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Abstract

We give a new proof of the global stability of Minkowski space originally estab-
lished in the vacuum case by Christodoulou and Klainerman. The new approach,
which relies on the classical harmonic gauge, shows that the Einstein-vacuum and
the Einstein-scalar field equations with asymptotically flat initial data satisfying a
global smallness condition produce global (causally geodesically complete) solu-
tions asymptotically convergent to the Minkowski space-time.

1. Introduction

In this paper we address the question of stability of Minkowski space-time for
the system of the Einstein-scalar field equations1

(1.1) R�� �
1

2
g��RD T�� :

The equations connect the gravitational tensor G�� DR�� � 1
2
g�� given in terms

of the Ricci R�� and scalar R D g��R�� curvatures of an unknown Lorentzian
metric g�� and the energy-momentum tensor T�� of a matter field  :

(1.2) T�� D @� @� �
1

2
g��.g

˛ˇ@˛ @ˇ /:

Part of this work was done while H.L. was a Member of the Institute for Advanced Study, Princeton,
and was supported by the NSF grant DMS-0111298 to the Institute. H.L. was also partially supported
by the NSF Grant DMS-0200226.
Part of this work was done while I.R. was a Clay Mathematics Institute Long-Term Prize Fellow. His
work was also partially supported by the NSF grant DMS-01007791.

1We use Greek indices ˛; ˇ; �; � � � � D 0; : : : ; 3, the summation convention over repeated indices
and the notation @˛ D @=@x˛ . The symbol D denotes a covariant Levy-Civita derivative with respect
to the metric g.
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The Bianchi identities

D�G�� D 0

imply that the scalar field  satisfies the covariant wave equation

�g D
1p
j detgj

@�
�
g��

p
j detgj@� 

�
D 0:

The set .m;R3C1; 0/: standard Minkowski metric g DmD�dt2C
P3
iD1.dx

i /2

on R3C1 and vanishing scalar field  � 0 describes the Minkowski space-time
solution of the system (1.1).

The problem of stability of Minkowski space appears in the Cauchy formula-
tion of the Einstein equations in which given a 3-d manifold †0 with a Riemannian
metric g0, a symmetric 2-tensor k0 and the initial data . 0;  1/ for the scalar
field, one needs to find a 4-d manifold M, with a Lorentzian metric g and a scalar
field  satisfying the Einstein equations (1.1), and an imbedding †0 �M such
that g0 is the restriction of g to †, k0 is the second fundamental form of † and the
restriction of  to †0 gives rise to the data . 0;  1/.

The initial value problem is over determined and the data must satisfy the
constraint equations

R0� k0
i
j k0

j
i C k0

i
i k0

j
j D jr 0j

2
Cj 1j

2; r
jk0ij �ri k0

j
j Dri 0  1:

Here R0 is the scalar curvature of g0 and r is covariant differentiation with respect
to g0.

The seminal result of Choquet-Bruhat [CB52] followed by the work [CBG69]
showed existence and uniqueness (up to a diffeomorphism) of a maximal globally
hyperbolic2 smooth space-time arising from any set of smooth initial data. The
work of Choquet-Bruhat used the diffeomorphism invariance of the Einstein equa-
tions which allowed her to choose a special harmonic (also referred to as a wave
coordinate or de Donder) gauge, in which the Einstein equations become a system
of quasilinear wave equations on the components of the unknown metric g��

(1.3)
e�g g�� D F��.g/.@g; @g/C 2@� @� ;e�g D 0; where e�g D g˛ˇ@˛@ˇ

with F.u/.v; v/ depending quadratically on v. Wave coordinates fx�g�D0;:::;3 are
required to be solutions of the wave equations �g x� D 0; where the geometric
wave operator is �g DD˛D˛ D g˛ˇ@˛@ˇ Cg˛ˇ� �

˛ˇ
@� . The metric g�� relative

2A space-time is called globally hyperbolic if every inextendable causal curve intersects the initial
surface † once and only once. A causal curve x.s/ is a curve such that g˛ˇ Px˛ Pxˇ � 0, where
Px D dx=ds. It is future directed if Px0 > 0.
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to wave coordinates fx�g satisfies the wave coordinate condition

(1.4) g˛ˇg���
�
˛ˇ D g

˛ˇ@ˇg˛��
1

2
g˛ˇ@�g˛ˇ D 0:

Under this condition the geometric wave operator �g is equal to the reduced wave
operator e�g . The use of harmonic gauge goes back to the work of Einstein on
post-Newtonian and post-Minkowskian expansions.

In the PDE terminology the result of Choquet-Bruhat corresponds to the local
well-posedness of the Cauchy problem for the Einstein-vacuum (scalar field) equa-
tions with smooth initial data. The term local is appropriate in the sense that the
result does not guarantee that the constructed space-time is causally geodesically
complete3 and thus could “terminate” in a singularity. Our experience suggests that
global results require existence of conserved or more generally monotonic positive
quantities. The only known such quantity in the asymptotically flat case is the
ADM mass, whose positivity was established by Schoen-Yau [SY79] and Witten
[Wit81], is highly supercritical relative to the equations and thus not sufficient to
upgrade a local space-time to a global solution. This leaves the questions related
to the structure of maximal globally hyperbolic space-times even for generic4 data
firmly in the realm of the outstanding Cosmic Censorship Conjectures of Penrose.
Given this state of affairs the problem of stability of special solutions, most impor-
tantly the Minkowski space-time, becomes of crucial importance.

STABILITY OF MINKOWSKI SPACE-TIME FOR THE EINSTEIN-VACUUM (SCALAR

FIELD) EQUATIONS. Show the existence of a causally geodesically space-time
asymptotically “converging” to the Minkowski space-time for an arbitrary set of
smooth asymptotically flat initial data .†0; g0ij ; k0ij / with †0 � R3,

(1.5)
g0ij D

�
1C

M

r

�
ıij C o.r

�1�˛/;

k0ij D o.r
�2�˛/; r D jxj !1; ˛ > 0

where .g0 � ı/ and k0 satisfy global smallness assumptions. The stability of
Minkowski space-time for the Einstein-scalar field equations: in addition requires
a global smallness assumption on the scalar field data . 0;  1/, which obey the
asymptotic expansion

(1.6)  0 D o.r
�1�˛/;  1 D o.r

�2�˛/:

A positive parameter M in the asymptotic expansion for the metric g0 is the
ADM mass.

3i.e. any causal geodesics x.s/, g˛ˇ Px˛ Pxˇ D const� 0 can be extended to infinite parameter value
0� s <1.

4Note that all the known explicit solutions, with exception of the Minkowski space-time, are in
fact incomplete.
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The stability of Minkowski space for the Einstein-vacuum equations was
shown in a remarkable work of Christodoulou-Klainerman for strongly asymp-
totic initial data (the parameter ˛ � 1=2 in the asymptotic expansion (1.5).) The
approach taken in that work viewed the Einstein-vacuum equations as a system of
equations

D˛W˛ˇ
ı D 0; D˛ �W˛ˇ
ı D 0

for the Weyl tensor W˛ˇ
ı of the metric g˛ˇ and used generalized energy inequali-
ties associated with the Bel-Robinson energy-momentum tensor, constructed from
components of W , and special geometrically constructed vector fields, designed to
mimic the rotation and the conformal Morawetz vector fields of the Minkowski
space-time, that is, “almost conformally Killing” vector fields of the unknown
metric g. The proof was manifestly invariant, in particular it did not use the
wave coordinate gauge. This approach was later extended to the Einstein-Maxwell
equations by N. Zipser, [Zip00].

Nevertheless the PDE appeal (for the other motivations see the discussion
below) of the harmonic gauge for the proof of stability of Minkowski space-time
lies in the fact that the latter can be simply viewed5 as a small data global existence
result for the quasilinear system (1.3). However, usefulness of the harmonic gauge
in this context was questioned earlier and it was suspected that wave coordinates
are “unstable in the large”, [CB73]. The conclusion is suggested from the analysis
of the iteration scheme for the system (1.3):

g�� Dm�� C "g
.1/
�� C "

2g.2/�� C : : : ;

where g.1/�� ; g
.2/
�� satisfy respectively homogeneous and inhomogeneous wave equa-

tions on Minkowski background

(1.7) �g.1/�� D 0; �g
.2/
�� D F.m��/

�
@g.1/�� ; @g

.1/
��

�
; where �Dm˛ˇ@˛@ˇ :

As a solution of the homogeneous 3C 1-d wave equation with smooth decaying
initial data the functions g.1/�� �C" t�1 in the so-called wave zone t � r as t!1.
Integrating the second equation implies that g.2/�� � C 0" t�1 ln t . This suggests that
already the asymptotic behavior of the second iterate deviates from the one of the
free waves in Minkowski space-time and plants the seeds of doubt about global
stability of such a scheme. We should note that this formal iteration procedure is
termed the post-Minkowskian expansion and plays an important role in the study
of gravitational radiation from isolated sources; see e.g. [Bla02], [BD92].

5This statement requires additional care since a priori there is no guarantee that obtained “global
in time” solution g�� defines a causally geodesically complete metric. However, the latter can be
established provided one has good control on the difference between g�� and the Minkowski metric
m�� (see [LR05]).
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To understand some of the difficulties in establishing a small data global exis-
tence result for the system (1.3) let us consider a generic quasilinear system of the
form

(1.8) ��i D
X

b
jk˛ˇ
i @˛�j @ˇ�kC

X
c
jk˛ˇ
i �j @˛@ˇ�kC cubic terms:

The influence of cubic terms is negligible while the quadratic terms are of two
types, the semilinear terms and the quasilinear terms, each of which present their
own problems. The semilinear terms can cause blow-up in finite time for smooth
arbitrarily small initial data, as was shown by John [Joh81], for the equation �� D
.@t�/

2. D. Christodoulou [Chr86] and S. Klainerman [Kla86] showed global ex-
istence for systems of the form (1.8) if the semilinear terms satisfy the null condi-
tion and the quasilinear terms are absent. The null condition, first introduced by
S. Klainerman in [Kla84], was designed to detect systems for which solutions are
asymptotically free and decay like solutions of a linear equation. It requires spe-
cial algebraic cancellations in the coefficients bjk˛ˇi , e.g. �� D .@t�/2� jrx�j2.
However, the semilinear terms for the Einstein equations do not satisfy the null
condition; see [CB00]. The quasilinear terms is another source of trouble. The
only nontrivial example of a quasilinear equation of the type (1.8), for which the
small data global existence result holds, is the model equation �� D � ��, as
shown in [Lin92] (radial case) and [Ali03] (general case). However the solutions
only decay like � � "t�1CC". This in particular implies that the characteristic
surfaces of the associated Lorentzian metric g D �dt2 C .1C �/

P3
iD1.dx

i /2

diverge distance� t C" from the Minkowski cones.
In our previous work [LR03] we identified criteria under which it is more

likely that a quasilinear system of the form (2.9) has global solutions.6 We said
that a system of the form (2.9) satisfies the weak null condition if the corresponding
asymptotic system (cf. [Hör87], [Hör97]) has global solutions.7 We showed that the
Einstein equations in wave coordinates satisfy the weak null condition. In addition
there is some additional cancellation for the Einstein equations in wave coordinates
that makes it better than a general system satisfying the weak null condition. The
system decouples to leading order, when decomposed relative to the Minkowski
null frame. An approximate model that describes the semilinear terms has the form

��2 D .@t�1/2; ��1 D 0:

While every solution of this system is global in time, the system fails to satisfy the
classical null condition and solutions are not asymptotically free: �2 � "t�1 ln jt j.

6At this point, it is unclear whether this criterion is sufficient for establishing a “small data global
existence” result for a general system of quasilinear hyperbolic equations.

7The condition trivially holds for the class of equations satisfying the standard null condition. For
more discussion of the weak null condition and a general intuition behind the proof, see §12.
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The semilinear terms in Einstein’s equations can be shown to either satisfy the
classical null condition or decouple in the above fashion when expressed in a null
frame. The quasilinear terms also decouple but in a more subtle way. The influence
of quasilinear terms can be detected via asymptotic behavior of the characteristic
surfaces of metric g. It turns out that the main features of the characteristic sur-
faces at infinity are determined by a particular null component of the metric. The
asymptotic flatness of the initial data and the wave coordinate condition (1.4) give
good control of this particular component, i.e., �M=r , which in turn implies that
the light cones associated with the metric g diverge only logarithmically �M ln t
from the Minkowski cones.

In [LR05] we were able to establish the “small data global existence” result
for the Einstein-vacuum equations in harmonic gauge for special restricted type
of initial data. In addition to the standard constraint compatibility and smallness
conditions the initial data was assumed to coincide with the Schwarzschild data

g0ij D
�
1C

M

r

�
ıij ; k0ij D 0

in the complement of the ball of radius one centered at the origin. The existence
of such data was recently demonstrated in [Cor00], [CD02]. The stability of
Minkowski space-time for the Einstein-vacuum equations for such data of course
also follows from the work of Christodoulou-Klainerman and yet another approach
of Friedrich [Fri86]. This choice of data allowed us to completely ignore the prob-
lem of the long range effect of the mass and the exterior existence.

In this paper we prove stability of Minkowski space-time for the Einstein-
vacuum and the Einstein-scalar field equations in harmonic gauge for general asymp-
totically flat initial data (any ˛>0 in (1.5)–(1.6)) close to the data for the Minkowski
solution.

The asymptotic behavior of null components of the Riemann curvature tensor
R˛ˇ
ı of metric g — the so-called “peeling estimates” — was discussed in the
works of Bondi, Sachs and Penrose and becomes important in the framework of
asymptotically simple space-times (roughly speaking, space-times which can be
conformally compactified); see also the paper of Christodoulou [Chr02] for fur-
ther discussion of such space-times. The work of [CK93] provided very precise,
although not entirely consistent with peeling estimates, analysis of the asymptotic
behavior of constructed global solutions. However, global solutions obtained by
Klainerman-Nicolò [KN03a] in the problem of exterior8 stability of Minkowski
space were shown to possess peeling estimates for special initial data, [KN03b].

Our work is less precise about the asymptotic behavior and is focused more on
developing a relatively technically simple approach allowing us to prove stability

8Outside of the domain of dependence of a compact set.
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of Minkowski space in a physically interesting wave coordinate gauge, for gen-
eral asymptotically flat data, and simultaneously treating the case of the Einstein
equations coupled to a scalar field.

THEOREM 1.1. Let .†; g0; k0;  0;  1/ be initial data for the Einstein-scalar
field equations. Assume that the initial time slice † is diffeomorphic to R3 and
admits a global coordinate chart relative to which the data is close to the ini-
tial data for the Minkowski space-time. More precisely, we assume that the data
.g0; k0;  0;  1/ is smooth asymptotically flat in the sense of (1.5)–(1.6) with mass
M and impose the following smallness assumption: Let

g0 D ıC h
0
0C h

1
0; where h0ij 0 D �.r/

M

r
ıij ;

where �.s/ 2 C1 is 1 when s � 3=4 and 0 when s � 1=2. Set
(1.9)
EN .0/D

X
0�jI j�N

k.1C r/1=2C
CjI jr rIh10kL2 Ck.1C r/
1=2C
CjI j

r
Ik0kL2

Ck.1C r/1=2C
CjI jr rI 0kL2 Ck.1C r/
1=2C
CjI j

r
I 1kL2 :

There is a constant "0 > 0 such that for all " � "0 and initial data verifying the
condition

(1.10) EN .0/CM � "

for some 
 >
0."0/ with 
0."0/! 0 as "0! 0 andN � 6, the Einstein-scalar field
equations possess a future causally geodesically complete solution .g;  / asymp-
totically converging to Minkowski space-time. More precisely, there exists a global
system of coordinates .t; x1; x2; x3/ in which the energy

(1.11)

EN .t/D
X
jI j�N

kw1=2@ZIh1.t; � /kL2 Ckw
1=2@ZI .t; � /kL2 ;

w1=2 D

�
.1Cjr � t j/1=2C
 ; r > t;

1; r � t;

with Minkowski vector fields Z 2 f@˛; x˛@ˇ � xˇ@˛; x˛@˛g of the solution

g.t/DmC h0.t/C h1.t/; h0˛ˇ D �.r=t/�.r/
M

r
ı˛ˇ

obeys the estimate

(1.12) EN .t/� CN " .1C t /
CN ":

Moreover,

(1.13) @ZIh1jC j@ZI j

�

�
C 0N ".1C t C r/

�1CCN ".1Cjt � r j/�1�
 ; r > t;

C 0N ".1C t C r/
�1CCN ".1Cjt � r j/�1=2; r � t;

jI j �N � 2
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and

(1.14) ZIh1jC jZI j

�

(
C 00N ".1C t C r/

�1CCN ".1Cjt � r j/�
 ; r � t; jI j �N � 2

C 00N ".1C t C r/
�1C2CN "; r � t; jI j �N � 3:

For jI j D 0 we prove the stronger bound C"t�1 ln jt j and in fact show that all but
one component of h1, expressed relative to a null frame, can be bounded by C"t�1.
This more precise information is needed in the proof.

As we will show in a future paper, the decay estimates above are sufficient
to prove the peeling properties of the curvature tensor up to order t�3 along any
forward light cone, but peeling properties of higher order require stronger decay
of initial data.

2. Strategy of the proof and outline of the paper

2.1. Notation and conventions. Coordinates:

� fx˛g˛D0;::;3D .t; x/with tDx0 and xD .x1; x2; x3/; rDjxj are the standard
space-time coordinates

� s D r C t; q D r � t are the null coordinates

Derivatives:

� r D .@1; @2; @3/ denotes spatial derivatives
� @D .@t ;r/ denotes space-time derivatives
� @/i denotes spatial angular components of the derivatives @i
� N@D .@tC@r ; @// denotes derivatives tangent to the light cones t�r D constant
� @s D

1
2
.@r C @t /; @q D

1
2
.@r � @t / denote the null derivatives

Metrics:

� mD�dt2C
P3
iD1.dx

i /2 denotes the standard Minkowski metric on R3C1

� g denotes a Lorentzian metric solution of the Einstein equations
� Raising and lowering of indices in this paper is always done with respect to

the metric m, i.e., for an arbitrary n-tensor …˛1;˛2::;˛n we define …˛1˛2;::;˛n D
m˛1ˇ…ˇ;˛2;::;˛n . The only exception is made for the tensor g˛ˇ which stands
for the inverse of the metric g˛ˇ .

Null frame:

� LD @t C @r denotes the vector field generating the forward Minkowski light
cones t � r D constant

� L D @t � @r denotes the vector field transversal to the light cones t � r D
constant
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� S1; S2 denotes orthonormal vector fields spanning the tangent space of the
spheres t Dconstant, r D constant

� The collection TD fL; S1; S2g denotes the frame vector fields tangent to the
light cones

� The collection UD fL;L; S1; S2g denotes the full null frame

Null forms:

� Q˛ˇ .@�; @ /D@˛�@ˇ �@˛�@˛ ; Q0.@�; @ /Dm
˛ˇ@�@ˇ are the stan-

dard null forms

Null frame decompositions:

� For an arbitrary vector field X and frame vector U , XU D X˛U
˛, where

X˛ Dm˛ˇX
ˇ

� For an arbitrary vector field X DX˛@a DXLLCXLLCXS1S1CXS2S2,
where XL D�XL=2; XL D�XL=2, XSi DXSi
� For an arbitrary pair of vector fields X; Y : X˛Y˛ D�XLYL=2�XLYL=2C
XS1YS1 CXS2YS2

� Similar identities hold for higher order tensors

Minkowski vector fields fZg D Z:

� ZD f@˛; �˛ˇ D x˛@ˇ � xˇ@˛; S D x
˛@ag

� Commutation properties: Œ�; @˛� D Œ�; �˛ˇ � D 0, Œ�; S� D 2�, cZ� WD
ŒZ;��.

2.2. Strategy of the proof. Our approach to constructing solutions of the Ein-
stein (Einstein-scalar field) equations is to solve the corresponding system of the
reduced Einstein equations (1.3)

(2.1) e�g g�� D QF��.g/.@g; @g/C 2@� @� ; e�g D 0:
It is well known that any solution .g;  / of the full system of Einstein equations,
written in wave coordinates, will satisfy (2.1). The wave coordinate condition can
be recast as a requirement that relative to a coordinate system fx�g�D0;:::;3 the
tensor g�� verifies

(2.2) g˛ˇ@ˇg˛� D
1

2
g˛ˇ@�g˛ˇ :

Conversely, any solution of the system (2.1) with initial data .g�� jtD0; @tg�� jtD0/
and . jtD0; @t jtD0/ compatible with (2.2) and constraint equations, gives rise to
a solution of the full Einstein system. In addition, thus constructed tensor g�� will
satisfy the wave coordinate condition (2.2) for all times. Verification of the above
statements is straightforward and can be found in e.g. [Wal84].
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Construction of initial data. The assumptions of the theorem assert that the
initial data .g0ij ; k0ij ;  0;  1/ verifies the global smallness condition (1.9). We
define the initial data .g�� jtD0; @tg�� jtD0;  jtD0; @t jtD0/ for the system (2.1)
as follows:

gij jtD0 D g0ij ; g00jtD0 D�a
2; g0i jtD0 D 0;  jtD0 D  0(2.3)

@tgij jtD0 D�2ak0ij ; @tg00jtD0 D 2a
3g
ij
0 k0ij ; @t jtD0 D a 1;(2.4)

@tg0` D a
2g
ij
0 @j g0i`�

1

2
a2g

ij
0 @` g0ij � a@` a:(2.5)

The lapse function a2D .1�M�.r/r�1/. The data constructed above is compatible
with the constraint equations and satisfies the wave coordinate condition (2.2). In
fact, it simply corresponds to a choice of a local system of coordinates fx�g�D0;:::;3
satisfying the wave coordinate condition �gx� D 0 at x0 D t D 0. This procedure
is standard and its slightly simpler version can be found e.g. in [Wal84]; see also
[LR05].

The smallness conditionEN .0/CM � " for the initial data .g0ij; k0ij;  0;  1/
implies the smallness condition

EN .0/CM � "

for the energy EN .0/:

EN .0/D
X

0�jI j�N

k.1C r/1=2C
CjI j@ @Ih10kL2 Ck.1C r/
1=2C
CjI j@ @I 0kL2

defined for a tensor h10�� , which appears in the decomposition

gjtD0 DmC h
0
0C h

1
0; where h00�� D �.r/

M

r
ı�� :

This allows us to reformulate the problem of global stability of Minkowski space
as a small data global existence problem for the system

(2.6) e�g h1�� D F��.g/.@h; @h/C 2@� @� �e�gh0; e�g D 0
with h0�� D �.r=t/�.r/

M

r
ı�� . Arguing as in Section 4 of [LR05] we can show

that the tensor g��.t/DmCh0��.t/Ch
1
��.t/ obtained by solving (2.6) with initial

data given in (2.3)–(2.5) defines a solution of the Einstein-scalar field equations.
Moreover, the wave coordinate condition (2.2) is propagated in time.

The above discussion leads to the following result:

THEOREM 2.1. A global in time solution of (2.6) obeying the energy bound
EN .t/� C".1C t /

ı for some sufficiently small ı > 0 gives rise to a future causally
geodesically complete solution of the Einstein equations (1.1) converging to the
Minkowski space-time.
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The proof of the geodesic completeness can be established by arguments iden-
tical to those in [LR05] and will not be repeated here.

The mass problem. A first glance at the system (2.1) suggests that a natural
approach to recast the problem of global stability of Minkowski space as a small
data global existence question for a system of quasilinear wave equations is to
rewrite (2.1) as an equation for the tensor hD g�m:

(2.7) e�g h�� D F��.@h; @h/C 2@� @� ; e�g D 0:
The initial data for h possess the asymptotic expansion as r!1:

(2.8) h�� jtD0 D
M

r
ı�� CO.r

�1�˛/; @th�� jtD0 DO.r
�2�˛/

for some positive ˛ > 0. While the data appears to be “small” it does not have
sufficient decay rate in r at infinity due to the presence of the term with positive
mass M . This could potentially lead to a “long range effect” problem, i.e., the
decay of the solution at the time-like infinity t !1 is affected by the slow fall-off
at the space-like infinity r !1. In the work [CK93] this problem was resolved
(albeit in a different language) by taking advantage of the fact that the long range
term is spherically symmetric and the ADM mass M is conserved along the Ein-
stein flow. Thus differentiating the solution (in [CK93] this means the Weyl field
corresponding to the conformally invariant part of the Riemann curvature tensor of
metric g) with respect to properly defined (non-Minkowskian) angular momentum
and time-like vector fields, one obtains a new field still approximately satisfying the
Einstein field equations but with considerably better decay properties at space-like
infinity. We however pursue a different approach by taking an educated “guess”
about the contribution of the long range term Mı��=r to the solution. Thus we
set

h0�� D �
�
r

t

�
�.r/

M

r
ı�� ;

split the tensor h D h1 C h0 and write the equation for the new unknown h1.
The important cancellation occurring in a new inhomogeneous term e�gh0 is the

vanishing of �M
r
D 0 away from r D 0. The cut-off function �.r=t/ ensures

that the essential contribution of e�gh0 comes from the “good” interior region
1=2t � r � 3=4t — the support of the derivatives of �.r=t/. Finally, observe that
in the presence of the term containing the mass M the tensor h D h0 C h1 has
infinite energy EN .0/.

The system (2.6) is a system of quasilinear wave equations. The results of
[Chr86], [Kla86] show that a sufficient condition for a system of quasilinear wave
equations to have global solutions for all smooth sufficiently small data is the null
condition. However quasilinear problems where the metric depends on the solution,
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rather than its derivatives, as in the problems arising in elasticity, do not satisfy the
null condition. Moreover, as shown in [CB52], [CB73], even the semilinear terms
F��.@h; @h/ violate the standard null condition.

Connection with the weak null condition. Consider a general system of quasi-
linear wave equations:

(2.9) ��I D
X

j˛j�jˇ j�2; jˇ j�1

AJKI;˛ˇ @
˛�J @

ˇ�K C cubic terms:

The weak null condition, introduced in [LR03] requires that the asymptotic system
for ˆIDr�I corresponding to (2.9):

(2.10) .@tC@r/.@t�@r/ˆI � r
�1

X
n�m�2; m�1

AJKI;nm.@t�@r/
n
Ĵ .@t�@r/

mˆK

has global solutions for all small data. Here, the tensor

AJKI;nm.!/ WD .�2/
�m�n

X
j˛jDn; jˇ jDm

AJKI;˛ˇ O!
˛
O!ˇ; O!D.�1; !/; !2S2:

The standard null condition, which guarantees a small data global existence result
for the system (2.9), is that AJKI;nm.!/� 0 and clearly is included in the weak null
condition, since in that case the corresponding asymptotic system (2.10) is repre-
sented by a linear equation. Asymptotic systems were introduced by Hörmander
(see [Hör87], [Hör97]) as a tool to find the exact blow-up time of solutions of scalar
equations violating the standard null condition with quadratic terms independent of
�, i.e., j˛j � 1 in (2.9). This program was completed by Alinhac; see e.g. [Ali00].
It was observed in [Lin90b] that the asymptotic systems for quasilinear equations
of the form �� D

P
c ˛ˇ� @˛@ˇ� in fact have global solutions. In other words

these equations satisfy the weak null condition. It was therefore conjectured that
these wave equations should have global solutions for small data. This has been
so far only proven for the equation

(2.11) �� D � ��;
[Lin90b] (radial case), [Ali03] (general case). Note that the case j˛j D jˇj D 0, in
(2.9) is excluded. The asymptotic system only predicts the behavior of the solution
close to the light cones, and for the case��D �2 the blow-up occurs in the interior
and much sooner; see [Joh85], [Lin90a].

The asymptotic system (2.10) is obtained from the system (2.9) by neglecting
derivatives tangential to the outgoing Minkowski light cones and cubic terms, that
can be expected to decay faster. In particular,

��Dr�1.@tC@r/.@t�@r/.r�/C angular derivatives;

@� D�
1

2
O!�.@t�@r/C tangential derivatives:
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Recall that for solutions of linear wave homogeneous wave equation derivatives
tangential to the forward light cone t D r decay faster: �� D 0 implies that
j@�j � C=t while jN@�j �C=t2.

A simple example of a system satisfying the weak null condition, violating
the standard null condition and yet possessing global solutions is

(2.12) ��1 D �3 � @2�1C .@�2/2; ��2 D 0; ��3 D 0:

Another, far less trivial example is provided by equation (2.11).
The asymptotic system for Einstein equations can be modeled by that of (2.12).

To see this we introduce a null-frame fL;L; S1; S2g decomposition of Einstein’s
equation. With hDg�m we have

(2.13) e�gh�� D F��.h/.@h; @h/C 2@� @�@ ; e�g D 0
where

F��.h/.@h; @h/D
1

4
@�h

˛
˛@�h

ˇ

ˇ
�
1

2
@�h

˛ˇ@�h˛ˇCQ��.@h; @h/CG��.h/.@h; @h/;

with Q��-linear combinations of the standard null-forms and G��.h/.@h; @h/ con-
tains only cubic terms.

The asymptotic system for the reduced Einstein equations has the following
form:

.@t C @r/@qD�� DHLL@
2
qD��

(2.14)

�
1

4r
O!� O!�

�
P.@qD; @qD/C 2@qˆ@qˆ

�
; @q D @t � @r ;

.@t C @r/@qˆDHLL@
2
qˆ; D�� � rh�� ; ˆ� r ;

(2.15)

H˛ˇ
D g˛ˇ �m˛ˇ ; HLL DH˛ˇL

˛Lˇ ; L˛@˛ D @t C @r :

Here

(2.16) P.D;E/D
1

4
D ˛
˛ E

ˇ

ˇ
�
1

2
D˛ˇE˛ˇ :

On the other hand the asymptotic form of the wave coordinate condition (2.2) is

(2.17) @qDLT � 0; T 2 TD fL; S1; S2g:

Observe that (2.17) combined with the initial asymptotic expansion (2.8) of the
metric g suggests that asymptotically, as t !1 and jqj D jt � r j � C ,

(2.18) hL˛ �HL˛ �
M

t
c˛; c˛ D

(
0; ˛ D 0;

xi=jxj; ˛ D i:
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Decomposing the system with the help of the null frame fL; S1; S2g D T and
L W L˛@˛ D @r � @t and using that L� O!� D A� O!� D 0, we obtain that

.@t C @r/@qDLL DHLL@
2
qDLL� 2r

�1P.@qD; @qD/� r
�1@qˆ@qˆ(2.19)

.@t C @r/@qDT U DHLL@
2
qDT U ;

T 2 TD fL; S1; S2g;

U 2UD fL;L; S1; S2g;
(2.20)

.@t C @r/@qˆDHLL@
2
qˆ:(2.21)

In view of (2.18) the equations (2.20) allow us to find the asymptotic behavior of
the components @qDT U � const and consequently hT U � t�1. The asymptotic
behavior ˆ� t�1 can be similarly determined from (2.21). On the other hand,

P.@qD; @qD/D
1

4
@qDLL@qDLLC @qDT U � @qDT U :

It is the absence of the quadratic term .@qDLL/
2 and the boundedness of the

components @qDT U that allows us to solve equation (2.19) for DLL although
the suggested asymptotic behavior is different hLL �HLL � t�1 ln t .

It turns out that the asymptotic system indeed correctly predicts the asymptotic
behavior of the tensor g�� Dm��Ch��-solution of the Einstein equations in wave
coordinates

Before proceeding to explain the strategy of the proof of our result we review
the ingredients of a proof of a typical small data global existence for quasilinear
wave equations in dimensions n� 4 or equations satisfying the standard null con-
dition. For simplicity we consider a semilinear equation

(2.22) �� DN.@�; @�/

with a quadratic nonlinearity N . We first note that almost every small data global
existence result was established under the assumption of compactly supported (or
rapidly decaying) data, which by finite speed of propagation ensures that a solution
is supported in the interior of a light cone r D t CC for some sufficiently large
constant C . The proof is based on generalized energy estimates

(2.23) EN .t/�EN .0/C
X

Z2Z;jI j�N

Z t

0

kZIF.�/kL2E
1
2

N .�/ d�

for solutions of an inhomogeneous wave equation��DF . The generalized energy

EN .t/D
X

Z2Z;jI j�N

k@ZI�.t/k2
L2
;
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with vector fields Z D f@˛; �˛ˇ D �x˛@ˇ C xˇ@˛; S D x
˛@˛g, of a solution of

(2.22) can be shown to satisfy the inequality

(2.24) EN .t/� exp
�
C sup
Z2Z;jI j�N=2C2

Z t

0

k@ZI�.�/kL1x
�
EN .0/:

The other crucial component is the Klainerman-Sobolev inequality which asserts
that for an arbitrary smooth function  
(2.25)
j@ .t; x/j � C.1C t C r/�

n�1
2 .1Cjqj/�

1
2 E4.t/; r D jxj; q D r � t:

Combining (2.25) with the energy inequality leads to the proof of the small data
global existence result for a generic semilinear wave equation in dimension n� 4.
It also elucidates the difficulty of proving such a result in dimension n D 3. In
fact, as was shown in [Joh81], the result can be false in dimension n D 3, e.g.,
the equation �� D �2t admits small data solutions with finite time of existence. It
is interesting to note that the corresponding asymptotic system for such equation
leads to a Riccati type ODE.

In the case when the semilinear terms N.@�; @�/ obey the standard null con-
dition, i.e., it is a linear combination of the quadratic null forms Q˛ˇ ;Q0, it is
possible to refine the energy inequality (2.24) so that a combination of the energy
and Klainerman-Sobolev inequalities still yields a small data global existence result
in dimension nD 3. This can be traced to the following pointwise estimate on a
null form Q:

jQ.@�; @�/j � C.1C t C r/�1
X
Z2Z

j@�j jZ�j:

In the absence of the standard null condition in dimension nD 3 the inequalities
(2.24)–(2.25) are just barely insufficient for the desired result. An illuminating
example is provided by a semilinear version of the system (2.12)

��1 D .@�2/2; ��2 D 0:

A combination of (2.24)–(2.25) applied to the vector � D .�1; �2/ would incor-
rectly suggest a possible finite time blow-up. This analysis however reflects the
following phenomena: small data solutions of the system above have a polynomi-
ally growing energy EN .T /� tı and the asymptotic behavior @�.t/� t�1 ln t . Of
course the small data global existence result in this case by applying (2.23)–(2.25)
separately to each of the components of � D .�1; �2/. Recall however that the
system (2.12) models the Einstein equations only after the latter is decomposed
relative to its null frame components hLL; hL:L : : : . Such decompositions do
not commute with the wave equation and thus prevent one from deriving separate
energy estimates for each of the null components of h. In this paper we are able to
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solve this problem by adding another ingredient: an “independent” decay estimate.
The discussion below will be focused on the tensor h1 D g�m�h0 obtained from
the original metric g by subtracting its “Schwarzschild part”. We reluctantly allow
for the fact that the energy EN .t/ of the tensor h1 might be growing with the rate
of "2tı as t !1 for some small constant ı > 0 dependent on the smallness of the
initial data. The Klainerman-Sobolev inequality (2.25) would then imply that

(2.26) sup
Z2Z;jI j�N�3

j@ZIh1.t; x/j � C".1C t C r/�1Cı.1Cjqj/�
1
2 :

In order to close the argument, i.e., verify that the energy EN .t/ indeed grows at
the rate of at most "2tı we must, according to (2.24), upgrade the decay estimates
(2.26) to the decay rate of "t�1. To do that we invoke the asymptotic system (2.14)–
(2.15). It turns out that merely assuming that the energy EN .t/� ".1C t /ı and con-
sequently (2.26) allows us to show that the asymptotic system provides an effective
approximation of the full nonlinear system, i.e., the discarded terms containing tan-
gential derivatives do not influence the asymptotic behavior of the field h1. The cru-
cial property of the asymptotic system (2.14)–(2.15) is that, as opposed to the full
nonlinear equation, it does commute with the null frame decomposition of h thus
leading to the system (2.19)–(2.21). Once the validity of the asymptotic system is
established the asymptotic behavior of its solutions provides a new decay estimate
and, as we described above, shows that for TD fL; S1; S2g; UD fL;L; S1; S2g

j@hjTU � C"t
�1; j@hjLL � C"t

�1 ln t; j@ j � C"t�1:

The decay rate of "t�1 ln t can be potentially disastrous since (2.24) would imply
that the energy EN .t/ could grow at the super-polynomial rate of "2 expŒC " ln2 t �.
However the remarkable structure of the Einstein equations comes to the rescue.
The analysis of the semilinear terms F��.@h; @h/ in the equatione�gh1�� D F��.@h; @h/�e�gh0�� C 2@� @� 
shows that the sharp t�1 decay is only required for the @hTU components in order
for the energy estimate EN .t/ � C"2tı to hold. A glimpse of this structure has
already appeared in our discussion of the weak null condition. Recall that

F��.@h; @h/D P.@�h; @�h/CQ��.@h; @h/CG��.h/.@h; @h/:

The cubic term G and the quadratic form Q satisfying the standard null condition
are consistent with the uniform boundedness of the energy EN .t/ and thus irrel-
evant for this discussion. The quadratic form P.@�h; @�h/ can be decomposed
relative to the null frame and obeys the following estimate

jP.@�h; @�h/j � j@hjTUj@hjUU;
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i.e., the most dangerous term j@hj2LL, which would lead to the damaging estimate

E0.t/� expŒC
Z t

0

j@h.�/jLL�E0.0/;

is absent!
The picture painted above is clearly somewhat simplified: we have only in-

dicated the argument implying that the lowest order energy E0.t/ � C"2tı and
we have not even begun to address the effect of the quasilinear terms. In what
follows we describe the building blocks of our result and explain challenges of the
quasilinear structure.

Energy inequality with weights.

(2.27)
Z
†T

j@�j2wC

Z T

0

Z
†t

jN@�j2w0

� 8

Z
†0

j@�j2wCC"

Z T

0

Z
†t

j@�j2w

1Ct
C 16

Z T

0

Z
†t

je�g�jj@t�jw;
where N@ denotes derivatives tangential to the outgoing Minkowski light cones q D
r � t . The weight function

w.q/D

(
1C .1Cjqj/1C2
 ; q � 0;

1C .1Cjqj/�2�; q < 0;

with � � 0; 
 � �1=2 serves a double purpose: it generates an additional pos-
itive space-time integral giving an a priori control of the tangential derivatives
N@� (we mention in passing that the use of such space-time norms leads to a very
simple proof of the small data global existence result for semilinear equations
�� D Q.@�; @�/ satisfying the standard null condition. To our knowledge this
argument has not appeared in the literature before); it provides the means to es-
tablish additional decay in q via the Klainerman-Sobolev inequality. The energy
estimate (2.27) is established under very weak general assumptions on the back-
ground metric g˛ˇ Dm˛ˇ CH˛ˇ , e.g.,

j@H j � C".1C t /�
1
2 .1Cjqj/�

1
2 .1C q�/

��; q� D jmin.q; 0/j;

which are consistent with our expectations that if the energy EN .t/� "2.1C t /ı

then the tensor h and consequently H D�hCO.h2/ decay with a rate of at least
t�1Cı . However, as is the case with virtually every estimate in this paper, special
stronger conditions are required for the HLL component of the metric:

j@H jLL � C".1C t /
�1.1Cjqj/�1:

Once again we note that such decay is consistent with the behavior predicted by
the asymptotic system for the Einstein equations, yet even better control for this
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component is provided by the wave coordinate condition, which we will turn to
momentarily.

The interior estimate (2.27), i.e., with w.q/ � 0 for q � 0, in the constant
coefficient case basically follows by averaging the energy estimates on light cones
used e.g. in [Shu91]. We also note that the interior energy estimates with space-
time quantities involving special derivatives of a solution were also considered and
used in the work of Alinhac; see e.g. [Ali01], [Ali03]. In [LR05] we proved the
interior estimate (2.27) under natural assumptions on the metric g following in
particular from the wave coordinate condition. The use of the weights w.q/ in
the exterior q � 0 in energy estimates for the space part

R
†T
j@�j2w originates in

[KN03b].
Motivated by the energy inequality (2.27) we define the energy EN .t/ asso-

ciated with the tensor

h1�� D g�� �m�� � h
0
�� ; h0�� D �

�r
t

�
�.r/

M

r
ı��

solution of the reduced Einstein equations e�gh1�� D F�� �e�gh0C@� @� and
a collection ZDf@˛; �˛ˇ D�x˛@ˇCxˇ@˛; S D x

˛@˛g of commuting Minkowski
vector fields, as follows:

EN .t/D
X

Z2Z;jI j�N

�
kw

1
2 @ZIh1.t; � /k2

L2
Ckw

1
2 @ZI .t; � /k2

L2

�
:

The Klainerman-Sobolev inequalities with weights.

w1=2
�
j@ZIh1.t; x/jC j@ZI .t; x/j

�
�

CEN .t/

.1CtCr/.1Cjqj/1=2
; jI j �N � 2

is the fundamental tool allowing us to derive first preliminary, sometimes referred
to as weak, decay estimates.

Decay estimate. The following decay estimate

$.q/.1C t /j@�.t; x/j.
Z t

0

.1C �/k$e�g�.�; � /kL1d�(2.28)

C

X
jI j�2

Z t

0

k$ZI�.�; � /kL1
d�

1C �

is the additional “independent” estimate designed to boost the weak decay esti-
mates derived via the Klainerman-Sobolev inequality. The weight function

$.q/D

(
1C .1Cjqj/1C


0

; q � 0;

1C .1Cjqj/
1
2
��0 ; q < 0;
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with 
 0 ��1; �0 � 1=2 is chosen in harmony with the weight function w.q/ of the
energy estimates. The unweighted version of this estimate was used in [Lin90b] in
the constant coefficient case. We generalize this estimate to the variable coefficient
operator e�g Dg˛ˇ@˛@ˇ under very weak general assumptions on the metric g˛ˇ D
m˛ˇ CH˛ˇ , e.g., Z t

0

kH.�; � /kL1
d�

1C �
� ":

However, once again the HLT components are required to obey the stronger con-
dition

j@H jLT � C".1C t /
�1.1Cjqj/�1:

The estimate above is closely connected with the asymptotic equation in the sense
that it is obtained by treating the angular derivatives as lower order and integrating
the equation

.@tC@r/@q.r�/D r��C
1

r
4!�:

An important virtue of (2.28) is that when applied to systems e�g��� D F�� it can
be derived for each null component of �. This property is indispensable in view of
the fact that the weak null condition for the system of reduced Einstein equations
becomes transparent only after decomposing the tensor h�� relative to a null frame
fL;L;A;Bg. In particular, (2.28) will lead to the estimates

j@ jC j@hjTU � C".1C t Cjqj/
�1; j@hj � C".1C t /�1 ln.1C t /:

Commutators. As was mentioned above the combination: “energy estimate —
Klainerman-Sobolev inequality — decay estimate”, results in sharp decay esti-
mates for the first derivatives of the tensor h1 and merely polynomial growth of
the energy E0.t/. However, both the Klainerman-Sobolev and the additional decay
estimate require control of the higher energy norms EN .t/ involving the collection
Z of Minkowski vector fields. To obtain that control one needs to commute vector
fields Z 2 Z through the equation e�gh1 D F � e�gh0 and reapply the energy
estimate (2.27). This is by far the most difficult task in dealing with quasilinear
equations. The collection Z enjoys good commutation properties with the wave
operator � of Minkowski space: ŒZ;��D�cZ�, where cZ D 2 for Z D S and
is zero otherwise, however its commutator with the wave operator e�g can create
undesirable terms. It is exactly for this reason that both in the work [CK93] on
stability of Minkowski space and [Ali03] on small data global existence for the
equation �� D ��� a different collection of geometrically modified vector fields
Z was used. The new vector fields are adapted to the true characteristic surfaces of
the metric g (this originates and is especially manifest in the beautiful construction
of [CK93]) and better suited for commuting through e�g ; this construction however
adds another complicated layer to the proof.



1420 HANS LINDBLAD and IGOR RODNIANSKI

In this work we employ the collection Z of original Minkowski vector fields
and argue that the bad commutation properties of Z with e�g can be improved if
one takes into account the wave coordinate condition

(2.29) @�

�
g��

p
j detgj

�
D 0

satisfied by the metric g in a coordinate system fx�g�D0;:::;3. To explain this
phenomenon consider the commutator ŒZ;e�g � with one of the Minkowski vector
fields Z 2 Z. For simplicity assume that Z ¤ S so that ŒZ;��D 0. Then

ŒZ;e�g �D ŒZ;H˛ˇ@˛@ˇ �D
�
ZH˛ˇ

CH
˛ˇ
Z

�
@˛@ˇ ; H

˛ˇ
Z WDH

˛
c ˇ
 CH

ˇc ˛


and the coefficients c ˇ˛ D @˛Z
ˇ . It turns out that since Z is either Killing or

conformally Killing vector field (Z D S ) vector field of Minkowski space the coef-
ficients c ˇ˛ have the property that c LL D 0, which implies that jHLL

Z j � jH jLT. In
accordance with the usual arguments the worst term generated by the commutator
ŒZ;e�g � contains two derivatives @2q transversal to the light cones q D r � t and
any modification to the vector fields Z targets to eliminate such a term. In our case
this term comes with a coefficient .ZHLLCH

LL

Z / and thus can be estimated by

jZH jLLCjH jLT

1Cjqj
j@Zh1j:

Examining the equatione�gZh1 D Œe�g ; Z�h1CZF �Ze�gh0CZ.@ @ /
it is not too difficult to see that in order to control (i.e., establish a polynomial
bound) the energy E1.t/ one needs to at least show that

jZH jLLCjH jLT � C".1C t /
�1.1Cjqj/:

To explain the difficulty of such estimate we note that in the region jqj � C this
estimate is saturated by the Schwarzschild part �.r=t/�.r/Mı��=r of H . While
the desired estimate for HLT can be obtained from the sharp decay estimates on
the first derivatives of h1, the estimate for ZHLL is a much more subtle issue. An
attempt to return to the asymptotic system for the Einstein equations or alterna-
tively the decay estimate (2.28) and show that ZHLL still satisfies the sharp decay
estimate requires once again a commutator argument, this time in the context of the
decay estimates, and fails. In fact, we can only show that the higher Z derivatives
of h1 decay at the rate of C".1C t /�1CC". It is at this point that we recall that
the tensor g˛ˇ Dm˛ˇ CH˛ˇ verifies the wave coordinate condition (2.29) which
after simple manipulations implies that

(2.30) @qHLT D
N@H CO.H � @H/:
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Here N@ stands for a tangential derivative, which in particular means that jN@H j �
.1C t /�1jZH j. Thus, if we expect H and its higher Z derivatives to decay with
the rate t�1Cı consistent with the tı energy growth and the Klainerman-Sobolev
inequality, we can conclude that @qHLT will decay with the rate of at least t�2Cı .
Integrating with respect to the q D r � t variable from the initial data at t D 0 we
can get the desired rate of decay for HLT. We should note that, in order to exploit
the additional decay in t , we need to keep track and use the decay in jqj. This,
in particular directly applies to the integration described above. The necessity of
utilizing the decay in q explains our desire to work with weighted energy and decay
estimates. Amazingly (2.30) is preserved after commuting with a Z vector field,
but only for the HLL component, i.e.,

@qZHLL D
N@ZH CZO.H � @H/:

Moreover, further commutations would destroy this precise structure. Luckily, the
control of higher energies Ek.t/ still only requires the estimate

jZH jLLCjH jLT � C".1C t /
�1.1Cjqj/;

since the principal term in the commutator ŒZI ;e�g � is still .ZHLLCH
LL

Z /@2qZ
I .

We should also mention that from the point of view of the energy estimates the
commutator ŒZI ;e�g �h1 contains another dangerous term:

ZIHLL@
2
qh
1:

Since most of the Z derivatives fall on the first factor one is forced to take it in
the energy norm and use the decay estimates for @2qh

1. Note the two essential
problems: the term ZIHLL does not contain a derivative @, which is required in
order to identify with the energy norm, and the decay of @2qh

1 falls short of the
needed decay rate of t�1. We resolve these problems as follows. First, a Hardy-
type inequality allows to convert a weighted L2 norm of ZIHLL into a weighted
L2 norm of its derivatives. We then use the wave coordinate condition, which even
after commutation of ZI preserves some of its strength:

j@ZI jLT �

X
jJ j�jI j

jN@ZIH jC
X
jJ j<jI j

j@ZJH jCZIO.H � @H/:

The crucial fact here is that the principal term N@ZIH contains tangential derivatives
N@ and thus can be compared to the positive space-time integral on the left-hand side
of the energy inequality (2.27), which in this case will beZ t

0

Z
†�

jN@ZIh1j2w0;

which means that we no longer have to be concerned about the decay of @2qh
1 in

t but rather trade it for the decay in q, also needed in the Hardy-type inequality,
which we always have in abundance.
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Scalar field. The scalar field  satisfies the wave equation Q�g D 0 and
contributes the quadratic term of the form @� @� to the right-hand side of the
equation for the tensor h�� . Its asymptotic behavior is determined by the decay rate
j@ j � C".1C t C jqj/�1. All of these properties indicate that  is very similar
to the “good” components hTU of the tensor h. The only substantial difference,
which in fact works to the advantage of  , is that unlike hTU function  satisfies
its own wave equation and thus admits its own independent energy estimates. This
discussion indicates that in the problem of stability of Minkowski space in har-
monic gauge, coupling the scalar field to the Einstein equations does not lead to
fundamental changes in the structure of the equations and requires only superficial
modification of our analysis in the vacuum problem. As a consequence, starting
from Section 9, the proof will be given only for the vacuum case with  � 0.

We conclude this section by giving the plan of the paper. For the sake of sim-
plicity and clarity of the exposition we will only deal with the case of a vanishing
scalar field. The generalization to the case of nonvanishing scalar field is at each
point immediate. Theorem 1.1 for the case of vanishing scalar field is stated in
Section 9, where the actual proof of the theorem starts.

In Section 3 we write the Einstein equations as a system of quasilinear wave
equations for the tensor h�� D g�� �m�� relative to a system of wave coordinates
fx�g�D0;:::;3.

In Section 4 we define the Minkowski null frame fL;L; S1; S2g and describe
null frame decompositions. We estimate relevant tensorial quantities, including
the e�g and the quadratic form P appearing on the right-hand side of the reduced
Einstein equations, in terms of their null decompositions.

Section 5 introduces the collection of Minkowski vector fields Z and records
relations between the standard derivatives @ and vector fields Z. It contains an
important proposition giving the estimate for the commutator between e�g and the
powers ZI . More details are contained in the Appendix A.

In Section 6 we derive our basic weighted energy estimate.
Section 7 deals with the decay estimates for solutions of an inhomogeneous

wave equation e�g� D F . The key result is contained in Corollary 7.2.
In Section 8 we discuss the wave coordinate condition. In particular, we state

the estimates for the HLL and HLT components of the tensor H˛ˇ D g˛ˇ �m˛ˇ

and its Z derivatives. Some of the details are provided in Appendix D.
Sections 9–11 contain the statement and the proof of the small data global

existence result for the system of reduced Einstein equations.
In Section 9 state our main result and set up our inductive argument. We

assume that the energy EN .t/ of the tensor h1�� D h�� � h
0
�� obeys the estimate

EN .t/� C"
2.1C t /ı and on its basis derive the weak decay estimates for h and

h1 and estimate the inhomogeneous terms F�� , F 0�� D e�gh0�� appearing on the
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right-hand side of the equation for h1. The weak decay estimates are obtained by
means of the Klainerman-Sobolev inequality proved in Appendix C.

In Section 10 we use the decay estimates derived in Section 7 to upgrade the
weak decay estimate of Section 9.

Section 11 uses the energy estimate of Section 6 to verify the inductive as-
sumption on the energy EN .t/. The results of Section 11.3 heavily rely on Hardy-
type inequalities established in Appendix B.

3. The Einstein equations in wave coordinates

For a Lorentzian metric g and a system of coordinates fx�g�D0;::;3, we denote

(3.1) � �
� � D

1

2
g�ı

�
@�gı� C @�gı�� @ıg��

�
the Christoffel symbols of g with respect to fx�g. We recall that

(3.2) R �
� �ı D @ı�

�
� � � @��

�
� ı C�

�
� ı�

�
� � ��

�
� ��

�

� ı

is the Riemann curvature tensor of g and R�� DR ˛
� �˛ is the Ricci tensor.

We assume that the metric g together with a field  is a solution of the
Einstein-scalar field equations

(3.3) R�� D @� @� :

A system of coordinates fx�g is called the wave coordinates if and only if the
Christoffel symbols � verify the condition:

(3.4) g˛ˇ � �
˛ ˇ D 0; 8�D 0; : : : ; 3:

Each of the following three equations is equivalent to (3.4), which we will refer to
as the wave coordinate condition,
(3.5)

@˛.g
˛ˇ
p
jgj/D 0; g˛ˇ@˛gˇ� D

1

2
g˛ˇ@�g˛ˇ ; @˛g

˛�
D
1

2
g˛ˇg

��@�g
˛ˇ :

The covariant wave operator �g in wave coordinates, in view of (3.5), coincides
with the reduced wave operator e�g D g˛ˇ@2˛ˇ ,

(3.6) e�g D�g D 1p
jgj
@˛g

˛ˇ
p
jgj@ˇ :

Define a 2-tensor h according to the decomposition

g�� Dm�� C h�� ;
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where m is the standard Minkowski metric on R3C1. Let m�� be the inverse of
m�� . Then for small h

H��
WD g�� �m�� D�h�� CO��.h2/; where h�� Dm��

0

m��
0

h�0�0

and O��.h2/ vanishes to second order at h D 0. Recall that, according to our
conventions, the indices of tensors h�� ;H�� are raised/lowered with respect to
the metric m. The following proposition was established in the vacuum case in
[LR03] and amounts to a rather tedious calculation.

PROPOSITION 3.1. Let .g;  / be a solution of the Einstein-scalar field equa-
tions then relative to the wave coordinates the tensor h and  solve a system of
wave equations

(3.7) e�gh�� D F��.h/.@h; @h/C 2@� @� ; e�g D 0:
The inhomogeneous term F�� has the following structure:

F��.h/.@h; @h/7D P.@�h; @�h/CQ��.@h; @h/CG��.h/.@h; @h/(3.8)

P.@�h; @�h/D
1

4
m˛˛

0

@�h˛˛0 m
ˇˇ 0@�hˇˇ 0 �

1

2
m˛˛

0

mˇˇ
0

@�h˛ˇ @�h˛0ˇ 0(3.9)

quadratic form Q��.U; V / for each .�; �/ is a linear combination of the stan-
dard null forms m˛ˇ@˛U@ˇV and @˛U@ˇV � @ˇU@˛V and G��.h/.@h; @h/ is a
quadratic form in @h with coefficients smoothly dependent on h and vanishing for
hD 0: G��.0/.@h; @h/D 0, i.e., G is a cubic term.

Observe that the quadratic terms in (3.9) do not satisfy the classical null con-
dition. However the trace trhDm��h�� satisfies a nonlinear wave equation with
semilinear terms obeying the null condition:

g˛ˇ@˛@ˇm
��h�� DQ.@h; @h/CG.h/.@h; @h/CQ.@ ; @ /:

4. The null-frame

At each point .t; x/ we introduce a pair of null vectors .L;L/

L0 D 1; Li D xi=jxj; i D 1; 2; 3; and L0 D 1; Li D�xi=jxj; i D 1; 2; 3:

Let S1 and S2 be two orthonormal smooth tangent vector fields to the sphere S2.
S1; S2 are then orthogonal to the normal ! D x=jxj to S2 and .L;L; S1; S2/ form
a nullframe.

Remark 4.1. The null frame described above is defined only locally. Replac-
ing orthonormal vector fields S1; S2 with the projections

(4.1) @/iD @i �!i!j @j ; ! D
x

jxj
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of the standard coordinate vector fields @i would define a global frame. Set N@0D
L˛@˛ and N@i D @/i , for i D 1; 2; 3. Then fN@0; : : : ; N@3g span the tangent space of the
forward light cone.

We raise and lower indices with respect to the Minkowski metric; X˛ D
m˛ˇX

ˇ . For a vector field/one-form X we define its components relative to a
null frame according to

X˛ DXLL˛CXLL˛CXAA˛; X˛ DX
LL˛CX

LL˛CX
AA˛:

Here and in what follows A;B;C : : : denotes any of the vectors S1; S2, and we
used the summation convention

XAA˛ DXS1S˛1 CX
S2S˛2 :

The components can be calculated using the following formulas

XL D�
1

2
XL; XL D�

1

2
XL; XA DXA;

where

XY DX˛Y
˛:

Similarly for a two-form � and two vector fields X and Y we define

�XY D �˛ˇX
˛Y ˇ :

The Minkowski metric m has the following form relative to a null frame:

mLL DmLL DmLA DmLA D 0; mLL DmLL D�2; mAB D ıAB ;

i.e., m˛ˇX˛Y ˇ D �2.XLY L C XLY L/ C ıABXAY B , where ıABXAY B D
XS1Y S1 CXS2Y S2 . The inverse of the metric has the form

mLL DmLL DmLA DmLA D 0; mLL DmLL D�1=2; mAB D ıAB :

We also define the tangential trace

(4.2) tr k D ıABkAB

and record the identity

�˛ˇ@˛ D �
LˇLC�LˇLC�AˇAD�

1

2
�
ˇ
L L�

1

2
�
ˇ
L LC�

ˇ
A A:

We introduce the following notation. Let TDfL; S1; S2g, UDfL;L; S1; S2g,
LDfLg and SDfS1; S2g. For any two of these families V and W and an arbitrary
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two-tensor p we define

jpjVW D

X
V 2V;W 2W;

jpˇ
V
ˇW 


j;(4.3)

j@pjVW D

X
U2U;V 2V;W 2W;

j.@˛pˇ
 /U
˛V ˇW 


j;(4.4)

j@pjVW D

X
T2T;V 2V;W 2W;

j.@˛pˇ
 /T
˛V ˇW 


j:(4.5)

Note that the contractions with the frame are outside the differentiation so they are
not differentiated.

Let Q be one of the null quadratic form, i.e. Q˛ˇ .@�; @ / D @˛� @ˇ �

@ˇ� @˛ if ˛¤ ˇ and Q0.@�; @ /Dm˛ˇ@˛� @ˇ . Motivated by (3.9) we define
the quadratic form P

(4.6) P.�; �/D
1

2
m˛˛

0

mˇˇ
0

�˛ˇ�˛0ˇ 0 �
1

4
m˛ˇm˛

0ˇ 0�˛ˇ�˛0ˇ 0 :

The proof of the following result is a simple exercise and we leave it to the reader.

LEMMA 4.2. For an arbitrary 2-tensor � and a scalar function �

j�˛ˇ@˛� @ˇ�j.
�
j�jLLj@�j

2
Cj�j jN@�jj@�j

�
;(4.7)

jL˛�
˛ˇ@ˇ�j.

�
j�jLLj@�jC j�j jN@�j

�
;(4.8)

j.@˛�
˛ˇ /@ˇ�j.

�
j@�jLLCj@�j

�
j@�jC j@�j j@�j(4.9)

j�˛ˇ@˛@ˇ�j.
�
j�jLLj@

2�jC j�j jN@@�j
�
:(4.10)

For the quadratic form P defined in (4.6) and a null form Q

jP.�; �/j. j� jTUj� jTUCj� jLLj� jC j� j j� jLL;(4.11)

jQ.@�; @ /j. j@�jj@�jC j@�jj@ j:(4.12)

For a function �, jN@�j D
P3
˛D0 j

N@˛�j, where N@˛ the tangential derivatives
defined after (4.1), is equivalent to

P
T2T jT

˛@˛�j. However

jN@2�j D

3X
˛;ˇD0

jN@˛ N@ˇ�j

is not equivalent to
P
S;T2T jT

˛Sˇ@˛@ˇ�j, the difference is of order j@�j=r
which is a main term. Furthermore jN@2�j need not even be equivalent toX

S;T2T

jT ˛@˛.S
ˇ@ˇ�/j;

the difference is however bounded by jN@�j=r which is a lower order term.
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LEMMA 4.3. For an arbitrary symmetric 2-tensor �˛ˇ and a function �

(4.13)
ˇ̌
�˛ˇ@˛@ˇ� ��LL@

2
q� � 2�LL@s@q� � r

�1 tr� @q�
ˇ̌

. j�jLTj
N@@�jC j�j

�
jN@2�jC r�1jN@�j

�
:

Proof. Using that @q; @s derivatives commute with the frame fL;L; S1; S2g,
we obtain that

�˛ˇ@˛@ˇ� ��LL@
2
q� � 2�LL@s@q�

D �LL@
2
s�C 2�LA@s.A

i@i�/��LAL
˛Ai@i@˛�C�ABA

iBj @i@j�:

Furthermore,

�ABA
iBj @i@j � D �ABA

i@i .B
j @j �/��AB.A

i@iB
j /@j �:

Decomposing with respect to the null frame we obtain

.Ai@iB
j /@j D .A

i@iB/
LLC .Ai@iB/

LLC .Ai@iB/
CC:

Note that jAi@iBj j � Cr�1, since Bj are smooth functions of ! D x=jxj 2 S2.
Now, since Bj!j D 0,

2.Ai@iB/
L
D�.Ai@iB

j / !j D A
iBj @i !j

D AiBj
1

r
.ıij �!i !j /D

1

r
ıij A

iBj D
1

r
ıAB

is precisely the null second fundamental form of the outgoing null cone t�rD const.
The lemma now follows since as pointed out before the lemmaX

S;T2T

jT ˛@˛.S
ˇ@ˇ�/j � C

�
jN@2�jC r�1jN@�j

�
: �

COROLLARY 4.4. Let � be a solution of the reduced wave equation e�g� D F
with a metric g such thatH˛ˇ D g˛ˇ �m˛ˇ satisfies the condition that jHLLj< 1

4
.

Then

(4.14)
ˇ̌̌�
4@s �

HLL

2gLL
@q �

trH CHLL
2gLL r

�
@q.r�/C

rF

2gLL

ˇ̌̌
. r j4!�jC jH jLT

�
r jN@@�jC j@�j

�
CjH j

�
r jN@2�jC jN@�jC r�1j�j

�
;

where4! D N4D ıij N@i N@j .

Proof. Define the new metric

Qg˛ˇ D
g˛ˇ

�2gLL
:
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The equation g˛ˇ@˛@ˇ� D F then takes the form

Qg˛ˇ@˛@ˇ� D
F

�2gLL
;

which can also be written as

��C . Qg˛ˇ �m˛ˇ /@˛@ˇ� D
F

�2gLL
:

Let �˛ˇ be the tensor �˛ˇ D . Qg˛ˇ �m˛ˇ / Observe that

�˛ˇ D .�2gLL/�1
�
g˛ˇ C 2m˛ˇgLL

�
D .�2gLL/�1

�
H˛ˇ

Cm˛ˇ .2gLLC 1/
�

D .�2gLL/�1
�
H˛ˇ

C 2m˛ˇHLL
�
:

Thus,

(4.15) �LLD0; �LTD .�2g
LL/�1HLT; tr� D .�2gLL/�1

�
trH CHLL

�
:

Moreover, j�j . jH j, since gLL D HLL �
1
2

, and, by the assumptions of the
corollary, jHLLj< 1

4
.

Now using (4.13) of Lemma 4.3, with the condition that �LL D 0, together
with the decomposition

�� D�@2t �C4� D
1

r
.@t C @r/.@r � @t /r�C4!� D

4

r
@s@qr�C4!�:

we find that the identity ��C�˛ˇ@˛@ˇ� D .�2gLL/�1F leads to the inequalityˇ̌
4@s@qr�C r�LL@

2
q�C tr� @q�C .2gLL/�1rF

ˇ̌
. r j4!�jC r j�jLTj

N@@�jC j�j
�
r jN@2�jC jN@�j

�
:

Finally, identity (4.15) and a crude estimate j�j. jH j yield the desired result. �

5. Vector fields
The family of vector fields

ZD f@˛; �˛ˇ D�x˛@ˇ C xˇ@˛; S D t@t C r@rg

plays a special role in the study of the wave equation in Minkowski space-time.
We denote the above vector fields by Z� with an 11-dimensional integer index
�D .0; : : : 1; ::; 0/. Let I D .�1; : : : ; �k/, where j�i j D 1, be a multi-index of length
jI jDk and letZI DZ�1 ���Z�k denote a product of k vector fields from the family Z.
By a sum I1C I2 D I we mean a sum over all possible order preserving partitions
of the multi-index I into two multi-indices I1 and I2, i.e., if I D .�1; : : : ; �k/, then
I1 D .�i1 ; : : : ; �in/ and I2 D .�inC1 ; : : : ; �ik /, where i1; : : : ; ik is any reordering
of the integers 1; : : : ; k such that i1 < � � � < in and inC1 < � � � < ik . With this
convention Leibnitz rule becomes ZI .fg/D

P
I1CI2DI

.ZI1f /.ZI2g/.
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We recall that the family Z possesses special commutation properties Z: for
any vector field Z 2Z, we have ŒZ;��D�cZ�; where the constant cZ is different
from zero only in the case of the scaling vector field cS D 2. We also record the
following expressions for the coordinate vector fields:

@t D
tS � xi�0i

t2� r2
;(5.1)

@r D !
i@i D

t!i�0i � rS

t2� r2
;(5.2)

@i D
�xj�ij C t�0i � xiS

t2� r2
D�

xiS

t2� r2
C
xix

j�0j

t .t2� r2/
C
�0i

t
:(5.3)

In particular,

N@0 D @s D
1

2

�
@t C @r

�
D
S C!i�0i

2.t C r/
;(5.4)

N@i D @i �!i@r D
!j�ij

r
D
�!i!

j�0j C�0i

t
:

Recall that N@ denotes the tangential derivatives, i.e.,
SpanfN@0; N@1; N@2; N@3g D Spanf@s; S1; S2g:

LEMMA 5.1. For any function � and a symmetric 2-tensor �

.1C t Cjqj/jN@�jC .1Cjqj/j@�j. C
X
jI jD1

jZI�j;(5.5)

jN@2�jC r�1jN@�j.
C

r

X
jI j�2

jZI�j

1C t Cjqj
;(5.6)

where jN@2�j2 D
X

˛;ˇD0;1;2;3

jN@˛ N@ˇ�j
2;

j�˛ˇ@˛@ˇ�j � C
�

j�j

1C t Cjqj
C
j�jLL

1Cjqj

� X
jI j�1

j@ZI�j:(5.7)

Proof. First we note that if r C t � 1 then (5.5) holds since the standard
derivatives @˛ are included in the sum on the right. The inequality for jN@�j in (5.5)
follows directly from (5.4). The inequality for j@f j in (5.5) follows from (5.1) and
the first identity in (5.3).

The proof of (5.6) follows immediately from (5.4) and the inequality j@i!j j �
Cr�1. The inequality (5.7) follows from Lemma 4.3, (5.5), and the commutator
identity ŒZ; @i �D c˛i @˛, which holds with constants c˛i . �

Next we state the result following from the above lemma and Corollary 4.4.
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LEMMA 5.2. Let � be a solution of the equation e�g�DF with g˛ˇ Dm˛ˇC
H˛ˇ . Then

(5.8)
ˇ̌̌�
4@s �

HLL

2gLL
@q �

trH CHLL
2gLL r

�
@q.r�/C

rF

2gLL

ˇ̌̌
.
�
1C

r jH jLT

1Cjqj
C jH j

�
r�1

X
jI j�2

jZI�j:

Proof. By Corollary 4.4

ˇ̌̌�
4@s �

HLL

2gLL
@q �

trH CHLL
2gLL r

�
@q.r�/C

rF

2gLL

ˇ̌̌
. r j4!�jC jH jLT

�
r jN@@�jC j@�j

�
CjH j

�
r jN@2�jC jN@�jC r�1j�j

�
where 4! D ıij N@i N@j . Here all the derivatives can be re-expressed in terms of the
vector fields Z and @q using Lemma 5.1, yielding the expression (5.8). Note that

jN@@�j.
P
jI jD1 jZ

I@�j

1C t Cjqj
.
P
jI j�1 j@Z

I�j

1C t Cjqj
.

P
jI j�2 jZ

I�j

.1Cjqj/.1C t Cjqj/
: �

The last result of this section records an important statement concerning com-
mutation between the reduced wave operator e�g and the family of Minkowski
vector fields Z. As we already explained in Section 2 our small data global exis-
tence result for the system of reduced Einstein equations e�gh1 D F � e�gh0 is
based on controlling the energy and pointwise norms of the quantities ZIh1 with
vector fields Z 2 Z — the family of Minkowski vector fields. The above control is
achieved via the energy and decay estimates for solutions of the inhomogeneous
wave equation

e�gZIh1 D yZIe�gh1�e�gZIh1C yZIF � yZIe�gh0; yZ DZC cZ

and therefore requires good estimates on the commutator yZIe�g � e�gZI . To
underscore the importance of this commutator we recall that the only two known
examples of quasilinear hyperbolic systems, with the metric dependent on the so-
lution rather than its derivatives, possessing small data global solutions required
the use of modified vector fields primarily due to the lack of good estimates for the
commutator, [Ali03], [CK93]. The proof of the proposition below together with
other commutator related statements is contained in Appendix A.

PROPOSITION 5.3. Let e�g D�CH˛ˇ@˛@ˇ . Then for any vector field Z 2Z

we have with yZ DZC cZ
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(5.9)

je�gZI� � yZIe�g�j . 1

1C t Cjqj

X
jKj�jI j;

X
jJ jC.jKj�1/C�jI j

jZJH j j@ZK�j

C
1

1Cjqj

X
jKj�jI j

 X
jJ jC.jKj�1/C�jI j

jZJH jLLC
X

jJ 0jC.jKj�1/C�jI j�1

jZJ
0

H jLT

C

X
jJ 00jC.jKj�1/C�jI j�2

jZJ
00

H j

!
j@ZK�j;

where .jKj � 1/C D jKj � 1 if jKj � 1 and .jKj � 1/C D 0 if jKj D 0.

6. Energy estimates in curved space-time

In this section we establish basic weighted energy identities and estimates for
solutions of the inhomogeneous wave equation

(6.1) e�g� D F:
The weights under consideration will depend only on the distance q D r � t to the
light cone t D r and will be defined by a function w

w D w.q/� 0; w0.q/� 0:

The weights will serve a two-fold purpose: 1) to provide additional decay of �
in the exterior region q � 0, which will follow from the energy estimates via
a Klainerman-Sobolev type inequality, and 2) to establish an additional a priori
bound on a space-time integral involving tangential derivatives N@� of the solution.

LEMMA 6.1. Let � be a solution of equation (6.1) decaying sufficiently fast
as jxj !1. Assume that the background metric g is such that the tensor H˛ˇ D

g˛ˇ �m˛ˇ satisfies jH j � 1
2

. Then with ! D x=jxj

(6.2)
Z
†t2

�
j@t�j

2
Cjr�j2

�
w.q/dx

C2

Z t2

t1

Z
†�

jN@�j2w0.q/dxdt � 4

Z
†t1

�
j@t�j

2
Cjr�j2

�
w.q/ dx

C2

Z t2

t1

Z
†�

ˇ̌
.2@˛H

˛ˇ /@ˇ�@t��.@tH
˛ˇ /@˛�@ˇ�C2F @t�

ˇ̌
w.q/dxdt

C2

Z t2

t1

Z
†�

ˇ̌
H˛ˇ@˛�@ˇ�C 2.!iH

iˇ
�H 0ˇ /@ˇ�@t�

ˇ̌
w0.q/ dxdt:

Proof. Let �i D @i�, i D 1; 2; 3, and �t D @t�. Differentiating under the
integral sign and integrating by parts we get
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(6.3)
d

dt

Z �
�g00�2t Cg

ij�i�j
�
w.q/ dx�

Z
2@j

�
g0j�2t w.q/

�
dx

D 2

Z
w.q/

�
�g00�t�t t Cg

ij�i�tj � 2g
0j�t�tj

�
dxg

C

Z
w.q/

�
� .@tg

00/�2t C .@tg
ij /�i�j � 2.@jg

0j /�2t
�

�w0.q/
�
�g00�2t Cg

ij�i�j C 2!jg
0j�2t

�
dx

D 2

Z
w.q/

�
�g00�t�t t �g

ij�t�ij � 2g
0j�t�tj

�
dx

C

Z
w.q/

�
�.@tg

00/�2t C.@tg
ij /�i�j�2.@jg

0j /�2t �2.@ig
ij /�t�j

�
dx

�

Z
w0.q/

�
�g00�2t Cg

ij�i�j C 2!jg
0j�2t C 2!ig

ij�t�j
�
dx:

Hence,

d

dt

Z �
�g00�2t Cg

ij�i�j
�
w.q/ dx(6.4)

D�

Z
w.q/

�
2�t �g� � .@tg˛ˇ /�˛�ˇ C 2.@˛g˛ˇ /�ˇ�t

�
dx

�

Z
w0.q/

�
g˛ˇ�˛�ˇ C 2

�
!ig

i˛
�g0˛

�
�t�˛ dx:

Furthermore, with �r D !i�i D @r� and �i D �i �!i�r D @i�

m˛ˇ�˛�ˇ C 2�t .!im
i˛
�m0˛/�˛ D��

2
t C ı

ij�i�j C 2�t .!
i�i C�t /

D .�t C�r/
2
C ıij�i�j D j

N@�j2:

Since jH j< 1=2 we also have that

1

2
.�2t C ı

ij�i�j /� �g
00�2t Cg

ij�i�j � 2.�
2
t C ı

ij�i�j /:

The lemma follows. �

We now consider the following weight function:

(6.5) w D w.q/D

(
1C .1Cjqj/1C2
 ; when q > 0;

1C .1Cjqj/�2�; when q < 0

for some �� 0, 
 � �1. We clearly have

(6.6) w0 � 4w.1Cjqj/�1 � 16
�1w0.1C q�/
2�;

where q� D jqj for q � 0 and q� D 0 otherwise.
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PROPOSITION 6.2. Let � be a solution of the wave equation (6.1) with the
metric g such that for H˛ˇ D g˛ˇ �m˛ˇ ;

.1Cjqj/�1jH jLLCj@H jLLCj@H j � C"
0.1C t /�1;(6.7)

.1Cjqj/�1 jH jC j@H j � C"0.1C t /�
1
2 .1Cjqj/�

1
2 .1C q�/

��:

Then for any 0 < 
 � 1, and 0 < "0 � 
=C1, we have

(6.8)
Z
†t

j@�j2wC

Z t

0

Z
†�

jN@�j2w 0

� 8

Z
†0

j@�j2wC 16

Z t

0

Z
†t

�C" j@�j2
1C t

CjF j j@�j
�
w:

Remark 6.3. Observe that by the Gronwall inequality the energy estimate of
the above proposition implies t"

0

growth of the energy.

Remark 6.4. We recall again that the interior estimate (6.8), i.e., with w.q/�
0 for q � 0, in the constant coefficient case basically follows by averaging the
energy estimates on light cones used e.g. in [Shu91]. The interior energy estimates
with space-time quantities involving special derivatives of a solution were also
considered and used in the work of Alinhac; see e.g. [Ali01], [Ali03]. In [LR05]
we proved the interior version of (6.8). The use of the weights w.q/ in energy
estimates in the exterior q � 0 for the space part

R
†T
j@�j2w originates in [KN03b].

Proof. The proof of the proposition relies on the energy estimate obtained in
Lemma 6.1. We decompose the terms on the right-hand side of (6.2) with respect
to the null frame, using Lemma 4.2

j.@˛H
˛ˇ /@ˇ�@t�jC j.@tH

˛ˇ /@˛�@ˇ�j

�
�
j.@H/LLjC jN@H j

�
j@�j2Cj@H j jN@�j j@�j:

Therefore, using the assumptions (6.7) on the metric g, we obtain that
(6.9)

j2.@˛H
˛ˇ /@ˇ�@t��.@tH

˛ˇ /@˛�@ˇ�j.
"0

1C t
j@�j2C

"0

.1Cjqj/.1C q�/2�
jN@�j2:

Decomposing the remaining terms we infer that

jH˛ˇ@˛�@ˇ�jC jL˛H
˛ˇ .@t�/@ˇ�j �

ˇ̌
H jLLj@�j

2
CjH jjN@�j j@�j:

Once again, using the assumptions (6.7), we have

(6.10) j2H˛ˇL˛@ˇ�@t�CH
˛ˇ@˛�@ˇ�j. "0

1Cjqj

1C t
j@�j2C "0

jN@�j2

.1C q�/2�
:
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Thus, with the help of (6.6),Z
†t

j@�j2wC

Z t

0

Z
†�

jN@�j2w0

.
Z
†0

j@�j2wC "

Z t

0

Z
†�

�
j@�j2

1C t
wCjN@�j2

w0




�
C

Z t

0

Z
†�

jF j j@�jw

and the desired estimate follows. �

7. Decay estimates in curved space-time

In this section we derive L1-estimates for the first derivatives of solutions of
the equation

(7.1) e�g� D F:
These estimates are complimentary to the global Sobolev inequalities derived in
Appendix C and will provide a way to improve upon the decay estimates derived
from the weighted energy estimates via global Sobolev inequalities. Estimates of
these type were obtained in [Lin90b] in the case of the wave equation in Minkowski
space-time, i.e., constant coefficient metric g, and [LR03] for variable coefficients.
Here, however, we introduce a weighted version of the L1-estimates deigned to
capture additional decay in jqj D jr � t j.

For 
 0 � �1, �0 � 1=2 define the weight

(7.2) $ D$.q/D

(
.1Cjqj/1C


0

; when q > 0;

.1Cjqj/1=2��
0

; when q < 0:

LEMMA 7.1. Let � be a solution of the reduced scalar wave equation (7.1)
on a curved background with metric g. Assume that the tensor H˛ˇ D g˛ˇ �m˛ˇ

obeys the estimates
(7.3)

jH j � "0;

Z 1
0

kH.t; � /kL1.Dt /
dt

1C t
�
1

4
; jH jLT � "

0 jqjC 1

1C t Cjxj
;

in the region Dt D fx W t=2 < jxj< 2tg. Then for ˛ Dmax.1C 
 0; 1=2��0/

.1C t /$.q/ j@�.t; x/j � C sup
0���t

X
jI j�1

k$.q/ZI�.�; � /kL1(7.4)

CC

Z t

0

�
"0˛k$.q/ @�.�; � /kL1 C .1C �/k$.q/F.�; � /kL1.D� /

C

X
jI j�2

.1C �/�1k$.q/ZI�.�; � /kL1.D� /

�
d�:
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Proof. Since by Lemma 5.1

(7.5) .1Cjt � r j/j@�jC .1C t C r/jN@�j � C
X
jI jD1

jZI�j; r D jxj;

the inequality (7.4) holds when r < t=2C 1=2 or r > 2t � 1.
By Lemma 5.2 with @s D 1=2.@t C @r/ and @q D 1=2.@r � @t /,

(7.6)
ˇ̌
.4@s �

HLL

2gLL
@q/@q.r�/

ˇ̌
.
�
1C

r jH jLT

1Cjqj
C jH j

�
r�1

X
jI j�2

jZI�jC jH j r�1 j@q.r�/jC r jF j:

Multiplying by the weight $.q/ and using that $ 0.q/� C$.q/=.1Cjqj/ along
with the assumptions (7.3) we obtain

ˇ̌
.4@s �

HLL

2gLL
@q/$.q/@q.r�/

ˇ̌
.
�
jH j

1C t
C˛

HLL

1Cjqj

�
$.q/j@q.r�/j

(7.7)

C

X
jI j�2

$.q/jZI�j

1C t
CC.t C 1/$.q/jF j

in the region t=2C 1=2 < r < 2t � 1. Let .�; x.�// be the integral curve of the
vector field @sCHLL.2gLL/�1@q passing through a given point .t; x/ contained
in the region t=2C 1=2� r � 2t � 1. Observe that, by the smallness assumption
onH , any such curve has to intersect the boundary of the set t=2C1=2� r � 2t�1
at .�; y/ such that jyj D �=2C 1=2 or jyj D 2 � � 1.

Then along such a curve the function  WD$.q/@q.r�/ satisfies the following
equation:

(7.8)
ˇ̌̌ d
dt
 
ˇ̌̌
� Ohj jCf

where

OhD C
jH j

1C t
; f D

"0˛

1Ct
$.q/j@qr�jCC.1Ct /$.q/jF jCC

X
jI j�2

$.q/jZI�j

1Ct
:

Thus using the integrating factor e� OH with OH D
R
Oh.s/ ds and integrating along the

integral curve .�; x.�// from any point .t; x/ in the set t=2C1=2� r � 2t�1 to the
first point of intersection .t0; x0/ with the boundary of the set t=2C1=2� r � 2t�1
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we obtain

j .t; x/j � exp
�Z t

�

k Oh.�; � /kL1 d�
�
j .t0; x0/j

C

Z t

�

exp
�Z t

� 0
k Oh.�; � /kL1 d�

�
kf .� 0; � /kL1 d�

0;

with the L1 norms are taken over the set t=1C 1=2� r � 2t � 1.
For the points .t0; x0/ such that jx0j D t0=2C 1=2 or jx0j D 2t0� 1 we have

by (7.5) that

j .t0; x0/j � Cr$.q/j@q�jCC$.q/j�j � C
X
jI j�1

$.q/jZI�j:

The desired inequality now follows from (7.3), which implies thatZ 1
0

k Oh.�; � /kL1 d� �
1

4

and the inequality

.1C t C r/j@�j � C
X
jI j�1

jZI�jCC j@q.r�/j: �

We now state similar estimates for a system

(7.9) e���� D F�� :
While it is trivial to extend the estimates of Lemma 7.1 to each of the components
of ��� our interest lies in the estimates for the null components of �. Contracting
(7.9) with the vector fields fL;L;A;Bg is far from straightforward. We instead
exploit that the null derivatives @s; @q commute with any of the vector fields of
the null frame. We assume that the weight function $.q/ is as in (7.2) and ˛ D
max.1C 
 0; 1=2��0/.

COROLLARY 7.2. Let ��� be a solution of the reduced wave equation system
(7.9) on a curved background with a metric g. Assume that H˛ˇ D g˛ˇ �m˛ˇ

satisfies
(7.10)

jH j �
"0

4
;

Z 1
0

kH.t; � /kL1.Dt /
dt

1C t
�
"0

4
; jH jLT �

"0

4

jqjC 1

1C t Cjxj

in the region Dt D fx 2 R3I t=2 � jxj � 2tg. Then for any U; V 2 fL;L;A;Bg
and an arbitrary point x 2Dt :
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.1C t Cjxj/j$.q/@�.t; x/jUV . sup
0���t

X
jI j�1

k$.q/ZI�.�; � /kL1

(7.11)

C

Z t

0

�
"0˛k$.q/j@�.t; � /jUV kL1 C .1C �/k$.q/jF.�; � /jUV kL1.D� /

C

X
jI j�2

.1C �/�1k$.q/ZI�.�; � /kL1.D� /

�
d�:

Proof. By Lemma 5.2 for each component we have the estimate

(7.12)
ˇ̌̌�
4@s �

HLL

2gLL
@q �

trH CHLL
2gLL r

�
@q.r���/C

rF��

2gLL

ˇ̌̌
.
�
1C

r jH jLT

1Cjqj
C jH j

�
r�1

X
jI j�2

jZI��� j

and, since @s and @q commute with contraction with the frame vectors, we get

(7.13)
ˇ̌̌�
4@s �

HLL

2gLL
@q �

trH CHLL
2gLL r

�
@q.r�UV /C

rFUV

2gLL

ˇ̌̌
.
�
1C

r jH jLT

1Cjqj
C jH j

�
r�1

X
jI j�2

jZI�j:

The proof now proceeds as in Lemma 7.1. �

8. The wave coordinate condition

The results of previous sections underscore the special role played by the HLL
components of the tensor H˛ˇ D g˛ˇ �m˛ˇ in the energy and decay estimates
for solutions of the wave equation e�g� D F . In this section we explain how
the wave coordinate condition on the tensor g�� provides additional information
about HLL.

Recall that the wave coordinate condition for metric g in a coordinate system
fx�g�D0;:::;3 takes the form

(8.1) @�

�
g��

p
j detgj

�
D 0:

Expressing g�� in terms of the tensor H�� we obtain

g��
p
j detgj D

�
m�� CH��

��
1�

1

2
trH CO.H 2/

�
:

Therefore,
(8.2)

@�

�
H��

�
1

2
m�� tr H CO��.H 2/

�
D 0; where O��.H 2/DO.jH j2/:
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Recall also the family of vector fields T D fL;A;Bg, tangent to the outgoing
Minkowski light cones.

The divergence of a vector field can be expressed relative to the null frame as
follows:

(8.3) @�F
�
D L�@qF

�
�L�@sF

�
CA�@AF

�:

We can now easily prove

LEMMA 8.1. Assume that jH j � 1=4. Then

(8.4) j@H jLT . j@H jC jH j j@H j:

Proof. It follows from (8.2) and (8.3) that

(8.5)
ˇ̌
L�@

�
H��

�
1

2
m�� tr H

�ˇ̌
� jN@H jC jH jj@H j:

Contracting with T 2 T and using that mTL D 0 give the desired result. �

We now state a generalization of the above result containing estimates for the
quantities ZIHLT with vector fields Z 2 Z our family of Minkowski Killing and
conformally Killing vector fields. The result is a rather tedious consequence of
commuting vector fields Z through the wave coordinate condition (8.1) and we
postpone the details of the proof until Appendix D.

PROPOSITION 8.2. Let g be a Lorentzian metric satisfying the wave coor-
dinate condition (8.1) relative to a coordinate system fx�g�D0;:::;3. Let I be a
multi-index and assume that the tensor H�� D g�� �m�� verifies the condition

jZJH j � C; 8jJ j � jI j=2; 8Z 2 Z:

Then for some constant C 0

(8.6) j@ZIH jLT � C
0
� X
jJ j�jI j

j@ZJH jC
X

jJ j�jI j�1

j@ZJH j

C

X
jI1jCjjI2j�jI j

jZI2H jj@ZI1H j
�

(8.7) j@ZIH jLL . C 0
� X
jJ j�jI j

j@ZJH jC
X

jJ j�jI j�2

j@ZJH j

C

X
jI1jCjI2j�jI j;m�2

jZI2H jj@ZI1H j
�
:

Similar estimates hold for the tensor h�� D g�� �m�� .
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9. Statement of the main theorem and beginning of the proof

We consider the initial data .g�� jtD0; @tg�� jtD0/ for the Einstein-scalar field
equations R�� D @� @� , constructed in (2.3)–(2.5). The spatial part g0ij of
g�� jtD0 together with the second fundamental form k0ij D�1=2@tgij jtD0 satisfy
the constraint equations

R0� jk0j
2
C .trk0/2 D  21 Cjr 0j

2; r
jk0ij �ri trk0 D  1 @i 0:

By construction the initial data .g�� jtD0; @tg�� jtD0/ satisfies the wave coordinate
condition

@�.g
��
p
j detgj/D 0:

The reduced Einstein equations, written relative to a 2-tensor h�� D g�� �m��
take the form e�gh�� D F�� C 2@� @� ; e�g D 0;(9.1)

F��.h/.@h; @h/D P.@�h; @�h/CQ��.@h; @h/CG��.h/.@h; @h/;(9.2)

P.@�h; @�h/ WD
1

4
@�trh @� trh�

1

2
@�h

˛ˇ@�h˛ˇ ;(9.3)

where Q is a linear combination of standard quadratic null forms and G is a qua-
dratic term in @h vanishing in h at hD 0. We assume that the initial data for h.t/
are such that at t D 0, g�� Dm�� C h�� verifies the constraint equations and the
wave coordinate condition.

Define 2-tensor h1��.t/

(9.4) h1��.t/ WD h��.t/� h
0
��.t/; where h0��.t/D �.r=t/�.r/

M

r
ı��

where �.s/ 2 C1 is 1 when s � 3=4 and 0 when s � 1=2. It is clear that we can
reinterpret (9.1) as the equation for a new unknown — 2-tensor h1:

(9.5) e�gh1�� D F�� �e�gh0�� C 2@� @� :
Set

(9.6) EN .t/D
X

jI j�N;Z2Z

�
kw1=2@ZIh1.t; � /kL2 Ckw

1=2@ZI .t; � /kL2
�
;

where

w D

(
1C .1Cjqj/1C2
 ; q > 0;

1C .1Cjqj/�2�; q < 0;

where q D r � t and 
; � > 0. We recall that the initial data for  is given by
 jtD0 D  0 and @t jtD0 D a 1 with a2 D .1��.r/Mr�1/.

We now state the main result.
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THEOREM 9.1. There exist a constant "0 > 0 such that if "� "0 and the initial
data .h1jtD0; @th1jtD0;  0;  1/ are smooth, and obey EN .0/CM � " together
with the condition

(9.7) lim inf
jxj!1

�
jh1.0; x/jC j 0.x/j

�
! 0;

then the solution h.t/ of the reduced Einstein equations (9.1) can be extended to a
global smooth solution satisfying

(9.8) EN .t/� CN " .1C t /
c"

where CN is a constant depending only on N and c is independent ".

Remark 9.2. Recall that if the initial data for .g�� ;  / verifies the constraint
equations and the wave coordinate condition then there exists a local in time clas-
sical solution .h��.t/;  .t// of (9.1) such that g��.t/Dm��.t/C h��.t/ obeys
the wave coordinate condition for any time t in a maximum interval of existence.

Therefore, in what follows we shall assume that a local in time solution g��.t/
Dm�� C h��.t/ obeys the wave coordinate condition

(9.9) @�

�
g��.t/

p
j detg.t/j

�
D 0

for any 0� t � T0.

We also note that the maximum time of existence T0 can be characterized by
the blow-up of the energy EN .t/!1 as t ! T �0 .

Remark 9.3. As was explained in Section 2 the proof of the result for the
Einstein-scalar field problem requires only superficial modifications as compared
to the vacuum case.

Therefore, in what follows all the arguments will be provided only for the
vacuum problem with  � 0.

For the proof we let ı be any fixed number 0 < ı < 1=4 and ı < 
 . We define
the time T < T0 to be the maximal time such that the inequality

(9.10) EN .t/� 2CN ".1C t /
ı

holds for all 0 � t � T . Note that by the assumptions of the theorem T > 0. We
will show that if " > 0 is sufficiently small then this inequality implies the same
inequality with 2CN replaced by CN for t � T . Since the quantity is continuous
this contradicts the maximality of T and it follows that the inequality holds for
all T � T0. Moreover, since the energy EN .t/ is now finite at t D T0 we can
extend the solution beyond T0 thus contradicting maximality of T0 and showing
that T0 DC1.
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The first step is to derive the preliminary decay estimates for h1 under the
assumption (9.10). The estimate (9.10) can be explicitly written in the form

(9.11)
X

Z2Z;jI j�N

kw.q/1=2@ZIh1.t; � /kL2 � C".1C t /
ı ; 0 < ı < 


with some sufficiently large constant C . The following result is a consequence of
weighted global Sobolev inequalities proved in Appendix C.

COROLLARY 9.4. Let h1 verify (9.11) and h0 be as in (9.4). Then for i D 0; 1,

(9.12)

j@ZIhi .t; x/j �

(
C".1C t Cjqj/�1Cı.1Cjqj/�1�ı

0

; q > 0;

C".1C t Cjqj/�1Cı.1Cjqj/�1=2; q < 0
jI j �N � 2:

where ı 0 D ı, if i D 0 and ı0 D 
 > ı if i D 1. Furthermore,
(9.13)

jZIhi .t; x/j �

(
C".1C t Cjqj/�1Cı.1Cjqj/�ı

0

; q > 0;

C".1C t Cjqj/�1Cı.1Cjqj/1=2; q < 0;
jI j �N � 2;

and
(9.14)

j@ZIhi .t; x/j �

(
C".1C t Cjqj/�2Cı.1Cjqj/�ı

0

; q > 0;

C".1C t Cjqj/�2Cı.1Cjqj/1=2; q < 0;
jI j �N � 3:

Proof. We will only prove the estimates for i D 1 since the estimates for i D 0
follow by a direct calculation from the form of h0. Estimate (9.12) follows from
the weighted Sobolev inequality of Proposition 14.1. We claim that

(9.15) lim
jxj!1

jZIh1.0; x/j ! 0; jI j �N � 2:

In fact, if jI j D 0 this follows from (9.7) and (9.12), and if jI j � 1 this follows
from (9.12), since jZ�j � C.1C t C jxj/j@�j. Estimate (9.13) for t D 0 follows
by integrating (9.12) from space-like infinity, where (9.15) holds.

Remark 9.5. The weighted Sobolev inequality of Proposition 14.1 in fact im-
plies the estimate

j@ZIh1.t; x/j�

(
C".1C t Cjqj/�1.1Cjqj/�1�
 .1C t /ı ; q > 0;

C".1C t Cjqj/�1.1Cjqj/�1=2.1C t /ı ; q < 0;
jI j�N�2:

In particular,

j@ZIh1.0; x/j � C".1Cjxj/�2�
 ;(9.16)

jZIh1.0; x/j � C".1Cjxj/�1�
 :(9.17)
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The estimate (9.13) for r > t follows by integrating (9.12) from the hyperplane
t D 0 along the lines with t C r and ! D x=jxj fixed:

jZIh1.t; r!/j �

Z tCr

r

j@ZIh1.t C r � �; �!/j d�CjZIh1
�
0; .t C r/!

�
j

(9.18)

� C"

Z 1
r

d�

.1C t C r/1�ı.1Cjt � �j/1C

C

C"

.1C t C r/1C
�ı

�
C
"

.1C t C r/1�ı.1Cjt � r j/

:

A similar argument yields (9.13) for r < t . Inequality (9.14) follows from (9.13)
using that jN@f j.

P
jI jD1 jZ

If j=.1C t Cjqj/. �

The next subsection is devoted to the preparational estimates for the inho-
mogeneous terms F�� and F 0�� D e�gh0�� arising in equation (9.5) for the tensor
h1.

9.1. Estimates for the inhomogeneous terms. These estimates will play a key
role in the derivation of the improved decay and energy estimates in the following
two sections. As we have mentioned above the quadratic terms in F�� in (9.1) do
not satisfy the standard null condition. Nevertheless, a special tensorial structure
and the wave coordinate condition will allow us to obtain favorable estimates.

Recall that the inhomogeneous term F�� has the following structure:

F��.h/.@h; @h/D P.@�h; @�h/CQ��.@h; @h/CG��.h/.@h; @h/;(9.19)

P.@��; @��/ WD
1

2
@��

˛ˇ@��˛ˇ �
1

4
@�tr� @� tr�:(9.20)

The quadratic termQ�� is a linear combination of the null-forms andG��.h/.@h;@h/
is a quadratic form in @h with the coefficients — a smooth function of h vanishing
at h D 0. The following result is an immediate consequence of (9.20); see also
Lemma 4.2.

LEMMA 9.6. The quadratic form P satisfies the following pointwise estimate:

jP.@�; @�/jTU . jN@� j j@� jC j@� j jN@� j;(9.21)

jP.@�; @�/j. j@� jTUj@� jTUCj@� jLLj@� jC j@� j j@� jLL:(9.22)

Using the additional estimates on the hLL component, derived in Proposition 8.2
under the assumption that the wave coordinate condition holds, we obtain the fol-
lowing:

COROLLARY 9.7. Let metric g satisfy the wave coordinate condition (8.1)
relative to coordinates fx�g, the quadratic form P obeys the following estimate on
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a 2-tensor h�� D g�� �m�� :

jP.@h; @h/jTU . jN@hj j@hj;(9.23)

jP.@h; @h/j. j@hj2TUCj
N@hj j@hjC jhj j@hj2:(9.24)

In addition, assuming that jZJhj � C for all multi-indices jJ j � jI j and vector
fields Z 2 Z,

jZIP.@h; @h/j.
X

jJ jCjKj�jI j

�
j@ZJhjTU j@Z

KhjTUCj
N@ZJhj j@ZKhj

�
C

X
jJ jCjKj�jI j�1

j@ZJhjLTj@Z
KhC

X
jJ jCjKj�jI j�2

j@ZJhj j@ZKhjj

C

X
jJ1jCjJ2jCjJ3j�jI j

jZJ3hj j@ZJ2hjj@ZJ1hj:

Proof. The estimate (9.23) follows directly from (9.21). To prove (9.24) we
use (9.22) and that by the wave coordinate condition j@hjLL . jN@hjC jhj j@hj.

Noting thatZIP.@�h; @�h/ is a sum of terms of the form P.@˛Z
Jh; @ˇZ

Kh/

for some ˛, ˇ and jJ jC jKj � I , we see that

jZIP.@h; @h/j � C
X

jJ jCjKj�jI j

jP.@ZJh; @ZKh/j:

It follows from (9.22) and Proposition 8.2 thatX
jJ jCjKj�jI j

jP.@ZJh; @ZKh/j(9.25)

.
X

jJ jCjKj�jI j

j@ZJhjTUj@Z
KhjTUCj@Z

JhjLL j@Z
Khj

.
X

jJ jCjKj�jI j

jN@ZJhj jZKhjC j@ZJhjTU j@Z
KhjTU

C

X
jJ jCjKj�jI j

� X
jJ 0j�jJ j�1

j@ZJ
0

hjLTC

X
jJ 00j�jJ j�2

j@ZJ
00

hj

C

X
jJ1jCjJ2j�jJ j

jZJ2hj j@ZJ1hj
�
j@ZKhj

which proves the result. �

We now state the complete estimates for the inhomogeneous term F�� .

PROPOSITION 9.8. Let F�� D F��.h/.@h; @h/ be as in (9.19) and assume
that the wave coordinate condition (8.1) holds for the metric g�� D m�� C h��
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relative to coordinates fx�g. Then

jF jTU . j@hj j@hjC jhj j@hj2;(9.26)

jF j. j@hj2TUCj
N@hj j@hjC jhj j@hj2:(9.27)

In addition, assuming that jZJhj � C for all multi-indices jJ j � jI j and vector
fields Z 2 Z,

jZIF j.
X

jJ jCjKj�jI j

�
j@ZJhjTU j@Z

KhjTUCj
N@ZJhj j@ZKhj

�(9.28)

C

X
jJ jCjKj�jI j�1

j@ZJhjLTj@Z
KhjC

X
jJ jCjKj�jI j�2

j@ZJhj j@ZKhj

C

X
jJ1jCjJ2jCjJ3j�jI j

jZJ3hj j@ZJ2hjj@ZJ1hj:

Proof. First

jZIG��.h/.@h; @h/j � C
X

jI1jC���CjIk j�jI j; k�3

jZIkhj � � � jZI3hj j@ZI2hj j@ZI1hj:

Since ZQ.@u; @v/DQ.@u; @Zv/CQ.@Zu; @v/C aijQij .@u; @v/, and

jQ��.@h; @k/j � j@hj j@kjC j@kj j@hj;

it follows that

jZIQ��.@h; @h/j � C
X

jJ jCjkj�jI j

jQ��.@Z
Jh; @ZKh/j

� C
X

jJ jCjkj�jI j

j@ZJhj j@ZKhj

and the proposition follows. �

The next step is to estimate the extra inhomogeneous term e�gh0 appearing
in the wave equation e�gh1�� D F�� �e�gh0�� via the decomposition hD h1Ch0.

LEMMA 9.9. Let

F 0�� D
e�gh0�� ; h0�� D �.r/�.t=r/

M

r
ı�� :

Then, if the weak decay estimates in Corollary 9.4 hold, we have

jZIF 0j �

(
C"2.t CjqjC 1/�4Cı.1Cjqj/�ı ; q > 0;

C".t CjqjC 1/�3; q < 0;
jI j �N � 2:
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More generally,

jZIF 0j �

(
CN "

2.t CjqjC 1/�4; q > 0;

CN ".t CjqjC 1/
�3; q < 0;

C
CN "

.t CjqjC 1/3

X
jJ j�jI j

jZJh1j; jI j �N:

Proof. Set F 0 D e�gh0 D F 00 C F 01, F 00 D � h0,F 01 D H ˛ˇ@˛@ˇh
0.

One can easily check that

jZIF 00
j �

CN "

.t CjqjC 1/3
; and F 00

� 0; for r < t=2 or r > 3t=4;

jZIF 01
j.

CN "

.t CjqjC 1/3

X
jJ j�jI j

jZJH j:

On the other hand, with the help of (9.13) for h0,X
jJ j�k

jZJH j.
CN "

t CjqjC 1
C

X
jJ1jC���CjJnj�k

jZJ1h1j � � � jZJnh1j;

since H D�hCO.h2/, hD h0C h1. Using (9.13), this time for h1, we obtain

jZIF 01
j �

(
CN "

2.t CjqjC 1/�4Cı.1Cjqj/�ı ; q > 0;

CN "
2.t CjqjC 1/�4Cı.1Cjqj/1=2; q < 0;

jI j �N � 2: �

10. Decay estimates for the Einstein equations

In this section we put to use the wave coordinate condition (9.9) for the met-
ric g.t/ in coordinates fx�g�D0;:::;3, which, as explained in the Remark 9.2, is
satisfied on the maximum interval of existence Œ0; T0�, and the decay estimates for
solutions of the wave equation e�g��� DW�� , derived in Corollary 7.2, to upgrade
pointwise estimates of Corollary 9.4.

PROPOSITION 10.1 (Estimates for h). Let h D h1C h0 be a solution of the
reduced Einstein equations (9.1). Assume that h1 verifies the energy estimate (9.10)
on the time interval Œ0; T �. Then for any t 2 Œ0; T �,

j@hjLTCj@ZhjLL �

(
C".1C t Cjqj/�2Cı.1Cjqj/�ı ; q > 0;

C".1C t Cjqj/�2Cı.1Cjqj/1=2; q < 0;
(10.1)

jhjLTCjZhjLL �

(
C".1C t Cjqj/�1; q > 0;

C".1C t Cjqj/�1.1Cjqj/1=2Cı ; q < 0:
(10.2)
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Furthermore,

j@hjTU � C".1C t Cjqj/
�1;(10.3)

j@hj � C"t�1 ln t:(10.4)

PROPOSITION 10.2 (Estimates for h1). Under the same assumptions let 
 0 <

�ı and �0 > ı > 0 be fixed. Then there exist constantsMk , Ck and "k , depending
on .
 0; �0; ı/, such that

j@ZIh1j �

(
Ck".1C t Cjqj/

�1CMk".1Cjqj/�1�

0

; q > 0;

Ck".1C t Cjqj/
�1CMk".1Cjqj/�1=2C�

0

; q < 0;
(10.5)

for jI j D k �N=2C 2, and

jZIh1j �

(
Ck".1C t Cjqj/

�1CMk".1Cjqj/�

0

; q > 0;

Ck".1C t Cjqj/
�1CMk".1Cjqj/1=2C�

0

; q < 0;
(10.6)

for jI j D k �N=2C 2. The same estimates hold for h0 if we replace 
 0 by Mk".

Remark 10.3. Note the difference between the estimates (10.3), (10.4) for h
and (10.5) with jI j D 0 for h1.

The estimates (10.1)–(10.2) follow from the wave coordinate condition com-
bined with the weak decay estimates of Corollary 9.4. In the derivation of the sharp
decay estimates (10.3)–(10.6) we will use decay estimates of Corollary 7.2 with
various weights.

10.1. Proof of (10.1)–(10.2). We rely on Proposition 8.2 to establish an even
more general version of the desired estimates. We remind the reader that under
the assumptions of Proposition 10.1 both the wave coordinate condition (9.9) for
tensor g�� and the weak decay estimates of Corollary 9.4 hold true.

LEMMA 10.4. Under the assumptions of Proposition 10.1

(10.7)
X
jI j�k

j@ZIhjLLC
X

jJ j�k�1

j@ZJhjLT

.
X

jKj�k�2

j@ZKhjC

(
".1C t Cjqj/�2C2ı.1Cjqj/�2ı ; q > 0;

".1C t Cjqj/�2C2ı.1Cjqj/1=2�ı ; q < 0;

X
jI j�k

jZIhjLLC
X

jJ j�k�1

jZJhjLT(10.8)

.
X

jKj�k�2

Z
s;!Dconst

j@ZKhjC

(
".1C t Cjqj/�1; q > 0;

".1C t Cjqj/�1.1Cjqj/1=2Cı ; q < 0:
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Here the sums over k � 2 are absent if k � 1, the sums over k � 1 are absent if
k D 0 and

R
s;!Dconst

stands for an integral along the segment �Cjyj; y=jyj D const

connecting a given point .t; x/ with a hyperplane t D 0.

Proof. The proof follows immediately from Proposition 8.2 and the estimates
of Corollary 9.4 since

(10.9)
X
jI j�k

j@ZIH jLLC
X

jJ j�k�1

j@ZJH jLT

.
X
jJ j�jI j

jN@ZJH jC
X

jKj�k�2

j@ZKH jC
X

I1CI2DI

jZI2H j j@ZI1H j:

Integrating (10.7) along the lines on which the angle ! D y=jyj and the null coor-
dinate s D � Cjyj are constant, as in the proof of Corollary 9.4, and using (9.13)
at t D 0, yields (10.8). �

10.2. Proof of (10.3)–(10.4). We apply the L1 estimates, derived in Corol-
lary 7.2, for the reduced wave equatione�gh�� D F��
with F�� given in (9.2) or (9.19)–(9.20). Observe that the weak decay estimates
of Corollary 9.4 guarantee that the tensor H�� D g�� �m�� verifies the required
assumptions of Corollary 7.2.

First we derive the L1 estimates for F�� .

LEMMA 10.5. Suppose that the assumptions of Proposition 10.1 hold and let
F�� D F��.h/.@h; @h/ be as in (9.2). Then

jF jTU � C"t
�3=2Cı

j@hj;(10.10)

jF j � C"t�3=2Cı j@hjCC j@hj2TU:(10.11)

Proof. This follows from Proposition 9.8 and the weak decay estimates of
Corollary 9.4. �

The 2-tensor h is a solution of the wave equation e�gh�� D F�� . We now
recall that according to Corollary 7.2 with a trivial weight $.q/D 1, i.e., ˛ D 0,
we have that for any U; V 2 fL;L;A;Bg,

(10.12) .1C t Cjxj/j j@h.t; x/jUV . sup
0���t

X
jI j�1

kZIh.�; � /kL1

C

Z t

0

�
.1C �/k jF.�; � /jUV kL1.D� /C

X
jI j�2

.1C �/�1kZIh.�; � /kL1.D� /

�
d�:

Then with the help of Lemma 10.8 and the weak decay estimates of Corollary 9.4
we obtain
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LEMMA 10.6. With a constant depending on 
 > 0 we have

.1C t /k j@hjTU.t; � /kL1 � C"CC"

Z t

0

.1C �/ı�1=2k@h.�; � /kL1 d�;

.1C t /k@h.t; � /kL1 � C"CC

Z t

0

�
".1C �/ı�1=2k@h.�; � /kL1

C .1C �/kj@hjTU.�; � /k
2
L1

�
d�:

Here, by assumption ı < 1=4 so ı � 1=2 < �1=4. The estimates (10.3)
and (10.4) are now consequences of the above lemma and the following techni-
cal result applied to the functions b.t/ WD .1C t /k j@hjTU.t; � /kL1 and c.t/ WD
.1C t /k@h.t; � /kL1 :

LEMMA 10.7. Assume that the functions b.t/� 0 and c.t/� 0 satisfy

b.t/� C"
� Z t

0

.1C s/�1�ac.s/ dsC 1
�

(10.13)

c.t/� C"
� Z t

0

.1C s/�1�ac.s/ dsC 1
�
CC

Z t

0

.1C s/�1b2.s/ ds(10.14)

for some positive constants such that a � C 2" and a � 4C"=.1� 2C"/. Then

(10.15) b.t/� 2C"; and c.t/� 2C"
�
1C a ln .1C t /

�
:

Proof. Let �0 be the largest time such that holds. Substituting these bounds
into (10.13)–(10.14) and taking into account thatZ 1

0

.1C s/�1�a
�
1C a ln .1C s/

�
ds � a�1

Z 1
0

.1C �/ e�� d� D 2a�1C 1

we obtain that for any 0� t � �0

b.t/� C".2C".1C 2a�1/C 1/ < 2C";

c.t/� C"
�
2C".1C 2a�1/CC 2" ln.1C t /

�
< 2C"

�
1C a ln .1C t /

�
;

which implies that �0 D1, as desired. �

10.3. Proof of (10.5)–(10.6). The proof of the estimates for the tensor h1 pro-
ceeds by induction. We assume that (10.5)–(10.6) hold for all values of multi-index
jI j � k and prove the estimate for jI j D kC1. The argument below will also apply
unconditionally to the base of the induction k D 0.

Once again the first step is to establish L1 estimates for ZIF .
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LEMMA 10.8. Suppose that the assumptions of Proposition 10.1 hold and let
F�� D F��.h/.@h; @h/ be as in (9.2). Then
(10.16)

jZIF j � C"
X
jKj�jI j

j@ZKhj

1C t
C C

X
jJ jCjKj�jI j; jJ j�jKj<jI j

j@ZJhjj@ZKhj:

Proof. The result follows from Proposition 9.8 with the help of (9.12)–(9.14)
and (10.3). �

Recall now that the 2-tensor h1 D g �m� h0 is a solution of the reduced
wave equation

(10.17) e�gh1�� D F 1�� D F�� �F 0�� ; where F 0�� D
e�gh0��

and that the terms F�� and F 0�� have been treated in Proposition 9.8 and Lemma 9.9
respectively.

To prove the estimates for ZIh1 with vector fields Z 2 Z we commute equa-
tion (10.17) with ZI . By Proposition 5.3

je�gZIh1j. j yZIF 1jC .1C t /�1 X
jKj�jI j;

X
jJ jC.jKj�1/C�jI j

jZJH jj@ZKh1j(10.18)

C
C

1Cjqj

X
jKj�jI j

 X
jJ jC.jKj�1/C�jI j

jZJH jLLC
X

jJ 0jC.jKj�1/C�jI j�1

jZJ
0

H jLT

C

X
jJ 00jC.jKj�1/C�jI j�2

jZJ
00

H j

!
j@ZKh1j

where .jKj� 1/C D jKj� 1, if jKj � 1, and 0, if jKj D 0. Using Lemma 10.4 and
(10.5), which is inductively assumed to be true for jI j � k, we get

(10.19) .1Cjqj/�1
X

jJ j�k; jJ 0j�k�1; jJ 00j�k�2

�
jZJH jLLCjZ

J 0H jLTCjZ
J 00H j

�

.

8<:Ck".1C t Cjqj/�1CMk".1Cjqj/�1�Mk"C".1C t Cjqj/�1.1Cjqj/�1; q>0;

Ck".1C t Cjqj/
�1CMk".1Cjqj/�1=2C�

0
C".1C t Cjqj/�1.1Cjqj/�1=2Cı ; q<0;

while contribution of the terms in (10.18) coupled to the highest order term —
@ZKh1; jKj D jI j, according to (10.2) amounts to

(10.20) .1Cjqj/�1
X
jJ j�1

�
jZJH jLLCjH jLT

�

.

(
".1C t Cjqj/�1.1Cjqj/�1; q > 0;

".1C t Cjqj/�1.1Cjqj/�1=2Cı ; q < 0:
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Therefore splitting the sum in (10.18) according to whether jKj< jI j or jKj D jI j
and using the inductive assumption (10.5) for jKj< jI j D kC 1, we obtain

je�gZIh1j � C" X
jKj�jI j

j@ZKh1j

1C t
Cj yZIF 0j

(10.21)

C

(
C 2
k
"2.1C t Cjqj/�2C2Mk".1Cjqj/�2�2Mk"; q > 0;

C 2
k
"2.1C t Cjqj/�2C2Mk".1Cjqj/�1C2�

0

; q < 0:

Now by Lemma 9.9

jZIF 0j �

(
C"2.t CjqjC 1/�4Cı.1Cjqj/�ı ; q > 0;

C".t CjqjC 1/�3; q < 0;
jI j �N � 2:

Set

nkC1.t/D .1C t /
X

jI j�kC1

k$.q/@ZIh1.t; � /kL1 ;(10.22)

$.q/D

(
.1Cjqj/1C


0

; q > 0;

.1Cjqj/1=2��
0; q < 0;

where �0 > ı and 
 0 < 
 � ı. Then we have established that for jI j D kC 1:
(10.23)
$.q/je�gZIh1j. .1C t /�2�"nkC1.t/C"2C 2k .1C t /2Mk"CC".1C t /�1=2��0�:
The weak decay estimates of Corollary 9.4 imply that

$.q/jZIh1.t; x/j.

(
".1C t Cjqj/�1Cı.1Cjqj/�
 .1Cjqj/1C


0

; q > 0;

".1C t Cjqj/�1Cı.1Cjqj/1=2.1Cjqj/1=2��
0

; q < 0

. ".1C t /�a; a > 0

provided that aDmin .�0� ı; 
 � ı� 
 0/ > 0. The decay estimate proved in Corol-
lary 7.2 therefore shows that for some constant C D C.k/ we have the inequality

(10.24)

nkC1.t/�C"CC

Z t

0

.1C�/�1
�
"nkC1.�/C"

2.1C�/C"CC".1Ct /�1=2��
0�
d�:

The bound nkC1.t/� 2C".1C t /2C" follows from the Gronwall inequality. This
proves (10.5). The estimate (10.6) then follows by integrating (10.5) along the line
! D y=jyj; � Cjyj D const from the hyperplane t D 0 using (9.17).
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11. Energy estimates for Einstein equations

Recall the definition of the weighted energy

EN .t/D sup
0���t

X
jI j�N

Z
†t

j@ZIh1j2w.q/;(11.1)

where
(11.2)

w D

(
1C .1Cjqj/1C2
 ; q > 0;

1C .1Cjqj/�2�; q < 0;
w0 D

(
.1C 2
/.1Cjqj/2
 ; q > 0;

2�.1Cjqj/1�2�; q < 0:

Recall also our decomposition

g��.t/Dm��Ch��.t/Dm��Ch
1
��.t/Ch

0
��.t/; h0��.t/D �

�r
t

�
�.r/

M

r
ı��

of a local in time smooth solution g��.t/ of the reduced Einstein equations, and
the definition of the tensor H�� D g�� �m�� .

In this section we prove the following result.

THEOREM 11.1. Let g��.t/ D h��.t/Cm�� be a local in time solution of
the reduced Einstein equations (9.1) satisfying the wave coordinate condition (9.9)
on the interval Œ0; T /. Suppose also that for some 0 < �0 < 1=2 and 0 < 
 < 1=2
we have the following estimates for 0� t � T , all multi-indices jI j �N=2C 2 and
the collections TD fL; S1; S2g; UD fL;L; S1; S2g:

(11.3) j@H jTUC .1Cjqj/
�1
jH jTLC .1Cjqj/

�1
jZH jLL � C".1C t /

�1;

(11.4) j@ZIhjC
jZIhj

1Cjqj
C
1C t Cjqj

1Cjqj
jN@ZIhj

.

(
C".1C t Cjqj/�1CC".1Cjqj/�1�C"; q > 0;

C".1C t Cjqj/�1CC".1Cjqj/�1=2C�
0

; q < 0;

(11.5) EN .0/CM
2
� "2:

Then there is a positive constant c independent of T such that if "� c�2 we have
the energy estimate

(11.6) EN .t/� CN "
2.1C t /c";

for 0� t � T . Here CN is a constant that depends only on N .

Assuming the conclusions of Theorem 11.1 for a moment we finish the proof
of the main Theorem 9.1.
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11.1. End of the proof of Theorem 9.1. Recall that T was defined as the max-
imal time with the property that the bound

EN .t/� 2CN ".1C t /
ı

holds for all 0 � t � T . Assuming the energy bound above we have established
in Propositions 10.1–10.2 the decay estimates for the tensors h D h0 C h1 and
h1 respectively. Direct check shows that the estimates of Propositions 10.1–10.2
imply the assumptions (11.3)–(11.4). The conclusion of Theorem 11.1 states that
the energy

EN .t/� CN "
2.1C t /c"; 80� t � T:

Thus choosing a sufficiently small " > 0 we can show that EN .t/� CN ".1C t /
ı

thus contracting the maximality of T and consequently proving that g�� is a global
solution. It therefore remains to prove Theorem 11.1.

11.2. Proof of Theorem 11.1.

Proof. Recall that the components of the tensor h�� D g�� �m�� satisfy the
wave equations:

(11.7) e�gh�� DF�� ; F�� DP.@�h; @�h/CQ��.@h; @h/CG��.h/.@h; @h/;

(11.8) P.@�h; @�h/D
1

2
m˛˛

0

mˇˇ
0

@�h˛ˇ @�h˛0ˇ 0 �
1

4
m˛˛

0

@�h˛˛0 m
ˇˇ 0@�hˇˇ 0 :

Our goal is to compute the energy norms ofZIh1, whereZ 2Z and h1 is a solution
of the problem

(11.9) e�g h1�� D F 1�� ; where F 1 D F �F 0; F 0 D e�gh0:
Commuting with the vector fields yZI ; yZ DZC cZ we get

(11.10) e�g ZIh1�� D F 1I�� ;
where

(11.11) F 1I D yZIF � yZIF 0�DI ; DI D
�
yZIe�gh1�e�gZIh1�:

We base our argument on the energy estimate (6.8) for a solution � of the
wave equation e�g� D F of Proposition 6.2. Observe that the conditions of our
theorem on the tensorH�� D g���m�� imply that the assumptions of Proposition
6.2 for the metric g hold true. In particular, we have

(11.12)
Z
†t

j@�j2wC

Z t

0

Z
†�

jN@�j2w 0

� 8

Z
†0

j@�j2wC 16

Z t

0

Z
†t

�C" j@�j2
1C t

Cje�g�j j@�j�w:
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This applied to (11.10) givesZ
†t

j@ZIh1j2wC

Z t

0

Z
†�

jN@ZIh1j2w 0(11.13)

� 8

Z
†0

j@h1j2wC 16

Z t

0

Z
†t

�C" j@ZIh1j2
1C t

CjF I1 j j@Z
Ih1j

�
w

� 8

Z
†0

j@h1j2wC 16

Z t

0

Z
†t

�C" j@ZIh1j2
1C t

w

C "�1
�
j yZIF j2C

ˇ̌
DI

ˇ̌2�
.1C t / w CjZIF 0

j j@ZIh1jw
�
:

We begin with the following estimate on the inhomogeneous term F :

LEMMA 11.2. Under the assumptions of Theorem 11.1

jZIF j.
X
jJ j�jI j

�"j@ZJh1j
1C t

C
".1Cjqj/�

0�1=2

.1C t Cjqj/1�C"
jN@ZJh1jC

"2

1C t Cjqj

jZJh1j

1Cjqj

�(11.14)

C

X
jJ j�jI j�1

" j@ZJh1j

.1C t /1�C"
C

"2

.1C t Cjqj/4
:

Proof. According to Proposition 9.8

(11.15) jZIF j.
X

jJ jCjKj�jI j

�
j@ZJhjTU j@Z

KhjTUCj
N@ZJhj j@ZKhj

�
C

X
jJ jCjKj�jI j�1

j@ZJhj j@ZKhjC
X

jJ1jCjJ2jCjJ3j�jI j

jZJ3hj j@ZJ2hjj@ZJ1hj:

Since h D h1C h0 and h0 obeys the estimates j@ZJh0j . ".1C t C jqj/�2 and
jZIh0j . ".1C t C jqj/�1 for all jI j � N , it follows that both h0 and h1 obey
the estimates (11.3) and (11.4) of the theorem. Substituting h D h0 C h1 into
(11.15) and expanding the products we obtain terms in which either all factors
contain h0, in which case we can estimate them by "2.1C t C jqj/�4, or at least
one factor contains h1, in which case we can simply estimate the other factors by
(11.3)–(11.4). It follows that (11.15) leads to the estimate

jZIF j.
X
jJ j�jI j

�"j@ZJh1j
1C t

C
".1Cjqj/�

0�1=2

.1C t Cjqj/1�C"
jN@ZJh1jC

"2

1C t Cjqj

jZJh1j

1Cjqj

�
C

X
jJ j�jI j�1

" j@ZJh1j

.1C t /1�C"
C

"2

.1C t Cjqj/4
: �
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LEMMA 11.3. Under the assumptions of Theorem 11.1

"�1
Z T

0

Z
jZIF j2 .1C t / w dxdt

.
X
jJ j�jI j

Z T

0

Z
"
�
j@ZJh1j2

1C t
wCjN@ZJh1j2w0

�
dxdt

C

X
jJ j�jI j�1

Z T

0

Z
"
j@ZJh1j2

.1C t /1�2C"
w dxdt C "3:

Proof. The estimate is a straightforward application of Lemma 11.2. We took
into account that w � w0.1Cjqj/.1C q�/2� and the inequality � < 1� 2�0. The
estimate Z

1

1C t Cjqj

jZJh1j2

.1Cjqj/2
w dx .

Z
j@ZJh1j2

.1C t Cjqj/
w dx

is the Hardy-type inequality established in Corollary 13.3 of Appendix B. �

Next we estimate F 0 D e�gh0:

LEMMA 11.4. The following inequality holds true:Z T

0

Z
jZIF 0

j j@ZIh1jw dxdt � CN "
X
jJ j�jI j

 Z T

0

Z
j@ZJh1j2

.1C t /2
w dxdt

C

Z T

0

� Z
j@ZJh1j2w dx

�1=2 dt

.1C t /3=2

!
;

where CN denotes a constant that depends only on N .

Proof. We start with the estimateZ T

0

Z
jZIF 0

j j@ZIh1jw dxdt

�

Z T

0

� Z
jZIF 0

j
2w dx

� 1
2
� Z
j@ZIh1j2w dx

� 1
2
dt:

Now by Lemma 9.9

jZIF 0
j �

(
CN "

2.t CjqjC 1/�4; q > 0;

CN ".t CjqjC 1/
�3; q < 0;

C
CN "

.t CjqjC 1/3

X
jJ j�jI j

jZJh1j:
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Therefore, once again using a Hardy-type inequality of Corollary 13.3, we obtainZ
jZIF 0

j
2w dx � CN

Z t

0

"2r2dr

.1C t /6
CCN

Z 1
t

"4r2.1C r/1C2
 dr

.1C r/8

C
CN "

2

.1C t /4

Z
jZIh1j

2

.1Cjqj/2
w dx

�
CN "

2

.1C t /3
C

CN "
2

.1C t /4

Z
j@ZIh1j2w dx: �

The estimate for the term containing the commutator term DI D e�gZIh1�
yZIe�gh1 follows from the following

LEMMA 11.5. Under the assumptions of Theorem 11.1,

"�1
Z T

0

Z ˇ̌e�gZIh1� yZIe�gh1ˇ̌2.1C t / w dx dt(11.16)

. "
X
jJ j�jI j

Z T

0

Z  
j@ZJh1j2

1C t
w C jN@ZJh1j2w0

!
dxdt

C "
X

jJ j�jI j�1

Z T

0

Z
j@ZJh1j2

.1C t /1�2C"
w dxdt C "3:

We postpone the proof of Lemma 11.5 for a moment and finish the proof of Theo-
rem 11.1.

Using (11.13) together with Lemmas 11.3–11.5 yields

Z
†t

j@ZIh1j2wC

Z t

0

Z
†�

jN@ZIh1j2w 0

(11.17)

� 8

Z
†0

j@h1j2wCCN "
X
jJ j�jI j

Z T

0

1

.1C t /3=2

� Z
j@ZJh1j2w dx

�1=2
dt

CC"
X
jJ j�jI j

Z T

0

Z �
j@ZJh1j2

1C t
w C jN@ZJh1j2w0

�
dxdt

CC"
X

jJ j�jI j�1

Z T

0

Z
j@ZJh1j2

.1C t /1�2C"
w dxdt CC"3

where CN depends only on jI j �N . As before we denote

Ek.t/D sup
0���t

X
Z2Z; jI j�k

Z
†�

j@ZIh1j2w dx
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and let

Sk.t/ WD
X

Z2Z; jI j�k

Z t

0

Z
†�

jN@ZIh1j2w0 dx:

It therefore follows that

(11.18) Ek.t/CSk.t/� 8Ek.0/CC"Sk.t/C

Z t

0

C"Ek.�/

1C �
d�

C

Z t

0

CN "Ek.�/
1=2

.1C �/3=2
d� CC"3C

Z t

0

C"Ek�1.�/

.1C �/1�C"
d�:

For C" sufficiently small we can absorb the space-time integral Sk.t/ into the one
on the left-hand side at the expense of at most doubling all the constants on the
right-hand side. Similarly, since 16CN "1=4E

1=2

k
� Ek C 64

2C 2N "
2 and Ek.t/ is

increasing, we can absorb 1=4
R t
0 Ek.�/ .1C �/

�3=2 � 1=2Ek.t/. If we also use
the assumption EN .0/� "2 we obtain for " > 0 sufficiently small

(11.19) Ek.t/CSk.t/� CN "
2
C

Z t

0

C"Ek.�/

1C �
d� C

Z t

0

C"Ek�1.�/

.1C �/1�C"
d�

where the last term is absent if k D 0 and CN is a constant that depends only on N .
For k D 0 this yields the estimate

E0.t/� CN "
2
C

Z t

0

c0"E0.�/

1C �
d�

and the Gronwall inequality gives the bound

E0.t/� CN .1C t /
c0"

which prove (11.6) for k D 0.
Assuming (11.6) for k replaced by k� 1 we get from (11.19)

(11.20) Ek.t/� CN "
2
C

Z t

0

c"Ek.�/

1C �
d� C

Z t

0

c"3d�

.1C �/1�c"

which leads to the bound

Ek.t/� CN "
2.1C t /2c":

This concludes the induction and the proof of the theorem. �

11.3. Proof of Lemma 11.5.

Proof. Define the tensor

H
��
1 WDH

��
�H

��
0 ; H

��
0 D��

�r
t

�
�.r/

M

r
ı�� :
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Observe that H0 coincides with the tensor �h0. Define also the wave operatore�1 D�CH˛ˇ
1 @˛@ˇ . According to (5.9) of Proposition 5.3

(11.21)
ˇ̌e�1ZIh1� yZIe�1h1ˇ̌
.

X
jKj�jI j

X
jJ jC.jKj�1/C�jI j

�
jZJH1j

1C t Cjqj
C
jZJH1jLL

1Cjqj

�
j@ZKh1j

C

X
jKj�jI j

� X
jJ jC.jKj�1/C�jI j�1

jZJH1jLT

1Cjqj

C

X
jJ jC.jKj�1/C�jI j�2

jZJH1j

1Cjqj

�
j@ZKh1j:

Our goal is to obtain the estimate for the quantity

X
jI j�N

Z T

0

Z ˇ̌e�1ZIh1� yZIe�1h1ˇ̌2.1C t /w dxdt:
Let us first deal with the terms in (11.21) with jKj �N=2C 1. In this case we use
the decay estimates (11.4)

j@ZKhj � C".1C t Cjqj/�1CC".1Cjqj/�1=2C�
0

� C".1C t Cjqj/�1CC".1Cjqj/�C"��

guaranteed by the assumptions of Theorem 11.1, provided that � < 1=2��0. It is
clear that in this case it suffices to consider the expression

(11.22)
Z T

0

Z �
jZJH1j

2

.1C t Cjqj/2
C
jZJH1j

2
LLCjZ

J 0H1j
2
LTCjZ

KH1j
2

.1Cjqj/2

�
�
"2.1Cjqj/�2C"

.1C t Cjqj/1�2C"
w dxdt

.1C q�/2�

.
Z T

0

Z
jZJH1j

2

.1Cjqj/2
"2w dxdt

1C t
C

Z T

0

Z
jZKH1j

2

.1Cjqj/2
"2w dxdt

.1C t /1�2C"

C

Z T

0

Z
jZJH1j

2
LLCjZ

J 0H1j
2
LT

.1Cjqj/2
"2.1Cjqj/�2C"

.1C t Cjqj/1�2C"
w dxdt

.1C q�/2�

with jJ j�k; jJ 0j�k�1; jKj�k�2, where kDjI j. After applying the Hardy-type
inequalities of Corollary 13.3 the above expression is bounded by
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"2
�Z T

0

Z
j@ZJH1j

2

1C t
w dxdt C

Z T

0

Z
j@ZKH1j

2

.1C t /1�2C"
w dxdt

C

Z T

0

Z
.j@ZJH1j

2
LLCj@Z

J 0H1j
2
LT/ zw dxdt

�
;

where

zw Dmin
�
w0;

w

.1C t Cjqj/1�2C"

�
:

Ignoring the difference, which we shall comment on at the end of the proof, be-
tween the tensors H��

1 D g�� �m�� �H
��
0 and h1�� D g�� �m�� � h

0
�� , we

see that the first two terms are as claimed in the statement of the lemma. We now
recall that according to Lemma 15.4 of Appendix DX
jJ j�k

ˇ̌
@ZJH1

ˇ̌
LL
C

X
jJ j�k�1

ˇ̌
@ZJH1

ˇ̌
LT
.
X
jJ j�k

jN@ZJH1j

C

X
jJ 0j�k�1

j@ZJ
0

H1jC "
1

1C t Cjqj

X
jJ j�k

�
j@ZJH1jC

jZJH1j

1C t Cjqj

�
C

X
jJ1jCjJ2j�k

jZJ1H1jj@Z
J2H1jC

C"�0.1=2 < r=t < 3=4/

.1C t Cjqj/2
C

C"2

.1Cjt jC jqj/3
:

It is clear that in the sum
P
jJ1jCjJ2j�k

above at least one of the indices is �N=2
and therefore we can use the decay estimates (11.4): for jJ 0j �N=2C 2

jZJ
0

hj

1Cjqj
C j@ZJ

0

hj � C".1C t Cjqj/�1CC".1Cjqj/�1=2C�
0

� C".1C t Cjqj/�1CC".1Cjqj/�C":

Thus, with jJ j � k; jJ 0j � k� 1,

Z T

0

Z �
j@ZJH1j

2
LLCj@Z

J 0H1j
2
LT

�
zw dxdt .

Z T

0

Z X
jJ j�k

jN@ZJH1j
2w0 dxdt

(11.23)

C "2
Z T

0

Z X
jJ j�k

�
j@ZJH1j

2
C
jZJH1j

2

.1Cjqj/2

�� 1Cjqj

1C t Cjqj

�2�2C"
w0 dxdt

C

X
jJ 0j�k�1

Z T

0

Z
j@ZJ

0

H1j
2

.1C t /1�2C"
w dxdt

C

Z T

0

Z �C"2�0.1=2 < r=t < 3=4/
.1C t Cjqj/4

C
C"4

.1Cjt jC jqj/6

�
w0 dxdt
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where �0.1=2< r=t < 3=4/ is the characteristic function of the set where t=2< r <
3t=4. Using the properties of the function w0, in particular that w0 . w=.1Cjqj/
we obtain that the above has a bound

.11:23/.
X
jJ j�k

Z T

0

Z
jN@ZJH1j

2w0 dxdt

C "2
Z T

0

Z X
jJ j�k

�
j@ZJH1j

2
C
jZJH1j

2

.1Cjqj/2

�w dxdt
1C t

C

X
jJ 0j�k�1

Z T

0

Z
j@ZJ

0

H1j
2

.1C t /1�2C"
w dxdt

C

Z T

0

Z
C"2�20.1=2 < r=t < 3=4/

.1C t Cjqj/4.1Cjqj/1C2�
dxdt

C

Z T

0

C"4

.1Cjt jC jqj/6
.1Cjqj/1C2
 dxdt:

Once again we use the Hardy-type inequality of Corollary 13.3 with a D 0 to
conclude thatZ T

0

Z �
j@ZIH1j

2
LLCj@Z

JH1j
2
LT

�
w0 dxdt

.
X
jJ j�k

Z T

0

Z �
jN@ZJH1j

2w0 C
j@ZJH1j

2

1C t
w
�
dxdt

C

X
jJ 0j�k�1

Z T

0

Z
j@ZJ

0

H1j
2

.1C t /1�2C"
w dxdt CC"2

as desired, modulo the difference between H1 and h1, in Lemma 11.5. To finish
the proof of the lemma for the case jKj �N=2C1 it remains address the difference
between the tensors

H
��
1 D g

��
�m�� C h0

��
and h1�� D g�� �m�� � h

0
��

The above expressions imply that

.mC h0C h1/�1�� D .m� h
0
CH1/

�� :

Therefore, H��
1 D�h

1�� CO��
�
.h0C h1/2/ and it follows that

j@ZJH1j. j@ZJh1jC
X

jJ1jCjJ2j�jJ j

�
jZJ1h0jj@ZJ2h1jC jZJ1h1jj@ZJ2h1j

Cj@ZJ1h0jjZJ2h1jC jZJ1h0jj@ZJ2h0j
�
;



1460 HANS LINDBLAD and IGOR RODNIANSKI

jN@ZJH1j. jN@ZJh1jC
X

jJ1jCjJ2j�jJ j

�
jZJ1h0jj@ZJ2h1jC jZJ1h1jj@ZJ2h1j

Cj@ZJ1h0jjZJ2h1jC jZJ1h0jj@ZJ2h0j
�
:

Taking into account that for i D 0; 1 and jJ 0j �N=2C 2

jZJ
0

hi j

1Cjqj
C j@ZJ

0

hj � C".1C t Cjqj/�1CC".1Cjqj/�1=2C�
0

� C".1C t Cjqj/�1CC".1Cjqj/�C";

we obtain that

j@ZJH1j. j@ZJh1jC
� 1Cjqj

1C t Cjqj

�1�C"
�

X
jKj�jJ j

�
j@ZKh1jC

jZKh1j

1Cjqj

�
C

"2

.1C t Cjqj/3
;

jN@ZJH1j. jN@ZJh1jC
� 1Cjqj

1C t Cjqj

�1�C"
�

X
jKj�jJ j

�
j@ZKh1jC

jZKh1j

1Cjqj

�
C

"2

.1C t Cjqj/3
:

Thus, with the help of the inequality w0 � w=.1Cjqj/,X
jJ j�k;jKj�k�1

Z T

0

Z �
j@ZJH1j

2

1C t
w dxdt C

j@ZKH1j
2

.1C t /1�2C"

�
w dxdt

C

Z T

0

Z
jN@ZJH1j

2w0 dxdt

.
X

jJ j�k;jKj�k�1

Z T

0

Z �
j@ZJh1j2

1C t
w dxdt C

j@ZKh1j2

.1C t /1�2C"

�
w dxdt t

C

Z T

0

Z
jN@ZJh1j2w0 dxdt C

Z T

0

Z
1

.1C t /

jZJh1j2

.1Cjqj/2
w dxdt t

C

Z T

0

Z
1

.1C t /1�2C"
jZKh1j2

.1Cjqj/2
w dxdt C "2

.
X

jJ j�k;jKj�k�1

Z T

0

Z �
j@ZJh1j2

1C t
w dxdt C

j@ZKh1j2

.1C t /1�2C"

�
w dxdt t

C

Z T

0

Z
jN@ZJh1j2w0 dxdt C "2;
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where to pass to the last inequality we once again used the Hardy-type inequality
of Corollary 13.3.

Returning to (11.21) we now deal with the case jKj � N=2, which implies
that jJ j � N=2C 1 and allows us to use the decay estimates (11.3)–(11.4) for
H1 D�h

1CO.h2/. Therefore, the contribution of the terms with jKj �N=2 toˇ̌e�1ZIh1� yZIe�1h1ˇ̌ can be bounded byX
jKjDjI j

X
jJ jD1

�
jZJH1j

1C t Cjqj
C
jZJH1jLLCjH1jLT

1Cjqj

�
j@ZKh1j

C

X
jKj<jI j

jZJH1j

1Cjqj
j@ZKh1j.

X
jKjDjI j

j@ZKh1j

1C t
C

X
jKj<jI j

j@ZKh1j

.1C t /1�C"

and the desired result follows.
To estimate the commutator e�gZIh1 � yZIe�gh1 it remains to address the

term

jH
˛ˇ
0 @˛@ˇZ

Ih1� yZI
�
H
˛ˇ
0 @˛@ˇZ

Ih1
�
j � "

1

1C t Cjqj

X
jJ j�jI j

CJ
j@ZJh1j

1Cjqj
:

Therefore,Z T

0

Z
jH

˛ˇ
0 @˛@ˇZ

Ih1� yZI
�
H
˛ˇ
0 @˛@ˇZ

Ih1
�
j
2.1C t / w dxdt

. "2
X
jJ j�jI j

Z T

0

Z
j@ZJh1j2

1C t
w dxdt: �

12. Appendix A. Commutators

Recall the family of vector fields

ZD f@˛; �˛ˇ D�x˛@bC xˇ@˛; S D t@t C r@rg:

In this section we address commutation properties of the family Z with various
differential structures. Recall that for any Z 2 Z we have ŒZ;��D�cZ�, where
cZ is different from zero only for the scaling vector field S , cS D 2.

LEMMA 12.1. Let Z 2 Z and let the constants c�˛ be defined by

Œ@˛; Z�D c
�
˛ @�; c �˛ D @˛Z

�:

Then cLL D cLL D 0. In addition, if Q is a null form, then

(12.1) ZQ.@�; @ /DQ.@�; @Z /CQ.@Z�; @ /C QQ.@�; @ /

for some null form QQ on the right-hand side.



1462 HANS LINDBLAD and IGOR RODNIANSKI

Proof. Since Z D Z˛@˛ is a Killing or conformally Killing vector field we
have

(12.2) @˛Zˇ C @ˇZ˛ D f m˛ˇ

where Z˛ Dm˛ˇZˇ . In fact, for the vector fields above, f D 0 unless Z D S in
which case f D 2. In particular,

L˛Lˇ@˛Zˇ D 0:

If c �˛ is as defined above and c˛ˇ D c
�
˛ m�ˇ D @˛Zˇ , then the above simply

means that cLL D cLL D 0, which proves the first part of the lemma. To verify
(12.1) we first consider the null form QDQ˛ˇ We have

ZQ˛ˇ .@�; @ /DQ˛ˇ .@Z�; @ /CQ˛ˇ .@�; @Z /C ŒZ; @˛��@ˇ 

� @ˇ�ŒZ; @˛� C ŒZ; @ˇ ��@˛ � @˛�ŒZ; @ˇ � 

DQ˛ˇ .@Z�; @ /CQ˛ˇ .@�; @Z /

� c�˛ .@��@ˇ � @ˇ�@� /� c
�

ˇ
.@��@˛ � @˛�@� /

DQ˛ˇ .@Z�; @ /CQ˛ˇ .@�; @Z /

� c�˛Q�ˇ .@�; @ /� c
�

ˇ
Q�˛.@�; @ /:

The calculation for the null form Q0.@�; @ /D m
˛ˇ@˛�@ˇ is similar and we

leave it to the reader. �

For any symmetric 2-tensor � and a vector field Z 2 Z define

(12.3) �
˛ˇ
Z @˛@ˇ D �

˛ˇ Œ@˛@ˇ ; Z�; i.e., �
˛ˇ
Z WD �

˛
c ˇ
 C�

ˇc ˛
 :

LEMMA 12.2. The tensor coefficients �˛ˇZ verify the following estimate:

(12.4) j�Z jLL � 2j�jLT:

In general,

Œ�˛ˇ@˛@ˇ ; Z
I �D

X
I1CI2DI; jI2j<jI j

�I1˛ˇ@˛@ˇZ
I2 ;

(12.5)

�J˛ˇ WD
X
jKj�jJ j

c
J˛ˇ
K��Z

K.���/

D �ZJ .�˛ˇ /�
X

KCZDJ

ZK�
˛ˇ
Z C

X
jKj�jJ j�2

d
J˛ˇ
K��Z

K.���/
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for some constants cJ˛ˇM�� and dJ˛ˇM�� . Here the sum (12.5) means the sum over all
possible order preserving partitions of the multi-index I into multi-indices I1, I2.

Proof. First observe that since the vector fields Z are linear in t and x we
have

Œ@2˛ˇ ; Z�D Œ@ˇ ; Z�@˛C Œ@˛; Z�@ˇ D c



ˇ
@
@˛C c



˛ @
@ˇ ;

which proves the first statement, while the second follows since c LL D 0.
To prove (12.5) we first write

ZI
�
�˛ˇ@˛@ˇ�

�
D

X
KCJDI

.ZK�˛ˇ /ZJ
�
@˛@ˇ�

�
:

Then we observe that

(12.6) ZJ @˛@ˇ� D
X

J1CJ2DJ; J1D.�`1 ;:::;�`n /

�

h
Z�`1 ;

h
Z�`2 ;

h
: : : ;

h
Z�`n�1 ; ŒZ�`n ; @2˛ˇ �

i
: : :
i i i

ZJ2�;

where the sum is over all order preserving partitions of .1; : : : ; k/ into two or-
dered sequences .`1; : : : ; `n/ and .`nC1; : : : ; `k/ such that J2 D .�`nC1 ; : : : ; �`k /.
It therefore follows that

�J˛ˇ D�
X

KCLDJ;LD.�1;:::;�l /

�.ZK�˛ˇ /
h
Z�1 ;

h
Z�2 ;

h
: : : ;

h
Z�l�1 ; ŒZ�l ; @2˛ˇ �

i
: : :
i i i

:

The desired representation follows after taking into account that

.ZK�˛ˇ /ŒZ; @2˛ˇ �D�.Z
K�

˛ˇ
Z /@˛@ˇ : �

For a symmetric 2-tensor H and a vector field Z 2 Z we set yZ D ZC cZ ,
where cZ is the constant in the commutator ŒZ;��D�cZ�, and

OHJ˛ˇ
D

X
jM j�jJ j

c
J˛ˇ
M��
yZMH��(12.7)

D� yZJH˛ˇ
�

X
MCZDJ

yZMH
˛ˇ
Z C

X
jM j�jJ j�2

d
J˛ˇ
M��
yZMH�� :

COROLLARY 12.3. Let e�g D�CH˛ˇ@˛@ˇ . Thene�gZ� � yZe�g� D�. yZH˛ˇ
CH

˛ˇ
Z /@˛@ˇ�;(12.8) ˇ̌e�gZ� � yZe�g�j. � jZH jC jH j

1C t Cjqj
C
jZH jLLCjH jLT

1Cjqj

� X
jI j�1

j@ZI�j:(12.9)
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In general,

(12.10) e�gZI� � yZIe�g� D� X
I1CI2DI; jI2j<jI j

OH I1˛ˇ@˛@ˇZ
I2�;

(12.11) je�gZI� � yZIe�g�j. 1

1C t Cjqj

X
jKj�jI j;

X
jJ jC.jKj�1/C�jI j

jZJH j j@ZK�j

C
1

1Cjqj

X
jKj�jI j

 X
jJ jC.jKj�1/C�jI j

jZJH jLLC
X

jJ 0jC.jKj�1/C�jI j�1

jZJ
0

H jLT

C

X
jJ 00jC.jKj�1/C�jI j�2

jZJ
00

H j

!
j@ZK�j;

where .jKj � 1/C D jKj � 1 if jKj � 1 and .jKj � 1/C D 0 if jKj D 0.

Proof. First observe that

yZe�g� D .ZC cZ/��C .ZC cZ/H˛ˇ@2˛ˇ�

D�Z�CH˛ˇ@2˛ˇZ�C .ZH
˛ˇ /@2˛ˇ�C .H

˛ˇ
Z C cZH

˛ˇ /@2˛ˇ�

D e�gZ�C .ZH˛ˇ /@2˛ˇ�C .H
˛ˇ
Z C cZH

˛ˇ /@2˛ˇ�:

Recall now that the constant cZ is different from 0 only in the case of the scaling
vector field S . Moreover, in that case

H
˛ˇ
S C cSH

˛ˇ
D 0:

The inequality (12.9) now follows from (12.8), (12.4) and the estimate (5.7). The
general commutation formula (12.10) follows from the following calculation, sim-
ilar to the one in Lemma 12.2. We have

yZIe�g� D yZI��C yZIH˛ˇ@2˛ˇ� D�Z
I�C

X
JCKDI

OZJH˛ˇZK@2˛ˇ�:

If we now use (12.6) we get (12.10) as in the proof of Lemma 12.2. The inequality
(12.11) now follows from (12.10), (12.4) and the estimate (5.7). �

13. Appendix B. Hardy-type inequality

In this section we prove a version of the classical three dimensional Hardy
inequality Z

R3

jf .x/j2

jxj2
dx � 4

Z
R3
jrf .x/j2dx:

The Hardy inequality converts the weighted L2 norm of the function f into the L2

norm of its gradient. These type of estimates prove to be useful in the context of
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energy estimates for solutions of a quasilinear wave equation �g.�/� D F , where
the energy norms contain only the derivatives of � while the error terms, generated
by the metric g.�/ also depend on the solution � itself. The disadvantage of the
classical Hardy inequality in this context is that it requires a costly weight r�2.
The “cost” here refers to the rate of decay of the weight in the wave zone r � t .
Therefore we seek a version of the Hardy inequality with the weight dependent on
the distance to the cone r D t rather than the origin r D 0.

LEMMA 13.1. Let 0 � ˛ � 2, 1C� > 0 and 
 > 0. Then for any function
u 2 C 10 .Œ0;1// and an arbitrary t � 0 there is a constant C , depending on a lower
bound for 
 > 0 and 1C� > 0, such that

Z t

0

u2

.1Cjr � t j/2C�
r2 dr

.1C t C r/˛
C

Z 1
t

u2

.1Cjr � t j/1�

r2 dr

.1C t C r/˛

(13.1)

� C

Z t

0

j@ruj
2

.1Cjr � t j/�
r2

.1C t C r/˛
dr CC

Z 1
t

j@ruj
2 .1Cjr � t j/

1C


.1C t C r/˛
r2 dr:

Remark 13.2. The inequality (13.1) with ˛ D 0 appears to be the precise
analogue of the classical (spherically-symmetric) Hardy inequality. The presence
of the additional growing weight .1C jt � r j/1C
 seems to be necessary and in
fact fits perfectly in the context of our weighted energy estimates. In the previous
work ([LR05]) the estimates used to convert a weighted norm of a solution into a
norm of its derivative, e.g.,Z 1
0

u2

.1Cjr � t j/2C�
r2dr�C

�
.1Ct /2ju.1Ct /j2C

Z 1
0

j@ruj
2

.1Cjr � t j/2C�
r2dr

�
were more reminiscent of the classical Poincaré inequality.

Proof. Set

m.q/D

(
.1C q/
 ; q > 0;

.1� q/�1��; q � 0:

Then

m0.q/D

(

.1C q/�1C
 ; q � 0;

.1C�/.1� q/�2��; q � 0:

Since ˛ � 2

@r

�
r2.1C t C r/�˛m.r � t /

�
D

�2
r
�

˛

1C t C r
C
m0.r � t /

m.r � t /

� r2m.r � t /
.1C t C r/˛

�
r2m0.r � t /

.1C t C r/˛
:
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Hence

@r

�
r2.1C t C r/�˛m.r � t /�2

�
�m0.r � t /r2.1C t C r/�˛�2

C 2r2.1C t C r/�˛m.r � t /�@r�:

If we integrate the above from 0 to1 and use that � has compact support we see
that Z 1

0

m0.r � t /�2
r2dr

.1C t C r/˛
� 2

Z 1
0

m.r � t /�@r�
r2dr

.1C t C r/˛
:

Since m0 > 0 and m� 0 it follows from Cauchy-Schwarz inequality thatZ 1
0

m0.r � t /�2
r2dr

.1C t C r/˛
�
p
2

Z 1
0

m.r � t /2

m0.r � t /
j@r�j

2 r2dr

.1C t C r/˛

from which the lemma follows. �

COROLLARY 13.3. Let 
 > 0 and � > 0 and set, for q D r � t ,

w.q/D

(
1C .1Cjqj/1C2
 ; q > 0;

1C .1Cjqj/�2�; q < 0:

Then for any �1� a � 1 and any � 2 C10 .R
3/Z

j�j2

.1Cjqj/2
w dx

.1C t Cjqj/1�a
.
Z
j@�j2

w dx

.1C t Cjqj/1�a
:

If , in addition, a < 2min .
; �/,Z
j�j2

.1Cjqj/2
.1Cjqj/�a

.1C t Cjqj/1�a
w dx

.1C q�/2�
.
Z
j@�j2min .w0;

w

.1C t Cjqj/1�a
/ dx

where q� D jqj, when q < 0 and q� D 0, when q > 0.

14. Appendix C. Weighted Klainerman-Sobolev inequalities

In this section we provide a straightforward generalization of the Klainerman-
Sobolev inequalities, expressing pointwise decay in terms of the bounds on L2

norms involving vector field Z 2 Z. We consider energy norms with the following
weight function

w D w.q/D

(
1C .1Cjqj/1C2
 ; when q > 0;

1C .1Cjqj/�2�; when q < 0
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for some 0 < 
 < 1. Therefore,

w 0 DW w 0.q/D

(
.1C 2
/.1Cjqj/2
 ; when q > 0;

2�.1Cjqj/�1�2�; when q < 0;

w0 � 4w.1Cjqj/�1 � 16
�1w0.1C q�/
2�:

We have the following global Sobolev inequality

PROPOSITION 14.1. For any function � 2 C10 .R
3/ and an arbitrary .t; x/,

j�.t; x/j.1CtCjqj/
�
.1Cjqj/w.q/

�1=2
�C

X
jI j�3

kw1=2ZI�.t; � /kL2 ; qD t�r:

Proof. First note that it is sufficient to consider two cases when the support
of � is in the sets r � t=2 and t=4� r respectively. We argue as follows. Let �.�/
be a smooth cut-off function such �.�/ D 1 when � � �3=5, and �.�/ D 0 for
� � �1=3. Define

�1.t; x/D �
� r�t
rCt

�
�.t; x/; �2.t; x/D

�
1��

� r�t
rCt

��
�.t; x/:

The supports of functions �1; �2 then belong to the desired regions andX
jI j�3

jZI�i j � C
X
jI j�3

jZI�j;

since jZI�i j � C .
First for r � t=2 consider the rescaled function c�t .x/ D �.t; tx/, where

jxj � 1=2 in the support. By the standard Klainerman-Sobolev estimate

k�t .x/kL1x � C
X
j˛j�2

k@˛�t .x/kL2x � C
X
j˛j�2

k.t j˛j@˛�/.t; tx/kL2x :

Since X
j˛j�k

jt � r jj˛jj@˛�.t; x/j � C
X
jI j�k

jZI�.t; x/j;

we obtain that

k�.t; x/kL1x � Ct
�3=2

X
jI j�k

kZI�.t; x/kL2x :

Multiplying both sides of the above inequality by Œw.�t /�1=2, which is� Œw.q/�1=2

when r � t=2, proves the proposition in the case when � is supported in the region
r � t=2.
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When r � t=4 we can estimate the L1 norm by the L1 norms of derivatives:

j�.t; x/j2.1C t Cjqj/2w.q/.1Cjqj/

� C
X
j˛j�2

Z
S2

Z ˇ̌̌
@˛!@q

�
w.q/.1Cjqj/.t C q/2�

�
t; .t C q/!

�2�ˇ̌̌
dq dS.!/:

Since jw0.q/j.1C jqj/� Cw.q/ and jqj � C jt C qj D Cr on the support of �, it
follows that we have the boundX

j˛j�2;kD0;1

Z
S2

Z
w.q/.t C q/2

ˇ̌̌
.q@q/

k@˛!�
�
t; .t C q/!

�ˇ̌̌2
dq dS.!/

� C
X
jI j�3

Z
R3
w.q/jZI�.t; x/j2 dx: �

15. Appendix D. Wave coordinate condition

In this section we provide the details on the estimates following from the wave
coordinate condition

(15.1) @�

�
g��

p
j detgj

�
D 0

for a Lorentzian metric g in a coordinate system fx�g�D0;:::;3, leading up to the
proof of Proposition 8.2. We recall the definition of the tensor H�� D g�� �m��

and below state the consequences of (15.1) in terms of estimates for H .
We first observe that for any vector field X and a collection of our special

vector fields Z 2 Z we have that

(15.2) ZI@˛X˛D @˛
�
ZIX˛C

X
jJ j<jI j

c I ˛J 
 Z
JX


�
D @˛

� X
jJ�jI j

c I ˛J 
 Z
JX


�
;

where c ˛J 
 are constants such that

c I ˛J 
 D ı
˛

 ; for jJ j D jI j and c

I L

J L D 0; for jJ j D jI j � 1:

The last identity is a consequence of the relation between c I 
J ˛ and the commutator
constants c˛ˇ D Œ@˛; Z�ˇ for which we have established in Lemma 12.1 that cLLD
0. It therefore follows from (15.1) and (15.2) that
(15.3)
H ŒI �
�� WDZ

I eH�� C

X
jJ j<jI j

c
I 

J � Z

J eH 
� ; with eH�� WDH�� �
m��

2
trH;

satisfies

(15.4) @�H
ŒI ���

CZI@�O
��.H 2/D 0; where O��.H 2/DO.jH j2/:
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LEMMA 15.1. Let H be a 2-tensor and let H ŒI � be defined by (15.3). Then,
for j D 0; 1;

(15.5)
X
jI j�k

j@jZIH jLLC
X

jJ j�k�1

j@jZJH jLT

.
X

jKj�k�2

j@jZKH jC
X
jI j�k

j@jH ŒI �
jLT:

Proof. It is easy to see that (15.3) implies that for any ˛X
jI j�k

j@˛ZIH jLL .
X

jJ j�k�1

j@˛ZJH jLT

C

X
jKj�k�2

j@˛ZKH jC
X
jI j�k

j@˛H ŒI �
jLL;

X
jJ j�k�1

j@˛ZJH jLT �

X
jKj�k�2

j@˛ZKH jC
X

jJ j�k�1

j@˛H ŒJ �
jLT

and (15.5) follows. �

LEMMA 15.2. Let Z represent Minkowski Killing or conformally Killing vec-
tor fields from our family Z and assume the tensor H satisfies the wave coordinate
condition (15.1). Then for any multi-index I tensor H ŒI �, defined in (15.3), satisfies
the following estimateˇ̌
@H ŒI �

ˇ̌
LT
.

X
jJ j�jI j

jN@ZJH jC
X

I1C���CIkDI; k�2

jZIkH j � � � jZI2H j j@ZI1H j:

Proof. The wave coordinate condition (8.1) can be written in the form

@�
�
zG��

�
D 0; where zG�� D .m�� CH��/

p
j detgj:

It follows from (15.2) that

@�
� X
jJ j�jI j

c
I �

J ZJ zG
�

�
D 0:

Decomposing relative to the null frame .L;L;A;B/ we obtain

@q

� X
jJ j�jI j

c
I L


J ZJ zG
�

�
D @s

� X
jJ j�jI j

c
I L

J ZJ zG
�

�
�A� N@A

� X
jJ j�jI j

c
I �

J ZJ zG
�

�
:
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We now contract the above identity with one of the tangential vector fields T � ,
T 2 fL;A;Bg to obtainˇ̌̌

L
 T �@qZ
I zG
� C

X
jJ j<jI j

c
I L


J T � @qZ
J zG
�

ˇ̌̌
.

X
jJ j�jI j

ˇ̌
N@ZI QG

ˇ̌
:

We now examine the expression

L
 T �ZJ @q zG
� D L

 T �@qZ

J

�
.m
� CH
�/

p
j detgj

�
D

X
J1CJ2DJ

L
 T �@q

�
.ZJ1H
�/Z

J2
p
j detgj

�
since mLT D L
 T �m
� D 0. The desired estimate now follows from the identityp
j detgj D 1Cf .H/, which holds with a smooth function f .H/ such that f .0/D

0 and f .H/D�trH=2CO.H 2/. �

We now summarize the above results in the following

LEMMA 15.3. Let g be a Lorentzian metric satisfying the wave coordinate
condition (15.1) relative to a coordinate system fx�g�D0;:::;3. Then the following
estimates for the tensor H�� D g�� �m�� and a multi-index I hold true under
the assumption that jZJH j � C; for all jJ j � jI j=2:

(15.6) j@ZIH jLT .
� X
jJ j�jI j

j@ZJH jC
X

jJ j�jI j�1

j@ZJH j

C

X
jI1jCjjI2j�jI j

jZI2H jj@ZI1H j
�
;

(15.7) j@ZIH jLL .
� X
jJ j�jI j

j@ZJH jC
X

jJ j�jI j�2

j@ZJH j

C

X
jI1jCjI2j�jI j

jZI2H jj@ZI1H j
�
:

We now establish that the tensor

(15.8) H
��
1 DH

��
�H

��
0 ; H

��
0 WD ��

�r
t

�
�.r/

M

r
ı��

obtained by subtracting the “Schwarzschild part” H0 from H obeys similar struc-
ture estimates to those of H .

LEMMA 15.4. Let g be a Lorentzian metric satisfying the wave coordinate
condition (15.1) relative to a coordinate system fx�g�D0;:::;3. For a given integer
k � 0 we have the following estimates for the tensor H��

1 D g
�� �m�� �H

��
0 ,
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under the assumption that jZJH j � C; 8jJ j � k=2,

(15.9)
X
jI j�k

ˇ̌
@ZIH1

ˇ̌
LL
C

X
jI j�k�1

ˇ̌
@ZIH1

ˇ̌
LT
.
X
jI j�k

jN@ZIH1j

C

X
jI j�k�2

j@ZIH1jC "
1

1C t Cjqj

X
jI j�k

�
j@ZIH1jC

jZIH1j

1C t Cjqj

�
C

X
jI jCjJ j�k

jZIH1jj@Z
JH1jC

C"�0.1=2<r=t <3=4/

.1C t Cjqj/2
C

C"2

.1Cjt jC jqj/3
;

where �0.1=2 < r=t < 3=4/ is the characteristic function of the set where t=2 <
r < 3t=4.

Proof. We define the tensors

H ŒI �
�� D ZI eH�� C

X
jJ j<jI j

c
I 

J � Z

J eH 
� ; eH�� D H�� �
m��

2
trH;

H0
ŒI �
�� DZ

IfH0�� CX
jJ j<jI j

c
I 

J � Z

JfH0
� ; fH0�� DH0�� � m��
2

trH0;

H1
ŒI �
�� DZ

IfH1�� CX
jJ j<jI j

c
I 

J � Z

JfH1
� ; fH1�� D H1�� � m��
2

trH1

with the constants cI 

J � such that cI L

J L D 0, if jJ j D jI j � 1. Observe that the

tensor H0
ŒI �
�� is defined in such a way that

@�H0
ŒI �
�� DZ

I
�
@�fH0���:

Since the tensor g�� satisfies the wave coordinate condition it follows that

(15.10) @�H ŒI �
�� CZ

I@�O
��.H 2/D 0; where O��.H 2/DO.jH j2/:

On the other hand, calculating using the definition of H0,

@�fH0�� D 2�0.r=t/�.r/M=t2ı� 0:
Therefore, since H�� DH0�� CH1�� and H ŒI �

�� DH0
ŒI �
�� CH1

ŒI �
�� we obtain

@�H1
ŒI �
�� D�Z

I@�O
��.H 2/C 2ZI

�
�0.r=t/�.r/M=t2

�
ı� 0:
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Arguing as in the proof of Lemma 15.2 we deriveX
jI j�k

ˇ̌
@ZIH1

ˇ̌
LL
C

X
jI j�k�1

ˇ̌
@ZIH1

ˇ̌
LT

(15.11)

.
X
jI j�k

ˇ̌
@H

ŒI �
1

ˇ̌
LT
C

X
jI j�k�2

j@ZIH1j

.
X
jI j�k

jN@ZIH1jC
X
jI j�k

X
I1C���CInDI; n�2

jZInH j � � � jZI2H j j@ZI1H j

C

X
jI j�k�2

j@ZIH1jC
C"�0.1=2 < r=t < 3=4/

.1C t Cjqj/2
;

where �0.1=2 < r=t < 3=4/ is the characteristic function of the set where t=2 <
r < 3t=4. Using the condition jZIH j. 1; 8jI j � k=2, and the estimates

jZIH0jC .1C t Cjqj/j@Z
IH0j �

"

1C t Cjqj

we obtain

X
I1C���CInDI; n�2

jZInH j � � � jZI2H j j@ZI1H j.
X

jJ jCjKj�jI j

jZJH j j@ZKH j

(15.12)

.
X

jJ jCjKj�jI j

jZJH0j j@Z
KH1jC jZ

JH1j j@Z
KH0j

C jZJH1j j@Z
KH1jC jZ

JH0j j@Z
KH0j

.
X
jJ j�jI j

"
1

1C t Cjqj

�
j@ZJH1jC

jZJH1j

1C t Cjqj

�
C

"2

.1C t Cjqj/3

and the lemma follows. �

16. Appendix E. L1�L1-estimates and additional decay

The bounds
(16.1)
EN .t/D

X
jI j�N

kw1=2@ZIh1.t; � /kL2 Ckw
1=2@ZI .t; � /kL2 � CN .1C t /

CN ";

with

(16.2) w1=2 D

�
.1Cjr � t j/1=2C
 ; r > t;

1; r � t
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imply, with the help of the weighted Klainerman-Sobolev inequality, that

(16.3) j@ZIh1jC j@ZI j

�

�
C 0N ".1C t C r/

�1CCN ".1Cjt � r j/�1�
 ; r > t;

C 0N ".1C t C r/
�1CCN ".1Cjt � r j/�1=2; r � t;

jI j �N � 2:

The exponent in the interior decay estimate (16.3) in jt � r j can be improved from
�1=2 to �1 using the estimate

(16.4) jZIh1jC jZI j � C 00N ".1C t /
�1C2CN "; jI j �N � 3

that we will now prove. We will divide the solution of Einstein’s equations into
a linear and a nonlinear part with vanishing initial data h1�� D v�� Cw�� . The
estimate for the linear part follows from:

LEMMA 16.1. If v is the solution of

v D 0; v
ˇ̌
tD0
D v0; @tv

ˇ̌
tD0
D v1;

then for any 
 > 0;
(16.5)
.1C t /jv.t; x/j �C sup

x

�
.1Cjxj/2C
 .jv1.x/jCj@v0.x/j/C.1Cjxj/

1C

jv0.x/j

�
:

Proof. The proof is an immediate consequence of the Kirchhoff’s formula

v.t; x/D t

Z
j!jD1

�
v1.xC t!/Chv

0
0.xC t!/; !i

�
dS.!/

C

Z
j!jD1

v0.xC t!/ dS.!/;

where dS.!/ is the normalized surface measure on S2. Suppose that x D re1,
where e1 D .1; 0; 0/. Then for k D 1; 2 we must estimateZ

dS.!/

1Cjre1C t!jkC

D

Z 1

�1

Cd!1

1C
�
.r � t!1/2C t2.1�!

2
1/
�.kC
/=2(16.6)

�

Z 2

0

Cds

1C
�
.r � t C ts/2C t2s

�.kC
/=2 :
If k D 2 we make the change of variables t2s D � to get an integral bounded by
Ct�2 and if k D 1, we make the change of variables ts D � to get an integral
bounded by t�1. �

To estimate the nonlinear part we use Hörmander’s L1 �L1-estimates for
the fundamental solution of �, see [Hör87], [Lin90b]:



1474 HANS LINDBLAD and IGOR RODNIANSKI

PROPOSITION 16.2. If v be the solution of

w D g; w
ˇ̌
tD0
D @tw

ˇ̌
tD0
D 0;

then

(16.7) jw.t; x/j.1C t Cjxj/� C
X
jI j�2

Z t

0

Z
R3

jZIg.s; y/j

1C sCjyj
dy ds:

Let h1�� D v� nuCw�� where,
(16.8)
�w�� D�H˛ˇ@˛@ˇh�� CF��.h/.@h; @h/; w��

ˇ̌
tD0
D @tw��

ˇ̌
tD0
D 0;

and

(16.9) �v�� D 0; v��
ˇ̌
tD0
D h1��

ˇ̌
tD0

; @tv��
ˇ̌
tD0
D @th

1
��

ˇ̌
tD0

:

We have
(16.10)

jZIF��.h/.@h; @h/j � C
X

jJ jCjKj�jI j

j@ZJhj j@ZKhjCC
X

jJ jCjKj�jI j

jZJhj

1Cjqj
j@ZKhj;

and since H˛ˇ D�h˛ˇ CO.h
2/,

(16.11)
ˇ̌
ZI
�
H˛ˇ@˛@ˇh��

�ˇ̌
� C

X
jJ jCjKj�jI jC1; jJ j�jI j

jZJhj

1Cjqj
j@ZKhj:

Now

(16.12)
Z
j@ZJhj j@ZKhj.s; y/ dy �

X
jI j�N

k@ZIh.s; � /k2
L2
� C.1C s/2CN ":

We write hD h0C h1 and estimate

(16.13)
Z
jh0.s; y/j2

.1Cjqj/2
dy �M 2

Z 1
0

r2 dr

.1Cjt C r j/2.1Cjt � r j/2
� CM 2

and by Corollary 13.3

(16.14)
Z
jh1.s; y/j2

.1Cjqj/2
dy � C

Z
j@h1.s; y/j2w.q/ dy � C 2N "

2.1C t /2CN ";

where w is as in (16.2). Hence

(16.15)
Z
jZJhj

1Cjqj
j@ZKhj.s; y/ dy � C"2.1C t /2CN ":
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It now follows from Proposition 16.2 that

(16.16) jw��.t; x/j.1C t Cjxj/�

Z t

0

"2 ds

.1C s/1�2CN "
� C".1C s/2CN "

which proves (16.4).

Acknowledgments. The authors would like to thank Sergiu Klainerman for
valuable suggestions and discussions.

References

[Ali00] S. ALINHAC, Rank 2 singular solutions for quasilinear wave equations, Internat. Math.
Res. Notices (2000), 955–984. MR 2002e:35157 Zbl 0971.35053

[Ali01] , The null condition for quasilinear wave equations in two space dimensions I,
Invent. Math. 145 (2001), 597–618. MR 2002i:35127 Zbl 1112.35341

[Ali03] , An example of blowup at infinity for a quasilinear wave equation, Astérisque 284
(2003), 1–91. MR 2005a:35197 Zbl 1053.35097

[Bla02] L. BLANCHET, Gravitational radiation from post-Newtonian sources and inspiralling
compact binaries, Living Reviews in Relativity 5 (2002), http://relativity.livingreviews.org
/Articles/lrr-2006-4/.

[BD92] L. BLANCHET and T. DAMOUR, Hereditary effects in gravitational radiation, Phys. Rev.
D 46 (1992), 4304–4319. MR 94d:83021

[CB52] Y. CHOQUET-BRUHAT, Théorème d’existence pour certains systèmes d’équations aux
dérivées partielles non linéaires, Acta Math. 88 (1952), 141–225. MR 14,756g Zbl 0049.
19201

[CB73] , Un théorème d’instabilité pour certaines équations hyperboliques non linéaires,
C. R. Acad. Sci. Paris Sér. A-B 276 (1973), A281–A284. MR 47 #3849

[CB00] , The null condition and asymptotic expansions for the Einstein equations, Ann.
Phys. 9 (2000), 258–266. MR 2001g:83009 Zbl 0973.83018

[CBG69] Y. CHOQUET-BRUHAT and R. GEROCH, Global aspects of the Cauchy problem in general
relativity, Comm. Math. Phys. 14 (1969), 329–335. MR 40 #3872 Zbl 0182.59901

[Chr86] D. CHRISTODOULOU, Global solutions of nonlinear hyperbolic equations for small initial
data, Comm. Pure Appl. Math. 39 (1986), 267–282. MR 87c:35111 Zbl 0612.35090

[Chr02] , The global initial value problem in general relativity, in The Ninth Marcel Gross-
mann Meeting (Rome 2000) (V. G. GURZADYAN and R. T. JANSEN, eds.), World Sci.
Publ., River Edge, NJ, 2002, pp. 44–54.

[CK93] D. CHRISTODOULOU and S. KLAINERMAN, The Global Nonlinear Stability of the Minkow-
ski Space, Princeton Math. Series 41, Princeton Univ. Press, Princeton, NJ, 1993. MR 95k:
83006 Zbl 0827.53055
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