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Abstract

We show € local rigidity for Z¥ (k > 2) higher rank partially hyperbolic
actions by toral automorphisms, using a generalization of the KAM (Kolmogorov-
Arnold-Moser) iterative scheme. We also prove the existence of irreducible gen-
uinely partially hyperbolic higher rank actions on any torus T¥ for any even N > 6.

1. Introduction

1.1. Algebraic actions of higher rank abelian groups. Differentiable (C”,r > 1)
rigidity of the orbit structure and its variations sets the higher rank abelian group
actions apart from the classical cases of diffeomorphisms and flows (actions of Z
and R) where only C° orbit structure may be stable under small perturbations.

In this paper we begin the study of differentiable rigidity for algebraic (homo-
geneous of affine) partially hyperbolic actions of Z*¥ xR}, k +1 > 2. For definitions
and general background on partially hyperbolic dynamical systems, see [32]. For
a survey of local rigidity of actions of other groups, see [13]. In the latter area the
key work dealing with the partially hyperbolic case is [14].

The most general condition in the setting of Z* x R!, k +1 > 2 actions, which
leads to various rigidity phenomena (cocycle rigidity, local differentiable rigidity,
measure rigidity, etc.), is the following:

(®R) The group 7% x R contains a subgroup L isomorphic to 7? such that for the
suspension of the restriction of the action to L every element other than iden-
tity acts ergodically with respect to the standard invariant measure obtained
from Haar measure.

This condition should be viewed as a paradigm. We chose not to formulate
specific conjectures due to various subtleties of algebraic nature which up to now
have prevented even the results in the otherwise well-understood hyperbolic case
from being clean and definitive; see [25]. Instead let us point out to two specific
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representative classes of algebraic actions where the above condition is satisfied
and various (although not always the strongest expected) rigidity properties have
been established in many cases.

(1) Actions of Z¥ | k>2 by automorphisms or affine maps of tori or, more gen-
erally, (infra)nilmanifolds without nontrivial rank one factors for any finite cover,
and suspensions of such actions.

(2) Left actions of a higher rank abelian group A C G on the double coset
space C \ G/T" where G is a connected Lie group, ' C G a cocompact lattice,
and C a compact subgroup of the centralizer of A which intersects with A trivially.
Furthermore, the Lie algebras of A, C and contracting subgroups of all elements
of A generate the full Lie algebra g of G.

1.2. Rigidity of actions and related notions. Let A be a finitely generated dis-
crete group with generators g1, ..., gx. Let Act” (A, M) be the space of A actions
by diffeomorphisms of class C” of a compact manifold M. Every « € Act’" (4, M)
is defined by a homomorphism pg: A — Diff” M. In particular, diffeomorphisms
oa(g1), ..., pa(gr) completely determine the action «. Thus the usual C” topol-
ogy of Diff” (M)¥ induces via projection a topology in the space Act” (A, M) which
we refer to as a C” topology in the space of A actions on M. Similarly, for an action
of a connected Lie group 4 on M, the C” topology in Act” (A, M) is induced by
the C” topology on vector fields which generate the action of the Lie algebra of A.

For actions of discrete groups the notions of rigidity which we consider are
summarized as follows.

An action « of a finitely generated discrete group A on a manifold M is C*-"!
locally rigid if any sufficiently C” small C k perturbation & is C ! conjugate to «;
i.e., there exists a C* close to identity diffeomorphism % of M which conjugates
atoa:

(1.1) Howa(g) =a(g)oH

for all g € A. C° 1> Jocal rigidity is often referred to as C® local rigidity. The
case of C 110 is known as C! structural stability.

For actions of continuous Lie groups such as R, the above definition of local
rigidity is too strict since one has to allow for small time changes induced by
automorphisms of the acting group. An action « of a continuous Lie group 4 on a
manifold M is C*"! locally rigid if any sufficiently C” small C¥ perturbation &
is C! conjugate to a small time change of «, i.e., there exists a C I close to identity
diffeomorphism # and p € Aut(G) close to id such that instead of (1.1) one has

(1.2) Hoa(p(g)) =a(g)o.

A weaker notion in the case of actions of continuous groups is foliation rigid-
ity: one requires the diffeomorphism % to map an invariant foliation ¥ (e.g., the
orbit foliation O of the action &) to the perturbed foliation ¥’ (e.g., the orbit foliation
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0 of the perturbed action &). The foliation rigidity in the case of the orbit foliation
is usually called orbit rigidity. C>1-0 orbit rigidity is called structural stability.

For a broad class of hyperbolic algebraic actions of 7% and R k > 2, C°
local rigidity has been established in [25]; see Section 2.1 for a discussion. In this
paper we prove for the first time local rigidity for a class of partially hyperbolic
actions of Z¥, namely for type (1) actions on tori.

The orbits of partially hyperbolic algebraic actions are parts of homogeneous
isometric foliations. For such actions, e.g., those of type (2) differentiable rigidity
should be understood in a modified sense allowing not only a linear time change
in A but also an algebraic perturbation of A4 inside the isometric foliation; see [8],
[5] for a detailed discussion.

1.3. Statement of results.

1.3.1. Rigidity. Let GL(N, Z) be the group of integer N x N matrices with
determinant £1. Any matrix A € GL(N, Z) defines an automorphism of the torus
TN = RN /7N which we also denote by A.

An action o: Z¥ x TN — TV by automorphisms is given by an embedding
pa: Z¥ — GL(N, Z) so that

a(g,x) = pa(g)x
for any g € 7% and any x € TV . We will write simply a(g) for py(g).

An action o’: Z¥ x TV - TV’ is an algebraic factor of « if there exists an
epimorphism A: TV — TV’ such that hoa = &’ 0 h.

An action o by automorphisms of T is called irreducible if any nontrivial
algebraic factor of ¢ has finite fibers.

An action o’ is a rank one factor if it is an algebraic factor and if pg (Z¥)
contains a cyclic subgroup of finite index.

An ergodic action « by toral automorphisms has no nontrivial rank one factors
if and only if py (Z*) contains a subgroup isomorphic to Z2 such that all nontrivial
elements in this subgroup are ergodic toral automorphisms (see for example [34]).
We call ergodic 7* actions by toral automorphisms higher rank if they have no
nontrivial rank one factors.

THEOREM 1. Let a: 75 x TV — TV be an ergodic higher rank action onk
(k = 2) by automorphisms of the N -dimensional torus. Then there exists a constant
I =1(a, N) € N such that o is C [ocally rigid.

The constant / in the above theorem depends on the dimension of the torus
and the given linear action, and is precisely defined in the proof of Theorem 1
(Section 5).

We note that the result above extends to affine actions whose linear parts
are actions described in Theorem 1. While any affine map of the torus without
eigenvalue one in its linear part has a fixed point and hence is conjugate to its
linear part, the case of commuting affine maps is more general (for examples of
affine actions without fixed points see [17]). However the case of commuting affine
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maps reduces to the case of commuting linear maps by passing to a subgroup of
finite rank which has a fixed point and observing that the centralizer of an ergodic
partially hyperbolic action by toral automorphisms is discrete.

We also obtain rigidity for suspensions of actions considered in Theorem 1.
(For the detailed description of the suspension construction see for example [23,
§2.2] or [3, §5.4]).

THEOREM 2. Suspension of a 7* action by toral automorphisms with no rank
one factors is C 00,,00 locally rigid (up to an automorphism of the acting group Rk)
where [ is the same as in Theorem 1.

Theorem 2 is deduced from Theorem 1 in Section 6. It involves a general
statement (Lemma 6.1), which we present for the sake of completeness, but also
relies on cocycle rigidity results which are specific.

1.3.2. Existence. Let us call an action of Z¥ by automorphisms of a torus
genuinely partially hyperbolic if it is ergodic with respect to Lebesgue measure
but no element of the action is hyperbolic (Anosov). It is easy to see that this is
equivalent to simultaneous existence of

(1) an element of the action none of whose eigenvalues is a root of unity and
(2) an invariant linear foliation on which there is no exponential expansion/con-
traction for any element of the action.
As before, such an action is higher rank if and only if it contains a Z? action all of
whose elements are ergodic.

The method of Theorem 1 is essential in proving rigidity of higher rank gen-
uinely partially hyperbolic actions since for hyperbolic actions earlier methods are
available [25]. The following result discusses the existence of genuinely partially
hyperbolic higher rank actions.

THEOREM 3. Genuinely partially hyperbolic higher rank Z? actions exist: on
any torus of even dimension N > 6 there are irreducible examples while on any
torus of odd dimension N > 9 there are only reducible examples. There are no
examples on tori of dimension N <5and N =7.

Remark 1. In Section 9 in addition to the general construction for examples
in even dimensions, we give an explicit example in dimension 6.

Remark 2. Using our constructions in Section 9, a similar statement as Theo-
rem 3 about existence of genuinely partially hyperbolic higher rank actions of 7k
for k > 2 can be obtained. For example, an irreducible action of such kind exists
in any even dimension starting from 2k + 2.

2. Old and new approaches to rigidity of abelian group actions

Present paper, although it deals with a specific problem, is a part of a broader
program of studying local differentiable rigidity for hyperbolic and partially hyper-
bolic actions of higher rank abelian groups. Moreover, it is the first in a series of
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papers by the same authors which address the partially hyperbolic situation, which
is considerably more difficult that the hyperbolic one. It is natural in this context
to briefly outline the developments which led to the present work, explain both
successes and deficiencies of the previous methods, present the current state-of-the-
art, and discuss both current difficulties and prospects of the further developments.

2.1. The a priori regularity method. This method first appeared in a rudimen-
tary fashion in [21] in the context of proving rigidity of some standard lattice ac-
tions on tori, and was introduced in its general form in [25]. It can be very briefly
described as follows. One considers an action with sufficiently strong hyperbolic
properties. The C© orbit structure (or an essential part of it) of such an action
is rigid (structural stability, Hirsch-Pugh-Shub theory [16]). Moreover the C 0
orbit equivalence is unique transversally to the orbits. The method then consists
of establishing a priori regularity of the orbit equivalence. The central idea is
that locally in the phase space there are invariant geometric structures on invariant
foliations for both the original and perturbed action. The simplest example of such
a structure is a flat affine connection (local linearization); in general the structure is
more complicated, but it still has a finite-dimensional Lie group of automorphisms.
Such a structure appears due to the fact that some elements of the action contract
the foliations in question and this is true both in the rank one and higher rank
hyperbolic situations. Higher rank is crucial in showing that the conjugacy, which
is a priori only continuous, preserves the invariant structure and hence is smooth in
the direction of each foliation. This in turn relies on the fact that in certain critical
directions the unperturbed action acts by isometries on each leaf of the foliation.
This in particular excludes the case of actions by automorphisms of the torus and
of a nil-manifold in the presence on nontrivial Jordan blocks.!

For the hyperbolic R¥ actions there is another step from smooth orbit equiva-
lence to smooth conjugacy of the actions up to an automorphism of R¥. This fol-
lows from the cocycle rigidity which allows to straighten out the time change [23].
Notice that cocycle rigidity also holds for some partially hyperbolic actions of
higher rank abelian groups [24]. In both of those papers cocycle rigidity has been
established using harmonic analysis.

This method of establishing regularity of a conjugacy (whose existence is
obtained from a different kind of reasoning) also appears as an ingredient in the
proofs of local rigidity for actions of certain groups other than abelian ([21], [22],
[29], and [14]).

2.2. Difficulties in the partially hyperbolic case. If one tries to follow this
approach for a partially hyperbolic algebraic action of a higher rank abelian group
with semisimple linear part one starts with structural stability of the neutral folia-
tion for the unperturbed action. Then two difficulties arise. First, this foliation for
perturbed action is not necessarily smooth and hence smoothness of the foliation

LAdded in Proof: Partial results for that case were obtained later in [11].
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conjugacy along the stable and unstable directions of various elements of the action
does not guarantee the global regularity. Second, even if one assumes smoothness
of the neutral foliation, or, equivalently, only considers perturbations along this
foliation, cocycle rigidity of the unperturbed algebraic action is not sufficient.

To overcome these difficulties we introduce two new methods: one, which is
used in the present paper and has further applications, and the other, briefly outlined
in Section 2.5, which is developed in [5] and further in [4].2 The second method
still involves the a priori regularity arguments as an essential component. Results
of [5] and [4] are announced in [8].

Remark 3. Notice that for case of general lattice actions considered in [14] the
partially hyperbolic case is also central. In this situation totally different methods,
specific to groups with Property (T), are used.

2.3. The KAM/Harmonic analysis approach. In our new approach we do not
start from a conjugacy of low regularity. Instead we construct one of high regularity
by an iterative process as a fixed point of a certain nonlinear operator. We use an
iterative procedure, namely an adapted version of the KAM procedure motivated
by the procedure used by Moser in [31] to study small perturbations of isometric
7% actions generated by circle rotations. Moser first noticed that commutativity
along with simultaneous Diophantine condition was enough to provide a smooth
solution to certain over-determined system of equations.

Notice however, a principal difference between Moser’s setting and ours: The
only obstruction to solving linearized conjugacy equation in the case of commuting
circle rotations is the same as for a single one: it comes from the rotation number.
In our case there are infinitely many obstructions for solving the linearized equation
for a single element of the action but they magically vanish for the whole action
due to the “higher rank trick”. Thus while Moser used his setting to show that
Diophantine conditions for individual elements of the action are not necessary to
contain the effects of “small denominators”, we obtain differentiable conjugacy
for an action in the absence of even a formal conjugacy for perturbations of its
individual elements.

The solution is the limit of successive approximations obtained by approxi-
mating the nonlinear problem by its linear part, and solving (approximately) the
corresponding linearized equation. This scheme arises from the classical KAM,
which also set the basis for generalization of classical Implicit Function Theorem
to so-called hard implicit function theorems [38], or Nash-Moser inverse function
theorems [15]. (For more references see for example [10].) Those general results
have been applied more recently to isometric “large” lattice actions. We discuss
relevance of the Implicit Function Theorem approach in our situation and quote
other relevant work in Section 8. We note that these general results do not apply
to Z¥ actions generated by circle rotations studied by Moser in [31].

2Added in Proof: See also two recent papers by Z. J. Wang [36], [37].
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In our case the first key observation is that the linearized equation in this case
is “almost” a twisted cocycle equation over the unperturbed linear action. It is
possible to solve such equations due to the “higher rank trick” which lies at the
root of cocycle rigidity [23], [24] and which is adapted in the current paper to the
twisted case.

The second key observation is that it is possible to obtain an approximate
solution to the linearized equation if the linearized equation can be approximated
by a twisted cohomology equation over the unperturbed action. This reduces to
approximating a certain twisted cocycle over the perturbed action by a twisted
cocycle over the unperturbed action. We construct this approximation cocycle
explicitly by adapting and developing a method from [18].

As a by-product of our approach we remove the restriction of semi-simplicity
for the unperturbed action. Our method works when the unperturbed action, whether
hyperbolic or partially hyperbolic, has nontrivial Jordan blocks. A disadvantage of
our method is the requirement that the perturbation is small in C ! topology for a
certain large / while the method of [25], when it is applicable, can deal with small
perturbations in C! topology.>

2.4. Extensions of the KAM/harmonic analysis approach to other actions.
The method presented in this paper provides a blueprint for studying local rigidity
for other algebraic abelian actions.

(D) A natural generalization of actions by automorphisms of a torus appears on
infranilmanifolds when one considers projections of partially hyperbolic actions by
7% ona simply connected nilpotent group N preserving a lattice A on the compact
factor-space N/A. The work on the nilpotent case is in progress.

In [25, §4.4] it is explained (although calculations are omitted) how cocycle
rigidity for the nilpotent case is deduced from the cocycle rigidity in the toral case.
What is needed in addition is first, tame estimates and second, the splitting. In
order to do that, Fourier analysis of Section 4 is substituted by arguments using
infinite-dimensional unitary representations of nilpotent groups.

(II) Some ideas from specific constructions carried out in Section 4 have been
applied recently to certain totally nonhyperbolic, namely, parabolic abelian actions.
The simplest example is the action of the upper-triangular unipotent subgroup of
SL(2, R) x SL(2, R) on the factor by a cocompact irreducible lattice. Cocycle rigid-
ity with tame estimates as well as tame splitting are established by D. Mieczkowski
in his 2006 Ph. D. thesis and published as [30]. Such actions are not locally rigid
already among homogeneous actions. In that they are similar to the rotations on the
circle. However, the iteration scheme with an iteration step relying on the results

3 Added in Proof: M Einsiedler and T. Fisher in [11] developed a version of the a priori regularity
method to prove local differentiable rigidity for hyperbolic actions by automorphisms of a torus
in the presence of Jordan blocks. They require an additional “narrow spectrum’ assumption for
proportional Lyapunov exponents.
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of [30] can be carried out producing certain modified form of local rigidity re-
stricted to parametric families of perturbations; see [9]. The number of parameters
needed is the same as the codimension of unipotent subgroups within the ambient
Lie group; it is equal to two in the basic example above. Due to the obstacles,
just like in the case of commuting circle diffeomorphisms [31], explicit iteration is
needed resembling the one carried out in Sections 5.3 and 5.4. This is in a contrast
with other situations where one may use generalized implicit function theorems;
see Section 8 for more discussion.

(IIl) Added in Proof: Very recently decisive advances have been made in
extending applications of this approach to the actions of type (2) as well other
algebraic partially hyperbolic actions. This confirms the power and fruitfulness of
the KAM-based method. A key difference with the setting of the present paper is
that one can apply a priori regularity method to obtain smooth rigidity of the neutral
foliation of the action and hence reduce the problem to a perturbation along this
foliation. This leads to untwisted linearized conjugacy equations and allows to
use available estimates for decay of matrix coefficients. This work also contains a
number of other new ingredients. (The paper by the second author and Z. J.Wang
is in preparation)

2.5. The geometric approach. In [5], [4] we use another approach to the
semisimple homogeneous case (2) which bypasses the difficulties of the KAM/
harmonic analysis method. For the sake of completeness of our account of the
state of rigidity program, we present a very brief narrative outline here, referring
for precise formulations and details to the papers and the published detailed an-
nouncement [8].

By the structural stability result of Hirsch-Pugh-Shub [16], the problem of
obtaining a Holder conjugacy reduces to problem of reducing a Holder cocycle over
the perturbed action to a constant cocycle. Obstructions to this can be described
via periodic cycle functionals defined on closed paths along coarse Lyapunov foli-
ations [20], [7]. For the unperturbed action such closed paths have a structure com-
ing from the algebraic structure of the covering group, and it is proved in [7] that
this structure implies vanishing of obstructions to cocycle trivialization. The main
part of the geometric approach is to show that the fine structure of Lyapunov folia-
tions for the unperturbed action is robust under small perturbations, so that it can be
used to imply vanishing of obstructions to cocycle trivialization for small perturba-
tions and produce a Holder conjugacy with the unperturbed action. Using the a pri-
ori regularity method (see Section 2.1) one shows that conjugacy is smooth along
the unipotent foliations for the unperturbed action. Then the usual regularity along
stable directions and Hormander theorems guarantee that the conjugacy is C*®.4

4Added in Proof: This method has been successfully applied in [36], [37] to a variety of new cases
of type (2) including those with nonsplit groups G. This work is based on advances in calculating
appropriate families of generating relations for those groups.
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2.6. Conclusion. Notice that for partially hyperbolic actions the geometric
approach requires sufficient noncommutativity for various stable foliations for their
brackets to generate the neutral directions and hence it cannot be applied in prin-
ciple to partially hyperbolic actions on the torus where all invariant distributions
commute. Thus the KAM and the geometric approach nicely complement each
other in advancing significantly the solution of the local differentiable rigidity
problem for algebraic partially hyperbolic actions.

Results of the current paper are announced in [6]. We would like to thank
Elon Lindenstrauss who pointed out an inaccuracy in an early version of this paper.
As a result Section 4.5 has been reworked. We also thank David Fisher by bringing
to our attention the relevant work of Benveniste.

3. Setting of the problem and overview of the KAM scheme

3.1. Ergodic toral automorphisms. An automorphism of the torus T is in-
duced by an invertible integer matrix A. We will use the same notation A both for
an integer matrix and for the toral automorphism induced by it. A induces the map
given by the transpose matrix A’ on the dual group ZV. If e, (x) = ¢2™** are the
characters, then A’ acts as

eAz,,(x) — e2m’A’n-x — e2m’n~Ax — en(Ax)

which implies that
(f o Dn = frary-1n

for Fourier coefficients of any C* function f on TV. We call (4°)~! the dual
map on ZV . To simplify the notation in the rest of the paper, whenever there is no
confusion as to which map we refer to we will denote the dual map by the same
symbol A. When we wish to clearly distinguish the two maps, we use for the dual
map the notation A*. The dual orbits of 4 are O(n) = {A'n |i € Z}.

The following is a simple characterization of ergodicity of toral automor-
phisms in terms of the corresponding dual action. Even though this characterization
is a well-known fact we include also a quick proof here, for completeness.

LEMMA 3.1. (i) An automorphism of TV induced by N x N integer matrix A
is ergodic if and only if all nontrivial orbits of the dual map A* on ZN are infinite.

(ii) An automorphism of TV induced by N x N integer matrix A is ergodic if
and only if A has no roots of unity in the spectrum.

Proof. (i) Suppose there exists a nonzero n € ZN with a finite orbit, i.e.,
A™n = n for some m. Then the function f = ) /o eA, is an A invariant
nonconstant function, which contradicts ergodicity.

Conversely, if A is not ergodic and if f =), f,, e, 1s an invariant function,
then fAn = fn for all n € ZV, therefore if the orbit of # is infinite then fn =0.
This implies that f is constant. Thus A is ergodic.
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(i) follows from (i) and from the fact that the dual map has a root of unity in
the spectrum if and only if there exists a nontrivial n € Z"¥ with finite orbit. [

3.2. Higher rank actions by toral automorphisms. Any action o of 7k by
toral automorphisms, induces a dual action o* on ZV given by

pax (i) = (A7) (A%5)2 -+ (AF)*n

fori = (i1,....ix) € ZK and n € ZV. Then for every f = D nezN f;,en we have
fpa()x) = D" fyinen
nezN

where, to simplify the notation (whenever there is no confusion), we use the nota-
tion o n for the dual action pg+(i)n on ZN .

Since we are interested in actions with no rank one factors we will assume
further on that the action « satisfies the following:

(B) There exist g1, g2 € 7 with A défpa (g1) and B défpa (g2) such that any A* B¥,
for a nonzero (1, k) € 72, is ergodic. A and B will be referred to as ergodic
generators.

The following is a simple lemma which shows that obtaining a C °° conjugacy
for one ergodic generator suffices for the proof of Theorem 1.

LEMMA 3.2. Let « be a Z¥ action by automorphisms of TN such that for
some g € 7% the automorphism o (g) is ergodic. Let & be a C' small perturbation
of a such that there exists a C*® map H: TN — TN which is C! close to identity
and satisfies

(3.1 a(g)oH = Houa(g).

Then H conjugates the corresponding maps for all the other elements of the action;
i.e., for all h € 7% we have

d(h)yoH = Houal(h).

Proof. Let h be any element in 7%, other than g. It follows from (3.1) and
commutativity that

a(g)ofl = Hoa(g).
where
H=ah) YoHoa(h).
Therefore,
a(g)oH 'oH =H 'oHoua(g).
Denote the lift of !0 H to RY by id + where Q is a C! small Z" -periodic
C°° map, and use the same notation «(g) for the lift of «(g). Then

(3.2) a(g) o (id +Q) = (id +2) o a(g).
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If A is diagonalizable, equation (3.2) reduces to several equations of the following
type:

Aw=wo A,
where A = a(g), w is C* function, and A is an eigenvalue of A. Then, passing to

the dual action (while, as mentioned before, we use the same notation for the dual
and for the original action), we have

Awn = WApn,

which implies
)LiaA)n = @Ain

for all i € Z. Therefore

o0

S Aidn =3 a0

i€z i€z
Since A is ergodic and w is C° the right-hand side converges absolutely. The
left-hand side can converge only if @, = 0 for all n # 0. Since A # 1 we also have
o =0, i.e., w=0. This implies Q =0and H = H.

If there are Jordan blocks for A, the argument above is still sufficient to deduce

that Q2 has to be 0. Namely, if there is, say, a 3-Jordan block, then equation (3.2)
reduces to

A 10 w1 w1 oA
0A1 w2 0)20A
00A w3 Cl)3OA

This implies
Awi +wy—wi10A=0,

Awy +w3—wr0A =0,
Awz—w3z0A=0.

From the third equation above, using ergodicity of A as in the case of a simple
eigenvalue, we deduce that w3 = 0. Substituting into the second equation, we
obtain wp = 0 and finally, using this fact in the first equation above, we obtain
w1 = 0. One can obviously by induction obtain 2 = 0 for Jordan blocks of any
dimension. Therefore 4 = H and

H =a(h) o Hod(h)

for an arbitrary h € Z*. O

3.3. Overview of the KAM scheme. Let a be a linear action as described in
Theorem 1. Let & be its small perturbation (the topology in which the perturbation
is made will become apparent from the proof). The goal is to prove the existence
ofaC®map H: TV — TV suchthat@o H = H oa.
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One can consider the problem of finding a conjugacy as a problem of solving
the following nonlinear functional equation

N@H) EGoH-—Hoa=0.
Following the ideas of the elementary Newton method and assuming the existence
of a linear structure in the neighborhood of the identity, the identity may be viewed
as an approximate solution (usually called the initial guess) of the nonlinear prob-
lem. The linearization of the operator N at («, id) is

N, H) = N(a,id) + D1 N(e,id) (& — @)
+ Dy N(a,1d)(2) + Res(a — «, 2)
=d—a+aoQ—Qoa+ Res(@—a, Q),

where Q = H —id, and Res(& — «, ) is quadratically small with respect to & —
and Q. Here D1 N(«,id) and D> N(«, id) denote Frechét derivatives of the map N
in the first and second variable, respectively, at the point («, id). Also, since « is
a linear action, o o 2 for each generator is given simply by a matrix applied to a
vector valued map. To stress this fact we will use the notation o2 for « o 2.

If one finds H so that the linear part of the equation above is zero, i.e.,

a(H —id) — (H —id) o = —(@ — @),

then such H is a better approximate solution of the equation N (&, H) = 0 than the
identity is. After obtaining a better solution, the linearization procedure and solving
the linearized equation may be repeated for the new perturbation leading to an even
better approximation. The difficulties which arise, in particular applications of this
iterative scheme, are of two kinds: one is to solve (or solve approximately) the
linearized equation, and the other has to do with obtaining good estimates for the
solution so that the sequence of approximate solutions produced by this scheme
converges in some reasonable function space.

We now adapt this general scheme to our specific problem concerning toral
automorphisms. Any map of the torus T¥ into itself can be lifted to the universal
cover RN . For every g € 7%, the lift of a(g) is a linear map of RY, i.e., a matrix
with integer entries and with determinant £ 1, which is also denoted by «(g). The
lift of @(g) is «(g) + R(g) where R(g) is an Z" -periodic map for every g, i.e.,
R(g)(x +m) = R(g)(x) form € ZN . The lift of H is id +Q with a Z" -periodic .

In terms of €2 the nonlinear conjugacy problem becomes

(3.3) aQ—Qoa=—Ro(id+RQ)
and the corresponding linearized equation is
(3.4) aQ—Qoa=—R.

If Q2 is a solution for the linearized equation (3.4) (or at least an approximate
solution, i.e., it solves (3.4) with an error which is small with respect to R), then
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one may expect that the new perturbation defined by
~ £ o1~
a(l)dé H looon,
where H = Id +, is much closer to « than &; i.e., the new error

R L= _

is expected to be small with respect to the old error R.

The comparison between the two errors as usual cannot be realized in the
same function space. The norm of the old error in some function space is only
small compared to the norm of the new error in some larger space, thus one has
some loss of regularity. The loss however is fixed; it depends only on the initial
linear action and the dimension of the torus. In the proof that we present here all
the maps involved will be C°°. We have loss of regularity at an individual iterative
step, in the sense described above. Thus we work with the family of C” norms
(r € N) on the space of C° maps. In Section 7.1 we treat perturbations of finite
regularity: we consider the space of C™ maps with fixed ro > 0 along with a
family of C” norms for r < rg. In general, if the loss of regularity is fixed and if
the family of spaces used in the iterative scheme admits smoothing operators (see
Section 5.1), then the interpolation inequalities hold and it is often the case (as it is
here) that the iterative procedure then can be set to converge to a smooth solution
of the nonlinear equation (see for example [38]).

At an individual iterative step, the new error can be expressed as

RO — g _ g = [Qo&(l)—Qoa+Ro(id+Q)—R]

+[R—(asz—szoa)].

The error term in the first bracket comes from the linearization of the problem and
is easy to estimate providing €2 is of the same order as R. The difficulty lies in
estimating the part of the error in the second bracket, namely solving the linearized
equation (3.4) approximately, with an error quadratically small with respect to R.

In order to understand better where commutativity of the action and its per-
turbation come into the picture, we look more closely into the linearized equation.
Equation (3.4) actually consists of infinitely many equations corresponding to dif-
ferent elements g; of the action

(3.5) a(gi)2—Qoa(gi) =—R(gi)

and we need a common approximate solution 2 to all the equations above.
If such 2 exists, then it is easy to check that due to commutativity of each
pair a(g;) and a(g;), the map R: G x TN — RN satisfies the following condition:

(3.6)  a(gi)R(gj)— R(gj)oalgi) = alg;)R(gi) — R(gi) oa(g)).

At this point we need to introduce some terminology.
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Definition 1. Let a: A x M — M be an action of an abelian group 4 on a
manifold M, let (H, *) be a topological group and let 8¢ be a homomorphism
Bo: A — Aut H. Then amap 8: A x M — H is called a B¢ twisted cocycle over
o if
(3.7 Bla+b,x) = pa,a(b,x)) * Po(a)(B(b, x)).

A By twisted cocycle B is a B¢ twisted coboundary over « if there exists P: M —H
such that for alla € A

(3.8) Bla, x) = Bo(a)(P(x)) * (P(a(a, X))~

If every C*° By twisted cocycle f over « is a B twisted coboundary over « via a
C*® map P: M — H, then « is said to be C*° B cocycle rigid.

If Bp is the identity automorphism, then B¢ is dropped from the notations
above.

If R:7% x M — RN satisfies (3.6), then R is an « twisted cocycle over the
action « (here we use the same notation « for the linear action on TV and for its
lift to RN ). Then the system of equations (3.5) can be viewed as an o twisted
coboundary equation over the linear action «. However, this is not quite true: R
is an o twisted cocycle over the perturbed action &, not over the linear action «.

LEMMA 3.3. If & = o + R is a small perturbation of o then the map R is an
o twisted cocycle over Q.

Proof. As before, we use the same notation here for the linear action o and
for its lift to RV :

(3.9 dla+b,x)=d(a,ab,x))=ala,al,x))+ R(a,a(b, x))
=a(a)a(b,x)+ R(a,a(b, x))
=a(a)a(b)x +a(a)R(b, x) + R(a,a(b, x)).

On the other hand,

(3.10) d(a+b,x)=a(a+b,x)+ R(a+b,x) =a(a)x(b)x + R(a + b, x).

This implies

(3.11) R(a+b,x) =a(a)R(b,x) + R(a,a(b, x)).

Thus R is an « twisted cocycle over &. O

There are two difficulties in solving the linearized equation (3.4). First is that
R is a twisted cocycle not over o but over & thus (3.4) is not a twisted coboundary
equation over the linear action. Second is that even if (3.4) is a twisted coboundary
equation, solving it requires more care than the corresponding untwisted equation.
In fact, the twist produces greater loss of regularity for the solution of the twisted
coboundary problem, compared to the untwisted case, as we will see in Lemma 4.2.
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Lemma 3.2 shows that it is enough to produce a conjugacy for one ergodic
generator. It is clear however that, in general, it is not possible to produce a C*°
conjugacy for a single element of the action, since a single genuinely partially
hyperbolic toral automorphism is not even structurally stable. Indeed, Lemma
4.2 in Section 4 shows that there are infinitely many obstructions to solving the
linearized equation for one generator. Therefore, we consider two ergodic gener-
ators, and reduce the problem of solving the linearized equation (3.4) to solving
simultaneously the following system:

(3.12) AQ - QoA =—Ry,
BQ—QoB =—Rp,

where A and B are ergodic generators: 4 := «(g1), B := a(g») and

(3.13) Ry = R(g1), Rp := R(g2).

The system (3.12) splits further into several simpler systems using an appropriate
basis and the fact that 4 and B commute. The linear problem (3.12) is reduced to
several equations of the kind

(3.14) JAQ—QoA=0
JgQR—QoB =1,

where J4 is a matrix consisting of Jordan blocks of A corresponding to an eigen-
value of A, Jp is the corresponding block of B, and ® and W are small vector
valued Z¥ -periodic maps given by the perturbation maps R4 and Rp. In particular,
if A, u are simple eigenvalues of A, B respectively, then we have

(3.15) Aw—woA=106
Uw—woB =1,

where 6 and ¥ are small Z¥ -periodic functions. In Lemma 4.4 we show that it is
possible to solve the linearized equation (3.12) and to estimate the solution with
the fixed loss of regularity if the following condition is satisfied by R:

(3.16) L(R4, Rp) & (RyoB— BRg)—(RpoA— ARp) = 0.

As mentioned above, R does not satisfy this condition. However the fact that
it satisfies the twisted cocycle condition over the perturbed action & implies that it
almost satisfies the twisted cocycle condition (3.16); i.e., (3.16) is satisfied up to
an error which is small with respect to R. More precisely, Lemma 4.7 shows that
if @ = o + R is a commutative action, then L(R4, Rp) is small with respect to R.

The key step is to show that if R is almost a twisted cocycle over o then
R is close to an actual twisted cocycle over «. In Section 4.5 we construct a
projection R of R to the space of twisted cocycles over « so that the difference
€R = PR — R is small with respect to R. More precisely, in Lemma 4.6 we show
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that even if R4 and Rp do not satisfy the solvability condition (3.16), it is possible
to approximate both by maps ? R4 and ? Rp which satisfy the condition (3.16)
with an error bounded by the size of L(R4, Rp).

Lemmas 4.6, 4.4 and 4.7 combined give an approximate solution to the lin-
earized equation (3.12).

In Section 5.1 the smoothing operators are introduced to overcome the fixed
loss of regularity at each iterative step and further in Section 5 the iteration process
is set and is carried out, producing a C® conjugacy which works for the Z? action
generated by the two ergodic generators, thus, according to Lemma 3.2, it works
for all the other elements of the Z action a.

4. Approximate solution of the linearized equation

In this section we prove the existence of an approximate solution to the lin-
earized equation (3.12). We first introduce in Section 4.1 some notation which
will be used in the rest of the paper. In Section 4.2 we describe the obstructions for
solving a single linear equation in (3.15), which is a twisted coboundary equation
over an ergodic toral automorphism. We show, providing the obstructions vanish,
that there exists a C °° solution with tame estimates. This is a version of the argu-
ments in [35] adapted to the case of a twisted coboundary equation. An essential
ingredient in the proof of Lemma 4.2, just like in [35], is an exponential growth es-
timate on the dual orbit of an ergodic toral automorphism which reflects arithmetic
properties of ergodic toral automorphisms and was proved by Katznelson in [26].

Section 4.3 contains corresponding growth estimate for the dual orbits of a 7k
higher rank ergodic action by toral automorphisms, and applications to estimating
decay of Fourier coefficients for specifically defined functions which are used in
Section 4.5.

In Section 4.4 we show that the obstructions to solving each equation in (3.12)
vanish providing that the maps R4 and Rp satisfy (3.16). Then in Lemma 4.7 we
show that the criterion (3.16) is almost satisfied, up to an error which is small
with respect to R. Finally in Section 4.5 we construct a projection (P R4, PRp)
such that (P R4, P Rp) satisfies (3.16) and therefore one can solve tamely the sys-
tem (3.12) with (P R4, P Rp) instead of (R4, Rp). Moreover, the projection in
Section 4.5 is such that the error

(%RA = RA —@RA, CéRB = RB —@RB)
is small with respect to (R4, Rp). This produces an approximate solution to the
linearized equation (3.12).

4.1. Some notation. Let A and B be the two ergodic generators for «.

(1) The dual map A* on ZV induces a decomposition of RV into expanding,
neutral and contracting subspaces. We will denote the expanding subspace by

V1(A), the contracting subspace by V3(A) and the neutral subspace by 12(A).

4.1) RY = V1(4) @ Va(A4) ® V3(A).
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All three subspaces V;(A),i = 1,2, 3 are A invariant and

|Alv|| = Cplllv], p>1, >0, veVi(A),
A v = Cp 7 [vll, p>1. i<0, veVs(A),
||Aiv|| >C(li|+ 1)_N||v||, ieZ, vevVaA).
Forn e 7N, i d:efmax{Hnl @), le2@)|l, |lw3(n)]|}, where || - || is Euclidean

norm and 7; (n) are projections of n to subspaces V; (i = 1,2, 3) from (4.2),
that is, to the expanding, neutral, and contracting subspaces of RV for A (or
B; we will use the norm which is more convenient in a particular situation;
those are equivalent norms, the choice does not affect any results).

Forn € ZN we say n is mostly in i (A) fori = 1,2, 3 and will write n<>i(A) , if
the projection 7; () of n to the subspace V; corresponding to A is sufficiently

large:
n| = [l ().

The notation n<—1, 2(A) will be used for n which is mostly in 1(A4) or mostly
in 2(A).

Given a complex number A and a function ¢ on the torus, define the twisted
coboundary operators:

def ~ def » ~ ~
Ao Zdp—gpod,  Aign S AGn —fan.

In what follows A will usually be an eigenvalue of A4, and u will usually denote
an eigenvalue of B, so we will often use the following simpler notation:

A E AR AR AR
AA@n o AA‘Pn» AF gy o AB(/)n
Similarly, define the following operator
AMFEAF - FoA.
For the functions 6, ¥ and the maps %, § define the following operators:
LOY)E ANy, LF9EAPF— Ay

We introduce the notation for the following sums:
A def o
~ € —(i ~
Zﬂ’” - ZA DD,
S DIEE
n ’

i=—00

ZAA def Z A= (,_H)A

i=—00
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Here A is used to denote the dual action A* induced on ZV by a toral automor-
phism given by an integer matrix A (Section 3.1). ¢, are Fourier coefficients
of a C* function ¢. The corresponding notation will be used for B instead
of A and u instead of A, where y and A are corresponding eigenvalues of A
and B. We will also sometimes abbreviate the following notation as follows:

Z def Z_X_:OO Z def Z and Z def ZZ_X—E::

(8) In what follows, C will denote any constant that depends only on the given
linear action « with chosen ergodic generators and on the dimension of the
torus. Cy,y -, .. will denote any constant that in addition to the above depends
also on parameters x, y, z, . ...

(9) Let f bea C ° function f =), faen. Then
W11, E Sup|fn||”|a a>0.

def J def

(i) D; = 5. D = DpH D DIV k=N kik = (ky, k),

I lcr € max sup  |D¥fx|, reNy.
O<I<r (xeTN |k|=I}

(iii) The following relations hold (see, for example, Section 3.1 of [10]):

Ifl- =Clifllcr and [ fllcr = Gl fll4o

where 0 > N + 1, and r € Ny. In particular, one may takec = N + 14§

with a small § > 0.

def

(iv) For a map & with coordinate functions f; (i =1,..., k) define |||,

max <; <k || filla. For two maps & and % define || % ,&@lla = max{||9?||a, 6l }-
|F|lcr and |F, G| cr are defined similarly.

(v) Note. Instead of norms || - || and || - ||c~ one can use Sobolev norms
I - || s for which the relation to Fourier coefficients is immediate:

1
1fllas = (D0 + 1 fal?)
nez
Then Sobolev embedding theorem would imply comparison with C” norms
with loss of 0 = N/2. However, the explicit calculations are simpler with
norms || - |4, and, at the expense of somewhat better estimates with Sobolev
norms, we choose to use || - || norms in order to keep the calculations more
transparent.

(10) If B is a cocycle (or a twisted cocycle) over a higher rank Zk, k > 2 action «
with generators (g1, ) and « (g2, -), then we define the C” norm of 8 by

IBllcr :==11B(g1.-), B(g2.)llcr-
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4.2. Twisted coboundary equation over an ergodic toral automorphism. In
what follows we make frequent use of the following lemma in which arithmetic
properties of ergodic toral automorphisms play the main role. In the subsequent
section we prove its generalization to higher rank actions by toral automorphisms.

LEMMA 4.1 (Katznelson, [26]). Let A be an N x N matrix with integer coef-
ficients. Assume that RN splits as RN =V @ V' with V and V' invariant under A
and such that A|y and Aly: have no common eigenvalues. If V N ZN = {0}, then
there exists a constant y such that d(n, V) > y|n|™N foralln € ZV where | - | is
Euclidean norm and d is Euclidean distance.

Remark 4. This can be viewed as a version of the Liouville’s theorem about ra-
tional approximation of algebraic irrationals; i.e., |o — %| > Cn~N for any nonzero
integers m and n, where « is an irrational first-order root of an integer polynomial
of degree N. The proof of this classical result inspires the proof of Lemma 4.1
in [26] which we summarize here since it gives some insight on arithmetic vs.
dynamical properties of toral automorphisms.

Proof. Any polynomial p sufficiently close to the minimal polynomial f of
A on V satisfies the condition p(A)n # 0 for all n € ZN ,n # 0, because its null
space is contained in V and V N ZN = {0} by assumption. Then one can construct
a polynomial fp with rational coefficients of that kind. The choice is made as
laj —rj/q| < i, where a; are coefficients of f, r;/q coefficients of fp and
g < OF. Since A is an integer matrix we have || fo(A)n| > Cl] for any nonzero #.
Now if ny is the projection of n to V, then

fo(An = fo(A)(n—ny)+ (fo(A)— f(A))ny.
This implies é <Cdn,V)+ %). Then by choosing Q = C||n||, where C is a
constant depending on A4, the estimate follows:
1 1
dn,V)> — > ——> Cqlln & > cyln|™N
0. V) > 5oz g > QT = Call
with C; being a positive constant depending only on A. O

Remark 5. In particular, if A is ergodic and V = V3 @ V, from (4.1), then
¥V NZN = {0}. Then the above lemma implies for n € ZV:

i)l = ) =Y,
where 71 (n) is the projection of n to V7, the expanding subspace for A.

Obstructions to solving a one-cohomology equation over a hyperbolic toral au-
tomorphism in C® category are sums of Fourier coefficients of the given function
along a dual orbit of the automorphism. Equivalently, obstructions are sums along
the periodic orbits of the automorphism. This is the content of the LivSic theorem
for hyperbolic toral automorphisms. The same characterization holds however for
ergodic toral automorphisms as well, due to the estimate in Lemma 4.1. This is
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due to Veech [35]. Even though the LivSic theorem generalizes to Anosov dif-
feomorphisms, for partially hyperbolic non-Anosov diffeomorphisms, it is a rare
occurrence that such description of obstructions is possible.

We first obtain a solution to a twisted one-cohomology equation with estimates
for the norm of the solution. The proof below follows closely the proof of Veech
for the untwisted case [35].

LEMMA 4.2. Let 6 be a C®° function on the torus and A € C, A # 1. Let A be
an integer matrix in GL(N, Z) defining an ergodic automorphism of TN such that
for all nonzero n € ZN | the following sums along the dual orbits are zero, i.e.,

~ +w . ~
(4.3) =Y A70tDo, =o.
i=—00

Then the equation
4.4) Aw—woA=20

has a C* solution w, and the following estimate:
C
(4.5) lolla-s = 55101

holds for § > 0,v=aN + 1, and a > %. Here p > 1 is the expansion rate for
A from (4.2). Thus forr >0

(4.6) loller < Crll0llcrvo.
where o is an integer greater than max{N + 1, g Al llggl:} I 1

Proof. Suppose w is a C * solution to (4.4) and let &, and §,, denote Fourier
coefficients of w and 6. Then the equation Aw —w o A = 6 in the dual space has
the form

Ay — Dan = Op, V¥neZVN.

For n =0, since A # 1, we can immediately calculate & = AGTOI. For n # 0 the
dual equation has two solutions

+ . ~
i>0

i=—1

Each sum converges absolutely since 6 is C°° and all nonzero integer vectors

have nontrivial projections to expanding and contracting subspaces for A due to

An ~
the ergodicity assumption on A. By assumption }_ 6, =0,Vn #0, i.e., &, =

A~ def A~ . . ~ A~ .
®,, = @y. This gives a formal solution @ = E ofen = E ,, ep. We estimate

each @, using both of its forms in order to show that w is C°.



LOCAL RIGIDITY OF ACTIONS ON THE TORUS 1825

If n is mostly contracting, i.e., if n=>3(A), then we may use the &, form for
the solution to obtain the following bound on the n-th Fourier coefficient:

(Bl = | D ATEDG 0, | < A TED G|

k<0 k=<0
_ —a _ —a
<1600, D IATEDAER T <0, > AT E D A s ()|
k<0 k<0
<61,C7* Y AT D 0¥ 3 () |7 < CallOlgln| ™
k<0

log |A|

where a > ?fgp

Similarly, if n<>1(A), using the form @, = @, , then the estimate |@y| <

CallllIn| ™ holds, if a > 222

If n<>2(A) and |A| > 1, using the form @, of the solution, then it follows
that

~ _ —a
(4.7) (@] < 6], Y [AEFD ] AFn]
k>0
<101,C7 Y IATEED A+ )N o ()| 7.
k>0

However, the above sum need not converge. This is where we use again the fact
that A is ergodic. Namely, according to the remark following Lemma 4.1 no integer
vector can stay mostly in the neutral direction for too long. After the time which
is approximately In |n| the expanding direction takes over. More precisely, from
Lemma 4.1 it follows that |71 (n)| > y|n|_N for some y and all n. Therefore

|4 n| > | A%z ()| = Co¥ i (m)|| = yCp¥n|™N > yCp*Fo|n|

for k > k¢ and k, = [%] 4+ 1. This fact can be used to estimate all but
finitely many terms of the series in (4.7). For the rest the polynomial estimate
in (4.2) for vectors in V, holds. Hence

ko—1
1@n| < 1101la D IAITEFD k[N ()
k=0
o0
+ Cl10]lg Y A7 EED pratemko) | ma,
k=ko

Thus using that n<—>2(A) and |A| > 1 we have

|Dn] < C10]lalkolN* T n|™% + C10]aln| ™.
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Now by choice of kg, kg ~ log |n|. This implies the following estimate:
|@n| < Ca(log [n)"™* ™ [n]~*[61l,.

For |A| < 1 the same estimate follows using the second form for @y, i.e., the
negative sum and the fact that A~! is also an ergodic toral automorphism thus
going backwards in time, the contracting direction takes over; that is, we use the
Lemma 4.1 for A~!. Therefore for all n € Z"V we have

R _ C
|@n 0|90 < =2

=%
% and & > 0. This implies the estimate (4.5) for ||w||,—s. The estimate
for C” norms follows immediately using the norm comparison from Section 4.1.

In particular if 6 is C°°, then w is also C*°. O

161l

for a >

4.3. Orbit growth for the dual action. In this section the crucial estimates for
the exponential growth along individual orbits of the dual action are obtained. They
may be viewed as a generalization of Lemma 4.1 to higher rank actions by toral
automorphisms. The implications of the growth estimates to certain estimates of
the C” norms of specifically defined functions are immediate and are formulated
and proved in Lemma 4.3.

The existence of such estimates in case of Z¢ actions with d > 2 relies fun-
damentally on the higher rank assumption.

LEMMA 4.3. Let o be a Z% action by ergodic automorphisms of TV. Then
there exist constants T > 0 and C > 0 depending on the action only, such that
a) For every integer vector n € ZN and for all k € 74,

¥ n| > C exp{zllk|}n| ™.

b) For any C function ¢ on the torus, any nonzero n € ZV and any vector
y e R4 the following sums:

Sk(p.n) = Z yk@xkn’
keK

where yk & szzl ylk I, converge absolutely for any K C 74.

¢) Assume in addition to the assumptions in b) that for an n € ZV and for
every k € K = K(n) C Z% we have P(||k||)|a*n| > |n| where P is a polynomial
of degree N. Then

8 1Sk (9.1)| < Cayllgllaln] @+

def d
foranya >y o = N;rl 2 i=1|log|yill.

d) If the assumptions of c) are satisfied for every n € ZN , then the function

def
S@)E Y Sk (p.n)en

nezN
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is a C®° function if  is. Moreover, the following norm comparison holds:

4.9) 1S@lcr = Crylelicrto,
forr >0andany o > N + 2+ [ky q].

Proof of a). When d = 1, i.e., the action is given by a single ergodic toral
automorphism, then the inequality a) is an immediate consequence of Lemma 4.1.

When d > 2, we first notice that it is enough to obtain the constant t and to
show the exponential estimate in a) in the semisimple case, i.e., when the action is
generated by matrices Ay, ..., Ay which are simultaneously diagonalizable over C.
If the action is not semisimple, only polynomial growth may occur in addition, thus
the same estimate holds with slightly smaller t and with possibly larger C (for more
details see [18]).

Here we give the proof in the case when the action is irreducible, which shows
the main idea, but is technically simpler and we refer to [18] for the proof in the
general case.

In the case when the action is irreducible, we may project a nontrivial n € ZV
to the Lyapunov directions corresponding to nonzero Lyapunov exponents of the
action. Lyapunov exponents are defined as

d
xitk) =" kjIn A,
j=1

where k = (k1,...,.kg) e7%i=1,...,r, and Ay, ..., A,; are the eigenvalues of
Aj for j =1,...,d. Individual Lyapunov directions are irrational, and, due to the
irreducibility assumption, each of the projections of the vector n to the Lyapunov
directions is nontrivial. Thus one may apply Lemma 4.1 to each of these projections
and choose 7 as the minimum of the function f(¢) := max; y;(¢) for ¢ on the unit
sphere in R?. Let us assume that the minimal value 7 of the function f on the unit
sphere is achieved at some point ¢9.

Claim. T > 0.

Proof of the claim. If T <0 then forall i = 1,...,r we have y;(t°) < 0.
Since Y ;_; xi(¢) = 0 for all 7, it follows that y; () =0foralli=1,....,r
and consequently T = 0. Since % is a point on the unit circle in particular it
is not zero, this implies existence of a line / in R? such that for all points on /
all Lyapunov functionals take value zero. It is a result of Kronecker [27] which
states that an integer matrix with all eigenvalues on the unit circle has to have
all eigenvalues roots of unity. The line / then cannot contain any integer vectors
k € 7% because of the ergodicity of all the nontrivial elements o* of the action.
Thus there are lattice points arbitrary close to /, in other words, there is a sequence
ki = (ki,... ,kcjl) € 79 such that o/ is a sequence of integer matrices whose
eigenvalues all tend to 1 in absolute value as j — oco. At this point we may use any
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of the improvements of the Kronecker’s result, for example [2], which implies that
for a fixed dimension N of the torus, there exists a number b(/N) > 1 such that any
integer matrix on T/ with all eigenvalues in absolute value less than b(N), has all
eigenvalues roots of unity. Thus we conclude that for some j > 0 the eigenvalues
of ¥/ are roots of unity, which again contradicts the assumption on ergodicity of
all elements of the action. Therefore, 7 is strictly positive.

Note. The constant t as defined above depends on the action. However by [2]
it is possible to choose 7 independently of the action as 7 = log(1 + m)
where N is the dimension of the torus.

Now that we have t > 0, we proceed by using the following norm:

.
lleFnlly =" lInill exp xi (k).

i=1

where n; are projections of n to the corresponding Lyapunov directions. By apply-
ing Lemma 4.1, we obtain the needed estimate

j@¥n| = Clla*n|, = C exp{z|[k [} min in; ]| = C exp{e|k[l}In] .

Proof of b). The claim in b) follows from the estimate in a) and the fast decay
of Fourier coefficients:

1Sk| < llella D Iy[Fle®n™ < Callpllaln|¥® Y (ly[ekemam) Ikl
kekK kekK

. g 1 ;
The last sum clearly converges providing a > max;—; . g4 “’g—rly’”, and for a C*°
function ¢ we can choose a as large as needed.

Proof of c). Here we use the norm where ||k| = max;<;<g4 |k;| for k =
(ki,....kg) € Z%. Let us choose an appropriate ko € N in order to split the sum
Sk (¢, n) into two sums: the finite one with ||k || < ko where the polynomial esti-
mate for | n| can be used, and the infinite one for ||k || > ko where the exponential
estimate obtained in a) prevails. The estimate in a) allows us to locate kg so that it
is not very large. Namely, as in Lemma 4.2 we have

ok n| > Cy exp{e|k|}|n]~N
> Cy exp{t(|[k| —ko)} exp{rko}|n|™
> C exp{t(|[k]| —ko)}In|

N+1

= log|n|.

N+1
T

providing ||k || > ko >
After choosing kg = [

log|n|] 4+ 1, we split the sum Sk as follows:

Sk (@.n) = Sk|<ko (@ 1) + S|k |>ko (@, ).
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To estimate the first sum we use the polynomial estimate for k € K(n):

Sikl<ko@ M =<Cllella > Iy* Pk ™
{keK:|k|<ko}
d
<Cligllak§ T | max{]yil. |yi|~}¥okgeN n|~
i=1

d(1 N —
<Cyllg akd AN | —ater

<Callplla(log [n|)HalN) |y et

<& —a+k1+6

=5
for any 6 > 0 and any a > k1 = @ Zflzl |log |yi||. The constant v =v(N, d, a)
depends only on the dimension of the torus, rank of the action, and a. For the
second sum we use the exponential estimate obtained in a):

Siklzko(@- W < Cligla > [y[Flakn™

lellalnl

{keK:|lkl=ko}
d i—d
- ki ,—at(lk;|—k ki —atlk;
<Clplan Y Y etk T (et
i=1{keK:lk;|>ko} i#j=1

d
< Cllgllaln|™ Y Ca,ymax{]y;|. |yi| "' }*0
i=1

< Cayll¢llaln| ="

for any a > kp = N:I max;<j<q |log|yill.

By combining the estimates obtained above we have

|@lla |~

|SK((pv n)| = Ca,y

def
for any a > ky = N;LI Z?:l |log |yill-

Proof of d). If for every n the set K(n) is chosen to satisfy the assumptions
of c¢) then the estimate (4.8) clearly implies

I1S(@)la—rxy.o < Caylela

which has as a consequence the C” estimate (4.9) with the loss of N 42 + [ky 4]
derivatives. O

4.4. Higher rank trick: solution to a twisted coboundary equation over a
higher rank action by toral automorphisms. If A and B commute and there exists
a solution to (3.12), then it is immediate that L(R4, Rg) := ABR4 — A4Rp =0.
In this section we show that if every nontrivial A’ B¥ is ergodic then the condition
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L(R4, Rp) = 0 is not only necessary but is also sufficient for the existence of a
solution to (3.12). This argument is essentially the argument used in [23] adapted to
the twisted and not necessarily semisimple situation. After showing the vanishing
of obstructions, the tame estimates for the common solution of (3.12) follow from
Lemma 4.2.

LEMMA 4.4. If L(R4, Rp) = 0 (where R4, Rp are C° maps described in
Section 3.3, see (3.5) and (3.13)), then the equations (3.12)

AQ =Ry, ABQ=Rp
have a common C*° solution satisfying
(410) ||Q||Cr fcr”RA,RB”CI‘—i-U,

for any r > 0 and 0 > My = max{N + 2, [mo(A4, B)]}, where mo(A, B) is a
positive constant defined explicitly in (4.27) below, depending on the eigenvalues
of A and B.

Proof. (i) The semisimple case. Assume that A and B are simultaneously
diagonalizable. Then the equations L(R4, Rp) = 0 and (3.12) split into finitely
many equations of the form

4.11) LB, y)=A*0— Ay =0
and
(4.12) NMo=6, ANo=y,

where 6 and i are C*° functions and A and u are corresponding eigenvalues of A
and B, respectively.

The assumption L (6, ) = 0 implies A0 = Ay, which after passing to the
dual action implies

B ~ B ~
D (A0 = (M)
A ~ A A
D AR =D T (AM6,).
Consider now the first equation above. Since all the sums involved converge abso-

lutely we have

B ~

> (M) =o.
Using Lemma 4.3 b), this implies that the obstruction for 1 is not only multiplied
by @ under the action of B, but is also multiplied by A under the action of A4, i.e.,

B~ B~
AD> Wn =) VY4n. By iterating this equation we obtain

Ak ZB(#\H = ZB‘ZAI"W

which implies
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for every k € Z. Therefore

(4.13) SR =35

kez kez

The series in the left-hand side of (4.13) does not converge unless Y | BvAfn = 0 while
the right-hand side of (4.13) converges absolutely by Lemma 4.3 b). Therefore
3 %0 =0, for all n # 0. Similarly "8, = 0, for all 7 # 0.

By Lemma 4.2, the formal solutions of each equation in (4.12) are C°° func-
tions. Moreover, they coincide. Indeed, if @ solves the second equation, i.e.,
Alw = 1, then

A At = Aty = AR,
Since operators A* and A* commute this implies

AM(A*w —0) = 0.

As in Lemma 3.2 the ergodicity of A and B implies that A* and A% are injective
operators on C*°. Therefore A*w =0, i.e., o solves the first equation as well.

(ii) The general case. If A and B are not simultaneously diagonalizable then
choose a basis in which A has its Jordan normal form. Since A and B commute any
root space for A is B invariant. Therefore, in this basis B has a block diagonal form.
Let J4 = (a;;) be an m x m matrix which consists of blocks of A corresponding to

the eigenvalue A;i.e., leta;; =Aforalli =1,...,mand a; ;41 = *; € {0, 1} for
alli =1,...,m—1. Let Jp = (b;;) be the corresponding block of B where b;; = 1
foralli =1,...,m (u is an eigenvalue of B) and b;; =0 forallm >i > j > 1.

Then because of the fact that A and B commute, by simply comparing coefficients,
it is easy to obtain the following relation which the coefficients of A and B must
satisfy

(4.14) *i b = *kb11,i+1

for any fixed k between 1 and m — 1 and foralli =k +1,...,m—1.
For any such pair of blocks J4 and Jp the equations (3.12) split into equations
of the form

(4.15) JiQ-QoA=0
JgQ—QoB =1V

and the condition L(Ry4, Rp) = 0 splits as

(4.16) Jg® —0Q®oB =J4¥—-—WVoA.
Let the coordinate functions of ® and W be 6; and ¥; (i = 1,...,m), respectively.
Then we look for functions w; (i = 1,...,m) which solve the equations above and

whose norm can be compared to the norm of ® and W.
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Since Jy and Jp are upper diagonal, it is easy to obtain wj,. Namely, from (4.16)
we have that 6, and v, satisfy the condition L(0y,, Ym) = A*60,, — Akwm =0.
Therefore, using part (i), there exist w,, which solves simultaneously the last of m
pairs of equations in (4.15), namely the equations Ao = 0, and At wy, = Ym.
Moreover, the estimate

C C
@17 lomlla—s = o 10 Vmlla < 5o 10, Wl
[log [A[] |log|ull

follows from Lemma 4.2 for ¢ > max{ Togp * Togn } where p and 71 are growth
rates in the hyperbolic direction corresponding to A and B, respectively. Now the
(m — 1)-st pair of equations in (4.15) is

(4.18) A Om—1 + *m—10m = Om—1

A 0m—1 + bm—1mOm = VYm—1,
while the cocycle condition for 6,,—; and ¥,,—; from (4.16) is
(4.19) A1+ bm—1m = A Ym—1 + *m—1¥m—1.
By substituting 6,, = Atwp, and ¥, = At w,, into (4.19), we obtain that
L(Om-1 = *m—10m, Ym—1 — bm—1,mom) =0,

where the norm of both functions, on which the operator L acts, due to the esti-
mate (4.17), can be bounded by the norm of ® and W with a small loss. Now we
may use the part (i) again to conclude that there exists some w;,;,—1 solving the
system (4.18) and such that the following estimate holds:

C,
(4.20) lwm—1lla—s < 871 10, Wll,.

Now we proceed by induction. Fix k between 1 and m — 2 and assume that for
all i > k, we have obtained a solution w; with the appropriate estimate, i.e., for
everyi =k +1,...,m we have a C* function w; which solves the i-th pair of
equations of (4.15):

4.21) A w; + *iwip1 = 6;
m
Altw; + Z bijwop = ¥i
I=i+1

and that the following estimates hold:

(4.22) [lwi 19, ¥],.

a
la—m—i+1)s = Sty
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We wish to find wy that solves the k-th pair of equations in (4.15):

(4.23) Aoy + spwp 1 = O

m
Atog+ Y briwj =Y.
i=k+1

providing that the k-th equation in (4.16) is satisfied by 6; and ¥; i.e.,

m
(4.24) A+ > by = Ay + * Y.
i=k+1
Now we use the fact that all the subsequent pairs of equations are solved;
i.e., we substitute all §; fori =k +1,...,m and the Y into (4.24) using their
expression as in (4.21). This implies

m
MO+ Y (i D wi + xibgiwi41)
i=k+1 m
= A+ xp AP og gy + Z D4 1,i+1®i+1-
i=k+1
Since A and B commute, we can use the equations (4.14) for the coefficients and
the linearity of operators A* and A* to simplify the above expression to

m
N N S )|

i=k+1

Thus the functions 6 — *gwg+1 and Y — > 1oy 11 briw; satisfy the solvability
condition L (O — *;®g+1, ¥k — er‘n=k+1 briwi) = 0, they are C*° and therefore
we may use the part (i) again to conclude that the pair of equations (4.23) has a
common C *° solution wg. As a consequence of assumptions (4.22) this solution
satisfies the estimate

C
(4.25) |k la—n—k+1)8 = Sz 10+ Pla-

Since k is an arbitrary integer between 1 and m — 1 it follows that there exists
a solution €2 to (4.15) providing that the condition (4.16) is satisfied. This can be
repeated for all corresponding blocks of A and B. Since the maximal size of a
Jordan block is bounded by N, we obtain the following estimate for the norm of
the C® solution €2 of the system A4Q = Ry, ABQ = Rp:

C
“|IR4. Rpll,-

(4.26) 1R0la-ns < 53

Here, a is any number satisfying a > mo = mo(4, B), and

|log|A;il| |log|will
logp ~ logn,

“4.27) mo(A, B) def max max
l
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where the first maximum is taken over all pairs of eigenvalues A;, u; of A and
B, respectively. Of course, the constant C, has been changing throughout the
procedure. It only depends on the matrices A and B and the dimension N of the
torus, besides a.

As before, by fixing § and using the norm comparison, this implies the esti-
mate (4.10) for C" norm as well, with the loss of max{N + 2, [mo(A, B)]} deriva-
tives. O

4.5. Construction of projections. As before, let o denote the linear action
generated by A and B. Given smooth functions 6, ¥ and ¢, which satisfy the
equation L (60, v¥) = ¢, we construct a tame solution for the same equation, namely
we construct C* functions €6 and €y such that L(€60,€y) = ¢ and such that
their norms are bounded by norms of ¢ with fixed loss of regularity. The tame
estimates are obtained by using the growth estimates for the orbits of the dual
action from Section 4.3.

Applying Lemma 4.5 inductively, Lemma 4.6 gives a tame solution for the
equation L(€0,¥WV) = ® given that L(®, V) = ® for some C*° maps ®, ¥,
on the torus.

The operator L is linear thus in the set-up of Section 3.3, the maps PRy :=
Rg4—€R4 and PRp := Rp —€Rp are C > maps of the same order as R, so that
the pair (P R4, P Rp) is a projection of (R4, Rp) to the space of pairs of maps
which induce o twisted cocycles over «. In other words, the projections satisfy
L(PR4,PRp) = 0 and are of the same order as R4 and Rp. The appropriate
estimates are contained in Lemmas 4.5 and 4.6.

Remark. Even though we use the same letter % to denote projections of both maps
R4 and Rp we note that the construction for ? R4 and P Rp is not the same for
both maps. So in this context % should be viewed as a projection of the pair
(R4, Rp) into the space of pairs which generate « twisted cocycle over the linear
action «.

The construction of projections gives an approximate solution to the linearized
equation (3.4). Namely, since L(P Ry, PRp) = 0, Lemma 4.4 implies that there
exists a common smooth solution to the equations AAQ =PR yand ABQ =PRp
which is of the same order as (R4, Rp). Then € is an approximate solution
of (3.12) because the error is of the order of (€ R4, € Rp) which is of the order
of L(R4, Rp), and this is small with respect to (R4, Rp) as demonstrated in
Lemma 4.7. This estimate for the error is then used in Section 5 as a base for
KAM iteration.

To give some intuition behind the construction of projections we recall first
that from Lemma 4.4 the kernel of the operator L coincides with the space of
twisted coboundaries, so the obstructions in the dual space described in Lemma 4.2
all vanish for any pair of maps in the kernel of L. Thus to construct projection
to the kernel of L we simply subtract the obstructions (the part we subtract is
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(€0, €y ) and the rest (6, Py ) is in the kernel of L). The obstructions are defined
on dual orbits of B (or A) and are invariant under B (or A), so we have some
freedom in choosing the projection in such a way that the estimates are optimal.
To construct (€6, €y) we concentrate the obstruction on each dual orbit for one
of the generators, say B, on a single point of the dual orbit and we choose this
point so that it has large expanding and large contracting components with respect
to the action of B. Then the needed comparison that € projection is of the same
order as L(#, ) comes from the fact that obstructions of i along the dual orbit
of B are comparable to the sum of Fourier coefficients of L(6, ¥) along the two-
dimensional dual orbit of the action generated by A and B. This is where the
estimates for the growth along the dual orbits of the full Z? action generated by
A and B from Lemma 4.3, as well as the assumption that all nontrivial A% B! are
ergodic, play the crucial role.

LEMMA 4.5. Let 0, yr, and ¢ be C functions such that L(0,y) = A" —
A)H// = @, then it is possible to split 0 and V as

0 =P0—¢0

v =Py +EY
so that L(%0,Py) =0, L(€0,€y) = ¢ and the following estimates hold:
(4.28) €6, €y llcr < Cllellcr+o

forany r > 0 and any o > MA,M and
(4.29) 126. 2y llcr < Cl10. ¥ licr+o

forany r > 0 and any o > M)L,u- As A and  are eigenvalues of A and B, constants

M A, and M . depend only on A, B and the dimension of the torus and are
precisely defined below (see (4.37) and (4.44)).

Proof. (i) Construction of 0, Py, €60 and €. Letus call n € 7? minimal
and denote it by nyy if 72 is the lowest point on its B orbit in the sense that n<—3(B)
and Bn—1, 2(B) (for the definition of “—", see Section 4.1). There is one such
minimal point on each nontrivial dual B orbit, we choose one on each dual B orbit
and denote it by 7.

Now let €y o > EYnen where

B A~
(4.30) Cy, I H 2 Yn. N =Nmin,

0, otherwise
~—— def def A~
forn #0and €yp = 0. Let w = )_ &pe, where

~ def Zi{l’\n’ n—1,2(B)
~3"Yn. n=>3(B)

a)n—
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forn € ZN \ {0} and @ = (u—1)"¥o. Let

4.31) Py AL = pw—woB.

Then it is easy to check that
Y =Py 4+ €Y.
In (ii) and (iii) below we will show that both % and €y are smooth functions
such that % is of the order of ¥, and €y is the order of ¢.
Let us define %0 as
(4.32) 70 < Ato

Then L(®6, %) = 0 since operators A* and A#* commute due to the commuta-
tivity of the generators A and B. Therefore, by defining €6 as
def

(4.33) €0 =0 —P0,
we obtain L(€60,€y) = ¢;i.e.,
(4.34) APE0 = AEy + 0.

Since operators A# and A* are bounded, if €y is proved to be smooth with
norm comparable to some norm of ¢, then by Lemma 4.2 the same holds true for
€0 as a solution of equation (4.34). (The operator A* is injective on C*° whenever
u # 1. This fact is contained in the proof of the Lemma 3.2 and is a consequence
of the ergodicity of B.)

(ii) Estimates for 0 and Pr. The following estimate follows from the defi-
nition of w in (i) and is obtained as in the proof of Lemma 4.2:

C
(4.35) lolla—s—c.5 = 50 1Vl
for any a > k;, g and any § > 0, where
def N +1
(4.36) K8 = 1 10g |-
0ogn

The extra loss of k;, g appears here because the obstructions ZB 1} do not
vanish and |u| may be different than 1, just as in the proof of Lemma 4.3, parts
b) and c). Here, n > 1 is the constant coming from the exponential growth in the
hyperbolic direction for B (as p is for A in (4.2)). Since operators A* and A* are
bounded in any || - ||, norm, this also implies the following estimate for v and %6:

C
199900515 < 55 1Vl

which, in particular, implies the corresponding estimate (4.29) for C” norms for
P and PO with the loss of

(4.37) My €N +2+ [k, 5]

derivatives.
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(iii) Estimates for €y and 60. To estimate €y we need to bound ) _ B3, in

case n<>3(B) and Bn—>1, 2(B) with respect to ¢. Since A*0 = A*y + ¢, the
obstructions for Akw + ¢ with respect to B vanish; therefore

AA ZB&n = —ZB@;-

Iterating this equation with respect to A we obtain

l
3+ 37 tim S A == 33
i=0

From Lemma 4.3 b) the limit above is 0. By iterating backwards and applying the
same reasoning, we obtain

(438) S =" ==

In the notation of Lemma 4.3 c), (4.38) implies that for n € 7" which is minimal
on its B orbit, we have

En = Sy+(9.n) = —Sg—(p,n),

where H 7T is the set of lattice points (/, k) in Z? with positive [ and H ~ the set of
points with negative /. Then according to Lemma 4.3 d), the needed estimate for
€y with respect to ¢ follows if in at least one of the half-spaces H~ and H T the
dual action satisfies some polynomial lower bound for every n = nyip.

In case Bn—2(B) for all [ and all k we obviously have

(4.39) 1A' B*n| > |17V k|7 |n|;

thus the polynomial estimate needed for the application of part ¢) of Lemma 4.3 is
satisfied both in H T and H ™ for such n.

However in the other case, i.e., when Bn<1(B), the same estimate holds
either in H+ or in H~. This follows from the fact that in this case (n<>3(B) and
Bn<—1(B)), n is substantially large both in the expanding and in the contracting
direction for B.

To see this we let n;; and n;; be (large) projections of n to some expanding
and contracting Lyapunov subspaces V;, and V;, for B with Lyapunov exponents
Xi; and x;,, respectively; i.e., let

il = Clnl  and — ni || = Clnl.
where C is some fixed positive number. Then (assuming for the moment that « is

semisimple) this implies

.
(4.40) |A"B¥n| = C ) " exp i (1. k)||ni |
i=1

= Clexp xiy (L k) +exp yiy (1. k) n].
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Now we notice that the union H of half-spaces {(/, k) : y;, (/,k) >0} and {(/, k) :

xis(I, k) > 0} covers either H or H™. Namely, for any k € Z, (I,k) is in H if
log|Ai; | 108|Ai3|) . i

( Togliir, |~ Toglrii.] > 0 and this is true for [ > 0 or for / < 0 depending on the

(IOgllill _ log|Ais|

logl/’bi1| 10g|Mi3|

of A and B, respectively. Therefore, from (4.40) we obtain

). Here A5, A;, and w5, i, are corresponding eigenvalues

|A' Bkn| > C|n|

in H* or in H™ if « is semisimple. If « is not semisimple, then it decomposes
a product of its semisimple and its unipotent part. For the semisimple part we
use the estimate above and in the unipotent part only a polynomial growth may
occur. This implies that (4.39) holds in H ™ orin H~ for a general (not necessarily
semisimple) «.

Now choose the half-space in which the estimate (4.39) holds, that is choose
one of the sums Sg+ (¢, n) or Sg— (¢, n). Then the assumptions of d) in Lemma
4.3 are satisfied for one of the sums above Sg+ or Sy— and therefore the estimate
for €y follows:

C
(4.41) 18V las—c1 1.0 = 55 19lla
for any a > «(;, ), and any § > 0, where
def N +1
(4.42) K. = —— (Hog ][ + [1og |A[]).

Here, 7 = t(A, B) > 0 is the constant chosen as in the Lemma 4.3 a).
As we mentioned in part (i), by construction we have A*€0 = A*€y + ¢.
This by using Lemma 4.2 implies the following estimate for €6 with respect to ¢:

C
(4.43) €0l a—8—rcr py.0 = 8—f||<p||a

for any a > k(3 )« and any § > 0. This implies the C” estimate (4.28) for €/
and €6 with the loss o > Z\ZA,M, where

~  def
(4.44) M = N +2+ k(i u.al
where k(j, ), 18 defined in (4.42). U

LEMMA 4.6. For two C* maps R4 and Rp with L(R4, Rp) = ©, there
exists a splitting
R4=PR4+ERy
Rp =%PRp +¢éRp
such that
L(PR4,PRp) =0, L(éR4,€Rp) =
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(4.45) |IPR4, PREB|cr < Cr”RA’RB“CV""U
(4.46) [€R4.€RBllcr < Cr||®Pllcr+o

foranyr >0and o > M = M(A, B, N), where constant M depends only on the
dimension of the torus and the linear action and is defined below (see (4.60)).

Proof. If A and B are semisimple, then the statement follows directly from
Lemma 4.5 as the condition L(R4, Rp) = @ splits into finitely many equations of
the type

MG — Ay =g,

where 6, Y, and ¢ are C* functions.

Now assume that A and B are not simultaneously diagonalizable and choose
a basis in which A is in its Jordan normal form with some nontrivial Jordan blocks.
Then in the same basis B has block diagonal form and as in Lemma 4.4 we can
take m x m blocks J4 and Jp corresponding to eigenvalues A and u of 4 and B,
respectively, and split L(Ry4, Rp) = ® into equations

(4.47) JgO—OoB—J,¥U+Wod=ad,

where, as in Lemma 4.4, we take J4 = (a;;) to be an m xm matrix which consists of
blocks of A corresponding to the eigenvalue A, i.e.,a;; = A foralli =1,...,m and
aiji+1=x%; €{0,1} foralli =1,...,m—1and Jg = (b;;) to be the corresponding
block of B where b;; = p foralli = 1,...,m (u is an eigenvalue of B) and
bjj =0forallm >i > j > 1. Equation (4.47) splits into m equations. For every

k =1,...,m we have the following equation which we call (EQ):
m
(4.48) (A“Qk + Y by 91‘) — (MM + % Vkr1) = @k
i=k+1

where 6;, ¥;, and ¢; are coordinate functions of ®, ¥, and ®, respectively, in the
basis in which 4 is in its Jordan normal form. In the special case when ¢ = 0,
then we denote equation (4.48) by (E Q),‘g. Clearly, for k = m the equation (EQ),
is simply

A Gy, — AAWm = ®m,
which by Lemma 4.5 implies the existence of the splitting

(4.49) O = PO + €O = A0 + €O
Ym = Q)Wm +%Wm = Aul(l)m +%Wm’

where wp,, €0, €Vm, Pl = A*w,,, and P = APw,, are C*° functions
satisfying the estimates:
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C
(4.50) 186, €Ymlla—s+) = 55 1 Pla
C
lomlla—(s+1) = 8_“’1 19, ¥,

< Ga

= 5o 0. ¥,

120m, PYm || a—(544)

where we let k & max{K(x .),a-Ku,B} (see the proof of Lemma 4.5, (4.42), (4.36)).
Now we proceed by induction. Fix k between 1 and m — 1 and assume that
foralli =k +1,...,m we already have the splitting
(4.51) 0; = PO; +€6; = Aw; +€6;,
Vi =Pyi +€yYi = Ao + €y,
where w;, P0; = A w;, PyY; = Atw;, €0; and €y; are C*° functions satisfying
the following estimates:

C
(4.52) 1€6:, €Wi lla—im—i+1)6+0) = m 1Pllg-

C
i [l g—n—i+1)G+10) = 8(m—++l)v 1©,¥],,

C
190, PYilla—(m—i+1)$+0) = 5(m++1)u 18, Pl

and such that 6; and P; satisfy the equation (£ Q)l(.) (4.48).

By substituting from (4.51) the expressions for ¢; and v; for all i = k +
1,...,m into (4.48), we obtain
(4.53)

m m
AR (O — #op1) — A (e — D brioi) = ok — xkE Yk — . bii60;.
i=k+1 i=k+1

Then using Lemma 4.5 again we can obtain wy, €6 and €y such that

(4.54) O — * kw41 = Aoy + €0

m
Vi— Y brioi = Aoy + €Yy

i=k+1
with estimates for €6 and € following from (4.52) and (4.53):
Ca
(4.55) €0k, €Ykl a—m—rk+1)E+1) = Ry [®]l4

0% lla—m—k+1)6+1) = é,(m_TaJrl)v 10, ¥l

C
120k s PVl a—m—k +1) (5 +1) = é’(m—++1)v 1©,¥],,
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where we define P60y and Py, as
(4.56) PO = Mg + % 0r 41,

m
PO, = A)ka + Z briwi.
i=k+1

Now checking that ?6;, and Py are “good”, i.e., that they satisfy the equation
(E Q)g, is easily done just by substitution. At this point however one has to use
the coefficients relations (4.14) which were derived in Lemma 4.4 from the fact
that A and B commute.

Since the maximal size of a Jordan block of A is less than N, we can estimate
€O and €V in the || - ||—n(§+«) DOrM

C
(4.57) 1€0. € ¥llan 10 = 53y 1®lla
and similarly for the maps 60 and Py :
C
(4.58) 120, Pl a—nGs+0) = 337 19> Ylla-

If repeated for all Jordan blocks, this produces the required splitting
(4.59) Ry =PRy+ERy Rp =PRp +¢€Rp,

which satisfies the conditions and the estimates in the statement. Since we use
repeatedly Lemma 4.5 the C” estimates (4.45) and (4.46) hold for 0 > M =
M(A, B, N), where

(4.60) MEN + 2+ N[max{max K, B, Max ke, u;),a)l;
1 1

where the first maximum in 7 is taken over all eigenvalues 1; of B (here «,,; p are
numbers defined in (4.36)) and the second maximum in i is taken over all pairs of
corresponding eigenvalues A; and p; of A and B (here k3, ,;),o are the numbers
defined in (4.42)). O

The following lemma shows that ® = L(R4, Rp) cannot be large if & 4+ R is
a commutative action. It is in fact quadratically small with respect to R.

LEMMA 4.7. If & = o + R is a commutative C*° action of an abelian group
A by toral automorphisms, with « linear, then forr >0

(4.61) IL(R4, RB)llcr = CrllR4. RBllcrI|R4. RBllcr+1
where R4 = R(g1), Rp = R(g2) and g1, g» € A.
Proof.
X4 O00B = 0B O0Y
(A+ Rq)o(B+ Rp)=(B+ Rp)o(A+ Ry)
Rio(B+ Rp)— BR4 = Rpo(A+ Ry)— ARp.
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Therefore,

L(R4q,Rp) =—R4qoB+ BRg4+ RpoA—ARp
=—(Rpo(A+ R4)—RpoA)+ (Ra(B+ Rp)—RyoB).

Then from the Taylor’s formula with integral remainder

1
Rpo(A4+ R4)—Rpo A= / DRp(A+tR4q)Rydt
0

just as in [31], it follows that
[RBo(A+ Rq)— RpoAlco=CrlRplctIIR4llco-

A similar estimate holds for R4(B + Rg) — R4 0 B.
The estimate (4.61) for C” norms, even if a bit less obvious, follows similarly
(see for example [28, Appendix II]):

[L(Ra, RB)llcr < Cr(IIRBllcr+1l|Rallcr + [|Rallcr+1 | RBIlCr)
< Crl|Ra. RBllcrlRa. RBllcr+1. 0

5. Proof of Theorem 1

Assuming @ is a C* perturbation of «, and that the difference R = & — « is
small in some C! norm (where / is fixed and will be determined in the proof; see
(5.12)) we show that & is smoothly conjugate to «. The conjugacy is produced for
the two ergodic generators and by Lemma 3.2 it works for all elements of the action.
This proof is similar to the iterative proof in [31]. We refer to Section 8 for a short
discussion on possible variations of the proof below and possible applications of
generalized implicit function theorems in this set-up.

5.1. Smoothing. Following the scheme described in Section 3.3 at each step
of the iterative procedure we solve the linearized equation (3.12)

AQL—Qo A= —Ry, BQ—-QoA=—Rp

approximately. By results of the Section 4.5 we have that the linearized equation
(3.12) has an approximate solution 2 which is C*° although we can only compare
its norm in C” to the norm of R in C" 7% where o is large but fixed. The error
is € R and is by construction in Section 4.5, comparable to L(R4, Rp). Thus it is
small with respect to R by Lemma 4.7, but comparison again comes with fixed loss
of derivatives. The loss of derivatives might be a large number (depending of the
hyperbolicity properties of the linear action), but it only depends on the dimension
of the torus and the unperturbed linear action. To overcome this fixed loss of
derivatives at each step of the iteration process, it is standard (see for example [38])
to introduce a family of smoothing operators {S, J € N}. Then instead of solving
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approximately (3.12) we solve approximately the following system:
(5.1) AQ—QoA=—-S7Ry
BQ—-QoB=—-S;Rp.

For a C* function f =), f;,Xn we define Sy f as
def 2
Sy f = Z Jnin.
|n|<J
Then the smoothing operators satisfy
(52) 157 flass = T°0f Nl
1S flica+o < I°%° flica.

where a > b >0and o > N + 1. Also,

(5.3) 1L =S fllacs < T 20
I(I = S5) fllcas < CTEH £l ca

fora > b > o > N + 1. These simple smoothing operators are convenient in our
setting since they are well behaved with respect to the operator L. Namely, we
have

L(Syf.S18) =S, (L) + Ty,

where £ is a constant depending on A and B and the last term in the expression

above consists of pieces of Fourier series for f and g involving only terms with

|n| > % This implies the following estimates:

54 LI Ss9la <12 L) a+ CTPI L gllas
1L(S £.558)lcr < ISy (L(f)ler+e +CITPH | figllerio
< JPIL(f.9)llcr + CITP N foglieren

foranya>0,b>0>N+1,r >0.
5.2. Iterative step and the error estimate. At each step of the iterative scheme

we first choose an appropriate smoothing operator Sy. In order to solve approxi-
mately (5.1) we use Lemma 4.6 to obtain the splitting

SyRa=P(SyRa) +E(SsRa)
SyRp =P(S;Rp) +€(SsRp)
so that L(P(SyR4),P(SyRp)) = 0. Now from Lemma 4.4 the system
AQL—QoA=—-P(S7Ry)
BQ—QoB=—-P(SyRp)
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has an approximate solution €2 such that
(5.5) 1Q2llcr = CrI1P(SyRA), P(SyRB)llcrto
< CrllSsRa, SyRBllcr+20
<CrJ* || R4, Rgllcr <CrJ*|R|cr.
Here we used the estimates from Lemma 4.6 and the properties of smoothing (5.2).

As mentioned in the Section 4.1, | R||¢cr stands for max{||R4||cr, | Rallc"}
The estimate (5.5) holds for any ¢ large enough: o > max{M, My}, so that

the estimates in Lemma 4.4 and Lemma 4.6 hold. Then we form H &ef id +Q
(since € is made small in C'! throughout the iteration, H is invertible) and

a def -1 oo H.

The new error is def
RO L= _,

and it has two parts:

e the error coming from solving the linearized equation only approximately:

Ei=%S;R)+({—-Ss)R, and
e the standard error coming from the linearization
E»=Qo0ad" — Qoo+ Ro(id+Q)—R.

Estimate for E;. Using Lemma 4.6 and the properties of smoothing (5.4), for
every b > o we have

I€(SsR)lco = CIIL(Ss Ra. S Rp)llco
< ClISsL(Ra RB)I| ,,, +CTH IRl cas

= C[FULRA RB)lco + TP+ I Rl cosn].

Also, using (5.3),
I(I = SRl co < CrT 7| Rl

forany / > 0. Let b = — 0. Thus, using Lemma 4.7, we have
(5.6) IE1llco < CT*|IRlcol| Rl et + CT 27| R||ci

for [l > 20.
Estimate for E,. The first part of E5 is estimated as follows:

Q0@ —Qoafco < C2c1IED —afco

1
=Cl2lctIRM o = 7 1RM I co:

thus this part is absorbed by ||R(1) ||co providing ||2]|c1 is bounded throughout
the procedure. The second part of £, we estimate by using (5.5)

(5.7) IRGd +2) = Rllco = C[Rc1 IRl co = CT* Rl [IR] co-



LOCAL RIGIDITY OF ACTIONS ON THE TORUS 1845
Estimate of the new error R, By combining (5.6) and (5.7) we obtain an
estimate for the new error:
(5.8) IR lco < CI|Rc1[Rllco + CT 2| R||ci

for any / > 20. From aV=H'oGoH using the fact that Q is Z" -periodic
and satisfies the estimate (5.5) we have

(5.9) IRV ci < C1I3 14 |[R| 1) .-

Therefore we have obtained what usually constitutes the basis for the iteration
(see [38] for example), i.e., the “quadratic” estimate (5.8) for the low norm of the
new error and the “linear” estimate (5.9) for some high norm of the new error with
respect to the initial error R.

5.3. Setting up the iterative process. To set up the iterative process we first let
RO =gr, ad9=a  HO=id.

Now construct R™ inductively for every n for R™ choose an appropriate integer
number J, to obtain Sy, R™ which produces, after solving approximately the
linearized equation, new Q. Then define

(5.10) H® =id4+Q®

Gt _ (H(n))‘1 oGg™ o g™

R(n+1) — &'(n+1) —a.

Consequently,
Gn+D) (H(n))‘l o (H(n—l))‘l 60 (Hm))‘l 0GoH® ..o ™
=%, ol o,

where ¥, L HOG...o HM To ensure the convergence of the process, set
(5.11) IR™ | co < &y =e®")

IR®ller <!

127 lcr <,

1
303 2
Iy =g, C0FD

where k = %. At this point, fix /:

(5.12) [ =230 + 15,

where 0 = 0(A, B, N) = max{M, My} is a constant for which the estimates (4.60)
and (4.27) hold. The constant / is chosen so that the process converges and the
convergence is proved in the subsequent section.
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5.4. Convergence. By induction it is proved that all the bounds (5.11) hold
for every n € N:

IR™D)cr < a3 (14 IRD 1) = QI (142, ")

1
_§_1 —

_1<8n =¢y

___30
<2C1J3e ! <2018, 30 g,

= (gn—i—l)_l-
From interpolation inequalities it follows that
1—1 1
IR et = CHIR™ o IRl
Along with (5.8) this implies

1 3%y 14—} 3G —1
IRV lco < C |en ey Ten en+ea"" 7 ey

- T ) 1-1 =20 ___4
C |:<9n 3042 ( 1) +83(3o'+2) ] =C [gfz —I—E,J;]

4
<é&; =ént1
providing x > %, y > %; ie.,
fog 1 4
= — 211 —=) > =
Y=t ( 1) 3
[ —20 4
y

= —1>
330 +2) 3

Both inequalities above are satisfied for / > 230 + 15. We note here that with
more precision (by changing the rate of convergence) the constant / can be made
somewhat smaller (see Section 7.1). Using (5.5) we may check the C'! bound for
Q:

30+1
— 33572y +1
1PV cr = C- IR o < C- T ey = C gy 77T
2 1
3 _ o2
<&h =&,4q-

Thus for sufficiently small | R||co and || R| ¢ the process converges to a solution
Qe C! with ||Q]|¢1 < 5.

Now using interpolation inequalities, the fact that the process converges in
any C" norm follows easily just as in [31] or as in [38]. We repeat this argument
here for completeness. For arbitrary m from (5.9) we have

1
IR = G2 (14 IRPlen) < 0 (14 1RO e ).
n—1

1
IR®lem < Cn [T e A+ IRlcn) < 65" Cn,

v=1
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where in the second line above the constant Cp, is Cp, := Cpy (1 + || R||cm). Let
m = 3k. Then

1 1
IR i < I RO ZoI RP e < Cusen* = i
30 __ 1
12k < Ca [R™ ok < Cren ™ e = Cied.

with § = m > 0 and the constant Cj, changing throughout the above procedure,
but it depends only on k and the C 3k norm of the initial perturbation R.
This implies the convergence of the sequence 3¢, in C k norm for every k e N,

i.e., the limit %€ is a C°° map.

6. Proof of Theorem 2

Definition 2. A C foliation % of a manifold M is C 5 locally rigid if
for any sufficiently C I close C® foliation % there exists a C diffeomorphism
H of M taking leaves of & to leaves of &

Definition 3. An action « of RF on M is C %1% orbit foliation rigid if its
orbit foliation is C /% locally rigid.

The following lemma is completely general and quite possibly may be found
in the literature. Since we are not aware of a specific reference we provide a proof.

LEMMA 6.1. C %1% [ocal rigidity for an action y of Z¥ by diffeomorphisms
on a manifold M implies C 00,100 o rpit foliation rigidity for the suspension action
a(y) on the suspension manifold N(y).

Proof. Let I': 7% — Diff>* (M ) be a representation of 7k defining a Z* action
y by diffeomorphisms of M. Let a(y): RF x N(y) — N(y) be the correspond-
ing suspension action with the orbit foliation Jp(y) and let & be a C! small C*®
perturbation of «(y) with the orbit foliation JP()/) which is C? close to F(y).

If the perturbation is sufficiently small the orbit foliation of the perturbation
is still transversal to the fibers M of the suspension manifold N(y). Let r:zk -
Diff>® (M) be the holonomy of the perturbed foliation 9?)/), defining an action y
of Z¥ on M. Then there exists a C® diffeomorphism H;: N(7) — N(y) taking
leaves of the foliation %(y) of the suspension action over y to the leaves of %)
(Theorem 3 in [3, §5.4]).

On the other hand, since y and 7 are sufficiently C’ close, C® Zk actions
there is a C* conjugacy h: M — M such that h oy = y o h according to our
assumption on the local rigidity of y. This implies the existence of a C° orbit
equivalence for the corresponding suspensions, i.e., there exists Hy: N(y) — N(¥)
taking leaves of %(y) to leaves of %(y) (Theorem 2 in [3, §5.4]).

Thus the C*° diffeomorphism H = H; o H» on N(y) is an orbit equivalence
for actions «(y) and & which implies C °%:% orbit foliation rigidity for a/(y). O
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It follows from Lemma 6.1 and Theorem 1 that for a given suspension action
and its small perturbation there exists a C *° orbit equivalence taking orbits of the
original to the orbits of the perturbed action. This reduces the question of local
rigidity of suspensions to considering small perturbations along the leaves of orbit
foliation only. However such perturbations are given by R valued cocycles over
a(y).

It is proved in [23, §4.2] that C*° cocycle rigidity of a 7% action y by toral
automorphisms implies C *° cocycle rigidity for suspension «(y). For the proof of
C ™ cocycle rigidity of a Z* action y with k > 2 and all nontrivial elements of the
ergodic action, we refer to [24] or [18]. (The proof of this fact is also contained
in part (i) of the proof of Lemma 4.4 for untwisted cocycles.) Thus a(y) is C*®
cocycle rigid, which implies that perturbations in orbit direction are conjugate to
the original action up to an automorphism of R¥. This completes the proof of
Theorem 2.

7. Comments on finitely differentiable and analytic case

7.1. Finitely differentiable case. 1t is clear that all the arguments in the proof
of Theorem 1 only use a finite number of derivatives so that our rigidity results in a
modified form hold when the perturbed action « is only finitely differentiable. We
discuss now specific modifications which appear this way.

Let R be C™. Then the estimate (4.10) for the approximate solution of the
linearized equation obtained in Lemma 4.4 still holds if m > o, where o0 > M)
and My is defined in (4.27). Similarly, the estimates (4.45) and (4.46) obtained in
Lemma 4.6 which are used later in the proof of the Theorem 1 (Section 5) hold
when R is C™ and m > M, where M is defined in (4.60). Now the iterative proof
in Section 5 applies in the following setting.

Let  be a Z¥ action by automorphisms of T¥ as in the statement of Theorem 1.
Let 0 € N be a fixed number greater than constants M (in (4.60)) and My (in (4.27))
defined in Lemmas 4.4 and 4.6.

The convergence set-up is the same as in the Section 5.3, the modification only
comes in determining the speed of the convergence. Instead of (5.11) now we set

(7.1) IR™ o < &5 =&,
IR™ i <e,™,
2—k
121 <e,”
_ _k—1
Jp =g, 0D

where 1 < k < 2. While making sure that these bounds hold for every n, we will
obtain a lower bound on / which depends on the speed of convergence k.
We first check the bound for the C! norm using the estimate (5.9):

72 RV < I A+ IRP|¢,) < Cley ® Vet =671 |
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Using (5.5) it is easy to check the bound for €2:

— (3‘7+1) 2—k 2k
en <

(7.3) 1M1 < Cey <&y C<e,hy.

Now for the C° bound we have, as in Section 5.4, using (5.8) and the inter-
polation estimates:

IR®Vlier = G IRM 1| R™ | co + Crl 27 | R™ e

3 2-7 7 —1+2
< CLIR™ o IRWN L, + Cr a7 27 [ R
_3o(ky) 1 1 _ (k=1)(=1420)

2-4+ -1 _
< C]S 30+2 &n 1 + €n 30+2 Enl

(k=D (I—20)
—k+3— -1
=én &€n ot

k /
Thus if —k +3—— > k and % 1 > k then we have ||R(”+1)||C1 <é&n+1.

The first condition gives / > _k and the second one [ > 20 + % k1 1 (Bo +2).
The first condition is satisfied already for / > 2. The second one actually gives
the dependence on k. Namely, as the speed of convergence k approaches 2, the
lower bound for [ approaches ly := 110 + 6. Thus if one chooses [ = [y + § for
8 > 0, then it is possible to choose the rate of convergence k = k(8) so that all the
bounds (7.1) hold for every n.

This implies the convergence of the procedure in C! norm. Therefore, the
perturbation needs to be close to the initial action in C! with / (only) strictly larger
than /o, in order to obtain a C! solution.

To obtain more derivatives for the solution, we need to assume that the per-
turbation is more regular than C lo+d, Again, at this point we use interpolation
inequalities. Assume that the initial perturbation is C"” and let 1| < r < m. As
in Section 5.4 it is easy to check that one has |R™|cm < Cme, ! |R@]||cm.
Therefore we have

-5 " 1-27
IR™ |l cr < CIR™ | oo™ IR | &m < Cmen

120 ler < CIFNRD s < ey VT )70,

Therefore, in order to obtain a solution of order r, we need that - < 1— %
So if the perturbation is C *° then for any [ > [ the solution is C°® with k chosen
close to 2 if [ is close to /o as described above.

Now if the perturbation is only C™ and close to the unperturbed action in C !
for some [ > lo, then choose k so that [ > 20 + 255 k+1 1 (30 +2), that is choose k

lltggfzz € (1,2). Then the solution is C” for every

close to but larger than ko (/) =
r < (1— oD,

7.2. Analytic case. Now suppose the perturbed action « is real analytic. A
natural question is whether the unique C ®° conjugacy with the linear action is also
analytic.
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Both estimates in Lemma 4.2 and in part d) in Section 4.3 can be obtained
in the category of analytic spaces A, allowing arbitrary small loss of domain §
in all directions and assuming that there is no growth for the action in the neutral

direction.
The algebraic part of the proof of Lemma 4.5 holds too, thus one can define

maps €y, €0, Py, and P6. The analytic estimates for the €1 and P with small
loss of domain hold (for estimating %1 we need to use that 6 and i are small with
respect to L (6, ¥) and thus quadratically small with respect to y which follows by
using Cauchy estimates for L (8, ¥)). The problem is that the estimates for other
functions, €6 and %6, can be obtained by this method only in a domain which is
in some directions much smaller than the initial one (multiplied by a constant less
than one coming from the contraction of some directions by the action of 4). Such
a loss at every iterative step cannot lead to a convergence. Thus, lack of analytic
result may be due to specific constructions in Section 4.5 but it may also be due to
the highly hyperbolic nature of the problem at hand.

8. On the application of general implicit function theorems

The iterative procedure carried out in Sections 5.3 and 5.4 relies essentially
on the result of Lemma 4.6. Taking into account Lemmas 4.4 and 4.7, the result of
Lemma 4.6 can be interpreted as there exists an approximate right inverse for the

operator
To: Qa2 —Qoux

in the C* category, with tame estimates for the C" norms. Operator Ty maps
C°° maps on the torus to C*° a-twisted cocycles over the action «. (Note. As
before o denotes here the unperturbed linear 7% action on the torus TV by ergodic
automorphisms.) Now, operator Ty is simply the linearization of the conjugacy
operator
J:H—>H 'oaoH

which takes the space of C diffeomorphisms of TV to the space Act®(Z*, TV)
of smooth actions. Thus what we needed for the convergence in Section 5.4 is
only an approximate right inverse of the linearization of J at the identity. The
identity is in our set-up the initial guess for the solution. Let us denote by T the
linearization of J at H when H is not the identity.

It is obvious that the problem of finding a conjugacy for an arbitrary small
perturbation of an action is a problem of inverting a nonlinear operator, and it can
also be viewed as an implicit function problem.

After the first results of Kolmogorov, Arnold and Moser where the method
of linearization and successive iterations was applied to produce a solution to a
nonlinear problem, there were several generalizations and refinements of those
iterative schemes. These results are labeled in literature as “hard implicit function
theorems” or “generalized implicit function theorems”. Typically, these results
state that under certain conditions on the linearization of the nonlinear operator in
some neighborhood of the initial guess (most importantly, assuming existence of
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an approximate or an exact right inverse of the linearization) there exists a solution
to the nonlinear problem.

Below we discuss two such results and we discuss why they can be applied
to the problem treated in Theorem 1, or not.

One of early generalized implicit function theorems is due to Zehnder in 1975
[38, Theorem 3.1]. The main requirement for the application of Zehnder’s theorem
in the set-up of Theorem 1 is existence of an approximate right inverse of the lin-
earization Ty for H in a neighborhood of the initial guess. However, his condition
on how approximate should the right inverse be at the initial guess, is too strong for
our purposes: it requires an exact right inverse at the initial guess. This is clearly
something we cannot produce in our situation: existence of an exact right inverse
at the identity would imply that the space of perturbations lifts to a space of «
twisted cocycles, which is not true. (As explained in Section 3.3 the linearization
produces only almost o twisted cocycles, not actual o twisted cocycles.)

On the other hand, at the end of his paper Zehnder makes a very important re-
mark that due to the algebraic structure of conjugacy classes, the main requirement
of his result concerning existence of an approximate right inverse in a neighbor-
hood, can be relaxed to existence of an approximate right inverse of the lineariza-
tion operator at the initial guess only. However, this is not proved explicitly in [38]
and it is not clear from the remark what would be exactly the modifications in the
result [38, Theorem 3.1] if one restricts it to conjugacy operator. It is possible that
Zehnder’s result can be adapted in this direction, so that it can be applied in the
set-up of Theorem 1 to substitute for explicit proof of convergence in Section 5.4.
This would only slightly improve the result in the finitely differentiable case due
to the more optimal use of smoothing operator’s in Zehnder’s work, but it would
result in considerable divergence from the main issue of the current paper.

The second result we wish to discuss applies in the set-up of Theorem 1,
although it does not apply in the finitely differentiable set-up. This is the Nash-
Moser theorem for exact sequences due to Hamilton [15, Theorem 3.1.1] in 1982,
an extremely convenient result when one is dealing with rigidity of group actions.
We refer to [12] for an excellent account on application of Nash-Moser theorem
for exact sequences to rigidity of actions of finitely generated finitely presented
groups, and we restrict here just to few remarks relative to the current paper.

The commutativity relation in the acting group induces an operator il which
takes a pair of diffeomorphisms to their commutator. Let Mg gy be the lineariza-
tion of M at T (H), and let My be the linearization of JM at « = J(id). The main
requirement for the application of Hamilton’s theorem is existence of a splitting of
the short exact sequence of operators Mg (g)Ty = 0 in the neighborhood of the
initial guess. In the current paper Lemma 4.4 shows that M7y = 0 indeed holds,
and Lemma 4.6 shows the existence of the splitting for the short exact sequence
MoTo = 0. (The operator M restricted to two generators is the operator L which
is discussed in Section 4.)



1852 DANIJELA DAMJANOVIC and ANATOLE KATOK

Zehnder’s remark that the algebraic structure of conjugacy problems relaxes
the conditions of his theorem, has been formalized and proved in the context of
Hamilton’s result by Benveniste [1, Lemma 4.3] in 2000. Namely, [1, Lemma 4.3]
shows that if the nonlinear problem under consideration is the conjugacy problem,
then existence of a tame splitting of M7y = 0 implies existence of a tame splitting
of MggyTg = 0 for H in some small neighborhood of the identity. Benveniste
applied this fact along with the Hamilton’s result to prove local rigidity for isomet-
ric actions by lattices in simple Lie groups. More recently similar approach was
used by Fisher [12] to prove local rigidity for isometric actions of discrete groups
with property (T). Lemma 4.3 in [1], combined with Lemmas 4.6, 4.4 and 4.7,
imply that Hamilton’s theorem can be applied in the set-up of Theorem 1 to give a
C > conjugacy. However, Hamilton’s result does not give explicitly the topology
in which the perturbation has to be small nor how it depends on the unperturbed
action and it does not apply to the finitely differentiable situation.

9. Existence of genuinely partially hyperbolic actions

To prove the statement of Theorem 3 we first give a proof that there are no ir-
reducible automorphisms in odd dimensions with nontrivial neutral direction. This
is proved in [33], but the proof we give here is considerably simpler. Then we
eliminate the possibility of having genuinely partially hyperbolic actions on T2
and T*. This leaves open the question of existence of examples on TV for N > 6.
We then give an outline of an explicit construction of an irreducible example of a
genuinely partially hyperbolic action on T® with two-dimensional neutral direction.
This construction can be used further as a model for constructing examples with
various properties (with neutral direction of any even dimension, for example).
Finally, we show that there exist irreducible examples of genuinely partially hyper-
bolic actions in any even dimension N > 6. By combining these results we obtain
reducible examples in any odd dimension N > 9.

9.1. There are no irreducible examples of genuinely partially hyperbolic ac-
tions on TN for N odd. As mentioned in the introduction to this section, there
are no irreducible genuinely partially hyperbolic toral automorphisms in any odd
dimension, thus there are no such actions in any odd dimension either. This was
proved in [33]. This fact also follows from a simple number theoretic argument.
Namely, if we let p(x) be the irreducible characteristic polynomial of an integer

matrix A of degree N, let ¥ be root of p of absolute value 1, and let 8 &ef vy,
then for the corresponding number fields L = Q(y) and K = Q(#) we have
|L:K||K:Q]=N.

On the other hand K is real since @ = ¢ + ¢y ' =y + ¢y € Rso |L: K| > 2.
But we also have that 2 — /6 4+ 1 = 0; therefore |L : K| < 2. This implies that
|L: K| =2;thus N has to be even.
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9.2. There are no irreducible examples of genuinely partially hyperbolic ac-
tions on TN for N =2 o0r N = 4.

Case N = 2. An integer 2 x 2 matrix which induces an ergodic toral auto-
morphism must have a nontrivial expanding and a nontrivial contraction direction.
Since it is of dimension 2, there are no other directions, in particular, it cannot
have any eigenvalues on the unit circle. We note that it is, of course, possible to
have one hyperbolic integer matrix of determinant one in dimension 2, but no two
commuting ones (that are not powers of each other) exist due to the Dirichlet Units
Theorem [19].

Case N = 4. In dimension 4 it is possible to have one matrix with desired
properties, namely a matrix that is integer and has two complex conjugate eigen-
values of absolute value one, and two real eigenvalues A and A~!. To produce such
martrix it is enough to choose a quadratic irreducible polynomial p(x) with two real
eigenvalues one bigger than 2 and the other less than 2 in absolute value. Then the
substitution x2 p(x + %) gives a fourth degree polynomial which is a characteristic
polynomial of a matrix with desired properties. However, it is not possible to
have two commuting matrices with the properties above and with common neutral
subspace (this last one is a necessary requirement for otherwise the action generated
by the two matrices would be hyperbolic). Indeed, if B commutes with A and has
real eigenvalues 4 and !, then, because of irreducibility requirement, both A
and p are irrational, thus we can choose an integer vector (/, k) in Z? such that
Al [Lk is close to 1. But then the same holds true for the remaining real eigenvalues.
Moreover, rotations in the neutral direction are assumed irrational; therefore, by
choosing k and / large enough, they can be made close to one, also. This implies
that some power of matrix A’ B¥ is integer matrix close to identity. This is not
possible unless the matrix is identity itself, in which case the action has a nontrivial
nonergodic element, thus would not be a higher rank action.

9.3. Construction of an irreducible partially hyperbolic action with two-dimen-
sional neutral direction in dimension 6. The following example of irreducible gen-
uinely partially hyperbolic Z? action on the torus T® was produced by S. Katok
with the use of PARI program. For the background on use of algebraic number
theory for producing examples of higher rank actions by toral automorphisms we
refer to [19].

Starting with an irreducible cubic polynomial x3 —2x2 — 8x + 1 with two
real roots of absolute value larger than 2 and one less than 2 in absolute value, by
substituting x — x + % we obtain an irreducible recurrent polynomial

F(x)=x0—2x% —5x*—3x3 —5x2 —2x +1,

which has four real roots and a pair of complex conjugate roots. The complex
conjugate roots have to be of absolute value 1.
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Let K = @Q(A) be the number field corresponding to f(x). The fundamental
unitsare Ay = A, A =A° =344 223 A2 —dA + 1, A3 =24 203 —6A% — A + 1,
Aa =212 —61% =313 —6A%2 —6A. It turns out that A4 produces a matrix with same
neutral subspace as A.

With respect to the basis {1, 1, 12,13, 14, 1°} in Z[A] multiplications by A,
and A4 are given by the matrices

01 0 0 0 0
00 1 0 0 0

4| 000100
“l o o0 o0 0 1 of
00 0 0 0 1

-1 2 5 3 5 2

0 6 —6 -3 —6 2

2 4 4 0 7 -2
a_| 26 -6 -—2-10 3

-3 8 9 3 13 4
4 —-11 —-12 -3 —-17 5
-5 14 14 3 22 -7

Since B =24 —-6A4%*—-34%—-6A4%—-6A, AB = BA, and since the minimal polyno-
mial of the matrix B is recurrent, x® +23x> + 16x* —60x3 + 16x2 +23x + 1 and
also has four real roots, the two complex conjugate roots are of absolute value 1.

9.4. Existence of irreducible examples of genuinely partially hyperbolic ac-
tions in any even dimension greater than 6. In this section we use the Dirichlet
units theorem to prove the main part of Theorem 3 stated in Section 1.3, that
is, to produce examples of Z2 genuinely partially hyperbolic actions in any even
dimension N > 6.

Let g(x) be an irreducible integer polynomial of degree n with all real roots.
Let r(x) = g(x + %)x” be the recurrent polynomial of degree 2n given by q.
Let L = Q(y) and K = Q(6) be the number fields corresponding to ¢ and r
respectively with ¥ 4+ ~! = 6. Let 0; be embeddings of K into C. Since all roots
of r come in pairs, let 0; (V)op+i(¥) =1foralli =1,...,n. Leta = p(y¥) € L
with deg(p) < 2n be any other element in L. Then o; (p(y 1)) = p(o; (v 1)) =
P((0i(¥)™") = p(On+i(¥)) = Gn+i(p(¥)). This implies that p(y) and p(y ")
have same norms N(p(¥)) = N(p(¥v ') = 0;(¥) - - - 62, (¥). Therefore, p(y) is
a unit if and only if p(y 1) is.

Let Ur, and Uk be groups of units of L and K, respectively. Define a homo-
morphism f:U; — Uk by

FeNE p@)pw).
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We first show that f(Uy) is indeed in Ug. Since for any integer polynomial p(x),
we have p(x)p(x~1) = P(x + x~!) where P is a rational polynomial, it follows
that f(p(y)) = P(0) thus f(Ur) C K. Also p(y) being a unit implies that
p(¥~1) is also a unit and thus P(#) is a unit in Uz. Since Y2 — 0y +1 =0 we
have |L : K| <2. With |L : L NR| = 2 and the fact that K is real, this implies
K = L NR. Therefore, a real unit in Uy, must lie in Uk . This proves that the image
of f isin Uk. It is then easy to check that f is a group homeomorphism.

In order to obtain matrices that commute with matrix A whose characteristic
polynomial is r(x) it is enough to show that the kernel of f contains at least two
independent units. We show that the kernel contains s independent units where
s is the number of roots of g(x) of absolute value bigger than 2 (which implies
2s real roots for r(x)). The rest t = n — s roots of g(x) are of absolute value
less than 2 and they induce ¢ pairs of complex conjugate roots of r(x) of absolute
value 1. By Dirichlet units theorem the structure of groups Uz, and Uk is known.
Namely, every unit in Uy, can be expressed as pu?' u3? u;fn”__ll, where u; are
independent units. The images f(u;) of fundamental units of Ur, are units in Uk .
By Dirichlet units theorem Ug can have at most n — 1 independent units. Therefore,
intheset S ={f(u;)|[i =1,...,n+s5— 1} there can be at most n — 1 independent
units, without loss of generality assume those are f(u;),i = 1,...,n— 1. This
implies that there are at least s relations of the kind:

L= fn)/ fua)™ oo flan-) = fug) %,

where k =n,...,n+s. Since f is a homomorphism, this implies that there are s
units in the kernel of f:

_ 1k J2k Jn—1.k  Jk
Vg = Uy Uy Uy Uy
for k =n,...,n+s. Moreover, all v; are independent since u; are.

This implies that if s > 2 then there exists a unit v = p(y) such that B = p(A4)
commutes with A, A and B are multiplicatively independent, and B has the same
neutral eigenspace as A. Namely, since v is in the kernel of f we have o; ( f(v)) =1
forall 7, i.e., 1 = 0; (p(¥)ai (p(¥ ™ N poi (¥) poi (Y1) = p(Wi) p(Y¥; ).

In particular, if ¥; is a root of r of absolute value 1, then v; 1 = 4;; therefore
1=pWi)p®i) = p(Wi) p(¥i) = | p(¥;)|. Thus B has neutral eigenvalues in the
same direction as A and the action generated by A and B is genuinely partially
hyperbolic.

9.5. Existence of reducible examples of genuinely partially hyperbolic actions
in any odd dimension greater than 9. Reducible examples of Z? actions on torus
TV viewed as T" x T"2 (N = n1 + ny) are obtained from generator g; of 72
acting by A; ; on T, where i, j € {1,2} and A; ; are matrices in GL(n;, Z). If
such an action is genuinely partially hyperbolic then one of the reduced actions (on
tori of dimension 7 or n,) would have to be genuinely partially hyperbolic. This,
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along with the preceding discussion on dimensions less than 5 implies that there
are no reducible examples on the torus of dimension N = 7.

In any odd dimension N > 9, as proven in Section 9.1, there are no irreducible
examples. However reducible examples exist as products of purely hyperbolic
actions (which exist already in dimension 3) and the irreducible examples previ-
ously produced in Section 9.4. For example, on the nine-dimensional torus, in the
construction above take n1 = 3, ny = 6, let A1 and A, » be commuting matrices
from the Section 9.3 and for 41,1 and A3 ; choose any two 3 x 3 commuting
hyperbolic integer matrices which generate an irreducible Z? action (for various
examples see [19]).
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