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Abstract

Motivated by the critical dissipative quasi-geostrophic equation, we prove that
drift-diffusion equations with L? initial data and minimal assumptions on the drift
are locally Holder continuous. As an application we show that solutions of the
quasi-geostrophic equation with initial L2 data and critical diffusion (—A)l/ 2 are
locally smooth for any space dimension.

1. Introduction

Nonlinear evolution equations with fractional diffusion arise in many contexts:
In the quasi-geostrophic flow model (Constantin [4]), in boundary control problems
(Duvaut-Lions [9]), in surface flame propagation and in financial mathematics. In
this paper, motivated by the quasi-geostrophic model, we study the equation:

0;0 +v-VO =—A0, x eRN,

M divv =0,

where A@ = (—A)'/26. The main two theorems are roughly the following a priori
estimates:

THEOREM 1 (from L2 to L>®). Let (¢, x) be a function in
L™, T: LARN)) N L0, T; HY/?(RN)).

For every A > 0,
Op=(O0—A)+.

1903
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If 0 (and —0) satisfies for every A > O the level set energy inequalities:

5]
/Gf(tz,x)dx+2/ / |AY20, % dx dr
RN 11 RN

2
S/RNQ"(Il’x)dx’ 0<1 <z,

then:
160l 12

TN/2 -

sup |6(T,x)|<C*

x€RN
Remark. That solutions to equation (1) are expected to satisfy the energy in-
equality follows from writing A as the normal derivative of the harmonic extension
of 6 to the upper half space. Existence theory is sketched in appendix C. In the
case of the quasi-geostrophic equation it can also be seen as a corollary of Cérdoba
and Cordoba [7].
Those energy inequalities are reminiscent of the notion of entropic solutions
for scalar conservation laws. Consider a weak solution of (1) lying in L2(H '/2)
for which we can define the equality (in the sense of distribution for example):

¢'(O)v- VO = div(ve(0)),

for any Lipschitz function ¢. Then 6 verifies the level set energy inequalities. In
the case of the quasi-geostrophic equation, v € L(H 1/2) and we can give meaning
to:
v-V¢(0).

Indeed, using the harmonic extension, we can show that if 6 lies in L2(H '/2) so
does ¢(0). and so V¢ (0) lies in L2(H ~1/2).

For the second theorem, (from L to C%), we need better control of v:

THEOREM 2 (from L% to C%). We define Q, = [—r,0] x [—r,r]¥, for r > 0.

Assume now that 6(t, x) is bounded in [—1, 0] x RY and v|g, € L*(—~1,0; BMO);
then 0 is C* in Q5.
Remark 1. The global bound of 6 is not really necessary, only local L*° and

integrability at infinity against the Poisson kernel, as we will see later.

Remark 2. Note that both theorems depend only on the resulting energy in-
equality and not on the special form of A.

From these two theorems, the regularity of solutions to the quasi-geostrophic
equation follows.

THEOREM 3. Let 6 be a solution to an equation

00 +u-Vo =—A0, x eRN,
divu =0,

2
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with
(3) uj = Ej [0],

R i a singular integral operator. Assume also that 0 verifies the level set energy
inequalities stated in Theorem 1. Then, for every ty > 0 there exists a such that 6
is bounded in C%([ty, co[xRY).

Indeed, Theorem 1 gives that 6 is uniformly bounded on [¢, oo[ for every
to > 0. Singular integral operators are bounded from L°° to BMO. This gives that
u € L®(ty, o0; BMO(R™)) and, after proper scaling, Theorem 2 gives the result
of Theorem 3.

Remark 1. Higher regularity then follows from standard potential theory, when
we notice that the fundamental solution of the operator:

is the Poisson kernel and that in the nonlinear term we can subtract a constant both
0o from 6 and uo from u, this last one by a change of coordinates:

x* =x—tuo,
doubling its Holder decay (see appendix).

Strictly speaking, the dissipative quasi-geostrophic flow model in the critical
case corresponds to the case N = 2 and

up =—Ro0, uy = R0,

where R; is the usual Riesz transform defined from the Fourier transform: IZ\Q =
%@ . This model was introduced by some authors as a toy model to investigate the
global regularity of solutions to 3D fluid mechanics (see for instance [4]). When
replacing the diffusion term —A by —APB, 0 < B <2, the situation is classically
decomposed into three cases according to the order of diffusion versus transport:
The subcritical case for B > 1, the critical case for § = 1 and the supercritical case
for B < 1.

Weak solutions have been constructed by Resnick in [12]. Constantin and Wu
showed in [6] that in the subcritical case any solution with smooth initial value is
smooth for all time. Constantin Cérdoba and Wu showed in [5] that the regularity
is conserved for all time in the critical case provided that the initial value is small
in L°°. In both the critical case and supercritical cases, Chae and Lee considered
in [3] the well-posedness of solutions with initial conditions small in Besov spaces
(see also Wu [16]).

Notice that our case corresponds to the critical case and global regularity in
clLp, B < 1 is shown for any initial value in the energy space without hypothesis
of smallness. This ensures that the solutions are classical.
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Let us also cite a result of the maximum principle due to Cérdoba and Cérdoba
[7], results of behavior in large time due to Schonbek and Schonbek [13], [14], and
a criterion for blow-up in Chae [2].

Remark 2. In a recently posted preprint in arXiv, Kiselev, Nazarov, and Vol-
berg present a very elegant proof of the fact that in 2D, solutions with periodic C*°
data for the quasi-geostrophic equation remain C°° for all time ([10]).

We conclude our introduction by pointing out that our techniques also can be
seen as a parabolic De Giorgi-Nash-Moser method to treat “boundary parabolic
problems” of the type:

div(aVO) =0, in Qx]J0,T],
[f(0)]:=6,, on IQx[0,T]

that arise in boundary control (see Duvaut Lions [9]). Note also that results similar
to Theorem 1 can be obtained even for systems. (See Vasseur [15] and Mellet,
Vasseur [11] for applications of the method in fluid mechanics.)

2. L*° bounds

This section is devoted to the proof of Theorem 1. The simple proof is based
on a recurrence nonlinear relation between consecutive truncations of 6 at an in-
creasing sequence of levels. Following the ideas of De Giorgi, this is attained
thanks to the interplay between the energy inequality that controls |[V8| by 6, and
the opposite effect of the Sobolev inequality that controls 8 by V6, and the different
homogeneity of these inequalities.

We use the truncation energy inequality for the levels:

A=Ce=M1-275),

where M will be chosen later. This leads to the following energy inequality for the
truncation function 6 = (60 — Cy)+:

4) 9y szdx+2/ IAV26, > dx < 0.
RN RN

Let us fix a fop > 0, we want to show that 6 is bounded for ¢t > t9. We introduce

Ty = to(1 —27%), and the level set of energy/dissipation of energy:

o0
Uy = sup ( szdx) +2/ / |AY26, % dx dt.
t>Txk RN Tr JRN

Integrating (4) in time between s, Ty_1 < s < Ty, and t > T}, and between s and
400 we find:

Uk 52/ 0 2(s) dx.
RN
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Taking the mean value in s on [T;_q, T}] we find:

2k+1
(5) Uy < / 0,2 dx dt.
o JTp_ JRN

We want to control the right-hand side by Ug_1 in a nonlinear way. Sobolev and
Holder inequalities give:

Uk—1 > C||0— 1|| 2NH1)
(T - 100[><RN)

Note that if 6 > 0 then 6;_; >2"%M. So,

ok 2/N
Lig >0y < Mgk—l :
2k+1

o0
U < / 9]?_11{9k>0} dxdt
to Jry_y JRN

Hence:

N+2k 1;,"_ 2¥k NT"FI
tOMZ/N/ /I%N k—1 dth C[()]W—z/lka_l .

For M such that M/ tO 2 is big enough (depending on Up) we have U, which
converges to 0. This gives 8 < M for ¢t > ty. The same proof on —6 gives the same
bound for |6|. Note that Up < ||fo||? 72- The scaling invariance 0:(s, y) = 0(es. £y)
gives the final dependence with respect to |6 ;2. O

This theorem leads to the following corollary.

COROLLARY 4. There exists a constant C* > 0 such that any solution 6 of
(2), (3) verifies:

160l 2@y
sup |0(T,x)| < C*———=,
xERPNl (T, x)| < TNz

160l 2@y

[u(T. ) llemo@ny < C* TN/2

Proof. First note that the property on u follows directly from the property on
6 and the imbedding of the Riesz function from L°° to BMO. We make use of the
following result of Cérdoba and Cérdoba (see [7]): for any convex function ¢ we
have the pointwise inequality:

—¢"()A0 < —A(¢(0)).
Making use of this inequality with:

$r(0) = (0—Cr)+ =0
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leads to:
0:0r +u-VO, < —A6.

Multiplying by ) and integrating in x give (4), when u is divergence free. |

Remark. We point out that the level set energy inequalities we assume in
Theorem 1 are heuristically general facts (see Appendix C).

3. Local energy inequality

In order to develop the Holder regularity method, it is necessary to localize by
space and time truncation the energy inequality above. Due to the nonlocality of
the diffusion operator, this appears complicated. Fortunately, A6 can be thought
as the normal derivative of a harmonic extension of 6 (the Dirichlet to Neumann
operator of 8). This allows us to realize the truncation as a standard local one in
one more dimension: We introduce first the harmonic extension L defined from
CE(RY) to CR(RN xRT) by:

—AL(@®)=0 in RY x (0, 00),
L(O)(x,0)=60(x)  for x e RV.

(This extension consists simply in convolving 6 with the Poisson kernel of the
upper half space in one more variable. See [1] for a general discussion.) Then the
following result holds true: consider @ defined on RV . Then:

(6) AO(x) = 3y[LO](x),
where we denote d,,[L 6] the normal derivative of L6 on the boundary
{(x,0)|x c [RN} .
In the following, we will denote the harmonic extension of 6 by:
7 0*(t,x,z) = L(0(,")(x,2).

We denote B, = [—r,7]" a cube in the x variable only, B} = B, x (0,7) €
R x (0, 00) a cube in the x, z variables, sitting on the z = 0 plane, and [y]; =
sup(0, y).

The rest of this section is devoted to the proof of the following proposition, a
local energy inequality in the x, z variables. The effect of the nonlocal part of A
becomes encoded locally in the extra variable. At this point, we know already that
for any positive time 7" > 0:

101l L2@®yy + 10l Loo@ry =€
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uniformly in # > T, and for the application we have in mind, the quasi-geostrophic
equation, this implies that

vl 2@~y + IvllBmMo@y) = C.
uniformly in # > T'. This is, therefore, the main hypothesis below.

PROPOSITION 5. Let 11,15 be such that t; <t and let § € L®(t1, t; L*(RV))
with AY20 € L2((t1., t2) x RN), be solution to (1) with a velocity v satisfying:

/l; v(t,x)dx

Then there exists a constant ® (depending only on Cy) such that for every t; <t <
t and cut-off function n such that the restriction of n[0*]4+ on B} is compactly
supported in By x (—2,2):

) [vllzoo () t2:BMO®NY) T+ SUP < Cy.

1 <t=<tz

5]
©) /tl /32 IV([6*]4+)? dx d= dr+/B2(n[9]+)2(t2,x) dx
< [ ar@navro [ [ qvienyaxa
B2 t1 /B>

%]
* 2
+2/t1 /B;([vn][e 14)2 dx dz dt.

Remark. Note that, as a difference with the standard parabolic estimates, this
energy inequality controls ||779||L<I>O(L)2€) and ||V(n9*)||L%(L)2(Z). We are missing,
in some sense, ||[n60*|| LP(L2.) that would provide the link between V(76*) and
n6. In order to control n6* we will have to make a careful decomposition of
n6* as the part coming from 76 as boundary value, and the rest coming from
“far away”. (Step 5: Propagation of the support property (12) and the proof of
Lemma 6, below.)

Proof. We have for every t; <t < t3:

o:/ n?[0*)+ A0* dx dz
B*

2

=—/ |V(n[9*]+)|2dxdz+/ |vn|2[9*]%rdxdz+/ n?[0]+ A6 dx.
B* B*

2 2 B>

Using equation (1), we find that:

01> 61>
—[ n?[0]+ A0 dx = i / 772& dx —/ Vnz-v[—+ dx.
B, Jt B, 2 B, 2
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This leads to:
1203 0 5 t
/ [ IV(0[6*]4)| dx dz ds+/ ;fwd
1y JBJ )

s/ JUE (“)d +/ / \Vn2[6*12 dx dz ds

/ / nvn- 0[9]+dxds

To dominate the last term, we first use the trace theorem and Sobolev imbedding
to find:

115310+ 1% on < Clllmyn04 1 312ny =C | (n0+)A(Lyp,ynby) dx
LT ®RN) B
2

®N)

(o,]

= c/ [ |VL(14p,yn0+)|* dx dz
0 RN
o

<o [ IVisgn@ P dxa:
0 RN

= ¢ [ 1Y@ 1P dx az.
B3
In the last inequality, we have used the support property of 7(6*) 4. In the second
to the last inequality we have used the fact that L(1g,3n6+) is harmonic and has
the same trace as 1y B*}r)(G*)+ at z = 0. Therefore we split:

1
+
dxds| <e ;) ds
v / 641 g
41 [ VAl I? 2 ds.
e Jy LN+T RN)

The first term is absorbed by the left. The second can be bounded, using Holder
inequality, by:

1 2 2 2
| | |, 1o P dx as.

which gives the desired result. O

4. From L2 to L®

In these two sections (4 and 5) we follow De Giorgi’s ideas in his classical
proof of the Holder continuity of solutions to elliptic equations (see [8]). The first
step is a local, scalable version of the L°° bound above. It establishes that the
space time localization of a level truncation of @ is bounded by the L? norm. The
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second step is the so-called “oscillation lemma”. We give a rough description of
this lemma. Suppose that 6 oscillates in Q1 = [—1,0] x By between —2 and 2,
but is negative most of the time. In particular, if |64 ||, 2 is very small, then the
local L? to L bound mentioned above, will imply that (in a small domain) 67 is
very small. In particular, we prove that 04 |g, ,=[-1/2,0]xB, ,» < 2 — 4, effectively
reducing the oscillations of 6 by A (see Lemma 6). Of course, we do not know
a priori that |64 | ;2 is very small.

But we do know that in Q1, 6 is at least half of the time positive, or negative,
say negative. We then have to reproduce a version of De Giorgi’s isoperimetric
inequality which says that to go from zero to one € needs “some room” (§5).
Therefore the set {# < 1} is “strictly larger” than the set {6 < 0} (see Lemma 8).
Repeating this argument at truncation levels Cy = 2 —27¥, we fall, after a finite
number of steps, kg, into the first case, effectively diminishing the oscillations of
6 by A27k0_ This implies Holder continuity (§§6 and 7).

This section is devoted to the first step of the proof, the L? to L> lemma. It
says that, under suitable conditions on v, we can control the L°° norm of 6 from
the L2 norm of both # and 6* locally.

LEMMA 6. We assume, as in Section 3, that

/B v(t,x)dx

Then, there exists €9 > 0 (depending only on N and Cy), and A > 0 (depending
only on N) such that for every 0 solution to (1) the following property holds true.

If

v ||L°°(—4,0;BMO(RN)) + sup < Cy.

—4<1<0

0* <2 in [—4,0] x B},
and
0 0
[ [ @axazass [ [ @3 avas<e
—4 BI —4 JBy
then:
Oy <2—-2A on [—1,0] x By.

Remark. Note that this is not a “pure” L? to L estimate, since we assume
that 0* is already bounded by 2. Nevertheless, since our final objective is an
improvement of the oscillation of 8%, the gain from 2 to 2 — A will suffice.

Proof. We split the proof of the lemma into several steps. Steps 1 and 2
are preliminary views. We construct auxiliary barriers and recurrence constants.
Step 3 describes which is the recurrence relation we are aiming for. The actual
proof really starts in Step 4. As in the proof of Theorem 1 at the beginning of the
paper, we will now consider a sequence of truncations for an increasing sequence
of levels Cy converging to 2 — A, and will prove that by the time we reach 2 — A,
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the corresponding truncation has zero energy and is, thus, identically zero. Before
giving into the proof, we give an informal description of the arguments involved. In
principle, we would like to prove that if 67 is less than 2 in the cylinder B} x[—4, 0]
and both 67 and 04 have very small L? norm, then they are both less than 2 — A
in B x [—1,0]. Thanks to the barrier b; below, we notice that it is enough that 6
be below 2 — A, since 6 is bounded by by plus the harmonic extension of 6. The
second observation we make is that if the L2 norm of #, is small, 67 dips to very
small values for z small (proportionally in some way to |6+ ||;2). Indeed, the part
corresponding to b; goes linearly to zero while the Poisson kernel smoothes 6. In
other words the influence of the global part of A, reflected by b1, decays linearly
as z goes to zero, and we can almost eliminate as we truncate 6 at increasing
levels (Step 5, propagation of the support property). This eliminates the need of
a truncation in z and almost eliminates the influence of the global part of A. It
only remains on the small “lateral edges”, that is where the space truncation takes
place and for very small z, and that has exponential decay (barrier b,). That is
what allows us to obtain the appropriate recurrence relation for Ay, that implies
that “Oc =07 on By x [—1,0],i.e. 6 <2—A.

Step 4 is a first “long jump” to kK > 12N, that puts us into the appropriate
configuration described above, to start the inductive process provided 64 is small
enough.

Step 1. Useful barrier functions. The following two barrier functions, by and
by, will be used to control how the values of 8* far from the “disc” D} = By x {0}
influence 6* near DY.

Consider the function by, defined by:

Aby1 =0 in By
by =2 on the sides of the cube B} except for z =0
b1 =0 for z = 0.
Then there exists A > 0 such that:
bi(x,z) <2—4A on Bj;.

This result follows directly from the maximum principle.
We consider now b, harmonic function defined by:

Aby; =0 in [0, oo[x]0, 1],
b>(0,z) =2 0<z<l,
ba(x,0) =by(x,1)=0 0<x<o0.

Then there exists C > 0 such that:

(10) |ba(x,z)| < Ce™*/2,
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Notice that C is universal. Indeed we can see easily that
ba(x,z) <2+/2cos(z/2)e /2,
since this function is harmonic and bigger than b, on the boundary.

Step 2. Setting of constants. In this step we fix a set of constants. We make the
choice to set them right away to convince the reader that the proof is not circular.

LEMMA 7. There exist 0 <8 < 1 and M > 1 such that for every k > 0:
—k
INCe sarnik < 27k2,
M—k/2 L
SN(EHP(UHLZ <)27k2,
2

M—k > CécM—(1+1/N)(k—3) k > 12N,

where C is defined from Step 1, P(1) is the the value at z = 1 of the Poisson kernel
P(z)(x), and Cy is defined by (16).

The proof is easy. We first construct § to verify the first inequality in the
following way. If § < 1/4, the inequality is true for k > k¢ due to the exponential
decay. If necessary, we then choose § smaller to make the inequality also valid
for k < ko. Now that § has been fixed, we have to choose M large to satisfy the
remaining inequalities. Note that the second inequality is equivalent to:

( 2 )k< AsN/2
sN2yM) T APl

It is, thus, sufficient to take:

2 8IP(M)2)?
Mzsup((sN/z, TSN .

The third inequality is equivalent to:
k/N
(M ) > p3+1/N)
cll - '
0

For this case it is sufficient to take M >sup(1, COZN ). Indeed, this ensures M2/ COZN

> M and so:
M k/N
(C_N) > MKICN) 5 6.
0
for k > 12N. But M > M30+1/N) for M > 1 and N > 2.
Therefore we can fix:

2\ (8IPWIIL2 )
M:Sllp (LCOZN’(W) ,(M—NLZ) .
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The constant A, 6, and M are now fixed for the rest of the proof. The constant
go will be constructed from these.
Step 3. Induction. We set:
Ok =0 —Cr)t, O =(0"—Cp)+,

with Cy =2 — A(1 4+ 27%). Note that 6, * # (6)*. We consider a cut-off function
in x only such that:

LB, k23 S =1p, 4y and [V < C2k.
We denote:
0 8k
Ay :/ / / IV 07)1? dx dz dt + sup (N 6k)? dx.
—1-2=%Jo JRN te[—1—2—k,0] JRN
We want to prove simultaneously that for every k > 0:
(1D Ay <M~*
(12) mOr =0  for 6K <z <inf(2,8571).
Step 4. (Initial step). We prove in this step that if g is small enough, then
(11) is verified for 0 < k < 12N, and that (12) is verified for k = 0. We use the
energy inequality (9) with cut-off function 1 (x)v(z) where ¥ is a fixed cut-off

function in z only. Taking the mean value of (9) in #; between —4 and —2, we find
that (11) is verified for 0 < k < 12N if g¢ is taken such that:

(13) C22*N(1 4+ d)gg < M2V,

We have used that |V |? < C224N for 0 < k < 12N. Let us consider now the
support property (12). By the maximum principle, we have:

0* < (04+1p,) * P(2) + b1(x, 2),

in RT x B}, where P(z) is the Poisson kernel. Indeed, the right-hand side function
is harmonic, positive and the trace on the boundary is bigger that the one of 6*.
From Step 1 we have: by(x, z) <2 —4A. Moreover:

10+1p, * P(2)|Looz=1) < CIP(Dl2+/20 < C /20.
Choosing g small enough such that this constant is smaller that 2A gives:
0*<2—-21  for 1<z<2,t>0,x € By,
and so:
O =(O*—=(2-21)+ <0 for 1<z<2,t>0,x € B,.

Hence 196 vanishes for 1 =% <z <2.
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Step 5. Propagation of the support property (12). Assume that (11) and (12)
are verified at k. We want to show that (12) is verified at (k 4+ 1). We will show
also that the following is verified at k:

(14) Me+19% 41 < [k Ok) * P(2)]Nkc 41 on B,

where EZ‘ = Bj,,-« X0, §K]. We want to control 6 on this set by harmonic
functions taking into account the contributions of the sides one by one. Consider
By p—k-172 X0, 8%]. On z = 8k we have no contribution thanks to the induction
property (12) at k (the trace is equal to 0). The contribution of the side z = 0 can
be controlled by: ng 6k * P(z). (It has the same trace as 6 on By ,—«—1/2.)

On each of the other sides we control the contribution by the function of

x=(x1,-,XN):
ba((xi —xT) /8%, 2/85) + bo((—xi +x7) /8%, 2/85),

where x T = (1 4+ 2—k—1/2) and x~ = —x 1. Indeed, b, is harmonic, and on the
side x;r and x;" it is bigger than 2. Finally, by the maximum principle:

N
6 = Y [BaCri —x) /8% 2/85) + ba((=xi +x7)/8%.2/85) | + (b % P(2).

i=1

From Step 1, for x € By —«—1:

N
D [ba(Gri —x /8% 2/85) + ba((—xi +x7) /8% 2/8) |

i=1
_ ___ 27k
<2NCe #arnsk < )p7k=2,

(thanks to Step 2). This gives (14) since:
O < (OF —227% 1),
More precisely,
Ok 11 = ((bi) * P(2) = 227572 4.
Now,
Mhe+10 41 < (O6r) % P(2) = 227572 4.
From the second property of Step 2, we find for sk+1 < 7 < §k.
|(k0) * P(2)] < VA P(2)] 2
—k/2
< sarona 1Pl <2272
The last inequality makes use of Step 2. Therefore:

Me+10541 <0 for §kt1 <z < sk,
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Note, in particular, that with Step 4 this gives that (12) is verified upto k = 12N +1
and (14) up to k = 12N.

Step 6. Propagation of Property (11). We show in this step that if (12) is true
for k —3 and (11) is true for k — 3, k —2 and k — 1 then (11) is true for k.

First notice that from Step 5, (12) is true at k —2, k — 1, and k. We just need
to show that:

(15) A < CE(A_3)'"YN  fork = 12N +1,
with:
714+2/N

Indeed, if we use the third inequality of Step 2, this will give us the result.

Step 1. Proof of (15). Since 7’)k9§1{0<2<8k71} has the same trace at z = 0 as
(nk6x)* and the latter is harmonic we have:

o0
V * 2=/ [ V *1 _ 2
L L vosor= [ [ 9otz )

o0
> / / IV 00)* 1 = / A2 (1) P
0 RN RN

Note that we have used (12) in the first equality. Sobolev and Holder inequalities
give:

8k71

Ag—3 = C|nk—30k—3]* -
L 2D ([—1—2—%—3,0]xRN)

From (14):

2 2 2
||77k—29;:_2|| 2N+ = ||P(1)||L1 1Mk—30k 311" 2v 1) -
L N L N

Thus,

2 2
Ag—3>=C ||77k—29]:_2|| sov+n T Clnk—30k—31" 2v+1
L N L N

2 2
e (||nk_29;:_1|| R Z(M).
L N L N

Using (12) and the fact that 5y is a cut-off function in x, we have that 1 9,:‘ vanishes
on the boundary of B, X [—58%,8%]. We can then apply Proposition 5 on
Nk O 1io<z<sk—1;- Taking the mean value of (9) in 7, between —1 — 27k=1 and
-1 —Z_k, we find:

§k sk
A = C22%* (@ +2) ( / f Me_16k” + / / ni_ﬁi‘z)-
0 0
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We have used here the fact that |V7|? < €22k ’712c—1' If O > 0 then O_; > 27%A.
Now,

C2k
1, >0 < TQk 1
and .
C2
Yon—i>01d(0c>0p = ——Mk—20k—1-
Therefore:

2
/nlzc—lek2+[ni—191:

22k/N
=N [/(ﬂk

2(N+1)
t/knk 267 ) }

and so:
Sty < C2k(2+2/N) 141/N
k = 212/N k=3 =
This gives (15), for C big enough compared to A2/N O

5. The second technical lemma

At this moment we have proven that if 6, 6* are less than 2, and their L? norm
is very small in B4 x [—4, 0] then both 6, 6* are less than 2— A on B; x [—1,0].
That is, their oscillation decreased. We need to prove now that it is enough that

to imply that 6, * are less than 2 — A in By X [—1, 0], since this is our induction
hypothesis. This is based on the fact that, due to the energy inequality, there must
be a quantitative decay in measure between the consecutive level sets {6 > 0},
{6 >1},{0 >2—1/2}, {6 =2—1/4}, etc... . Lemma 8 below measures this
quantitative separation between {6 <0} and {6 > 1}, i.e. if {0 < 6* < 1} is small
then (0* — 1) 4 is very small.

We set O, = B, x[—r,0] and Q] = B} x [-r,0].

LEMMA 8. For every g1 > 0, there exists a constant §1 > 0 with the following
property: For every solution 0 to (1) with v verifying (8) and.:

0*<2  in Qp,
*
[{(x.2,0) € 0F; 07 (x,2,1) =0} = =*

we have the following implication: If

[(x.z.1) € Q% 0<{0%(x,z,1) < 1}| <61,
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then:

(e—l)idxdz+[ (0* —1)3 dxdzdt <C /ey
0 o7

Note that §1 depends only on N and Cy in (8).
Proof. Take €1 < 1. From the energy inequality (9) and using that 6* <2 in

Q3. we get:

0

/ / |VOI|>dxdzdt <C.

—4 JB}
Let:

K- 4[|VOi1?dxdzdt

&1 )

Then:
a7 {tl/ IVO:12(t) dx dz > K} 5%1.

By

For all ¢ € {¢| fBT |V9_”;|2(t) dx dz < K}, the De Giorgi lemma (see appendix)
gives that:
[s4O]1B@)] < [6(@)] /2K,

where:
A(t) ={(x,z) € Bf | 6*(t,x,z) <0},
B(t) ={(x.z) € B | 0"(t,x,z) = 1},
@) ={(x,z) € Bf |0<0%(t,x,2) < 1}.
Let us set

8
81 =£&q,

I ={re[—4,0]; [6(r)|"/? <& and / IVOI|*(t)dx dz < K},
Bf
First we have, using the Tchebichev inequality:

{(, x,z) | 0<0* <1}

6
€1

1
{t € [-4.0]; [6()|"? = e3}| < <<l <e/4
€]

Hence |[—4,0]\ 7| <&1/2. Secondly we get for every ¢ € I such that |s4(¢)| > 1/4:

6()| /2K /2

< 4C85/2 < &2
E16] ! !

(18) |B@)] <

In particular:

/ 012(0) dx dz < 4(B(0)| + [6(1)]) < 82,
BY
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B

ut
z
/ei(z)dx=/ eiz(z,x,z)dx—zf / 0% (1)9.0* dx dZ.
B By 0 B

for any z. And so, integrating in z on [0, 1], we find:

/ ei(z)dng ejz(z,x,z)dxdz+2ﬁ\// 0%%(t)dx dz < C \/e7.
B, B} B}

We want to show that |s4(¢)|>1/4 for every t €I N [—1,0]. First, since

{(t.x,2) | 0% <0} > |0;1/2,

there exists 7o < —1 such that |#(t9)| > 1/4. So for this g, [ Gi (to) dx < C \/ey.
Using the energy inequality (9), for any r > 0 (where V7 is of order 1/r), we have
for every t > tp:

03 (t)dx < | 63 (to)dx +
B] Bl

C(t—t
(—O)_i_Cr‘
r

Let us choose r such that
Cr+Cy/e1 <1/128.

l —+ ; .

(Note that the §* do not depend on 1. Hence we can suppose &1 < §*.) We have:
z
61(2) = b, +/ 0,67 dz
0

z 1/2
<o+ vi ([ periaz)
0

So,fort —tg<é6*,tel andz < e% we have for each x:

00 1/2
0% (t,x,2) < 04(t,x) + (s% / 10,67 |* dz) .
0
The integral, in x only, of the square of the right-hand side term is less than 1/8 +
C \/e1 < 1/4. So by Tchebichev, for every fixed z < e1:

1
[{x € By, Q_T_(l‘,x,z) > 1} < Z
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Integrating in z on [0, &3] gives:

2
[{z <&l xeBy. 01(0) =1} < %1.

First we work in B x [0, 8%]. Since |€(t)] < 8?, this gives
|4(1)] = |Bilel — [{z < &1, x € By, 03(1) = 1} —[€(1)]|
> (1= 1/4) =] = /2.
In the same way as in (18) we find:

|<6(t)|1/2K1/2

|%(t)|fwaJ8_,

and:
|A()] = 1= |B()[—[€@)]
>1-2e1 —£8>1/4.

Hence, for every ¢ € [tg, 1o +6*]N 1 we have: |A(t)] > 1/4. On [tg +8% /2, to + 6]
there exists 1, € I (8* > 1/4). And so, we can construct an increasing sequence
fn,0>1t, >1t9+nd*/2 such that |4(t)| > 1/4 on [ty,tn +8*]NI D[ty th41] N 1.
Finally on I N[—1, 0] we have |s4(¢)| > 1/4. This gives from (18) that for every
telN[—1,0]: |%B(z)| <e1/16. Hence:

[{0* > 1}| <e1/16+¢&1/2 <¢;.

Since (0* — 1)+ < 1, this gives that:
/ (0* —1)3 dxdzdt <ey.
o7
We have for every ¢, x fixed:

z
0—0%(z) = —/ 0,0%dz.
0

z 2
0—1)2 <2 ((9*(2)— D3 + (/ |V0*|dz) )
0

for any z. Hence

So:

N

2 ver
O-1)>2 < NG 0*—1)% dz+2¢a/ |VO*|? dz.
€1 Jo 0

Therefore:
/ (Q—I)idxdst./el. |
01
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6. Oscillation lemma

In the first technical lemma, we have established that if 0 < 8* < 2 and its
energy or norm is very small, in B}, then, 6* <2 — A in By; i.e., the oscillation
of 6 actually decays. We want now to get rid of the “very small” hypothesis. This
second lemma proves that if 6* < 0 “half of the time” and it needs very little
room, §, to go from {#* < 0} to {# > 1}, it is because (6 — 1)+ has very small
norm to start with. This produces a dichotomy: or the support of 6 decreases
substantially, or 6 becomes small anyway.

PROPOSITION 9. There exists A* > 0 such that for every solution 8 of (1) with
v verifying (8), if:
1

6* <2 in Q7, l{(t,x,z) € OF; Q*SO}IZE,

then:
0* <2—-A* in QT/IG‘
Note that A* depends only on N and Cy in (8).

Proof. For every k e N, k < Ky = E(1/81 + 1) (where §; is as defined in
Lemma 8 for &1 such that 4C ,/e1 < g¢, with &g defined as in Lemma 6), we define:

Op =2(0p_1—1)  with 6y =0.

So we have: 6, = _2k (6 —2) + 2. Note that for every k, 0y verifies D, 6 <2 and
H(t,x,z) € QF | Ok <0} > % Assume that for all those k, [{0 < 6 < 1}| > 4;.
Then, for every k:

{OF <0} = [{0F_, < 1} = [{O0_, < O0}] + é1.

Hence:
(0%, <0} =1,

and é}a < 0 almost everywhere, which means: 2K+ (#* —2) +2 <0 or
0* <227 K+,

And in this case we are done. B
Otherwise, there exists 0 < ko < K4 such that: |{0 < 9,:‘0 < 1}| < 6;1. From

Lemma 8 and Lemma 6 (applied on §k0+1) we get (§k0+1)+ < 2— A which means:
§ <2—2 kot <o _o=Ksj,

in Q1/8-
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Consider the function b3 defined by:

Ab3 =0 in Bi“/g,
bz =2 on the sides of the cube except for z =0
b3 =2—-2"%+inf(A,1) onz=0.

We have b3<2—A* in Bi"/m. And from the maximum principle we get 6* <b3. O
7. Proof of Theorem 2
We fix fo > 0 and consider ¢ € [fo, co[xRY . We define:
Fo(s,y) =0(t +sto/4, x +10/4(y — x0(5))),

where x¢(s) is solution to:

1
)'co(s)z—/ v(t +sto/4,x + yto/4) dy
|B4| x0(s)+ By

X0 (0) =0.
Note that x¢(s) is uniquely defined from the Cauchy-Lipschitz theorem. We set:
g 4 . Supo: F§ +infgx F§
0(5.3) = supgs Fg —infgs F(;"( 0~ 2 )

vo(s, y) = v(t +st0/4, x +10/4(y — x0(s))) — Xo(s),
and then for every k > 0:

Fi(s,y) = Fr_i(is, f(y — xx(s))),

0f(s,y) = 4 . SuPg; Fff +infos F
KO Supgr Fy —infgy By \ K 2 ’
. 1 -
X(s) = —— Vg—1(fLs, f1y) dy,
|B4| xk(s)+B4
x(0) =0,

vk (s, y) = vi—1 (s, (y — Xk (5))) = X (5),

where i will be chosen later. We divide the proof in several steps.

Step 1. For k=0, 6o is solution to (2) in [—4, 0] x RV, |lvollsmo = ||v]lBmoO.
J vo(s) dy = 0 for every s and |fp| < 2. Assume that it is true at k — 1. Then:

ds Fr = jidsOp—10) — fiir(s) - Vo1,
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So ék is solution of (2) and |ék| < 2. By construction, for every s we have
I3, vk (s, y)dy = 0 and |lvg[Bmo = [|[vk—1llBMo = [[v]|BMO. Moreover we have:

()] < fB vkt (A — x (5) dy < Cllog—t (@) Le

< C NP lvetllLr < GNP ve_1 [Imo.-
So,for0<s<1,ye Bgand p> N:
|y =) < 41+ GNPy < Cpt NP
For [i small enough this is smaller than 1.
Step 2. For every k we can use the oscillation lemma. If |{9~;€k <0} > %|QZ|

then we have é,’: <2—-1% cherwise: we have |{—§]’€k <0} > %|QI| and applying
the oscillation lemma on —6;" gives 6,7 > —2 + A*. In both cases this gives:

|sup§]:‘—infé;:| <2-A%.

and so:
sup F¥ —inf F*| < (1—A*/2)%|sup F§ —inf F|.
k k 0 0
oF oy or o7

Step 3. For s < 1"

~n—k < ;2n j < ,EL_
Do () < i TR
for ji small enough that
sup 6*—  inf 0% < (1—-A%/2)".
[_ﬂznso]xB;n/z [—M2”,O]XBZ-:”/2
This gives that 6* is C* at (¢, x,0), and so 0 is C* at (¢, x). d

Appendix A. Proof of the De Giorgi isoperimetric lemma

Letw € H'([-1, 1]¥*1). We denote:
A ={x; o(x) <0)},
B ={x; w(x)>1)},
€ ={x; 0<w(x) <)},
and

X =Ll +5G1—y2)/Iy1—ya et}
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We have:

151]|] < / / @(1) —w(y2)) dy1 dya

[y1=y2]
/// Vo +5s 22722 1702 4oay gy,
|y1 2| |y1—y2|

[y1—y2| _
:[ // xVo(yi +s 217 )2 )- 1 dsdyldyz
s Ja Jo |y1— 2| |y1 |

*© y1—)2
<[] X‘Vw()ﬂ-i-sr)'deyldh

/// 'Vw(yﬁrs )‘deyld)Q
B, /B, |y1— 2

Vo (y1 +sv)| ~
/ / / T N-1 1{(y1+sv)e<(%}SN Yav ds dy,
Sn—1 /B h)

Vo (y1 + y2)|
= C/ / N—1 — v Mi+nen dyz dy
B, /B, |J’2|

< C|Vol 2|2 O

Appendix B. Higher regularity
We give the proof of the following theorem.

THEOREM 10. Let 6 be a solution of the quasi-geostrophic equations (2), (3)
satisfying the regularity properties of Theorem 3:

6 € L*®(0, 00; L?) N L?(0, 00; H'/?)
NL*®([to, 0co[xRYN) N C¥([to, 0o[xR™),

for every tg > 0. Then 0 belongs to C VP ([ty, oo[xRYN) for every B < 1 and tg > 0
and is therefore a classical solution.

Proof. We want to show the regularity at a fixed point
yo = (to. x0) €]0, co[xRY c R™

where m = N + 1. Note that changing 6(¢, x) by 0(¢, x —u(tg, x0)t) — 0(t9, x0) if
necessary, we can assume without loss of generality that 8(yo) = 0 and u(yg) = 0.
The fundamental solution of:

00 +A0=0

is the Poisson kernel:
Ct

P(Z,x) = w31
(k2412757
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a homogeneous function of order —N if extended for ¢ negative. The solution 6
of (2) can be represented as the sum of two terms.
(19) 0(z,x) = P(t,") * 6o — g(t, x),

where:

t
g(t,x)=// Pt —1t1,x—xy)div(u(ty, x1)0(t1, x1)) dt1 dxq
0 JRN

=/ / Vi By —y1)-u(yn)B(y) dys.
0 RN

In the last inequality, we denoted y = (t, x), P the extension of P for negative ¢
with value 0, and we passed the divergence on P, which becomes a singular integral.
The first term in (19) is smooth for ¢ > 0 and depends only on the initial data.
Focusing on the second one g(y), we fix e € S, and estimate g(yo + he) — g(yo)
for & > 0 in the standard way. We split the integral:

e goo—goorho = [ [ o=y w00 dn

where:

Qo(y.he) = Vi P(y) =V P(y + he),
into two parts, one on the ball By, centered to yo and radius 104, and the second
on the complement. The first part has no cancellation so we separate the integrals:

/B Ly 203 [V P (o — y1) = Vi P (vo + he — y)lu(y)8(r1) dyy
10A
- / 11,20 Vs B (o — y1)u(y1)0(v1) dyy
Bion

- /B L0y Ve B (o + he — y)u(r)0(y) dyi.
104

If 6 is C*, o > 0, from the Riesz transform u, is also C%, and since 0(yg) =
u(yo) = 0, we have:

1) lu(y1)0(y1)| < inf(|y1 — yo|**, C).

So the first integral is convergent and bounded by C h?*. To deal with the second
one, notice that V, P have mean value zero on any slice t = C of Bjgy, SO we can
add and subtract 8(yo + he)u(yo + he). Now,

[0(y)u(y1) —0(yo + he)u(yo + he)| < Ch*|yo + he — y1|%,

where we have used again that u(yo) = 6(y¢) = 0. Hence the integral is also con-
vergent and bounded by C h?%. Thus, the contribution of B;gj on (20) is smaller
that Ch*.
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Outside of a neighborhood of size 104 we use the cancellation of V. P. Up
to Lipschitz regularity

~ ~ h
IVx[P(y1—y0) = PO1the—yo)ll < —————.
* [y1 = yo|™*!
and we integrate against |u6| which verifies (21). This gives the bound:

— Y1 =
[y1—yo|>10h |¥1 — yo|mH1-2¢

provided that 2o < 1. Altogether, this gives that if 6 € C* with 2« < 1, then

ChZOt

lg(yo) — g(yo + he)| < Ch?*,

Bootstrapping the argument gives that 6 is C* for any o < 1.
To go beyond Lipschitz we consider a second order increment quotient:

Q1(y.he) = |V[P(y +he)+ P(y —he) —2P(y)]|.

Now,

£00+he)+200=he)=2600) = [ Tz Q1(o=y1.heu()b(a) dyi.

Note that Q1(y,he) = Qo(y,he) — Qo(y — he, he), so that for |y| < 20k, the
local estimate of the previous argument together with the C property of 6 and u
gives:

/B 101 (0 — yD)u(r)0()| dyy < CH2.

For |y| > 20k and y not in the strip T, = [to — h, to + 1] x RV, we have:
h2

10—y, he)| < Crrrs.

0 | |yo — yr|m+2

and the corresponding integral:
/ Ly ¢a,31 Q1(vo —yD)u(y)O(y1)| dys
[¥0o—y11=20h
<C h—2(| Y Al)dy < Ch**
=y m+2 Y Y= .

|>20h ly

whenever 2o < 2. It remains to control the contribution of the strip Jp \ B,gp- The
estimate on Q¢ gives that on this strip:

h
< .
ly1 = yolNF2 7 7 |x1 — x|V +2

|Q1(y1 —yo,he)| <C
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Note that on Jp, \ Bygp we have |x1 — xo| > &. So the contribution of this strip is
bounded by

to+h h

hZOl to+h )
dxydt; < C—/ dty < Ch™?,
to—h ‘xl—X()|Zh |X1 _x0|N+2_2a h to—h

whenever 2o < 2. That goes all the way to C LB for every B < 1. O

Appendix C. Existence of solutions to equation (1)

In this appendix we sketch the existence theory of the approximate solution
of the equation (1) satisfying the truncated energy inequalities in the hypothesis
of Theorem 1. We start by restricting the problem to By x [0, co] and adding an
artificial diffusion term eA. We will use the eigenfunctions o} and eigenvalues )L,zc
of the Laplacian in Bj; that is:

Aoy + /\]%U r = 0.
Note that o) (x,z) = oy (x)e~*kZ is the harmonic extension of oy for the semi-
infinite cylinder Q1 = Bj X [0, oo] with data O in the lateral boundary, and:

Aok (x) = 9,07 (x,0),

where 0, is the normal derivative. Also:

/\ka,f dxdz = /

0,00y dx :/ Vo |* dx dz,
901

1

0

and this formula is also correct for any series

gx) =Y frok(x),

provided that ) sz)tk converges, i.e., g € H/2(By).
We want to solve then in [0, co[x By the equation:

(22) 9:0 + div(v0) = A — (—A'/?)0,

where —A1/20 is understood as the operator that maps oy to Ax0g = dyoy . For,
say, v bounded and divergence-free, this is straightforward by the Galerkin method:
Let us restrict (22) to oy, with 1 < k < kg; i.e., we seek a function:

ko

0 =0cko =) fi(£)or(x)
1
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that is a solution of the equation when tested against oy, 1 < k < k¢. The functions
fr are solutions to the following system of ODE:s:

ko

RO ==+ 0l fie )+ ) ar fi)), 1<k <ko,
=1

with initial value:
70 = [ fo(rox0)dx.
where:
agy Z/B v(t,x)-Vor(x)oy(x)dx.
1
Note that, since v is divergence-free, the matrix ay; is antisymmetric. This leads

to the estimate:

ko tr ko ko
YR+ | D A+ )[R ds =) f2 ().
k=1 k=1

N op=1

In particular 6,y satisfies the energy inequality:
16e0 (2211225,

5]
+/t1 (llee,ko(s)“i]]/z(Bl) +8”98,k0(s)”§_'11(31)) ds < ||98,k0(t1)||22(31)'
Notice also that what we call H'/2(By) corresponds to the extension of 6 to the
half cylinder, and is such that

||9||H1/2(31) z ||0||H1/2(RN)-

We now pass to the limit in ko and denote 6, the limit. If we test 8, x, with
a function y € L®(0,T; L?>(B;1)) N L?(0, T; H'(By)), there is no problem in
passing to the limit in the term:

153
/ (Vy)vOg i, dx ds,
1 B

since 0, g, converges strongly in L2([0, T]x By). In particular, for y = (0, —1)+ =
8,5 the term converges to:

%]
/ / V[Q&,\]Zv dxds =0,
11 B

provided that v is divergence-free. This leads to the following corollaries:
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COROLLARY 11. The function 0, satisfies the hypothesis of Lemma 6 inde-
pendently of e, and therefore:

C
10 (T)zoe(B1) = g7z 10O L2y -

COROLLARY 12. The same theorem is true for v € L2([0, T] x By) indepen-
dently of the L? norm of v.

Proof. We approximate v by a mollification vg. ([l

COROLLARY 13. For 6y prescribed in L*>(RN), the same result is true in
[0, T] xRN,

Proof. We may rescale the previous theorems to the ball of radius M by
applying them to 6(7, x) = MN/20(Mt, M x). This change preserves the L2 norm,
and so we get:

C
sup MN/20(s, y) < ————,
b METO ) = ST
or

C
sup (s, y) < —=,
BA/E) (-) (s)N/2
provided that v € L?(Byy) is divergence free. Then letting M go to infinity gives
the result. 0

Final remark. Since all the estimates are independent of ¢ we may let € go to
zero for the limit to be a weak solution of the limiting equation, and satisfying the
truncated energy inequalities.

Note also that the same approach can be taken for higher regularity. Indeed,
the proof of higher regularity depends only on the truncated and localized energy
inequality that is also satisfied by the e-problem. We may then pass to the limit in
¢ and find a classical solution of the limiting problem.
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