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Abstract

In this paper we solve the following problem in the affirmative: Let Z be a
continuum in the plane C and suppose that /2 : Z x [0, 1] — C is an isotopy starting
at the identity. Can h be extended to an isotopy of the plane? We will provide
a new characterization of an accessible point in a planar continuum Z and use
it to show that accessibility of a point is preserved during the isotopy. We show
next that the isotopy can be extended over small hyperbolic crosscuts which are
shown to remain small under the isotopy. The proof makes use of the notion of
a metric external ray, which mimics the notion of a conformal external ray, but is
easier to control during an isotopy. It also relies on the existence of a partition of a
hyperbolic, simply connected domain U in the sphere, into hyperbolically convex
subsets, which have limited distortion under conformal maps to the unit disk.

1. Introduction

Denote the complex plane by C, the origin by O , the open unit disk by D
and the complex sphere by C* = C U {oo}. Suppose that & : Z x [0, 1] — C is an
isotopy of a continuum Z C C such that if we denote i* = |z, then h° =idz.
We consider the old problem whether the isotopy A can be extended to an isotopy
of the plane.!

A more restrictive form of an isotopy is the notion of a holomorphic motion.
Given a set A C C, a holomorphic motion is a function
f :AxD — C* such that:

(1) for each A € D the map f* = Sflaxgry : A — C* is one-to-one,

(2) O =idy,
(3) foreach a € A, the map f; = f|¢gyxp : D — C* is holomorphic.

The first named author was supported in part by NSF-DMS-0405774, and the second named author
by NSERC OGP0005616.
1 We are indebted to Professor R. D. Edwards who communicated this problem to us.

2105



2106 LEX G. OVERSTEEGEN and EDWARD D. TYMCHATYN

Note that the function f is not initially required to be continuous in @ or in the
pair (a, A). The remarkable A-Lemma states that each holomorphic motion can be
extended to a holomorphic motion F : C* x D — C* of the entire sphere. Moreover,
the map F is continuous and the maps F A are quasi-conformal for each A. Partial
results of this type are due to: Bers, Lyubich, Mafié, Royden, Sad, Sullivan and
Thurston [BR86], [Lyu83], [MSS83], [ST86]. The full result is due to Slodkowski
[Slo91]; see [AMO1] for a different proof of the above statement and some history
of the problem.

Although the A-Lemma holds for arbitrary (in particular not connected) sets
A, easy examples show that an isotopy of a convergent sequence cannot necessarily
be extended over the plane (see [Fab05, p. 991]). It is also easy to see that our main
result cannot be generalized to higher dimensions because wild balls and spheres
can be isotoped to tame balls and spheres. However, see [EK71] for related positive
results in higher dimensions.

It follows from Rado’s theorem [Wen92, Th. 4.2] that the isotopy 4 in the first
paragraph can be extended to an isotopy of C if Z is a simple closed curve (see
[Bae27], [Bae28] for related results and [Eps66] for a generalization). Analytic
techniques, in particular, boundary values of conformal maps have been powerful
tools for studying plane continua. However, they appear insufficient to answer
the general question. Suppose that U, is a sequence of proper, simply connected
domains in C and wg € U, for all n. Then we say that the domains U,, converge to
U in the sense of Carathéodory kernel convergence (with respect to wg) [Pom92,
p- 13], denoted by (U,, wg) — (U, wy), if:

(1) U ={wp}, or U is a simply connected, proper domain in C such that for each
w € U there exists a neighborhood Vy, of w with V,, C Uy, for all n sufficiently
large,

(2) for each w € dU there exist wy, € dU, such that lim w, = w.

Note that the limit of a sequence of domains depends on the choice of the point
wp. The following theorem is due to Carathéodory [Car12].

THEOREM 1.1 ([Pom92, Th. 18.8]). Let ¢, : D — Uy, be conformal maps onto
simply connected domains Uy, such that ¢,(0) = wo and ¢,,(0) > 0. If U = {w,},
put (0) = wq and otherwise let ¢ : D — U be the conformal map onto the simply
connected domain U with ¢(0) = wo and ¢’ (0) > 0. Then as n — oo,

©n — @ locally uniformly in D <= (U, wo) — (U, wy).

Suppose that /1 : Z x [0, 1] — C is an isotopy starting at the identity and U’
is the component of C* \ 4*(Z) which contains the point oo at infinity. Then it
follows easily that if 7, — 7, then (U", 00) — (U?, 00) in the sense of Carathéodory
kernel convergence. One of the main complications addressed in this paper is that
Carathéodory kernel convergence is insufficient to allow us control of the behavior
of the conformal maps ¢’ : D — U" near the boundary of U’. In particular it is not
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clear if the conformal external rays of Z’ behave nicely under the isotopy. To this
end we introduce metric external rays which depend only on distance and, hence,
behave well under an isotopy. The existence of metric external rays was alluded to
in [Bel67] and more fully developed in [I1i70], [Bel75]. We define a metric external
ray as the projection of the equidistant set between two disjoint and closed sets in
the covering space of C\ {O} by the exponential map. Equidistant sets and metric
external rays were studied in detail by G. Brouwer in [Bro05] and also in [ABOQ9].
We will use these metric external rays to show that the isotopy can be extended
over conformal external rays.

We will always denote by Z a proper subcontinuum in the sphere C* (or
equivalently in the plane C), by & : Z x [0, 1] — C an isotopy such that 1% = id»
and by U a component of C* \ Z (or equivalently C\ Z). Given a fixed component
U of C*\ Z we may assume, without loss of generality, that U contains the point
at infinity (or is the unbounded component of C \ Z) and oo € C* \ h’(Z) for
all ¢ € [0, 1]. Denote by U’ the component of C* \ h’(Z) containing the point at
infinity (or the unbounded component of C \ A*(Z)). Then U’ U {oo} is simply
connected. We always denote by ¢’ : D — U’ U {oo} the conformal map such that
9" (0) = 0o and (¢")'(0) > 0. Then the maps ¢’ are unique and, by Carathéodory
kernel convergence, they are uniformly convergent in ¢ on compact subsets of D.
By slightly abusing the language we will identify points in the boundary S! of the
disk D with their arguments and call them angles.

We say that x € Z is accessible from U if there exists an angle 6 € [0, 27)
such that the (conformal) external ray Ry = ¢({re'® | r < 1}) lands on x (i.e.,
Rg \ Rg = {x}). Similarly, Ré = ¢'({re'? | r < 1}) is a conformal external ray of
Z' in U'. Tt is well-known that a point x € Z is accessible from U if and only if
there exists a nondegenerate continuum Y C U such that ¥ N Z = {x}. Moreover,
in this case ¢~ 1(Y \ {x}) N S! = {#} is a single point and Ry lands on x in Z
[Mil99, Cor. 17.10]. It is clearly necessary that the corresponding point x’ = h?(x)
remains accessible in 4’ (Z) from U’. However, Carathéodory kernel convergence
is insufficient to show this and one of the first steps of the proof is to show that this
is indeed the case. If we assume in addition that x is not a cut point of Z, then there
exists for each ¢ a unique angle 6 such that the external ray R}, of Z’ lands on x".

The next step of the proof is to show that this correspondence of angles is
continuous in ¢ and there exists an isotopy o : S x [0, 1] — S of the unit circle such
that if Rg lands on x° in Z©, then R;(O’t) lands on x? in Z? for each ¢. Extending
o to an isotopy f!:D — D, defined by f(re'?) = re!®®1 does not, however,
provide a proper extension over UO since simple examples show that in general
the isotopy H : U® x [0, 1] — C* defined by H(w, 1) = ¢’ o f? o (¢°)~1(w) does
not have a continuous extension over Bd(U?). The discontinuity at the boundary
follows from the fact that conformal maps ¢’ : D — U from the unit disk onto the
simply connected domain U’ are not uniformly continuous if the boundary of U*
is not locally connected.
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To address this concern we construct a lamination 7€ (a closed collection of
noncrossing hyperbolic chords) in U such that £ = (¢)~! (%) is a lamination in the
disk D. Following Thurston [Thu09], we will call each chord in # (or in &) a leaf
and every component of D\ | £ a gap. Then the collection ? = {G,,} of all leaves
and gaps of & partitions the disk into hyperbolically convex subsets. We say that
the laminations ¥ and & are a canonic pair if for each ¢ > 0 there exists § > 0 such
that if d(x, y) < & and there exists « such that x, y € G, then d(¢(x), ¢(y)) < &.
In other words, the family of maps {(p|§a} is uniformly equicontinuous (here the
map ¢ is naturally extended over angles corresponding to accessible points). To
show the existence of a canonic pair of laminations we use a construction originally
due to Bell and refined by Kulkarni-Pinkall [KP94]. This construction entails the
consideration of closed round balls B such Int(B) C U and |B N JdU| > 2. For
each such B we consider the convex hull C(B) of BN dU in the hyperbolic metric
on U. It can be shown that the collection # of hyperbolic chords contained in the
boundaries of all the sets C(B), and its collection of preimages & in D, form the
required pair of canonic laminations (see [FMOTO8], [BO09, Th. 4.13] for more
details).

Given the angle isotopy « of the circle S it is now not difficult to construct
an isotopy A : D x [0, 1] — D such that for each hyperbolic chord Sy € &, where
B.y € S, A(By.t) is the hyperbolic chord joining the points o (8) and o (y).
Let AT(¥) = ¥, then &' is also a lamination in D. Finally we will show in
Theorem 6.1, that the laminations &! and ¢’ (¥) = %’ form a canonic pair as well.
The existence of the canonic pairs of laminations will ensure the continuity of the
extension Hy = ¢’ o A’ o (¢°)~! over U.

Suppose that {U, } is the collection of all complementary domains of X . For
each n let &, and %, be a canonic pair of laminations as constructed above.
If for each n B, is a round ball with Int(B,) C U, and |B N dU,| > 2, then
diam(C(B;)) — 0 as n — oo [FMOTO08, Lemma 4.2] and the extension of % is
continuous over the union of all complementary domains.

We denote by exp the covering map exp : C — C\ {O} defined by exp(z) = €?.
Given a set X C C we denote by X= exp~1(X \ {0}) and we use bold face letters
for subsets of X. However, for points x € C\ {O} we denote by x a point in
the set exp™!(x). We also denote by ;. C— R, j = 1,2, the projections onto
the x-axis and y-axis, respectively. The open ball with center x and radius r is
denoted by B(x,r) and its boundary by S(x,r) . For a set A C C we denote by
B(A,e) = J{B(a,¢) |a € A}. By a ray R we mean a subset of C homeomorphic
to the real line R. A ray is called a (fopological) line if [R\ R| <1 and R is not a
simple closed curve. If R\ R = &, then we say that R is a closed ray or a closed
line.

We will use the following notation throughout: for any set A C Z we denote by
A" the set h' (4). We are initially only interested in extending the isotopy over the
unbounded component U of C\ Z. Recall that U" is the component of C* \ h’(Z)
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containing oo and denote by X’ the continuum C*\ U?. Then X’ is a nonseparating
plane continuum and, although the isotopy # is not necessarily defined on all of X,
it is defined on dU° = 0X° C Z. We may identify any particular point z € Bd(U)
with the origin O, assume that it is fixed under the isotopy and that X’ C B(0, 1)
for all ¢ € [0, 1]. We will denote the Euclidean metric on C by d and the spherical
metric on C* by p. We will denote a point in the complex plane C either as a + b i
or, by its Euclidean coordinates, (a, ). Finally, given two points x,y € C, we
denote by xy the straight line segment joining them.

After submission of this paper some of its ideas were further developed in
subsequent papers. See [FMOTO08, §§3 and 4] for more detailed description of the
partition % of a simply connected domain U into hyperbolically convex subsets
and [BO09] where the notion of a canonic pair of laminations (called canonic
foliations in that paper) was first introduced and used explicitly. The authors are
also indebted to the referee for carefully reading the paper and for making many
suggestions to improve the exposition. For the convenience of the reader we have
added an index at the end of the paper.

2. Preliminaries

Crucial to our study is the notion of an equidistant set between two disjoint
closed sets in C. We start with the following definition from [Bro05] (see [ABOQ9]
for a more accessible reference and related results). Suppose that A and B are two
disjoint closed subsets of the plane. For z € C\ [AU B], let r(z) = d(z, AU B).
Then we say that A and B are noninterlaced if for each z € C\ [A U B], the
sets AN S(z,r(z)) and B N S(z,r(z)) are contained in two disjoint closed and
connected subsets of S(z,7(z)) (one may be empty). Let E(A,B) = {z € C |
d(z, A) = d(z, B)} be the equidistant set between A and B.

Let A and B be two disjoint, closed and noninterlaced sets in C. By Gaston
Brouwer [Bro05, Th. 3.4.4] E(A, B) is a 1-manifold (see also [ABOQ09, Cor. 2.2]).
Moreover, if A and B are connected, then £ (A, B) is connected and, hence, it is
either a closed ray in the plane or a simple closed curve. In particular if A and B
are both connected and unbounded, then E(A, B) is a closed ray which separates C
into two disjoint open and connected sets one containing A and the other containing
B. We will slightly generalize this case by replacing the condition that A and B
are unbounded and connected by the weaker condition that every component of
AU B is unbounded and that A lies above B (see Definition 2.1).

Since O € X! € B(0,1) for all 7, max{nl(f(’)} < 0. It follows from this and
the fact that X is a continuum that for any component Cof X, m; (C) = (—o0,mc]
with m¢ < 0. Moreover, since X is nonseparating, X is also nonseparating and,
hence, each component C of X is also nonseparating. To see this note that X
has a unique complementary domain W such that 77 1([0,00)) C W. If V is
any complementary domain of X, then V must contain a point veV \X and



2110 LEX G. OVERSTEEGEN and EDWARD D. TYMCHATYN

exp(v) = v € C\ X. Hence there exists a ray R C C\ X joining v to infinity.
Then the lift R of R with initial point v € Ris aray in C\ X which intersects W
and V = W as required. These facts will allow us to define what it means for one
component of X to lie above another component.

Definition 2.1. Let C and D be two distinct components of X. We say that C
lies above D if there is a path s : [0, 1] — JTI_I((—OO, 0]) \ C such that the initial
point s(0) isin D, s(1) = O and if R = 5(]0, 1]) U ([0, 00) x {0}), then C lies in the
unique unbounded component of C\ [D U R] which contains the point 1 + 27i.

Moreover, if X=AU B, where A and B are disjoint closed sets, such that
every component of A lies above every component of B, then we say that A lies
above B. Note that the image of the path s([0, 1]) in Definition 2.1 is contained in
the complement of C and not necessarily in the complement of X. This will allow
us to consider otherwise inaccessible components of X.

LEMMA 2.2. If Cand D are two components of X, then exactly one of the
following holds:

(1) C lies above D,
(2) D lies above C.

Proof. We show that the notion that C lies above D is independent of the
choice of the path s in Definition 2.1. Hence, let 51, 52 : [0, 1] — 77 1 ((—00, 0]) \ C
be two paths such that s1(0), s2(0) eD and s1(1) = O =s5(1). Put Ry =51 ([0, 1])U
([0, 00) x {0}), R> = 52([0, 1]) U ([0, 00) x {0}) and suppose that C lies in the
unbounded component of D U Ry which contains the point 1 + 27i. Suppose first
that Ry and R; have the same initial point s1(0) = s2(0). Since 7} 1((=00,0])\ C
is simply connected, there exists a homotopy j : [0, 1] x [0, 1] — 71 1((=00,0])\ C,
with endpoints fixed, between s; and s,. Since j’ misses the connected set C for
each ¢, it follows that C lies in the component of C \ [R, U D] containing 1 4 27i.

Next suppose that R and R; have initial points z; and z,, respectively. Let
U={B(y,e)|yeDande=(1/3)d(y,[CU 711_1([0, 00))])}. Then U is an open
cover of D. Since D is connected, there exists a chain {Bq,..., By} of balls in
AW such thatz; € By, 2, € Byand BiNBj 1 #Ofor j =1,....n—1. Let J
be a piecewise linear arc in UB; from z; to z>. Then there exists a path s3 such
that s3([0, 1])) = J U s2([0, 1]) is a path with initial point z; and terminal point O.
Put R3 = 53([0, 1]) U ([0, 00) x {0}). Then C lies in the unbounded component of
C\ [D U R3] which contains the point 1 + 27i. Hence, C lies in the unbounded
component of C\ [D U R;] which contains the point 1 + 27i.

Suppose that C and D are any two components of X. Then Uc = C \ C and
Up = C\D are open and connected sets homeomorphic to C. Hence there exist two
arcs Jc CUpN nl_l((—oo, 0]) and Jp C UcN nl_l((—oo, 0]) joining points ¢ € C
and d € D to O, respectively. In addition we may assume that Jc N Jp = {O}. If
D is not contained in the component of C\ J¢ U ([0, 00) x {0}) containing 1+ 2xi,
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then C is contained in the component of C\ Jp U ([0, 0o) x {0}) containing 1+ 27i
and C lies above D. O

Our goal is to show that the condition that A lies above B is preserved under
the lift of the isotopy A’.

LEMMA 2.3. Suppose h' : Bd(X) — C is an isotopy such that h® = idpq(x)»
O € Bd(X) and ' (O) = O for all t. Then there exists an isotopy h! : Bd(X) — C

which lifts h' such that h® = id, I®)

Proof. For each x € Bd(X) \ {0} and each x € exp~!(x) the path hlixix[o,1]
has a unique lift to a path hy : [0, 1] — C with initial point x. Define h’ (x) = hy(7).
By uniqueness of lifts, h? is one-to-one. It now follows easily that h’ is an isotopy
of BA(X) lifting ' with h® = idg ). O

The following easy lemma follows immediately from the fact that A’ (0O) = O
for all ¢ and that 4’ is uniformly continuous.

LEMMA 2.4. Suppose that h'(0) = O for all t and let h' : Bd(X) — C
be the isotopy which is the lift of h' to Bd(X) = exp~1(Bd(X) \ {O}) such that
= idgyg) Denote h’(x) by x'. For all ¢ € R there exists § € R such that if

there exists ty € [0, 1] such that x'0 € X" and w1 (x10) < 68, then 1 (x') < & for all
t € [0, 1]. In other words, if there exists to such that 1 (x'°) > ¢, then w1 (x') > §
forallt €0,1].

Given the existence of the lifted isotopy h! we will use similar notation as for
h': for any set A C Bd(X) we denote by A’ the set h’ (A). Recall that U’ is the
unbounded component of C\ A’ (Bd(X)), X! =C\ Ut and X’ =exp 1(X?\{0)).
Also, if C° is a component of X° choose a point x° € Bd(Xo) N CP%. Then we
denote by C? the component of X! containing the point x’ = h’(x). Next we show
that the notion of the component C being above D in X is preserved throughout
the isotopy h.

LEMMA 2.5. Let C = C° and D = D° be components of)ACO such that C lies
above D. Then C! lies above D! for each t € [0, 1].

Proof. It suffices to show that there exists 0 < 7o such that for all 1 < ¢y C’ lies
above D’. Let R = s([0, 1]) U ([0, 00) x {0}) be a piecewise linear ray landing on
d® € D° which satisfies the conditions of Definition 2.1 and such that RN C? = &
and R ND? = {d°}. Then R UD? has exactly two complementary domains and
each is homeomorphic to C. Hence there exists an arc 4 C C\ [D° U R] joining a
point ¢® € C? to the point 1 4 27i. Choose a < 0 such that AU R C 7w~ ([a, o0)).
Choose ¢ < (1/3) d(A U [r71([2a,00)) N C°], R U [n71([2a, 00)) N DY)). Let
0 < 1o such that for each x € Bd()A() N 711_1([2(1 oo)) |h? (x) —h°%(x)| < &/2 and
n1(h!(x)) < a for all x € m 1((=00,2a]) N Bd(X) for all ¢. Then for all ¢ < 1,
C' U’ U 4 is connected, closed and disjoint from D’ Ud®d’ U R. The first set
contains an arc A* from ¢’ to the point 1+ 27/ and the latter set contains a half ray
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R* satisfying the conditions in Definition 2.1 from the point d* € D’ to co. Since
1+ 27i is above R* and A* N[D’ U R*] = &, C! is above D’ for all 7 € [0,79]. O

LEMMA 2.6. Suppose that X0 = A°UB®, where A° and B° are disjoint closed
sets such that A° lies above BC. Then for each t, X' = A UB! and A" and B! are
disjoint, closed and noninterlaced sets.

Proof. By Lemma 2.5, every component of A’ lies above every component
of B! for all 7. Since h’ is an isotopy it only remains to show that A’ and B’ are
noninterlaced. To see this fix 7, let w € E(A?, B?) and let K € C\ A’ UB’ be the
minimal open ball with center w whose boundary S meets both A’ and B’. Suppose
that there exist x,x' € S NA’ and y,y’ € S N B’ such that {y,y’} separates x and
X' in S. Forz € X, let C, denote the component of X’ which contains the point z.
Suppose, without loss of generality, that Cy lies above Cy/. We may suppose that
CyUCy Uyy’ separates X from 1+ 277 in C. Since CyUCy does not separate C by
unicoherence, we can choose an arc D in C\ [Cy U Cy/] irreducible from O to yy’
such that 771 (D) C (—00,0]. Let {d} = D Nyy’. Then Cy Uyd U D U [0, co) x {0}
separates y’, and hence also X, from 1+ 27 and Cy is below Cy. This contradicts
Lemma 2.5 and completes the proof. O

LEMMA 2.7. Suppose X = A UB, where A and B are disjoint closed subsets
of C such that A lies above B. Let E be a component of E(A,B). Then E is a
closed ray. If e € E and r = d(e, A UB), then there exist disjoint irreducible arcs
or points Jx and Jg in S(e,r) such that AN S(e,r) C Ja and BN S(e,r) C Jg,
and E separates Ja from Jg in C.

Proof. By Lemma 2.6, A and B are noninterlaced. By [Bro05, Th. 3.4.4], E
is a 1-manifold. Let E be a component of E(A,B), e € E and d(e,AUB) =r.
Since A and B are noninterlaced, there exist disjoint irreducible arcs or points Ja
and Jp in S(e,r) such that AN S(e,r) C Jo and BN S(e,r) C Jp. Let a; and a;
be the endpoints of Jx. For z € X, let C, be the component of z in X. Let V be
the component of C\ [C,, U Ja U Cy,] containing e and let W = C\ V. It follows
from the proof of Lemma 2.6 that W NB = &.

We prove that E(A, B) N J4 = @ as follows. Suppose that z € J4 \ A. We will
show that d(z, A) < d(z,B). Choose w € B. If zwN A # &, then d(z,A) < d(z, w).
If zw N A = @, then it follows easily that d(z, w) > min{d(z,a,), d(z, az)}. Hence
forall we B, d(z,A) <d(z,w) and E(A,B) N Jy = @. Choose b € Jg NB. Note
that £(A,B)Naje\{e} =@ = E(A,B)Neb\{e}. Now E(A, B) separates a; and
b. By unicoherence of C (see [Wil63, p. 47]) a component of E(A, B) separates
a; and b. Since this component must contain e, E separates a; and b in C. Hence
E separates C,, U Jo and Cy, U Jp which both are unbounded sets. Hence, E is
an unbounded closed 1-manifold, i.e., E is a closed ray. O

In Lemma 2.7, 1 (A) = 1 (B) = (—00, c] for some ¢ < 0. In the next theorem
we shall choose a€ A and b € B with 71 (a) =c¢ = w1 (b) and 0 < 7 (a)—m2(b) <27.
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By unicoherence of the plane a component E of E(A, B) separates a and b in C.
Next we show that E separates A and B in C. Then we prove that £ = E(A, B).
Finally we prove that E is 1-monotone for x > 0.

THEOREM 2.8. Suppose that X = AUB, where A and B are disjoint, closed,
nonempty sets such that A lies above B. Then E(A,B) is a closed ray such that
71(E(A,B)) = (—00, 00) and for x > 0, |77 1 (x) N E(A,B)| = 1.

Proof. By Lemma 2.7, each component of E(A,B) is a closed ray which
stretches to —oo. For z € X, let C, be the component of zin X.

Let a € X be such that ; (a) = max(m (X)) < 0. Without loss of generality,
acA. Let R=2a0 U ([0,00) x {0}), then R\ {a} is a ray disjoint from X which
lands on a. Note that C\[RUC,] = W UV, where W and V are disjoint, connected,
open and nonempty sets. Without loss of generality, 1 + 27i € W. Then every
component of X N W is above C. C A. Hence B C V. Since B # @, there exists
b € B such that 71 (b) = 71 (a) since X is invariant under upward translation by
27. By compactness of X N S(0, e™ @), we may assume that

m2(a) = min(m2(A N7y ' (71 (a)))) and 72(b) = max(m2(B N 7y ' (1 ().
Then 0 < m5(a) — w2(b) < 27 and we may assume that 0 < 7p(a) < . For
z € [m1(a),0) xi [ma(a),00), d(z,A) <d(z,B)

and for
z € [m1(a),0) xi (—oo, ma(b)], d(z,B) <d(z,A).

By unicoherence of the plane there exists a component £ of E (A, B) which sepa-
rates a and b. Then E separates C, U ([r1(a), 00) X i m»(a)) from

Cp U ([m1(a), 00) xi m2(b)) .
So 1 (E) = (—00, 00) and
E(A,B) N ([rr1(a),00) xi R) C [r1(a), 00) xi [w2(b), m2(a)].

In particular, £(A,B) Ny 1(x) is compact for x > 0.

In order to show that E (A, B) is connected we must first prove that E separates
A and B. Suppose that C\ E = W/ U V’, where W’ and V' are disjoint, nonempty,
open and connected sets, and 1+ 27i € W', Just suppose there existy e ANV,
Since neither of the disjoint closed sets E nor B separates y from 1 — 27 i, neither
does their union. Let D C C\ [E UBJ be an arc from y to 1 —27i € V'. Choose
e € E such that if r = d (e, )A(), then 71 (e) +r <min{my(D)}. Let w e S(e,r) NB.
Then Cy, Uwe U E’, where E’ is the component of E \ {e} which projects under 7;
over [1(y), 00), does not separate y from 1 —27i. It now follows easily that Cy
lies below Cy, a contradiction. Hence, we can conclude that A C W/ and B C V.

We prove next that £(A,B) = E. For suppose ¢/ € E(A,B) \ E. Let
xe€ S, r(e'))NA andlet y € S(e,.r(e’)) NB. Since E separates x and y in C,
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EN(e'xUe’y) # @. Without loss of generality ENe’x # @. Lete € ENe’x. Then
d(x,e) =d(e,A) <d(e,B) since (AUB) N B(e’,r(e')) = @. This contradiction
proves that £(A,B) C E and, hence, E(A,B) = E. It follows that for all z € W',
d(z,A) <d(z,B) and forall z € V', d(z,B) < d(z,A).

Finally we prove that E is 7r1-monotone for x > 0. Suppose ey, e; € E with
m1(e1) = m1(ez) > 0 and 7a(ez) > ma(er). Let z; € AN S(eq,r(er)) and let
zp € BN S(ez,r(e2)). By [ABO09, Lemma 1.11] e225 Ney1z1 = &. (The proof in
[ABOO09] is for the spherical metric on the sphere but is also valid for the Euclidean
metric on the plane.) Hence C;, Uejz1 U ([mr1(e1), 00) x {m2(e1)i}) separates e
(and, hence, C,) from e; — wi. It now follows easily that C,, C B lies above
Cz, C A, a contradiction. This completes the proof of the theorem. O

3. Characterizing accessibility

In this section we provide a characterization of accessibility for points in Z
and show that accessibility is preserved under the isotopy /. Recall that the isotopy
h is defined on Z, that U is the unbounded component of C\ Z and that X = C\ U.
In this section we will always assume that O € Bd(X) C Z is fixed under the isotopy
h. Easy examples (e.g., a half ray spiraling around the closed interval [—1, 1] x {0})
show that accessibility of O from U is not equivalent to X being not connected.
Nevertheless the spirit of this idea is correct:

LEMMA 3.1. Suppose that O € BA(X). Then, the fact that O is accessible
from U is equivalent to the following two conditions:

(D) X = A UB, where A and B are nonempty, disjoint and closed such that:
A lies above B

and

(2) for all x € R there exists y1 < y» in R such that
(2a) nl_l([x,oo))ﬂnz_l([yz,oo)i)ﬂB=®and
(2b) w1 ([x, 00)) N7y (oo, y1]i) NA = 2.

Proof. Suppose first that O is accessible, let R be a conformal external ray in
U landing on O and let J be a component of exp~!(R). Then J is a closed ray in
C\ X such that 771 (J) = (—o0, o0) and for every vertical line £, J N £ is compact.
Note that C\ J = U UV, where U and V are disjoint open and connected sets.
We may assume that for some vertical line £, 5 (¢ N U) has no upper bound and,
since X is invariant under vertical translations by 27, that {1 +2nwi} C U. Put
A=XNU and B=XnNV then condition (1) holds. The fact every component of
A lies above every component of B follows from the fact that U and V are open
and connected, and U is “above”V . To see that (2a) and (2b) hold note that close
to infinity R behaves like a radial line segment in the plane and, hence, J behaves
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like a horizontal line segment near +00 so w2 (J N7y 1([a, o0))) is bounded for
each a € R.

Suppose next that conditions (1), (2a), and (2b) hold. By Theorem 2.8, £ =
E(A,B) is a closed ray which runs from —oo to oo and separates A from B.

CLAIM. For every compact arc C C x-axis, nl_l (C)N E is compact.

Proof of the claim. Let C C x-axis be a compact interval. Suppose without
loss of generality that 77, 1(C)N E contains points e; with lim 775 (e;) = +o00. Note
that there exists K > 0 such that for each z € 7 L), d(z, )A() < K. Hence for
each i there exists b; € B such that d(e;,b;) < K and lim 75 (b;) = +00. This
contradicts (2a) and completes the proof of the claim.

Now let ® = exp(E). Then R is a closed and connected set in C and it
suffices to show that R N X = {O}. Since 71 (E) = (—00, 00), O € R. Suppose
that x € X \ {0} is also a limit point of 9. Choose z; € exp(FE) such that limz; = x
and z; € E such that exp(z;) = z;. Then d(z;,exp~!(x)) — 0. Since E is closed
and disjoint from X, the sequence z; cannot be convergent and so lim |5 (z;)| = oo.
By choosing a compact arc C in R which contains 771 (exp~!(x)) in its interior, we
see that £ N~ 1(C) is not compact. This contradiction completes the proof. [

The characterization Lemma 3.1 allows us to show that an accessible point
remains accessible throughout the isotopy.

THEOREM 3.2. If x € Bd(X) is accessible from U = C\ X, then h'(x) is
accessible from U, where U' is the unbounded component of C\ h' (Bd(X)), for
eacht €[0,1].

Proof. Suppose that x° is an accessible point of X°. We may assume that
x%=0,h"(0)= 0 and X' C B(0, 1) for all 1.
By Lemma 3.1 X0 = A2 UB? such that conditions (1), (2a) and (2b) of Lemma
3.1 hold. By Lemma 2.3 we can lift the isotopy A’ to an isotopy h’ : Bd(X?) — C
such that h? = idgy(g0y- By Lemma 2.5, A’ lies above B? for all . It remains to be
shown that conditions (2a) and (2b) are satisfied for all . By symmetry it suffices
to show that (2a) holds. Suppose x € R. By Lemma 2.4 there exists x’ € R such
that for all ¢, R
max 77y oh’ [ ((—o0, x']) N X%)] < x.
By (2a) for t = 0, there exists y, such that
11 (X' 00) Ny ([y2.00)) N BY = 2.
Choose y3 such that for all ¢,
max 7 o h![77 1 ([x", 00)) N 75 ' ((—o0, y2]) NX°] < y3.
Then
a1 (. 00) Ny [y, 00)) N BT = 2
and (2a) holds for all #. Hence by Lemma 3.1, O is accessible for all 7. O
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4. Continuity of external angles

Recall that £ is an isotopy of a plane continuum Z, U is the unbounded
component of C\ Z and X = C\ U. Let U’ be the unbounded component of
C\ /7' (Bd(X)) and X! = C\ U’. Moreover, ¢’ : D — U* U {oco} is the normalized
Riemann map such that ¢’ (0) = oo, (¢*)'(0) > 0 and R = Pt{ref? j0<r<1})
is a conformal external ray of X*. We construct an isotopy o : S x [0, 1] — S such
that if the conformal ray Ry C U lands on x, then R!, 0 CU ’ Jands on x! in
X! for each ¢. This is accomplished in two steps. We first construct in Lemma 4.1
for each ¢ a continuously (in the sense of Hausdorff metric) varying arc L! C U?
landing on x’. This arc is contained in the image under the exponential map of
the equidistant set constructed in Section 2. The arc L! can be extended naturally
to a metric external ray of X' but, for the purpose of this paper, the subarc L’
is sufficient. Then we show in Theorem 4.2 how the arc L! defines a continuous
function & : [0, 1] — S such that if Rg(o) C U%lands on x° in Z°, then fo(t) cu?
lands on x? in Z! for each z.

LEMMA 4.1. Let O be an accessible point of X. Then there exists for each
t an arc L' such that X' N L' = {0} is an endpoint of L' and the function
B :10,1] — C(C) defined by B(t) = L' is a continuous function to the space C(C)
of compact subsets of C with the Hausdorff metric.

Proof. We assume as usual that A(0Q) = O and X' C B(0,1) for all .
Since every half ray in the plane is tame, we may assume that the positive x-axis
is contained in C\ X°. Then XccC \ J‘[2—1 ({0}). Let A® = Xn J‘[2—1 ((0, >0)) and
B’ =Xn Ty 1((=00,0)). Then X is the union of these two disjoint closed sets and
A9 lies above B°. Since X is invariant under vertical translation by 2, it follows
that E (A%, BO) is contained in 7r2_1 ([-27,2m]). By Lemma 2.5, A? lies above B’
for each ¢. By Theorem 2.8, E(A!,B?) is a ray which separates A’ and B? in C
and 71 (E(A?,B")) = (—00, 00).

Let t; — fo € [0, 1]. Then A’ — A’ and B% — B on compact sets (i.e., K
compact in A? implies K% — K). It is easy to check that if ¢; € E(A%,B%) and
e; — e, then e € E(A",B).

By Theorem 2.8 |E(A?,B") Nz !1(1)] = 1. Foreach 7, let M* = E(A’,B")N
77 ((—00, 1]). Then M is connected and lim M% = M. Hence L' = exp(M?)
is the required arc. O

By a crosscut C of a nonseparating continuum X C C we mean an open arc
C C C\ X whose closure is a closed arc with distinct endpoints a and b which
are in X. In this case we say that the crosscut C joins the points a and b of
X . By the shadow of C, denoted by Sh(C), we mean the closure of the bounded
complementary domain of C\ [X U C]. Recall that U is the unbounded component
of C\ Z",U%=U, X' =C\ U’ and X° = X. Hence the isotopy / is defined on
Bd(X) C Z.
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THEOREM 4.2. Suppose that O € Bd(X), h' : Bd(X) — C is an isotopy
such that h® = idgy(x), h'(0) = O and diam(X") < 1 for all t. Let U' be the
component of C* \ h' (BA(X)) containing oo, let ¢ : D — U" be the normalized
Riemann map and let L' be an arc with one endpoint at O such that L! varies
continuously with t in the Hausdorff metric and L' N X' = {O} for all t. Then the
function a : [0, 1] — S defined by a(t) = S N (¢?)~1(L?) is continuous and the
external ray ' ({re2™¢® |y < 1}) = fo(t) lands on O in X! for each t.

We shall refer to the function o : [0, 1] — S in Theorem 4.2 as the continuous
angle function.

Proof. By [Mil99, Cor. 17.10], « as defined in the statement of the lemma
is a function. It remains to be shown that « is continuous. We will first present
an outline of the proof. Fix ¢ > 0. Let a(#p) and b(zp) be endpoints of a crosscut
C(to) of X' in B(O, 1/2) such that L lands in the shadow of the crosscut C(zg)
and diam((¢%)~1(C(t9))) < 2¢/3. Choose

B <1/5 min{d(a(to), b(t0)). d(L {a(t0).b(to)}), d(O,C(to))}.

We shall choose K, a large compact subarc of C(t), such that B(L™, 8) N C(tg)
C K and such that L' C B(L", ) and K N X! = & whenever 1 is close to fg.
We shall define K, a crosscut of X?, which contains a large sub-arc of K together
with two small arcs J(a,t) and J(b,t) which join points close to the endpoints
of K to X’ such that (¢?)~1(K") is a small crosscut of D whose shadow contains
a(tg) and «(¢) for ¢ sufficiently close to #y. This completes the outline of the proof.

Let C(t9), a(tp), b(tp) and B be defined as above and let a(0) and 5(0) be the
endpoints of (¢?)~1(C(tp)). Then a (o) belongs to the interval (@(0), 5(0)) c st
which is contained in the closure of (¢?)~!(Int(Sh(C(tp)))). Then |B(0) —a(0)] <
2¢/3. Choose §1 >0 such that §; < (1/5) min(|l;(0)—ot(t0)|, la(to)—a(0)|, /4, B).
Let p < /p < min{§y, 1} such that 2% __ ~§; and

VIn(1/p)
(4.1) (™)1 (B(a(to), 24/p) N C(10)) C B(a(0),61),
(4.2) (") "L(B(b(t0), 24/p) N C(t0)) C B(5'0),81),

and there is just one component K of C(tg) \ [B(a(?0), p/2)U B(b(t9), p/2)] which
meets both S(a(to), p/2) and S(b(t9), p/2).

Next, using Lemma 4.1, the continuity of 4 and Theorem 1.1, choose §, > 0
such that for all |t — fo| < 62:

(i) L C B(L, p/2),
(i) d(h',h") < p/2,
(iii) X* N K = @ and
(iv) d((@) k. (@) k) < 1.
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By [Pom92, Prop. 2.2] there exist p < r,s < ,/p such that if J(a,1) is
a component of S(a(fg),r) \ X! which meets K and J(b, ) is a component of
S(b(tp),s)\ X! which meets K, then

(4.3) diam(¢") "1 (J(z,1)) < < 8, for z € {a, b}.

2

vIn(1/p)

Then K U J(a,t) U J(b,t) contains a crosscut C(z) of X’ and L! lands
in the shadow of C(¢). Since the endpoints of C(¢) are joined by a subarc of
J(z,t) C B(z, \/p) to K it follows from (4.1), (4.2), (4.3) and (iv) that the end-
points of (¢*)~1(C(t)) are within 38; < (3/20)¢ of the endpoints @(0) and h(0)
of (¢")~1(C(tp)). Then for |t —t9| < 82, a(tp) is in the shadow of (¢?)~1(C(t)),
@' (L") lands in this shadow and the distance between the endpoints of (¢?)~1(C(t))
is less than 681 +2¢/3 < (6/20 +2/3)e < ¢ as desired. O

THEOREM 4.3. Suppose h' is an isotopy of the boundary of a nonseparating
continuum X C C such that h® = idpy(x). Let U' be the component of C* \
h*(Bd(X)) containing oo and let ¢ : D — U denote the normalized Riemann
map. Then there exists an isotopy a : S' x [0, 1] — S such that «® = idg1 and if

Rg lands on x° € Bd(X?), then R"X(e ) lands on x! € BA(X?) for each t.

Proof. Suppose that Rg lands on x° € Bd(X?). By Theorem 4.2, there exists
a continuous function ag : [0, 1] = S! such that oy (0) = 6 and fog(z) lands on
x! € Bd(X?) for each t. Let s be the set of angles in S such that for each 0 € A,
R lands on a point x (6) € Bd(X?). Define o : s4 %[0, 1] — S by a (6. 1) = ag(2).
Then « is a circular order preserving isotopy of s such that «® = idy. Since s is
dense in S, o can be extended to an isotopy of all of S!. O

We will refer to the isotopy « as the continuous angle isotopy .

5. Extension over hyperbolic crosscuts

Suppose U is an arbitrary component of C\ Z and & : Z x [0,1] — C is
an isotopy such that #° = idz. Then there exists a path y : [0, 1] — C such that
y(0) € U and y(¢) € C\ Z' for all . Then we denote by U? the component of C\ Z’
which contains the point y(z). Note that U’ is independent of the choice of the
path y. Hence, by applying an inversion and rotations of the sphere if necessary,
we may assume that U? is the component of C* \ Z’ which contains the point
oo for all ¢ € [0, 1]. We have shown in the previous section that if there exists a
crosscut in U? joining the points a® and b?, then for each ¢ there exists a crosscut
in U? joining the points a’ and b’. We will show next that we can choose for each
¢ a natural crosscut C? joining these points such that the isotopy 4 can be extended
over X% U CP. For this purpose we will use hyperbolic geodesics defined by the
Poincaré metric on D.
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Suppose that ¢ and 5° are the landing points of the external rays Rg(a)
and Rg(b) in C\ X° By Theorem 4.2, there exist continuous angle functions

a:[0,1] = St and B : [0,1] — S! such that for each ¢, R;(t) and R,le(t) land
on a’ and b' in Z?, respectively. Let G! be the hyperbolic geodesic joining the
points (¢) and B(7) in D (i.e., G’ is the intersection of the round circle through
the points a(¢) and B(¢) with D which crosses S! perpendicularly at both of these
points). Let C? = ¢’ (G?). We will call C? the hyperbolic crosscut of X' joining
the points a' and b'. In the final part of this section we will consider Z as a subset
of the sphere and show that the isotopy / : Bd(X?) x [0, 1] — C* can be extended
to an isotopy H : {Bd(X%) U C%} x [0, 1] — C* such that H*(C°) = C?, where
C! is the hyperbolic crosscut of X? in U’ joining a’ to b*. We will make use of
the following well-known theorem [Pom92, Th. 42012

THEOREM 5.1 (Gehring-Hayman theorem). There exists a universal constant
K such that for any conformal map ¢ : D — C, if 21,20 € D, y is an arc in D
from z1 to zp, and S is the hyperbolic geodesic from z1 to z», then diam(¢(S)) <
K diam(p(y)).

We may assume that U is the unbounded component of Z, that O € Z is an
arbitrary accessible point in Bd(U), that Z? C C*\ {oo} for all 7 and that the isotopy
h fixes the point O. Recall that X = C\ U is a nonseparating plane continuum.
Hence Bd(X) C Z and £ is defined on Bd(X). Each angle 6 € S' corresponds
to a prime end of C* \ X. By a fundamental chain {C;} of crosscuts we mean a
sequence of crosscuts of X such that limdiam(C;) = 0, C; C Sh(C;) fori > j
and the arcs C; are all pairwise disjoint. A naturally defined equivalence class of
fundamental chains is called a prime end of C* \ X (see [Mil99, p. 164] for further
details).

LEMMA 5.2. Let h be an isotopy of Bd(X), O € Bd(X) and h*(O) = O for
all t. Suppose that Rg is a conformal external ray of X° landing on O. Then the
isotopy h can be extended to an isotopy H : [Bd(X)U Rg] x [0, 1] = C such that
H! (Rg) is an external ray of X' landing on O.

Proof. By Theorem 4.2, there exists a continuous angle function  : [0, 1] — S'!

such that @(0) = 6 and the (conformal) external ray fo ) lands on O for each .

Extend the isotopy & over Rg ©) by

(5.1) H(z,0)=¢"op' o (9" (2)
forz e Rg(o)’ where p' is the rotation of D by the angle o (z)—a(0). By Carathéodory

kernel convergence, H is an isotopy of every compact subset of Rg(o)' Hence it
suffices to show that if z; — O in Rg(o) andt; — 7, then H(z;,t;) > O = H(O, 7).

2We are indebted to Paul Fabel for this reference.
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To see this fix € > 0. Recall that fo(t) is a ray which runs from oo = ¢’ (0) to
its landing point O € Bd(X?). It suffices to show that there exists an open disk B
containing O with simple closed curve boundary S (constructed below) and § > 0
such that for all ¢ with |t — 7| < §, if z! is the first point of fo(t) (tracing fo(z)
from 00) on S and if CR!, is the component of fo(t) \ z! from z’ to O, then
CR; C B(0,¢).

Let K be the universal constant from Theorem 5.1. By Lemma 4.1 there exists
a continuously varying arc L’ C C\ X' landing on O in X’ for each ¢ such that
(p%)~1(L%) N S! = {}. Choose a fundamental chain of crosscuts C;¥ of X ¥ for
the prime-end (7). Then both L* and R} ) cross C;j essentially (that is X U C;7
separates the endpoints of L™ and also the ends of the ray R}, (t)). Hence we can
choose n sufficiently large and a simple closed curve S containing O in its bounded
complementary domain B such that C; C S, [LT U R;(r)] N[S\C;] = and
diam(S) < ¢/ K. From now on fix this n and let a and b be the endpoints of C,;.

For ¢ close to 7, let w’ be the first point (tracing L from O) of L on S. Let
C' be the component of S \ X’ containing the point w®. Choose

p< (1/3)d({a.b}.[L" U RY )

and let C*. be the component of C*\ [B(a, p) U B(b, p)] which contains w®. Choose
8 > 0 such that if |t — 7| < §, then

() w* e C\[X"U B(a, p) U B(b, p)],

2) CL=C",

(3) L' C B(L", p),

(4) if z? is the first point (tracing R(tx(t) from 0o) of fo(t) on S, then z! € CZ.

The first and second conditions follow from the continuity of / and the third from
the continuity of L!. The last condition follows from Carathéodory kernel conver-
gence: recall that (R ()" S\C*)=n>0.LetveR] "N B such that the compo-
nent of R(’x,(e) \ {v} from v to O is contained in B and let (%)~ (v) = ro exp(a(7)).
By Carathéodory kernel convergence, I’ = ¢’ ({r exp(a(z)) | 0 < r < ro}) con-
verges to the segment from v to co in R;(r)' Hence d(1*,S \ C%) > /2 and
d(I',v) < (1/2)d (v, S) for t close to 7, and (4) hold for § sufficiently small.

By (2), (3) and (4), the sub-arc A’ of C? joining the points w’ and z’, is
contained in C\ X’. Hence the union of the arcs A’ and [w’, O] C L' is an arc in
[C\ X!]U {0}, joining z! to O, of diameter less than ¢/ K. By Theorem 5.1, the
terminal segment C R; , C B(0, ¢) as required. O

In the remaining part of the paper we will consider Z as a subset of the unit
sphere C* C R with spherical metric p. Hence the distance between two points
z, w € C* is the length of the shortest arc in the great circle which is the intersection
of C* and the plane through z, w and the origin in R3.
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Since every hyperbolic crosscut is conformally equivalent to a diameter of D
it follows that we can extend the isotopy A’ over any hyperbolic crosscut C° c U°
joining two points a°® and 5° in Z° to an isotopy H : Z° U C® — C* (since in
this case the point at infinity is not fixed, the range of the isotopy must be the
sphere). Note that if C; is a convergent sequence of hyperbolic crosscuts whose
limit contains a nondegenerate subcontinuum Y C Z, then this extension of the
isotopy over UC; is not necessarily continuous at Y. However, we can extend over
a suitable compact set of hyperbolic crosscuts in U as follows.

Suppose that ¥ is a collection of disjoint hyperbolic crosscuts in U such
that the set | ..y C is compact and there exists & > 0 such that for each C €
¥, diam(C) > ¢, then we call ¥ a compact set of disjoint hyperbolic crosscuts
in U. Let ac and b¢ denote the endpoints of C € ¥, let a¢c and B¢ be the
corresponding endpoints of (¢?)~1(C) and let s¢° denote the union of all pairs
of the angles {ac, B¢} for C € ¥. Let o’ be the continuous angle isotopy and
let ¥ = a’(s4%). Then for each ¢ € [0, 1], the collection of hyperbolic chords
a'(ac)a’ (Bc), C € ¥, is a compact lamination in the unit disk in the sense of
Thurston [Thu09]. We will denote the family of all such chords by ! . We will say
that 0 = & is the pullback of the lamination ¥ to the unit disk. We will call each
element of £ (#") a hyperbolic geodesic in ' (¥') and we denote the union of
all hyperbolic geodesics in $! (') by £ (%", respectively). Note that any two
distinct hyperbolic geodesics in £’ meet at most in a common endpoint and there
exists § > 0 such that for each ¢ and each chord in ¥, diam(a! (a¢)a’ (Bc)) > 6.
Let A’ : 0 — %! be the linear isotopy on & which extends o such that A maps
each chord a®(ac)a®(Bc¢) in & linearly onto the chord o’ (a¢ )a? (Bc) in £*. Then
the following theorem follows.

THEOREM 5.3. Suppose that % = #° is a compact set of disjoint hyperbolic
crosscuts in U®. Then the isotopy h : Z° x [0, 1] — C* can be extended to an
isotopy H : [Z U%*] x [0, 1] — C* such that H' (¥*) = %" = @' (£'") and H is
defined by:
ht(z), ifzeZO

t _
B =1 o nto (@) 1) ifz e %",

where & is the pullback of ¥ and A is the linear extension of the angle isotopy o'
over &.

We will say that the extended isotopy H defined in Theorem 5.3 is the linear

extended isotopy which preserves hyperbolic crosscuts in .

6. Existence of short crosscuts

It follows from the results of the previous section that if C is the hyperbolic
crosscut of Z which joins the points ¢ and b in a complementary domain U of
Z in C*, then we can extend the isotopy to an isotopy H of Z U C such that
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H'(C) = C' is the hyperbolic crosscut joining the points a’ and b’. We need to
show that if the crosscut C has small diameter, then the crosscut C’ also has small
diameter. If C is contained in the component U of C* \ Z, then we denote by U’
the component of C* \ Z’ which contains C"’.

Given a hyperbolic crosscut C of a continuum Z C C*, we say that C is a
8-hyperbolic crosscut if the diameter of C is less than §. Note that we see Z as a
subset of the sphere C* with the spherical metric p.

THEOREM 6.1. For each & > 0 there exists 6 > 0 such that if x, y € Z can be
Jjoined by a §-hyperbolic crosscut C C U, where U is a component of C* \ Z, then
if Hc : Z U C — C* is the linear extended isotopy which preserves the hyperbolic
crosscut C and HE.(C) = C* is the hyperbolic crosscut joining x* to y* in U*,
then C' is an e-hyperbolic crosscut.

Proof. The main idea of the proof is a variant of the following notion. Let
S C C be a simple closed curve. Call a complementary domain U of S odd if there
exists an arc J C C* such that J is transverse to S, one endpoint of J is oo, the
other endpoint is in U and |J N S| is odd. Given an isotopy p : S x [0, 1] — C the
odd components of C*\ p?(S') change continuously. (See [OT82, Lemmas 2.2
and 2.3] where this idea was used for a continuous family of paths p* : S' — C.)

We will first provide an overview of the proof. By Theorem 5.3 for every
component U of C* \ Z and every hyperbolic crosscut C C U joining points x
and y in Bd(U), we can extend the isotopy 4 to an isotopy H¢c : ZU C — C*
such that H.(C) = C" is a hyperbolic crosscut joining the points x’ and y in
Bd(X?). Suppose that the theorem fails for some & > 0. We first note that we
may assume that O € Z, h'(0O) = O for all ¢ € [0, 1] and there exists § > 0
such that if h'(z) = z! € Z' N B(0, ) for some ¢, then z* € B(0,¢/3K) for
all s € [0, 1], where K is the Gehring-Hayman constant from Theorem 5.1. We
will show that there exist a component U = U® of C\ Z and three accessible
points x, y, w in Bd(U) such that the hyperbolic geodesic C = C°, which joins
x%to y%in U, is contained in B(0, §) and such that for all , {x’, y*} C B(O, )
while w’ € C\ B(0,$§), and for some v the hyperbolic geodesic C” = HA(C),
joining x? to y?, CV\ B(O, ¢/2) # &. By Theorem 5.1 if there exists a crosscut
A in U?, homotopic to CV in U? with endpoints fixed, joining x¥ to y¥ such that
A C B(g/2K) then C" C B(0, ¢/2), a contradiction.

To see that such an arc A4 exists we proceed as follows. Put D = B(0,§)
and P! = D UC?, then P! depends continuously on . Components of C*\ P’
consist of two kinds: those that can be connected by an arc J C C* \ D to the
point w’ such that every intersection of J and C’ is transverse and |J N C’| is
even, and those for which |J N C’| is odd. Call the latter ones odd domains of
C*\ P’. Note that both even and odd domains of C* \ P’ may contain points of
Z'. Let Q' be the union of P’ and all odd domains of C*\ P’. We will show that
Q' is continuous in ¢ and, even though odd domains may contain points of Z’, if
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zl e Z'N Q7, then
6.1) o(z',0) < ¢/2K.

This means that if we can join two points of C’ by an arc J contained in Y’ \
B(0,&/2K), where Y is an odd domain of C* \ P?, then J C U’. We will use
this fact to obtain the required arc A.

Choose an arc M C U?, joining x! to y’, satisfying similar conditions as C’
(in particular (6.1) but now with regard to odd domains of D U M ; see below)
such that all intersections of M with the boundary of B(O, e/2K) are transverse
and n = |[M NBdA(B(0, e/2K)| is minimal. If n = 0 we are done, hence we may
assume that 7 > 0 and then n > 2. In this case we change the set P! = D U C!
to PJ{/I = D U M and define odd regions of C* \ PI{/I as above but now counting
intersections with M rather than C?. Similarly, we define the set Q 5\4 as the union
of PI{I and all odd domains of C* \ PI{J' Finally we construct a shortcut J C
Yu \ B(O,¢/2K), where Yy is an odd domain of C* \ P! , joining two points
Jj1, j2 € M such that if we replace the subarc of M between j; and j, by J, then
we obtain a new crosscut M’ C U?, satisfying all required conditions, joining x’
to y! with |M’ NBd(B(0, ¢/2k| < n. This contradiction with the minimality of n
will complete the proof. This completes the outline of the proof.

We proceed with the details; suppose the theorem fails for € > 0. Then there
exist x,, yn, € Z% = Z and a sequence of 1/n-hyperbolic crosscuts C,, in comple-
mentary domains Uy, joining them and #, € [0, 1] such that the points xi and y,t,”
are not joined by an e-hyperbolic crosscut in U}l Without loss of generality, the
origin O € Z,1limC, = {O} and ' (O) = O for all . Then there exists 0 < &’ < ¢
and wy, € Bd(Uy), accessible from Uy, such that p(w’;, O) > ¢’ for all n and all
t €][0,1].

Let K be the universal constant from Theorem 5.1. Choose 0 < § < &'/3
such that if h’(z) € B(O,§) for some ¢ € [0, 1], then h*(z) € B(0,¢/3K) for
all s € [0, 1]. Choose ng such that C,, C B(0,9) and {x; ., y,,} C B(O,9) for
all s € [0, 1]. From now on we fix this n = n¢ and, hence, we can omit n from
the notation. In particular we have a fixed component U of C* \ Z, three points
x,y,w € BA(U) with x and y joined by the hyperbolic crosscut C C U N B(O, §),
with x%, y* € B(0,§) and w® € C\ B(0, ) for all s € [0, 1]. By Theorem 5.3 we
can extend the isotopy 4 to an isotopy H of Z U C such that H!(C) = C! is the
hyperbolic crosscut joining x’ to y* in U? C C*\ Z! for each 7.

Let D be the closed §-ball centered at O. For each ¢t € [0,1], let P! =
D U C*. Since Bd(P?) is contained in S(O,§) U C?, which is a finite union of
arcs, Bd(P") contains no continuum of convergence and each sub-continuum of
Bd(P?) is locally connected and arcwise connected [Why42, V.2.1].

Since C! is an arc, the components {7;} of C* \ D form a null sequence. For
each i, T; is an arc and T; N D consists of the endpoints of T;. Each point of
C*\ P! can be joined to w’ by an arc in C* \ D which meets P! in a finite set.
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Suppose that V' is a component of C* \ P’. We say that V is an odd domain
(respectively even domain) of C* \ P! if there is a closed arc A C C* \ D from w!
to a point in V' such that |4 N C’| is odd (respectively, even) and A is transverse
to C! at each point of A N C’. This definition is independent of the choice of the
arc and the point in V.

Let Q' = P'UJ{V | V is an odd domain of C*\ P'}. The boundary of each
odd domain V of C*\ P’ is a simple closed curve which meets D and there exists
a T; such that T} is contained in Bd(V') and T; U D separates V from w’ in C\ D.
Also each T; is contained in the boundary of exactly one odd domain of C* \ P’.
Since the odd domains form a null family, Q is a locally connected continuum.

Let #; converge to ¢ € [0, 1]. We prove that lim Q% = Q. Note that lim P% =
P!. Letz € C*\ P'. It suffices to prove that z € Q' if and only if z € Q% for all
sufficiently large i. Let A € C*\ B(O, p(0, z)) be a piecewise linear arc from z
to w! which witnesses whether or not z € Qf. Then 4 meets only finitely many,
without loss of generality 77, ..., Ty, of the open arcs Tj. Let H : ZUC — C*
be the extended linear isotopy of Theorem 5.3 such that H(C) = C!. Let § <
8’ <min(p(z, 0),2¢'/3) then for all i sufficiently large B(O, ') U T; separates z
from w' if and only if B(O,8") U H'% ((H')~!(T;)) does for each j = 1,...,n
and Tj N A # & if and only if H% ((H")"'(T;)) N A # @ for all j.

Note that |7 N A] is odd if and only if B(O,8") U T} separates z from w’.
Fix any large i and choose an arc M very close to A which witnesses whether z
isin Q%. Then |[M N H' ((H")"Y(T;))| =|ANT;| mod 2 for j =1,...,n and
MNH'"((H")"Y(T;)) = @ forall j > n. Hence z € Q% if and only if z € Q" as
desired.

Let z' € Q' N Z'. We prove that p(z!, O) < ¢/3K. We may assume that
2t {xt, yIr U D. Let s = inf{s € [0,1] | z° € Q% \ D}. Since Q° = D and
Z5NC* =g forall s, z°° € D. Hence, by the choice of §, p(0, z!) < ¢/3K.

It remains to prove the following:

CLAIM. U N B(0, ¢/2K) contains an arc A such that AN Z' = {x*, y'}.

The difficulty in showing that such an arc exists is a consequence of the fact
that both even and odd domains of C*\ P’ may contain points of Z’. Hence the
required arc A C U’ must “weave around Z” while at the same time staying close
to O. The proof below shows that this is possible.

Proof of the claim. Fix t € [0,1]. Then C* C U? is an arc such that C'N Z! =
{x?, y'}. After a small perturbation of C’ we may assume that C* N S(0, e/2K)
is finite and all intersections are transverse. Then C? satisfies conditions (1)-(3)
below. Note that the definition of an odd domain of C* \ P! was with respect
to P! = D U C". In what follows we will use the same definition but now with
respect to Pf, = D UM, where M C U" U {x’, y’} is an arc homotopic to C* in
U' U {x’, y'} with endpoints fixed such that:

(1) M\ {x",y'} CU" and x’ and y’ are endpoints of M,
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(2) M NS(0,e/2K) is finite and all intersections are transverse,
(3) for each odd domain V of C*\ P}, and each z* € Z' NV, p(z*, 0) < ¢/3K,
4) n=|MnNS(0,e/2K)| is minimal.

If n = 0 we are done. Note that n = 1 is impossible since all intersections of
S(0,e/2K) and M are transverse and both endpoints of M are in B(O, ¢/2K).
Hence, assume n > 1. Let 04, = P}, U(J{V | V is an odd domain of C*\ P} }.
Let S; be all components of S(O,e/2K)\ M. Since each component of M \ D is
an arc which locally separates the plane, points on one side of such a component
are in an even domain and points on the other side are in an odd domain. Hence,
each arc S; is contained in a complementary domain V; of C* \ PZ{,I and these
domains are alternately even and odd moving around the circle S(O, e/2K). In
particular, n is even. We may order M so that x! < y’ and we write intervals in
M asin R.

Let Ml = {M;} be the collection of all components of M \ B(0,¢e/2K). We
can define a partial order < on Jl by M| < M, if M, separates M from w! in
C\ B(0,¢e/2K). Assume that M1 = (a1, b1) (with a; < b;) is a minimal element
of M. Then My U B(0O, ¢/2K) bounds a disk V7 whose closure meets B(O, g/2K)
in an arc S; C S(0,¢/2K) and S1 "M = {aq, b1}. Then S is either contained
in an even or an odd domain of C* \ P]{,I.

Subcase 0. Suppose that Z! N S; = & (by (3) this must be the case if S;
is contained in an odd domain). In this case choose a/1 < ap < by < b}, with
ay in B(0,e/2K) N M very close to a; and b} in B(O,&/2K) N M very close
to by, and an arc S; C B(0,¢/2K) very close to S; from a to b} such that
S1NZ"=@. Then Z' is disjoint from the bounded complementary domain B of
the simple closed curve F = S| U (a},b}). Hence there exists a homotopy of the
plane which is the identity on Z* US| U [x’, a}]U[b], y'] and shrinks B to S7. Let
M’ = S{U[M \ (a1,b1)]. Then z € Z' lies in an odd domain of C* \ Pj, if and
only if z lies in an odd domain of C* \ [D U M’]. Thus M’ satisfies (3). Clearly
M’ satisfies (1-2) and since |M’ N S(0,e/2K| < n we have a contradiction with
the minimality of n.

Hence we may assume that S U V; is contained in an even domain and Z’ N
S1 # @. Then there exists My = (az, bp) € M (with a» < by) such that M, is
the immediate successor of M7 in Jl (i.e., no element of Jl between M; and M,
separates M from oo). Let V5 be the component of C* \ [V; U B(0, ¢/2K) U M>]
whose closure contains the arc (a1, b1). Since M, is the immediate successor of
M; in A, there exists an arc J C [Vo \ M] U {j1, j2} with one endpoint of J,
J1 € (a1, b1) and the other endpoint of J, j, € (az, b2). Moreover, since V; was
even, J is contained in an odd domain and J N Z* = @. We will examine the
circular (counterclockwise) order <¢ of the four points a1, by, az, bp around the
circle S(0, e/2K).




2126 LEX G. OVERSTEEGEN and EDWARD D. TYMCHATYN

Figure 1. Subcase 1 in the proof of Theorem 6.1

Subcase 1. ap <c a1 <c b1 <c by. We have either a; < b1 < ap < by
(see Figure 1) or ay < by < aj < by. Since w' € Z' NBd(U"), Z' NS, # @
and M N Z' = {x!, y'}, in either case (see the gate theorems in [Bec74, p. 36]),
the simple closed curve F = J U [/, j2] (Where [ji, j»] is the arc in M with
endpoints j; and j) separates x’ from y’. (To see this note (see Figure 1) that the
points a; and b, are separated by F. Since the subarcs [x,a;] and [b2, y] of M
are disjoint from F, F also separates x and y.) Since Z' N F = @, this contradicts
the connectedness of Z?.

Subcase 2. by <c a1 <¢ b1 <c ap. Then either a1 < b1 < ap < by or
ar <by <ay <by.Since M NZ' ={x*, y'}, w' € Z'NBd(U") and Z' N S| # @,
x" and y’ are contained in the unbounded component of F = J U [}, j»] and the
proof proceeds as in Subcase 0, where F is now J U [/1, j2]. To see this note that
since M N Z" = {x', y'}, w! € Z'NBA(U?) and Z' N S| # @, ay and b, are now
contained in the same component of C\ F as Z!. Then M’ = (M \ [j1, j2]) U J
is an arc with endpoints x’ and y!, M’ N Z! = {x', y'} and M’ is homotopic
to M with fixed endpoints in U? U {x?, y’}, M is transverse to S(O, ¢/2K) and
IM’ N S(0,¢/2K)| < |[M N S(0,e/2K)|. Moreover, if z € Z! is in an odd
domain of C*\ P},,, then z is also in an odd domain of C*\ P}, and (3) holds.
This contradicts the minimality of M.

Up to interchanging clockwise with counterclockwise, these are all the cases.
This completes the proof of the claim.
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Hence for each ¢ there exists a crosscut M(t), homotopic to C?, joining x’
to y? in U’ such that diam(M(¢)) < ¢/ K. By Theorem 5.1, the diameter of the
hyperbolic crosscut C? is less than ¢ for all z. This contradiction completes the
proof. O

7. Extending the isotopy over C

Now that we know how to extend the isotopy over hyperbolic crosscuts, it
remains to define the extension over all complementary domains U of Z. Easy ex-
amples show that if we choose the hyperbolic crosscuts without care the extension
may not be continuous. Fortunately a suitable set of hyperbolic crosscuts exists
(see [FMOTO08, §§3 and 4] for more details). Fix a component U of C* \ Z and
let 9B be the collection of all maximal open balls B(z,r) C U (that is open balls
in the spherical metric and such that |S(z,7) N Z| > 2). Let 6 be the collection
of all centers of such balls and for ¢ € € let r(c) be the corresponding radius.
Note that for each ¢ € 6, B(c, r(c)) is conformally equivalent with the unit disk
D and, hence, can be endowed with the hyperbolic metric. Let F(c) be the convex
hull of the set S(c,r(c)) N X in B(c, r(c)) using the hyperbolic metric on the ball
B(c,r(c)). The following theorem is due to Kulkarni and Pinkall:

THEOREM 7.1 ([KP94]). For each z € U there exists a unique ¢ € € such that
z € F(c).

Note that the collection of chords in the boundaries of all F(c) form a “lami-
nation”of U. As in [Thu09] we will call the chords in this lamination leaves.

Then two such leaves do not cross each other (i.e., if £ # £’ are leaves, then
£N{¢'NU = @) and any convergent sequence of leaves is either a leaf, or a point
in Z. In particular, the subcollection of leaves of diameter greater or equal to ¢ is
compact for each € > 0. Consider the “lamination”of the disk D) obtained by pulling
back all these leaves to the unit disk under the conformal map ¢ : D — U. Note that
in this case it is possible that uncountably many distinct leaves join the same pair
of angles «, B € S!. Nevertheless, this collection of leaves will naturally provide
us with the required collection of hyperbolic crosscuts by simply replacing each
leaf C in the lamination by the unique hyperbolic crosscut G joining its endpoints
such that G and C are homotopic in U with endpoints fixed. The collection ¥ of
such hyperbolic crosscuts will be called the hyperbolic KP-lamination of U°. The
union of all the hyperbolic crosscuts in ¥ will be denoted by #*. A gap G of ¥ is
a component of U \ #*. By Theorems 5.3 and 6.1 we can extend the isotopy % over
#*. To finish the proof we must extend the isotopy over all gaps. The following
lemma follows from a result by Jgrgensen [Pom92, p. 91].

LEMMA 7.2 ([FMOTO08, Lemma 4.2]). Suppose that ¢ € € and C is the chord
in the boundary of F(c) joining the points a,b € Bd(U). Let G € ¥ be the hyper-

bolic geodesic in U, which is homotopic to C with endpoints fixed, joining the
points a and b. Then G C B(c, r(c)).
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THEOREM 7.3. Suppose that h' is an isotopy of a plane continuum Z , which
we consider as a subset of the sphere C*, with h® = id|z. Then there exists an
extension to an isotopy H' : C* — C* such that H® = idc~.

Proof. Let {U,} be all the components of C* \ Z. For each n let ¥, be the
hyperbolic KP-lamination of U,. Since the diameter of maximal balls contained
in distinct components U, converges to 0, it follows from Lemma 7.2 that for any
sequence C,, € ¥, such that U, # U,, when n # m,

7.1 lim diam(C,) = 0.

By Theorems 6.1 and 5.3 we can extend the isotopy / of Z to an isotopy H,, of
Z UJ€k such that Hy, preserves the hyperbolic crosscuts in #90 (i.e., HE(39) = %?,).
It remains to extend the isotopy over all gaps of the laminations #;,.

At this point it will be convenient to use the Cayley-Klein model® of the
hyperbolic disk. The homeomorphism g : D — D defined by g(r, ) = (%, 0)
(in polar coordinates) maps a point in the Poincaré model of the disk to the cor-
responding point in the Cayley-Klein model. This homeomorphism is the identity
on the boundary S! of I and preserves radial line segments. For any two points
61,6, € S! the hyperbolic geodesic G joining 0; to 6, is mapped to the Euclidean
straight line segment 6165, which is a chord of the unit disk with endpoints 8 and
0>. Recall that &,, = (p_l (#5,) is the hyperbolic pullback lamination of ¥, in the
unit disk D. Fix n and put &¥,, = £. Let € = g(£) be the Euclidean lamination
in the disk D where each hyperbolic chord in & is replaced by the corresponding
Euclidean chord. Then it is easy to extend the angle isotopy o : S x [0, 1] — S! to
an isotopy @, : D x [0, 1] — D of the entire closed disk as follows. First extend «
linearly over all leaves € (i.e., ®!, maps the Euclidean chord 6y € € linearly onto
the Euclidean chord joining the points &’ (6)a’(y). Denote the resulting lamination
O (€) by €'. Next extend ©, over all gaps by mapping the barycenter bg of each
gap G of € to the barycenter b, of the corresponding gap G’ of €’. The map can
now be extended over all of G by mapping, for each x € Bd(G) the straight line
segment xbg linearly onto the straight line segment @/, (x)th Now extend /& over
U, by
h(x,t), if x € Bd(Uy),
plog lo® ogogpl(x), if x € Uy,.

Let H =UH,. Then H : C*x|[0, 1] — C* is continuous by (7.1) and Theorem
6.1. Hence H is the required extension of /. O

Hy(x,1) =

Theorem 7.3 shows that we can extend an isotopy % of a planar continuum
Z, starting at the identity, to an isotopy H : C* x [0, 1] — C* of the sphere. Let
U denote the component of C* \ Z containing the point at infinity. By composing
the isotopy H by an isotopy K of the sphere such that K® = idc+ and K* lc\u =

3We are indebted to Nandor Simanyi for suggesting the Cayley-Klein model.
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idex\y, and K* (H*(00)) = oo for all 7 € [0, 1] we obtain an isotopy which extends
h and fixes the point at infinity. Hence the following theorem follows.

THEOREM 7.4. Suppose that h' is an isotopy of a plane continuum Z C C
with h® = id|z. Then there exists an extension to an isotopy H' : C — C such that
H=id.



Sh(C), shadow of C, 2116

accessible, 2107
angles, 2107

B(x,r), ball, 2108
S(x, r), boundary ball, 2108

C, Complex plane, 2105
C*, complex sphere, 2105
%, set of centers of maximal balls, 2127
canonic pair, 2108
Carathéodory kernel convergence, 2106
closed ray, 2108
continuous angle function, 2117
continuous angle isotopy, 2118
crosscut, 2116

hyperbolic, 2119

joins, 2116

D, unit disk, 2105
d, BEuclidean metric, 2109
domain

even, 2124

odd, 2124

€, Euclidean lamination in D, 2128
E(A, B), equidistant set, 2109
equidistant set, 2109
exp, exponential map, 2108
external ray

conformal, 2107

lands, 2107

metric, 2116

fundamental chain, 2119

gap, 2127
Gehring-Hayman Theorem, 2119

J€, lamination of U, 2127
h, lifted isotopy, 2111
h:Z x|0,1] — C, isotopy, 2105, 2107
holomorphic motion, 2105
%¢*, union of all leaves in ¥, 2127
ht =hx idz (s, 2105
hyperbolic crosscut, 2119
compact set of, 2121
hyperbolic KP-lamination, 2127

Index

2130

isotopy, 2105
continuous angle, 2118
linear, 2121
linear extended, 2121

Kulkarni-Pinkall Partition, 2127

&, pull back lamination in D, 2121
lamination, 2121
Euclidean in D, 2128
hyperbolic in D, 2121
hyperbolic in U, 2121
pullback, 2121
lands, 2107
leaves, 2127
lies above, 2110
line
closed, 2108
topological, 2108
linear extended isotopy, 2121
%*, union of all leaves in £, 2121
L!, 2116

noninterlaced, 2109
normalized Riemann map, 2116

0, Origin, 2105

7;, projection to x- and y-axis, 2108
prime end, 2119

ray, 2108
closed, 2108
p, spherical metric, 2109
Ry, conformal external ray, 2107
Rte, conformal external ray in U*?, 2107
r(z)=d(z,Z),2109

S, unit circle, 2107

shadow, 2116

S(x, r), boundary ball, 2108
topological line, 2108

", conformal map onto U?, 2107
X=X 0, complement of unbounded

component of C\ Z, 2109
X, lift of X, 2108



EXTENDING ISOTOPIES OF PLANAR CONTINUA 2131

X point in X, 2108

X!, complement of unbounded
complementary domain of Z%, 2109

xYy, straight line segment, 2109

Z! = h'(Z), 2105



2132

[ABOO09]

[AMO1]

[Bae27]

[Bae28]

[Bec74]

[Bel67]

[Bel75]

[BR86]

[BOO09]

[Bro05]

[Carl2]

[EK71]

[Eps66]

[Fab05]

[FMOTO8]

[11i70]

[KP94]

[Lyu83]

[MSS83]

[Mil99]

[OT82]

LEX G. OVERSTEEGEN and EDWARD D. TYMCHATYN

References

J. AARTS, G. BROUWER, and L. G. OVERSTEEGEN, Centerlines of regions in the
sphere, Topology Appl. 156 (2009), 1776-1785. MR 2519213 Zbl 1173.51007

K. ASTALA and G. J. MARTIN, Holomorphic motions, in Papers on Analysis, Rep. Univ.
Jyviiskyld Dep. Math. Stat. 83, Univ. Jyviskyld, Jyviskyld, 2001, pp. 27-40. MR 2003e:
37055 Zbl 1001.30020

R. BAER, Kurventypen auf flichen, J. Reine Angew. Math. 156 (1927), 231-246. JEM
53.0547.01

, Isotopie von kurven auf orientierbaren, geschlossen flichen und ihr zusammen-
hang mit der topologischen deformation der flichen, Reine Angew. Math. 159 (1928),
101-116. JFM 54.0602.05

A. BECK, Continuous Flows in the Plane, Springer-Verlag, New York, 1974. MR 58
#18379 Zbl 0295.54001

H. BELL, On fixed point properties of plane continua, Trans. Amer. Math. Soc. 128
(1967), 539-548. MR 35 #4888 Zbl 0173.25402

, Some topological extensions of plane geometry, Rev. Colombiana Mat. 9 (1975),
125-153. MR 57 #7551a Zbl 0331.54023

L. BERS and H. L. ROYDEN, Holomorphic families of injections, Acta Math. 157
(1986), 259-286. MR 88i:30034 Zbl 0619.30027

A. BLOKH and L. OVERSTEEGEN, A fixed point theorem for branched covering maps
of the plane, Fund. Math. 206 (2009), 77-111. MR 2576262 Zbl pre05691865

G. A. BROUWER, Green’s functions from a metric point of view, Ph.D. thesis, University
of Alabama at Birmingham, 2005.

C. CARATHEODORY, Untersuchungen iiber die konformen Abbildungen von festen und
verdnderlichen Gebieten, Math. Ann. 72 (1912), 107-144. MR 1511688 JFM 56.043302

R. D. EDWARDS and R. C. KIRBY, Deformations of spaces of imbeddings, Ann. Math.
93 (1971), 63-88. MR 44 #1032 Zbl 0214.50303

D. B. A. EPSTEIN, Curves on 2-manifolds and isotopies, Acta Math. 115 (1966), 83—
107. MR 35 #4938 Zbl 0136.44605

P. FABEL, Completing Artin’s braid group on infinitely many strands, J. Knot Theory
Ramifications 14 (2005), 979-991. MR 2006k:57003 Zbl 1116.57002

R. J. FOKKINK, J. C. MAYER, L. G. OVERSTEEGEN, and E. D. TYMCHATYN, The
plane fixed problem, preprint, 2008. arXiv 0805.1184

S. D. ILIADIS, Positions of continua on the plane, and fixed points, Vestnik Moskov.
Univ. Ser. I Mat. Meh. 25 (1970), 66-70. MR 44 #4726 Zbl 0204.31404

R. S. KULKARNI and U. PINKALL, A canonical metric for Mobius structures and its
applications, Math. Z. 216 (1994), 89-129. MR 95b:53017 Zbl 0813.53022

M. Y. LYUBICH, Some typical properties of the dynamics of rational mappings, Uspekhi
Mat. Nauk 38 (1983), 197-198. MR 85£:58063 Zbl 0598.58028

R. MANE, P. SAD, and D. SULLIVAN, On the dynamics of rational maps, Ann. Sci.
Ecole Norm. Sup. 16 (1983), 193-217. MR 85j:58089 Zbl 0524.58025

J. MILNOR, Dynamics in One Complex Variable, Friedr. Vieweg & Sohn, Braunschweig,
1999. MR 2002i:37057 Zbl 0946.30013

L. G. OVERSTEEGEN and E. D. TYMCHATYN, Plane strips and the span of continua. I,
Houston J. Math. 8 (1982), 129-142. MR 84h:54030 Zbl 0506.54022



[Pom92]

[Slo91]

[ST86]

[Thu09]

[Wen92]

[Why42]

[Wil63]

EXTENDING ISOTOPIES OF PLANAR CONTINUA 2133

C. POMMERENKE, Boundary Behaviour of Conformal Maps, Grundl. Math. Wissen.
299, Springer-Verlag, New York, 1992. MR 95b:30008 Zbl 0762.30001

Z.. SLODKOWSKI, Holomorphic motions and polynomial hulls, Proc. Amer. Math. Soc.
111 (1991), 347-355. MR 91£:58078 Zbl 0741.32009

D. P. SULLIVAN and W. P. THURSTON, Extending holomorphic motions, Acta Math.
157 (1986), 243-257. MR 88i:30033 Zbl 0619.30026

W. P. THURSTON, On the geometry and dynamics of iterated rational maps, in Complex
Dynamics (D. SCHLEICHER and N. SELINGER, eds.), A K Peters, Wellesley, MA, 2009,
pp. 3-137. MR 2508255 Zbl 1185.37111

G. C. WEN, Conformal Mappings and Boundary Value Problems, Transl. Math. Monogr.
106, Amer. Math. Soc., Providence, RI, 1992. MR 93h:30059 Zbl 0778.30011

G. T. WHYBURN, Analytic Topology, Amer. Math. Soc. Collog. Publ. 28, Amer. Math.
Soc., New York, 1942. MR 4,86b Zbl 0061.39301

R. L. WILDER, Topology of Manifolds, Amer. Math. Soc. Collog. Publ. 27, Amer. Math.
Soc., Providence, R.I., 1963. MR 32 #440 Zbl 0117.16204

(Received July 11, 2007)
(Revised May 4, 2009)

E-mail address: overstee @uab.edu
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALABAMA AT BIRMINGHAM,
BIRMINGHAM, AL 35294, UNITED STATES

E-mail address: tymchat@math.usask.ca
DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SASKATCHEWAN,
106 WIGGINS ROAD, SASKATOON, CANADA, S7N 5E6



ISSN 0003-486X
ANNALS OF MATHEMATICS

This periodical is published bimonthly by the Department of Mathematics at Princeton University
with the cooperation of the Institute for Advanced Study. Annals is typeset in TgX by Sarah R.
Warren and produced by Mathematical Sciences Publishers. The six numbers each year are divided
into two volumes of three numbers each.

Editorial correspondence

Papers submitted for publication and editorial correspondence should be addressed to Maureen
Schupsky, Annals of Mathematics, Fine Hall-Washington Road, Princeton University, Princeton, NJ,
08544-1000 U.S.A. The e-mail address is annals @math.princeton.edu.

Preparing and submitting papers

The Annals requests that all papers include an abstract of about 150 words which explains to the
nonspecialist mathematician what the paper is about. It should not make any reference to the
bibliography. Authors are encouraged to initially submit their papers electronically and in PDF
format. Please send the file to: annals@math.princeton.edu or to the Mathematics e-print arXiv:
front.math.ucdavis.edu/submissions. If a paper is submitted through the arXiv, then please e-mail us
with the arXiv number of the paper.

Proofs

A PDF file of the galley proof will be sent to the corresponding author for correction. If requested, a
paper copy will also be sent to the author.

Offprints

Authors of single-authored papers will receive 30 oftprints. (Authors of papers with one co-author
will receive 15 offprints, and authors of papers with two or more co-authors will receive 10 offprints.)
Extra offprints may be purchased through the editorial office.

Subscriptions

The price for a print and online subscription, or an online-only subscription, is $390 per year for
institutions. In addition, there is a postage surcharge of $40 for print subscriptions that are mailed to
countries outside of the United States. Individuals interested in subscriptions for their own personal
use should contact the publisher at the address below. Subscriptions and changes of address should
be sent to Mathematical Sciences Publishers, Department of Mathematics, University of California,
Berkeley, CA 94720-3840 (e-mail: contact@mathscipub.org; phone: 1-510-643-8638; fax: 1-510-
295-2608). (Checks should be made payable to “Mathematical Sciences Publishers”.)

Back issues and reprints

Orders for missing issues and back issues should be sent to Mathematical Sciences Publishers at
the above address. Claims for missing issues must be made within 12 months of the publication
date. Online versions of papers published five or more years ago are available through JSTOR
(WWw.jstor.org).

Microfilm

Beginning with Volume 1, microfilm may be purchased from NA Publishing, Inc., 4750 Venture
Drive, Suite 400, PO Box 998, Ann Arbor, MI 48106-0998; phone: 1-800-420-6272 or 734-302-
6500; email: info@napubco.com, website: www.napubco.com/contact.html.

ALL RIGHTS RESERVED UNDER THE BERNE CONVENTION AND
THE UNIVERSAL COPYRIGHT CONVENTION

Copyright © 2010 by Princeton University (Mathematics Department)
Printed in U.S.A. by Sheridan Printing Company, Inc., Alpha, NJ



TABLE OF CONTENTS

SHIGERU MUKAI Curves and symmetric spaces, IT....................... 1539-1558
MANJUL BHARGAVA. The density of discriminants of quintic rings and

IS O ol e O A b B oo T G 71 NS Bl 4 ey rat 5 1559-1591
SHUJI SAITO and KANETOMO SATO. A finiteness theorem for zero-cycles

oveLep=adiC fields - it wr T M R i e R e e S A e 1593-1639
SYLVAIN CROVISIER. Birth of homoclinic intersections: a model for the

central dynamics of partially hyperbolic systems....................... 1641-1677

JOSEPH BERNSTEIN and ANDRE REZNIKOV. Subconvexity bounds for
triple L-functions and representation theory........................... 1679-1718

SANDOR J KovAcs and MAX LIEBLICH. Boundedness of families of
canonically polarized manifolds: A higher dimensional analogue of

Shafarevichisieon|ceture SHts Rt S RaN s HE S S U S S i e | 1719-1748
ANDREI TELEMAN. Instantons and curves on class VII surfaces .......... 1749-1804
DANIJELA DAMJANOVIC and ANATOLE KATOK. Local rigidity of partially

hyperbolic actions I. KAM method and Z¥ actions on the torus........ 1805-1858
JORGE LAURET. Einstein solvmanifolds are standard..................... 18591877

PascaL CoLLIN and HAROLD ROSENBERG. Construction of harmonic
diffeomorphisms and minimal graphs ............. ..o, 1879-1906

JoHN LEwis and KAJ NYSTROM. Boundary behavior and the Martin
boundary problem for p harmonic functions in Lipschitz domains... ... 1907-1948

JENS MARKLOF and ANDREAS STROMBERGSSON. The distribution of free
path lengths in the periodic Lorentz gas and related lattice point

Problems sy s wds. Wi et SV ad T anaNed Ty UM Y oHes Wil ol R R e 1949-2033
ETIENNE FOUVRY and JURGEN KLUNERS. On the negative Pell

cqQUATIOMEA. 2 U o S e e L e, ST e AR 2035-2104
LEx G. OVERSTEEGEN and EDWARD D. TYMCHATYN. Extending

1S01EPIESSOLPlaAN AT COIMITIIE = 5% - - oo St s ot e oo e ) S 5 2105-2133
JAN BRUINIER and KEN ONO. Heegner divisors, L-functions and

harmonic weak Maass formns. X, .55t o 02 el = R 2135-2181
FLORIAN PoB. Henselian implies large .~ -5 o oo oils o8 2183-2195

MIKHAIL BELOLIPETSKY, T'SACHIK GELANDER, ALEXANDER LUBOTZKY
and ANER SHALEV. Counting arithmetic lattices and surfaces......... 2197-2221

SASHA SODIN. The spectral edge of some random band matrices ......... 2223-2251



	
	
	

