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Abstract

Let A be an abelian variety over a number field K. An identity between the
L-functions L(A/K;,s) for extensions K; of K induces a conjectural relation
between the Birch-Swinnerton-Dyer quotients. We prove these relations modulo
finiteness of III, and give an analogous statement for Selmer groups. Based on
this, we develop a method for determining the parity of various combinations of
ranks of A over extensions of K. As one of the applications, we establish the parity
conjecture for elliptic curves assuming finiteness of III( £/ K(E[2]))[6°°] and some
restrictions on the reduction at primes above 2 and 3: the parity of the Mordell-Weil
rank of E/K agrees with the parity of the analytic rank, as determined by the root
number. We also prove the p-parity conjecture for all elliptic curves over (0 and all
primes p: the parities of the p®°-Selmer rank and the analytic rank agree.
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1. Introduction

The celebrated conjecture of Birch, Swinnerton-Dyer and Tate asserts that
for every elliptic curve E over a number field K, its Mordell-Weil rank coincides
with the order of vanishing of its L-function at s = 1. The parity of the latter is
determined by the root number w(E/K) = %1, the sign in the expected functional
equation of the L-function, leading to

CONJECTURE 1.1 (Parity Conjecture). The Mordell-Weil rank tk(E/K) is
even if and only if the root number w(E/K) is +1.

Save for the rank 0 and 1 cases over Q, virtually nothing is known about this
problem. At best, one can only lay hands on the p®°-Selmer rank rk,(E/K) for a
prime p, that is the Mordell-Weil rank plus the number of copies of Q,/Z, in the
Tate-Shafarevich group III(£/K). The Parity Conjecture can also be formulated
for Selmer ranks, as III is supposed to be finite by the Shafarevich-Tate conjecture:

CONIJECTURE 1.2 (p-parity). 1k, (E/K) is even if and only if w(E/K) = 1.

In view of the conjectures, the definition of the root number as a product of lo-
cal terms (local root numbers) suggests that the parities of rk(E£/K) and tk, (E/ K)
should be governed by local data of the elliptic curve. The purpose of the paper
is to develop a theory that provides such a “local-to-global” expression for various
combinations of ranks of E over extensions of K. The exact description of these
“computable” combinations is a curious group-theoretic problem that we have not
addressed. However, there are enough of them to enable us to prove:

THEOREM 1.3. Assuming the Shafarevich-Tate conjecture, Conjecture 1.1
holds over all number fields for elliptic curves with semistable reduction at primes
v|6 and not supersingular at v|2.

THEOREM 1.4. Conjecture 1.2 holds for all E/Q and all primes p.

Our starting point is a conjectural formula implied by Artin formalism for
L-functions and the Birch-Swinnerton-Dyer conjecture. As above, fix an ellip-
tic curve E/K (or a principally polarised abelian variety). Suppose L;, L} are
finite extensions of K such that the Gal(K / K)-representations @, Indz, /x 11,
and i IndL} k1 L, are isomorphic. Then

[1,LE/Lis) =TT LE/L.5).

by Artin formalism. Ignoring rational squares, the conjectural expression for the
leading terms at s = 1 leads to a relation between the regulators and Tamagawa
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numbers that we will refer to as the [1-Conjecture. For instance, for semistable
elliptic curves it reads

[T, Ree(E/Loe(E/Li) = [, Rea(E/L})e(E/L))  (mod @*2),

with ¢ the product of local Tamagawa numbers. We will show that the [J-Conjec-
ture follows from the Shafarevich-Tate conjecture.

The crucial observation is that the regulators need not cancel by themselves.
It turns out that their quotient can always be expressed through a combination of
Mordell-Weil ranks, whose parity is therefore determined by local data. Here is an
illustration of how this works in the simplest possible setting, semistable elliptic
curves in S3-extensions:

Example 1.5. Suppose Gal(F/K) = S3, and let M, L be intermediate exten-
sions of degrees 2 and 3 over K, respectively. There is a relation

(Indp)x 17) ® 197 = (Indpy x 1pr) @ (Indp, x 12)®2.
(i) For semistable £ /K, the [(J-Conjecture implies that

Reg(E/F)Reg(E/K)*> _ c(E/F)c(E/K)?
Reg(E/M)Reg(E/L)2  c¢(E/M)c(E/L)?
(ii) The quotient of regulators is related to Mordell-Weil ranks (Example 2.18):

(mod Q*2).

3tk(E/K)+1k(E/M)+k(E/L) _ Reg(E/F)Reg(E/K)?
Reg(E/M)Reg(E/L)?
Thus, assuming finiteness of I1I, we obtain an expression for the sum of the three
ranks rk(E/K) +1k(E/M) + rk(E /L) in terms of local data.
(ii") In fact, by a somewhat more sophisticated technique, we can prove an analo-
gous (unconjectural) statement about 3°°-Selmer ranks (Theorem 4.11):

c(E/F)c(E/K)>
> ¢(E/M)c(E/L)?

(iii) Finally, a purely local computation allows us to relate the Tamagawa numbers
to root numbers (Proposition 3.3):

(mod Q*2).

rk3(E/K) +1k3(E/M) +1k3(E/L) = ord (mod 2).

c(E/F)c(E/K)?
c(E/M)c(E/L)?

and we obtain a special case of the parity conjecture for S3-extensions.

w(E/K)w(E/M)w(E/L) =1 <= ordj

=0 (mod?2),

The layout of the paper is as follows: In Sections 2.1-2.2 we formulate the
O-Conjecture and prove it assuming finiteness of III (Conjecture 2.4, Corollary
2.5). This relies on invariance of the BSD-quotient under Weil restriction of scalars
and under isogenies. Next, we relate the quotient of regulators from the conjecture
to the parity of Mordell-Weil ranks in Section 2.3 (Theorem 2.12, Corollary 2.13),
and give examples in Section 2.4.
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Thus, we have now complete versions of steps (i) and (ii) of the above exam-
ple (principally polarised abelian varieties and arbitrary field extensions). We do
not attempt to deal with (iii) in such generality, but confine ourselves to elliptic
curves and extensions with Galois group (3 ¥) C GLa(Fp). After reviewing the
classification of root numbers in Section 3.1, we relate the Tamagawa numbers to
root numbers for such extensions in Section 3.2 (Prop. 3.3). Combined with the
results of [11] on the parity conjecture for elliptic curves with a 2-isogeny, this
proves Theorem 1.3.

So far, we related parities of Mordell-Weil ranks to Tamagawa numbers as-
suming that IIT is finite. In Section 4 we address the problem of getting an un-
conditional statement about Selmer ranks (as in (ii’)). We prove an analogue of
the O-Conjecture (Theorem 4.3, Corollary 4.5) by tweaking Tate-Milne’s proof
of the isogeny invariance of the Birch-Swinnerton-Dyer conjecture. The quotient
of regulators is replaced by a quantity O measuring the effect of an isogeny on
Selmer groups. In Section 4.3 we turn Q into Selmer ranks in fair generality
(Theorem 4.7, Corollary 4.8), and we illustrate it for S,-extensions (Example 4.9),
((1) I)—extensions (§4.4), and dihedral extensions (§4.5). In Section 4.4 we give
an application to ranks of elliptic curves in false Tate curve towers. We end in
Section 4.6 by proving Theorem 1.4; for odd p it is a consequence of our results
for dihedral extensions and the existence of quadratic and anticyclotomic twists for
which the Birch-Swinnerton-Dyer rank formula is known to hold.!

Finally, let us mention how the applications of our theory connect to earlier
work. To our best knowledge, over number fields Theorem 1.3 is the first general
result of this kind, except for the work [7], [11] on curves with a p-isogeny. In
contrast, the p-parity conjecture over (2 was known in almost all cases, thanks to
Birch, Stephens, Greenberg and Guo [3], [15], [16] (E CM), Kramer, Monsky [22],
[26] (p = 2), Nekovar [28] (p potentially ordinary or potentially multiplicative)
and Kim [18] (p supersingular). The results for Selmer groups in dihedral and
false Tate curve extensions are similar to those recently obtained by Mazur-Rubin
[23] and Coates-Fukaya-Kato-Sujatha [7], [8], respectively.

Notation. Throughout the paper K always denotes a number field. For a
place v of K we write | - |, for the normalised absolute value at v. If L/K is
a finite extension, we denote by Ind;, /g 11, the induction of the trivial (complex)
representation of Gal(K /L) to Gal(K/K). This is the permutation representation
corresponding to the set of K-embeddings of L into K.

For an elliptic curve E/K we use the following notation:

1Since writing of this paper, we have extended (ii’) and (iii) to arbitrary Gal(F/K) in [13], [12];
for (ii’) the theory is now as clean as for (ii), e.g. computations with isogenies in Sections 4.4—4.5
are replaced by elementary representation theory, as in Section 2.4.
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rk(E/K)  Mordell-Weil rank of E/K.
tk,(E/K) p°°-Selmer rank of E/K, i.e.
tk(E/K)+ number of copies of Q,/Z, in HI(E/K).
w(E/Ky) local root number of E at a place v of K.
w(E/K)  global root number, = [[, w(E/Ky).
Reg(E/K) regulator of E/K, i.e. |det| of the canonical
height pairing on a basis of E(K)/E(K)ors.
Cy local Tamagawa number at a finite place v.
c(E/K) product of the local Tamagawa numbers, = [ |
Wr/k(E) the Weil restriction of scalars of E/F to K.

U+OO C'U.

Finally, we will need a slight modification of ¢(E/K). Fix an invariant differential
w on E. Let ] be Néron differentials at finite places v of K, and set

CE/K)= ][] e
v{oo

W
Note that C(E/K) depends on the choice of w, although we have omitted this from
the notation. When writing C(E/L;) for various extensions L; /K, we always
implicitly use the same K-rational differential.

We use similar notation for abelian varieties (the analogue of an invariant
differential being a nonzero global exterior form). We write A’ for the dual abelian
variety.

2. O-Conjecture and regulator quotients

2.1. Artin formalism and BSD-quotients. Let K be a number field and let
A/ K be an abelian variety with a fixed nonzero global exterior form w. Recall the
statement of the Birch-Swinnerton-Dyer conjecture:

CONJECTURE 2.1 (Birch-Swinnerton-Dyer, Tate [34]).
(1) The L-function L(A/ K, s) has an analytic continuation to s = 1, and
ordg—1 L(A/K,s) =rk(A/K).

(2) The Tate-Shafarevich group 1I1(A/ K) is finite, and the leading coefficient of
L(A/K,s)ats=1is

II(A/K)|Reg(A/K) C(A/K ;
BSD(A/K) = I/ FIRe(4/K) CA/K) 1 ol [T24 [ 015
| AK ons | AT (K rors| A [ 472 1 1 n

real A(Kv) cplx A(Kv)

Notation. We call BSD(A/K) the Birch-Swinnerton-Dyer quotient for A/ K.
We also write BSD,(4/K) for the same expression with III replaced by its p-pri-
mary component III[p®°]. (They are independent of the choice of w by the product
formula.)
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Now let L; D K and L} O K be number fields such that

@i IndLi/K lL,' = @j IndL}/K 1L}

as complex representations of Gal(K/K). In other words, the Gal(K /K)-sets
[I; Homg (L;, K) and | [; Homg (L}, K) give rise to isomorphic permutation rep-
resentations. By Artin formalism for L-functions,

[1 Lca/Lis)=]]. LA/L}.5),
i J
so the following is a consequence of Conjecture 2.1.

CONJECTURE 2.2. With A/K and L;, L;. as above,

(@) > tk(4/Lj) =3_; tk(4/ L)),
(b) II(A/L;), HI(A/L}) are finite, and [ [; BSD(A/L;) =[], BSD(A/L}).
This is in effect a compatibility statement of the Birch-Swinnerton-Dyer con-

jecture with Artin formalism. Part (a) is easily seen to be true: let F/K be a finite
Galois extension containing L; and L', and let V = A(F) ®z C. Then

tk(A/L;) = dim VOIF/LD — (1, Resp;p, V) = (Indg/p, 17, V)

by Frobenius reciprocity, and similarly for L}; now, take the sum over i and j.

We now show that (b) is implied by the finiteness of III. As C. S. Dalawat,
K. Rubin and M. Shuter pointed out to us, this is essentially the same as H. Yu’s
Theorem 5 in [38].

THEOREM 2.3. Let A/ K be an abelian variety, and let L;, L} be finite exten-
sions of K satisfying ®; Indy, /g 11, = @; IndL}/K IL}. Suppose that TI(A/L;),
1A/ L;) are finite. Then Conjecture 2.2b holds.

Furthermore, if we weaken the assumption to WL(A/L;)[p®°], Hl(A/L})[poo]
being finite for some prime p, then the p-part of Conjecture 2.2b holds, i.e.

[1BsD,(4/L0) [ TTBSDy(4/L))
i J

is a rational number with trivial p-valuation.

Proof. For F/K finite, write W,k (A) for the Weil restriction of scalars of
A/F to K. This is an abelian variety over K of dimension [F : K] dim A, and
BSD, (WE,k(A))=BSD,(A/F) provided that III(A/ F)[p*°] is finite ([24, §1]).

Consider

X=[1Wex@. ¥ =] Wiy k.
i J

Then BSD,(X) = [[; BSDp(A/L;) and BSD,(Y) = []; BSDp(A/L;). By the
invariance of the Birch-Swinnerton-Dyer quotient under isogenies ([6], [34] and
[25, Th. 7.3, Rem. 7.4]), it suffices to show that X and Y are isogenous.
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As the representations @®; Indy, /g 17, and &®; IndL} k1 L, are realisable
over Q and are isomorphic over C, they are isomorphic over Q (see e.g. [32, Ch. 12,
Prop. 33 and the remark following it]). So the corresponding integral permutation
modules are isogenous, in the sense that there is an inclusion of one as a finite index
submodule of the other. This induces an isogeny X — Y (see [24, §2, Prop. 6a]). [

2.2. O-Conjecture. Although Conjecture 2.2b has the advantage that it does
not involve L-functions, it still relies on the finiteness of III. Also, even when
I1T is finite it is hard to determine, which makes the statement difficult to work
with. However, if A is principally polarised and III is finite, then the order of
IT is either a square or twice a square by the nondegeneracy of the Cassels-Tate
pairing [35]. (If 4 is an elliptic curve or has a principal polarisation arising from a
K-rational divisor, then the order of III is a square; see [5], [35], [30].) So we can
eliminate I1T from the statement by working modulo squares, which also removes
the contribution from the torsion. Moreover, in this combination of BSD-quotients,
the discriminants of fields cancel by the conductor-discriminant formula, as do the
real and complex periods, provided that one chooses the same w over K for each
term. Thus Conjecture 2.2b implies the following (see Remark 2.7 for an extension
to abelian varieties):

CONJECTURE 2.4 (O-Conjecture). Let E/K be an elliptic curve, and fix
an invariant differential w on E. Let L;, L} be finite extensions of K satisfying
®ilnd, )k 11, = ®; IndL}/K IL}- Then

[ [Reg(E/Li) C(E/Li) =] [Reg(E/L}) C(E/L}) (mod @*?).
i J

COROLLARY 2.5 (of Theorem 2.3). The p-part of Conjecture 2.4 holds, pro-
vided that TIL(E / L;)[p®°] and H_I(E/L;)[poo] are finite. In other words,

[TRee(E/Li) C(E/Li) [ T]Rea(E/L)) C(E/L))
i J

is a rational number with even p-valuation.

We are going to explore the (surprisingly nontrivial) consequences of this for
parities of Mordell-Weil ranks. Here is a simple example:

Example 2.6. Take the modular curve E = X (11) over the fields Q, Q(u3),
L =Q(3/m) and F = Q(u3, /m) for m > 1 cube free. We have an equality of
Gal(Q/Q)-representations,

(Indfp/q 1F) @ (1) ®% = (Indz /g 12)®? @ (Indaus)/0 aus))-
The Mordell-Weil rank of E is 0 over Q(u3), so Reg(E/Q) and Reg(E/Q(u3))
are both 1. The [J-Conjecture implies that

Reg(E/F) _ c(E/Qua) c(E/L? oo
Reg(E/L)? —  ¢(E/F)c(E[Q) |
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For v|11, the local Tamagawa number ¢, is the valuation of the minimal discrimi-
nant (= —11) at v, because E has split multiplicative reduction at v. So, by a simple
computation, the above quotient of Tamagawa numbers is 1 when 11 } m and 3
when 11|m. On the other hand, let Py, .., P, be a basis for E(L) ® Q, and H the
height matrix (P;, P;)r, so that Reg(E /L) is | det(H )| up to a (rational) square.
If ¢ € Gal(F/Q) is an element of order 3, then Py, .., P, Plg, .., P is a basis
for E(F) ® Q. One readily verifies that the height matrix over F is (EZ ;g ), o)
the regulator Reg(E/ F) is 3"| det(H)|? up to a square. Hence the [J-Conjecture
implies that tk(E/Q(3/m)) is odd if and only if 11|m. (See Example 2.18 and

Corollary 2.21 for a generalisation.)
We end with a few observations:

Remark 2.7. There are obvious analogues of the [I-Conjecture and Corol-
lary 2.5 for principally polarised abelian varieties. The only difference is that for
p = 2 one needs the polarisation to come from a K-rational divisor.

Remark 2.8. For elliptic curves, the local terms ¢, and |o/w9|, can be ob-
tained from Tate’s algorithm, and so the conjecture gives an explicit relation be-
tween regulators. Note also that the advantage of working with regulators up to
rational squares is that one may compute the height matrix on an arbitrary (D-basis
of E(k) ® Q.

Remark 2.9. If E/K is semistable, then C(E/k) may be replaced by just the
product of the local Tamagawa numbers c¢(E/k) in Conjecture 2.2—Corollary 2.5.
Indeed, it suffices to show that above a given prime v of K, the contribution from
the differential to [[; C(E/Li)/ []; C(E/ L;.) is trivial. But this contribution is
easily seen to be the same for every choice of a local differential w, /K5, and it is
1 if w, is minimal (as it stays minimal in every extension).

Remark 2.10. In Theorem 2.3 and Corollary 2.5, the assumption that III[ p°°]
is finite for A over all L;, L;. follows from its finiteness over their compositum:
if A/K is an abelian variety and L/K a finite extension with II1(A/L)[p*°] fi-
nite, then II(A/K)[p®°] is also finite. Indeed, the Weil restriction of scalars
Wy, k (A) after an isogeny contains A as a direct summand. Since, by assumption,
1I(A/L)[p™] = (WL, k (A)/ K)[p*] is finite, so is III(4/K)[p*].

2.3. Regulator quotients and ranks. We now explain how to turn the regulator
quotients from the [J-Conjecture into parities of Mordell-Weil ranks. If A/K is
an abelian variety and Gal(F/K) = G, consider the decomposition A(F) @7 Q =
@ pf?"" into Q-irreducible rational G-representations. We will show that for given
L;, L} C F the regulator quotient equals [ [, 6(px)"* for purely representation-
theoretic quantities 6(pg) (regulator constants) that do not depend on A or the
height pairing.

Let G be a finite group, and ¥ a set of representatives of the subgroups of
G up to conjugacy. Its elements are in one-to-one correspondence with transitive
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G-sets via H — G/H. We call an element of Z¥,
_ . / ) !
®_Zi H; Z,- H  (Hi. Hje¥)

a relation between permutation representations if ®;C[G/H;]) = ®;C[G/H j/] If
Gal(F/K) = G, then in terms of the fixed fields L; = FHi and L} = FHJ/',

@IndL,-/K 1, = @IndL}/K lL;.-
i j
Notation. Suppose V is a complex representation of G, given with a
G-invariant nondegenerate Hermitian inner product (, ) and a basis {e; }. We write
det(, ) or det((, )|V) for the determinant of the matrix ({¢;, e;));;. If V is defined
over @, then the class of det(,) in R*/Q*? does not depend on the choice of a
rational basis.

Definition 2.11. For each Q-irreducible rational representation p of G fix a
G-invariant real-valued symmetric positive definite inner product {,) on it, and
define the regulator constant

[T; det(zz1(.)10™)
I, det(rz7y () 1p™)

It follows from the theorem below that this is independent of the choice of the inner
product. (In particular, €(©, p) is indeed in @* /@*? rather than R* /Q*?2, as we
can choose {, ) to be Q-valued.)

€0, p) = € Q*/Q*2.

THEOREM 2.12. Forany V = @, pzk with py rational Q-irreducible repre-
sentations,

[1; det(z(, )|V Hi)
]—[-det(”fl'()WHf/‘ :1;[(6@”)")’% (mod @),
J [HV

7
i

for any G-invariant real-valued symmetric positive definite inner product {,) on V.

COROLLARY 2.13. Let A/ K be a principally polarised abelian variety, and
let ® and F/K, L;, L} be as above. Let {py }1. be the set of Q-irreducible rational
representations of G, and let ny. be the multiplicity of py in A(F) ®7 Q. Then

[1; Reg(4/L:)
[1; Reg(4/L})

In the remainder of Section 2.3 we prove Theorem 2.12. It suffices to show
that the left-hand side is independent of the choice of an inner product.

=[]€©.00)" (mod @*?).
k

LEMMA 2.14. Let V be a (complex) vector space and (,),, (, ), Hermitian
inner products. Then det(, ), /det(, ), is independent of the choice of a basis of V.
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Proof. Changing the basis converts the matrix X of an inner product to
M?!'X M, where M is the matrix of the basis. The assertion follows from taking
the quotient of the determinants. O

LEMMA 2.15. Let ® = }°; H; —_; H] be a relation between permutation
representations and p a complex representation. Then

Zi dim pHi — Z,- dim p™ = 0.

Proof. Writing {, ) for the usual inner product on the space of characters,

3 dim pfi = > (Resy; p,1H, )1, = Z(p,lndG 1g;)e = (p, @ Ind® 1y;)G.

There is a similar expression for H J’ and the right-hand sides of the two are the
same. g

LEMMA 2.16. Let ©® = }; H; — }_; H] be as above, and t a complex ir-
reducible representation with a Hermitian G-invariant inner product. For each
subgroup H fix a basis of T8 and let My be the matrix of the inner product on
this basis. Suppose p = t" with some Hermitian G-invariant inner product {, ).
With respect to the bases of p™ induced from those of T by this isomorphism,

[Tdet(r (o) ( Tdet e My
Loy Hy det -1~ My
Hdet(|H;|(»)|P 7) H € [H| H;

In particular the expression is independent of the choice of {, ).

Proof. Since the Hermitian G-invariant inner product on t is unique up to a
scalar, the matrix of (,) on pf with respect to the induced basis is

AiMyg AooMy ... AynMpy

)LnlMH AnZMH Ann]uH

for some n x n matrix A = (Ax,) not depending on H. Hence

3 H
det(z7{)o™) = (det A)™ ™ (det 17y Mur)".

H

The dimensions dim 7** cancel in ® by Lemma 2.15, and the result follows. [

THEOREM 2.17. Let @ =}, H; = _; ij be as above, and p a complex rep-
resentation of G. Suppose (. ),, (, ), are two Hermitian G-invariant inner products
on p. For each subgroup H fix a basis of ,oH . Then, computing with respect to
these bases, we have

[Ts detCp ), 10" T1; det(g ( 1™
[T det(yzgry (0 10™) T, det(yzgry (s 1™
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Proof. For each subgroup H and each isotypical component p; = rl" " of p,
choose a basis of rlH and induce a basis of le as in the previous lemma. Then

[T etz i lo™ T det(zy (alog™)

1 H; 1 Hj o
[l det(m(% ;) T, det(|H—j/_|(,)z|Pl 7)

The isotypical components of p are pairwise orthogonal, so taking direct sums
gives the same formula with p in place of p;. Finally, application of Lemma 2.14
for every H;, H j’ shows that we could take any basis of pfi, pH//' instead of the
constructed one. O

As a consequence we deduce Theorem 2.12: if p is rational, and we work
up to rational squares, then we do not have to compute det(ﬁ(, ), |pH) and

det(ﬁ(, ),|0) in the same basis.

2.4. Regulator constants: examples.

Example 2.18. The group G = S3 has 3 irreducible representations, namely 1
(trivial), ¢ (sign) and A (2-dimensional), and its set of subgroups up to conjugacy
is # = {1, C,, C3, S3}. The submodule of Z# of relations is generated by the
following element ®, with regulator constants

1e A
©®=283+1-2C,—C3[3 3 3°

Hence, if Gal(F/K) = S3 and A/K is principally polarised, then
Reg(A/K)?Reg(A/F)Reg(A/F?) 2 Reg(A/F¢3)~1 = 3m3ne3na.O,

with n,, the multiplicity of p in A(F) ®z Q. So the parity of n1 +n, +na (equiva-
lently of rk(A4/K) +rk(4/ F€3) +rk(A4/ F€2)) is “computable”, that is, it can be
determined from the local invariants using the [J-Conjecture; it is given by

ord; C(A/K)*C(A/F)C(A/F¢)72C(A/F€)™" mod 2.
This generalises Example 2.6.

Example 2.19. Take G = As. Here the irreducible rational representations
are 1, pe, pa, p5s of dimensions 1, 6,4 and 5, respectively, and the subgroups are
¥ ={1,C,, C3,(C2xC,,Cs, S3, D19, A4, As}. The lattice of relations is generated
by 5 elements, and here are the regulator constants:

1 pe pa ps
O1=1-3Cr+2C,xCy 2 1 1 2
®2=C2XC2—2D10—A4+2A5 31 3 3
O3 =S3—D19— As + A;s 31 3 3
O4=1-2C,—C5+2Dy 5 5 5 1
O;5 =C3—C5—2A4+2 A5 15 5 15 3.
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If E/K is an elliptic curve, it follows that the “computable” combinations are
1+ ps,1+4+ pg+ ps5 and 1 4 pg + p4. (For a general principally polarised abelian
variety only the last two are; see Remark 2.7.) For instance, from 1 4+ ps5, the parity
of tk(E/ FP10) can be determined from the local invariants.

It is interesting to note that A5 is the only group of order < 120 for which there
is a computable combination of representations (1 4 pg + p4) where the dimensions
add up to an odd number.

Example 2.20. Let G = ((1) I) C GL»(F,) for some fixed odd prime p. We

1 %
01

complex representations whose direct sum is Ind® 1c,, and one other (p—1)-

write Cp = ( ) and Cp—1 = ((1) 2) The group G has p — 1 one-dimensional
dimensional irreducible representation p, namely (IndG 1c,_,) © 1. There is
a relation

O=1-(p—1)Cp—1—-Cp+ (p—1G.
We have €(0,1) = p and for Q-irreducible rational o C (Ind® 1c,) ©1g,

09 =oCr1 =0, ol =o€ =0,

so that €(®, o) = p4im_ It remains to determine €(®, p). We have

pC=pr =0 pl=p,  dimp=1.

If v € pC=1 is nonzero, then v, gv, ..., g?2v is a basis for p with g = (; ;).
Note that v + gv + ... + g?~lv = 0 since it is in pcp. Take the Hermitian
G-invariant inner product on p with (v, v) = 1, and let us compute the matrix
X = ((g"v, g™v)). By G-invariance we only need (v, g”v), but

p—1 p—1

0=(v. ) g"v)=) (v.g")

m=0 m=0
and the terms on the right-hand side are equal for m # 0 by C,_1-invariance. So
(v, g™v) = —ﬁ, and

p—1 p—1

-1 7 .

X = p—1 p—1
1 1

The determinant of X is % and it follows that €(®, p) = p. (For p =3

this recovers Example 2.18.)
COROLLARY 2.21. Suppose F/K is a Galois extension with Galois group
((1) I) C GLy(Fp); write M for the fixed field of the commutator subgroup ((1) T) and
L for the fixed field of ((1) 2) For any principally polarised abelian variety A/ K
with finite III(A/ F)[p°°],
C(/F)

tk(A/K) +1k(A/ M) +1k(4/L) = ordy P

(mod 2).
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Proof. Decompose A(F) ®7 Q = 1" @ p"» & P, O'l-n " into rational irre-
ducibles, with o; C (Ind® 1¢,) ©1g. Combining the above example with Corollary
2.13 and Corollary 2.5 (and Remark 2.7), we obtain

= ord C(4/F)C4/K)P~!
= ca/myca/L)r
Finally, rk(4/K)=n1, tk(A/M)=n1+)_ny, dimo; and rk(A/L)=ny+n,. O

nl—l—np—{—zi ng; dimo; (mod 2).

3. Tamagawa numbers and root numbers for elliptic curves

3.1. Review of root numbers. We now turn to Tamagawa numbers and their
relation to root numbers, in the special case of elliptic curves. We refer to [31], [19]
for the classification of root numbers of elliptic curves in odd residue characteristic.
Incidentally, while proving Proposition 3.3 we came upon the following formula
(case (4)) for local root numbers. It summarises [19, Th. 1.1 (i), (ii) and Rems. 1.2
(ii), (iii)].

THEOREM 3.1. Let E/ K, be an elliptic curve over a local field. Then

(1) w(E/Ky) =—1ifv|ocoor E has split multiplicative reduction.
(2) w(E/Ky) = 1if E has either good or nonsplit multiplicative reduction.

3) w(E/Ky) = (_71) if E has additive, potentially multiplicative reduction, and
the residue field k of K has characteristic p > 3.

@) w(E/Ky) = (—l)Lomv(l%)lklj, if E has potentially good reduction, and the
residue field k of K, has characteristic p > 5. Here A is the minimal discrim-
inant of E, and | x| is the greatest integer n < x.

Proof. The proof of (1)—(3) follows from the results of [31], [19].

(4) Since p > 5, we have ord,(A) € {0,2,3,4,6,8,9, 10}, and it specifies
the Kodaira-Néron reduction type of E. Moreover, the class of |k| modulo 24
determines the quadratic residue symbols (_Tl), (%) and (%). Because in our case
w(E/Ky) only depends on the reduction type, ord,(A) and these symbols ([19,
Th. 1.1, Rem. 1.2]), this reduces the proof to a (short) finite computation. O

Remark 3.2. In cases (3) and (4) we have the following results, which are
elementary to verify:

(a) The local root number is unchanged in a totally ramified extension of degree
prime to 12, and

(b) If the residue field has square order, then w(E/Ky) = 1.

3.2. The case of ((1) I)-extensions. As in Example 2.20 and Corollary 2.21,
suppose F'/K has Galois group G = ((1) :) C GLy(Fp) for some odd prime p, and
let M and L be the fixed fields of (j T) and (§ ), respectively. Fix an elliptic curve
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E /K with an invariant differential w. For a prime v of K, and k = K, L, M, F set

Wol) =] [w(E/ky),  Colk)=]]e

viv vlv

9

Y

)
wy
where w{ is a Néron differential for £ at a prime v of k. For v|co we define W, (k)
by the same formula and set Cy (k) = 1.

PROPOSITION 3.3. With fields as above, let E /K be an elliptic curve with a
chosen invariant differential w, and let v be a place of K. If v|6 and ramifies in
L/K, assume that E is semistable at v. Then

Cy(F) Cy(K)P~!

ord, —
Cy(M) Cy(L)P~1
Proof. Clearly the left-hand side is the same as ord, (Cy (F)/Cy(M)) mod 2.
Now consider the following cases depending on the behaviour of v in the (degree

p Galois) extension F/M . Note that this extension is ramified if and only if v is
ramified in L/K.

Case 1: primes above v in M split in /M (this includes all Archimedean
places). Then Cy(F) = Cy(M)?, so Cy(F)/Cy(M) is a square. Under the action
of the decomposition group D, at v, the G-sets G/ Gal(F /L) and (G/ Gal(F/M))
LI1(G/G) are isomorphic. So the number of primes above v with a given ramifi-
cation and inertial degree is the same in L as in M plus in K. It follows that the
local root numbers cancel, Wy, (L) = Wy, (K)W,(M).

Case 2: F/M is inert above v. Then v must be totally split in M/ K, by the
structure of Gal(F/K). As the number of primes above v in M is even, Cy(F)
and Cy (M) are both squares, and W, (M) = 1. Since in this case L, /K, is Galois
of odd degree, W, (L) = W, (K) by Kramer-Tunnell [21, proof of Prop. 3.4].

Case 3: F/M is ramified above v and E is semistable at v. The contributions
from w cancel modulo squares, and W, (K) = W, (L). If E has split multiplicative
reduction over a prime of M above v, this prime contributes p to Cy,(F)/Cy(M)
and —1 to the root number. If the reduction is either good or nonsplit, it contributes
to neither.

=0 (mod 2) <= Wy (K)Wy(M)Wy(L) = 1.

Case 4: F/M is ramified above v } 6p, and E has additive reduction at v.
Since v 4 p, there is no contribution from w, and v is unramified in M/ K (again,
using the structure of Gal(F/K) and the fact that totally and tamely ramified Galois
extensions of local fields are abelian). In particular, either M has an even number
of primes above v, or these primes have even residue degree. In each case W, (M)
= 1 by Remark 3.2(b). It remains to compare W, (K), W, (L) and the Tamagawa
numbers.

Case 4a: p # 3. All the Tamagawa numbers are prime to p. Also, be-
cause (p,12) = 1 and L, /K, is totally ramified, the root numbers w(E/K,)
and w(E/Ly) are equal by Remark 3.2(a).
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Case 4b: p =3 and E has reduction type /1, I1*, 1,1y (resp. [11,111%)
over K, and the reduction becomes I, I,y (resp. 111 ,111%*) over L,. By in-
spection, the root numbers w(E/K,) and w(E/L,) are given by the same residue
symbol (this is also clear from [19, 1.1, 1.2]), so they cancel. Also the Tamagawa
numbers are coprime to 3 ([33, 1V.9.4]).

Case 4c: p = 3 and E has reduction IV, IV* over K. The reduction be-
comes good over L, so that W, (L) =1 and C,(F) = 1. Over K, the root number
is 1 if and only if —3 € K{fz ([19, Rem. 1.2 (iii)]), that is if w3 C K. This in turn
is equivalent to v being split in M/ K (K, has a cubic ramified Galois extension
if and only if u3 C Ky). Equivalently, there are two primes above v in M and the
contribution from the Tamagawa numbers is a square. In the other case, M/K is
inert and C, (M) = 3 ([33, IV.9.4, Steps 5, 8]).

Case 5: F/M is ramified above v|p, p > 3 and E has additive reduction
at v. According to Remark 3.2, w(E/K,) = w(E/Ly), so we need the parity of
ord, (Cy(F)/Cy(M)) and Wy(M).

Fix a place w over v in M. We can replace w by the Néron differential of
E/M at w, as this changes Cy(F)/Cy,(M) by a number of the form A? /A (which
is a square), and the parity of its p-adic valuation remains unchanged.

Case 5a: E /M,y has semistable reduction. Our minimal model at w stays
minimal in any extension, and so there is no contribution from w. The result follows
as in Case 3.

Case 5b: E /My, has additive reduction. The reduction stays additive over F
and, since p > 3, all the Tamagawa numbers are prime to p. If M has either even
number of primes above v or the residue fields have even degree over [, then
Wy(M) =1 (by Remark 3.2) and it also follows that the contributions from @ are
squares.

Thus we may assume that My, / K, has even ramification degree; in particular
E has potentially good reduction at v (for otherwise it would be multiplicative
at w). We may also assume that there is an odd number of primes over v in M,
and their residue fields are of odd degree over [,. By Theorem 3.1 and the fact
that p2 =1 mod 24,

w(My) = (DI = )

and the right-hand side exactly measures the contribution from ‘% ‘Z for a prime
Z

dy (A
| & vl(2 )pJ ’

z|w of F. The result follows by taking the product over w|v. O

Now we reap the harvest:
THEOREM 3.4. Let p be an odd prime. As above, let F /K have Galois group
G = ((1) :) C GL2(Fp), and let M and L be the fixed fields of ((1) T) and ((1) 2),
respectively. Let E /K be an elliptic curve such that
(1) The p-primary component UI(E / F)[p®°] is finite.
(2) E is semistable at primes v|6 that ramify in L/ K.
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Then
tk(E/K)+rk(E/M)+1k(E/L) is even <= w(E/K)w(E/M)w(E/L) = 1.

Proof. As III(E/ F)[p®°] is assumed to be finite, by Remark 2.10 the same is
true over K, M and L. We now apply the theory from Section 2 to the relation

Indp/x 1r & (IndK/K IK)EBP_I = IndM/K 1y & (IndL/K IL)GBp_l.

According to Corollary 2.21, the sum rk(E/K)+rk(E/M)+rk(E /L) is congruent
to ord, C(E/F)/C(E/M) modulo 2. By Proposition 3.3, it is even if and only if

[l wE/ky) ] wE/Ly) [] wE/My=1. O

v place of K v place of L v place of M

3.3. Application to the parity conjecture. In [11, Th. 2 ] we established the
following result:

THEOREM 3.5. Suppose that E /K is semistable at primes above p and has
a K-rational isogeny of degree p. If p = 2, assume furthermore that E is not
supersingular at primes above 2. Then

tk, (E/K) even <= w(E/K) = 1.

As an application of Theorem 3.4 to F = K(E[2]) we can prove a form of
the parity conjecture (Conjecture 1.1) without the isogeny assumption:

THEOREM 3.6 (=Theorem 1.3). Let E/K be an elliptic curve. Suppose E is

semistable at primes dividing 2 and 3 and not supersingular at primes dividing 2.
IfUI(E/K(E[2])) has finite 2- and 3-primary parts, then

tk(E/K) even <= w(E/K) = 1.

Proof. Write F = K(E[2]), and note that Gal(F/K) C GL,(F2) = S3. By
Remark 2.10, the 2- and 3-primary parts of III(E/k) are finite for KCk C F.

If £ has a K-rational 2-torsion point, the result follows from Theorem 3.5.
If F/K is cubic, then rk(E£/K) and tk(E/F) have the same parity, and also
w(E/K)=w(E/F), so the result again follows.

We are left with the case when Gal(F/K) = S3 = (3 ¥) C GL»(F3). Let M
be the quadratic extension of K in F and L one of the cubic ones. By the above
argument, we know that

tk(E/M) even < w(E/M) =1,
tk(E/L) even <= w(E/L)=1.
On the other hand, by Theorem 3.4 with p = 3,
tk(E/K)+rk(E/M)+k(E/L) is even <= w(E/K)w(E/M)w(E/L)=1. O

Remark 3.7. Instead of assuming that I is finite in the theorem one may
give a statement about Selmer ranks, by replacing the use of Theorem 3.4 by
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Corollary 4.12 in the proof. When Gal(F/K) = S3, the parity of

k3(E/K) + (tk3(E/M) —rtka(E/M)) + (tk3(E/L) —rk2(E/L))
is given by the root number w(E/K), unconditionally on the finiteness of III. In
all other cases it is the parity of rk, (E/K).

We would also like to remark that if Theorem 3.5 can be extended to curves
with arbitrary reduction at v|2, and Proposition 3.3 to extensions where additive
primes v |6 are allowed to ramify, the parity conjecture for all elliptic curves over
number fields would follow from the finiteness of III.

4. Selmer groups

Hitherto our main tool was Corollary 2.5, relating regulators to Tamagawa
numbers assuming that IIT is finite. In Section 4.1 we extend this to an uncondi-
tional statement about Selmer ranks. We get our results (Theorem 4.3 and Corollary
4.5) by tweaking Tate-Milne’s proof of the isogeny invariance of the BSD quotient
([25, §1.7]). The quotient of regulators is replaced by a quantity  measuring
the effect of an isogeny on Selmer groups. In Section 4.2 we review how to con-
struct isogenies between products of Weil restrictions of an abelian variety, and
in Section 4.3 address the question of turning Q into Selmer ranks (somewhat
analogous to turning regulators into Mordell-Weil ranks). This can be done in
fair generality (Theorem 4.7, Corollary 4.8), and we illustrate it for S, -extensions
(Example 4.9), ((1) I)—extensions (§4.4), and dihedral extensions (§4.5). As a final
application, in Section 4.6 we establish the p-parity conjecture for elliptic curves
over Q.

4.1. Invariance of the BSD-quotient for Selmer groups.

Definition 4.1. For an isogeny ¥ : A — B of abelian varieties over K, let

Q) = |coker(y : A(K)/A(K)tors > B(K)/B(K)iors)|
x| ker(y : T(A)aiv — TI(B)aiv) |,

where I114;, denotes the divisible part of III.

LEMMA 4.2. Q (V) is finite and satisfies the following properties:

(1) OW'v)=0W)OW) ifv:A— Band ' : B— C are isogenies.
Q) QWY )=0W)OW')ifv:A— Band ' : A’ — B’ are isogenies.
(3) QW) = p™*rA/K) iy - A — A is multiplication by p.
(4) If deg ¥ is prime to p, then so is Q (V).

Proof. (2) and (3) are clear. The assertion (1) follows from the fact that
1/’ : m(A)diVHm(B)div is surjective, and W : A(K)/A(K)tors g B(K)/B(K)tors
is injective. Next, consider the conjugate isogeny ¥¢ : B — A, so that ¥ is

the multiplication by deg ¥ map on A. From (1) and (3), Q(¢¢) O () is finite, so
O () is finite. (4) also follows. O
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THEOREM 4.3. Let X,Y /K be abelian varieties given with nonzero global
exterior forms wy,wy. Suppose ¢ : X — Y is an isogeny and ¢ : Y' — X1 its
dual. Writing 1l1y(X /K) for (X / K) modulo its divisible part and

QX = 1_[/ |COX| 2d1mX/)((K )COX/\EX

v]oo v]oco
real complex

and similarly for Y , we have

Y (K)ors| 1Y (K)wors| C(X/K) Qx I Lo (X)[p™]] _ Q(¢")
X (K)rors| [X (K)uors] C(Y/K) Qy Mo(Y)[p>]l 0(¢)

pldegd

Proof. Recall that wy and wy enter into the definition of C(X/K) and
C(Y/K). The left-hand side of the asserted equation is independent of the choices
of wy and wy by the product formula, so choose wy = ¢*wy. Note also that ¢ is
an isomorphism between the p-primary parts of I11o(X) and 11y (Y) for p } deg ¢,
so the product involving III may be taken over any sufficiently large set of primes.
(In fact, it is simply |IITI(X)|/|II(Y)| if both groups are finite.)

Now we follow closely Tate-Milne’s proof in [25, §1.7]. If f is a homomor-
phism of abelian groups with finite kernel and cokernel, write

| ker f|
| coker f|

For k O K denote by ¢ (k) : X (k) — Y (k) the map induced by ¢ on k-rational points,
and similarly for ¢’. For a sufficiently large set of places S of K ([25, 1.(7.3.1)]),

t
[T =600 = 255 g
vesS
Moreover, z(¢(Ky)) is the contribution from v to C(Y/K)/C(X/K) for finite
places, and the quotient of the corresponding integrals for infinite places with our
choice for wy, wy. (Milne also relates z(¢(K))/z(¢?(K)) to the torsion and the
regulators and, assuming finiteness of the Tate-Shafarevich groups, |I11[¢?]]/|111[¢]]
to |III(Y)|/|III(X)|. This gives the usual formula for the isogeny invariance of the
BSD-quotient.)
It remains to show that for every prime p,

z2(¢"(K)) [HI[g]] _ ord. 2@ Y (K)ors| 1Y (K)rors| 1o (X)[p™°]|
Pz(¢(K) Ml T Q@) 1X (K] 1X (K)vors| [To(Y)[p]]
Take an integer N = p™ large enough, so that it kills both the p-power torsion in
X(K) and Y (K) and the p-parts of I1Io(X) and ITo(Y). Applying Lemma 4.2 (1)
and (3), we see that

0(p™¢) = p" XK o), (pMe") = pm T g ).

z2(f) =
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Since X, Y and their duals all have the same p®°-Selmer rank (they are all isoge-
nous), it suffices to verify the claim for ¢ = p™¢. But

ord,, [III[/]| = ordp [o(X)| - [ ker(Y | (x)g, )|
ordy |ker(¥(K))| = ordp | X(K)ors

ord,, | coker(y(K))| X)) Y YU )

Ol‘dp |Y(K)t0rs| : | COker( X (K)ors - Y (K)ors

and similarly for ¥’. Combining these together yields the assertion. O
Remark 4.4. For ¢ : E — E’ a cyclic isogeny of degree p, this gives

C(E/K) Qg _ Q@) _ . _ K (E/K) "
C(E’/K) QE’ - Q((,b) = Q(¢ )Q(¢) Q([p]) V4 (mOd Q ),

which is a formula of Cassels (see Birch [2] or Fisher [14]).

COROLLARY 4.5. Let E /K be an elliptic curve with a chosen invariant K -diff-
erential w. Suppose L; /K, L;- /K are finite extensions such that

X =[[wx@E), Y=[]Wyx(E)
i J
are isogenous. If ¢ : X — Y is an isogeny and ¢' its dual, then
[I; C(E/Li)
[, C(E/L)

The same is true if E is replaced by a principally polarised abelian variety over K,
possibly up to a factor of 2 if the polarisation is not induced by a K -rational divisor.

= 0(¢")0(¢) (mod Q*?).

Proof. Inducing exterior forms on Wy, x (E) and WL} /k(E) by o, we have
Qx = Qy. Moreover, X = X!, Y = Y and the p-primary parts of II1/I1l4;, have
square order by the properties of the Cassels-Tate pairing. O

4.2. Isogenies between products of Weil restrictions. To make Corollary 4.5
explicit, recall from Milne’s [24, §2] how to construct isogenies

¢
X =T, Weox (=TT Weyyx) =Y

for a principally polarised abelian variety A/ K. For an extension L /K write G =
Gal(K/L). Suppose ®; Indy, /g 11, = &, IndL}/K IL;_, and consider
My = ®:Z[Gk/GL;], My =®;Z[Gk/Gp].

These are G g-modules, and satisfy My ® Q = My ® Q. In general, if M is such a
module with a given identification M = 7" (as an abelian group), the composition
s: Gg —> Autz(M) = Aut(Z") = GL,(Z) —> Aut(A™)
is an element of Hl(GK,AutI?(A”)). It corresponds to a unique form of A”

over K, that is an abelian variety over K such that A" is isomorphic to it via an
isomorphism v defined over K. (The relation between ¥ and s is s(0) = ¥~ 1y?.)
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Milne denotes this form A ® M, and with this notation X = A ® My and Y =
AR My.

Next, a principal polarisation A : A — A’ induces one on A”. So we can view
(A® M) as a form of A™, which is seen to be the same as A ® Hom(M, Z). If M
is a permutation module, there is a natural isomorphism M = Hom(M, Z), and it
induces a principal polarisation on A ® M .

Now suppose f : My — My is an isogeny of Gg-modules (a Gg-invariant
injection with finite cokernel), viewed as an n x n-matrix with integer coefficients.

Then
f

,w—l
o X2 an L g Wy
is an isogeny of degree |det f|?9™m4 defined over K ([24, Prop. 6a]), with the dual
isogeny 1 )
Wy ! ¥
VD G (amy Lany Lyt
With respect to the above polarisations, /! is the transpose of f (see e.g. [10, §1.6,
esp. Lemma 3]).

To summarise: the natural identifications My = 7" and My = 7" induce prin-
cipal polarisations on X and Y'; an isogeny f : Mx — My induces an isogeny ¢y :
X — Y of degree |det f]?>9™4; suppressing the principal polarisations, (pr) r =
¢rt ¢ where f ! is the transposed matrix and (¢f)’ is the dual isogeny. Thus, the
right-hand side in Corollary 4.5 for ¢y becomes Q of an explicit endomorphism

¢ftf of X.

4.3. Determining Q. Fix a principally polarised abelian variety A/ K and a
finite extension F/K with Galois group G.

Let {px }x be the set of Q-irreducible rational representations of G. For p €
{pr} we will write rk, (A4, p) for the p>-Selmer rank of 4 ® A, where Z4m? =
A C pis any G-invariant lattice. Since the Selmer rank is the same for isogenous
abelian varieties, this is independent of the choice of the lattice. Moreover, for
K C L C F with Q[G/ Gal(F/L)] = ®p;*.

tkp(A/L) = p nptkp (A, pr).
We want to express Q in terms of these Selmer ranks.

LEMMA 4.6. Let V be a rational representation of G, and f € Autg(V). For
any G-invariant lattice A with A ®z Q =V there is an integer m > 1 such that
mf preserves A, and the quantity

Q(f) = 0@ms:a—>n)/Q(@m:a—>n) € Q*

is independent of A and m. It satisfies the following properties:

D) Q' f)=0(fNOS) for f. f' € Autg(V).
2 o(f & f)=0(NHQSf") for [ € Autg(V), ' € Autg (V).
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3 o(f) =TIk p™ tkp(Aspk) if £V — V is multiplication by p, with V =
D p,?"k the decomposition into rational irreducibles.

(4) Suppose f € Autg (V') has an irreducible minimal polynomial with p-adically
integral coefficients and p { det f. Then ord, Q(f) =0.

Proof. Independence of m follows from the (obvious) special case m|m’. Sim-
ilarly we can reduce to the case A1 C Ap withm; =my =m. Lett: A1 — Ay
be the inclusion map, and n > 1 an integer such that n A, C Aj. Then

N0 (Gmfihyshs) =10 Dmpin,—a,) 0 ().

The independence of A now follows from Lemma 4.2 (1).

(1)—(3) are immediate from Lemma 4.2.

(4) Let m(x) be the minimal polynomial of f. After scaling f by an integer
coprime to p if necessary, we may assume that 7 (x) has integer coefficients. Let
o € @ be aroot of m, and let % = Q(«). Note that « is an algebraic integer, o € Oy.

Via the action of f and of G, the representation p is naturally a ¥[G]-module.
Take a G-invariant full Og-lattice A. (It exists, since one may take any full O-lattice,
and generate a lattice by its G-conjugates.) In particular, it is a full G-invariant
Z-lattice preserved by f, so that Q(f) = O(¢r)/ Q(¢ia) is an integer. By Lemma
4.2(4) it is prime to p, as p does not divide deg ¢y = |det f|?dimA, O

THEOREM 4.7. Let V = p®" with p a Q-irreducible rational representation
of G, and let f € Autg(V). Suppose p is a prime such that either
(1) pisirreducible as a Qp,[G]-representation, or

(2) for every irreducible factor m(x)| det(f —x1I) € Q[x], all of the roots of m(x)
in Qp have the same valuation.
Then

ord, O(f) = Oril-] det f

Proof. (2) First, we can break up V' as follows. Let

det(f —xI) = [ [ me(x)™
k

tk, (A, p) mod 2.

be the factorisation into irreducibles. Then Vj; = kermy (f)"* is G-invariant
because f commutes with the action of G (so that G preserves its generalised
eigenspaces). Since V =@V}, by Lemma 4.6 (2) it suffices to prove the statement
with V' =V} and det( f —x/) a power of an irreducible polynomial m(x).
Suppose all the roots of m(x) in @ p have the same valuation. Write

fdimV — pordp det [ f,’
so that the roots of the characteristic polynomial of f” in @ p are all p-adic units.

Then ord, Q(f’) = 0 by Lemma 4.6 (4), and the claim follows by Lemma 4.6 (1)
and (3).
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(1) Fix an identification V = p®". As D = Endg(p) is a skew field, we can
put f into a block-diagonal form by multiplying it on the left and on the right by
n x n matrices with values in D that are (a) permutation matrices and (b) identity
plus some element of D in (i, j)-th place (i # j). (This is just the usual Gaussian
elimination over a skew field.) All of these elementary matrices have Q = 1 (they
are either of finite order or commutators) and det = £1, so we are reduced to the
case V = p.

We claim that for V irreducible over @, the eigenvalues of f in Q p have
the same valuation (so (2) applies). But otherwise the minimal polynomial of f is
reducible over Q,, and we can decompose V' over Q, as above, contradicting the
irreducibility. U

COROLLARY 4.8. Let K C L;, L} C F be finite extensions with F /K Galois
with Galois group G. Suppose there is an isogeny of Z|G-modules

f:J1zi6/H1— [ 2I6/H]],
i J

where H; = Gal(F/L;) and HJ{ = Gal(F/L}). Assume furthermore that on every
isotypical component p"* of [|; Q[G/H;] the automorphism f* f satisfies either
(1) or (2) of Theorem 4.7. Then for every elliptic curve E /K with a chosen invari-
ant K-differential w,

[, CE/Lp) _ 5~ ordy det(f*f | p")
]—[jC(E/L})_ > dim p

the sum taken over the distinct Q-irreducible rational representations of G.

ord,

tk,(E,p) mod 2,

Remark. This also holds for principally polarised abelian varieties for odd p,
and for p = 2 provided the polarisation is induced by a K-rational divisor.

Here are some special cases when the theorem applies:

Example 4.9. If G = S,, then every Q-irreducible rational representation is
absolutely irreducible, so the condition (1) of Theorem 4.7 always holds. Thus the
corollary applies for every isogeny and all p.

Example 4.10. For all groups with |G| < 55, every relation of permutation
representations and every prime p, we have checked that there is always an isogeny
satisfying one of the conditions of Theorem 4.7 on every isotypical component.
In each case, the coefficient of rk,(A4, p) agrees with the regulator constant of
Section 2.3. Is this true in general??

4.4. Example: Selmer ranks for ((1) :)-extensions. As an illustration, we ex-
tend Corollary 2.21 to Selmer ranks:

2Y¥es, see [13] which provides an analogue of regulator constants for Selmer groups.
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THEOREM 4.11. Let p be an odd prime. Suppose F/K has Galois group
G = (3 ) C GLa(Fp), and let M and L be the fixed fields of (j) and (; ).
respectively. For every principally polarised abelian variety A/ K,

C(A/F)

thp(4/K) + 1kp(4/L) + 1k (4/ M) = ordy =

(mod 2).

Proof. Consider the abelian varieties
X =Wy k(AP x Wy g (A). Y = AP  x We g (A).
By Corollary 4.5, it suffices to show that
tkp(A/K) +1kp(A/L) +1kp(A/M) = ord, Q(¢p'¢) (mod 2)

for some isogeny ¢ : X — Y. Write Gal(F/M) = (g),Gal(F/L) = (h) with
g? =1 =h?"!, and introduce permutation modules

Zix = 7|G/G] =17

7, = 7[G/(h)] = &z¢ 0<i<p-1
Zy = Z[G/(g)] = &Zh’ 0<j=<p-2
7y = 7Z[G] = @Zg' h’.

Consider

V] - Z[)C]@...@ZLXP—l @ZMXP,
V) = ZKYI@---@ZKYp—I@ZFYp,

and take the G-invariant map f : V; — V, determined by

X1 = )1 + Zjh]: Yp>
Xk = V1= Vk + 2 (=g )y (k=2.....p— ),
Xp = iAo ypm1 — LT e

It is easy to check that the map is well-defined. Moreover, when written as a matrix
on the chosen Z-basis of /1 and V5>, it has

rp=1 _ ¢

|det fl=(p>—p+Dp 2 1,

which is nonzero. So f induces an isogeny ¢ : X — Y (§4.2). Next, ¢} is given
by the transposed matrix (§4.2 again), and the composition f? f by

X1 = Zi;é() (gix1+pxl~),
Xk '_)pxk+zl;£0 p-xl.v. (k:2”p_1)a
xp = (p+2;(p—Dh!) xp.
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(As an example, for p = 3 the maps f and f’ f are

11 1011 1[1 1 31 1030 0[0 0
00 0T T T[T 1 131003 0[0 0
0 0T -T 001 11300300
01 0/0 1-10-1 .. |3 006 0000

S loo1lt o1loa |2 S0 3 0l06 0|00
1 00/1 0-111 0 003[006|00
00 1/0-1 111 0 00 00 0 015 2
01 01 10 0 000/000O0|/25

with respect to the bases {x1, gx1, gle,xz, gxa, gzxz, x3, hxs} of V1 and {y1, y2,

3, 8Y3, 823, hys, hgys, hg?ys} of V2.)
Clearly f!f = aj ® ap, with a7 an endomorphism of Zf_l and ap of Zyy.

To prove the theorem it suffices to show that

ordy Q(ar) = (p —2) tkp (W k (4)/ K),

ordp Q(az) =1k (Wpr/x(A)/K) —1kp(A/K).
The map o is the composition of id@Gp & --- @ p with an endomorphism of de-
terminant pZ — p + 1. Each multiplication by p on a copy of W, /K (A) contributes
pRr WL/ (A/K) t6 O (ay), and the remaining endomorphism contributes nothing
(Lemma 4.2).

As for a;, consider
2 ®[pl: Zyz1 ®Zxzo —> Zyyz1 B Zg 2.
It is easy to check that
azo (a2 @ [p]) = ([p] @id) o s,

with
1>z + Yz A ELdiE S DI LI
= (p-DYMn " =D -p+ DY R
Furthermore, detos and detay are prime to p, and it follows that ord, Q(a2) is
tk, (Wi k (A)/ K) —1kp(A/ K), as asserted. O

Using the result on the local Tamagawa numbers in this extension (Proposi-
tion 3.3) we obtain the following strengthening of Theorem 3.4.

o3

COROLLARY 4.12. Let p be an odd prime. As above, let F/K have Galois
group G = ((1) I) C GLy(Fp), and let M and L be the fixed fields of ((1) T) and ((1) g),
respectively. For every elliptic curve E | K with semistable reduction at the primes
v|6 that ramify in L/ K,
tk,(E/K)+1kp(E/M)+1k,(E/L) is even < w(E/K)w(E/M)w(E/L) = 1.

This can be used to study the ranks of elliptic curves in an infinite “false Tate
curve extension” with Galois group ((1) :) C GL2(Zp). Arithmetic of elliptic curves
(ordinary at p) in such extensions has been studied in the context of noncommuta-
tive Iwasawa theory; see e.g. [17], [7], [8].
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Fix a number field K, an odd prime p, and & € K*. We are interested in the
extensions K( ”A/a) and K(upn, 7/a) of K. We will assume that their degree is
maximal possible, i.e. p” and (p — 1) p?"~!, respectively.

PROPOSITION 4.13. Let E/K be an elliptic curve for which the parity of

the p®>-Selmer rank agrees with the root number over K and over K(up), and
semistable at all primes v|6 that ramify in K( </a)/K. Then

tk,(E/K( ")) is even <= w(E/K( "Va)) = 1.

Proof. For brevity, let us write L; = K( ”i/&) and F; = K(up, ”i/&) for
i > 0. We prove the result by induction on i, by showing that if the parity of the
p°°-Selmer rank agrees with the root number over L;_1 and F;_; then it does so
over L; and F; (for 1 <i <n).

The extension F;/F;_; is Galois of odd degree, so that w(E/F;) =w(E/F;_1).
By Corollary 4.15 below, the parity of the p®-Selmer rank is also unchanged in
this extension. The fact that the parity of the p°°-Selmer rank agrees with the root
number over L; follows from Corollary 4.12 applied to the extension F; /L;—;. O

The following is a standard result on the behaviour of Selmer groups in Galois
extensions. We give a brief proof for lack of a reference. Write Sel,» and Sel,co
for the p”- and p°°-Selmer groups, and set

%p(E/K) =Hom(Selp<(E/K), Qp/Zp) @z, Qp.
The p°°-Selmer rank of E/K is the same as the dimension of &,(E/K) as a
Q p-vector space.

LEMMA 4.14. Let E/K be an elliptic curve, and let F/K be a finite Galois
extension with Galois group G. Then

tk,(E/K) = dimg, %,(E/F)°.

Proof. The restriction map from H (K, E[p"]) to H'(F, E[p"])© induces a
map Sel,n (E/K) — Selpn (E/F )¢ whose kernel and cokernel are killed by |G|?.
Taking direct limits gives a map from Selyo (E/K) to Selpoo (E/F)°, whose
kernel and cokernel are killed by |G|?>. The result follows by taking duals and
tensoring with Q. O

A cyclic group of order p has only two Q,-irreducible p-adic representations,
the trivial one and one of dimension p — 1. Thus,

COROLLARY 4.15. The parity of the p®°-Selmer rank in unchanged in cyclic
p-extensions.

Example 4.16. Let p = 3 and consider the elliptic curve
E:y?+xy=x3—x2-2x—-1 (49A1).

It has additive reduction of Kodaira type III at 7 and is supersingular at 3.
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For a false Tate curve extension, we take Q(u3n, */m) for some cube free
m > 1. Using 3-descent for £ and its quadratic twist by —3 over @, it is easy to
see that tk(E/Q)=rk3(E/Q)=0 and rk(E/Q(u3))=rk3(E/Q(u3))=1, both in
agreement with the root numbers.

By Proposition 4.13, the 3°°-Selmer rank of E over L, = K( ”\/m) agrees
with the root number, which equals (—1)" for every m (—1 from v|7 and (—1)""!
from v|oo). Because the Selmer rank is nondecreasing in extensions (e.g. by
Lemma 4.14), the 3°°-Selmer rank must be at least n over L,. In fact, using
Lemma 4.14 and the fact that Ind;, /g1, ©Indy, /0 1L,_, is irreducible, it is
easy to see that the 3°°-Selmer rank over Q(u3», \/m) is at least 3".

4.5. Example: Dihedral groups. As another illustration, we consider dihedral
groups to obtain results similar to [23, e.g. Th. 8.5]. For simplicity, we will only
look at D5, with p an odd prime.

PROPOSITION 4.17. Suppose Gal(F/K) = D, with p an odd prime, and
pick extensions M/K and L/K in F of degree 2 and p, respectively. For every
principally polarised abelian variety A/ K,

tkp(A/ M) + 521 (tkp (A/L) =1k (4] K)) = ord, G507 (mod 2).
Proof. Firstlet G = Dy, = (g, h|g" = h?> = hghg = 1) for a general n, and
write n = 2m + § with § € {0, 1}. Take the permutation modules
Vi = 01Z[G/ (g™ h)] @ v22[G/(g72h)] @ v3Z[G/(g)],
Vo = wi1Z[G/ Gl ® waZ[G/ G & wiZ[G].

Consider f : Vi — Vo and f! f : Vi — V; given respectively by

v1 = (1+ g7 hws, v1 > 2vg, -
v2 > wa+gm 2 (1—g o) (g—h)ws,  var> (4—2g1+8—2g_1_8+ > gi)vz,
n—1 =0
vabwr+ Y g (1—h)ws, V3 > ((2n+ 1)—(2n—1)h)v3.
i=0
Note that f! f decomposes naturally as o @ ap @ a3 on Vq, and that a5 is given
on the basis {v, gv2,...g" vy} by the matrices
/5—1 1 1 1 1 1—\ (5 1 -1 1 1 1 -1 1\
-1 5-1 11 1 11 I 51-11 I 1-1
1 -1 5-11 1 1 1 -1 5 1 -1 1 1 1
1 1-15-1 1 11 1 -1 151 I 11
1 1 1-1 5 1 1 1 1 1-1 15 1 1 1
111 1 1 5.1 1 11111 51 -1
1 1111 -1 5 -1 I 1111 1 51
\\1 1 1 1 1 13 s5) \1a1 1 11 5)
n >4 even n >3 odd

with deto, = 2"~ 153 for any n > 2.
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Now suppose that n# = p is an odd prime, so that
A® Vi =Wp k(A x Wy k (A), AR Vy = A? x Wp /g (A).

By Corollary 4.5, it suffices to show that ord, Q(¢s: r) has the same parity as the
left-hand side of the formula in the proposition. Since f!f = a1 ® ar ® a3, it
remains to determine ord, Q(c;). Clearly Q (1) is prime to p. Next, a3 acts as
multiplication by 2 (resp. 4p) on the trivial (resp. “sign”) component of Q[G/{g)];
so ord, Q(a3) =1k, (A/ M) —1k,(A/K).

Finally, ap on Q[G/(g™2h)] = 1 @ p has determinant p on 1 and therefore
determinant 27~ p2 on p. As 1, p are Qp-irreducible, Theorem 4.7 applies:

ordy O(a2) = tk(A, 1) + 327 1k (4, p).
Since rk, (A4, p) =1kp(A/L) —1k,(A/K), this completes the proof. O

Remark 4.18. Let E/K be an elliptic curve, and for simplicity let p > 3. Then

C(E/F)

d, ——=— =S S d?2,
Opr(E/M) |S1]+[S2] mo

where S (resp. S») is the set of primes v of M that ramify in F/M where E
has split multiplicative reduction (resp. additive reduction, v|p, M, /Q, has odd
residue degree, and | p ord, (Ay)/12] is odd; A, is the minimal discriminant of E
atv). So if rk, (E/M) 4+ |S1| + |S2| is odd, then

tky(E/L) > tkp(E/K) + 252
4.6. Application to the p-Parity Conjecture over Q.

THEOREM 4.19 (=Theorem 1.4). For every elliptic curve E/Q and every
prime p,

tk,(E/Q) = ordg=1 L(E,s) mod 2.

Proof. For p =2 this is due to Monsky [26], so suppose p is odd. (Presumably
the proof below would work for modular abelian varieties over totally real fields.)

By the results of Bump-Friedberg-Hoffstein-Murty-Murty-Waldspurger [4],
[27], [37], there is an imaginary quadratic field My where all bad primes of E
split, and such that the quadratic twist of E by M, has analytic rank at most 1. By
Kolyvagin’s theorem [20], the parity conjecture holds for the twist, so it suffices to
prove it for £/ M.

Let M,, denote the n-th layer in the anticyclotomic Z,-extension of My. The
parity of the analytic rank is the same over M, as over My since the root number
is unchanged in cyclic odd-degree extensions. The same holds for the p°°-Selmer
rank (Corollary 4.15), so it suffices to prove the parity statement for E /M, for
some 7.
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Embedding M, +; in C, we see that complex conjugation acts on the cyclic
group Gal(My+1/My) as —1, so that Gal(M},+1/Q) is dihedral. Write

F=My4, M=M, L=M1NR K=M,NR.

Then H = Gal(F/K) = D). It has three Q,-irreducible p-adic representations:
trivial 1, sign ¢ and (p—1)-dimensional p. As before, write ¥, (E /k) for the dual
Selmer group Hom(Selpe<(E/ k), Qp/Zp) ®z, Qp, and decompose

X=%p(E/F)= 19m1 gy (&me gy (Bmp
As %,(E/K) = %H etc. (Lemma 4.14),
I'kp(E/K)zml, rkp(E/M)=m1_|_m8’ rkp(E/L):m1+pT_1mp.

Now we invoke Proposition 4.17:

tkp(E/M) +m, = ord, S mod 2.

Since all bad primes of E split in M/ K, the root number w(E/M) = —1 and both
C(E/F) and C(E/M) are squares. So the right-hand side in the above formula
is zero, and it suffices to show that m,, is odd.

Now take n large enough. Then Cornut-Vatsal’s [9, Th. 1.5] provides a primi-
tive character y of Gal(F/My) such that the twisted L-function L(E /My, x, s) has
a simple zero at s = 1. Their theorem requires Ng, A, and p to be coprime, but as
they explain this is only necessary to invoke the Gross-Zagier-Zhang formula; this
formula has now been proved in complete generality by Yuan-Zhang-Zhang [39].

By Tian-Zhang [36], which generalises the earlier work by Bertolini-Darmon
[1], the y-component of & has multiplicity 1. So & contains exactly one copy of the
unique (p—1) p”-dimensional Q-irreducible p-adic representation of Gal(F/Q).
Its restriction to H is p®P", and no other representation contributes to p, so
m, = p" is odd.

(As an alternative to the yet unavailable [39], [36], one may bypass the L-func-
tions completely by combining Cornut-Vatsal’s [9, Th. 4.2] with Nekovar’s [29, Th.
3.2]. This directly yields a y such that the y-component of ¥ has multiplicity 1.) O

COROLLARY 4.20. For every E/Q, either the Birch-Swinnerton-Dyer rank
Sformula holds modulo 2 (Conjecture 1.1), or II(E /Q) contains a copy of Q/Z.
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