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Abstract

Let M}, be the moduli scheme of canonically polarized manifolds with Hilbert
polynomial 4. We construct for v > 2 with 2(v) > 0 a projective compactification
M}, of the reduced moduli scheme (Mj,)eq such that the ample invertible sheaf
Ay, corresponding to det( f*a))‘éo /Yo) on the moduli stack, has a natural extension

A, € Pic(M})q. A similar result is shown for moduli of polarized minimal models
of Kodaira dimension zero. In both cases “natural” means that the pullback of A, to
acurve ¢ : C — My, induced by a family fp: Xo — Co = ¢~ 1(M},), is isomorphic
to det( fxwy / c) Whenever fo extends to a semistable model f : X — C.

Besides of the weak semistable reduction of Abramovich-Karu and the exten-
sion theorem of Gabber there are new tools, hopefully of interest by themselves. In
particular we will need a theorem on the flattening of multiplier sheaves in families,
on their compatibility with pullbacks and on base change for their direct images,
twisted by certain semiample sheaves.
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Introduction

Let ho : So — Cp be a smooth family of complex projective manifolds over
a nonsingular curve Cy. Replacing Cy by a finite covering Co one can extend the
family ﬁo : 3’0 = So X, 60 — 60 to a semistable family S — C. The model S is
not unique, but the sheaves 92)) = ﬁ*a)g/é are independent of S and compatible

with further pullback. For a smooth family fo : Xo — Yo of n-folds over a higher
dimensional base the existence of flat semistable extension over a compactification
Y of Yy is not known, not even the existence of a flat Cohen-Macaulay family,
except if the fibers are curves or surfaces of general type.

It is the aim of this article to perform such constructions on the sheaf level. So
we fix a finite set I of positive integers, and construct a finite covering Wy of Yy, and
a compactification W of Wy such that for v € I the pullbacks of fO*a))‘}o /Yo extend

to natural locally free and numerically effective (nef) sheaves 7 The word
“natural” means, that one has compatibility with pullback for certain morphisms
Y — W. The precise statements are:

THEOREM 1. Let fy : Xo — Yo be a smooth projective morphism of quasi-
projective reduced schemes such that wg is semiample for all fibers F of fo. Let
I be a finite set of positive integers. Then there exists a projective compactification
Y of Yo, a finite covering ¢ : W — Y with a splitting trace map, and forv € I a
locally free sheaf @%Iv,) on W with:

(i) For Wo = ¢~ (Yo) and ¢o = ¢|w, one has ¢g foxwy, o/ Yo = O'(‘))|W0
(ii) Leté Y > Whbea morphzsm from a nonszngular projective varlety Y with

Yo = £=1(Wy) dense in Y. Assume either that Y is a curve, or that ¥ — W

is dominant. For some r > 1 let X be a nonsingular projective model of

the r-fold product family )?6 = (Xo Xy, *** Xy, Xo0) Xy, ?0 which admits a

morphism ) : X Y. Then f(r) Dy /p =" S*CT(V)

The formulation of Theorem 1 is motivated by what is needed to prove posi-
tivity properties of direct image sheaves.
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THEOREM 2. Conditions (i) and (ii) in Theorem 1 imply:

(iii) The sheaf 9?3),) is nef.

(iv) Assume that for some 11, ...,0s € I and for some ay,...,as € N the sheaf
R det(@%"))”f is ample with respect to Wy. Then, if v > 2 and if@%},) is
nonzero, it is ample with respect to W.

In Section 1 we recall the definition of the positivity properties “nef”, “ample
with respect to Wy and of “weakly positive over Wy” for locally free sheaves F
on W. Obviously F is nef if and only if its pullback under a surjective morphism
¢ : W' — W is nef. For “nef and ample with respect to Wy the same holds if ¢
is finite over Wy. “Weakly positive over Wy is compatible with finite coverings
with a splitting trace map, i.e., if Oy is a direct factor of @.Op-.

In Section 2 we show that part (iii) of Theorem 2 follows from Theorem 1.
Unfortunately, as we will explain in 2.5, the verification of property (iv) is much
harder. Here multiplier ideals will enter the scene. Whereas in a neighborhood
of a smooth fiber F' one can bound the threshold, introduced in 2.1, in terms of
invariants of F, a similar result fails close to the boundary. So we need a variant
of parts (i) and (ii), allowing certain multiplier sheaves, introduced in Section 9, as
well as the Flattening Theorem 6.5 for multiplier ideal sheaves on total spaces of
morphisms, and their compatibility with alterations of the base and fiber products.
So the proof of part (iv) will only be given at the end of Section 13.

There are two main ingredients which will allow the construction of W and
@8},) in Section 12. The first one is the Weak Semistable Reduction Theorem
[AKOO] recalled in Section 4. Roughly speaking it says that a given morphism
f : X — Y between projective varieties, with a smooth general fiber can be flattened
over some nonsingular alteration of ¥ without allowing horrible singularities of
the total space. However one pays a price, having to modify the smooth fibers as
well. As explained in Section 5 this theorem has some strong consequences for the
compatibility of certain sheaves on the total space of a family with base change
and products, similar to those stated in part (ii) of Theorem 1.

The second ingredient is Gabber’s Extension Theorem, stated (and proved) in
[Vie9s, §5.1], which we will recall in Section 12.

The comments made in 2.5 and in 5.9 could serve as a “Leitfaden” for the sec-
ond part of the article. Here we try to indicate why certain constructions contained
in Sections 6-11 are needed for the proof of Theorem 2(iv).

From Theorem 2 one finds by Lemma 1.6 that the restriction of %%,Iv,) to Wy
is weakly positive over Wy. We will show in Section 13 that part (iv), in a slightly
modified version, also restricts to Wy. Since Wy — Yy has a splitting trace map,
one obtains by Lemma 1.7 the “weak positivity” and “weak stability” for the direct
images of powers of the dualizing sheaf, already shown in [Vie95, §6.4].

COROLLARY 3. Under the assumptions made in Theorem 1 one has:

(a) The sheaves 9**%) = fO*a))‘}O 1y, @re weakly positive over Y.
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(b) Assume that for some positive integers n1,...,nNs and ay, . .., as € N the sheaf
Ry det(gf*g%i))“i is ample. Then for all v > 2 the sheaf 9?%) is either ample
or zero.

As explained in [Vie95] this is just what is needed for the construction of quasi-
projective moduli schemes M}, for families of canonically polarized manifolds
with Hilbert polynomial /. At the time [Vie95] was written, the Weak Semistable
Reduction Theorem of Abramovich and Karu was not known. So we were only
able to use Gabber’s Extension Theorem to construct W and 9?3),) forv =1, and

correspondingly to prove the weak positivity just for @;10). A large part of [Vie95]

is needed to reduce the proof of Corollary 3 to this case. Having W and @%) for
all v clarifies this part considerably. We could not resist recalling in Section 3 how
to apply Corollary 3 to construct M}, together with an ample invertible sheaf.

There are several ways. One can first construct the moduli scheme as an
algebraic space, and then show the existence of an ample sheaf. Or one can use
geometric invariant theory, and stability criteria. Guided by personal taste, we
restrict ourselves to the second method in Section 3, applying the Stability Criterion
[Vie9s, Th. 4.25].

If one uses instead the first method, starting from the existence of M}, as an
algebraic space, it has been shown in [Vie95] how to deduce from Corollary 3
the quasi-projectivity of the normalization of M. The starting point is Seshadri’s
Theorem on the elimination of finite isotropies (see [Vie95, Th. 3.49]) or the direct
construction in [Kol90]. Both allow us to get a universal family fo : Xo — Yo
over some reduced covering Yo : Yo — M},. Then one can try to apply arguments
similar to those used in the proof of Lemma 1.9 and in Section 14 to get the quasi-
projectivity of (M},)red, hence of My, itself.

As stated in the report on [ST04] in Mathematical Reviews, J. Kollar pointed
out that the proof of the quasi-projectivity of the algebraic moduli space M}, seems
to contain a gap, even in the canonically polarized case. The authors claim without
any justification that for a certain line bundle, which descends to a quotient of the
Hilbert scheme, the curvature current descends as well. In a more recent attempt to
handle moduli of canonically polarized manifolds Tsuji avoids this point by claim-
ing that a certain determinant sheaf extends to some compactification in a natural
way, again without giving an argument. Suitable variants of Theorems 1 and 2
could allow one to fill those gaps, and to get another proof of the quasi-projectivity
of My, replacing the GIT-approach in Section 3 by the analytic methods presented
in the second part of [ST04].

Either one of the constructions of moduli schemes mentioned above gives an
explicit ample sheaf on M.

Notation 4. For v, p € N we write )k((f v) for an invertible sheaf satisfying
(3¢) If a morphism ¢ : Yo — M}, factors through the moduli stack, hence if it is

induced by a family fp : Xo — Yo, one has (p*/\((fg = det(fo*w)‘go/yo)l’.
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Of course, )L((f 3 can only exist if HO(F, w}) # 0 for all manifolds F' paramet-
rized by My, for example in the canonically polarized case if v > 2 and h(v) # 0.
As we will recall in Addendum 3.1 for those values of v the sheaf )L((f 3 is ample.

As indicated in the title of this article we want to construct compactification
of moduli schemes Mj. Assume for a moment that M}, is reduced and a fine
moduli scheme, hence that there is a universal family &y — M}, with X reduced.
Here one may choose p = 1 and applying Theorems 1 and 2, and Lemma 1.9 it is
easy to see that /\((){1))
which is nef and ample with respect to M}, for v > 2. It is compatible with the
restriction to curves, provided the induced family has a smooth general fiber and a
semistable model. In Section 14 we will use a variant of Theorems 1 and 2 to obtain
a similar result for coarse moduli schemes, using the Seshadri-Koll4r construction
mentioned above.

= det(goxwy / Mh) extends to an invertible sheaf )Lf,l) on My,

THEOREM 5. Let My, be the coarse moduli scheme of canonically polarized
manifolds with Hilbert polynomial h. Given a finite set I of integers v > 2 with
h(v) > 0, one finds a projective compactification My, of (M},)seq and for v € I and
some p > 0 invertible sheaves )L\(,p ) on M, with:

(1) )Lf,p) is nef,, and it is ample with respect to (Mp,)req.
(2) The restrictions of )Lf,p ) and of )tgp ) 0 (Mp)ed coincide.

Y

(3) Let ¢ : C — My, be a morphism from a nonsingular curve with Co = ¢ ~1(Mp)
dense in C and such that Cy — My, is induced by a family hg : So — Co. If
ho extends to a semistable family h : S — C, then g*)tl(,p) = det(h*a);/c)p.

It would be nicer to have an extension of )&(()p 3 to an invertible sheaf ona

compactification of My, itself, but we were not able to get hold of it. On the other
hand, since the compatibility condition in part (3) only sees the reduced structure
of My, such an extension would not really be of help for possible applications of
Theorem 5.

The compactification M}, depends on the set I and the points in M}, \ M}, have
no interpretation as moduli of geometric objects. Shortly after a first version of this
article was submitted there was a “quantum leap” in the minimal model program
due to [BCHM10] (see also [Siu06]). By [Kar00] the existence of a minimal model
in dimension deg (k) + 1 should allow the construction of a compactification M,
which has an interpretation as a moduli scheme. Unfortunately at the present time

)L‘()P)

a proper explanation of this implication is not in the literature and there is not
even a conjectural picture explaining how to construct geometrically meaningful
compactifications of moduli of polarized manifolds.

Only part of what was described up to now carries over to families or moduli
of smooth minimal models with an arbitrary polarization. Theorems 1 and 2 ap-
ply, but even if fy : Xo — Yo is the universal family over a fine moduli scheme,
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the sheaf det(%gg ) might not be ample. Theorem 12.12 is a generalization of
Theorem 1 for direct images of the form fO*(a))‘}O v, ® ££g ) with £y semiample
over Yg. The corresponding variant of Corollary 3 is stated in Lemma 3.2 and we
will sketch how to use it to show the existence of quasi-projective moduli schemes
in the second half of Section 3. However we are not able to generalize Theorem 2.
Thus, we are not able to apply Lemma 1.9 which will be essential for the proof of
Theorem 5 in Section 14 and we are not able to extend the natural ample sheaf to
some compactification.

The situation is better for the moduli functor 1, of polarized minimal mani-
folds (F, ¥) of Kodaira dimension zero and with Hilbert polynomial /. Replacing
the corresponding moduli scheme M}, by a connected component, we may assume
that for some v > 0 and for all (F, %) € 9, one has wy = Op. Notation 4

carries over and there exists a sheaf )&(()p 3 with the property () or equivalently

with f¢0*A{") = @y . As we will recall in Addendum 3.4 the sheaf A(?) is
again ample. In fact, the natural ample invertible sheaf first looks quite different,
but an easy calculation identifies it with some power of )L(p ) This calculation
only extends to boundary points if the polarization is saturated, as explained in
Remark 8.1. This together with the need to consider multiplier ideals makes the
notation even more unpleasant, but the general line of arguments remain as in the
canonically polarized case.

THEOREM 6. Let My, be the coarse moduli scheme of polarized manifolds
(F, %) with oy, = OF, for some v > 0 and with Hilbert polynomial h() = y (¥*).
Then there exists a projective compactification My, of (My)req and for some p > 0
an invertible sheaf )L](,p Y on M. n with:

(1) )L(p ) is nef and ample with respect to (Mp)red-

(2) Let Yy be reduced and ¢ : Yo — My, induced by a family fy: Xo — Yo in
My, (Yo). Then p* A" = fourl Yo

(3) Let ¢ : C — My, be a morphism from a nonsingular curve C, with Co =
¢V (My,) dense in C and such that Co — My, is induced by a family ho : Sg —

Co. If ho extends to a semistable family h : S — C, then g*kf,p) = h*wS/C

Consider, for example, the moduli schemes g of g-dimensional polarized
Abelian varieties. To stay close to the usual notation we write &_ﬂg for the com-
pactification in Theorem 6 in this case. One may assume that there is a morphism
Qg — &Qz to the Baily-Borel compactification &QZ,. With v =1 the ample sheaf )L((){) 1)

extends to an ample sheaf on &Qz. So the sheaf )L(lp ) in Theorem 6 is semiample
and &Q;‘ is the image under the morphism defined by a high power of )Lgp ),

In general we are not able to verify in Theorem 6 the semiampleness of )L,(,p ),
One of the obstacles is the missing geometric interpretation of the boundary points
as moduli of certain varieties. So the theorem can only be seen as a very weak
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substitute for the Baily-Borel compactification. Nevertheless, since /\,(,p ) is nef and
ample with respect to M}, the degree of g*)L,(,p ) = h*wg"/vc can serve as a height
function for curves in the moduli stack. An upper bound for this height function in
terms of the genus of C and #(C \ Cp) was given in [VZ02], and it played its role in
the proof of the Brody hyperbolicity of the moduli stack of canonically polarized
manifolds in [VZ03]. In both articles we had to use unpleasant ad hoc arguments
to control the positivity along the boundary of the moduli schemes and some of
those arguments were precursors of methods used here.

A second motivation for this article was the hope that compactifications could
help to generalize the uniform boundedness, obtained in [Cap02] for families of
curves, to families of higher dimensional manifolds. The missing point was the
construction of moduli of morphisms from curves to the corresponding moduli
stacks, as was done in [AV02] for compact moduli problems. In between, this
has been achieved in [KL] for families of canonically polarized manifolds, using
Theorem 5. It is likely that referring to Theorem 6 instead, their methods allow
one to handle polarized manifolds of Kodaira dimension zero, as well.

I was invited to lecture on the construction of moduli schemes at the workshop
“Compact moduli spaces and birational geometry” (American Institute of Mathe-
matics, 2004), an occasion to reconsider some of the constructions in [Vie95] in
view of the Weak Semistable Reduction Theorem. A preliminary version of this
article, handling just the canonically polarized case, was written during a visit to
the LH.E.S., Bures sur Yvette, September and October 2005. I thank the members
of the Institute for their hospitality.

I am grateful for the referee’s suggestions on how to improve the presentation
of the results and the methods leading to their proofs.

Conventions 7. All schemes and varieties will be defined over the field C of
complex numbers (or over an algebraically closed field K of characteristic zero).
A quasi-projective variety Y is a reduced quasi-projective scheme. In particular
we do not require Y to be irreducible or connected. A locally free sheaf on Y will
always be locally free of constant finite rank and a finite covering will denote a
finite surjective morphism.

e If IT is an effective divisor and ¢ : ¥ \ IT;eq — Y, then O(x - IT) = 140y q,,-

e Analteration V:Y — Y isa proper, surjective, generically finite morphism
between quasi-projective varieties.

e An alteration W is called a modification if it is birational. If U C Y is an open
subscheme with W|y—1(g7) an isomorphism, we say that the center of W lies
inY\U.

e For a nonsingular (or normal) alteration or modification we require in addition
that ¥ be nonsingular (or normal).

¢ A modification ¥ will be called a desingularization (or resolution of singular-
ities), if ¥ is nonsingular and if the center of W lies in the singular locus of Y.
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e Given a Cartier divisor D on Y we call ¥ a log-resolution (for D) if it is a
nonsingular modification and if W* D is a normal crossing divisor.

e If fo: Xo— Yy is a projective morphism, we call f : X — Y aprojective model
of foif X and Y are projective, Yy openin Y and Xo = f~1(Yy) over Yp.

e If f: X — Y is a projective morphism, we call fy : Xog — Yo the smooth
part of f if Yo C Y is the largest open subscheme with Xo = f~1(Yy) — Yo
smooth. In particular, if X and Y are nonsingular, or if f is a mild morphism,
as defined in 4.1, Yy is dense in Y.

Finally the numbering of displayed formulas follows the numbering of the
theorems, lemmas etc. Hence (2.1.1) is after Definition 2.1 and before Lemma 2.2.

Note to the reader. Eckart Viehweg died on January 30, 2010. He had not yet
received the proofs of this article from the journal. We, Dan Abramovich, Hélene
Esnault and Sdndor Kovécs, corrected them. We apologize if we introduced any
inaccuracies.

1. Numerically effective and weakly positive sheaves

Definition 1.1. Let 6 be a locally free sheaf on a projective reduced variety W.
Then 9 is numerically effective (nef) if for all morphisms 7 : C — W from a
projective curve C and for all invertible quotients 7*% — £ one has deg(¥) > 0.

Definition 1.2. Let % be a locally free sheaf on a quasi-projective reduced
variety W and let Wy C W be an open dense subvariety. Let 3¢ be an ample
invertible sheaf on W.

(a) Gis globally generated over Wy if the natural morphism H (W, 4) @ Oy — 4
is surjective over Wj.

(b) § is weakly positive over Wy if for all & > 0 there exists some S > 0 such that
S*P(G) @ %P is globally generated over Wj.

(c) G is ample with respect to Wy if for some n > 0 the sheaf S"(%) @ ¥~
is weakly positive over Wy, or equivalently, if for some 1’ > 0 one has a
morphism @ # — S "' (), which is surjective over W.

It is obvious, that “nef” is related to “weakly positive” and that it is compatible
with pullbacks.

LEMMA 1.3. For a locally free sheaf § on a projective variety W the follow-
ing conditions are equivalent:

(1) Yis nef.
(2) G is weakly positive over W.
(3) There exists a projective surjective morphism & : Y — W with £*%G nef.

(4) The sheaf Op(g) (1) on P(9) is nef.
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(5) There exists some integer i > 0 such that for all prOJectlve sur]ectzve mor-
phlsms £ Y > W and for all ample invertible sheaves % on Y the sheaf
M ® £*G is nef.

Remark 1.4. As we will see in the proof it is sufficient in Lemma 1.3(5) to
require the existence of a tower of finite maps & : Y — W, such that for each N > 0
there is some £ : Y — W with E*¥ the N-th power of an invertible sheaf. Such
coverings exist by [Vie95, Lemma 2.1], and one may even assume that they have
splitting trace maps.

Proof. The equivalence of the first four conditions has been shown in [Vie95,
Prop. 2.9], and of course they imply (5). The equivalence of (5) and (2) is a special
case of [Vie95, Lemma 2.15, 3)]. Nevertheless let us give the argument. Let 9 be
ample and invertible on W. Let w : C — W be a curve and N an invertible quotient
of 7*% of degree d. By [Vie95, Lemma 2.1] for all N there exist a finite coverlng
£: Y — W and an invertible sheaf 7 with £%9 = 5N . By assumptlon e ® %4
is nef, hence if 7 : C — C is a finite covering such that 7 lifts to 7’ :C —> Y one
has

0 <deg(t)-d + p-deg(x*H) = deg(t) - (a’ + % -deg(n*%)).

This being true for all NV, the degree d cannot be negative. O

Obviously the notion “nef” is compatible with tensor products, direct sums,
symmetric products and wedge products. For the corresponding properties for
weakly positive sheaves, one has to work a bit more, or to refer to [Vie95, §2.3].

LEMMA 1.5. Let & and G be locally free sheaves on W.

(1) Let &£ be an invertible sheaf. Assume that for all @ > 0 there exists some > 0
such that S*P(G) @ $B is globally generated over Wy. Then G is weakly
positive over Wy. In particular Definition 1.2(b), is independent of XK.

(2) If 4 is weakly positive over Wy and if & : Y — W is a dominant morphism,
then £*G is weakly positive over €~ (Wy).

(3) If§ is weakly positive over Wy and if ‘6 — F is a morphism, surjective over
Wo, then & is weakly positive over Wy.

@) If F and 6 are weakly positive over Wy, the same holds for F @ 8, for F ® 4
for S (9) and for \"(G), where v and . < rk(%9) are natural numbers.

The equivalence of (1) and (3) in Lemma 1.3 does not carry over to “weakly
positive over Wy”’; one needs in addition that the morphism is finite with a splitting
trace map.

LEMMA 1.6. For a locally free sheaf § on W and an open and dense sub-
scheme Wo C W the following conditions are equivalent:

(1) 9 is weakly positive over Wy.
(2) ®" G is weakly positive over Wy for some r > 0.
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(3) S"Y is weakly positive over Wy for some r > 0.

(4) There exists an invertible sheaf 4 on W such that AR S” (G) is weakly positive
over Wy, for all r > 0.

(5) For all (or some) ample invertible sheaves s on W and for all r > 0 the sheaf
A Q S"(9) is ample with respect to Wj.

(6) There exists an alteration ¢ : W — W such that ¢* is weakly positive over
¢~ (W), and such that for Wo = ¢~V (Wo) the restriction ¢y : Wo — Wy is
ﬁmte with a splitting trace map (z.e., with a splitting of Ow,, — ¢0*@WO).

(7) There exists a constant (> 0 such that for all £ : Y > W and for all am-
ple invertible sheaves #' on Y the sheaf #'"* ® £*%G is weakly positive over

£ (Wh).

Remark 1.4 applies to Lemma 1.6(7) as well, if one assumes that for all £ :
Y — W the trace map splits.

Proof. The equivalence of the first three conditions has been shown in [Vie95,
Lemma 2.16]. The equivalence of (1), (4) and (5) follows directly from the defini-
tion, and the equivalence of (1), (6) and (7) is in [Vie95, Lemma 2.15]. O

Let us consider next the condition “ample with respect to Wy”.

LEMMA 1.7. Let 6 and ¥ be locally free sheaves on W and let Wy C W be
open and dense.

(1) 9 is ample with respect to Wy if and only if there exists an ample invertible
sheaf % on W and a finite morphism o : W' — W with a splitting trace map,
and with o*¥ = %', for some positive integer 1, such that o*(9) ® %'~ is
weakly positive over o1 (Wp).

(2) If F is ample with respect to Wy and if ‘4 is weakly positive over Wy, then F Q%G
is ample with respect to Wy. In particular, Definition 1.2(c) is independent of
the ample invertible sheaf .

(3) If F is invertible and ample with respect to Wy, and if ST(9) @ F~! is weakly
positive over Wy, then G is ample over W.

(4) The following conditions are equivalent:

(a) G is ample with respect to Wy.
(b) There exists an alteration ¢ : W — W with W() = _1 (Wo) — Wy finite
and with a splitting trace map, such that ¢*% is ample with respect to Wj.

(5) If§ is ample with respect to Wy and if ‘6 — % is a morphism, surjective over
Wo, then & is ample with respect to Wj.

(6) If & and G are both ample with respect to Wy, then the same holds for & & ,
for S (9) and for \"(G), where v and . < k(9) are natural numbers.
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(7) If & is an invertible sheaf, then & is ample with respect to Wy, if and only if
for some B > 0 the sheaf FB is globally generated over Wy and the induced
morphism © : Wo — P(H(W, FP)) is finite over its image.

Proof. If in (1) the sheaf § is ample with respect to Wy there is some 7 such
that $7(9) ® %! is weakly positive. By [Vie95, Lemma 2.1] there is a covering
o : W — W with a splitting trace map, such that 0*% is the n-th power of an
invertible sheaf %, necessarily ample. Then o*(S7 (%) ® #~!) is weakly positive
over 01 (Wj), hence by Lemma 1.6 the sheaf 0¥ ® %'~ is as well. On the other
hand, the weak positivity of 6*(%9) ® #'~! in (1) implies that 0*S"(%9) ® o *¥ !
is weakly positive over o~ ! (Wp), hence S" (%) ® %! is weakly positive over Wy,
again by Lemma 1.6.

For (2) one can use (1), assume that 9 ® %! is weakly positive, and then
apply Lemma 1.5(4). In the same way one obtains (6). Part (3) is a special case of
(2) and (5) follows from Lemma 1.5(3).

Let us next verify (7). If & is ample with respect to Wy, one has for a very
ample invertible sheaf % on W and for some 1, a morphism * % — FN' | sur-
jective over Wp. Let V denote the image of Ho(W, @* %) in Ho(W, F""). Then
g is generated by V' over Wy and one has embeddings

w — X P(HOW, %)) — P(®H°(W, %)).

The restriction of the composite to Wy factors through

Wo — P(V) C p(® HOW, %)),

and Wy — P(V), hence Wy — P(H®(W, F")) are embeddings.
If on the other hand F# is globally generated over Wy and if

T Wo — P =P(H(W,P))

is finite over its image, consider a blowing up ¢ : W — W with centers outside
of Wy such that T extends to a morphism 7’ : W — P. We may choose ¢ such
that for some effective exceptional divisor E the sheaf Oy (—E) is t’-ample. For
« sufficiently large A = O (—FE) ® 7*Op(a) will be ample. Replacing E and
o by some multiple, one may assume that for a given ample sheaf 7 on W the
sheaf ¢*#~! ® o is globally generated, hence nef. Since one has an inclusion
A — ¢*F""® which is an isomorphism over ¢~ (Wp), the sheaf p*F7* Q¥ is
weakly positive over ¢! (Wp), and by Lemma 1.6 one obtains the weak positivity
of F1* @ 91

For (4) we use (7). Consider in (4a), an ample invertible sheaf & on W.
Obviously the condition (7) holds for ¢*%; hence this sheaf is again ample with
respect to ¢~ L (Wp). If § is ample with respect to Wy, by definition S¥(9) ® F~!
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is weakly positive over Wy. Then by Lemma 1.7 (6) the sheaf ¢* S (9) ® ¢*F !
is weakly positive over ¢ ~1(Wp) and (4b), follows from (3).

So assume that the condition (b) in (4) holds. Let % and &{ be ample invertible
sheaves on W and Y. Then o ® ¢*% is ample. By definition we find some S
such that S8 (¢*9) @ st~ @ ¢*% ! is weakly positive over Yy. Then S?(¢*9) ®
¢*% 1 has the same property, and by Lemma 1.6, S B 1is weakly positive
over Wj. O

LEMMA 1.8. A locally free sheaf ‘6 on W is ample with respect to Wy if and
only if on the projective bundle w : P(9) — W the sheaf Opg)(1) is ample with
respect to Py = n~ L (Wp).

Proof. If 4 is ample with respect to Wy choose a very ample invertible sheaf
% on W and for some 5’ > 0 the morphism

S
@ % —> S"/(%) = 71x0pg) (1),

surjective over Wy. The composite

S
@ T*H — S"/(n*(g) — Op(g)(1)

induces a rational map ¢ : P(%) — P$~!, whose restriction to Py = 71 (Wp) is
an embedding, and Op(g)(77’) is globally generated over Pg. So by Lemma 1.7(7)
Op(g) (1) is ample with respect to Po.

Assume now that Op(g)(1) is ample with respect to Pg. Choose ample invert-
ible sheaves % on W and s on P(%) such that 7*#~! ® s is globally generated.
Then for some 1’ and for all @ > 0 one has morphisms

v O]
D5 = Pt = v - @)
with W surjective and ® surjective over Py. For « sufficiently large, this defines

a rational map P(4) — PM x W whose restriction to Py is an embedding. For
B > 1 the multiplication map

P (@) — meOpco (- B-e) = ST P ()
will be surjective over Wy; hence % is ample with respect to Wp. O

For the compatibility of “ample with respect to Wy under arbitrary finite
morphisms one either needs that the nonnormal locus of Wy is proper (see [Vie95,
Prop. 2.22] and the references given there) or one has to add the condition “nef”:

LEMMA 1.9. For a locally free sheaf ‘6 on a projective variety W, and for an
open dense subscheme Wy C W the following conditions are equivalent:

(1) G is nef and ample with respect to Wy.

(2) There exists a finite morphism o : W' — W such that 9 = 0*% is nef and
ample with respect to Wy = o~ 1 (Wj).
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(3) There exists an alteration ¢ : W — W with ¢~ L (Wo) — W finite, such that
$*G is nef and ample with respect to Wy = ¢~ 1(Wp).

Proof. Of course (1) implies (2) and (2) implies (3). In order to see that (3)
implies (2) choose for o : W/ — W the Stein factorization of ¢ : W — W. Since
W — W' is an isomorphism over W/, Lemma 1.7(4) says that ¢’ = 0*% is ample
with respect to W if and only if ¢*% is ample with respect to VI~/0. Since by Lemma
1.3 the same holds for nef, one obtains (2).

Note that (2) implies that the sheaf G is nef, as well as the sheaf Op(g)(1) on
P(%). Consider the induced morphism o’ : P(%') — P(%). Lemma 1.8 implies that
Op(g) (1) = 0"*Op(g)(1) is ample with respect to the preimage of W if and only
if ¢ is ample with respect to W, and that the same holds for % instead of ¢'.

Now it will be sufficient to consider an invertible nef sheaf % on W, and a
finite covering o : W/ — W, such that ¢ = 6*% is ample with respect to W, and
we have to show that 4 is ample with respect to Wj.

As we have already seen, that (1) implies (2), we may replace W’ by any
dominating finite covering. In particular we may assume W' to be normal. By

[Vie95, Lemma 2.2] the morphism o : W’ — W factors like W’ % W” 5 w,
where p has a splitting trace map, and where y is birational.

At this point we could also apply Lemma 12.3, replacing W’ by a larger
normal covering. In any case y*p*% is again ample with respect to y ~1 p~1 (W)
and by Lemma 1.7(4) one knows the equivalence of (1) and (2) with W’ replaced
by W”. Hence it is sufficient to study V' — W”, and by abuse of notation we may
assume that W’ is normal and o birational.

Let & : Y > W bea desingularization, § = o o & : Y > WandletU C W
be the complement of the center of §. Choose a sheaf of ideals $ on W with
Ow /$ supported in W \ U and such that ox0*$ maps to Oyy. One can assume
that §* § /torsion is invertible hence of the form Oy (—E) for an effective divisor
supported in Y \8§~1(U). Then 8x05 (—E) is contained in Opy. One may assume
in addition that Oy (—E) is §-ample. Finally choose an ample invertible sheaf
on W, such that §*3 ® Oy (—E) is ample and such that % ® 0O is generated
by global sections.

By assumption, for some 7 there are morphisms

(1.9.1) @o*%—>o*<§” and hence @8*%—)8*‘9",

surjective over Wy and §~1(Wp), respectively. Blowing up a bit more, we can
assume that the image of the second map is of the form §*47 ® Oy (—A) for a
divisor A. Then §*4" ® 05 (—A — E) as a quotient of an ample sheaf will be
ample. Replacing 1, A and E by some multiple, one may also assume that

§*4" @ 05 (—A—E) ®w§1 Q8* %!
is ample. Define ' = £,05(—~A — E)) on W' and § = 0..9".
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Since 4 is nef, for all & > n and for all 8 > —1 the sheaf
§*4* @ 05 (—A— E) ® §* P
has no higher cohomology. For 8 > 1 this can only hold if for all i > 0
R'§,(8*6¢* ® 05(—~A— E)) =0.

For B = —1 one finds that H! (W, 4* @ %~ ® $) = 0.
For some 8 >> 1 the sheaf P 2R is generated by global sections. Using
the left-hand side of (1.9.1) one obtains a morphism

@a*%ﬂ QY —o*g"P o9

surjective over Wy. Therefore the sheaf o*(9"F @ #72) ® 9’ will be globally
generated over W{; hence there are morphisms € 0*# — o*¥#P~1® 9 and

(1.9.2) P oo — Pt ®9.

surjective over W and Wp. By the choice of 3 the left-hand side of (1.9.2) is
globally generated over Wy; hence the right-hand side as well. For all positive
multiples « of 1 - B, one has an exact sequence

0—->H'W, ¢ ' ®9) — H'W,¢* % ') — H'(W,4* % !|7/)—0,

where T’ denotes the subscheme of W defined by $. If T’ N Wy = & we are
done. Otherwise let T be the closure of Tr/ed U Wy in W. So there is a coherent
sheaf %, supported on 7" and an inclusion % — O, which is an isomorphism on
WonNT' =WoNT.

By induction on the dimension of W we may assume that 4|7 is ample with
respect to 7N Wy. Then for each B’ > 0 one finds n” and morphisms

Bty — @ @%Yr,

surjective over Z N Wy. Choose B’, such that ¥ ® %|’;{/—1 is globally generated, and
o = 1n’-B’ amultiple of n- B. Then the sheaf (4% ® #~')|7 ® F is globally generated
over T N Wy, as well as 4* ® #~!|7. Since all global sections of this sheaf lift
to HO(W,4* ® %~1) we find that 4* ® %! is globally generated over Wy. [

2. Positivity of direct images I

Examples of nef sheaves are direct images of powers of dualizing sheaves.
We will see in this section that Theorem 1 is just what is needed to verify this

property in Theorem 2 for @g) . Then the compatibility @g) =¢£ *%3),) allows us

to deduce the nefness of @E,Iv,). At the end of the section we will make a first step
towards Theorem 2(iv), assuming that Wy is nonsingular. This will allow us in 2.5
to explain why we have to include the study of multiplier ideals in Sections 6-11.
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Let us recall the definitions of multiplier ideal sheaves and of the correspond-
ing threshold.

Definition 2.1. Let Z be a normal projective variety with at most rational
Gorenstein singularities; let N be an invertible sheaf on Z and let D be the zero
divisor of a section of N

(i) For a € Q the multiplier ideal is defined as $(—a-D) = w077 ®05 (—[a-ﬁ]),
wheret:Z — Z isa log-resolution, D = t*D, and where [a- 5] =a-D,
denotes the integral part of the Q-divisor a - D.

(ii) For b > 0 one defines the threshold

e(b-D):= Min{a € Z0; 5@(— S-D) — @Z}.

(iii) Finally e(N) := Max{e(D); D the zero divisor of a section of N }

Most authors write $(a- D) instead of $(—a- D). We prefer the second notion,
since, for a smooth divisor Oz (—D) = $(—D), and since it is closer to the classical
notion wz{—a-D} =wz ® $(—a - D) used in [Vie95] and [EVI2].

One easily shows that the multiplier ideal is independent of the log resolution.
In [EV92] and [Vie95] one finds a long list of properties of multiplier ideals and of
e(b- D) and e(N). In particular, if N is a globally generated invertible sheaf on Z,
then

(2.1.1) $(—a-D)=9$(—a-(D+ H))

for the divisor H of a general section of N and for 0 < a < 1. In fact, using
the notation introduced above, H = t* H will be nonsingular and it intersects D
transversely. Then [a - D]l=1a-(D + H)].

Let fo : Xo — Yo be a flat morphism over a nonsingular variety Yy, with irre-
ducible normal fibers with at most rational singularities. Then for a Q-divisor Ag
on X not containing fibers, the threshold e(A| s (y)) is upper semi-continuous for
the Zariski topology (see [Vie95, Prop. 5.17]). This implies in [Vie95, Cor. 5.21]
that for Z and N as in Definition 2.1 one has:

(2.1.2) eN)=e(riN®---®prrN) for Z'=Zx---xZ.

If one replaces Z~¢ in Definition 2.1(ii) by Q- one obtains the inverse of the
logarithmic threshold.

The multiplier ideals occur in a natural way as direct images of relative dual-
izing sheaves for certain alterations:

LEMMA 2.2. Let Z' and Z be normal with rational Gorenstein singularities
and let ¢ : Z' — Z be an alteration. If 0z (D) = £V for an invertible sheaf & and
if * D is divisible by N, then 0@( - % . D) is a direct factor of ™' ® Pxwz1)7.

Proof. The sheaf ¢xwz//z does not change, if we replace Z’ by a nonsingular
modification. So we may assume that Z’ is nonsingular and that it dominates a log
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resolution 7 : Z — Z for D. When 7 : Z' — Z for the induced morphism, 7 *(t* D)
is still divisible by N. So 7 factors through the cyclic covering 7 : Z' — Z,
obtained by taking the N-th root out of t*D. By [EV92, §3] the sheaf

1
t*i@wz/z ®@Z(_ [NT*D])
is a direct factor of J"f*a)z, /Z" The latter is a direct factor of mx«w /Z- Applying
74 one obtains £ ® §(— 4 - D) as a direct factor of pxwz//z. O

One starting point for the study of positivity of direct image sheaves is the
following corollary of Kollar’s Vanishing Theorem.

LEMMA 2.3. Let X be a projective normal variety with at most rational
Gorenstein singularities, let f: X — Y be a surjection to a projective m-dimensional
variety Y, and let U C Y be open and dense. Let S be a very ample invertible sheaf
onY, let Ml be an invertible sheaf on X, let I be an effective divisor, and let € be
a locally free sheaf on Y, weakly positive over U. Assume that for some N > 0
there is a morphism € — fMN (=T") for which the composite

1¥€ — f* el (=T) — AN (=T)
is surjective over V.= f~Y(U). Then for all B the sheaf

120 (4 gor e s(~£1)

is globally generated over U.

Proof. We can replace X by a desingularization. The sheaf sV ® € is ample
with respect to U; hence for some M > 0 the sheaf 4V M @ SM(€) is globally
generated over U. Blowing up X with centers outside of V' we may assume that
the image % of the evaluation map f*SM (€) — MY M (—M -T) is invertible. Let
D be the divisor, supported in X \ V with B ® Ox (D) = MV M (—M -T). Then

B fH(AVM) =N MM -T - D)@ f*(s4¥M)

is generated by global sections over V. Blowing up again, we find a divisor A
supported in X \ V such that MV M (—M - T —D — A)® f*(4V M) is generated
by global sections, and such that I' + D + A is a normal crossing divisor.

Now, MY M(—M - T —D — A) ® f*ANM is semiample. As in [Vie95,
Cor. 2.37, 2)], Kollar’s Vanishing Theorem implies that the sheaf

&a‘®f*(mﬂ(—[ B _m.r-D- A)D@th}bf*&d)

has no higher cohomology for ¢ > 1. Then by an argument due to N. Nakayama
(see [Kaw99, Lemma 2.11]),

@:&qm“@f*(w( [ _B_ (M -T—D— A)])@wxgof*w)
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is generated by global sections. On the other hand, % is contained in
m+2 B ,3
A" QR fio M (—[NF])‘X)CUX ,
and since (D + A) NV = &, both coincide over U. O

Kawamata’s Semipositivity Theorem, saying that the direct image sheaves
@g) in Theorem 2(iii) are nef, can be shown by using Lemma 2.3. This in turn
implies part (iii) for all v. We will give a slightly different argument:

Proof of Theorem 2(iii). Let Y > W be any nonsingular alteration of W. In

g r)
Theorem 1(ii) the sheaf f a); /7

nonsingular modification. Hence by abuse of notation one may assume that for
some normal crossing divisor IT on X the evaluation map induces a surjection

remains the same if one replaces X ) by a

f(r)*%g)@)r — w?

X(")/’Y\ ® @X(r) (—H)

Let # be an ample invertible sheaf on Y and define
$(v) =Min{ju > 0; FL @ H"M s nef}.

Then (3™ @ @g}))‘g” = s @ f*a);(r)/? is nef. Let o be a very ample

invertible sheaf on Y. By Lemma 2.3

* yv—1 v—1)-11
Amt2 @ £ (a)X(r) ® (g7 8 17O @ 0p( - [f]))

: ~ : m+2 G &
is generated by global sections. It is a subsheaf of ® wy ® JP? ®
9¢s@)T(v=1) and it contains the sheaf

4" g 0y ® ges V) (v=1) & f*(r)(a); S ®0p(—T1))

(r)/Y
®
— &dm+2 ®Cl)}’; ® %s(u)r.(v—l) Q @(;) r.
Thus, the three sheaves are equal, and the quotient sheaf
+2 -1 )
A" @wp @ ST (D @F)
)
~ Y
over Y. Since #¢M-Dv g @g}) does not have this property, one obtains

is generated by global sections as well. Hence %™ (=1 @ %% is weakly positive

s)-w=1D>(@6@w)—=1)-v or s(v)<v.
Now, %’ ® 9?%) is weakly positive over Y, hence nef.
Since the same exponent v works for all Y mapping to W and for all ample
invertible sheaves # on f’, the nefness of @3’,) follows from the equivalence of (1)
and (5) in Lemma 1.3. O
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VARIANT 2.4. Assume in Theorem 1 that the normalization of Wy is nonsin-
gular and that for some 1 > 0 the sheaf det(@gﬂ)) is ample with respect to Wy. Then

for v > 2 the sheaf @3’,) is ample with respect to Wy or zero.

W) is nef; Lemma 1.9 allows

Proof. We sketch the argument, knowmg that %
us to replace W by a desingularization Y. C0n51der for some y and for r =y -

rk(%;’n)) the tautological map

,
- myy m _ () 7
u.det(%)7 ) —>®9?f, = [ 0 5

Assume that det(?ﬁ(ﬂ)) = N* for some invertible sheaf N and for some « > 0. Then

E induces a section of " e >/Y f(r) N7V with zero divisor IT.

o) -

We know already that @ is nef. So we can apply Lemma 2.3 to the sheaf

w° o+n N* -y _
Oy 9 a)X(,)/Y®fr N ® Oy (=T).

If « is divisible by p + 7, for & very ample on Y, the sheaf
dim(P)+2 ) (r)* = Ol ( —1 )
A R wp ® fi (X(,)/Y®f NT ohn ®9 Py
is globally generated over the preimage ?0 of Wy. For p sufficiently large one may
assume that ’SJ_F;’ > e(a);’,), for all smooth fibers of fy. Then by [Vie95, Lemma

5.14 and Cor. 5.21] one finds that $(— p+717 I') is trivial over FO7(F,). Then the

inclusion of sheaves

Q41 G0r) = (’)( - /Y®}(

)) ® 5O

is an isomorphism over Yy and

,
dim(¥)+2 —L-liyo )
rk(@(”’)

‘delm(Y)—i-Z ®w ® ® (N_ (Uerlr);a ® ® 0~(V))

is globally generated over f’\o. This being true for all y, Lemmas 1.6 and 1.5 imply

that @g) is ample over Yo.

By [Vie95, Lemma 2.1] the assumption that det(Fy) = N, with o divisible
by p + n, will always be true over sufficiently large finite coverings of Y, and by
Lemma 1.7 we are done. O

Comments 2.5. We repeated the well-known proof of Variant 2.4 just to point
out the difficulties we will encounter, trying to get rid of the additional assumption
“Wp nonsingular”. The notion “ample with respect to Wy” is not compatible with
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blowing ups of Wy, if the center meets Wy. We may assume that N is the pullback
of an invertible sheaf Ny on W. In addition we have to construct a sheaf Gy (r)
whose pullback to a desingularization is the sheaf %(r) considered in the proof of
Variant 2.4. In order to be allowed to use the functorial property Lemma 1.3 the
sheaf

w=Dy«a

Gry@NT o

must be nef, and not just weakly positive over Yo. This would hold, if the inclusion
(2.4.1) is an isomorphism, but giving bounds for the threshold in bad fibers of a
morphism does not seem to work.

So as a way out we will modify the construction of W in such a way, that
Theorem 1 remains true for the direct images e () of invertible sheaves tensored
by multiplier ideals.

3. On the construction of moduli schemes

The weak positivity and ampleness of the direct image sheaves in Corollary 3,
together with the stability criterion [Vie95, Th. 4.25], allows the construction of a
quasi-projective moduli scheme of canonically polarized manifolds. Following a
suggestion of the referee, we sketch the argument before entering the quite techni-
cal details needed for the construction of W, hence for the proof of Corollary 3(b).

Let 91, be the moduli functor of canonically polarized manifolds with Hilbert
polynomial 4. As in [Vie95, Exs. 1.4] we consider for a scheme Yy the set

Mp(Yo) = { Jo: Xo — Yo: fo smooth, projective, wy,/y, fo-ample
and h(v) = rk(fO*a))‘}O/Yo), for v >2}/..

In order to allow the canonical models of surfaces we could also consider

My, (Yo) = { fo : Xo — Yo: fo flat, projective; all fibers F normal
with at most rational Gorenstein singularities, wy,/y,
fo-ample and h(v) = rk(foxwy, /y,), forv>2}/~.

We leave the necessary changes of the arguments to the reader.

Outline of the construction of a coarse quasi-projective moduli scheme M},
Sfor My,. One first has to verify that the functor 91, is a nice moduli functor, i.e.,
locally closed, separated and bounded (see [Vie95, Lemma 1.18]). This implies
that for some 1 > 1 one has the Hilbert scheme H of n-canonically embedded
manifolds in 9 (Spec(C)), together with the universal family g : & — H.

The universal property gives an action of G = PGIl(h(n)) on H and, as
explained in [Mum65] or [Vie95, Lemma 7.6], the separatedness of the moduli
functor implies that this action is proper and with finite stabilizers. The sheaves
Ap = det(g*a); / ) are all G-linearized.
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The moduli scheme My, if it exists, should be a good quotient H/G. So
one has to verify that all points in H are stable for the group action and for a
suitable ample sheaf. At this point one is allowed to replace H by Hq; the set of
stable points will not change. So by abuse of notation we will assume that H (and
hence M},) is reduced.

In order to apply the stability criterion [Vie95, Th. 4.25] one has to verify
that the invertible sheaf A, on H is ample on H, and that for a certain family
fo: Xo — Yo in 91, (Yy) the sheaf fO*a);,O /Yo is weakly positive over Yy.

The second statement follows from Corollary 3(a). For the first one we start
with the Pliicker embedding showing that the invertible sheaves /\h(") ® )t_h(" Wi
are ample, for all p sufficiently large. By Corollary 3(a) the sheaf )Ln 1s weakly pos-
itive over H , hence by Lemma 1.3(3) A;.;, is ample. Using Corollary 3(b) one finds
that the sheaf g w; JH is ample on H ; hence its determinant A, is also. O

Let us express what we have shown in terms of stability of Hilbert points. On
H the sheaf A, is G linearized and ample. The stability criterion says that all the
points in H are stable with respect to the polarization A, of H. This in turn shows
the ampleness of the sheaf /\((f 3 forn > 1.

One can consider the sheaf A, on H for all v > 2 with A(v) > 0. Those
sheaves are G-linearized and for some p > 0 the p-th power of A, descends to an
invertible sheaf )L((f 3 on My Using a slightly different stability criterion, stated in
[Vie95, Addendum 4.26], one obtains:

Addendum 3.1. For all v > 2 with #(v) > 0 and for some p > 0 there exists
an ample invertible sheaf /\(p ) on Mj, whose pullback to H is A, = det(hw
A(P)

/)"

In particular the sheaf will satisfy the condition () stated in Notation 4.

In Section 14 we will even show that )L(p ) extends to an invertible sheaf )L(p )

on a suitable compactification of M} and that this sheaf is ample with respect
to M h-

For points of the Hilbert scheme of n-canonically embedded curves or surfaces
of general type the stability has been verified with respect to the Pliicker embedding
(see [Mum65] and [Gie77]). So one obtains on My the ampleness of Ag’(:]’,)ﬂ ®
kgu-h(n-u)‘

" Before turning our attention to moduli schemes of polarized minimal models,
let us formulate the generalization of Corollary 3, needed for their construction.
The proof will be given at the end of Section 13. Here we use again the threshold
e(N) defined in 2.1.

LEMMA 3.2. Let fo: Xo — Yo be a smooth family of minimal models, and
let Lo be an fo-ample invertible sheaf. Assume that for some k > 0 the direct
image fox(Lg) is nonzero, locally free and compatible with arbitrary base change.
Choose some € > e(¥| ), for all fibers F of fo. Then:
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(1) For all positive integers 1 the sheaf
SN (fou (k) y, ® ")) ® det (fou (£5))

is weakly positive over Wy or zero.
(2) If for some ' > 0 the sheaf

’ ’ i /. en’ i’
det (fO* (a);(:]/YO ® ggﬂ ))rk(fO*(f%o)) ® det (f (iﬁ )) n rk(fO*(wXO/Y()@ffo )

is ample, then Srk(fo*(%))(f()*(a);:/y ® £5")) @ det( fox (£5)) ™" is ample,
if not zero.
The moduli functor 1, of minimal polarized manifolds is given by
My (Yo) = {(fo : Xo —> Yo, %o); fo smooth, projective; wy, v, fo-semiample;
%o fo-ample, with Hilbert polynomial A}/ .
Recall that ( fo:Xo— Yo,%0) ~( fo Xo — Yo, 330) if there are a Yy-isomorphism

1: Xo— XO and an invertible sheaf s{ on Yy with L*SZO =% ® fo
As we will see, it is easier to study the moduli functor zm/ w1th

M), (Yo) = {(fo : Xo —> Yo, %o) € My; Lo fo-very ample
with Hilbert polynomial /; R’ fox&ly =0 fori >0, and jt > 0,}/~.

For families of minimal varieties F' of Kodaira dimension zero the second condition
will hold automatically. In fact, if . = OF and if 54 is ample, A4 ® a)}_l is ample
and Kodaira’s Vanishing Theorem implies that H(F,d) = H (F, A ® Q") =0,
for i > 0. So here we should consider the functors imgj) with

M (Yo) = {(fo : Xo —> Yo.%o) € Myt g for®y /v, = OXo/ Yo'

%o fo-very ample with Hilbert polynomial h} [~
LEMMA 3.3.

(1) Assume that for all h the moduli functor Y. has a coarse quasi-projective
h

moduli scheme M I,Az Then the same holds true for 9y,

(2) To prove Theorem 6 it is sufficient to consider the moduli functors Dﬁgj).

Proof. The boundedness of the moduli functor 91, allows us to find some yg
such that for all (F, ) € M (C) and for all y > yq the sheaf A is very ample
and without higher cohomology. For suitable polynomials /1 and %, one defines
a map My, — zm;“ X sm;u by

(fo: Xo — Yo, %0) = [(fo: Xo = Yo, 25°), (fo: Xo — Yo, £3°*1)].

It is easy to see that the image is locally closed. Hence if one is able to construct the
corresponding moduli schemes M };1 and M ;12 as quasi-projective schemes, Mj, is a
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locally closed subscheme. And if one finds nice projective compactifications M i/zl
and 1\7}’1 of M;l and M}’l , one chooses Mj, as the closure of M}, in ]\7;1 X 1\7;1 )
2 1 2 1 2

The additional condition @} = Of considered in Theorem 6 just signals cer-
tain irreducible components of Mj. So by abuse of notation let M}, be one of those.
Then the image of M}, lies in the product M }E‘l}) x M }E;) If one has constructed the

compactifications M }ET) and M ,EZ) according to Theorem 6 one can choose M}, as

the closure of Mj and for 11(,2'1’ ) the restriction of the exterior tensor product of the

corresponding sheaves on M i/zl and M },lz for p instead of 2 p. O

Outline of the construction of coarse quasi-projective moduli scheme M ;l for
zm;l The construction is parallel to the one in the canonically polarized case. One
constructs the Hilbert scheme H parametrizing the elements (F, o) of 2 (C)
together with an isomorphism P(H(F, 0y @ A)) = PN . Here v is chosen such
that @}, is globally generated and € should be a multiple of v, larger than the
threshold e(s4).

The Pliicker embedding provides us with an ample invertible sheaf of the form
wﬁ(l) ® wl_“'r(“), where

w, = det (g« (a)ge'/”H ®*y)) and r(v) =rk(g« (a)gg'/”H ®£Y))
for the universal family (g : ¥ — H, %y) € M (H).
By 3.2(1) the sheaf w{’ ) ®Rdet(g+Ly) "V is weakly positive over H, hence

w_ﬁ(l).r(l) ®det(g*.§ng)_’(1)'“"(“) — (w,l}l(l) ®det(g*££%)—u.r(u))r(l)

is ample. Using 3.2(2) one finds that w{l(l) ® det(g« L)~ must be ample.

In order to apply the stability criterion [Vie95, Th. 4.25] to obtain the stability
of all points of H with respect to the sheaf wf D det(g+ L)~ M, it remains to
show that for a special family ( fo : Xo — Yo, £o) the rigidified direct image sheaf
is weakly positive over Yy. This is exactly the sheaf

"D (for (@5, v, ® o)) ® det( fou (£0)) ™"
considered in Lemma 3.2(1). O
Addendum 3.4. If o, = OF for all (F, s) € M (C), and if v > O then for

some p > 1 there exists an ample invertible sheaf A(()I: 3 satisfying the property ()
in Notation 4 in the introduction.

Proof. The existence of the sheaf )Lf)p ) satisfying the property () follows

RY
from the construction of moduli schemes as a quotient of the Hilbert scheme. In
order to verify the ampleness, write (for the universal family G : ¥ — H over

the Hilbert scheme) wy JH = g*Ay. One has r(1) = k(1) and the ample sheaf

w{'(l) Qdet(g«Ly) "M is

er(1)?

GAD et (gu (0S5 ® £x)) P ®det(gu L) D =1, ¢ O
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Remark 3.5. Trying in the following sections to extend the polarization to
degenerate fibers, we have to keep the equality stated in (3.4.1). As explained in
Remark 8.1 this will force us to choose “saturated extensions” of the polarizations.

Remark 3.6. So for polarized minimal models we verified the stability of the
points of H for the polarization given by det(h«(ws, ' ® IND @ det(h L)W,
Let us assume for a moment, that a);?7 is very ample for all F € 931}1; One can

replace H by the locally closed subscheme given by the condition that &£ ~ a); JH
Of course this can only happen if for the Hilbert polynomial /# of wfr one has
h(t) = h(n-t). We assume that € is divisible by  and write u = % + 1. Then

det (hs (05 ® )"V @ det(ha ) "D
— wen \h(m) n —h(wn)
= det (h*a)%/H) ® det (h*a)%/H) .
Thus, we are still missing a factor p on the right-hand side, compared with the
ample sheaf obtained by Mumford and Gieseker for moduli of curves or surfaces.

4. Weak semistable reduction

Let us recall the Weak Semistable Reduction Theorem in [AKOO] and some of
the steps used in its proof. The presentation is influenced by [VZ03] and [VZ02],
but all the concepts and results are due to D. Abramovich and K. Karu.

Definition 4.1. A projective morphism g : Z — Y between quasi-projective
varieties is called mild if:

(i) g is flat, Gorenstein, and all fibers are reduced.

(ii) Y is nonsingular and Z is normal with at most rational singularities. There
exists an open dense subscheme Y, C Y with §71(Yg) — Y, smooth.

(iii) Given a dominant morphism Y; — Y from a normal quasi-projective variety
Y7 with at most rational Gorenstein singularities, Z Xy Y1 is normal with at
most rational Gorenstein singularities.

(iv) Given a nonsingular curve C and a morphism 7 : C — Y whose image meets
Y, the fibered product Z Xy C is normal, Gorenstein and with at most rational
singularities.

For a curve ¥ an example of a mild morphism is a semistable one, i.e., a
morphism g : Z — Y with Z a manifold and with all fibers reduced normal crossing
divisors.

Obviously property (iii) implies that for two mild morphisms g; : Z; —> Y the
fiber product Z Xy Z>—> 7Y is again mild. So one has:

LEMMA 4.2. If g; : Zi — Y are mild morphisms, fori =1,...,s, then the
fiber product Z" = Z X Xp Zs— Y ismild.
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Deﬁnition 43. Let Y be a projective manifold, I//\o cyY open and dense, and
let fo XO — Yo be a dominant morphlsm Then fo has a mild model if there
exists a mild morphism g : Z — Y, with Z birational to some compactification of
X over Y.

The Weak Semistable Reduction Theorem implies that after a nonsingular
alteration of the base, every morphism fp : X¢o — Yo has a mild model:

Construction 4.4. Start. Let fy : Xo — Yo be a flat surjective projective
morphism between quasi-projective varieties of pure dimension n + m and m, re-
spectively, and with a geometrically integral generic fiber.

We will consider two cases. Either fj is smooth, or Yy is nonsingular and fy
a flat morphism.

Step 1. Choose a flat projective model f : X — Y of fy. If f X >Yis any
projective model of fp one may choose Y and X to be modifications of Y and X,
respectively.

Start with any compactification f : X — Y and with an embedding X — Pt
Then fy defines a morphism ¥ : Yo — $ilb to the Hilbert scheme of subvarieties
of Pt. We choose a modification Y of ¥ such that the morphism @ extends to 9 :
Y — $ilb. The family f : X — Y is defined as the pullback of the universal family.

Step 1. There exist modifications o and ¢’ and a diagram

(4.4.1) v -2 x

f’l jf

Y —2>Y

with Y’ nonsingular, such that for some open dense subschemes Uy C Y’ and
Ux C X’ the morphism f’: (Ux C X') — (Uy C Y’) is equidimensional, toroidal,
and where X’ is without horizontal divisors, i.e. where none of the irreducible
components of X’ \ Uy is dominant over Y.

The construction is done in [AKO0O] in several steps. Replacing Y by its nor-
malization and X by the pullback family one may assume that Y is integral. Theo-
rem 2.1 (loc. cit.) allows us to find the diagram (4.4.1) with f” toroidal for suitable
subsets Uy C X’ and Uy C Y’, and with X’ and Y’ nonsingular. Next, Section 3
(loc. cit.) explains how to get rid of horizontal divisors in X’, without changing 1.

In Proposition 4.4 (loc. cit.) the authors construct a nonsingular projective
modification of Y/ and a projective modification of X’ such that the induced ratio-
nal map is in fact an equidimensional toroidal morphism.

Step 1. For each component D; of Y’ \ Uy there exists a positive integer m;
with the following property.

For a “Kawamata covering package” (D;,m;, H; ;) (defined on page 261 (loc.
cit.)) consider the diagram
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4 4

7—=X =X
gl f’t jf
A b3 (o}

where 7 : ¥ — Y’ is the covering given by (D;,m;, H; ;), and where Z is the
normalization of X’ xy- Y. Then g: Z — Y is mild.

The definition of the numbers m; is given in [AKOO, p. 264], and the rest is
contained in Propositions 5.1 and 6.4 (loc. cit.). There however the authors define a
mild morphism as one satisfying conditions 4.1(i)—(iii). As pointed out by K. Karu
in [Kar00, proof of 2.12], the arguments used to verify property 4.1 (iii) carry over
“word by word” to show property (iv). So there is no harm in adding this condition.

Summing up what was obtained in Construction 4.4:

PROPOSITION 4.5. Starting with a flat projective morphism f : X — Y asin
Step 1, one finds a commutative diagram
¢

[ S

(4.5.1)

\
~ <
~)<—N»
Q>

@
-
of projective morphisms such that:

(a) Y is nonsingular and ¢ is an alteration. In particular if fo : Xo — Yo is
smooth, then Xo Xy, ¢~ 1(Yo) is nonsingular.

@) If Yy is nonsingular and if fo : Xo — Yo is a mild morphism, then the variety
Xo Xy, @~ Y(Yo) is normal with at most rational Gorenstein singularities.

(b) §:7Z — Y ismild.

(¢c) The induced morphism 7Z— X x Y Yisa modification.
A more natural object to study is a desingularization X of the pullback family

pry i X Xy Y >7Y. Although the resulting morphism not necessarily flat we will
use both constructions joint by a nonsingular modification Z:

Set-up 4.6. Assume that fo: Xo — Yo is smooth. Starting with the diagram
(4.5.1), one can find projective morphisms

4.6.1) x<2L s Lz 55 Py
g
NN S
V=g Y1
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(i) such that p: X — X factors through a desingularization p’ : X > Xxy?,
(i1) § and § are modifications, and Z is nonsingular.

Notation 4.7. We will denote from 4.6, by 170, 7 0 X o (and so on) the preim-
ages of the open subscheme Yy C Y, and by @g, o, ﬁ) (and so on) the restriction of
the corresponding morphisms. Condition (i) implies in particular that X contains
X 0o = Xo Xy, ?0 as an open dense subscheme. Later we will also consider a “good”
dense open subscheme Y, C Yy and correspondingly its preimages will be denoted
by I?g, Zg, )?g (and so on).

Obviously the properties in 4.5 are compatible with replacing Y by any non-
singular alteration )/}1 > Y. We will do so several times, in order to add additional
conditions on the morphism g. We write Z\=2 Xy Y: and g1 for the second
projection. For X1 and Z; choose desingularizations of the main components
of X Xy Y: and Z Xy Y1, respectively. All the morphisms in the diagram cor-
responding to (4.6.1) will keep their names, decorated by a little ;. Once the
additional property is verified, we usually will change notation back and drop the
lower index 1.

We are also allowed to replace Y by a modification with center in Y \ Y,
provided we modify the other schemes in the diagram (4.5.1) accordingly.

As said in the introduction, we are also interested in the polarized case, starting
with a morphism fy : X9 — Yo and an fp-ample invertible sheaf £y. In order
to have a reference sheaf one starts with the extension of £y to some projective
compactification.

VARIANT 4.8. Assume in Construction 4.4 that £y is an fo-ample invertible
sheaf. Then one may choose X such that the sheaf £y extends to an invertible
sheaf & on X. Moreover, given f X > Y withYyCY open and dense and with
]7 ~1(Yy) isomorphic to Xo over Yo, one may choose Y and X to be modifications
of Y and X, respectively.

Proof of 4.8. In fact, one just has to mod1fy the first step. in the construction 4.4.
Start with any compactification f X->7Y. Blowing up X one may assume that
%o extends to an invertible sheaf . Choose an invertible sheaf s¢ on X with o
and AQF very ample. Those two sheaves define embeddings ¢ : X — P! and

: X — PY. The restriction of the diagram

~ () L
X —————P'xPY xY

N

Y

to Y gives rise to a morphism ¥ : Yo — Hilb to the Hilbert scheme of subvarieties of
Pt x PY. We choose a projective compactification ¥ of Yy such that the morphism
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¥ extends to ¥ : ¥ — $ilb. The family f : X — Y is defined as the pullback of
the universal family, and & as the pullback of Ope¢, pe (=1, 1). O

5. Direct images and base change

We start by recalling some well-known corollaries of “Cohomology and Base
Change” for projective morphisms.

LEMMA 5.1. Let Y be quasiprojective, let f : X — Y be a projective mor-
phism and let N be a coherent sheaf on X, flat over Y .

(1) There exists a maximal, open, dense subscheme Y, C Y such that the sheaf
J+Nly,, is locally free and compatible with base change for morphisms T — Y ,
factoring through Yy,.

(i) If fxN is locally free and compatible with base change for all modifications
0:Y' — Y, then it is compatible with base change for all morphisms 0: T — Y
with 0~ (Y,,) dense in T.

(iii) There exists a modification Y' — Y with center in Y \ Yy, such that for

X =Xxy V' 2o x

f’j jf

Y ——Y

the sheaf f)(0"*N) is locally free and compatible with base change for mor-
phisms 0 : T — Y’ with 0=1071(Y,) dense in T.

2

Proof. One can assume that Y is affine. By “Cohomology and Base Change’
there is a complex

8o 81 Sm—1
(5.1.1) EFoy—FE —---—— E,,

of locally free sheaves, whose i-th cohomology calculates R’ fyN, as well as its
base change. We choose Y, to be the open dense subscheme, where the image €
of 8¢ locally splits in Eq. One has an exact sequence on Y,

(5.1.2) 0 —> H =Ker(dg) — E9g — 6 —> 0.
Part (ii) can be extended in the following way:
CLAIM 5.2. The following conditions are equivalent:

(a) € is locally free.
(b) fixN is locally free and compatible with base change for all modifications
o:T—Y.

(¢) f«N is locally free and compatible with base change for all morphisms @ :
T — Y with o~ ' (Yy,) dense in T.



836 ECKART VIEHWEG

Proof. Of course (c) implies (b). If 6 is locally free 3 = fi N is locally free,
and for all morphisms o : 7 — Y the sequence

0— 0"H — 0*Eg — 0" ¢ —0

remains an exact sequence of locally free sheaves. If 0~!(Y;,) is dense in T the
morphism *% — o™ E; is injective on some open dense subset, hence injective.
Recall that the complex

v 00 . 8 .
5.2.1) 0Eh— 0 E1—-—— 0 En
calculates the higher direct images of pri.N' on the pullback family X xy T — T.
As we have just seen, 0*¥ is the kernel of &, hence equal to pr,,pri.N.

So (a) implies (c) and it remains to show that (b) implies (a). By assumption
H = fiN is locally free, so that € is the cokernel of a morphism between locally
free sheaves of rank £ = rk(¥) and e = 1k(Ep), and r = ¢ — £ = 1k(6). Thus, €
is not locally free if and only if the r-th Fitting ideal is nontrivial (see for example
[Eis95, Prop. 20.6]). Choose for ¢ : T — Y a blowing up, such that 0*6 /osion 1S
locally free. The fitting ideal is compatible with pullback (see [Eis95, Cor. 20.5]),
hence 0*% itself is not locally free. Then, by the notation from (5.2.1), 0*¥ &
Ker(8y) = prp,pryN, violating (b). O

The argument used at the end of the proof of 5.2 also implies that the sub-
scheme Y, is maximal with the property asked for in (ii). In fact, if the image
€ does not split locally in a neighborhood of a general point of o(T'), the map
0*€ — o* E1 cannot be injective and one finds again that o* ¥ & Ker(8;).

By the choice of Y, the sequence (5.1.2) locally splits on Yy, and there is a
blowing up 6 : Y’ — Y with center in Y \ Yy, such that 0*(€)/orsion is locally
free. This sheaf is a subsheaf of 8*(E7), hence it is the image of 6*(5g). So the
latter is locally free, and by Claim 5.2 we found the modification we are looking
for in (iii). O

For relatively semiample sheaves on the total space of a mild morphism the
modification of the base in 5.1(iii) is not needed. Let us recall the following base
change criterion, essentially due to Koll4r:

LEMMA 5.3. Let g : Z — Y be amild morphism, and let Pbea g-semiample
invertible sheaf on Z. Then for all i > 0 the sheaves R’ g (wi/f’ ® &) are locally
free and compatible with arbitrary base change.

Proof. By “Cohomology and Base Change”, i.e., using the complex E,o in
(5.1.1) for g : Z — Y instead of f : X — Y, one finds that it is sufficient to
show that the sheaves R’ g (w 2/ ® 93) are locally free, or equivalently that the
cohomology sheaves %’ (E,) are all locally free.

As recalled in [EV92, Cor. 6.12] Kollar’s vanishing theorem (loc.sit. Cor. 5.6)
implies that the sheaves R g (w5 7 ® §AE) are torsion-free. In particular, if dim(? )
= 1 we are done.
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In general consider the largest open subscheme Yg of ¥ with g_1 (Yg) — Yg
smooth. Let 1:C — Y bea morphism from a projective curve to Y whose i image
meets Y Thenh:S =27 Xy C — C is again mild, in particular S is again normal
with rational Gorenstein s1ngular1tles Hence R h(wg /C ®Ppr] 3) is locally free.
This implies that for all points y € ¢(C) the dimensions

W (y)=dim H (§7' (1), 05-1) ® Ll5-1(5))

are the same. Since Y is covered by such curves A’ (y) is constant on Y. Hence
%' (E,) is locally free. O

The proof of 5.3 gives a first indication why we need weak semistable models.
In general even if X has at most rational Gorenstein singularities, and if f : X — Y
is flat, the arguments used in the proof of 5.3 fail. Given::C — Y and S = X xy C
we would not know that S again has rational Gorenstein singularities.

Let us return to the notation introduced in the last section. Starting from
a smooth morphism fp : X¢9 — Yy consider again morphisms ¢ : Y > Y and
g: Z—>Y satisfying conditions (a)—(c) in 4.5. We choose the diagram (4.6.1)
in 4.6 in such a way that conditions (i) and (ii) hold.

Set-up 5.4. Let £y be an invertible sheaf on Xy, either equal to Oy, or fo-
ample sheaf. In the first case we write ¥ = Oy; in the second one we fix an
invertible extension & of $£( to X, as constructed in Variant 4.8. Assume that Jl 7,
M5 and M are invertible sheaves on Z, Z and X, respectively, with

S*Mz = A/Lz, Ss My = A/L}'(‘, (/A)*i C J‘/Lz,

M5 =¢oLo and Mg =l

2, =Mzlz, po<Lo-

2lz, =
We fix some finite set / of tuples (v, i) of nonnegative integers and define
ag.u) _ 4 u

We choose for ?g an open dense subscheme of I?O such that g_l(? ) = ?g is

smooth and such that the sheaves R’ 3. (a)z /P ® ML ) are locally free and com-

patible with base change for morphisms ¢ : T — Yg, for all (v, u) € I and for
all 7.

If £9 = Ox, we choose e = O,. In this case I = I’ x {0} for some finite set
of natural numbers 1.

Given an invertible sheaf &£ on X one could define Jlz, JA 5 and J 5 as the
pullbacks of £. In particular this choice seems to be the most natural one if & is
f-ample. For families of polarized minimal models we will define in Section 8
other extensions of it 50 = @y Lo and Jl/L = po<o, better suited for a generaliza-
tion of Addendum 3.4.
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IfY 1= Yisa nonsingular alteration (see 4.7 for our standard notation), the
sheaves Jl/tzl, M £ and Jlz, are defined by pullback, and they obviously satisfy

again the properties asked for in 5.4, with ?g replaced by its preimage in Y.

COROLLARY 5.5. In 5.4 one may choose Y and Z in Proposition 4.5 such
that in addition to conditions (a)—(c) one has:

(d) For (v, u) € I the sheaves @g}’” ) are locally free and compatible with base
change for morphisms ¢ : T — Y with o ! (IA’g) dense in T. Hence writing

/

~ o ~
Zr —7

o

T——Y

for the fiber product, one has 9?51)’”) = Q*@g’m = gr+(w%

EN
Zr]T ®o ‘MZ)‘

Proof. Properties (a)—(c) in Proposition 4.5 are compatible with base change
by nonsingular alterations ¥; — Y. So using Lemma 5.1(iii), we may assume that
for a given tuple (v, u) and N = w% . ® M% condition (ii) in 5.1, holds true on Y

Z)¥
itself. Again (d) is compatible with base change for alterations, and repeating the
construction for the other tuples in / one obtains Corollary 5.5. O

One important example are the r-fold fiber products. Recall that by Lemma
4.2 the morphism

§ 72" =Zxp--xpZ—Y

is mild. One has w5, 3 = prTwZ/? ®--- ®prfa)2/?. For Mz, =prjll; ® - ®
pry M flat base change and the projection formula give:

COROLLARY 5.6. Condition (d) in 5.5 implies that g, (a)‘ér/? ® M%r) =

X" %g’“),for (v, ) € 1. In particular those sheaves are again locally free and

compatible with base change for morphisms o : T — Y with o ! (?g) denseinT.

(v,

Y A~ A
change and products, we used the mild model ¢ : Z — Y. However since we might
have blown up the smooth fibers of X¢ — Yy in order to find the mild model, this
is not really the right object to study. As a next step we will use the right-hand
side of the diagram (4.6.1) in 4.6 to derive properties of the geometrically more
meaningful morphism f X 7. Jumping from one side of (4.6.1) to the other
is possible by:

In order to define the sheaves ¥ and to study their behavior under base
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LEMMA 5.7. For all v, u > 0 the natural maps
g*( ® 5 ®J(/LM) — f*( ®p 9 ®Jl/t“) and

gx(w Z/Y®JI/W)—>g*( Z/y@ﬂ/W): (?Vu«)

are both isomorphisms.

Proof. The morphisms é and é are both birational. Since X is smooth and
Z is Gorenstein with rational singularities one can find effective divisors E5 and

E 5, contained in the exceptional loci of § and 8, with

X’

Wz iy = 5*602/)7 ®@Z(E2) = 8*0))?/)7 ®@Z(E)?)‘

On the other hand, J(/L}? = §4Mz and JI/LZ = S*JI/LZ; hence for some effective

divisors F' 5 and F P contained again in the exceptional loci of § and 8, one has
Mz = S*MZ ® ©Z(F2) = 5*./%5(‘ ®©Z(F)’(‘)-

The projection formula implies that

hence 5.7. O

As we just have seen, the isomorphisms of sheaves in 5.7 are given over some
open dense subscheme by the birational maps § and 8. We will write in a sloppy
way = instead of = for all such isomorphisms and for those induced by base
change.

Since f : X — Y is not necessarily flat, we cannot apply “Cohomology and
Base Change” to the right-hand side of the diagram (4.6.1), except if the (unnatural)
assumptions of the next lemma hold true, for example for embedded semistable
reductions over curves considered in Section 7.

LEMMA 5.8. Assume in 5.5 that for (0, ) € I the sheaves fO*Jl/L; are locally

free and compatlble with arbitrary base change. Let U C Y be an open subscheme,
such that V = f YU)— U isflat. Let T C U be a curve, meeting Yo, and assume
that for all coverings T' — T the variety V xy T’ is normal with at most rational
Gorenstein singularities. Then for (v, u) € I the direct image f* (@ %7 ® M~ ) is
compatible with base change for all T' — T C U.

Proof. By Lemma 5.3 the sheaves fox (a))‘;,0 1Yo ® M;O) are locally free and
compatible with arbitrary base change for all (v, ) € I with v > 0, and by assump-
tion the same holds for v = 0.
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Let 0 : ¥; — Y be a modification. By the choice of I in Corollary 5.5 one

9*9;(3,10 o~(v )
Y Y

knows that , and by Lemma 5.7

o~(v,u) f*( X/Y®MM)’ and g;g?vl,u) f1*( 0% 5 ® u)

Cutting )71 with hyperplanes one finds, through any point p € §~1(T), a curve
T’ mapping surjectively to 7. Then, as we will see in Lemma 7.3, X Xy Y1
will be normal with at most rational Gorenstein singularities in a neighborhood of
6~1(T). Replacing Y by U, we may assume that this is the case for X Xp Y1 itself.

So f;(w‘i 7 ® MY ) is locally free and compatible with base change for modifi-
® MY ) are
Xo/Yo Xo
locally free and compatible with arbitrary base change; hence the open subscheme
Y., in Lemma 5.1(ii) contains Yy, and 5.8 follows from Lemma 5.1(ii). O

cations. On the other hand by assumption the sheaves fO* (a) %

Note that Lemma 5.8 does not imply that g (a)"z /P ® A/L%) is compatible with

base change for morphisms ¢ : T — Y with o! ()70) dense. If o1 (}A’g) is not dense,
we do not know that Z X3 T — T is mild; hence we cannot use Lemma 5.7.

Comments 5.9. The proof of Theorem 1 could be finished at this stage. Let
us sketch the line of arguments, hoping that it will serve as an introduction to the
remaining part of the article.

The Extension Theorem of Gabber starts with a projective scheme Y, an open
dense subscheme Yy, a nonsingular alteration ¢ : Y — Y. Write 170 = _1 (Yo) and
(po = g0|Y Next, one considers locally free sheaves Fy, and F w1th 05 (Fy,) =

Fy |Y0 In addition one has a finite covering ¢ : W — Y with a sphttlng trace map,
whose normalization is the Stein factorization of ¢.

In addition one needs a sheaf % ¢ for each curve 7 : C — W whose image
meets Wy = ¢~ 1(Yy). If  factors through y: C — Y one requires that X*g? =%c,
and %¢ must be compatible with replacing C by a covering. The conclusion is the
existence of the sheaf %y, perhaps after one replaces W by a modification with
center in W \ Wp.

Let us try to verify those conditions for %(v) The alteration ¥ and the sheaf

) there is little choice.

(72)) have been constructed in Sections 4 and 5. For 97’
It has to be the direct image hxwg /C for a desmgularlzatlon h:S — C of the
pullback family. The compatibility with finite coverings enforces the assumption
that 42 : § — C has a semistable or a mild model. So we have to verify two

conditions:

(1) If mg : Co — Wy is a morphism from a nonsingular curve, then the pullback
family hg : So — Cp allows a mild model f : S — C over the smooth com-
pactification C of Cp.
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(2) If the morphism ¢ factors through the restriction of y : C — Y to Co, then
) _

For (2), Lemma 5.8 will be of help. Its application is made possible by the embed-
ded weak semistable reduction over curves, discussed in the first part of Section
7 and stated in Proposition 7.8. There we first make flat the morphism in a neigh-
borhood of a given curve. Replacing this neighborhood by an alteration we may
assume that the pull-back family is semistable over C. Using this construction we
will verify (2) in Proposition 10.5.

Note that (1) holds for curves g : Co — Wy whose image meets the open
dense subscheme W, where Y - Wisan isomorphism, and whose lifting to Y
meets the open set Y, ¢, defined in 4.1. This allows us to verify (1) in Section 12
on coverings of certain locally closed subschemes of W. The necessary gluing is
made possible by studying embeddings of W into projective spaces, which at the
same time will take care of the splitting trace map.

So both sides of the diagram 4.3 play their role. The left-hand side is needed
for the definition of %(Av), for its compatibility with alterations and for the veri-
fication of (1). The right-hand side is needed to control the compatibility of the
sheaves to curves, as stated in (2).

As indicated in the comments in 2.5, the properties of W and %%,Iv,) stated in
Theorem 1 are not sufficient to get condition (iv) in Theorem 2. This forces us to
allow multiplier ideals, which will also help to extend Corollary 3 to sheaves of
the form TE”’“ ) with n > 0. Since we do not want to repeat the same construction
in two slightly different set-ups, we will first try to understand multiplier ideals in
families in Section 6, or to be more precise, base change properties of “multiplier
sheaves”, i.e., of the tensor product of a multiplier ideal with an invertible sheaf. As
we will see in 6.3 one does not even have a reasonable “base change morphism” to
start with. And in general such multiplier sheaves will not be flat over the base. If
they occur as in Definition 2.1 as a direct factor of the direct image of an alteration
7' — Z, and if Z is the total space of a family Z — Y we will perform the weakly
stable reduction for Z’ — Y, in order to find a nice model.

The corresponding application of the embedded weak semistable reduction is
given in the second half of Section 7. In Section 9 we define certain multiplier
sheaves on fiber products, depending on certain tautological maps, similar to the
determinant E in the proof of Variant 2.4. Here we have to give the definitions for
both sides of the diagram 4.3 and to verify certain compatibilities. In Section 11
we verify similar compatibilities for the restriction to curves, and we extends the
proof of (2) to multiplier sheaves.

We invite the reader to jump directly to Section 12, stopping shortly at Sec-
tions 7 and 10, and to fill in the details needed for the ampleness property later. As
we said before in (3.4.1), Section 8 is mainly needed for the identification of the
natural ample sheaf on the compactification of the moduli scheme in Theorem 6.
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6. Flattening and pullbacks of multiplier ideals

If multiplier ideals occur as in Definition 2.1 as a direct factor of the direct
image of an alteration Z’ — Z, and if Z is the total space of a family Z — Y,
the weakly stable reduction for Z’ — Y will allow us to verify certain functorial
properties. This will later be applied to the mild morphism g : Z — Y. The
constructions will force us to replace the base by a new alteration, an excuse to
drop the " and to start with:

Assumptions and Notation 6.1. Let g : Z — Y be a flat, projective, surjective,
Gorenstein morphism over a nonsingular variety Y. Assume that the r-fold fiber
product Z" = Z Xy --- Xy Z is normal with at most rational singularities.

Let N be an invertible sheaf on Z, let A be an effective Cartier divisor on
Z and let N > 1 be a natural number. Assume that there is a locally free sheaf €
together with a morphism € — g« N on Y with g*¢ — NV @ 0z (—A) surjective.

Let € be a set of morphisms from normal varieties 7 with at most rational
Gorenstein singularities to Y, such that for all (6 : T — Y') € € and for all r > 0 the
variety Z7. = Z" xy T is again normal with at most rational Gorenstein singulari-
ties. We will need in addition that g—1(6(T")) is not contained in the support of A.

For (0: T — Y) € € we will write o7 : Z7 — Z and g7 : Z7 — T for
the induced morphisms. On the products the corresponding morphisms will be
denoted by

o Zy—~Z7Z" and gp:Zp—T.

We consider A" =pryfA+---+prrAon Z" and Ar or A7, denotes the pullbacks
of those divisors to Z or Z7,. We write

Nzr=priN® - -®pryN' and dzr =prid ®---Qprrd
for an invertible auxiliary sheaf s{ on Z, usually ample or semiample.

If g: Z — Y is a mild morphism, smooth over a dense open subscheme Yy,
and if A does not contain g~!(y) for y € Y, then € can be chosen as the set of
morphisms o : 7' — Y with T a normal variety with at most rational Gorenstein
singularities, where either o is dominant, or dim(7) = 1 and o~ !(Y,) is dense
inT.

Conditions 6.2. In 6.1 write ¢ = W and consider for ¢ € € the following
statements:

(a) $(—e-A) is compatible with r-th products, i.e.
J(—e-A") = [priF(—¢-A) ® - @ pryF(—& - A)]/corsion-

(b) For all r > 1 there is a natural isomorphism

$(—e-AF).

~

;"*}(_8 : Ar)/torsion —
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(c) For all g-semiample invertible sheaves &{ on Z the direct image
giulwzr)y @ dzr @ Nzr ® §(—e-A"))
is locally free and the composite
0" gi(wzr)y @dzr @ Nzr @ $(—e-A"))
L g0z 7 ® 0F (zr @ Nzr ® J(—e- AT))
= gh (077 )7 ® 07 (dzr ® Nzr ® $(— A7) /rorsion)
S g (@zr 7 ®F (Azr ®Nzr) ® $(—¢- AT))

of the base change morphism and the quotient map in (b) is an isomorphism.

(d) One then has an isomorphism

,
®g*(wz/y QARNR® F(—&-A)) ggi(a)zr/y RQAzr QNzr ®§6(—8-Ar)).

Example 6.3. In general, multiplier ideals behave badly under base change.
Even if T C Y is a smooth divisor on a surface, $(—&- A)|z, might be larger than
$(—e- AT). So in general one cannot even expect the existence of a map

or$(—&-A) — J(—&- A7)
in 6.2(b).

LEMMA AND DEFINITION 6.4. Under the assumptions made in 6.1 we say
that $(—¢ - A) is compatible with pullback, base change and products for ¢ € € if
conditions (a)—(d) in 6.2 hold true, or if equivalently:

(i) Forall r > O the sheaves
prifi—e-A) @ @prig(—s-A) and o F(—s-A)
are torsion-free and isomorphic to $(—e- A") and §(—e- A,), respectively.
(ii) For all g-semiample invertible sheaves sl on Z the direct image
gu(wzr)y ®dzr @ Nzr ® $(—e-A"))
is locally free and compatible with base change for o € €.
Moreover conditions (i) and (ii) imply:
(iii) The multiplier ideal $(—¢e- A") is flat over Y .

Proof. Let us remark first, that by Grothendieck’s cohomological criterion for
flatness [GD61, Prop. 7.9.14] the local freeness of the sheaves

gulwzr)y ®dzr @Nzr @ $(—e-A"))

for all powers of a given ample sheaf implies that $(—e- A")) is flat over Y. Hence
either one of condition (ii) and condition (c) of 6.2 implies condition (iii).
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Let us assume that (i) and (ii) hold true. Then (a) and (b) follow from (i), and
condition (iii) allows us to get (d) in 6.2 by flat base change. By (i) the morphism
n in (c) is the identity, and y is the usual base change map, hence an isomorphism
by (ii).

For the other direction we have already seen that 6.4(iii) holds. So for #
sufficiently ample, the base change morphism y in 6.2(c) is an isomorphism. Since
its composite with 7 is assumed to be an isomorphism as well, 7 must be an iso-
morphism. This being true for all ample sheaves s{ one finds that 07" $(—&- A”")
is torsion-free, and (b) implies

Q’F}(—g : Ar) E) Q;"*}(_S : Ar)/torsion E’ }( —&- A;)

Using (iii) for r = 1, one finds by flat base change and by the projection formula
that

6.4.1)  gilwzr)y @dzr @Nzr Qprif(—e-A)®--- @ pryF(—e- A))

,
>~ Q) gx(wz)y ®ARN ® F(—&-A)).
In particular both sheaves are locally free, and the cohomological criterion for
flatness implies that pry $(—-A) ® --- @ prj $(—& - A) is flat over Y. Condition
(d) tells us that the direct images in (6.4.1) are isomorphic to
gu(wzr)y ® dzr @ Nzr ® $(—&-A")),

hence that pri$(—¢-A) ® --- ® pry $(—¢ - A) is isomorphic to F(—¢e- A”) and
torsion-free. Condition (ii) now follows from (i) and (c). O

The main result of this section is a complement to the Weak Semistable Re-
duction Theorem.

THEOREM 6.5. Assume in 6.1 that g : Z — Y is mild, that Yg C Y is open
with g1 (Yg) — Yg smooth, and that A does not contain any fibers g \(y) for
y € Yg. Then there exists a fiber product diagram of morphisms

Z1H—/>Z

gll lg
9
Y1 —Y%,

with 0 a nonsingular alteration, and an open dense subscheme Y14 of 071(Yy),

such that for

¢ = {Q : T — Y1 with either o dominant and T normal with at most rational
Gorenstein singularities, or T a nonsingular curve and Q}l (Y1g) dense in T}

and for Ay = 0" A, the sheaf $(—¢ - A1) is compatible with pullback, base change
and products forall (0 : T — Y1) € €;.
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Proof. We will verify conditions (a)—(d) stated in 6.2.
Step 1. As a first step, under the additional assumption
(6.5.1) NN ®0z(—A) =0y

we will construct a nonsingular alteration Y1 — Y such that the pullback family
g1: Z1 — Y satisfies condition 6.2(b), for r = 1.

Consider the cyclic covering W — Z obtained by taking the N -th root out of
A and a log-resolution 4’ : 7 — Z for A. One has a diagram

(6.5.2) w—W

| N

ZT>Z

where W is a desingularization of the fiber product. Since & = %, Lemma 2.2
implies that N®5;(w§/y ®05(—[e-6"A]) =N®wz/y ® F(—¢- A) is a direct
factor of Tx Oy - As we have seen there, the assumption that W — Z factors

through Z is not needed. Similarly it is sufficient to require W to have rational
Gorenstein singularities.

Nevertheless let us start with W as in (6.5.2). We choose Y1 — Y to be a
nonsingular alteration, such that prj : W Xy Y1 — Y7 has a mild model /1 : W) — Y;.
By construction, one has a morphism W; — W and hence w1 : W1 — Z1. Note
that the divisor 77{6"* A is divisible by N.

Let us formulate what we know up to now and what will be used in the next
step:

Set-up 6.6. Y1 — Y is a nonsingular alteration, 4, : Wi — Y7 is a flat Goren-
stein morphism factoring through an alteration 1 : Wi — Z;. The morphism £
has reduced fibers and it is smooth over an open dense subscheme Y of Y.

Moreover g1 : Z1 — Y; is mild and for all g;-semiample sheaves &{ on Z;
by Lemma 5.3 the sheaf /114 (7] % ® ww, /y,) is locally free and compatible with
arbitrary base change.

Given o : T — Y1, as in Theorem 6.5, one has

4

Wr —2= W

,,TL lm

Zr —= 7

gTL Q |

T ——171.

So g1 and h; = g1 oy, as well as g7 and hr = g7 o are flat.
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Let us write A7 = 07 A1, let 54 be an invertible sheaf on Z; and sir = o7 5.
One has compatible base change morphisms

o
orm1x (] A @ ww, 1 y,) =91 @ 07 T1x0W, )y, = AT @ TTxOW, /T,

y
0" h1x (] A @ ww, jy,) =0"81+(A® MW, /v,) = &T+ (AT @07 T1x0W, /¥,).

and
B=(gr«(a))oy
_—9

0 hix(n{ A ® ww,/y,) hrs(npsdr ® ow, /7).

CLAIM 6.7. In 6.6 for all invertible sheaves A on Z, the morphism « is sur-
Jjective and induces an isomorphism

[‘ﬂT ®Q;7T1*wW1/Y1]/torsion — AT ® T« OWy /T -

Proof. Note that hy : Wy — T is flat, Gorenstein, with reduced fibers and
with a nonsingular general fiber. So the singular locus of Wr lies in codimension
at least two, and W7 has to be normal; hence it is a disjoint union of irreducible
schemes, each one flat over an irreducible components of 7. So wr«ww,. /7 Will
be a torsion-free O7 module.

It is sufficient to prove Claim 6.7 for one invertible sheaf s{. So we may as-
sume that s{ is ample, hence 7 s semiample. By assumption f is an isomorphism,
and

gr+(@) : gT+ (AT @ O M1xW, /v,) — T+ (AT @ T+ OW, /¥;)

has to be surjective. For o sufficiently ample, the evaluation map induces a surjec-
tion

g78T+ (7 ® 07 MW, /7))
gr(gr«(@)
————> 8781+ (A1 @ Ts W, vy) —> AT @ TTOW, Y7 -
Since it factors through « : sd7 ® o} m1+0w, /)y, = AT @ TT+WW, ¥, - the latter
must be surjective as well. By flat base change « is an isomorphism over some
open dense subscheme of Z; hence its kernel is exactly the torsion subsheaf. [

Let us return to the notation used in the beginning, where Wisa desingular-
ization of the cyclic covering obtained by taking the N-th root out of A and Y] is
chosen, such that W — Y has a mild reduction hi1: W1 — Y1. Thus, the conditions
in 6.6 hold true by the definition of a mild morphism and by Lemma 5.3.

Since W7 has at most rational Gorenstein singularities one obtains $(—¢&- A7)
as a direct factor of

Q;Q/*N_l ® TT«WOWr | ZT = Q*TQ,*N_1 ® wE;/T ® TT*@Wr Y-

By flat base change this factor coincides with 07 $(—¢- A1) on some open dense
subscheme of Z;. Applying 6.7 for o = 0*N™! ® “)EII/YI , the morphism o

induces an isomorphism Q;}(—e - A) /torsion = F(—e- Q’}A).
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Step 1. Next we will verify (b) for r = 1 without the additional assumption
(6.5.1), by gluing local models constructed in the first step.

To construct a nonsingular alteration Y such that property (b) in 6.2 holds true
for the family g; : Z; — Y1, one may replace N by N' ® g*% and correspondingly
€ by € ® %,

Now, choosing # sufficiently ample, one may assume that € is generated by
global sections, as well as NV ® 0z(—A). Next choose Hi, ..., Hy to be zero
divisors of general global sections of NV ® Oz (—A) and U; = Z \ H;, with

L 4
(6.7.1) (\Hi=2 o (JU=2z
i=1 i=1
By Step I, for H; + A instead of A and for each i, one has a nonsingular alteration
Yl[l] — Y and a fiber product

gl
AR

g{t]l

vyl —v

g

such that §(—¢-0L] * (H;+A)) is compatible with pullback up to torsion. Fix a non-
singular alteration 6 : Y; — Y dominating all the Y 1[”. For Y1,¢ choose the intersec-

tion of the preimages of the different good loci Yl[fi, and for Z; the pullback family.
By construction $(—¢- (A + H;))|y, = $(—¢- A)|y, and

(= (A1 + 0™ Hi))lg-1 ;) = $(—- ADlg—1(v,)-

Since $(—¢&- (A1 + 0™ H;)) is compatible with pullback up to torsion, the sheaf
of ideals $(—e&- Ay) has the same property over U;. Since {U;; i =1,...,£}is an
open covering of Z, condition 6.2(b) follows for A; and for r = 1.

Step I11. For the model Z1 — Y; constructed in Step II we will verify property
(b) for r > 1 and the compatibility with products, stated in 6.2(a). Let us formulate
again the set-up we will refer to at this point.

Set-up 6.8. JTF] : Wl[i] — Z are alterations such that the induced morphisms
h[ll] : Wl[’] — Y satisfy the assumptions stated in 6.6.

Choose a tuple i consisting of r elements iy, ...,i € {l,...,£} and the in-
duced morphisms A} : W' = Wl[i'] Xy, * "Xy, Wl[i’] —Yiand 7] : W™ — Z". Let
(6.8.1)

r . r r
Azr ®®prz nE‘]me/Yl 2 sl Quiwwr)y, =Azr @1, ®prZwW[i[]/yl
=1
be induced by the tensor products of the base change maps

*_[i] ro. ¥
Pr; T Oty y, —> Ty PL; Owlid )y, -
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: 1%
By assumption, for s ample, the sheaves h[llin{l] A Q wyui1,y, are locally free.

By flat base change and the projection formula, one has an isomorphism

r r
®h[1l;] (7'[[1.[]*.5& X ww[il]/yl) ﬂ—) hi*(ﬂf*ﬂzr ® Cl)Wr/Yl).

=1

CLAIM 6.9. There is a natural morphism

r r
Q1 (A @ oy y,) = @ g1(st ® T s y,)

=1 =1

,
yl‘ .
— g1, (sﬁzr X ®prz JTEL]C()WU[]/YI).
=1
Proof. Let py : Z] — Zy and py : Z] — Z] ~1 denote the projection to the
first and the last r — 1 factors of the fiber product. Assume one has constructed
¥ 71, hence the morphism

-
®g1*(&d®n[1‘]*wwm/yl)

=1

y'~'eid lir] r—1 TN [i]
—>g1*(&i®n *a)W[ir]/yl)®g1* (&ﬁz(r—l) ®®Pril77* wW[iL]/Yl)'

=1
The right-hand side maps to

r—1_r—1%*

r—1
gix g (A @ n oy, ) ® 8148781y (‘9&2(’*” ® @ pri i opy, )
=1

The tensor product of the two base change maps and the multiplication of sections
map this sheaf to

r—1
g1+P> (*—‘ﬁzv—l) ® ® PYZ”BL]@WUJ/YI) R (A® n[ir]*a)W[fr]/Yl)

=1

mult

.
— gl (éﬁzr ® ® pr; zr,[k“]wW[n]/yl ) O
=1

Again the isomorphism B” is equal to g7, (a”) o y”; hence g7, («”") has to be
surjective. As in the proof of 6.7, for & sufficiently ample, one finds that o is
surjective. We obtained

CLAIM 6.10. In 6.8 the base change map B in (6.8.1) is an isomorphism for
all g1-semiample sheaves . The morphism o is surjective and its kernel is a
torsion sheaf.
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Let us return to the situation considered in Step II. We have chosen alterations
n{i] : Wl[i] — Z1, dominating the cyclic covering obtained by taking the N -th root
out of Ay + 6" H;, such that the induced morphisms h[li] : Wl[i] — Y7 are mild.
By Lemma 4.2 the morphism /7 is again mild and W' has rational Gorenstein
singularities. W’ dominates the cyclic covering obtained by taking the N -th root
out of Ay + 6" H;. Son] : W" — Z” is again an alteration, dominating the cyclic
covering obtained by taking the N -th root out of

[ =pr} (A + 0™ H;)) 4 +prj (A + 6™ H,,).

By Step I, up to the tensor product with an invertible sheaf, $(—e-I") is a direct
factor of

JT{*C()Wr/Yl = pr;kl ﬂLll]a)W[il]/Yl X prl’tﬂ*lr]CUW[i,-]/Yl .
On some open dense subscheme this factor is isomorphic to
prj $(—e- (A1 + 0™ H;)) ®---@pr; $(—e- (A1 + 0™ Hj,)).

So the first part of Claim 6.10 implies that &” induces an isomorphism

~

[pl”;-klj(—é" (Al + 9,* Hi])) ®-- ~®pr;~"r§(—g- (Al + 9/*Hir))]/torsion — g(_g'F)
For U; = Z \ H; and U; = U;, x--- x U;, one has
F(—e- (A1 + 0" Hy)|y, = F(—¢- Ay,

and $(—¢-I')|y, = $(—e-A")|y;. Since by (6.7.1) each point of Z" lies in U; for
some choice of the tuple i, one obtains property 6.2(a).

The same construction gives the proof of property (b) for r > 1. One just has
to note that 7 : W/ — Z] and ﬁq : W[ — Y satisfy again the assumption made in
6.6. We replace the ample sheaf o by a sufficiently high power of s{z- and obtain
an isomorphism

Q;’*}(_S - T') /torsion — F(—e- Q;"*F)»
for the divisor I' introduced above. So 6.2(b) holds for A" on U;, hence every-
where.

Step IV. It remains to verify properties 6.2(c) and (d). To simplify notation,
let us drop the lower index ; and assume that properties (a) and (b) in 6.2 hold true
for g: Z — Y itself.

Let us first remark that we know (c) and (d) if NV ® 0z (—A) is the pullback
of an invertible sheaf on Y. In fact, the base change morphisms in 6.2(c) and (d)
are just direct factors of the base change morphisms g in step I or 87 in Claim 6.10
in Step III. So we will reduce everything to this case.

As we have seen this can be done by adding the zero divisor H of a general
section of NV ® 0z(—A) to A. There is a problem with the term “general”. We
can choose H to be general for a fiber of g1 : Z; — Y7; hence (2.1.1) holds for F
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and for F replaced by a small neighborhood. However we cannot choose H such
that this remains true for neighborhoods of fibers of all g7 : Z7 — T and for the
pullback of H. So we will argue in a different way.

Let us assume that the construction in Step II was possible over Y. In partic-
ular ¢ and hence NV ® 0z (—A) are generated by global sections, and for some
section of NV ® 0z (—A) with zero divisor H; the cyclic covering obtained by
taking the N-th root out of A + H has a mild model . wihl 5y factoring
through w5 7.

As before §' : Z — Z denotes a log-resolution for A. Fix a point y € Y.
For the zero set H of a general section of NV ® 0z(—A) the divisor §’* H will
be smooth meeting §"* A transversely. Thus, $(—a - A) = $(—a - (A + H)) for
0 <a < 1. Moreover, 7™ i will not contain any component of h[l]_1 (y).

On W the divisor 7[1™ A is divisible by N. Hence the sheaf

WY ©02(=A)) = @' NV) @ 07 (=71 A)) = 0 (x11 H)

is the N-th power of an invertible sheaf £. We choose ¢ : W — Wl to be the
cyclic covering obtained by taking the N -th root out of 7 H and 7 = 7o o.

CLAIM 6.11. For H sufficiently general, replacing Y by a neighborhood of y,
one has:

() prow)y = B! owny ® L
(ii) The induced morphism h : W — Y is flat and Gorenstein.
(iii) The fibers of h are reduced and the general fiber is nonsingular.

(iv) If o is g-semiample the direct image sheaves h«(w™* sl ® ww,y) are locally
free and compatible with arbitrary base change.

(v) The sheaf $(—&-A) @ N Q@ wz,y is a direct factor of wxwwy.

Proof. The first part follows from [EV92, §3]. However, there cyclic coverings
over a nonsingular base were considered and we have to explain, how to reduce
the statement to this case.

Lett:V — Wlllbea desingularization. For H sufficiently general, t* H is
nonsingular. The normalization V'’ of V in the function field of W is nonsingular
and isomorphic to

N—-1
Spec(¥) for F = @ T* e
t=0
The canonical sheaf wy- is the invertible sheaf corresponding to

N-—1
FRPN-1 = @ oy @ TFSF.
=0

Since W is Gorenstein with rational singularities, ¢«Ow = T4 F = @LALBI EARS
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So ¢xww contains 7xF ® £V 1 and both are isomorphic outside of a codi-
mension two subset. The second sheaf is a locally free 7+.% module of rank 1,
hence equal to ¢,ww . In particular ¢ : W — W is flat, and wy is invertible.

For (iii), note that g[l] is smooth over some open dense subset Yg of Y. The
restriction of a general divisor H to one fiber will be nonsingular, and thereby g
has at least one nonsingular fiber. Choosing Y small enough, we may assume that
H does not contain components of any fiber of g Since the fibers of gl!! are
reduced, the fibers of / have the same property.

Part (iv) follows from 5.3, applied to the sheaves gE}](a)Wu] 1y @ £ @ d),
and by the direct sum decomposition in (i). So it remains to verify (v).

Let 7' : W/ — Z be the cyclic covering obtained by taking the N -th root out
of A+ H. Then W is just the normalization of the fiber product W’ xz W, In
fact, the latter is the cyclic covering of Wl obtained by taking the N-th root out
of Jr[l]*A + n[l]*H. However, n[l]*A is divisible by N; hence it is the same to
take the N -th root out of 7" H.

So m,ww/y is a direct factor of wswy )y, and

}(—e-(A+H))®N®wZ/Y =}(—8~A)®N®wz/y

is a direct factor of both of them. O

Parts (ii), (iii) and (iv) of 6.11 imply that the assumptions stated in 6.6 hold.
Hence by Claim 6.7 for all o : T — Y considered in 6.5 the morphism

. *

is a surjection with torsion kernel. Moreover the composite

Y g
B:o*gx(A@mewwy) = T+ (AT ® 07 Txw)y) — &T+(AT @ T % OW1 )/ T)
is an isomorphism for all g-semiample sheaves sd on Z. By 6.11(v) the sheaf
0 gx(A® F(—e-A)®NQwz/y)

is a direct factor of the left-hand side, and by property (b), which we verified in
Steps I and II, the corresponding direct factor of the right-hand side is

gr«(@z, )7 ® 0T (AQN) ® F(—¢- AT)).

So we obtained property (c) for r = 1. For r > 1 the argument is the same. Using
the notation from Step Il fori = (1, ..., 1) we just have to replace Z by Z” and
the divisor Hq by prf Hy +---+pry Hy.

For (d) we choose for the morphisms Rl wll 5 7 in Step III the same
morphism /# : W — Y. By 6.11(ii), (iii), and (iv) the assumptions made in 6.8 hold
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true, and by Claim 6.10 the composite

r r
B"
X g+ (A ® mawow)y) = R hu(T* AR wpyyy) — hy(w*dzr @ wyr)y)

=1 =1

’
= g:(&QZf ® n:wW"/Y) <air g: (*SZQZ’ ® |:®pr:kn*wW/Yi|/torsion)

=1

r
is an isomorphism. The left-hand side contains ® gx(wz)y @ARN® F(—¢-A))

=1
as a direct factor, and the corresponding direct factor of the right-hand side is

r
gi (wZ"/Y ®«9ﬁzr ®N2r ® [®Pr:k§(—8 A)j|/torsion)-
=1

By part (a) of 6.2 thisis g (wzr /)y @A zr QN zr ® $(—&-A")) and we obtain (d). [

Remark 6.12. Even if one adds to 6.1 the additional condition N > e(A) one
cannot expect in Theorem 6.5 that $(—¢- A1) is isomorphic to Oz,. At least we
were not able to compare e(Aj) and e(A). So for the equality $(—e1-A1) =0z,
with g1 = N% we have to choose N; larger than N and we lose the compatibility
with base change and products.

7. Embedded weak semistable reduction over curves

For a morphism to a curve with smooth general fiber, a semistable model
is mild. The existence of such a model over some covering of the base has been
shown by Kempf, Knudsen, Mumford, and Saint-Donat in [KKMSD73]. Applying
it to a family over a discrete valuation ring one obtains the semistable reduction
theorem in codimension one:

THEOREM 7.1. Let U and V be quasi-projective manifolds and let E C U
be a submanifold of codimension one. Let f .V — U be a surjective projective
morphism with connected general fiber. Then there exists a finite covering 0 :
U’ — U, a desingularization V' of the main component of V xy U’, and an
open neighborhood U of the general points of 0Y(E) such that for the induced
morphism f':V' — U’ the restriction '~Y(U)— U is flatand f'~""(UNO~L(E))
is a reduced, relative, normal crossing divisor over Unot (E).

As indicated in 5.9 we will need some “embedded version” of the semistable
reduction in a neighborhood of a given curve. This will allow us to apply the base
change criterion in Lemma 5.8.

Since as in Section 6 we have to allow multiplier ideals the notation again
gets a bit complicated in the second half of the section. The multiplier ideal of the
restriction of a divisor is contained in the restriction of the multiplier ideal. As we
will see, for total spaces of families of varieties one can enforce an isomorphism
after an alteration of the base.
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LEMMA 7.2. Let f : X — Y be a projective surjective morphism between
quasi-projective manifolds with smooth part fo = f|x,: Xo — Yo. Letm : C =Y
be a morphism from a nonsingular curve C with Cy = =Y (Yy) dense in C. Then
there exist a nonsingular alteration 0 : Y1 — Y and a desingularization 6’ : X —
X xy Y1 of the main component such that for the induced morphism fi: X1 — Y
the following holds:

(a) C =Y lifts to an embedding C C Y7.
(b) There exists a neighborhood Uy of C in Y1 with fl_1 (U) = U flat.
(c) §= fl_1 (C) is nonsingular and fl_l (C \ Co) a normal crossing divisor in S.

Proof. Replacing Y by a hyperplane in C x Y, containing the graph of 7 :
C — Y, one may assume that C — Y is an embedding. Next, replace X by an em-
bedded log-resolution of the closure S of f~!(C)N Xy for the divisor £ ~1(C\ Cyp).
Now, we may assume that the closure S of f~1(Co) is nonsingular and that the
singular fibers of S — C are normal crossing divisors. Consider for a very ample
invertible sheaf ¢ on X, the induced embedding ¢ : X — PM | and the diagram

@.f)
X ——pPMxy

x pr

Y.

Since X¢ — Y is flat, it gives rise to a morphism g : Yo — $ilb to the Hilbert
scheme of subvarieties of P . Since S — C is also flat the restriction of ¥ to
C N Yy extends to a morphism g : C — Hilb, and the pullback of the universal
family over Hilb to C coincides with §S.

We choose a modification 6 : Y1 — Y with center outside of Y, such that g
extends to a morphism 9 : Y7 — $ilb. For f1 : X; — Y1 we choose the pullback of
the universal family. Note that f] satisfies conditions (a), (b) and (c); however X
might be singular. Since we are allowed to modify X outside of a neighborhood
of § it remains to verify that X is nonsingular in such a neighborhood. This will
be done in the next lemma. O

LEMMA 7.3. Let f : V — U be a flat morphism, with U nonsingular. Let

C C U be a nonsingular curve and S = f~Y(C). Then there is an open neighbor-
hood Uy of C in U with:

() If S is nonsingular, f~1(Uy) is nonsingular:

(ii) If' S is reduced, normal, Gorenstein with at most rational singularities then
f~Y(Uy) is normal, Gorenstein with at most rational singularities.

(iii) If S is reduced, and Gorenstein, and if for some open subscheme Ug of U,
meeting C, the preimage f_l(Ug) is nonsingular, then V is normal and
Gorenstein.
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Proof. C is a smooth curve in U. For a point p € C choose local pa-
rameter f1,...,%; such that C is the zero-set of (¢1,...,%;_1). The parameters
(f1,...,t¢—1) define a smooth morphism SpecOp y — SpecOy pe—1. The com-
posite flat morphism @ : V' xy SpecOp y —> SpecOp,y —> SpecOj ac—1 has
So = S x¢ SpecO, ¢ as closed fiber. If the latter is smooth, ® is smooth and one
obtains (i).

Assume that S is Gorenstein. Then Sg is Gorenstein, and ® is a Gorenstein
morphism.

If in addition S is reduced and normal, it is smooth outside of a codimension
one subset, hence V' xy SpecO, yy will be normal. And if S has at most rational
singularities, the same holds true for V' xy SpecO, v .

In (iii) the assumptions imply that the singular locus Y of V' xy SpecO, uy
does not meet the general fiber of ®. On the other hand, since the special fiber So
is reduced, T contains no component of So. So again Y is of codimension two
and since V' xy SpecO, y is Gorenstein it is normal. O

VARIANT 7.4. Under the assumptions made in 7.2 one can find a finite cov-
ering C >C,a nonsingular alteration 6 : Y1 — Y and a desingularization
0’ : X1 — X xy Y7 such that for the induced morphism fi : X1 — Y1 in addition
to the properties (a), (b) and (c) (for C instead of C) in 7.2 one has:

(d) fl_1 (é \ 60) is a reduced normal crossing divisor in S = fl_1 (6)

Proof. We use the notation from the proof of 7.2, except that we assume that
conditions (a)—(c) hold true for Y itself. So C C Y and the morphism f is flat in a
neighborhood of § = f~!(C). The latter is nonsingular and the fibers of S — C
are normal crossing divisors.

Choose C — C tobe a covering, such that S x¢ C — C has a semistable model
§—>S.In particular there is a morphism S—>S inducing t : §S—>S Xc C. As
in the proof of 7.2 we can choose Y7 such that C — C — Y lifts to an embedding
C Y 1. Consider the fiber product X xy Y. It contains S X¢ C. Since 7 is
birational and projective, it is given by the blowing up of a sheaf of ideals $ on
S x¢ C. Let $ be a sheaf of ideals on X Xy Y1, whose restriction to S-S XC C
is $,and let § : X1 — X xy Y1 be the blowing up of $. Then one obtains a closed
immersion § — X;, whose image is contained in fl_l ((A? ).

Repeating the argument in the proof of 7.2 we replace X; by some modifi-
cation and X; — Y; by the pullback of a universal family over a Hilbert scheme,
with f71(C) =§. O

Definition 7.5. Let U be a quasi-projective manifold, let C be a smooth curve
and 7 : C — U a morphism. We call 8 : Uy — U a local alteration for C if 0
is the restriction of a nonsingular alteration to some open subscheme, and if there
is a smooth curve C; C 71 (C) with C; — C finite. We call such a curve C; a
lifting of C.
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LEMMA 7.6. Assume that C C Y is a smooth curve, that S = f~1(C) is a
nonsingular variety, semistable over C, that f is flat over a neighborhood U of C,
and that V = f~Y(U) is nonsingular. Let 6 : Uy — U be a local alteration for C,
let Cy € Uy be a lifting of C and f1: V1 = X xy Uy — Uy the pullback family.
Write f{ : V] = V1 xy, -+ xy, V1 — U\ for the r-fold fiber product. Then

(©) For each r > 0 there exists a neighborhood U of Cy in Uy such that Vr =
(ff Y~Y(U) is normal, Gorenstein, with at most rational singularities and the
iniz’uced morphism f" : V" — U is flat and projective. Moreover S| =
(f7)~1(Cy) is normal with at most rational Gorenstein singularities, and
S| — C1 has reduced fibers.

Proof. The pullback of a semistable family S; = F|~ 1(C)) = S x¢c Cy is
normal, Gorenstein with rational singularities. The same holds true for the r-fold
product ST = St x¢, --- X¢, Si. So one can apply Lemma 7.3. O

Definition 7.7. Let f : X — Y be a projective surjective morphism between
quasi-projective manifolds with smooth part fo = f|x,: Xo = Yo. Letn:C =Y
be a morphism from a nonsingular curve C with Co = 77 1(Yp) dense in C; let
0 : Uy — Y be a morphism, and let V; — X xy U; be a modification of the main
component with center outside of the preimage of Yy. We call the induced family
f1: V1 = Uy an embedded, weak, semistable reduction (of X — Y ) over C if
0 : Uy — Y is alocal alteration for C and if for some lifting C; € U; the condition
(¢) 7.6 holds true.

We call f1: V7 — Uy an embedded semistable reduction over C if in addition
S1 = fl_1 (Cy) is nonsingular and semistable over Cj.

Usually we will replace U; by some neighborhood U and assume that the
condition in (¢) holds for U. Let us restate what we obtained:

PROPOSITION 7.8. Let f : X — Y be a projective surjective morphism be-
tween quasi-projective manifolds with smooth part fo = f|x, : Xo — Yo and let
7 : C = Y be a morphism from a nonsingular curve C with Co = 1~ 1(Yy) dense

inC.
(a) There exists an embedded, semistable reduction Vi — U; over C.

(b) Let Y1 — Y be a nonsingular alteration. Then there exist a scheme Uy and a
morphism Uy — Y1 such that the image of the composed morphism Uy — Y
is in Uy and such that Vo = V1 Xy, Uz — U, is a weak semistable reduction
over C.

Proposition 7.8 will allow us to apply the base change criterion in Lemma
5.8. As in Section 6 we will need a similar criterion for multiplier sheaves. We
start with a variant of Theorem 6.5 replacing the mild morphism by an embedded,
weak, semistable reduction over a curve.
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Assumptions 7.9. f :V — U is an embedded, weak, semistable reduction for
C C U, with smooth part fy : Vo — Up for Uy dense in U. There exists a mild
morphism g : Z — U factoring through a modification t : Z — V. Let N be an
invertible sheaf on V', and let A be an effective Cartier divisor on V' not containing
fibers of fy and let N > 1 be a natural number. There is a morphism € — f, NV
on U with € locally free and with f*& — NV ® Oy (—A) surjective. As in the
last section we write € = %

Assume that $(—e-t™A) is compatible with pullback, base change and prod-
ucts, for all alterations of U, as defined in 6.4, and (for simplicity) that on the
general fiber of S — C the multiplier sheaf $(—e- Al|g) is isomorphic to Og.

LEMMA 7.10. In 7.9 let € be the set of local alterations 6 : Uy — U such that
f1:V1 =V xy Uy — Uy is an embedded weak semistable reduction for f:V — U
over C. Then $(—¢- A) is flat over U and compatible with pullback, base change
and products for (¢ : Uy — U) € € in a neighborhood of each lifting C1 of C, i.e.,
conditions (1) and (ii) in Lemma and Definition 6.4 hold true over a neighborhood
UcU of C1, possibly depending on r.

Proof. Choose a log-resolutionE: 7 —>Z. For§=108:7 — v,
F(—¢- 8) = (w3, ® Oz (~[e-§*A])
= fﬁ*(wz/v ®05(~[e-§*T*A]) = tu(wzy ® F(—&-T*A)).
Then
g (A ®wz)y ®T'N® J(—¢-1%A)) = fu(d @wyjy ®N ® F(—¢- A)),

and by 6.4(ii) both are locally free, and the left-hand side is compatible with pull-
backs. The cohomological criterion [GD61, Prop. 7.9.14] implies that $(—¢- A) is
flat over U.

For the compatibility with base change for o : Uy — U consider the induced
fiber products

ZlL'Z

V1L>V

fll Q lf

U, —U.
One has for &d ample on Z the base change map
" (yy ®N®A® J(—&- A) = 0" tu(0z)y @ T (N @ s1) ® F(—¢-T*A))
o
= Tix(wz, /v, O TN @A) ® F(—&- 170" A)).
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The base change map for g« (t*d @ wz,y ® T*N ® $(—e- t*A)) factors through
f1x (@), so that the latter must be surjective. This being true for all ample sheaves
A, as in the proof of 6.7 one finds that « is surjective. By flat base change, « is an
isomorphism on some open dense subscheme.

By assumption on the general fiber of S — C the multiplier sheaf $(—¢-A|g)
is trivial. By [Vie95, §5.4] or [EV92, Properties 7.5] this implies that $(—e&- A) is
isomorphic to Oy in a neighborhood of a general fiber of f. Since the latter is flat
over U, the sheaf o”* $(—¢- A) is torsion-free, hence isomorphic to

T1x0z, v, ® $(—e- 110" A) = F(—e- 0" A).

In addition f1«(«) is an isomorphism, hence f«(A ® wy;y @ N ® $(—e-A)) is
compatible with base change for o € €.

A similar argument allows us to identify the multiplier ideals on the r-fold
fiber products, for r > 1. Let us write t" : Z" — V" for the modification, pr, :
V" — Vandp,: Z" — Z for the projections. By flat base change one has a natural
isomorphism

pr;§(—e-A) — 1, (pwz v ® F(—e-p[T*A)).
Since the multiplier ideal on Z is compatible with products, as formulated in 6.4(i)
multiplication of sections induces a morphism & from &), _; pri $(—¢- A) to
Ti(wzryr @ $(—e- (P A+ +pr T A))) = F(—e- (prTA + -+ +pry A)).
By flat base change

f;(@prf(wwu ®sﬁ®N®§6(—g.A))) = ®f*(wv/u®d®N®§(—g-A))

=1 =1

is locally free; hence on V" the sheaf @), _, pr$(—e- A) is flat over U and torsion-
free. So

,
Q priF(—e-8) = F(—e- (PrA+---+prrA))
=1
is injective. Finally, writing again sy r for the exterior tensor product and sl z- for
the pullback to Z”, the composite

(@i @y @t @N g g(-e-A))

=1
ey . .
— fi (wyrjy @ dyr @ Nyr @ $(—&- (priA +--- +pryA)))
= fit(wzrjy @ dzr @Nzr @ $(—e- (pIT*A+---+prt*A)))
=) frtswz/y @ T AR TN ® $(—¢-T*A))

is an isomorphism. For o sufficiently ample, as in the proof of 6.7, this implies
that o” is an isomorphism.
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Since Z" — U is again mild, one may replace, in the first part of the proof, Z
and V by Z" and V", respectively, and may obtain the compatibility with pullbacks,
required in 6.4(ii), for all r. O

As promised we can now formulate and prove the compatibility of multiplier
ideal sheaves in total spaces of families with the restriction to subfamilies over
curves. This will lead for suitable models to the compatibility of certain direct
image sheaves with restriction to curves.

PROPOSITION 7.11. Under the assumptions made in 7.9 there exists a local
alteration 0 : Uy — U for C such that:

(1) f1: V1=V xy Uy — Uy is an embedded weak semistable reduction of f
over C.

(2) Foralifting C1 C Uy of C, for S1 = fl_l (Cy) denote the induced morphisms
by

51—>X Vv

;Lxlf

Ci—U.
Then there is an isomorphism $(—&- y’*A) = y*$(—e- A).
(3) Let 4 be an f-semiample sheaf on V. Then

X ABN®wy/y @ F(—e-A) = L () (AR N) ® ws, /¢, ® F(—&- X" A)).

Proof. Let us first show that (1) and (2) imply (3). By Lemma 7.10 the
sheaf $(—e- A) is flat over U and compatible with pullbacks and base change for
0 : Uy — U. So by abuse of notation it is sufficient in (3) to consider the case
Uy = U, and to assume that C C U. On a general fiber of S — C the multiplier
ideal sheaf is isomorphic to the structure sheaf; hence by [EV92, Properties 7.5]
the same holds over a neighborhood of the general point of C in U. As in the proof
of 5.3, Kollar’s Vanishing Theorem implies that over this neighborhood the direct
image of st @ N ® wy;y ® $(—&- A) is locally free and compatible with arbitrary
base change. Hence, if we apply 5.1 to this sheaf the open dense subscheme Uy,
in part (i) contains a general point of C. Then (3) follows from 5.1(ii).

To construct U; with the properties (1) and (2), we may assume that €, hence
NN ® Oy (—A) is globally generated. Since the question is local on V, as in the
second step in the proof of 6.5 we can cover V' by the complements of divisors
of general sections of NV ® Oy (—A). Hence we may replace A by A + H and
assume that NV = Oy (A).

Choose a desingularization of the cyclic covering, obtained by taking the N-th
root out of A. Over some alteration, this desingularization will have a mild model.
Since this property is compatible with pullbacks, we may choose a local alteration
for C, dominating the alteration, and we find some U; such that (1) holds and such
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that V; — U; has a mild model. The compatibility for local alterations, shown in
Lemma 7.10 allows us to assume that U; = U, hence that the mild model exists
over U itself. Let us call it T — U, and the induced morphism ¢ : T — V. So
Y*A is the N-th power of a Cartier divisor.

Next we want to construct a desingularization W of T', which is flat over a
general point of the curve C. To this aim, let U — U be the blowing up of C, or
a finite covering of such a blowing up. Let V — U be the pullback family. The
preimage of the exceptional divisor £ in U is covered by curves C, finite over C.
Lemma 7.3 allows us to shrink U such that the total space V is still normal with
at most rational Gorenstein singularities.

Let d) W->T=T xy U be a desmgularlzatlon It dominates the finite
covering obtained by taking the N -th root out of A= priA.If h: W — U denotes
the induced map, we also assume that h1 (E) is a normal crossing divisor. Over
the complement U ¢ of a codimension two subset of U the morphism h will be flat
and h™ YEYN h~ 1(Ug) will be equisingular over £ N Ug

The divisor /1~ (ENU, g) might be nonreduced. If so we perform the semistable
reduction in codimension one, described in Theorem 7.1. Replacing U by some
alteration and choosing U ¢ sufficiently small, we can assume that h~ YWEN Ug) is
a reduced, relative, normal crossing divisor.

For a curve C C E meeting ﬁg choose a neighborhood U’ in U. By con-
struction /™! (é N l7g) has nonsingular components, meeting transversely. For W’
choose an embedded desingularization of the components of h! (6 ), and assume
that the closure ¥ of ™! (6 no ¢) is the union of manifolds, meeting transversely.
Note that the induced morphism 2’ : W’ — U’ is still flat over some open subscheme
U é’,, meeting C, and that there are morphisms

VT =TxyU -V =VxyU' and ¢: W —T.

For C sufficiently general, ¢’ is birational and v an alteration.

As in the proof of 7.2 one obtains a morphism ¢ : U, é’, — $ilb to the Hilbert
scheme of subvarieties of some PM | parametrizing the fibers of /’.

Since £ — C is flat the restriction of g to C N Ué extends to a morphism
C — §ilb, and the pullback of the universal family over $ilb to C coincides
with 2.

Blowing up U’ with centers in U’ \ U, we obtain a new family, again denoted
by k' : W' — U’, which is flat and such that #’~1(C) = ¥. By 7.3(ii), choosing
the neighborhood U’ of C small enough, W’ will be normal and Gorenstein.

Let us drop again all the ’ and assume that the morphisms just constructed

exist over V itself. Now, assume the alterations W i T z) V,m =v¢%o¢, and
y: X =7a*(S)— S such that:

(i) T — U is mild and ¥ * A is divisible by N.



860 ECKART VIEHWEG

(i) W is normal and Gorenstein, flat over U and ¢ is birational.

(iii)) X is reduced, and the union of manifolds, meeting transversely.

The multiplier ideal $(—&-A) is a direct factor of Yxw7/y @ N L Let§: W —>Ww
be a desingularization. Then one has

C C c
Sxwp — ow  and  Pudxw — oW — or.

Since T has rational singularities, ¢*8*wﬁ, = wr and N ® $(—e- A) is a direct
factor of mxww,y.
The base change map induces a morphism

N:NQ®F(—e-A)|ls — meow v|s — y«0x/s.

Recall that the sheaf $(—¢ - A)|g is flat over C. By [EV92, Properties 7.5], it
contains $(—e - Als), and by assumption both coincide on the general fiber of
S — C. Hence $(—¢- A)|s is torsion-free and 7 is injective.

Choose 3 as the union of all components of ¥ which dominate the irreducible
variety S, and R the union of the other irreducible components Ry, ..., R;. By
construction, the components of ¥ are nonsingular, and meet transversely. So one
has the exact sequences

0— we —>a)g—>a)R®@R(Rﬂﬁ)—>0 and

z
0 —> yxwg —> yx0x —> Yx (@R ® OR(RN fl))

The nonsingular alteration $ — S dominates the covering obtained by taking the
N -th root out of A|g. By Lemma 2.2 the multiplier ideal $(—¢- Alg) is a direct
factor of N7 !|g ® yxws. On the other hand, the sheaf y«(wr ® Or(RN ﬁ])) is
contained in

L
P v+ (wr, ® Or,(T))
=1

where I, is the intersection of R, with the other components. Each of the sheaves
Yx(wgr, ® Og,(I',)) is torsion-free over its support 7 (R,). By construction 7 (R,)
is dominant over C. By assumption the composite

L
n
oy N @ F(—&-A)ls > yews — @D y«(@r, ® O, (I))
=1

is zero along the general fiber of S — C'; hence it is zero. So $(—¢&- A)|s maps to
$(—e-Als), and both must be equal. O

8. Saturated extensions of polarizations

As in Section 4, f : X — Y will denote a projective morphism with smooth
part fo : Xo — Yo for Yo C Y dense and with wy,,y, relative semiample over Y.
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If £ is fo-ample, we choose X and & as in Variant 4.8. Recall the diagram (4.6.1)

\\//

Y<—Y—>Y

(8.0.1)

with ¢ mild, X nonsingular, and such that the left- and right- hand diagrams are
birational to fiber products. Z is a modification of both Z and X. Recall moreover,
that starting from an invertible sheaf &£ on X with £¢ = £|x,, we considered in 5.4
invertible sheaves .ils on e, where o stands for Z, Z and X. They should satisfy the
compatibilities S*J(/LZ = ./l/( , Oz = J‘/LX*, P*E C J‘/Lz, J‘/LZO = ./l/(2|20 = (ﬁgipo
and Mfo = ‘/‘/L)’(\|X = p0$0

In this section we will impose more conditions on those sheaves. First of
all, if the evaluation map for wX /Yo ® S.B is surjective, we may replace X by a

modification with center in X \ X o and assume that the image of the evaluation
map

is invertible. As a first step we have to show that the same is possible with X
replaced by Z without losing the mildness of g. This will simplify some of the
constructions in the next sections, but mainly it will be needed to define saturated
extensions:

Remark 8.1. Assume for a moment that dim Y = 1, hence that we can choose
Z =Z =X — Y to be the semistable model; assume moreover that the smooth
fibers of fo are of Kodaira dimension zero. Then wf/? =05(ID® f f*a))?/?'
for some v and for some effective divisor contained in the singular fibers of f.
For MM = M g the sheaf corresponding to the left-hand side in (3.4.1) is the r(1)-th
power of

det (fu(0% 5 ®.11)) ® det(fd) ™!

— det (f* (of (%n) ®m)) @ det( fud) "' @A) .

Roughly speaking .M will be a saturated extension of the polarization Ji| % if

f*( (v )@M):f*(of(*.n)ng):f;m

Lemma and Notation 8.2. Consider in Corollary 5.5 for a given tuple (v, u) €

I alocally free sheaf €5 and a morphism €5 — f* (a)f /? ® M* ) such that the

evaluation map f €y — a))? /7 ® Jl/t)? is surjective over Xo. Then, replacing Y by

some nonsingular alteration, Z by a modification of the pullback family and €
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by its pullback, one can assume that beside conditions (a)—(c) in 4.5 and beside
condition (d) in 5.5 one has:

(e) The images of the evaluation maps

% %
g% —>a)2/f,®ﬂ/t and f% —>a)f/?®ﬁ/t

are invertible sheaves. So for some divisors X5 and X 3 those images are of
the form

Bs =0k A®A/L’§®©2(—22) and By =ow

B &0 a(—S -
55 R @05 (~Tg).

Yoo
XY
On the common modification Z one has §*% 5= 8*B - We denote this sheaf
by Bz.

Proof. Consider a blowingup 7 : Z' — Z such that the image Bzs of

Ak B
§p — ) 27 T Jl/L

is invertible.

We perform the weak semistable reduction 4.4 a second time, starting from a
flattening of the morphism Z’ — Y as explained in 4.4, Step 1. By 4.5 we obtain
a mild morphism g : Z; — Y] and a diagram

~ T , 1~
<7227

Nk

~ ?1

Yy =—Y;.
So over 171 we have two different mild models, g7 : Zl — 171 and g1 : 21 — 171,
and a morphism 7’ : Z; — Z. We define Jl/LZI as the pullback of MZ .

The sheaf %g}’” ) is independent of the mild model, and Corollary 5.5 implies
1
that (p’f@g’m = %;f’”). So for €y = @™ €5 the pullback g’f%?l =grtrgteép

1
maps surjectively to the invertible sheaf B = @7 Bz

Since the evaluation map fo*%?o —>w X o/ ® Jl/L 1s surjective, the same
0

holds true for the pullback family, and the image sheaf % 2 is locally free over the
preimage of Yo. So replacing X by a suitable nonsingular modification, we may
assume that it is invertible.

Replacing Z; by Z and dropping the index | we found the invertible sheaf % 5

and B ¢. Both, §*an > and §*R ¢ are the images of the evaluation map g*€
Z /P ® MY ; hence they commde O

Note that the divisor X ¢ is supported in the boundary, whereas in general the
divisor X 5 can meet 20.
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For dominant morphisms 8 : Y1 — Y or for morphisms from curves, whose
images meet I’/\g, the sheaves %5 and % 3 are compatible with base change in the
following sense.

Consider Z 1= V4 Xp }71 and a desingularization ¢ : X 1— X Xy Y 1 of the main
component. Writing %f,l = 9*%?, the evaluation maps factor through surjections

(8.2.1) §1ép, — priB; and fl*%Al — priB .

On the other hand, M5 =P *Ms anda)Z 9= =priw Wz /p- So pr] %Aisasubsheaf

of vl . ® J‘/LM , and we write B, = pr;%5. By Corollary 5.5, JP(V W =
Zi/Y1 zZ,

9*(7;’“ ) and Lemma 5.7 implies that the images of the second evaluatlon maps

. . . v lu, - ~ = * * . . .
in (8.2.1) lie in w)?1/171 & /l/t)?l. Then %Zl and %X1 L*pri®B 5 satisfy again the
conditions stated in 8.2.

However in 8.2 we also changed the mild model. Using the notation from
the proof of 8.2 we replaced Z; — Y; by a new mild model Z; — Y;. One is
allowed to do so, if there is a birational morphism 1’ : Z1 — Z1, as is the case
in 8.2. One chooses .l 3 as the pullback of M5 . Then B5 = ‘[/*%2 satisfies

1 1
again the conditions stated in 8.2.

Addendum 8.3. Assume that ¥ and Z are chosen such that the conclusion
of 8.2 holds true. Then we may replace Y by a nonsingular alteration Y: and
the pullback of the given mild model Z 1= Y by any mild morphlsm Z1—> Y
provided there is a morphism 7’ -7 1= 4 1, birational over Y1

In particular, given a finite number of (v, 1) € I, and a finite number of sheaves

W,u) -

€+, one can apply 8.2 successively. Since we assumed that 9? is locally free,

Y’
one possible choice for €y is the sheaf @% ) jtself.

Notation 8.4. Consider in 5.5 a subset I C I and assume that for (v, ) € T
the evaluation map f* fo« (a)}‘}O Yo ® L) — % v, ® &4y is surjective. If one

chooses, in 8.2, %? = 9*7;)’“), we will write EEV’“) and 9739)’“) instead of X4 and

B, where o stands for Z, X or Z. In particular

R — wly® ME @0, (=),

If © =0 we will write w.(v) and Hsv) instead of %Eu,o) and ESV’O).
Let us collect the properties we require for a well chosen nonsingular alter-

ation ¥ — Y and for the morphisms in the diagram (8.0.1).

Conclusion and Notation 8.5. We start with a finite set / of tuples (v, u) of
natural numbers, and with a subset I of /. We assume that for some no > 0 with
(10, 0) € I the evaluation map ff fO*w;}?J 1Yo wX o/ Yo is surjective, and that for

all other (1,0) € I the natural number 7 is divisible by 7o.
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Then we can find ¥ and the diagram (4.6.1) (recalled in (8.0.1)) such that:
(i) Conditions (a), (b) and (c) in Proposition 4.5 hold true, as well as the condi-
tions i) and (ii) in 4.6.
(ii) For (n,0) € T there are invertible sheaves wg’) wg’), and w)(g) on Z, Z and

on X, respectively, with surjective evaluation maps,
(") =5*w? =5*w"  and with
V4 X
g(m . _ cr(n 0) _ _ (m _
def = JP? g*a)2/f] = g*wA f w

(iii) For all (v,0) € I the sheaves @g) = 9?%’0) = g*a)"z/? are locally free.

(iv) There is an open dense subscheme ?g with g—l(?g) — ?g smooth such that

for all (v, 0) € I the sheaves @( V) = gr*a)”z /$ are compatible with base change
for morphisms ¢ : T — Y Wlth o l(I//\g) dense in T.

(v) In (ii) H(Z"), H(A") and Hg) denote the divisors with

ol =P ®0(NY), o) =oPe0,nY)

z/¥ Z)Y Z
n _ __(m (r(m
and a))?/Y w)? ®@X(H§ )

Conclusion and Notation 8.6 (canonical polarizations). All we need in this
case is collected in 8.5. We will of course choose I and I as subsets of N x {0}.
If £y # Ox,. i.e., if we consider polarized manifolds, we will need more:

Conclusion and Notation 8.7 (polarizations). We consider in 8.5 an invertible
sheaf ¥ on X with £y = £|x, fo-ample, and we choose yo > 0 such that the eval-
uation map f* fO*D?igO — iﬁgo is surjective. We fix some subset Tof I consisting
of tuples (B, o) of natural numbers with « divisible by y¢ and with 8 divisible
by no. By Lemma 5.3 the direct images fO*(w}‘}O Yo ® .EB’()L ) are locally free and
compatible with arbitrary base change, whenever v > 0 and u > 0. For (0, u) € 1
we have to add the corresponding statement to the list of assumptions.

Then we can find ¥ and the diagram (4.6.1) such that conditions (i)—(v) in 8.5
hold true and in addition:

(vi) Mz, Mz, and Jl/t & are the pullback of &£.
(vii) For (B,@) € T there are invertible sheaves %(ﬂ @) %(B a) and %(ﬂ “ on Z ,
Z and on X, respectively, with surjective evaluanon maps, with
B — 8*973(13’“) - 8*973%3’“) and with

aB.a) _ A @) B.) _ 7 n(B.2)

(viii) For all (v, ) € I the sheaves @( - g« (a)Z /9 ® MK ) are locally free.
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(ix) There is an open dense subscheme ?g with g1 (17 ) = ?g smooth such that
for all (v, u) € I the sheaves @( ) =g« (a)z/? QML ) are compatible with
base change for morphisms o : T — Y with o ! (Yg) dense in T'.

(x) E(Zﬁ’“), 2(2’3’“) and Egg’a) denote the divisors with

P (B.) (B.) B (B.e) (B.)
w5 @ = =R, ®0z(27"), w5 3 ®MG =B Y ®05(22)

B a _ qp(B.2) (v (B.2)
and a))?/?@)ﬂ/tf—%f ®©X(E§ )

Allowed Constructions 8.8. The conditions stated in 8.5 and 8.7 and the sheaves
@Sv’“ ) for (v, ) € I are compatible with the following constructions:

1. Replace Y by a nonsingular alteration, Z by its pullback, and X by a desin-
gularization of the main component of its pullback.

II. Replace Z by a mild morphism Z — Y, for which there is a birational ¥ -
morphismt: Z — Z.

In particular assume that for some open set U C Y containing Yo the morphism
f~YU) - Y is ﬂat Then one can choose a mild morphism Zi -1 factoring
through 7; : V4 1—> X 1, and still assume that 8.5 and 8.7 hold true.

Proof. This has been shown in Addendum 8.3. For the last part, one performs
the weak semistable reduction, starting with X — Y instead of X — Y in Step I
of 4.4. O

Next we will start to construct the saturated extensions of the polarizations.
Although this will only be applied for families of Kodaira dimension zero, we will
allow wy,/y, to be fo-semiample.

LEMMA 8.9. Let A/LZ, JI/L)? and Mz be invertible sheaves on 2, X and Z,
respectively, satisfying the compatibility conditions in 5.4. Assume that k is a
positive integer with (0, k) € 1. Using the notation and conditions in 8.5 one has:

(1) For all € > 0 and for all alterations 171 off/\
2 o)\ _ (mo)
8*(J1/LKZI ®0z, (e-TI5? )) = ‘MKZ ®0z (8~H210 ) and
o)\ _ (no)
8¢ (A, ®0z, (- ITY)) =5 ®0g (e-TIP).
(2) For each k > 0 there exists some g9 > 0 such that
P (no) 5 (no)
t:grlll, ®05 (g0 e ) — Gl ®05 (e nze )
are isomorphisms for all € > g¢, and for all alterations ?1 of Y.
Note that (1) and (2) imply that for all € > g¢ one also has

7 mo)y = 7 (mo)
fl*JW;?l ®0g (80'1'[)?10 ) — fl*M}l ®0g (8'H)’(‘10 )-
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Proof of 8.9. We replace JX by Jle and assume that « = 1. For (1) consider
the common modification Z. By 8.5(ii)

w(no) _ g*w(ﬁo) _ 8*w(l7°),
Z X
H('Io) 5* H(no)+n0 EA —S*H("O)-l-f] ‘Es.

and

where E, are effective relative canonical divisors for Z /e. The assumptions §x.lz
= M ¢ and §xMz = M imply that

Mz =85 ®07(Fz)=58"Mg ®0z(Fyg)

for effective exceptional divisors F 5 and F b and (1) for )% 1= Y follows from the
projection formula. The same argument v works over any alteration

For (2), note that one may replace Y1 by a modification 6 : Y> and Z; by the
pullback family 22 =7 1 Xp, Y2 — Yz In fact, the divisor H 2, is compatible
with pullback, and for all ¢ > 0 one has

prl*(ﬂ/tz2 ®©22(6 . sz)) = ‘MZI ®@21 (z—:- HZI).

Hence

Oudanllly ®05 (e T1JY) = frally ®0g (e-T17”)

and if the first sheaf is independent of ¢, for ¢ sufficiently large, the same holds for
the second one.
The fibers of Z — Y are reduced. Then the compatibility of @(no) with

pullback under alterations and the surjectivity of the evaluation map for a)g’/? ®

Z(—H(”O)) imply that H(”O) cannot contain a whole fiber. Otherwise, for some

(mo)

sheaf of ideals $ on Y one would have P Cg*9Qwl / . Blowing up Y one

gets the same, with § = O (—T'), for an effectlve divisor I'. Then the projection

(no)

formula implies that g*w CP® g*a)A 27 contradicting 8.5(ii).

By flat base change, the question whether ¢ is an isomorphism is local for the
étale topology. So by abuse of notation we may replace Y by any étale neighbor-
hood. Hence given y € Y we may assume that g has a section o : Y — Z whose
image does not meet H(Z"O) , but meets the open set Vy where ¢y : 20 - X o 1s an

isomorphism. Let $ be the ideal sheaf of 0(17). For a general fiber F of f and for
v sufficiently large HO(F, (¢x9V) ® Mg|F) = 0. Then

5 (no)
go*((W QM5 ®@2(8- HZO )) 20)

= fAO* (QZ)O* (9U ® @2 (8 . H(zn())))

Z ®J‘/L5f\0) =0,

0
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A o)y :
and gy M5 ® 05 (e- HZO ) is a subsheaf of
2allz/9Y = §. (o (e-1J?) @115 /9“)

So € = gxMy ® O5 (k- H(Z"O)) as a subsheaf of a fixed, locally free sheaf is
isomorphic to gxM5 ® 05 (e - H%’O)) for some &7.
Let 6 : ?2 — Y be a modification, such that 62 = 0*6/ orsion 18 locally free,
and contained in a locally free, locally splitting subsheaf 6’ of 6* gl*(ﬂ/tz1 /97)
with tk(6") = €,. Writing $, for the pullback of the sheaf of ideals ¥, the latter
is of the form §2*(Jl/t22 /93). For some effective divisor D one has an inclusion
¢ C6® 0g,(D). The base change morphism
5 (no) 5 (no)
G*g*ﬂ/tz ®05 (8 . HZO ) — gz*Jl/LZZ ® @22 (8 . HZ; )
implies that for all &€ > ¢
5 (no)
6, C gz*Jl/L22 X @22 (8 . HZ;) ) CC C6® @?2(D)
A mo) | &
C &anlly, ®03 (e1-TZ" + 25 D).
Let us choose g > €1 so that for an irreducible Weil divisors IT the multiplicity in

(e0—¢1)- H%’O) is either zero, or larger that its multiplicity in g5 D. Note that this

choice of gg is compatible with further pullback.
For ¢ > g( the image of the evaluation map

(no) (o)
8382 My, @05 (e- T ) —>M22®©22(*-H2”; )
. . . . A (no) .
is contained in the image of ¢3¢’ — My ®05 (x- sz ) hence in
(mo) | 4 (n0) (n0)
Mz, @05, (e1-IZ7 + & D) Nly, @05 (+- M%) Clly, @03 (s0-TS).

We found g after replacing Y by some nonsingular modification Y5; hence as
remarked above the same &g works for Y itself. Moreover the same go works
for all alterations dominating Y2 Srnce for any alteration Y1 of ¥ one can find a
nonsingular modification, dominating Y2, one obtains the same for Y1. O

Definition 8.10. Assume that & is an invertible sheaf on X, and let k be a
positive integer. Assume that fo«<£j is locally free and compatible with arbitrary
base change.

(1) An invertible sheaf .l 5 on 7 is a k-saturated extension of & if
(10.)  §*LC My CorE® (05(xNTV) N0, (%7 (F\To)),

: 5 _ 5 (o)
and if gl*ﬂ/t’%l = g1*<ﬂ/t'<21 ®@21(8° Hznlo ))
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for all ¢ > 0 and for all alterations )”\1 — Y. Moreover we require 5.5(d) to
hold for (v, u) = (0, k), i.e., that there exists an open dense subscheme Y, of
Y such that g, J(/L"2 is locally free and compatible with pullback for morphisms

6:T — Y with 9_1()7g) dense in T.

(2) We call a tuple of invertible sheaves (5, A4 and ALz on Z , X and Z a
k-saturated extension of the polarization ¥, if JI/L2 is k saturated and if (as

in 5.4) Sullz =My, Sullz = Mg, My = PgLo and Mg = pgFo.
LEMMA 8.11. Assume that the conditions in 8.5 hold true.

(a) If M5 is a k-saturated extension of £, one can always find M and Mz such
that (M5, Mg, Mz) is k-saturated.

(b) The condition (8.10.1) in (1) is equivalent to the existence of an effective
Cartier divisor 1, supported in g1 (17 \ ?0) N (H(ZnO))red, and with
My =¢*L®0,(IT).
(©) If (M3, Mg, Mz) is k-saturated
7 _ 7 Mmo\) _ 7 (mo)
fretly = fl*(ﬂ/t")?l ®0g, (-1 )) _ f*(p*ggk ®0g, (+-0° ))
for all ¢ > 0 and for all alterations Y1 —> Y.

(d) Let g : AR /13@ a second mild morphism and t’ Zl — 21 a birational
morphism over Y. If M5 is k-saturated the same holds for M5 = r’*/(/tz.

(e) If M5 (or (M5, Mg, Mz)) is k-saturated, and if k' divides k then Mz (or
(M5, Mg, MZ)) is also k’-saturated, provided that g*ﬂ/t"z/ is locally free and
compatible with base change for morphisms 0 : T — Y with 671 (I’/\g) dense
inT.

Proof. (b) is just a translation and the first equality in (c) follows directly
from 8.9. For the second one, apply 8.9 first to the pullback of & and then to .il,.
One finds that fl,le/L’;7 is given by

1

f1*<p>1k§£’c ® @f] (* Hglo))) = él*(ﬁfgk ® @Zl (* -H(éllo))
— 5 R (mo)
= Gl ®@Zl(*-n21° ).
For (a) consider ITT = §*TT and the divisor §+I1 on X. Define Mg = 0*L ®

Since § is a modification of a manifold, IT—6*8«IT is supported in exceptional
divisors for §, and

§*Mg C8* p*L®07(M) = §*p* L ®07(§*IT) = §* L5,

and M ¢ = 8*3*J1/L2. So we can choose Mz = S*A/LZ.
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(mo) - (710) So H(no)

In (d) note that 2
/*H(WO)

is invertible and its pullback is (2

is an effectlve divisor, supported in the exceptional locus of t. By the
prOJectlon formula, for all € > 0,

f;JI/Ui ®@Z(8-H(l’°)) = M5 ®@2(8-H(17°));

hence g« (Jl/U‘ ®05(e- H("O))) = g« (J(/U‘ ®05(e- H(”O))) Since the right-hand
side is mdependent of ¢ the polarization JI/LZ is again - saturated

For (e) note first that condition (2) in Definition 8.10 is independent of «, as
well as (8.10.1) in (1). If for some Y1 — Y and some & > 0 the sheaf

gl ;égl*(Jl/L ®05 (& H(”O))>

then the multiplication map shows that the same holds for all multiples of «’, in
particular for k. O

LEMMA 8.12. Given a natural number k one may choose Y and Z in 5.4 and
the sheaf M5 such that M3 is a k-saturated extension of &£.

Proof. Start with any Y asin 8.5 and with M5 the pullback of the invertible
sheaf & in 4.8. Apply 8.9 to the polarization ./l/U‘z, and replace g¢ by some larger
natural number, divisible by «.

Define I to be the sum over all components of H(Z"O) whose image in Y does

not meet ng I(Yo), and choose
1T — 5 X005 _80 . |A|
J‘/Lz MZ ©Z( P )

Note that 1 might be just a Weil divisor; hence JT/L is reflexive, but not necessarily
invertible. So choose a modification o : W — Z such that My = o JI/LZ / torsion
is invertible. By Proposmon 4.5 there exists a nonsmgular alteration 6 : Y1 — Y
such that W ®y Y1 has a mild model W’ — Y. Again we may assume that the
conditions in 8.5 hold for W/’ — Y7. One hAals a fzictoriz/'fltion W' — W — Z of o,
inducing a birational morphism o’ : W’ — Z1 = Z x Y1. By 8.9(2) we know that
the evaluation map

grarndts (+-1J7) — 5 (+-177)
has image % in MKZ] (g0 H(ano)). On the other hand, on §_1(9_1(?0)) the sheaf 6
is equal to Jl/L"Z1 and € lies in the reflexive hull M(Zfl) of pr’f]l;t"z. By construction
My = U*MZI /orsion 18 invertible and U*JT/L(f)/ torsion = M.

Writing again H%O) for the relatively fixed locus of " /A one has
Y

(mo) _ (o) (mo)
wW? - W’/Y ®©W( HW(?)_O— w’\o
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For all £ > 0 one obtains
o (1,0 e ) = 51005 1Y),
and
(8.12.1) G105 My, = gl*ﬂ(zfl) = éATI*(J‘%(ZEI) ® @21 (8' 1_I(Zzlf)))
= 210w (M, ® O (- TIYY)).

So on W’ we found the sheaf we are looking for. Finally, Corollary 5.5 allows us
to replace Y; by some modification, and to assume that condition (d) in 8.7 holds
for (0, k). O

By 8.11(a) one can construct i 5 M 7 and i % such that this tuple forms a
k-saturated extension of &£y. Perhaps some of the sheaves 9735”’“ ) or the sheaves
Be, depending on € in 8.2 are no longer invertible. If so, for Jle and for the given
set I we have to perform again the alterations needed to get the invertible sheaves

in 8.4. Lemma 8.11(d) allows us to do so, without losing the «x-saturatedness. So
one is allowed to modify condition (vi) in 8.7, keeping all the other ones:

Conclusion and Notation 8.13 (saturated polarizations). We consider an in-
vertible sheaf £ on X, with £9 = £|x, relatively ample over Yy, and we start
again with a finite set / of tuples (v, i) of natural numbers. We choose 19 > 0 and
yo > 0 such that the evaluation maps

* no no * Yo Yo
Jo fo*wXO/Yo_)wXO/Yo and  fy foxLy — £,

are surjective.
We fix some subset I of I consisting of tuples (8, a) with « divisible by yq
and with 8 divisible by n9. We also fix a positive number x with (0, k) € I.
Then we can find ¥ and the diagram (4.6.1) (or in (8.0.1)) such that conditions
(1)—(v) in 8.5 hold true and conditions (vii)—(x) in 8.7 with J/le given by:

(vi) There exists a tuple of k-saturated extensions (M5, Mz, M) of &£.

Note that by Lemma 8.11(d) the “Allowed Constructions” in 8.8 remain al-
lowed, i.e. they respect condition (vi) in 8.13.

COROLLARY 8.14. The conditions in 8.13 imply that for all ¢ > 0 the direct
images
A (0,k) A ~ (mo)
g*%2 , g*Jl/L"Z and g« (JI/LKZ ®©Z(8'H20 ))
coincide, and that they are locally free and compatible with base change for mor-
phisms 0. T — Y with o~ ! (Yg) densein T.

Proof. By definition of “saturated” and by the choice of %(ZO’K),

5 ap06) _ &4 — 5 (n0)
g = g*Jl/U‘? = g*(Jl/LKz ®05(e- HZO ))
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Since we assumed that (0, «) € [ the direct image gr*./l/t"2 is compatible with base
change for alterations. By Addendum 8.3 the same holds true for g*%‘z‘”") and
by 8.9 for &+ (5 @05 (e H(Z’"’))). So 8.14 follows from Lemma 5.1(ii). O

Thus, for k = 1 we could choose A/LZ to be equal to %(20’1), but we will
allow other choices. Anyway, it is easy to see that the direct image sheaves are
independent of the choices.

9. The definition of certain multiplier ideals

The alterations, sheaves and divisors as described in the Conclusions and No-
tation 8.6, 8.7 or 8.13 depend on the choice of certain numbers and data. Each
time we add some numbers, we have to reemploy the constructions of Section 8.
In order not to run into an infinite circle of constructions we have to give a complete
list of data at some point, and this is done in the first part of this section.

However, we still have to extend the base change property stated in 8.7(ix) to
certain multiplier ideals

§+(3 5 ® 5 ® F(—c-D)).

using Theorem 6.5. As in the proof of Variant 2.4 the multiplier ideals we want
to consider depend on the tautological map E and on a large number of integers.
So in this section we will include those maps in our bookkeeping. In order to get
the local freeness and the compatibility with base change for certain morphisms,
we will use again the left-hand side of the diagram (4.6.1). Then the compatibility
conditions for the sheaves Jle Will allow us, as in Lemma 5.7, to pass to the right-
hand side.

Conventions 9.1. Consider for a smooth fiber F a finite tuple E of determi-
nants and their natural inclusion in the tensor products, i.e., E = (Eq, ..., Ey)
and

r ri
Ei: \H(F.o} @ %§| ) — Q H(F.0F &%

F):

where r; = dim(H(F,w} ® £y’ |F)). Then for any r, divisible by ry,...,rs and
for each i one obtains a map

ri r
(A#Fepesy],)”" —@u(Fof 85}

and finally, for y = y1 4+ -+ y5 and for n = n; + - - - + 1 one has the product

s ri o r
R(N\H(F.ofowy]) " Z5 QHO(F.w) 02|,
i=1
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We will later require certain divisibilities. For example, we will need that the
integers 1o and yp in 8.5 or 8.7 divide 1 and y. This can be achieved by replacing
E by s’ copies (8, ..., E) for a suitable s’.

Note that those conventions carry over to the smooth part of our families,
provided the direct image sheaves fO*(w;’(') 1Yo ® gggi ) are all locally free and com-
patible with base change. This holds by 5.3 for n; > 0. For n; = 0 we listed this
in 8.7 as an additional condition.

Next we have to explain how to choose the finite sets T and I in 8.5 or 8.7.

Set-up 9.2. The canonically polarized case. Here we start by choosing an
integer 7o > 0 such that the evaluation map f' fO*a);’,g 1Yo a);g /Yo is surjective
and we choose £ > 0, divisible by 79. We will assume in 9.1 that y; = 0 for all
i, and that 7 is divisible by £, hence by 1. We choose T ={(10.0), (n,0)}. The
set I C N x {0} should contain 7, the tuples (n;,0) fori =1,...,s and for some
B =1 the tuple (8 + %, 0). For compatibility of the notation we write ¢« =k =0
and b will denote any positive integer. We choose Y and the different sheaves and
divisors according to 8.5.

The polarized case. If £y is fo-ample we start with integers 7o > 0 and yo > 0
such that the evaluation maps

* 1o 10 * Yo Yo

are both surjective. In addition we will require that for N > yo and for all fibers F
of fo the sheaves 58(1)\’ | F have no higher cohomology. We choose £ > 0, divisible
by no and yp. In 9.1, replacing E by (&, ..., E), and correspondingly s by some
multiple, one may assume that £ divides y and 7. Fix in addition some tuple (8, &)
of natural numbers with 8 > 1 (or a finite set of such tuples), and some positive
integer b, with b- (8 —1,a) € no - N x yo - N. The finite set of tuples T should
contain {(19,0), (0,y0), (n,¥)}, and I should contain I,

(/3+%,a+%) and (n;,y:) for i=1,....5.

For compatibility reasons we choose ¥ = 0 in this case, and we choose Y and the
different sheaves and divisors according to 8.7.

The saturated polarized case. Everything is as in the polarized case, except
that we also choose some positive multiple « of yo and assume that (0, «) € I’, and
apply 8.13 instead of 8.7. In all three cases we fix a natural number e with

- e(wh @LYIF)
- {

for all fibers F' of fj, where e denotes the threshold introduced in 2.1. The sheaves
@(ﬂi,yi)
Y

9.2.1)

are locally free. Replacing Y by a nonsingular alteration one finds an
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invertible sheaf ¥ on ¥ with
®det (F0rD) 7 = ®det (8+(w2 ®Wl)) = et
i=1 i=1

Note that all assumptions remains true when we replace r by some multiple or Y
by an alteration.

We are not yet done. We will need another auxiliary sheaf.

Assumptions and Notation 9.3. Consider for a locally free sheaf € a mor-

: (ﬂ ,0[0)
phism €5 — F 2 0

, Where
Bo=b-(B—1)-e-L+n-b-(e—1) and ap =b-a-e-L+y-b-(e—1).
For b sufficiently large, the evaluation map

(9.3.1) e —>a)ﬂ° ® M2

is surjective over Xo. We will choose
9.32) (Bo.ag)=(b-(B—1)-e-L+n-b-(e—1),b-a-e-L+y-b-(e—1)) e,

where of course og = 0 in the canonically polarized case.
Lemma 8.2 allows us to assume (replacing Y by an alteration) that the image
of the evaluation map (9.3.1) is an invertible sheaf %, and that the image of

gy — a)go/? ® ./I/Loio is an invertible sheaf B,. We again write X for the
. Bo a0 A(—F A
effective divisor with B 5 = W s ® JI/LZ ®05(—X5).

Variant 9.4. In the application we have in mind €3 will be a subsheaf of

G‘(ﬂlaal) . O"(ﬂ.&"as)
J"? ® ®J*’? ,

with cokernel supported in Y \ Yo. Here we have to assume that forall c€ {1, .. .,s}
the evaluation map for 0P ® Jl/t £ is surjective over Xo.

X/Y
(Bo, Oto)

The morphism €5 — % will be induced by the multiplication map

G”(ﬂlaal) . o‘”(ﬂx,as) m o“(,BO,OCO)
J*? R J*’? — JP? .
Of course one needs that 1 +---+ Bs = Bo and o1 + - - - + g = op. In this case

one can replace the condition (9.3.2) by

(9.4.1) (Br.a1),....(Bs.a5) € 1.

Finally remark that here %5 is contained in the tensor product of the sheaves

%(2’8"“‘) and this inclusion is an isomorphism on Zj.

We need a long list of different sheaves and divisors on certain products.
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Notation 9.5. (saturated) polarized case. Let g : Z — Y be the mild morphism
constructed in 8.5, 8.7 and 8.13 using the data given in 9.1-9.4 (or by abuse of
notation, its pullback under a morphism from a curve to Y, ifitis mild). Consider
the r-fold product

g’:Z’:Zx?-.-foH?, and Mz, =prils ®--- @ prydls.

For (v, i) € I, one obtains by flat base change

r r
(9.5.1) gr@y, p @ M5,) = Q) 80} @ M) = Q) %%”M).

For (v, u) = (n, y) the equality (9.5.1) implies that the image of the evaluation
map
AP®AF 4 4
§ 8« zr/Y(X)‘A/L zr/f'(g)‘/l/t
is the invertible sheaf %(n M= = pr] 973(" V) R ® pr"‘%('7 ¥)So the definition of

%(2";]’) can be written as

is compatible W1th the one in 8.7, and %g’rw

.

14 ,y) my) _ x5 (1,)

®Jl/t ,®05 ( 22,_ ) for Ezr —ZpriEZ .
i=1

Z’/Y

Since g%, (a)A ® J(/Ly )= A’%(" V) , one has an inclusion

Zr)y

r g -
red Ay ®5 Y g (,7)
v = @det (g*Jl/Lz ® w — ®g* Z/Y QR M7 ) *%Zr
1=
which splits locally, hence a section of %(an’)/) ®grrVr et whose zero divisor
"5, does not contain any fiber (but perhaps components of fibers).
In 9.3 one can apply (9.5.1) to see that the invertible sheaf

%zr =prT%Z®...®pr*%A

is again the image of the evaluation map g” *%@” 2 Or/? ® Mao
In Variant 9.4 the same holds true for the sheaves %(ﬂ b ‘) , hence for their

tensor product and for the image %85, of gr*%@’r In both cases one finds

r

By =0l o ®MY, @05, (=S5,). for Sy =3 priZ,
i=1

To shorten the expressions, we put

L =h- (F +E("”))+EZ,,

(B ’),%;ﬂ+z,a+7) _ar 'B+z ot .
and G = &t 05, 5 @45, @;@( —A )

N=b-e-l
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B+{.a+7) (ED &B+{atT)

instead of (Q? , keeping however
in mind that this sheaf depends on the choice of r, of the tautological maps Z; and
on €.

We will usually write 9

Canonically polarized case. We will use the same notation. This is a bit queer,
but it allows us to handle both cases in the same way. So in thiscasea =y =0
and Jile = O,.

LEMMA 9.6. Under the assumptions made in 9.1-9.4 one may choose Y and
Z in 8.5, 8.7 or 8.13 and an open dense subscheme Yg C Yo such that in addition
to conditions (1)—(v) in 8.5 or to (1)—(X) in 8.7 or 8.13 on has:

(xi) The multiplier ideal sheaves }( — ﬁ -A 2,) are compatible with pullback,
base change and products with respect to f’g, as defined in 6.4. In particular

(B+gaa )g/)

they are flat over Y and the direct i image sheaves (Q are compatible

with pullback for morphisms o : T — Y where Qs etther dominant and T a
normal variety with at most rational Gorenstein singularities, or where T is a
nonsingular curve and 9~ (Yg) dense in T. Moreover for r’ >0

4
GEV G+t "D B+ % at )
5 :

— "
Y

Proof. Choose N = a)g /HZ ®Jl/ta+€ Then NV ®05,(—A3,) is equal to

Bo ) . yb _ ,y) .
[0:7@45, 802 (-22) &[0}/ g 0y 005 (-(25" +T2,)) |

where the first factor is the image of g" *%‘X’r whereas the second one is the b-th

power of %(ﬂr’w ®05,(=I5,) =g"*V"me e. So we obtain:

CLAIM 9.7. For N, for A = A5, and for € = %%’r QVbT et the assumptions
made in 6.1 hold true (for Z replaced by zr ).

Thus, we are allowed to apply Theorem 6.5. Dropping the index 1, assume
that ¥ = ¥}, hence that j( — % -A Zr) is compatible with pullback, base change
and products with respect to }?g.

For d = 05, in Definition 6.4 the properties (i) and (ii) give the compatibility
with pullback under p, and by flat base change also the compatibility with products.

O

Before proving an analog of Lemma 5.7 for the sheaves ‘Q(ﬂ+£ ot we have

to extend the definition of the sheaves and divisors to desmgularizations of com-
pactifications of X§ — Yo (or again of the pullback of this morphism to a curve,
meeting 170).

Notation 9.8. Consider the r-fold product f’ X=X Xp ot Xyp X 7.
The morphism p’ : X ) — X" is obtained by desingularizing the main component
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of X", By 4.2 the morphism g" : 7" —Y in9.5and 9.6 is again mild, hence it is
a mild model of the induced morphism f @) : X") — ¥ Let us write
My = p™(pridly ®--- @ prylly).
Recall that for v divisible by ng and for u divisible by y the evaluation map
7 1
fO*( Xr/Y ®‘/M“)’(\r)_) Xr/Y0®M

is surjective, where again the index ¢ refers to the prelmages of Yy or for sheaves
to their restriction. Consider a nonsingular modification 8.z — Z" which
allows a morphism 8 : Z() — X ) and which dominates the main component
of Z x4 -+ xgp Z. Defining Mz as the pullback of priilz ® --- ® pry.dlz, one

has gr*Jl/LZr C Mz and S(r)*J(/Lx(r) CMze.

LEMMA 9.9. The sheaves Mz, Jl/tz,. and My ) satisfy again the assump-
tions asked for in 5.4.

Proof. Since Z7 is normal the assumption &JI/LZ = A5 in 5.4 implies that

5;/%2(” = J(/Lzr.

For Ay note first, that §*Jt ¢ ®0z(F) = Mz, for some 8-exceptional effective
divisor F. Consider the diagram

ARS & X L))((r)

o,k

Zr

Then §"*(priMlg ®--- @prydlyg) is a subsheelf of priMz ®---®prfMz and both
coincide outside of a divisor F’ with codim(§” (F’)) > 2. So the same holds true
for the subsheaf

I (pridy @ - ®@prydg) = 0% My

of pI(priMz ® --- @ pryMz). The statement is independent of the desingulariza-
tion. Hence we may assume that Z) dominates the main component of Z” x &

Xr
X Now, 8(’)*Mx<r) ® 07 (F") = M for some effective §) exceptional
divisor F”. O

Lemma 9.9 allows us to apply Lemma 5.7 and
(r) w
9.9.1) A (a)X(r)/Y ® .My () = &u(w} Zr /9 ® M ).

For (v, i) € I one can use flat base change and the projection formula to identify
the right-hand side as

r
®§* 217 ®MM)
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Using 5.7 again, one finds

f*(r)(w;(r)/y X(r) ®f* w}?/? ®‘MM)

In particular those sheaves are locally free and compatible with base change for
morphisms ¢ : T — Y with Q_I(I?g) dense in T'.

Next we move to the right-hand side of the diagram (4.6.1) and redefine all
the sheaves and divisors from 9.5 with Z” replaced by X® or Z0 | Asin 9.5 we
will give the definitions in the polarized case. For the canonically polarized case
the last lines of 9.5 apply.

Notation 9.10. As at the end of the proof of Lemma 8.2, blowing up X )
with centers outside X, one may assume that the image of

n)* (r)
f ( X(’)/Y ® ‘/‘/LX(r)) - C‘)X(r)/y ® ‘M“X(r)

is invertible and we denote it by 973;7(,”)) The effective divisor Eg’(,’;) is chosen
such that

%(n v) ® @X(r)(E(" V))

Y
X @) X ® . X ()

X(’)/Y
hence is supported outside of X ér). If the condition (9.3.2) holds, we can apply
9.8 for the tuple

Bo,x0)=b-B—1)-e-L+n-b-(e—=1),b-a-e-L+y-b-(e—1))

and obtain an inclusion %;? — f*r)(a) (,)) The image of f(’) %’

X )/Y
under the evaluation map will be denoted by By ).
In Variant 9.4, i.e., if (9.4.1) holds, one applies (9.9.1) for the tuples (B,, «,).

So one has morphisms

r

03¢ (é*%(zﬁual)) — £ (“’)I?(n/f’ ® My ).

The image of £ )*(g*%(;““”)@’ is an invertible sheaf %gﬁ‘,?‘), and the image of
"R, (&%g"“‘))@’ under the product map is

(,317051) B
®%X(r) X(zr)/y ®M X
=1

So the image of f(r)*% 5 is a subsheaf By ).

In both cases By - is isomorphic to a)ﬂ? /P ®A/L () on )?6 = f(r)_l(?o).

Blowing up X (" we find a divisor Yy with

ﬂo

“xr 9 ® Ay v = Bxe @Oy (Exm).
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Finally equation (9.9.1) implies that
@ (ny) _ () A
FORID = (O, @A) = ), S BAL).

X(”/Y /Y zr

X )
whose zero divisor will be denoted by I'y . Again, we write

Hence 897 — g} (a)%,/f, ®‘My2r) induces a section of BV @ (") q—r-et

Ay =b-Tyxo + EXU(,);)) + Xy,
and recall that Xér) = )?6, E(ﬂ((ﬂ’)a‘)) E(n(,y)) —0and§" Is, = s Cyo.

LEMMA 9.11. The sheaﬂg(’”@""+ D

@[ B+7 a+”
*r ( X(r)K/Y ® M (r)e ®}( Ax(r)))
On )?6 = f(r)_l(?g) one has

H= g dxo )l = (=

B+E.a+%)

in 9.6 is equal to

1
1) =0
el Xo Xo

Y A~
and the inclusion G - Jp(ﬁ+ D ¢ an isomorphism on Y.
Proof. We keep the notation from 9.8 and assume in addition that the pullbacks
of Az, and of Ay to Z (") are normal crossing divisors.
Since Siwzm/? =Wz p and Sir)wz(,)/f = Oy P> and since b): Lemma
9.9 the same holds for the sheaves .Ile one can find, for all (v, ©), effective 8" -excep-
tional divisors E ;) 5, and F, 5, and 8()_exceptional divisors E ) /x o and

Fz(r)/X(r) with

®‘/Mz(r) 5r (

_ 5(7) (

w;m/y Zr/Y®M )®@Z(r)(V'Ez(r>/2r+M F(r)/Zr)

X(r)/Y QM (,)) ®0z0)(v- EZ(r)/X(r) + M‘Fz(r)/x(r)).
By Lemma 8.2 one has gr*%(zn;y) = S(r)*%g{%) and 8r*%2r = 5(r)*%x(r). This
implies that

Ak
& 2:(an’y)"‘77‘]5‘720)/2’+V Frayzr =50)" z:;7(3;)"F’TEZ(”/X(”+V'FZ‘”/X‘”’

and that
Ak
5" X5+ Bo- Ez(r)/Zr +oo- Fy zwzr
ES
=387 S + Bo- Ezerjxo +a0- Fzo x .
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¥ * . .
Moreover §" T's, =4 (r) I'y o, and putting everything together one finds

§r* Agr+(b-(B—=1)-e-ltn-b-e)Eyg 5 +(b-a-e-lty-b-e)Fyg 5 =
sm* Ax +(b-(B=1)-e-l+n-b-e)Ezm xi+(b-a-el+y-b-e)Fzu/xm

and
§r a)g:r/%? ! ®Ma+€) ®@z(r)(— [% 'Sr*AZrD
gl et ([ s
By the definition of multiplier ideals this implies
;:3+£,a+ vy A;S’;( z<r>/Y®5r ( g:r/; 1®Ma+4)®@z<,)( _5r )
- *(r)&g)(wzu)/?@(g(r)*(wﬁ::)Z/YI®Mat>e)®@Z‘”(_[_ 8(r)*AX(r) )
(ofnhy S ©9(- -0m))

as claimed in 9.11. In particular one has a natural inclusion
r
B+Pa+y) ([, B+ athy _ (B+Pa+h)
(g'\ = Jx ( X(r)/y®‘/‘/t (r))_®9;f ’

induced by $(— % Ay ) C Oxe. It remains to show that the latter is an isomor-
phism over X ér) =X, 0

: (m,7)
S Exnlymn =2 n =0,
ince Xy )|X(§ ) =Xy |X(§ )
B+{.0+7) o _ n B+7 a+£ 1
Ve |Y0 = Jox wX(()’)/I?O ® .M X ®§( o7 FX(()")) .

By definition, Xér) = )?6 and by [Vie95, Prop. 5.19],
) < n Y ) Y
e(I‘X(;) < Max{e(a)F, ®.A/LX(r)|F ); F afiber of fo}
By [Vie95, Cor. 5.21] the right-hand side is equal to
Max{e(a):’P ®.A/L§|F); F afiber of fo}.

So the choice of e in (9.2.1) implies that $(— -5 - T'g,) =0 O
0

Xp
Remark 9.12. Replacing e by some larger number one can force the multiplier
ideal ;é( — ﬁ ‘As ) to be equal to 05, and

(,3+e,a+”) ®f(ﬂ+e,“+z
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in 9.11 to be an isomorphism on Y. However, changing e one loses the com-
patibility of the multiplier ideals with pullbacks and, as remarked before in 6.12,
one cannot expect the same e to work over the alterations needed to enforce this
condition.

10. Mild reduction over curves

BV &+ Taty
N PHrootd) e only compat-

The sheaves @%v,u) and GB+ 707 =
ible with base change for dominant morphisms, and for morphisms from curves
whose image meets a certain open subscheme ?g of Yo. We will extend the latter
in Proposition 10.5 to morphisms whose image meets Yo. We need in addition that
the pullback family over C has a semistable or mild model, as will be defined in
this section. _—

First we consider the sheaves %gj’“ ). The necessary changes for C§$+Z’a+?)
will be discussed in the next section. For the canonically polarized case the last
lines of 9.5 apply. One just has to choose .Mle = Os and choose @ =y =k = 0.

We also need the sheaves .Ile to be well defined for the restrictions of our fam-
ilies to curves. This is evidently true for the dualizing sheaves, and for the pullback
of the invertible sheaf & on X. For the saturated extensions of the polarization, we
will need some additional arguments. So at some points we will handle the two
cases separately.

We keep in this section the setup and the assumptions from 9.1-9.4, and we

choose the morphisms in the diagram (4.6.1) according to 8.5, 8.7 or 8.13.

Definition 10.1. Consider a nonsingular curve C,an open dense subscheme
Co and a morphism y’ : C — Y with y/(Cy) C Yo. We say that y : C — Y has a
mild reduction, if there exists a commutative diagram

~ ¢ ~
(10.1.1) S—=XxyC
ﬁl | 2¥)
C

of morphisms of normal projective varieties such that
(i) & is mild.
(i) ¢: S — X xy C is a modification of X xy C.
The canonically polarized case. We call h:8 — C amild reduction of v : C—Y.

The polarized case. We call (i; -§>C, Ji/t§) a mild reduction of y' - C—>Y
(for &), if in addition to (i) and (ii) one has

(i) Mg = *pri<.
It is easy to find a mild reduction over C whenever C — x (C ) is sufficiently
ramified. As in Section 7 one can desingularize X Xy C such that all the fibers
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become normal crossing divisors, and then one can replace C by a larger covering,
to get rid of multiple fiber components.
In the saturated case we have to be more careful. We cannot choose Jlg as

the pullback, since we do not want to require the existence of a morphism from S
to X.

Definition 10.2. The saturated case. We call (l; :§>C, Mg) in 10.1 a mild
reduction of y' - C—Y (for & or for & and ny), if in addition to (i) and (ii) in 10.1

one has:

(iii") There exists a Cartier divisor H(I’O) on S with
h h a),\ A_>w.(710)_wA Q0% ( H(WO))
*7se 5 5/6°°S

surjective. Moreover .l is a k-saturated extension of { *pri<, i.e. it satisfies
the condition required for /M 5 in 8.10:

{*pri< Cllg C E*pri® @ (Og(r- IPV) NOg(xh ™ (C\ 1~ (Yo))),
and h*Jl/Uf§ = h*(./l/t’é ®0g(e- HgO))) for all € > 0.

In all cases, if (}; S C, Mg) is a mild reduction of X C > Y for &, we
define @(CAV’” ) = = Iy (a)§ 16 M~ ) We will need the compatibility of this sheaf with
pullback:

LEMMA 10.3. Let (f; S > é,ﬂ/tg) be a mild reduction for ' : C —>Y and
for &£.

(1) If6 . C 11— Cisa finite morphism between nonsingular curves, then
(S Xa Ci — él,pr’fﬂ/tg)
is a mild reduction for y' o 6.

(2) In (1) base change induces an isomorphism 0*@(6‘)’”) E) ?J?(Cf’”) (which we
1
will write again as an equality of sheaves).

(3) Leto : S —> X xy C bea modification of X Xy C with S nonsingular, and
h = pr, o 0. In the (canonically) polarized case choose Mg = o*pr{<£. In the
saturated case choose Mg according to Lemma 8.11(a). Then

T(Vau) _ ya
Fo'' =hx(og o ®dlg).

w,u) .

In particular, the sheaf 9'* is independent of the mild model.

Proof. Since S x¢c C1 — Cj is again mild, (1) is obvious and (2) follows by
flat base change. Now, (3) is a special case of Lemma 5.7, where in the saturated
case we use Lemma 8.11(a) for a smooth model dominating both S and S. O
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LEMMA 10.4. In 8.5 and 8.7, or in 8.13 one may choose an open dense sub-
scheme Yg C Yo such that for all morphisms

e Ly by
with ég =y~ (Yg) # @ the tuple (§ =27 Xy C - é,ﬂ/tg :=priMz) is a mild
reduction for y' and

(10.4.1) 9(6””” :n’*@(yf’“) for (v, ) el.

Proof. Choose Yy, such that ¢ 1y, ¢) s contained in the open set Yg in 8.5(iv)
or 8.7(ix) and such that Z is smooth over 10 1(Y ) Then the definition of a mild
morphism in 4.1 implies that h= pr, : S=7 Xy C — C is mild. In the dlagram
(4.6.1) in 4.6 we require the ex1stence of a morphlsm ¢: Z->X lifting ¢ : Y >Y;
hence there is a modification ¢’ : 7Z->X Xy Y. The fibers of Z and X x Y Y over
Yg are smooth, and ¢’ restricts to a modification of those fibers. This implies that
the induced morphism Z X3 C—-X X3 C is birational. The equality in (10.4.1)
follows from 8.7(ix) and from the choice of Y.

It remains to verify condition (iii’) in the saturated case, as stated in 10.2. By

assumption 8.5(iv) the direct image g*a)A o= O w(z'm) is locally free and com-

Z/¥
patible with base change for 7’. Then the evaluation map for w("") =priw ("0)

is surjective, and the first part of condition (iii’) in 10.2 holds true The second
condition just says that the pullback of £ to S coincides with L over some open
subscheme of C. This follows, since the same holds for .A/LZ over 170. The last
condition follows from Corollary 8.14. O

PROPOSITION 10.5. Let C be an irreducible curve, and let ' : C > 7Y be
a morphism. If Co = 1’71 (Yo) # @ and if ¥’ = ¢ o n’ admits a mild reduction
(h: S > C,JI/L§), then 9?(6“)’“) = n’*@**g}’”)for (v,u)el.

Proof. Note that one may replace Y in8.5,8.7 or 8.13 by any modification,

without losing the properties (i)—(x). In particular the sheaves Gl

are compat-
ible with pullback by dominant morphisms for (v, u) € I. Part (1) of Lemma 10.3
allows us to replace c by any covering. Hence dropping as usual the lower index ;
one can assume that ¥ = ¥} in 7.2 and use the three properties stated there. Let
us write /1 : S — C for the induced morphism and Mg = Mg |s.

In the (canomcally) polarized case ./l/LS is the pullback of &£ to S. By as-

sumption C — Y has a mild reduction (h S—C, Mg). By 10.3(3), F ‘T(v’“)

hs (@ e ® AS) and by Lemma 5.8 this is the pullback of & JP(” .
For the saturated case, we have to argue in a slightly dlfferent way. Recall

that we defined in 8.13 the invertible sheaves %( ") and w("(’) as the images of
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the evaluation maps

£ £ 1k K 10
f f*ﬂ/t)?—>ﬁ/t)? and f* f*a)X/Y Do o

Lemma 5.8 implies that the direct images f*Jl/t’;? and f* a);’?o/? are compatible with
pullback. The sheaves

%go,x) = %(9"‘)’ and wém’) = w(I’O)}S,
are again invertible and the images of the evaluation maps for .l and a)S 16 re-

spectively. The latter implies that the divisor Hg"’) is the pullback of Hgg(’) . By
the definition of x-saturated in 8.10 and by Lemma 8.11(c) one knows that

FBQY = frtty = fu (W5 @05 (+-1TY)) = fup* @ 0g(+-P)).

Lemma 5.8 implies that the corresponding property holds true for S instead of X.
By assumption C — Y has a mild «-saturated reduction (h S—C, Mz $)-
LetW:W — Sand ¥ : W — S be modifications, with W smooth. By 5.7,

(no)

_ n0o (mo).
h 2 h*a)§/6 = h*a)S/6 = h*w ;

hence, V' *wm ("0) =U*wp ("0) . Call this sheaf w%‘)) The divisor Hgﬂ‘)) with

n _ (o) (no)
a)wf/é—wo@@ ( HWO)

is of the form \I”*H(m) +n0-Ey 5= \I”*H(m) +no- Ewys, where Ey, s and
Ew,s are relative canomcal divisors. If &, denotes the pullback of &, as in 8.9
one finds that for all ¢ > 0

e (25 @ 05(e- YY) ) = ho(#5 @ 05 (- TIPY)),

and that for some g¢ and all & > g¢, both sheaves are independent of ¢. Since for
those ¢ the left-hand side is /i« %(O’K) and the right-hand side h*%g)"c) , the two

sheaves are equal. This implies that N\ *973;0 ) \IJ*%(O 2

The divisor Eg)’x) and Eg)’K) have the same support as Hg‘)) Nt (@ \ 60)

H(UO)

and respectively. Define X to be the smallest divisor on W, larger than

\IJ’*E(O DA h=1(C \ Cp) and \IJ*E(O ) Adding components of H("O) one finds
some E%gk) such that

is the x-th power of an invertible subsheaf Ay of Ly & Op (- H%O)). Obviously

U My = Mg and Wy lwy = JAls, hence we are allowed to apply 5.7 and find
A — g
h ( S/C®M )_h*(wE/C®M§)_@;M|6' O
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11. A variant for multiplier ideals

Let us return to the set-up in 9.1 and to the assumptions introduced in 9.3 or in
Variant 9.4. As in Section 10 we assume that [l 5 and [l & are either the structure
sheaves, or the pullback of an invertible sheaf ¥ on X, or k-saturated extensions
of £.

Consider again a nonsingular curve C and a morphism y’ : C — Y whose
image meets Yy, and a mild reduction (l; S~ C A §) for &, as defined in 10.2.
In particular one has a morphism ¢ : S — X, and the sheaves

Fol) = he (0}, o @ M)
are defined. Lemma 10.3 and Proposition 10.5 imply that y
whenever one has a lifting

I 9;9&#) — t*g;(}ﬂ)’
Y C

(11.0.1)

T

N<—"
<

X
_—

with C’ a nonsingular curve.
We will need that the different invertible sheaves and divisors introduced
in 8.7, 8.9 or 8.13, and in Section 9 are defined for the morphism /# : S — C.

Assumption 11.1. Assume that the assumptions made in 9.1 and 9.3 hold true,
and that Y, Z and X are chosen according to Lemma 9.6.

(1) (hA S—C, Jl/LS) is a mild reduction for y’ : C — Y and for &. For no the

image w(m’) of h* h*a)§/6 in a)§/A is locally free, and for (B,a) € I the

images 973%’3 @) of the evaluation maps of a)g I ® J(/L"‘ are also.

(2) There exists a subsheaf & of F&"*"), with € = t*&, for all liftings
¢ asin (11.0.1). Moreover the image B¢ of the evaluation map
* Bo o0
h o —> Wg 6 ® JI/L

is invertible.

Remark 11.2. 1f in 9.4 one has € 5 = @]_, 2«H%"*, condition (2) in 11.1

follows from the assumption (81, 1), ... (Bs,®s) € T forL =1,.

In fact, the latter implies that the pullbacks of the sheaves 9?(’3 "O") and @(ﬂ v
coincide on C’, and so does their image under the rnultlphcatlon map.

If € 5 is smaller, we will need that it is defined on a compactification of Y, in
order to enforce the compatibility condition (2) in 11.1.
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We will write again Hg(’), %% and X ¢ for the divisors given by the inclu-

(mo) no (ﬂ,oc) ﬂ o Bo a0
510nsw§ Ca)g,/c 973§ §/6®”/M” and B g CwS/C®Jl/L§.

As in 9.5 one defines the different products, models, sheaves and divisors,
with g : Z — Y replaced by h : S — C. In particular we have again the divisor

Ag =b-(Tg +307) + 3¢,

on the r-fold fiber product hr: 87 — C, and we define

(g(CAﬁJr%,aJr%) Zﬁi< f3+’l®ﬂ/toz+é ®§( 1 Agr))

Sr/C N
_ i, Bt at 1 R myy_ 1
= i (g, 5 @) Cog(- T +307) -1 35)).

where N =b-e-£ and I'g, is the zero divisor induced by the natural inclusion
®det halll @ 7 2) 70 LA R hx(@] o @ ML) = RBTY.
Y U8y
=

H(V) € +ﬂ’ +Z
Again we should have written (Q(é Priety)

and €, but we hope that the reader will not forget.

since the sheaf depends on & )

LEMMA 11.3. Let 0 : C; — C be a finite, nonsingular covering, and let

be the induced morphism. Then:

(a) If h:8—C satisfies Assumption 11.1 then h 1: S 1— C 1 satisfies the same
assumption.
(b) O‘P( S’) lsasubsheafon/*g(—%-A§,).
(c) There is a natural inclusion
B+.at+p) 0 (g(ﬂ+@,a+ )
of
Proof. As in the proof of Lemma 8.2, part (a) of 11.3 follows from Lemma
10.3(1) and (2).
For (b), note that pry : §7 — S” is flat; hence 6" $(— 1 - A, ) has no torsion.
Consider a desingularization t : S — S” such that all fibers are normal crossing

divisors, and such that 7*T'g, is a relative normal crossing divisor. Then t*(Ag,)
is a normal crossing divisor, as well.
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Lett;:S; — 8 | be the normalization of the pullback family,

o] or P
S1 —Z= S x5, ST —>

\Pirz l ‘ T
71
Sy —F s gr

and 0" = pr; oo the induced morphisms. By flat base change

7 rosse (= [5e 85, ]) =i (o, (<[ 7 850]) )

Dualizing sheaves become smaller under normalizations, and this sheaf contains

Tx®g, /¢, ®6""0s ( - [% . T*Agr])'
Since S7 has at most rational Gorenstein singularities, this sheaf remains the same
if we replace S; by a desingularization. Hence by abuse of notation we may assume
that Sy is nonsingular, that the fibers of S; — C 1 are normal crossing divisors, and
that "% ¢*T gr s a relative normal crossing divisor.
Obviously one has an inclusion

on ([0 a5 comos( [ a5

and hence
1 1
oy e, (- [y g ]) O noge (- [ as )
as claimed in (b). By flat base change (c) follows from (b). O

Let7:S — X xy C be any desingularization of the main component, and let
h:S — C denote the induced morphism. Recall that we assumed y’: C — Y to have
a mild reduction. So we may choose Jlg as the pullback of & in the (canonically)
polarized case or by Lemma 8.11(a) in the saturated case. Blowing up, we may

S)

assume that for (v, u) € T the images %g) of the evaluation maps are invertible,

in particular the image wém’) of h*h*a)g(;é — a)g(;é We write 1) : §@) - C

for the family obtained by desingularizing the r-fold product S" = § x&--- x5 S,

: (no)
where again we assume that @ S

As above, or in Section 9 one chooses the sheaf Jlgr as the exterior tensor
product. g will denotes its pullback to S (). Since ' : C — Y has a mild
reduction, 5.5 implies that one has again the inclusions

is invertible.

N
* > i i ®rL ( s )
B ®det(g*ﬂ/tg ®wg) i —s VY
i=1
with zero locus I'g(). Writing Sér) = h(’)_l()(/_l(Yo)) for the smooth part of
1™ one obtains by 9.11:
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LEMMA 11.4.

B+7a+y) () ( B+7 aty 1 RO
Pl ‘ =hs ( S(rf/@@J‘/LS(r)( ®<§B(_ﬁ'(rs<r)+zg<r))_N'ES(”))»

and . .
(m,y) —
56(— ol (Tsmn +Z¢)) = " Es<r>) |S(()r) =0Ogm-
In particular the inclusion

(ﬂ"‘g aty )C® (ﬂ+[ a+¥)

is an isomorphism over )(’ ~1(Yy).

Definition 11.5. The mild reduction (fz -S> C, Myg) is exhausting (or ex-
hausting for (E),%€; B+ %, a + 1)) if the properties (1) and (2) in 11.1 hold true
and if:

(3) For all finite coverings of nonsingular curves C1 — C the inclusion

(B+7.0+7)
Ci

50 Cg(/3+£,oz—i- )

in 11.3(c) is an isomorphism.

Lemmas 8.2 and 9.6 imply that given ' : C — Y one can always find a finite
covering C; — C and a mild reduction for the induced morphism C; — Y which
is exhausting. Repeating the argument used to prove 10.4 one obtains in addition:

LEMMA 11.6. There exists in 9.6 an open dense subscheme Yg C Yo such that
for all morphisms

Y: 5y Ly
Jfrom a nonsingular curve C, with )(’_I(Yg) dense, x' admits a mild exhausting
reduction (h : S — C, ./l/t§). Moreover

B+7atp) _
¢

/*(g(ﬂ+@,0¢+ )
PROPOSITION 11.7. Consider in 9.6 a morphism 7’ C — ?from a nonsin-
gular curve C with n'~1(Yy) # @.
If Y = ¢ o’ admits a mild exhausting reduction (h: S — C, Mg), then
B+E.a+ %)
c

/*(g(ﬂ+( a+y)

Proof. By 10.5

9;(3‘1'%,(1!4‘%) _ n/*@(ﬂ'f'%aa'i'%)
~ = 7 ,

and both sheaves remain unchanged if one replaces C by some finite covering

or Y by some alteration. The same holds for the subsheaves ‘g(ﬂ+e’a+ ) and
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/*(g(ﬁ"' 7aty)

ﬁnlte over C.
By assumption the multiplier ideal y( — ﬁ -A 2) is compatible with pullback,

. Hence they coincide, if and only if they coincide on some C’

base change, and products for all alterations. In particular, }( — ﬁ -A 2) is flat
over Y.

We are allowed to replace Y by an alteration or by an open neighborhood of
the image of C, hence by a local alteration for C. So by Proposition 7.8 we may
assume that 77" is an embedding, that f is flat and that S' = f -1 (6 ) is nonsingular
and semistable over C. By abuse of notation, we will allow X to be normal with
rational Gorenstein singularities. By Lemma 7.6 this holds for the total space of
pullbacks under local alterations for C, and for the fiber products. So we will work
with the condition that f : X — Y is a weak semistable reduction for C, a condition
which is compatible with pullbacks and products. In particular S” is normal with
at most rational Gorenstein singularities and 4" : S — C has reduced fibers.

As stated in 8.8 one is allowed to replace the mild family g : Zr Y by some
mild model, dominating the flat part of the weak semistable reduction f rLXT Y.
Here we might lose the compatibility of 56( — % -A 2) with pullback, base change,
and products for all alterations. Theorem 6.5 allows us to repair this defect, by
replacing Y by some larger local alteration.

The morphism f is smooth over Y, and g&( Aff) {Slr is trivial over Xo.
So we may apply Proposition 7.11. d

12. Uniform mild reduction and the extension theorem

Constructing the locally free sheaves 9?;” ) and %E?J”’(H 2

we used the
Weak Semistable Reduction Theorem several times and we have no control on the
alteration ¥ of Y. As already indicated in 5.9 we will show how to use Gabber’s
Extension Theorem, recalled in 12.6, to obtain those sheaves on a finite covering of
a projective compactification of Y. Again the latter will be denoted by Y and the
covering will be written as ¢ : W — Y. In Proposition 12.8 the corresponding result

is formulated for the sheaves O_(v )

ﬂ+g:a+g)

whereas the extension to the direct images

of multiplier sheaves is given in Variant 12.11. The Variant 12.10
handles the case of the determinants of %( oH) , starting from a covering of a coarse
moduli scheme. As an application we will state and prove a generalization of
Theorem 1 allowing arbitrary polarizations in Theorem 12.12 and a variant for
saturated polarizations in 12.13.

We will need in all those cases that the trace map of ¢ : W — Y splits, i.e.,
that Oy is a direct factor of ¢«Op . By [Vie95, Lemma 2.2] each finite surjective
morphism W — Y of reduced schemes, with W normal, factors through a finite
covering ¢ : W — Y with a splitting trace map and with W — W birational. We
will give here a different construction, starting with a fixed embedding ¥ < PV
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or more generally with any embedding ¥ — P for P irreducible, normal and
projective. The latter will have the advantage of allowing the gluing, needed to
show the uniform mild extension over curves, required by the extension theorem.

LEMMA 12.1. Let ¥ : P’ — P be a finite normal covering and let Y C P be
a closed subvariety. Then ¢ : W = W~Y(Y) — Y has a splitting trace map.

Proof. Since P’ is normal, Op is a direct factor of W,Ops; hence there is a
surjection V,.Opr — Oy . Obviously this factors through ¢«Oy — Oy . O

Definition 12.2. Let (Z ‘W —>Ybea surjective finite map and ¥ — [ a closed
embedding with P irreducible, normal and projective. Then W : P’ — P dominates
W, if P’ is normal and irreducible, if W is a finite covering and if the normalization
V > W 1(Y)—> Y factorsas V — W — Y.

LEMMA 12.3. Given 5 ‘W > Y and P as in Definition 12.2, there exists
a finite normal covering V : P’ — P dominating W. Moreover one may choose
U : P — P to be a Galois covering.

Proof. In order to prove Lemma 12.3 we may assume that W is normal. Let
us first assume that Y and W are both irreducible and write K for the function
field of Y. The function field of W can be written as K [T]/f for a monic irre-
ducible polynomial f € K[T]. For some open subscheme U C [P the polynomial
f lies in Oy (U NY)[T] and lifts to a monic irreducible polynomial F € Op(U)[T].
Choose P’ as the normalization of PP in L[X]/F, where L denotes the function
field of P. The preimage of Y in P’ is birational to W and since W — Y is finite,
the normalization V of ¥~!(Y) dominates w.

Next assume that Y is irreducible, and that W1, ..., Wy are the components
of W. We already know how to construct ¥, : P} — [P, dominating W, — Y. We
choose ¥ : P’ — P as the normalization of P; xp --- Xp Ps;. Then ‘IJ_I(Y) is
finite over W1 Xy --- xy W, and we obtain the factorization of the normalization.
This remains true if we replace P’ by a larger covering, hence we can glue the
construction for different components of Y in the same way.

Finally, if ¥ : P* — P is a finite covering, dominating W, the normalization
of P’ in the Galois hull of the function field C(P’) over C(PP) will again dominate
W. So we can add the property “Galois” as well. O

LEMMA 12.4. Let ¥ : P' — P be a finite morphism between normal schemes,
let Y C P be a closed subscheme and Yo C Y an open set. Let W be a modification
of W = \IJ_I(Y ) with centers outside Wy = W~1(Yy). Then there exist normal
modifications P— P and P' — P’ with centers i inY \ Yo and W\ Wy, respectively,
such that the induced rational map Wy : P> Pisa finite morphism and such that
the proper transform of W is W.

Proof. 1t is sufficient to consider irreducible varieties [P and P’. Assume first
that P’ is Galois over P, say with Galois group I'. One can extend the modification
W — W to a modification [’}; — P’ by blowing up an ideal ¢, with Op// $ supported
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in W\ Wy. Blowing up the conjugates of $ under o € I" we see that the action of
o €T, given by 0 : P’ — [P/, extends to a morphism o : P{; — P;. So I acts on
the fiber product X p P, taken overallo € T.

Obviously X p P/ contains an open dense subset of P, embedded diago-
nally, and we choose P’ to be the normalization of its closure. The projection to
P!, induces the morphism P’ — P’. The group I acts on P, and we can choose
the quotient for P.

If P’ is not Galois, we replace it by its normalization P” in the Galois hull
of the function field extension for P* — P. So P’ is the quotient of P” by some
subgroup I'" C T. Having constructed P”, we choose P’ = P /T”. O

Let us recall Gabber’s Extension Theorem. We start with the following set-up.

Set-up 12.5. Let P be a normal projective scheme, Y C P a closed reduced
subscheme, and let Yo C ¥ be open and dense. Let ¥ : P’ — P be a finite covering,
with P’ normal, and write W = W~1(Y), Wy = ¥~1(¥y), ¢ = ¥|w and ¢ =
W|w,. Consider a modification & : ?0 — Wy with f’o nonsingular, and a projective
manifold ¥ containing Yo as an open dense subscheme.

Let %70 and €3 be locally free sheaves on Yo and Y respectively, such that

for €y, = &6"(6?0 one has:

(i) §5Cw, =63lyp,-

(ii) For each morphism 7 : C — P’ from a nonsingular projective curve C with
Co = 1 (Wp) dense in C, the sheaf (r|c,)*@w, extends to a locally free
sheaf 6¢ such that:

(a) If 7/ : C — P’ factors through ¢ : C — C then 6o =1"6c.
(b) If 7 : C — P’ lifts to a morphism y : C — Y then €¢ = X*(@?-

THEOREM 12.6. In 12.5, blowing up P with centers not meeting Yo and re-
placing P’ by the normalization of P in its function field, one finds an extension
of ‘6w, to a locally free sheaf 6y on W = (e (17 ) such that for all commutative
diagrams

A C A~
Yo— =Y <—A

with  either a dominant morphism, or a morphism from a nonsingular curve A
with ¥~ (Wp) # @, one has ¥*@y = p*6yp.

Proof. This is more or less what is shown in [Vie95, Th. 5.1]. There we
constructed a compactification W of Wy and the sheaf 6. Of course, we may
replace W by a modification of W, and by Lemma 12.4 we can embed W in a
modification of P, finite over a modification of P. O
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Applying Theorem 12.6 to prove Theorem 1 we will start with Yo = Yo and
with any compactification Y. Theorem 12.6 will force us to choose for ¥ a mod-
ification of Y in the diagram (4.6.1). This one is a closed subscheme of P. If we
have to reapply Theorem 12.6, as will happen in the proof of Theorem 2(iv), we
may have to replace ¥ by some modification. Since it is obtained by blowing up P
we can choose W as the preimage in the corresponding normal modification of P’.

The statement of 12.6 is compatible with further blowing ups of Y. So by
abuse of notation, we may assume that there is a morphism Y >7Y,as required in
the diagram (4.6.1) in case Y =Y. We will denote the induced morphisms by

L/

(12.6.1) Yo——7

[

WO;.W_C)[FD/

L]

YO—>Y—>[P>

and ¢ = po£. If Yo = Y we will drop all the ™.

Addendum 12.7. (1) If we consider a finite set of sheaves 6o, we can choose
the same compactification W for all of them. Assume for example that €,
and 6, are two systems of locally free sheaves satisfying conditions (i) and
(i1) in 12.6. Then one may choose W such that both locally free sheaves, €y
and 6y, exist, as well as the morphism £ in (12.6.1).

(2) Let % be the sheaf of Oy algebras R = §.x0p N 1«xOwy,. The scheme Spec(R)
is finite and birational over W, the inclusion ¢ lifts to an open embedding of
Wy in Spec(R). Lemma 12.4 allows us to replace W by this covering, hence
we may assume that E*@f, Nt+Ow, = Ow.

(3) If in (1) one has morphisms ¢ :‘6’70 — €6y and v :CG’? — %y, compatible with
the pullback in 12.6(i), one has a natural map

L/
w— 56y, = 5*(6,}7 — 5465 = 6w ®£405.

So €, maps to €y @R, for the coherent sheaf % considered in (2). Replacing
W by Spec(?) one obtains 1" : €}, — 6y, and this morphism is compatible
with all further pullbacks.

Let us state three slightly different applications of Theorem 12.6 which will
be proved together after Variant 12.11.

PROPOSITION 12.8. One may choose Y, Y and Z in 8.5 and 8.7 (or 8.13 in

the saturated Ease) such that in addition to conditions (i)—(x) one has a diagram
(12.6.1) withY =Y and ¢ = ¢ such that:
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I. W is a finite covering, P and P are normal and projective, W~1(Y) = W, and
& is birational.

II. Let C be a smooth curve and y : C — Y a morphism. Assume that x factors

through C w 2) Y, and that Co = x~'(Yo) is dense in C. Then y admits
a mild reduction.

1. For (v, u) € I there exists a locally free sheaf@g},’u) on W with “;‘*9?3),’”) =
9(};)’M), and such that @%’M”WO = g [« (a))‘;/Y Q EH).

IV. For all curves considered in II one has 71*9?%’“) = %(Cv,u).

Assume for a moment, that a coarse moduli scheme My, exists for families of
polarized manifolds with Hilbert polynomial %, and that the family fp : Xo — Yo
lies in My (Yp) for the corresponding moduli functor. Assume the induced mor-
phism Yy — M}, is finite. Then we want to factor I?O — Yo = Mj, through some
W, birational to Yy, and finite over M, with a splitting trace map. In general the
different direct image sheaves do not descend to the moduli schemes, just their de-
terminants. So we only can expect that certain “natural” invertible sheaves descend
to the compactification of the moduli scheme. In the canonically polarized case,
those sheaves will be of the form det(%g)). If one allows arbitrary polarizations,
one has to choose certain rigidifications.

Definition 12.9. Let ¢ and ¢’ be integers. We call the sheaf
det (FM)" @ det (F)"
a rigidified determinant sheaf, if - 1 - tk(F& M) + 0 - 1! - rk(?}eﬁvl’“/)) =0.

Recall that for the moduli problem of polarized manifolds one does not dis-
tinguish between families

(fo:Xo—Y0.¥) and (fo:Xo— Y0, LR fo'N),

where N is an invertible sheaf on Y. Definition 12.9 is made in such a way, that the
rigidified determinant sheaves are invariant under this relation. It follows from the
construction of moduli schemes that some power of a rigidified determinant sheaf
descends to M}, (see [Vie95, Prop. 7.9], for example).

VARIANT 12.10. Assume that Yy is normal and that the family fo : Xo — Yo
(or (fo: Xo = Yo, &0)) induces a finite morphism Yo — My, Then one can find
for a compactification Y of Yy, the schemes Y and Z in 8.5 and 8.7 (or 8.13 in the
saturated case), such that in addition to conditions (i)—(x) one has for YO = My
the diagram (12.6.1) and:

I. W is a finite covering, P and P’ are normal and projective, V"1 (My) = W,
and & is birational.
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I. Let C be a smooth curve and y : C — M}, a morphism. Assume that y factors

through C w g My, and that Co = y~Y(My,) is dense in C. Then the
induced morphism C — Y admits a mild reduction.

L. For (v,u), (V' ,u') el andt, /' € Z let det(?ﬁg‘)’”))‘ ® det(?ﬁsv/’“/))‘/ be a
rigidified determinant. Then there exists some p >> 1 and an invertible sheaf
‘61‘7}7 on My, with

7o, N\ P
Cp 1= (det(FL) @det (FY 1)) = "G,
IV. Under the assumption made in 111, for all curves as in 11
7o N\ P ~
e = (det (FEM) @ det (FE)))" = G C i,

VARIANT 12.11. Assume again that Y =Y and that the assumptions made
in 8.5 and 8.7 (or 8.13 in the saturated case) hold true, as well as those made
in9.1.

Assume there exist for (v, u) € I locally free sheaves 9?;}’” ) on Y whose

pullback to Y coincides with 9*7%)’”“ ) and whose restriction to Yo is fx(wy 1y ® FH).
Assume moreover, that there are a locally free sheaf €y and a morphism €y —
9;‘30’“0) satisfying Assumptions 9.3 or 9.4.

Then, replacing Y by a modification with center in Y \ Yy, one can find Y and
Z such that 8.5, 8.7 and 9.6 hold, and such that one has a diagram (12.6.1) with:

I. W is a finite covering, P and P are normal and projective, W~1(Y) = W, and
& is birational.

II. Let C be a smooth curve and y : C — Y a morphism. Assume that y factors
through C Zw g Y, and that Co = x~1(Yy) is dense in C. Then y admits
a mild exhausting reduction for (2" ,€; g + %, a+ %)

: (B+7.at+7) 5 .
. There exists a locally free sheaf 4y, on W whose pullback to Y is

n gty
the sheaf(g(ﬁ+ ot

7 , defined in 9.5. One has an inclusion

,
B+E.a+y) C B+E.a+%)
‘QW — ®@W ,

and over Wy both sheaves are isomorphic.

Proof of 12.8, 12.10 and 12.11. The verification of the properties I and II in
each of the cases goes along the same line.

In 12.8 and 12.11 one starts with ¥ = Y, where Xy — Y, extends to a flat
morphism f : X — Y, as required in Step I of 4.4 or in Variant 4.8. We choose an
embedding Y — P = PM

In 12.10 we start with an embedding M}, — P = PM_ In order to be able to
use induction on certain strata, we will allow Yo to be a subscheme of M}, and
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we choose Y as the closure of ¥ in P. Correspondingly we will replace Yq by the
preimage of 17, and Y will be a compactification Yy such that tp : Yo — ?0 extends
to a morphism7:Y — Y, and such that fo : Xo — Yy extends to a flat projective
morphism f: X — Y.

In all cases our starting point are morphisms

Y57 SP and f:X —7,

and fy : Xo — Yo is the smooth part of f. So in 12.8 and 12.10 the data I and I
allow us (by 8.5, 8.7 or 8.13) to choose a diagram as in (4.6.1):

In Variant 12.11 we use Lemma 9.6 to get the same diagram, starting with the data
collected in 9.1-9.4. Recall that all those conditions are compatible with pullback
under alterations of ¥ .

Consider the Stein factorization 7 : V —>7Y of @: Y >7Y. By 12.3 we can find
an irreducible normal covering ¥ : P’ — P dominating V — Y. So the normaliza-
tion of W := ¢! (17) dominates V. The compatibility of our constructions with
further pullback, allows us to assume that Yisa nonsingular modification of V,
and we obtain all the morphisms in (12.6.1), except that they are not yet coming by
an application of the extension theorem. In the course of the verification of II we
will have to replace P’ by finite coverings, and by some modification with center
in W\ Wy. The Lemma 12.4 allows us to replace Y by a modification with center
in Y \ Yy, and to keep the conditions in I.

By Lemma 10.4 there exists an open dense subscheme Y, C Yo such that
x : C — Y admits a mild reduction if y~!(Y,) # @ and if y lifts to a morphism
C — Y. In 12.11 we assumed that the sheaf €y 1s the pullback of a sheaf on Y.
So as remarked in 10.2 this allows us to apply 11.6, and the same holds for mild
exhausting reductions.

Replacing Y, by some open dense subscheme, we may assume in addition
that:

(1) In 12.10 one has Yy = ! (?g) for some open dense subscheme Yg of Y.
2) Wy = $_I(Yg) is normal and the restriction of £ to ?g = £ 1(Wy) is an

isomorphism Yy — Wg.

(2) implies that a morphism 7 : C — W from a nonsingular projective curve
C whose image meets Wy lifts to a morphism C — Y. So the conditions II in
12.8, 12.10 or 12.11 hold for morphisms 7 : C — W with 7~ (W, ) dense in C.
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The open set W, will be the large stratum, and next we will construct a similar
open subset of the complement. Let us write ffb for the closure of )701, =Y \ f/g in
Y. Correspondingly Y3 will be equal to Yb in 12.8 and 12.11, and equal to r_l(fb)
in 12.10.

The dimension of ?b is strictly smaller than dim(?). By induction on the
dimension we assume that we have found a nonsingular alteration l?b — Y} and
the covering Wy, : I}j’;7 — [P, satisfying conditions (i)—(v) in 8.5 and (vi)—(x) in 8.7
(or 8.13) and the assumptions made in 9.1 and 9.3 or 9.4, such that the conditions
11 hold for ¥, » instead of Y.

We choose [P} to be one of the irreducible components of the normalization
of P’ xp P'®). Writing ¥y : P, — P for the induced map, we choose Y1 tobe a
desingularization of W, = \111_1 (Y) which maps to Y. So all the conditions needed
in 8.5, 8.7, 8.13 and stated in 9.1, 9.3 and 9.4 remain true.

Let y: C—>Ybea morphism with X_I(Yo) % &, and factormg through Wj.
If y~! (Y ¢) # &, we are done. Otherwise x(Cp) is contained in Yb By the choice
of P/, the morphism x factors through P, hence C — Y allows again a mild
(exhausting) reduction.

So in each of the three cases considered, we found a nonsingular alteration
satisfying I and II. Dropping as usual the lower index ; we will use the notation
from the diagram (12.6.1).

Conditions III and IV will follow from the Extension Theorem, so again we
will have to modify all the morphisms in (12.6.1). In order to apply it, we have to
define the sheaves €¢ in the Set-up 12.5 and to verify properties (i) and (ii) stated
there. This will be done in each case separately.

Let us start with 12.8. Recall that by 8.5 and 8.7 on ?0 = Yy the sheaves
Cy, = fox (w}‘}o 1Yo ® Sig“ ) are locally free and compatible with base change for

(v, u) € I. Correspondingly we choose €5 = Tg’“), and €¢c = %(Cv’“), as defined

in 10.2. Then (i) is obviously true, and (ii) follows from II, by Proposition 10.5.

The same argument works for 12.10. However here we have to choose for
6y, the rigidified determinant

' / ’ N\ P
det (fO*(w)‘}O/YO ®$g)) ® det (f"*(“’;o/Yo & ! ))L ) .

As mentioned already, by [Vie95, Prop. 7.9] for p sufficiently large, this sheaf is
the pullback of an invertible sheaf ‘6,4, . Then for ‘6{, and 6c, as defined in 12.10
III and IV, property (i) follows from the compatibility of 6y, with pullback, and
(i1) follows again from II, by Proposition 10.5. So the Extension Theorem 12.6
gives the existence of the sheaf €y, . It remains to show, that €y, or some tensor
power of €y descends to Mj,.

To this aim, we can replace P’ by a finite covering, and assume that C(P’) is
Galois over C(I?). So the Galois group I' acts on W and the quotient is Mj,. For
o € T" one has 0*€@y = @y . In fact, this holds true on the open dense subscheme
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Wy, and on every curve mapping to W and meeting Wy. Replacing p by some
multiple, one finds the sheaf € ;7 .

In 12.11 we start with

®f0*( §+/§O OH—%)

(ﬂ+ ot . Again, those sheaves are compatible with pullback,

and with €
and (i) follows from Lemma 9.11. Since €y is the pullback of a sheaf on Y, we
are allowed to use the constructions in Section 11. We choose for ¢ the sheaf
(Q(Cl?+%’a+%), defined just before Lemma 11.3. The condition (ii) in the set-up 12.5
follows again from II and from 11.7. So the Extension Theorem gives the existence

of the locally free sheaf ‘g(ﬂ+e o+ ) and as remarked in 12.7(5) we can assume

that it is a subsheaf of ®" F (ﬂ—w o) . By 9.11 the pullback of both to Yo are
equal, hence their restrictions to Wy as well. O

Let us formulate what we obtained up to now for the sheaves 9??”“ ),

THEOREM 12.12. Let f : X — Y be a flat projective morphism of quasi-
projective reduced schemes, and let £ be an invertible sheaf on X. Let Yo C Y be
a dense open set, with fo: Xo = f~1(Yo) — Yo smooth. Assume that wx,/Y, and
$Lo = <L|x, are both fo semiample.

Let I be a finite set of tuples (v, () of natural numbers. Assume that for all
(0, ') € I the direct image fO*iﬁg "is locally free and compatible with arbitrary
base change. Then, replacing Y by a modification with centers in Y \ Yo, there
exists a finite covering ¢ : W — Y with a splitting trace map and for (v, ) € I a
locally free sheaf@%}m on W with:

(i) For Wo= ™" (Yo) and o = |, one has ¢ fou (@, v, ®%6) = Fyy™ .

(ii) Let 0 : T — W be a morphism from a nonsingular variety T. Assume that
either T — W is dominant or that T is a curve and Ty = 0~ (Wy) dense in T.
For some r > 1 let X}r) be a desingularization of

X; =X xy---xy X)xy T.
Let ¢t : X7(~r) — X and fT(r) : X(r) — T be the induced morphisms and
=¢r(PL® - ®@pr; ).

Then f) (@, ®ME) = @ 6*F5H).

X(r)/T

For u = 0 one obtains, in particular, parts (i) and (ii) of Theorem 1, and we
have seen in Section 2 that those two conditions imply (iii) in Theorem 2, saying
that the sheaf %%,’O) = 9%) is nef. So it remains to prove the “weak stability”
condition (iv). This will be done in Section 13. Let us formulate first a variant of
the last theorem allowing saturated extensions of polarizations.
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VARIANT 12.13. In 12.12 fix some ng such that the evaluation map for a);g /Yo
is surjective, and some k > 0, with (19,0), (0,x) € I. Then there exists a finite
covering ¢ : W — Y with a splitting trace map, and for (v, ) € I a locally free
sheaf ?3’,’” ) on W with property (1) and

(ii) Let 6 : T — W be a morphism from a nonsingular variety T. Assume that
either T — W is dominant or that T is a curve and To = 0~V (Wy) is dense

inT. For somer > 1 let X7(~r) be a desingularization of (X Xy ---xy X)xy T.

Let o : Xr () X" and f;r) Xr ) _, T be the induced morphisms. Assume

no
(r)/T

is invertible, hence equal to @™, ® O, (I1,.) for an effective Cartier
X;'/T X7 X7

that X (") is chosen such that the image of the evaluation map for w

divisor HX(Tr). Then for M. = ¢1.(pr; £ ® - - - ® pry L) one has

IEQ( X(r)/T®Jl/t ®@X(r>( X(r))) ®9*@(”’“)

Proof of 12.12 and 12.13. Start with Y,Z and X according to 8.5 and 8.7
(or 8.13 in 12.13). Choose the compactification Y, and W using Proposition 12.8.

So there are locally free sheaves %%,Iv,) (or @3},’” )), whose pullbacks under &
are the sheaves @g) (or %g’“ )). It remains to verify condition (ii) in all cases.

Recall that X — ¥ has a mild model Z — ¥'; hence X ;r) —>Y has Z" > Y
as a mild model. If 7" dominates Y property (ii) in 12.12 follows for r = 1 from 8.5

and 8.7, and for » > 1 by flat base change. In 12.13 the same argument works for
a K saturated extension JI/LX(r), and one finds that
T

,
fm( “x0 /1 ®‘M;(T”) - ®9*9;§;’M)'

In general there is some nonsingular modification 6" : T’ — T such that (ii) holds
on T’. The sheaf [/ ) (! X7 ® JM*) is independent of the desingularization X (r),

and we may assume that fTr) factors through /s : X }r) — T’. Then

.
h*(w;(r,)/T @ ") =R 06" T g ) 1.

and the projection formula implies that

r r
() Oy M )= Q0 F" @00}, = Q0 TG,

as claimed in 12.12. In the situation considered in 12.13 the same equality holds
with .l replaced by the « saturated extension Jl, . However both differ by some
T

positive multiple of I1 x{) and
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(r) (r)
T ( X(”/T ®MX(7)) T ( X(”/T ® A X ®©X(T’)(* 'HX(T”))

7(~:<)< X(,)/T(X)J‘/L ®@X(z)(>l< HX(r))).

If T is a curve, then by Proposition 12.8 II we know that T — W — Y admits a
mild reduction and, by part IV, the pullback of @%’M ) is the sheaf @g”“ ) defined
in Section 10. So it is equal to h*(a);/T ®Jl/U§) for a mild model 4 : S — T of the
pullback family.

The r-fold fiber product 2" : S” — T is again mild, and for the exterior tensor
product Jlg- one has by flat base change hi(a)gr/T QM) =R 0*@8’;#)' So
property (ii) in 12.12 or 12.13 for T a curve follows from 5.7. O

13. Positivity of direct images 11

Now we are all set to finish the proof of Theorem 2(iv), allowing Wy to be
singular, contrary to Variant 2.4. Lemma 1.9 allows us to replace W by a larger
covering, and we will do so several times. We will also formulate and prove a
generalization to the polarized case, which in particular will imply Lemma 3.2.

As explained in 2.5 we will construct to this aim a locally free subsheaf ¢
of g%’;“ ), isomorphic to 97’3),’” ) over Wy, whose pullback to Y remains nef after
tensoring with a “negative” invertible sheaf. The sheaf % will depend on the data
defined in Section 9.

Set-up 13.1. We will specify in each case the tautological maps in 9.1, and
the sheaf ‘€5 according to 9.3 or 9.4. We choose the sets T and [ as in Set-up 9.2
and enlarge them such that 9.3 or 9.4 applies. By abuse of notation we will assume
that the alteration ¥ and W are chosen according to Theorem 12.12 and Variant
12.13, and moreover we will assume that Variant 12.11 applies, i.e., that the locally

n Y
free subsheaf %(B-W aty) of $+e’a+£) exists.

In all situations the locally free sheaf € in 9.3 or 9.4 will be the pullback of
a locally free sheaf €y, and the invertible sheaf V" in 9.1 will be the pullback of
an invertible sheaf 9y ; hence the r - e - £-th root out of det(%gﬂ' YT Q. ®

det(FJ 7)) 75 will exist on W.

Note that all those conditions can be realized, after blowing up ¥ with centers
in Y \ Yy for some finite covering W — Y with a splitting trace map. The conclusion
stated in the sequel remain true over any model, where the different sheaves are
defined on W, locally free and compatible with pullback.

PROPOSITION 13.2. In 13.1 one has:

(ﬂ+z (¥+ ) (ﬂ‘f’[ C(+ )

(@) If €w is nef, the sheaf Sy,
VW 1 is weakly positive over Wy.

QY is nef and the sheaf Fy, ®
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(b) If for some invertible sheaf ¥ on W the sheaf €w @ P ¢t is nef, the sheaf
(B+7.a+7) r —r G B+ Tatp) —1
Gy ® #" @V is nef and the sheaf Fy, QIHRVY, is

weakly positive over Wy.
Proof. Since # = Oy in (a) we will handle both cases at once. By 12.11 one
has an inclusion
.
n A n A
(ggi+e,a+[) c ®g$+z’“+£)

and both sheaves are isomorphic on Wj. Hence using the equivalence of (1) and (2)
in Lemma 1.6, it is sufficient to verify that the first sheaf, tensorized by %" ® V"7

is nef. By Lemma 1.3 this follows if for 5 = E*J the sheaf

(/Y\ﬂ—}_%’a—}_%) ® §\€r ®0V—r

is nef. We work with the mild model and use the notation from Claim 9.7. There
we verified that the sheaf NV ® g7 *V N7 @ 05,(=A5,) is the image of g’*%%”,

for N =b-e-£. So Lemma 2.3 implies for N replaced by N ® g’*%?e’ that for a
very ample sheaf &l on Y the sheaf

n gy
w0y @AM T2 QYLD g gr @y
= wp ®&Qm+2®§;(w2r/? ®N®}<—%-A2,)) ®§€r V"

is globally generated. This remains true for r - r’ instead of r. Since

r/ r/
(BT B+ F.at]) (BT, &B+F.at+)) (B+7.0+7)
) 1 o) _ ) 14 ) _ ®(g 14 7
w w w

Proposition 13.2 follows from the equivalence of (1) and (3) in Lemma 1.6. O

Proof of Theorem 2. Note that we already obtained Theorem 1 in Theorem
12.12, and we keep the choice of ¢ : W — Y made there. The part (iii) of Theorem 2
has been verified in Section 2.

For r, = dim(H°(F, 0}')) choose E = (E1,..., Ey) in Proposition 13.4 as
the tuple of tautological maps

T Ty
E.: NH(F.o}) — Q) HO(F.o}).

For some ng the evaluation map for w}'}g /Yo is surjective. Replacing E by &,...,¢&
we may assume that 1o divides n = 71 4+ --- + 5. We choose £ = n, for r we
choose some positive common multiple of rq, ..., ry, for e any integer larger that
%e(w?,), and for b we choose any natural number with b - (v — 2) divisible by 7.
We choose I and I such that the numerical conditions in 9.1 hold true.

Thus, B=v—1,and Bo=b-F-e-£+n-b-(e—1). Asin 9.3 we assume
that Bo € I and for €5 we choose %;}ﬂ(’); hence €y = %%50) in 13.1.
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Lemma 9.6 and Proposition 12.8 allow us to replace W by some larger cov-
ering with a splitting trace map, and to assume that the conditions in Set-up 13.1
hold. Doing so we are allowed to apply Proposition 13.2(a) and we obtain the weak
positivity of

r

o S
(®7) @ @det ()
=1

over Wy for some o > 0. We know by part (iii) of Theorem 2 that the sheaves
det(g?%i )) are all nef. Hence we can enlarge the ¢, and assume that g, - r, is

independent of ¢, hence that @);_, det(%%‘) )rrT is ample with respect to Wy. O

Remark 13.3. If one wants to avoid using s copies of &, one can also argue
in the following way: &) defines an embedding of some linear combination N of
the sheaves det(@%‘)) in the sheaf ) @%), and it is easy to see that this inclusion
locally splits. By part (iii) of Theorem 1 the second sheaf is nef. Then the quotient
is locally free and nef, hence the determinant of ) 9«*%) must be ample. So we
can replace, in the assumptions of Theorem 2(iv), s by 1 and 5; by some large
number 7. In particular, we may assume that the evaluation map for a))’}g /Yo is

surjective.

Proof of Corollary 3. As already stated in the introduction, (a) follows from
Theorem 1 and 2. Moreover in order to prove (b), Lemma 1.7(4) allows us to
apply Theorem 1, and to replace 9?;'0) by 9?%,()) In fact, we will choose I and I as
in the proof of Theorem 2, given above, and we will choose W and €y as we did
there. There is however a subtle point: Even if (X) det(@%é) )4 is ample and even

if @ det(@gﬂ"))ai is nef, the latter does not have to be ample with respect to Wjp.

We will not refer to ¥ anymore so we may blow up the boundary W\ W,. Now
choosing the a; large enough, we may assume that for some divisor B supported
in W\ W, the sheaf

O (B) ® (X) det (Fi )"

is semiample and ample with respect to W,. Moreover, replacing W by a finite
covering with a splitting trace map, we can assume that the multiplicities of B are
as divisible as needed. So applying 13.2(b) instead of (a) one finds a divisor B’,
still supported in W \ Wy with

[0 N
(®FW) @ ow(-B) @@ det (#5) "
=1

nef and with Oy (B) @ ®’_, det(@%‘) ) 7 ample with respect to Wy, which implies
part (b) of Corollary 3. (|

Next we will show analogs of Theorem 2 for the sheaves @%}’“ ). Asin the
proof of Theorem 2 we will rely on Proposition 13.2; however it will be a bit more
complicated to choose the right data to start with.
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PROPOSITION 13.4. Assume in Theorem 12.12 or Variant 12.13 that for some

k >0 with (0,k) € T one has det(@g}'{)) = Ow. In 12.13 assume in addition, that

the sheaves Mo are k-saturated.

Choose some ng > 0 such that the evaluation map for a);g /Yo is surjective,
and let € be a positive multiple of no, with € > e(£¥°| ) for all fibers F of
fo . Xo — Y, 0-

(1) Assume that (e-v,k-v) and (19, 0) are in 1. Then the sheaf@%f,'v’x'v) is weakly
positive over Wy.

(ii) Assume that for some v’ > 0, divisible by no and v
((e+1D)-vk-v), (€-v,k-v), ((e+1)-V',kc-v), (no,0) € 1.
Then for some positive integer ¢ the sheaf
G (9*7%,6+1)'V’K'v)) ® det (gzg/%/s-l-l)m’,lc-v’))—l
is weakly positive over Wj.

Proof. For simplicity we will replace & by ¥ and assume that ¥k = 1. Choose
an ample invertible sheaf # on W and define

p = Min{u > 0; @%,Ve'v’v) Q #<VH~1 is weakly positive over Wo}.

CLAIM 13.5. The sheaf %E;v’v) ® #? is weakly positive over Wy for a =
v-p-(e— %)
Part (i) follows directly from 13.5. In fact, by the choice of p
€-V

v-p-(e—§)>e-v-(p—1), or p<7.

: 292 . 2.2 . .
Then %%f,”’”) ® %7 is weakly positive over Wo. The exponent €2 is indepen-

dent of W and #. So the same holds true for any ample invertible sheaf ¥’ on any
finite covering W’ of W, and the weak positivity of 9?%,”’”) over Wy follows from
Lemma 1.6.

Proof of Claim 13.5. In the proof we will blow up W with centers in W \ W,
and so we will not use the ampleness of ¥, just the condition that @%,V”’v) ® HEVP
is ample with respect to Wy.

For r’ = rk(g?g,g’l)) one has the natural locally splitting inclusion

’

,
Oy = det (Fiy") — QT

whose pullback to ¥ is &1 : 05 = det(gxdls) —> @ Gall5.
Choose in 9.1 £ = no and for E the tuple consisting of £ copies of E1. Then

y1=,,.=y6=1’ y:@ and 771=-.-=]76=77=0.
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By assumption £-e = ¢ > e(¥Y|F), as required in 9.1. We choose f =¢-v=e-£-v
and @ = v — 1, and for »" any positive integer satisfying b"- (8 — 1, &) € £-N x N.
We may assume that v and £ = n¢ divide b’.

By the choice of p the sheaf

Sb’-e—%~e(@(vvev,v)) ® §'Tet-1 (g%o)) & Jeev P (B et

is ample with respect to Wy. We can find some d >> 1, a very ample sheaf s{ on
W and a morphism

@&ﬁ N Sd(Sb'~e—%’-e (9(W”’v)) ® S”Tﬁe.(e—n(g%o)) ® %e-v-p(b/-e—%’@)

surjective over Wy. Blowing up W with centers in W \ W, we can assume that the
image of this map is locally free, hence nef. We write this image as € ® geed-ba,
and its pullback to ¥ as €5 ® T*9edb"a et us choose b = d - b’. Multiplication

of sections gives a map to @%ﬂo’%) Q T*HED @ for
Bo=b-€>-v—b-L-e+b-e-({—1) and ag=b-e-v—b-L.
Sincee =e-{,=¢-vand @ =v—1 one has
Bo=b-(B—1)-e-£ and ag=b-a-e-L+L-b-(e—1).

Since n = 0 and y = £ this is just what we required in 9.1, and for a suitable choice
of I the assumptions in 9.1 and 9.4 hold true.
Since the sheaf € is the pullback of a locally free sheaf €y on W we can

use 12.11 for W instead of Y, and obtain ?1 — W; and a finite covering 7 :
nGr?

W1 — W with a splitting trace map, such that the sheaf ngf,f@ o) CQE,VG'IV’V)

exists on Wj. The conditions in Set-up 13.1 hold on Wy, and for #; = t*% the

sheaf €y, ® %ﬁ'e'b ‘¢ is globally generated, hence nef. Proposition 13.2(b) implies

that 9?%,6'1”’”) ® J{ is weakly positive over 1= 1(Wp). By Lemma 1.6 the sheaf

@gv”’v) ® Jt* is weakly positive over Wj. O

So we finished the proof of part one and we can use in (ii) that the sheaf

%%,”’v) is weakly positive over Wy. In particular in the first part we can choose

p=1and @%}v’”) ® HV is ample with respect to Wy. In the proof of Claim 13.5
we obtain a bit more.

Addendum 13.6. Under the assumptions made in 13.4, there exists a projective
morphism t : Wiy — W such that its restriction r_l(Wo) — W) is finite with a
splitting trace map, and there exists an inclusion

rk(FN)
_ cglev,y) (ev,v)
G, =95 Q) Fy .

surjective over T~ 1 (Wp) with 4 ® r*(%)”'(é_l)'rk(g(vg’”) nef.
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Replacing W by W; we will assume that the subsheaf Gy of @" / %%V”’”)
exists on W, for r’ = rk(@%"))_ We will use 13.2 a second time, so we have to

: : ; — e(ap((e+ D)) :
choose again data as in Section 9. For r = rk(Fy, ), we start with the
tautological morphism

- det (f((e+1) v v/) N ® g((e+ 1))

Son=n1=(e+1)v and £ =y =y; =v’. Necessarily one needs f = (¢+1)-(v—1)
and @ = v — 1. For ¢ we choose a natural number with £ - e > e(a)l(,fﬂ)'v QR %L),
for all fibers F of fy. For b we choose any positive integer with

b-(B—1,a) €no-NxN,
such that " - € - v divides g = b-(v—1)-e-£+ y-b- (e —1). Comparing the
different constants one finds
Bo=b-((e+1)-(v=1)—1)-e-£+n-b-(e—1)
=b-e-(v—1)-el+el-b-(e—1)+b-L-(v—1)-e—1)
=c-og+b-L-(v—1)-e—1).

We choose
(/’)E ((U l)E 1))

(®<gu )®®@(no)
(®g(evv) v )®®@(no

and €y will denote its pullback to Y. The r - r/-tensor product of the multiplication
map gives

1)-e— 1))

bol-((v—
)( o

rr’

cé? N ® GJ;(?{QOaaO)‘

Since 97("0) is nef, the choice of % in 13.6 implies that €y @ %20 (€=’ jg nef.
Replacing W by a larger covering, we may also assume that det(g?((eH) vy ))
the r - e - {-th power of an invertible sheaf ¥y, and that 920" (€=1 is the b - e - £-th
power of an invertible sheaf.
So all the conditions made in 13.1 hold, and we can apply Proposition 13.2.
One obtains the weak positivity over Wy of
ag-(e—1)

0‘(6””)@)% bet ®°‘Vﬁ},

The exponent % is independent of W and of the ample invertible sheaf . So

Lemma 1.6 implies that %E,V”’v) ® ‘V;Vl is already weakly positive over W, hence
Sr~e~£ (@%}'V:V)) ® o‘/;Vreé — Sr~e-£ (@g}f/.v,v)) ® det (9}%}(54—1)")/:”/))_1

as well, as claimed in Proposition 13.4(ii). O
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Proof of Lemma 3.2. We start with the models of our morphisms, constructed
in Theorem 12.12 or its Variant 12.13, with € + 1 replaced by €. We may add the
condition det(?f?%",)) = Oy . In fact, replacing W by a larger covering with a splitting
trace map, [Vie95, Lemma 2.1] allows one to assume that det(%%’c,)) = er(g(vff))
for an invertible sheaf W'. Then one can replace the polarization on X —> Y and
on Xo Xy, Wo — Wp by M & f*W_l and pri %o ®pr§“W_1.

So we may assume that the assumptions in 13.2 and 13.4 hold and Lemma
3.2 follows from Proposition 13.4, by Lemma 1.6. O

14. The Proof of Theorems 5 and 6

In the construction of the compactifications M, and the sheaf /\f,p ) we will use

the negativity of the kernels of the multiplication map, stated and proved in [Vie95,
Th. 4.33]. Unfortunately there we did not keep track of what happens along the
boundary, so we have to indicate the necessary modifications of the statements and
proofs.

THEOREM 14.1. Let W be a reduced projective scheme, let Wo C W be
open and dense, let P and 2 be locally free sheaves on W. For a morphism
m : SH(P) — 9, surjective over Wy, assume that the kernel of m has maximal
variation in all points w € Wy.

If® is weakly positive over Wy then for b >> a >> 0 the sheaf det(2)? @ det(%)?
is ample with respect to Wy.

We will not recall the definition of “maximal variation” given in [Vie95,
Def. 4.32]. Instead we will just explain this notion in the special situation where
the theorem will be applied.

Example 14.2. Assume that over Wy there exists a flat family fo : Xo = W
and an fp-ample invertible sheaf £ on Xo. Assume that & is fiberwise very ample,
and without higher cohomology. So for all fibers F one has an embedding

F—P=PHF, %l|r).

Choose B > 1 such that the homogeneous ideal of F is generated in degree S,
for all fibers. Assume that P|w, = SB(foxPo), that 2w, = fO*iﬁg and that m is
the multiplication map. Then the kernel of m has maximal variation in all points
w € W if and only if for each fiber F the set

{w' e Wp; for F' = fy ! (w’) there is an isomorphism (F, $o|r) = (F', $o|r)}

is finite. Moreover this condition is compatible with base change under finite mor-
phisms.

Sketch of the proof of 14.1. We will just recall the main steps of the proof of
[Vie95, Th. 4.33], to convince the reader that one controls the sections along the
boundary, and explain where the condition “maximal variation” enters the scene.



COMPACTIFICATION OF MODULI SCHEMES 905

Writing r = k(%) we consider the projective bundle P = P()" #V) with
7w : P — W. On P one has the “universal basis”

-
S @@p(—l) — ¥ P,
and s is an isomorphism outside of an effective divisor A on P with
Op(A) = Op(r) ® ™ det(P).

The universal basis is induced by the tautological map @" 7*PY — Op(1). The
latter gives a surjection

r

r—1 r
D n*( A @) = P (@ @ det(®)) — Op(1) @ 7* det(P).

Hence Op(1) ® 7* det(P) = Op(r — 1) @ Op(A) is weakly positive over 7~ 1(Wj).
The sheaf & denotes the image of the composite
r r
SH *
(@D 0r(-1) = o) @ 5*( D e ST gugy M %o,
Remark that B — 9. is an isomorphism outside A U 7 ~1(W \ Wy). So there is a

modification 7 : P’ — P with center in this set, such that B’ = B/ orsion is locally
free. When Op/(—n) is the pullback of Op(—n), the surjection

Sﬂ(é@ﬂm/) — B ® O (1)

defines a morphism to a Grassmann variety o' : P’ — Gr.

The condition on the “maximal variation” is used here. One needs the fact that
o’ is quasi-finite on (7 o 7) "1 (Wp) \ "L A. In the situation considered in Example
14.2 this is obviously true. The kernel of m determines the fiber F' as a subscheme
of P(H?(F, %o|F)). So by assumption there are only finitely many PGI(r — 1, C)
orbits, hence fibers of 77|p\ o, Whose images in Gr can meet. And obviously p’ is
injective on those fibers.

The Pliicker embedding gives an ample invertible sheaf on Gr, and its pull-
back to P’ is det(®') ® Op/(y) with y =  -1k(2). So this sheaf is ample with
respect to (o 7) "L (Wp) \ T A.

Next, blowing up P’ a bit more, one can also assume that for some v > 0 and
for some divisor E, supported in 7~ 1(A) the sheaf

det(t*7%2)" @ Opr (y - v) ® Opr (—E)

is ample with respect to (7 o )~ (Wp). Also the pullback of a weakly positive
sheaf

*r* det(P) ! Q Opr (¥ A)

is weakly positive over (7 o 7) "1 (Wp).
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Using the equality Op/(r) = t*7* det(?) ™! ® Op/(t*A’), one finds that for
all n > 0 the sheaf
7% (det(2)"Y @ det(P)T" ") QOp (v-7-y) @Op(—r-E +n-7*A)
=t*7*(det(2)"? R det(P)""TTTVYYQOp (—r-E+ (n+v-y)-TFA)
is still ample with respect to (7 o 7)~!(Wp). For 7 sufficiently large the correction

divisor —r - E + (n+ v -y) - t* A will be effective. So we found some effective
divisor A”, supported in 7"!(A) and a, b > 0 such that

¥ % (det(2)? @ det(P)?) ® Op/ (A”)
is ample with respect to (7 o 7)1 (Wp).
Next, by [Vie95, Lemma 4.29], for all ¢ > 0 one has a natural splitting
(14.2.1) Ow —> (mo1)x0p/(c- A"y — Oy,

compatible with pullbacks. As in [Vie95, Prop. 4.30] this implies that “ampleness
with respect to (7 o 7)1 W descends from P’ to W:

Let ' = det(2)¢ ® det(?)?. Consider two points w and w’ in Wy and T =
w U w'. Let P%. be the proper transform of 7 ~1(T') in P’. The splitting (14.2.1)
gives a commutative diagram

HOP', T** NV ® Opr (v - A')) HO(W, NY)

/| E

HO(PL, t*n* (N ® Opr (v - A"Npr) ——= HO(T, N”|1)

with surjective horizontal maps. For some v > v(w, w’) the map y’ and hence y
will be surjective. For those v the sheaf NV is generated in a neighborhood of w’ by
global sections ¢, with (w) = 0. By Noetherian induction one finds some vy > 0
such that, for v > vy, the sheaf N” is generated by global sections t1, ..., %, on
Wo \ {w} with t;(w) = --- = t,(w) = 0, and moreover there is a global section ?
with fo(w) # 0. For the subspace V, of H®(W, NV), generated by fg, ..., 1, the
morphism g, : W — P(V,) is quasi-finite in a neighborhood of g, !(gy(w)). In
fact, g, 1 (gv(w)) N Wy is equal to w.

Again by Noetherian induction one finds some vy and for v > v; some sub-
space V), such that the restriction of g, to W is quasi-finite. Then g;Op(y, (1) =
NV is ample with respect to Wp. O

We keep the notation introduced in Section 3. We also use the terminology
of [Vie95, 7.4] for the relevant cases, as follows. For Theorem 5 we consider

Case CP: the moduli functor 21, of canonically polarized manifolds.
As shown in Lemma 3.3(2), for Theorem 6 it is sufficient to consider

Case PO: the moduli functor zm};’) of minimal manifolds F with a)}; =0F,
and with a very ample polarization £ without higher cohomology.
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As in the construction of My or M lgv) in Section 3 we will by abuse of notation

consider My and M }Ev) with their reduced structure.

In general My, is not a fine moduli space; hence there is no universal family.
However Seshadri’s theorem on the elimination of finite isotropies, recalled in
[Vie95, Th. 3.49], provides us with a finite normal covering ¢o : Yo — M}y which
factors over the moduli stack, i.e., which is induced by a family fo : Xo — Yo (or
by (fo : Xo — Yo,%0)). So we are in the situation considered in Variant 12.10,
and for each rigidified determinant sheaf, as defined in Definition 12.9, we can find
My, and ¢ : W — M, such that € i, exists. Recall that its pullback is the p-th
tensor power of the given rigidified determinant.

We apply 12.10 to det(%s‘))) and we obtain a morphism ¢ : ¥ — Mj,. The cor-
responding sheaf € M, is just the sheaf )Lf,p ) in Theorem 5 (or )Ll(,p ) in Theorem 6).
So in order to prove both theorems, it remains to show:

(x) The sheaf Al(,p ) is nef and ample with respect to My,

To do so, Lemma 1.9 allows us to replace M}, by any finite covering, for example
by the normalization of W or by a modification Y of the latter with centers outside
the preimage of Mj,.

The preimage of M} in ¥ maps to Yy, and we may assume that both are
equal. So we are exactly in the situation considered in Section 4. Replacing Y
by some alteration, finite over Yy, we can assume that the mild morphism 7Y
in Proposition 4.5 exists over a desingularization ¢ : Y — Y of Y, hence over all
the morphisms in the diagram 4.2. Moreover we can assume that the locally free
sheaf @g) (invertible for zm}l”)) in Theorem 1 exists and that it is the pullback of

a locally free sheaf %g’) on Y. So (%) and hence Theorems 5 and 6 follow from:

CLAIM 14.3. The locally free sheaf @g}’) is nef and ample with respect to Y.

Proof of 14.3 in Case CP. In addition to fixing v let us fix an g such that for
all F € M, (Spec(C)) the sheaf a)?,o is very ample. Choose 11 = B - 1o such that
the multiplication map

m: SP(HO(F,0]*)) — HO(F, 0}

is surjective and such that its kernel generates the homogeneous ideal, defining
F CP(H°(F,w})). By Theorem 1 the sheaves @%0), @%') and ?3’,) exist on
some alteration of Y, finite over Y. So we can replace Y by the normalization
of this alteration, and assume that they exist on Y itself. The multiplication of
sections defines a morphism S B (?ﬁ(?’m)) — %g’l); hence as in Addendum 12.7(5)

this is the pullback of m : S (F/?)) — ).
Both sheaves are locally free and by Theorem 5(iii) they are nef. The kernel
of m is of maximal variation, as explained in Example 14.2. By Example 14.2(iii)
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one finds that for some positive integers the sheaf det(%g,"'))“ ® det(g?gf‘)))b is
ample with respect to Yy and by part (iv) the same holds for 9?9). O
Proof of 14.3 in Case PO. The proof of Theorem 6 is similar. We choose a
positive integer 8, divisible by s = /(1) such that the multiplication map
m: P (HO(F. %|p)) — H(F. 4P |p)

is surjective for all F € z):rt,(f ) (C), and such that its kernel defines the homogeneous
ideal of the image of F in P(H®(F, ¥|F)). We choose a natural number € divisible
by B with € > e(£8| ).

Since we are allowed to replace ¥ by some finite covering, we can apply 8.13,
Proposition 12.8 and [Vie95, Lemma 2.1] and assume:

(1) The sheaves (M5, Mz, M) are B-saturated.

(2) The invertible sheaf A = g?gf), and the locally free sheaves 9**%9’1) and 9?9)”3 )
existon Y.

(3) Fors= rk(%g)’l)) the sheaf det(%g,o’l)) is the s-th tensor power of an invertible
sheaf N

Replacing (M5, Mz, M) and %g?’“) by
My ® G5 * N, Mz ® g * N 7L, Mg ® F*o*N™Y) and FLH @ N

we can add:

@) det(#F D) = Oy and hence det(@g”“) = 0.

CLAIM 14.4. Assumptions (1)—(4) imply for all €' divisible by v that:

) F PP =15 @ F 0P,

©6) det (FPP) = 2 @ det (FOP)  for r = k(FOP).

7 FED = 1T @FOD,

®) det(F" ) =A% fors =rk(F0D).

Proof. 1t is sufficient to verify these four equations on Y. Let H%) be the
divisor with

A

Frg(V) _ 7% 7 v PN (W
JTIS =T e =g, ®0g(= 1),

By Lemma 8.11(c)

(14.4.1)
P By LB a0 B e (€ B (B gL B
ful@ Ty 8 ath) =25 ® fu(p @05 (5 P)) =25 @ fulu.

So (5) holds true, and (6) as well. For (7) we apply Lemma 8.11(e) saying that the
sheaves (A, Mz, M) are also 1-saturated. Then the equality (14.4.1) holds for

B replaced by 1. Since det( f;J(/L ¢) = Oyp) one obtains (8). O
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%gf/'ﬂ’ﬁ), and

Note that Claim 14.4 implies in particular, that the sheaves
@gf/’l) automatically exist, with all the properties asked for in 12.8.

By Proposition 13.4 we may assume that the sheaves Qf*gf’l) and %g'ﬂ ) are
both weakly positive over Yy. Since Y is normal, the multiplication of sections on
Y is the pullback of a morphism m : Sﬂ(%gf’l)) — 9'7§f'ﬂ"3). It is surjective over
Yo with kernel of maximal variation, as explained in Example 14.2. By Theorem
14.1, for some positive integers a and b the sheaf

a-s-€+b-e-B-r
v

(1442)  de(@FV) @ det (FEFP)? = ) ® det (70P)?

is ample with respect to Yy. Since @;6’1) is nef, we can replace a by a larger integer,

and assume that @ - 5 is divisible by b- B -r. So for €’ = € - (3% + 1) the sheaf

in (14.4.2) is of the form det(F€ )b and 13.4(ii) implies that # ) is ample

with respect to Yy, hence 9?;)) as well. O
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