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Abstract

We classify finite-dimensional complex Hopf algebras A which are pointed,
that is, all of whose irreducible comodules are one-dimensional, and whose group
of group-like elements G(A) is abelian such that all prime divisors of the order of
G(A) are > 7. Since these Hopf algebras turn out to be deformations of a natural
class of generalized small quantum groups, our result can be read as an axiomatic
description of generalized small quantum groups.

Introduction

One of the very few general classification results for Hopf algebras is due to
Milnor, Moore, Cartier and Kostant around 1963. It says that any cocommutative
Hopf algebra over the complex numbers is a semidirect product of the universal
enveloping algebra of a Lie algebra and a group algebra.

In the terminology of Sweedler’s book [Swe69] from 1969, cocommutative
Hopf algebras (over an algebraically closed field) are examples of pointed Hopf
algebras, that is, all their simple subcoalgebras are one-dimensional, or equiv-
alently, all their simple comodules are one-dimensional. Thus duals of finite-
dimensional pointed Hopf algebras are analogs of basic algebras in the theory
of finite-dimensional algebras. A rich supply of examples of noncocommutative
pointed Hopf algebra was only found in the mid-eighties of the last century: The
Drinfeld-Jimbo quantum groups Uy (g), g a semisimple Lie algebra, and their
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multiparameter versions, as well as the finite-dimensional small quantum groups
introduced by Lusztig a bit later are all pointed.

In the present paper we assume that the ground-field k is algebraically closed
of characteristic zero. If A is a Hopf algebra, then we denote the group of group-
like elements of A by

GA)={gecA|A(g)=g®g.c(g)=1}.

We classify all finite-dimensional pointed Hopf algebras A over k with abelian
group G(A) such that the prime divisors of the order of G(A) are > 7. We describe
these Hopf algebras by generators and relations, and we show that they are the small
quantum groups discovered by Lusztig and variations of them. Thus our results
can be viewed as an axiomatic description of generalized small quantum groups.

Other types of Hopf algebras occur if prime divisors < 7 of the order of the
abelian group G(A) are allowed. However, extending the methods of this paper
it should be possible to describe their structure by some generalization of Cartan
matrices. Finite-dimensional pointed Hopf algebras with non-abelian group G(A4)
seem to be of a very different nature. Their structure is not understood.

We now give a brief overview of the classification program for finite-dimen-
sional Hopf algebras. We remark that these Hopf algebras give rise to finite tensor
categories in the sense of [EO04] and thus classification results on finite-dimen-
sional Hopf algebras should have applications in conformal field theory [Gab03].

The classification splits into several very different parts according to the be-
haviour of the coradical. Recall that the coradical Ao of a Hopf algebra A is the
sum of all its simple subcoalgebras.

semisimple (& A = Agp)

/!
Classification of
fin.-dim. Hopf
algebras A
N\
Ao Hopf subalg.
D pointed
/
nonsemisimple
N
other

If A = Ap, then A is semisimple as an algebra. Semisimple Hopf alge-
bras define examples of fusion categories. There are various important results
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on semisimple Hopf algebras, but there is at present no general strategy to classify
these algebras.

Next assume that Ay # A and that the coradical Ag is a Hopf subalgebra.
If A is pointed then Ay is a Hopf subalgebra, namely the group algebra k[G(A)].
The only general method for the classification of a class of Hopf algebras is the
Lifting Method, developed in [AS1] and which works for Hopf algebras whose
coradical is a Hopf subalgebra. Since the coradical is a semisimple Hopf algebra
and the classification of semisimple Hopf algebras is still widely open, it is natural
to concentrate on pointed Hopf algebras. The starting point of this method is an
analog of the Milnor-Moore-Cartier-Kostant decomposition theorem on the level
of the associated graded Hopf algebras. The enveloping algebra of a Lie algebra
is replaced by a braided Hopf algebra which is generated by primitive elements.

In the case when the coradical A of A4 is not a Hopf subalgebra very little is
known. There are a few results on the classification of arbitrary Hopf algebras of
a given dimension such as for dimension p or p? with prime p. For their proof
only difficult ad hoc methods are used.

To formulate our main result we first describe the data 9, A, u we need to
define the Hopf algebras of the class we are considering. We fix a finite abelian
group I

The datum %. A datum 9 of finite Cartan type for T,

P = (T, (gi)lfife» (Xi)lsife’ (aij)lsi,jse)»

consists of elements g; € I, y; € [.1<i <6, and a Cartan matrix (@ij)1<i,j<6
of finite type satisfying

(0.1) qijqdji = q;liij, qii 75 1, with qij = )(j(g,-) for all 1 < i,j < 6.
The Cartan condition (0.1) implies in particular,
(0.2) g’ =q; forall1<i,j <6.

The explicit classification of all data of finite Cartan type for a given finite
abelian group I' is a computational problem. But at least it is a finite problem
since the size @ of the Cartan matrix is bounded by 2(ord(I"))? by [AS00, 8.1], if
I is an abelian group of odd order. For groups of prime order, all possibilities for
9 are listed in [ASO0].

Let @ be the root system of the Cartan matrix (a;j)1<;,j<g, ¥1....,0%9 @
system of simple roots, and & the set of connected components of the Dynkin
diagram of ®. Let ®;,J € ¥, be the root system of the component J. We write
i ~ j,if o; and o are in the same connected component of the Dynkin diagram
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of ®. For a positive root & = Zf=1 njai,n; eN=1{0,1,2,...}, forall i, we define

6 0
go=[]&" 2a=11x"
i=1 i=1
We assume that the order of ¢;; is odd for all i, and that the order of ¢;; is prime
to 3 for all i in a connected component of type G,. Then it follows from (0.2)
that the order N; of ¢g;; is constant in each connected component J, and we define
Ny = N;j foralli € J.

The parameter A. Let A = (Ajj)1<i<j<g,ix; be a family of elements in k
satisfying the following condition for all 1 <i < j <6,i £ j: If gigi =1 or
XiXj # & then A;; = 0.

The parameter 1. Let L = (Jla)yep+ be a family of elements in k such that
forallaECD}r,J e, ifgévJ =1 or)((]xVJ # ¢, then g = 0.

Thus A and p are finite families of free parameters in k. We can normalize A
and assume that A;; = 1, if A;; # 0.

The Hopf algebra u(%, A, ;). The definition of u(%, A, ) in Section 4.2 can
be summarized as follows. In Definition 2.14 we associate to any p and o € %
an element uy (1) in the group algebra k[I']. By construction, uq (1) lies in the
augmentation ideal of k[glN "|1 <i < 0]. The braided adjoint action ad. (x;) of x;
is defined in (1.14), and the root vectors x4 are explained in Section 2.1.

The Hopf algebra u(%, A, 1) is generated as an algebra by the group I, that
is, by generators of I' satisfying the relations of the group, and x1, ..., xg, with
the relations:

(Action of the group) — gxig~ ' = xi(g)xi, foralli, andall g €T,
(Serre relations) ad, (x;) 1 % (xj) =0, foralli # j,i ~ j,
(Linking relations) ade (x;)(xj) = Aj5(1 —gigj), foralli < j, i~ j,
(Root vector relations) xév 7 =ug(n), foralla € T, J e %.
The coalgebra structure is given by
Alxj))=gi®xi+xi®1, A(g)=g®g, foralll <i<f,gel.

Now we can formulate our main result.

CLASSIFICATION THEOREM 0.1. (1) Let 9, A and j as above. Assume that
qii has odd order for all i and that the order of qi; is prime to 3 for all i in a
connected component of type Go. Then u(9, A, ) is a pointed Hopf algebra of

+
dimension [ | j o N?J ||I’| with group-like elements G(u (%, A, n)) =T.
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(2) Let A be a finite-dimensional pointed Hopf algebra with abelian group
I' = G(A). Assume that all prime divisors of the order of I" are > 7. Then A =
u(, A, u) for some 9, A, .

Moreover, in Theorem 7.2 we determine all isomorphisms between the Hopf
algebras u(%, A, ).

Part (1) of Theorem 0.1 is shown in Theorem 4.5, and part (2) is a special
case of Theorem 6.2.

In [ASO2a] we proved the Classification Theorem for groups of the form
(Z/(p))%,s > 1, where p is a prime number > 17. In this special case, all the
elements u and uqy (@) are zero. In [AS98] we proved part (1) of Theorem 0.1 for
Dynkin diagrams whose connected components are of type A1, and in [AS02b] for
Dynkin diagrams of type A;; in [Did02] our construction was extended to Dynkin
diagrams whose connected components are of type A, for various #. In [BDRO2]
the Hopf algebra u(%, A, i) was introduced for type B;.

Our proof of Theorem 0.1 is based on [AS98], [AS00], [AS00], [AS02a],
[ASO2b], as well as on previous work on quantum groups in [DCK90], [DCP93],
[Lus90a], [Lus90b], [Lus93], [Miil98], [R0s98], in particular on Lusztig’s theory of
the small quantum groups. Other essential ingredients of our proof are the recent re-
sults of Heckenberger on Nichols algebras of diagonal type in [HecO4a], [Hec04b],
[Hec06] which use Kharchenko’s theory [Kha99] of PBW-bases in braided Hopf
algebras of diagonal type.

In [AS00, 1.4] we conjectured that any finite-dimensional pointed Hopf alge-
bra (over an algebraically closed field of characteristic 0) is generated by group-
like and skew-primitive elements. Our Classification Theorem and Theorem 6.2
confirm this conjecture for a large class of Hopf algebras.

Finally we note that the following analog of Cauchy’s Theorem from group
theory holds for the Hopf algebras A = u(%, A, u): If p is a prime divisor of the
dimension of A4, then A contains a group-like element of order p. We conjecture
that Cauchy’s Theorem holds for all finite-dimensional pointed Hopf algebras.

Acknowledgement. We thank the referee for very helpful remarks.

1. Braided Hopf algebras

1.1. Yetter-Drinfeld modules over abelian groups and the tensor algebra. Let
I" be an abelian group, and T the character group of all group homomorphisms from
I" to the multiplicative group kK of the field k. The braided category 11:03)925 of (left)
Yetter-Drinfeld modules over I' is the category of left k[I']-modules which are
I'-graded vector spaces V = P ger Vg such that each homogeneous component
Vg is stable under the action of I". Morphisms are I"-linear maps f : ) ger Ve =
Dger We with f(Vg) C W, forall g € I'. The I'-grading is equivalent to a left
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k[I']-comodule structure § : V' — k[['] ® V', where §(v) = g ® v is equivalent to
v € Vg. We use a Sweedler notation §(v) = v(—1) ® v(g) forall v e V.

IfV =@;er Ve and W = P, We are in L%, the monoidal structure
is given by the usual tensor product V' ® W with diagonal I'-action g(v Q@ w) =
gv®gw, veV,weW,and I'-grading (V@ W)g = Pyp— Va ® W, for all
g € I'. The braiding in FOyQZ) is the isomorphism

c=cyw: VW ->WQV

defined by c(v®@ w) = g-w®v forall g € I',v € Vg, and w € W. Thus each
Yetter-Drinfeld module V' defines a braided vector space (V, cy,y).
If y is a character of I" and V a left I'-module, we define

VX.={veV]|g-v=y(g)vforall g eT}.

Let 8 > 1 be a natural number, g1,...,g9 € [, and y1,..., yg € T.LletVbea
vector space with basis x1,...,xg. V is an object in 11:63}@ by defining x; € ng" for
all i. Thus each x; has degree g;, and the group I" acts on x; via the character ;.
We define

qij = yj(gi) forall 1 <i,j <6.
The braiding on V' is determined by the matrix (g;;) since
c(x;i ®xj) =qijx; ®x; forall 1 <i,j <6.

We will identify the tensor algebra 7'(V') with the free associative algebra
k(xi1,...,xg). Itis an algebra in F@QB, where a monomial

X =Xj, Xiy -+ Xip, | Sdp,..o,in <0,

has I'-degree g;,8i, '-- gi, and the action of g € I" on x is given by g — x =
Xiy1 Xio *+* Xin (€)x. T (V) is a braided Hopf algebra in 11:@91) with comultiplication

Arwy:T(V)=>TIV)QT(V), xi—>xi@1+1®x;, 1 <i <0.

Here we write T'(V)®T (V) to indicate the braided algebra structure on the vector
space T (V) ® T(V), that is

xRy ®y)=x(g—=x)®yy

forall x,x’,y,y'€eT(V)and y e T(V)g,g €T.
Let I ={1,2,...,0}, and Z[I] the free abelian group of rank 6 with basis
a1, ...,ag. Given the matrix (g;;), we define the bilinear map

(1.1) ZIIN X Z[I] = k™, (o, B) = qap. Y Gaja; = qij. 1 =i, j < 0.
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We consider V' as a Yetter-Drinfeld module over Z[I] with x; € Valfi forall 1 <i <0,
where v/; is the character of Z[I] with
wj(ai) = qij forall1 <i,j <86.

711
1Y% The Z[1]-

degree of a monomial x = x;, Xj, -+ X;,, 1 <i1,...,ip < 0,18 Z?Zl n;o;, where
for all i, n; is the number of occurences of i in the sequence (i1,i2,...,in). It
follows for the action of Z[/] on homogeneous components that

(1.2) a—x=¢qgqpx foralla,B € Z[I],x € T(V)g.

Thus T(V) = k(x1,...,xg) is also a braided Hopf algebra in

The braiding on 7'(V) as a Yetter-Drinfeld module over I' or Z[I] is in both cases
given by
(1.3) c(x®y)=qoupy ®x, Wwhere x e T(V)o,y € T(V)g,a,p € Z[I].

The comultiplication of T'(V') as a braided Hopf algebra in Foygb only depends

on the matrix (g;;), hence it coincides with the comultiplication of 7'(V') as a

coalgebra in %EHQU@. In particular, the comultiplication of T'(V') is Z[I]-graded.

1.2. Bosonization and twisting. Let R be a braided Hopf algebra in FQUQD. We
will use a Sweedler notation for the comultiplication

AR:R—R®QR, Ar(r)=rVer?®,
For Hopf algebras A in the usual sense, we always use the Sweedler notation
AA—> AR A, A(a) =a ®a(2).

Then the smash product A = R#k[I'] is a Hopf algebra in the usual sense (the
bosonization of R). As vector spaces, R#k[['] = R ® k[I']. Multiplication and
comultiplication are defined by

(1.4) (r#tg)(s#h) = r(g-s)#gh, A(r#tg) = r(l)#r(z)(_l)g X r(z)(o)#g.
Then the maps
t:k[[] — R#k[I'], and 7 : R#k[T"] — k[[']

with ((g) = 1#g and n(r#g) = e(r)g forall r € R, g € I' are Hopf algebra maps
with ¢ = id.

For simplicity we will often write rg instead of r#g in R#k[I'] for r € R,
g € I'. Thus A gurri(r) = r(l)r(z)(_l) ® r(2)(0).

Conversely, if A is a Hopf algebra in the usual sense with Hopf algebra maps
t:k[l']— A and 7w : A — k[I'] such that 7 = id, then

(1.5) R={aeA|([d®m)AW@)=a®]1}
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is a braided Hopf algebra in F@@ in the following way. As an algebra, R is
a subalgebra of A. The k[I']-coaction, I'-action and comultiplication of R are
defined by

(1.6) 8(r)=n(rq)) ®r@)y. g—r=ug@rig™)
and
(1.7) AR(I’) =19(r(1))®r(2).

Here, Ag(r) = r) ® r(2), and ¥ is the map

(1.8) V:A— R, 3(r) =ra(SE(re))).
where § is the antipode of 4. Then

(1.9) R#k[T] — A, r#tg—>ri(g), re R, gel

is an isomorphism of Hopf algebras.

We recall the notion of rwisting the algebra structure of an arbitrary Hopf
algebra A; see for example [KS97, 10.2.3]. Let o : A ® A — k be a convolution
invertible linear map, and a normalized 2-cocycle; that is, for all x, y,z € A,

(1.10) o(x@), Y1) (xX@)y@).2) =0 (Y1), 21))0 (X, Yy 2)Z (2))-

and o(x, 1) = e(x) = o (1, x). The Hopf algebra A, with twisted algebra structure
is equal to A as a coalgebra, and has multiplication - with

(1.11) Xoy=0(xa), Y)X@Y@0  (x@) ¥@) forall x,y € A.

In the situation A = R#k[I'] above, let o : ' x I' — k> be a normalized 2-cocycle
of the group I". Then ¢ extends to a 2-cocycle of the group algebra k[I'] and it
defines a normalized and invertible 2-cocycle

opr=0(rQm)

of the Hopf algebra A. Since k[I'] is cocommutative, ¢ and 7 are Hopf algebra
maps
L:k[I'] > Ay, and 7w : Ag, — k[T'].

Hence the coinvariant elements
Rs={ae€ Ay, | (([d@n)A(a) =a®1}

form a braided Hopf algebra in F@)QB. As a k[I']-comodule, R, coincides with R,
but Ry and R have different action, multiplication and comultiplication. To sim-
plify the formulas, we will treat ¢ as an inclusion map. Also we denote the new
action by —.
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In any braided Hopf algebra R with multiplication m and braiding ¢ : RQ R —
R ® R we define the braided commutator of elements x, y € R by

(1.12) [x.yle =xy —mc(x ® y).
If x € R is a primitive element, then

(1.13) (adex)(y) =[x, yle

denotes the braided adjoint action of x on R. For example, in the situation of the
free algebra in Section 1.1 with braiding (1.3), we have for all x; and y = x;j, --- x;j,,

(1.14) (adexi)(y) = Xiy —qijy *** qij, Y Xi-

To formulate the next lemma we need one more notation. If V' is a left C-comodule
over a coalgebra C, then V' is a right module over the dual algebra C* by v — p =
p((—1))v() forall v € V, p € C*. In particular, if R is a braided Hopf algebra
in II:UJJQD, then the k[I"]-coaction defines a left k[I"] ® k[I"]-comodule structure on
R ® R, hence a right (k[T'] ® k[I'])*-module structure on R ® R denoted by < .

LEMMA 1.1. Let T be an abelian group, o : T x T' — k> a normalized 2-
cocycle, R a braided Hopf algebra in 11:63122), g.hel,xeRg,ye Ry, andr € R.
Then

(1) x-gy=0(g,h)xy.
(2) AR, (r)=Ag(r) <o~
Q) Ifye RZ for some character n € f, then
(1.15) g—oy=0(g. Mo~ (hg)n(g)y.
and hence [x, y]c, = 0(g,h)[x, y]c.
Proof. Note that for all homogeneous elements z € Rg, s € T,
(T RIdRT)A%(z) =5s®2zR1,
because of (1.5) and (1.6). This implies (1), and in (3) we obtain
goy=o0(gh)gyandycg=0(hg)yg.
Thus
g0y =0(g. Mgy =0(g.Mn@yg=o(g g0t g yog

and (1.15) follows. In turn, (1.15) implies the last assertion in (3).
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To prove (2), using the cocommutativity of the group algebra we compute

AR, (r) =7y o S((re))) @r)
= o (n(r)), S((r ) r @) (7 (ra)), S(r(r@)) @1 e)-
On the other hand, Ag(r) = r1)S7(r(2)) ® r(3); hence

rWCn@r®Cy@r® g @r® g =n(rq)S(r) ®1(r@) ®9(r@) ®7(s).

and
AR(r) — o ' =0 m(rayS(ra)). m(rw) 3 (r @) ®rs).

Thus the claim follows from the equality

o(a.Sb@))o " (bay. Sbw)) =0 aSbu)).bw))

for all a, b € k[I']. It is enough to check this equation for elements a, b € I". Then
the equality follows from the group cocycle condition, which implies o(g, g7 !) =
o(g7 !, g)forallgeT. O

Part (3) of the previous lemma extends [AS02a, Lemma 3.15] and [AS02b, Lemma
2.12].
We now apply the twisting procedure to the braided Hopf algebra T'(V) €

Z[I]
Y.

LEMMA 1.2. Let 0 > 1, and let (qij)1<i,j <6 (ql{j)lsi,jse be matrices with
7[I]

coefficients in k. As in Section 1.1, let V and V' € Z[I]QUQZ) with basis x1,...,Xg
and xy, ..., x/e respectively, where x; EVavf , xleV/;/{i/" with ¥ (o) =qij , w/’ () =
ql{j foralli,j. Then T(V) and T (V') are braided Hopf algebras in %H@)@ as in
Section 1.1. Assume

(1.16) qijqji = 4i;d;;- and gii = q;; forall 1 <i, j < 0.

Then there is a 2-cocycle o : Z[I] x Z[I] — k™ with

(1.17) o(a,B)o " (B,@) = qupdyg' foralle, € Z[1],

and a k-linear isomorphism ¢ : T(V) — T (V') with ¢(x;) = x| for all i and such
that foralla, B € Z[I],x € T(V)q,y € T(V)gandz € T(V)

(D) p(xy) =0, Be(x)e(y):

) Arwn(e(2)) = (e ®9)(Arv)(2)) < 0;

3) @(lx, yle) = o (. B)le(x), e(¥)]er-

Proof. Define o as the bilinear map with o (o;, ;) = gij qlfj_l if i <j,and
o(aj,aj) =1ifi > j (see [ASO2b, Prop. 3.9]).
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Let ¢ : T(V) — T(V')s be the algebra map with ¢(x;) = x; for all i. Then
@ is bijective since it follows from Lemma 1.1 (1) and the bilinearity of o that for
all monomials x = x;, xj, - -+ X, of length n > 1 with x’ = xlflxlfz ceex!

in’
P(x) = 1_[ o(ai,, i )x’.
r<s
In particular, ¢ is Z[[]-graded.
To see that ¢ is Z[[]-linear, let o, B € Z[I] and x € T(V)g. By (1.2) and
Lemma 1.1 (3),

& = x = gopx, and & ¢ ¢(x) = o (e, B)o " (B, #)qpp0(x),
and ¢(o¢ = x) = o —4 @(x) follows by (1.17).
Since the elements x; and x; are primitive we now see that ¢ is an isomor-
phism of braided Hopf algebras. Then the claim follows from Lemma 1.1. O

2. Serre relations and root vectors

2.1. Datum of finite Cartan type and root vectors.

Definition 2.1. A datum of Cartan type
@ = (T, (gi)lsise, (Xi)lsiso, (aij)lgi,jse)

consists of an abelian group I', elements g; €I, y; € f, 1 <i <6, and a generalized
Cartan matrix (a;;) of size 0 satisfying

2.1 qijqji = qfii'/, gii 71, with g;j = x;(g;) forall 1 <i,j <86.

We call 6 the rank of 9. A datum 9 of Cartan type will be called of finite Cartan
type if (a;;) is of finite type.

Example 2.2. A Cartan datum (/,-) in the sense of Lusztig [Lus93, 1.1.1]
defines a datum of Cartan type for the free abelian group Z1 with g; = o, y; =
Yi, 1 <i <6, asin Section 1.1, where

. i i-j
aip = v dy =y = 22 forall 1 <i,j <6.
i-i
In Example 2.2, d;ja;; =i - j is the symmetrized Cartan matrix, and ¢;; = ¢qj;
forall 1 <i,j < 6. In general, the matrix (g;;) of a datum of Cartan type is not
symmetric, but by Lemma 1.2 we can reduce to the symmetric case by twisting.

We fix a finite abelian group I" and a datum

@ = 9(T, (gi)lsise, (Xi)lsiso, (aij)lgi,jse)

of finite Cartan type. The Weyl group W C Aut(Z[I]) of (a;;) is generated by the
reflections s; : Z[I] — Z[I] with s; (o) = oj —a;ja; for all i, j. The root system
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is ® = Ul'.gle(ai), and

0
(I>+={oz€<b|a=2n,~ai,ni >Q0foralll <i 59}
i=1
denotes the set of positive roots with respect to the basis of simple roots a1, ..., ag.
Let p be the number of positive roots.
For o = Zle nia; € Z[I],n; € Z for all i, we define

ng

(2.2) go=g81'82% - 8g% and yo = x7' X572 A
Hence for all o, 8 € Z[I],

(2.3) dop = Xg(ga),

where g4 is given by (1.1).
In this section, we assume that the Dynkin diagram of (a;;) is connected. In
this case we say that & is connected. We assume for all 1 <i <6,

2.4) gii has odd order, and
(2.5 the order of ¢g;; is prime to 3, if (a;;) is of type Go.

Then it follows from Lemma 2.3 that the elements ¢;; have the same order in k*.
We define

(2.6) N = order of g;;,1 <i <86.

LEMMA 2.3. Let 9 be a connected datum of finite Cartan type with Cartan
matrix (ai;j) and assume (2.4) and (2.5). Then there are integers d; € {1,2,3},1 <
i <0,andq € k such that forall 1 <i,j <80,

2d;
gii =q°%", djajj =djaji,

and the order of q is odd, and if the Cartan matrix of 9 is of type G, then the
order of q is prime to 3.

Proof. By (2.1), q?ii'i = q;.l]'i “forall 1 <i, j <6. It then follows from the list of
Cartan matrices with connected Dynkin diagram that in each case there is an index
h such that ¢;; = (qpp)% forall 1 <i <@, where the d; € {1, 2, 3} symmetrize (aij).
Indeed this is obvious in the simply laced case, and in the notation of [Bou68] with
[ =0 take h = 1 for By, h =1 for C;, and h = 2 for F4 and G,. By (2.4) we let ¢
be a square root of gy of odd order. Then by (2.5) the order of g is prime to 3 if
the Cartan matrix of & is of type G». |

We fix a reduced decomposition of the longest element

Wo = Si; Sis "'Sip
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of W in terms of the simple reflections. Then

Bi =siy - Sip_y (), 1 <[ <p
is a convex ordering of the positive roots.

Definition 2.4. Let V = V(9) be a vector space with basis xp, ..., xg, and
let V e Fﬁy@ by x; € Vg)gi forall 1 <i <@. Then T(V) is a braided Hopf algebra
in F@}QD as in Section 1.1. Let

R@)=TV)/((adexi)' ™ (x;) | 1 <i # j <6)
be the quotient Hopf algebra in FQ‘)QZ).

It is well-known that the elements (adx; )79/ (x;),1 <i # j <0, are prim-
itive in the free algebra 7T'(V') (see for example [AS00, A.1]), hence they generate
a Hopf ideal. By abuse of language, we denote the images of the elements x; in
R(%) again by x;.

In the situation of Example 2.2, Lusztig [Lus90b] defined root vectors x,, in
R(%) = U™ for each positive root « using the convex ordering of the positive
roots. As noted in [AS02a], these root vectors can be seen to be iterated braided
commutators of the elements xp, ..., xg with respect to the braiding given by the
matrix (vdi‘”f ). This follows for example from the inductive definition of the root
vectors in [Rin90].

In the case of our general braiding given by (g;;) we define root vectors x4 €
R(%) for each o € ®* by the same iterated braided commutator of the elements
X1,...,Xg as in Lusztig’s case but with respect to the general braiding.

Definition 2.5. Let K(9) be the subalgebra of R(%) generated by the elements
X, aedt

THEOREM 2.6. Let % be a connected datum of finite Cartan type, and assume
2.4), (2.5).

(1) The elements

xgllxgj--'xgﬁ,al,az,...,ap >0,
form a basis of R(%).

(2) K(9) is a braided Hopf subalgebra of R(D).
(3) Foralla,p e &, [xa,x;;’ le = 0; that is,

xlxxév == q(IxVﬂxéVXa.
Proof. (a) In the situation of Example 2.2, the elements in (1) form Lusztig’s
PBW-basis of U™ over Z[v, v!] by [Lus90b, 5.7].
(b) Now we assume that the braiding has the form (¢;; = q%4ii), where
(d;a;j) is the symmetrized Cartan matrix, and g is a nonzero element in k of odd
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order, and whose order is prime to 3 if the Dynkin diagram of (a;;) is G2. Then (1)
follows from Lusztig’s result by extension of scalars, and (2) is shown in [DCP93,
19.1] (for another proof see [Miil00, 3.1]). The algebra K (%) is commutative since
it is a subalgebra of the commutative algebra Z of [DCP93, 19.1]. This proves
(3) since ¢V = 1, hence Xg](ga) =1.

(c) In the situation of a general braiding matrix (g;;)1<;,;<¢ assumed in the
theorem, we apply Lemma 2.3 and define a matrix (g; 1<i,j<6 by q; = gdiaij
forall 7, j. Then g;;q;; = qlquj’.i, and g;; = q;; forall 1 <i, j < 6. Thus by part
(b) of the proof, (1),(2) and (3) hold for the braiding (qlf j), and hence by Lemma
1.2 for (gij). |

2.2. The Hopf algebra K(D)#k[I']. We assume the situation of Section 2.1.
By Theorem 2.6 (2), K(9) is a braided Hopf algebra in FOJJ@, and the smash
product K(2)#k[I'] is a Hopf algebra in the usual sense. We want to describe all
Hopf algebra maps
K(@)#k[['] = k[I']

which are the identity on the group algebra k[I'].

Definition 2.7. Forany 1 </ < pand a = (a1, a2, ...,ap) € N? we define
hi =gp,
n=xp
z] = xg,

7% =z{1z? ---Z;’l’ € K(@),
h® = h$'h§? - by €T,
na :7]‘1“17‘212...7];1) eTl,
Q=a1,31 +a2/32+"'+apﬂp GZ[I]
For o = Z?:] nia; € Z[I],n; € Z for all i, we call ht(x) = Z?=1 n; the height
of a. Let e; = (§x1)1<k<p € NP, where 8y = 1if k =1 and 6;; = 0if k # [.
Note that for all a, b, c € NP,

2.7) h* =hPhe, n* =Py, ita=b+c.

(2.8) ht(b) < ht(a), ifa=b+c and c # 0.

As explained in Section 1.1, we view T (V) as a braided Hopf algebra in

Ztloygy  Then the quotient Hopf algebra R(%) and its Hopf subalgebra K(%)

7[I]
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are braided Hopf algebras in %HO}I@. In particular, the comultiplication Ag(g) :
K(®) — K(9) ® K(D) is Z[I]-graded. By construction, for any o € &, the root
vector X in R(D) is Z[I]-homogeneous of Z[I]-degree «. Thus x4 € R(@)gg, and
for all @ € NP z¢ has Z[I]-degree Na, and

(2.9) 2% e K@),

By Theorem 2.6 the elements z%g with a € N? g € I', form a basis of
K(D)#k[I'], and it follows that for all a,b = (b;),c = (¢;) € NP,

(2.10) zb2¢ =y 2P7¢, where yp . = 1_[ n1 (hy)ber,
k>1
(2.11) h%z% = nP(h%)z°h® in R#K[T).

LEMMA 2.8. For any 0 # a € NP there are uniquely determined scalars
tl(:c €k,05#b,c € NP such that

(2.12) Ag@)(E) =@ 1+1®z+ Y i Pe:r
b,c#0,b+c=a

Proof. Since Agq) is Z[I]-graded, Agq)(z?) is a linear combination of
elements z° ® z¢ where b + ¢ = a. Hence

Agay(E) =x@1+10y+ Y  1f P®z-
b,c#0,b+c=a

where x, y are elements in K(9). By applying the augmentation ¢ it follows that
x=y=z% O

We now define recursively a family of elements u“ in k[I'] depending on
parameters (, which behave like the elements z¢ with respect to comultiplication.

LEMMA 2.9. Let n > 1. Let (p)o£beNr ni(b)<n be a family of elements

in k, and let (Mb)0¢beNp,ht@)<n be a family of elements in k|I']. Assume for all
0 # b € NP ht(b) < n, that

(2.13) W =pp(1=h"+ Y b gt
d.e#0.d+e=b
(2.14) AP y=r"@u’ +uP @1+ > b ulh@ue.

d,e#0,d+e=b
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Let a € N? with ht(a) = n, and u® € k[I']. Then the following statements are
equivalent:

(2.15) u =pa(1—h"+ D il pupu€ for some pg € k.
b,c#0,b+c=a
(2.16) Au ) =h*Qu+u*®1+ Z tgcubhc®uc.
b,c#0,b+c=a

Proof. If n = 1, then the equivalence between (2.15) and (2.16) is well-known
and easy to see. The point of the lemma is the inductive construction of the u®’s.

Let
Vg = u® — Z th o Mot
b,c#0,b+c=a
Then u? can be written as in (2.15) if and only if A(vg) =h? ® vz + v, ® 1. Hence
it is enough to prove that

AWg)—h?*Q@ua—v,01 = Au*)—h*Qu¢—u*®1— Z t,’;cubhc®uc.
b,c#0,b+c=a

We compute

A(va)_ha®va_va®l

=A@?) - Z tp e MpAWUS) —h* ®va—va ® 1
b,c#0,b+c=a
=Au*)-h*Qu*—-u’*®1+ Z th e o (W @u —h° @u°)
b,c#0,b+c=a
- Z thelfg ppu’ h8 @ ué,
b,c,f.g#0

b+c=a,f+g=c

using the definition of v, in the first equation, and the formula for A(u¢) from
(2.14) in the second equation. Note that the term

Z he Ppu’ ® 1
b,c#0,b+c=a
cancels. Hence we have to show that

Z thelfg pupu’ h8 @ ué

b,c,f.g#0
b+c=a,f+g=c

= Z ty o (ph® ® U — uph® @ u° +ulh¢ @ u°).
b,c#0,b+c=a
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Since for all b, ¢ # 0,b + ¢ = a, we have h? = hPhe | it follows that
mph?® @ uf — puph® @ u€ +uPh® @ u¢ = (up(h? — 1) + u®)h @ u¢.

Using the formula for u? from (2.13), we finally have to prove

b
Z tg’c tﬁg /”Lbufhg ®uf = Z tg,c ld.e naulh® @u.
b,c,f,g#0 b,c,d,e#0
b+c=a,f+g=c b+c=a,d+e=b

This last equality follows from the coassociativity of K(%). Indeed, from

(id ® Ag@) Ak @) (z?) = (Ag (@) ®id) Ak @) (z?)

we obtain with (2.12) after cancelling several terms

Z fg’clﬁg2b®zf®zg= Z tg,cts’ezd®ze®zc.
b,C,f;g;éO b,c,d,e;éO
b+c=a,f+g=c b+c=a,d+e=b

Thus mapping z” ® z° ® z’,r,s,t # 0,ht(r), ht(s), ht(z) < n, onto p,u’h’ @ u'
proves the claim. Here we are using that the elements z¢ are linearly independent
by Theorem 2.6. U

Let K(9)#k[I'] be the Hopf algebra corresponding to the braided Hopf al-
gebra K(%) by (1.4). Thus by definition and Lemma 2.8, for all 0 # a € N2,

Q217)  Ag@wmm@E) =h*®*+z01+ Y i Pheer.
b,c#0,b+c=a
For all n > 0, let K(%), be the vector subspace spanned by all elements
z% a e N? ht(a) <n. Then K(D),#k['] C K(D)#k[T'] is a subcoalgebra.
In the next lemma we describe all coalgebra maps

¢ : K(@)n#k[T] — k[T] with ¢|T" = id.

Note that such a coalgebra map is given by a family of elements ¢(z%) =: u%,0 #
a € N? ht(a) < n, such that (2.16) holds for all 0 # a, ht(a) < n. It follows by
induction on ht(a) from Lemma 2.9 with (2.15) that e(u?) = 0 for all a.

LEMMA 2.10. Letn > 1.
(1) Let (j1a)o#aeN? ni(a)<n be a family of elements in k such that for all a, if
h% =1, then g = 0. Define the family (u*)o£aenr hi(a)<n DY induction on ht(a)
by (2.15). Then the map ¢ : K(D),#k[['] — k[I'] given by ¢|TI" = id,
9(z%g) =u’g,0#aeNP hi(a) <n,g €T,

is a coalgebra map.
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(2) The map defined in (1) from the set of all (j1a)o£aen? hi(a)<n SUCh that
forall a,if h® =1, then g = 0, to the set of all coalgebra maps ¢ with ¢|I' = id
is bijective.

Proof. This follows from Lemma 2.9 by induction on ht(a). Note that the
coefficient u, in (2.15) is uniquely determined if we define u, = 0if ¢ =1. O
Definition 2.11. Let n > 1. A coalgebra map
¢ : K(@),#k[T'] — k[T'] with ¢|T" = id
is called a partial Hopf algebra map, if for all x,y € K(@),#k[I'] with xy €
K (D)n#k (L], we have ¢(xy) = ¢(x)¢(y).

LEMMA 2.12. Let n > 1, and ¢ : K(D),#k[['] — k[['] a coalgebra map,
(la)o#aenr hi(a)<n the family of scalars corresponding to ¢ by Lemma 2.10, and
u® = p(z%) for all a € N? with ht(a) < n. Then the following are equivalent:

(1) @ is a partial Hopf algebra map.
(2) Forall0#a = (ai,...,ap) € N? withht(a) <n,

(@) u® =[], =ouj" where forall 1 <1 < p,u; =u®, ifa; >0,
(b) if n # ¢, then g =0, and u® = 0.

(3) (a) As (2) ().
(b) Forall1 <1 < p withht(e;) <n, if n; # &, thenu® = 0.

Proof. (1) = (2): If ¢ is a partial Hopf algebra map, then (a) follows im-
mediately, and to prove (b), let 0 £ a € N?, ht(a) <n, and g € I, with n? # «.
Then

p(gz?) =n"(ug =u‘g,
since gz% =n%(g)z?%g by (2.11). Thus u® =0, and it follows by induction on ht(a)

from (2.15) that u, = 0, since for all 0 # b, ¢ € N? with ht(b) + ht(c) = ht(a),
nP # e, orn® #e.

(2) = (3) is trivial. (3) = (1): The coalgebra map ¢ is a partial Hopf algebra
map if and only if for all b, ¢ € N? with ht(b) + ht(¢) <n, and g,h € T,

o(zPgz¢h) = ulgu‘h.
By (2.10) and (2.11), zbgz¢h = n°(g)yp.. 2P gh. Thus (1) is equivalent to
(2.18) nc(g)ybﬁcub"'c = ubu® for all b,c € N? ht(b) + ht(c) <n,g € T.
Let b,c € N? ht(b) +ht(c) <n,g € T. By (a),

ub—}-c _ ubuc _ 1_[ u?l-f—t’l.

b;+c;>0
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To prove (2.18) assume that 1?4 £ 0. Then u; # 0 for all [ with ¢; > 0. Hence
by (b), n; = ¢ for all [ with ¢; >0, and n°(g) =1, yp = 1. O

To formulate the main result of this section, we define M (%) as the set of
all families (7)1<;<p of elements in k satisfying the following condition for all
1<l<p:Ifh;=1o0rn #e, then u; =0.

THEOREM 2.13. (1) Let = (1) 1<1<p € M (D). Then there is exactly one
Hopf algebra map

o« K(@)#k[T] > k[T, [T =id

such that the family (fta)o+aenr associated to ¢, by Lemma 2.10 satisfies jLe, =
uyforalll <l < p.

(2) The map p — @, defined in (1) from M(D) to the set of all Hopf algebra
homomorphisms ¢ . K(D)#k[T'] — k[T'] with ¢|T" = id is bijective.

Proof. (1) We proceed by induction on n to construct partial Hopf algebra
maps on K(9),#k[I'], the case n = 0 being trivial. We assume that we are given
a partial Hopf algebra map

¢ K@)y 1#k[['] = k[T], n > 1,
such that p,, = p; forall 1 </ < p with ht(e;) <n —1. Here

(Ma)O;éaeNP,ht(g)sn—l

is the family of scalars associated to ¢ by Lemma 2.10. We define ub = gp(zb ) for
all 0 # b, ht(b) < n — 1. It is enough to show that there is exactly one partial Hopf
algebra map

v« K(@)n#k[T] = k[T

extending ¢, and such that p,, = p; for all [ with ht(e;) < n.
Let a € N? with ht(a) = n. To define ¥ (z%) =: u® we distinguish two cases.
If a = ¢; for some 1 <] < p, we define

(2.19) w = (1=h"+ il puput
b,c#0,b+c=a

Then (2.16) holds by Lemma 2.9.

Ifa=(a1,...,a;,0,...,0),a; > 1,1 <l <p,anda #e¢;,thena =r +s,
where 0 # r, s = e;. We define u? = u"u®. To see that u® satisfies (2.16), using
(2.17) we write

Az)=h°®z°+z°®1+T(c), forall 0 # ¢ € N?.
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Since z"z% = z% because of (2.10) (note that y, s = 1 in this case) we see that
ACZHAEZ)=h*®@z44+2z2Q 1+ T(r,s), where

T(r,s)=h"z®z" +z"h* ®z°
+W Rz +Z7QNTE)+ TR @25+ 1)+ T(r)T(s),
and T'(r,s) = T(a). Since ¢ on K(D),—1#k[I'] is a coalgebra map,
Aw)=h"Qu+u®1+ (¢ ®¢)(T(c)),
for all 0 # ¢ € N? with ht(¢) <n — 1. In particular,
AUNAW) =h* Qu* +u’ @1+ (p @ )(T(r,5)).

Therefore A(u?) =h? Qu® +u® ® 1+ (¢ ® ¢)(T(a)), that is, u? satisfies (2.16).
Thus the extension of ¢ defined by ¥ (z%g) = u“g forall g € I',a e N? ht(a) =n
is a coalgebra map.

To prove that the extension  is a partial Hopf algebra map, we check condi-
tion (3) in Lemma 2.12. Since the restriction of ¥ to K(9),—1#k[I'] is a partial
Hopf algebra map, (3) (a) is satisfied. To prove (3)(b), let 1 <[ < p with ht(e;) =n,
a = e;, and assume 7; # . Then for all 0 #£ b,c € N? with b + ¢ = a, we have
nP # e or n° # e. Since ¢ is a Hopf algebra map, it follows from Lemma 2.12 that
up = 0 or u¢ = 0. By assumption, ;; = 0. Hence by (2.19), u¢ = 0.

This proves (1) since the uniqueness of the extension follows from Lemma
2.9 and Lemma 2.10.

(2) By Lemma 2.10, the map u +— ¢, is injective. To prove surjectivity, let
¢ . K(D)#k[I'] — k[I'] be a Hopf algebra map with ¢|I" = id. By Lemma 2.10,
¢ is defined by a family (tq)o-qene Of scalars. By (1), ¢ is determined by the
values e, 1 <1 < p. O

Definition 2.14. For any u € M(%) and 1 <[ < p, let ¢,, be the Hopf algebra
map defined in Theorem 2.13, and

ui (1) = 9 (zp) € KT,
If & is a positive root in @+ with o = B;, we define uq (1) = u; ().
Note that by (2.15), each uy (1) lies in the augmentation ideal of
klgN1<i <0

3. Linking

3.1. Notation. In this section we fix a finite abelian group I', and a datum
D = DT, (gi)1<i<6- (Xi)1<i<6- (@ij)1<i, j<p) of finite Cartan type. We follow
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the notations of the previous section, in particular,

gij = xj(gi) forall i, j.

Forall 1 <i,j <60 we writei ~ j if i and j are in the same connected
component of the Dynkin diagram of (a;;). Let & = {I1,...,I;} be the set of

connected components of 7 ={1,2,...,0}. We assume forall 1 <i <6
3.1 qii has odd order, and
(3.2) the order of ¢g;; is prime to 3, if i lies in a component G».

For all J € %, let Nj be the common order of ¢g;;,i € J.

As in Section 2.2, for all J € ¥ we choose a reduced decomposition of the
longest element wq,; of the Weyl group W of the root system ®; of (a;;);,jeJ-
Then for all J, K € ¥, wo s and wo,xk commute in the Weyl group W of the root
system ® of (a;j)1<;,j<p, and

Wo = Wo,1, Wo,1, * - Wo,I,

gives a reduced representation of the longest element of W. For all J € ¥, let py
be the number of positive roots in &%, and

OF ={Bs1.....B71.p,}

the corresponding convex ordering. Then

(D+ = {ﬂllsl’""131131711’""lgltrl""’ﬂltiplt}

is the convex ordering which corresponds to the reduced representation of wgy =
Wo,7, Wo,1, *** Wo,1,. We also write

q>+:{51,_‘,,,3p}, P = ZPJ
Jex

for this ordering.

In Section 2.1 we have defined root vectors x4 in the free algebra k (x1, . ..,xg)
for each positive root in QD'J" cd,JeX.

We recall a notion from [AS02a].

Definition 3.1. A family A = (A;j)1<i<j<g,i-j of elements in k is called
a family of linking parameters for % if the following condition is satisfied for all
1<i,j<0,itj:
(3.3) If gigi =1or yixj #¢, then A;; =0.
Vertices 1 <1i, j < 0 are called linkable ifi £ j, gigj # 1 and y; x; = ¢.

It is useful to formally extend the notion of linking parameters by

(3.4) Aji =—qjidij forall1 <i < j<0,iA]
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Assume in addition that ord(g;;) > 3 for all i. We remark that any vertex i is
linkable to at most one vertex j, and if i, j are linkable, then ¢;; = qj_jl [ASO2a,
§5.1].

The free algebra k(xy, ..., xg) is a braided Hopf algebra in FOHQD as explained
in Section 1.1. Then k(x1, ..., xg)#k[['] is a Hopf algebra as in 1.2.

3.2. The Hopf algebra U(%, ). We assume the situation of Section 3.1.

Definition 3.2. Let A = (Ajj)1<i, j<6,i~j be a family of linking parameters
for @. Let U(%, A) be the quotient Hopf algebra of
k{x1,...,xg)#k[T"] modulo the ideal generated by

3.9 ade (x;) 1 9 (xj), forall 1 <i,j <0,i~j,i#],
(3.6) Xixj —qijXjxi —Aij(1—gigj), forall 1 <i < j <6,i+A]
In (3.6) we can add the redundant elements
xjxi —qjixixXj —Aji(1—gjgi), 1 <i <j<0,i+]
Thus the definition of U(%, A) does not depend on the ordering of the index set.

We denote the images of x; and g € T in U(9, A) again by x; and g. The
elements in (3.5) and (3.6) are skew-primitive. Hence U(%, A) is a Hopf algebra
with

Axi) =g ®xi +x;®1, 1 <i <0.

In part (1) of the next theorem we adapt the method of proof of [AS02a, §5.3]
to find a basis of the infinite-dimensional Hopf algebra U(%, 1) in terms of the
root vectors. In part (2) we prove a crucial skew-commutativity relation for the
root vectors.

THEOREM 3.3. Let I be a finite abelian group, and 9 a datum of finite Cartan
type satisfying (3.1) and (3.2). Let A be a family of linking parameters for 9. Then

(1) The elements

aj_.az ap
Xg, Xpg, " Xp & A1,d2,...,dp >0,geTl,

Sform a basis of the vector space U(D, A).
(2) Let J eXanda € 1, B ¢ CD}L. Then [xa,xévf]c = 0; that is,

xaxévj = qé\%’ x‘]gV’ Xg.
Proof. We proceed by induction on the number ¢ of connected components.
If I is conPected, Lhen (1) and (2) f0110\zvv from Theorem 2.6. If t > 1, let I =
{1,2,...,0}, 1 <6 <6.Forall ] <i <80, let/; be the least common multiple of

the orders of g; and j;, 1 <i <. LetT = (Z1.....851 88 =& & gl?i =1
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forall 1 <i,j < 5), and forall 1 < j < 0 let ')‘(} be the character of T with
% (i) = yxj(gi) forall 1 <i <. Then we define

Py =w(T, (gi)lfiﬁg’ ()?i)lﬁifg’ (aij)lﬁi,jfé)’

D2 =D ()G <o Ui)g<i<p @il)Gi j <o)
and A, = (Aif)5<i<j§0,i»~j‘ LetU = U(QD}V) (with empty family of linking param-
eters) with generators x1, ..., x5, and g € I', and A = U(%2, A2) with generators

y§+1’,y9, aIldgEF
It is shown in [ASO2a, Lemma 5.19] that there are algebra maps y;, (&, y;i)-
derivations d; and a Hopf algebra map ¢,

vi:A—k, 8 A—k, <p:U—>(A0)°°P, 1<i 55,
such that for all 1 <i §§<j <40,
vill' = xi, vi(yj) =0,
§ill =0,  8i(y;)=2ji,
&) =vi, @xi)=24.
Theno : UQ®AQU ® A— U ® A, defined for all u,v € U,a,b € A by
o(u®a,v®b)=eu)r(v,a)ed), t(v,a) = ¢(v)(a)
is a 2-cocycle on the tensor product Hopf algebra of U and A, and (U ® A)¢ is
the Hopf algebra with twisted multiplication defined in (1.11). Multiplication in
(U® A)g is given for all u,v € U,a, b € A by
3.7 WU®a)o (v®b) =ut(vy). am)ve) @ae)T " (Va).a@)b,
with 771 (u, a) = o(u)(S~(a)).

The group-like elements g; ® g;- 11 <i <8, arecentral in (U ® A),, and
as in the last part of the proof of [AS02a, Th. 5.17] it can be seen that the map
U®A)e—> U@, 1),

Xi®l—xi, g®l-g, 1Qyi—x;, 1®g—g
forall 1 <i <0 < j <0, g €T, induces an isomorphism of Hopf algebras
(3.8) URA)/@®g " —181|1<i<6)=U@,A).

Let p1 = py,. By induction and Theorem 2.6, the elements

apy+1
Bpy+1

an o~
XX E @yl Vgl g ar.....ap = 0.F €T g €T,
are a basis of U ® A. It follows from (3.7) that for all p; </ <pand1<i < 5,

(1®yg) 0 (€ ®1)=xi(gp)gi ®yp,-
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ap ap1+1

(xgl‘ L Xp ®yﬂp1+] ...yZZ)-G(g;@g), al,...apzo,gef,geF
is a basis of (U ® A)s.
Let P={gRgc(U®A)s|gecl',geTl},andlet P C P be the subgroup
generated by g; ® gi_l, 1 <i <86. Then
r>P/P,g—>1Qg
is a group isomorphism. By (3.8), (U ® A)s ®k[p] k[P/?] ~ U(D, A). Hence
ay az

ap
.. >
Xpg,Xg, " Xp & A1,d2,....dp 0,geT,

is a basis of U(%, A). _
To prove 2),let S =11, N =Ny,0 <i <0 and B € CD'J". We first show that

(3.9) (1®yi) o (xp ®1) = xf (g)(xf ® 1) -6 (10 y;)
in (U ® A)s. We use the notation of Section 2.2 for % with
z4 =xév, where B = f;,a = ¢; for some 1 <[ < p;y.

By (2.17)

AU(xg):§g®xg+x£’®l+ Z tl‘;’czbhc(g)zc.
b,c#0,b+c=8

Since A(y;) =gi ®yi +yi ® 1, and
A(yi)=gi®gi®yi+8®yi®1+y; @11,
we have for all u € U by (3.7)

(1®yi) e U®1) =pun)(g)uw) ® giewua) (S~ (i)
+ou))(giup) ® yip(uas))(1)
+ @) Vi)ue) ® lo(us))(1).

It follows from the definition of ¢ that

¢(xy)(g) =0forall y € CI>'J",g el.
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Hence to compute (1 ® y;) ¢ (4 ® 1) with u = xév , we only need to take into
account the term gr‘/g" ® xév ® 1 of Az(xév), and we obtain

(1®yi) o (x) ® 1) =0E))i)xg ® yie()(S™ (i)
= @(?év)(yi(l))xév ® Yi(2)
= 0@ (@)Y @ yi + @)Y @1
=18 (g)(xf ® 1) o (1® yi),
since (p(§év)|F = )(g and <p(§év)(y,~) = 0 by the definition of ¢.

From (3.8) and (3.9) we see that for all simple roots o € CDIJQ with I} #K € ¥
and all roots 8 € CD}' with J = I

(3.10) Xaxg” = xp’ (a)x5" Xa

in U(9, A). Since the root vectors x4 are homogeneous, (3.10) holds for all @ €
dD};, K#1,,and B € dD}Ll. Since U(%, A) and the root vectors x4, € @, do not
depend on the order of the connected components, we can reorder the connected
components and obtain (3.10) for all positive roots ¢, 8 lying in different connected
components. For roots in the same connected component, (3.10) follows from
Theorem 2.6. O

4. Finite-dimensional quotients

4.1. A general criterion. In this section we prove a generalized version of
Theorem [ASO2b, 6.24].

Let I" be an abelian group, A an algebra containing the group algebra k[I'] as
a subalgebra and p > 1. We assume

Vi Vp €AY, ... hy €T ¥, ..., ¥p €D, and Ny,..., Ny > 1,

such that

4.1 gy =vi(gyig, foralll1 <l <p,gel,

42 ey = )y vk forall 1 <k 1 < p,

4.3) yi” ---y;”g, ai,---,ap >0,g €I, form a basis of 4.

Let T ={t =(t1,....1p) e N |0 <1ty < Nyforalll </ < p}. Forall a =
(ai,...,ap) € NP we define

ya Zyi“ “.ygp’
a
wa :will pp,
aN = (a1Ny,...,apNp).
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Hence any element v € A can be written as

4.4) v = Z y’yantya, Viq €k[[] forallz € T,a e N?,

teT,aeN?

where the coefficients v, , € k[I'] are uniquely determined.

In [ASO2b] we assumed that A = R#k[I'], and the subalgebra R of A gener-
ated by y1,..., yp had the basis yi” ---yz”,al, ...,ap > 0. To see that [AS02b,
Th. 6.24] extends to the more general situation considered here we first prove a
more general version of [AS02b, Lemma 6.23].

We need the following commutation rules for the generators of A. For all
a,beN? 1 <] <p,

(4.5) y Ny =y Ny N (i,
(4.6) yON yalN = y@tbIN yaN (o (py),

where g(b) = (g1(b),...,gp(b)) € I'? is a family of elements in I" depending
on b, and YN (g(b)) = ¥4 N1 (g1 (b))---¥*Nr(g,(h)). Both equations (4.5)
and (4.6) follow from (4.2). To prove (4.6) we write

bN . aN b N bpNp aN ap,N
yoNy, =y11 1.“ypp Pyll 1"‘Ypp p
_ b1V bp—1Np—1_aiN; ap—1Np—1_(ap+bp)Np
_yl ...yp_l yl ...yp_l yp
a1 Ni ap—1Np—1 b, N,
x (Vg "-W,,fl ? )(hpp )

and continue in this way.
For any character ¢ € I let y : k[I'] — k[I"] be the algebra map with ¥ (g) =
Y(g)g for all g € T'. Thus

T > Aut(k[T]), ¥ — ¥

is a group homomorphism. Then for all 1 </ < p,a € N? and v € k[I'] it follows
from (4.1) that

(4.7) vyr =y (v),
(4.8) vy = yaN yal ().

LEMMA 4.1. Let u; € k[I'],1 <1 < p, be a family of central elements in A
and assume for all 1 <1 < p that u; = 0 whenever wlN’ = ¢. Let M be a free right
k[T]-module with basis m(t),t € T, and define a right k[I'|-linear map by

0: A= M, y'y*N > m@)u forallt € T,a e N?,

where u® = u{’ ---uf,” foralla = (ay,...,ap) € NP. Then the kernel of ¢ is a
right ideal of A.
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Proof. Let z € A be an element of the kernel of ¢. We have to show that
¢(zy;) =0forall 1 </ < p. We fix an arbitrary 1 </ < p and by (4.4) we have
basis representations

(4.9) 2= Y N,
seT,aeN?

(4.10) Y= > yyP"Nul, forallseT,
tel,beN?

where the v 4 and the w; , are elements in k[T'].
To compute zy; we multiply (4.9) with y; and then use (4.7), (4.5), (4.10),
(4.8) and (4.6) to obtain

zy| = Z ysyans,ayl

sET,aeN?

= D VOOV @)y i )y (Vi (v5.0)-
s, tEL
a,beN’J

We note that u?ltﬂla’N’(g) =uj' forall 1</ <p,a;eNandgeT,since u; =0
whenever wlN’ #¢. Thus foralla,b e N? s, ¢t €L

(4.11) uly N (g(b)) = u?, uy N (bt = u?,
(4.12) ualﬁv(wf,b) =u‘wy .

Since u4 is central in A it follows from (4.3) that

(4.13) U (Vs.a) = Y1 (1 vg.0).
Hence
ey = > moOu Tty N @)y N Wi )y (Y (vs.0)
afljnteefilrp
= Z m(t)ubw;,b%( Z uavs,a),
s,tel aeN?
beN?

where the second equality follows from (4.11), (4.12) and (4.13). This proves our
claim since ¢(z) = 0, and therefore

Z uvga =0foralls €T. O
aeN?

THEOREM 4.2. Assume the situation above. Let u; € k[['],1 <1 < p,bea
family of elements in the group algebra. Then the following are equivalent:
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(1) The residue classes of y'g, t € T, g € T, form a basis of the quotient algebra
N
A/(y;" —up |1 =1 < p).

(2) Foralll <1 < p,uyiscentral in A, and iflﬂlN’ # e, thenu; = 0.
Proof. As in the proof of [AS02b, Th. 6.24] this follows from Lemma 4.1. [
4.2. The Hopf algebra u(%, A, ). Let I be a finite abelian group, and & =

DT, (gi)1<i<o: (Xi)1<i<o (@ij)1<i,j<p) @ datum of finite Cartan type. We as-
sume the situation of Section 3.1.

Definition 4.3. A family p = (o) yeap+ Of elements in k is called a family
of root vector parameters for 9 if the following condition is satisfied for all @ €
CID}F,J e If g =1 or yY7 #e, then pug = 0.

Let 1 be a family of root vector parameters for @. For all J € %, and o € ® 7,
we define
(4.14) wy(p) = (Mﬂ)ﬂeqy}-’ and ug () = ug (s (1)),

where uq (717 (1)) is introduced in Definition 2.14. Let A be a family of linking
parameters for 9. Then we define

(4.15) w(@, A, ) = U@, 1)/ (xN —ug(p) | a e @t J ).

By abuse of language we still write x; and g for the images of x; and g € I in
u(@,A, ). Forall 1 </ < p, we define Ny = Ny, if B; € ot Jex.

LEMMA 4.4. Let %, A and ju as above, and o € ®T. Then ug (1) is central in
U@, 7).

Proof. Let a € <I>+, where J € ¥, and N = Nj;. To simplify the notation,
we assume J = [; = {1,2,...,5}, and CID}r = {B1.B2,....Bp,}. We apply the
results and notations of Section 2.2 to the connected component /7. Let & =

(<1<p D1 =D, (8i), ;<5 i) < <5 (@) <; j<p)> and
@5 - K(@1#k[T] — k[T

the Hopf algebra map defined by 7 in Theorem 2.13. As in Section 2.2 we define
u? = g(z9) for all 0 # a € NP'. Thus uq (1) = u® where o = ;.
We show by induction on ht(a) that

(4.16) xiu® =ux; forall 1 <i <6,0#ae NP1,
To prove (4.16) we can assume that u® # 0. By (2.15) it suffices to show that
4.17) xih® = h%x; forall 1 <i <6,0# a € NP with u® # 0.

N
Recall that h% = gg]la' ---gﬂp‘jp' fora = (ai,....ap,).
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_Letl <i<6and0#aeNPwithu® #0. Let 1 </ < p; and f; =
Z?:l njaj, wherenj eNforall 1 < j < 6. Then by definition, 2B :]_[1<J.<§g7'/,

"
and yg, = ]_[15155 x;’ - Hence

xiehag @)= 1] &/ =1,
1<j<6

since qi]}' =1,ifi € Iy, and a;; =0, if i ¢ I;. Since u® # 0, it follows from Lemma
2.12 that X,’,Yl =¢forall 1 <I < p; with a; > 0. Hence y; (gg) =1 for all / with
a; > 0. This implies (4.17) since

h®x; = xi(h*)x;ih®. O

THEOREM 4.5. Let %@ be a datum of finite Cartan type satisfying equations
(3.1) and (3.2). Let A and u be families of linking and root vector parameters
for 9. Then u(D, A, 1) is a quotient Hopf algebra of U(D, A) with group-like
elements G(u(D, A, w)) = T, and the elements

al az
TR

form a basis of u(%, A, i). In particular,

~x§§g,0§al<Nl, 1<l<p, geTl

+
dimu(@, A, ) = [] ¥ 1T,
Jex
Proof. By Theorem 3.3, the elements

al .arz
Xp X .
B17 B2

are a basis of U(%, 1). We want to apply Theorem 4.2 to U(%, 1) and

~-le’:g,()§al, 1<l<p,geTl

yi=xg. hi=gpg,. v1 =g, up=ug,(n), 1 <l =<p.
Conditions (4.2), (4.3) are satisfied by Theorem 3.3. To check the conditions in
Theorem 4.2 (2) we apply for each connected component J € ¥ the results of
Section 2.2 with
711=X2?, 1<l <p, B ed].

Since ¢, is a Hopf algebra map by Theorem 2.13 it follows from Lemma 2.12 that
ug, () = 0if ng # ¢. By Lemma 4.4, ug, (1) is central in U(%, 1). Hence the
claim about the basis of u(%, A, i) follows from Theorem 4.2.

We now show that u(%9, A, i) is a Hopf algebra. Let J € ¥. We denote the
restriction of 9 to the connected component J by % ;. By Theorem 2.13, the map
¢ K(@y)#k[I') - k[I'] is a Hopf algebra homomorphism. The kernel of ¢,, is
generated by all xévJ —ug(p) witha € QD}L. Hence the elements xé\" —ug(p),ax €
<I>"}', generate a Hopf ideal in K(% y)#k[['] and in U(%, A).
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The Hopf algebra u(%, A, i) is generated by the skew-primitive elements
X1,...,xg and the image of I'. Hence G(u(%, A, n)) = I |

For explicit examples of the Hopf algebras u(%, A, i), see [ASO2b, §6] for
type An,n > 1, and [BDRO2] for type B,. In these papers, and for these types,
the elements uy (1) are precisely written down. It is an interesting problem to find
an explicit algorithm describing the elements u (@) for any connected Dynkin
diagram.

5. The associated graded Hopf algebra

5.1. Nichols algebras. To determine the structure of a given pointed Hopf
algebra, we proceed as in [AS98] and study the associated graded Hopf algebra.

Let A be a pointed Hopf algebra with group of group-like elements G(A4) =T
Let

Ao =k[F] CA; C---CA, A=Un20An
be the coradical filtration of A. We define the associated graded Hopf algebra
[Mon93, 5.2.8] by
gr(A) = ®&n>04n/An-1, A1 =0.

Then gr(A) is a pointed Hopf algebra with the same dimension and coradical
as A. The projection map 7 : gr(A) — k[I'] and the inclusion ¢ : k[I'] — gr(A) are
Hopf algebra maps with ¢ = idg[r}. Let
(5.1) R={xegr(4)|(d®@n)Ax)=x®1}
be the algebra of k[I']-coinvariant elements. Then R = @,>0R(n) is a graded
Hopf algebra in %%, and by (1.9)

(5.2) gr(A) = R#k[T].

Let V= P(R) € F@QB be the Yetter-Drinfeld module of primitive elements in R.
We call its braiding

c:VRV-=VeV

the infinitesimal braiding of A.

Let 2B(V') be the subalgebra of R generated by V. Thus B = B(V) is the
Nichols algebra of V [AS00]; that is,
(5.3) B = ®,>0B(n) is a graded Hopf algebra in FGJJ@,
5.4 B(0) =kl1, B(1)=V,
(5.5 B(1) = P(B),
(5.6) B is generated as an algebra by B(1).
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%5 (V') only depends on the vector space V' with its Yetter-Drinfeld structure (see
the discussion in [AS02b, §2]). As an algebra and coalgebra, %5(1V') only depends
on the braided vector space (V, ¢).

We assume in addition that A is finite-dimensional and I'" is abelian. Then
there are g1,...,g9 €T, x1,..., X9 € T and a basis X1,...,xp of V such that
X; € Vg)? forall 1 <i <#6. We call

(9ij = xj (€i)1<i.j<6
the infinitesimal braiding matrix of A.

A braiding matrix (¢i;)1<;,j<¢ Whose entries g;; are roots of unity is of Car-
tan type if g;; # 1 for all 1 <i < 0, and if there are integers a;;,1 <i, j <0, such
that forall 1 <i,j <6

a;j
9ijqji =4;; -
We can assume that ¢;; =2 forall 1 <i <6, and
—ord(g;;) <aijj <Oforall 1 <i,j <86.

Then the matrix (a;;) is uniquely determined. It is a generalized Cartan matrix and
is called the Cartan matrix of (qi;j) [AS00].

The first step to classify pointed Hopf algebras is the computation of the
Nichols algebra. We begin with the description of Nichols algebras of Yetter-
Drinfeld modules of finite Cartan type.

THEOREM 5.1. Let @ = 9(I', (gi)1<i<6- (Xi)1<i<0- (@ij)1<i,j<p) be a da-
tum of finite Cartan type with finite abelian group I". Assume (3.1) and (3.2). Let
Ve FQUQB be a vector space with basis x1, ..., Xy and x; € Vg)gi foralll <i <4.
Then B(V) is the quotient algebra of T(V') modulo the ideal generated by the
elements
(5.7) ade (x;)' 7 (xj) forall 1 <i,j <0,i # j,

(5.8) xN7 foralla € 1, J e %.

Proof. Using results of Lusztig [Lus90a], [Lus90b], Rosso [Ros98] and Miiller

[Miil98] and twisting we proved this theorem in [ASO02a, Th. 4.5] assuming in

addition that ord(g;;) is odd for all 1 <i, j <6,i # j. By Lemma 2.3 the proof
of [AS02a, Th. 4.5] works without this additional assumption. O

COROLLARY 5.2. Assume the situation of Theorem 5.1, and let A and | be
linking and root vector parameters for 9. Then

gr(u(D, A, 1) = u(9,0,0) = B(V)#k([I].
Proof. Let A = u(D, A, ). There is a well-defined Hopf algebra map
u(9,0,0) - gr(u(v, A, 1)),
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mapping x;, 1 <i <6, onto the residue class of x; in A;/Ap, and g € I" onto g.
Since dim(u (9, 0, 0)) = dim(u (D, A, 1)) =dim(gr(u(D, A, 1)) by Theorem 4.5, it
follows that u(9,0,0) = gr(u(9, A, 1)). By Theorem 5.1, u(%,0,0) = B(V)#k[T].

|

In [ASOO] and [ASO2a] we determined the structure of finite-dimensional
Nichols algebras assuming that V' is of Cartan type and satisfies some more as-
sumptions in the case of small orders (< 17) of the diagonal elements ¢;;. Recent
results of Heckenberger [HecO4a], [Hec0O4b], [Hec06] together with Theorem 5.1
allow to prove the following very general structure theorem on Nichols algebras.

THEOREM 5.3. Let I" be a finite abelian group, and V € F@Qb a Yetter-
Drinfeld module such that B(V) is finite-dimensional. Choose a basis x;j € V
with x; € V¥, gi € T, yi € T, foralll <i <. Forall 1 <i,j <0, define
qij = xj(gi), and assume

5.9 ord(q;;) is odd,
(5.10) ord(q;;) is prime to 3 if q;1q1; € {qi_i3, ql_l3}f0r some
(5.11) ord(g;;) > 3.

Then there is a datum % = (I, (gi)1<i<0. (Xi)1<i<0- (@ij)1<i,j<6) of finite Car-
tan type such that
B(V)#k[['] = u(,0,0).

Proof. Since B(V)#k[I'] is finite-dimensional, ¢;; # 1 for all 1 <i <8 by
[AS98, Lemma 3.1].

Forall 1 <i,j <6,i # j, let V;; be the vector subspace of V' spanned by
xi,x;. Then B(V;;) is isomorphic to a subalgebra of B (1), hence it is finite-dim-
ensional. Heckenberger [Hec04a], [Hec04b] classified finite-dimensional Nichols
algebras of rank 2. By (5.9) and (5.11) it follows from the list in [HecO4a, Th. 4]
that Vj; is of finite Cartan type, that is, there are a;;,a;; € {0, —1, -2, =3} with
ajjajj € {0, 1,2, 3}, and

a,j ajl
4ijqji =4;; =4j; -
Thus (gij)1<i,j<e¢ is of Cartan type with generalized Cartan matrix (a;;). In
[Hec06, Th. 4] Heckenberger extended part (ii) of [ASOO, Th. 1.1] (where we
had to exclude some small primes) and showed that a diagonal braiding (g;;) of
a braided vector space V is of finite Cartan type if it is of Cartan type and B(V)
is finite-dimensional. Hence (a;;) is a Cartan matrix of finite type, and the claim
follows from Theorem 5.1. O

5.2. Generation in degree one. We generalize our results in [AS02a, §7]. Let
A be a finite-dimensional pointed Hopf algebra with I, V, and R as in Section 5.1.
To prove that B(V) = R, we dualize. Let S = R* the dual Hopf algebra in F@Qb
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as in [AS00, Lemma 5.5]. Then S = @,>0S5(n) is a graded Hopf algebra in IEOJJQZ),
and by [AS00, Lemma 5.5], R is generated in degree one, that is, B(V) = R,
if and only if P(S) = S(1). The dual vector space S(1) of V' = R(1) has the
same braiding (g;;) (with respect to the dual basis) as V. Our strategy to show
P(S) = S(1) is to identify S as a Nichols algebra. In the next lemma we use
[Hec0O4a], [Hec04b] to prove a very general version of [AS02a, Lemma 7.2].

LEMMA 5.4. Let % = (I, (gi)1<i<6- (Xi)1<i<6- (@ij)1<i,j<6) be a datum
of finite Cartan type with finite abelian group I'. Let S = ®,>0Sy be a finite-
dimensional graded Hopf algebra in Foy@ with S(0) = k1, and let x1,...,xg9 be a
basis of S(1) with x; € S(l)él’f forall 1 <i <6. Assume (5.9) and

(5.12) ord(g;;) > 7 forall1 <i <86.
Then
(5.13) ad. (x;)! 7% (x;) =0forall 1 <i,j <6,i# .

Proof. We first note that the Nichols algebra of the primitive elements P(S) €
II:OHQD is finite-dimensional. This can be seen by looking at gr(S#k[I']).

Assume that there are 1 <i,j < 0,i # j, with ad¢(x;)17%/ (x;) # 0. We
define

yi=xi. y2=ade(x;)' "% (x;).

By [ASO00, A.1], y» is a primitive element. Since y;, y» are nonzero elements of
different degree, they are linearly independent. We know that the Nichols algebra
of W = ky; + ky, is finite-dimensional, since B(P(S)) is finite-dimensional. We
denote

hi=gi.ha=g “Vgiel andm =yi.m2=yx; ;L.
Thus y; € SZ?, 1 <i <2.Let (Qij =nj(hi))1<i,j<2 be the braiding matrix of
Y1, y2. We compute
1—a;; 2—a;;
O =qii, On=gq; “qj, 012021 =g, “
By assumption, the order of Q11 = ¢;; is odd and > 3. Since B(W) is finite-
dimensional, Q55 # 1 by [AS98, Lemma 3.1]. Thus O, has odd order, since the
orders of g;;,qj; are odd. By checking Heckenberger’s list in [HecO4a, Th. 4], and

thanks to [Hec04b], we see that the braiding (Q;;) is of finite Cartan type or that
we are in case (T3) with

012021 = 0717

Hence there exists A1, € {0, —1, -2, —3} with

A
012021 = 07>
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Since Q12071 = qizi_a”, and Q11 = ¢ij, it follows that the order of ¢;; divides
2—a;j —A12 €{2,3,4,5,6,7,8}. This is a contradiction since the order of g;; is
odd and > 7. O

The next theorem is one of the main results of this paper.

THEOREM 5.5. Let A be a finite-dimensional pointed Hopf algebra with abel-
ian group G(A) = I" and infinitesimal braiding matrix (qij)1<;,j<g- Assume (5.9),
(5.10) and (5.12). Then A is generated by group-like and skew-primitive elements;,
that is,
R=B(V),
where R is defined by (5.1), and V = R(1).

Proof. We argue as in the proof of [AS02a, Th. 7.6]. Let S = R* be the
dual Hopf algebra in FO?JQD. Then S(1) = R(1)* has the same braiding (g;;) as
R(1) with respect to the dual basis (x;) of the corresponding basis of R(1). By
Theorem 5.3 (g;;) is of finite Cartan type. By Lemma 5.4 the Serre relations (5.7)
hold for the elements x;. Then the root vector relations (5.8) follow by [ASO2a,
Lemma 7.5]. Hence S = B(S(1)) by Theorem 5.1, and S(1) = P(S). By duality,
R is a Nichols algebra. |

6. Lifting

From Section 5 we know a presentation of gr(A4) by generators and relations
under the assumptions of Theorems 5.3 and 5.5. To lift this presentation to A we
need the following formulation of [AS98, Lemma 5.4] which is a consequence of
the theorem of Taft and Wilson [Mon93, Th. 5.4.1]. Here it is crucial that the group
is abelian.

LEMMA 6.1. Let A be a finite-dimensional pointed Hopf algebra with abelian
group G(A) = T. Write gr(A) = R#k[['] as in (5.2), and let V = R(1) with basis
X; € Véi,gi el yi € T.1<i<80. Let Ag C Ay be the first two terms of the
coradical filtration of A. Then

61) @, per sy PLA(A) = A1/Ag < VHT].

(6.2)  Forallg €T, Py (A)° =k(1—g), andife # y €T, then

(6.3) Pe 1 (A #0<= g=gi, x = xi, forsome 1 <i <6.
We can now prove our main structure theorem.

THEOREM 6.2. Let A be a finite-dimensional pointed Hopf algebra with abel-
ian group G(A) = I" and infinitesimal braiding matrix (qij)1<;,j<g- Assume (5.9),
(5.10) and (5.12). Then
Az=u(@,A, w,
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where 9 = D(T', (gi)1<i<6- (Xi)1<i<6- (@ij)1<i,j<0) is a datum of finite Cartan
type, and A and | are families of linking and root vector parameters for 9.

Proof. By Theorems 5.3 and 5.5, there is a datum 9 of finite Cartan type such
that gr(A) =~ u(9,0,0). By Lemma 6.1, for all 1 <i < 6 we can choose
a; € P(A)g,1 corresponding to x; in (6.1).
We have shown in Theorem [AS02a, 6.8] that
adc(a;)' ™ (a;) =0, forall 1 <i,j <0,i~ j,i# ],
aiaj —qijaja;i —Aij(1—gigj) =0, forall 1 <i <j <6,i+A],

for some family A of linking parameters. Thus there is a homomorphism of Hopf
algebras

0: U@, L) — A, | =idr, ¢(x;) =a;, forall 1 <i <6.

By Theorem 5.5, ¢ is surjective.
We now use the notation of Section 2.2 and show that

(6.4) o(x7y ekl foralla € @F,J €.
We fix J € ¥ with p = |<I>}r |, and show by induction on ht(a) that
(6.5) ©(z%) € k[I'] for all a € NP,
Let 0 £ a € N?. Since ¢ is a Hopf algebra map, we see from (2.17) that
Alp(z) =h* Q@ p(z%) + ¢(z*) ® 1 + w,
where by induction
w= Yt e ®e(¢) € k[T ®K[T].
b,c#0,b+c=a

In particular, ¢(z%) € A; by definition of the coradical filtration. We multiply this
equation with g ® g, g € I, from the left and g~! ® g~! from the right. Since
gz% 1 =n%(g)z%, we obtain w = n%(g)w for all g € T".

Suppose % # e. Then w =0, and p(z9) € Pl?:,l‘ Then ¢(z%) = 0 by Lemma
6.1 (6.3), since y;(g;) # 1 forall 1 </ <6, but n*(h%) = 1 by the Cartan condition
(see the proof of [AS00, Lemma 7.5] for a similar computation).

If n* = ¢, then ¢(z%) € A} = k[I'] by Lemma 6.1 (6.2).

This proves (6.5) and (6.4). Then we conclude for each J € & from Theorem
2.13 that the map

K(,)#k[T] — U@, 1) 5 4
has the form ¢,,s for some family of scalars w” as in Theorem 2.13 for the con-

nected component J. Define t = (ihg)qcd+ DY o = ,ué forall o € CD'J". Then u is
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a family of root vector parameters for %, and the elements uq (1) € k[I"] are defined
in (4.14) foreach J e ¥ and « € @}r. It follows that (p(xévJ) =ug() =o(ug(n))
forall J e ¥,a € CIYJF. Thus ¢ factorizes over u(%, A, ). Since

dim(A) = dim(gr(4)) = dimu(%, 0,0)) = dim(u(D, A, 1))
by Theorem 4.5, ¢ induces an isomorphism u(%, A, u) = A. |

COROLLARY 6.3. Let A be a finite-dimensional pointed Hopf algebra with
abelian group G(A) = T satisfying the assumptions of Theorem 6.2. Then for each
prime divisor p of the dimension of A there is a group-like element of order p in A.

Proof. This follows from Theorems 6.2 and 4.5. O

We note that the analog of Cauchy’s theorem in group theory is false for arbitrary,
nonpointed Hopf algebras. Let A be a finite-dimensional Hopf algebra with only
trivial group-like elements, such as the dual of the group algebra of a finite group G
with G =[G, G]. Then A does not contain any Hopf subalgebra of prime dimension,
since any Hopf algebra of prime dimension is a group algebra by Zhu’s theorem
[Zhu94].

Cauchy’s theorem for semisimple Hopf algebras in a version conjectured by
Etingof and Gelaki was recently shown in [KSZ06]: Each prime divisor of a
semisimple Hopf algebra divides the exponent of the Hopf algebra.

7. Isomorphism classes

In this last section we determine all isomorphisms between the Hopf algebras
u(P, A, ) in terms of some universal constants. We explicitly computed these
constants for connected components of type A in [AS07].

For convenience we introduce a normalization condition for Cartan matrices
and their root systems. Let (all'j)lfi,jfe and (a;j)1<i,j<¢ be Cartan matrices of
finite type. A diagram isomorphism between (a j) and (a;;) is a permutation t
of {1,2,...,0} with alfj = dq(j),z(j) forall 1 < i, j < 6. We choose from each
isomorphism class of connected Cartan matrices of finite type one representative.
The chosen representatives are called standard Cartan matrices. We fix a reduced
representation of the longest element in the Weyl group and the corresponding
ordering of the positive roots of the standard matrices as described in Section 2.1.

From now on we assume that any Cartan datum &% satisfies the following
additional normalizing condition:

The Cartan matrix (a;j)1<;,j<¢ of 9 is a block diagonal matrix, and each
matrix on the diagonal is one of the standard connected Cartan matrices.
Moreover for each connected component J of I we fix the same order of
the positive roots as for the chosen representative.
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Thus up to a shift of indices we can identify the Cartan matrix of any connected
component with a standard Cartan matrix. We use the fixed ordering of the positive
roots in each component to define the root vectors of %.

Note that any diagram isomorphism induces an isomorphism of the corre-
sponding Nichols algebras. Hence up to Hopf algebra isomorphisms we can as-
sume by the proof of Theorem 6.2 that the normalizing condition is satisfied for
the Hopf algebras u(%, A, ).

In the next definition we extend the notation for the linking parameters by
(3.4).

Definition 7.1. Let I', T/ be abelian groups and let

@ = (T, (&')15;’59, (Xi)lgige, (aij)lsi,jge),
P = @(F/, (g,{)15i§9u (X;)lgige’, (a;j)lsi,jge’)

be Cartan data of finite type satisfying (3.1) and (3.2). Assume 6 = 6’. Let A and
A’ be linking parameters, and u and u’ root vector parameters for % and %’.

Let ¢ : " — T be a group isomorphism, o € Sy a permutation and (s;)1<;j<g
a family of nonzero elements in k. The triple (¢, o, (s;)) is called an isomorphism
from (2, A/, u') to (@, A, ) if the following five conditions are satisfied:

(1.1) v(8}) = 20i) forall 1 <i <6,

(7.2) Xi = Xo@)® forall 1 <i <9,

(7.3) a;j =dg(i),0()) forall1 <i,j <86,

(7.4) Al = 8isjAa(i)o()) forall 1 <i,j <0,i~j.

To formulate the fifth condition we have to introduce more notations for the
connected components J of 9.

(1) Let g5 = (x;j(gi))i,jes be the braiding matrix of the restriction 95 of % to
J.

(2) Using (7.3) we identify the root systems of J and of o ~1(J) with the cor-
responding root system of the standard Cartan matrix. Then the restriction
of o to 0~ 1(J) becomes a diagram automorphism o of the corresponding
standard Cartan matrix.

(3) Forany B € QD}F let u:g (') and ug(u) be the elements in the group algebras
k[I''] and k[T"] defined in (4.14). For any family a = (aﬁ)ﬂ€¢+ of natural
J
numbers ag > 0 we define the product u(p)* = Hﬂe<1>+ ug(pu)s.
J

(4) For any o € &t witha = Y, ,njai,n; > 0foralll <i <0, let sq =
J ieJ
nieJ S?i'
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(5) Forany o € CID‘J" and any family a = (ag) peat of natural numbers ag > 0 let
J

l4.4, .0, be the element in k defined below in Theorem 7.5 applied to % ;.

Then the last condition is the following identity in the group algebra k[I']:

®,q7,0J

(7.5) ol () = s Z 2 u(p)® foralla € dF,J €.
a

Finally let Isom((2’, A/, '), (%, A, 1)) be the set of all isomorphisms from
@, A, 1) to (D, A, w).

For Hopf algebras A’, A we denote by Isom(A’, A) the set of all Hopf algebra
isomorphisms from A’ to A.

We now can state the main result of this section.

THEOREM 7.2. Let % and @' be Cartan data of finite type with finite abelian
groups T and T and rank 0 and 6'. Assume that @ and 9’ satisfy (3.1), (3.2). In
addition assume the following condition on the braiding matrix of 9:

(7.6) ord(g;;) >4 forall1 <i <0.
Let A and A’ be linking parameters, and |1 and |’ root vector parameters for % and
@’

If the Hopf algebras u(%2', ), u') and u(%, A, ) are isomorphic, then 8’ = 6.
Assume 0’ = 0. Then the map

Isom((@', A/, i), (B, A, ) = Isom(u(D', A/, '), u(D, A, b))

given by (¢.0,(s;)) = F, where F(x]) = siXq() and F(g') = ¢(g’) for all 1 <
i <6andg €T, is bijective.

Before we begin with the proof of Theorem 7.2 we need some preparations.
First we see that condition (7.3) is in most cases redundant.

LEMMA 7.3. In the situation of Definition 7.1 assume 6’ = 0, (7.1), (7.2) and
(7.6). Then (7.3) holds.

Proof. Forall 1 <i, j <0 1etqlfj =)(}(gl’.),q,~j = x;j(gi). Thenforalli, j (7.1)

i : ij a5 (iyo ()
and (7.2) imply that q{j ={q()o(;)- Hence a;j = ag(l.)a(j), since qiai’ =q,; Dol
and a;; —a;(l.)g(j) €{0,£1,+2,£3}. O

We need an extra information in the situation of Theorem 2.6.

LEMMA 7.4. Let 9 be a connected Cartan datum of finite type with root sys-
tem D, finite abelian group I and N = ord(g;;) for all i. Assume (3.1) and (3.2).
By Theorem 5.1 there is a canonical projection w : R(D) — B (V) whose kernel is
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the ideal generated by all xév ,a € ®T. We denote the coalgebra structure of R(%)
by A(x) = xD @ x@ for all x € R(D). Then

K@) =R@)®" ={x € R@) | xV@r(xP)=x®1}.

Proof. This follows by bosonization from the corresponding result for pointed
Hopf algebras in [Mas91]. O

In the following theorem we define the constants in (7.5).

THEOREM 7.5. Let (T, (gi)1<i<6. (Xi)1<i<6- (@ij)1<i,j<g) be a connected
Cartan datum of finite type with root system ®, finite abelian group I', and N =
ord(gii), 1 <i < 0. Assume (3.1) and (3.2). Assume that (ai;)1<;,j<g is a standard
Cartan matrix, and let o be a diagram automorphism of (aij)1<i, j<g- Define

@° = a(T, (gz/')lsise» (X;)lsise’ (aij)lsi,jse)
with ! = gy, X = Ko@) forall 1 <i < 0. Let V € LYD with basis x; € V',
and V° € FOJJED with basis xj € (V")g forall 1 <i < 0. Then there is an algebra
map
F?:R(@°) = R(D),x] = xg() forall1 <i <0.
For each a € ®T, and each family a = (ag)gea+ of natural numbers ag > 0 there

are uniquely determined elements tg € k depending on the braiding matrix of 9
and the diagram automorphism o such that

FoN =) 1527
a
alN.

N . .. . .
where z% = X --x;p as in Definition 2.7 with the fixed ordering B, ..., Bp
P
of the positive roots, and where x§ denotes the root vector of & in R(% ).

Proof. The Cartan condition is satisfied for 99 since o is a diagram automor-
phism. The linear map

fOVI VXl = xei),1<i <6

is an isomorphism of Yetter-Drinfeld modules. Then f¢ induces isomorphisms
F% : R(@°) - R(@) and F° : B(V°) — B(V). Let 7 : R(V) — B(V) and
7% : R(V°?) — B(V) be the natural projections. Since K(%) = R(%)*°™ and
K(@°) = R(%°)°"° by Lemma 7.4, it follows that F® maps K (%) into K(®).
This proves the claim by Theorem 2.6. O

The meaning of the elements F°(xJ) in the previous theorem can be ex-
plained as follows. Let x, be represented as iterated skew-commutator of simple
root vectors X;,, ..., X;, in this order. Then F?(xJ) is the same iterated skew-
commutator of the sequence x4 (), - . ., Xg(iy)-
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As an example, take the Dynkin diagram A, with the nonsimple root o =
o1 + a2 and the diagram automorphism ¢ with o(1) = 2,0(2) = 1. Then x,
xX1X2 —q12x2x1 and F7(xg) = x2X1 —g21X1X2.

Finally we note

LEMMA 7.6. Let @ = 9(T, (gi)1<i<6> (Xi)1<i<6 (@ij)1<i, j<0) be a datum
of finite Cartan type and assume (7.6). Then forall 1 <i,j <0,i # j, gi # gj or
Xi # Xj-

Proof. Assume there are i # j with g; = g;, xi = ;. Then ¢;; = g;j, and
. ” . _ . 2-aj;
qizi = qfi” = qfl.’ ". Hence in contradiction to our assumption we have ¢;; %=1

for a;; € {0, —1,—2}, and ¢}/ " =1 for a;; = 3. 0O

12

We can now prove Theorem 7.2:

Proof. Assume that there is a Hopf algebra isomorphism
F:A=u@ XN, u)y—>A=u@,A,un).

Then F preserves the coradical filtration and induces an isomorphism Ay = k[[] =~
Ag = k[I'], given by a group isomorphism ¢ : I'' — T, and by Corollary 5.2 an
isomorphism

A =k[Me P kxjg=a=klNe P kxzg.

g’el’, gerl,

1<i<@’ 1<i<#
Hence it follows from Lemma 7.6 (see [AS00, 6.3]) that § = §’, and that there are
a permutation ¢ € Sy and elements 0 £ s5; € k, 1 <i < 6 such that (7.1) and (7.2)
hold, and F(x]) = si x4 (;) forall 1 <i < 6. Then Lemma 7.3 implies (7.3), and
F([x], x]’.]c/) = 5iSj[X5(i)> Xo(j)lc forall 1 <i < 6. Now (7.4) follows from the
linking relations.

To establish (7.5) we fix a connected component J of %, and we identify J
and J' = o~ 1(J) with the index set {I,...,0;} of the corresponding standard
Cartan matrix. Then the restriction of o to J’ becomes the diagram automorphism
oy. Let V; € Y% with basis x; € (Vy)&,i € J, and V} € L,%% with basis
X, € (V})g,i € J. Let f;/ : V7 — Vj be the map of Theorem 7.5 for % and
Vj instead of 9% and V.

We define linear maps f : V; — Vy,x! = siXg), 1 <i <6y, and f :
Vi = V§.xi — six;’,1 <i <0y. Then f; = f]’ f;. The maps f; and
f are I''-linear and I"-colinear, where the action of I'" on V; and the coaction
of ' on V) are defined via ¢. Hence by (7.1)—(7.3) they induce algebra maps

Fj: R(%}) - R@y) and F; : R(@',,) - R(2%’), and Fy = Fj’ F}. By
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Theorem 7.5 we then obtain for any o € <I>‘}'

N N N, N.
(7.7) Fyx)™ =sg’ F7  (x3/)Y =557 Zfé’,qJ,aJZ“-

a

The canonical maps
w7 R@y) = u(@,A,pn) and 7y : R(D';) = u(@', 1, 1)

map root vectors to root vectors. Since Fry = wy Fy, we see from (7.7) that for
alla € ®F

N N
Frp('y!)=a,Fr(x'y’) =87y 18, o u(w).
a

On the other hand x’(]xVJ =u'o (1) in u (@', A, u’); hence

Frp ('Y = o)),

and (7.5) follows.

It is easy to see that conversely any isomorphism (¢, o, (s;)) defines an iso-
morphism of Hopf algebras, and that two such triples coincide if they define the
same Hopf algebra map. O

We remark that the situation greatly simplifies if the diagram automorphism
oy in Definition 7.1 is the identity. This happens in particular if the Dynkin diagram
of (a;j)i,jes is not of Type A, D or Eg. In this case it follows from the inductive
definition of the uy(u) that (7.5) is equivalent to

(7.8) why = 5N 1y forall a € @F, J € X.
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