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Abstract

The Lee-Yang circle theorem describes complex polynomials of degree n in
z with all their zeros on the unit circle |z| = 1. These polynomials are obtained
by taking z; = --- = z, = z in certain multiaffine polynomials W(zy,...,z,)
which we call Lee-Yang polynomials (they do not vanish when |z1],...,|zx| <1 or
|z1], - .., |Zn| > 1). We characterize the Lee-Yang polynomials W in n 4 1 variables
in terms of polynomials @ in n variables (those such that ®(zy, ..., z,) # 0 when
|z1l,...,|zn| < 1). This characterization gives us a good understanding of Lee-
Yang polynomials and allows us to exhibit some new examples. In the physical
situation where the W are temperature dependent partition functions, we find that
those W which are Lee-Yang polynomials for all temperatures are precisely the
polynomials with pair interactions originally considered by Lee and Yang.

Introduction

The Lee-Yang circle theorem [5] states that certain polynomials P of degree
n in one complex variable z have all their zeros on the unit circle |z| = 1. The
polynomials P are obtained by taking z; =--- =z, =z in ¥(zy, ..., zy) when ¥
is a Lee-Yang polynomial, i.e., belongs to a certain class LY, of complex polyno-
mials separately of degree 1 in n variables (multiaffine polynomials). Specifically,
LY, consists of those W such that W(zy,...,z,) # 0 when |z;],...,|zx| < 1 and
when |z1|,...,|zn| > 1 (including |z;| = oo in a sense to be made precise later).
Our current understanding of Lee-Yang polynomials is based on the concept of
Asano contraction [1]. We shall define an inner radius associated with a multi-
affine polynomial @, and see that it behaves supermultiplicatively with respect to
Asano contraction (Proposition 2). Using the properties of the inner radius, we
shall characterize the W € LY ;41 (n + 1 variables) in terms of polynomials ® in n
variables such that ®(z1,...,z,) # 0 when |z1], ..., |zs| < 1 (Theorem 3). This
characterization will give us a good understanding of LY, 41 (Proposition 5), and
allow us to exhibit elements of LY, 1 outside of the (pair interaction) class orig-
inally considered by Lee and Yang (see in particular Example 7(d)). The original
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590 DAVID RUELLE

Lee-Yang class is obtained for “temperature dependent polynomials™ by imposing
the Lee-Yang condition at all temperatures (Theorem 9). For n > 1, this class is
a lower dimensional set in LY, 4. In Section 10 we discuss the situation where
multiaffine polynomials are replaced by polynomials of higher degree in each vari-
able. We conclude by briefly presenting a physical interpretation of the results
obtained (§11).

The approach to Lee-Yang theory presented here is based on a small set of
ideas, as indicated by the minimal list of references. A broader view of the subject
is provided by J. Borcea and P. Briandén [3], [4]. This contribution, while essentially
disjoint in content from the present paper, has in particular the interest of giving
an extensive bibliography covering the work of C. M. Newman, E. H. Lieb, A. D.
Sokal, etc., as well as older classical references.

1. Definitions. Let A, C C|z1, ..., zx] consist of the multiaffine polynomials,
i.e., those which are separately of degree 1 in each variable zy, ..., z,, withn > 1.
A polynomial ® € o, is thus of the form

D(z1,...,2zp) = Z EXZX
XC[n]

where we have [n] = {1,...,n} and zX =[], cx Zx-
We associate with ® the polynomial ®T such that

(IDT(Zl, ceyZn) = Z E[tl]\XZX

and note that Xcln]
@T(zl,...,zn):zl---zndD(zT_l,...,Z:_l *
so that if |a1| = -+ = |an| = 1 we have |®T(aq, ..., an)| = |D(a1, . ... an)|.
If &1, &, € d,,, with
Di(z1,...,2n) = Z E}(ZX, Dy(z1,...020) = Z E}Z(ZX
XCln] XC[n]

we define a product,1 ®q x Py € Ay, so that

@) % Pa(z1.....20) = »  ExEgz¥.
XC[n]

1 As pointed out by the referee, ®1 * ®, is known as the Schur-Hadamard product, and has been
denoted by ®; e ®,. If ® is considered as the Fourier transform of X — Ex, then ®; * ®, may be
viewed as the convolution product of 1 and ®,. Convolution should multiply the singularities of
®; and ®,. Remarkably, if we think of the zeros (up to sign) as “singularities”, then Proposition A2
indeed expresses a kind of multiplicativity of “singularities” (and there is an extension of this fact to
the higher degree situation of §10). In view of this we keep the * notation in the multiaffine and also
the higher degree situation (where * is no longer the Schur-Hadamard product).
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With respect to *, o4, is thus isomorphic to the multiplicative semigroup of complex
functions on {X : X C [n]}. Note that (®; * &) = CIDJIr * @;.

We define the inner radius r (®), for ® € o4, by r(P) = oo if ® is a constant
# 0, and by

F(®)=sup{r>0:D(zy...,24) #0 if |z1|,...,|za| <r}

otherwise. By compactness, it follows that ®(&q,...,&,) = 0 for some &4, ..., &,
with |€1], ..., |&| < r(®). If |&| < r(P) for some k, we may relabel the z;’s
so that ®(&1,...,&,) =0 with |&1], ..., |&]| <7 (D), |Eks1]-..,|En]| = r(P) and

k <n. Then, if k > 1,

1, zi) > (21, 2k Elg1s - -5 ER)

must vanish identically. Otherwise for any small change

Ert1s---285n) = Mkt1 -+, )
we could find (1,...,nx) close to (£1,...,&) so that ®(n1,...,n,) = 0. In

particular we could take |n1],...,|n,| < r(®), in contradiction to the definition
of r(®). A consequence of the above argument is that there are {4, ..., {, with
D(y,..., ) =0and |C1],...,[Cn| = r(P).

It will be convenient to denote by [d,]Rr, [4x]c the real and complex projec-
tive spaces associated with s, i.e., the set of nonzero classes [®] = {AD : A # 0,
A € Ror C}. It is readily seen that the function r(-) is well defined on the classes
€ [Sﬁn]C-

The set LY, mentioned in the introduction consists of those ¥ € #,, such that
r(¥) > 1 and r(¥") > 1 (and therefore r(¥) = r(¥T) = 1 by Proposition 2(b)
below).

If ® € d,,, we define Vg € sd,41 by

Yo (Z1,.. s Znt+1) = Zn+1<I>T(21, e Zn) + D(z1,...,28).
It follows that \IJ:rI> = Wy (where T denotes now a map d,+1 — Ap+1), and
Vo, x0, = Yo, * Yo, (Where * in the right-hand side is the product in s, 41).
PROPOSITION 2 (properties of the inner radius r(®)). (a) [®] — r([D]) is
continuous : [An]c — [0, oo] (the compactification of the interval [0, 00)).
(b) r(@") <r(@)~"
() If ©1, Dy € Ay, then r(D1 x D) > r(Py)r(D2).
(d) r(®)>0ifand only if Ez # 0 (in particular, r (®) > 0 when © is x-invertible).
() If r(®) > 1, then |Ex| < |Eg| forall X.

(f) For A € C\{0} write (Do r)(z1,...,zn) = D(Az1,...,Azp), thenr (Do) =
A7 1r (D).
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Proof. (a) Let ® #0 and ®(z; ...,z,) =0 with |z1],...,|zn| < r(P) finite.
Given & > 0, if ® is close to ® we have ®(Z1,...,Z,) = 0 for some (1,...,%,)
close to (21, ..., z,), and therefore |Z1], ..., |Z,| < r(®) + . Hence r(®) < r(P)
+ &. Also, by compactness, we can find a > 0 such that |®(z; ..., z,)| > 2a if
Iz1], ..., |zn| < r(®) — . Therefore, for ® close to ®, we have |®(z; ..., z,)|
>aif |z1],...,|zn] < r(CD) — ¢, hence r(®) > r(®) —e. Thus, finally, we have
|r(®) — r(d>)| < ¢ for ® close to @ if r(P) is finite. We have r([®]) = oo only
when [®] is the class [1] of nonzero constants, and it is readily seen that r is also
continuous at [1].

(b) is trivial if r(®) or r(®T) vanishes. In other cases ® is nonconstant and
r(®) > 0. Then we see that there are (1, ..., {, such that ®(¢q,..., ;) = 0 with
161l - -+ 1&n] = (@) > 0, and therefore ®T(¢F~1, ..., 571 = 0 with |71,

18 = r(®)7L, proving the assertion.

(c) is Corollary A.3 of Appendix A.

(e) Let E = maxy | Ex| and write ® = ®/E. Then r(®) > 1 and the coeffi-
cients (Ex/E)" of ®*" have a limit over a suitable subsequence 1 — co. Along
this subsequence ®*" — ®g € sd,,, where ®g # 0. We have r(®*") > 1 by (c); thus
r(®g) > 1 by (a), and ®(0, ...,0) # 0 by (d). Since Py(0,...,0) =lim(Ez/E)"
we cannot have |Eg/E| < 1. We have thus |E&|/E = 1. Hence finally |Ex| <

=|Eg|.

(d), and (f) are clear from the definitions. O

THEOREM 3 (characterization of LY, 41). An element W € A, 41 isin LY 41
if and only if ¥ = ¢ W where |c| = 1 and © € A, satisfies r (D) > 1.

First part of proof (W €LY, 41 =V =cWgp). Let WeLY,4+1, (e, Ved, 11,

and (W) > 1, r(¥T) > 1). We write T" = {(a1,...,0n) a1 = = |an| = 1}.
When («1,...,a,) € T", the functions
z B Y(xy,...,on,2), \I‘T(cxl,...,an,z)

are affineon C. If z+— W(ay, ..., ay, ) is constant £ 0 (thus W(ay, ..., a,, 1) #0)

then
zZ \IJT(Oll,...,Oln,Z) =ay-apz[¥(ay,....a,, 1)]*

is nonconstant, vanishing at z = 0. By a small change of («1, ..., o, 0) we obtain
(Z1,. ... Zn, Zng1) such that W(zy, ... 2y, 2o 1) =0and |z1| < 1,..., |zp1] <1
in contradiction with r(¥1) > 1. Therefore, if z — W(ay, ..., s, z) is constant, it
is identically 0. Similarly, if z — L7l (a1, ...,an,2) is constant, it is identically 0.

If the function z — W(wq, ..., ay, z) is not constant, it vanishes at 8 € C, and
2+ WT(ay, ..., a,, z) is nonconstant vanishing at 8*~1. We cannot have || < 1
because we could, by a small change of (1, ...,a,, 8), obtain (21, ..., Zn, Zn+1)
such that W(z1,...,2,,zn+1) = 0and |z1] < 1,...,|zn+1] < 1 in contradiction
with r(¥) > 1. Similarly we cannot have |8] > 1.
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We have thus shown that z — W (ay,...,a,, 2), \IJT(oel, ...,Qy, z) either are
both identically 0, or are both nonconstant and vanish at z = 8 with || = 1. In
the latter case, there is C = C(ay, ...,a,) # 0 such that UT(aq, ...,y 2) =
CVY¥(ay,...,0,,2z). Since W does not vanish identically and is continuous on
T"*+1, we can choose a nonempty open set O € T 1 such that ¥, ¥ do not vanish
in O, and therefore \IIT(ozl, ey, 1) = Clag,...,on)¥(ar, ..., 0, 0p4+1)
when (aq,...,a,,ay+1) € 0. We have thus UT = CWin 0 with C independent of
the coordinate oy, +1. But similarly C is independent of a1, . . ., &y, and is therefore
constant on 0. By analyticity, this implies U7 = CW on C"*1,

Note that ¥ = Uit = (Cw)T = C*W' 5o that C*1 = C and |C| = 1.
Choose ¢ such that ¢™2 = C, hence |c| = 1. Define ¥, = ¢~ 1W; then \IJI =
U =ce™?W = ¢71W = W, Writing

Ve(z1,..oyZnt1) = Z ExzX = Z ExzX + 2,44 Z FxzX
XC[n+1] X Cln] X Cln]

we see that \IJZ = W, is equivalent to Fy = Ef;z]\X’ or WV, =Wg with ®(zq,...,2z,)
=D xcn] ExzX. We have thus shown that if ¥ € LY, 41, then ¥ = ¢Wg with
|c| =1 and ® € ,,. Furthermore

D(z1,...,2zn) =c_1\11(21,...,zn,0)

and since the right-hand side cannot vanish when |z1|, ..., |zs| < 1, we have r (D)
> 1. This concludes the first part of the proof.

Second part of proof (¥ € LY,41 < ¥ = cVg). We will now show that

r(®) > 1 implies that Vg (21, ..., 2n+1) #0if |z1],..., |Za41]<]1, ie., r(We) > 1.
Since \l‘; = Wy, this will imply that cWe € LY, 4. For |z1],...,|zn| < 1,
and z;4+1 = 0 we have Vo (z1,...,2,,0) = &(z1,...,24) # 0. If z41 # 0,
Ve (z1,...,2Zn, Zn+1) = 0 is equivalent to
Zn__il_l :_QT(Zl,...,Zn).
(I)(Z],...,Zn)

We thus have to prove that

T
o (Z],...,Zn) <1
CI)(Z],...,Zn)
if |z1],....|zn| < 1. Take A real < 1; then ®o A — ®, (P oA)T — &T pointwise
when A — 1. Therefore
OT(z1,....25) (Do) (z1.....2p)

1,z | A @)1z
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where, by the maximum principle,

(@oM)T(z1.....2n) (@oM)T(ar,....an)
< max =1.
(®PoA)(z1,...,2n) lay|==lan|=11 (PoA)(ay,...,a,)
This concludes the second part of the proof. O

4. Remarks. (a) When P is a complex polynomial of order n, there is a
unique ¥ € s, symmetric in its n variables such that P(z) = ¥(z,...,z). If
we write P € AU, when all n roots o; of P satisfy |o;| = 1, then P € AU, is
equivalent to W € LY, by Grace’s Theorem AS5. Therefore Theorem 3 shows that:

P € WU,11 if and only if P(z) = c(z0T(2) + Q(2)), where ¢ # 0,
0(z) = Y7o Cyzt has all its roots B; in {z : |z| > 1} U oo, and

0%(2) =Y o C_ ;2"

(b) Let ¢(z) = (az + b)/(cz + d) be a fractional linear transformation of
the Riemann sphere (with ad — bc # 0). If ® € 54, we may define ®? € s, by
the replacement z; — (az; +b)/(czi +d) in ®(zy,..., z,), and then chasing the
denominators. This yields new versions of Theorem A5 where the unit circle is
replaced by the real or the imaginary axis, etc. We shall not discuss here these new
versions.

PROPOSITION 5 (the set [$,] of Lee-Yang classes and its interior). Let ¥, =
{® e s, : DT = O} and [#,]|r be the corresponding real projective space, con-
sisting of classes [®] = {A® : A € R\{0}} of elements ® € #,\{0}. Also let
$n =LY, NHy and [$n]r = {[D] : © € $,}. We have then

(D Hn+1={Vo:Desd,}
) Fny1={Vop:Ped, and r(d)>1}.

Furthermore, the set [$n+1]|R is the closure in [#,+1]|r of its interior {{[Veo] :

r([®]) > 1} = [§Z+1]R where 524_1 ={V € Hpnt1: Y(z1,...,Zn, Zn+1) # O
when |z1|,...,|zn| < 1 and |zp+1| < 1}

We obtain (1) directly from the definitions.

Given cWg € A 41, we see that ¢ P is uniquely determined by taking z,4+1 =0,
and (if ® # 0) c V¢ € #;, 11 if and only if ¢ is real. Thus the elements of LY, 41 N
#Hn1 are of the form +We = Wi with r(£®) = r(P) > 1, proving (2).

The class [Wg] is of the form {Wg : ® € [®]} and [®] — [Wo] is thus a
homeomorphism [d,]r = [#n+1]r. The set [$n41]r = {[Vo] : r([P]) = 1} is
homeomorphic to {[®] : 7 ([®]) > 1}, which is closed (hence compact) by continuity
of r(-). Similarly, the set {{Wq]: r([®]) > 1} is homeomorphic to {[P] : r ([P]) > 1}
which is open by continuity of r(-).
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The map A — [® o A] is continuous near A = 1 so that, if r([®]) = 1, we have
r([®oA]) = |A|~! which may be > 1 or < 1 for [® o A] close to [®]. This shows
that {[Ve] : r([®]) > 1} is the interior of [$,+1]r, and [$,+1]r is the closure of
its interior.

Finally we have to show that Vg € §) | < r(®) > 1. Indeed ¥ € ¢, , | =
r(®) > 1 because ®(z1,...,z,) = ¥(z1,..., Zn, 0). Conversely, if r(P) > 1 and
Ve(z1,...,2n,2) = 0 with |z1],...,|zs| <1, we must have z # 0 and

-1 q)T(Zl,...,Zn)
z —

- D(z1,...,20)
where
OT(z1,...,2p) - O (g, ... o)
- < max — | =
D(z1,...,24) lat|=-=lan|=1! ®(aq,...,0n)
Hence |z| > 1, ie., Vg € }Z_H. O

6. Remarks. (a)Let Wi, W, € LY, (or $,, or $,); then Wy *x W, € LY, (or
Pn, or $,,) by Proposition 2(c).
(b) An element W of 7,1 may be written as

\D(Zl, S ,Zn+1) = A(Zl, . ’Zn—l) + B(Z], R sZn—l)Zn
+C(z1, .. Zn—1)Zn+1 + D(21, .., Zn—1)ZnZn+1

where A, B,C,D € sd,_1 and D = AT, C = BT (here t is defined in s{,,_1). The
condition [V] € [$;, , ]r is that

D(z1,...,zn) =A(z1,....Zn—1) + B(z1, ..., Zn—1)Zn
does not vanish for |zy],...,|zx| <1 or equivalently that A(zy,...,z,—1) 7# O for
|21|, ey |Zn_1| <1and |B(Ol1, .. -’an—l)l < |A((X1, . ,Oén_1)| for |0(1| ==
|an—1| = 1. Note that, under this condition, B can equivalently be replaced by C,
which corresponds to interchanging z, and z,41. This shows that the asymmet-

ric choice of the variable z, 41 in our characterization (Theorem 3) of Lee-Yang
polynomials is inessential.

(c) Let E)'[; = exp BWx for X C [n], with real 8 > 0 and Wx € {—oo} U C.
Write ®P(z1,....z,) = ZXC[n] E}‘?ZX. If 7(®!) > 1 there is an open interval
I > 1 such that r(®#) > 1 for B € I. For integer m sufficiently large we have
mlI > (m—1,m + 1). Hence, by Proposition 2(c), r(®#) > 1 for all 8 > m. Thus,
if Wg1 € $,,, then Wgp € $, for all sufficiently large f.

(d) If ¥ € $,+1 has nontrivial factorization,

‘11(21, e ,Zn-',-l) = ‘I—‘/(Zl, . ,Zk) X \D//(Zk+1, e ,Zn+1),
then W & $7 . .
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Indeed, we have W' € LY, W €LY, _k+1, and we may assume W' € §5, W €
Pn—k+1- Therefore we may choose z1, ..., zy+1 such that W/ (zq, ..., zx) = 0 with
|z1], ...y |zl < Tand |zg 41, ..., |Zn+1] < 1.

(e) $n+1 has full dimension in 7,41 (the dimension of 3, is the real
dimension of A, i.e., 2”"‘1). For n > 1, this is strictly greater than the dimension
n(n+1)/2+4+n+ 1+ 1 of the set of high-temperature polynomials of Theorem 9
below (with b real), which is essentially the class of polynomials originally con-
sidered by Lee and Yang [5].

7. Examples. In what follows we study

V(z1,...,Zn+1) = Z (HEUX)ZX

XCln+1] U
for various choices of the U and Eyy.
(a) For U ={j,k} C [n+ 1], with j <k, write
ay if j eX,k¢X,cra(*J if jE¢X keX
Euyx = by if jk¢X
by, if j.keX.
Then, if the complex ay, by satisfy |ay /by| <1 for all U, we have ¥ € $,,4+1.

Using Section 6(a), it suffices to consider the case of a single U such that
Euyx # 1, and we may thus take n = 1,U = [n + 1] = {1,2}. Then ¥V = Yg
with ®(z1) = by + ayzi, hence r(P) > 1 by assumption, and ¥ € $,4+1 by
Proposition 5. O

(The standard situation [5] corresponds to taking by = 1 and ay real. The
case of complex ay was considered by Beauzamy [2]. It is a consequence of
Theorem 9 below that for polynomials of the class (a) we may write

W(z1, ... zng1) = CU (0121, .. Unt1Zn41)
where C,a1,...,05+1 €C,|a1| =+ = |ap+1| =1, and W is in the class (a) with
real ay,by and 0 <ay <1,by =1.)

(b) For U = {j,k.l} C [n+ 1], write Eyx = by if UNX = @, = by; if
U C X, =1 otherwise. Then, if by is real > 1 for all U, we have W € $,,41.

It suffices to consider the case of a single U such that Eyx # 1, and we may
thus take n =2, U = [n + 1] = {1, 2, 3}. Then ¥ = ¥ with

D(z1,22) =by +z1+ 22+ 2122 = (1 + 21)(1 + 22) = (1 = by).
The set {(1 +z1)(1 + z2) : |z1] < 1, |z2] < 1} is bounded by the cardioid
I'={pe'®:p=2(1+cosh): 0 e[-m 7]}
and does not contain 1 — bg7, which is real <0 by assumption. Therefore r(P) > 1.
|
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(We note that the situation described in (b), with real Eyy = E g’))(, is in

fact contained in the situation described in (a), with Eyxy = Egl})( Take indeed
b¢1,2y = by2 3y = b(3,1; = b in (a). Then if we take by; 5 33 = b? in (b) we have

®) _ 1—1 (@)
E{1,2,3}X_b E{1,2,3}X

because both sides are equal to b2 if |X| =0 or 3, and 1 if |X| = 1 or 2. Therefore
W) = const. W@ This equivalence fails if b is not real.)

(c) If we take U = [n + 1] = {1,2,3} in (b) and replace the real by by
b(B) = ePW with ReW > 0, ImW # 0, the set {b(B) : B real} is a logarithmic
spiral and {1—b(B) : B > 0} intersects the region (1 —z1)(1—2z2) : |z1]| <1, |z2] < 1}
inside the cardioid I" in a sequence of intervals (the point 1 —b() stays inside (resp.
outside) of the cardioid for sufficiently small (resp. large) 8). Therefore, there are
successive intervals of {8 : 8 > 0} such that ¥ ¢ $3 and ¥ € $3.

(d) For U = {j,k,I,m} C[n+ 1], and X C [n + 1], write Eyx = by if
UnNnX=9,= b(*J if U C X, =1 otherwise. Then, if by is real > 2 (or = 1) for
all U we have ¥ € $,,41.

It suffices to consider the case of a single U such that Eyxy # 1, and we may
taken =3,U =[n+ 1] ={1,2,3,4}. Then ¥ = Vg with

®(z1,22,23) = (1 +z1)(1 + z2)(1 + z3) = (1 = by).

One checks that {(142z1)(1+2z2)(1+2z3):|z1]| <1, |z2] < 1, |z3| < 1} intersects the
real interval (—oo, 0] in (—1, 0), so that for real by > 2 (or = 1) we have r(P) > 1.
O

LEMMA 8. Forreal > 0,and Wx € Cif X C [n], write

E)’?zexpﬂWX, CIDﬂ(zl,...,zn)z Z E)’?ZX.
XCl[n]

Ifr(®P)>1fora sequence of B’s tending to 0 from above, then

Wx=ZZI’ij+ZVVj+WO

JEX kEX JEX

with suitable real Wiy = Wy; >0, Wj; = 0, and complex Wj, Wj.

For small 8 we have E)’? =14 BWx 4+ O(B?); hence

OF(zy....z) =[JU+z)+BY Wxz¥ + 08> |z|*.
1 X X
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Writing {; = 1 + z; gives (assuming all {; # 0, and ) |{;| bounded)

@ﬂ(zl,...,zn):nfj +ﬂZW)2§X+O(,32)Z|§|X
1 X X

= (ﬁ &)[1+8D Wi  + o Y1 Y],
1 X X

where the W)é, W)}’ are linear combinations of the Wy with coefficients in Z.

Taking y = BV/" ¢y =+ = ¢, = ¢ = yH~", and writing | X| = card X, we
have
q)ﬁ(zl,---,Zn)Zé‘n[l-i-I/V[,nl]Qn-i- Z W;Q’y”_leele-i-O()/z")ZV_|X|9|X|]
| X|<n X

for bounded 6. If W”[,] # 0 there are thus zeros of @B of the form z; = --- =
zp = ¢ —1 with

¢~ (=Wji'/™y x n-th root of 1
(use the implicit function theorem). For small y and n > 2 this implies that

®B(z1,...,zp) = 0 for some zy,...,z, with |z1],....|za] < 1. If r(®F) > 1
and n > 2 we have thus W[’r:] =0.

Put the variables z;, with j ¢ X, equal to 0 in @A, and consider the function
of the remaining variables zj, with k € X. Taking now y = B/1X| we see as above
that ®# vanishes when zj=0if j ¢ X, zp = -1+ if k € X, where

¢~ (—W)é’)l/'X'y x | X |-th root of 1.

Assuming r(®#) > 1 we have thus Wy =0if | X| > 2, and Wy real > 0 if [X| =2
(so that (—=Wy/ )1/2 is pure imaginary).
If r(®P) > 1 for some arbitrarily small B > 0, we have thus

ZszX=(1f[zj)ZW;;'(§—1)X=(1£[zj) D WEhHY

1 X:|X|<2
— Z W)é/é-[n]\X — Z W;(l +Z)[”]\X
X:|X|<2 X:|X|<2
_ Y " " "
=2z [ X Wint 2 {j}+W®]
Y {j.kicln]\Y {jicl\Y

and the lemma follows, with W = Ly W, =w/

2 Wik Gyand Wo=Wg. 0O
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THEOREM 9 (high-temperature Lee-Yang polynomials). Let Wx € C, E b~

exp fWx and WP (zy,...,z,) = ZXC[,,] E)I?ZX. We say that (\Ilﬂ)ﬂ>0 is a high-
temperature Lee-Yang polynomial if

(a) WA cLyY, for some sequence of real B’s tending to zero from above.
We claim that (a) is equivalent to (b) and also to (c):

(b) WP e LY, forall B > 0.
(c) There exist Wi € R,aj € R,b € C such that Wi = Wy; > 0 and
W&ZZ—-E: 2: Wﬁk—i E:cg-+b.
JjEX k¢X jex

The implication (c)=>(b) is proved in Section 7(a), and (b)=>(a) is obvious.
We assume now that (a) holds. Since WA satisfies the conditions of Lemma 8

we have
Wy = E: 2: W9k+-§E:WG4-W@

JEX kEX JEX
=22 Wik=2 2 Wi+ ) Wit W
JEX k JEX keX JEX
Y W Y
JEX k¢X JEX

with real Wy = Wy >0, W] =W+, Wik € C, Wy € C. In view of Theorem 3
the quantity £ )'?, /(E 51 I\ X)* is independent of X ; hence the limit for § — 0 of

d d - -
45 PP = Wip) = e B( 30 W= 30 W7+ Wo— 1¢)
JEX jeX

= (X W= W Wo— Wi )exp B( 20 W= 30 W+ Wo— W)
JEX JEX JEX jeX

is also independent of X . Since this limitis } ;¢ x W; — djex W,* + Wo — Wy,
we have WJ +Wj* =0, ie., W] =ia; witha; € R. Writing Wy +i Zj aj=beC,

we have thus proved (a)=>(c). O
10. Higher degree. Given integers my,...,m, > 1, letm = (myq,...,my)
and By, C C[z1, ..., zn] consist of polynomials separately of degree my, ..., my,
inzy,...,Zzy. A polynomial ® € B, is thus of the form
S(z1,...,zp) = Ex ey ——————z e X1
1 W=D ) By et my — kD)UY kg g — k) "

k1=0 k,=0
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We define @t € Bm by

ot (2 Zn) = % % gro Ml mk
1,---54n) = kl'"k"kll(ml—kl)! 1
k1=0 k;,=0

m—nlzmn_kn

We also let r(®) be oo if ® is a constant # 0, and
F(®)=sup{r>0:®(zy...,24) #0 if |z1|,....,|za| <1}

otherwise. With this notation we may define a set LYy, of Lee-Yang polynomials
W in By, by r(¥) = r(¥h) = 1.

Let now sm C Clz11, .-+ Z1mys---+Znls - - - » Znm,) consist of the multiaffine
polynomials invariant under permutations of zjy, ..., Zjm; fori =1,... n. There
is a unique linear isomorphism ¢ : By, — sy such that (671 W)(z1 ..., z,) is
obtained if one replaces z;1, ..., Zim; by z; in W. We note that odt = (OCD)T, and
(using Grace’s theorem AS5) that r(®) = r (0 D). If &1, P, € By, we also define
@ % Oy by 0(Pg * D) = 0Py x 0Dy, and we have r (P * y) > r(D1)r(dy).

With the above notation we see that questions about LYy, are transformed by
use of the isomorphism o into questions about LY || Where [m| = mq + -+ + my.
For instance, one finds that if ¥ € LYy, then ¥ = ¢W where |¢| = 1 and ¥ €
LYm, ¥T = 0.

11. Physical interpretation. The polynomials

U(z1,eoyZnt1) = Z ExzX
XcC[n+1]

relevant to physics are such that Ex = e#%x where 8, Wx € R, and =1 > 0 is
interpreted as femperature, while —Wy is the energy of the configuration X . For
such W, we have ¥ € LY, if and only if ¥ = Wg and r(®) > 1,i.e., ¥ € $,41
(Theorem 3 and Proposition 5). Writing WV = wh , we find (§6(c)) that if wh e j;’l 11
(the interior of $,41) for some f, then WA ¢ 51 for all sufficiently large B (ie.,
small temperatures). There are cases where wh e $4y for small temperatures and
wh ¢ $n+1 for large temperatures (§7(d)). (For complex Wy we may have several
successive intervals of temperature where WA is in and out of $n+1 §7(c)), I do
not know if this can happen for real Wy.) If wh $n+1 for a sequence of B’s
tending to O (high temperatures), then wh e Fn+1 for all B > 0 (all temperatures)

and
WX:—ZZW}k—i—b

JEX k¢X
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with Wji, b € R such that Wi = Wy; > 0 (Theorem 9). (Since vh,...,0)=
ePWo — ¢BP e have b € R. Taking only zj #01in WP yields e P4 zj; hence
aj = 0.) This means that those WP which are Lee-Yang polynomials at high
temperatures, hence at all temperatures, are precisely of the form considered by
Lee and Yang [5].

The higher degree situation of Section 10 corresponds physically to higher
spins (the degree m; corresponds to spin (m; + 1)/2). The WP e B, relevant to
physics which are Lee-Yang polynomials at high temperature, hence at all temper-
atures, can again be determined. Using the notation of Section 10, they correspond
to E, ..k, = exp BWk, ..k, (With B >0, Wi, k. € R) such that

n n
Werky == D 0 Wijki(mj —k;) +b
i=1j=1

with W;;, b € R, W;; = Wj; > 0 (W;; in general does not vanish).

Appendix A. Some properties of multiaffine polynomials

See [8] and references quoted there.

LEMMA A.1 ([7]). Let K1, K5 be closed subsets of C, with K1, K> Z 0. If
® e Ay and

D(z1,22) =A+Bz1+Czy+Dzyz, 7é 0
whenever z1 ¢ K1 and zp ¢ K5. Then

P(z)=A+Dz#0
whenever z ¢ —K1 - Ko. (We have written — K1 - Ky = {—uv:u € K1,v € K»}.)

The map @ — ® of Ao to Ay is called Asano contraction. For the convenience
of the reader we reproduce here the easy proof of this lemma (which generalizes
an earlier result of Asano [1]).

Since K1, K2 # 0, we have A # 0. If D = 0, there is nothing to prove. If
D #0and AD — BC =0, we have

A+ Bz1+Czy+ Dzyzp = D(Z1 +%)(22+ %)
which implies —C /D € K1, —A/C € Kz, hence A/D € K1-K, and A+ Dz =0
onlyifz=—-A/D € —K; - K>.

Suppose now that D # 0 and AD — BC # 0, and write?
A+ Bz
C+ Dz ’

A
#(2) = - e =5

2This form of the argument was communicated to me by F. J. Dyson.
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where ¢, ¥ are considered as mappings of the Riemann sphere (add a point at
infinity to C, K1, K»). If we write w = ¢w_1, zZp = wz1 is equivalent to

AB+ ADzy + ADzy) +CDzyzp =0,

showing that w is an involution. Since K> is a proper closed set, w K> cannot be
interior to K, (otherwise w? K> would be interior to K»). Thus

(0K2) N (C\K>)~ # @

where (C\K>)~ denotes the closure of the complement of K. By assumption
C\ K> C ¢K; and, since ¢K is closed, (C\K2)™ C ¢K; hence oK, NpK; # &,
or pYy 1Ko NpKy # @, or K NYK| # @, ie.,

(32)(% e Kjandz e Kz)

sothat A/D € K; - K5 and finally —A/D € —K; - K». O

PROPOSITION A.2 ([7]). . Let K;; be a closed subset of C with K;; # 0, for
i=12and j=1,...,n If 1,0y € Ay, and ®;i(z1,...,z,) # 0 whenever
z1 & Ki1,...,zn & Kipn, then &1 x ®5(z1,...,2z,) # 0 whenever z1 ¢ —Kq1 -
Ko1,....zn ¢ —K1n - Kop.

To show this, start from the element of ${5, defined by the product ®;(z11, ...

oosZ1n) XP2(221, ..., 22,), different from O whenever z;; ¢ K;j fori =1,2; j =
1,...,n. Then perform successive Asano contractions (z1x, zox) — 2z for k =
1,...,n. At the k-th step we have an element of ${,, . Induction on k and use of

Lemma A.1 yield that this element of sd,,, 1 is ZOwhenz; ¢ —K11-K21,...,2; ¢
—Ki1k Kok Z1 k+1 K1 k+1: 22,k +1 € Ko k1, - -+, Z1n € Kin, Z2n € K2p. Taking

k = n proves the proposition. O
COROLLARY A.3. If @1, Dy € Ay, then r( D * ©p) > r(Dy)r(Dy).
This follows by taking K;; = {z : |z| > r(®;)}. |

A.4. Remark. Asano [1] originally considered the situation where K, Ko =
{z :|z| = 1} in Lemma A.1. In that case, the fact that

A—I—BZl—l-CZz—{-DZlZz;ﬁO

if z1 ¢ K1, z2 ¢ K, implies that the roots of A + (B + C)z + Dz? have absolute
value > 1, and the same is true of their product A/ D, proving the lemma.

THEOREM A.5 (Grace’s theorem). Let P be a complex polynomial of degree
n in one variable and ® € d,, be the only polynomial symmetric in its n arguments
such that
®(z,...,z) = P(2).
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If the n roots of P are contained in a closed circular region K and z1 ¢ K, . .., z;,
¢ K, then ®(zy1,...,2z,) # 0.

A closed circular region is a closed subset K of C bounded by a circle or a

straight line. We allow the coefficients of z”,z"~1,... in P to vanish: we then
say that some of the roots of P are at oo, and we take K noncompact.
For a proof see Polya and Szego [6, V, Ex. 145]. O
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