ANNALS OF
MATHEMATICS

Vacant set of random interlacements
and percolation

By ALAIN-SOL SZNITMAN

SECOND SERIES, VOL. 171, NO. 3
May, 2010

ANMAAH






Annals of Mathematics, 171 (2010), 2039-2087

Vacant set of random interlacements
and percolation

By ALAIN-SOL SZNITMAN

Abstract

We introduce a model of random interlacements made of a countable collection
of doubly infinite paths on Z¢, d > 3. A nonnegative parameter u measures how
many trajectories enter the picture. This model describes in the large N limit the
microscopic structure in the bulk, which arises when considering the disconnection
time of a discrete cylinder (Z/ N 74 1x7 by simple random walk, or the set of
points visited by simple random walk on the discrete torus (Z/ N 7)% at times of
order uN<. In particular we study the percolative properties of the vacant set left
by the interlacement at level u, which is an infinite connected translation invariant
random subset of Z¢. We introduce a critical value 1 such that the vacant set
percolates for ¥ < u, and does not percolate for ¥ > uy. Our main results show
that u is finite when d > 3 and strictly positive when d > 7.

0. Introduction

This article introduces a model of random interlacements consisting of a count-
able collection of doubly infinite trajectories on 7%,d > 3. A certain nonnegative
parameter u governs the amount of trajectories which enter the picture. The union
of the supports of these trajectories defines the interlacement at level u. It is an
infinite connected translation invariant random subset of Z¢. Our main purpose is
to study whether this random “fabric” is “rainproof™ or not, i.e. whether its com-
plement, the vacant set at level u, does not, or does contain an infinite connected
component. This issue is related to the broad question “how can random-walk paths
create interfaces in high dimension?”. The model we construct has a special interest
because in a heuristic sense it offers a microscopic description of the “texture in
the bulk” for two problems related to this broad question. One problem pertains to
the percolative properties in the large N limit of the vacant set left on the discrete
torus (Z/NZ)?, d > 3, by the trajectory of simple random walk with uniformly
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distributed starting point, up to times that are proportional to the number of sites
of the discrete torus; cf. [2]. The other problem pertains to the large N behavior
of the disconnection time of a discrete cylinder (Z/NZ)2~! xZ, d > 3, by simple
random walk; cf. [6], [7], and also [19]. In this work we establish a phase transition:
for u < u«, the vacant set at level u does percolate, whereas for u > u, it does not.
The critical value u is shown to be nondegenerate (i.e. positive and finite), when
d > 7, and finite for all d > 3. The results presented here have triggered some
progress on the questions mentioned above; see in particular [15], [20], [21], [22],
and [25].

We now describe the model. We consider the spaces W, and W of infinite,
respectively doubly infinite, nearest neighbor paths on Z¢, d > 3, that spend finite
time in bounded subsets of Z4. We denote with Py, x e Zd, the law on W, of
simple random walk starting at x. This is meaningful since the walk is transient
in view of the assumption d > 3. We write X,,n > 0, or X,,n € Z, for the
canonical coordinates on W, or on W. We also consider the set of doubly infinite
trajectories modulo time-shifts

(0.1) W* =W/ ~, where w ~ w’, if w(-) = w’(-+ k), for some k € Z .

We denote with 7* : W — W*, the canonical projection.

The random interlacements are governed by a Poisson point process w =
2i>0 8wy u;) ON W* xR, with intensity measure v(dw*)du, where v is a certain
o -finite measure on W*, which we now describe. For any finite subset K of Zd,
we denote with ex the equilibrium measure of K; see (1.6) for the definition, with
WIg the subset of W of trajectories entering K at time O:

0.2) WIg={weW; w(0) € K and w(n) ¢ K, for all n < 0},

and with W = n*(W2) the subset of W* of equivalence classes of trajectories
entering K. We show in Theorem 1.1 that there is a unique o-finite measure v on
W* such that

(0.3) 1W;<<v = 11* o Qg, for any finite subset K of 74 ,

where Q is the finite measure supported on WIg such that
04) 1) Qk(Xoe-)=ek(),

ii) when eg(x) > 0, conditionally on Xo = x, (X;)n>0, and (X_,)n>0
are independent with respective distributions Py and P conditioned
on{X, ¢ K, foralln>1}.

The motivation for such a requirement stems from Theorem 3.1 and (3.13) of [2],

where the large N limit of certain suitably defined excursions to a box of size
L <« N, by simple random walk on (Z/NZ)% was investigated, and from the



VACANT SET OF RANDOM INTERLACEMENTS AND PERCOLATION 2041

alternative characterization of Qg given in (1.26); see also Remarks 1.2 (2) and
1.6 (3). Similar measures appear in [24] and [16, p. 61], following an outline
in [10]. The construction we give here bypasses projective limit arguments: we
instead glue together expressions for v read in “local charts”.

We denote with €2 the canonical space where w varies, cf. (1.16), and with P
the law turning w into a Poisson point process with intensity v(dw*)du. The law
P enjoys a number of remarkable properties. It is invariant under translation of
trajectories by a constant vector, and under time-reversal of trajectories; cf. Propo-
sition 1.3. Also when K is a finite subset of Zd, we introduce the random point
process on Wy x Ry:

0.5) pk (@) = ). S(wiu;) l{w;k € W]}k}’ ifo=73 S(w;k,ui) )

i>0 i>0
where for w) € Wk, w; denotes the unique trajectory in W, starting at time 0,
where w enters K, and following from then on w step-by-step; cf. (1.18) for the
precise definition. We show in Proposition 1.3 that

(0.6) Wk is a Poisson point process with intensity Pe, (dw)du,

where P, =) ex(x)Py. Further the point processes ik, as K varies, satisfy
a compatibility condition; cf. (1.21), (1.46).

It may be worth pointing out that much of the above constructs, except for
the aspects related to translation invariance, can be carried out in the more general
set-up of a transient random walk attached to an infinite locally finite connected
graph with positive weights along its edges, in place of a simple random walk on
7%, d > 3; cf. Remark 1.4.

The interlacement at level u is defined as

(0.7) ) = w@. ifo=3 uwru) €.

u; <u i>0 '
where w/(Z) denotes the range of any w with 7*(w) = w}". The vacant set at
level u is then

(0.8) V*(w) = 79\ 9% (0) .

Clearly $* increases with u, whereas V" decreases with u. Also one can see that
the restriction of $% to K is determined by ugs(dw x [0,u]), when K C K’ are
finite subsets of 749 cf. (1.54). Together with (0.6) one finds that the restriction of
$¥ to K can be visualized as the trace on K of a Poisson cloud of finite trajectories.
Its intensity measure is proportional to the law of a simple random walk run up
to the last visit to K, with initial distribution the harmonic measure of K viewed
from infinity, i.e. ex normalized by its total mass cap(K), the capacity of K, and
the proportionality factor equals u cap(K); cf. Remark 1.6 (3). We also show in
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Corollary 2.3 and Proposition 1.5 that
0.9 P-a.s., $* is an infinite connected subset, and
(0.10) P[V* D> K] = exp{—u cap(K)},

foru >0, and K C Zd, finite. Formula (0.10) characterizes the law of VV; see
Remark 2.2 (2). As a special case, cf. (1.58), (1.59), one finds that for x, y € Zd,

1= gl 1= 2

(0.11) P[x € V™) exp{ 20 Pl{x,y} V¥ =exp 01200
where g(y — x) denotes the Green function; cf. (1.5). The identities in (0.11)
are in essence formulas (2.26) and (3.6) of Brummelhuis-Hilhorst [4] in their the-
oretical physics article on the covering of a periodic lattice by a random walk;
see Remark 1.6 (5). They display the presence of long range dependence in the
random set V¥, with a correlation of the events {x € ¥*} and {y € T} decaying
as c(u)|x — y|~@=2_ when |x — y| tends to infinity.

As mentioned above, the main object of this work is to investigate the presence
or absence of an infinite connected component in V. We establish in Theorem 2.1
the ergodicity of the (properly defined) distribution of the random set V%, from
which easily follows a zero-one law for the probability of occurrence of an infinite
connected component in V¥, Tt is then straightforward to see that this probability
equals one precisely when

0.12)  n(u) &ef P[0 belongs to an infinite connected component of V] > 0.

The function 7(-) is nonincreasing and just as in the case of Bernoulli percolation,
cf. [8], we can introduce the critical value:

(0.13) Uy =inf{u > 0,n(u) =0} € [0, 0] .

The main results of this article concern the nondegeneracy of u,.. We show in
Theorem 3.5 that ¥ does not percolate for large u; i.e.,

(0.14) Uy <00, ford >3,
and in Theorem 4.3 that when d > 7, V¥ percolates for small u > 0; i.e.,
(0.15) Ux >0, whend >7.

Subsequent developments initiated by the present article respectively relating ran-
dom interlacements on Z¢*+1 and on Z¢ to the local picture left by simple random
walk on (Z/ N 7)% xZ run up to times of order N 2d and random walk on (Z /N 7)4
run up to times of order N 4 can be found in [20], [25]. In this light the results
presented here with their proofs also have a bearing on the problems investigated
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in [6], [7], [2]. In particular (0.14) offers evidence that when d > 2 the laws of
Tn/N 2d are tight, if T denotes the disconnection time of (Z/N Z)d x Z studied
in [6], [7]. This signals that one should be able to remove the logarithmic terms
present in the (very general) upper bound of [19] and bypass the strategy based on
the domination of Ty by the cover time of (Z/NZ)% x {0}, by relying instead on
the emergence of a nonpercolative local picture of the vacant set left by random
walk. These heuristic considerations can be made precise and lead to the above
claimed tightness; see [21]. Similarly (0.15) offers evidence that the lower bound
on Ty in [7], which shows the tightness of N 2d /Tn when d > 17, should hold
as soon as d > 6 (and in fact for all d > 2, in view of the recent work [15]).
Analogously in the context of [2], we see that (0.14), (0.15), and [15] give support
for the typical absence for large N of a giant component in the vacant set left by
simple random walk on (Z/NZ)%, d > 3, run up to time uN?, if u is large, and
for its typical presence when u is chosen small.

There are many natural questions left untouched by the present article. Is
there a unique infinite component when V* percolates? (See Remark 2.2 (3).) The
answer is affirmative, as shown in [22]. Is u4 > 0, when 3 < d < 6, as suggested by
simulations? This is indeed the case; see [15]. However it is presently unknown
whether the vacant set percolates at criticality, i.e. when u = u,, or what the large
d behavior of uy is. We refer to Remark 4.4 (3) for further open problems.

We will now comment on the proofs of (0.14) and (0.15). Most of the work
goes into the proof of (0.14). This is due to the long range dependence in the model
and the fact highlighted by (0.10) that P[¥* 2> K] does not decay exponentially with
| K|. This feature creates a very serious obstruction to the Peierls-type argument
commonly met in Bernoulli percolation, see [8, p. 16], when one attempts to show
that ¥ does not percolate for large u. We instead use a renormalization technique
to prove (0.14) and consider a sequence of functions on R4:

(0.16)  py,(u)“="P-probability that V¥ contains a path from a given block
of side-length L, to the complement of its L,-neighborhood,

(cf. (3.8) for the precise definition), where L, is a rapidly growing sequence of
length scales, cf. (3.1), (3.2),

~ 7 Q+a)" : -
(017) anLO ,n20, Wltha—m.
The key control appears in Proposition 3.1, where we prove that for Lo > ¢, ug >

¢(Lg), and an increasing but bounded sequence u, depending on Lo, ug, cf. (3.9),
(0.18) pn(up) — 0.
n—00

This immediately implies that n(u) = 0, for ¥ > us, = sup u, (< 00), and proves
(0.14). The principal difficulty in proving (0.18) resides in the derivation of a
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suitable recurrence relation between p, () and pn+1(-), cf. (3.52), due to the long
range dependence in the model. In a suitable sense we use a “sprinkling tech-
nique”, where more independent paths are thrown in, so as to dominate long range
dependence. This is reflected in the fact that we evaluate p,(-) at an increasing but
convergent sequence U, in the key control (3.10), (a more quantitative version of
(0.18)). Incidentally, the sequence of length scales appearing in (0.17) corresponds
to the choice of a small a, so as to control the combinatorial complexity involved
in selecting boxes of scale L, within a given box of scale L;41, see (3.13), but
also to the choice of fast enough growth, so as to discard paths making more than
a certain finite number of excursions at distance of order L, 1; see below (3.25),
and (3.55), (3.65).

The proof of (0.15) in Theorem 4.3 employs a similar albeit simpler renor-
malization strategy. One can instead employ a Peierls-type argument to show that
V¥ percolates for small u > 0, when d is sufficiently large, very much in the spirit
of Section 2 of [2], or Section 1 of [7]. It is based on an exponential bound on
P[$* D A], for A finite subset of Z? (where Z? is viewed as a subset of 74 );
cf. (2.37) in Theorem 2.4. This estimate mirrors the exponential controls derived
in Theorem 2.1 of [2] and Theorem 1.2 of [2]. This strategy leads to a proof of
(0.15) when:

(0.19) 7(§+(1—§) q(d—2)> <1,

with ¢(v) the return probability to the origin of simple random walk on Z". In
practice this means d > 18; cf. Remark 2.5 (3). The technique we use works
instead as soon as d > 7. It also shows, just as the Peierls-type argument does
when (0.19) holds, the existence of an infinite connected cluster in V% N Z2, for
small u > 0.

Let us now describe the organization of the article.

In Section 1 we construct the model of random interlacements. The main
task lies in the construction of the o-finite measure v entering the intensity of the
Poisson point process we are after. This is done in Theorem 1.1. Basic properties of
the model appear in Proposition 1.3, whereas Proposition 1.5 shows (0.10), (0.11).

Section 2 shows the ergodicity of the law of ¥*, and the zero-one law for the
probability that ¥* percolates in Theorem 2.1. We also prove (0.9) in Corollary 2.3.
In Theorem 2.4 we derive exponential bounds that provide further links of the
present model to [2], [7].

Section 3 is devoted to the proof of (0.14) in Theorem 3.5. The main renor-
malization step is contained in Proposition 3.1.

Section 4 shows (0.15) in Theorem 4.3. The principal step appears in Propo-
sition 4.1.
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Finally let us state our convention regarding constants. Throughout the text ¢
and ¢’ denote positive constants which solely depend on d, with values changing
from place to place. The numbered constants co, c1, ... are fixed and refer to the
value at their first appearance in the text. Dependence of constants on additional
parameters appears in the notation. For instance ¢ (L, 1) denotes a positive con-
stant depending on d, Lo, ug.

1. Basic model and some first properties

The main object of this section is to introduce the basic model and present
some of its properties. As explained in the introduction the basic model comes
as a Poisson point process on a suitable state space. The main task resides in
the construction of the intensity measure of this point process. This is done in
Theorem 1.1. We then derive some of its properties in Proposition 1.3 as well as
some of the properties of the vacant set left by the interlacement at level u, cf. (0.9),
in Proposition 1.5. We first begin with some notation.

We write N = {0, 1, 2, ... } for the set of natural numbers. Given a nonnegative
real number a, we write [a] for the integer part of @, and for real numbers b, ¢,
we write b A ¢ and b Vv ¢ for the respective minimum and maximum of b and
¢. We denote with |- | and | - |o the Euclidean and £°°-distances on Z¢. We
write B(x,r) for the closed | - |o-ball with center x in 79 and radius r >0, and
S(x,r) for the corresponding | - |so-sphere with center x and radius 7 (it is empty
when r is not an integer). We say that x, y in 7% are neighbors, respectively
x-neighbors, when |x —y| = 1, respectively |x — y|oo = 1. The notions of connected
and x-connected subsets are defined accordingly, and so are the notions of nearest
neighbor or s-nearest neighbor paths in Z¢. For A, B subsets in Z%, we denote
by A + B the subset of elements of the form x + y, with x € A, y € B and with
d(A, B) = inf{|x — y|oo; X € A,y € B}, the | - |o-distance from A to B. When
U is a subset of Z¢, we let |U| stand for the cardinality of U, dU for the exterior
boundary of U and 0i, U for the interior boundary of U':

(1.1) U ={x €Uy e, |x—y|=1}, 0iqU ={x€U;Iy U, |x—y|=1}.

We write U CC Z¢ to express U as a finite subset of Z¢. In what follows, unless
otherwise explicitly mentioned, we tacitly assume that d > 3.
We consider W4 and W the spaces of trajectories:
(1.2) Wy = {w e @)Y; lwmn+1)—w(n)| =1, forall n > 0, and
lim |w(n)| = oo},
n
W = {w e (@Y% lwin+1)—wn)| =1, foralln € Z, and

lim |wn)| = oo} .
|n]—o00
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We denote by X,,n >0, and X, n € Z, the respective canonical coordinates on
W4 and W, and write 8,, n > 0, and 6,, n € Z, for the respective canonical shifts.
We let W and W stand for the o-fields on W and W generated by the canonical
coordinates.

Given U € 7%, w € Wy, we denote with Hy (w), Ty (w), Hy (w), the en-
trance time in U, the exit time from U, and the hitting time of U for the trajectory w:

(1.3)  Hy(w) =inf{n = 0; Xp(w) € U}, Ty (w) =inf{n = 0; Xp(w) ¢ U},
Hy(w) =inf{n > 1; X,(w) € U}.

We often drop “w” from the notation and write Hy, Ty, H %, When U = {x}. Also
when w € W, we define Hy (w) and Ty (w) in a similar fashion replacing “n > 0”
with “n € Z” in (1.3), and ﬁU(w) just as in (1.3). For K C U in 7%, we W4, we
consider Ry, Dy, k > 1, the successive returns to K and departures from U of the
trajectory w:

(1.4) Ry =Hg, D1 =Ty o0y, + Hg, and fork > 1,
Ri4+1=R100p, + Dk, Diy1 =D106p, + Dy,

sothat 0 < Ry < D1 <---<Rp <Dp <---<00.

When X is an integrable random variable and A an event, we routinely write
E[X, A] in place of E[X 14] in what follows, with E referring here to the relevant
expectation. Given x € Z%, we write Py for the restriction to (W, W) of the
canonical law of simple random walk on 74 starting at x. Recall that d > 3, and
W4 has full measure under the canonical law. When p is a positive measure on
7%, we write P, for the measure ) _,..a p(x) Px. We denote with g (-, -) the Green
function of the walk:

(1.5) gx.y) =Y Pi[Xp=yl. x.yez?,

n>0

and g(y) = g(0, y) so that g(x, y) = g(y — x), thanks to translation invariance.
Given K cC Z%, we write eg for the equilibrium measure of K, cap(K) for the
capacity of K, so that, cf. Chapter 2, Section 2 of [11]:

(1.6) ex(x) = Px[Hg =], x € K,
=0,ifx¢K

(note that eg is supported on i, K),

(1.7 cap(K) = ex (@) (= ¥ ex).

xezd
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and

(1.8) PelHx < o0] = /K 2 ex(@)(= ¥ g(x.y)ex (). forvez?.
ye

The following bounds on Py[Hg < oo], x € Z%, will be useful:

1.9 > gkx,y)/ SUP( > g(z,y))

yeK zeK “yekK

< PuHg <ol = ¥ g(ey)/ inf (X gG.)).
yek ze yek

They classically follow from the L!( P, )-convergence of the bounded martingale
Mu =Y yex §(Xnnt.¥).n = 0, towards 1{Hg < 00} ¥y (Xpig. ).

The state space of the Poisson point process we wish to define involves the
quotient space W* of equivalence classes of trajectories in W modulo time-shift;
cf. (0.2). We recall that 7* stands for the canonical projection on W*. We endow
W* with the canonical o-field

(1.10) W* ={ACW*; (z*)"1(4) e W},

which is the largest o-algebra such that (W, W) SN (W*,W™*) is measurable.
When K cC 74, we consider

(1.11) Wk ={weW; X,(w) € K, forsomen € 7},

the subset of W of trajectories entering K. We can write Wx € W' as a countable
partition into measurable sets (see below (1.3) for the notation):

(1.12) Wi =) Wg. where W¢ = {w e W: Hg(w) =n}.
nez

We then introduce
(1.13) Wg =n*(Wk) (=7*(WQ)),

as well as the map
(1.14)
sk :Wg — W, with sg (w*) = w° the unique element of ng with 7*(w®) = w*.

Note that sg (W) = W[({) and sk is a section of w* over W;; i.e., m™ o sk is the
identity map on Wy. It is then straightforward to check that for any K CC 74,
(1.15) W¢ € W* and the trace of W* on Wy coincides with SI_(1 (‘w).

There is no natural way to globally identify W* x Z with W, but the maps s
enable us to identify Wg with W and W x Z with Wx. In a slightly pedantic
way ¥ . (W, W) — (W*,W™*) endowed with the transformations 6,, n € Z, on



2048 ALAIN-SOL SZNITMAN

the fiber of 7* could be viewed as a “principal fiber-bundle with group Z”; cf. [18,
p. 346]. The construction of the key o-finite measure v in Theorem 1.1 will involve
checking compatibility and patching up expressions for v “read in the local chart
sk, as K varies over finite subsets of 74.

We further need to introduce several spaces of point measures routinely used
in what follows. In particular we consider €2 and M the spaces of point measures
on W* xRy and W4 x R

(1.16) Q= {w = 3 Sy With (W} ;) € W* xRy, i >0, and
i>0 '
w(Wg x[0,u]) < oo, forany K CC 7% u> O} :
(1.17)
M = {M = > 8w, u;)» With I a variable finite or infinite subset of N,

iel

(wi,u;) € We xRy fori €I, and u(W4 x [0, u]) < oo, for u > 0} ,

We endow 2 with the o-algebra o generated by the evaluation maps w — w (D),
where D runs over W* ® B(Ry), cf. (1.10). Likewise we endow M with the
o-algebra Jl generated by the evaluation maps u — (D), where D runs over
W4 @ B(RL); cf. below (1.2). Given K CC 79, we then define the measurable
maps g : 2 — M and Og : M — M via:

(118)  ux(@)(f) = / Flsxw*) 410 o(dw*. du). forw € 2,

WI? XR4
and f nonnegative measurable on W4 x R,
where for w € W, wy € W,y denotes the restriction of w to N, so that sg(w™*)

starts at time O where w* € W¢ enters K, and follows from then on w* step-by-step,
as well as

119 exw ()= [ FOry (w),u) p(dw, du), for i e M,

{Hk <oo}xR4
and f asin (1.18).

In other words,

Ok (1) =D 8(6s1, (wiaup) L HE (wi) < 00},

iel

when i =3 ;7 8w;u;) € M. Given K CC 7%, u > 0, we will also consider
the measurable function on €2 with values in the set of finite point measures on
(Wi, Wy):

(1.20) wru(@)(dw) = pg(w)(dw x[0,u]), forw e Q.
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We record for later use the straightforward identities valid for K ¢ K’ cC Z¢:
(1.21) i) Ogoug =uk,
ii) OgoBg =0Of.

We are now going to construct the o-finite measure v on (W*,W™*) which enters
the intensity of the Poisson point process we wish to define. For K CC 79, we
write J g for the countable set of finite nearest-neighbor trajectories starting and
ending in the support of ex:
(1.22)

IJg={t= (r(n))oSnsNr; N: =0, |[t(n+1)—t(m)| =1, for0 <n < N,

and t(0), t(N;) € Suppeg}.

If x € Supp ek, we also denote with PxK the probability on W, governing the walk
conditioned not to hit K:

(1.23) P[] = Py[-|Hg = oq].
We are now ready to state

THEOREM 1.1. For K cC 7%, denote with Qg the finite measure on W,
supported on W2, such that for any A, B e W4, x € 74

(1.24)  Qk[(X=n)nz0 € A, Xo = x, (Xn)nz0 € B] = P{[A] ek (x) Px[B].
There is a unique o -finite measure v on (W*,W™*) such that:
(1.25) 1Wzv=n*oQK,f0ranyKCCZd.

Further, letting Lx(w) = sup{n > 0; X,(w) € K}, w € W2, stand for the time
of the last visit to K of w, one sees that the law under Qg of (Xn)o<n<Ly IS
supported on T g, and for A, BeWy,1€ Tk,

(1.26)
Ok[(X—n)nz0 € A, (X)o<n<ix =T, (XntLx)n>0 € B]
= PR [A] ek (1(0)) Pro)[Xn = T(n), 0 <n < Neleg (t(No)) Py, [B].

(1.27) v is invariant under the time reversal involution on W*, w* — w™*,
where W* = 7* (W), with t*(w) = w* and w(n) = w(—n), forn € 7.

(1.28) v is invariant under the translations on W*: w* — w* + x, x € 79,
where w* + x = 7*(w + x), with 7*(w) = w*.

Proof. We begin with the proof of the existence and uniqueness of v. Since
W* = Usz W*m, where K, 1 79, with K, finite, for m > 0, the uniqueness of
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v satisfying (1.25) is immediate. As for the existence of v, denote for K cC Z¢
with vk the finite measure supported on W¢ = JT*(WIg) on the right-hand side
of (1.25):

(1.29) vg =m0 Q0g.

The existence of v will follow once we show that for K C K/ CC Zd,
1W1’§ VK’ = VK .

This in turn will follow once we prove that:

(1.30) (s osg/) o (Ls wy) Ok’) = Ok »

where s1_<,1 denotes the restriction of 7* to WKO,. Indeed it suffices simply to take
the image of both sides under 7*. We now write sg+(Wy ) as the at most countable
partition into measurable sets:

(1.31) sk (W) =) W .
oeX

where X denotes the set of finite nearest-neighbor trajectories o = (a(n))
with 0(0) € K/, o(n) ¢ K for n < Ny, and 6(Ny) € K, and

0<n<Ny’

(1.32) Wg: o ={w € Wg,: Xy(w) =0 (n), for0<n < Ny}.
One then has the identity:
(1.33) sk 0Sx (W) = w(-+ Ny) = Oy, (w), forw € W, .
As a result, denoting with Q the left-hand side of (1.30), we find that
(1.34) 0= 9N00(1W0/ Ok’)-
0EX K'.o

Thus given an arbitrary collection A;, i € Z, of subsets of 74 , we see that
(1.35)

O[X;ieA;jieZ] = Z QK’[XH-NU €Aj,i€eZ, X,=00m),0<n < Ng]

gEX
=Y OglXie€ Ai—_N, i €Z, Xy =0(n),0<n < Ng]
g€eX

(1.6),(1.24)

> PKXneA_ N, m=>0]P[Hg = o0
o€X xeSupplegr)
Py[Xy € An—Nga”l >0,X, =0(n),0=<n < Ng]

(2DMako s~ SN p X € Ay, .m > 0, Hgr = o]

o€X xeSuppleg’)

Py[Xy =0(n) e Ay—nN,.0<n < Ny] PO'(NO-)[XI’! € Ap,n>0].
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It follows from the reversibility of the walk that for y € K:

(136) X > Pu[Xm€A_pmn,,m >0, Hgr = o0
0:0(Ng)=y x€Supp(eg’)

Py[Xn =0(n) € Ap—n,.0<n < Ny]

= Z Z Px[XmeA—m—Ng,mZO»HK’ZOO]
:0(Ng)=
x€Supplegr) @ ZEO)(;)X ¥

Py[Xy =0(Ng—n) € A_,,0 <n < Ng]
Makov - $~ > P[Xn=0(No—n)€ Ay, 0<n <Ny,

0:0(Ng)=y
xeSupp(eg’) ANl

Xn EA_n,n ZNU,HK/OQNO. =OO]

= > Py [H~ k = 0o, the last visit to K’ occurs at x, and
x€Supp(eg’)

X, € A_y, forn > 0]
= Py[Hx =00, Xy € A_p, n >0].

Inserting this identity in the last line of (1.35) we find that:

(1.37)
yeK
= Y PKXueA_,n=0lex(y) Py[Xn € An.n>0]
yE€Supp(ex)
(1.24)

This proves that (1.30) holds and thus concludes the proof of the existence of v
satisfying (1.25), which is automatically o-finite.

We now turn to the proof of (1.26). We consider 7(n),0 <n < N, some finite
sequence in Z% . Observe that Qg [(X, n)o<n<Ly = T] vanishes unless t is nearest
neighbor and 7(N) € K. Moreover when this is the case it follows from the use of
the Markov property at time N that:

(1.38) QK[(Xn)OﬁnsLK =1]=Qk[Xn=1(n),0=n <N, H~K oy = o0]
(1.24),(1.6)

Markov eK(T(O)) Pr(O)[Xn = ‘L’(l’l), 0<n=< N] eK(T(N)) .

This shows that the law of (X,)o<n<L, under Qg is supported by Tg. Also
repeating the argument which yielded (1.38), we see that for A, B e W4, 1€ Ik
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the left-hand side of (1.26) equals (writing N in place of N for simplicity):

Ok[(X—n)nz0 € A, X =1(n), 0<n <N, 03" ({Hgx = 00} N {X, € B,n >0})]

1.24
(129 PR 1Al ek (2(0)) Pro)[Xn = (1), 0<n <N,

05  ({Hg = 00} N{X, € B,n > 0})]
Mar_kov

e Peloy[Alex (1(0)) Peo)[Xo = (1), 0 =1 < N]ex (v(N)) Pfiy, [B].

and this proves (1.26).

To prove (1.27), observe that for K CC Z%, w* — w* leaves W¢ invariant
and X, (sx (W*)) = X1 x—n(sg (w*)), for n € Z, w* € W¢. Denoting y the image
under w* — w* of a measure y on W*, we find for C € W

(1.39) sko (IWI?D)(C) =sKo ((1W;év)v)(C) =SKgo (1W1§v)((XLK__) €C)
(1.25)
Ok((Xrg_)€C).
Hence with (1.26), A, B € W4, t € Tk, and C denotes the event in the probability

in the first line of (1.26); writing N in place of Ny, for simplicity, we find that
(1.40)

SK © (1W1’§ V)(C) = QK[(X—n)nZO € B,
(Xn)OSnsLK =17(N—.), (Xn+L1<)n20 €A

Prwvy)[(Xn)o<n<n = T(N —n)] ek (T(O)) Pr(()) [A]

] (1. 26) Pr(N)[ ]eK(T(N))
revers1b111ty 1(0) [A] ex (T(O))

Pe@[Xn = (n),0 <n < N]ex (t(N)) PXy,[B] = 0k (C) "2V

SKO(1W1>§I))(C) .

It now readily follows that sg o (1yy:V) = sk o (1) and hence 1y b = Ly xv
forany K CC 74, whence V = v. This proves (1.27).

Finally for the proof of (1.28), we note that for x € 74, K cc 79, w* —
w* + x maps Wy one-to-one onto Wy, and sg(w* +x) = sx—x(w*) + x, for
w* e Wg_ . Denotmg by y* the image under w* — w* + x of a measure y on
W*, we see that for C € W', we have
(1.41)
sk0 (Lyzv)(C) = sgo((lyz_ ) (C)=sx—xo(Iyz_ v)((Xa) +x €C)

290k «((Xn)+x€C).
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Hence with A, B € W, y € Z% and C denoting the event in the left-hand side of
(1.24), where x is replaced by y, we find that:

sgo(lw=v*)(C)= QK—x[(X—n)nzo €A—x, Xo=y—x, (Xn)n>0 € B _x]
(1.24) _ (1.25)

= PyK—xx[A —x]ex—x(y —x) Py_x[B—x] = Qk[C] = SKO(lWI?V)(C) )
using (1.24) and translation invariance in the third equality. This readily implies
that v* = v and concludes the proof of Theorem 1.1. O

Remark 1.2. 1) Let us say a few words on why the quotient space W* is better
suited for our purpose than W. One can of course use the sections sg, with K
growing along an increasing sequence of finite sets exhausting 7% to construct “by
patching” a o -finite measure on (W, W’) projecting down to v under 7 *. However
there is no measure on (W, W) invariant under translation of trajectories by constant
vectors projecting down to v. Indeed if such a measure p existed then for any
K cc 7% we would have

cap(K) = v(Wg) = p(Wk) > p(Xo € K) = p(Xo = 0) | K],

using translation invariance in the last equality. However capacity grows more
slowly than volume when K is of the form B(0, L), with L tending to infinity;
cf. below (3.24). This would imply that p(X¢ = 0) = 0 and hence p = 0, due to
translation invariance, thus leading to a contradiction. More obstructions can be
brought to light, which make measures on (W, W’) projecting down to v definitely
less natural than v.

2) The expression in the right-hand member of (1.38) when K = B(0, L)
coincides up to a normalization factor with the expression (3.13) of [2] governing
the limit law of certain properly recentered excursions of a simple random walk on
(Z/N 7)? to a box of side-length 2L; see Theorem 3.1 of [2]. This limiting result
played a key role in the control of fluctuations of certain averages; cf. (4.43) and
Proposition 4.2. of [2]. O

We will now endow the space (€2, o), cf. (1.16), with a probability measure
and thereby complete the construction of the basic model of interlacements. To this
end we note that the infinite measure v(dw*)du on W* x Ry gives finite mass to
the sets W¢ x [0, u], for K CC 7% and u > 0. We can thus construct on (£2, {)
the law IP of a Poisson point measure with intensity v(dw*)du. We denote by IE[]
the corresponding expectation. The law [P is for instance characterized by the fact
that, cf. [14, p. 129],

(1.42)

(ool rouauf]-sn|- [, 0-tranrol

for any nonnegative W™* ® % (R4 )-measurable function f .
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In a similar fashion we can also realize on (M, ), cf. (1.17), the law of the Poisson
point measure on W x R4 with intensity P, (dw)du, when K CC 7% . We call
it Px and write Ex|[-] for the corresponding expectation. It is characterized by the
fact that:
(1.43)
[EK[exp{—/ fu(dw,du)}]zexp{—/
Wi xR+ Wi xR4
for any nonnegative W ® B(R4)-measurable function f .

(1=e~) Peyc (dw)dul,

We will now collect some straightforward properties of the laws P and Pg. Given
® =50 8w} u;)> We write

(1.44) o= Z S(wi*’ui) e,

i>0

Txw= ) Sp*—xu;) € R, forx € 74 .
i=0 '

We also recall the notation from (1.18), (1.19).
PROPOSITION 1.3 (K C K’ cc 79).
(1.45) Px is the law of g under P .
(1.46) Og o Pk =Pk .
(1.47) P is invariant under w — @ (time-reversal invariance) .

(1.48) P is invariant under t for any x € 74 (translation invariance) .

Proof. We begin with (1.45), and note that ug due to (1.18) is distributed as
a Poisson point process on W, x R4 with intensity measure y(dw du) such that
for f asin (1.18)

(1.49) /W ) f)/(dw,du)=/ g w*)4,u) vidw*)du
+ xRy

WEXRy
(1.25),(1.24) / f(w,u) Pey (dw)du .
Wi xR+

This shows that the law of ;g coincides with Pg. Then (1.46) immediately follows
from (1.21) i) and (1.45), whereas (1.47), (1.48) respectively follow from (1.27),
(1.28). O

Remark 1.4. The constructions we have made here in the case of a simple
random walk on Z¢, d > 3, can be straightforwardly generalized to the case of an
infinite locally finite connected graph I' = (G, €) with vertex set G and (undirected)
edge set €, endowed with positive weights

(1.50) Ale) >0, ec€,
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so that the corresponding nearest-neighbor walk on G with transition probability

(1.51) Pxy = AGx. y) ,if{x, y} €€,

> Alx.zd)

z:{x,z}€%¢

= 0, otherwise,

is transient. This walk is reversible with respect to the measure
(1.52) Ax= Y, A({x,y}, xeq.

yi{x,y}ee
In this set-up some of our definitions need to be modified. For instance if Py stands
for the law of the walk starting from x € G, one divides the right-hand side of (1.5)
by Ay, and multiplies the right-hand side of (1.6) by Ay; cf. [23].

The results we stated in Theorem 1.1 and Proposition 1.3, except for (1.28),
(1.48), which explicitly refer to the additive structure of 7%, can easily be extended
to this set-up. We refrain from doing this here since the main results of this article
will pertain to percolation properties of the vacant set, which we introduce below,
and rely on the structure of 74, ([l

We can now define for w € €2, the interlacement at level u, as the subset of 79

(1.53) I (w) = U range(w;), if w = .Z()‘S(w;“,u[) €EQ, u>0,
i>

u;<u
U U e,
Kcczd weSupp g u(®)
where for w* € W*, range(w*) = w(Z), for any w € W with 7*(w) = w*. Note
that in view of (1.18), (1.20), the following identity holds:
(154)  $*(@)NK = U w(N)N K, forany K C K' cc 7%
wESupp g7 4 (@)

The vacant set at level u is then defined as
(1.55) V() =79\ 9% (), €, u>0.

Obviously with (1.53), (1.55), $%(w) increases with u, whereas V% (w) decreases
with u. In the next proposition we collect some simple properties of these random
subsets. Given K, K cC 74, we say that K separates K from infinity when any
nearest neighbor path starting in K and tending to infinity enters K.

PROPOSITION 1.5 (u > 0, K, K CC 79)).
(1.56) 9" (w)NK # & <= pgu(w) #0,

forw € Q ,and $*, V¥ depend measurably on w .
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(1.57) P[K C V"] = exp{—ucap(K)}.
Uy __ _L d
(1.58) Plx eV ]_exp{ g(o)},forer .

2u
g(0)+g(y—x)

If K separates K from infinity then the following inclusion holds:

(1.59) P[{x,y}gﬂf”]=exp{— },forx,yeZd.

(1.60) (Y 2 K} C {¥" D K}, (screening effect).

Proof. The claim (1.56) immediately follows from (1.54) when K’ = K, and
(1.18), (1.20). The measurability of the sets $%, ¥ (understood as the measurabil-
ity of the maps 1{x € $*} and 1{x € V*} for all x € Z?) is a direct consequence
of the above statement. With (1.56), we thus see that
(1.61)

1.7)
exp{—u Pex (Wy)} =" exp{—u cap(K)},
and this proves (1.57). As a result of (1.6) or (1.8) one finds that

(1.62) cap({x}) = g(0)~ !, for x € 74 ,

and (1.58) follows from (1.57). As for (1.59), we can assume without loss of
generality that x # y, and note that for suitable pyx, py > 0, one has

(1.63) €(x,y} = Px0x + pySy, cap(ix, y}) = px + py ,
so that with (1.8) one finds:
gz, x)px+g(z,y)py =1 forz=x,y.
Solving this system of equations we see that px = p, = (g(0) + g(y — x))
and hence
2
(1.64) cap({x, y}) = )
g0)+g(y—x)

The claim (1.59) now follows from (1.57).

Finally note that when K separates K from infinity, w*e Wg = w*e WI-;, and
with (1.56) we see that $%(w) N K # @ = $%(w) N K # &, whence (1.60). O

-1

forx,yeZd.

Remark 1.6. 1) Using estimates on the capacity of a large cube, cf. for instance
(2.4) in Lemma 2.2 of [3] and [17, p. 341], one sees that for u > 0,

(1.65) P[™ 2 B(0, L)] = exp { —cu LY72(1 +o(1))}, as L — oo

In particular there is no general exponential decay with |A| of P[V* 2 A]. This
feature is drastically different from what happens for Bernoulli site percolation; see
[8]. This creates very serious difficulties when trying to prove that for large u, V™
does not percolate; see Section 3. Also (1.65) can be compared with (4.58), (4.62)
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of Benjamini-Sznitman [2], in the case of the vacant set left by simple random
walk on (Z/NZ)? up to time [uN4].

Incidentally, in spite of the fact that " displays a tendency to contain bigger
boxes than Bernoulli site percolation, no matter how small ¥ > 0, the law Q,, of
{x e ¥}, x € 79, on {0, I}Zd, does not stochastically dominate Bernoulli site
percolation with parameter close to 1. Indeed the complement $* of I always
percolates.

2) As a direct consequence of (1.57), and the inequality cap(K U K') <
cap(K) + cap(K’), we see that

(1.66) P[KUK' CV*]>P[K CV*]P[K' V], for K,K' ccZ% u>0,

i.e. the events {K C V*}, { K’ C V*} are positively correlated. However we do not
know whether the FKG Inequality holds under the law @, mentioned in 1).

3) As a direct consequence of (1.54) and (1.26), for K CC 7% we can visualize
$* N K as the trace left on K by a Poisson point process of finite trajectories
belonging to the space J g of (1.22). More precisely for any u > 0,

(1.67) $* N K has the same distribution under P as the trace on K of a
Poisson point process of trajectories on J g with intensity measure
pk (v) =u e ©(0) Pr(0)[Xn =7(n),0<n < N]ex(t(Ng)). fort € Ig.

This has a very similar flavor to some of the results in Sections 3 and 4 of [2].

4) With standard estimates on the behavior of g(-) at infinity, cf. [11, p. 31],
one sees that for any u > 0,

(1.68) COVP(I{xeeVu}, 1{ye°V“}) (0)2 gly—x)e g(O)

cu _
U as|y—x|— oo,

|y —x|472
where covp denotes the covariance under P. This displays the presence of long
range correlations in the random set V%,

5) Formulas (1.58), (1.59) are in essence (2.26) and (3.6) in Brummelhuis-
Hilhorst [4], concerning the large N behavior of the probability that one or two
given points in (Z/NZ)% are not visited by simple random walk up to time ¢ =
[uN d ]- The prefactors present in formulas (2.26), (3.6) of [4] stem from the fact
that the walk under consideration starts at the origin and not with the uniform
distribution as in [2]. For a similar interpretation of (1.58) see also Aldous-Fill
[1, Ch. 3, Prop. 20, and Chap. 13, Prop. 8]. One can also compare (1.57) with
Propositions 20 and 37 in Chapter 3 of [1]. O
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2. A zero-one law and an exponential bound

In this section we exploit the translation invariance of the basic model in
a more substantial way. We prove that the probability that V%, the vacant set at
level u, contains an infinite connected components, is either zero or one. This zero-
one law comes as a consequence of the ergodicity of the law of V*, cf. Theorem 2.1.
We also show in Corollary 2.3 that with probability one $* is connected. In Theo-
rem 2.4 we prove an exponential bound on the probability that $* contains a given
subset of an m-dimensional discrete subspace of 7%, with m < d — 3. This result
has a similar flavor to Theorem 2.1 of [2], or Theorem 1.2 of [7], but has a more
algebraic proof due to the nature of our basic model. Combined with a Peierls-type
argument, cf. Remark 2.5, this can be used to show that when d is large enough,
V¥ percolates when u is chosen sufficiently small. In Section 4 we will present
a more powerful method proving such a result as soon as d > 7. We begin with
some notation.

We denote with Q,,, the law on {0, 1}Zd of (I{x € V¥}), eza, for u > 0. We
write Yy, x € 79, for the canonical coordinates on {0, 1}Zd, Y for the canonical
o-algebra, and #,, x € 79, for the canonical shift. We also consider for u > 0 the
event

(2.1) Perc(u) = {w € Q; V*(w) contains an infinite connected component},

as well as
(2.2)  n(u) = P[0 belongs to an infinite connected component of V¥] .

The first main result of this section is:

THEOREM 2.1 (d > 3).

(2.3) Forany u > 0, (tx)eza is a measure-preserving flow
on ({0, I}Zd,oy, Q) which is ergodic,

2.4) For any u > 0, P[Perc(u)] =0or1.

Proof. Beginning with the proof of (2.3), we denote by ¥, : 2 — {0, I}Zd, the
map Yy (w) = (1{x € ¥ (a))})xezd’ so that O, = ¥, o P. Note that with (1.44),
(1.53), (1.55), one has

(2.5 Ix oYy = Yy 0 Ty, for x € 74 .

Since P is invariant under (zy), cf. (1.48), it follows that Q,, is invariant under (¢).
To prove the ergodicity of (¢x), we argue as follows. Consider u > 0, and note that
the claim will follow once we show that for any K CC 74, and any [0, 1]-valued
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o(Y;, z € K)-measurable function f on {0, l}Zd, one has

(2.6) lim ECu[f for]=E?[f]?.

|x|—o00
Indeed the indicator function of any A € % invariant under (Zx),c7« can be approx-
imated in L!(Q,,) by functions f as above. With (2.6) one classically deduces that
necessarily 0y (A4) = Q4 (A4)2, whence 0, (A) € {0, 1}. In view of (1.54), with
K = K’, and (2.5), the claim (2.6) will follow once we show that for any K CC 74

(2.7) \xﬁiﬁloo E[F (k) F(rku) o tx] = E[F(ugu)]*,

for any [0, 1]-valued measurable function F on the set of finite point-measures
on W4, endowed with its canonical o-field. With (1.20), (1.44), we can find G
(depending on x), with properties similar to F', such that the expectation on the
left-hand side of (2.7) equals E[F (uk u) G(UK+x.u)]-

From now on we assume |x| large enough so that K N (K + x) = ¢. To
control the above expectation we are going to express both g, and (g4 x 4 in
terms of g y(k+x),u» With the help of (1.21) i), and extract the desired asymptotic
independence. We will recurrently use this type of decomposition in what follows.
Namely with V = K U (K + x) we write:

(2.8) Wvu = 1,1+ @12 + 2,1 + 2,2, where
p1,1(dw) = 1{Xo € K, Hy1 g = 00} pyu(dw),
p12(dw) = 1{Xo € K, Hx1 g < 0o} puyu(dw),
and similar formulas for p» > and w2, 1 with the role of K and K + x exchanged.
It follows from (1.20), (1.45) that
2.9 Wi j, 1 <1i,j <2, are independent Poisson point processes on W, ,

and their respective intensity measures are:

(2.10)

71,1 =u1{X0 € K, HK+x = OO} PeV, y1,2=u1{X0 € K, HK+x < OO} PeV,
y2a=ul{Xo € K +x, Hx <00} Pey,, y22=ul{Xo € K +x, Hx = 00} Pe,, .

As a consequence of (1.20), (1.21) i), we see that

@.11) WK = H11 + 12+ 5

MK fxu = H22+ p2,1+ g "
where given U cC 74, and pu(dw) = > _o<i<n Ow; a finite point measure on W4,
mY (dw) = > 0<i<N SQHU w;) 11 Hy (w;) < oo}, and we have used in (2.11) the

fact that ﬁgz =0, and ﬁf frx = 0. Therefore introducing auxiliary independent
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Poisson point processes i} ,, 5 {, independent of w; j, 1 <i,j <2, with the
same distribution as (1,2, (2,1 respectively, we find that

def — def —
(2.12) IL/K,M = Hi,1+ 12+ M/Zlfl’ /L/Ker,u = 22+ 21+ /L/1{(2+x ,

are independent point processes respectively distributed as (g, and pg 4 x . With

the same notation as in (1.68) we find that

(2.13)

[coVe (F (k) Gtk +x0) | = [ELF (k) GO ) = F 1 )G (g x2)

(2.11),(2.12)
<

Plu1,2 or pa,1 or (i 5 or wy 4 is different from 0]

(2.9),(2.10)
< 2(I—exp{—y12(W3)}) +2(1 —exp{—y2,1(W+)})

< 2u(Pey [Xo € K, Hx4x < 00] + Pey, [Xo € K +x, Hg < 00]),

where in the last step we have used the inequality 1 —e™" < v, for v > 0, in addition
to (2.10). Observe now that

(214) P.,[Xo€ K, Hg4x <00l = Y ey(z) Pz[Hx+x < 0]
zekK

(L8) Y. ev(2)g(z,y) ek+x(y)

zeK,yeK+x
(1.6) cap(K)2
=< > ek(2)g(z.y)ex+x(y) Zc ,
zeK,yeK+x ¥ d(K,K + X)d_2

with the notation introduced above (1.1), as well as standard bounds on the Green
function, cf. [11, p. 31], and translation invariance. A similar bound holds for
P, [Xo € K + x, Hx < o0], and with (2.13) we see that for u > 0, K CC 79,
x € 7%, F, G-measurable functions on the set of finite point measures on W, with
values in [0, 1],

cap(K)?
d(K,K +x)4-2"

This implies (2.7) and thus concludes the proof of (2.3). As for (2.4), note that
Perc(u) = v, 1(A), where A € Y stands for the invariant event consisting of

(2.15) |covp (F (k). G(ik+xu))| <cu

configurations in {0, 1}Zd such that there is an infinite connected component in
the subset of Z¢ where the configuration takes the value 1. It now follows from
(2.3) that Q,,(A) = P[Perc(u)] is either O or 1. This proves (2.4). |

Remark 2.2. 1) Note that (2.15) has a similar flavor to (1.68), which mirrors
the long range dependence built into the basic model. Taming this effect will bring
some serious difficulties in Section 3.
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2) One can characterize Q,, as the unique probability on ({0, I}Zd , %) such
that

(2.16) 0u(Yz; =1, forz € K) = exp{—u cap(K)}, for any K CC 74 .

Indeed the collection of events which appear in (2.16) is stable under finite inter-
section and generates %Y. In a slightly more constructive fashion, we see with a
classical inclusion exclusion argument that for any disjoint finite subsets K, K of
Zd, one has

(2.17) QulY.=1,forze K, Y, =0, forz € K']
_ EQu[ 1_[ Y, 1_[ (1_Yz)] =Y (=D 4l exp{—u cap(K U A)} .
ACK’

zekK zeK’

3) The present work does not address the question of whether there is a unique
infinite connected component in ¥* when it percolates and u is positive. The
answer to this question is affirmative, as proved in [22]. The classical results of
Burton-Keane [5], see also [9, pp. 326, 332], implying such a uniqueness do not
apply because, as one easily sees, O, fails to fulfill the so-called finite energy
condition:

0<Qu(Yy=1|Ys,z#x) <1, Qy-as., forall x € 72

Loosely speaking the problem stems from the fact that the set of sites w, where Yy,
takes the value 0, has no bounded component, and on some configurations turning
a value O into a value 1, say at the origin, can lead to a forbidden configuration (see
also (1.67)). In Corollary 2.3 we are able to adapt the argument of Burton-Keane
in the case of $%, and prove that with probability one, $¥ is connected. In the case
of U the construction of so-called trifurcations is more delicate, and can be found
in [22].

4) Denote with E; = {{x, y};x,y in Z¢ with |x — y| = 1}, the collection
of nearest neighbor edges on 7%. Given w € Q and u > 0, one can consider the

subset Eu(a)) of E; consisting of the edges which are traversed by at least one of
the trajectories at level u entering w:

(2.18) :9’:"(60) = {e € E;; for somei >0, withu; <u andn € Z,
e={wi(n), win+D}}, ifo =34 Swrur) €2
and w; is any element of W with 7*(w;) = w;.

Connected components of Z¢ induced by $%(w) are either singletons in $*(w)¢
or infinite components partitioning $*(w). Denoting with Wu Q — {0, 1} the
map Yy (w) = (1{e € &”(a))})ee[gd, one can consider the image Oy, on ({0, 1}£ 63})
of P under wu, where ¥ stands for the canonical o- algebra on {0, 1}t . With 7,
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x € 74, the canonical shift on {0, 135, one finds exactly as in (2.5) that 7y o ¥, =
Yy o Ty, for x € 7% . The same proof as in (2.3), see in particular (2.7), now yields

(2.19) For any u > 0, (fx),cz« is @ measure-preserving flow
on ({0, 1}Ea, Y, Qu) which is ergodic. O
The first statement below is an immediate consequence of Theorem 2.1 and
(2.2).

COROLLARY 2.3 (d > 3). Foru > 0, one has the equivalences

(2.20) i) P[Perc(u)] =1 <= n(u) >0,
ii) P[Perc(u)] = 0 <= n(u) =0.
(2.21) Foru > 0, P-a.s., $* is an infinite connected subset ond .

Proof. We begin with (2.20). One simply needs to observe that

n(u) <P[Perc(u)] < )  P[x belongs to an infinite connected component of V*],
xezd

and in view of (1.48) all summands on the right-hand side equal 7(u). The claim

(2.20) now follows from the zero-one law (2.4).

We now turn to the proof of (2.21), which is an adaptation of the argument
of Burton-Keane [5]. The consideration of 5“, cf. Remark 2.2 (4), will be helpful;
see in particular the observation below (2.18). With the ergodicity property (2.19),
it follows that the total number N, of infinite connected components determined
by 9 is P-as. equal to a positive, possibly infinite, constant. With the observation
below (2.18) our claim (2.21) will follow once we show that this constant equals 1.
The first step, see also [13], is to argue that

(2.22) for2 <k <oo, P[N, =k]=0.

Assume instead that for some 2 <k < oo, P[N,, = k] = 1. Then we can find K =
B(0, L) such that P[A] > 0, where A denotes the event {NV,, = k and K intersects
two distinct infinite components determined by $*(w)}. Note that under P

(2.23) a)}< = IW;XRJFa) and “)10< = I(W;)CXRJFQ) are two independent Poisson
point processes with respective intensity measures Ly xr 4dvdu and
I(WE)CXRJ’_dU du .

For each z € §(0, L), the “surface of K, we now pick a nearest neighbor loop in

K starting and ending at z, and passing through 0. We then define a map ¢ from

W¢ into itself such that for w* € W¢, ¢(w*) is the trajectory (modulo time-shift)

obtained by “inserting in w*” just after the entrance in K, the loop attached to the

entrance point of w* in K. The map ¢ is in fact injective and one checks with
(1.25), (1.26) that the image measure ¢ o (1W1§ v) is absolutely continuous with
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respect to 1W;év. We extend ¢ to W™, by letting ¢ be the identity map on (Wg)°.
It now follows from the above observations that the measurable map ® from €2
into itself defined by:
(@)= 3 SpwHun T 2 Swru ore =3 wru
u;<u u;>u i>1 '
is such that

(2.24) @ o P is absolutely continuous with respect to [P .

By construction ®(w) links together all infinite connected components of 5“(a)),
which intersect K, and hence ®(A) C {N,, < k}, where A appears below (2.22).
We thus find that

(2.25) ®o (14P)[Ny < k] =P[AN D YN, < k)] =P[A4] >0,

and due to (2.24) we see that P[N,, < k] > 0, a contradiction. This proves (2.22).
The claim (2.21) will now follow once we show that

(2.26) P[Ny = 00] = 0.

The heart of the matter, cf. [8, p. 199], or [9, p. 297], is to show that with positive
[P-probability there is a trifurcation in " ie.asite x € S (w) with exactly three
g (w)-neighbors and the removal of x splits the infinite connected component of
x determined by $%(w) in exactly three infinite components.

Assume by contradiction that P[V,, = oo] = 1, then for arbitrarily large L > 0,
one has with K = B(0, L),

2.27) P[K intersects more than 4| B(0, 100)|

infinite connected components of $*(w)] > 0.

We fix L large enough, such that (2.27) holds and for any three couples of points
(21, 22), (23, 24), (25, ze) on the |- |so-sphere S(0, L), for which no point in a given
pair may be within | - |so-distance 100 from any other pair (but points within a pair
may be arbitrarily close or even coincide), we can construct 71, T2, 73 finite nearest
neighbor trajectories in K with respective starting points zy, z3, z5 and end points
Z», 24, Zg, SO that any two trajectories only meet in 0, each trajectory visits 0 only
once, and this occurs by crossing an edge touching 0 and immediately crossing the
same edge in the reverse direction. With (2.23) and (2.27) we see that

P® (lyy v)®™[K intersects more than 4|B(0, 100)| infinite connected
components determined by ﬁu(a)?( +3, 5(w;",u))] > 0, for some
m > 4|B(0, 100)| ,

where w and wl?" , 1 <i < m, are the respective 2- and Wg—valued coordinates on
the product space, by notation from (2.18) and (2.23). From the above event we
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can select three trajectories within the w{, ..., w;, with supports lying in distinct
infinite connected components and corresponding pairs of entrance and last exit
points of K with mutual |- |s-distance bigger than 100. As a result we see that

(2.28) P® (1w )®™[C,,] > 0, for some m > 3,
where C,, stands for the event

{ju (0% + >0, S(wi*,u)) has at least three infinite connected compo-
nents meeting K respectively containing w; (Z), w;(Z), w;,(Z) for some
distinct i1, 1,73 in {1, ..., m}, and the three corresponding pairs of en-
trance and last exit points of K have mutual | - |o-distance bigger than

100}.

Observe now that without loss of generality we can assume m = 3 in (2.28).

We denote with y the map from (Wy)? into itself such that y (w}, w3, w}) =
(wy", w,", w5), where y simply coincides with the identity if the three pairs of
entrance and last exit points for K for w}, w}, w3 do not fulfill the condition
appearing below (2.27), and otherwise such that w;", w,", w;" are obtained from
w}, w), wji by replacing the respective portions of trajectory between first entrance
in K and last exit from K by 71, 72, 73. With (1.25), (1.26) one checks that

(2.29) yo (1W,’g 1)®3 is absolutely continuous with respect to (IW; v)®3,

Note that in the event C3, 0 is a trifurcation point for 3% (0% + >°7_, (@}, u)),
where the notation is the same as in the above paragraph. With a calculation similar
to (2.25) we see that

P ® (12 v)®3[0 is a trifurcation point for IS+ 37, S(w;«,u))] >0.
With (2.23) this readily implies that
(2.30) P[0 is a trifurcation point for g (w)] >0.

The proof of (2.26) now runs just as in [8, p. 200-202]. This concludes the proof
of (2.21). |

Just as in the case of Bernoulli percolation, cf. [8, p. 13], we can introduce
the critical value

(2.31) ux = inf{u >0, n(u) =0} € [0, 00].

Is this critical value nondegenerate? We will see in Section 3 that u4 < oo, cf. The-
orem 3.5, and in fullrefsecfo that u 4 > 0, as soon as d > 7, cf. Theorem 4.3.

We are now going to discuss the exponential bound mentioned at the be-
ginning of this section. For 1 < m < d, we write &, for the collection of m-
dimensional affine subspaces of 74 generated by m distinct vectors of the canonical
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basis (e;)1<j<q of R
(2.32)
L = {FgZd; for some I C {1,...,d} with |]] =mandsomey€Zd,

F=y+Y Ze},

iel
and introduce

(2.33) d,, = the collection of finite subsets A with A C F for some F € &,, .

We denote with ¢(v) the return probability to the origin of simple random walk in
7%, i.e. with (we hope) obvious notation:

(2.34) q(v) = P{"[Hy < o0], forv>1.
The promised exponential estimate comes in the following:

THEOREM 2.4 (d > 4,1 <m < d —3). Assume that A > 0 satisfies
m m
" (1™ gtd-m) <1
S+ (1= ) a@—m)

then foru >0, A€ Ay, and A C K CC Zd, with the notation

faw) =Y Ly, wedy

n>0

(2.35) 1) & ei(

forw € W4, one has

A

(2.36) Elexp{A {1k .. f4)}] < exp {“ cap(4) f_—)?(,lx)} ’

and the left-hand side does not depend on K as above.
Moreover there exists ui(d,m, A) > 0, such that:

(2.37) P[$Y D A] <exp{—A|A|}, forall A € Ay, andu < u; .
Proof. Consider A € Ay, F € %, containing A; then for AC K C K' CC 74 ,
we find that
(1.21)i)
(hku> fa) ="k u> fao O {HK < 00}) = (1K' u, fa) -

So the left-hand side of (2.36) does not depend on K CC 74 containing A. In
particular picking K = A, we find that it equals

(1.20),(1.43) explu Ee, [eAfA —1]}.

(2.38) Elexp{A(au. fa)}]
Introducing the function

(2.39) ¢ (x) = Ex[e*], for x e 79,
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.. def . .
and writing Rf = Tr + HF o0r,, the return time to F, see (1.3) for notation, we
find:

1 < T (1Rp=o0y + 1Ry <00} €4 0 ORy:)

= eATF (1 + 1{RF<OO}(eAfA o 0RF — 1)) .
With the strong Markov property at times Rr and then T, we thus obtain:
(2.40) $(x) < Ex[e*" ]+ Ex[e*T" Py, [HF < 00]](|lloo — 1)

C2Y B 1A TR (14 g(d —=m)(glloo — 1)

considering in the last step the motion of the walk in the components “transversal”
to F. Note that when z ¢ F, Tp = 0, P;-a.s., whereas when z € F, Tr has
geometric distribution with success probability 1 — %. Hence with A satisfying
(2.35) we find that:
2.41)
k—1 -1
E;[exp{ATF}] = >_ (1 - ﬂ) (ﬂ) et = e)“(l - ﬂ)(l —et ﬂ) &
k=1 d/\d d d
With a routine approximation argument of f4 by a finite sum, to exclude the pos-
sibility that ||¢||co is infinite, and (2.40) we see that:

a(l—q(d —m))
6o = = s
and hence
_ A
(2.42) Illoo—1<— 271 -1
1—g(d—m)a 1-xQA)

Coming back to (2.38), and using (1.7) we find (2.36). As for (2.37), note with
(1.6), (1.62) that
|A|

cap(A) < ng cap({x}) = 200)

Further, on the event {$* D A} we have (4,4, fa) > |A|. So choosing X(d, m,A)
> A, such that 1 — y(A) = % (1= x(X)), we now see that for A € A,,,:

(2.36) ~ A A1
(2.43) PlS¥ D A] < exp{—A|A|+ AL, =1 }
g0)  1—y®)
<exp{—A|Al},
if u <uy(d,m, ). This proves (2.37). O

Remark 2.5. 1) The proof of Theorem 2.4 is very similar to the proofs of
Theorem 2.1 of [2] and Theorem 1.2 of [7]; however it has a somewhat more
algebraic character due to the nature of the basic model we work with.
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2) There is no bound of type (2.37) valid uniformly for «{;, the collection of
subsets of Z4. The argument is in essence the same as in Remark 2.4 (2) of [2].
One can for instance consider A7 = B(0, L) and note that for large L, when the
random walk starts in Az, conditionally on not leaving A,y up to time ¢ L% log L
(with ¢ a large enough constant), it covers Ay with probability at least %; cf. (2.33)
of [2]. From this it follows that for large L,

1 .
PL9" 2 AL] = Plua,  # 0] 5 xlgL Py[T4,, >cL%logL]

> c(1 —exp{—ucap(AL)}) exp{—c L42 logL}.
As a result no matter how small # > 0, one finds that

(2.44) lim |Az| 'logP[$* D A7 ] =0.
L—o0

3) One can combine (2.37) with a Peierls-type argument by considering the
collection of x-nearest neighbor circuits separating O from infinity in some F € &,
containing 0; cf. Corollary 2.5 of [2] or Corollary 1.5 of [7]. Ones sees that when
d satisfies

2 2
(2.45) 7(g+ (1—5) q(d—2)) <1,
then for small u > 0, V' percolates; i.e.,
(2.46) P[Perc(u)] =1, for small u > 0.

The factor 7 in (2.45) simply stems from the fact that there are at most eight 7!
sx-nearest neighbor circuits with n steps in Z? that start at the origin. It is known
that g(v) ~ (2v) ™!, as v — oo, cf. (5.4) of [12], and hence (2.45) holds for large d.
Clearly (2.45) forces d > 14, and with the help of tables of values for ¢(-), one
can see that in effect (2.45) holds exactly when d > 18; cf. Remark 2.1 of [7]. In
section 4 we will show that (2.46) holds when d > 7. O

3. Absence of percolation for large u

The principal object of this section is to show in Theorem 3.5 that when d > 3,
for large enough u, P-almost surely all connected components of ¥ are finite. We
know from Remark 1.6 (1) or (1.57) that in general P[V* D A] does not decay
exponentially with |A|. This creates an obstruction to the classical Peierls-type
argument, which is used in the context of Bernoulli percolation. It substantially
complicates the matter. The strategy of the proof we present here is instead based
on a renormalization argument. We establish in Proposition 3.1 key estimates on
the probability of existence of certain crossings at scale L, in V%7, cf. (3.7), (3.8),
on an increasing sequence of length scales L, and an increasing but bounded se-
quence of values u,. The proof of Proposition 3.1 uses a recurrence propagating
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certain controls, cf. (3.10), from one scale to the next along a sequence of level-
values as in (3.9). Once Proposition 3.1 is established it is a simple matter to deduce
Theorem 3.5. We will now introduce some notation.

We consider the positive number a and an integer Lg:

3.1) Lo>1.

a=_1
~100d’

We then define an increasing sequence of length scales via

(3.2) Lyy1 =4, Ly, where {,, = 100[L4](> L%), forn >0,

so that L, n > 0, quickly grows to infinity:

(3.3) Ly > LY forn>0.

We organize Z¢ in a hierarchical way with Lo corresponding to the bottom scale
and L; < L, < ... representing coarser and coarser scales. For this purpose, given
n > 0, we consider the set of labels at level n:

(3.4) I, ={nyx7%.
To each label at level n, m = (n,i) € I,,, we associate the boxes:

(3.5) Con = (iLn £, Ln)d) nz4
ém — U Cm/ s
m’el,:d(C,,,,Cn)<1

where we refer to the notation above (1.1). It is straightforward to see that Cy,, m €
I, is a partition of 74 into boxes of side-length L, — 1, and Cpn simply stands for
the union of Cy, and its “x-neighboring” boxes of level n. Also when m € I, 1,
then Cy, is the disjoint union of the £2 boxes C at level n it contains. We denote
with §m the interior boundary of (,~’m:

(3.6) Sy = 0i0(Cm, form e I,, n > 0.

In what follows we investigate the probability of the existence of certain vacant
crossings defined for u > 0,n > 0,m € I, via:

(3.7)

AY, = {w € Q; there is a nearest neighbor path in 7% (@) N Cpn from Gy t0 Spp} .

It follows from translation invariance, cf. Theorem 2.1 or (1.48), that
(3.8) pn(u) =P[A,]), u>0,n>0, withm € I, ,

is well-defined, i.e. does not depend on which m € I, enters the right-hand side.
Clearly the functions p,(-) are nonincreasing on Ry. Our main task consists in
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the derivation of recurrence relations on the functions p,(-). The key control is
provided by the following

PROPOSITION 3.1 (d > 3). There exist positive constants ¢y, ca, cf. (3.34),
(3.52), such that defining for ug > 0 and r > 1 integer

(3.9) un=uo [| I+ )+ forn >0,

0<n’<n

one has for Lo > ¢, ug > c(Lg), r > c(Lo, ugp),
(3.10) e 29D (uy) < LY, foralln > 0.

Proof. In the course of the proof of Proposition 3.1, we will use the expression
“for large L¢”, in place of “for Ly > ¢”, with ¢ a positive constant as explained at
the end of the introduction. We first consider n >0, m € I,,+1, as well as 0 < u’ < u.
We are first going to bound py41(u) in terms of p,(u’), when ”7/ is sufficiently
away from 1, cf. (3.45), (3.52).

We write #; for the collection of labels at level n of boxes contained in Cy,
touching it Cpy:

(3.11) #H1={mely; Cqz S Cp and Ciz N 05 Cry # ¢},
as well as
— d Ln+1
(3.12) %F{meln; C,;,ﬂ{zeZ ~d(z,Cp) = };éqs}

for the collection of labels of n-level boxes containing some point at | - | oo-distance
# from C,, (with similar notation as above (1.1)).

Observe that any nearest neighbor path in ¥* originating in C,, and ending
in §m must go through some Cg,,m € 1, reach §,711, and then go through some
Cin,, M2 € ¥, and reach 5,712. Therefore we see that
(3.13)
prri) < Y PlA% NAL 1< GO sup PlAY NAY

miE€H1,mr€H> mi1€H |, mreHs
using a rough counting argument to bound |7 | and |#(>| in the last step. We will
now focus our attention on the probability which appears in the last member of
(3.13). We write V = le U sz for given m; € ¥, my € #,, and just as in (2.8)
introduce the decomposition

(3.14) Myu = 1,1+ 1,2+ H21 + 122,

where 5,,—11 , 6,,—12 respectively play the role of K and K + x in (2.8). In particular
Wi j, 1 <1i,j <2, are independent Poisson point processes on W, with intensity
measures y; j, 1 <i, j <2, asin (2.10). The following notation will be convenient.
When A is a random point process on W, defined on €2, i.e. a measurable map
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Figure 1. A schematic illustration of the event AY,. The path
drawn lies in V™.

from 2 into the space of pure point measures on W, we denote with Az (A), for
m € I, the event:

(3.15)
Am(N) = {a) € Q2; there is a nearest neighbor path in 6,7,\( U w(N))
from Cy; to S‘;Tl} . w €Supp(A(w))

For instance with (1.54) we see that for any m € I,:
(3.16) A% = Az (1g.y), forany K D Cr .

We can apply this identity to m = m;, i = 1,2, with K = V. Noting that w €
Supp 2,2 implies w(N) N Cz, = ¢, we find that

A::l?l] N A}l’:_’l2 = AYTll (MV,M) N Ar?lz(/-'LV,u)
= A, (1,1 + 112 + 12,1 N Ay (v )
C Ay (L1, + p1,2 + 12,1) N Ay (12,2) -

With the help of the independence properties mentioned above we find that

(3.17) P[Ay, NAg | <P[Am, (ki1 + 112 + p2,) | P[Am, (12.2)]
= pn(u) P[4, (12,2)] -
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Our next task is to bound P[4, (¢2,2)] from above. For this purpose we decom-
pose the w; j, 1 <i,j <2,in (3.14) into

(3.18) Mij =M+ ]

where the Mé, It u;'" j» 1 <i,j <2, are independent Poisson point processes on W,
with /,L;-’ j defined as u;, ;, with u’(< u) replacing u in (3.14), and /,L;-k’ j defined anal-
ogously as in (3.14), but with the role of py, (dw) replaced by py (dw x (u', u)),
cf. (1.18), (1.20), (1.45), which is also a Poisson point process on W,. We write
Vi/, j and yl.’f It 1 <i,j <2, for the intensity measures of these point processes, and
note that

(3.19) y;ﬂdw)z(u—uq1{xoe€%2,Hgmlch}Paxdwy

Our aim is to bound from above P[4z, (142,2)] = P[4, (15 , + 15 )] in terms of
quantities involving p, (') = P[Am, (15 , + 5 1 + 1) ,)]. The rough idea is to
try to dominate the influence on 6,,—12 of /‘/2,1 + :“,1,2 by that of M;,z- This is a kind
of “sprinkling technique” where the discrepancy between u and u’ in the form of
“3,2 is used to dominate the long range interaction reflected by H/2,1 + M/l,z.

With this in mind we introduce an integer r > 1, and further decompose u ,,
W], and p3 5 into:

(3.20) phi= Y psit+har o= X P+,

1<t<r 1<l<r

o= Y Pho+ha,

’ 1<i<r

where denoting with Ry, Dy, k > 1, the successive returns to 5,,—12 and departures
from U ={z € 74 d(z,Ca,) < ﬁ Ly+1}, cf. (1.4) and the notation above (1.1),
we have set for 1 <i # j <2,£>1,
(B21)  pfj=1{Ry <Dy <Rypy =00} ;. pi,j =1{Rr1 <oo}bpf;

P52 =1{Ry <Dy < Rpyy =00} pis 5. P2o={Rr1 <o0}ud,,

(note that {Ry < D1 < oo} has full measure under each of 5 |, it 5 and p3 ).
We then see that with the above definitions and the independence property
mentioned below (3.18),

(3.22) W go Pl 1L <7, pij, 1 i, j <2, withior j #1,

are independent Poisson point processes on W,.. Letting 52,1 and 51’2 stand for
the respective intensity measures on Wy of p> 1 and pj,2, we have
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(3.23) & (Wy) = u' Pe,[Xo € Cas. Hg, <00, Rry1<od]
(1.6),(1.7) , -
< ucap(Cau,) sup Px[Rr41 <oq]
xefn—qz
< u/cap(é,,—,z)( sup Px[Hz <o),
xeUc¢ "2
where we used the strong Markov property at times D,, D,_1,..., D1, in the last

step. With the right-hand inequality of (1.9) as well as [11, p. 31], we thus find that:
-2 L? G.
sup Py[Hz <oo]<cL, @™ = G2 g d=2)
xeU¢ m2 Ln
and hence
(3.24) E,1(Wy) < W cap(Can, ) (¢ L@y </ ¢ [ [@=2—a(@=2)r |

In the last step we used (3.2) as well as the right-hand inequality of the standard
capacity estimate:

¢ L@ < cap(B(0, L)) < L@ forL>1,

(which follows from (1.8), (1.9) with K = B(0, L), letting x tend to infinity in
(1.8) and using (1.9) to bound ¢ |x|~@=2) cap(B(0, L)) ~ Px [Hp(o,1) < oc], for
|x| = 00). In a similar way we find that

(3.25) E1,(Wy) =u' Pe, [Xo € Gy, Hg, <00, Rpg1 <oo]

< u' e’ LI(1d—2)—a(d—2)r )

We will now seek to show that the trace left on (7,,—12 by paths in the supports of
Iy 1= P21 =D 1<i<r péjl and (W 5 — P12 = D 1<p<r Pf,z is dominated by the
corresponding trace of paths in the support of /,L;,Z. The point processes p,1 and
01,2 are then viewed as correction terms to be controlled with the help of (3.24),
(3.25).

With this perspective we consider the space Wy of finite nearest neighbor
paths on 7%, and for £ > 1, the measurable map ¢Z from {Dy < Ry =00} € W4
into the product space foe defined by:

(3.26) ¢ (w) = (W(Rk+)o<.<Dy—Ry) 1=k <t € Wy forw € {Dy < Ry1 =00} .

In other words ¢¢(w) for w in the above event keeps track of the £ portions of the
trajectory w corresponding to times going from the successive returns to Cz, up
to departure from U. We can view the various ,of jolorj # 1, with £ > 1 fixed

as point processes on {Dy < Ry = oo}(C Wy ). We then denote with ﬁf ; their
respective images under ¢Z, which are Poisson point processes on foz. We write
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§f f for their corresponding intensity measures. As a result of (3.22), we see that
(3.27) oo P 1 <U<rpij, 1 <i,j<2iorj#1

are independent Poisson point processes. We will see that when u’ < u are suffi-
ciently far apart, cf. (3.34), ,526 , has an intensity measure on foe which is bigger

than the intensity measure of ]52[,1 + ,'51(,2, for 1 < £ <r. The following lemma will
be helpful;we refer to (3.11), (3.12) and below (3.20) for the notation.

LEMMA 3.2. For large Ly, foralln >0,m € Ipy1,m1 € #1,my € ¥y, x €
U, y € Oint Cin,, we have:

(3.28) Px[Hgml <Ry <00, XR, =] Scﬁ’;(d_Z)Px[H@m >Ry, Xg, =yl

(3.29) Px[Hé‘ml <00, R = OO] < Cﬁ;(d—Z)Px[Rl =00 = Héml] .

Proof. We begin with the proof of (3.28). Recalling the notation introduced
below (1.4). For z € AU, y € 0y 6,7,2 we have
(3.30)
PZ[H@MI < R; <00, XR] = y]

strong Markov

=" Ez[Hg, <RiPx,_  [Ri<oo Xg =yl
mj

= E:[Hg, < Ri Ex,_ [Hoy <00, Pxy,, [Ri < o0, Xg, = y]]],

1

where in the last step we used for z’ € 5,711 the P,/ -almost sure identity R; =
Hyy + Ry 0 0g,,,, and the strong Markov property at time Hyyy. As a result we
see that:

(3.31)
sup P[Hz <Ry <o00,Xg, =y]< sup P[Hg < o]
zedU " zedU 1

19 _aa
x sup P;[Ry <00, XR, =y] < c¥, sup P;[Ry < o0, Xg, =],

zedU zedU

with a similar bound as above (3.24) in the last step. Note that
my°

Pz[Ry <00, Xg, =y] = Pz[Hg, <oo.Xp. =yl.zeC;
]

is a positive harmonic function, and using Harnack’s inequality, cf. Theorem 1.7.2
of [11], together with a standard covering argument, we see that:

(332) Sup PZ[RI < OQ,XVR1 =y] SC lnf PZ [Rl < OO9XR1 :y] .
zedU zedU
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Therefore coming back to (3.31) we see that
sup P;[Hz <Ry <oo,Xg, =yl <c' €, inf P,[Ry <00, Xg, =]
zedU 1 zedU

:’—<d—2>'f(PH~ R Xg, =
b= inf (Pelfg, < Ri<oo. Xr =yl

+P:[Ry <00, Xg, =¥, Hg, > Ril) .

For large Lg, we have ¢’ Z;(d_z) < %, for all n > 0, with ¢’ as in the last line of

(3.32), and thus we see that for x € dU,
(3.33) Px[Ha711 <Ri <00, Xpg, =] 52c/z;(a’—z)Px[Hém1 > Ry, Xg, = ).

This proves (3.28). We now turn to the proof of (3.29) which is more elementary.
Indeed one has

inf Py[R; = o0, H&; =o0]>c,
xedU mi

as follows from the invariance principle used to let the walk move at a distance
from V = 6,7,1 U 6,;,2, which is a multiple of L, 41, as well as (1.9) and standard
bounds on the Green function. On the other hand the left-hand side of (3.29) with a
similar inequality as above (3.24) is bounded by ¢ K,;(d_z). Our claim follows. O

The main control on the intensity measure 'g"f 5+ §§ , of ,Z)'f 5+ fo'ze | in terms

of the intensity measure §§ 5 of 5262 is provided by the next

LEMMA 3.3. For large Ly, one has

~ ~ / £+1 ~
¢ 4 u €1 4
(3.34) HotBis — [(1 + zgf_—2) . 1} B, fort>1.

Proof. The measure §§,1 on fo(i is the image under ¢£ of the intensity mea-
sure £5 , on {Dy < Ry = oo} (S W4) of p4 |, which in view of (3.21) equals
(3.35)  £51(dw) =u' P, [dw, Xo € Gy, Hp_ <00, Dy < Ryyy = 00].

> mp

As a result we hopefully find that with obvious notation

(3.36)
&.1(dwi.....dwy) =u'Pe, [Xo € Gy, Hg, <00, D¢ <Ryyy = o0,
(XRy+.)o<.<Dy—R, €dwg. 1 <k <{]
L
= L{’PeV [XO € Cﬁlza U{Hé"’ﬁl OQDk + Dk < Rk+1}, De < Re+1 = 00,
k=1

(XRi+.)0<.<Dy—Ry €dwg, 1 <k <{]
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= > P, [XO € 5,,—12, Hg  o0p, + Dg < Riy exactly when
my

¢F#BA1,....0}
keB,forl <k <{,Dy; < Ryy, = 00,
(XRe+.)0<.<Dp—Ry €dwg, 1<k <{].
The generic term of the above sum evaluated on (wy,...,wy) € foe equals:

(3.37)
u’PeV [Xo € 6,7,2, Hg o0p, + Dx < Ri41, exactly whenk € B, 1 <k </,
my

D¢ < Ryq1 =00, (XRi+.)o<.<Dp—Re = Wi(-), 1 <k </]
=u'Ee,[Xo € Ciny» Hérm 00p, + Dk < Rj 41, exactly when

keBN{l,....L—1}forl <k <{—1,Dy < o0,

(XRk+.)0§.§Dk—Rk =wi(), 1 <k =¢,

EXD@ [R1 =00, 1{{ ¢ B} 1{H5m1 =oo}+ 1{£ € B} I{Hérﬁl < oo}]],

by the strong Markov property at time D in the last step.

If we denote with w} and w;, the starting point and the end point of wy, for
1 <k < {, the above expression vanishes unless w; € Ci, and wy € dU for each
k e{l,...,£}. If these conditions are fulfilled, using the strong Markov property re-
peatedly at times Ry, Dy_1, Ry—1 ... D1, we see that the last line of (3.37) equals:

' Pey [Xo € Ciny, (X )o<.<D, = w1()] Eye[1{1 ¢ B} WHg, > Rij
+1{1 € B} I{Héml <Ry}, Ry <00, Xg, = w;]ng[(X,)Os_le =wy()]...
Eye[l{t ¢ B} 1{Hg_=oo}+1{{e B} I{Hg_ <oo}, Ri =00].
my mj

We can use Lemma 3.2 for all terms in the above expression where k € B, and
repeatedly apply the Markov property to come back to an expression similar to
(3.37). In this fashion we see that the above expression is at most:

(3.38)

(c £;@=2)Bly/ p, [ X0 Cr,. Hg,, o0p,+ Dk = Ry for1 <k <.

Dy < Rgy1=00, (XRy+.)o<.<Di—Ry =Wk (), 1 <k <£].

Summing over the various nonempty subsets B of {1, ..., £}, we see by (3.36) that

(3.39)

E L dwr,....dwp<u Y (cl,“)BIp, [Xo e Cry, Hp =00,
¢#BS(1,....0} "

Dy < R€+1=00, (XRk+_)0§-§Dk—Rk € dU)k, 1<k SE]
/

u e -
T u—u [(1+ce,“ 2))6—1]526,2(dw1,---,dw15),

where we recall that §§ , stands for the intensity measure of 5 ,.
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We can proceed in a similar fashion to bound Ef,z (dwq,...,dwy). The only
difference stems from the fact that under & f,z (dw) paths start in 5,1—11 and B, cf. last
line of (3.36), can also be the empty set. In an analogous fashion to (3.38) we then
obtain the following bound:

(3.40) ~
u’PeV[Xo € Cq,. Hz o Op,+Dx < Ri+1. exactly when k € B, for 1 <k </,
my
DE < R€+1 = 00, (XRk+.)0§.§Dk—Rk € Wk(), 1 = k =< e]
< (6, “P)Blw P Xg € Cay, Hs 06p, + D > Riyq, for 1 <k <,
my
DZ < RZ—I—l =00, (XRk+.)0§.§Dk—Rk :'LUk(), 1 = k =< E],

with p the measure

B4l p()= X ev(x)Px[Hg, <o0.Xg =yl fory € duCa,.

xECrTzl

=0, otherwise.

We now see that for y € 0y 5,712 with a similar calculation as in (1.36)

G4 e E X Pulfly = o] Palflg, =1 Xa =]

xGC,,—q1 ,n>0

sibilit; ~ ~
reversibility ) P [Hy = ] Py[Hém >n, X, = x]
xeéml,nzo 2
Markov ~ ~
= > Py[Hz  >n, Xy, =x,Hyob, =]

~ myp
x€Cp, ,n=0

= Py[Hx =00, Hx

G, < o0],

Cr,

summing over the time #n and location x of the last visit of the path to 5,,—11 in the
last step. Using the strong Markov property at time Ty, (recall that Ci;, € U°),
we thus find

(343) p() = Ey[Hg, >Tu. Pxy,[Hg, <oo. He = ool]

(3.29)
(d-2) . - —oco=Hx
< ¢, 79E [HCm2 > Ty, Pxy, [Hg, =o00=Hg, ]

=c E;(d_z)Ey[HV > Ty, PXTU [Hy = oo]] =c E;(d_z) ev(y),
for y € Ojn 5,712, by the strong Markov property and (1.6) in the last step. Therefore

summing (3.40) over B C {1,..., £}, we find that
/
c

Ga4) Ep(dwn.... dwy) = —— = (1+€d 2) E S (dwr,... dwy).
Summing (3.39) and (3.44) we obtain the claim (3.34). O
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We now suppose Lg large enough so that Lemma 3.2 holds, and also that

/

(3.45) u:(1+£[§'_1_2)r+1u/ (henceuiu, [(1+E§_1_2)r+1_1]:1).
n n

We will now derive the promised upper bound on P[4, (it2,2)] in terms of p, (u )
= IP[A" ] Observe that the restriction of the interlacement at level u’ to C,,—12
satisfies:

(3.46)
9 0 Cq, 12V U wtwnCa,= U w(N) N Cr,
wESupp(Ty ) weSupp(y 5 +M15 1 +1] 5)
= $UIUY,

where we have set

(3.47)
= J wNNnGCa,,
wESupp(i5 )
9§ = U U (range wi U ---U range wy) N 6,,—,2 ,
1<l=r (wy,..., wg)GSuppﬁf.z-i-ﬁzé!l
g = U w(N) N Ci, .

wESupp p1,2+02.1

and we used (3.20) together with the fact that for any £ > 1, w € Supp Pf,z U
Supp pgal, with ¢t (w) = (w1, ..., wy) due to (3.26):

w(N) N 5,,—12 = (range wy U---U range wy) N 6,7,2 .

If we now define $* by replacing fo'fz + ,Z)'zgl in the second line of (3.47) by [)'2632,
we see from (3.27) that

(3.48) the random sets 9/, 5, $, 9* are independent under P .

We also see from (3.34), (3.27) and the choice (3.45) that for each 1 < £ < r, the
Poisson point process ,?)'1{2 + [)'2‘5’1 is stochastically dominated by [524’2 so that

(3.49) 9 is stochastically dominated by $* .
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With (3.48), (3.49) we thus find in view of (3.15) that

(3.50) P[Amz(u’z,ﬁ 2 pﬁ,z)]

1<l<r

P[there is a crossing in Cin, \($' U $*) from Ci, to §,,—12]
< I]:D[there is a crossing in 6,7,2\(9/ U :‘5) from Cp, to §,7,2]

[I:DI:AI1_12<M/2,2+ > P§,1+Pf,2)]’

1<l<r
so that
(3.51)
(3.18) (3.20)
PlAm, (12.2)] "= PlAmy (o + 150] = PlAmy (oo + X pE,)]
1<l<r
(3.50) , ‘ ¢
= P[Arﬁz(lf«z,z"' > p2,1+P1,2)]
1<tl<r
(3.20)

SO PlA, (W 5 + Iy 1 + i) 2)s P2,1 = 0 = Py 2]

+ P[pa2,1 or p1,2 # 0]
=P[Am, (Lvw), p2,1 =0 =p1,2] + P[p2,1 or p1,2 # 0]
<pn(u)+1- e=52.(74) +1-— e—E12W3)

(3.24),(3.25)
Z pn(u/) + 2u’ " Lgd—z)—a(d—Z)r )

This is the promised upper bound on P[A47,(12,2)]. We can now come back to
(3.13), (3.17) and obtain that when Ly is large forn >0, r > 1, 0 <u’ < u satisfying
(3.45) one has

(3-52) Prt1() <2 670 pu ) (pa (') +u’ § LFT7D0740).

Given ug > 0, r > 1, we thus define the increasing sequence

r+1
(3.53) Up41 = (l + c—l) Uy, forn >0,
Esld—z)
as well as the sequence
(3.54) an=c2 697V pp(un). n > 0.

We will now prove a lemma that uses inequality (3.52) to set-up an induction
scheme ensuring that a, is at most L;l for all n» > 0. Note that (3.52) deteriorates
when u’ becomes large. This is compensated by picking r sufficiently big and
checking (3.56) ii) at each step. In the end, to be able to initiate the induction, we
will need to pick L large, then ug > c(Lg) to check (3.56) i) for n = 0, and finally
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r > c(Lg, up), see (3.65), thus influencing the whole sequence 1, so as to ensure
that (3.56) ii) holds for n = 0.

LEMMA 3.4. If Lo > c, then for r such that
(3.55) (d—2)ar > 4d,

and any ug > 0, when for some n > 0,

(d—2)a

(3.56) i) an <L;!, and ii) u, <L, ,

n >

then (3.56) holds as well with n + 1 in place of n.

Proof. Since p,(-) is a nonincreasing function, we see from (3.52) that for
ug >0, r > 1, one has forn > 0,

b4 2(d—1) _
pir < an(( rz+1) a4+ ca ﬁifl Dy, ¢! L’(1d—2)(1—ar)) ’
n

and since one also has

14 2) [L4 L a (s,
(3.57) 'ZH 3.2 [ [Z:]l] <c (Z—H) 3.2 cly <c Lﬁz, forn>0,
n n n
we find:
(3.58)

Ani1 <c4 an(Li(d—l)azan +Lr21(d—1)a(1+(l)un C:’; Lgld—Z)(l—ar))’ for n >0.

We will now seek to propagate (3.56) i) from n to n + 1. For this purpose it suffices
to show that the following two inequalities hold:

(3.59) cq L2E@-De? g < % LL—H

and | Z
2(d—1)a(1 d—2)(1— n

(3.60) cauy c§ Ly @7 DaFOTE@=0an) < 2 L

To check (3.59) observe that:

(3.61)

2d—1)a2 (3.56)i) 2d—-1)a2—1 (3.1) 1 1 _ (3.2) 1 L
C4 Ln( )a ap = (4 Ln( )a = ¢4 Lz = 200 Lna =< 3 Lnj—l )

with Lo > ¢ and (3.1) in the next to last inequality.
We now turn to (3.60) and observe that when r satisfies (3.55) then
(3.62)

(3.56) (ii)
Uy C;’ L’gd—Z)(l—ar) < 1 ol

_ _gql) (3.55) —(d—2)a\T
3L,(1d 2)(1—-a%) 2 (C3 Ln(d 2)4) L;z

<L.? ifLy>c.
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As a result we see that the left-hand side of (3.60) is smaller than

(3.1)
cq 12@d—Da(l+a)-2 "2 ca L7l < R L% < 1 Ln ,if Lo >c.
n = =200 " T2 Lyt -

Recalling (3.61), we see that for large Lo we can propagate (3.56) i) from #n to
n + 1. We now turn to (3.56) ii). We have with (3.53):

(3.63) “
o (1 n %)r+lun (3.5%) (i) (1 K?_Z)r+1 Lf,d_z)a%
n n
_ 120k g dDa (1 N g;l_z)r—i—l
(1 ) 6

(3.2) d—2)al i a d—2)al
LD 4 210028~ @ D8] < L% i e

Hence for Lo > ¢, we can propagate (3.56) ii) from n to n 4+ 1 as well, and this

concludes the proof of Lemma 3.4. O

We now choose Lo large so that for any ug > 0 and r > 1 satisfying (3.55),
when (3.56) holds for n = 0, then it holds for all » > 0. If we now choose
ug > c(Lg), we see that for any m € [y, (recall Iy is the set of labels at level 0),

3.54 _ _
3.64) a0 2V ¢, 297V po(ug) = cp 297D prav]

_ ~ (1.58) 1y~
< 24TV PN T, £ 9] < cp 2475, eH0/8©)

E c Lg(d—l)a-i‘d—l e—uo/g(O) S Lal ’

using ug > c(Lg) in the last step. Similarly given L > ¢ and ug > c¢(Lo) as above,
we can pick r > ¢(Lg, ug) such that:
(3.65) wo < LI

With such choices, as noted above, it follows that a;,, < L;l, for all n > 0, and this
completes the proof of Proposition 3.1. O

This now brings us to the main result of this section. We recall the definition
of the critical value ux in (2.31).

THEOREM 3.5 (d > 3). For large u the vacant set V* does not percolate, i.e.
(3.66) Ux < OO,

and for u > ux, P[Perc(u)] = 0.
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Proof. With Corollary 2.3 we only need to prove (3.66). We choose Lo, ug, r
as in Proposition 3.1, so that with u, as in (3.9) we find:

(3.67) Ca Eﬁ(d_l) P[A,] < L;l, foranyn >0andm € I, .

With (3.2) we know that L, > L(()Ha)n, and hence ), Z;(d_z) < 00, and we thus
see that

(3.68) Moo:uol_[ (1+£§_1_2)r+1 :Mo(l_[ (1+Zd 2))r+1 <00.
n>0 n n>0

Consequently for any n > 0, and m € I, such that 0 € C,,, we find as a consequence
of (2.2) and (3.7) that

(3.69) (o) S PlAR®] <c L.
Letting n tend to infinity we see that n(#s0) = 0, and (3.66) follows. O

Remark 3.6. Once we know that ¥* does not percolate for large u, it is nat-
ural to wonder how large the vacant cluster at the origin can be. An exponential
tail bound on the number of sites of the vacant cluster at the origin of subcritical
Bernoulli percolation is known to hold; cf. [8, pp. 132 and 350]. Such an estimate
cannot be true in the case of V* due to (1.65). The exact nature of the tail of this
random variable is an interesting problem. O

4. Percolation for small u

The main objective of this section is to show that when d > 7, the vacant
set V¥ percolates for small u > 0, or equivalently that u, > 0; see Theorem 4.3.
In spite of the fact that ¥ tends to contain bigger boxes than what is the case
for Bernoulli percolation, cf. (1.65), it does not stochastically dominate Bernoulli
percolation in the highly percolative regime as noted in Remark 1.6 (1). This fact
precludes a strategy based on a direct comparison argument. We develop here a
similar but simpler renormalization procedure as in the previous section. It yields a
sharper result than the strategy based on the combination of the exponential bound
(2.37) and a Peierls-type argument, as outlined in Remark 3.5 (3). Such a proof
only works for d > 18.

We begin with some notation. We recall the definitions of a >0 and L,,n >0,
in (3.1), (3.2). Throughout we identify Z? with the subset of points z = (z1, ..., z4)
in Zd, such that z3 = z4 =--- =z = 0. For n > 0, we define the set J, of labels
of level n just as in (3.4), but with d replaced by 2. For n > 0 and m € J, we
attach the boxes in Z2, D,,, C ﬁm, with a similar definition as in (3.5), but with d
replaced by 2, and I, by J,. We write V.. for the relative interior boundary in 7?2
of Dy, i.e. the set of points of D neighboring Zz\D In this section, parallel
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to (3.7), a crucial role is played by the “occupied crossing” events. Namely for
u>0,n>0,me J,, we define:

“.1

By ={w € Q; there is a x-nearest neighbor path in $¥(w)N Dy, from D, to 17,,,}

As a consequence of translation invariance, cf. Theorem 2.1 or (1.48),
4.2) gn(u) =P[B,], u>0,n>0, withm € J, ,

is well defined. It is also a nondecreasing function of . Our main task consists
in showing that when u is chosen small ¢, (1) tends sufficiently rapidly to 0. Our
key control stems from

PROPOSITION 4.1 (d > 7). There exists a positive constant cs, cf. (4.13), such
that for Lo > c, and u < c(Lg) one has

_1
(4.3) cs 2 qn(u) < L, ?, foralln >0,

Proof. In analogy with (3.11), (3.12), we define for n > 0 and m € J, 41 the
collection of labels of boxes at level n “at the boundary of D,,”:

(4.4) Iy ={m e Jy; D7 C Dy, and some point of D neighbors Z?\D,,} .

We also consider the collection of labels of boxes at level n containing some point

. L
at | - |oo-distance =% from Dp,:

(4.5) oy = {m € Ju: Di N {z € 7% d(z, Dy) = L"2+1} £ ¢} .

The argument leading to (3.13) applies here as well and shows that

(4.6) Gn1(u) < c L2 sup P[Bj, N B, ], foru>0.

mi1€H,mreHs

From now on we assume that

4.7 u<l.

For m1 € X1, my € H,, we define V = 5”—“ U 5,1—12 and write
(4.8) Mvu =811 +812+82,1+6822.

with a similar definition as in (3.14) or (2.8), so that the §; j(dw), 1 <1i,j <2,
are independent Poisson point processes on Wy with respective intensity measures
Ci,j» 1 <i,j <2, given by analogous formulas as in (2.10), except that K and K +x
are now respectively replaced by 5,7,1 and 5,7,2. With notation similar to (3.15),
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when A(dw) is a random point process on W, we write:
(4.9)
Bim(A) = {w € Q; Dj and Vi are connected by a x-nearest-neighbor path

inDan( U wiN)}, meJ,.
w €Supp(A(w))

For instance we now see with (1.54) that
(4.10) BY = B (uk.y) forany K 2 D, m € J, .
Specializing to K = V/, and noting that
Dimn( |J w®N))=¢. when{i, j}=1{1.2},
weSupp(8;, )

we obtain the identities:

4.11) BE = B, (uvu) = B, (81,1 + 81,2 +82,1),
3%2 = B, (Wv,u) = B, (022 + 82,1 +81,2) .

Due to the independence of the §; ;, 1 <i,j < 2, it follows that for in; € J;,
i = 1,2, we have:
4.12)

P[Bg, N By, 1= P[Bi, (81,1 + 81,2+ 82,1) N Bisiy (82,2 + 82,1 + 81,2)]

<P[Bj, (61,1) N Bin, (62,2). 81,2 = 82,1 = 0] + P[81,2 or 82,1 # 0]

< P[Bj, (81,1)] P[Bii,(82,2)] + P[81,2 # 0] + P[2,1 # 0]
(4.2),(4.11)

< gn(W)* +u(Pe, [Xo € Dz, Hp, <00l+ Pey[Xo € Din,. Hp, < o))

gn()? + 1= e=5120V0) 4 | o=Eaa (W)

(4.7) L2
< qn(u)z-l—cLﬁ diz ,
Ln+1

where in the last step we used (1.6), (1.8) together with standard bounds on the
Green function, cf. [11, p. 31]. With (4.6), (4.12), we thus see that

(4.13) Gn1(u) < s 02 (q2) + Li L, 72).

We thus define
(4.14) bn = c5 E,zl qn(u), forn >0,

and see that

£
bp+1 < ( ZH

2
) b2+ c(Unirbn)* LA L9 forn>0.

n
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With (3.2) we know that (€, €, 41)* <c L2* 122 <c L4a+2a® and with (3.57)

2 .
we know that 6,2# <c L% . As aresult we obtain:
n

=

d>7
(4.15) bn-l—l fC(L,%az b}%_i_L;(d—z)(1+a)+4+4a+2a2) < ce Lr21a2 (b,%-i-L;l) )

We will now use the following induction lemma.

LEMMA 4.2 (d = 7). If Lo > c, then for any u < 1, when for some n > 0,

(4.16) by <L,?,

=

then (4.16) holds as well with n + 1 in place of n.

Proof. With (4.15) we see that
4.17)

3.2) _1 1 2_1 (@3.1) _1 _
bn+1 E 266 L%aZ_l > L,% (1+(1)+2a 1 -

2
=cl,; = cL,; L

when Lg > c. This proves our claim. O

_1
We now choose Lg > ¢, so that for any u < 1, when by < L, 2 holds then

_1
by, < L, ? for all n > 0. Further picking u < ¢(Lo)(< 1), we see that for m € Jy,
@.18)  bo “LY ¢5 2 go(u) < c5 2 P[9% N Dy # ¢] < ¢ L2ATDP[0 € 5¥)

1
129 0 [2040) (| _o~u/z©) < 2

_1
With this choice of Lo and u we thus find that b, < L,, ? for all n > 0, and this
concludes the proof of Proposition 4.1. O

THEOREM 4.3. (d > 7) For small u > 0 the vacant set V" does percolate, i.e.

(4.19) Uy >0,

and for u < ux, P[Perc(u)] = 1.

Proof. We only need to prove (4.19) thanks to Corollary 2.3. We choose
Lo large and u < c(Lg) so that (4.3) holds for all n > 0. Then for nyp > 0 and
M = L,,—1, we can write:
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(4.20)
1 —n(u) < P[0 does not belong to an infinite connected component of ¥* N Z2]

<P[$" N B(0, M) NZ?* # ¢] + P[9" N (Z*\ B(0, M)) contains a

. . . (1.58)
s-nearest neighbor circuit surrounding 0] < ¢ M2(1 — e %/8(0))
+ > [P’[ﬁ” N (ZZ\B(O, M)) contains a *-nearest neighbor circuit
n=ngo
containing 0 and passing through a point in [Ly, L,+1 — 1] e1]
<cLZu+ Y Y PBY],
n=no m

where m runs over the collection of labels at level n of boxes D, intersecting the
segment [L,, Ly+1—1]e1, ((e1, ..., eg) stands for the canonical basis of R?, and
recall we identified Z2 with Ze| + Ze,). With (3.2) this collection has cardinality
at most £, < c L%, and we thus find that

_1 (3.1) _1
@21)  l-n)<cLju+ Y cLiLy? < c(LZu+ Y L,*).
n>ng nx=no
Choosing ng large and then u < c¢(Lg, ng), we find that 1 — n(u) < 1, and this
proves (4.19). O

Remark 4.4. 1) Combining Theorems 3.5 and 4.3 we find that when d > 7,
(4.22) 0<uyx<o0,

i.e. U is a nondegenerate critical value. This has been extended to all > 3 in [15].

2) As a matter of fact the above proof combined with an ergodicity argument,
cf. (2.6), shows that when d > 7, for small u > 0, V* percolates in 72 c 79. This
feature remains true for all d > 3, see Theorem 3.4 of [15].

3) Some other very natural questions remain open. When u > u,, how large
is the vacant cluster at the origin? When u < u,, how large can a vacant cluster at
the origin be, if it does not meet the infinite cluster, (which is known to be unique
thanks to [22])? Is there percolation at criticality (i.e. is n(u4) > 0)? What is the
asymptotic behavior of u, for large d? These are just a few examples of many
unresolved issues concerning percolative properties of the vacant set left by the
random interlacements model described in this work. O
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