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Introduction

Let V be a smooth projective geometrically integral variety over a field k. Let
CHy (V) be the Chow group of zero-cycles on V' modulo rational equivalence, and
let Ao(V') C CHo(V) be the subgroup consisting of cycles of degree 0. Then we
have a homomorphism

v : Ao(V) —> Alby (k)

induced by the Albanese map V' — Alby,, where Alby denotes the Albanese variety
of V' and Alby (k) denotes the group of k-rational points on Alby . By Abel’s the-
orem ¢y is injective if dim(V) = 1. It is Mumford [Mum68] who first discovered
that the situation is rather chaotic in the case of higher dimension. If dim(V) > 2
and k = C, the kernel Ker(¢y) of ¢y may be too large to be understood by a
standard geometric structure. On the other hand, the situation in the case that k
is a field of arithmetic nature presents a striking contrast to the case k = C. If k
is finite, Ker(¢y ) has been explicitly determined by geometric class field theory
[KS83, Prop. 9]. One of the most fascinating and challenging conjectures in arith-
metic geometry is a conjecture of Bloch and Beilinson that Ker(¢y/) is torsion in
case k is a number field. Combined with the conjecture that CHo (1) is finitely
generated for V' over a number field, it would imply that Ker(¢y ) is finite. Very
little is known about the conjecture and we have nothing to say about it in this paper.
Instead we consider its analogue over p-adic fields, more precisely, the following
conjecture:

CONJECTURE 0.1. Let V be a smooth projective geometrically integral vari-
ety over a p-adic field k. Then Ker(¢y) is the direct sum of a finite group and a
divisible group.

A result of Mattuck [Mat55] implies, by aid of [JSO3, Lemma 7.8], that
Alby (k) is isomorphic to the direct sum of a finite group and a p’-divisible group.
Here a p’-divisible group means an abelian group which is divisible by any integer
prime to p. So the above conjecture implies

CONJECTURE 0.2. Let V be as in Conjecture 0.1. Then Ao(V') is the direct
sum of a finite group and a p’-divisible group.

In essentially equivalent forms, Conjectures 0.1 and 0.2 were made by Colliot-
Thélene in 1993 ([CT95]) and also in the more recent notes [CTb], [CTc]. He chose
to state most of them as “questions” or “guesses”. Some finiteness results in this
direction have been known for surfaces ([SS95, Th. 2.5]; see also [CT95, Th. 2.1]
and some special varieties of higher dimension ([RS00], [PS95], [KS03], [CTO5,
Théoreme and §5]). What has been known for surfaces is that for any prime £ # p
the group Ao (X) is the direct sum of a finite £-primary group G and an £-divisible
group. But it had not been known in general that G, = 0 for almost all primes £.
That this is indeed the case is now a consequence of Corollary 0.4 below.
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In this paper we will prove the following affirmative result concerning Con-
jecture 0.2, where 9y, denotes the ring of integers in k:

THEOREM 0.3 (Theorem 9.7). Let V be a smooth projective geometrically
integral variety over a p-adic field k. Let F be the residue field of Oy. Assume that
V has a regular projective flat model X over Oy on which the reduced subscheme
of the divisor X ®¢, F has simple normal crossings. Then Conjecture 0.2 holds
true.

This result has not been known even in the case that X ® o, F' is smooth. See
Definition 1.15 below for the definition of divisors with simple normal crossings.
Jean-Louis Colliot-Théleéne notices that a combination of our theorem and one of
de Jong’s results on alterations (see [dJ96, Th. 8.2]) implies the following result,
which had been stated as a conjecture in [CT95].

COROLLARY 0.4. Let V be a smooth projective geometrically integral variety
over a p-adic field k. Then Ag(V) is £-divisible for almost all primes £.

Indeed the cited theorem implies that there exists a finite field extension L
of k, a smooth projective variety W over L equipped with a proper generically
finite morphism 7 : W — V such that W has strict semistable reduction over L.
In particular, it satisfies the assumption of Theorem 0.3 over ;.. Hence Corollary

0.4 follows from Theorem 0.3 for W and the fact that the composite Ao(V) AN
Ao(W) T Ao (V') is multiplication by a positive integer (cf. [Ful98, Ex. 1.7.4]).

COROLLARY 0.5. Let the assumptions be as in Theorem 0.3. Assume further
that V' is rationally connected in the sense of Kolldr, Miyaoka and Mori. Then
Ao(V) is the direct sum of a finite group and a p-primary torsion group of finite
exponent.

It is indeed known that for a smooth projective rationally connected variety V
over a field, the group Ag(V) is killed by some positive integer ([CTOS, Prop. 11]).
The corollary thus follows from Theorem 0.3. In the particular case that V' is a
smooth compactification of a connected linear algebraic group, Colliot-Thélene
[CTOS] established the conclusion of Corollary 0.5 without even assuming the
existence of a regular proper model.

For a smooth integral variety V over a field k, a standard method to study
CHy(V) is to use the étale cycle map ([SGA%, Cycle])

pv : CHo(V)/n — HZ* (V. Z/nZ(d)),

where d denotes dim(V), n is an integer prime to ch(k) and Z/nZ(r) = u®" is the
Tate twist of the étale sheaf w, of n-th roots of unity. The étale cohomology groups
HZ(V,Z/nZ(r)) are finite if k is a p-adic field. So by the compatibility between
py and ¢y stated in [Ras95, Appendix], one can easily show that Conjecture 0.2
follows if py is injective for any n > 1 prime to p. We do not use this statement
in what follows, because the last naive expectation concerning the injectivity of
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py was shattered by an example found by Parimala-Suresh [PS95]. In this paper
we shed new light on the problem by considering the cycle map for schemes over
integer rings.

Let R be an excellent henselian discrete valuation ring with residue field F
and fraction field k. In what follows, we do not assume that k has characteristic
zero. Put B := Spec(R) with the closed point s := Spec(F) and the generic point
n := Spec(k). For a scheme X over B, put X5 := X xp s and X, := X xp 1, and
let X req be the reduced subscheme of Xs. Let 2SP be the category of regular
projective flat schemes X over B on which the reduced divisor Xj req has simple
normal crossings. Let X be an object of 9SP, and let CH; (X ) be the Chow group
of one-dimensional cycles on X (cf. Definition 1.2 below). For an integer n > 1
prime to ch(F'), there is a cycle class map (cf. (1.9) and (1.12) below)

px :CHi(X)/n — H?%(X,Z/nZ(d)) with d :=dim(X)~1.
The main result, Theorem 0.3 will be deduced from the following result:

THEOREM 0.6 (Theorem 1.16). If F is finite or separably closed, then px is
bijective.

There are three main ingredients in the proof of Theorem 0.6. The first one
is the Bertini theorem over a discrete valuation ring proved in [JSa, Th. 1]. It
affirms the existence of a nice hypersurface section ¥ C X over B which belongs
to Ob(2SP), whose complement X — Y is affine and for which ¥ U X eq is a
reduced divisor with simple normal crossings on X. Such a pair (X, Y) is called
an ample 2.SP-pair. In this paper we need its refinement, obtained by a joint work
of Jannsen and the first author, where it is allowed to impose an additional condition
that Y contains a given regular closed subscheme W C X with suitable conditions.
We include a proof in Section 4 below. The second key ingredient is a vanishing
theorem of Héqt (X-=Y,7Z/nZ(d)) for an ample Q.S P-pair (X, Y) (see Theorem 3.2
below). A key to its proof is an extension of the base-change theorem of Rapoport
and Zink [RZ82, Satz 2.19]. We remove the assumption on the multiplicity of the
components of X using the absolute purity theorem of Gabber [Fuj02]. Recall that
we have the affine vanishing theorem of Artin-Gabber (loc. cit. §5), which holds for
more general affine schemes. Our Theorem 3.2 implies that a stronger vanishing
holds in our special situation (cf. Remark 3.3). The last key ingredient of the proof
of Theorem 0.6 is an arithmetic invariant associated to a quasi-projective scheme X
over B. It arises from a homological complex KC(X,Z/nZ) with (n,ch(F)) =1
of the form

P Hi(x.z/nz(-1) « @ Hi(x.2/n2)
x€Xo x€X

e @Hé‘:(x,l/nZ(a—l))e...,

xeX,
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where X, denotes the set of the points on X of dimension a, and the leftmost term
is placed in degree 0. We define the group K H,(X, Z/nZ) as the homology group
of KC(X,Z/nZ) in degree a and put
KHy(X,Qq/Zy) = h_n)l KH,(X,7/0"Z) for a prime £ # ch(F).
n

We construct the complex KC(X, Z/nZ) using localization sequences of a certain
étale homology theory (see §§1-2 below for details). The complex KC(X,Z/nZ)
is identified with the case j = —1 of the homological complex C;/ (X) defined by
Kato [Kat86], up to signs of differential operators (cf. Definition 2.1 below):

i+1 , j+2 .
EB Héjt (x,Z/nZ(j)) < @ Héjt (x,Z/nZ(j + 1))
x€Xo x€Xq
e @ HTT o z/nZ@ ) <
xeX,
In loc. cit., he studied the case j = 0 and conjectures that C,? (X) is exact for any
X € Ob(2SP) if F is finite (loc. cit. Conjecture 5.1). In this paper we study the
case j = —1 and propose the following new conjecture.
CONIJECTURE 0.7 (Conjecture 2.12). Assume that F is finite. Then for X €
Ob(2SP), there is an isomorphism

(@Q¢/Z)1 %) a=1
KH,(X, Zy) =~
(X, Q¢/Zy) 0 a1,

where [(Xy) denotes the set of irreducible components of Xg red.

The vanishing of K H,(X, Qg /Zy) is equivalent to the surjectivity of the cycle
map py (cf. Proof of Theorem 5.3). If dim(X) =2, KH>(X,Qy/Zy) is isomorphic
to the £-primary torsion part of the Brauer group of X (cf. Lemma 5.2), and its van-
ishing is a consequence of the base-change theorem for Brauer groups of relative
curves ([Gro68, I1I, Th.3.1], [CTOPO02, Th. 1.7 (c)]). See Theorem 5.1 below for
details. If dim(X) = 3, the vanishing of K H3(X, Qg/Z;) implies the injectivity of
px (cf. Lemmas 8.7 and 8.8). We will prove the following result as a consequence
of Theorem 0.6, where the dimension of X is arbitrary.

THEOREM 0.8 (Theorem 2.13). Conjecture 0.7 holds in degree a < 3.

We state some other consequences of Theorem 0.6, which will be proved in
Section 9 below.

COROLLARY 0.9 (Corollary 9.2). Assume that F is separably closed. Let X
be an object of ASP, and let Y1, ..., YN be the irreducible components of X red.
Then for any integer n > 0 prime to ch(F'), we have

CHi(X)/n — @) Z/nZ. a+> (@.Yi)1<i<N.
1<i<N

where (a, Y;) denotes the intersection number (see §9 below for its definition).



1598 SHUJI SAITO and KANETOMO SATO

It would be interesting to compare this result with those in [Dal05] and [MadOS].
In both works some nontrivial classes in Ag(V') are detected by studying intersec-
tion theory with the special fiber of a regular model over the ring of integers. In
[Dal05] the residue field F is finite and in [Mad08] it is of the shape C((¢#)).

COROLLARY 0.10 (Corollary 9.5). Assume that X is smooth and projective

over B and that F is finite or separably closed. Then for any integer n > 0 prime
to ch(F),

CHo(X;)/n <—— CH{(X)/n —> CHo(Xy)/n (X5 <> X <& X,).

If F is separably closed, the degree map CHo(X;) — Z induces an isomor-
phism CHo(Xs)/n >~ 7Z/n. When F is finite, Ag(X;) is a finite group computed
by higher class field theory [KS83]. When moreover X, is separably rationally
connected, that computation shows Ag(Xs) = 0. We thus recover the prime-to-
ch(F) part of the main result of [KS03], which was obtained by deformation theory.
One should also compare the above result with the result of [Kol04], where the base
is a henselian discrete valuation ring with arbitrary perfect residue field.

COROLLARY 0.11 (Corollary 9.6). Let (X, Y) be an ample O.SP -pair with
dim(X) =d + 1 > 2, and assume that F is finite (resp. separably closed). Then
for any integer n > 0 prime to ch(F), the push-forward map

i« :CH1(Y)/n —CH{(X)/n (i:Y —X)

is bijective for d > 3 and surjective for d = 2 (resp. bijective for d > 2 and
surjective for d = 1).

This result can be viewed as a hard Lefschetz theorem for CH; (X)/n. Theo-
rem 0.3 is an easy consequence of it (see §9 below).

1. Homology theory and the cycle map

Unless indicated otherwise, all cohomology groups of schemes are taken over
the étale topology. Throughout this paper, we fix a discrete valuation ring R with
residue field F and quotient field k. We put B := Spec(R), s := Spec(F) and
n := Spec(k). Let Sch%p be the category of quasi-projective B-schemes and
B-morphisms. For X € Ob(Schqu), we put X5 := X xg s and X, :== X xpn,
and write X req for the reduced subscheme of X;. We define dim’(X) to be the
Krull dimension of a compactification of X over B, which does not depend on the
choice of compactifications. For an integer ¢ > 0, we define X, as the set of all
points x on X with dim’({x}) = ¢, where {x} is the closure of x in X. Note that
a point x on X, (resp. on Xy) belongs to X if and only if the residue field « (x)
satisfies

trdegy (k(x)) =g —1 (resp. trdegp (k(x)) = q).
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One can easily check that
(1.1) XyNY =Y, forY locally closed in X.

Let 6 be the full subcategory of Sch%p consisting of objects whose structural mor-
phisms do not factor through n. For X € Ob(%), dim’(X) agrees with the Krull
dimension of X, and we simply denote dim’(X) by dim(X).

Definition 1.2. For X € Ob(%) and g € Z>, let %,(X) be the free abelian
group over the set X,;. We define the rational equivalence relation on %, (X) in
the same way as in [Ful98, §1.3], and define the group CHy(X) as the quotient
of #4(X) by this equivalence relation. We call CH,(X), the Chow group of
q-cycles modulo rational equivalence. This group is identified with the cokernel
of the divisor map defined in [Ful98, §1.2]

div: @ K(x) — @ Z.
x€Xg+1 x€Xy

Remark 1.3. For a scheme X € Ob(6¢) whose structural morphism factors
through s < B, the above definition of the Chow groups agrees with that in [Ful98,
§1.3]. We did not include schemes over 7 in the category % to avoid confusion
caused by the fact that for X € Ob(Sch%p ) lying over 7, our notation CH, (X)
corresponds to the usual Chow group of (¢ — 1)-cycles. We will not deal with
Chow groups of any schemes which do not belong to ‘€ until the end of Section 8.

Throughout this paper we fix a prime number ¢ different from ch(F') and write

Ap=27/0"7 for anintegern>1 and Ao =Qy/Zy = lir_>n Ay.
m

Let A denote either A, or Ax. For X € Ob(Schqu ) and g € Z, we define
(1.4) Hy(X,A):= H*9(X,Rf'A)

where f denotes the structural morphism X — B and Rf' denotes Deligne’s
twisted inverse image functor [SGA4, X VIII, Th. 3.1.4]. This assignment gives a
homology theory on € in the sense of [JS03, Def. 2.1]. More precisely, we have
the following proposition:

PROPOSITION 1.5. Let SchqB‘Z< be the category whose objects are the same
as Sch%p and whose morphisms are proper B-morphisms. Then Hy(—, A) is a

covariant functor from SchqBIf|< to the category of abelian groups for each q € 7,
and satisfies the following (1)-(3):

(1) Hy(—, A) is contravariantly functorial with respect to étale morphisms in
qp
Sch”.
(2) Ifi .Y — X is a closed immersion in Schqu with open complement j :U — X,
then there is a long exact sequence

8 » j* 8
o S Hy (Y, A) 5 Hy (X, A) L5 Hy(U, A) =5 Hy (Y, A) —> -+,

which we call a localization sequence in what follows.
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(3) The localization sequence in (2) is functorial with respect to proper mor-
phisms and étale morphisms in the following sense. Suppose we are given
cartesian squares in Sch%p

j/ i’
U/ X/ Y/

ful O fl O fyl

U%X<Z—Y,

where i (resp. j) is a closed (resp. open) immersionand U = X =Y. If f is
proper, then there is a commutative diagram with exact rows

5 . iy 5
L H ) xS H U A S Hy (Y A) — -

fre| £ fus | fre|

*

5 ' : 5
S H (A S Hy(XA) s Hy(U.A) s Hyoy (Y, A) —> -

If f is étale, then there is a similar commutative diagram with vertical arrows
fy . f*. J7 in the opposite direction.

Proof. An outline of the proof of these statements is given in [JS03, Ex. 2.2].
The details are straightforward and left to the reader. We recall here only the
definition of the map g« : Hy(Y', A) — Hy (Y, A) for a proper morphism g: Y’ —Y
in Sch%”, which will be useful later in Lemma 1.8. Let 8 and B’ be the structural
morphisms Y — B and Y’ — B, respectively. Then g is defined as the composite

g Hy(Y', A)= H* (Y, R(') Ap) = H*"9(Y, Rg+R(B")' Ap)
d
(1.6) = H>79(Y, Rg«Rg'RB* Ap) —> H> (Y. RB' Ap) = Hy(Y. A).

where adg denotes the adjunction map Rg« R g' — id obtained by the properness
of g (i.e., Rg« = Rg) and the adjointness between Rg) and Rg'. O

Remark 1.7. For X € Ob(‘€) whose structural morphism f factors as X LN
s s B, we have
Hy (X, A)=H>"%(X.Rf'Ag)=H>"(X,Rg'Ri' Ap)~ H™4(X.Rg' A(~1);),

where the last isomorphism follows from the purity for discrete valuation rings
[SGAS, I, Th. 5.1]. The last group is a special case of the Bloch-Ogus homology
[BO74, 2.1)].

We next provide the following lemma:

LEMMA 1.8. Assume that X € Ob(Sch%p ) is integral and regular, and put
d == dim'(X) — 1. For m € Z, let A(m) be the Tate twist. Then for a closed
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subscheme Y C X, there is a canonical isomorphism

(1.9) tyrx P HR9P2(X, A(d)) = Hy(Y, A)
which satisfies the following functorial properties:

(1) Let f : X' — X be a proper morphism (resp. étale morphism) in Sch%p with
X' integral and regular, and let Y’ be a closed subscheme of f~1Y = X'xx Y
(resp. put Y' := f~Y). Let g be the composite map Y’ — =Y — Y. Then
there is a commutative diagram

2d’— 2 Ty’ x/
Hy? (X AW —= Hy(Y'. A)

7] e

HP (X AW) 5 Hy(Y. 4)

HE 2 (x Ad)) 255 Hy(v!, A)

resp. f *T Tg * )

H2™I2 (X, A(d)) —5 Hy(Y, A)

where d' in the left square denotes dim’(X') — 1 and the arrow fy in the left

square is the push-forward map of cohomology groups with supports (see the
proof below).

(2) Let i be the closed immersion Y — X and let j be the open complement
U — X. Then there is a commutative diagram with exact rows

B HL(XLAW)) S (X AW)) 2 HY(U.AW)) = HIF (XL AW)) — -

TY,Xl: TX,Xl: TU,UJV’: Ty,xl

5 . * 5
S H (YA DS Hu XA D HyUA) -5 Hp (Y, A) —> -,

where we put r := 2d — q + 2, for simplicity.

Proof. Let D(X,) be the derived category of complexes of étale sheaves on
X, and let o be the structural morphism X — B. We will prove
(3) There is a canonical isomorphism Ty : A(d)x[2d] = Ro' Ap in D(Xg).

We first finish the proof of the lemma admitting this statement. We define the iso-
morphism 7y x in (1.9) as that induced by 7. The right square in (1) is obviously
commutative. We obtain the commutative diagram in (2) by applying a standard

localization argument to Ty, (cf. [JSS, (0.4.2)]). For a proper morphism f : X’ — X
as in (1), we define the morphism

Tty : Rf«A(d")x[2d"] > A(d)x[2d] in D(Xe)
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by the commutative square

REAW)x[2d] —> Rf.R(@)'Ap

Trfl ladf

Ad)x[d] —>  Ra'Ag,

where o’ denotes the structural morphism X’ — B, and ads denotes the adjunction
map RfxRf' — id (see adg in (1.6)). We define the arrow fi in the left square
of (1) as the map induced by Try and the cobase-change map Hy, (X', —) —
Hy (X, Rfx(—)) [SGA4, XVIII, (3.1.13.2)]. In view of the definition of g« in
(1.6), fi makes the left square of (1) commutative. Thus it remains to show (3),
which we prove in what follows.

. . . . . : B
Since B is regular of dimension one, « is flat or otherwise factors as X —
i . .
s — B. In the flat case, we define T}, as the adjoint of the trace morphism Try, :

RayA(d)x[2d] — Ap due to Deligne ([SGA4, XVIII, Th. 2.9]). In the latter case,
we define Ty, as the adjoint of the composite morphism

Rey A(d)x[2d] = Ris RBIAW)x[2d] — 2> RisA(-1)s[-2] —5> Ag,

where the last arrow is the Gysin map for i ([Fuj02, §1.2]). We show that 7, is an
isomorphism. Fix a locally closed embedding y : X — P = [P’g into a projective

space over B. Let 7 be the natural projection P — B. Then by [SGA L, Cycle,
Th. 2.3.8 (1)], T, factors as

Gys Tr
A(d)x[2d] — Ry'A(N)p[2N] —= Ry'Rn'Ap = Ra'Ap.
Here the arrow Gys,, denotes the Gysin morphism for y ([Fuj02, §1.2]), which is
an isomorphism by the absolute purity (loc. cit. Theorem 2.2.1). The second arrow
is an isomorphism by [SGA4, XVIII, Th. 3.2.5]. Hence T}, is an isomorphism and
we obtain the assertion (3). This completes the proof of Lemma 1.8. O

COROLLARY 1.10. For X € Ob(Sch%p ), there is a homologically graded spec-
tral sequence

E)y(X. )= P HP(x. A(a—1)) = Hgyp(X. A),
xeX,

which we call the niveau spectral sequence. This spectral sequence is covariant
with respect to proper morphisms in Sch%p and contravariant with respect to étale
morphisms in Schqu. See Figure 1 below for a table of E'-terms of this spectral
sequence.

Proof. By Proposition 1.5 and [JS03, Prop. 2.7], there is a spectral sequence
Epy(X, A)= @ Harp(x, A) = Hayp(X, A),

xeX,
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whose d !-differential maps arise by definition from the connecting homomorphisms
in the localization sequences in Proposition 1.5 (2). For x € X, Hy(x, A) is defined
as follows:
Hy(x, A):= 11_)ri Hy (U, A),
Uc{x}

where {x} denotes the closure of x in X and U runs through all nonempty open
subsets of m When x € X, the limit on the right-hand side is isomorphic to the
étale cohomology group H24~4(x, A(a — 1)) by ty,y in (1.9) for open regular
subsets U C {x} and the compatibility results in Lemma 1.8 (1). Thus we obtain
the desired spectral sequence. The functoriality assertions follow from the corre-
sponding results in [JSO3, Prop. 2.7]. O

El
E;b=0unlessO§a§d+landb§a d+1,d+1

Ha(X,4) -

Hy(X.4) - E21’2 DR kEéH,z

Ho(X, A) lI.IEll:}_l.%lEzl,l — e —El
. Eé,? kEll,o HEZI’O — e HE;H—I,O

H—I(Xv A)

ol ol 1
Eo 1 Ef By —Eii1

Figure 1. Table of E} , = E} , (X, A) (d :=dim'(X)—1)

The niveau spectral sequence in Corollary 1.10 is a fundamental tool in this
paper. We often omit the coefficient A of E; »(X, A). We have E; »(X) =0 for
any (a,b) with a < b and

(1.11)  E7 (X) = Coker(d; ; : P xex, k(x)* ® A > @D xex, 4)

for X € Ob(%) (see also Remark 1.3), where CH;(X) denotes the Chow group
of 1-cycles defined in Definition 1.2. The second isomorphism hinges on the
fact that the differential map ale’1 agrees with the negative of the divisor map in
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Definition 1.2, by Lemma 1.8 (2) and [JSS, Th. 1.1.1]. We define the cycle class
mapping

(1.12) px :CH1(X)® A — Hy(X, A)

to be the edge homomorphism E 12’1 — Hy(X, A) of the niveau spectral sequence.

By the functorial properties of the niveau spectral sequences, we obtain the follow-
ing proposition, which will be frequently used in later sections:

PROPOSITION 1.13. (1) The cycle map (1.12) is covariantly functorial with
respect to proper morphisms in € and contravariantly functorial with respect
to étale morphisms in 6.

(2) Fora closed immersioni : Y — X in € whose open complement j : U — X
belongs to €, there is a commutative diagram with exact rows

CH;(Y)® A — CH;(X)® A —— CH{(U)® A — 0

% Lo |po
Hy(Y, A) —— Hy(X.A) —— Hy(U.A),
where the lower row is the localization exact sequence in Proposition 1.5 (2).
The exactness of the upper row in the above diagram follows from the same

argument as for [Ful98, Prop. 1.8]. The details are straightforward and left to the
reader.

Remark 1.14. The results in Proposition 1.5 —Corollary 1.10 are covariantly
functorial in A. In particular, for X € Ob(6) and m,n > 1 there is a commutative
diagram with exact rows

o £
CH{(X) ® Am —— CH{(X) ® Amin —2 CHy(X)® Ay ——> 0

lpx lpx lpx
mod £"

en
Hy(X. Am) —— Ho(X, Amin) ——5 Hy(X, An).

where the lower row is a part of the long exact sequence of homology groups
associated with the short exact sequence of étale sheaves on B:

x{" mod £"

0 Am Am +n An 0.
We introduce here the following terminology, in order to state a main result
of this paper.

Definition 1.15. (1) For a regular scheme X and a reduced divisor D on
X, we say that D has simple normal crossings if it satisfies the following
conditions:

(1a) The irreducible components D; (i € I) of D are regular.
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(1b) For an arbitrary nonempty subset J C I, the scheme-theoretical intersec-
tion (\; ey Di is regular of codimension §(J) in X, or otherwise empty.
(2) We call an object X € € quasi-semistable, if it satisfies the following condi-
tions:

(2a) X is pure-dimensional, regular and flat of finite type over B.
(2b) The reduced divisor X eq on X has simple normal crossings.
Note that X rq is nonempty by the definition of the category €.
(3) We define the category 2.5 (resp. 2SP) as the full subcategory of € consisting
of objects which are quasi-semistable (resp. quasi-semistable and projective
over B).

The following theorem is one of the main results of this paper:
THEOREM 1.16 (Theorem 0.6). Assume that R is excellent and henselian and

that F is finite or separably closed. Then for X € Ob(2SP) and n > 1, the cycle
map px : CHy(X)/0" — H,(X, Ap) is bijective.

The proof of Theorem 1.16 will be completed in Section 8. We note here
the following lemma, where R may not be excellent or henselian and F' may be
arbitrary:

LEMMA 1.17. If X € Ob(6) has dimension <2, then the map px :CH{(X)/£"
— Hy(X, Ay) is injective for any n > 1.

Proof. This follows from the definition of px and the fact that Ea1 »(X)=0
for a > 3. O

2. Kato homology

The notation remains as in Section 1. In this section, we assume that R is
henselian, and introduce an arithmetic invariant associated to each object of €,
which plays a crucial role in the proof of Theorem 1.16.

Definition 2.1. Let X be an object of €. Let A denote A, or As. Let us
recall the niveau spectral sequence obtained in Corollary 1.10:
22) B, (X.A) =P H (. Aa—1) = Happ(X. A).
x€Xy

(1) We define the complex KC(X, A) as the following sequence of E!-terms:

4o o dao i,
Ejo(X.A) <= Elj(X.A) <. < ELy(X, A) a0
@ HO(x, A(-1)) @ H'(x,A) @D H%x, Ala—1))
x€Xo x€X xeXg

where E;’O(X, A)is placed in degree a. By Lemma 1.8 (2) and [JSS, Th. 1.1.1],
the differential maps agree with the negative of the boundary maps of Galois
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cohomology groups defined in [Kat86, §1]. In particular, KC (X, A) is a spe-
cial case of the Bloch-Ogus-Kato complexes defined in loc. cit., up to signs
of differential maps.

(2) We define the group K H, (X, A), the Kato homology of X, to be Eio (X, A),
which is by definition the homology group of the complex KC(X, A) in de-
gree a.

By the functorial properties of the niveau spectral sequences (cf. Corollary
1.10), the complex KC(X, A) is covariantly functorial for proper morphisms in €
and contravariantly functorial for étale morphisms in €. In particular, for a closed
immersion i : ¥ < X in ¢ whose open complement j : U < X belongs to 6,
there is an exact sequence of complexes (cf. (1.1))

2.3) 0—s KC(Y. A) -2 KC(X. A) 1> KC(U, A) —> 0.

By Lemma 2.6 below, there is an edge homomorphism

2.4) €q  Hy(X, Axx) — KHy(X, Aso) if F is finite,

(2.5 €q: Hy(X, Ay) — KHy (X, Ay) if F is separably closed.

LEMMA 2.6. Assume that R is henselian. Let X be an object of @.
(1) If F is separably closed, then E; » (X, Ap) =0forb < —1.
(2) If F is finite, then E;,b(X, Ap) =0forb<—2and E; (X, Ax) =0.

Proof. (1) and the first vanishing of (2) follow from the fact cd(x) = a +cd(F)
for x € X,. The second vanishing of (2) follows from the next lemma, which is an
analogue of a result of Kahn [Kah93, p. 61, Prop. 4]. ([l

LEMMA 2.7. Assume that R is henselian and that F is finite. Let r > 0
be an integer. Let L be a field which is either finitely generated over k with
trdeg; (L) = r — 1 or finitely generated over F with trdegp (L) = r. Then we
have H™T1(L, Aso(n)) = O for any n # r. Here for a field K, H* (K, —) denotes
the étale cohomology of Spec(K), which agrees with the Galois cohomology of the
absolute Galois group G g (cf. [Mil80, III, Ex. 1.7]).

Proof. We prove the case that L is over k. The case that L is over F' is similar
and left to the reader (see also Lemma 3.10 below). If L is a finite extension
of k, then the assertion follows from the Tate duality for Galois cohomology of
local fields (cf. [Ser92, 11, §5.2, Th. 2]). We continue the proof by induction on
r = trdegy (L) + 1. Assume r > 2. There is a subfield L,_; C L which is purely
transcendental over k and for which L /L,_; is finite. Take a subfield L,—» C Ly
which is purely transcendental over k of degree r — 2, and let K be the algebraic
separable closure of L,_, in L. Note that trdeg g (L) =1 and that trdeg; (K) =r—2.
Fix a separable closure K of K. There is a Hochschild-Serre spectral sequence

ESY = HY(K, HY (L ®k K, Aoo(n))) = H* PP (L, Ano(n)).
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Since cd(K) < trdeg (K) + 2 = r ([Ser92, 11, §§4.2-4.3]) and cd(L @k K)=1
(loc. cit. II, §§3.2-3.3), we have Eg’b =0if b > 2 ora > r + 1. Hence it suffices
to show

EP' = H(K, HY(L ®k K, Aoo(n))) = 0.
By Hilbert’s Theorem 90 (loc. cit. I, §1.2, Prop. 1), we have

H'(K.H'(L®k K. Aoo(n))) = H" (K. (L ® K)* ® Aoo(n 1))
= h_r)n H"(K,(L®kg K')*® Aso(n —1)),
K'CK
where K’ C K ranges over all finite Galois extensions of K. See [Ser92, II, §2.2,

Prop. 8] for the last equality. We show that the last group is zero. Fix a finite Galois
extension K’ of K. Since cd(K) < r, the corestriction map

H" (K’ (L®k K')* ® Aco(n—1)) — H" (K, (L ®k K')* ® Aco(n—1))

is surjective. Because Gg- acts on (L ® ¢ K')* trivially, the natural map induced
by cup-product

Lk K'Y *@H"(K', Apo(n—1)) — H"(K' (L ®K K')* ® Aso(n — 1))

is bijective. Here the left-hand side is zero by the induction hypothesis. Thus we
obtain Lemmas 2.7 and 2.6. O

Assume that F is finite and put A := A until we state Conjecture 2.11. Let
D(Zy) be the derived category of complexes of Z;-modules. For X € Ob(2SP),
we construct a morphism

(2.8) KC(X, A) — ATXD 1] in D(Zy).

Here 1(Xj) denotes the set of the irreducible components of X r.q and Al (XS)[—I]
is the homological complex with A7(Xs) placed in degree 1 and with 0 in the other
degrees. We show that the first boundary map of KC(X, A) is surjective:

dio: @@ H'(y.4) > @ HO(x. A(-D)).
yeXy x€Xo
Indeed, for a given point x € Xq there exists a closed point y on X; whose clo-
sure {y_} C X contains x and is regular at x by Lemma 7.2 below. Because R is
henselian, {y_} is the spectrum of a henselian discrete valuation ring. By Hensel’s
lemma, all roots of unity of order prime to ch(x(x)) in «(x) lift to k(y), and one
can easily check the (y, x)-factor of a’ll’o is surjective by [JSS, Th. 1.1.1]. Thus
d 11’0 is surjective, and we get a natural morphism

2.9)  KC(X,A) — H{(KC(X, A))[~1] = Hi{ (X, A)[~1] in D(Z),
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where the second isomorphism is given by the map (2.4) with a = 1 (cf. Figure 1
after Corollary 1.10 and Lemma 2.6). On the other hand, there is a composite map
(2.10)

Hix, ) 2 g2+ (x A@) D @ B2y, ) S AT,
I<j<m
where d denotes dim(X) — 1 = dim(X;) and Y1, ..., Y, are the irreducible com-
ponents of X req. The arrow (x) is the natural pull-back map, and the last ar-
row is the trace isomorphisms for projective smooth varieties over F (cf. [JSO3,
Lemma 5.3 (2))]. We define the morphism (2.8) as the composite of (2.9) and
(2.10).

We now propose the following conjectures:

CONIJECTURE 2.11. If R is excellent and henselian and F is separably closed,
then KC(X, Ay) is exact for any X € Ob(2SP).

CONJECTURE 2.12 (Conjecture 0.7). If R is excellent and henselian and F is
finite, then for any X € Ob(2QSP), the morphism (2.8) is an isomorphism, i.e., we
have XD g

o0
0 a#1.

Recall that KC(X, A) is identified with the case j = —1 of the Bloch-Ogus-
Kato complex

P H T (x. AG)) <« P H/ T2 (x. AG + 1)
xeXo x€X
e @ HSE (At )
xeX,

up to signs of differential maps (cf. Definition 2.1). In [Kat86, Conj. 5.1], he
conjectures that this complex with j = 0 is exact for both A = A, and A, if
F is finite and X is a regular scheme which is proper flat over B. It is interesting
to ask if Conjecture 2.12 is valid for A,,. We will prove the following affirmative
result on these conjectures using Theorem 1.16.

KHa(X, Aoo)

THEOREM 2.13 (Theorem 0.8). Conjectures 2.11 and 2.12 hold in degree
a <3.

The proof of this theorem will be given in Section 9 below. In the rest of this
section, we prove the following proposition, where R may not be excellent:

PROPOSITION 2.14. Conjectures 2.11 and 2.12 hold in degree a < 1.

Proof. Let A denote Ay, if F is separably closed and A if F is finite. We
have

KHa(X, A) = E2 (X, A) = EZ)(X, A) = Ha(X, A) fora <1

by Lemma 2.6. Hence the proposition follows from the following lemma.
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LEMMA 2.15. Assume R is henselian, and let X be an object of 2.SP.
(1) If F is separably closed, then H,(X, A) is zero for a < 1.

(2) If F is finite, then the composite map (2.10) is bijective and Hy (X, A) is zero
fora <0.

Proof of Lemma 2.15. We prove only the case a = 1 of (2), i.e., the bijectivity
of the arrow (x) in (2.10). The other assertions follow from arguments similar to
those below and are left to the reader. The map () in question factors as follows

H* (X, A(d)) — H* (X, A(d))

s HH (X 0, AA) S @) B2, A)),
I<j<m

where all arrows are pull-back maps. Since R is henselian, the first arrow is bi-
jective by the proper base-change theorem [SGA4, XII Cor. 5.5 (iii)]. The sec-
ond arrow is bijective by the invariance of étale topology for the nilpotent closed
immersion X g <> X5 (loc. cit. VIII, Cor. 1.2). We show that the last arrow
(*%) is bijective. Let v be the canonical map ]_[:-":1 Y; — Xj red, Which is finite
because each component Y; — Xj oq is a closed immersion. Let X be the singular
locus of X req. As v is an isomorphism over X 4 — X, the adjunction map
o A(d) = vxv* A(d) of étale sheaves on Xj 4 is injective, and the support of
Coker(w) is contained in X'. Hence we have a long exact sequence

o> H(T,Coker(@)) — H2H (X, 00, AWd) 2 @ H*\(Y;, Ad))
1<j<m
— H?¥+1(Z Coker(a)) — -+,
and the map (xx) is bijective by the fact cdy(X) <2dim(X) +cdy(F) =2d — 1
(loc. cit. X, Cor. 4.3). Thus we obtain the lemma and Proposition 2.14. O

3. The vanishing theorem

Let the notation be as in Section 1. For a scheme X, D(X¢) denotes the
derived category of complexes of étale sheaves on X.

Definition 3.1. See Definition 1.15 (3) for the categories 2.5 and 9.SP.

(1) A 9S-pair is a pair (X, Y) consisting of schemes X, Y € Ob(2.5) such that
Y is a divisor on X and such that the reduced divisor Xg g UY on X has
simple normal crossings. Note that no component of Y is a component of
Xs.red, because Y is flat over B by assumption.

(2) A 2SP-pair is a 2.5-pair (X, Y) such that X,Y € Ob(2SP). For a 9SP-
pair (X,Y), wecall U := X — Y the complement of (X, Y), and often denote
itby (X,Y;U).

(3) An ample 2.SP-pair is a 2SP-pair (X, Y; U) such that U is affine.
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The aim of this section is to prove the following vanishing result:

THEOREM 3.2. Let (X, Y; U) be an ample 9.8 P -pair with dim(X)=d +1>2,
and assume that R is henselian.

(1) If F is separably closed, then Hy(U, Ap) =0 forq <d + 1.

(2) If F is finite, then Hy(U, Ay) = 0 for g < d. Furthermore if d > 2, then
Hd+1(U’ AOO) =0.

Remark 3.3. For a regular scheme U which is flat of relative dimension d
over B, we have

Hy(U, A) ~ H?> 274U, A(d))

by (1.9). When U is affine and R is henselian, the affine Lefschetz theorems of
Artin-Gabber (cf. [Fuj02, §5]) imply that the last group vanishes if F is separa-
bly closed and ¢ < d, or if F is finite and ¢ < d — 1. Theorem 3.2 asserts a
stronger vanishing result, assuming that U is the complement of an ample 2.SP -
pair (X, Y). For example, assume F is separably closed, and consider the case
that X = Proj(R[To. T1]) and that Y C X is the ample divisor 7{" — 7 - Tj" =0
(m > 1), where & is a prime element of R. We compute the natural map « in the
exact sequence

H2(X, Ay (1)) —> H2(X, Ap(1)) — H2(U, An(1)) U:=X-Y).

The group H }2, (X, An(1)) is generated by the divisor class cly (Y) [SGAL, Cycle
Prop. 2.1.4]. Consider the isomorphism

B HA(X, Ay (1) —> H*(Xs, An(1)) —> Ay,

where the first isomorphism is obtained by the proper base change theorem for étale
cohomology and the second is the trace map for Xz — s (cf. (9.3) below). Then
we have Ba(cly (Y)) = m € A, by Lemma 9.4 below. Hence H2(U, A,(1)) is
nonzero if £ divides m. On the other hand, Theorem 3.2 asserts that H2(U, A, (1))
is zero if (X,Y) is a 9.SP-pair, i.e., m = 1.

The following lemma is crucial to the proof of Theorem 3.2, which extends
the base-change theorem of Rapoport-Zink ([RZ82, Satz 2.19]) to 2 SP -pairs by
the absolute purity theorem of Gabber [Fuj02, Th. 2.1.1]. For a scheme X € Ob(6)
and an effective Cartier divisor ¥ C X, letcly(Y) € H % (X, An(1)) be the divi-
sor class of Y ([SGAl, Cycle §2.1], [Fuj02, §1.1]), which induces a morphism
Ap(=Dy[-2] — RK!A,,’X in D(Yy) (k : Y < X) by the natural identification (cf.
[SGA%, Catégories Dérivées 11.2.3 (4)])

HE (X, An(1)) = Hompy,) (An(=1)y [=2], Ri' Ay x).

LEMMA 3.4. Let (X,Y) be a 2S-pair over B. Put Z := Xgeq and W :=
Y5 red. Then:



FINITENESS THEOREM ON ZERO-CYCLES 1611

(1) W is an effective Cartier divisor on Z and the divisor class
clz(W) € Hz(Z, Ay(1))

induces an isomorphism H172(W, A,(j — 1)) ~ HI‘,IV(Z, An())) for any
q.] €L
(2) Assume further that R is henselian and that (X, Y ; U) is a 2SP -pair over B.
Put V := Ug rea. Then the pull-back map H4(U, A, (j)) — HI(V, Ap(j)) is
bijective for any q, j € Z.
Proof. Put A := A,. We first show (1). Since (X, Y) is a 2.5-pair by assump-
tion, the following square consisting of canonical closed immersions is cartesian:

S

W —— Z

(3.5) in 0 liX

Y —— X.
In particular, W is an effective Cartier divisor on Z and the divisor class clz (W)
is defined in H %, (Z, A(1)). Our task is to show that the morphism

Gysy : A(~Dw[-2]— Rf'Az in D(W)

induced by clz (W) is an isomorphism. For ¢ > 1, let Z @ be the disjoint union
of g-fold intersections of distinct irreducible components of Z. We define w @
(g = 1) in a similar way. Since X and Y belong to Ob(2.S), each of Z @ and W@
is empty or otherwise regular of pure dimension dim(Z)+1—¢ and dim(W)+1—¢q,
respectively. Since (X, Y) is a 2.5-pair, one can easily check

(3.6) WD =7z@Dx, W forany q> 1.

Letug: Z @ — 7 and Vg : W@ — W be the canonical finite morphisms. There
is an exact sequence of étale sheaves on Z

d° d! a2 g a4
BT 00— Az —uisAza) — uzs Az —> -+ —> Ugs A gy —> -+,
where d© is the adjunction map and d¥ for ¢ > 1 is an alternating sum of adjunction
maps. The signs of these alternating sums are defined as follows. Let Z1, ..., Zy

be the irreducible components of Z, and let S and 7' be the components of Z @)
and Z@*D given by

S=ZyNZ,N---NZ, and T=SNZ

ig+1>

where i;’s (1 < j < ¢+ 1) are pairwise distinct and we assumed i1 < iz <--- <ig.
Then the sign of the (S, T')-factor of d? is defined as (—1)7~", where r is the
integer with i, <igz11 <ir4+1. The exact sequence (3.7) yields a spectral sequence
of sheaves on W (cf. [Mil80, App. C (g)])

EP? = R fluge Az = RO 1 A



1612 SHUIJI SAITO and KANETOMO SATO

We compute the sheaf Ef’b. Since 1, and v, are finite, R? f'ugs = vgs RP(f@)!
by (3.6), where f (@) denotes the closed immersion W@ < 7@ Hence,

Vax A=y @ if p=2and a>1)

b
EY :
0 (otherwise)

by the absolute purity [FujO2, Th. 2.1.1], where the isomorphism for » = 2 arises
from the isomorphism A(—1)y @) i> Rz(f(a))!Az(a) induced by the divisor
class ¢l (W@) e HI%V(“)(Z(“), A(1)). In particular, RY f'Az = Eg_l’z for
any g € Z. Finally we compute the sheaves E; 2 by the following diagram of
sheaves:

1.2 2.2
dl dl
—

0— R2f'Ay —  E? E}?

1 1
el | |

A dl d?
0 — A(-Dw — vix A=)y — v AD e — -

d{]—l.z d;/.z
. — E'lq’2 —_ e
da-! 4

- —> vq*A(—l)W<q) —> e

The lower row is an exact sequence analogous to (3.7) and the signs of the alternat-
ing sum in d4 (¢ > 1) are defined by those in (3.7) and the isomorphism (3.6). We
prove these squares are commutative, which implies Lemma 3.4 (1). Indeed, for
any g > 1 the pull-back map H%V(Z, A(l)) — H%V(q)(Z(Q), A(1)) sends clz (W)
to ch(q>(W(‘1)) by (3.6) and [Fuj02, Prop. 1.1.3], which shows the commutativity
in question. Thus we obtain Lemma 3.4 (1).

We prove Lemma 3.4 (2). Since W =Y xx Z by (3.5), the pull-back map
HZ (X, A(1)) - HZ,(Z, A(1)) sends clx (Y) to clz(W) by [Fuj02, Prop. 1.1.3],
which yields a commutative diagram in D (W)

i¥Rc'Ax «<—— iy A(=y[-2]

| |

| Gysf
Rf'Az —2 A(=Dw[-2).

Here the left vertical arrow is the base-change morphism associated to the square
(3.5) (cf. [SGA4, XVIII, 3.1.14.2]). The top arrow is the morphism induced by
cly (Y), which is an isomorphism by the absolute purity [Fuj02, Th. 2.1.1]. The
bottom arrow is an isomorphism by (1). Hence the left vertical arrow is an isomor-
phism as well. Since R is henselian, this fact implies Lemma 3.4 (2) by similar
arguments as for [RZ82, Lemma 2.18] and the invariance of étale topology for
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nilpotent closed immersions [SGA4, VIII, Cor. 1.2]. The details are straightforward
and left to the reader. (|

We start the proof of Theorem 3.2. Put Z := X 1eq, W := Yy eq and V :=
Us rea- By (1.9) and Lemma 3.4 (2), we have
Hy(U, Ay) ~ H* 279U, Ay (d)) ~ H*@T274(V, Ay (d)).
By the ampleness assumption, the F-variety V is affine of dimension d. By the

affine Lefschetz theorem ([SGA4, X1V, Cor. 3.2]), we have

(3.9) HX+2-4(y. A, (d)) = 0 if F is separably closed and ¢ <d + 1
' e or if F is finite and ¢ < d.

It remains to show H4 1 (V, Aso(d)) is zero when we assume that F is finite and
d > 2. There is a long exact sequence of étale cohomology groups

o> H' (V. Ap(d)) > H"(V, Amyn(d))
= H' (V. An(d)) > H™ N (V. A (d)) — -+ .
Because these groups are finite by [SGA%, Th. finitude, Cor. 1.10], we obtain

the following long exact sequence by standard projective and inductive limit argu-
ments:

> H'(V,24(d)) > H" (V. Q¢(d))
— H"(V, Aso(d)) = H™ TNV, Zy(d)) — - .
Since H412(V,Z4(d)) = 0 by (3.9), the map
HITHV, Qu(d) — HIFH(V, Aoo(d)
is surjective. Therefore it is enough to show H¢ 1 (V, Qy(d)) is zero, which we

prove in what follows.

LEMMA 3.10. For any integer n € Z, there is an isomorphism
HOTY(V, Qq(n)) = Coker(1 — gy : HY(V,Qq(n)) — HY(V, Qqy(n))).

Here @g denotes the arithmetic Frobenius operator, i.e., the element of the abso-
lute Galois group G that corresponds to the Frobenius substitution on a fixed
algebraic closure F of F. For a scheme X € Ob(€) which lies over s = Spec(F),
X denotes the scalar extension X @ g F, which we regard as a G g -scheme by its
natural action on F.

Proof of Lemma 3.10. There is a short exact sequence (cf. [CTSS83, p. 780,
(28)D)

0— HY(V.Qun))G, — HOT' (V. Qun)) — HT(V, Qu(n))F —> 0,

where for a G p-module M, M Gr (resp. Mg ,.) denotes the maximal subgroup (resp.
maximal quotient group) of M on which G f acts trivially. Since H¢+1(V, Qq(n))
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= 0 by (3.9), we have H4T1(V, Q,(n)) ~ H4(V, Q¢(n))G,-. The last group is
identified with the cokernel of the endomorphism 1—¢g on H 4V, Q (n)), because
G F is topologically generated by . O

By Lemma 3.10, it suffices to show that the eigenvalues of g5 on H% (V,Qy(d))
are different from 1. By Deligne’s theorem on weights ([Del80, Th. I]) and the
assumption that d > 2, the eigenvalues of ¢ on

HY(Z,Qud)) and HI7Y(W,Qud —1))
are different from 1. It remains to show that there is a long exact sequence of
G F-Qg-vector spaces
o= H'2(W,Qu(d — 1)) > H'(Z,Qu(d)) - H" (V,Qq(d))
— H N (W.Qud —1)) —> .
Indeed we have
H" (W, Qq(d —1)) ~ HL(Z, Qy(d))
by Lemma 3.4 (1), which is G g-equivariant because clz(W) € H;—/(Z, Zy(1))
arises from clz (W) € HI%V (Z,7Z4(1)). On the other hand, there is a localization
long exact sequence consisting of finite A,-modules for each n > 1,

o= HL(Z, An(d)) = H'(Z, Ap(d)) — H"(V, An(d))

— HIFNZ, An(d) =+
Hence we obtain the desired long exact sequence by taking the projective limit
of these localization long exact sequences with respect to n > 1 and then taking

®z,Q¢. Thus HA*Y(V,Qu(d)) and HA T (V, Aso(d)) are zero, and we obtain
Theorem 3.2. O

4. The Bertini theorem over a discrete valuation ring

Let the notation be as in Section 1. The discrete valuation ring R is not
necessarily henselian, and the residue field F of R is arbitrary in this section. For
a free R-module E of finite rank, let

Pp(E) —> B = Spec(R)

be the associated projective bundle (cf. [EGAIIL, 4.1.1]). Put P4(E) := Pp(E) QRr
F, which is the projective bundle over F associated to Es := E®pg F. Let Gg(E)
be the set of the invertible (i.e., rank one) R-submodules N C E such that E/N
is free. Such N induces a closed immersion

H(N):=Pp(E/N) — Pp(E),

which we call a hyperplane in [P g (E) corresponding to N. There is a specialization
map
spg : GB(E) — G4(E), N+— N ®RrF,
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where G4 (FE) is the set of the one-dimensional F-subspaces of £ @ g F. This
map is surjective. In terms of hyperplanes in projective bundles, spg assigns to a
hyperplane H(N) CPg(E) over B, ahyperplane Hg(N):= H(N)Qgr F CPs(E)
over s. We quote here the following fact proved in [JSa, Th. 1].

THEOREM 4.1. Let X € Ob(2.SP) with dim(X) > 2. Then there exist a free
R-module E of finite rank, an embedding X — Ppg(E) and an invertible R-module
N € Gg(E) such that X - H(N) := X Xp gy H(N) lies in 2.SP and such that
(X, X-H(N)) is a 2SP-pair.

In this paper, we need the following stronger result, which was obtained also
in a joint work of Uwe Jannsen and the first author:

THEOREM 4.2 (Jannsen-Saito). Let X € Ob(2.SP) withdim(X) =d +1 > 2.
Let Y1, ..., Y, be the irreducible components of Y := Xg req, which are smooth
of dimension d over F. Forintegers 1| <a <dand1 <i; <---<ig <r,we
,,,,, ip =Yy N---NY;,. Let W C X be a closed subscheme satisfying the
following three conditions:

(1) W is the disjoint union of integral regular schemes Wy, ..., Wy,.
(ii) Forintegers1 <a <d,1<i; <---<ig<randl1<v<m,if W, ¢ Y;
then Wy, xx Y, ....i, is empty or regular of dimension < %dim(Yi1 ,,,,, i)
(iii) Forintegers1 <a <d,1 <i; <---<ig<randl <v <m,if W, CY;,
then dim(W,) < 3 dim(Y;, ...i,)-

..... lag»

.....

..... la»

Then there exist a free R-module E of finite rank, an embedding X — Pp(FE) and
an invertible R-module N € G g(E) satisfying the conditions:

(1) X-H(N):=XXpyzg)H(N) liesin ASP and (X, X - H(N)) is a 2SP -pair.
(2) H(N) contains W.

Remark 4.3. (1) In the original form of Theorem 4.1, it is assumed that F is
infinite. This assumption is removed by virtue of a theorem of Poonen [Poo04,
Th. 1.1]. By the same token, another theorem due to him [Poo08, Th. 1.1],
enables us to show Theorem 4.2 in the case that F is finite (cf. Theorem 4.7
below).

(2) Theorem 4.2 will play a crucial role in the proof of Theorem 1.16 in Section 8
below. In fact, in the proof of Theorem 1.16 for the case that F' is finite, a
standard norm argument enables one to use Theorem 4.2 just in the case that
the residue field F is infinite.

(3) Put H(N ):=H(N)® rFCPs(E). Theorem 4.2 (i) implies that Hs (N )Xp_ ()
Yi,,....i, 1s regular for any 1 <i; < .-+ < i, < m and that it is empty if
dim(Yj,,....;,) = 0. We also note that Hg(N) xp () Yi,....i, is not empty if
dim(Y;,,...;i,) > 1, because it is a hyperplane section of Y, ;. C Ps(E).

.....

..........
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For the proof of Theorem 4.2, we need the following fact proved in [JSa,
Lemma 1].

LEMMA 4.4, Let X € Ob(2SP) be endowed with an embedding X — Pp(E).
Let H < Pp(E) be a hyperplane. Assume that Hy := H QR F and Y}, ... i, for
anyiy,...,1iq intersect transversally on Ps(E). Then X - H (= X Xp,(g) H) lies
inSP and (X, X - H) is a 2SP -pair.

Theorem 4.1 is a rather immediate consequence of this lemma (cf. loc. cit. §1).
We deduce Theorem 4.2 from Lemma 4.4 by a refined argument.

Proof of Theorem 4.2. Let wlcw (resp. wnf ) be the (disjoint) union of
those W,,’s which are not contained (resp. contained) in Y. By the projectivity
assumption on X, take a free R-module Eg of finite rank and an embedding i :
X — Ppg(Ep). Put Ox(n) = i*Op,(E,)(n) for an integer n > 1. By the Serre
vanishing theorem (e.g. [Har77, III, Th. 5.2]),

HY(X,0x(n)) = H' (X, 0x(n) ® Ix(W/)) =0

for a sufficiently large n > 0, where I x(W/) C Oy is the ideal sheaf for W/ C X.
We fix such n in what follows. The R-modules

w = HO(X,0x(n)) D E, := HY(X,0x (n) @y Ix (W)
are free of finite rank and
E.®rF =H"(X;,0x,(n)) and E,®rF=HX,,0x,(n)®cy Ix,(W;)).

Here we have used the flatness of W/ over B. The last flatness also implies that
Ix, (st )=1 X(Wf ) ®oy Ox,, so that there is a short exact sequence

00— @X(n) Koy Ix(Wf) iﬂ—) @X(n) Koy Ix(Wf)
— Ox, (1) ®ay, Ix, (W) — 0.

where 7 denotes a prime element of R. By this short exact sequence, the quotient
E,/E, is free, and moreover, for an invertible R-submodule N C E, with E,/N
free, the quotient £, /N is again free. Thus we obtain a commutative diagram

Gp(En) = Gp(En)
Spgnl J{SpEn
Gs(En) = Gy(Ep).
The images ((Gg(Ey,)) and 1(Gs(E,)) are identified with the sets
®:={NeGp(E,)|W/ CH(N)} and &s:={M eGs(En)|W/ C Hy(M)},

respectively. Here H(N') denotes the hyperplane Pg(E/N) < Pg(E) and Hy(M)
C Ps(E,) is the hyperplane corresponding to (E, ® g )/ M. We have used the
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embedding X — Pp(FE,) associated to Ox (n). Consider the set
D red :={M € Gs(En)| W, s, red =w/n Xs,red C Hg(M)}
={M € Gs(E,)| w/n Yii,...ia C Hy(M) forany iy, ..., ia}.

By definition we have ®5 C P 1.q. We show the following:

LEMMA 4.5. Put
= Ker(IXs (Xs,red) g IXS (Xs,red) '@st) >~ IXS (Xs,red) &® IXS (st),

where the tensor products of sheaves are taken over Ox . Replacing n with a
sufficiently larger one if necessary, assume that H' (X, 0 x,(n) ® F) = 0. Then
fora given M € O req, there exists an M’ € Oy such that

Hy(M) N Xgrea = Hg(M") N Xy rea C Ps(Enp).
Proof of Lemma 4.5. By definition we have
(4.6) ®; = (Ker(r) —{0})/F>, ®grea = (Ker(or)—{0})/F>,
where ¢ and t are as follows:
HO(Xy, 0x, (n)) > H°(X;, 0x,(n) ® Oy )

% HO(X5,0x, () ® 0y, ).

v red

The assumption of the claim implies that the map
H(X;, Ox, (1) ® Ix, (Xse)) = H (X, Ox, () ® (Ix, (Xs,rea) -0y, 1)) = Ker(0)
is surjective. Hence we have
Ker(o7) = Ker(v) + H?(X;, Ox, (n) ® Ix,(Xs,red))-
In view of (4.6), this equality implies the desired assertion. O

We turn to the proof of Theorem 4.2. Put

Dy rea D U= {M € Gy(En)| W uw/ Jea C Hs (M)}
={M € Gs(E,)| W NYj,. i, CHs(M) for anyiy,..., ia}

and let Wy, C W be the subset of such M that Hg(M ) and Y;, . ;, intersect transver-
sally on Ps(E,) for any iy, ...,i;. We use here the following fact, which is due
to Altman-Kleiman ([KA79, Th. 7]) if F is infinite, and due to Poonen ([Poo04,

Th. 1.1], [Poo08, Th. 1.1]) if F is finite.

THEOREM 4.7 (Altman-Kleiman/Poonen). Let Y be a smooth projective scheme
over F and let Z C Y be a smooth closed subscheme. Assume dim(Z) < % dim(Y).
Then for any integer n > 0 large enough, there exists a smooth hypersurface section
H C X of degree n containing Z.



1618 SHUIJI SAITO and KANETOMO SATO

By this theorem and the assumptions of Theorem 4.2, we may suppose that
W, is nonempty, replacing n again with a sufficiently larger one if necessarily.
By the surjectivity of sp g, and by Lemma 4.5, there exists an N € ® C Ggp(E,)
satisfying spg, (N) € Wee. Now Theorem 4.2 follows from Lemma 4.4 for the
embedding X — Gpg(E,). O

5. Surjectivity of the cycle map

Let the notation be as in Section 1. In this section, we prove the following:

THEOREM 5.1. Assume that R is henselian and that F is finite or separably
closed. Let X be a scheme over Spec(R) which belongs to 9.SP. Then the cycle
map defined in (1.12)

px :CH1 (X)) ® A — Ha(X, A)
is surjective for both A = Ay, and Ay

Proof. 1t suffices to prove the case that A = A;. Without loss of generality, we
may assume that X is integral. The case dim(X) = 1 follows from the definition
of px. We prove the case dim(X) = 2. Since dim(X) = 2, the niveau spectral
sequence (2.2) gives rise to an exact sequence

0 —s CHy(X)/€" 255 Hy(X, Ap) — KHa(X, Ay) —> 0.
We will prove the following:

LEMMA 5.2. Ifdim(X) = 2, then KH»(X, Ay) is canonically isomorphic to
Br(X)[£"], where for a scheme Z, Br(Z) denotes the Grothendieck-Brauer group
H2(Z.Gu).

Since R is henselian and F is finite or separably closed, Br(X){{} = 0 by
[CTOPO2, Cors. 1.10(b) and 1.11 (b)], which is a consequence the base-change the-
orem for Brauer groups of relative curves; see [Gro68, 111, Th. 3.1] and [CTOPO2,
Th. 1.7 (¢)]. Hence Theorem 5.1 for the case dim(X) = 2 follows from this lemma.

Proof of Lemma 5.2. Let y be the generic point of X. Since dim(X) = 2, we
have

KH>(X, A,,):Ker(dzlo ;Hz(y,An(l))—>® Hl(x,A,,))
=,y Ker(ds : B2, 4, (1))—>H (x, An))
= ﬂxeXl Br(Ox_»)[¢"] = Br(X)[¢"],

where dzl’o denotes the differential map of the niveau spectral sequence (2.2), and
dx (x € X1) denotes the x-factor of dzl,o- The last equality follows from the
assumption that X is regular of dimension 2 and theorems of Auslander-Goldman
and Grothendieck [Gro68, II, Prop. 2.3, Cor. 2.2]. We show the third equality. Fix
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apoint x € X!, and put Z := Spec(Ox ). By Lemma 1.8 (2), dy is identified with
the arrow 2 in the localization exact sequence of étale cohomology groups

H'\ O, An(1) 5 H2(Z. A0(1)) > H?(Z. An (1))

— H?(y, An(1)) L H}(Z, An(1)),

where H!(y, An(1)) 2 k(y)*/€" by Hilbert’s theorem 90, and H2(Z, A, (1)) ~
Ay by [SGA%, Cycle Prop. 2.1.4]. By [JSS, Th. 1.1.1], §! agrees with the negative
of the divisor map «(y)*/¢" — A,. Because Oy  is a principal ideal domain, §!
is surjective and we have H?(Z, A, (1)) = Ker(8?). On the other hand, the short

N . .
exact sequence 0 —> A, (1) = Gy, — Gy — 0 on Zg, gives rise to a short exact
sequence

0 —> Pic(Ox x)/{" —> H?*(Z, Ap(1)) —> Br(Ox »)[£"] — 0,

and Pic(Oy ) is zero because Oy  is local. Thus we have Ker(dy) = Ker(§2) =
H?(Z, A, (1)) = Br(Ox x)[£"], which completes the proof of the lemma. O

Finally we prove the case that dim(X) > 3 by induction on dim(X). By
Theorem 4.2 we take an ample divisor ¥ C X such that (X, Y) is an ample 9.SP-
pair, and put U := X — Y. By Proposition 1.13 (2), there is a commutative diagram
whose lower row is exact:

CH;(Y)/0" —— CH;(X)/{"
,OYl pxl
Hy(Y,Ay) —— Ha(X,Apn) —— Hy(U, Ap).

By the induction hypothesis, py is surjective. Since R is henselian, we have
H>(U, Ap) = 0 by Theorem 3.2, which implies the surjectivity of px. Thus we
obtain Theorem 5.1. ([l

THEOREM 5.3. Let the assumptions be as in Theorem 5.1. Let A denote A,
if F is separably closed and Ao if F is finite. Then KH»(X, A) = 0.

Proof. The niveau spectral sequence (2.2) and Lemma 2.6 yield isomorphisms
KHy (X, A) = EZZ,O(X) = E5o(X) = Coker(pX :CH1(X) ® A — H>(X. A)).

Hence Theorem 5.3 follows from Theorem 5.1. O

6. The blow-up formula

Let the notation be as in Section 1. We prove here some lemmas which explain
how homology groups behave under blow-ups at closed points. The goal of this
section is to prove Lemma 6.4 below, which will be used in the proof of Theorem
1.16. We do not assume R is henselian in this section. The residue field I of R is
arbitrary in the following lemma.
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LEMMA 6.1. Let X € Ob(€) be regular of dimension d + 1. Fix a closed
point x on X and let w : X — X be the blow-up of X at x and let 1 : E — X be
the exceptional divisor. For any integer q there is a split short exact sequence

0—> Hy(E. A) 2> Hy(X. A) =5 Hy(X, A) — 0.
Here ﬁq (E, A) is defined as
Hy(E, A) :=Ker(mx : Hy(E, A) — Hy(x, A)),

which agrees with Hy(E, A) for ¢ > 1 because Hy(x, A) is zero for g > 1 (see
Remark 1.7 or (1.9)).

Proof. By Proposition 1.5 (3), there is a commutative diagram with exact rows

oo —> Hy(E, A) — Hy(X, A) — Hy(X —E, A) — Hy—(E, A) — -

! | | |

o — Hy(x, A) — Hy(X, A) — Hy(X —x,A) — Hy_1(x,A) —> ---.

It is enough to show that mx : Hy ()?, Ap) — Hy(X, Ay) is split surjective. We
define the map 7* : H, (X, A,) — Hy(X, A,) as follows:

1.9
7*: Hy (X, Ap) 0D 2ava(x A1)

)

* ~ 1.9 ~
I H2MT274(X ) Au(d)) (1 Hy(X, Ay).

We show m,.7* = 1 as endomorphisms on Hy(X, A). By Lemma 1.8 (1), my is
identified with the push-forward map of étale cohomology groups. By the projec-
tion formula, i.e., the commutative diagram of cup-product pairings (cf. Proof of
[Mil80, VI, Cor. 6.4 (a)])

HOX, Ay) x H24+270(X A, (d)) —— H24T274(%, A,(d))
LT .|
HO(X, Ap) x H2A+270(X A,(d)) ——> H24¥274(X, A, (d)).

we have only to check the left vertical 7, maps 1-to-1, which follows from the fact
that 7 is an isomorphism outside of E. Thus we obtain the lemma. O

Letz:X — X and¢: E <> X be as in Lemma 6.1. Let W C X be an integral
closed subscheme of dimension one. For A = A,, let

A(W) C Hy(X, A)
be the subgroup generated by px (W) € H» ()?, A). For A = A, we put
A(W) = h_r)n A (W) C Ha(X, Aso).

nenN
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See Remark 1.14 for the compatibility of cycle class maps with respect to the
multiplication by £ from A, to A,41. Recall that E ~ P;’g. For an integral closed
subscheme W C E of dimension one, we define degg /(W) € Z to be the degree
over x (cf. [Ful98, Def. 1.4]) of the intersection of W and a hyperplane H C E
with W ¢ H. Under these settings, we prove:

COROLLARY 6.2. Assume cdg(F) < 1(e.g., F is finite or separably closed).
Let W C E be a closed integral subscheme of dimension one, and assume either
that A = Ao or that degg /(W) is prime to L. Then

Ker(my : Hy(X, A) — Ha(X, A)) = A(W).
Proof. Lemma 6.1 yields an exact sequence
0—> Hy(E, A) =5 Hy(X, A) 25 Hy(X, A) —> 0.
Since E ~ Pg, CH; (E) is generated by a line L C E and we have
degg/y : CHi(E) —> Z.

We show that the map pg : CH1(E) ® A — H,(E, A) is bijective. Indeed, we
have

Ho(E, Ay) ~ H?*2(E.A,(d—1 ~
2( n) 1.9) ( n( )) cdp(F)<1

and Hy(E, A,) is generated by pg (L), which implies the bijectivity of pg for both
A = A, and As. Corollary 6.2 follows easily from these facts and Proposition
1.13(1) for £ — X. O

Setting 6.3. We consider the following situation:

3 TN

X=xO© Ty 2 y©® XN — X,
Here X € Ob(%) is regular of dimension d + 1, and 7; : X® 5 x(@-1 (I<i<N)
is the blow-up at a single closed point x;—; on (XU=Dy, Letn: X — X be the
composne of the above maps. Let E; C X @) be the exceptional divisor of 7; and
let £; C X be its strict transform (cf. Appendix A below for the definition). Note
that E; ~ I]J’ffi_ - Letz;: E; — E; be the natural map. We have the following facts
(see Proposition A.4 below for (1)—(3)):

(D) E Tovnns Zi'\N/ are regular irreducible components of X s red-

(2) The reduced divisor U1N=1 E; on X has simple normal crossings.
(3) If X € Ob(2S), then X € Ob(2.S).
(4) For1 <i < N, there exists a unique finite set S; of closed points on E; such

that
Q. — 1oy 7. L.
Si:=171(S;) =Ei N (UlsjﬁN’j# E})

and such that E,- — S”: ~ E; — S; via t;. Note that S; may be empty.

These facts and the following lemma will be used later in Section 8 below.
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LEMMA 6.4. Assume cdy(F) < 1. For 1 <i < N, let W; C Ei be a closed
integral subscheme of dimension one such that W; ¢ S;. Assume either that A =
Ao or that degg, /. (vi(W;)) is prime to € for all 1 <i < N. Then we have

Ker(ma : Ho(X, A) > Hy(X. A)) = Y A(W).
1<i<N

Proof. Let p be the projection X - XM Since w(W;) is a closed point of
X, the right-hand side is contained in the left-hand side by Proposition 1.13 (1).
There is an exact sequence

0 —> Ker(ps«: Hy(X, A) — Hy(XD, A)) — Ker(my : H>(X, A)— Hy(X, A))
2 Ker(ia : Ho(X W, A) — Hy(X, A)).

By induction on N, we may suppose that the first term is equal to ) , _; .y A(W;).
The last group is equal to A( Dx Wl) by Corollary 6.2, which agrees with p_* (A(W1 ))
by Proposition 1.13 (1) for the proper map p : X - XM Lemma 6.4 follows easily
from this fact. O

7. A moving lemma

Let the notation be as in Section 1. The discrete valuation ring R is not
necessarily henselian, and the residue field F' of R is arbitrary. In this section we
prove the following moving lemma for cycles on X € Ob(6), which will be used
in the proof of Theorem 1.16.

PROPOSITION 7.1. Let X be an integral regular scheme which belongs to
Ob(€). Let Y C X be a proper closed subscheme, and put U := X —Y. Then for
q > 0, the natural map EBxquﬂU Z — CHy(X) is surjective.

A slight modification of the following argument will show that the assertion
of Proposition 7.1 is valid even if the base scheme B is the spectrum of a Dedekind
ring. Since this generalization is not used in this paper, we do not pursue it here.

For the proof of the proposition, we need the following lemmas.

LEMMA 7.2. Let X be an integral regular scheme and let Y C X be a proper
closed subscheme with U = X —Y . Let y be a point on Y , and put ¢ := codimy (y).
Then there exists an integral closed subscheme Z C X of codimension ¢ — 1 satis-
fying the conditions (1) ZNU # &, (2) y € Z, (3) Z is regular at y.

LEMMA 7.3. Let Z be a quasi-projective scheme over B and assume given
a finite number of points z1, ...,z on Z. Then there exist a dense open subset
V C Z and a dense open immersion V.— U such that V contains all z1, ..., z,
and such that U is affine.

We first prove Proposition 7.1 admitting these lemmas. Take an arbitrary
y €Y, Let Z C X be as in Lemma 7.2. Then dim(ZNY) <gand Z; NY
is finite. Let m : Z — Z be the normalization of Z. The assumption that X
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is quasi-projective over B implies that Z is quasi-projective over B, and hence
by Lemma 7.3, there exists an open subset V' C Z and a dense open immersion
V <« U = Spec(A) such that V' contains JT_I(Zq NY). Let A’ be the semi-
localization of A at the ideals corresponding to 77! (Z4NY)CU. Itis aregular
semi-local domain of dimension one, and hence a principal ideal domain. Since Z
is regular at y, there is a unique point y € Z lying over y. Suppose f € A’ defines
the principal divisor y on Spec(A4’), which we regard as a rational function on Z.
Then the divisor divz (/) on Z has the form

N
diva(f) =[F1+ ) mi[xi]
i=1
for some points x; € Zq \ ({)7} Urn~4(Z,n Y)) and some integers m; for 1 <
i < N. Applying 7« to both sides, we get the following formula for the divisor
divz(f) = mxdivz(f) on Z:

N
divz(f)=[y]+ Z m} [x]] for some integers mY, ..., m'y,

i=1
where x] = m(x;) € Zy \ ({y} U(ZgN Y)). This proves the desired assertion. [

Proof of Lemma 7.2. We have only to show the case that Y is a divisor on X,
and we may replace X with Spec(0Ox,,). Suppose that Y is defined by a nonzero
element w € Ox, , on X = Spec(0Ox,,). It suffices to show the following:

SUBLEMMA 7.4. Let (A, m) be a regular local ring of dimension ¢ > 1 and let
m € m be a nonzero element. Then there exists a regular system of parameters
{ai,...,ac—1,ac} of A for which w does not belong to the ideal (a1, . ..,a.—1) C A.

We prove this sublemma by induction on ¢ > 1. The case ¢ = 1 is clear.
Suppose ¢ > 2. Because A is a unique factorization domain and m/(m? + (7)) is
nonzero by the assumption ¢ > 2, one can find a prime element @ which does not
divide 7 and does not belong to m?. Then A’ := A/(ay) is a regular local ring of
dimension ¢ — 1 such that the residue class T € A" of 7 is nonzero. By the induction
hypothesis, there is a regular system of parameters {b,, ...,bc—1,bc} of A’ such
that w & (ba,...,bc—1). Taking lifts as,...,dc—1,ac € A of ba,...,be—1,be,
we get a regular system of parameters {ay,...,dc—1,ac} of A such that 7 &
(ai,...,ac—1). Thus we obtain the sublemma and Lemma 7.2. O

Proof of Lemma 7.3. By assumption there is a locally closed immersion
i:7Z— Pg , where I]Dg denotes the projective space Proj(R[Ty, ..., Tn]) over B =
Spec(R). Replacing Z by the closure of i (Z) in P , we may assume Z is a closed
subscheme of [P’g . Then, for any affine open subscheme U C P¥, U N Z is affine,
and hence we may assume X = [P’g . If an open subset U C [P’g contains a point in
the closure of z; € I]J’g , then it should contain z; as well. Therefore we may
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assume that z1, ..., z, are closed points of PY = [P’J‘y xp s =Proj(F[Ty,...,Tn]).
Letm; C A:= F[Ty,..., Ty] be the homogeneous ideal corresponding to z; for
1 <i <r. We will prove the following sublemma:

SUBLEMMA 7.5. There exists a nonzero homogeneous polynomial f € A
which is not contained in any of my, ..., m;, or equivalently, for which the hyper-
surface Hy C IP’?’ defined by f does not contain any of z1, . .., Zr

We first finish the proof of Lemma 7.3 admitting this sublemma. Let f’ €
R[To, ..., Tyn] be a homogeneous element with ' mod () = f, where f is taken
as in the claim. Then the open subset U = { ' # 0} C [P’g is affine and contains
all zq, ..., z,.

Proof of Sublemma 7.5. We first assume that F is infinite. Then the assertion
follows from the following fact: In the dual projective space (I]J’fvv ) (i.e. the Grass-
mannian of hyperplanes in [P’év ), the locus S; of those hypersurfaces that contain z;
is a proper closed subset, and hence (Pﬁv)v —(Uj<j<, Si) isdense open in (I]j’ﬁv)v.
We next prove the case that F' is finite. By the prev_ioas case, there exists a finite Ga-
lois extension F’/ F and alinear form L =3 o ;_ a;Tj € A®F F' such that L ¢
Ui<i<r Mmi ®F F’. Itis easy to see that for any o € Gal(F'/F) and any i with 1 <
i <r, the linear form L% = ZOsjsN a;’Tj does not belong to m; ® 7 F’. Hence
the homogeneous polynomial f :=]], €Gal(F’/F) L% e A satisfies the condition in
Sublemma 7.5. Thus we obtain the sublemma, Lemma 7.3 and Proposition 7.1. [J

8. Proof of the main theorem

In this section we complete the proof of Theorem 1.16, which consists of three
steps. Assume that R is excellent and henselian and that F is finite or separably
closed. We first introduce the following construction, which will be useful later:

Construction 8.1. Let X be an object of 2.SP, and suppose we are given
integral closed subschemes Cy, ..., Cy C X of dimension one such that C; ¢ X
for any 1 < j < m. Then by the resolution of singularities for embedded curves
(see Theorem A.1 in Appendix A below), there exists a sequence of blow-ups at
single closed points as in Setting 6.3

2 3 TN

¥ @) YW = ¥
such that the strict transforms 51, .. 5,,, c X of Ci,...,Cy are disjoint and
satisfy the condition (ii) of Theorem 4. 2 Foreach1 <i < N,letE; C X @) be the

exceptional divisor of 7; and let E C X be its strict transform. Let T E — E;
be the natural map. Note that X belongs to Ob(2.SP) by Setting 6.3 (3).

B2 y_xyo T y®

Step 1. The aim of this step is to prove the following important lemma:

LEMMA 8.3. px : CH1(X) ® Ao — H2(X, Axo) is injective for X € ASP
with dim(X) = 3.
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Proof. Take @ € CH(X) ® Aoo and assume py (o) = 0. By Proposition 7.1,
wehave o = 1 i, [Ci]®Aj (Aj € Axo) for some integral closed subschemes
Ci1,...,Cy C X of dimension one such that Cj Z Xs forany 1 < j <m. Apply
Construction 8.1 to Cq,...,Cy, and let 7 : X — X be the composite of (8.2).
Applylng Theorem 4.2 to C =C,U---UC, <= X, we obtain an ample divisor

.Y <> X which contains C and for which (X Y) is an ample 2SP -pair. We
have

a=muf with B:= Y [C;]®A € CHI(Y)® Aco
I<j<m
Foreach 1 <i <N, let E[ C X be as in Construction 8.1, and put W; := Ei nY.
Each W; is nonempty (cf. Remark 4.3 (3)), integral and regular of dimension one
by the assumption dim(X) = 3, and not contained in E;s for any i’ # i by Setting
6.3 (1) and (2). Hence by Lemma 6.4 we have
(8.3) Ker(ms : Ho(X, Aoo) > Ha(X. Acc)) = Y Acg
1<i<N

Now we consider the following diagram whose middle row is exact and whose
square is commutative (cf. Propositions 1.5 (2) and 1.13 (1)):

CH{(Y) ® Ago —=— CH;(X)® Ao

lPY Jf’f
B4 HyX—Y. Aw) —— Ha(Y.Ax) —— Ha(X. Axo)

(Theorem 3.2) H l” *

0 H>(X, Aso)-
Let us recall the assumption that py () = 0. Since mw«t«f = o, we have i« py (B)
= px («txB) = px () = 0 by Proposition 1.13 (1) for the proper map wot: Y — X.
Hence i« py (B) belongs to Ker(;«), and there exist pq,--- , Uy € Ao for which
the 1-cycle
> W@ e CHi(Y) ® Ax
1<i<N

satisfies txpy (y) = pg(txy) = txpy (B), by (8.3) and the commutativity of the
square in (8.4). Then we have 8 = y, because i« py is injective by Lemma 1.17 and
Theorem 3.2. Since 7w (W;) is a closed point of X, we get & = mxlxf = Tty =0,
and the proof of Lemma 8.3 is complete. O

Step 2. In this step we prove Theorem 1.16, assuming dim(X) = 3. We need
the following general lemmas:

LEMMA 8.7. For X € Ob(%) of dimension <3 and A = A, and Ao, there
is an exact sequence

Hs(X, A) —s KH3(X, A) —s CH; (X) ® A 25 Hay(X, ).
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Proof. The assertion follows from the niveau spectral sequence (2.2) and
(1.11). O

LEMMA 8.8. For X € Ob(%) of dimension < 3, we have KH3(X, Ayp) =
KH3(X, Aso)[£"].

Proof. Since dim(X) < 3, we have
KHs(X, A) = Ker (d;,(, D,y H 2@ =P, HA(x A(l)))

for A = A, and Ao, where d31’0 denotes the differential map E 31’0 — E21’0 of the
niveau spectral sequence (2.2). The assertion follows from the isomorphisms

H3(x, 4,(2)) ~ H3(x, Aso(2))[£"] and H?(x, A, (1)) ~ H?*(x, Aso(1))[£"].

which are consequences of the divisibility of the groups H?(x, Aso(2)) (Merkur’ev-
Suslin [MS82]) and H !(x, Axo(1)) (Hilbert’s theorem 90), respectively. d

We prove Theorem 1.16 assuming dim(X) = 3. By Theorem 5.1, it is enough
to prove the injectivity of px : CH;(X)/¢" — H»(X, A,). By Lemmas 8.7 and 8.8,
the problem is reduced to showing K H3(X, Aso) = 0. By Theorem 4.2, we take
an ample divisor ¥ C X for which (X, Y) is an ample 2SP-pair. Put U := X - Y.
Since dim(X) = 3, we have K H3(X, Ax) — KH3(U, Ax) by (2.3). We prove
KH;3(U, Aso) = 0. By Proposition 1.13 (2), there is a commutative diagram with
exact rows

CH{(Y)® Ago —— CH;(X)® Agy ——> CH;(U)® Aoy ——> 0

I Lox L%
Hy(Y, Aoo) —— Ha(X,Aee) ——> Ha(U Axo).
By Lemma 8.3 and Theorem 5.1, py is injective and py is surjective. Hence py is
injective and CH; (U) ® A is zero, because H, (U, Aso) is zero by Theorem 3.2.
Finally H3(U, Ax) is zero by Theorem 3.2, and K H3(U, A) is zero as well by
Lemma 8.7. This completes Step 2. O

Step 3. We prove Theorem 1.16 by induction on dim(X) =d + 1 > 3. The
case d = 2 has been shown in Step 2. Assume d > 3. By Theorem 5.1, it
remains to prove the injectivity of pxy : CH;(X)/¢" — Hy(X, Ap). Take o €
CH;(X)/£" and assume px () = 0. We have to show o = 0. By Proposition 7.1,
we have o = Zlﬁjﬁm [Ci1®A; (A; € Ap) for some integral closed subschemes
Ci,...,Cpn C X of dimension one such that C; ¢ X, for any 1 < j < m. Ap-
ply Construction 8.1 to Cy,...,Cy,, and let 7; : E,- — E; (1 <i <N)beasin
Construction 8.1. We need the following lemma, where F is arbitrary.

LEMMA 8.9. For each 1 <i < N, there is an integral regular closed sub-
scheme W; C E; of dimension one which satisfies the following three conditions:

(1) 7;(W;) (C E;) has dimension one and degree prime to £ in the sense of Lemma
6.4.
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) W;NC is empty and W; N Ej is empty for any j #i.

(3) W; meets the strict transform of X req (in X ) only in its regular locus and
transversally.

Proof. Fix an i with 1 <i < N. We first prove the case that F' is infinite. Let
S; C E; be the finite subset as in Setting 6.3 (4), which may be empty. Let C @)
be the union of the strict transforms in X @ of C;’s with j = 1,...,m. Note that
¥ :=CH N E; is finite, because E; C (X )4 and any irreducible component of
C @ s not contained in (X (i)) s- Let Z1,..., Z, be the irreducible components of
Xs.rea Whose strict transforms Z(i), e Zﬁi) C XD meet Ei.For1 <A <r,put
H, := Z)(Li) N E;, which is a hyperplane on E;. Since F' is infinite by assumption,
there is a line /; C E; which does not meet S; U X; and intersects H transversally
forany 1 <A <r. Then W, := ‘Ei_l(li) C E; is the strict transform of /; in X and

we have 7; |y, : W; = l;. One can easily check that W; satisfies the conditions
(1)-(3) in the lemma by the choice of /; C E;.

We next prove the case that F is finite. Put F; := I'(E;, O, ), the constant
field of E;. Fix a prime number ¢’ different from £, and let F//F; be the maximal
pro-{’ field extension. Since F is infinite, there is a line /; C E; ® ; F; which
satisfies the same conditions as in the previous case with (S;, X;, H,) replaced by
(Si ®F, F/. X; ®F, F/, Hy ®F, F/). LetI! C E; be the image of /;. Then W; :=
(1) C E; is the strict transform of I!in X and we have 7; lw, : W; = I!. The
degree of I/ in the sense of Lemma 6.4 is a power of £/, which implies the condition
(1). The conditions (2) and (3) follow from the choice of [; C E; ®F; F, l/ . O

We turn to the proof of Theorem 1.16 and fix Wi, ..., Wy as in Lemma 8.9.
By the condition (1) in Lemma 8.9 and Lemma 6.4 we have

Ker(ms : Hy (X, Ap) > Ho(X. Ap)) = Y An(W,
1<i<N
By the conditions (2) and (3) in Lemma 8.9 and Theorem 4.2, there exists an ample
divisor ¢ : ¥ <> X which contains C and Ul_l W; and for which (X,Y) is an
ample 2.5 P -pair. Here we have used the assumption d > 3 to ensure that dim(W;) <
% dim (E i) (cf. condition (iii) in Theorem 4.2). By the induction hypothesis, py :
CH;,(Y)/€" — H,(Y, A,) is injective. Since d > 3, we have H3(X —Y,A,)=0
by Theorem 3.2. Therefore we see that @ = 0 by the same arguments as in Step 1
using the diagram (8.4) with A replaced by A;. This completes the proof of
Theorem 1.16. O

9. Applications of the main theorem

In this section we prove Corollaries 0.9-0.11 and Theorems 0.3 and 2.13.
Throughout this section, £ denotes a prime number prime to p := ch(F). For a
scheme X € Ob(2S) and an effective Cartier divisor ¥ on X which belongs to
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Ob(%), we define the pull-back homomorphism
i*:CHg(X) — CHg—1(Y) i:Y—>X)

by the same arguments as in [Ful98, §2.3 and Prop. 2.6 (a)]. This map sends an
integral closed subscheme f : Z < X of dimension ¢ with Z ¢ Y to the Cartier
divisor f*Y on Z, regarded as a (¢ — 1)-cycle class on Y. If, further, X belongs
to Ob(2SP) and Y is over s = Spec(F), then we define the intersection number
(o, Y) for @« € CH{(X) to be the value of o under the composite map

j* degg
CH;(X) — CHo(Y) -2 7,

where the last arrow is the degree map over s (loc. cit. Def. 1.4). Note that the
degree map is well-defined by the properness of Y. We first show

PROPOSITION 9.1. Let X be an object of ASP, and let C C X be an integral
closed subscheme of dimension one which is flat over B. Let x be the closed point
of C. Let Y be an irreducible component of X req which contains x, and let i be the
closed immersion Y < X. Put d := dim(X) — 1. Let cly (=) € H2?(X, A,(d))
and cly (=) € H24(Y, A,(d)) be the cycle class of 1-cycles on X and 0-cycles
on Y, respectively ([Fuj02, Def. 1.1.2; see also loc. cit. Cor. 1.1.5)]. Then:

(1) We have i*clx (C) = cly (i*C) in H?4 (Y, An(d)).

(2) (C,Y) is divisible by degy(x) and we have

(C.Y)

deg (x)
Proof. Put ¢ := C xx Y, which is the spectrum of an artinian local ring A and

represents the O-cycle i *C on Y. We have (C, Y') =length, (A4)-deg, (x) by the def-

inition of the intersection number (—, Y'). We have i *cly (C') = cly (¢) by [Fuj02,

Prop. 1.1.9], and cly (¢) = length4(A) - cly (x) by [SGA%, Cycle Th. 2.3.8 (i)]. The
assertions follow from these facts. O

i*cly (C) = cly(x) in H*A(Y, An(d)).

We prove Corollaries 0.9-0.11.

COROLLARY 9.2 (Corollary 0.9). Assume that F is separably closed. Let X
be an object of ASP, and let Y1, ..., YN be the irreducible components of X red.
Then the assignment o € CHy(X) = (&, Y )1<j<n € 7V induces an isomorphism

CHy(X)/{" — @ 7/]0"7  forany n > 1.
1<j=<N

Proof. Put d := dim(X) — 1. We note the following isomorphisms analogous
to (2.10):
9.3)
(1.9) ~ ~
Hy(X, Ay) =" HX (X, Ap(d)) — @ H*(¥j, An(d) — P An.
1<j=N 1<j=N
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where the second arrow is bijective by a similar argument as for Lemma 2.15 (2).
The last arrow is the direct sum of the trace maps for ¥; — s ([SGA4, XVIII,
Th. 2.9]), which is bijective by [Mil80, VI, Lemma 11.3]. Hence the corollary
follows from Theorem 1.16, Proposition 7.1 and the following lemma:

LEMMA 9.4. Let C C X be an integral closed subscheme of dimension one
which is flat over B. Then the composite map (9.3) sends the cycle class px (C) to
(C.Yjhi<j<N-

Proof of Lemma 9.4 Let x be the closed point of C. By Lemma 1.8 (1), the

first isomorphism in (9.3) sends py (C) to the cycle class cly (C). By Proposition
9.1 (2), we have

(C.Y;)
deg, (x)
for 1 < j < N. Here i; denotes the closed immersion Y; < X, and Clyj (x) means
zero if x € Y. The assertion of the lemma follows from this formula. Indeed if
x € Yj, then the trace map H?2d (Yj, An(d)) — Ap sends cly, (x) to degg(x)
by [SGAL, Cycle Th. 2.3.8(i)]. This completes the proofs of Lemma 9.4 and
Corollary 9.2. O

COROLLARY 9.5 (Corollary 0.10). Assume that X is smooth and projective
over B and that F is finite or separably closed. Then for anyn > 1,

i%elx (C) = cly, (x) in H>*(Y;. An(d))

sCHo(X,)/0" <—— CHy(X)/€" —=— CHo(X,)/¢" (X; <> X <& x,).
i* j*

Here CHo(X}) denotes the Chow group of 0-cycles on Xy in the usual sense (cf.
Remark 1.3).

Proof. By Lemma 7.2 and Proposition 9.1 (1), there is a commutative diagram

1x

CHy(X)/" —=X5 H24(X, An(d))

g b

clxg

CHo(Xs)/0" —> H2d(X, A,(d)).

where cly and cly, send cycles to their cycle classes. See [JSS, Th. 1.1.1] for
why these assignments factor through the Chow groups. The right vertical i * is
bijective by [SGA4, XII Cor. 5.5 (iii)], and cly is bijective by Theorem 1.16 and
Lemma 1.8. The arrow cly, is obviously bijective if F' is separably closed. If F'is
finite, then cly, is bijective by the unramified class field theory for the smooth and
projective F-variety X ([KS83], [CTSS83, p. 792, Th. 5; see also p.793, Rem. 3]).
Hence the left vertical i * is bijective.

To show the bijectivity of j* in the corollary, we note the following exact
sequence, which follows from the same argument as for [Ful98, Prop. 1.8]:

CH; (X,)/0" > CH, (X)/£" 1> CHo(Xy)/€" —> 0.
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We show the map i, is zero. Because Xj is a principal divisor on X, the composite
map

CH (X,)/£" 5> CH; (X)/£" 5 CHo(X,) /"

is zero by [Ful98, Prop. 2.6 (¢)]. Hence the bijectivity of i * implies that i, is zero.
Thus we obtain Corollary 9.5. g

COROLLARY 9.6 (Corollary 0.11). Let (X,Y) be an ample 2.SP -pair with
dm(X)=d +1>2,andleti :Y <> X be the natural closed immersion. Assume
that F is finite (resp. separably closed). Then for any n > 1, the push-forward map
ix : CH1(Y)/€" — CH{(X)/L" is bijective for d > 3 and surjective for d = 2
(resp. bijective for d > 2 and surjective for d = 1).

Proof. Put A := A,. By Propositions 1.5 (2) and 1.13 (2), there is a commu-
tative diagram with exact lower row

CH, (Y)/0" ——s CH,(X)/"

pYJ'Z PXJ(:

I
H3(U, An) Em— Hz(Y, An) — Hz(X, An) E— Hz(U, An),
where the vertical arrows are bijective by Theorem 1.16. Corollary 0.11 follows
from this diagram and the vanishing results in Theorem 3.2. O

Next we prove the following result:

THEOREM 9.7 (Theorem 0.3). Assume that R is a p-adic integer ring. Let X
be an object of 2SP, and put V := Xy. Then:
(1) The group Ag(V)QZ, := l(i_r_nneN Ao(V) /L™ is finite for any prime £ # p
and is zero for almost all primes £.

(2) Conjecture 0.2 holds true for V.

Proof. We first show (1). By Theorem 4.1 and Corollary 9.6, the problem is
reduced to the case dim(V) = 1. Let J be the Jacobian variety of V. Then Ag(V)
is a subgroup of J (k) of finite index, and the assertion follows from a theorem of
Mattuck [Mat55] and [JS03, Lemma 7.8].

The assertion (2) follows from (1) and loc. cit. Lemma 7.7 applied to

(A, {Bn}neN,(n,p)zlv {on:A/n — Bn}nEN,(n,p)zl)
= (AO(V)7 {AO(V)/n}nEN,(n,p)=1, {id : AO(V)/” g AO(V)/n}nEN,(n,p)=1)-
This completes the proof of Theorem 9.7. O

Finally we prove Theorem 2.13. The case a < 2 has been shown in Proposition
2.14 and Theorem 5.3. Let A denote A, if F is separably closed, and denote Ao
if F is finite. Let X be an object of 9SP. We have to show K H3(X, A) = 0. We
proceed to the proof by induction on dim(X). The assertion is clear if dim(X) < 2.
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Assume dim(X) > 3. By Theorem 4.2 we take an ample divisor Y C X such that
(X,Y) is a 9SP-pair, and put U := X — Y. By the exact sequence of complexes
in (2.3), there is a long exact sequence

«oo—> KH3(Y,A) — KH3(X,A) — KH3(U,A) —> --- .

By the induction hypothesis, it is enough to show K H3(U, A) is zero. By (1.11)
and Lemma 2.6, the niveau spectral sequence (2.2) yields an exact sequence

H3(U, A) — KH3(U, A) — CH; (U) ® A.

By Theorem 3.2 we have H3(U, A) = 0. By Corollary 9.6 and Proposition 1.13 (2),
we have CH; (U) ® A = 0. Hence K H3(U, A) is zero. This completes the proof
of Theorem 2.13. O

Appendix A. Resolution of singularities for embedded curves
by Uwe Jannsen

The purpose of this appendix is to show the following form of resolution of
singularities for curves embedded in a regular scheme, which has been used in the
proof of Theorem 1.16 of the main body (cf. §8). We believe that it has been known
to experts but there is no written proof of it as far as we know.

For a noetherian scheme X and a closed subscheme Z C X, let

7 Blz(X) = Proj (@n>0 yg) N

denote the blow-up of X in Z, i.e., the blow-up of the ideal sheaf $z C Ox defining
Z,and let Ez(X) = Z xx Blz(X) denote the exceptional divisor. If i : ¥ — X is
another closed immersion, then the strict transform of Y in Blz (X)) is by definition
Blzx, vy (Y), the blow-up of the inverse image ideal sheaf i~19 .0y C Oy. By
the universal property of blow-ups there is a canonical morphism Blzx, y (Y) —
Blz(X), which is a closed immersion.

THEOREM A.l. Let X be a regular excellent scheme and let Y be a reduced
divisor with simple normal crossings on X (cf. Definition 1.15 (1)). Let W be a one-
dimensional reduced closed subscheme of X such that any irreducible component
of W is not contained in Y. Then there exists a proper morphism w : X' — X
which satisfies the following conditions:

(i) 7 is the composite of a sequence of blow-ups X' = X™ — ... > x( 5 x
at closed points on W and closed points on the strict transforms of W in X @)
(1<i<n-1).

(ii) The closed subset 1= (Y) with reduced subscheme structure is a reduced
divisor with simple normal crossings.

(iii) The strict transform W' C X' of W is regular and intersects Y' transver-
sally, which means that W' intersects Y' only in the regular locus of Y' and
transversally.
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By Proposition A.4 (3) below, the condition (ii) in Theorem A.1 is a conse-
quence of the condition (i). The proof of the theorem is achieved in several steps.
The following statement should be well-known, but we include a proof for lack of
a suitable reference.

PROPOSITION A.2. Let X be a reduced excellent scheme of dimension one.
Then after a sequence of blow-ups X — ... - X — X at singular closed
points, the resulting scheme X ) g regular.

Proof. Since X is reduced and excellent, it has a regular dense open subset by
[EGAIV, 7.8.6 (iii)]. Because blow-ups are compatible with Zariski localization,
we may assume that X is an affine scheme Spec(R). Let x be a singular closed
point of X, and let m C R be the maximal ideal that corresponds to x. Let 7 be
the blow-up of X at x:

7 : X' :=Bl(X) =Proj(§) — X with S:=Pm".

n>0
We first show

LEMMA A.3. 7 is a finite morphism. In particular, X' is affine by [EGAII,
6.7.1].

Proof of Lemma A.3. Since m is projective, it is enough to show that 7 is
quasi-finite (cf. [Mil80, I, Th. 1.8]). Since = is an isomorphism over X \ {x}, it
suffices to show that the fiber

771 (x) =Proj(S) with S:=SQgR/m= @ m” /m"t1
n>0
consists of a finite number of points. Let Ry, be the local ring Oy x, and let m Ry,
be its maximal ideal. Put k := R/m = Ry, /mRy,. There is an isomorphism of
finitely generated k-algebras

S ~ @ (MRm)"/(MRy)"T! =: gr® Ry

n>0

Because R, is one-dimensional by assumption, gr® R, has dimension one as well
by the theory of noetherian local rings. Hence 71 (x) = Proj(gr® R.,) has dimen-
sion zero by [Kun85, II, Prop. 4.4 (b)], and the lemma follows. O

We turn to the proof of Proposition A.2. Let X1, ..., Xy be the irreducible
components of X = Spec(R). Since X is reduced, we may write X; = Spec(R;)
(1 <i < N), where R; is an integral domain of dimension one. Let ﬁi be the
normalization of R; in its fraction field K;. Put K := K| x--- x Ky and R =
R} x---x Ry. We want to show that after a sequence of blow-ups X ...
XM = X’ - X at singular points, we get X = Spec(ﬁ). By Lemma A.3
we have X’ = Spec(R;) for some finite R-algebra Ry. Since X is reduced by
assumption, R; is reduced. Hence we have inclusions R C R} C R CK.AsR
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is excellent, R is finite over R by [EGAIV, 7.8.6 (ii)]. As dim(R) = 1, R /R has
finite length over R (it is supported in the finitely many singular points of Spec(R)).
By [EGAIL 8.1.7], the ideal mR; C R; is invertible, while m C R is not invertible
because x is a singular point of Spec(R) and mR,, C Ry, is not principal. Therefore
Ry # R, and L, (R /Ry) < LRr(R /R;) < Lr(R /R), where £g(—) denotes the
length over R. Hence we obtain Proposition A.2 by induction on ¢ R(ﬁ /R). O

PROPOSITION A.4. Let X be an integral regular noetherian scheme of di-

mension d, and let Z C X be an integral regular closed subscheme with Z # X.
Then:

(1) Blz(X) is again integral and regular of dimension d, and the exceptional
divisor Ez(X) is integral and regular.

(2) Let Y1,Y> C X be regular closed subschemes containing Z. Assume that Y1
and Y, intersect transversally. Then the canonical morphism

Blz (Y1 xx Y2) —> Blz (Y1) X1, (x) Blz(Y2)
is an isomorphism.

(3) Let Y C X be a reduced divisor with simple normal crossings on X and let
Y1,..., Y, be the irreducible components of Y. Assume that all Y; contain
Z. Then the union of Ez(X) and the strict transforms of Y; in Blz(X) for
1 <i <ris areduced divisor with simple normal crossings on Blz(X).

Proof. We first show (1). Since X is integral and Z # X, Blz(X) is integral
of dimension d by [EGAII, 8.1.4]. Since X and Z are regular, Blz(X) is regular
by [EGAIV, 19.4.3 and 19.4.4]. It follows from loc. cit. 19.4.2, that Ez(X) is
isomorphic to the projective bundle over Z associated to the conormal sheaf of Z
in X. Hence Ez(X) is integral and regular. To prove Proposition A.4 (2), we need
the following standard fact (cf. [Ful98, Rem. A.6]).

LEMMA A.5. Let A be a commutative ring with unity, and let ay, ...,am € A
be a regular sequence. Put I := (ay,...,am) C A. Then there is an isomorphism
of graded A-algebras

ATy Tl /@ Ty —a; Ty |1 <i < j <m) —> @I" Tiv>aiel.
n>0
We start the proof of Proposition A.4(2). Since the problems are local in
the Zariski topology, we may assume that X = Spec(A) for a noetherian regular
local ring A with maximal ideal m. Put d := dim(A). By the assumptions on

Y1,Y, and Z, there is a regular system of parameters {a1, ..., a4} of A such that
Z = Spec(A/I) and Y; = Spec(A/I;) (i =1,2), where

I=(a1,...,am), 11=(a1,...,aM), 12=(au+1,...,aﬂ+v)
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with 4 +v <m := codimy (Z). By Lemma A.5, we have
Blz(X)>~Proj(B), Blz(Y;)>~Proj(B;) (i=1,2), Blz(Y1xY2)>=Proj(Bi2),
where B := A[T1,...,Twm]/(a;T; —a;T; |1 <i < j <m) and

By = (A/T)[Tusrs s Tl/ @ T —a; T | p+1<i < j <m)
=B/(Ty,....Ty.a1,...,a,),

By :=(A/D)[Th,. .., Tius Tutvt1s - Tnl/(aiT; —a;Ti |i, j€[l, )]U[pn+v+1,m])
=B/(Tu+1.-- Tyutv. Qut1- .- autv),

Biz = (A/(I1 + D) [Tusvs1. - Tnl/ (@i T —a;Ti [p+v+1<i < j <m)

The isomorphism in question is a direct consequence of these descriptions.
Finally we prove Proposition A.4 (3). By (1), the exceptional divisor Ez(X) C

Blz(X) and the strict transforms Blz(Y;) of ¥; (1 <i <r) are regular divisors on

Blz(X). Forp>1land 1 <ij <ip <---<ip <s,let

ip =Yy Xx - Xx ¥,

.....

be the p-fold intersection of irreducible components of Y. Applying (2) repeatedly,
we have

Blz (Yi,) X1, (x) - XBIz (x) Blz(¥i,) = Blz(Yi,,....i,)),

where the scheme on the right-hand side is regular by (1). This shows that the
reduced divisor | J;_; Blz(¥;) has simple normal crossings. As for the intersection
of Blz(Yi,....i,) and Ez(X) = Z xx Blz(X), we have

.....

Ez(X)xpi,x)Blz(Yi,...i,) =Z xx Blz(X)xgi,(x) Blz(Yi,.....i,)
=Zxx Blz(Yi,,...i,) = Z Xy,
which is the exceptional divisor of the blow-up Blz(Y;,,...;,) — Yi,,..i, and is

a regular divisor on Blz(Y;,,....;,) by (1). This shows that Ez(X) intersects all
Yi,,...i, s transversally. This completes the proof of Proposition A.4. O

.....

PROPOSITION A.6. Let X be a regular noetherian scheme, let D be a union
of finitely many regular divisors on X, and let C C X be an integral regular closed
subscheme of dimension one. Assume that C is not contained in D. Let X M pe
the blow-up of X at the (closed) points of C N D. Let CV be the strict transform
of C in XU, and let DD be the union of the strict transform of D and the ex-
ceptional divisors of the blow-up XV — X. For n > 2, define (X", C™_ D®)
inductively by applying this procedure to (X @~V Cc =D D®=1) Then ™)
intersects D™ only in the regular locus of D® and transversally, for n large
enough.
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Proof. Because C N D is discrete and the question is local around the points
x € C N D, we may localize X to assume X = Spec(A4) for a noetherian regular
local ring A and that x corresponds to the maximal ideal m of A. Suppose that A has
dimension d, and take a regular system of parameters {aj,...,a;} of A for which
C = Spec(A) with A := A/(ay,...,az_y). Let Dy, ..., Dy be the irreducible
components of D. For 1 <i <s, we have D; = Spec(A/(f,')) for some f; € A.
The assumption that C is not contained in D implies that f; ¢ (ay,...,aqs_1) for
any i. We now fix i € [1,s]. By assumption, A = A/(a1,...,ag_;) is a discrete
valuation ring with a prime element ag mod (ay,...,a4_1) € A. We define an
integer r,(C, D;) as the (normalized) valuation of f; mod (ay,...,aq_1) € A. It
depends only on the triple (C, D;, x) and not on the choice of a regular system of
parameters. We will prove

LEMMA A.7. Let v : X = Bl (X) — X be the blow-up ofX SpeC(A) at x,
and let E C X be the exceptional divisor. Let CcX (resp. D; C X ) be the strict
transform of C (resp. D;). Then:

(1) C and E meet transversally.
() If rx(C, D;) = 1, then C N D; is empty.
3) If rx(C, D;j) = 2, then ry(é , 5,~) < rx(C, D;) for any point y € C nD,.

These statements imply that for a sufficiently large n, the strict transform C ™)
of C in X ™ meets only the exceptional divisor £ ) of the last blow-up among
the irreducible components of the inverse image of D. Moreover, C ™ intersects
E® transversally. This implies Proposition A.6. It remains to prove the lemma.

Proof of Lemma A.7. We show (1). By Lemma A.5 we have
X =Proj(B) with B=A[T1,....T;l/(@iTj—a;T; |1<i<j<d)
C =Proj(B’) with B' = A[Ty],

where C is of course isomorphic to C. Moreover, the closed immersion C —>Xis
induced by the ring homomorphism B — B’ sending T; + 0 for i # d. This shows
that C lies in the chart Vi (T;) = {T; # 0} C Proj(B), which is the spectrum of
the ring

(A.8) Alt1, ... tg_q]/@agti—a; |i=1,....,d—=1) ;i =T;/Ty)

In this chart, E N V4 (Ty) (resp. Cn V4+(Ty)) is described as the locus where
ag =0 (resp. t1 =--- =tz5—1 = 0). This immediately implies Lemma A.7 (1).

To show Lemma A.7 (2) and (3), we need to compute the strict transform
D; of D;. For simplicity we put D := D;, f := f; and r := r(C, D). We
normalize the regular system {ay, ..., aq} as follows. We have f =u-a/, + g for
some g € (ai,...,ag_1) and some u € AX. Replacing f by u~! f, we suppose
S =aj; +g. We distinguish two cases. If r = 1, then D intersects C transversally.
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Replacing a;z with f, we suppose
f=aq.
If r > 2, then we have f =a/, +a1g1+-+-+aq—184—1 for some g; € A. Note
that not all g;’s are contained in m since f ¢ m? by regularity of D. If gx ¢ m,
then gy is a unit and we replace aj witha; g1+ -+ agz_124—1. By renumbering,
if necessary, we suppose
f=ay+ar.

Because C is contained in the affine chart Vi(Ty) C X, we compute Dn Vi(Ty).
Note that D is an integral closed subscheme of 77 1(D) = D xx X, and that

7Y (D)NV4(Ty) is defined by f, regarded as an element of the ring (A.8). When
r =1, we assumed f =ay, which defines E on V+(Td) Since D ¢ E, this implies
DN V4+(T;) = @ and hence D does not meet C . This shows Lemma A.7 (2). Now
consider the case r > 2, where we assumed f = a/; + a1. In the ring (A.8), we
have a factorization

f=agai ™ +1),

which implies that the divisor D N V4 (Ty) C Vi (Ty) is defined by ag_l + 11.
Since C is defined by the equations t; = --- = tz_; = 0, we see that D meets
C only at the point y € V4 (T;) corresponding to the ideal (a4,t1,...,%4—1), and
that ry, (5 , 5) = r — 1. This shows Lemma A.7 (3), and the proof of Proposition
A.6 is complete. O

We deduce Theorem A.1 from Propositions A.2, A.4 and A.6. LetY C X
and W C X be as in the theorem. Since X is excellent by assumption, Z is
excellent as well by [EGALV, 7.8.6 (i)]. After a sequence of blow-ups X ™ —

> XD X oat singular points of W and singular points of the strict transform
wO c x® of w (1 <i <n—1), the resulting strict transform wm < x® of
W is regular by Proposition A.2. The inverse image Y™ c X® of Y endowed
with reduced subscheme structure remains a reduced divisor with simple normal
crossings by Proposition A.4. Finally applying Proposition A.6 to (X, D,C) =
(X, y® w®) we obtain a desired proper morphism 7 : X’ — X . This com-
pletes the proof of Theorem A.1. O
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