ANNALS OF
MATHEMATICS

KAM for the nonlinear Schrodinger
equation

By L. HAKAN EL1ASSON and SERGEI B. KUKSIN

SECOND SERIES, VOL. 172, NO. 1
July, 2010

ANMAAH



Annals of Mathematics, 172 (2010), 371-435

KAM for the nonlinear Schrodinger equation

By L. HAKAN ELIASSON and SERGEI B. KUKSIN

Abstract

We consider the d-dimensional nonlinear Schrodinger equation under periodic
boundary conditions:

oF
—iu=—-Au+V(x)*xu —|—88—_(x,u,ﬂ), u=u(t,x), x eT?
u

where V(x) =) I7(a)ei {@.x) is an analytic function with V real, and F is a real
analytic function in 3y, Ju and x. (This equation is a popular model for the ‘real’
NLS equation, where instead of the convolution term V * u we have the potential
term Vu.) For ¢ = 0 the equation is linear and has time—quasi-periodic solutions

u(t,x) = Z ﬁ(a)ei(|a|2+‘7(a))tei(a’x), | (a)| >0,

acdd

where o is any finite subset of Z4. We shall treat w, = |a|? + V(a), a € s, as free
parameters in some domain U C R¥.

This is a Hamiltonian system in infinite degrees of freedom, degenerate but with
external parameters, and we shall describe a KAM-theory which, under general
conditions, will have the following consequence:

If |¢| is sufficiently small, then there is a large subset U' of U such that for
all w € U’ the solution u persists as a time—quasi-periodic solution which has all
Lyapounov exponents equal to zero and whose linearized equation is reducible to
constant coefficients.

Table of Contents
1. Introduction

Part 1. The Toplitz-Lipschitz property

2. Toplitz-Lipschitz matrices
2.1.  Spaces and matrices
2.2. Matrices with exponential decay
2.3. Toplitz-Lipschitz matrices (d = 2)
2.4. Toplitz-Lipschitz matrices (d > 2)

371



372 L. HAKAN ELIASSON and SERGEI B. KUKSIN

3. Functions with Toplitz-Lipschitz property
3.1. Toplitz-Lipschitz property
3.2. Truncations
3.3. Poisson brackets
3.4. The flow map
3.5. Compositions

Part II. The homological equations

4. Decomposition of &£
4.1. Blocks
4.2. Neighborhood at co.
4.3. Lines (a + Rc)Nnz4

5. Small divisor estimates
5.1. Normal form matrices
5.2.  Small divisor estimates

6. The homological equations
6.1. A first equation
6.2. Truncations
6.3. A second equation, k # 0
6.4. A second equation, k =0
6.5. A third equation.
6.6. The homological equations.

Part III. KAM

7. A KAM theorem
7.1. Statement of the theorem
7.2.  Application to the Schrodinger equation

8. Proof of theorem
8.1. Preliminaries
8.2. A finite induction
8.3. The infinite induction

9. Appendix. Some estimates

References

1. Introduction

We consider the d-dimensional nonlinear Schrodinger equation
. oF _
(%) —zu:—Au-i—V(x)*u-i—a?(x,u,u), u=u(t,x)
u

under the periodic boundary condition x € T¢. The convolution potential V :
T4 — C must have real Fourier coefficients Via), a € 7%, and we shall suppose
it is analytic. F' is a real analytic function in Ru, Ju and x.
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The nonlinear Schrodinger as an oo-dimensional Hamiltonian system. 1If we
write

{ ) = Zaezd ”aei<a’x)

u(x) = Zaezd vaei(—a,x) (va =1Uq)

and let

’

¢ £, %(“a + vq)
a_(na)_ __i(ua—va)
V2
then, in the symplectic space
d d
{(ana) 1a € 2% =C"" xC*", Y dEg ndng.
aezd

the equation becomes a real Hamiltonian system with an integrable part

1 ~

5 2 (al +V(@)E +n2)

aezd

plus a perturbation.
Let o be a finite subset of Z4 and fix

0<pg, acd.
The (#s4)-dimensional torus
%(ég+7)§)=Pa, ae‘ﬂv
§a=1n4=0, aeizzd\ﬂ

is invariant for the Hamiltonian flow when ¢ = 0. Near this torus we introduce
action-angle variables (¢4, rq), a € A,

Ea = /2(pa + 1) cos(@a), Na = v 2(pa + ra) sin(ga).

The integrable Hamiltonian now becomes (modulo a constant)
1 2, .2
h = Z Walq + EZQ‘I@:‘J + Ua),
acd ac¥
where
we=la?+V(a), aecd
are the basic frequencies, and
Qo =la>+V(), acX

are the normal frequencies (of the invariant torus). The perturbation (&, 71, ¢, r)
will be a function of all variables (under the assumption, of course, that the torus
lies in the domain of F').
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This is a standard form for the perturbation theory of lower-dimensional (iso-
tropic) tori with one exception: it is strongly degenerate. We therefore need exter-
nal parameters to control the basic frequencies and the simplest choice is to let the
basic frequencies (i.e., the potential itself) be our free parameters.

The parameters will belong to a set U C {w € R* : |w| < C}. The normal
frequencies will be assumed to verify

|Qu|>C'>0 Vae¥,
|Q+Qp|>C" Va,be,
| —Qp| >C" VYa,beX,|a|l#|b|.
This will be fulfilled, for example, if « is sufficiently large, or if V' is small and

A $0.
We define the complex domain

. IZllo = VX aex(Eal® + [1a?){(@)?™ <o
0% (o, p, ) = § S| <p
Irl <,

(a) = max(|a|, 1). We assume m, > % because in this space h + ¢f is analytic
and the Hamiltonian equations have a well-defined local flow.
By (., ) we denote the usual paring (¢, ') = " £, + nan),.

THEOREM A. Under the above assumptions, for ¢ sufficiently small there ex-
ist a subset U' C U, which is large in the sense that Leb (U \ U’) < cte.e™P, and
for each w € U’, a real analytic symplectic diffeomorphism ®

@O(%,g,%) —0°(0, p., 1)

and a vector @' such that (hyy + &f) o ® equals (modulo a constant)

(0.7)+ 506 Q18+ (£ Qom) + 5 (. Qun) +ef".

where
freo(r. Il 1¢lo . IENR)

and Q = Q1+ Q> is a Hermitian and block-diagonal matrix with finite-dimensional
blocks.
Moreover ® = (®¢, @y, D) verifies, for all (§,¢.r) € 0%, g, %),

| ©c = 2]g+ |0 — | + @ —r| < Be.
and the mapping @ — ' (w) verifies
‘a)'—id{(@lw/) < Be.

B is a constant that depends on the dimensions d,#34, on m«, on the constants
C,C'andonV and F.
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The consequences of the theorem are well-known. The dynamics of the Hamil-
tonian vector field of /i, + &f on ®({0} x T? x {0}) is the same as that of

(0.7 + 3 Q18) + (5. Qam) + 3 1. Q1)

The torus {¢ = r = 0} is invariant, since the Hamiltonian system on it is

{=0
o=
F=0,

and the flow on the torus is linear # = ¢ 4+ tw.
Moreover, the linearized equation on this torus becomes

45 _ O1(@) Oz2(w) \ A
%@:(a((p"'tw’w)’g)-i-b((p—i-tw,a))f

d s _

a" =0

where a = €0,9¢ f' and b = €02 f'. Since Q1 + iQ> is Hermitian and block
diagonal the eigenvalues of the {-linear part are purely imaginary £i 2/, a € &.

The linearized equation is reducible to constant coefficients if the imaginary
part 2/ of the eigenvalues are nonresonant with respect to @, something which
can be assumed if we restrict the set U’ arbitrarily little. Then the E—component
(and of course also the 7-component) will have only quasi-periodic (in particular
bounded) solutions. The @-component may have a linear growth in 7, the growth
factor (the “twist”) being linear in 7.

Reducibility. Reducibility is not only an important outcome of KAM but also
an essential ingredient in the proof. It simplifies the iteration since it makes it
possible to reduce all approximate linear equations to constant coefficients. But it
does not come for free. It requires a lower bound on small divisors of the form

(%) ko)+ Q. —Q,|, kez* abe.
a b

The basic frequencies @ will be kept fixed during the iteration — that is what the
parameters are there for — but the normal frequencies will vary. Indeed Q. (w)
and Q;J(w) are perturbations of 2, and €2; which are not known a priori but are
determined by the approximation process.!

These are a lot of conditions for a few parameters w. It is usually possible
to make a (scale dependent) restriction of (xx) to |k|, |a —b| < A = A, which

improves the situation a bit. Indeed, in one space-dimension (d = 1) it improves

L A lower bound on (), often known as the second Melnikov condition, is strictly speaking not
necessary for reducibility. It is necessary, however, for reducibility with a reducing transformation
close to the identity.
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a lot, and (**) reduces to only finitely many conditions. Not so however when
d > 2, in which case the number of conditions in () remains infinite.

To cope with this problem we shall exploit the Toplitz-Lipschitz property
which allows for a sort of compactification of the dimensions and reduces the
infinitely many conditions (%) to finitely many. These can then be controlled
by an appropriate choice of w.

The Toplitz-Lipschitz property. The Toplitz-Lipschitz property is defined for
infinite-dimensional matrices with exponential decay. We say that a matrix

A:ELxL—>C
is Toplitz at oo if, for all a, b, ¢ € Zd, the limit

tl_i)n;oAziﬁﬁ 3 =: A%(c).

The Toplitz limit A(c) is a new matrix which is c-invariant: Ala’ii (c) = AZ (c). So

it is a simpler object because it is “more constant”.
The approach to the Toplitz limit in direction ¢ is controlled by a Lipschitz-
condition. This control does not take place everywhere, but on a certain subset

Dpa(c)CcExZ

— the Lipschitz domain. A is a parameter which, together with |c|, determines the
size of the domain.

The Toplitz-Lipschitz property permits us to verify certain bounds of the
matrix-coefficients or functions of these, like determinants of sub-matrices, in the
Toplitz limit and then recover these bounds for the matrix restricted to the Lipschitz
domain.

The matrices we shall consider will not be scalar-valued but gl(2, C)-valued:

A Ex¥—gl2,C)

and we shall define a Toplitz-Lipschitz property for such matrices also. These
matrices constitute an algebra: one can multiply them and solve linear differential
equations. A function f is said to have the Toplitz-Lipschitz property if its Hessian
(with respect to {) is Toplitz-Lipschitz. If this is the case, as it is for the perturbation
f of the nonlinear Schrodinger, then this is also true for the linear part of our
KAM-transformations and for the transformed Hamiltonian. This will permit us
to formulate an inductive statement which, as usual in KAM, gives Theorem A.

Some references. For finite-dimensional Hamiltonian systems the first proof of
persistence of stable (i.e., vanishing of all Lyapounov exponents) lower-dimensional
invariant tori was obtained in [Eli85], [Eli88] and there are now many works on
this subjects. There are also many works on reducibility (see for example [Kri99],
[EliO1]) and the situation in finite dimension is now pretty well understood in the
perturbative setting. Not so, however, in infinite dimension.
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If d = 1 and the space-variable x belongs to a finite segment supplemented
by Dirichlet or Neumann boundary conditions, this result was obtained in [Kuk88§]
(also see [Kuk93], [P6s96]). The case of periodic boundary conditions was treated
in [Bou96], using another multi-scale scheme, suggested by Frohlich-Spencer in
their work on the Anderson localization [FS83]. This approach, often referred
to as the Craig-Wayne scheme, is different from KAM. It avoids the, sometimes,
cumbersome condition () but to a high cost: the approximate linear equations
are not of constant coefficients. Moreover, it gives persistence of the invariant tori
but no reducibility and no information on the linear stability. A KAM-theorem for
periodic boundary conditions has recently been proved in [GY05] (with a perturba-
tion F independent of x) and the perturbation theory for quasi-periodic solutions
of one-dimensional Hamiltonian PDE is now sufficiently well developed (see for
example [Kuk93], [Cra00], [Kuk00]).

The study of the corresponding problems for d > 2 is at its early stage. Devel-
oping further the scheme, suggested by Frohlich-Spencer, Bourgain proved persis-
tence for the case d = 2 [Bou98]. More recently, the new techniques developed by
him and collaborators in their work on the linear problem has allowed him to prove
persistence in any dimension d [Bou04]. (In this work he also treats the nonlinear
wave equation.)

Description of the paper. The paper is divided into three parts. The first part
deals with linear algebra of Toplitz-Lipschitz matrices and the analysis of functions
with the Toplitz-Lipschitz property. In Section 2 we introduce Toplitz-Lipschitz
matrices and prove a product formula. This part is treated in greater generality in
[EKO8]. In Section 3 we analyze functions with the Toplitz-Lipschitz property.

The second part deals with the bounds on the small divisors () which occur
in the solution of the homological equation. In Section 4 we analyze the block
decomposition of the lattice Z¢ and in Section 5 we study the small divisors. In
Section 6 we solve the homological equations. This part is independent of the first
part except for basic definitions and properties given in Sections 2.3 and 2.4.

The third part treats KAM-theory with the Toplitz-Lipschitz property and
contains a general KAM-theorem, Theorem 7.1. This theorem is applied to the
nonlinear Schrodinger to give Theorem 7.2 of which the theorem above is a variant.

Notation. { , ) is the standard scalar product in R¥. || || is an operator-norm
or /[2-norm. | | will in general denote a supremum norm, with a notable exception:
for a lattice vector a € Z¢ we use |a| for the /2-norm.

o is a finite subset of Z¢ and & is the complement of a finite subset of 74,
For the nonlinear Schrodinger equation, & will be the complement of <, but this
not assumed in general.

A matrix on & is justamapping A : ExL— C or gl(2,C). Its components
will be denoted A2.

The dimension d will be fixed and m will be a fixed constant > d

E.
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< means < modulo a multiplicative constant that only, unless otherwise spec-
ified, depends on d, m, and #4.

The points in the lattice Z¢ will be denoted a, b, c, ... . Also d will some-
times be used, without confusion, we hope.

For a vector ¢ € 79 , ¢L will denote the L complement of ¢ in 79 orin Rd,
depending on the context. If ¢ # 0, for any a € Z¢ we let a. € (a + Rc) N 7%
be the lattice point b on the line a 4+ Rc with smallest norm, i.e., that minimizes
[{(b, c)|; if there are two such b’s we choose the one with (b, ¢) > 0. It is the “L
projection of a to ¢1”.

Greek letter «, B, . . . will mostly be used for bounds. Exceptions are ¢ which
will denote an element in the torus — an angle — and w, 2.

For two subsets X and Y of a metric space,

dist(X,Y)= inf Yd(x, ¥).

xeX,ye

(This is not a metric.) X, is the e-neighborhood of X i.e., {y : dist(y, X) < &}.
Let B:(x) be the ball {y : d(x, y) < ¢}. Then X, is the union, over x € X, of all
B.(x).
If X and Y are subsets of R or Z¢ we let
X-Y={x—-y:xeX, yeY}

— not to be confused with the set theoretical difference X \ Y.

Part I. The Toplitz-Lipschitz property

In this part we consider &£ C 7% and matrices A: £ x £ — gl(2,C). We de-
fine: the sup-norms | - |,,; the notion of being Toplitz at oo; the Lipschitz-domains
Df(c); the Lipschitz- norm ( - ) o, and the notion of being Toplitz-Lipschitz. (For
a more general exposition see [EKO08].) We define the Toplitz-Lipschitz property
for functions and the norms [ - |A,y.q-

2. Toplitz-Lipschitz matrices

2.1. Spaces and matrices. We denote by lf(&f, C?), y > 0, the following
weighted /»-spaces:

P(£.C) ={,=(£.n) eC?xC”:||¢]|, < oo},
where

1615 = D (1gal® + l1al)e* % @)™ . {a) = max(lal. 1).
ac¥
We provide / 3 (&£, C?) with the symplectic form

> dandija.

acsd
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Using the pairing
(€.8) =" (ably+ nary)

ac¥
we can write the symplectic form as (-, J-) where J : lf (£,C?) — lf (£, C?) is the
standard involution, given by the component-wise application of the matrix

J= (_01 )
We consider the space gl(2, C) of all complex 2 x 2-matrices provided with
the scalar product Tr(* AB), and consider the orthogonal projection
7:gl2,C)—- M, M=CI+CJ.
It is easy to verify that

MxMMLtxMLtcMm
MxME MLtxMmMcmt

and
7(AB) =nAnB + (I —n)A(Il —n)B
(I —n)(AB)=( —n)AnB + wA(I —m)B.
IfA= (A{)l-z,j=1 B= (Bl-j)l.z,j=1 we define
[A] = (14]D? ;.
and

A<B < |Al|<B/, Vi,

Since any Euclidean space E is naturally isomorphic to its dual £*, the canon-
ical relations

EQE~E*®E* ~Hom(E, E*) ~Hom(E, E)
permits the identification of the tensor product ¢ ® ¢’ with a 2 x 2-matrix
C® =&
2.2. Matrices with exponential decay. Consider now an infinite-dimensional
gl(2, C)-valued matrix
A:Ex%—gl(2,C), (a.b)— Ab.
We define matrix multiplication through

(AB); =Y A%B,
d

and, for any subset & of &£ x &, the semi-norms
Al = sup [|4]]
(a,b)ewp

(here || || is the operator-norm).
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We define wA through (nA)g = JTAg, for all a, b. Clearly we have
w(A+ B)=nA+nB
(1) m(AB) =nAnB+ (I —n)A(Il —m)B
(I —m)(AB) = —n)AnB 4+ nA(I —n)B.
We define
A<B <= A% < B’ Va,b,
and
(€E AL = [A51e7197P] va, b,

All operators %ij commute and we have

{%’;(A—i—B) <€XA+€}B, x €f{+.—}

€ (AB) < (€3 A)(¢)B). x.y €{+.—}.
We define the norm
|Aly = max(%;m‘lz&x&& €, (1— )AL ).
We have, by Young’s inequality (see [Fol76]), that

1
y—v

d—l—m* ’
@) 142, S (=) 1l Kl vy <.

(Take for example A = wA and apply Young’s inequality to the matrix A defined
by
AL = evlel(g)m= gb(py=m= 711 )
Thus, if |A[,, < oo, then A defines a bounded operator on any lf, (£,C?), v <.
Truncations. Let

Ab iflaF b <A

FE)AL =
(T34 0 ifnot,

and
TANA=T nA+T (I —n)A.
It is clear that
3) 1TaAl, <|A], and |A—TFpAl, <e 20D |4]

Tensor products. For any two elements ¢, ¢’ € [2(%, C?), their tensor product
{® ¢ is a matrix on &£ x &£, and it is easy to verify that

&) g |, <y, ¢, -

2We use the sign convention that xy = + whenever x and y are equal and xy = — whenever they
are different.



KAM FOR THE NONLINEAR SCHRODINGER EQUATION 381

Multiplication. We have

1 d
(5) |AB|y/+|BA|y/§<V_y,) 4], 1B, Yy <y.
Linear differential equation. Consider the linear system
X' =A@)X
X(0)=1.

It follows from (5) that the series

0 to rt th—1
I+ Z/ / [ A A1) ... A(ty)dty . .. dtadty,
=170 JO 0

as well as its derivative with respect to 7, converges to a solution which verifies,
for y’ <y,

1 \d

©  1X@O -1, -y (exp(ete.(—,) |z|a(t>) - 1),
Y=V

where (1) = supg<s|<|¢| [A()], -

2.3. Toplitz-Lipschitz matrices (d = 2). A matrix A : £ x ¥ — gl(2,C) is
said to be Toplitz at oo if, for all a, b, ¢, the two limits

lim A5%C 3 = Ab(+,0).

t—+o00
It is easy to verify that if |4], < oo and |B|, < oo, then
(rA)(—,c)=U —7m)A(+,¢c)=0
and
7(AB)(+,c) = tA(+,c)nB(+,¢)
+ (I —m)A(=.c)(I —7)B(—, —c¢),
(I —m)(AB)(—,¢) = —n)A(—,c)nB(+,—c)
+ 7A(+,¢)({ —7)B(—,c).

(N

In the rest of this section we assume that ¢ 7% 0. We define

lal 1o]
b
el le]

(M A = (max( )+ 1)[A2], Va,b.

The operators M, and %ff all commute and M. (AB) < (Mo A)(M¢ B).

Lipschitz domains. For a nonnegative constant A, let DX (c) C £ x & be the
set of all (a, b) such that there exist a’, b’ € Z% and t > 0 such that
A(la'l + e Je] la| 1D

la=a +tc| > 2
and —, — > 2A~.
|b=>b"+1tc| = A(b|+|c])|c] |c| le| —
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We give here some elementary properties of the Lipschitz domains. They will
be studied further in Section 4.

LEMMA 2.1. Lett > 0.

(i) For A >1,wehavet > A|c| > Aif|la=d +tc| > A(ld'| +|c]) |c].
(i1) For A > 1,
|a'| < x5 —lel if la=a’+tc| = A(la’| +c]) [e]
§ la'| = g% — lc| if not.

(ii1) For A > 1,

4]

—t < an
] ‘ A=l

J {a,c) —t‘ - t

lc|? A=1

ifla=a’+tc| = A(la'| +|c]) |c].

(iv) For Q@ > (A + 1)(la—b| + 1), we have |b = b’ +tc| > A(|b'] + |c])|c| with
b=d +b—a,if la=a +tc|>Q(a’| + |c])|c|.
Proof. This is a direct computation. O

COROLLARY 2.2. Let A > 3.
b b,
(6)) (a,b)eDI(c)ﬁM%u% (a’g) L
el el el |c
(i) (a,b)eDf(c)=> (a+tc.b+tc)eDf(c) Vt=>0.

(iii) (a,b) € Df(c) = (a,b) € D& (c), where

2 2 Ale].

Q= A—max(|d—al, |b—b|)—2.
. 1 |a]
+ +

@iv) (a,b) € DA+3(c), (a,d)¢ Dy (c)= |a—d|, |b—-d|Z Em

Proof. (i) follows from Lemma 2.1, (i) and (iii), if we just observe that

t
~1— .

A—1 A—1

In order to see (ii) we write a = a’ + sc, s >0, with |a| > A(|d'| + |¢]) |c|.
Then

r~t+

la+tc|? = |al? +12|c|? + 2t {a. ¢)|a|* + t2|c|* + 2ts|c|? + 2t {d’, c).

By Lemma 2.1(ii)

2tslc)? +2t{d’, ¢) > 2ts<1 — ﬁ)|c|2 > 0.

Hence
la+1tc” > lal* +2|c]* > |a]* = A(|a'| +|c]) |c] .
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Moreover, for all t >0
la +1c] . la] S A2,
|c] |c|

The same argument applies to b.

To see (iii), let A = max(|a — a|, |15 —b|) + 2 and write a = a’ + tc¢ with
la| > A(ld’|+]c])|c|]. Thena =a’ +a—a+tc, andif |a| < Q(|a" +a—a|+|c])|c]
then by Lemma 2.1(ii),

|d _al > L
TQ+DA-1)

This implies that # < (2 + 1)(A — 1) and, hence, % < 2A? which is impossible.
Therefore |a| > Q(|a’ +a —a| + |¢|)|c|. Moreover

Mzﬂ—éz2A2—A22§22.
el ~ lel el
The same argument applies to b.
To see (iv), assume that % <2A%. As % > 2(A + 3)? it follows that
b—d
| | > 12A.
lc

So|b—d|> A2 %, unless % > 12A3|c|. In this case, due to Lemma 2.1(iii),

bl > Atllal 5 19A2 S0 we must have

le] = A+31b] =
M < 2A2 < l@
le| 6 |c|

which implies that
lb—d| _5|b] _ 1 |af
> 7
le] 76 Jc] T A% c]
Therefore we can assume that % > 2A2. Since (a,b) € Dpy3(c), then

b=>b'+tc,where |b| > (A+3)(|b'| +|c|)|c]|. Letus writed as d =b+(d —b) =
d'+tc,d =b'+(d—b). Since (a,d) ¢ D (c) while (a,b) € DX+3(C) Cc D} (c)

and 14 > 2A2, then |d| < A(|d’| + |c]) + |c|. Applying Lemma 2.1(ii) we get that

lel

4
b'| < —lel, 1| = ———|c|.
V= o —lel 1)z s = lel
Hence, |b—d|=|d'—b'| > A;—H _ ALH > ﬁ > L % where we used Lemma
2.1(iii).
Now the required estimate for |b — d| is established. Similar arguments apply
to la—d|. O

Lipschitz constants and norms. Define the Lipschitz constants

Lip} , A4 = sup (€5 Mc(A—A(x,0))|px (). x€{+.—}
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(see the notation of §§2.2, 2.3) and the Lipschitz norm

(A)A,y = max(LipX,ynA, LipK,y(l —m)A)+ |A|y .
Here we have defined (a,b) € D (¢) <= (a,—b) € DX(c). The matrix A is
Toplitz-Lipschitz if it is Toplitz at oo and (4) A, < oo for some A, y.

Truncations. It is easy to see that

@)  (TaMay <My,  (A=Tad)p,y <e 2074y,

Tensor products. We can now verify that
©) € ay <l 8], -

Multiplications and differential equations are more delicate and we shall need
the following proposition.

PROPOSITION 2.3. Forall x,y € {+,—},all y' <y and any ¢ #0

. Xy 1 d
O [e7aedn)] o 3(=0) ey ) [6.5
5 1 d+1
+ A (V_y/> ‘%;1A|§£x§e ‘%zzB‘ixﬁﬁ’
where one of y1, y2 is = y and the other one is = y'. The same bound holds
for BA.
ii €7 M (ABC
(ii) VI MABO e

1 2d
5(y_)//) }%chlA‘ggxgg }%%MC(B”DX@) |%;3C}g£><:£

2 1 2d+1 X y z
+ A (V_V/) }%hA‘ggxgg |%723|§£x§£ ‘%)@C}&Exéﬁ’

where two of Y1, y2,v3 are =y and the third one is = y'. The same bound
holds if we permute the factors A, B and C.

Proof. To prove (i), let first x = y = +. We shall only prove the estimate for
AB — the estimate for BA being the same. Notice that for (a, b) € DX 43(c) we
have, by Corollary 2.2(i), that

b
Mc(a,b) = max(m, u) + 1~ M + 1.
| lel lc|

Now, for (a, b) € DX+3(C) we have

(€ Me(AB)S <> Me(a,b)[AZ][BSle 1o~
d

- Z S Z .= (D + (D).

(a,d)eD} (c) (a,d)¢D (c)
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In the domain of (I) we have, by Corollary 2.2(i), that

Mo (a.b) ~ % 1~ Mo(a, d),
C
so that

+ + ~(1=y"la—d|~(y2=y")|d—b|
M= ‘%JMMCA‘D;’\'(C) }%yzB}gxg‘fZe nere T ’
d

Since one of y; —y" and y, —y’ is y —y’ the sum is < (#)d.
In the domain of (II) we have, by Corollary 2.2(iv), that
1 |a|
a—d|, |b—-d|z —+—,
so (II) is

’S |%;_1 A}ixi |%§';‘23 |§£x§£

|a| —(y1=y)a—d|—(ya—y")|d—
X Ld BT | ri—y)la—d|=(y2—y")ld—b|
E ()

la—d|,|d—b|z 15 (&

Since one of y; —y’ and y, —y’ is y — ' the sum is < Az(#)d—'_l. The three
other cases of (i) are treated in the same way.
To prove (ii), let first x = y = z = 4. Notice that for (a, b) € DX+6(C) we

have, by Corollary 2.2(i), that

jal o] a|
Mc(a,b)=max(m,m)+lzm+l.
Now
(€5 Me(ABC) < ) Me(@. b)IAGNBGIC1" ™ < 37 v Y0

d,e |d|>le| le|=|d|

We shall only consider the first of these sums — the second one being analogous.
We decompose this sum as

Yo+ D> 4+ Y =0+ )+ .

(a.d)eD 5(0) (a.d)eD 5(0) (a.d)¢D S, 5(0)
(d.e)eD} (c) (d.e)¢ D (c)

In the domain of (I) we have, by Corollary 2.2(i), that M.(d, e) ~ M.(a, b),
so (D) is

< |%)J/F1A}$x§£ |%)—1—2J‘/LCB‘DX(C) ‘%;;C|§£x§£
x Z e~ r1=y)la—d|=(y2—y")ld—e|=(y3=y")le—b|
d,e

Since two of y1 —y’, y2 —y’ and y3 —y’ are y — y’ the sum is < (—y_ly/)Zd-
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By Corollary 2.2(iv) we have, in the domain of (II),

1 a|
—d|, |d —e|Z ——.
a=dl. 1d el 2 5510
and, in the domain of (III),

1 |a|
—d|, |d=-b|2 ——.

Hence in both these domains we have

1
s(d.e) = max(la—dl.1d —el.le ~b) 2 751"

so (II) + (III) is

|%§ A’&Exéf |% B|§£x§£ ‘% C|£x$
Z (U 4 e~ 0n=y)la=dl=(r2—y)ld—el~(rs—y)le=b],
s(d, e)~ l |
Since two of y; — Y/, y» —y’ and y3 — y’ are y — y’ the sum is < A2( )2‘1"'1
The seven other cases of (ii) are treated in the same way, as Well as the case

when the factors A, B and C are permuted. O
We give a more compact and slightly weaker formulation of this result.

COROLLARY 2.4. Forall x,y € {+,—},ally' <y and any ¢ # 0

1 d+1
<A2(]/_)//) [‘%;1’4‘5&(55

+ }%%MC(A)‘DX(C)] ‘%izB‘ixi ’

® € M

Dy’ 5(c)

where one of Y1, Y2 is = y and the other one is = y'. The same bound holds

for BA.
(i1)

€27 U (ABC) A2 () e 4l ()
v DY~ \y =y’ vl S EEIDR

| B‘&Exéf] ‘%;SCLEZX&E’

where two of Y1, Y2, Y3 are = y and the third one is = y’. The same bound
holds when the factors A, B and C are permuted.

Multiplication. Using relations (1) and (7) we obtain from Corollary 2.4(i)
that a product of two Toplitz-Lipschitz matrices is again Toplitz-Lipschitz and for
ally’ <y

5 1 d+1
(10 (AB)assy A (S) (A Bl + 141y, (B)as]

where one of y1, y» is = y and the other one is = y’.
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This formula cannot be iterated without consecutive loss of the Lipschitz do-

main. However Corollary 2.4(ii) together with (5) gives for all y’ <y
(11) (Ar---An)a+e,y

(n—1)d
S(Cte-)"Az(y_ly,) 1 H[ > 1T 14, (Ak>A,Yk]’

1<k<nl<j<n

J#k

where all y1, ..., Y, are = y except one which is = y’'.
Linear differential equation. Consider the linear system

4X = A@)X

X(00) =1,

where A(¢) is Toplitz-Lipschitz with exponential decay. The solution verifies

Xty ph th—1
Xmg:1+§:/ / m/q At A(t) ... A(ty)dty, ... dtadty.
=170 Jo 0
Using (11) we get for y’ <y
(12) (X()—1)A+6,y

d
§A2<yly)p1@m(ae(yjyj nkug)lT?ﬁA@»AJ,

where a(7) = supg<s)<j¢| |A($)], -

2.4. Toplitz-Lipschitz matrices (d > 2). Let A: ¥ x ¥ — gl(2,C) be a ma-
trix. We say that A is 1-Toplitz if all Toplitz limits A(£, ¢) exist, and we define,
inductively, that A4 is n-Toplitz if all Toplitz limits A(£, ¢) are (n — 1)-Toplitz. We
say that A4 is Toplitz if it is (d — 1)-Toplitz.

In Section 2.3 we have defined (A4) A, which we shall now denote by (A4) 4 .
We define, inductively,

"(A)ay = sup ("THAG )y "THAC ) Ay )
cezd

(¢ = 0is allowed and A(+,0) = A) and we denote (A)p,, = d_l(A)A,y. The
matrix A is Toplitz-Lipschitz if it is Toplitz at oo and (4) A, < oo for some A, y.

Proposition 2.3, Corollary 2.4 and (9)—(12) remain valid with this norm in any
dimension d.

3. Functions with Toplitz-Lipschitz property

3.1. Toplitz-Lipschitz property. Let 0Y (o) be the set of vectors in the com-
plex space lf (£, C?) of norm less than o, i.e.,

0”(0) ={teC’xC”: ¢, <o}



388 L. HAKAN ELIASSON and SERGEI B. KUKSIN

Our functions f : 0%(0) — C will be defined and real analytic on the domain
0%(0).3
Its first differential

3(£,C? 3¢ (8,3 £(0))

defines a unique vector d¢ f({) (the gradient with respect to the paring (, )), and
its second differential

13(£.C%) 3 L (L.07£()0)

defines a unique symmetric matrix 8? f(©0): £x L — gl(2,C) (the Hessian with
respect to the paring (, )). A matrix 4 : £x¥ — gl(2, C) is symmetric if tAg = Ag.

We say that f is Toplitz at oo if the matrix 8? f(¢) is Toplitz at oo for all
¢ € 0%(0). We define the norm [f]A ;.o to be the smallest C such that

I fOl=C Vé‘e@o/(a),
locf @], <ic Ve (o). ¥y <.
(2f(D)ay < 5HC VL€ (0), ¥y <.

PROPOSITION 3.1. (i) [fglA,y.0 < [f1Ay.0lglAye-
(if) If (¢) = (¢, 0 £ (D)), then [g]A yo S 5257 llclly [f]A o for o’ <o
(i) If g(2) = (C&, ¢ f(£)), then, for o' <o and y' <y,

/

asaror s (14 575) (=) " iel,

o—a'/\y—y

d
a2 () s ) U

Proof. We have

180 = f(©)g().
g f8(8) = f(§)9:g(8) + 9 f()g(0).

07 f2(5) = f(©)37g(5) + 97 /(D)g(©) +2(3g £ () ® Ve g (£)).

(i) now follows from (9).
For ¢ € 0°(0”) we have

181 = Ielo |36 @] < lello >

where o = [f]A 0.

3The space [2(%, C?) is the complexification of the space [2(%, R) of real sequences. Now, “real
y p pace [y, q
analytic” means that /2 (%, C?) is a holomorphic function which is real on 6°(c) N 12(%, R).
Y Y
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Let¢ e 0" (0') and h(z) = d¢ f(¢+zc). Then, his a holomorphic function

(with values in the Hilbert-space 12 (£,C?)) in the disk |z| < ”C" and

12y, ==

Since d¢ g(¢) = 9;h(0), we get by a Cauchy estimate that

< (2L kel @),
oco—o "

Let £ € 0¥ (0”) and k(z) = 8§f(§ + zc¢). Now, k is a holomorphic function
(with Values in the Banach-space of matrices with the norm () 5 ;) in the disk
|z]| < ”C" " and (k(2))a,yr < 1 —a. Since aZg(c) = 0¢k(0), we get by a Cauchy

estimate that
1\2(/0/\?2 1
ey = (5) () 25 el ).

This proves (ii).
To see (iii) we replace ¢ by C¢ and notice that

08 (5) = 0:h(0) +'C e £(£)

and

035(0) = 9:k(0) +CZ () + 0 S )C.
Also, 9-h(0) and 9:k(0) are estimated as above and [|C{||,, is estimated with
Young’s inequality (2). The matrix products are estimated by (10). ]

3.2. Truncations. Let Tf be the Taylor polynomial of order 2 of f at { =0.
PROPOSITION 3.2. (i) [Tf]A y.0 S[f]Ap0-
(i) [f = Tf1apor S (5P 5% Ao

Proof. Let { € 0%(0’) and let g(z) = f(z¢). Then g is a real holomorphic
function in the disk of radius 2 and is bounded by o = [f]A,y,o. Since Tf(z{) =
g(0)+¢g'(0)z+ 3 Lo”(0)22 we get by a Cauchy estimate that

I(f =Tl =|g(1) —g(0)—g"(0) - g”(O)‘ ( )3 e

o—ao’
Let¢ e oY’ ((7/ ) and let h(z) = d¢ f (z¢). Then h is a holomorphic function in
the disk of radius 7; and bounded by Z. Since d; T (¢) = h(0) + h'(0)z we get

by a Cauchy estlmate that
N2 o o
(%) o=oe
0/ o—0'co

Let ¢ € 6”'(07) and let k(z) = 82 f(z¢). Then k is a holomorphic function
in the disk of radius 2; and bounded by . Since 82Tf (&) = k(0) we get by a
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Cauchy estimate that
5 o’ o o
B = TNO) = (%) = 5
This gives (ii).
The first statement is obtained by taking o’ = %0. Since f is a quadratic

polynomial it satisfies the same (modulo a constant) estimate on o as on %0. ([l

3.3. Poisson brackets. The Poisson bracket of two functions f and g is de-

fined by { 1. g}(¢) = (9 f(£). J 9 g(0)).

PROPOSITION 3.3. (i) If g is a quadratic polynomial, then

of 1 4+l o7 \2
+A (y—)/) (E) [f1ay.01(8]Ay.025
forO0<oy—o0'~0y, 0<0oy—0'~opandy <y.

(i) If g is a quadratic polynomial and f(¢) = (¢, AC), then

[/, g} Aty < [

0102

[{f’ g}]A+3,y’,0’

~ y_)// 0_12 ,J/_y/ 0_12 A,V,UI g A,V,UZ’

forO<oy—0'~o01,0<0,—0" ~o0pandy <y.
Proof. We have
I { f, g1 = 97 f(§) T 3¢ g(§) — 78(D) T 3 £(0)

and 8?{ £, g}(0) is the symmetrization of the infinite matrix

03 £(0)008(0) = Rg(O)T 0 £() + D f ()T 028 (D) + 021 (§)T 28 (0.
For ¢ € 0°(0”) we get, by Cauchy-Schwartz, that

12301 < [0: £, [8e2 )], < (ﬂ)

01072
where & = [ f]A,y,0; and B = [g]A.y,05-

For ¢ € OV’ (¢7), let h(z) = 0¢ f(C+2J0:8(0)). For |z] < W we have
V/

o
h < —.
@y <

Since 0;h(0) = agf(é')Ja;g(é') and 01 — o’ ~ 01, we get by a Cauchy estimate
that

|27 @ 70:0)

apf.

<
v~ ooy

The same estimate holds with f and g interchanged.
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For ¢ € 0Y'(0"), let k(z) = 82f(§ + ZJagg(é‘)) By a Cauchy estimate we

get as above that (83f(§)J8;g(§))A y
f and g interchanged.
Finally, for ¢ € 07" (0”) we get by (10) that

(02 FOT RO as3y < A2 —¥) 4 S (©)ay (0380

By hypothesis we have (82g(§))A y < aﬁ for ¢ only in 07 (0’). But since g is
quadratic, 02 g(g“) is independent of ¢ and, hence, this also holds in the larger

domain ¢ € @V (07). The symmetrized matrices satisfy the same estimates, and (i)
is established.
The second part follows directly from Proposition 3.1(iii). O

3.4. The flow map. Consider the linear system
{=J0:/(9)

where f;({) = (¢,ar) + 5(¢, A¢8), and let a(t) = supjg<jy |45, and B(t) =
supjs|<[¢| llas|l,-- Consider the nonlinear system z = g (¢, z) where g(¢, z) is real
analytic in 0%(0') x D(u). D(p) is the disk of radius 1 in C. Let 0 < p/ < pu.

PROPOSITION 3.4. (i) The flow map of the linear system has the form
§t: 8> L+ b + Bl

and fory' <y
1 n x . 1 . d
6@ =2l 5 (5=7) [ Ol

4 +|:€Cte( S @) _ ]”f”y/]

_1 yd
(Bt)A-i-G,y’ 5 AZ(#)“M&C.(V_V/) [t]ee(2) sup (AS)A,)/-

Is<le|

(ii) For |z| < /, the flow of the nonlinear system is defined for |t| < ”“ Y and

2
1
[a(z)—ﬂAya,v(1+" “(Cwmuﬂuﬁ_m) ‘.
&

where &€ = supep()[8( 2)]A,y0 < 1.

Proof. (i) We have

o0 t th—1
bt = Z/ .. / JAtl . JAtn_]Jatndlndln_l .. .dt]
n=170 0
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and

0 t tn—1
Bt:Z[ / JAtl...JAtndtn...dtl.
n=1"0 0

By (5),
1Bl < (v =y (6(0)— 1), 8(t) = exp(cte.(y — ")~ |t]ec(t))
and by (2) we have

1Betlly < (525)" @@ =11l

By (2) and (5),
1\
el 5 (5 =) SOkIBO).
By (12) we have

(Bt)A+6,y’ s Az(y_y/)_l‘s(t) sup (AS)A,)/-

Is|<lt]

The proof of (ii) is easier. Now, d¢Z; = d¢ g(...)+0dzg(...)d¢z; which implies
that

0ez = /t efst azg(;’Z’)drE);g(ﬁ, zg)ds.
This is easy to estimate. We al(;o have
0720 = 978(...) +020:8(...) ® gze +0:8(.. )03 24
which is treated in the same way. O
Remark. This result holds for z = (z1,...,z,) €D(w)"* and g = (g1,...,&n).
Remark. If [t| < 1 and supg < |4s], < (¥ —y")4 then

1 My 1 my—+d
15:()=¢lly S (———; sup |las|l, +(—— sup [Asly [IS1,/
Y=V 14

/
Is|<|z| Y Is| <]

and

1
(Bt)A+6,y" S Az(?) sup (As)A,y-
Y=Y/ isi<le|

If |t| <lande= SupZE[D(u,) [g(’ Z)]A,%O' < I‘L_/’L/’ then [Zl (" Z)_Z]A,V,O' Se.

3.5. Compositions. Let f(Z,z) be a real analytic function on 0°(c) x D(u)
and sup,ep(y[f( 2)]ay0 <00. Let 0 <o’ <o0,0 < u' < pand ®(¢,2) =
¢+ b(z) + B(z)¢ with

1b(z) + BE)Ell, <o =o', V((.2) €0 (o)) x D)
for all y’ < y. This implies that
®(,2):0" (06') >0 (0), VY <y, VzeD().
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Let g(¢, z) be a real holomorphic function on 0°(c”) x D(i) such that |g| <
3(u—p).
PROPOSITION 3.5. Forall z € D(i') and y' < y,

[f((b(, Z)» z+ g(’ Z))]A+6,y’,0’

1
smax(l,a,A2 az) sup [/ DAy
<V—V’) zeD (1) e

where

o=

1 d+m*
sp [g¢2)agor + (=) swp (Blay.
= zeD(w) - y—v' zeD(w) g

Proof. Let & = sup; ep(,) [/ (. 2)]A,y,0 and B = sup,ep(u)[g (- 2)]A,y,07- Let
h(¢.2) = f(®(¢.2). 2 + g({. 2)). Then

8§h =d; f(.. .)8;g+’38;f(. .2

and
Ogh =02 f(..)(0:g ®drg) + 32 f(...)7¢
+ 2'B(3;0: f(...) ® ) +'BF f(..)B.

For (,2) € 0°(0") x D(u') we get: |h(¢)| < e. For (¢,z) € 0¥ (") x D(),
1 B
v’ R (,u—w)‘e?’

1 d—i—m* £
y5(o=) 1Bl
y—=v o

[0- (.- )deg

L 10: () [0z

|*Ba £(...)

by Young’s inequality (2).
For (£,z) € OV (07) x (1),

@1 ee By < (o) o(L)
by (9);

- 190wy = (20 )e(( )

/ 5 1 d+1 1 B
(B /() ®Uarsy S A (=) B (o)
by (9)-(10);
f a2 5 1 2d+1
(BOFSCIBIavey A (L) (B
by (11). O

Remark. This result holds for z = (z1,...,2,) € D(w)"” and g = (g1,...,gn).
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Part II. The homological equations

In this part we consider scalar-valued matrices Q : £ x £ — C which we
identify with gl(2, C)-valued matrices through the identification QZ =Q Z I.

We will only consider the Lipschitz domains DX(c) which we denote by
D (c).

We define the block decomposition € A together with the blocks [ - ]a and the
bound da of the block diameter. We consider parameters U C R%, sf = 74 \ ¥,
and define the norms | - |y and (- ) A -

t 0’

4. Decomposition of £

In this section d > 2. For a nonnegative integer A we define an equivalence
relation on & generated by the pre-equivalence relation

jal* = b

a~b<— a—b| < A.

Let [a]a denote the equivalence class (block) of a, and let € A be the set of equiva-
lence classes. It is trivial that each block [a]a is finite with cardinality < |a |d_1 that
depends on a. But there is also a uniform A-dependent bound. Indeed, let da be
the supremum of all block diameters. We will see (Proposition 4.1) da < Aw.

A will be fixed in this section and we will write [ - ] for [ - ]a.

4.1. Blocks. For any X C 7% we define its rank to be the dimension of the
smallest affine subspace in R? containing X .

PROPOSITION 4.1. Let ¢ € 7% and rank[c] = k, k = 1,...,d. Then the
k !
diameter of [c] is < A

Proof. Let A;, j > 1 be an increasing sequence of numbers. Assume that for
any 1 </ <k,

o) rank(Ba, () N[e)) =1 Ve ecl,

where B, (c) is the ball of radius r centered at ¢. This means that for any ¢ € [c],
there exist linearly independent vectors ay, ..., a; in 7% such that ¢ +a i €[c] and
jajl <AL 1<) =1

(x); implies that the L projection ¢ of ¢ onto ) Ra; verifies

A =1

cl <

Proof. In order to see this we observe that, since |c + a;|? = |c|? for each j,

the (row) vector ¢ verifies cM = —%(|a1 1> ... la;|?), where M is the d x [-matrix
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whose columns are ‘ay, . ..%a;. Now there exists an orthogonal matrix Q such that

QM:(f),

where B is an invertible / x/-matrix. We have (det B)?=det(‘* BB)=det( MM)>1,
and (the absolute values of) the entries of B are bounded by < A;.
Define x now by

(x1...x1) =—2(a1*...|a;|*) B!

Xj41=-=xq =0,

and y =xQ. Thenc—y L ) Raj, so that |¢| < |y|. An easy computation gives
ly| = |x| < Alt1and < A; (if I = 1). O

We shall now determine A; so that (x); holds. This will be done by induction
onl. Forl =1, A; = A works, so let us assume that (x); holds for some 1 </ < k.
If (*);41 does not hold, it is violated for some c. Let us fix this ¢ € [c], and let X
be the real subspace generated by (Ba,,, (c)) N[c]) —c. Now, X has rank = /.

For any b € [c] with |b—c| < Aj41 — A; we have

Ba,(b)N[c] C Ba,,,(c) N]c].

By the induction assumption the L projection b of b onto X verifies ().
Take now b € [c] such that Aj 41 —A;— A <|b—c| <(Aj4+1—A;);sucha
b exists since the rank of [c] is > [ 4 1. Since b — ¢ is parallel to X we have

A=A —A<[b—c|=F—2] £ Zﬁﬁzé
So if we take A; 4 ~ the RHS, then the assumption that (x);; does not hold
leads to a contradiction. Hence with this choice (*); holds for all / < k.

To conclude we observe now that [c] C ¢ + X where X is a subspace of
dimension k. Clearly the diameter of [c] is the same as the diameter of its L
projection onto X, and, by (#3), the diameter of the projection is < Ay. ([l

We say that [a] and [b] have the same block-type if there are a’ € [a] and
b’ € [b] such that [a] —a’ = [b] — b’. It follows from the proposition that there are
only finitely many block-types. We say that the block type of [a] is orthogonal to
cifa]—a L c.

Description of blocks when d = 2,3. Outside {|a| :< dp ~ A3}, ford =2
we have

* rank[a] = 1 if, and only if, a € % + bt for some 0 < |b| < A; then [a] =
{a,a —b};

* rank[a] = 0; then [a] = {a}.

For d = 3, we have outside {|a| :< da ~ A!?}
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* rank[a] = 2 if, and only if, a € g +b+ N 5+ ¢t for some 0 < |b], |c| <2A
linearly independent; then [a] D {a,a —b,a —c};

* rank[a] = 1 if, and only if, a € % + bt for some 0 < |b| < A; then [a] =
{aaa_b};

* rank[a] = 0; then [a] = {a}.
4.2. Neighborhood at oco.

PROPOSITION 4.2. Forany |a| > A2~ there exists c € 72,0 < |c| S A1,
such that

lal = A(lac| + [c]) |e|, {a.c) = 0.
(ac is the lattice element on a + Rc closest to the origin.)

Proof. For all K > 1 there is a ¢ € Z¢ N {|x| < K} such that

_1
§ = dist(c, Ra) < C, (%) 7

where C; only depends on d.
To see this we consider the segment I' = [0, %a] in R? and a tubular neigh-
borhood I'; of radius &:

vol(Tg) =~ Ked™1,

The projection of R? onto T¢ is locally injective and locally volume-preserving.
Ifez (%)ﬁ, then the projection of I'y cannot be injective (for volume reasons),
so there are two different points x, x’ € I'y such that x —x’ = ¢ € Z¢\ 0. Then
lac| < %5. Now,

Allac| +le]) [c] < AK* +Cy

—— lal.

d—1

If we choose K = (2C>A)%~1, then this is < |a|. O
COROLLARY 4.3. Forany A, N > 1, the subset

{la| +1b| = A2y N{la—b| < N} c 2% x 74

U Dalo

0<|c|SA4-1

is contained in

forany Q < NLH—I.

Proof. Let |a| = A24~!. Then there exists 0 < |¢| < A9~ such that |a| >
A(lac| + |c]) |c|. Clearly (because d > 2)
|a|

— >2A%>2Q%
|c]
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If we write a =a, +tc then b =a.+b—a+tc. According to Lemma 2.1(iv)
b| = Q(lac +b—al +|c]cl,

and moreover

b
Uzm—szAz—szszZ. O
el ™~ el

Remark. This corollary is essential. It says that any neighborhood
{(a.b):la—b|<N}cz¢xz?

of the diagonal, outside some finite set, is covered by finitely many Lipschitz do-
mains.

4.3. Lines (a + Re) N Z°.

PROPOSITION 4.4. (i) If[a+tc]=[b+tc]forallt > 1, then[a+tc] =
[b+tc]forallt,

(ii) [a +tc]—(a +tc) is constant and L to ¢ for all t such that
la +te| = dR (lac| + |c]) fe] .

Proof. To prove (i) we observe that |a 4+ tc| = |b 4 tc| for all £ > 1, which
clearly implies that |a + tc| = |b 4 tc| for all ¢. If |a — b| < A then this implies
that [a +1c] = [b +tc] for all t. Otherwise, for all > 1 there is a d; ¢ {a, b} such
that [d; + tc] = [a + tc]. Since the diameter of each block is < da, it follows that
|d: —a| < da. Since there are infinitely many ¢’s and only finitely many d;’s, there
is some d such that d = d; for at least three different ¢’s. Then |d + tc| = |a + t¢|
for all ¢.

If now |a—d| < A and |d —b| < A, then [a + tc] = [b + tc] for all ¢.
Otherwise, for all t >> 1 there is an e; ¢ {a, b, d} such that [e; +tc] = [a + tc],
and the statement follows by a finite induction.

To prove (ii) it is enough to consider a = a.. Let b € [a +tc] — (a + tc) for
some ¢ = tq, such that |a + tc| > di(|ac|+|c|) lc|. Then |a + tc +b)*> =|a + te|?;
ie.,2t(b,c)+2(b,a)+|b* =0.

If (b,c) # 0, then

1
la+1c| < lal + [t (b,e) |e] = |al + (1(b.@)| + 5 BI?) Ic]
which is less than
1
((dA+1) |a|+§d§) Ic|.

But this is impossible under the assumption on a + t¢. Therefore (b,c) =0, i.e.,
[a+tc]—(a+tc) Ltoc.

Moreover it follows that |a + t¢c + b| = |a + tc| for all ¢. If |b| < A it follows
that [a + b + tc] = [a + tc] for all ¢. If not, there is a sequence of points 0 = by,
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ba,...,bry =bin [a + toc] — (a + toc) such that ‘bj_}-] —bj| <Aforall j. Bya
finite induction it follows that [a + b +tc] = [a 4 tc] for all . Hence

[a+tc] = (t —to)c + [a + toc]
for all £ > 1g. O

More on Toplitz-Lipschitz matrices. For a matrix Q : £ x &£ — C we denote
by Q(tc) the matrix whose components are

Qb(te) =: Q) = 0bic. 4
Clearly for any subset I, J of &

Qf (te) =: Qo) = QF fi¢
in an obvious sense.

COROLLARY 4.5. Let A > d3. If (a.b) € DA(c), then

Q[b]A (ZC) — Q[b+tc]A

[ala [a+ztcla

forall t > 0. In particular, if Q is Toplitz at oo, then

lim H o2 (ie) - Q{Z}i(ooc)ﬂ —0.

t—>00

Proof. This follows immediately from Proposition 4.4(ii). O

5. Small divisor estimates
Let w € U C R* be a set contained in
(13) {lo| = Ci}, G > 1L
If A:¥x% — gl(2,C) depends on the parameters w € U we define
|A|{{]} =£215(|A(w)ly 0w A(@)],).

where the derivative should be understood in the sense of Whitney.> If the matrices
A(w) and 04, A(w) are Toplitz at oo for all w € U, then we can define
<A){A,y} = sup ({(A(®))A,y. (0w A(@)) Ay)-
U welU

(This Lipschitz norm is defined in §§2.3, 2.4.) When y = 0 we denote these norms
by [A]y and (A>{A}~
U
It is clear that if (A4) A ) is finite, then the convergence to the Toplitz limit

U
is uniform in w both for A and 9, A.

#Notice the abuse of notation. In order to avoid confusion we shall sometimes denote the Toplitz
limit in the direction ¢ by Q(ooc).

This implies that (A) {)llj } bounds a ¢! -extension of A(w) to a ball containing U
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5.1. Normal form matrices. A matrix A : ¥ x¥ — gl(2, C) is on normal form
— denoted NFp —if

(1) A is real valued;
(ii) A is symmetric, i.e., A} = ’(Ala’);
(iii)) tA = A (7 is defined in §2.1);
(iv) A is block-diagonal over €x, i.e., Ag =0 for all [a]a # [D]A.

For a normal form matrix A the quadratic form %(C , AC) takes the form

Le Ai8) + (6. dam) + 20 i)

where A1 + iA, is a Hermitian (scalar-valued) matrix.

Let
1 1
Va Na 72 2
and define ‘CAC : & x £ — gl(2, C) through (‘CAC)5 ='CALC.
Then A is on normal form if, and only if,

L _1
2(w, CACw) = 2(u, 0v),

where Q : £ x ¥ — Cis

(1) Hermitian, i.e., QZ = QZ,

(i1) block-diagonal over €A.

We say that a scalar-valued matrix Q with this property is on normal form, denoted
NFA.

Remark. Notice that a scalar valued normal form matrix Q will in general
not become a gl(2, R)-valued normal form matrix through the identification Q 3 =
0 2 I, because the identification with ‘CAC is different. However, the Toplitz prop-
erties are the same and the two Lipschitz norms (obtained by these two different
identifications) are equivalent.

We denote for any subset / of &
01 = 0] = Olixi.

5.2. Small divisor estimates. Let Q = Q(w) : ¥ x ¥ — R be a real scalar val-
ued diagonal matrix with diagonal elements 2, (w), w € U. Consider the conditions

|05, (Qq(@) —lal?)| < Coe=ll, €3> 0

(14) (a,w)eExU, v=0,1,
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and
(0 (k. ) + Qa(w)), %) > Cy4 >0,

{1s) (00 (k. @) + Qa (@) +Qp(@)), Q,:—n > Ca.
(00 ({k, 0) + Qa(w) — Qp(@)). 1) = Ca.
a,be?, kezZ"\0, weUl.

Let H = H(w) : ¥ x % — C and consider
(16) 00 H(w)| < %, wel.

(Here || || is the operator norm.)
Let us first formulate and prove the easy case.

PROPOSITION 5.1. Let A" > 1 and 1 > k > 0. Assume that U verifies (13),
that 2 is real diagonal and verifies (14) and (15), and that H verifies (16). Assume
also that H(w) is NFA forall w € U.

Then there exists a closed set U’ C U,

Leb(U \ U’) < cte. max(A’, d2)24+#4=1(Cy + sup | H(w)|))4 k CF1
U

such that for all w € U’, all 0 < |k| < A" and for all

(17) [a]a. [b]a

we have

(18) (k. w)| = «.

(19) (k. w) +a(@)| =z« Va(w)eo((R+ H)(@)g],)
and

a(w) €o((©2 + H)(@)[a14)
B(w) € (2 + H)(@)p]5)-

Moreover the k-neighborhood of U’ C U satisfies the same estimate. The constant

20)  [(k,o)ta(@) + @)=k V

cte. depends on the dimensions d and #4 and on Cy, Cy.

Proof. It is enough to prove the statement for A" > di. Let us prove the esti-
mate (20), the other two being the same, but easier. Let Cs = supy; || H(w)||. Since
k| < A, |{(k,w)| < C1A’.® If the block I intersects {|c| = ~/C1A”+ Cs}, then
any eigenvalue o of (Q + H)(w)y verifies @ = C1A’. Hence |{k,w) +a + B| = 1.

So it suffices to consider a pair of eigenvalues o € o ((2 + H)(w)y) and
B eo((Q+ H)(w)y) with blocks I, J C {|c| < +/C1A’ + Cs}. These are at most
< (C1 A’ 4 Cs)? many possibilities.

Now, ({k,w) + o + B) is an eigenvalue of the Hermitian operator

Hw): X > (ko)X +(Q+H) () X+ (Q+H)(w)sX

©1n this proof < depends on d, #si and on C3, Cy.
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which extends ¢! to a ball around U in {|w| < C1}. Assumptions (15) and (16), via
Proposition 9.3 (Appendix), now imply that the inverse of #(w) is bounded from
above by % (this gives a lower bound for its eigenvalues) outside a set of Lebesgue
measure < dguiﬁCf&q_l.

Summing now over all these blocks 7, J and all |k| < A’ gives the result. (]
We now turn to the main problem.

PROPOSITION 5.2. Let A" > 1 and 0 < k < 1. Assume that U verifies (13),
that 2 is real diagonal and verifies (14) and (15), and that H verifies (16). Assume
also that H(w) and 0, H (w) are Toplitz at oo and NFa forall w € U.

Then there exists a subset U’ C U,

d
Leb(U \ U’) < cte. max(A/, d3, A)PH#i—1 (Cl + (H>{A}) (D! ct,
U

such that, for all w € U', 0 < |k| < A’ and all
1) dist([a]a, [p]a) < A

we have

a(w) € o((2+ H)(®)[a],)
B(@) € o((Q + H)(w)[p],)-
Moreover the k-neighborhood of U \ U’ satisfies the same estimate.

The exponent exp depends only on d. The constant cte. depends on the dimen-
sions d and #s4 and on C,, C3, Cy.

) |tko) + o) - )| = v{

Proof. The proof goes in the following way: first we prove an estimate in
a large finite part of & (this requires parameter restriction); then we assume an
estimate “at 0co” of &£ and we prove, using the Lipschitz property, that this estimate
propagates from “oo” down to the finite part (this requires no parameter restriction);
in a third step we have to prove the assumption at co. This will be done by a finite
induction on the “Toplitz-invariance” of H. Notice that it is enough to prove the
statement for A’ > max(A, d3) and let [ ] denote [ ]a. Let N ~ (A')2.

1. Finite part. For the finite part, let us suppose a belongs to

(23) {aeP:lal £ (Ci+ idZI(H){A})NZd_I}, 7
K1 U

where k] = K%'H. There are finitely many possibilities and (22), is fulfilled, for
all [a] satisfying (23), all [b] with |a —b| S A’ and all 0 < |k| < A’, outside a set
of Lebesgue measure

d d d \rd(2d— d+#a—1 K -
(24) < dA(C1+dA(H){lI}}) NAQ@A=D) (ArydF# 1K—dcfﬂ L
1
(This is the same argument as in Proposition 5.1.)

"n this proof < depends on d, #s and on C3, C3, Cy4.
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We now get rid of the diagonal terms V(a,0) = Qa(w) — |a|?> which, by
(14), are < Cze_|“|c3. We include them into H. Since they are diagonal, H will
remain on normal form. Due to the exponential decay of V., H and 8, H will
remain Toplitz at co. The Lipschitz norm gets worse but this is innocent in view
of the estimates. Also the estimate of d,, H (w) gets larger, but if @ is outside (23)
then condition (16) remains true with a slightly larger bound, say

3
190 H ()] < % wel.

So from now on, a is outside (23) and Q, = |a|?.

2. Condition at oo. For each vector ¢ € Z% such that 0 < |¢| < N971, we
suppose that the Toplitz limit H (c, @) verifies (22), for (21) and for

(25) ([a] —[b]) Lec.

It will become clear in the next part why we only need (22),, and (21) under the
supplementary restriction (25).

3. Propagation of the condition at co. We must now prove that for | —a| < A’
and an a € & outside (23), (22), is fulfilled.
By Corollary 4.3 we get

N
@bye |J Dwo). N’%E.
0<|c|SN4—1

Fix now 0 < |¢| < N4~1 and (a,b) € Dy/(c).
By Corollary 2.2(iii)

[a] x [a], [a] x [b]. [b] x [b] C Dn-(c) C Da(c)

if we replace N’ by N’ —da —2 — still denoted N'.
By Proposition 4.4(ii) (notice that N” > di), [a+tc]=[a]+tcand [b+1tc] =
[] +tc fort > 0and [a] —a, [p]—b L c. It follows (Corollary 4.5) that

Mm H(@)g+1c) = H(c, 0)g) and  lim H(@)[p+1c) = H(c, 0)pp)-

The matrices [44¢] and £2[p4+¢] do not have limits as 7 — co. However,
for any (#[a] x #[b])-matrix X,

Qratie]X = XQpgre] = QX — XQpp +2t{a—b,c)X

for ¢t > 0, and we must discuss two different cases according to if (c,b —a) =0 or
not.
Consider for ¢t > 0 a pair of continuous eigenvalues

ar €0((2+ H(®))a+1c)
Br € 0((2 + H(w)p+1c])-
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CaseT: {c,b—a) = 0. Here
(2 + H(@)ja+ie)X = X(Q2 + H(@))p+1c)
equals
(la]* + H@)a+1c1X = X(b1> + H(@)[p+1c]-
The linear and quadratic terms in ¢ cancel!
By continuity of eigenvalues, lim;— oo (¢¢; — B7) = (oo — Boo), Where
oo € 0((Ja]* + H(c, ))[a))
Boo € o (DI + H(c. 0))pp)).

Since [a] and [b] verify (25), our assumption on H(c, ®) implies that (€0 — Boo)
verifies (22)y, .
For any two a,a’ € [a] we have |a| = |a’|. Hence

ja|
[H @~ He.oxal 1 = ditH) ).
and the same for [b]. Recalling that a and, hence, b violate (23) this implies
K1
HH(CU)[d] — H(c,0)[q) H = R d=a,b.

By Lipschitz-dependence of eigenvalues (of Hermitian operators) on parameters,
this implies that

K1
[(@0 — Bo) — (oo — Boo)| < Y
and we are done.
Case II: (¢,b—a) # 0. We write a = a. + tc. Since |a| > N'(lac| + |c]) |c].

: 1 l|a|
it follows that |a.| < N el

Now, oo — Bo differs from |a|® — |b|* by at most 2 || H(w)]|| < d‘Al(H){ } and

A

U
lal?> = |b|> = —2t{c.b—a) —2{ac,b—a) — |b—al*.

Since |{c,b —a)| > 1 it follows that

T < Jao — Bol + lac| A+ (A)? +d§<H>{lA]}.

If now |ag — Bo| S C1A’ then |a| < |ac|+ |t c| is

<cte.(lac| A’ [c| + C1(A)? |e| + dZ(H){Iz}}ICI)
1
< —la| 4 cte.(C1(A)? |e| + dE(H)  p\ |c]).
2 ol
Since a violates (23) this is impossible. Therefore |ag — Bo| = C1A’ and (22),
holds.
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Hence, we have proved that (22), holds for any

ace (23)K1 (a,b) S UO<\C|$Nd_l DN/(C)
(a.b) € (21) (a.b) € 21)

under the condition at co. Therefore (22), holds for any (a, b) € (21).

4. Proof of condition at o0 — induction. Let c¢1 be a primitive vector in
0 < |c1] < N9, and let G be the Toplitz limit H(c1). Then G verifies (16),
G(w) and 9, G (w) are Toplitz at oo and
<
oy =oy
Clearly G(w) is Hermitian and, by Proposition 4.4(i), G(w) and d,,G (w) are block
diagonal over €4, i.e., G(w) and d,G(w) are NFA. Moreover G is Toplitz in
the direction ¢y, GSI;;‘ = Gb, foralla,b,tc;. Now, Q4 = |a|? for all a, so Q
verifies (14) and (15) .
We want to prove that G verifies (22),, for all (a,b) € (21) + (25),,, i.e., for
all |a —b| < A’ and ([a] — [b]) L ¢;1. Since G is Toplitz in the direction ¢y it is
enough to show this for

(26) }projun(q)a| < N1,
To prove this we repeat the previous arguments.
1

Finite part. In the set (23),,, k2 = Kld *1, there are only finitely many possi-

bilities and (22),., will be fulfilled outside a set of @ of Lebesgue measure (24) L
2

A second condition at co. For each vector ¢ € Z¢ such that 0 < |¢| < N9~1
with ¢ and ¢ being linearly independent, we suppose that the Toplitz limit G(c, w)
verifies (22)y, for all (a,b) € (21) + (25),, + (25),., i.e., for all |a —b| < A" and
(la] = [p]) Lecr.c.

Propagation of condition at co. The same argument as before shows that
(22),, holds for any
ae (23)K2 (a,b) e UO;lclsN‘{_l Dn(c)
clfeq
(a, b) € (21) (a’ b) c (21) + (25)61

under the condition at co.
Since a verifies (26), it follows that a € (23),, or (a,b) € Dy(c1). Indeed,
if (a,b) € Dy(c1), then (Corollary 2.2(i))

N —8M8M
lc1]

which implies that a € (23),,. Therefore (22), holds for any (a, b) € (21) +(25), -

< Nd—l
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5. The last inductive step. Suppose we have a matrix G verifying (16) and
such that G(w) and d,G(w) are Toplitz at co and NF and (G){A} < (H){A}.
U U

Suppose also that there are primitive and linearly independent vectors ¢y, ...,Ccq_1
of norm < N d_l, such that G is Toplitz in these directions, i.e.,

b+l‘Cj
a+ttc;

G =Gb, va b, j=1,....d-1.
1
We want to prove that G verifies (22),, ,, kg—1 = k3™, for all (a,b) €
(21) + (25)¢, +- -+ (25),_,- Since G is Toplitz in the directions c1, ..., cq—1
it suffices to prove this for a € (26),, PrOjLin(cy...... Cd_l)a} < N4,

1
If a € (23),,. kg = k|, then (22),,  will be fulfilled outside a set of
o of Lebesgue measure (24)Kd—1/lc§' By assumptions (25),, + -+ (25).,_,.
[a] and [b] are contained in one and the same affine line, so #[a], #[p] < 2. If
now a ¢ (23),.,.. then |a| 2 [projuin(c, ....cq_)4
#la] = #[b] =1 and

..... gy 1€

, and the same for b. Therefore

la +b| = (Cy + sup | G(w) ) N24 1.
U

It follows that
lla|* =161 = (C1 + sup IG(@)[hN22L,

unless [a] = [b] = {a}. In the first case we are done because |{k,w)| < C1A’ and
in the second case condition (22),, | reduces to |(k, w)| > «.

This completes the proof of the last inductive step and, hence, of the proposi-
tion. O
6. The homological equations

6.1. A first equation. For k € Z" consider the equation
(27) i(k,w)S +i(Q2(w)+ Hw))S = F(o),
where F(w) and d F (w) are elements in lf(SE, C) =1{§ = ((a)acxz : 5], < oo},

&1, = > |€al* €271l {a)2m=

ac¥

({a) = max(1, |a|)). Denote
IIFII{{]} = ilelll)](llF(w)lly Now F(@)ll,,)-

Let U’ C U be a set such that for all ® € U, the small divisor condition (19)
holds for all q, i.e.,

[{k,w) +a(w)| >k, Valw)eo((2+ H)w)).
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PROPOSITION 6.1. Let 0 < k < 1. Assume that 2 is real diagonal and verifies
(14) and that H verifies (16). Assume also that H(w) and 0, H (w) are NF A for
allweU.

Then equation (27) has for all w € U’ a unique solution S(w) such that

I
S <cte.—d>™e2vdn (| 4 k| || F )
| ||{{],}_ 294 I+ 1kD | ||{{],}
The constant cte. only depends on d,#s4, m« and Cy, C3, Cy.

Proof. This is a standard result. Equation (27) has a unique solution verifying
1
IS@)l, 5 —d e | F@)],

The factor dZ“‘e”dA comes in because the block-diagonal character of Q(w) +
H (w) interferes with the polynomial and exponential decay.
If we differentiate equation (27) with respect to w we get

i{k,)0pS +i(Qw)+ H(®))deS
= 0y F(0) =i (30 (k. ))S —id0(Q2(w) + H(w))S.
If we apply the same estimate to this equation we get the result on U’.
In order to extend S from U’ to a ball we take a ¢! cut-off function y which

is 1 on U’ and 0 outside U,.. We now first solve the equation on U, as above to
get a solution S and then we define S = yS. O

6.2. Truncations. For a matrix Q : £ x & — C consider three truncations
T aQ = Q restricted to {(a,b) : la—b| < A'},
P.Q = Q restricted to {(a,b) : (a—>b) L c},
DA Q = Q restricted to {(a,b) : |a—b| < A" and |a| = |b|}.
These truncations all commute. Moreover,

LEMMA 6.2. (i)

|gA’Q|{V} < IQl{y},
U U
(gA/Q){A,y} < (Q){A,V}
U U
and (TarQ)(c) =T ar(Q(c)) forall c.
(i1) The same result holds for P.
(iii) Forany A > (da’)?,
|@A/Q|{J(/J} < lQ'{’{]}’

(@A’Q>{$,y} < (Q){{\],y}-

Moreover (P:DaQ)(c) = (PcDa)(Q(c)) for all c.
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Proof. (i) and (ii) are obvious. Let us consider (iii). We have that (2 A Q)Z (c)
is = QZ(C) ifla—b| <A, |a| = |b|, (a—b) L c, and is = 0 otherwise. This gives
immediately the last statement.

If |a —b| < A/, then |a| = |b| = [a]a’ = [b]a’- Hence, if (a,b) € Dp(c)
and |a —b| < A/, then |a| = |b| = (a — b) L ¢. From this we derive that
@ Q) —(@a0)i(e) is = 0f — Qhi(c) or = 0. O

6.3. A second equation, k # 0. For k € 7" \ {0} consider the equation
(28) i{k,w)S +i[Q2(w)+ H(w),S]=Ta F(w)

where F(w) : £ x ¥ — C and 9, F (w) are Toplitz at oo.
Let U’ C U be a set such that for all @ € U, the small divisor condition
(21 Ar424, +(22) holds; i.e.,

a(@) €o((2+ H)(@)[a],)

(k. 0) Fa@)=p@)zk V) g0) e o((@+ H)@)p),)

for dist([a]a, [P]a) < A"+ 2dA.

PROPOSITION 6.3. Let A’ > 1 and 0 < k < 1. Assume that U verifies (13),
that 2 is real diagonal and verifies (14), and that H verifies (16). Assume also
that H(w) and 0, H(w) are Toplitz at oo and NF forall w € U.

Then equation (28), under the condition that S = T pr424, S, have for all
w € U’, a unique solution S(w) verifying

) |Slpy 1 <cte. Lazde?da (1 + |k|) Flpy 1
(ii) S(w) and 04, S(w) are Toplitz at oo and the Toplitz limits verify

i{k,w)S +i[Qw)+ H(c,w),S] =T AP F(c,w)
S =T A42d,S;

(iii) Forany A’ Z max(A,d%, A, supy | H(w)]|),

, L 2d ,2yd ,
(S darayy < cte g dime R+ (H) g DDy

The constant cte. only depends on the dimensions d and #4 and on C1, Ca, C3, Cy.

Proof. We first eliminate the diagonal terms I7(a, ) = Qq(w) — |a|?> which
by (14) are < Cze_|“|c3.8We include them into H; in view of the estimates of
the proposition this is innocent. Let us also notice that it is enough to prove the
statement for A > di. We first assume that F' = J A/ F.

So from now on we assume 2, = |a|? and A > dﬁ. We shall denote the
blocks [ Ja by [ ].

81n this proof < depends on d, #s4 and on Cq, C2, C3, Cy4.
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We first block decompose equation (28) over € A taking into account the trun-
cation of S and the small divisor condition which becomes

b b i g
9 Le(@)SP = Fll @) if dist(la]. [b]) < &
si=0 if not,
where

b . b . b . o[b
Le@)SP =itk 0)sP +i@+ H) S -is@ + Hw)p).

Since 2 + H is Hermitian, under the small divisor condition, equation (29) has a
unique solution which is 6! in w and verifies

b il _ 1| 160
Sa fHShﬂHf;“F[al E

(Here, || || is the operator norm.) Hence
1
(30) S, < ;dgemA |Fl, .

The factor d K comes from the two different matrix norms used here, and the ex-
ponential factor occurs because the block character of 2 + H interferes with the
exponential decay.

In order to estimate the derivatives in w we just differentiate (29) with respect
to w:

B (i {k,0) +1(2 + H©)@)do St — oSt (2 + H(@))p)

b . b b
= 00 F{ (@) =i (0 (k. ) + 00 H (@) [a)) S} — S0 H (@) ).

If G[b] is the matrix on RHS, then

[a]
[b]
6t

=

+ (K1 + |0 Hia | + 00 Hys ) [ SE

and d,, S [[5]] is now estimated like S [[5]].
We repeat the same thing on U/ and then extend S from U’ to be 0 outside
U/ by a 6! cut-off. This gives (i).

Toplitz at co. Let Q be a matrix on & and denote by Q(¢¢) the matrix whose

elements are QZ(ZC) = QSI;i-g

By Proposition 4.4(ii), for (a,b) € D +(c) (notice that A’ > di), [a+tc]=
[a] +tc and [b +tc] = [b] +tc fort > 0 and [a] —a, [b] — b L c. It follows that
b
o)

. alb b
—~iS{ ey (@ + H)py(te) = F (ko)

(32) i (k. @) Sl (te) +1(Q + H)pay(tc)S

for all r > 0.

9In order to avoid confusion we shall denote the Téplitz limit in the direction ¢ by Q(ococ).
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Moreover Hi,(tc), Hp)(tc) and F[[ab]] (tc) have limits as ¢t — oo (Corollary
4.5). Qq)(tc) and Q[p1(¢c) do not have limits, and we must analyze two different
cases according to whether (c,a —b) = 0 or not.

Case I: {c,a — D) = 0. We have that Q4)(rc) X — X Qp1(2c) (for any (#[a] x
#[b])-matrix X) equals |a|?> X — X |b|?. The linear and quadratic terms in ¢ cancel!
Therefore equation (32) has a limit as t — oo:

. . . b
i{k,w)X +l(§2[a] + H[a] (0coc)) X — lX(Q[b] + H[b](ooc)) = F[[a]] (c0c).

Since eigenvalues are continuous in parameters we have

aco(lal®+ Higy(c0c))

[(k,w) +a—B] >« V{ B eo(|b|2+H[b](ooc)).

Therefore the limit equation has a unique solution X which is ¢! in w and verifies
L
X1 = | Fiflooo)|

Since S[[j]] (zc) is bounded, it follows from uniqueness that S [[5]] (tc) > S [[f]] (ococ)

=X ast — oo.
Case 1I: (c,a —b) # 0. We have Q,)(tc) X — X Qp)(tc) equals

2t{a,c) +lal*)X — X(2t(b.c)|b?);

only the quadratic terms in ¢ cancel! Dividing (32) by ¢ and letting ¢t — oo, the
limit equation becomes 2{c,a —b) X = 0. It has the unique solution X = 0. For
the same reason as in the previous case we have that .S [[j]] (tc)—> S [[5]] (ococ) =0 as
t — o0.

We have thus shown that, for any ¢, the solution S has a Toplitz limit S(coc)
which verifies, for (a, b) € D/ (c),

Lk(a))S[b] = F[[ab]] (coc, w) if dist([a], [b]) < A’ and (a —b) L ¢

33 la] =
&) sil=0 if not,
where
b . b . b )
Le(@)S =i (k. 0) S +i(Q + H(coc, ) ) SEA — i1 (2 + H(ooc, o).

Since S(ococ) is invariant under c-translations, this implies that S(coc) verifies the
equation in (ii). Moreover |S(coc)|, < %dﬁez”dA | F(c0c)],,.-

Estimate of Lipschitz norm. Consider the “derivative” 0,:

Bl N _ (bl Bl . |a| |p]
0c 0 ee) = 0 re) — ofowen max( 12171,
(Notice that the definition does not depend on the choice of representatives a and b
in [a] and [b] respectively.) We shall “differentiate” equation (32) and estimate the

solution of the “differentiated” equation over [a] X [b] C D p/(c) which is C D (c)
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because A’ > A. By Corollary 2.2(iii) this will provide us with an estimate of the

Lipschitz constant Lipj\', tda+2.y"

So we take [a] x [b] C Das(c). Since S is 0 at distances = A’ 4+ da from the
diagonal we only need to treat |[a —b| S A’ 4+ da. Again we must consider two
cases.

CaseI: (c,a —b) = 0. Subtracting equation (33) for S [b] (ooc) from equation

(29) for S[[b]] and multiplying by max (1% M) gives

lel” Iel

. b . b b
i (k. )9S +1(Q + H)(qde S — 9S2(@ + H)py

b b b
= 0c F = 0 Hig) S{ (00c) + S{ (000)de Hiy,

Now we get as for equation (29) that
F[b]

SWH<‘( fal

CaseIl: {c,a—b) # 0. Then

+ (|19 Ha || + |9 Hipp [} HS[[a]](OOC)H) '

|a| 1]
c |I( b)lwlc—ll(c,a—b)lzl\/-

Indeed |a|® — |b|? can be written

[lal* = b | ~

'+ e = |5+ xef? |0 = [ + 2rte.a b,
and (recalling Lemma 2.1(ii))
o[~ 6| < 1a— bl (o’ + [o/]) < cte.(A" + da) 1,
1z, since A’ > 2cte.(A’ + da). Moreover (Lemma 2.1(i) and (iii))

2
lal Il o

and this is <

lel el

Since A’ > || H ||, assuring that || H || is small compared with |a|*> — |b|? |, we
have
a€o(HQ+ H)p)
B e O(l(Q + H)[b])~

Since S[ ](ooc) = 0, multiplying (28) by max (||‘;||, ||I;‘|) gives,

o~ Bl ~ 2|{a—b.c)| =2 v{

i (6] i [b] [b]
;(k,w)acS[a] ;(Q-FH)[a]aCS[a] S[a] (2 + H)p)

1 b
_ gl lal 1] ~ Fl)
la17 ™ lel el la]

Since A’ > C1A’, the absolute value of the eigenvalues of the LHS-operator is > 1

and it follows that [|9cS\21 | < [ FZ-
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If (a,b) € Dprqg,+2(c), thenboth (a,a) and (b, b) belong to D sy 4, 4+2(c)
and, by Corollary 2.2(iii),

[a] x [b]. [a] x [a]. [p] x [P] C Das(c) C DA(c).

Therefore
|9c Hya | + |9 Hip | < 2 (H)

Using this, the estimates (in Cases I and II) for ” dc8 [[5]] H and the estimate (30) we
obtain

1

1
HS)Arran 2y S dR1N9 (K (F)ay + G (H)AIF Iy)-

(This norm is defined in §2.4.) The estimate of (S)A’4q,+2,, is obtained by a
finite induction using this estimate and the equation (ii) for the Toplitz limits.

Estimate of w-derivatives. In order to estimate the derivatives in w we con-
sider the differentiated equation (31). The RHS G[[b]] verifies

+ (el + |0 Hial| + 00 Him ) | 512

(34)

[a]

+ (H e Hia| + 000 Hn ) | S

and 0.0, S[[ ]] is now estimated like 0 S[[ ]] but with G instead of F'. Combining
these estimates now gives the result when F = J o/ F. By Lemma 6.2(1) we get
the result for a general F. O

6.4. A second equation, k = 0. Consider the equation
(35) i[Qw)+ Hw),S]=(Ta —9a)F(w)

where F(w) : £ x ¥ — C and 9, F (w) are Toplitz at oo.
Let U’ C U be a set such that for all w € U, the small divisor condition

(@) € 6 (Q + H) (@),
36) @) =@ =k Y 6) co((@+ H)@)p),)
dist([a]a.[b]a) < A"+2da and |a| # |b].

holds.

PROPOSITION 6.4. Let A’ > 1 and 0 < k < 1. Assume that U verifies (13),
that Q2 is real diagonal and verifies (14), and that H verifies (16). Assume also
that H(w) and 04, H(w) are Toplitz at oo and NF A for all w € U.

Then equation (35), under the condition that S — T pr424,S = DS =0
have, for all w € U’, a unique solution S(w) verifying

(1) |S| y 1 < cte. d2d 2yA|F| Y
e )
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(1) S(w) and 34, S(w) are Toplitz at oo and the Toplitz limits verify

i{k,w)S +i[Qw)+ H(c,w),S]=(Ta—Da)PcF(c,w)
S—gAq_szS ZQDA/S =0;

(iii) For any A’ 2 max(A, di, (dar)?, supy | H(w)|),

1
<S){2:+dA+2,V} = cte. pdidezw(l + (H>{g/})(F){2;,y}-

The constant cte. only depends on the dimensions d and #4 and on C1, Ca, C3, Cy.

Proof. We first assume that F = (T o» — D a/) F. The proof is the same as in
Proposition 6.3, with k = 0. Notice that the limit equation in (ii) is invariant under
c-translations, due to Lemma 6.2(iii).

The proof gives that A’ = max(A, d%, A’, supy | H(w)||). In order to get the
result we need to estimate (T o — D a/) F in terms of F. This is done by Lemma
6.2(i) and (iii) and requires a larger A’. O

6.5. A third equation. Consider the equation
(37 i(k,w)S +i(Qw)+ Hw))S +iSI(Qw) +'H(w)) = F(w)

where F(w) : £ x ¥ — C and d, F(w) are Toplitz at co and $Q is defined by
(¥ Q)g = Q:g . (This equation will be motivated in the proof of Proposition 6.7.)

Let U’ C U be a set such that for all ® € U, the small divisor condition (20)
holds for all a, b; i.e.,

a(w) eo((R+ H)(w))
B(w) € o (2 + H)(w))).
PROPOSITION 6.5. Let 0 < k < 1. Assume that U verifies (13), that €2 is real
diagonal and verifies (14), and that H verifies (16). Assume also that H(w) and
0w H(w) are Toplitz at oo and NFa forall w € U.
Then equation (37) has for all w € U’ a unique solution S(w) verifying
Q |8 <cte. Hd22e2YA(1 4+ k) |F|y \:
| |{)(/]/} zd) kD) | |{{]/}
(i1) S(w) and 3, S(w) are Toplitz at oo and all Toplitz limits S(c, w), ¢ # 0, are
(iii) For any A’ 2 max(A,d%, N, supy || H(w)]),

|k, 0) +a(w) + Bw)| zk ¥

1
<S>{$’/+dA+2,y} = Cte-K_gdidezyA(l + k| + <H){g/})(F){i\]//,y}.

The constant cte. only depends on the dimensions d and #4 and on C1, Cy, C3, Cy.

Proof. As before we reduce to 2, = |a|? and we block decompose the equa-
tion over €x:

i (k. 0)SI +1(Q + H)S{ +iS{A @+ H)_p FY.
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We then repeat the proof as for Proposition 6.3. There is a difference in the com-
putation of the Toplitz limits. Equation (32) becomes

. b . b
i (k. ) S (te) +1(Q + H)q(te) S (tc)

. o[b b
+iSi ey @+ H)py(—1e) = Fll o)

and now Qq1(tc)X + X Q[_p)(—tc) equals
(2 |c|* 4 2t{a,c) +|a) X + X (&% |c|> + 2t (b, c) + |b]?).

The quadratic terms in ¢ do not cancel! Dividing the equation by 72 and letting
t — oo, the limit equation becomes 2 |c|2 X = 0, which has the unique solution
X = 0. Therefore S[[j]] (tc) —> S[[j]] (coc) =0 as t — o0; i.e., the Toplitz limits are
always 0.

In order to estimate the Lipschitz norm we only need to consider the analogue
of Case II (even when (c,a —b) = 0). We have for [a] x [b] C Dx/(c)

al\? b|\?
P+ Pz (1) ~ (1) 2 @2

To avoid any problems with (k,w) and H it is sufficient that (A’)% be = C; A’ and
2 IIH]- O

6.6. The homological equations. Let Q(w) : £ x L — gl(2,C) be a real diag-
onal matrix; i.e.,

oty = | ST 0=
Consider

Q4 (w)| = C5 >0,
38) Qa(@) + 2p(@)] = Cs,

Q24 () — Qp(@)| = Cs, |a| # |b],
a,beZ, wel.
Let Hw): ¥ x% — ¢gl(2,C) and 9, H(w) be Toplitz at oo for all w € U and
consider
IHw)| =S wel.
(39) <H>{A} < Ce.
U

(Here || || is the operator norm.)

PROPOSITION 6.6. Let A’ > 0and 0 <k < % Assume that U verifies (13),
that Q2 is real diagonal and verifies (14), (15), and (38), and that H verifies (16)
and (39). Assume also that H(w) and 04 H(w) are NF A for all w € U. Then there
is a subset U' C U,

Leb(U \ U’) < cte. max(A/, d§)2d+#&1—1,€’
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such that for all w € U’ the following hold:
(i) Forany 0 < |k| < A/, |{k, w)| > k.
(ii) For any |k| < A’ and for any vector F(w) € l%(iﬁ, C?) there exists a unique
vector S(w) € 13 (£,C?) such thati (k,»)S + J(QL+ H)S = F and satisfying

1
ISl 1 < cte.— A'd " 7 IFlly -

4
U/
The constants cte. only depend on d, #4,my and on Cy,. .., Cs.
Proof. (i) holds outside a set of @ of Lebesgue measure < (A’)*, so that it

suffices to consider (ii). Let

11
c-( 7
V2 V2
and define ‘CAC : & x £ — gl(2, C) through (‘CAC)5 ='CALC.
We change to complex coordinates S = C~1S and F = C~!F. Then the
equation becomes

. 5 . 0 Q+H)\z =
l<k’w>S_l'](Q+’H 0 )S—F

where 2, H : & — C are the scalar-valued normal form matrices associated to
Q, H (see §5.1), 2 is real symmetric and H is Hermitian.

This equation decouples into two equations for (scalar-valued) matrices of
type i (k,w)R +i(2 + Q)R = G, where Q = H or 'H. By Proposition 6.1 we
can solve these equations uniquely for all w € U’ such that

|k, w) +a(w)| >k Ya(w)eo(Q+ H)(w)), |k| <A

If k = 0 this follows from (38) and (39) since k¥ < % If k # 0 this follows from
Proposition 5.1. U

PROPOSITION 6.7. Let A’ > 0and 0 <k < % Assume that U verifies (13),
that Q2 is real diagonal and verifies (14), (15), and (38), and that H verifies (16)
and (39). Assume also that H(w) and 0, H(w) are NF A for all w € U.

Then there is a subset U' C U, Leb(U —U’) < cte. max(A, A, A/)GXPK(%H)(I,
such that for all w € U’ the following hold:

For any |k| < A’ and for any matrix

Fw): $x¥ —gl(2,C)
F(w) symmetric, i.e., F? = 'Fy
(F)%2 =0 when |a—b|> A,

there exist symmetric matrices S(w) and H'(w) such that

ilk.0)S+ (Q+H)JS—SJ(Q+H)=F—H
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and satisfying, for any A’ > cte. max(A, di, (dar)?),
() (S)(A/+dp+2, < cte. A dZIe?IA(F) pr .
v | "
(ii) Fork #0 H'(w) =0 and for k =0, H'(w) and 0, H'(w) are block diagonal
over € ar and
(H/>{A’+dA+2} < (F){A/}-
U’ v’
Moreover, if F is real then H'(w) and 0, H'(w) are NF ar.

The exponent exp only depends on d, #s4 and the constants cte. also depend
01’1C1,...,C6.

Proof. We change to complex coordinates § = ‘CSC and F = !CFC. Then
the equation becomes

~ o~ 5 . 0 Q+H s .3 0 Q+H
F—-—H =ilk,w)S l(Q—i—’H 0 JS—iSJ Q+'H 0

where 2, H : £ — C are the scalar-valued normal form matrices associated to
Q, H (see §5.1) — Q is real symmetric and H is Hermitian.

If we write
_(F F
F= (’Fz F3 )

1 ( (F1— F3)—i(F, +'F) (F1+ F3) +i(F2—"F,) )
2\ (F1+ F3)—i(F2—"F2) (F1—F3) +i(F2+'F2) )’

the diagonal parts coming from (/ — ) F and the off-diagonal parts from 7 F'.
The equation decouples into four (scalar-valued) matrices of the types

i(k,w)R+i((2+O0)R—R(Q+0))=G—P,

then

F =

for the off-diagonal terms, and
ik, o)R+i((Q+ Q)R+ R(Q+'0))=G-P,

for the diagonal terms. Here Q = H or 'H.
Let us first consider the off-diagonal equations. By the assumption on F,
IaG =G, G is Toplitz at oo and

g =y

Moreover, G is Hermitian if F is real.
If k # 0 we take P = 0 and we can solve the equation by Proposition 6.3 for
all w such that

a(@) €0 (2 + H)(@)[a15)

(ko) Fa@) =@l zk Y g coqa+ H)(@)p]):
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for dist([a]a, [p]a) < A’ 4+ 2da. The set of such w is estimated in Proposition 5.2.
The solution is unique if we impose T ar424, R— R =0.

If k =0 we take P = P a-G and we can solve the equation by Proposition
6.4 for all w such that

a(w) € o((2 + H)(@)[a]a)
B(w) € (2 + H)(@)p)4)

for dist([a]a, [b]a) < A’ + 2da and |a| # |b|. This condition on @ holds by
assumptions (38) and (39) since k < % The solution is unique if we impose
TN 42d,R—R=DaR=0. P is estimated by Lemma 6.2(iii).

To treat the diagonal equations let us consider the operators (%G)Z =G, b
and (&G)Z = G-t Now ®G, G coming from (I — ) F, is Toplitz at co and

|a(w) = B(w)| =k ¥

(%G>{A’,y} =< (F){A’,y}-
v’ v’
With T = R R the equation takes the form
ilk,o)T £i((Q+ O)T +THQ+'Q)) =RG —RP.

We take R P = 0 and then the result follows from Proposition 6.5 under the as-
sumption (20) on w. This assumption holds for k = 0 by (38) and (39) and for
k # 0 on a set U’ which is estimated in Proposition 5.1.

By construction H’ is symmetric. Moreover, for k = 0, (7S )Z = 0 when
la —b| > A’ 42da or [a]a = [b]a; and for k # 0, (£5)2 = 0 when |a —b| > A’ +
2da. These conditions determine S uniquely and symmetry follows from this. [

Part I[II. KAM
7. A KAM theorem
7.1. Statement of the theorem. Let
07 (0. p. i) = 0 (0) x T x D(1)*
be the set of all ¢, ¢, r such that
¢ =(5n) €0”(0). R¢al <p, lral <p Vaes.
Let
ho(C.r) =h(.1.0) = (0.r) + %(C (Q(@) + H(w))E)

where Q2(w) is a real diagonal matrix with diagonal elements Q2,(w)/ and H(w)
and d, H(w) are Toplitz at co and NFA for all w € U. We recall (§5.1) that a
matrix H : £x % — gl(2,C) is NF if it is real, symmetric and can be written

[ O1 Q2
H_(th Q1)
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with Q = Q1 +iQ, Hermitian and block-diagonal over the decomposition €A
of &.
We assume (13)—(15) and (38); i.e.,

U is an open subset of {|w| < C;} c R*,

105, (Qa(@) — |al?)| < Coe=C3lel, 3> 0,
(a,w)e£xU, v=0,1,

(90 ((k, ) + Qa(@)). ) = C4 >0,

(90 (k. @) + Qa (@) + (@), 1) = Ca,
(90 (k. @) + Qa(@) = p(@)), §7) = Ca,
a,be¥, ke7"\0, weU,

|Qq(w)] = C5 >0,
1Qa(@) + Q2p(w)| = Cs,
|Qa(@) — Qp(w)| = Cs, |al # |b],
a,beX, wel.

Remark. The conditions on the directional derivative hold trivially for C4 = %
if |00 Q2 (w)] < L forall (a,w) e £xU.

We also assume (16) and (39); i.e.,

190 H(w)|| < S
IH()| <$
(H){A} <1

U

for some A. (Here || || is the operator norm.)

Remark. For simplicity we assume that y, 0, p, 0 are < 1 and that A, A are
> 3.

Let f : 07 (o, p, t) x U — C be real analytic in ¢, ¢, r and ¢! in w € U and
let
[f]{A,y,cr} sup [f(e,1, ')]{A,y,c}-

U.p,if  peTd U
reb(u)®

THEOREM 7.1. Assume that U verifies (13), that Q2 is real diagonal and ver-
ifies (14), (15), and (38), that H(w) and 0, H(w) are Toplitz at oo and NF A for
all w € U, and that H verifies (16) and (39).

Then there is a constant Cte. and an exponent exp such that, if

1

/] < Cte.min(y.p. . 1) min(o®. 1)’
Ay,o, = € < Cte. min y,p,—,—) min(o“, 1),
il ATA
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thereisa U’ C U withLeb(U \U’) < cte.e" such that for all o € U’ the following
hold: There are a real analytic symplectic diffeomorphism
.0 (C P M ) 0
d:0 (2, ) — 0%(0, p, 1)

and a vector @' = w'(w) such that (hy + ) o ® equals (modulo a constant)

(©.7) + {6 @+ HY@)) + £ .. )

whereagf’=8rf’=8§f’=0for§‘=r=Oand

, Qﬁ%)
" (@;a

with Q' = Q' +i Q7 Hermitian and block diagonal, i.e., (Q)b =0forall |a] #b|.
Moreover, ® = (O, @y, ) verifies

”q)é _ZHO"' |<D<p—<.0| + |®, —r| <cte.Be

forall (§.¢.r)€0%$.5.5), |H (0) — H(w)| < cte.Be and the mapping  —
o'(w) verifies |@" —id|q1 ) < cte.ﬁ.

The exponents exp, exp’ only depend on d,#s, m«, the constants Cte., cte.
also depend on Cq,...,Cs and B = B(y,0,p, 0, A, A, w).

Remark 1. Each block-component of 2 + H(w) is of finite dimension but in
general there is no uniform bound — they may be of arbitrarily large dimension.
Due to this lack of uniformity we lose, in our estimates, all exponential decay in
the space modes. However, if there were a uniform bound (as happens in some
cases, cf. [GYO06]) we would retain some exponential decay.

Remark 2. It follows from the proof that ® is of the form

e (Cg.r) =z(9) + Z(p)S,
Dy(8,0,1) = ¢ +alp),
Or(Cg.r) =r+b( ¢)+clo)r,

where b({, ¢) is quadratic in ¢, because ® is a composition of mappings of this
form.
If f does not depend on r, then ¢ = ¢ = 0 and ' = w, because P is a
composition of mappings of this form, and it preserves Hamiltonians of this form.
If f(¢,0)= %((, F(p)¢), thenalsoz=0and b(¢, ¢) = %(Z, B(¢)¢), because
® is a composition of mappings of this form, and it preserves Hamiltonians of this
form.

Since the consequences of the theorem are discussed in the introduction, let us
instead here discuss a special case. Consider a linear nonautonomous Hamiltonian
system with quasiperiodic coefficients

E=J(Q+ H@) +eF(p.0). ¢=o
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where 2 and H(w) are as in Theorem 7.1 and F is symmetric and T6plitz at oo
and
(F(eo. ')){A,y} <00
U
for |J¢| < p and for some y > 0. Then, by Young’s inequality (2),

1
Y=y

d—i—m* ’
IF@. o)l = (=) IF@ol g, vy <y

and
d+m.
€ Feonl=(5) " IFg.ol, 1213

Therefore we can apply Theorem 7.1 and Remark 2 to the Hamiltonian

h+ef = (a),r)+%(§, (R + H(w) + F(p,w))E).

If ¢ is sufficiently small, it gives a mapping ® such that

(h+ef)o®( ¢, 1) =(w,r)+ % (6. (@ + H'())?)

with
Z(p)t
(. p.r) = r+5(C B(p)k)
@

From this form and from the symplectic character of ® we derive
(0pZ(9). ) = J(Q+ H + F(9))Z(p) — Z(9)J (2 + H').

This implies that the mapping (£, ¢) — (w = Z(¢)Z, ¢) reduces the linear nonau-
tonomous system to the autonomous system w = J (Q +H' (w))§ , ¢ = w. Notice
also that J (2 + H’(w)) is block-diagonal with purely imaginary eigenvalues.

7.2. Application to the Schrodinger equation. Consider a nonlinear Schrod-
inger equation

oF
(%) —iL't=—Au+V(x)*u+sa—_(x,u,ﬁ), u=u(t,x), xeT?,
u

where V(x) =) I7(a)ei<“’x) is an analytic function with V real and where F is
real analytic in Ru, Ju and in x € T4,
Let o C 79 be a finite set and consider a function

ui(p.x) =Y /Pae?e’ @) py >0,

acd

such that (x,u1(p, x),u1(¢p, x)) belongs to the domain of F for all (x, ) € T4 x
T. Then u(t, x) = u1(¢ + tw, x) is a solution of (x) for ¢ = 0.
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Let & be the complement of o and let
0 ={wg = |a|® + 17(a) ta € d},
Q ={w, = |a|* + V(a) ra ey,
Let V depend ¢! on a parameter w € W C R** and assume that the mapping
Wawe ow)={w; =la>+V(a w)aecd}cU
is a diffeomorphism whose inverse is bounded in the @l-norm, i.e.,
(40) o™ 1 < Ce.

We also assume conditions analogous to (13)—(15) and (38); i.e.,

W is an open subset of {|w| < C;} C R**,

102 (Ra(w) — |a|?)] < Cae=C3lel €3 >0,
(a,w)yeExWw, v=0,1,

(0w ({k, 0(w)) + Qq(w)), vg) = Cq > 0,

(0w ((k, o(w)) + Qg (w) + Qp(w)), vi) = Cy,
(0w ((k, o(w)) + QLa(w) — Qp(w)), vi) = Cy,
a,be?, kezZ*\0, weW,

where

v = (D‘”(w))_lu%’

and
|Qa(u))| >(Cs5>0,
|Qa(w) + Qp(w)| = Cs,
1Qa(w) —Qp(w)| = Cs, |a] # |b],
a,beX, wel.

THEOREM 7.2. For ¢ sufficiently small, there is a subset W' C W,
Leb(W \ W’) < cte.g®*P,
such that on W' there is a u(g, x), analytic in ¢ € T% and of class €™ in
X € Td, with :

sup [1(9, ) — w1 (. )| g cray < e
ISel<%

and thereisa ' - W' — U, |0’ —olcrwry < Be, such that
u(t,x) =u(p +to'(w), x)

is a solution of () for any w € W',
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Moreover, the linearized equation

. *F _ _
—iv=Av+V(x)*xv+ SW(X, u(t, x),u(t,x))v
7
2
+ € —(x,u(t,x),u(t,x))v
ouou

is reducible to constant coefficients and has only time-quasi-periodic solutions,
except for a (#)-dimensional subspace where solutions may increase at most
linearly in t. Also, B is a constant that depends on the dimensions d,#4, my,
the constants Cq,...,Cg and on w and F.

Proof. We write
{ u(X) N Zaezd uaei(a,x)’

U() = ¥ yeza vae! =)

¢ _(%‘a)_ %Z(Ma‘f'va)
“T Na B :/_%(ua_va) .

In the symplectic space

(va = uq),

and let

{(fana)1a e 79 =R xRY . 3" dEg ndna.

acz4

the equation becomes a Hamiltonian equation in infinite degrees of freedom. The
Hamiltonian function has an integrable part

1 ~
5 2 (lal* + V@)(E + 1)
aez4

plus a perturbation.

In a neighborhood of the unperturbed solution %(53 +n2) = pa, acsl, we
introduce the action angle variables (¢,, ry) (notice that each p, > 0 by assump-
tion), defined through the relations

§a = 2(rg + pa) cos(¢a), Na = V2(rq + pa) sin(@q).

The integrable part of the Hamiltonian becomes

MEr.o) = (0.r) + 5 3 Q@&+ 1),

acs

while the perturbation
ef(u,u) = s/ F(x,u(x)iu(x))dx,
Td

will be a function of £, ¢, r. If we write

G(x,uy,up,u,u) = F(x,u; +u,u; +u)
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then G is an analytic function in x, u, u which depends analytically on ¢, r. Then
one verifies (see Lemma 1 in [EKO08]) that, since my > %, there exist y, g, p,
such that f is real analytic on 0% (o, p, t) and that f has the Toplitz-Lipschitz
property:
(41) [f]{A,y,a} = C7
U,p, 1

for some constant C5.

The assumptions of Theorem 7.1 are now fulfilled and gives the result. [

8. Proof of theorem

8.1. Preliminaries. Let f : 0Y (o, p, u) x U — C be real analytic in ¢, ¢, r

and 6! in w € U and consider [f] (A y.0\-
{U,p,u}

(5 0)
p K

and we write this norm as [f]{g a}.

Notation. We let

Remark. We assume that all y,0,p,u are < 1, that 0 <o —0' ~ 0, 0 <
u—u' ~ uand that A, A > 3.
Cauchy estimates. It follows by Cauchy estimates that
1
p—p
1
n—=p
Truncation. We obtain J A f from f by: 1) truncating the Taylor expansion
in ¢ at order 2; 2) truncating the Taylor expansion in r at order O for the first and the
second order term in ¢ and at order 1 for the zero’th order term in {; 3) truncating

the Fourier modes at order A; 4) truncating the space modes of the second order
term in ¢ at order A. Formally J A f is

Y 1 (0.k.0.0) + 3, £ (0. k.0.0)r + (3¢ £(0.k,0,0). 1)

(42) [%f]{ﬁa,} < [f]{j(}a},

[&f]{ga/} < [f]{ga}-

lkl=A
TR0 L0
We have
- 7 oy 22" Ul

and

(44) [f—gAf]{zl}a,} < Afe, o, A)[f]{f}a},
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where A(a, o', A) is
N3 ’ / ’ #od , ,
(G_) + (0_ + &)ﬂ + (%) e—A(P—P) + e—A(V—V )_
o o w7 n p—p

This follows from Proposition 3.2, from Cauchy estimates in r and ¢, and from
formula (8).

Poisson brackets. The Poisson bracket is defined by

{f.8}=(0c /. J0rg) + 0y f0rg —0rfyg.

If g is a quadratic polynomial in ¢, then
(45) [{feliats S By —v.op—p', w DI f1ia 1 [8]ia 1
e el o
_ A2 1 1 d+mx 1 1
where B = A -2 (—y_y,) + T
Also, if f is a quadratic polynomial in ¢ and, moreover, independent of ¢ and
of the form (a,r) + %({ AC), then

(46) [/, g}]{A+3a/} SBy—vy.onp—p. p1. A)[f]{Aal}[g]{A w2}
U U U

ozi:(y “"), i=12,
p i

and ¥ = min(y1. y2). p=min(py. p2)."°

In both cases, the first term to the right (in the expression for { f, g} above) is
estimated by Proposition 3.3 and the other two terms by Cauchy estimates.

We shall use both these estimates. Notice that (46) is much better than (45)

when o5, w, are much smaller than o1, @1.

Flow maps. Let

§ =T a5 = S0(p.7.0) + (£ 510, 0) + 3 (6 S2(p. 0)0).

Notice that, since s = T A, So is of first order in r. Consider the Hamiltonian vector
field

S Jdes JS1(p, ®) + JS2(p, w)¢
E o | = drs = 9rSo(.0, )
_a(ps —3¢S(§,(,0,”,0))

and let

Gt
- L+ bi(z,0) + Bi(z, 0)C
®; = ‘ftt _( z+g:(¢,z,0) )

be the flow. Here we have denoted ¢ and r by z.

1011 the expression for B we have assumed that 0 < oj —0'~0,0< My —u &~ Wy, j =12



424 L. HAKAN ELIASSON and SERGEI B. KUKSIN

Assume that

(@7) 11 41 = & S min((p = p)s (v =y )"+ 0%).
Then for |¢| <1 we have: @, : 0Y" (o, p/, ') — 0¥ (0, p, ), for all y” <y’
2 &
(48) (geJja A S— or
o)~ p—p

depending on if g is a ¢-component or an r-component;

@) b+ Bl ) 3 (L) s ()™ L)
.0

for all y” <y/;

(50) <Bt>{A+6,y/}5A2( )5

U,o' y=v'/o?

Moreover, for 1 > 6 > o’ and 1 > 1 > i/, ®; has an analytic (because polynomial
in ¢ and p) extension to 0Y" (&, p/, it) for all y”” <y’ and verifies on this set

16—l < G d+me (@ 4 1)E
(51) oe—¢l <

e =] S GE)(E + (D)2 + De.

Proof. We have ¢; = ¢ + a;(¢,®) and since |0, So(¢, 0, w)| < ﬁ for all
e Tf;“, ¢; remains in T;’f for |¢t| < 1if ﬁ < (p—p'). The w-derivative verifies

d
E(aw(pt) = 000rSo(¢,0,w) + a(parSO((Pv 0,w)(0wer)

and can be solved explicitly by an integral formula. This gives (48) for z = ¢ and
the @-part of (51).

For a fixed w (49) follows from the first part of Proposition 3.4(i) if |JS2|, <
(y—y")4, ie., if e S (y —y')?o2. This also gives the {-part of (51). In order to get
16— ¢l <0 —0' ~ 0o for ¢, <o weneed e < (y — y)a M52 Now, (50)
follows from the second part of Proposition 3.4(i). The w-derivative of {; satisfies

d
E(awé}) =00 JS1(¢.0,®) + 0 JS2(0, 0, )¢ + JS2(0, 0, ) (3 &)

which is solved in the same way. We note that r; = r 4+ ¢ (¢, ¢, w) +ds (¢, w)r and
for a fixed w, (48) follows from Proposition 3.4(ii) if ¢ < (p—p) (u—u') ~ (p—p') 1.
The w-derivative satisfies a similar equation which is solved in the same way. The
r-part of (51) follows from these estimates since 7; is linear in r. O

Composition. Consider now the composition f(®;, w). If

(52) e <min((p— ), (y —y") T H g2y Jy —y/
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then

(53) [f (P, ')]{A—I—18a,} < AM[f]{A |
U

U o
Proof. Consider first a fixed w. We have
166 2) =&l <o—0' ¥(£2) €0 (o)) x Ty x D)™
by (49) and (52), and we have

8062 < 3= ) or 3 (=) Y& 2) € 0°0") X T x DG,

depending on whether g is an r-component or a ¢-component, by (48) and (52).
By Proposition 3.5 we get
[f(P: (. 0), ) pq12,760 S AL w)]{A+6,y’,a}v
{ o } el

where A = max(1, «, A2y,+y,,a2) and

a=— [re —r] - [pr — ¢l
- t— ’ 5! —|¥r — )
TEUA i BT
d+my
“(57) Be)asery

If we choose y’ —y” = y —y/, then (48), (50), and the bound (52) give 4 < A°.
Consider now the dependence on w. We have

I (f(P1)) = 00 [ (P1r) + (92 f(P1). 0w gr) + (9 f(P1r), I Cr).

The first term is a composition and we get the same estimate as above but
with f replaced by d,, f.

The second term is a finite sum of products, each of which is estimated by
Proposition 3.1(i); i.e.,

[(azf(q)h w), awgt)]{A—i—lz,y”,a’}

p//yle//
5 [8Zf(q)[, a))];A_i_lz’y//’o./% [3wg,]{A+12’yu’az§ .
p”al’l/” p//’M//
The first factor is a composition which is estimated as above: if we take p' — p” =
p—p and p' —pu” = pu— /', then we get
s Aé[azf(-, w)]{A-i-G,)//,O’} [ng;]%A_i_lz’yn’G/} .
o ou

Using Cauchy estimates for the first factor and (48) and (50) for the second factor
gives

< A6[f(" a))]{A—I;PLLy’,U}-
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The third term is a composition of the function f = (0¢ f. (00&s) 0 D) with
®;. Evaluating f* we find that it has the form (9 f, b; + B, &) where

by = dubi(9—1) + 3o Br (9—1)b—r,
B = 80oBi(¢—¢) + 3 Bi (9—1) B—;.

For ¢ € Tff,, we get by (48) and (52) that |p—; —¢| < p' —p”" = p—p/, so
that l;t and l§t are defined on Tﬁ,. By (49) and (52), 5; Y <o —o’, and by (50),
(52), and the product formula (10),

(Bt)%Ajg,,,/%SAG( : )i
0

and so by Proposition 3.1(ii), (iii) and (52) we obtain

[f]{A-i-%,y’;o’} < Ag[f]{AJ;/,”l'f}'

Y

Finally by the same argument as above we get

[ (®:(, ), )] % N t}s,/y/,,,a”% SAS[f ()] { A+g/,yf/,af} ’
0" 0”5

if we choose p” —p"” =p' —p",0'—0" =0 -0’ and W' — pu” = pw— u'. This
completes the proof. O

8.2. A finite induction. Let h(¢,r,w) = (w,r) + %({, (2(w) + H(w))¢) sat-
isfy (13)—(16) and (38)—(39), and let H(w) and 9, H (w) be NFA. Let f:07 (o, p, i)
x U — C be real analytic in ¢, ¢, r and ¢! in @ € U and consider

npg=e o=(1)

Besides the assumption that all constants y, g, p, 4 are < 1 and that A, A are
> 3, we shall also assume that ;1 = 02 and day < 1. The first assumption is just
for convenience, but the second is forced upon us by the occurrence of a factor
e9AY in the estimates of Propositions 6.6 and 6.7 which we must control.

Fix o’ < p,y’ <y and 0 <k < 1 and let

2
8= (2(})) mmmar = el
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Define for 1 < j <n,

gj+1 = (52:3)¢j) g1 =&,

Ajt1=A;+da+23, Ay = cte.max(A, d3, (dar)?), 1!
vi=y—(G—-DE}L pj=p—(—DEE

Oj+1= (ﬁ)%aj o1 =0,

MH4=(ﬁ%ﬁMp p1 = [

We have the following proposition.

PROPOSITION 8.1. Under the above assumptions there exist a constant Cte.
and an exponent exp; such that if
1 1 1
AN o ( )

then there is a subset U’ C U, Leb(U \ U’) < cte.e®*P2, such that for all w € U’ the
following holds for 1 < j < n: there is a real analytic symplectic diffeomorphism

€Xpq
e < K3Cte. mm(y Y.p—p, — ) min(o?, ),

®; 10" (0741, pj 41, i+1) = OV (07,07, 1), VY <Vjt1,
such that
(h+hi+...+hj—1+ f)o®j=h+hi+...4+hj+ fj+1
(f1 = 1) with
@ :
hj =cj(@)+ (xj(w),r)+ 5@, Hj(w)t),
Hj(w) and 3o H; (w) in NF s, and [hj]{z\]{ aj} <B/ e

(ii) [fj+1]{${-+1 @) <Blejt1,

for some
€xp3

1 1
< cte. max{ —— ,ALA o ( ))
P (V—V’p o' ¢

Moreover, for 1 Z//& >ojp1and 1 > > pjv1, ®; = (Cj,¢j,rj) has an
analytic extension to OV (G, pr4 ;. i) for all y” < yj 1 and verifies on this set

[ =2],0 = o=ty Hme (& 4 i 2
|0 — ol < 87715,
[y =r| S GGl + (G )7+ DB e

1 The constant in the definition of A1 is the one in Proposition 6.7.
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The exponents expy, €Xp,, exps only depend on d, #31, my while the constants
Cte. and cte. also depend on Cy, . .., Cs.

Proof. We start by solving inductively {h,s;} = =T as f; + hj, where T A f;
is the truncation (§8.1) and s; and /; are to be found using Propositions 6.6 and
6.7. To see how this works, write

sj = So+ (¢, S1) + 3(¢. $20),
Tafj = Fo+ (. Fi) + 3(¢, F28).
hj = cj(@)+ (xj (@), r) + 3 (& Hj(@)?).

The equations written in Fourier modes become

—i (k, ) So(k) = —Fo(k) + 85 (cj () + (¥ (@), 7)),
~i (k. ) S1(k) + J () + H(@)S1 (k) =~ F1 (k).
—i (k. @) S2(k) + (@) + H(@))J S2(k) — $2(k) J(Q(e) + H(w))

= —Fy(k) + 85 H; (w).
Using Propositions 6.6 and 6.7 these equations can now be solved for w in a set
U; with Leb(U;—1 \ U;) < cte.e™P, (Up = U). Indeed with c; (w) = Fo(0) and
xj(@) = F (0) the first equation follows from Proposition 6.6(i). The second equa-
tion follows from Proposition 6.6(ii) and the third from Proposition 6.7. (H; (w)

is not the full mean value F» (0) but only the part nFy 0).)
This gives, after summing up the (finite) Fourier series,

1 .
<l WAy =
J K
J

[Sj]{l\j"rdA'i‘Za‘

[hj]{Aj‘f‘dA‘i‘za‘% < Cte,(A’A)expﬂj—lgj.
s j

Uj

If the solutions s; and /; were nonreal (they are not because the construction gives
real functions) then their real parts would give real solutions.
In a second step, for 0 <¢ <1 we estimate

Ji—hi+ih+hi+...+hj1+A=0)h;+tf;,s;}
which is equal to
(fi=Tafi)+tlfi.siy+thi+...+hji1+ A —=0)hj,s;} =: g1+ g2+ g3.
According to (44) we have

@41

[gl]{Aj+dA+2

~ i—1
} S A(aj. @1, ANB ey,
U;

where

Y=V

Ajy1 = (VJ' — 2 20544 )

J - R Pj—Pj+1 . .
pj — =5 2141
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By our choice of constants and the assumption on & we have

1 1 \* 1 €
A% (-=5) )escmbors:
~ (02,(3 + o—p/ )8~ A}4’302K3

According to (45),

J

[gz] Ai+da+5 - <B (A A)exp ﬂzj -2 2.’
{ : 0"+1%

i
where Bj = B(y; —yj+1,0/,pj — pj+1,u],A]) B takes care of this when j =1
and when j > 2 we have the factor that controls everything, and we get the

bound < A14'B 02K3 gj.
Accordlng to (46),

[83] Aj-‘r-dA-f-SdA_H} < Z Bi(AA) BT gcte. (A A)exp ﬂ/ 1,
J

J 1<i<n

where B; = B(y; —Vj+1,0i,pj —pj+1, Li, Aj). The same argument applies again:
B takes care of this when i = 1 and when i > 2 we have the factori—’l' that controls
everything. We get, as before, the bound < ﬁ B’ =38
j
In a third step we construct the time-z-map, |t| < 1, ®; of the Hamiltonian
vector field J ds;. Condition (47),
g < min((ﬁjﬂ —Pj+1)ij+1. (Vj+1— Vj+1)d+m*5j2+1),

is fulfilled for all j by assumption on &, so that

@, :0Y (0j+1.pj+1, Mj+1) = 0¥ (Gj+1.Pj+1. fLj+1)

for all y” < y; 41, and it will verify conditions (48)—~(51) with «, &, A replaced by
@j+1,4+1,Aj +da + 2. Then the time-1-map ®,, # =1, will be our ®; and do
what we want; this is a well-known relation.

Finally we define

1
fi+1= / (81 + 82+ g3) o P:dt.
0
It only remains to verify the estimate for f; ;. Condition (52),
& s min((3j+1—pj+Dij+1. Fi+1—vi+0) T 62 ) Vv — i1,
is fulfilled for all j by assumption on &, so we get by (53)
1 SAGY , :

[fj+ ]% j+1 ]+1} j [g]%AjJ_—FdA—'_S&j—i-l}

and we are done. O
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COROLLARY 8.2. There exist a constant Cte. and an exponent exp; such
that, if

exp
e < Cte.min(y A % %) 1 min(o?, u)ﬁ (r = %), 12
then there is a subset U’ C U,
Leb(U \ U’) < cte.s%P2,

such that for all w € U’ the following hold: There is a real analytic symplectic
diffeomorphism ® : 0" (o', p/, ') — 0¥ (0, p. ) for all y” < y', and a vector o’
such that (hgy + f)o® =h + ' with

(i) W=(w, r)+% (¢, (Q(w)+H'(w))¢) (modulo a constant), H' (w) and 0, H' (w)
in NFar, and

&
|H = H|y <H,—H){$;} < cte.

@) 1y g = =R

where

1
A = (log(1))? ,
(log(2)) min(y —y’, p—p’)

A’ = cte.max(A, d3. (dar)?) + log(1)(da +23),
O,/ — (8,)%-1-.[0',
u = (8/)%—{-21“‘

Moreover, for 1 26 > 0" and 1 > i > i/, ® = (P¢, Py, P;) has an analytic

extension to 0¥ (&, o', i) for all y" <y’ and verifies on this set

‘q)rp—ﬁl" Sﬁﬁ
@, —r| < (B + ()2 +D)Be
1 1

for some ff < cte. max( AA, log(%))e"%, and the mapping o — o’

. " =" p=p""
verifies |©" —id|q1 () < cte. 7.
The exponents expy , €Xp,, exps only depend on d , #31, my while the constants

Cte. and cte. also depend on Cy, ..., Cs.

1
Proof. Take k3 = €. Then B"eny1 = €, opy1 = ()30, pnsi1 =
2 1 . 143
(8/)§+21M’ and & < e—r(log(g))2 if £1727 < (%) 2.

12The bound on ¢ in Proposition 8.1 is implicit due to log(%)) and depends on k. Here we have
an explicit bound, but the price for taking « to be a fractional power of ¢ is that the bound must
depend on max (o2, 11) to a power larger than 1. The choice of  is only for convenience.
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The result is an immediate consequence of Proposition 8.1 with

hy = (@ + x(w),r) + %(é, (Q(w) + H'())5).

By Proposition 8.1(ii) we get | x|q1 () < cte.ﬁ. Therefore the image of U’
under the mapping @ — w + y(w) covers a subset U” of U of the same com-
plementary Lebesgue measure, and we can replace w + y(w) by w if we take
o' ={d+ ») Hw). O

8.3. The infinite induction. Let h and f be as in the previous subsection with
the same restrictions on the constants y, o, p, 1, A, A.

Choice of constants. We define

—z(log(L))2
S r(og(gj ) (r = %)’ el =¢
yj =(da)™", y1 =min(da., y)
1
o; = sj3 taj_l Jj =2, o1=0
2427 .
wj=g " pj-1j=2, p1=p

1
pi = (3 +37)p
_ 1142 1 —
Aj1 =10 s =, M1=4A
Aj =cte.(dp;)>. 13
With this choice of constants we prove

LEMMA 8.3. There exist a constant Cte.” and an exponent exp’ such that if

1 1 exXp 1
e < Cte. min()/, 0, X X) min(o2, u) =3¢,
then forall j > 1,
1 1 exXp 1
gj = Cte.min(yj VAL P TP+ A A_) min(ajz, Wj)T=37
VY

and
D (da)ei < %min(C4, Cs, 1),
I=<i<j
where Cte., exp are those of Corollary 8.2. The exponents exp’ only depend on
d, #51, my while the constant Cte.” also depend on Cy, . .., Cs.
Remark. Notice that A; increases much faster than quadratically at each step

d@+n!
—Ajp1 = A j > due to its coupling with y;. This is the reason why we cannot

13The constant in the definition of A ;j 1s the one in Proposition 6.7.
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grant the convergence by a quadratic iteration but need a much faster iteration
scheme, as the one provided by Proposition 8.1 and Corollary 8.2.

The proof is an exercise on the theme “superexponential growth beats (almost)
everything”.

PROPOSITION 8.4. Under the above assumptions, there exist a constant Cte.
and an exponent exp such that if

exp
%, %) min(o2, u)ﬁ,
then there is a subset U' C U, Leb(U \ U’) < cte.s®™ | such that for all @ € U’ the
following hold: for all j > 1 there are an analytic symplectic diffeomorphism

¢ < Cte. min(y A

®;:0Y (041, pj+1- Hj+1) = OV (0. pj. ). YY" < yj+1.

and a vector w; such that

(hj—1+ fi)o®; =hj+ fiy1 (ho=hw;, f1=f)
and satisfying:
() hj=(o, r)+% (¢, (Qw)+H; (®))¢) (modulo a constant), Hj (w) and 0, H; (w)
in NFA;,,and

€j
[Hy = Himly o (H) = Hjma)pagy < cte. 53
U’ J
(1) [fi+1]ya,; SEj+1-
[fj-i— ]{U{-H 06j+1} Jj+
Moreover, ®; = ({j,¢j,r;) has an analytic extension to @0(%, £.5) and
verifies on this set

e —2lo = (& +1BE

i —ol =Bt

| =r = G+ (&7 + DBjey
for some

BXP3
B fcte.max( 1 , 1_ ,Aj,Aj,log(i)) ,
Yi—Vi+1 pj—pJj+1 €j

and the mapping w +— w; verifies ‘a)j —wj—1 |<€1(U’) < cte.%.
J

The exponents exp, exp’ only depend on d, #s, my while the constants Cte.
and cte. also depend on Cq, . .., Cs.

Proof. The proof is an immediate consequence of Corollary 8.2 and Lemma
8.3. The first part of the lemma implies that the smallness assumption in the corol-
lary is fulfilled for every j > 1, and the second part implies that assumptions (16)
and (39) hold for every j > 1. The remaining assumptions are only on 2. O
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Theorem 7.1 now follows from this proposition. Indeed, w; — w’ and we
have

(hoy + £)0® = lim (h, + )0 ®r0+-0®; = lim (h; + fi+1).

Since the sequence /; clearly converges on @0(%, g, %), also f; converges on this
set — to a function f”.
Moreover, for { = r = 0 and |J¢| < & we have, as j — oo,

FARCEAN LI/ Madt
and, by Young’s inequality,

[0, = ()" 3, e, o

ThereforeB;f/zarf’zagf/:Oforfzr:0.

’

9. Appendix. Some estimates
LEMMA9.1. Let f : I =]—1, 1[— R be of class €" and |f(”)(t)| > 1 for all

t € 1. Then, for all ¢ > 0, the Lebesgue measure of {t € I : | f(t)| < e} is < cte.gnl,
where the constant only depends on n.

Proof. We have ‘f(”)(t)‘ > en forall ¢ € I. Since
t
P01V = [ O as,
to

we get that ‘ f (”_1)(1)‘ > en for all 7 outside an interval of length < Qe By
induction we get that ‘ fo=i )(Z)’ > e for all 7 outside 2/~ intervals of length
< Den. Now, j = n gives the result. O

Remark. The same is true if maxo<;<n ‘f(j)(t)| >1forallt €l and f €
%" *1. In this case the constant will depend on | f |gn+1.

Let A(t) be areal diagonal N x N -matrix with diagonal components a; which
are €' on I =] —1,1[ and

ai(t)>1 j=1,....,N, Vtel.
Let B(t) be a Hermitian N x N -matrix of class 6! on I =] — 1, [ with
1
B'(t)| <= Vtel
|80 <

LEMMA 9.2. The Lebesgue measure of the set

tel: min At)] < e
{ A(t)Eo(A(t)+B(t))| ( )l }

is < cte.Ne¢, where the constant is independent of N.
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Proof. Assume first that A(¢) + B(¢) is analytic in ¢. Then each eigenvalue
A(¢) and its (normalized) eigenvector v(¢) are analytic in ¢, and

A (@) = (), (A"() + B'(0)v (1))

(scalar product in CV). Under the assumptions on 4 and B, this is > 1 — % Lemma
9.1 applied to each eigenvalue A(¢) gives the result.
If B is nonanalytic we get the same result by analytic approximation. O

PROPOSITION 9.3. ” (A(t) + B(1))™! ” < % outside a set of t € I of Lebesgue
measure < cte.Ne.

Proof. There exists a unitary matrix U(¢) such that
A(t) ... 0
U@t)*(A@) + B@)U() :
0 ... ANn()
Now

|(A@) + B(t))™'| = max . O

0</j<N |A; (1)
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