) depend on the parity.

It is important not to underestimate the psychological advantage of having
the main terms produced ahead of time. The actual computation of these
main terms is by no means straightforward; there are many cancellations and
combinations of various terms that occur throughout the work. Although
it may appear that (2.3) is a messy expression, in fact it arises after many
simplifications.

THEOREM 2.2. For q > 3 prime, Conjecture 2.1 holds but with an error
of size O(q~°/51%+¢),

Theorem 1.1 follows by taking the limit as the shifts go to zero. It is not
obvious at first glance that the main term on the right-hand side of (2.3) is
holomorphic with respect to the shift parameters, but this is proven in a more
general setting in [CFK+05]; a computer can also easily verify it in this case.
Of course the left-hand side is holomorphic in the shifts.

In the course of the work we assume that each of the shifts lies in a

L. we further suppose that

fixed annulus with inner and outer radii < (logq)~
these annuli are separated enough so that any linear combination of the form
€10+ €23 + €37 + €46 with each ¢; € {—1,0, 1}, not all zero, is > (logq)~t. We
initially prove Theorem 2.2 with this restriction in place; by the holomorphy
of the left-hand side of (2.3), as well as the combination of main terms on the
right-hand side of (2.3), we see that the error term also must be holomorphic
in terms of the shifts. By the maximum modulus principle, we can then extend

the result to all shifts < (log¢)~! with the same error term.

2.3. The orthogonality formula.

PROPOSITION 2.3. If (ab,q) =1 then

(24) S xxt) =5 Y oldula/d)

x (mod gq) d|(g,a+b)

The sum on the left-hand side vanishes if (ab,q) # 1. The condition d|a £ b
should be taken with multiplicity (i.e., if d|(a + b,a —b), it is counted twice).

The proof is standard and appears in many sources such as [HB81] and
[Sou07]. The odd characters have a similar orthogonality relation except the
terms with d|a + b are subtracted from the terms with d|a —b. Also, note that
for ¢ prime, ¢*(¢) = ¢ — 2, and the number of even, primitive characters is

3(¢—3).

2.4. Approximate functional equation. We use an approximate functional
equation to get a useful formula for M (a, 8,7, ). There are a variety of choices
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in how to represent |L (1, x)|*; we have chosen to use the functional equation of
L(s,x)*L(s,X)? to write |L (%, x)|* as the sum of two sums of length approxi-
mately ¢?. Actually, we need a formula for L(% +a,x) .. L(% + 0,%X), which
prevents us from easily lifting a formula from, say, Theorem 5.3 of [IK04],
however the derivation of the formula follows standard lines.

PROPOSITION 2.4 (Approximate functional equation). Let G(s) be an

even, entire function of exponential decay as |s| — oo in any fized strip
|Re(s)| < C and let

1 G(s s
(25) Vi) = 55 [ S )

21 S

where

2

F( +a+a> F(%Jf“) F(@) F(%+§+u)'

( +a+s+a) ( 1+ﬁ+s+a> F( %-‘r’y-l—s—i—a) F(%+5+s+a)
2 2

(2-6) 9a,B,v,6 ( )

Furthermore, set
(2.7) Xoprs=XE+)XE+8XGE+0NXE +9).

Then
(2.8)

L(3+ o, x)L(5+ B, x)L(5 +7 X)L} +6,%)
Z X(mlmz)y(nlnz) (m1m2n1n2>
9 777

lta 148 L4y 14577 2
mymanine mi o m3 ﬁnf "n3 9

(n1ng) (mlmgnmg)
% 5 1 _5 o= B,—,— q2 :
ni nj

3 X (m1m2

)X
l_a -8

mi,m2,n1,n2 ml m2

+ Xa,ﬁﬁ g

We impose additional conditions on G which we separate here for ease of
reference.

Definition 2.5. Let Q. g~,5(s) be an even polynomial in s with the follow-
ing properties: it takes the value 1 at s = 0; it is rational in the shifts o, 3,7, §;
it is symmetric in the shifts; it is invariant under « — —a, 8 — —f, etc.; it is
zero at 2s = —a— 7y, § = % + «a (as well as 5+ 9, % + 3, etc., by symmetry).
Then set G(s) = Qu5..5(5) exp(s?).

Proof of Proposition 2.4. Let
Aagra(s) =AML +s+ax)A(3+5+8,x)AL +s+7.X)A(5 +5+6,X)

and consider a(s)
s

I = A, ds.

1 /(1) Bo8(8)——ds
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Move the line of integration to (—1), passing the pole at s = 0. Let Iy be the
new integral. The residue at s =0 is

Ao gys(0) = A( + o, X) (% +57X>A(%+%Y>A(%+5,Y>-

After the change of variables s — —s and the application of the functional

equation
Aa,,B,'y,zS(_s) = A,%,57,a7,ﬂ(s)’
we obtain &)
S
—/ Ay _5—a-8(5) ds.
1)
Set

Lopqa(s) =L(5+a+ SvX)L@ + B+ 8,X>L(% +y+5X)L(3+6+ s,y)
and let

Ao pry,6(8) = Ma,g~,5(5)La,gy.s(5)-
Then we have

1 Ma,,B, 75(8) G(S)
La,,B,'y,é(O) = 277” /(1) La,B;y,(S(S) Ma 5 : 6(0) s ds

1 M_ _5_a-p(s) G(s)
+ —/ L. _s5_n_g(s 1 ds.
2mi J(1) 18, =(5) M 5.4,6(0) 5

An easy computation shows

Me4,5(5) a)*
TaB80) 2 (—) 9o B.,5(5);

Mo, p,,5(0) ™
Mo saa() _ o
) ) ) :q X7775g_’_,_7_53-
MOL,,B,’Y,&(O) OCB’Y “ ﬁ 7 ( )

Expanding L, .« «(s) into absolutely convergent Dirichlet series and reversing
the order of summation and integration completes the proof. ([

2.5. Automorphic forms. We briefly summarize the material we require
on automorphic forms in order to apply the Kuznetsov formula. See [Mot97],
[Iwa02], or [IKO04] for further details.

Let uj(z) be an orthonormal system of Maass cusp forms on SLo(Z)\H
with Laplace eigenvalues i + /@JQ». Each cusp form u;(z) has the Fourier expan-
sion

uj(2) = % 3 p(n) K, (2rlnly)e(na).
n#0
We assume that each u; is an eigenfunction of the Hecke operators T, defined

by
Ty (2 Z Z uj(az—f—b)7

ad n b (mod d)
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with eigenvalues Aj(n). That is, Thu;(z) = Aj(n)u;(z). By consideration of
the reflection operator, we may furthermore assume that p;(—n) = €;p;(n).
The Hecke eigenvalues are multiplicative and satisfy the Hecke relation

(2.9) Aj(m)A;j(n) = Z Aj ()

d|(m,n)
In terms of Fourier coefficients, the Hecke relations give p;(n) = p;(1)A;(n).
Estimating the size of an individual Hecke eigenvalue is an important problem.
So far the best result is
(2.10) IAj(n)] < d(n)n?

with = 7/64, due to Kim and Sarnak [Kim03]. The Ramanujan-Petersson
conjecture asserts that 6 = 0 is allowable.
The Hecke-Maass L-function is initially defined by

Lj(s) =D Aj(n)n™",

which converges absolutely for Re(s) > 1 by properties of the Rankin-Selberg
convolution. Then L;(s) continues to an entire function and satisfies the func-
tional equation

e [(S+ 0 iR, 5405 — ik,
Aj(s) :=m F( 32 j)f‘( ]2 ])Lj(s) =¢€Ai(1—5),

where §; = (1 —€¢;)/2. The Hecke relations (2.9) translate to L;(s) having the

Euler product
Ni(p) | 1 )‘1
L;(s)= 1- + == .
]( ) 1;[ ( ps p25
The Eisenstein series have the Fourier expansion
(2.11) 7 °T(s)¢(25)E(z,8) = m°*T'(s)¢(28)y® + n*'T(1 — 5)C(2 — 2s)y'~*

1 1
+ 2y2 Z In|® 201,28(|n|)K57%(27r|n|y)e(n$),
n#0

where
(2.12) oa(n) =Y d
dn

The Fourier expansion furnishes the meromorphic continuation of E(z,s) to
s e C.

Let ujg, 1 < j < dim S(SL2(Z)), be a complete orthonormal Hecke basis
of the classical weight k cusp forms. These have the Fourier expansion

k—1
ujk(2) = Z Yir(n)n 2 e(nz).
n>1

The Ramanujan-Petersson conjecture is known for holomorphic forms due
to Deligne [Del74].
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2.6. Kloosterman sums and Kuznetsov formula. The Kuznetsov formula
is a trace formula relating sums of Kloosterman sums to Fourier coefficients
of automorphic forms. This technology can show that there is considerable
cancellation in the sum of Kloosterman sums. Furthermore, it provides a
separation of variables of m and n in Y .S(m,n;c) which is conducive to
obtaining additional savings in summations over m and n; see [Iwa82] and

[DI83].

THEOREM 2.6 (Kuznetsov formula). Let g be a C? function satisfying
g(0) =0 and ¢ (z) < (x+1)727%, j =0,1,2 and suppose m,n > 0. Then

(2.13)
5 Smmic) (4”F> ij My(r;)

p C
+ Z N ijk w]k

k=0 (mod 2)

+ 7T/—oo cosh(mt) M(t)

U2it(m)02it(n)
(mn)*|¢(1 + 2it)[?

Here My and Ny are the following integral transforms:

i 0 dx
)= ———— i —J_2 -
My(®) = oo [ (Uaal@) = J-au(@)g(@) 5
4(k —1)! /°° dx
k)= ——~ Jp_ —.
Ny(k) @k Jo 1(z)g(x) -
For the opposite sign case,

(2.14)
N T

c

o2it(m)o2it(n)
- /7 cosh(mt)Ky (1) TG A e
—9 / Kou(2)9(x) 2.

For proofs we refer to Theorems 16.5 and 16.6 of [IK04] or Theorems 2.3
and 2.4 of [Mot97] (we borrowed some notation from both sources).

where

2.7. The Estermann D-function. The Estermann D-function is defined by

(2.15) D <s, A %) - Zn: ”jl(sn)e (n%) ,

where (h,l) = 1. The analytic properties of D are useful for understanding the
behavior of the divisor function. We have
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LEMMA 2.7. For any fized A € C, D(s, A, %) is meromorphic as a function
of s, and satisfies the functional equation

(2.16) D(3+s,), %) = o2m) AP (L ) (3 4 A s)P

< [D(3 = son ) eos (B) + (3= s -x = )sin(a(s - )]

If A\ # 0 then D has simple simple poles at s =1 and s = 1+ A with respective
restdues

(2.17) T =N, A+ ).

We refer to [Mot97, Lemma 3.7] for proofs. The functional equation of the
Estermann function is essentially equivalent to the Voronoi summation formula
(Theorem 4.10 of [IK04]).

2.8. Conwventions. We use the common convention in analytic number the-
ory that € denotes an arbitrarily small positive quantity that may vary from
line to line. Furthermore, «, 3, v, and ¢ are complex numbers that are suffi-
ciently small in comparison to e (so for example we may say ((1 + a + s) is
holomorphic for Re(s) > ¢).

3. The structure of the fourth moment

3.1. Averaging the approximate functional equation. Using Propositions 2.3
and 2.4 we may average the approximate functional equation to obtain a for-
mula for the fourth moment M («, 3,7, ) defined by (2.2). Write

(31) M(Oé, Ba s 5) = Al,q(a, ﬁa v, 5) + A*l,q(oﬁ ﬁa v, 5)7

where A1 4 is the contribution from the ‘first part’ of the approximate functional
equation, and A_q 4 is the second part. It suffices to compute A, since

(32) A—Lq(aa B? v 5) = Xa,ﬂ,'y,éAl,q( 67 v, )
We have
1q Zcb p(q/d)

dlq
1

mimaning
< OSSN e ()
2 2 q
mima=xning (mod d) M{ m2 1 ng
(mimeoning,q)=1

By changing variables m = mi1meo and n = ning, we may rewrite this as
(3. 3)

p(m)oy—s(n) mn
7 ¢ q d Vav ) ’6 ( > :
% / )mg(gd d) m% O‘n?—"_7 o q2
(mn,q)=1
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Let A; be the same sum as A; , but with the condition (mn,q) = 1 omitted.
Since ¢ is prime, a trivial estimation gives

(3.4) ALq = A + O(qilﬂz).
3.2. The diagonal terms. In this section we compute the diagonal contri-

bution Ap of the terms m = n in A; given by (3.3). To be precise we are
computing the diagonal contribution of the terms where m = n (mod d) and

not those with m = —n (mod d). We compute
1 Ta—p(n)o,—s(n) n?
Ap = (0 Z o(d)u(q/d) Z_ ltaty Va87.6 Z
dlq (n,q)=1
Oa—p(n)oy_s(n) <n2 )
= > V. — .
1+OL+’)/ (1767’}/,5 2
(n7Q):1 " 9

Now the problem reduces to a standard exercise in analytic number theory.
We use the integral representation of V, that is (2.5), to write the sum as an
integral of a Dirichlet series and develop the asymptotics by moving the line
of integration. Precisely, we have

L[ Gls) ) Gams(n)7y—s(n)
Ap = /(1) S o B7,6(8)q”" Z nitoty+2s ds.

27 (et
From the Ramanujan identity
ox(n)o,(n)  ((v)¢(v—A)¢(v —v){(v—X—v)
(3.5) Enj = o)
we obtain
_ ! G(s) 2
AD N % /(1) S ga,ﬁ,'y,é(s)q ZanB:'Y:(S(S)dSJ
where
o gopls) = SAFOHTH2)AFa+0425)C(145+7+25)C(1+5+0+25)
@By, = .

C(2+a+pB+y+d+4s)

Z has simple poles at 2s = —a—~v, —a—9§, —5—, and —F—9 and is otherwise
holomorphic for Re s > —1/4 + ¢. Note that G(s) vanishes at these poles of
Z by our choice in Definition 2.5. We move the line of integration to the line
—1/4 4 £, passing the pole at s = 0 only. We obtain Ap = (Residue) + I,
where [ is the contribution from the new line of integration. We easily obtain

1] < g 2t
The residue at s = 0 gives

(A+a+1)CA+a+0d)(1+B+7)CA+5+9)
(2+a+B+7+9)

(3.6)  Yi(a,f;7,9) =

)
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which is precisely the first term in Conjecture 2.1 (up to O(q~1*¢)). We sum-
marize this calculation with the following:

LEmMA 3.1. With G as in Definition 2.5, we have

(3.7) Ap =Yi(a, B;7,6)0(q /),

and similarly the contribution of the diagonal terms to A_1 is
(3.8) A_p =Y_y(e, B;7,0).

Here

(3.9) Yoi(a, 5:7,8) = Xy aYi(—at, 5 —7, —0).

If we did not choose G to vanish at the poles of Z then there would be
four more extra terms in each of (3.7) and (3.8). However, these extra terms
would all cancel out in the final assembly of M («, 3,7,0); this satisfying (but
complicated) calculation is carried out in the first version of this article on the
arxiv.

3.3. Decomposition of the off-diagonal terms. Here we investigate the con-
tribution Ap to A; from the off-diagonal terms m = n (mod d), m # n. The
treatment of the ‘dual’ terms Ay corresponding to m = —n (mod d) proceeds
in much the same way but must be executed separately, and is carried out in
Section 7.

We need to compute

(3.10) Agzqs*l(q)dzq:qb(d) ( ) ZZ Gaes +a07+i(n)vaﬁm5<723>a

m2
m=n (mod d

where the prime indicates that the case m = n is excluded.

We break the sum Ao into two pieces depending on whether m < n or
m > n and write Ao = Bp + By, accordingly. By symmetry, it suffices to
compute Bo = Bo(«, 8,7, 9), since By (a, 8,7,0) = Bo(v,6,a, 3). We record
the decomposition

(3.11) Ay = Ap + Bo + B, + Ag,

where each quantity has parameters a, 3,7, (in that order).

We require a partition of unity with some special properties. To begin,
we take a partition of unity {Wjys(x)} on RT where each Wy, (x) has support
in the dyadic interval [M,2M], and furthermore Wis(x) = W(4;) where W
is a fixed smooth, compactly supported function. Here M varies over a set of
positive real numbers, with the number of such M less than X being O(log X).
Such a partition can be constructed very easily. We then create the partition
of unity {Wys n(z,y)} on Rt x RT by taking products of the Wy (x).
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We apply this partition of unity to Bo and write Bo = Yy v Bu,n,
where By n is the same expression as Bo but weighted with Wy n(m,n).
Since m < n we may assume

(3.12) M < N,

a convention that holds throughout this paper. Due to the rapid decay of V' (z),

we may assume MN < ¢>*¢.

3.4. Owerview of the proof. We write
(3.13) BM,N = (Main term)MW + EM,N

for a certain main term that we do not explicitly write here due to its com-
plexity. The discussion of the main terms takes place primarily in Sections 6
and 8. In Section 6.2 we prove that the size of the main term as a function of
M and N is given by

(314) (Main term)MJV < M%Nféqej

so it is a bit of a misnomer to call this a ‘main term’ when M and N are not
near each other.

In Section 4 we prove the following estimate for By n that is applicable
when N is significantly larger than M.

THEOREM 3.2. For M < N, MN < ¢**¢, we have
(3’15) Eyn < (M%Nfi + qiN’i + ql%NféM*%)qS_

Actually we prove the bound (3.15) but with By n replacing Ep . No-
tice the first term above is larger than the bound (3.14) for the ‘main term’, so
in fact the two bounds are equivalent. We do not attempt to extract a main
term in this analysis, but still safely claim the same main term relevant in the
range where M and N are close.

To cover the range where M and N are fairly close, we prove the following
in Section 9.

THEOREM 3.3. With § = 7/64, M < N, and MN < ¢**¢, we have
(3.16) Eyny < q 203Nz,

The various main terms combine in a rather complicated way. When
summed over all M and N, all the main terms from Ao, Ag, etc. add up to
form the quantity in Conjecture 2.1.

For some small values of M N we can do no better than the trivial bound

VMN

q .

(3.17) Bun <
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Note again that this bound on By n is larger than the bound (3.14) for the
main term provided N > ¢ (which is trivially satisfied since Bjsn is void
otherwise), so this translates into a bound on Ej/ n.

Deducing Theorem 2.2 from the above results is then an exercise in finding
the maximum of a piecewise linear function. Precisely, let

1 1 1 1 1
L =—-14= — L = —— — = —
1(a,b) +5a+5b, 2(a,b) 5 +0—5a+3b
1 1 1 1 3 2 1
Lg(a, b) = 5(1/ — ib, L4(a, b) = Z — Zb, L5(a b) 10 15@ — gb
We require

Ze%axs} [fnax, min(Lq(a,b), La(a,b), Li(a,b)).
a+b<2

Along the line a = 0 the maximum value is —% at b = %. When a = b the
maximum is —% + 6 and along the line a + b = 2 the maximum is —g; + 31
(although if 6 was not known to be less than 6/43 then —&; + 3—70 Would be
the maximum here). The maximum at an interior point must occur when
L1 =Ly =L; fori=3,4,orbh. Thecasez'—?)isa— %—1—0 b—é,whichgives
the bound — 112 +g The case i = 4 gives 12 + 9 ¢ from a = 2 Ly, b=12%— 79

The case i =5 hasa = 5 Lig,b=2— —0 and gives — 80 + 40, completlng the
proof. Note that our method requlres the bound € < 1/6 which is very deep.

4. The divisor function in arithmetic progressions

In this section we present a handful of different estimates that taken to-
gether prove Theorem 3.2. We largely use classical techniques of analytic num-
ber theory such as Poisson summation, Cauchy’s inequality, ‘gluing’ of variables
to create a longer variable, reciprocity laws, the Weil bound for Kloosterman
sums, estimates for exponential sums, etc.

Solely for notational convenience we shall work with the case a = § =
~v = § = 0; the arguments extend easily to nonzero parameter values.

4.1. Initial cleaning and statement of results. Recall

<4 1)
o S5 A () () ().

1 1
m=n (mod d m2n2 q

Throughout this section, W (z) will denote a smooth function with support in
a dyadic interval, which may vary from line to line (simply to avoid cluttering
the notation). Since we treat the range M =< N in a different way, we assume
N > cM for a sufficiently large constant ¢ so that the term m = n is avoided by
the support of the weight functions in (4.1). As a simple first step, we separate
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the variables m and n in the test function V' by using its Mellin transform. We
have

Bun = 2%” /(E) (]\ZV)S Gis)g(S)
o X A (1)1 (5]

where Wy (z) = :U*SW(x). Note that the dependence of W on s is very mild:

di d
j Y —Re(s) b
2’ 75 Wsl@) a7 |Py(s)| max | 7 W (@)

)

where Pj(s) is a degree j polynomial in s. In effect, this separation of variables
has no cost since losses of size (M N)® are absorbed by the factor ¢° in the
bound (3.15), and because s 1G(s)g(s) has exponential decay in the imaginary
direction. Thus, the problem reduces to bounding BM ~» Which is defined to
be the same sum as By ny but with V' removed. Let

Ap,n(m Zéf) plg/d) Y dm)W (%),

n=m (mod d)

so that
, m

Biyx = \/ﬁ S dlm) Ay (1),

where we have redefined W (x) again to include the scaling factor 273

To begin, we open the divisor function d(n) and let n = niny. To locate
the variables n; and no, we apply a dyadic partition of unity to both n; and no
so that ny < Ny and ng < No, where N1 Ny < N. Without loss of generality we
may assume Ny > Ny. Let By n, N, be the sum BMN but with this partition
of unity applied, and similarly for Ay n, n, (m).

We prove the following in Section 4.2

LEMMA 4.1. Suppose No > Ny, NyNo < N > M, MN < ¢*t¢. Then
_1
(37
1 3 N *% % 15
(4.2) Buvivy <3 (63N, 2+ (§) 2 NE)g
_1
()
The first bound is nontrivial for NM~! > ¢'™¢ while the second bound
1
is nontrivial for ¢27¢ < N7 < NM~1¢~¢ (note this upper bound is achieved
automatically if N > M 2¢¢ since N7 < VN ). The third bound is nontrivial
for N1 < N%Mféq_e. Note that if NM~! < g, then there is a gap that has

not been covered. In Section 4.3 we treat the case where N is relatively small,
proving
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LEMMA 4.2. Suppose No > Ny, N\No < N > M, MN < ¢**¢. Then
(4.3) )
2
Buny Ny, K <N12 min <N§M§7 \/ﬁ
We briefly describe how to deduce Theorem 3.2 from Lemmas 4.1 and 4.2.
Basically we need to find the maximum value of the minimum of the above
bounds as N varies between 1 and vV N. The case Ny = 1 gives < N *%M %qg
and Ny = VN gives < (M%N_% + qi]\f_%)q‘E (which already dominates the
N; = 1 contribution). Note that M:N~2 + M3N"3N is dominated by
NiM~3 provided M < N %, which we may assume since otherwise (3.15) is
trivial. Hence the problem reduces to finding

) FMINTI 4 M3N—3N1) qa

1
1 . q2 1
max (min(c; N, 2 02N , where ¢y = g4, co = min .
s (min(er Ny 7, VD)) i

The maximum is clearly

4.2. Proof of Lemma 4.1. First, we note that we may assume (n,d) = 1
since the contribution to By n from g|n is O(g~17¢) which is smaller than all
the bounds in (4.2) as well as (4.3). Define A’ to be the same as A but with
(n,d) =

Next we break up the sum over ny into arithmetic progressions (mod d),
getting

(4.4) Ny N, (T Z o(d)p(q/d)

dlq

s 5 () (3w (32),

(n1,d)=1 ng=mnq (mod d)

Using the same argument we used to remove V reduces the problem to esti-
mating A, y, v, (), where A” has the same form as A’ but with W (nin2/N)
removed. Applying Poisson summation to the summation over no gives

A/J\/4N N
1,4V2 ¢

% u(q/d) Z ]?%:GWTZM)W(]%)W(JM)

(n1 ,d):l
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where T is the Fourier transform of W. The term h = 0 contributes to
Al N, N, Drecisely

Z W(m)Zfb u(q/d) <<2Vq,

and hence its contribution to B’ M. s

N
< > qa < q—l—i-a'

From the rapid decay of W, the terms with d = 1, h # 0 contribute O(g~10%)
to Bay,ny,N,- It remains to consider the terms with d = ¢, h # 0, namely
(4.5)

= i S () S (T w () ().

h#£0

where H = gN, 1 Due to rapid decay of the Fourier transform, we may
assume |h| < Hq® (which implies Ny < ¢'*¢). Furthermore we may assume
(hm,q) =1 at no cost.

It is possible to bound the sum over n; using the Weil bound for Kloost-
erman sums. However one can obtain better bounds on average over m and h.
We glue together m and h to create a longer variable [ = mh. Now

Ngq Z Z* (lnl) < niy >
Wi — 9
qV NoZZrn ! m Ny
where L < M H. Bounding this double sum is of independent interest. Fried-
lander and Iwaniec ([FI85, p. 337]) state a bound for this sum which is non-

trivial for Ny and L rather short (e.g., L = ¢'/% and Ny = ¢3/3+%); however we
do not use their bound. We have

(4.6)

PROPOSITION 4.3. Let W be a smooth function with support in [1,2], and

s (5)w (k)|

let

(4.7) S(K,Liq) =Y

0<I<L| k
If K,L < ¢'*¢, then
1
Lg2*e,
4.8 S(K,L;q) <
49 (L) {(Léqi’; + KoL)

Delaying the proof of Proposition 4.3 for a moment, we complete the proof
of Lemma 4.1 by inserting (4.8) as well as the trivial bound into (4.6).
In the course of proving Proposition 4.3, we need the following.



THE FOURTH MOMENT OF DIRICHLET L-FUNCTIONS 21

LEMMA 4.4. For any odd prime q, and x,y,z, € Fy, let

4.9) T(w,y,2q) Z Z Z) ( a—b) (am—l—by—l—cz)‘

a (mod ¢) (mod g)c (mod ¢ q q

Then we have the following bounds:

g, z=0,z#-y,
7, z=0,x = —y,
a, z# 0,2y =0,

3 x,y,z # 0.

qz,
Actually the proof gives an exact formula for 7" in terms of Kloosterman

(4.10) T(x,y,2q) <

sums.

Proof of Lemma 4.4. First note that the sum over cis —1 unless @ — b+ 2
= 0, in which case it equals ¢ — 1. Hence

* b b
Tayz)=@-1) Y3 o(T2) - XU ().
a—b=—2z(mod q) a—bz—2z (mod ¢q)

Solving for b and using @ + z = a(1 + za) give

T(z,y,2;q9) =q Z*)e<ax+a(1+za ) Z Z <ax+b?/>7

a (mod g q
aFt—Z

where in case g|z we interpret the condition a # —Z% to be vacuous. If ¢|z we
get

T(x,y,0;q) = qcq(z +y) — cq(z)cq(y),

where ¢4(n) is the Ramanujan sum. To continue the calculation we impose the
condition (z,q) = 1. Using a — Za — Z and calculating the sum over a as a
Kloosterman sum, we get

— 7_*. 22
T(x,y,2q) = qS(2Z, —yz; q)e (mqyz) —q — cq(T)cq(y)

Finally, we obtain (4.10) from case analysis, the Weil bound, and the easy
computation ¢4(n) = ¢ — 1 if gJn, and —1 if ¢ { n. O

Proof of Proposition 4.3. Applying Weil’s bound for Kloosterman sums to
the sum over k (by completing the sum) gives

(4.11) S(K,L;q) < Lq2*® + KLq™* < Lq2 e
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Further gains can be obtained by using the sum over [. To begin, we smooth

the sum S to
(Bl ()
q K/ °\L/)’

k
where wy is a nonnegative, Schwartz-class function satisfying wg(z) > 1 for

So(K,L) = >

l

0 < x < 1. By positivity, S < .5p. Applying Cauchy’s inequality gives
k1 ko l
412) So(K,L)* < L [k = by w(—)w(—)w (7)

Now apply Poisson summation in each of I, k1, and k2 (mod ¢) to give
that the right-hand side above is

s Ernens () () 52):

From (4.10) and a case analysis, we get

L2K2 3 q3
3 q
q

So(K,L)? < + q2q> ¢ = Lqt + L2K ¢ . O

"Ik UK

4.3. An estimate for N1 small. In this section we prove Lemma 4.2. We
continue with the estimation of (4.5), recalling that the error terms prior to
arriving at (4.5) are acceptable for Lemma 4.2. It is instructive to consider the
crucial case M = q%, N = q%, N = q%, Ny = q (whence H = 1). We begin
with the simple reciprocity law

() = (5 ) ()
e =e el—J,
q ny qny

where ¢z =1 (mod nq). Using e( hm) = 1+O(%’f) and ((31) =q¢'+0(q?

gives

w2 () ()

h;éO

3

v () o (G

< dom e () w (57) +0 =

Let Ry be the new sum above. Let g = (h,n1), whence

m= i W (#75) P (Firg ) vimmm
U(h,m,ny) = ;d(m)e (—hmq) w (%) .

ni
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Using the Mellin transform of W to write the sum over m in terms of the
Estermann function gives

1 —hq., =~
4.1 h =— M?*D — ds.
(4.13) U(hym,m) = 5 — o (s,0, o YW (s)ds
Next move s to —1, crossing a double pole at s = 1 which gives a ‘main

term’ of size < M nl_lqE , which contributes <« M IN _%qe to R, an accept-
able error term. Applying the functional equation of the Estermann function
(Lemma 2.7) gives U(h,m,n1) = Uy (h,m,n1) + U_(h,m,n1) + O(Mny'¢),
where

1

h o~
(4.14) Us(h,m,n;) = —/ M*n;=2D(1 — s, +a
(=1

0, Tl)Wi(sMs,
Wi(s) = W(s)2(2m) 27201 — 5)2Ci(7s),

and Cy = 1, C_ = —cos. Expanding D into absolutely convergent Dirichlet
series and letting s — —s + 1 give that

Usomom) =20 S (T2 ) s (25,
k

where
ye (z) = £ / 2 (1 — 5)2(27)°T(5)2C. (5)ds.
©

Note that xjy(ij)(x) <4 =4 for any A > 0 (by taking Re(s) large) and y.(z) =
c1logx + co + O(x'=¢) for z small (by taking Re(s) = —1+4¢). Also yE_Lj) (z) =
cj +O(x'7¢) for j =1,2,... and z small.

Thus Ry = R, + R_ + O(M2N"2¢°), where

MN2 = hg nig
w15 m= 2Ry w (W) ¥ wo(h)
GNIVMN “7 20 H (n1,h)=1 N
Tkqh kM
d(k —
Sawe (T ) v ()
where here Wy(x) = x71W (z). The trivial bound gives
2
4.16 Ry < ———¢ .
(4.16) s < s
It now suffices to show
N2ql/2+

which we proceed to prove. Let V(h, k) be given by

o)) e ()
V(h, k)= el — )yl — | Wi .
o= 5 (n ) (e
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Our next goal is to use the theory of exponential sums to prove that there is
cancellation in the sum over n;, and bound the sums over h and k trivially. The
presence of h is a bit of a nuisance, so we again use the elementary reciprocity

(55 (). 1)
ny B h hny/

By splitting n; into residue classes (mod h), we get

w5 G )5 (55)

a (mod h)

to law to write

We may assume gh < Hq® = qNy 14%, which is < Ny¢~¢ since our results are
trivial if N < ¢'*¢ (the point is that there is room for summation over ).
By partial summation it suffices to bound

= lwim)

N N
y7<TSE+C

for C < %. We apply the convenient bound given by Corollary 8.5 of [TK04],
which we reproduce here (with slight changes in notation).

PROPOSITION 4.5. Suppose f(z) satisfies

F axF
() <
E < @) < F
for k = 2,3 in the segment [Q,2Q]. Then for 1 < Q' < Q < F we have
> elf(m) < AF5Q3 log3Q,
Q<m<Q’

where the implied constant is absolute.

For our application,
kq kag Ny
=— F=x— = —
1@ = s ) AT
and A is absolute. Then we get

1 1
kgq \& ( N1z
V(h,k h( ) (—) c.
(k) <h{5n) \Gn) 4
Using this bound gives
1 1
M N, q \2N? (N\& (N\2
4.18 R <<7<—) —(—) (f) i
(4.18) S UNMVMN \N,) M \m) \g)

which simplifies to give (4.17), as desired.
This completes the proof of Lemma 4.2. O
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5. A binary divisor sum

When M and N are roughly the same size we treat By, y as a binary
divisor sum. We loosely follow the presentation of Motohashi [Mot97, Ch. 4].
Before beginning the treatment of the divisor sum, we first present some ma-
terial to which we shall shortly refer.

5.1. Some arithmetical sums. We require the computation of some arith-
metical sums.

LEMMA 5.1. Let Re(s — A) > 1 and Re(s) > 1. Then if d is either 1 or a
prime then

(5.1) > 2 s - wa D 4O
be=d

S
n=0 (mod d) "

Actually Lemma 5.1 holds for general d but we only need it for d = 1 or
a prime. In this special case the proof is greatly simplified so we omit it.

LEMMA 5.2. If Re(a) < 0 we have

(5.2) a(n) =C(1—a)) '71(_713

Proof. This follows immediately from the sum of divisors formula for the
Ramanujan sum, that is ¢;(n) = 3 4)1,n) dp(l/d), and reversal of the orders of
summation. O

LEMMA 5.3. Let d be either 1 or prime, Re(s) > 1, and Re(\) > —1.
Then
(5.3)

e(™)  ¢(s)C(1+A+s 1 1
Zpﬂ Z > nls - (;sé(2+)\) )<1+d1+/\_d1+/\+s)’

h (mod 1) n=0 (mod d)

Proof. Evaluating the sum over h gives that the left-hand side above equals

1 ¢
(5.4) Y Y )

n=0 (mod d) !

Executing the sum over [ using (5.2) shows it equals

1 071,)\(71,)
(5.5) eIy > —

n=0 (mod d)

Finally using Lemma 5.1 and the fact that d is either 1 or a prime completes
the proof. O
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5.2. An approzimate functional equation for the divisor function.

LEMMA 5.4. For any positive integer n and X € C,

(5.6) mmzlﬂﬁ( )4 Azlm(jﬁ),

where

G(w)

(5.7) fe) = /(a) 27YC(1 = A+ w) 2 g,

a > |Re(N)|, ¢i(n) is the Ramanujan sum, and G is as in Definition 2.5.

Remarks.

e The reason to expand the divisor function into such a series is that the
exponential sum formula for the Ramanujan sum ¢;(n + f) will allow
for the separation of variables n and f in o)(n + f). This is a simple
alternative to the delta method [DFI93].

e Motohashi used the formula (5.2) to accomplish the separation of vari-
ables. However, (5.2) does not hold for « in a neighborhood of the
origin.

e An approximate functional equation is essentially equivalent to a func-
tional equation. The sum of divisors function o) (n) satisfies the func-
tional equation

oa(n) = n*o_x(n).
The function nfga,\ (n) is perhaps more natural to study because it is
invariant under A <+ —\. Of course, these appear as Fourier coefficients
of Eisenstein series (2.11).

Proof. By a contour shift we have

/ U)\,w(n)nw/2@dw — O'/\(n) +/ U)\,w(n)nw/ZG(w) dw.
(a) w (—a) w

A—w

An application of the functional equation oy_,,(n) = n* "*o_x1w(n) and the

change of variables w — —w gives

o) = /(a) Tr-u(n)n v G7(U )d o /(a) J_A_w(n)nw/QGEUw)dw'

Inserting (5.2) into the above integral representation and reversing the order
of summation and integration complete the proof. O



THE FOURTH MOMENT OF DIRICHLET L-FUNCTIONS 27

5.3. Separation of variables. We begin the treatment of By n by solving
the congruence m = n (mod d) by letting n = m + f, where d|f, and f > 0.
Now,

1 q
By = @ dz|q:¢(d)ﬂ (g) >

f=0 (mod d)

% Z Ga—,ﬁlg_"Z)o-’Y—(S(ml_F f) Va, o <m<m2+ f)> %% <ﬁ’ m+ f) .
o m2tY(m + )2t q M N

Our immediate goal is to separate the variables n and f both arithmetically

and analytically. We use the expansion of o,_s(n + f) into Ramanujan series

given by Lemma 5.4 to arithmetically separate the variables n and f. Let

Cwr,n be the contribution from the first term of Lemma 5.4 and 5M, N be the

second term. Then

(58) BM,N — CM,N + aM,Na aM,N(aaB7ryv 5) = CM,N(O[7575’ ’Y)a

where the formula for Cys v is

(5.9)

1 Oy
Cun = () dzm¢(d)u (d> ; =t fO%)d d)
(5.10)

oa—p(m)c(m+f) m(m+ f) m m-+f l
e o M e SRR )

The function f,_s should not be confused with the variable of summation f;
at any rate, this alphabetical accident will clear up shortly. Before stating our
preferred formula for C'ys v we set some notation. Define the Mellin pair

{W(ULUQ) =Jo Jo© W(xvy)xmymdf%y’

2 —~
W(x,y) = (ﬁ) f(cuZ) f(cul) W (w1, ug)z ™"y~ 2 duy dus.
We generally use the notation f( c,) tO denote the vertical line of integration
with Re(s) = ¢,, and similarly for other subscripts. Let
G()G(w) o

(5.11) Hi(s,u1,uz,w) = Tg(s)W(ul,uQ)C(l — v+ 6+ w),

DT +7+s+uz—v—%)

5.12) H(s,ui,us,v,w) =
(5:12)  H(s,u1,uz,v,w) T+ +stu—2)

Hl(S,Ul,UQ,UJ).

We claim both H; and H have rapid decay as any of the variables get large
in the imaginary direction. This is easy to see for Hy. For H we note that
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a crude use of Stirling’s approximation shows that (for b and v in some fixed

vertical strip)

L(v)I'(b—v)
I'(b)

where A is any sufficiently large (depending on the fixed vertical strip) posi-

tive number, and for b and v avoiding the poles of the gamma function. For
example, if |v| < 2[b| then the ratio of gammas has exponential decay in v,

(5.13) < (14 o))~ A(1 + |p|)?4

uniformly in 6. In the opposite case just use the fact that it is bounded by a
polynomial in v and b and multiply and divide by (14 |v|)~4. The rapid decay
of Hi in all variables overcomes this potential growth in b to show H has rapid
decay in all variables.

LEMMA 5.5. With cs =2, ¢, = ¢y =€, and ¢y, = ¢y, = 0, we have
(5.14)

o=y TS = (L

h (mod 1) =0 (mod d) J 2

25Mu1Nu2
/ / / / / stug—v—2 D<%+a+8+ul+v7a_6’%)
(¢s) J(cw) Y (cuy) Y (cuy)  (co) fotuz—v=5w

x H(s,u1,u2,v,w)dvdusdusdwds.

Proof. Inserting the exponential sum formula for ¢;(m+ f) into (5.9) gives

CM’N:Wl(q)dzq:gb(d)M( )Zp 746 Z Z 6<h7f>

h (mod 1) f=0 (mod d)
Ua*ﬁ(m)e (mTh> m(m+f) m m_|_f l
g ; mém(m+f)%ﬂva’ﬁ’%6 <q2> W (M’ T) fy-s (m—i—f) :

Next we separate the variables m and f analytically by taking Mellin trans-
forms. We have

1 (m+f)) ( l ) (m m+f>
5.15 V f w(m mtrt
o <m+f (") 2o () v G ™5
25 Ul N\U2
/ / / / M®“ N H1(s Uy, Uz, W) dusyduyduvds.
271’1 (es) Y (cw) Y (cuy) ¥ (cuy) lwms+u1 m+ f) +’7+S+U2—f

To separate m and f in (m + f)_i_v_s_“ﬁ? we use the following formula
(17.43.21 of [GR65)):

(5.16) (1+z)b= 1/( : wx*“dv,

2mi I'(b)
valid for 0 < ¢, < Re(b). Recall (5.13) for the convergence.
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Thus (5.15) equals
(5 17

25Mu1 N2 |
/ / / / / 1 1 (SLUMU%U’U}) dvdU1dU,2dwdS.
27” (cs) J(cw) 7/ (cu (cuq) 7 (cv) f§+7+3+u2*1}*7lwms+u1 +v

Inserting (5.17) into CM,N, we obtain

M( )Xl: J1—v+8 Z Z 6(27)

h (mod 1) f=0 (mod d) f3
Oa-p(m ( ")
XZ

1 5 28M’LL1 Nuz [
x(—) / / / / / : st+u 71)7&(87“1&27%w>dvduldquwds.
211/ Jie) Jiew) Jeuy) Jewy) Jier)  fHRTVTF [omsturte

The sum over m converges absolutely on the contours of integration as stated

(5.18) CuN =

QI

N‘E

in Lemma 5.5. Writing this sum over m in terms of the Estermann D-function
finishes the proof. O

Our goals are to develop the asymptotics of Cy/ y by moving the lines of
integration past the poles of the D-function (which will contribute the main
terms) and to analyze the remainder term using estimates for sums of Kloost-
erman sums using the Kuznetsov formula.

To begin, we move the s-line of integration to ¢s; = ¢, passing the two poles
of D at %—i—s—i—ul +v=1—aand %—i—s—i—ul +v=1-p. Let Ep n(c,,7,0)
be the integral on the new line of integration, and let Pyy n = Puy,n(a, 5,7, 6)
be the contribution of the former pole; by symmetry considerations, the latter
pole is Py, N (5, c,7,0). Thus we have
(5.19)

CM,N(OZ,/B,'Y, 5) = PM,N(aaﬁfYa 5) + PM,N(B7047’% 6) + EM,N(avﬁa775)'

We bound FE) n in Section 9, proving Theorem 3.3, and continue with our
calculation of Pz, in Section 6.

6. The main terms

The partition of unity is an obstruction in the computation of these main
terms. It turns out to be easier to sum over M and N before doing finer
analysis of the main terms.

LEMMA 6.1. For N > M,
(6.1) Pun < N 2M2g.

We prove Lemma 6.1 in Section 6.2.
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6.1. Recomposition. Define P := "5y Pyn-
LEMMA 6.2. We have

(6.2)
P(a, ,7,6) =C(1 —a+p) <21m)2/ /1_25 qa»y+1§G(U)CiS)U)9(U)

1
x e ?ﬂ(lv_il;(j_—;ijL)% )C(1—7+5+w)
Clat+y+20-9)C(1+B+0+20+ 1Y)
(2—a+p-—v+0+w)
The four main terms from By, are obtained by taking the main terms of
Bo and switching « and v, and S and 0. One term is

dvdw + O(q~17%).

(6.3)
C(l_’Y 27” /(E /_26 —a— ’Y+wG( )G( )()C(l—a+ﬁ+w)

I3 —v-v )F(a+’y+2v—5)C(a+’y+2v——)§(1+ﬁ+5+2v+ )
F(3+a+v—1%) (2—a+B—y+d+w)

dvdw,

and similar formulas hold for the other terms.

Proof. We first show how to evaluate the sum over M and N. As a warmup
problem, we show that for a ‘nice’ function F,

( > / / ul,ug WM N(ul,uz)dulduQ F(0,0).
211 (Cuy) J(cu

For a proof, let f be the inverse Mellin transform of F' and begin with the
Mellin convolution formula to write the left-hand side above as

A%V/Ooo /Ooo @, ) Wyn( Ty~ dx dy / / f(z dx dy = F(0,0).

The point is that on the level of the Mellin transform, we divide out by W (0, 0)
and evaluate everything at u; = ug = 0.

The computation of P is of this form but with the extra step of computing
the residue of the Estermann function at % +s+wv=1-—a. We make a brief
diversion to justify this step.

Note that Py v is the difference of two integrals of the form (5.14) with the
only difference between the two being the placement of the line of integration c.
Applying the changes of variable s — s —wu1 and w — w — 2uq 4+ 2us transforms
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(5.14) into

(6.4)
f

1q)dz¢(d)u<fl)zzl == DD efQi”’ 2mi /CS /C"’)/%

h (mod ) f=0 (mod d)

28 2u1Mu1NU2
i _ .k
/Cu1 /Cy fs vi?lw 2U1+2u2D(2+a+S+U’a ﬁ’l)

x Ha(s,u1,us, v, w)dvduidugdwds,

where

PG +v+s—v—%)G(s —u1)G(w — 2u1 + 2ug)
FA+v+s-%) (s —up)(w — 2uy + 2ug)

x g(s— ul)W(ul,uQ)C(l — v+ 0+ w —2ug + 2uy).

HZ(Sa ula“Zavaw) —

Hence after summing over M and N in (6.4) we get

| ; ()
63 Gprein(l) Ym0 5 T

1T
modl)f O(modd) 217

1 3
NN
2117 Ses) (ew) ew) [TV I

h
x D (% +a+s+uv,a—p, 7) Hs(s,v,w)dvdwds,

where Hj is the following function with rapid decay in all variables (recall
(5.13)):

P()L(53 +7+5—v— %) G(s)G(w)
F(%+7+s—%) sw

(6.6) Hs(s,v,w) = 9(s)C(1—v+d+w).

Thus P(«, 3,7,0) is the residue of the integrand in (6.5) at s +v = % - a.

Using Lemma 2.7, we find that the residue of the Estermann function at
this point is I71*7A¢(1 — o + ), and hence

o h
PZWZGZ) p(q/d) le a+,6’ DI e(Tf)

d|q h (mod 1) =0 (mod d)

1 2 1 200—2v 1
— Hy(t —a— :
X <2m’> /( /(C e a+,y T 3(5 —a —v,v, w)dvdw
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Apply the change of variables v — % —a — v to get
(6.7)
(1-—a+p) hf
P = < o*(q) Z¢ Q/dzlz a+,3 +6 Z Z 6(7)
dlq h (mod 1) f=0 (mod d)

1
27_” /cw) /(c fa+,y+21},§lw ('U 'y a—v, w)d’l}dw

Note that the ratio of gamma functions in Hs above is
G —a—-v)l(a+y+20—Y%)
FE+v+v-1%)

Since G(3 — a) = 0 (recall Definition 2.5), we may move ¢, to 1 without
encountering any poles. The summation over f converges absolutely, and we
may execute the summations over f, h, and [ using Lemma 5.3 to obtain that

6.8)
_<( a‘i‘ﬁ v
P—TZ¢ na/d) (5 /( / ¢ Ha(v,3 — o= v,w)

Clat+y+20-5)C(1++5+2v+ %)
AT 2 —a+ By + 5 +w)
% (1+d71+a7ﬁ+7*5*w d- 1-8—6— 2U77)dvdw

Now we move the v-line of integration back to ¢, = €. The pole at a + v +

2v — g =1 gives

C(l —a+ 6) ¢(d) L —a—y+1+%
(69) 2 d wafd)gs | o

% (1 + q-itra—B+y=b-w _ d72+a76+7767w)

X Hy(3(1—a—y+2), d(—a+7— %), w)dw,
which is seen to be O(¢~17¢) due to cancellation in the arithmetical sum over d.

By trivial estimations we get

P=¢1-a+p) (% Q/Cw /CU g s

Cla+y+2v - 9)C(1++0+20+Y)
(2—a+pB—v+0+w)

Hs(v, 5 — a —v,w)+0(¢” ).

Observe that

G(v)G(w) F(—a—v)[(a+v+20-Y)
————g(v)((1—=y+d+w

e (O TR e e
which completes the proof. O

Hy(o,3—a—v,uw)=

)
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6.2. An upper bound for Py n. In this section we prove Lemma 6.1. A
minor variation of some calculations in the proof of Lemma 6.2 reduces the
problem of bounding Py x to bounding

4 —
s [ [ e
™ (cw) Y (cv) Y (cuy) Y (Cugy)

" Clat+y+ur+uz+2v — §)C(1+B+0+ur+us+2v+ 9 ) G(v)G(w)
C2—a+p—v+5+w) vw
I —a—w —v)l(a+y+u +us+2v — %)

X 1 —~v+d+w)dusdudvdw,
F(E+y+v+us — %) = Jduadhs

g(v)

where cu1 = ¢y, = 0, and ¢, = ¢, = €. Then move ¢, to § — 2¢ followed by
Cuy, — —3, and bound the integrand trivially with absolute values to finish the
proof.

2’

7. The dual off-diagonal terms

To properly manipulate the main terms obtained in Section 6, it is neces-
sary to combine them with the corresponding main terms of Ag. The compu-
tation is similar to that of Bp but there are some differences.

As before, we require different methods of estimation depending on how
close m and n are. We apply the same partition of unity as before and write
As = > m.N Am,n accordingly. Clearly Ay satisfies the bound (3.15).

7.1. Separation of variables. We follow the methods of Section 5. Write
f =m+n so that

qu wlg/d) Y
dlq f=0 (mod d)
aa_ﬂ<m)ay_5<fm)v<m(f—m)>w(m f- m)

X
oy mE(f —m)Tt ¢ M™ N

We use the expansion of o,_s(f —m) into Ramanujan series (Lemma 5.4) to
separate the variables. Write Ay, v = Cqp + C3777 to correspond to the first
and second parts of the approximate functional equation. Then

( )le o Z > 6(%}#)

h (mod 1) £=0 (mod d)
f>0

. aa_6<m>e<h7m> v (U (2 I,

0<m<f m%Jra(f - m)%Jr’y ¢ M’ N

Cory =
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Using the same methods as in the computation of Cy, v, we obtain
q

()T ¥ X

h (mod 1) f=0 (mod d)
Ta-p(m)e (#)4%)

X Z 1

5
Y[ ) g
27rZ (cw) J(cuy) ¥ (cuy) 7 (cs) lwms+u1 f m) +W+s+u277

where H; is given by (5.11).
To separate the variables m and f in (f —m)~

)

1/2=y=s—u2+3 wo yse the

following formula:

L)' ->5) T~y — (1—z)7b, 0<z<1
27i Fl—b—i—v) N 0, 1<z,

valid for 0 < ¢,, Re(b) < 1, from 17.43.22 of [GR65]. The integration converges

absolutely provided Re(b) < 0 using Stirling’s approximation, namely
L(v)I'(1 —b)
N1—-bv+wv)

where the implied constant depends polynomially on b (the dependence on b

could be explicitly stated but it turns out not to be relevant in this work).
Thus we have

< (1 + [Im(v) ),

1

W(f);u—w
ooy AR e B Y T

+ +
h (mod 1) =0 (mod d) 2 m?2

/ / @ M“ N2 H (s, u1, uz, v, w) dvduiduzdwds
(cuq) J(cv)

f8+u2 —v—37 [wmstuitv

)

where

F(U)F(%—'y—s ug + 2)H1

F(%—'y—s—uz—}—v—l— )

Note that this expression is identical to (5.18) except that the ratio of gamma
factors arising from the separation of variables is different. We essentially
follow the same outline used to compute Cys x but some arguments must be
altered due to changes in location of the poles of these gamma functions. We
initially take cs = %, Cuy = Cuy, =0, ¢, = ¢, and ¢, = 2 + ¢ so that all the
integrals and the sum over m converge absolutely. Then we write the sum over

F(Saul,uz,%w) = (8>u1,u2,w)-

m in terms of the Estermann D-function and move ¢, to €, thereby crossing
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the two poles of D. Let Eg; be the integral along the new line of integration,

and Py (a, 3,7,0) be the contribution of the pole at % +s+u;+v=1 We
compute Fg; in Section 9 and proceed with the computation of the main
terms.

7.2. The main terms. The same argument used in the proof of Lemma 6.2
shows how we may execute the summation over M and N. Furthermore, with
the same method of proof as in Lemma 6.1 we have

Let P(a, 3,7,9) := S m.n Py(a, 8,7,9). The analog of Lemma 6.2 is
LEMMA 7.1. We have

(72) P(a,B,7,9) = C(1*O‘+B 2i /(6 /e)

v)G(w rd—a—-ord —y-v4+2
 SOCO) s <2F(1_a>_<72_21+%+2>
Clat+y+20-5)C(1+B8+0+20+Y)
(2-—a+p-—v+0+w)
Note that the pole of ((a + v+ 2v — %) is canceled by one of the gamma
factors.

dvdw + O(q~17%).

Proof. To begin, P is given by the residue of the following integral at

s—l—v:%—a:

/‘( )Zp T+ Z > e(ﬁ)

1
h (mod 1) f=0 (mod d) 2

11\3 q _
<2Trz> /(CS) /(6w)/(cv)MUD(%—I—ajL.H-U,a—ﬁ,};)Hg(s,v,w)dvdwds,

where
— Pt —y—-s+v
Hg(s,v,w): (7;) (2 v—s+ Q)G(S)G(w)
'(z3—v—s+v+7%) sw

g(s)C(1 —~v+ 6+ w).

Now we compute P(a, 3,7,d). Computing the residue and changing vari-
ables v — § — a — v gives the following analog of (6.7):

_ o —h
PZWZ¢ q/de a+/3 s > X e( lf>

dlg h (mod ) f=0 (mod d)

1 \?2 q _
X (—) / / —wH v, —a—v,w)dvdw,
21/ Jicw) J(eo) fOTITRT R 3(v, 3 )
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where note the ratio of gamma factors in Hj is

FG—a—-oIl(3-v-v+%)
Frfl-—a—v-2v+7%)

Now we take ¢, = 3¢ and move ¢, to %4—5. The pole of F(% —a—) is canceled
by a zero of G, and the sum over f converges absolutely, so that we may borrow
the same computations used in the proof of Lemma 6.2 to get (7.2). O

8. Assembling the main terms

We now begin to assemble the various main terms to form a nicer expres-
sion. We briefly recall how the main terms decompose. Recall (3.1), (3.2), and
(3.4). In general, (3.2) shows how to derive results for the “second part” of the
approximate functional equation. Recall the combinatorial dissection (3.11),
as well as the computation of Ap from Lemma 3.1. Then we write Bp =
> wm.~n Bar,n and recall (5.8), (5.19), and Lemma 6.2. This gives Bo as the sum
of four main terms, and we similarly express B,(a, 3,7,9) = Bo(7,6,a, ).
The computations are similar for the dual terms as in Section 7.

8.1. Combining Ao and Ag. To begin, let Q = Q(a, 3,7,0) be the sum
of (6.2), (6.3), and (7.2). From the above discussion, the total contribution of
main terms from Bo, By,, and Ag is then

(8'1) Q(a7 ﬁ? 7’ 5) + Q(IB’ a’ 77 5) + Q(a’ /87 67 ’Y) + Q(IB’ a’ 5’ ’Y)'

This grouping of the main terms is suggested by unpublished work of Hughes
on the Riemann zeta function [Hug].

LEMMA 8.1. We have
(8.2)

(A =a+B)C(1 —y+6) (g > 1 G(s) o

XC(1—a—7v—25)C(14+8+40+2s) ds

+0(q7 /%),

Proof. By its definition,
1)? —ayt e G)G(w)g(v)
== a—y+
(8.3) Q <2m,> /( ., /(E)q § ST R, w)

Cla+y+20-9)C(A1+F+0+20+Y)
(2—a+B—-y+0+w)

dwdv,
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where
I —a—v)l(a+y+20—Y%)
F(z+v+v—1%)

G —y—v)l(a+y+2v—%)
FA+a+v-%)
FG—a-o)lE-—vy-v+%)
Mfl-—a—v-2v+Y%)

Rv,w)=C¢(1—a+B)C(1—v+6d+w)

+{(1—a+B8+w)C(l—v+90)

+C(1—a+B)((1-v+d+w)

We moved the line of integration ¢, to i without encountering any poles. Now
move the line of integration over w to —1 + ¢, crossing poles at w = 0, and
w

5 = —% + v + v only (recall Definition 2.5). The contribution from the pole
at w=—-1+2vy+42vis

(8.4)
¢(q) 1/ 1oty G)G(=1 + 29 + 20)g(v)
¢*(q) 2mi J(1) v(—=1+ 27+ 2v)

1o C(EFat+v)l(3+ B+ + 0+ 30)
XII@_p2++) 2C0—a+§+w+5+%)

C(1—a+B)(y+d+2v)

dwdv.

plg

It is clear that this integral is bounded by O(qil/ 3+¢) | as can be seen by moving
v to € and capturing the pole at 3v ~ 3.

2
The pole at w = 0 gives

1 / qfo‘va(v)g(v)R(v,O)C(a—}_fy—’_2U>C(1+ﬁ+5+2v)
(1) v

omi (2—a+B-—7+9) dv.

Now apply the functional equation to ((a + v 4 2v) to express this as

1/ (q)‘“‘”G(v)g(v)R(v,O)
4

; = 1_
2me T T3y

(052 ¢(1 —a— 7 — 20)C(1 + B+ 6 4 20)

I(et3t2y) (2—a+p—v+9) -

Note
R(v,0) = (1 —a+ B)C(1 =7+ 0)lay(v),
where
I3 —a—v)I(a+7+20)
(3 +7+v)
P(3—7v-ol(at+y+20) TE-a-vl(F-—7-2v)
L3 +a+v) " Fl—a—y—-2v)

(8.5) Taqy(v) =

_l’_
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To finish the proof of Lemma 8.1 we use the crucial identity

1_a—v I y—v
r(espe) T ()

1
(8.6) Loqy(v) =72 — - - ,
’ r —a—y—2 s+a+v s+Hy+v
(=2 o (Do) (L)

which is deduced from the following lemma with a = % —a—vand b =

Ly (]

7 — VU
LEMMA 8.2. For any a,b € C, a,b,a+b ¢ 7Z,

(8.7)

[@r-a-9) TOM -a-0) , T@I6) P(=5=) T(3) (3
[ =R MM oo
Proof of Lemma 8.2. By the fact that

F(%) —1li1—s
=7 22 %cos()(s),
L(+3°) ?

the right-hand side of (8.7) equals
2cos( 5 )cos(gb)F(a)F(b)
cos(@)f‘(a +b) .

Using a series of standard gamma function and trigonometric identities, we see
that the left-hand side is

L(@)'®) (T(a+d)I'1—a—->b) T(a+bI(1—a—0b)
T(a+ ) ( TOr(i=b) | Tar(—a “)
_ ['(a)T(b) (sin(wa) + sin(mb) + sin(7(a + b)))
I'(a+0) sin(7(a + b))
_y I'(a)L'(b) sin(F(a + b)) cos(F(a — b)) + sin(5(a + b)) cos(5(a + b))
)

(8.8)

I'(a+0) sin(7(a + b)
_4 I'(a)L'(b) sin(F (a + b)) cos( %) cos( b)
I'(a+0) sin(m(a + b)) ’
which simplifies to give (8.8) from the sine double angle formula. O

8.2. Combining () and Q—. In this section we calculate the terms corre-
sponding to ) that create the main terms of M_;. Recall that these are ob-
tained from @ by switching the signs of «, 8,7, and multiplying by X, g s
We combine Q(«, 3,7,0) and Q_ (8, «, d,7).

LEMMA 8.3. We have
(8.9)  Q(a.f,7,0) +Q_(B,a,8,7) = Ula, B,7,8) + O(q~/3%9),



THE FOURTH MOMENT OF DIRICHLET L-FUNCTIONS 39

where
(8.10)
Ul fur,6) = X, SE 0 A= 0 =2)((1 +5+0)(1 =7 +9)

(2—a+pB—-7+9)

Note that U(a, 3,7,0) is one of the middle four terms in Conjecture 2.1.
Hence, adding (8.9) according to (8.1) to the contribution of the diagonal
terms given by Lemma 3.1 will form the quantity on the right-hand side of
Conjecture 2.1.

Proof. It is a matter of bookkeeping to modify (8.2) to see
(8.11)

Q*(ﬁv «a, 67 7) = X(X,B7%5

CA—a+B)C—v+0) (q)* 1 G(5) a5
(2—a+B—7+9) (%) m/@sw

li6—s 1 545
r(H)r(ie)

r (%*5+8) I <%75+3> 9—a,~8,—,—s(8)ds
2

XC(1—a—vy+28)C(1+8+6—2s)

2
+ O(q_1/3+5).
Let I be the main term in (8.2), and I_ be the main term in (8.11). We work
with I by moving the line of integration to —%, passing a pole at s = 0 giving a
residue which we easily compute to be U(a, 8,7,0). Write I = U(«, 3,7,0)+1’,
where I’ is the new integral. We now show I’ = —I_, which will complete the

proof.
Apply the change of variables s — —s to give

(1 —a+p)¢(1 —y+9) (g)—aﬂi
(2—-a+p—y+0d) \=« 2mi J

Tr g3 —ots T 3—ts
(5)
t Eég r Eég E g )i

Now we claim that

o (b)r()
q)__ —2s
(* T ga,8,7,6(=5)
T ltra—s l+7,5

P(F) ()

I'=—

C(1l—a—v+28)C(1+L+d — 2s)
)

1
1

X

2

1 — 1
55 r (§+§ s) r < 2+§+s>
_ 1 2s
- CV,B,’}/,(; < ) 1’\ (%—ﬂ—&—s) 1—\ (;—6—‘1—5)7‘- g_a7_ﬂ7_7’_5(8)7

2 2

which implies I’ = —I_. Each of these terms is a product of terms each
depending on exactly one of a, 3, 7, or 9, as well as a certain power of 7w not
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depending on the shifts. Thus, it suffices to check this identity at each such
factor. The cases a and 7 are the same and so are § and é. The case of «

follows from
1 _ats
r(+5)

oo T r (M)
- ()

lia—s 1ta
r(de) r(5)
14+B-s 1-P+s
() ()

and the analogous formula for § is
N2 )y Q)
@ ) ey

2 — x(L
- (2+a)

l+ﬂ_s
r(*5)
=X
2 2

We also check that the power of 7 is the same on both sides. O

8.3. A note on odd characters. In this work we concentrate almost exclu-
sively on the even characters in the proof of Theorem 1.1. The contribution of
the odd characters carries through in the same way with slight changes. The
only differences between the odd and even characters is that the X factors are
different, and for the odd characters, the ‘dual’ terms are subtracted rather
than added. The estimations of the error terms carries through as before; the
only differences arise in the calculation of the main terms. Some thought shows
that the evaluation of the main terms for the odd characters diverges from that
of the even characters starting with the analog of (8.5); for the odd charac-
ter case the third term is subtracted rather than added. The only essential
difference is the use of the following gamma identity instead of Lemma 8.2.

LEMMA 8.4. For any a,b € C, a,b,a+b ¢ Z,

T(@T(1—a—-b) TOT1—a—-b) T@I(b)
Bl =i T Ti—a Ta+b)

T (1—a—b> r <1+7a> T (M)

TR T ()

The proof is similar to that of Lemma 8.2 and so we omit the details.

9. Treating the error terms

In this section we prove Theorem 3.3. Since the forthcoming estimations
become techncial, it may be helpful to know that the quality of the error
term in Theorem 3.3 can be predicted by careful scrutiny of the formulas in
Theorems 3 and 4 of [Mot94].

In order to clean the upcoming formulas, we set all the shift parameters
a, B, ete., equal to 0. All the arguments can easily be generalized to handle
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sufficiently small nonzero values without degrading the results. Recall that
Ey N is given by the right-hand side of (5.14) with contours of integration
defined by

(9.1) Cs =Cyp =Cyp =E, Cyy = Cyy = 0.

9.1. Reduction to Kloosterman sums. Apply the functional equation (2.16)
to D to obtain Fyn = E4 + E_, where

hf
1 el 7
9-2) ) 2 P Z PN <1)
q d|q h (mod 1) f=0 (mod d) f2
QSMulNug
X< /// S oo T F e
271'1 Cs Cw Cu2 Cul) f 2— 2l s+2u1+2v+w
x D ( —s—u; —v,0, l ) Hy(s,uq,us,v,w)dvduidusdwds,
and where
(9.3)
Hy(s,u1,up, v,w) = 2(2m) M2 H2ud2op(l gy — )2 H (s, u1, up, v, w) St
with
(9.4) Sy =1, S_ =sin(n(s+u; +v)).

Here H. has rapid decay in all variables since H does and since the exponential
decay of the gamma factors cancels the exponential growth of S_.

Now move ¢,, to —1 and expand D into absolutely convergent Dirichlet
series and execute the sum over h in terms of Kloosterman sums to get

(9.5)

hyp x ySmERN(LY[ [

1 1
l f()moddm frm?2

23Mu1 Nu2 s+ui+wv
X / / / q m Hy(s,uq,us,v,w)dvduidusdwds.
Cug Cul) (C'u

) fS+u2 —v— % l25+2u1 +2v+w

As an aside, we mention that using only the Weil bound for Kloosterman sums,
we obtain the bound

Euy < q "M :NT,
which can be seen easily by taking

Cs =€, Cy=E, Cy :—%—35, Cus 22—1—35, cw:%—i—?)s.
Using MN < ¢**¢ shows

Eun < M_IN%QE,
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which is nontrivial only for N <« qg_a, M > qg+‘5. This is insufficient to

combine with Theorem 3.2 to cover all ranges; for example, M = G?/3 N = ¢*/3

would not be covered.
To do better we shall obtain additional savings coming from cancellation
in the sum of Kloosterman sums by the use of the Kuznetsov formula.

9.2. Preparation for application of Kuznetsov. Let

( 1 5 25Mu1Nu2 T 25+2u1+2v+w
T:t(x)_ Tm> /(Cs) /(Cw) /c /Cu1 ‘/(Cv f2s+u1+u2m2 (E)

X Hy(s,ui,ug,v, w)dvduldugdwds,
with contours of integration given by (9.1). Then

S(m,=£f;1 T/ m
) Ay S, (A,

f=0(mod d) M f2m2 l

By taking c¢s = % — 2¢, we get 74 (v) < x'7°. By taking c,, = —A with A
large, we see that r)(z) <5 (1+2) 8 for j = 0,1,2,... and any B > 0.
These conditions are sufficient for the application of the Kuznetsov formula,
Theorem 2.6.

The next step is to apply the Kuznetsov formula to the sum over [. We
write Fy+ = B4+ Eoq + Ep4 to correspond to the Maass forms, the Eisenstein
series, and the holomorphic forms (of course Ej_ = 0). We show how to
estimate F,,+ and E.4, since Fjy is smaller and easier to handle (for example,
see Section 5 of [Mot94]).

9.3. Integral transforms. At this point we manipulate the various integral
transforms of r4 that we require for the application of the Kuznetsov formula.
We require M, (t), K,_(t), and N, (k), in the notation of [IK04, Ths. 16.5
and 16.6]. We have

M, (1) / / / / / GPSM™M N2 H (s, uy,us, v, w)
7”+ 271'1 (cs) J(ew) J(cuy) Y (cuy) cﬂ) 47T 23+2u1+2v+wf2s+u1+u2m

dx
2s4+2u1 +2v+w
X 7smh27rt/ (Joir(x) — J_oi(z)) dvduldUdeds.

Now use the formula

/ J — 95— 1 r 842-V
Ne===)
valid for 3 > Re(s) > —Re(v) (see 6.561.14 of [GR65]) to see that
o d (5 +it I'(3—it
/ (Joit(w) — Jgig (@) = = 2271 (Z;LZ? LG ,\Z >). :
0 x I(l—5+idt) I'(l-3g—it)

We simplify this expression using
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LEMMA 9.1.

I(a+ir) L(a—ir) 20, ' '
Tl—atir) T(l-a—ir = sinh(7r) cos(ma)l(a+ir)(a—ir).

We omit the proof since it is easy and standard. Thus

(9.6)

mi2 1 L(3+it)  T(5—it)
sinh27t \T'(1— 5 +it)) DI(1— % —it)

A1 TA A A
()G (3 )
cosh 7t COS< 2 ) 2 Tt 2 u

Hence
1 5 28Mu1 Nu2 ﬁ -t

M, (t) = <7) // d (s w003 ) e sduwds,
2mi f2stuituzmy cosh(7t)

where

H (s,u1,u2,v,w;t)
=cos(m(s+ur+v+ §)(s+u +v+ 9§ +it)['(s+ur +v+ 5 —it)
P()T(5+s+us—v—2)
PG +s+u— %)

x D2 —s—u —v)?

y G(s)G(w)

T ()W (a2 ) (L + w)e”

and where ¢* is meant to account for bounded factors like powers of 2, 7, etc.
that do not have any effect on the convergence of the integrals.
Similarly, we compute

K <t>—(1>5/ / / / / GPMUN"H (s, ur, uz, v, w)
r— - 2I7i (o) (cw) (c Cu1 (co) 47T 2s+2u1+2v+wf25+u1+uzm

o0 dx
X 2/ Kgit(x)a:28+2“1+2”+w?dvduldmdwds.
0

This time we use the formula (see 6.561.16 of [GR65])

21t — 2t
2/ Kou( _ g lr(s—i- Z)F<S z)7
T 2 2

valid for Re(s) > |Re(2it)| = 0. Hence

(9.7)
25Mu1 NUu2

K,_(t) = Tm / /f25+u1+u2m2 H_(s,uy,us,v,w;t)dvdu) dusdwds,
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where

H_(s,u,v,w;t) =T(s+u +v+ 5 +it)
xD(s+u+v+2—it)['(3 — s —up —v)?sin(w(s + ug +v))

v L sy - s w N
r( )Eéfisiuj—w ) G )g( ) o) s, 1)L+ )
2 2

9.4. Maass forms. This section is devoted to proving

PROPOSITION 9.2. We have

1
N\ 2
(9.8) By < q 310 (f) .

We treat the opposite sign case F,,_ only since the case of E,, is similar,
and easier.

Proof. We have

1 q d(m) —
—M%qs(d)u(d) ) )Y Ej:pj<m>pj<—f>m_<nj>,

which upon using (9.7) is

(9.9) Ep_ =

Z PJ |2)‘ ))‘ (f)

cosh mk;

2SM’LL1NU2 .
27rz / /f2 = H_(s,u1,us,v,w; K;) cosh(mk;)dvdu; dusdwds.

sturtuzyy )

Let Ex be the same expression as (9.9) but with the spectral parameter x;
restricted to the dyadic segment K < k; < 2K. Taking c¢; = % and ¢, = %
means the sums over m and f converge absolutely. Now we use the following

variation on (3.5):

3 ox(n)Aj(n) _ Lj(s)Lj(s — A)

— ns (25— )N)
and
A » A Ai (¢!
> af(sf) el yf(gf)xZ g(qns ))
=0 (mod q) (fa)=1 n>0 4
) = X(d"h)

=q °Lj(s) (Nj(e) — ¢ *),
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to obtain

Q |PJ / /
d Z cosh 7m] 27TZ (cw)

d\q K<r;<2K

ZSMulNU2
1 2 1
/c /c (c d2stuituz L(§ + %) Lj(§ + 25 4+ ug +u2)
u2 “1 11

—~

0, H_ e h )
x ()‘j( ) — ta ) (8, w1, uz, 0, W3 ) cos (Wﬁj)dvduldUdeds.

d%+28+u1+u2 C(l + w)

To estimate this term we initially move the lines of integration so that
(9.10) Cs =Cp=1Cy=E, Cyy =C, Cyy =—CHE,

where 3¢ < ¢ < % — 3¢, passing no poles in this process by close examination of
the form of H_. Due to the rapid decay of H _, we may truncate the integrals
so that Im(s), Im(uy), Im(u2), Im(v), Im(w) < (¢K)* with a negligible error
(say, size < (qK)~109)  The issue at hand is the dependence on K. Using
Stirling’s approximation, we see that

(9.11) cosh(mr;)I'(s +ur +v+ 5 +ik;)D(s+ur +v+ 5 —ikj) < o G

Then we have

(9.12) Ex < ¢ 2(gK) K~ 't% (%)

X max
51,52

(1V12
Z M)\j(q)Lj(%—}—Sl)Lj(%+52)2a

K< 22K cosh k;

where the maximum over s; and sy is over the rectangles 0 < Re(s;) < e and
Im(s;)| < (¢K)E, i =1,2.

The spectral sum may be estimated using \;(¢) < ¢’ and the fourth
moment bound

oW ) 4 2+
(9.13) S LS+ s) [P < KT
K< 22K cosh r;

for Im(s) < K¢, Re(s) > 0, which follows from the large sieve inequality
for Maass forms [Iwa82]. For a proof, see Theorem 3.4 in Motohashi’s book
[Mot97] (actually Motohashi had s = 0 but this is a minor change).

First suppose that K > M “iN %qe . Observation of the location of poles
H_ shows that we can take ¢ = A large without crossing any poles. For such
K we thus obtain

(9.14) Ex < (qK)~10%,



46 MATTHEW P. YOUNG

For the complementary range, taking ¢ = % — 3¢ completes the proof with the
bound

1 1
1 N\ 2 1 N\2
9.15 E —§+0K2 (7) K¢ —5t+0+e (7) ]
(9.15) K < q a) @) <q Vi
The estimate of E,,+ is even easier than that for E,,_ because cosh(mt) M, (t)
has exponential decay as t — oo.

O

9.5. The continuous spectrum. In this section we prove

PROPOSITION 9.3.

1
_1 N1
(9.16) E.p <q 27 (M) :

The exponent y L depends on an estimate for the 6th moment of the Rie-
mann zeta functlon As in the previous section, we only show the full details
for E._ since F., is similar and even easier to handle.

Proof. Our starting point is

_ a
F=t @) > o

f=0(mod d) m ™

w\»—A

x /_ o (maﬁiit(z()f T(QQ)P cosh(7t) K,_(t)dt,

which after using (9.7) becomes

(d)u(%) > Z

f=0(mod d) m m2f2

/°° o2it(m)o2q (f)
oo (M f)H[C(1 + 2it)|?

25M’ul N¥2
/ / = H_(s,u1,uz,v,w;t) cosh(mt)dvdu dusdwdsdt.
27m f2s+u1+u2m 2

Now move ¢, to 5 and ¢, to 1 4+ ¢ and execute the summations over m and f

/('Cu1 ) ‘/(Cv)

dvduy dusdwdsdt,

in terms of a product of zeta functions to get

D G L]
) a d2 —o0 2T/ J(eg) J(ew) e

2s Ul \NJU2

g MU NY2 ~ Z(s,u1,ug,w,t)
X———H 0t h(mt

2stutu H_(s,u1,us,v,w;t)cosh(mt) 122

ug )

where
Z(s,ur,uz, w,t) = (3 + %2 +it)2C(3 + % —it)*¢(3 + 25 + w1 + uz + it)
C( + 25 + ug + ug — it) Ag(s, ur, uz, w),

where Ag4(s,u1,u2,w) is bounded by d° and holomorphic for Re(s), Re(u1),
Re(uz), Re(w) > —e (use Lemma 5.1 to get an exact expression). As in the
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previous section, take the contours according to (9.10) where 3¢ < ¢ < 5 —35 is
at our disposal. Although we crossed various poles of the zeta functlon7 since
they are all at height ¢ (roughly speaking), the decay of the test functions
shows that these terms have rapid decay in t-aspect, and it is not difficult to
bound the contribution of these terms by O(q~!0%).

Again, we may truncate all the integrals except the one over ¢ at height
(qt)® with negligible error. The crucial issue is convergence in t-aspect. Sup-
pose we have a bound on the 6th moment of the Riemann zeta function of the
form

2T
(9.17) 7 / L4at)|Sdt < T,

The currently best-known result has 6/ = 1/4 using Holder’s inequality with
2T 2T
/ €L +at)[*dt < TH, / ¢(5 + it)|Pdt < T*Te.
T T

This bound on the 12th moment was proved by Heath-Brown [HB78].

Using (9.11) shows that ¢ = —#'—¢ is sufficient for convergence in t-aspect,
and gives the desired bound. If # = 0 (a standard conjecture) it would give
the bound F.4 < q_%+€, 0

9.6. The dual terms. In this section we sketch how to treat EM—JV. The
basic outline is the same as for F; y but some convergence issues are slightly
more delicate and the arguments must be modified in some places.

Using the same computations as in Section 9.1, we get that the analog of

(9.5) is

MEDIEIED DD JRALES D

! 7 f=0(modd) m me2

dlq
1 5 2$Mu1 Nu2m8+u1+v
- (277”) /(Cs) /('C /Cug /Cu1 / fS+UZ Uﬁ§l25+2u1+2v+w

x H(s,u1,us, v, w)dvduidugdwds,

where H is given by an expression identical to (9.3) except H is replaced by
H. More explicitly, the ratio of gamma factors
F()(3+s+us—v—2)

L(3+s+u—Y)

(9.18)

appearing in the definition of Hy is replaced by

F(U)F(%—S—U2+%)
F(f—s—us+v+%)

(9.19)
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Also, the term S(m, f;1) is matched with S_ and S(m, —f;1) is matched with
S4. The primary difference between (9.18) and (9.19) is that the former expres-
sion has exponential decay in v-aspect, and the latter has at best polynomial
decay.

Because the opposite sign case is matched with S, the convergence in

2 and

the v-aspect is assured by the presence of the factor F(% —Ss—u; —v)
the same methods as before work to give the bound (3.16).

The same sign case reduces to
1

o(d ps(1)
MZ bu(d) > UL

dlq dz k<2 COSHTH;

1 28Mu1Nu2
i 2 7 2 n(lypwy2polyo
(5 /( /( /)/ / rimr L+ 8L+ 2 4w+ )

H,(s, w1, U2, v, w; Kj) cosh(mk;)
C(14+w)

dd,q
x ()\](d) N d%+2s+u1+’u2 )

dvduydusdwds,

where

~

H_(s,u,v,w;t)

=cos(m(s +ur + v+ 4§)0(s+ur +v+ §+it)0(s+ur +v+ Y —it)
T3 —s—us+ %)
F(3—s—u+v+%)

x sin(m(s + u1 + v))[(3 — s — ug —v)?

G(s)G(w —~
s ST )17 (w2} 1+ e
Again, we truncate the integrals over s, ui,u2, w at imaginary part < (¢K)°.
The convergence in wv-aspect can be detected via Stirling’s approximation,

which gives

cos(m(s+ur + v+ L)I(s+u +v+ L +it)T(s+u +v+ 2 —it)
F(U)F(% —s—uz+7%)
I(3—s—up+v+Y)
< (qK)femMle=5lo—tle=Flvttl (1 4 |y|)=3+eus,

x sin(m(s +ur + )03 — s —up —v)?

A careful but elementary estimation gives the bound
o0
/ ezt 2t (1 4 y)fgﬂ“? dy < (1+ t)7%+6“2.
0
Thus we may take ¢, = —% — 3¢ and ¢, = % — 3¢ to get
By < q 2t MaN-z,

Notice this is better than (3.16). Actually, this phenomenon holds true for
E,,+ also: for this term, the convergence in x; aspect holds even when all the
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lines of integration are at ¢, say, and the loss of (N/M )% does not appear in
the bound.
The treatment of the continuous spectrum follows similar lines.
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