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Abstract

We prove potential modularity theorems for /-adic representations of any di-
mension. From these results we deduce the Sato-Tate conjecture for all elliptic
curves with nonintegral j-invariant defined over a totally real field.

Introduction

In this paper we generalise the methods of [Tay02] and [Tay06] to symplectic
Galois representations of dimension greater than 2. Recall that these papers showed
that some quite general two-dimensional Galois representations of Gal (Q/Q) be-
came modular after restriction to some Galois totally real field. This has proved a
surprisingly powerful result.

An example of the sort of theorem we prove in this paper is the following (see
Theorem 3.2 below).

THEOREM A. Suppose that n is an even integer and that q is a prime. Sup-
pose that | # q is a prime sufficiently large compared to n, and that

r: Gal (Q/Q) — GLy(Z;)

is a continuous representation which is unramified almost everywhere and which
has odd determinant (i.e. detr(c) = —1). Suppose that r also enjoys the following
properties.

1. r is surjective.

2. r is crystalline at | with Hodge-Tate numbers 0 and 1.

3%~ is unramified and the ratio of the eigenvalues of Frobenius is q.
Gal (@q/@q)

Then there is a Galois totally real number field over which Symm™ ' becomes
automorphic.
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The key points are that no assumption is made on whether Symm "~ mod /
is automorphic, but we can only conclude automorphy over some number field, not
necessarily over Q.

The papers [Tay02] and [Tay06] relied on the study of certain moduli spaces
of Hilbert-Blumenthal abelian varieties. The main innovation in this paper is to
replace these modular families by the family

Yoo X0+ X 4+ X0 = (04 D1Xo Xy ... X

of projective hypersurfaces over the affine line. More precisely,

H' = ker () o )
acts on this family (by multiplication of the coordinates) and we will consider the
H’-invariants in the cohomology in degree n — 1 of a fibre in this family. Note that
in the case n = 2 this is just a family of elliptic curves, so our theory is in a sense
a natural generalisation of the n = 2 case.

The proof of Theorem A is then intertwined with the proof of the following
theorem (see Theorem 3.3 below).

THEOREM B. Suppose that n is an even integer and that q |/ n + 1 is a prime.
Suppose that [ is a prime sufficiently large compared to n, and that

r:Gal (Q/Q) — GSp, (Z;)

is a continuous representation which is unramified almost everywhere and has odd
multiplier character. Suppose that r also enjoys the following properties:

1. r is surjective.

2. r is crystalline at | with Hodge-Tate numbers 0,1, ...,n — 1. Moreover, there
is an element t of the maximal unramified extension of Q; with t"+1
at 1, such that

— 1 a unit

Fe~ H™N (Y, @ Qp, F)H

as symplectic representations of the inertia group at [.

Ss

SS [ )
3 r| is unramified and r|Gal (Qq/Qq)

Gal (Qg/Qq)
formo,aq,...,0q

(Froby) has eigenvalues of the
n—1.
Then there is a Galois totally real number field over which r becomes automorphic.

As in the n = 2 case we expect these results to have important applications.
For instance, we prove the following theorems:

THEOREM C. Let E/Q be an elliptic curve with multiplicative reduction at a
prime q.
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1. For any odd integer m there is a finite Galois totally real field F/Q such that
Symm™ H(E) becomes automorphic over F. (One can choose an F that
will work simultaneously for any finite set of odd positive integers.)

2. For any positive integer m the L-function L(Symm™ HY(E)/Q, s) has mero-
morphic continuation to the whole complex plane and satisfies the expected
Sfunctional equation. It does not vanish in Res > 1+ m/2.

3. The numbers
(I+p—#E(Fp)/2p
are equidistributed in [—1, 1] with respect to the measure (2/ n)m dt.
(See Theorems 4.1, 4.2 and 4.3 below.)

THEOREM D. Suppose that n is an even, positive integer, and that t € Q) —
Z[1/(n + 1)]. Then the L-function L(Vy,s) of

H™ (Y, xQ,Q) "

is independent of |, has meromorphic continuation to the whole complex plane and
satisfies the expected functional equation

L(Vy,s)=e(V;,s)L(Vy,n—ys).

(See Theorem 4.4 for details.)

Other applications are surely possible. For instance, in the setting of Theo-
rem B, one can conclude that r is part of a compatible system of /’-adic Galois
representations.

The surjectivity assumptions in Theorems A and B can be relaxed, but we
have not been able to formulate cleanly the generality in which our method works.
It derives from similar assumptions in [CHTO08] and [Tay08]. The assumption that
r is crystalline with distinct Hodge-Tate numbers also derives from [CHTO8] and
[Tay08]. The assumptions that the Hodge-Tate numbers are exactly 0,1,...,n—1
and that the restriction of » mod [ to inertia at / comes from some Y; both derive
from the particular family ¥; we work with. The second of these assumptions
might be relaxed either by using different families or if one had improvements
to the lifting theorems in [CHTOS8] and [Tay08]. Griffiths transversality seems to
provide an obstruction to finding suitable families with other Hodge-Tate weights,
but this assumption might be relaxed if one had results about the possible weights
of automorphic mod / representations on unitary groups (‘the weight in Serre’s
conjecture’). The assumptions at g derive from limits to our current knowledge
about automorphic forms on unitary groups. One could expect to remove them as
the trace formula technology improves.

To generalise the results of [Tay02] and [Tay06] to higher-dimensional rep-
resentations two things were needed: generalisations of the ‘modularity of lifts’
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theorems of Wiles [Wil95] and Taylor-Wiles [TW95] from GL;, to GSp,, (or some
similar group); and families of ‘motives’ with large monodromy but with 4’/ < 1
for all 7, j.

The first of these problems is overcome in [CHTO08] and [Tay08]. When this
paper was submitted only [CHTO08] was available. In that paper we had succeeded
in generalising the arguments of [TW95] to prove modularity of ‘minimal’ lifts
but had only been able to generalise the results [Wil95] conditionally under the
assumption of a generalisation of Ihara’s lemma (Lemma 3.2 of [Iha75], see Con-
jecture B in the introduction of [CHTO8] for our conjectured generalisation). Thus
at that time the main results of this paper were all conditional on Conjecture A of
the introduction of [CHTO8]. However, while this paper was being refereed, one of
us (R.T.) found a way to apply generalisations of the arguments of [TW95] directly
in the nonminimal case thus avoiding the level raising arguments of [Wil95] and
the appeal to Conjecture B of [CHTOS8]. This means that the results of this paper
also became unconditional. (We remark that modularity lifting theorems in the
minimal case do not suffice for our arguments because along the way we need
to apply these theorems to the /-adic cohomology of motives constructed using a
theorem of Moret-Bailly. This theorem only allows us to control the ramification
of this /-adic representation at a finite number of places. In particular we can not
ensure that it is a minimal lift of its mod [ reduction.)

The second of the above problems is treated in this paper. We learnt of the
family Y; from the physics literature, but have since been told that it had been
extensively studied earlier by Dwork (unpublished).

In the first section of this paper we study the family Y;. Most of the results
we state seem to be well known, but, when we cannot find an easily accessible
reference, we give the proof. In the second section we recall some simple alge-
braic number theory results that we will need. The main substance of the paper is
contained in Section 3 where we prove various potential modularity theorems. In
the final section we give some example applications, including Theorems C and D.

The authors wish to thank the following institutions for their hospitality, which
have made this collaboration possible: the Centre Emile Borel, for organizing the
special semester on automorphic forms (R.T.); Cambridge University, and espe-
cially John Coates, for a visit in July 2003 (M.H. and R.T.); and Harvard University,
for an extended visit during the spring of 2004 (M.H.). We also thank Michael
Larsen for help with the proof of Theorem 4.4; and Ahmed Abbes, Christophe
Breuil, Johan de Jong and Takeshi Saito for helping us prove Lemma 1.15, as well
as for helping us try to prove stronger related results which at one stage we thought
would be necessary. We thank the referees for useful stylistic suggestions. Finally
we thank Nick Katz for telling us, at an early stage of our work, that Corollary 1.10
was true (an important realisation for us) and providing a reference.
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Notation. We will write ji,, for the group scheme of m™ roots of 1. We will
use &, to denote a primitive m™ root of 1. We will also denote by ¢; the /-adic
cyclotomic character.

¢ will denote complex conjugation.

If T is a variety and ¢ a point of 7', then we will write O, for the local
ring of T at . We will use k(¢) to denote its residue field and @?’t to denote its
completion.

If r is a representation, then we will write % for its semisimplification.

Let K be a p-adic field and v : K> — Z its valuation. We will write Og for its
ring of integers and k(K) or k(v) for its residue field. We will denote by | |x the
absolute value on K defined by |a|g = (#k(K))™?@. We will also denote by Wx
the Weil group of K and by Ik the inertia subgroup of Wx. We will write Frobg
or Frob,, for the geometric Frobenius element in Wx /I[x. We will write Art g for
the Artin isomorphism Art g : K* = WI“(b normalised to send uniformisers to lifts
of Frobg. If p J'n, then we will write wg , = wy for the character

Ix — k(K)™
o+— (0 ""Ywog)/ »" Yok,

where w is a uniformiser for K. (The definition is independent of the choice
of this uniformiser. Note that ¢, = a)gﬂf’ :IK].) If I # p, then we will let 7 ;
denote a surjective homomorphism 7g ; ki x — Z; (which is unique up to ZIX—
multiples). By a Weil-Deligne representation of Wx we mean a pair (r, N) where
r : Wx — GL(V) is a homomorphism with open kernel and where N € End (V)
satisfies r (0)Nr(c)~! = |Art E10| kN . We will write (r, N)¥** for the Frobenius
semisimplification (%%, N) of (r, N). We will denote by rec the local Langlands
bijection from irreducible smooth representations of GL,(K) to n-dimensional
Frobenius semi-simple Weil-Deligne representations of Wx (see [HTO1]). If [ # p
and W is a continuous finite-dimensional /-adic representation of Gal (F/F), then
we write WD(W) for the associated Weil-Deligne representation of Wx (see for in-
stance [TYO07]). We will write Sp,, (1) for the Steinberg representation of GL, (K).

If K is a number field (i.e. a finite extension of @), then we will write Ag for
its ring of adeles.

1. A family of hypersurfaces

Let n be an even positive integer. Consider the scheme
Y c P* x P!
over Z[#] defined by
S(Xg+1+Xi1+1++X:l1+1):(n+1)ZXOX1 ..... Xn.
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We will consider Y as a family of schemes over P! by projection 7 to the second
factor. We will label points of P! with reference to the affine piece s = 1. If
t is a point of P!, then we shall write Y; for the fibre of Y above 7. Let Ty =
P! — ({00} U tn+1)/Z[1/(n + 1)]. The mapping Y |1, — To is smooth. The total
space Y — Yoo is regular. If {"*1 = 1, then Y¢ has only isolated singularities at
points where all the X;’s are (n + 1) roots of unity with product ¢~!. These
singularities are ordinary quadratic singularities.

If ¢ is a primitive (n 4+ 1)™ root of unity, then over Z[1/(n+ 1), {] the scheme Y
gets a natural action of the group H = ,uZﬂ / n+1 with the sub-p,+1 embedded
diagonally:

oy s Cn)(Xo o1 Xp) = (oXo:---: EnXn).

We will let Hy denote the subgroup of elements (¢;) € H with {o¢1...¢, = 1.
Then Hj acts on every fibre Y;. If t"+1 = [, then H, permutes transitively the
singularities of Y;. The whole group H acts on Y.

For N coprime to n + 1 set

Vo[N] = V[N] = (R" 'm,2/NZ)"0,

a lisse sheaf on To xSpec Z[1/N(n+1)]. (Although the action of Hy is only defined
over a cyclotomic extension, the Hy invariants make sense over Z[1/N(n + 1)].)
If I /n + 1 is prime set

Vi =V = (lim V[zm]) ®2, Q).
«~m
Similarly, define
V = (R" 'n,z)Ho
a locally constant sheaf on 7 (C) and
Vor = #pg' (Y/ (P! — ({00} U ptn 1)) 0

a locally free coherent sheaf with a decreasing filtration F "Vbr (and a connection)
over Ty. The locally constant sheaf on To(C) corresponding to V; is V' ® ;. Note
that there are natural perfect alternating pairings:
VIN]xV[N]— (Z/NZ)(1 —n)

and

Vix Vi — Qi(1—n)
and

VxV—Z7

coming from Poincaré duality.
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The following facts seem to be well known (e.g., see [Kat90], [LSW92]). Nick
Katz has told us that many of them were known to Dwork in 1960’s, but he only
wrote up the case n = 3.

LEMMA 1.1. V[N], V; and V ® Q are all locally free of rank n.

Proof. We need only check the fibre at 0. In the case V' ® C this is shown to
be locally free of rank » in Proposition 1.7.4 of [DMOSS82]. The same argument
works in the other cases. O

COROLLARY 1.2. If (N,n+ 1) = 1,then V/NYV is the locally constant sheaf
on To(C) corresponding to V[N].

LEMMA 1.3. Under the action of H/Hy =~ iy+1 the fibres (V ® C)g and
(V1 ®a; Qp)o split up as n one-dimensional eigenspaces, one for each nontrivial
character of fhp+1.

Proof. This is just Proposition 1.7.4 of [DMOSS82]. O

LEMMA 1.4. The monodromy of V. ® Q around a point in { € y+1 has
1-eigenspace of dimension at least n — 1.

Proof. Let t € To(C). Picard-Lefschetz theory (see [DK73]) gives an Hg-orbit
A of elements of H"~1(Y;(C), Z) and an exact sequence

(0) — H"(Y¢(C),2) — H" " (Y,(C),2) — 7°.

If x € H"1(Y;(C), Z) maps to (xg) € Z2, then the monodromy operator sends x
to x ) 5o Xs6. Taking Hy invariants we get an exact sequence

~ d
0) — H" ' (Y (C), )0 — V, — 7
and the monodromy operator sends x € V¢ to x £d(x) Y gca 6. O

We remark that this argument works equally well for V; or V[I] over Ty X
Z[1/1l(n +1)].

We also want to analyse the monodromy at infinity. For simplicity we will
argue analytically as in [Mor92] and [LSW92], which in turn is based on Griffith’s
method [Gri69] for calculating the cohomology of a hypersurface. (Indeed the
argument below is sketched in [LSW92].) One of us (N.I.S-B.) has found an Hp-
equivariant blow up of Y which is semistable at co, and it seems possible that
combining this with the Rapoport-Zink spectral sequence would give an algebraic
argument, which might give more precise information.

Write

Qr=XI 4+ 4+ XY/ (n+1)—tXoX1 ... Xy,  and

n
Q= Z(_l)iXidXO Ao nNdXi—g ANdXipr Ao Ad Xy,
i=0
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Then fori =1,...,n+1
ol =G —)!I(XoX1...Xn)' '1Q/0!

is a meromorphic differential on P”(C) with a pole of order i along Y;. Moreover,
doj/dt = “’z{+1' Also set w; = t'w] so that w; is H-invariant and

ta’w,-/dt =iw; +wi+1.
Suppose that ¢ & {oo} U y+1(C). We claim that fori = 1,...,n we have
w;j € i (Ye) —Hi—1(Yr)

in the notation of Section 5 of [Gri69]. If this were not the case, then Proposi-
tion 4.6 of [Gri69] would tell us that (XX ... X,)'~! lies in the ideal generated
by the X]’? —tXo...Xj_1Xj41...Xn. Hence (XoX7... Xn)i would lie in the
ideal generated by the X ]" T _1XoX1... Xn. Symmetrising under the action of Hy
and using the fact that C[Xy, ..., X,]70 = C[Z.Yy,.... Y]/ (Z" 1 =Y, ... Yy)
(with ¥; = Xj’.’Jrl and Z = Xy ... X,), we would have that Z' lies in the ideal
generated by the Y; —¢Z and Z"t! —Yy...Y, in C[Z,Yy,..., Y,]. Taking the
degree i homogeneous part and using the fact that i <n + 1 we would have that
Z! lies in the ideal generated by the Y; —tZ in C[Z, Yy, ..., Y,]. Setting Z = 1
and Yo =Y; =--- =Y, =t would then give a contradiction, proving the claim.
Integration against w; gives a linear form H,(P"(C) —Y;(C),Z) — C. Com-
posing this with the map Hy,—1(Y;(C),Z) — H,(P"(C) —Y;(C), Z) shows that »;
gives a class R(w;) in H n=1(y,(C), C)Ho. According to Theorem 8.3 of [Gri69]

R(wj) € (F" "Vpr): @ C— (F" 171 Vpr): @ C.
Thus the R(w;) fori =1,...,n are a basis of H"1(Y,(C), C)Ho. Moreover, we
deduce the following lemma (due to Deligne, see Proposition 1.7.6 of [DMOS82]).
LEMMA 1.5. For j =0,...,n—1 we have
dim F/ Vpr/F/ T Wpr = 1.
Moreover, if ¢ is a primitive (n + 1)™ root of unity, then H acts on
F/Voro/F/ T WVoro ®Z[1/(n +1),¢]
by
Goeeibn) = (G0 L) .

Now assume in addition that ¢ £ 0. Then the class [wy+1] is in the span of
the classes [w1],. .., [wx]. In Section 4 (particularly equation (4.5)) of [Gri69] a
method is described for calculating its coefficients. To carry it out we will need
certain integers A; ; defined recursively for j >i > 0 by
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e Ag,; =1forall j >0, and
o Aiyr,j =Aiiv1+ 24542+ +( —i — DA j—1.
Note that these also satisfy 4; ;41 = 1 for all i and
Aij =Aij1+( —i)Ai-1,j—1
for j —1 > i > 0. We claim that for all nonnegative integers i and n we have

min(n,i)

G+1"= Y Anjmgr i1/ =)L

Jj=0
This can be proved by induction on n. The case n = 0 is clear. For general i we
see that

YD Ay jril) = )]
= YD Ay i) = U D G D A o1 iV G )
_ Z;nil(()n—lai_l) Ap—jmtpii = j +j 4+ 1/ = )+ Ap—i—1.0 (i + 1)i!
(1) T Ay it G~ )
= G+,

where we set A,—;j—1,, = 01if i > n. Thus we see that, as polynomials in 7'

T" =Y Ajnp1(T=1)(T =2)...(T + j—n).

j=0
Write
(100... 0 0 Ao
120... 0 0 Awton
013... 0 0 Aezan
A(z) =
n—2 0  Aax
1 n—1 HA2ast
\ 0 1 noAen

Then expanding along the last column we see that A(0) has characteristic polyno-
mial

n+1

Y Ajnr(T=D)(T=2)...(T+j—n)=T"

j=0
It also has rank n — 1 and so has minimal polynomial 7. Consider the differential
equation

zdv(z)/dz = —A(z2)v(z)/(n + 1).
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In a neighbourhood of zero its solutions are of the form

S(2) exp(=A(0) log(2)/(n + 1))vo.

where S(z) is a single matrix valued function in a neighbourhood of 0 and vy is a
constant vector. (See Section 1 of [Mor92].)
We will prove by induction on i that

(1= t" T wn1] — " T (A1 pt1lon) + A2 pt1[@n—1] + -+ + Ai g1 [0nt1-i])
=m—1—i)"!
n . . . . . . .
[( 3 zf—’(j—i)Ai,j(XO...X,-)f—’—l(X,-H...X,,)"ﬂ—l)sz/Q';—l}.
j=i+1

To prove the case i = 0 combine formula (4.5) of [Gri69] with the formula

1—1""HY(Xg ... X,)"

n
= Z(X;’ ~Xo...X;21Xj41... Xn)(Xo . ..Xj_l)f—lxjf (Xjg1... Xn)" .
Jj=0

To prove the case i > 0 combine the case i — 1 and formula (4.5) of [Gri69] with
the formula

n
DG 1= A (Ko X)) T (X X)) T
Jj=i
— A" (XL X))

n
= > (Xg—Xo... Xpm1 Xy - Xo)t* 7 Ay
k=i+1

X (Xo. o X )¥ T IXET (Xpgy o X)W PR

The special case i = n then tells us that

1
[On+1] = m(Al,n+l[wn] +- o+ Appyion]).

Suppose that y; € H,_1(Y;(C), Z)™o maps to T'; € H,(P*(C) — Y;(C), Z).
Then the coefficients of y; with respect to the basis of H,_1(Y;(C), C)Ho dual to
[w1], ..., [wn] is given by

fr, ®1

v(yr) =
fr, Wn
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As explained in [Mor92], if y; is a locally constant section of the local system of
the H,—1(Y+(C), 2) Ho_ then the T'; can be taken locally constant and so

tdv(ye)/dt = AT D)u(y,).

Let zg be close to zero in P! and let P be a loop in a small neighbourhood of 0
based at zg and going m times around 0. Let Pbea lifting of this path under the
map P! — P! under which ¢ — (~(+D starting at to and ending at ity for some
he H.Lety € H,_1(Y4,(C), Z)Ho If we carry y along Pina locally constant
fashion we end up with an element P Y € Hy—1 (Y (C), 7)Ho where

v(Py) = Sty " TV) exp(£2mimA0)/(n + 1) S5 ") u(y),
and so
h'w(Py) = S(ty ") exp(£27imA0)/(n + 1) Sty ") o (y).

In particular, we see that the monodromy around infinity on H,_1(Y4,(C), Z) Ho jg
generated by exp(27iA(0)) with respect to a suitable basis. This matrix is unipo-
tent with minimal polynomial (7" —1)".

Let ¢ denote a primitive (n + 1) root of 1. The map ¢ > t"*! gives a finite
Galois étale cover

(P! — {0, 00}) x Spec C —> (P! — {0, 00}) x Spec C

with Galois group H/Hy. Thus the sheaf V' descends to a locally constant sheaf
V on P1(C) — {0, 1, co}. Note that there is a natural perfect alternating pairing:

VxV—7Z.
(A referee suggests we remark that there is a family Y over the target P! — {0, oo}
given by

SXPT 4 e(X PP o 1 XY = (n 4+ D Xo Xy - .. Xn,

which pulls back to our family Y. The sheaf V is the corresponding part of the
cohomology of Y.)

LEMMA 1.6. The monodromy of V around oo is unipotent with minimal poly-
nomial (T — 1)". The monodromy around 1 is unipotent and the 1 eigenspace
has dimension exactly n — 1. The monodromy around 0 has eigenvalues the set of
nontrivial (n + 1) roots of 1 (each with multiplicity one).

Proof. By the calculation of the last but one paragraph the monodromy of
V ® C around oo can be represented by exp(4+27wiA(0)/(n + 1)) with respect to
some basis. The action of the monodromy at 0 follows from Lemma 1.3. Because
P! — P! over Z[1/(n + 1)] given by t > t"*1 is étale above 1 it follows from
Lemma 1.4 that the monodromy at 1 has 1 eigenspace of dimension at least n — 1.
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Because it preserves a perfect alternating pairing we see that it must have determi-
nant 1. Thus 1 is its only eigenvalue. Finally it can not be the identity as else the
monodromy at oo would be conjugate to the monodromy at O or its inverse. [

COROLLARY 1.7. The monodromy of V around oo is unipotent with minimal
polynomial (T —1)". The monodromy around any element of n+1(C) is unipotent
with 1 eigenspace of dimension exactly n — 1.

COROLLARY 1.8. Identify C((1/T)) =0 T). Also identify

A [
P!1xC,00
w1 (Spee C((1/ 7)) = lim Gal (C((1/T™))/C((1/ T) = [ ] Z,.
p

Then the action of w1(Spec C((1/T))) on Vi|specc(1/ 1)) (resp. V[|specc1/1)))
is via x & u* for a unipotent matrix u. In the case of Vj, then u has minimal
polynomial (X — 1), There exists a constant D(n) depending only on n such that
forl > D(n), this is also true in the case of V[I].

Proof. A unipotent matrix u € GL, (Z) with minimal polynomial (X — 1)" re-
duces modulo / for all but finitely many primes / to an unipotent matrix in GL, (F;)
with minimal polynomial (X — 1)". (If not for some 0 < i < n we would have
(u—1)! =0 mod / for infinitely many /.) |

The last sentence of the corollary will not be needed in the sequel, however it
was needed in an earlier version of this paper and seems to have a little independent
interest, so we have decided to leave it in. It seems likely that N.I.S.-B.’s resolution
of Y would allow one to make explicit the finite set of / for which this last assertion
fails.

We would like to thank Nick Katz for telling us that the following lemma is
true and providing a reference to [Kat90]. Because of the difficulty of comparing
the notation of [Kat90] with ours we have chosen to give a direct proof. If z €
P1(C) — {0, 1, oo}, then let Sp(V,; ® C) denote the group of automorphisms of
V, ® C which preserve the alternating form.

LEMMA 1.9. If z € P1(C) — {0, 1, oo}, the image of w1 (P (C) —{0, 1, 00}, 2)
in Sp(V; ® C) is Zariski dense.

Proof. This follows from the previous lemma and the results of [BH89]. More
precisely, let % denote the image of 71 (P(C) — {0, 1, 0o}, z) in Sp(V> ® C) and
let ¥, denote the normal subgroup generated by monodromy at 1. It follows from
Proposition 3.3 of [BH89] that ¥ is irreducible and from Theorem 5.8 of [BH89]
that # is also primitive. Theorem 5.3 of [BH89] tells us that ¥, is irreducible and
then Theorem 5.14 of [BH89] tells us that ¥, is primitive. (In the case n = 2, use
the fact that #;, is irreducible and contains a nontrivial unipotent element.) ¥, is
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infinite. Then it follows from Propositions 6.3 and 6.4 of [BH89] that ¥, is Zariski
dense in Sp(V; ® C). O

If t € To(C) let Sp(Vy ® C) (resp. Sp(V[N]¢), resp. Sp(V3)) denote the group
of automorphisms of V; ® C (resp. V[N];, resp. V;) which preserve the alternating
form.

COROLLARY 1.10. Ift € To(C), then the image of w1(To(C), t) in Sp(V; ® C)
is Zariski dense.

LEMMA 1.11. There is a constant C(n) such that if N is an integer divisible
only by primes p > C(n) and ift € To(C), then the map

m1(To(C). 1) — Sp(V[N];)
is surjective.

Proof. This follows on combining the previous corollary with Theorem 7.5
and Lemma 8.4 of [MVW84] or with Theorem 5.1 of [Nor87]. We remark that
Theorem 7.5 of [MVW84] relies on the classification of finite simple groups and
that [Nor87] does not pretend to give a complete proof of its Theorem 5.1. For this
reason we sketch an alternative argument which was shown to us by Nick Katz.

Let sp(V;) C End (V;) denote the Lie algebra of Sp(V;). Let W C sp(V;) ®
Z[1/(n —1)!] denote the Z[1/(n — 1)!]-module generated by the log y as y ranges
over unipotent elements of the image of w1 (7Tp(C),¢) — Sp(V;). By Corollary 1.7
we see that W # (0). Because sp(Vy) ® C is a simple Sp(V; ® C)-module, we
conclude from Corollary 1.10 that it is also a simple 71 (7 (C), ¢)-module. Thus
W ®C =sp(V;) ®C, and we can find a positive integer C(n) divisible by (n —1)!
such that W ®Z[1/C1(n)] =sp(Vy) @ Z[1/C1(n)]. Tt follows from Theorem 12.4.1
of [Kat88] that there is a positive integer C(n) divisible by 6C;(n) such that, if
p > C(n) is a prime and if r € Z~¢, then

71 (To(C),t) = Sp(V[p" ).

We will prove by induction on N that if N is only divisible by primes greater
than C(n), then
71(To(©), 1) = Sp(V[N]s).

Suppose that N = p” M with p / M a prime and r € Z~¢. Then we know that
m1(To(€). 1) = Sp(V[p"]).

but by inductive hypothesis
m1(To(C). 1) — Sp(V[M]y).

Each composition factor of Sp(V[p”];) is one of Z/pZ, Z/27 and PSp,(Z/pZ)
(which is simple as p > 3). Moreover, as p > 3 the group Sp,,(Z/ pZ) is perfect and
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so does not admit Z/27 as a quotient. In fact Sp(V[p"];) does not admit Z/27 as
a quotient (because ker(Sp(V[p"];) = Sp(V[p]s)) is a p-group and so would map
trivially to any such quotient). Similarly, each composition factor of Sp(V [M];)
isoneof Z/27,7/qZ or PSp,(Z/qZ) for some prime g | M. Thus any common
quotient Sp(V[p"];) and Sp(V[M];) can have only Z/27Z as a composition factor.
As Sp(V[p”]:) does not admit 7Z/27 as a quotient we conclude that Sp(V[p"];)
and Sp(V[M];) have no nontrivial quotient in common. It follows from Goursat’s
lemma that
m1(To(C). 1) = Sp(V[N]1),

as desired. |

Let F be a number field and let W be a free Z/ N Z-module of rank n with a
continuous action of Gal (F/F) and a perfect alternating pairing

(, Yw:WxW — (Z/NZ)(1 —n).

We may think of W as a lisse étale sheaf over Spec F'. Consider the functor from
To x Spec F-schemes to sets which sends X to the set of isomorphisms between the
pull back of W and the pull back of V[N] which sends { , )w to the pairing we
have defined on V[N]. This functor is represented by a finite étale cover Ty / Ty X
Spec F'. The previous corollary implies the next one.

COROLLARY 1.12. If N is an integer divisible only by primes p > C(n) and
if W, { , )w is as above, then Ty (C) is connected for any embedding F — C,
i.e. Ty is geometrically connected.

LEMMA 1.13. Suppose that K /Qy is a finite extension and that t € To(K).
Then V) ; is a de Rham representation of Gal (K /K) with Hodge-Tate numbers
{0,1,....n—1}. Ift € O and 1/(1"+t! — 1) € Ok, then V} ; is crystalline.

Proof. Vi, = H n=1(Y, x Spec K, @Q;)Ho. The first assertion follows from
the comparison theorem and the fact that HJ 1(Y;/K)Ho has one-dimensional
graded pieces in each of the degrees 0, 1,...,n — 1. The second assertion follows
as Y;/Og is smooth and projective. O

LEMMA 1.14. Suppose thatl =1 mod n + 1. Then
Viloxl®e ' @@ "
as a module for Ig,.
Proof. 1t suffices to prove that

Viox1®e @ --de .

(As | > n the characters €°, ..., '™ all have distinct reductions modulo /.) How-

ever because [ splits in the extension of @ obtained by adjoining a primitive
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(n + 1)™ root of 1, Lemma 1.3 tells us that V7,0 1s the direct sum of n characters
as a Gal (Q;/Q;)-module. These characters are crystalline and the Hodge-Tate
numbers are 0, 1,...,n — 1. The results follows. O

LEMMA 1.15. Suppose q # | are primes not dividing n + 1, and suppose that
K /Qyq is a finite extension. Normalise the valuation vk on K to have image 7.
Suppose that a € K has vk (a) <O.

1. The semisimplification of V; , and V [l are unramified and Frobk has eigen-
values of the form o, a#k(K), ..., a#k(K))"~! for some a € {£1}, where
k(K) denotes the residue field of K.

2. The inertia group acts on 'V} 4 as exp(Ntk), where N is a nilpotent endomor-
phism of Vi 4 with minimal polynomial X".

3. The inertia group acts on V[l], as exp(vg(a)Ntg), where N is a nilpotent
endomorphism of V[l]q, and if | > D(n), then N has minimal polynomial T™.

Proof. First we prove the second and third parts. Let W denote the Witt vec-
tors of F4 and let F denote its field of fractions. We have a commutative diagram:

m1(Spec F((1/T))) —  T1,Zp

! !
1(Spec W((1/T))) —> Tpaty Zp
0 1 vk (a)

71(Spec FK) — ]_[p#q Zp.

Here the left-hand up arrow is induced by 7+ a. The right-hand down arrow is the
natural projection and the right-hand up arrow is multiplication by vk (a). The iso-
morphisms 71 (Spec F((1/T))) = ]_[p Zp and 71 (Spec W((1/T))) = ]—[méq Z,
result from Corollary XII1.5.3 of [Gro71]. More precisely,

m1(Spee F(1/7))) = lim Gal (F((1/T"/™))/F((1/T)))

and
m(Spec W((L/TY) = _ lim _ Gal (W((1/T"M))/W((1/T)).

s

(Note that, as the fraction field of W[[1/T1]]/(1/T) has characteristic zero, the tame
assumption in Corollary XIII.5.3 is vacuous.) The final surjection 71 (Spec FK)
—> [ 1,24 Zp comes from
m1(Spec FK) =  lim  Gal (FK(wp/™)/FK),
~—(N,g)=1
where wg is a uniformiser in K.

Considering
W((1/T)) = [T).



794 MICHAEL HARRIS, NICK SHEPHERD-BARRON, and RICHARD TAYLOR

the sheaves Vj|spec w((1/1)) and V[!]|spec wi((1/T)) correspond to representations
of w1 (Spec W((1/T))). (Here we are using the fact that ¢ Y n + 1, as V; and V[I]
are only defined and lisse over Ty/Z[1/(n + 1)].) Corollary 1.8 tells us that the
pull back of these representations to 71 (Spec F((1/T))) = ]_[p Zp sends 1 to a
unipotent matrix. Moreover, in the case V; or in the case V[[] with [ > D(n), we
know that this unipotent matrix has minimal polynomial (X — 1)”. The lemma
follows.

Now we prove the first part. It is enough to consider V; ;. From the second
part we see that Frobg has eigenvalues o, a#k(K), ..., a(#k(K))*~! for some
o € Q. The alternating pairing shows that

{o, a#tk (K), ..., a@#k(K)" " ={a o H#k(K),...,a L #k(K))" 1.
Thus o = +1. O

Again, the last half of part 3 will not be needed in the sequel, however it was
needed in an earlier version of this paper and seems to have a little independent
interest, so we have decided to leave it in.

2. Some algebraic number theory

We briefly recall a theorem of Moret-Bailly [MB89] (see also [GPR935]). (Luis
Dieulefait tells us that he has also explained this slight strengthening of the result
of [MB&89] in a conference in Strasbourg in July 2005.)

PROPOSITION 2.1. Let F be a number field and let S = S1 [ S2]] S3 be
a finite set of places of F such that S, contains no infinite place. Suppose that
T/ F is a smooth, geometrically connected variety. Suppose also that for v € Sy,
Qy C T(Fy) is a nonempty open (for the v-topology) subset; that for v € S,
Qy C T(F)") is a nonempty open Gal (F,)"/ Fy)-invariant subset; and that for
v € S3, Qy C T(Fy) is a nonempty open Gal (Fy | Fy)-invariant subset . Suppose
finally that L/ F is a finite extension.

Then there is a finite Galois extension F'/F and a point P € T(F') such that

e F'/F is linearly disjoint from L/ F;

e every place v of Sy splits completely in F' and if w is a prime of F' above v,
then P € Q, C T(F),);

e every place v of Sy is unramified in F' and if w is a prime of F’ above v, then
P e Q,NT(F));

e and if w is a prime of F" above v € S3, then P € Q, N T(F,)).

Proof. We may suppose that L/ F is Galois. Let Ly, ..., L, denote the inter-
mediate fields L D L; D F with L; / F Galois with simple Galois group. Combining



A FAMILY OF CALABI-YAU VARIETIES AND POTENTIAL AUTOMORPHY 795

Hensel’s lemma with the Weil bounds we see that 7" has an F), rational point for
all but finitely many primes v of F. Thus enlarging S; to include one sufficiently
large prime that is not split in each field L; (the prime may depend on i), we may
suppress the first condition on F’.

Replacing F by a finite Galois extension in which all the places of S; split
completely, in which the primes of S, are unramified with sufficiently large inertial
degree and in which all the primes in S3 give rise to sufficiently large completions,
we may suppose that S, U S3 = &. (We may have to replace the field F’ we obtain
with its normal closure over the original field F.)

Now the theorem follows from Theorem 1.3 of [MB&9]. O

LEMMA 2.2. Let M be an imaginary CM field with maximal totally real sub-
field M+, S a finite set of finite places of M and T D S an infinite set of finite
places of M with ¢cT = T. Suppose that there are continuous characters:

° xS :@X/I,S — QX
o g (A - @,
Yo : M* — Q%,
such that
 if y+ is ramified at v, then T contains some place of M above v,
* Volm+yx = X+|a+)yx, and
* x5l 05n0y ¢ = X+l@,, <N
Then there is a continuous character Y : (A37)* —> Q> such that
e  is unramified outside T ,
* ¥lm= = Vo,
* W|@§4,S =Xs>
 and Ylace yx = X+

Proof. Choose Up = [],¢gs Uo,v C [[,¢s Opy,, be an open subgroup such
that Up N (AX’;JF)X C ker y+ and Up,, = @;1(4,1) forvgT. Let V = ]—[v¢s Vy C
]_[U¢S @3‘4’1) be an open compact subgroup such that V N peo(M) = {1} and V,, =
@Xl,v for v € T. Let U denote the subset of Uy consisting of elements u with
c(u)/ueV.ThenU = ]—[v¢S U, with U, = @XLU for v & T. Moreover, M* N
Oy sUAS ) = (MF)*. (For if  lies in the intersection, then

c(a)/a € ker(Npg/pr+ 1 Opp —> O3, ) N Oy oV = oo (M) NOpy gV = {1},

so thata € (M T)*))
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Define a continuous character
Y105 sUAS ) — Q%
to be x5 on Oy ¢, to be 1 on U and to be x4+ on (A7, )*. This is easily seen
to be well defined. Extend ¢ to M*0}, cU(AJ7, )™ by setting it equal to Yo on
M. This is well defined because M N Oy, JU(A,)* = (M +)*. Now extend
¥ to (Af7)™ in any way. (This is possible as M *0y, (U(AT?, )™ has finite index
in (A§7)*.) This y satisfies the requirements of the theorem. |

3. Potential modularity

In this section we will use the notation Top, V;, ;, V4 [N], Tw and C(n) from
Section 1 without comment. (See the first and third paragraphs of Section 1,
Lemma 1.11, the paragraph proceeding this corollary and Lemma 1.15.)

Let F denote a totally real field and » a positive integer. Let / be a rational
prime and let 1 : Q; 5 C. LetSbea nonempty finite set of finite places of F and for
v € S the py be an irreducible square-integrable representation of GL,, (Fy). Recall
(see Section 4.3 of [CHTO08]) that by an RAESDC representation & of GL,,(AF)
of weight 0 and type {py }ves We mean a cuspidal automorphic representation
of GL, (AF) such that

o mV = ym for some character y : F*\A% — C* with y,(—1) independent of
v | o0

¢ the component at infinity, 7w, of 7 has the same infinitesimal character as
the trivial representation of GL, (Fso);

e and for v € S the representation 7y, is an unramified twist of p,.

We say that 7 has level prime to [ if for all places w | [ the representation iy, is
unramified.

Recall (see [TYO07] and Section 4.3 of [CHTO8]) that if 7 is an RAESDC
representation of GL, (Ar) of weight 0 and type {py}yes (With § # &), ,then
there is a continuous irreducible representation

r1, () : Gal (F/F) — GL, (@)
with the following properties:
1. For every prime v JI of F we have
WD, (0l (7, /)" = 1 rec(ra) ® |Art g g 7).
2. 17, ()Y = rl,,(n)sn_lrl,,()(). (For the notation r; ,(x) see [HTO1] or [TY07].)

3. If v |/ is a prime of F, then r;,(1)|5, (F,/F,) 18 potentially semistable, and
if m, is unramified, then it is crystalline.
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4. If v |1 is a prime of F and if 7 : F < @ lies above v, then
dimg, gr' (r7, (%) ®<,F, Bpr)® Fv/F) =0
unless i € {0, 1,...,n — 1} in which case

dim@l gfi(”l,z (7-[) ®I,Fv BDR)Gal(Fv/Fv) -1

The representation r; , (7r) is conjugate to one into GL,, (@@l). Reducing this mod-
ulo the maximal ideal and taking the semisimplification gives a semisimple contin-
uous representation

71, () : Gal (F/F) — GL,(F))

which is independent of the choice of conjugate.
We will call a representation

r:Gal (F/F) — GL,(Q;)

(respectively,
F:Gal (F/F) — GL4(F)))

which arises in this way for some 7 (resp. some 7 of level prime to /) and :
automorphic of weight 0 and type {py }ves. In the case of r, if & has level prime
to /, then we will say that r is automorphic of level prime to .

We will call a subgroup A C GL(V//F;) big if the following hold:

¢ A has no /-power order quotient.
o H'(A,ad®V) = (0) fori =0 and 1.

e For all irreducible F;[A]-submodules W of ad V we can find 4 € A and « € F;
with the following properties: The o generalised eigenspace Vj o of h on V
is one-dimensional. Let 7wy,  : V' — Vj o (resp. ip o : Vi,o <> V) denote the
h-equivariant projection of V to V}, o (resp. h-equivariant injection of V}, 4
into V') (so that 7t o 0ip o = 1). Then 7, o 0 Woiy o # (0).

Note that this only depends on the image of A in PGL(V/F;).

Some examples of big subgroups are discussed in Section 2.5 of [CHTO08].
Further examples are explored in [SW].

We will now prove our first potential modularity theorem. It is somewhat
technical and will be essentially subsumed in later theorems, but it is needed in the
proofs of these theorems. For other applications the conditions at / and ¢ make
this theorem too weak to be very useful. The reader may like to first think about
the special case F = Fp, t = 1, £ = &, which will convey the essential points
of both the theorem and its proof. Following the proof the reader can find some
brief comments which may help in navigating the technical complexities of the
argument.
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THEOREM 3.1. Suppose that F/ Fy is a Galois extension of totally real fields
and that ny, . .., n; are even positive integers. Suppose that | > max{C(n;),n;} is
a prime which is unramified in F and satisfies| = 1 mod n; + 1 fori =1,...,t.
Let vy be a prime of F above a rational prime q # [ such that q J (n; + 1) fori =
1,....t. Let £ be a finite, Gal (F/ Fy)-invariant set of primes of F not containing
primes above lq.

Suppose also that fori =1,...,t

ri 1 Gal (F/F) —> GSp,, (Z))

is a continuous representation which is unramified at all but finitely many primes
and enjoys the following properties:

ni

1. r; has multiplier ell_

2. Let 1; denote the semisimplification of the reduction of ri. Then the image
7iGal (F /F(&p)) is big (in GL, (F))), and F**7i does not contain F((}).

3. r; is unramified at all primes in .
4. Ifw|lisaprime of F, then ri|g,, (F,y ) Fy) 'S crystalline and for © : Fy — Q
we have _
dimg, gr’ (ri ®<,F, Bor) =1
for j =0,...,n; —1 and = 0 otherwise. Moreover,
Filtp, = 1@ @ ®e .
.|SS ; ; . |SS o
Tl Gar Foy/Fog) is unramified and r; Gal (Foy | qu)(Frobv ) has eigenvalues of

the form o, a(#k (vq)), . . ., o (#k (vg))" L.

Then there is a totally real field F'| F which is Galois over Fy and linearly
independent from the compositum of the F*""i over F. Moreover, all primes of
& and all primes of F above | are unramified in F'. Finally there is a prime wg
of F' over vg such that each r; |Ga1( F/F) is automorphic of weight 0 and type
{Sp (D) Hwg -

Proof. Let E/Q be an imaginary quadratic field. Fori =1,....,¢ let M; /Q
be a cyclic Galois imaginary CM field of degree n; over Q such that

e [ and the primes below & are unramified in M;;

e and the compositum of E and the normal closure of F/Q is linearly disjoint
from the compositum of the M;’s.

Choose a generator 7; of Gal (M;/Q). Choose a prime p; which is inert but un-
ramified in M; and split completely in EFj.
Fori =1,...,t choose a continuous homomorphism

yi (Agg) — M
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with the following properties:
ni/2=1 _j . i\ _j+ni/2; ni—1—j

* Yi |MI.X (a) = Hjl:() T (aj)‘[i " (a" 7).

1—n;
* Vil y =Tl | v "

M;

 ; is unramified at / and the primes below <.

T/ .
* U i#wi’%%,pi forj=1,...,n—1.

 ; only ramifies above rational primes which split in E.

I@,@i,p

The existence of such a character ¥; follows easily from Lemma 2.2. Let M;
denote a finite extension of M; which is Galois over (0 and contains the image

of 1,0,'.
Choose a prime !” which splits in EF My ... My ($ny(ny41)s - - > Sny (ny+1))
such that

o I'>8((nj +2)/4)"/2*1 forall i;
"> C(n;) forall i;

" does not divide the class number of E;

e each 7; is unramified above /’;

each ¥; is unramified above /’;

'Y p! —1foralli;

I'Vq/ —1for j =1,... , max{n;}—1;

e " #£1,1' # q and I’ does not lie below &£.

Let Wy, ; denote a prime of M; above /" and let wy; = Wy ; |m; -
Define a continuous character

Vi MI\(ARE) — Mii(ﬂ}l/,,-
by n;/2—1

— —J J+1-n;
l//l',l/(a) = WZ (a) l_[O a‘[[_jw//,iafi_j—i_ni/zw, ;
. :

Composing this with the Artin reciprocity map and reducing modulo w;; we ob-
tain a character B
6; : Gal (M; /Q) — [},
with the following properties:
. §l§lc = glll_ni‘
* Oilny =¢,’ for j=0,....n/2—1.

J
LTy wyr g

e 6; is unramified above / and the primes below &£.
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— — )
. 9i|IMi,pi #£ 0% |1Mi,pl~ forj=1,....,n—1.

. 6 only ramifies above primes above rational primes which split in E.
Gal (M;/Q) 3
Gt (i1, /) O Y

(p.¢') = > £(0)"" " p(0)¢ (co),

o€Gal (M; /] M;)\Gal (M; /Q)

Define an alternating pairing on Ind

where ¢ is any complex conjugation. (It is alternating because n; is even.) This
gives rise to a homomorphism

1(6;) : Gal (Q/@) —> GSp,,, (F1).

Let K denote the compositum of the fixed fields of the ker 7; and the ker / (5,)
Let W; be the free Z/11’Z-module of rank n; corresponding to 7; x I(6;). The
module W; comes with a perfect alternating pairing

W, x Wy — (Z/11'Z)(1 —n;).

The scheme Tw;, / F is geometrically connected. Let S1 denote the infinite primes
of F, let S, equal &£ union the set of primes of F above //’, and let S3 = {vg}. If w
is an infinite place of F let Q; 4 = Tw; (Fy). This is nonempty as all elements of
GSp,, (Z/11'Z) of order two and multiplier —1 are conjugate. If w € S5 let 2;
denote the set of elements of Ty, (FI) above {1 € To(FI): w(1—¢"T1)=0}. Then
Q; w is open, Gal (F}"/ Fy)-invariant and nonempty (as it contains a point above
0 € To(Fy)). Let ©; y,denote the preimage in Ty, (qu) of {1€To(Fy,):vq(t)<0}.
This set is open, Gal (F, o/ Fv,)-invariant and nonempty. By Proposition 2.1 we
can find recursively totally real fields F; /F and point 7; € Tw;, (F;) such that

e F;/F is Galois,

e F;/F is unramified above £ and above [/,

e F; is linearly disjoint from KFy ... F;_; over F,
e and #; lies in Qi forallw € S1US U S3.

Let F = F 1... Fr, a Galois extension of F which is totally real, in which all
primes of S split completely and in which all primes of S, are unramified. Then
Fis linearly disjoint from K over F. Let t; € To(ﬁ ) denote the image of 7;. Then
Vailllt; = ril gy (F/F) and Vi, [I']; = 1(0i)] gy (F/F") Moreover, Yy, ;; has good
reduction above /1’ so that V,,, ; . is crystalline above / and unramified above /’,
while V,, 1/, is unramified above / and crystalline above /’. If w is a prime of

F above Vg, then the semisimplification of V,,, 1/ ;. | is unramified and

Gal (F/F)
Frob,, has eigenvalues B, B(#k(w)), ..., B(#k(w))" ~! for some B € {1}, which

may depend on w.



A FAMILY OF CALABI-YAU VARIETIES AND POTENTIAL AUTOMORPHY 801

Let F’ denote the normal closure of F over Fy. It is linearly disjoint from the
compositum of the FX'"i over F. By Theorem 5.6 of [Tay08] we see that each
Vi, 1.+, is automorphic over F’ of weight 0 and type {Sp n; (D}Hwlv,y and level
prime to /’. It also has level prime to /, so that Vy, [/];, = 7i|g, (F'/F") is also
automorphic over F” of weight 0 and type {Sp . (1)}{w|v,}- By Theorem 5.4 of
[Tay08] we see that r; is automorphic over F’ of weight 0 and type {Sp ,,, (1)} w}v,}
and level prime to /. O

We hope that the following informal remarks help guide the reader through the
apparent complexity of the proof of Theorem 3.1. The modularity theorems proved
in [CHTOS8] and [Tay08] only apply to /-adic representations which, at some finite
place v, correspond under the local Langlands correspondence to discrete series
representations. It is possible that further developments of the stable trace formula
will make this hypothesis unnecessary. On the other hand, our knowledge of the
bad reduction of the hypersurfaces Y; considered in Section 1 is only sufficient
to provide inertial representations of Steinberg type (with maximally unipotent
monodromy), as in Lemma 1.15; this explains our local hypotheses at the primes
denoted g. However, the monomial representations 1(6;) considered in the proof
of Theorem 3.1 can never be locally of Steinberg type, but they can be locally of
supercuspidal type, and are chosen to be so at the primes denoted p;. The local
hypothesis at p; is used in the proof of Theorem 5.6 of [TayO0S].

In a special case we now improve upon Theorem 3.1, by weakening the con-
ditions at / and ¢. This theorem suffices for the applications to the Sato-Tate con-
jecture in the next section. Its proof depends in an essential way on Theorem 3.1.
The reader might like to think first about the special case t = 1 and detr = sl_l,
which will convey the main points of both the statement and proof of this theorem.

THEOREM 3.2. Suppose that F is a totally real field and that ny, ... ,n; are
even positive integers. Suppose also that | > max{C(n;),2n; + 1} is a prime which
is unramified in F and that vy is a prime of F above a rational prime q # .

Suppose also that

r:Gal(F/F)— GLy(Z))
is a continuous representation which is unramified at all but finitely many primes
and totally odd (in the sense that detr(c) = —1 for every complex conjugation
¢ € Gal (F / F)). Suppose that r also enjoys the following properties:

1. r is surjective.

2. If w|l is a prime of F, thenr|g,, (F.,/F,) 18 crystalline and for © : Fyy — Q
we have
dimg, gr’ (r ®<,F,, Bor) = 1
for j =0,1 and = 0 otherwise.
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SS
Gal (F_vq/FUq)
(Froby, ) has eigenvalues of the form a, a#k(vg).

3. There is a prime vgq of F split above q for which r is unramified

and r|¥ -
Gal(qu/qu)

Then there is a Galois totally real extension F" | F in which | is unramified,
and a prime wg of F" over vg such that each of the representations

Symm™ |G (7 pry
is automorphic of weight 0 and type {Sp , (1) }(w,,}-

Proof. Let r denote the reduction » mod /.
The character ; detr is totally even and unramified at /. Thus ¢; detr has
finite order. Set F; = FXré14et" Then F is totally real and / is unramified in Fj.
Choose a rational prime ¢’ and a prime vy’ of F above ¢’ such that
e r is unramified above ¢/,
r (Frob, , ) has eigenvalues 1, #k(vg'),
qg Y +1)fori=1,....1,
*q #qandq #1.
Also choose a prime !’ which splits in Q(&y,+1,- - -, {n,+1) and such that
e//=1modn; +1fori=1,...,¢,
s I'#1,q,0rq,
e I’ > max(C(n;),n;),
e [’ is unramified in Fy,
e and r is unramified at /’.

Choose an elliptic curve Eq/F such that

e FE1 has good reduction above /;
 E1 has potentially multiplicative reduction at v4 and vy/;
e E; has good ordinary reduction above /’, but H'(E| x F,Z/1'Z) is tamely
ramified at /’;
e Gal (F/F) — Aut(HY(E| x F,7/1'Z)).
The existence of such an E results from the form of Hilbert irreducibility with
weak approximation (see [Eke90]). (The existence of such an Ey over Fy, (resp.
Fy,,) results from taking a j-invariant with val4(j) < 0 (resp. val4/(j) < 0.)
The existence of such an E; over Qs results from taking the canonical lift of an
ordinary elliptic curve over [F;/.)
Let W denote the free rank two Z/11’Z module with Gal (F/ Fy)-action cor-
responding to 7 x HY(E1 x F,Z/1'Z) and let

(VWX W —s (Z/11'Z)(~1)

be a perfect alternating pairing. Thus W gives a lisse étale sheaf over Spec F.
Let Xy /Spec F; denote the moduli space for the functor which takes a locally
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noetherian Fp-scheme S to the set of isomorphism classes of pairs (E, i), where
. E — § is an elliptic curve, and where

i W Rz, (2/11'7)

takes ( , ) to the duality coming from the cup product. Then Xy is a fine moduli
space (as [/’ > 2). It is a smooth, geometrically connected, affine curve.

Let S; denote the set of places of F; above oo; let S7 denote the set of places
of Fy above [1’; and let S3 denote the set of primes of F; above vg and vgy. If v is
an infinite place of Fy, take Qy, = Xw (Fi v). It is nonempty as GL(Z/11’Z) has
a unique conjugacy class of elements of order 2 and determinant —1. If v is a place
of Fy above I’, let Q, C Xw (F{",) consist of pairs (E, i) such that E' has good
reduction. This set is open and Gal (F}",/ F1 v)-invariant. It is also nonempty: for
instance take £ = E. If v is a place of F above v, or vy, let €2, denote the open
subset of Xy (F 1,v) corresponding to elliptic curves with multiplicative reduction.
It is a nonempty, Gal (Fy,,/ F1,y)-invariant, open set.

If v is a place of F; above [, then let Q, C X W(Fffv) consist of pairs
(E,i) such that E has good reduction. This set is open and Gal (F{",/Fi,v)-
invariant. It is also nonempty: From the theory of Fontaine-Lafaille we see that
either W{I]|7 Py, =0 lg w5 I or there is an exact sequence

0)—2/17Z—W[l|— (Z/12)(—1) — (0)

over I, ,. In the first case any lift to the ring of integers of a finite extension
of Fi,, of a supersingular elliptic curve over k(v) will give a point of ©,. So
consider the second case. Let k/k(v) be a finite extension and E/k an ordinary
elliptic curve such that Froby, acts trivially on E[/](k). Let K denote the unramified
extension of Fj , with residue field k. Enlarging k if necessary we can assume
that Frobg also acts trivially on Wi, Let x give the action of Gal (k/k) on
E[I°°](k). By Serre-Tate theory, liftings of E to Ok are parametrised by extensions
of (Q;/Z;)(x) by peo(x~ ') over Og. If the [-torsion in such an extension is
isomorphic (over K) to WV, the corresponding lifting E will satisfy H!(E x
K.Z/17Z) = W. Extensions of (Q;/Z;)(x) by jtjeo (') over Ok are parametrised
by H'(Gal (K/K),Z;(;x72)) (as x2 # 1). The representation WV corresponds
to a class in H'(Gal (K/K), (Z/1Z)(g;)) which is ‘peu-ramifié’. We must show
that this class is in the image of

H'(Gal (K/K), Zi(e1x %)) — H'(Gal (K/K), (Z/1Z)(e1))

coming from the fact that y> = 1 mod /. By local duality, this image is the annihi-
lator of the image of the map

H®(Gal (K/K), (Qi/Z;)(x*)) — H'(Gal (K/K).Z/1Z)



804 MICHAEL HARRIS, NICK SHEPHERD-BARRON, and RICHARD TAYLOR

coming from the exact sequence

(0) — Z/1Z — @1/Z) () — @1/ Z1) (1) — (0).

Because y? is unramified, this image consists of unramified homomorphisms, which
annihilate any ‘peu-ramifié’ class.

By Proposition 2.1 we can find a finite Galois extension F’/F containing F;
and an elliptic curve E/F’ with the following properties:

e F'is linearly disjoint from Fer(Gal (F/F)=>Au(W) gyer Fy.
e F'is totally real.

e All primes above /[’ are unramified in F’.

e F has good reduction at all places above /.

e E has good reduction at all places above /’.

e E has split multiplicative reduction above vg and vg.
HYE X F,Z/17) = Flgy (75

HYE x F,Z/1'Z) is tamely ramified above [’.

By Theorem 3.1 we see that there is a totally real field F”//F’ and a prime
wg of F” above vy such that:

e F"/F is Galois.
e [ and !’ are unramified in F” .

o F" is linearly disjoint over F’ from F’F¥er(Gal (F/F)=>Aut(¥) (and hence F"
is linearly disjoint over Fy from FXer7),

¢ Each Symm”™ ~'HY(E x F,Zy) is automorphic over F” of weight 0, type
{Sp »; (D} {w,} and level prime to .

(To check the second condition of Theorem 3.1 apply Corollary 2.5.4 of [CHTO08]
and the fact that P SL,(F;) is simple for / > 3.) Let wy be a prime of F” above vy.
Each Symm”™ ~VH!(E x F,7;/) is also automorphic over F” of weight 0, type
{Sp , () }{w,} and level prime to /. Thus each Symm” " 'HYE x F,7/17) =~
Symm”™i 17| (F/ Fyis automorphic over F" of weight 0 and type {Sp,,.(1)}{w,}-
By Theorem 5.4 of [Tay08] we see that each Symm ™~ 17 is automorphic over F”
of weight 0 and type {Sp ,,, (1) }{w,}- (Again we use Corollary 2.5.4 of [CHT08]

and the simplicity of PSL,([F;) for [ > 3.) |

We remark that the auxiliary prime ¢’ is needed because we have not assumed
thatg /n; +1fori =1,...,¢.

Finally in this section we go back and prove the following improvement on
Theorem 3.1. (The key point is the weakening of the conditions at / and ¢.) Again
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the reader might like to consider first the case that  has multiplier ell_", which
will convey the main points of both the statement and proof of this theorem.

THEOREM 3.3. Suppose that F is a totally real field and that n is an even
positive integer. Suppose that | > max{C(n),n, 3} is a rational prime which is
unramified in F. Let vg be a prime of F above a rational prime q f (n + 1)1.

Suppose also that

r:Gal(F/F)— GSp,(Z;)

is a continuous representation which is unramified at all but finitely many primes
and which is totally odd (in the sense that r(c) has multiplier —1 for all complex
conjugations c). Suppose moreover it enjoys the following properties:

1. Let r denote the semisimplification of the reduction_modl of r. Then the im-
age ¥Gal (F / F(&;)) is big (in GL,(F;)) and F*"27 does not contain F((}).
This will be satisfied if r is surjective.

2. If w|l is a prime of F, thenr|g,, (F,y/ Fy) 'S crystalline and for © : Fy — Q
we have
dimg, ar/ (r ®«,F, Bor) =1
for j =0,....,n—1and = 0 otherwise. Moreover, there is a point ty, € O
with w1 — 1) = 0 such that

Flig, = Vallle,-

3.r® is unramified and r|*  —
Gal(FUq/qu) ﬁ |Gal(FUq/FUq)

the form a, a(#k(vg)), . . ., a(#k(vg))" L.

Then there is a totally real extension F" | F and a place wg of F" above vq
such that r| g, (F/Fry Is automorphic of weight 0 and type {Sp (D} w, -

(Froby,, ) has eigenvalues of

Proof. Let v denote the multiplier character of . Then ve”~1 is trivial on all
complex conjugations and unramified above /. Thus ve”~! has finite order. Set
Fy = Fker ve! ™' Then F 1 is totally real and / is unramified in Fj.

Choose a rational prime [’ > max{n, C(n)} which is unramified in Fy, which
splits in Q(¢,+1), and such that r is unramified above I’. Choose t; € F with the
following properties:

e If w|l/l’, then w(t{lJrl —1)=0.
o« fw|l, then Voll'ls) |1, = 1@ el @ el ™.
e Gal (F/F)— GSp(Vy[l'ls,) is surjective.

The existence of such an 71 results from the form of Hilbert irreducibility with weak
approximation (see [Eke90]). (One may achieve the second condition by taking #;
to be I’-adically close to zero.)
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Let W be the free rank two Z/[/’Z-module with Gal (F/F;)-action corre-
sponding to 7 x V;,[I"]¢,. It comes with a perfect alternating pairing

(.Y WxW —(Z/1I'Z)(1 —n).

The scheme Ty is geometrically connected. Let S denote the places of F; above
00; let S, denote the set of places of F; above /1’; and let S3 denote the set of
places of F; above v,. For w an infinite place of Fy let Qy, = Tw (Fy), which
is nonempty as all elements of order two in GSp,,(Z/11'Z) with multiplier —1 are
conjugate. If w|ll’ let Q4 C Tw (F7},) denote the preimage of {t € To(F7",) :
w ("1 —1) = 0}. It is open, Gal (F{"y/ F1,w)-invariant and nonempty. If w is a
place of Fi above vg, let Q, C Tw (F, 1,w) denote the open subset of points lying
above {t € To(F1.) : w(t) < 0}. It is nonempty, Gal (Fy 4/ F1 4 )-invariant and
open.

Thus we may find a finite Galois totally real extension F’/F containing F;
and a point ¢ € To(F") with the following properties:

e [ and [’ are unramified in F’.
o F'is linearly disjoint from Fer(Gal(F/F)=>Aut(W)) gyer F.

Vallle = Flga (7 /7
* V, 1+ is unramified above / and crystalline above /’.
o If w is a place of F' above [, then V,,[I']¢|r,, =1 EBel_,l EB---EB@},_”.

SS
Gal (Fy,/ Fiy)
has eigenvalues of the form a, a#k (vy), . . ., a(#k(v4))" ! for some a.

e If wis a place of F’ above vy, then V}, ;/ ;| is unramified and Frob,,

According to Theorem 3.1 we can find a totally real extension F”'/F’ and a
place wq |vg of F” with the following properties:

e F”/F is Galois.
e [ and !’ are unramified in F”.

* V, 17+ is automorphic over F” of weight 0, type {Sp n(D}{w,} and level prime
toll’.

(To check the second assumption of Theorem 3.1 use Lemma 2.5.5 of [CHTO08]
and the simplicity of PSp, (F;) for / > 3.) Hence V,[/]; and 7 are automorphic
over F” of weight 0 and type {Sp ,, (1)} o} Finally Theorem 5.4 of [Tay08] tells
us that r is automorphic over F” of weight 0 and type {Sp 2 (D} wg O

4. Applications

Suppose that F and L C R are totally real fields and that A/ F is an abelian
scheme equipped with an embedding i : L < End®(A4/F). Recall (e.g. from
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Propositions 1.10 and 1.4 and the discussion just before Proposition 1.4 of [Rap78])
that A admits a polarisation over F' whose Rosati involution acts trivially on i L.
Thus if A is a prime of L above a rational prime /, then

det H'(Ax F,Q)) ®r, Ly = L(e; ).

Suppose also that m is a positive integer. For each finite place v of F' there is a
two-dimensional Weil-Deligne representation WD, (A, i) over L such that for each
prime A of L with residue characteristic / different from the residue characteristic
of v we have

WD(H' (Ax F,Q)|g, (Fy/Fy) ©L; L2) 2 WDy (4, 1).
We define an L-series
L(Symm™(A,i)/F.s)= [] L(Symm™WD,(4,i).s).
v ) oo
It converges absolutely, uniformly on compact sets, to a nonzero holomorphic

function in Res > 1 + m/2. We say that Symm ™ (A, ) is automorphic of type
{pv}ves, if there is an RAESDC representation of GL,+1(AF) of weight 0 and

type {pv}ves such that
rec(mry)|Art ¢! |Em/2 = Symm "™ WD, (4, 1)
for all finite places v of F.
Note that the following are equivalent.
1. Symm™ (A, i) is automorphic over F of type {py}ves.-
2. For all finite places A of L, if [ is the residue characteristic of A, then
Symm™(H'(Ax F,Q)) ®L, L3)
is automorphic over F of weight 0 and type {py}ves.-
3. For some rational prime / and some place A|/ of L the representation
Symm” (H'(Ax F,Q;) ®r, L))
is automorphic over F' of weight 0 and type {py }yes.

(The first statement implies the third. The second statement implies the first (by
the strong multiplicity one theorem). We will check that the third implies the
second. Suppose that Symm ™ (H (A x F, Q;) ®r, L) arises from an RAESDC
representation 77 and an isomorphism 7 : L} = C. Let !’ be a rational prime and
let/ : @) — C. Let A’ be the prime of L above I’ corresponding to (i)' o1|f.
Then from the Cebotarev density theorem we see that

rp () = Symm™(H' (A x F,Qp) ®r,, Ly).
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Thus Symm ™ (H'(A x F,Qy/) ®L,, L) is also automorphic over F of weight 0
and type {py }ves-)

THEOREM 4.1. Let F and L be totally real fields. Let A/ F be an abelian
variety of dimension [L : Q] and suppose that i : L < End®(A/F). Let N be a
finite set of even positive integers. Fix an embedding L — R. Suppose that A has
multiplicative reduction at some prime vg of F.

There is a Galois totally real field F'/F such that for any n € N and any
intermediate field F' > F” O F with F'/F" soluble, Symm "' A is automorphic
over F”.

Proof. Twisting by a quadratic character if necessary we may assume that A
has split multiplicative reduction at vy i.e. Froby, has eigenvalues 1 and #k(v4) on

1 - SS . . . .
H'(Ax F,Qy) Gal (Foy/ Fuy) for all / different from the residue characteristic of vy.

Choose [ sufficiently large that

e [ is unramified in F,

[ > max{n, C(n)}nex,

* A has good reduction at all primes above /,

o for all primes A|l of L, Gal (F/F) — Aut(H'(Ax F,Z/17)®0r/10r),
e and / splits completely in L.

(If this were not possible, then, for all but finitely many primes / which split com-
pletely in L, there would be a prime A|/ of L such that

Gal (F/F) — Aut(HY (Ax F,Z/17) ®¢, 01 /A0L)

is not surjective. Note that for almost all such [/ the determinant of the image is
(Z/1Z)* (look at inertia at /) and the image contains a nontrivial unipotent element
(look at inertia at vg). Thus for all but finitely many primes / which split completely
in L there is a prime A|/ of L such that the image of

Gal (F/F) — Aut(H' (Ax F,Z/17) ®¢, 01 /A0L)

is contained in a Borel subgroup of GL,(Z/[Z) and its semisimplification has
abelian image. It follows from Theorem 1 of Section 3.6 of [Ser72] that the image
of Gal (F/F) — Aut(H'(A x F,Q;) ® L;) is abelian for all / and A. This
contradicts the multiplicative reduction at v,.) Choose a prime A|/ of L.

Theorem 3.2 tells us that there is a Galois totally real field F’/F in which [
is unramified and a prime wy of F’ above vy such that for any n € N,

Symm" Y (HY(Ax F,Q;)®L, L)

is automorphic over F’ of weight 0, type {Sp ,,(1)}{y,} and level prime to /. By
Lemma 4.3.2 of [CHTO08] we see that Symm "~ (H (4 x F, Q) ®r, L) is also
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automorphic over any F" as in the theorem of weight 0, type {Sp,(1)}{y,} and
level prime to /. Hence Symm”~! 4 is automorphic over F”. O

THEOREM 4.2. Let F and L be totally real fields. Let A/ F be an abelian
variety of dimension [L : Q] and suppose that i : L — End®(A/F). Fix an
embedding L — R. Suppose that A has multiplicative reduction at some prime
vg of F.

Then for all m € Z1 the function L(Symm ™ (A, i), s) has meromorphic con-
tinuation to the whole complex plane, satisfies the expected functional equation
and is holomorphic and nonzero in Res > 1+ m/2.

Proof. We argue by induction on m. The assertion is vacuous if m < 1.
Suppose that m € Z> is odd and that the theorem is proved for 1 <m’ < m. We
will prove the theorem for m and m + 1. Apply Theorem 4.1 with N' = {2, m + 1}.
Let F’/F be as in the conclusion of that theorem. Write

Gal (F'/F)
I_Zall nd G (Fr/F) X

where aj € Z, F' D F; D F with F’/F; soluble, and y; is a homomorphism
Gal (F'/F;) — C*. Then (A,i) x F; is automorphic arising from an RAESDC
representation o of GL»(AF;), and Symm ™ (4,1) x }71 is automorphic arising
from an RAESDC representation 7; of GLy;+1(AF;). Then we see that

L(Symm™(A,i),s) = 1_[ L(mj ® (xj oArtg;), s —m/2)%,
J

L(Symm ™Y (A, i), s)L(Symm™ 1(A,i),s—1)

= HL((nj ® (xj o Artg;)) x0j,s—(m+1)/2)%,
and /

L(Symm?2(A4,i),s) = 1_[ L((Symmzaj) ® (xjoArtp;),s — 1),
J

(See [Tay06] for similar calculations.) Our theorem for m and m + 1 follows (for
instance) from [CPS04] and Theorem 5.1 of [Sha81] (and in the case m + 1 =2
also from [GJ78]). U

THEOREM 4.3. Let F be a totally real field. Let E/F be an elliptic curve
with multiplicative reduction at some prime vg of F. The numbers

(1+ Nv—#E(k(v)))/2+/Nv

as v ranged over the primes of F are equidistributed in [—1, 1] with respect to the

measure (2/m)N1—1t2dt.
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Proof. This follows from Theorem 4.2 and the corollary to Theorem 2 of
[Ser68], as explained on page 1-26 of [Ser68]. O

Now fix an even positive integer n. Finally let us consider the L-functions
of the motives V; for t € Q. More precisely for each pair of rational primes /
and p there is a Weil-Deligne representation WD(V] ;|5 @, /@p)) of Wg,, asso-
ciated to the Gal (@p /Qp)-module V; ; (see for instance [TY07]). Moreover, for
all but finitely many p there is a Weil-Deligne representation WD, (V) of Wq,
over @ such that for each prime / # p and each embedding Q — @y the Weil-
Deligne representation WD, (V) is equivalent to the Frobenius semi-simplification
WDV} ¢l Ga @y /@p))F'SS. Let S(V;) denote the finite set of primes p for which no
such representation WD, (V;) exists. It is expected that S(V;) = @. If indeed
S(Vy) = @, then we set L(V;,s) equal to

222 y" 22wy 20 (s)D(s—1)... T(s + 1=n/2) [ [ LOWD, (V7). 5)
P
and 6(Vers) =i "2 T eWDp(Vo). Yip. 1. ),
p
where 1, is the additive Haar measure on Q, defined by u,(Z,) =1, and v, :
Qp — C is the continuous homomorphism defined by

Yp(x +y) = e 2mIx

for x € Z[1/p] and y € Z,. The function &(V;, s) is entire. The product defining
L(V:,s) converges absolutely uniformly in compact subsets of Res > 1 +m/2
and hence gives a holomorphic function in Res > 1 + m/2.

THEOREM 4.4. Suppose thatt € Q —Z[1/(n + 1)]. Then S(Vy) = & and the
function L(V;, s) has meromorphic continuation to the whole complex plane and
satisfies the functional equation

L(V,s)=¢e(V,s)L(V,n—s).

Proof. Choose a prime g dividing the denominator of f. By Lemma 1.15 and,
for instance, Proposition 3 of [Sch06] (see also [TYO07]), we see that Gal (Q/Q) acts
irreducibly on V; ;. Let G; denote the Zariski closure of the image of Gal (Q/Q)
in GSp(V} ;) and let G? denote the connected component of the identity in Gj.
Then Gl0 is reductive and (by Lemma 1.15) contains a unipotent element with
minimal polynomial (7' — 1)"*. Moreover, as the action of Gal (Q/Q) on Vi ; has
multiplier ¢! =", we see that the multiplier map from G? to (3, is dominating. By
Theorem 9.10 of [Kat88] (see also [Sch06] for a more conceptual argument due
to Grojnowski) we see that Gl0 is either GSp,, or (G, x GL,)/G,, embedded via
(x,y) > xSymm "™~ !y. (Here G, = Gy, X GL, via z — (z17", 2).) In either case
we also see that G; = GIO. (In the second case use the fact that any automorphism
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of SL; is inner.) Let I'; denote the image of Gal (Q/@) in PGSp(V[[];). The
main theorem of [Lar95] tells us there is a set S of rational primes of Dirichlet
density zero, such that if / ¢ S, then either

PSp(V[l]) Ty C PGSp(V[I]:)
or
Symm” ! PSL,(F;) € T; € Symm " 1PGL, (F;).

Choose a prime / & S such that val ; (1" T1—1)=0,1>2n+1and [ #¢g. Com-
bining the above discussion with Corollary 2.5.4 and Lemma 2.5.5 of [CHTOS], we
see that the image of Gal (Q/Q(&;)) in GSp(V[[];) is big. Using the simplicity
of PSL,(F;) and PSp, (F;) we also see that {; & Q¥er VIl | Thus Theorem 3.3
tells us that we can find a Galois totally real field F//Q such that V; ;|5 (F/F) is
automorphic of weight 0 and type {Sp ,,(1)}{y|43-

If F’ is any subfield of F with Gal (F/F’) soluble, then we see that there is
an RAESDC representation 7 g/ of GL, (Af/) of weight 0 and type {Sp ,,(1)}{v|4}

such that for any rational prime / and any isomorphism z : Q; = C we have

11, (TF) Z Vil ga (777 Fry:
As a virtual representation of Gal (F/Q) write

. ) Gal(F/Q) _
1= ZajlndGaI(F/Fj))(j,
J

where a; € Z, where F D F; with Gal (F/ F;) soluble, and where y; : Gal (F/Fj)
— C* is a homomorphism. Then, for all rational primes / and for all isomorphisms
1:Qy = C, we have (as virtual representations of Gal (Q/Q))

Gal (F/Q
Vie =Y ajind gy e/ g (e, ® (1) 0 Att ).
J

We deduce that, in the notation of [TYO07], WD(V} /|y @, /@p))SS is independent
of [ # p. Moreover, by Theorem 3.2 (and Lemma 1.3(2)) of [TY07], we see that
WDV} ¢lgar @, /@p))F'SS is pure. Hence by Lemma 1.3(4) of [TY07] we deduce
that WD(V] ¢|ga (@p/@p))F‘SS is independent of [ # p, i.e. S(V;) = &. Moreover,

L(Vi.s) =[] L(wE, ® (xj 0 Artpy). 5+ (1—n)/2)%
J

from which the rest of the theorem follows. O
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