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Abstract

A polynomial parametrization for the group of integer two-by-two matrices
with determinant one is given, solving an old open problem of Skolem and Beurk-
ers. It follows that, for many Diophantine equations, the integer solutions and the
primitive solutions admit polynomial parametrizations.

Introduction

This paper was motivated by an open problem from [8, p. 390]:

CNTA 5.15 (Frits Beukers). Prove or disprove the following statement:
There exist four polynomials A, B, C, D with integer coefficients (in any
number of variables) such that AD — BC = 1 and all integer solutions
of ad —bc =1 can be obtained from A, B, C, D by specialization of the
variables to integer values.

Actually, the problem goes back to Skolem [14, p. 23]. Zannier [22] showed
that three variables are not sufficient to parametrize the group SL; Z, the set of all
integer solutions to the equation x1xp — x3x4 = 1.

Apparently Beukers posed the question because SL, Z (more precisely, a con-
gruence subgroup of SL, Z) is related with the solution set X of the equation
x% + x% = x% + 3, and he (like Skolem) expected the negative answer to CNTA
5.15, as indicated by his remark [8, p. 389] on the set X:

I have begun to believe that it is not possible to cover all solutions
by a finite number of polynomials simply because I have never

The paper was conceived in July of 2004 while the author enjoyed the hospitality of Tata Institute for
Fundamental Research, India.
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seen a polynomial parametrisation of all two-by-two determinant
one matrices with integer entries.

In this paper (Theorem 1 below) we obtain the affirmative answer to CNTA
5.15. As a consequence we prove, for many polynomial equations, that either
the set X of integer solutions is a polynomial family or (more generally) X is a
finite union of polynomial families. It is also possible to cover all solutions of
x% + x% = x% + 3 by two polynomial triples; see Example 15 below.

Skolem [14, Bemerkung 1, p. 23] conjectured that SL; Z does not admit a
polynomial parametrization for any n. However the main result of Carter and
Keller [4] refutes this for n > 3, and our Theorem 1 refutes this for n» = 2 and also
implies a similar result for n > 3; see Corollary 17(a).

A few words about our terminology. Let

(PI(YI’---’)’N)’---’Pk()’l’---,yN))

be a k-tuple of polynomials in N variables with integer coefficients. Plugging in
all N-tuples of integers, we obtain a family X of integer k-tuples, which we call a
polynomial family (defined over the integers Z ) with N parameters. We also say
that the set X admits a polynomial parametrization with N parameters. In other
words, a polynomial family X is the image (range) P(Z") of a polynomial map
P : 7N — 7F. We call this map P a polynomial parametrization of X .

Given a Diophantine equation or a system of Diophantine equations, we can
ask whether the solution set (over Z) is a polynomial family. In other words, we can
search for a general solution (i.e., a polynomial parametrization for the set). In the
case of a polynomial equation, the polynomials in any polynomial parametrization
form a polynomial solution.

If no polynomial parametrization is known or exists, we can ask whether the
solution set is a finite union of polynomial families. Loosely speaking, are the
solutions covered by a finite number of polynomials?

Also we can ask about polynomial parametrization of all primitive solutions.
Recall that a k-tuple of integers is called primitive (or unimodular) if its GCD
is 1. For any homogeneous equation, a polynomial parametrization of all primitive
solutions leads to a polynomial parametrization of all solutions with one additional
parameter.

The open problem CNTA 5.15 quoted above is the question whether the group
SL; Z is a polynomial family, i.e., admits a polynomial parametrization. Our an-
swer is “yes’:

THEOREM 1. SL, Z is a polynomial family with 46 parameters.

We will prove this theorem in Section 1. The proof refines computations in
[10], [2], [13], [18] and [4], especially, the last two papers.
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Now we consider some applications of the theorem and some examples. First
we deal with an arbitrary system of linear equations. Then we consider quadratic
equations. Finally, we consider Diophantine equations of higher degree. On the
way, we make a few general remarks on the polynomial families.

It is easy to see that the solution set for any system of linear equations (with
integer coefficients) either is empty or admits a polynomial parametrization of de-
gree < 1 with the number of parameters N less than or equal to the number of
variables k. In Section 2, using our Theorem 1, we obtain this:

COROLLARY 2. The set of all primitive solutions for any linear system of
equations with integer coefficients either consists of < 2 solutions or is a polyno-
mial family.

For example, the set Um,, Z of all primitive (unimodular) n-tuples of integers
turns out to be a polynomial family provided that n > 2. The case n > 3 is much
easier, and this result can be easily extended to more general rings; see Section 2
below. When n = 1, the set Um; Z = {£1} consists of two elements. This set is
not a polynomial family but can be covered by two (constant) polynomials.

In general, a finite set with cardinality # 1 is not a polynomial family but can
be covered by a finite number of (constant) polynomials (the number is zero in the
case of an empty set).

The set Umy, Z is a projection of the set X of all integer solutions to the
quadratic equation x1x3 + -+ + X25—1X2, = 1. So if X is a polynomial family,
then obviously Um,, Z is a polynomial family. Using Theorem 1, we will show X is
a polynomial family if n > 2. (When n = 1 the solution set Um; Z =GL Z = {1}
to the equation x;x, = 1 is not a polynomial family.)

COROLLARY 3. When n > 2, the set of all integer solutions of
X1X2 4+ Xop—1X2, =1
is a polynomial family.

In fact, Theorem 1 implies that for many other quadratic equations, the set
of all integer or all primitive solutions is a polynomial family or a finite union of
polynomial families. A useful concept here is that of a Q-unimodular vector x,
where Q(x) is a quadratic form, i.e., a homogeneous, degree two polynomial with
integer coefficient. An integer vector x is called Q-unimodular if there is a vector

x’ such that Q(x + x’) — Q(x) — Q(x") = 1. Our Corollary 3 is a particular case
of the following result, which we will prove in Section 3:

COROLLARY 4. Consider the set X of all Q-unimodular solutions to Q(x) =
Qo, where Q(x) is a quadratic form in k variables and Q¢ is a given number.
Assume that k > 4 and that Q(x) = x1x2 + x3x4 + Q' (x5,...,x). Then X is a
polynomial family with 3k + 80 parameters.
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Under the additional condition that K > 6 and Q'(xs,...,x;) = X5X¢ +
0" (x7,...,xx), it is easy to get a better bound (with 3k — 6 instead of 3k + 80)
without using Theorem 1 (see Proposition 3.4 below).

Note that for nonsingular quadratic forms Q (when the corresponding sym-
metric bilinear form (x, x") o = Q(x +x)— Q(x)— Q(x’) has an invertible matrix),
“@-unimodular” means “primitive.” In general, the orthogonal group acts on the
integer solutions Z and on the Q-unimodular solutions X, a fact we use to prove
Corollary 4.

Now we make several remarks about the integer solutions x to Q(x) = Qg that
are not Q-unimodular. We observe that both GCD(x) and the GCD of all (x, x) ¢
are invariants under the action. In the case when Q is nonsingular, Corollary 4
describes the set Z of all integer solutions z as follows: if Q¢ = 0 (homogeneous
case), then z = xy¢ with primitive x, so Z is a polynomial family with an additional
parameter; if Q¢ # 0, then Z is a finite union of polynomial families indexed
by the square divisors of Q9. We will show elsewhere that the set Z for Q in
Corollary 4 or, more generally, for any isotropic quadratic form Q, is a finite union
of polynomial families.

Example 5. The solution set for the Diophantine equation xjx, = x% admits
a polynomial parametrization with three parameters:

(x1,%2,%x3) = y1(¥3, Y3, y2)3).

Among these solutions, the primitive solutions are those with y; = 41 and (y2, y3)
€ Ump Z. So by Theorem 1 (or Corollary 3 with n = 2), the set of all primitive
solutions is the union of two polynomial families. The set of primitive solutions is
not a polynomial family.

This follows easily from the fact that the polynomial ring Z[y1,..., yn]is a
unique factorization domain from any N, so within any polynomial family either
all x; >0orall x; <O0.

The number 2 here is related to the fact that the group SL, Z acts on the two-
by-two symmetric matrices with two orbits on the determinant O primitive matrices.

The action is
X1 X X1 X
(1 3)|—>aT( ! 3)(x forax € SL, Z,
X3 X4 X3 X4

where a7 is the transpose of .
An alternative description of the action of SLy Z is

X3 —X 1 (x3 —x
(3 1)+—>a 1(3 1)oz fora € SL, Z.
X2 —X3 X2 —X3

The trace 0 and the determinant xjx, — x% are preserved under this action.



POLYNOMIAL PARAMETRIZATION 983

Example 6. The solution set for x1x2 + x3x4 = 0 admits the following poly-
nomial parametrization with five parameters:

(x1,x2,x3,x4) = y5(¥1Y2. Y3V, Y13, Y2V4).

Such a solution is primitive if and only if y5 = 41 and (y1, y4), (¥2, ¥3) € Um, Z.
So by Theorem 1, the set of all primitive solutions is a polynomial family with
92 parameters. By Theorem 2.2 below, the number of parameters can be reduced
to 90.

Example 7. Consider the equation x1x, = x% + D with a given D € Z. The
case D = 0 was considered in Example 5, so assume now that D # 0. We can
identify solutions with integer symmetric two-by-two matrices of determinant D.
The group SL; Z acts on the set X of all solutions as in Example 5. It is easy to
see and well known that every orbit contains either a matrix (Z 2) with a # 0 and
(1—lal)/2<b < |a]/2 <|d|/2 or a matrix (§ g) with b2 = —D. In the first case,
|D| = |ad —b?| > a®? —a?/4 = 3a?/4 > 3b?/16, and d is determined by a and b;
hence the number of orbits is at most 8| D|/3. Therefore the total number of orbit
is bounded by 8| D|/3 + 2. (Better bounds and connections with the class number
of the field Q[+/D] are known.)

By Theorem 1, every orbit is a polynomial family with 46 parameters, so the
set X can be covered by a finite set of polynomials, and the subset of primitive
solutions can be covered by a finite set of polynomials with 46 parameters each.
When D = %1 or 2, the number of orbits and hence the number of polynomial
families is two. When D = £3, the number of orbits is four.

When D is square-free, every integer solution is primitive.

Example 8. Consider the equation x;x, + x3x4 = D with a given integer D
(i-e., the equation in Corollary 4 with k = 4 and Q¢ = D). The case D = 0 was
considered in Example 6, so assume now that D # 0. The group SL; Z x SL;, Z

acts on the solutions (_;; i;) by

( X1 Xs) r—>ot_1( X1 x3) B, wherea,f €SL,Z.

—X4 X2 —X4 X2

It is well known that every orbit contains the matrix diag(d, D/d), where
d = GCD(x1,x2,X3,X4). So the number of orbits is the number of squares d?
dividing D. By Theorem 1, the set X of integers solutions is a finite union of
polynomial families, and the subset X’ of primitive solutions is a polynomial family
with 92 parameters. When D is square-free, X’ = X. When D = +1, Theorem 1
gives a better number of parameters, namely 46 instead of 92.

Example 9. Let D > 2 be a square-free integer. It is convenient to write
solutions (x1, x2) = (a, b) of Pell’s equation x% — Dx% =lasa+b/D eZ[V/D].



984 LEONID VASERSTEIN

Then they form a group under multiplication. All solutions are primitive, and they
are parametrized by two integers, m and n, as

a+b~'D = (ag +bo~'D)™ (a1 + b v D)".

where ag + bO\/ﬁ is a solution of infinite order and a1 + b /D is a solution of
finite order (this is not a polynomial parametrization!).

We claim that every polynomial solution to the equation is constant. Since
D is not a square, this is obvious. Here is a more sophisticated argument which
works for many “sparse” sequences:

It is clear that ) |a|~¢ < oo for any & > 0, where the sum is taken over all

solutions @ +b~/D. On the other hand, if we have a nonconstant polynomial
solution, we have a nonconstant univariate solution f(y) + g(y)v/D. If g(x) is
not constant, then f(y) is not constant. Let d > 1 be the degree of f(x). Then
Y ,ezlf(2)]7% = oo provided that 0 < & < 1/d. Since f(z) takes every value at
most d times, we obtain a contradiction that proves d = 0.

Since the set X of all integer solutions is infinite, it cannot be covered by a
finite number of polynomials.

Remarks. (1) Letay,as, ... be a sequence of integers satisfying a linear re-
currence equation d, = c1dp—1 + -+ + Cxap_i With some k > 1 and ¢; € Z for all
n >k + 1. Then the argument in Example 9 shows that the set X of all integers a;
either is finite or is not a finite union of polynomial families. Note that X is finite
if and only if any of the following conditions holds:

e the sequence is bounded,
* the sequence is periodic,

e the sequence satisfies a linear recurrence equation with all zeros of the char-
acteristic polynomial being roots of 1,

* the sequence satisfies a linear recurrence equation with all zeros of the char-
acteristic polynomial on the unit circle.

(2) The partition function p(n) provides another set of integers that is not a
finite union of polynomial families (use the well-known asymptotic for p(n) and
the argument in Example 9).

(3) By author’s request, S. Frisch [6] proved that every subset of ZX with a
finite complement is a polynomial family.

(4) The set of all positive composite numbers is parametrized by the polyno-
mial

(VF + 23 +¥3+ s + 205 +y§ + 7+ 5 +2).

(5) It is known [9] that the union of the set of (positive) primes and a set of

negative integers is a polynomial family. In the terms of [9], the set of primes is
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both Diophantine and listable. On the other hand, it is an easy fact that the set of
primes is not a polynomial family; see Corollary 5.15 below and the remark after
its proof.

Corollaries 2—4 and Examples 5-9 above are about quadratic equations. The next
three examples are about higher degree polynomial equations.

Example 10. The Fermat equation y} + yJ = y% with any given n > 3 has
three “trivial” polynomial families of solutions with one parameter each when n
is odd, and it has four polynomial families of solutions when # is even. Fermat’s
Last Theorem says that these polynomial families cover all integer solutions.

Example 11. Tt is unknown whether the solution set of
xf’+x§’+x§’+x2 =0

can be covered by a finite set of polynomials. A negative answer was conjectured
in [7].

Example 12. It is unknown whether the solution set of
xf + x% + xg’ =1

can be covered by a finite number of polynomials. It is known (see [11, Th. 2])
that the set cannot by covered by a finite number of univariant polynomials.

To deal with equations x% + x% = x% and x% + x% = x% + 3 (which are equiva-
lent over the rational numbers Q to the equations in Examples 5 and 7 with D = 3,
respectively) we need a polynomial parametrization of a congruence subgroup of
SLy Z.

Recall that for any nonzero integer ¢, the principal congruence subgroup
SL,(¢Z) consists of a € SL, Z such that & = 1, = ( ) modulo q. A congruence

subgroup of SL, Z is a subgroup containing a principal congruence subgroup.

THEOREM 13. Every principal congruence subgroup of SL, Z admits a poly-
nomial parametrization with 94 parameters.

We will prove this theorem in Section 5 below. Theorem 13 implies that
every congruence subgroup is a finite union of polynomial families. There are
congruence subgroups that are not polynomial families; see Proposition 5.13 and
Corollary 5.14 below.

Example 14. Consider the equation xf + x% = x%. Its integer solutions are
known as Pythagorean triples; sometimes the name is reserved for solutions that
are primitive and/or positive. Let X be the set of all integer solutions

The equation can be written as x% = (x2 + x3)(x3 — x2) so every element of
X gives a solution to the equation in Example 5.
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The set X is not a polynomial family but can be covered by two polynomial
families:

(X1, %2.X3) = y32y1y2. Y2 = y2. y2 + y2) or y3(y? —y2.2y1y2.y% + y2).

The subset X’ of all primitive solutions is the disjoint union of four families
described by the same polynomials but with y3 = £1 and (y1, y2) € Um, Z with
odd y1 + y».

To get a polynomial parametrization of these pairs (y1, y2) and hence to cover
X’ by four polynomials, we use Theorem 13. Let H be the subgroup of SL, Z
generated by SL,(27) and the matrix (_? (1)) The first rows of matrices in H are
exactly the (a,b) € Umy Z such that a 4+ b is odd. It follows from Theorem 13
(see Example 5.12 below) that H is a polynomial family with 95 parameters. Thus,
the set X’ of primitive solutions is the union of four polynomial families with 95

parameters each.

Example 15. Now we consider the equation xf + x% = x% + 3. Finding
its integer solutions was a famous open problem stated as a limerick a long time
ago; it is [8, CNTA 5.14]. Using the obvious connection with the equation in our
Example 7, Beukers [8] splits the set of solutions X into two families, each of them
parametrized by the group H above (Example 14).

So Theorem 13 implies that X is the union of two polynomial families, con-
trary to the belief of Beukers [8].

Example 16. A few results of the last millennium, [5] and [3], together with
our results, show that for arbitrary integers a, b, ¢ and any integers «, 8, y > 1, the
set of primitive solutions to the equation ax{ + bxf = cxg can be covered by a
finite (possibly, empty) set of polynomial families. Details will appear elsewhere.
The minimal cardinality of the set is not always known; in the case of « = =y >3,
the cardinality is 8 for even « and 6 for odd o (Fermat’s Last Theorem).

In a future paper, using a generalization of Theorem 1 to rings of algebraic
numbers, we will prove that many arithmetic groups are polynomial families. In
Section 5 of this paper, we will consider only Chevalley-Demazure groups of clas-
sical type, namely SL, Z, the symplectic groups Sp,,, Z, the orthogonal groups
SOy, Z, and the corresponding spinor groups Spin,, Z.

Recall that

* Sp,, Z is a subgroup of SLj, Z preserving the bilinear form
X1y2 = y1X2 +- +Xon—1Y2n — Y2n—1X2n,
® SOy, Z is a subgroup of SLy;, Z preserving the quadratic form

X1X2 + -+ X2p—1X2n,
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® SO3y,+1 7 is a subgroup of SLj, 41 Z preserving the quadratic form
X1X2 + -+ Xop—1X2n + x%n—i—l’

e there is a homomorphism (isogeny) Spin,, Z — SO, Z whose kernel and cok-
ernel are both of order 2 (see [17]),

e Spiny Z = SLy Z = Sp, Z (see Example 5),

e Sping Z = SLy Z x SLy Z (see Example 8),

e Sping Z = Spy Z and Sping Z = SL4 Z (see [21]).

From Theorem 1, we easily obtain (see Section 4)
COROLLARY 17. Foranyn > 2,
(a) the group SL,, Z is a polynomial family with 39 + n(3n + 1)/2 parameters,
(b) the group Spin,,, . | Z is a polynomial family with 4n? + 41 parameters,
(c) the group Sp,, Z is a polynomial family with 3n? + 2n + 41 parameters,
(d) the group Spin,, ,, Z is a polynomial family with 4(n + DZ2—mn+1)+36

parameters.
So SOy, 41 Z is the union of two polynomial families.

The polynomial parametrization of SL, Z implies obviously that the group
GL;, Z is a union of two polynomial families for all » > 1. (It is also obvious that
GL,, Z is not a polynomial family.) Less obvious is the following consequence of
Corollary 17(a):

COROLLARY 18. For any integer n > 1, the set My, of all integer n x n matri-
. . : . o 2
ces with nonzero determinant is a polynomial family in Z"" that has 2n? + 6n + 39
parameters.

Proof. When n =1, M, is the set of nonzero integers. It is parametrized by
the polynomial

FO1,92,¥3. 94, 95) = OF + 3 + Y3 +yi + DQ2ys + 1)

with five parameters. (We used Lagrange’s theorem asserting that the polynomial
y% + y% + y% + y‘% parametrizes all integers > 0, but we did not use Corollary 17.)

Assume now that n > 2. Every matrix o € My, has the form o = B, where
B €SL, Z and p is an upper triangular matrix with nonzero diagonal entries. Using
39+ 3n(n + 1)/2 parameters for o (see Corollary 17(a)), five parameters for each
diagonal entry in u (see the case n = 1 above), and one parameter for each off-
diagonal entry in @, we obtain a polynomial parametrization for M, whose number
of parameters is

394+ 3n(n+1)/2+5n+n(n—1)/2 =20+ 6n + 39. O
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Remark 1. Similarly, every system of polynomial inequalities (with the in-
equality signs #, >, <, >, < instead of the equality sign in polynomial equations)
can be converted to a system of polynomial equations by introducing additional
variables. For example, the set M, in Corollary 18 is a projection of the set of all
integer solutions to the (n2 -+ 5)-variable polynomial equation

det(x; ;) = (xﬁzJrl + x52+2 + x§2+3 + x§z+4 + D2xp245+1).

The polynomial parametrization of SL, Z with n > 3 is related to a bounded
generation of this group. In [4], it is proved that every matrix in SL, Z with n > 3
is a product of 36 + n(3n — 1)/2 elementary matrices (for n = 2, the number of
elementary matrices is unbounded). Since there are n2 — n types of elementary
matrices z»/ with i # j, this gives a polynomial parametrization of SL, Z for
n >3, with

(n?—n)(36+n(Bn—1)/2)

parameters. Conversely, any polynomial matrix

a(y1,....yN) € SLn(Z[y1,.... xN])

is a product of elementary polynomial matrices [15] if n > 3. When a(ZV) =
SL, Z, this gives a representation of every matrix in SL, Z as a product of a
bounded number of elementary matrices.

We conclude the introduction with remarks on possible generalization of The-
orem 1 to commutative rings A with 1. If A is semi-local (which includes all fields
and local rings) or, more generally, A satisfies the first Bass stable range condition
sr(A) = 1 (which includes, e.g., the ring of all algebraic integers; see [19]), then
every matrix in SLy A has the form

1 u; 1 0\ /(1 us 10
01 u, 1)\0 1 ug 1)°
which gives a polynomial matrix

P(y1,¥2,y3,y4) € SLa(Z[y1, y2, y3, y4])
such that P(A*) = SL, A. For any commutative 4 with 1, any N, and any poly-
nomial matrix
P(y1,...,yn) € SLa(Z[y1, ..., yN]),

all matrices o € P(A™) have the same Whitehead determinant wh(x) € SKj 4; see

[1]. There are rings 4, e.g., A = Z[<~/—D] for some D [2], such that wh(SLy A) =

SK; A # 0. For such rings A, there in no N and P such that P(4"Y) = SL, A.
Allowing coefficients in A does not help much. For any matrix

P(y1.....yN) € SLa(A[y1,.... yN]),
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all matrices in P(AN ) have the same image in SK; A/ Nill; A, where Nill; A4 is
the subgroup of SK; A consisting of wh(«) with unipotent matrices «. There are
rings A such that wh(SL, A) = SK; A # Nill; A4; see [2]. For such a ring A, there
inno N and P such that P(AN) = SL, A.

1. Proof of Theorem 1

We denote elementary matrices by

12_ (10 21 _ (10
b_(Ol andc—cl.

It is clear that each of the subgroups Z:? and Z?*! of SL, Z is a polynomial family
with one parameter.

Note that the conjugates of all elementary matrices are covered by a polyno-
mial matrix

1+y1y3y2  yiys )
—y3y3  1—y1y3y2
in three variables. Namely, for o = (¢ 2) eSL,Z,

_ l—aec a3e _ 1 +bed —b2e
12 —1 _ 2,1,—1 _
ve ¢ ( —c%e 1+ aec) and - ae™ o ( d*e 1—bed)’

D3(y1.y2,¥3) = (

Remark 2. Conversely, every value of ®3 is a conjugate of 51:2 in SL, Z for
some b € Z.

Next we denote by X4 the set of matrices of the form
wal — a b\ fac\ _ o 01 Y 01 ol 0 —1
“\ed)\bd) |7\-10)] “\-10 1 0)°

where @ € SL, Z. Since

(o)=L 6 )

T 1—bd b2 l—ac a? 1—bd b2 0 —1
ao = 2 2 2
—d- 1+bd —c* l+4ac —d- 1+bd)J\1 O
=:®y(a,b,c,d).
Hence the set X4 is covered by a polynomial matrix ®4(y1, y2, ¥3, y4) in four
variables: X4 C <I>4(Z4).

Remark3. (973) = ®4(0,0,0,0) € ®4(Z*), while reduction modulo 2 shows

that X4 does not contain (] _(1)).



990 LEONID VASERSTEIN

Note that ®4(+1,0,0, +1) = diag(1, 1). Therefore we can define the poly-
nomial matrix

—1
0 0
d>5(y1,yz,y3,y4,ys)=(y05 1) D4(1+y1y5, y2¥5, ¥3Y5, 1+yays) (yos 1)

€ SLa(Z[y1, y2, 3, Y4, ¥s5)).

By definition,

e 0\ (1+ae be 1+ae ce eO_1
01 ce l+de be 1+de)\01

_(1+ae be? l+ae ce? 5
_( c 1+de)( b 1+de)ed>5(Z)

ifa,b,c,d,e €7, e #0, and the second matrix on the left side is in SL; Z.
For a,b,c,d,e € Z, we denote by X5 C ®s5(Z°) the set of matrices of the
form

l+ae be? l+ae ce? ) 14+ae be?
( ¢ 1—|—de)( b 1+de) W“h( ¢ 14+de) €2t

The case e = 0 is included because ®5(0, b, c,0,0) = (b—ll—c (1))

Note that Xs_l = X5. Set Y5 := X5T (the transpose of the set X5).

Our next goal is to prove that every matrix in SL, Z is a product of a small
number of elementary matrices and matrices from X5 and Ys.

LEMMA 1.1. Leta,c,e € Z, and let o« = (H;ae C*e) € SLy Z. Then there are

u,veZ,ee{l,—1},and ¢ € X5 such that the matrix

a(eu)2v> (—cre) 2 p(—cev) 2 (—eu) !

* *
has the form (ac 1+ ae) , where ¢1 .= ¢ +u(l + ae).
Proof. The case 1 4+ ae = 0 is trivial (we can take u = v = 0 and ¢ = —e),

so we assume that 1 + ae # 0. By Dirichlet’s theorem on primes in arithmetic
progressions, we find u € Z such that either ¢; := ¢ + u(l + ae) = 1 mod 4
and —c; is a prime or ¢1 := ¢ + u(l +ae) = 3 mod 4 and c; is a prime. Then
GL1(Z/c12) is a cyclic group, and the image of —1 in this group is not a square.
Soa = :I:af mod c; for some a; € Z. We write a + vc; = Sa% with v € Z and
¢ € GL1 Z. Then, for some by, d; € Z,

1 +¢ea?e cye 12 1 +ea?e —ecie?a?
1 (—cre)l2 = 1 1)

a(ue)2v>l(—cre)!? = ( . iy b J
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Let B be the rightmost matrix above, and note that

gl = dq sclafe2 .
— by 1+8a%e

Since det(B) = 1, we conclude that dy — 1 € eZ.

We set
_(d: —blafe2 o * *
V= ecy 14ea3e ) \ecy 1+ (a+ver)e)’

Then ¢ := B~y € X5 and y = Bo.
Now

y(—gev)?(—su)>! = ( * * ) (—su)>!

ec1 1+ae

* * k%
B (e(c +u(l+ae)) 1 +ae) (mew)>! = (ec 1 +ae) ’

LEMMA 1.2. Leta = (i i) € SLy Z, with m > 1 an integer. Then there are
zi €, ¢ € Xs,and W € Y5 such that

m.1221.12 12.21.12.21, 211221 _ (a™ b
a2y 2wz, 25 22 zg 2 21y = . %]

Proof. By the Cayley-Hamilton theorem and mathematical induction on m,

we have

o™ = fly+ga = (f—:ga g*b) with f,g e Z,

where 1, is the identity matrix. Since 1 = det(a””) = f2 mod g, we can write
g =g182 with f =1 mod g; and f = —1 mod g».
By Lemma 1.1, there are zy, 23, 23, 24, k1 € Z and @1 € X5 such that

m12.21 12 1221 _.g_g_ [ * *
ozt 2Tz, kY = =P (j:gzb f+ga)'

Now we apply Lemma 1.1 to the matrix

0 _ 01 5 01_1_ —f —ga +g)b
—\-10 -10) * *
instead of «. So there are ky, —z¢, —2z7, —zg, —z9 € Z and ¢’ € X5 such that

* k
Qk;’z(—ZG)z’l(_27)1’290/(—28)1’2(—29)2’1 - (ib —f —ga) '
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Negating this and conjugating by (0 -1 (1))_1 we obtain that
1,2 2,1, 2,112 +ga +b
B(—ka)lzg 2y Yzg 29" = = (f *g * ) ’

where ¥ = (_(1)(1))_1<p’(_(1)(1)) €Ys.

The matrix « is lower triangular modulo b, so f + ga = @™ mod b. We
find z19 € Z such that f + ga £ z10b = a™ and set z5 = k1 — k5 to obtain our
conclusion. n

COROLLARY 1.3. Leta = (Z i) €SL, Z, withm > 1 an integer, and € € {£1}.
Assume that a™ = ¢ mod b. Then there are z; € Z and ¢; € X5 such that

m, 122112 12211221 2112211221 _ 4
OZy Zy Z3 P1Z4 Zs5 Zg Z7 $2Zg Zg Zyg Z11 212 — ¢l2.

Proof. By Lemma 1.2, we find #1,z; € Zwith 1 <i <9, p € X5,and Y € Y5
such that the matrix
 omo12.21.12 12211221, 2,1.1,2,21__ (a™ b
Bi=a"z "2y 2 0z, 2 2 2 Yzg 2y = . <)
2,1.1,2._2,1 .
Now we can find #, 211, 212 € Z such that 8t5°"z,;"z75 = €l2. The conclusion
follows from setting z19 = #1 + £2. O

For any integer s > 1, we denote by the Ay the following polynomial matrix

in s parameters:
1,2 2,1
As(yla---’ys)zyl y2 Tt

where the last factor is the elementary matrix y sl 2 (resp., y SZ ’1) when s is odd (resp.,
even). We set

-1
0 1 0 1
rs(yl,...,ys)z(_1 0) As(y1veiys) (_1 0) .

Fs(yl,...,ys):As(yl,...,ys)_l:Fs(yl,...,ys)T for even s,
As(yl,...,ys)=As(y1,...,ys)_1=Fs(y1,...,ys)T for odd s,

Note that

where “T” denotes transpose, and that Ag(y1,...,ys) = Is+1(0, y1,..., ys) for
any s.

COROLLARY 1.4. Leta = (*2) € SL» Z and & € {1} Assume that for some

coprime integers m,n > 1, we have a™ = +1 mod b and a" = £1 mod c. Then
there are ¢ € {£1}, 8; € Aj(ZY), yi e Ty(Z), ¢;i € X5, and W; € Ys such that

o = eys@1ya287y18a02y3.
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Proof. Replacing m and n by their positive multiples, we can assume that
n =m— 1. By Corollary 1.3,

o™ = Lys501749283
with @1, 92 € X5, 83 € A3(Z3), y4 € T4(Z*), and ys5 € I's(Z°).
Applying Corollary 1.3 to a7 instead of a, we get
(@")" = £y501 74085
with ¢/ € X5, 8 € A3(Z3), and y] € T;(Z").
Conjugating by (_(1) (1)), we obtain that

-1
a = (_(1) (1)) (@) (_(1) (1)) = +85Y184Y2y3

with ¥; € Ys, y3 € T3, and §; € A4(ZY).
Therefore

a=o"a" = 2ys@1740287V184¥2y3,  where 87 := 8385 € A7(Z7). O

PROPOSITION 1.5. Every matrix a € SLy Z can be represented as

o = ys@1749287Y184V2Y6
with 8; € Aj(ZY), y; € Ti(Z'), @i € X5, and Y € Vs.
Proof. Let o = ( ‘Cl 2) The case a = 0 is trivial, so let a £ 0. As in the proof

of Lemma 1.1, can find an integer u such that |b + au| is a positive prime = 3
modulo 4. Then we find an integer v such that ¢ 4 av is a positive prime such that

GCD(c4+av—1,|b+au|l—1)=1or?2.

Let now m = (|b 4+ au|—1)/2 and n = ¢ + av — 1. Then GCD(m,n) =1, i.e.,
m,n are coprime, i.e., (m,n) € Umy Z. Moreover ™ = +1 mod (b + au) and
a™ =1 mod (¢ + av).

By Corollary 1.4, we have

2 au'? = +yLe1y402879184%2y3

with §; € Ai(Z'), y;.y] € Ti(Z"), ¢i € X5, and ¥; € Vs.

Set ys = (—v)®1yl € I's(Z°) and y; = y3(—u)!? € T4(Z*). It remains to
observe that +1, € A4(Z*) NT4(Z*); hence +T;(Z') C Ti42(Z'1?) forall i > 1.
In particular, both y; and —y; belong to T'(Z5). O

v

Note that Theorem 1 follows from Proposition 1.5. The polynomial para-
metrization of SLy Z in Proposition 1.5 is explicit enough to see that the number
of parameters is 46 and the total degree is at most 78. This is because the degrees
of Ag and I'y are both s and the degree of &5 is 13.
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2. Primitive vectors and systems of linear equations
First, Proposition 1.5 yields a lemma:

LEMMA 2.1. For any (a,b) € Umy Z there are §;,5] € A (ZD), ¢i € X5,
va, Ve € ' (Z4), and ¥; € Y5 such that

(a,b) = (1,0)8,¢1Y4V287Y1849276.

Proof. Let « be a matrix in SL, Z with the first row (a, b). We write « as in
Proposition 1.5. Multiplying by the row (1, 0) on the left, we obtain

(a,b) = (1,0)a = (1,0)ys@1y4¥287V184¢2Vs.
Since
(LO)s(y1. - ys) = (LO)Ag—1(y2. .. .. ys),
we can replace ys by 8, € Ay(Z*4). O

The lemma implies the following result:

THEOREM 2.2. The set Ump Z of coprime pairs of integers admits a polyno-
mial parametrization with 45 parameters.

For n > 3, it is easy to show that Um,, Z admits a polynomial parametrization
with 2n parameters. This is because the ring Z satisfies the second Bass stable
range condition. Now we introduce this condition.

A row (ai,...,ay) € A" over an associative ring A with 1 is said to be
unimodular if ajA+---+a,A = A, i.e., there are b; € A such that > _a;b; = 1.
Let Um, A denote the set of all unimodular rows in A”.

We write sr(A4) < n if for any (a1,...,dn+1) € Umy, 4 A there are ¢; € A
such that (a1 + an+1¢1,....4n + an+1cn) € Umy, A.

For example, it is easy to see that sr(A) < 1 for any semi-local ring A and that
sr(Z) < 2.

It is shown in [16] that for any m the condition sr(4) < m implies that
sr(A) < n for every n > m. Moreover, if sr(4) < m and n > m + 1, then for any
a=(ay,....an) €Umy Athereareci,...,cm € Asuchthata’ = (a}) € Um,—1 A4,
where a; = a; +auc; fori =1,... . manda; =a; fori =m+1,...,.n—1.

Using now b; € A such that )~ a}b; = 1, we obtain that

m

n—1 n—1
a [T [T —an))™ [](=ap™ = (.....0.1).

Here x%>/ denotes an elementary matrix with x at position (i, j ). We denote
by E, A the subgroup of GL, A generated by these elementary matrices.
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Thus, there is a polynomial matrix « € E,(Z(y1, ..., Y2n+m—2)) (With non-
commuting y;) that is a product of 2n + m — 2 elementary matrices, such that
Umy,, A is the set of last rows of all matrices in a(Z2"1"~2).

In particular, taking A = Z and m = 2, we obtain this:

PROPOSITION 2.3. For any n > 3, the set Umy, Z is a polynomial family with
2n parameters.

Now we are ready to prove Corollary 2. Consider now an arbitrary system
xy = b of [ linear equations for k variables x with integer coefficients. We write x
and solutions as rows. Reducing the coefficient matrix y to a diagonal form oy
(where o € SLy Z, B € SL; Z, and the diagonal entries are the Smith invariants) by
row and column addition operations with integer coefficient, we write our answer,
describing all integer solutions, in one of these three forms:

(1) 0 =1 (there are no solutions);
(2) x = ca, where ¢ € Y/ (so ca is only solution);

(3) x = ya, where y is the row of k parameters (i.e., x is arbitrary);
(4) x = (a, y)a with a row y of N parameters (1 <N <k —1)anda € Z¥~ V.

Thus, the set X of all solutions, when it is not empty, is a polynomial family
with N parameters (0 < N < k) and the degree of parametrization is at most 1.

Now we are interested in the set ¥ primitive solutions. In case (1), Y is empty.
In case (2), Y either is empty or consists of a single solution.

In case (3), N = k and Y = Umy Z, which is a polynomial family by
Theorem 2.2 and Proposition 2.3 provided that N > 2. When N = 1, we have
o = *1, and the set ¥ = Umj Z = {£1} is not a polynomial family, but consists
of two constant polynomial families.

In case (4) with @ = 0 (the homogeneous case), we have N < k and the set
Y is also parametrized by Umy Z.

Now we have to deal with case (4) with a # 0. Let d = GCD(a). Then
Y is parametrized by the set {Z = {b € ZV : GCD(d, GCD(b)) = 1}. We find a
polynomial f(¢) € Z[t] whose range reduced modulo d is GL{(Z/d Z). (Find f(¢)
modulo every prime p dividing d and then use the Chinese Remainder Theorem:;
the degree of f(¢) is at most the largest p — 1.)

Then the range of the polynomial f>(f1,%2) := f(¢1) + dt2 consists of all
integers z such that GCD(d, z) = 1. Therefore the set Z consists of f>(z1,z2)u
with 21,2z, € Z and u € Umy Z. Thus, any polynomial parametrization of Umpy Z
yields a polynomial parametrization of Z (and hence Y') with two additional pa-
rameters. By Theorem 2.2 and Proposition 2.3, the number of parameters is at
most 41 + 2k (at most 2k when N > 3).
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3. Quadratic equations

In this section we prove Corollary 4, which includes Corollary 3 as a particular
case with Q¢ =1, k = 2n, and

Q' (x5, ..., Xg) = X5X6 4+ + Xan—1X2n

(Q' = 0 when n = 2). We write the k-tuples in Z¥ as rows. Let ey, ..., ex be the
standard basis in Z¥.

We denote by SO(Q, Z) the subgroup of SL, Z consisting of matrices a €
SL, Z such that Q(xa) = Q(x). In the end of this section, we prove that, under the
conditions of Corollary 4, the group SO(Q, Z) consists of two disjoint polynomial
families.

We define a bilinear form (-,-) o on 7% vy (a, b)o =0(a+b)—Q(a)—Q(b).

Following [20], we introduce elementary transformations

t(e,u) € SO(Q, 2),
where e = ey or e; and (e,u)g = 0, by setting

vr(e,u) =v+(e,v)ou—(u,v)ge—Qu)(e,v)ge
(this works because Q(e) = 0).

LEMMA 3.1. Let Q be as in Corollary 4. Then for any Q-unimodular row
v e 7k, there are u,u' € U = Zf‘c=5 Ze; C 7¥ such that the first four entries of the
row vt (e, u)t(ex, u’) form a primitive row.

Proof. We write v = (v, v3, ..., V). First we want to find a u € U such that
Zvy +Zvz+Zvs #0, where v’ = (v}) = vt (ey, u) (note that v; = v; fori =2,3, 4).
If Zvy + Zv3 + Zv4 # 0, we can take u = 0.

Otherwise, since v is Q-unimodular, Zv, 4+ Z(v, w)g # 0 for some w € U.
For v’ = (v}) = vt(e1, cw) with ¢ € Z, we have v} =v; — (v, w)gc — Q(w)vac?
is a nonconstant polynomial in ¢ (with v; = 0), so it takes a nonzero value for
some c. Therefore we can set u = cw with this c.

Now we want to find u’ € U such that

1 " " 1 / " /
(vlv Uz, U3, v4) = (vl’ U2, v3, U4) € Um4 Zv

where
w” = ) =v't(ez,u’) = vr(er, u)r(ez, u').
Since v’ is Q-unimodular, there is a w’ € U such that
(v}, v2,v3,v4, (v, w') ) € Ums Z.

Since Zv] + Zvs + Zvg # 0, there is a ¢’ € Z such that

(v, v2—c' (v, W), v3,v4) € Umy Z.
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We set u’ = c’w’. Then v'z(ez,u’) = (v}') with

(v’ll,v’zl,vg,vf{ = (v/l,vz—c/(v/,w/)Q—c/zQ(w/)v/l,v3,v4) eUmyZ. O

LEMMA 3.2. Letk >4, Q¢ € Z, Q' any quadratic form in k — 4 variables,
and Q(x1,...,xk) =x1X2+x3x4+ Q'(x5,...,xx). Then the set X’ of integer so-
lutions for the equation Q(x) = Q¢ with (x1, X2, X3, X4) € Umgy Z is a polynomial
Sfamily with k + 88 parameters.

Proof. When k = 4, see Examples 6 and 8. Assume now that k > 5. Let
v=(v;) € X'. Set D = vqvy + v3v4 € Z. We can write

vp vz . 1 (1 0
(—v4 UZ) — (0 D) g
with «, B € SL, Z. Then we can write

(1,D,0,0,vs,....v¢) = (1. 00.0.....0)t(e2. XX _s vie).

Therefore X is parametrized by k — 5 parameters vs, ..., v; and two matrices in
SL, Z. By Theorem 1, X is a polynomial family with k —4 + 2-46 = k + 88
parameters. O

Combining Lemmas 3.1 and 3.2, we obtain Corollary 4.

LEMMA 3.3. Under the conditions of Lemma 3.2, assume that k > 6 and that
Q'(xs5,...,xr) =x5x6 + Q"(x7,...,xr). Then the set X' is a polynomial family
with k + 2 parameters.

Proof. Let (v;) € X’. There is an orthogonal transformation o € SO4 7
(coming from Spiny Z = SL, Z x SL, Z; see Example 8) such that

(v1,v2,v3,v4)a = (1, V12 +v3v4,0,0).
We set (w1, wa, w3, wa) = (0,1,0,0)a~! and
w=e1wi +erwy +e3ws +eqwy € z*.

Then Q(w) =0 = (w,v)g.

Consider the row v' = (v]) = vt (vs, (1 —vs)w). Fori =1,2,3,4, we have
v, =v; + (1 —vs)w;. Also vz =1, and v} = v, fori > 6.

Sov't(es, — Y ;25,6 Vj) = es; hence X is parametrized by 4+ (k —2) =k +2
parameters. U

Combining Lemmas 3.1 and 3.3, we obtain:

PROPOSITION 3.4. Letk >6, Qo €Z, Q" a quadratic form in k—6 variables,
and Q(x1,...,Xg) = x1X2 + x3X4 + x5x6 + Q" (x7, ..., xx). Then the set of all
QO -unimodular solutions for the equation Q(x) = Qo is a polynomial family with
3k — 6 parameters.
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4. Chevalley-Demazure groups

We prove here Corollary 17. Let n > 2, and take ey, ..., e, as the standard
basis of Z7".

First we prove by induction on n that SL,, Z admits a polynomial factorization
with 39 4+ n(3n + 1)/2 parameters. The case n = 2 is covered by Theorem 1. Let
n>3.

We consider the orbit e, SL(n, Z).

The orbit admits a parametrization by 2n parameters by Proposition 2.3. More-
over, there is a polynomial matrix o € E,(Z[y1,..., Y2s]) that is a product of 2n
elementary matrices, such that Um,, Z = e, a(Z?").

The stationary group of e, consists of all matrices of the form

IB v T n—1
(01 , Wwhere v! e 7" .

By the induction hypothesis, the stationary group can be parametrized by 39 +
(n—1)(3n —2)/2 + n — 1 parameters. Thus SL, Z can be parametrized by 39 +
m—1)0Bn—-2)/24+n—1+4+2n=39+nB3n + 1)/2 parameters.

Now we consider the symplectic groups Sp,,, Z. We prove Corollary 17(c)
by induction on n. Whenn =1, Sp, Z = SL Z. Assume now that n > 2.

As in [2], using that sr(Z) = 2, we have a matrix

a €Spy,(Z[y1,...,yan]) such that e;,o = Umy, Z.
The stationary group consists of all matrices of the form

B 0w

vl 1 ¢|, wherevl €72"2andc €7,

0 01

so by the induction hypothesis it is parametrized by
2n—1)%4+2(n—1)+41+2n—1
parameters. Therefore Sp,,, Z is parametrized by
2n—1)2+2(n—1)+39+2n—1+4n =3n%+2n +41
parameters.
Now we discuss polynomial parametrizations of the spinor groups

Spin,, Z = Spin(Q2,,Z) forn > 3.

We prove Corollary 17(d) by induction on n. When n = 3, Spin,, Z = SL4Z.
Namely SL4 Z acts on alternating 4 x 4 integer matrices preserving the pfaffian,
which is a quadratic form of type x;x2 + x3x4 + X5x¢; see e.g. [21].
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Assume now that n > 4. The group Spin,,, Z acts on Z?" via SO, Z. The
orbit e3, SOzy, Z of ey is the set of all unimodular (= Q,,-unimodular) solutions
for the equation Q,, = 0. By Proposition 3.4, the orbit is parametrized by 6n — 6
parameters. Also, the matrices 7(x, *) come from Spin,, Z, so there is a polyno-
mial matrix in Spin,,, Z with 6n — 6 parameters that parametrizes the orbit. The
stationary subgroup in SO, Z consists of the matrices of the form

B 0w
vi 1 c]|, wherev! €722, ¢ = 02, 2(vT)eZ, BeS0s_»7Z.
0 01

By the induction hypothesis, the stationary subgroup of e; in Spin,, Z is para-
metrized by
4n—1)2—m—1)+34+2n-2
parameters. So Spin,,, Z is a polynomial family with
4n—1)>—(n—1)+36+2n—2+6n—3 = 4n>—n + 36
parameters.
Finally, we prove Corollary 17(b) by induction on n. When n = 2, Sping Z =
Sp4 Z (the group Sp,y Z C SL4 Z acts on the alternating matrices as above, fixing a
vector of length 1) and the formula works.
Let now n > 3. The orbit e; SO3,4+1 Z of e; is the set of all unimodular
(= Q2x-unimodular) solutions of the equation 0,41 = 0. By Proposition 3.4,
the orbit is parametrized by 3(2n + 1) — 6 = 6n — 3 parameters. Moreover, the
matrices 7 (%, %) come from Spin,,, Z, so there is a polynomial matrix in Spin,, Z
with 6n — 3 parameters that parametrizes the orbit. The stationary subgroup of e
in SO3, 41 Z consists of the matrices of the form

1 00
c 1v]|, whereveZ? !, ¢c=Qs,-1(v)€Z, B€S0s,_17Z.
v 0 B

By the induction hypothesis, the stationary subgroup of e; in Spin,,_; Z is para-
metrized by 4(n — 1)2 + 41 + 2n — 1 parameters. So Spin,, Z is a polynomial
family with

4n—1)24+4142n—1+6n—-3=4n%+41

parameters.

Remark 4. As in Corollary 18, for any square-free integer D or D = 0, we
obtain a polynomial parametrization of the set of all integer n by n matrices with
determinant D. If D is not square-free, the set of matrices is a finite union of
polynomial families.
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5. Congruence subgroups

In this section we fix an integer g > 2. Denote by G(g) the subgroup of SL; Z
consisting of matrices (‘Cl 3) such that b,c €qZ anda—1, d —1 € ¢g*>Z. This group
is denoted by G(¢Z, qZ) in [18]. Note that SL,(¢%Z) C G(q) = G(—q) C SL, qZ.

We parametrize G(g) by the solutions of x; + x4 + q2x1X4 —Xx2x3 =0 as

1+¢%x1  gqx2 )

X1,X2,X3, X4 —
3 ( gxs 1+q%x,

We use the polynomial matrices ®4(y1, y2, y3, y4) and ®5(y1, v2, ¥3, ¥4, Vs)
defined in Section 1. We denote by X4(q) C ®4(14¢>Z,qZ,q7,1+q>7Z) C G(q)
the set of matrices of the form aa” with @ € G(g). Notice that X4(¢)T =
Xa(@) ™' = Xa(@).

We denote by Xs(q) C ®5(¢9%Z,qZ.q7,4*Z,7Z) C G(q) the set of matrices

of the form
1 +ag?e bge? 1+aq?e cq?e?
cq 1+dg®e bg 1+dq?e
with
2 2
a,b,c,d,eeZ and I+aq’e bqez eSL, Z.
cq 1+dg~e

Set

-1
Ys(q) = (Xs(¢)™HT = (_01 (1)) Xs(q) (—01 é)

Notice that Xs5(¢)7 = Ys(¢)~! = Ys(q) and Y5(¢)T = Xs(¢)~! = X5(q)
We also use the polynomial matrices A;, I'; defined in Section 1. Notice that

Ai(qZ').Ti(qZ") C G(q)
and that
Agi (g2 = Ny (qZ2%h), Ai(qZ%) ™" = T (q7%),
Ai—1(@Z% N =T0i1@Z% 7Y, Ani—1(qZ% )7 = A1 (qZ% Y
for all integers i > 1.

LEMMA 5.1. Let

1 +aqg?e cqe

a,c,ecZ, e#0, o=
a ( * *

)eG@)

Then there are §; € A;j(qZ"), € € {1,—1}, and ¢ € X5(q) such that

* *
a83(,082 — (ch 1+aq2e) .
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Proof. As in the proof of Lemma 1.1 above, we find u,v € Z such that
lc +u(1 4+ ag?e)| is a prime = 3 modulo 4 and a + vg?c; = ea%, where
c1:=c+u(l +aq2e), a1€Z, e¢e€GL;Z.
Set 83 = (uge)2(vq)*>(—c1eq)"? € A3(gZ3). Then, for some by, d; € Z,

1+ sa%qze ciqe 12 [(1+ sa%qze —8c1e2q3a%
0653 - ( % * ( CI€Q) - bl dl
=:B€G(q).
Note that

gl = di eciaiq3e?
—by 1+ea2q®e)’

Set
_ d1 —bla%ezqz _ * *
" \eciq l+8a%qze “\ecig 1+ (a+vey)g?e)”

Then ¢ := 716 € X5(¢) and 6 = Bo.
Now

* *
6(—cevq)' 2 (~eug)>! = (scl s 14a qze) (—euq)™!

— * * (—eu)>! = * *
“\e(c+u(l+aeq?)qg 1+ae " \ecqg 1+ag?e)’
so we can take 6, := (—8evq)1’2(—&!6])2’1 € X2(q). O

LEMMA 5.2 (reciprocity). Leta,b € 7 and
1 2 2
a:( +aq” ( +iq )q)eG(q).

*

Then there are ¢, ¢' € X5(q) such that
g *a(=q) " o(=q) ¢ (—g)"? = (
Proof. We have
1 2 _ 3
a/:a(—q)l’zz ( +aq (b a)q ) EG(C])

1+bg% —(1+ aqz)q)

% *

c d
1 (14+aq? cq? !
Set ¢:=a 1((b—a6§q Z ) € Xs5(q);

-1
"no_ 1+aq2 qu _ d _Cq2
hence @ =ap= ((b—a)q d) “\~t-aygq 1+ag®)
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12,0 1,2 _
Now ¢"“a’(—¢)" ( a)q 1 +bq )
—a)q
Set ( (b—a)q 1+bq) (C’ 1+ bq 2 ) GXS(C[)
hence »
B = g1 20" (—q) 2! = d’ —(b—a)q 1+bg* (b—a)q?
1 ¢ 1+4bg? —! a )
: 2 (1409 —(1+ag?)q
Finally, B(—q)"* = ( . . . 0

LEMMA 5.3. Leta = (‘Cl 2) € G(q) . Then there are
0 € Xa(q), & €Ai(qZ'), y1€TiqZ, ) €Ys(q), &=+l
such that
(—)* ' a? 830829 Y™ p'y1 = (822 Z)
Proof. Set 0 = (aTa)™! € X4(q). Then

_ 17 _ (1+b(c=b) a(b-c)
@*0 =™ _( d(c—b) l—c(b—c))'

By Lemma 5.1 with e = (b —¢)/q, there are §; € A;(qZ'), ¢ € {1,—1}, and
¢ € X5(q) such that

* *
Y3902 = (saq 1+ b(c —b)) = b

Now we apply Lemma 5.2 to the matrix

BT = (1 +b(c—b) —8aq)

% *

and find p, u’ € Y5(g) such that

— (_2:1p,2,0 2.1 7 2.1 * )
p=(=a)" Ba™ na™ g (—s(l-l—b(c—b))q a)'

Since 1 + b(c —b) = ad — b?, we have

2,1 _ _ * *
pledg)™" = py1 = (8,)2 a)' H
LEMMA 5.4. Let

1 2
a,c,ecZ, e#0, Ol:(‘i‘aqecqe

* *

) € G(q), €& e{£l}.
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Then there are §; € A;(qZ') and ¢ € X5(q) such that

k k
xd5¢d2 = (g’cq 1 +aq2e) :

Proof. We find u, v as in the proof of Lemma 5.1. Now we find w € Z such
that |cz| is a prime = 1 mod 4, where ¢ :=c¢1 + (1 + ea%qze)w. Then there are
z,das € Z such that ea% +zc2 = s/a%. We set

85 := (uge) 2 (vg)> (wge)' 2 (zq)* ! (—c2eq)? € As(qZ?).

Then
/2.2 1,22, o 2,32

bs = 1 +¢&'a5q°e caqge (—C3€(])1’2= 1 +¢&'a5q e —¢&'cre”q’ay cG(g).
* * by di

The rest of our proof is the same as that of Lemma 5.1. O

LEMMA 5.5, Leta = (‘C’ 2) € G(q). Then there are §;€A\; (qZ"), y3€T3(qZ>),
0 € X5(q), 0 € X4(q), and ¥ € Y5(q) such that

2
8510085084 y3 = (a ib) .

* *

Proof. By Lemma 5.4 with e = ¢ =1, we find

p=38508> € As(gZ°)X5(q)A2(qZ?)

(x %\ _(d
P=\ba)"\b a)
Set 6 = (@ HTa™! € X4(g). Then

Oa = ( HT = (_6;; _2) .

-1

d ¢ d —c
d —c"\ [(d ¢ * *
2 _
5100 p_(—b a)(b a)_(b(a—d’) az—bc/)

d// C// )
= (b(a—d’) 1+a(a—d’)) = PeG@

because ad’ —bc’ = 1.

such that

Set

Then
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By Lemma 5.1,

—1\T rel * *
(13 1) 83(p82_(:|:b 1+a(a_d/))

with §;, 6] € Ai(gZ") and ¢’ € X5(q); hence
l+a(a—d) :I:b) (a2 —bc’ :l:b)

* * * *

lgVé‘/f)/z = (

with y;, y/ e T; (gZ") and ¥ € Ys5(q).
Finally, we set 84 = 8275 € Asa(qZ*) and y3 = ya2(£c')*! € T3(qZ3) to
obtain the conclusion. O

LEMMA 5.6. Leta = (‘Cl 3) € G(q). Then there are §; € A; (qZ'), y1 €T'1(qZ),
9,9’ €X5(q), 0 € Xa(q), and ¥ € Y5(q) such that

_N1,2 2 12 7., _ * 0k
(—q) "“a”08398¥q (P)’l—(ibzq )

Proof. Set 0 = oe_l(cx_l)T € X4(q), so

af = (@ HT = (_C[i _2) , a?0=a (_‘Z _2) = (1 _bib =) a(b*—c)) .

By Lemma 5.1 with e = (b —c)/q, there are §; € A;(¢Z') and ¢’ € X5(q)
such that

* *
@*083952 = (i(l —b(b—c))g a) =

1-b(b—c) tagq

Now we apply Lemma 5.2 to the matrix (7)1 = ( . N ) instead

of a. So
a £(1—-b(b—c))gq
* *

(BT p(—q) 2 () = ( ) . with ¢,¢' € Xs(q);

hence
* * )
(_q)z,lﬂquzqu’lw,qz’l = (:I:(l —b(b —C))q a) ::ﬂ/’ with wv W/ € YS(‘I)
Since (1 —b(b —c)) = ad —b?, we have
Byvi=(.5 ) fory]=Fdg> i)
1 :l:qu a 1

Finally, we set y; := qz’l)/{ el(2),6; = 5/2612’1- 0
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COROLLARY 5.7. Let B € G(q). Then there are

8 € Ai(qZ"),  ¢.¢ €Xs(q)., Y €Ys(q),

yi € Ti(qZ), 0eXalg), a=(5"%)eG)

such that 58,y (—q) 2 @y2¢'83 = a?, where |b| and |c| are positive odd primes
not dividing q, and GCD(|b| — 1, |c| — 1) = 2.

Proof. Let B = ( C‘f/q Zf]). The case ¢’ = 0 is trivial, so we assume that ¢’ # 0.
We find u, v, b € Z such that @ := d’ + c¢’uq? is an odd prime and £b%¢2 = ¢’ +av.
Replacing, if necessary, b by b 4+ wa, we can assume that b is a positive odd prime
not dividing ¢.

Then

B = Bug)?(vg)>' = B8, = (ﬂj;qs :) :

Now we find ¢, d € Z such that « := (C“q lzlq) € G(g), c is a positive odd prime

not dividing ¢, and GCD(b — 1,c — 1) = 2.
By Lemma 5.6, we know there are §; € A;(¢Z°), y; € T1(q2), ¢’ € X5(q),
0’ € X4(q), and ¥’ € Y5(g) such that

* *
o = (—q)"?a?08308 9" 2e'y| = (ib2q3 ) '

Conjugating, if necessary, this equality by the matrix diag(—1, 1), which leaves
invariant the sets A; (¢Z'), Ti (¢Z"), X5(q), X4(q), and Y5(g), we can assume that
the matrices o’ and B’ have the same last row. Then y; = o/f’~! belongs to
I'1(qZ), and y{'p’ = &'; hence

* %
VB2 = 8102085085 y5v s = (ibzq a) :

Now we set 8, :=gq2y{, 8, =8yt v =y/'71 etc. O

LEMMA 5.8. Let ¢ = (Z i) € G(q) with m > 1 an integer. Then there are
8i € Ni(qZ"), ye € T6(qZ°),0 € X4(q), ¢,¢" € Xs5(q), and ¥ € Ys5(q) such that

x %
510> ™ 85084y v/ 83 = (:I:b a2m) :

Proof. As in the proof of Lemma 1.2,
B:=a" = fly+ga= (f—:ga g*b) and f2—1€egZ.
By Lemma 5.5, there are §; € A;(gZ'), y3 € T'3(¢gZ3), and ¢ € X5(g) such

that 2
51(9,3255(p84¢y3 — IB/ _ ((f + ga) :i:gb) '

* *
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Now by Lemma 5.1 with e = g, there are §,, 6 € Ai(gZ") and ¢’ € X5(q)
such that

B'8p'8, =i p" = ( iy +*ga)2) .
Since (f + ga)? = a*™ mod b, we have
B8, = (;b a;") with 8/ € Ay (qbf Z).

Now we set ys := y365 and 83 := 6,6 to finish our proof. O

PROPOSITION 5.9.

G(q) = C6X5D4Y5C6X5CsX4C5Y5C4 X5D6Y5 D X4C3X5D2 X592 Y5Cs,

where D = Ai(qZ'), C; =Ti(qZ'), X5 = X5(q), Ys =Y5(q), X4 = X4(q)-

Proof. Let B € G(g). By Corollary 5.7,

a? € D2fD2Ys5(—q) " ? XsC2X5C3

or (using that Dz_il = Cy; and Dz_l.l_1 =Dji—1)

B € C20°C3X5D,Xs5q"*YsCr,  witha = (C“q bdq),
primes |b|, |c| not dividing ¢, and GCD(|b| — 1, |¢| — 1) = 2. We pick positive
m € (|b| —1)Z and n € (|c| — 1)Z such that n —m = 1. Then a®™ = 1 mod bgq,
and a®" =1 mod cqg andn —m = 1.
By Lemma 5.8,

o1 = (;‘b a;‘m) € D1 X4a*" DsXsD4YsCeXsDs.

2

Since a“™ = 1 mod b, we obtain easily that 1 € D3. So

a2m € X4D1D3D3X5D6Y5C4X5D5 = X4DgX5D6Y5C4X5D5.

Hence a2 e DsX5D4Y5CeX5C6 X
Similarly (@T)?" €= X4DXs5DgY5Cs X5Ds.
Hence a?" €= C5Y5C4X5D6Y5Dg X4
Therefore

B e Caa™2Ma?")C3X5D2X5q2Y5C,
C Ca(Ds5X5D4Y5CX5C6X4)(CsYsCsX5D6Y5D6X4)C3X5D2Xs5q2Y5C,
= C6X5D4Y5CsX5C6X4C5Y5C4 X5D6Y5D6X4C3X5D2X5q"2Y5C,.

We used that C, D5 = Cg. O
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Counting parameters yields the following result:

COROLLARY 5.10. G(q) is a polynomial family with 93 parameters. Also,
there are polynomials f; € Z[y1, ..., yo3] such that

2
o= (1 tan | f4)eSLz(Z[y1,...,y93]) and @) = G(g).

Now to prove Theorem 13. Consider an arbitrary principal congruence sub-
group SL,(gZ). The factor group SL»(¢Z)/ SL2(¢%Z) is commutative, so it is
easy to see that it is generated by the images of G(g) and 121 A{(gZ)(—1)>1.
Using Corollary 5.11, we conclude that SL,(¢gZ) is a polynomial family with 94
parameters. More precisely:

COROLLARY 5.11. SLy(qZ) is a polynomial family which has 94 parameters.
Moreover, there are polynomial f; € Z[y1, ..., yo4] such that

o= (1 Z]Zfl | _({_];Zﬁ) € SLy(Z[y1,...,vo4]) and «(Z°*) =SL,(qZ).

Example 5.12. Let H be the subgroup of SL, Z in Example 14. The group
G(2) is a normal subgroup of index 4 in H. The group H is generated by G(2)
together with the subgroup (—1)%>*'A1(Z)1%'!. So H is a polynomial family with
94 parameters.

PROPOSITION 5.13. Every polynomial family H C 7% has the “strong ap-

roximation” property that if t € Z with t > 2, pSV,.... p5D are powers o
p prop P1 Pt p
distinct primes p;, and h; € H fori = 1,...,t, then there is an h € H such that

h=h; modpl.s(i)fori =1,...,t

Proof. Suppose H = a(ZN) with a € Z[y1, ..., yN].

Lett € Z with 1 > 2, let p5'V, ..., pf® be powers of distinct primes p;, and
leth; e H fori =1,...,t.

We have h; = a(u?”) fori =1,...,t with u” € Z¥. By the Chinese Re-
mainder Theorem, there isa u € 7V such that v = u” mod pl.s(i) fori=1,...,¢1.

Set i = a(u). Then h = h; mod pf(i) fori =1,...,t. O

COROLLARY 5.14. Let H be a subgroup of SLy Z generated by SL,(67) and
the matrix (_(1) (1)) Then H is not a polynomial family.

Proof. We do not have the strong approximation property for H. Namely,
take t =2, p1 =2, pr =3, and s(1) = s(2) = 1. The image of H in SL,(Z/27)
is a cyclic group of order 2, and the image of H in SL»(Z/37) is a cyclic group of
order 4. The strong approximation for H (see Proposition 5.13) would imply that
the order of the image of H in SL,(Z/6Z) is at least 8, while the image is in fact
a cyclic group of order 4. O
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COROLLARY 5.15. Let X C Z be an infinite set of positive primes. Then X is
not a polynomial family.

Proof. Suppose X is a polynomial family. Let p; and p, be distinct primes
in X. By Proposition 5.13, there is a z € X such that z = p; mod p; and z =
p2 mod p,. Then z is divisible by both p; and p, and hence is not prime. This
contradiction shows that X is not a polynomial family. O

Remark 5. By [12, Part VIII, Prob. 97], no nonconstant integer-valued poly-
nomial with rational coefficients takes only prime values. This fact implies easily
Corollary 5.15. Two easy solutions to the problem are given, and the result is
attributed by Euler to Goldbach.
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