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Abstract

Let w = w(xq,...,X4) # 1 be a nontrivial group word. We show that if G is a
sufficiently large finite simple group, then every element g € G can be expressed as
a product of three values of w in G. This improves many known results for powers,
commutators, as well as a theorem on general words obtained in [19]. The proof
relies on probabilistic ideas, algebraic geometry, and character theory. Our methods,
which apply the ‘zeta function’ {g(s) = ZXGMG x(1)™%, give rise to various
additional results of independent interest, including applications to conjectures of
Ore and Thompson.
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1. Main result

A classical result in Number Theory, which goes back to Lagrange, states that
every positive integer is a sum of four squares. Results for some larger powers
were obtained, culminating in Hilbert’s celebrated solution to Waring’s Problem,
showing that every positive integer is a sum of f(k) kth powers, where f is a
suitable function (see, for instance, [26]).

Are there analogs of this phenomenon for interesting nonabelian groups, such
as symmetric groups, or Chevalley groups? We are interested in situations where
every group element can be expressed as a short product of elements in the image
of a given word map.

To make this precise, let w = w(xy,...,xg) be a nontrivial group word,
namely a nonidentity element of the free group F; on x1,...,xz. Then we may
write w = xfl'x?; ---xgck where i; € {1,...,d}, n; are integers, and we may
assume further that w is reduced. Let G be a group. For g1,..., g4 € G we write

ny _np

wigr,....8a) =g} ' g & €G.

k

Let
w(G) ={w(g1,...,84): &1.---.84 € G}

be the set of values of w in G. For subsets A, BC G let AB={ab|ac A,be B}
and AK = {a;---ay | a; € G}.

Fix a nontrivial group word w and let G be a finite simple group. If G is
large enough then it follows from Jones [15] that w(G) # {1} (namely w is not
an identity in G). Can we then find a constant ¢ (which may depend on w but
not on G) such that w(G)¢ = G? This is equivalent to the verbal subgroup of
the Cartesian product of all finite simple groups generated by values of w being a
closed subgroup.

Various instances of this problem were considered in the past decade or two. For
w(x1, x2)=[x1,x2]= xl_lxz_ 1x1x7, the commutator word, it was shown by Wilson
[34] in 1994, using methods of mathematical logic, that indeed w(G )€ = G for some
absolute constant c¢. In 1996—7 Martinez and Zelmanov [25], and independently
Saxl and Wilson [31], solved the problem for the power word w = xllC . It follows
from their result that every element of a large enough finite simple group is a product
of f(k) kth powers.

Arbitrary words are dealt with by Liebeck and myself in [19]. Indeed we show
in 2? there that for every word w there is a positive integer ¢ = c(w) such that
if w(G) # {1} then w(G)¢ = G. The purpose of this paper is to obtain a much
stronger result. We show that, for large G, the constant ¢ above does not depend
on w, and is in fact a surprisingly small number.
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THEOREM 1.1. Let w # 1 be a group word. Then there exists a positive integer
N = N(w) such that for every finite simple group G with |G| > N(w) we have
w(G)? =G.

In fact for finite simple groups G of Lie type we prove even more: if wy, wp, w3
are any three nontrivial group words, then w; (G)w2(G)ws(G) = G provided |G|
is large enough (see Theorem 6.6 below). These results are new even for the
power words, which have been studied extensively in connection to Burnside type
problems.

Commutator words have also been studied extensively in these contexts, also
for profinite groups. Around 30 years ago Serre showed that in a finitely generated
pro-p group G, every element of the commutator subgroup G’ is a bounded product
of commutators. This has been extended by many authors, culminating in Segal’s
proof of a similar result for finitely generated prosolvable groups [32], and in
the proof of Nikolov and Segal [28], [29] for finitely generated profinite groups
in general. See also Nikolov [27] and the references therein for the concept of
commutator width and related positive and negative results.

We note that Theorem 1.1 does not hold for finite groups G in general, even
not in the sense of w(G)/ @) coinciding with the verbal subgroup generated by
w, where f depends on the word w and the minimal number of generators n of G.
However, this latter statement does hold for certain (so called locally finite) words w,
as established by Nikolov and Segal in [28] and [29]. This fact then enables them
to show that any finite index subgroup of a finitely generated profinite group is
open. It is still unknown whether every product of kth powers in a n-generated
finite group can be expressed as a product of f(k,n) kth powers.

Let us now describe the strategy of the proof of Theorem 1.1. The main tools
involved in the proof are algebraic geometry, character theory, and probabilistic
ingredients.

In the first stage of the proof we rely on a result of Borel [2] that a word map
is a dominant map at the level of simple algebraic groups, and consequences proved
by Larsen in [17] showing that word maps have large image in finite simple groups.
Combining these results with some extra-arguments we are able to show that if w is
a nontrivial group word, and G is a large finite simple group, then w(G) contains
a ‘large’ conjugacy class Cy, of G (for example, a conjugacy class of a regular
semisimple element in some cases).

In the next stage of the proof we use a probabilistic approach. Given a group
word w # 1 we consider the large class Cy, found inside w(G), and study the
random variable y = yjy2y3 where y; € Cy, are randomly chosen (with uniform
distribution).

At this point character theory comes into play. To understand its relevance
here, let G be a finite group, g € G, and let C; = xl.G (i =1,...,k) be conjugacy
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classes. Let Pc, ... c, (g) denote the probability that yq --- yx = g where y; € C;
are randomly chosen. It follows from a classical result (see e.g. [33, §7.2], or [1,
10.1, p. 43]) that

-1

M Per,.ci@) =G Y AR )
x€lr G X (1)

Unfortunately, in most cases we do not have the full character table of G at
our disposal, and it is impossible to compute the right-hand side of (1). However, in
our case, where k = 3 and C; = Cy,, the large conjugacy class found inside w(G),
we are able to show that the main term in (1) comes from the trivial character y = 1,
and the contribution of the other terms is marginal.

The main tools in showing this are general character theory (see [14]), the
Deligne-Lusztig theory of characters of Chevalley groups [23], and the recent work
[22] on the ‘zeta function’

o)=Y x~*

x€lr G

encoding character degrees. More specifically, we use the fact (established in [22])
that there is an absolute constant ¢ such that every finite simple group G has at most
cn irreducible representations of degree n, and closely related results on g (s).

At this stage it follows that the random variable y defined above is almost
uniformly distributed in the /o-norm. In particular, for large enough G, y attains
all values g € G, and so

w(G)}2C =G,

completing the proof of our main result.

While we focussed above on the proof for groups of Lie type, which is the more
challenging task, it is intriguing that even the proof of Theorem 1.1 for alternating
groups A, is not elementary, in that it relies implicitly on algebraic geometry via
[17], as well as on [1] and on the Erdés-Turdn theory of random permutations. It
would be interesting to find out whether a purely combinatorial proof of Theorem
1.1 for alternating groups exists.

2. Intermediate results

In the course of the proof of Theorem 1.1 we establish a variety of results of
independent interest, which we state in this section. These are related to short prod-
ucts of conjugacy classes in finite Chevalley groups, and the probability distributions
they induce.
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We use the notation of the previous section. In particular, for conjugacy classes
C1,.C2,C3 C G, and for g € G, Pc, c,,c5(g) is the probability that g = y1y2y3
where y; € C; is chosen at random (with respect to the uniform distribution on C;).

Recall that an element x of a finite group G of Lie type is called regular if its
centralizer in the corresponding algebraic group G has minimal dimension, namely
rank(G). We say that x is semisimple if its order is not divisible by p, where p is
the defining characteristic of G.

By o(1) we mean a function of |G| alone, which tends to zero as |G| — oo.

THEOREM 2.1. Let G be a finite simple group of Lie type, and let C1, C3, C3
be conjugacy classes of regular semisimple elements in G. Then

Pc,.cr.c(8) = (1 +0(1)|G| ! forall g € G.

This theorem shows that Pc, c,,c; is almost uniform in the /oo-norm. This
seems to be the first result of this kind for groups of Lie type. For alternating groups
Ay, and certain so called almost homogeneous classes Cy, Ca, C3 C Ay, it is shown
in Theorem 1.14 of [20], that Pc,,c,,c; is almost uniform.

Theorem 2.1 is best possible in the sense that it does not hold for a product of
two classes C1, Cy. Indeed, to begin with, 1 may not lie in C1C,. But even when
1eCiCy (so Cy = Cl_l) it is clear that, fixing x1 € Cy, we have Pc, c,(1) =
|C1]7! = |G|71|Cg (x1)|, which is much larger than |G| 1.

Theorem 2.1 has the following immediate consequence.

COROLLARY 2.2. There exists an absolute constant ¢ such that, if G is a finite
simple group of Lie type, and Cy,Cy,C3s C G are conjugacy classes of regular
semisimple elements of G, then C1C2,C3 = G provided |G| > c.

As already noted, this need not hold for two classes Cq, C».

It has been shown by Malle, Saxl and Weigel (see Theorem 2.11 of [24]) that
if G is a finite simple classical group which is not an orthogonal group in even
dimension, then G has a conjugacy class C with C3 = G.

As an application of Corollary 2.2 we obtain the following.

COROLLARY 2.3. Every large enough finite simple group G has a conjugacy
class C such that C3 = G. Moreover, if G is of Lie type, then any conjugacy class
C of a regular semisimple element will do.

For some particular classes of regular semisimple elements, namely those
in split tori, it has been shown by Ellers and Gordeev that C;C, 2 G \ {1} (see
for example Theorem 1 in [5]). However, the behavior of C;C; for classes C; of
regular semisimple elements outside split tori is much less understood (see Gow
[11] for interesting partial information).

Let G,(gq) denote a finite simple group of Lie type of rank r over the field
with g elements. Here r is defined to be the rank of the ambient simple algebraic
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group, unless we deal with Lie types 2B5,2 G, or 2 Fy, in which case r = 1, 1,2
respectively.

Note that if x € G = G,(q) is regular then |Cg(x)| ~ ¢” (up to multiplicative
constants). In fact our methods enable us to extend Theorem 2.1 for a much larger
family of conjugacy classes, provided G has large rank. This extension is essential
for a whole range of applications (including our main result).

THEOREM 2.4. For every € > 0 there is a number r1(¢) such that if G = G, (q)
where r > r1(¢), C1, Ca, C3 C G are conjugacy classes of elements x1, x2,x3 € G

satisfying

|Cq(x1)]-|Cq (x2)]-|Cq (x3)] < g9,
Then

Pc,.Co.c5(g) = (14+0(1)|G| ™! forall g € G.

Remark. In fact our proof shows that the conclusion of Theorem 2.4 holds
under the somewhat weaker assumption that

C6 (x1)| |C6 (x2)| [C6(x3)]/g*~° =0,
and that r is larger than some absolute constant.

COROLLARY 2.5. For every € > 0 there is a number ry(g) such that if G =
G,(q) where r > r3(g), C1,Ca,C3 C G are conjugacy classes of elements x1,
X2, x3 € G satisfying

Ce(x1)|C (x2)]|-|Co (xa)] = 4“7,
Then
C1C2C3 =G.
In particular, if C is a conjugacy class of an element x € G satisfying |Cg(x)| <
q@3=7" then C3 = G, provided r > r3().

Remark. The conclusion of Corollary 2.5 holds whenever r > ¢ and

|Cq (x1)]|Cq (x2)| |Cg(x3)| <8-4*C,
where ¢, § > 0 are certain absolute constants.

Our proof of Theorems 2.1 and 2.4 relies heavily on character theory.

Let us now consider conjugacy classes of randomly chosen elements. It is
shown in Theorem 1.12 of [19] that there exists an absolute constant ¢, such that if
G is a finite simple group, and x € G is chosen at random, then we have (x%)¢ = G
with probability tending to 1 as |G| — co. Here we are able to improve this, showing
that ¢ = 3 will do. The exponent 3 is best possible here.

THEOREM 2.6. Let G be a finite simple group, and let x € G be chosen at
random. Then the probability that (x©)? = G tends to 1 as |G| — oc.
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Note that in [3] it is shown that a random conjugacy class C of the alternating
group A, satisfies C* = A, with probability tending to 1.

For more background on products of conjugacy classes in finite simple groups,
see [1], [19], and the references therein.

Results 2.3, 2.5 and 2.6 above all show that the cube of large (or random)
conjugacy classes in G is the whole of G. Our next result deals with smaller
conjugacy classes, and shows that their cubes are also large in some sense.

THEOREM 2.7. For every & > 0 there is € > 0 such that, if G is a finite simple

group, and C C G is a conjugacy class of size at most |G| 1=8  then

|C3| > |C|1+8.

In fact for groups of Lie type of bounded rank we obtain an expansion result
for C2 (see Proposition 10.4 below).

Finally, we apply our methods to study longstanding conjectures by Ore and
by Thompson. Ore conjectured that every element of a finite simple group is a
commutator [30]. Thompson conjectured that every finite simple group G has a
conjugacy class C such that C? = G.

Both conjectures have been proved for alternating groups, and for groups of
Lie type over fields with more than 8 elements [5]. A full proof of these conjectures
still seems out of reach.! Of course, Theorem 1.1 shows that in every large finite
simple group all elements are products of three commutators. Using properties of
the function (g (s) established in [22] we improve this as follows.

THEOREM 2.8. Let G be a finite simple group, and let x1, X3, x3,x4 € G be
randomly chosen. Then, for every g € G,

Prob([x1, x2][x3, x4] = g) = (1 +0(1))|G|".

In particular, there exists an absolute constant ¢ such that if G is a finite simple
group of order at least c then every element of G is a product of two commutators.

We also show that almost all elements of a finite simple group G satisfy the
conjectures of Ore and Thompson in the following sense:

THEOREM 2.9. Let G be a finite simple group.
(1) Let Com(G) denote the set of all commutators in G. Then

|Com(G)|/|G| — 1as |G| — oo.
Moreover, there is an absolute constant ¢ such that, if G = G,(q), then

|Com(G)| > (1 —cq?")|G|.

1 Footnote added in proofs: The Ore conjecture has recently been proved by Liebeck, O’Brien,
Tiep and myself.



1390 ANER SHALEV

(i) There exists a conjugacy class Cg in G such that
|Cé|/|G| — las |G| — .
Moreover, there is an absolute constant ¢ such that, if G = G,(q), then
IC&l = (1—cq™)IG].

Our methods also yield results for longer commutators. For d > 2 the d-fold
commutator [x1, ..., xy] is defined by induction as [[x1,...,x7_1], xz]. We study
the property of being a d-fold commutator for all d simultaneously.

THEOREM 2.10. Let G be a finite simple group.

(1) The probability that a randomly chosen element g € G is a d-fold commu-
tator for all d > 2 tends to 1 as |G| — oo.

(ii) There exists an absolute constant ¢ such that if |G| > c then every element
of G is a product of two elements of G which are d-fold commutators for all d > 2.

This paper is organized as follows. In Section 3 we prove the main results
for alternating groups. Section 4 deals with characters of finite simple groups of
Lie type, establishing a technical result (Theorem 4.1) which is a main tool in this
paper. In Section 5 we apply this result and prove results 2.1-2.6 for groups of
Lie type. Corollaries 2.3 and 2.5 are then applied in the proof of Theorem 1.1,
which is carried out in Section 6. In Section 7 we establish ‘expansion’ for powers
of arbitrary conjugacy classes, and prove Theorem 2.7. In Section 8 we examine
probability distributions induced by group words w and their products using a
noncommutative Fourier transform, and deduce that they are almost uniform in
some cases. Section 9 is devoted to the proof of Theorems 2.8-2.10. Finally, in
Section 10, some open problems and examples are presented.

I am grateful to Roman Bezrukavnikov and Michael Larsen for interesting
discussions, and to the referee for valuable comments.

Notation. For a group G and x € G we let xC denote the conjugacy class of x in
G. Let k(G) denote the number of conjugacy classes of G. A normal subset of G is a
subset closed under conjugation by the elements of G (namely a union of conjugacy
classes). By G,(q) we denote a finite simple group of Lie type, of rank r over the
field with g elements. Irr G stands for the set of irreducible complex characters of
G (so | Irr G| = k(G)). For g € G we set R(g) = max-yerrG X(8)/x(1).

If Cq,...,Ck are conjugacy classes in G, we denote by Nc¢,.... c.(g) the
number of solutions to the equation yq --- yx = g where y; € C;. We let Pc, ... c
denote the corresponding probability distribution on G, so that Pc,, . c,(g) =
Nc,,...c,. (g)/(|C1|---|Ck]) is the probability that y; --- yx = g when y; € C are
randomly chosen.
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Given a group word w = w(xy,---,xgz) and a finite group G we let w(G)
denote the image of the word map from G to G induced by w. This is clearly a nor-
mal subset. Moreover, w(G) is characteristic (invariant under automorphisms of G).
We denote by Ny, g (g) the number of solutions to the equation w(xyq,...,x7) =g
in G. We let Py, ¢ be the corresponding probability distribution on G, so that, for
g€G, Pyg(g) = Nw,G(g)/|G|d'

We say that words u, v are disjoint if their subsets of variables are disjoint.
For a word w and k > 1 we let w* denote a product of k disjoint copies of w (each
with its own set of variables).

Let Ug denote the uniform distribution on G. Given distributions P, Q on G,
we define their /-distance by

[P —OQlloo = |G| -max |P(g) — O ()l
geiG
Finally, following [22] we set
to()= Y x(O~*,

x€lrG
where G is a finite group and s > 0. This finite analogue of Witten’s ‘zeta function’
encoding representation degrees of compact Lie groups [35] plays a major role in
this paper.

3. Alternating groups

In this section we prove Theorems 1.1 and 2.6 for alternating groups A,. The
proof of Theorem 2.7 for A, is included in Section 7.

We denote the number of cycles (including 1-cycles) in a permutation o € Sy,
by cyc(o).

LEMMA 3.1. Let C be a conjugacy class in S, and let 0 € C. Suppose
cyc(o) <n/2. Then C3 = 0A,.

Proof. By aresult of Dvir ([1, Ch. 3, p. 219, Th. 10.2)] if cyc(o) < (n +1)/2,
and o is not a fixed-point-free involution, then C3 = 0/4,. Our assumption on
cyc(o) implies the two conditions above, and so the conclusion follows. O

LEMMA 3.2. Let w # 1 be a group word, and let ¢ > 0. There is a function
f such that if n > f(w, &) then w(A,) contains an Sy-conjugacy class C of an
element o with cyc(o) < n®.

Proof. We apply Larsen’s paper [17]. It follows from the proof of Proposition 8
there, that for every § > 0 and large enough 7, the set of values w(A,) of w contains
an element with at most n’ logn cycles. Taking § = ¢/2 and n large we obtain
o € w(Ay,) with cyc(o) < nt.
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Since the set w(Ay) is characteristic, it contains the S, -conjugacy class of o.
The result follows. O

We conclude that, for large n (say n > N(w)), the set w(A,) contains an
Sy-class C of an element with less than n/2 cycles, and hence C 3= A4, and so
w(Ay)3 = Ap. This proves Theorem 1.1 for alternating groups.

We conclude this section by proving Theorem 2.6 for alternating groups.

LEMMA 3.3. Let 0 € A, be chosen at random.
(1) The probability that cyc(o) < 2logn tends to 1 as n — oo.

(ii) The probability that 64" = 5 tends to 1 as n — oo.

Proof. The proof relies on the Erd6s-Turdn Theory of random permutations.
By [6, (2.2), p. 176], for any & > 0, the probability that o € S, satisfies

(1—¢)logn <cyc(o) < (1+¢)logn

tends to 1 as n — oo. Of course a similar result follows for A,,. This proves part (i).

For part (ii) we use Theorem VI of [7], showing that the probability that o € Sy,
has no cycles of length ay, .. ., as is at most (al_1 +... +as_1)_1. Letting a; be all
the even numbers up to n, we see that the probability that o € S, has only cycles
of odd length tends to 0 as n — oco. A similar result follows immediately for A,.
We deduce that the probability that 047 = o7 tends to 1 as n — oo. O

It follows from Lemma 3.3 that for almost all o € A, we have cyc(o) <n/2
and o4n = ¢S7_ This fact, combined with Lemma 3.1, show that, for random
o € Ay, the probability that (647)3 = A4, tends to 1 as n — oco.

Theorem 2.6 is proved for A,,.

4. Character theoretic preparations

Our proofs for groups of Lie type rely heavily on character theory. In this
section we set the required machinery.
For a group G and elements x1, ..., xx € G, define

JiEvED

EG.x1.....x0)= Y x(1)

1#xelr G
The main result of this section is the following.

THEOREM 4.1. Let G be a finite simple group of Lie type.

(1) Suppose x1, x2, x3 € G are regular semisimple elements and G # PSL;(q).
Then E(G, x1,x2,x3) > 0 as |G| — oc.

(ii) For each & > 0 there is r1(€) such that, if G = Gr(q), r > r1(e), k > 1,
X1,...,Xr € G, and 1—[{;:1 |Ce (x;)] < W97, then E(G,x1,...,x;) = 0 as
|G| — 0.
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Remarks. 1. We note that, under the assumptions of part (i), we also have
E(G,x1,x2) = 0 and E(G, x1) — 0 (the proof is similar and somewhat easier).

2. Part (ii) above is applicable for kK = 2, 3 (since by [8] there is an absolute
constant ¢ > 0 such that |Cg (x)| > cq” /logq for all x € G,(q)).

In this paper we mainly use it for k = 3, so we shall assume this in the proof
below. The case k = 2 can be proved in a very similar manner.

3. A version of part (ii) for k = 1 is stated and proved at the end of this section
(see Proposition 4.7 below).

4. It will be clear from the proof of Theorem 4.1 that that the conclusion of
part (ii) holds whenever r exceeds some absolute constant and

Co el [Ca (x2)]|Ca (x3)|/4*~ — 0.

To prove Theorem 4.1 we need a few results. First we quote Theorem 1.1 of
[22], which plays a major role in this paper.

THEOREM 4.2. Let G be a finite simple group, and for a real number s let
§6(s) =X yema (D77

1) If s > 1 then {g(s) — 1 as |G| — oc.

(i) If s > 2/3 and G # PSL,(q) then {g(s) — 1 as |G| — oo.

We also need the following.

LEMMA 4.3. There are positive constants c1, cp such that if G = G,(q) then
() x(1) > c1q” forall 1 # y € ir G, and
(ii) k(G) = c2q".

Proof. Part (i) follows from work of Landazuri-Seitz [16] and (ii) from work of
Fulman-Guralnick [8] (see also Liebeck-Pyber [18] for the case when r is bounded).
O

LEMMA 4.4. Let G = G,(q) be a finite simple group of Lie type, and let x € G
be a regular semisimple element. Then there is a number ¢ = c(r), depending on r
but not on q, such that

x| =c
forall y elirG.

Proof. This follows from the Deligne-Lusztig theory, see [23], and formula
4.26.1 in particular. O

LEMMA 4.5. Let G be a finite group, and N > 0. Then

) X x(2)x(x3)| _ (1€ (xD[C6 (x2)] |CG(X3)|)1/2.

x€lrG,x(1)>N X(l) N
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Proof. By the generalized orthogonality relations (see Isaacs [14]) we have

D )P =ICa (xi)l.

xelrG

In particular | y(x1)| < |Cg(x1)|Y/2 for all .

Clearly
|x(x1) x(x2) x (x3)] -
> O <N7NCeeDI? Y Ix(x2)x(x3)l.
x€lrG,x(1)>N X xe€lr G

Now, by Cauchy-Schwarz inequality we have,

1/2 1/2
PVEDVEDIE= (Z |x<x2)|2)) (Z |x(x3)|2)
X X X

< |Ce (x2)|?|Cq (x3)['/2.
The result now follows from the two inequalities above. O

LEMMA 4.6. Let G = G,(q) be a finite simple classical group. Then Irr G has
a subset W of so called Weil characters with the following properties:

@ Wl=q+1

(i) Ifx € G and |Cg(x)| < g™ then |x(x)| < q*/’m where b is some absolute
constant.

(i) If y e irG \ W and r > 5 then y(1) > cq? =3 where ¢ > 0 is some
absolute constant.

Proof. This follows from the discussion in Section 6 of [21] (see Lemma 6.1
and Lemma 6.2 in particular). O

We note that the set W is sometimes empty, but the lemma still holds in these
cases.

Proof of Theorem 4.1. We first prove part (ii) (with k = 3). So we assume
G = G,(q) is classical and x1, x2, x3 € G satisfy

3
[]ICeGI =g

i=1

Let W be the set of Weil characters of G. Set
(x1) x(x2) x(x3)
E1(G.x1.x2.x3) = Y ) x|

and e x(1) ’
Ex(G.x1,x2.x3)= . |X<xl)x(xlz)x(x3>|'
1A EW x(1)

Then E(G, x1, x2, x3) = E1(G, x1, X2, x3) + E2(G, X1, X2, X3).
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By our assumptions |Cg(x;)| < ¢*" (in fact better bounds can be easily
deduced), and so Lemma 4.6(ii) yields |y (x;)| < ¢V* 0 fori = 1,2, 3. We also
have y(1) > c14" for all nontrivial y € Irr G by Lemma 4.3(i). Therefore

Ei(G,x1,x2,x3) < D V¥ /(1) < W1V f(erg").
XEW

Since |W| < g + 1 we obtain

E1(G. X1, x2,X3) < cpq3V4r+b=0=1),

It follows that for r sufficiently large (larger than some absolute constant) we have
E1(G,x1,x2,x3) > 0as |G| > co.

Now, if 1 # y & W, and r > 5, Lemma 4.6(iii) yields y(1) > N, where
N = [cq? 73]. By Lemma 4.5 we obtain

E>(G, x1,%2,x3) < N~H(|Co(x1)] [C6(x2)| |Ca (x3)]) /2.
Using our assumptions on |Cg (x;)| this yields
E>(G.x1,X2.x3) < c3g~ @V (qUWN) /2 = g~ Cr=3+Cme/2r,

Therefore

Ea(G, x1,x2,x3) < c3q~¢"/2F3,

We conclude that, if r > 6/¢ and ¢ or r tend to infinity, then E>(G, x1, X2, X3)
tends to zero. The proof of part (ii) is complete. Remark 4 following Theorem 4.1
can also be deduced.

Indeed, E1(G, x1,x2,x3) — 0 provided r > ¢, and E»(G, x1, x2,x3) = 0
provided g—(“7—©) ]_[?=1 |Cq(x;)| — 0.

It remains to prove part (i) of the theorem. Since |Cg (x;)| = O(g") for regular
elements x;, part (i) follows from part (ii) for large rank r. Hence, to prove part (i),
we may assume that r is bounded. But then Lemma 4.4 shows that | y(x;)| < ¢ for
some absolute constant ¢ and for all y, and so

E(G.x1.x2.x3)<c> Y x() =) - D).
1#£xelrG
By Theorem 4.2 above we have {g(1) — 1 as |G| — oo, provided G # PSL;(q).
Thus, under the same assumption, E(G, x1, X2, x3) tends to 0. Theorem 4.1 is
proved. O

Remark. Note that G = PSL,(q) is a genuine exception to (i). Here E(G, x1,
X2, Xx3) may be bounded away from zero (e.g. when x; = x» = x3). However,
E(G, x1, x2, x3) is also bounded above in this case (independently of ¢). These
facts can be easily verified using the well known character table of PSL;(g).

For later applications we also need the following variation on Theorem 4.1(ii).
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PROPOSITION 4.7. Let G = G,(q). For each &€ > 0 there is r1(€) such that, if
r>ri(g), and x € G satisfies |Cg(x)| < ¢~ then E(G,x) — 0 as |G| — oco.

Proof. Recall that

|x ()]
EG,x) = .
1¢XXGI:HG x(1)

The proof follows that of 4.1(ii) with some adjustments. First, by Cauchy-Schwarz
inequality we have

D @I = Q] x)P YA G2 = |Co (0)]V2h(G) V2.
x€lr G X
From this it follows that, given a positive integer N, we have

x| |Ce(x)|V2k(G)/?
v 2 (D - N ‘

x€lirG,x(1)>N

Suppose G = G,(g). We adopt the notation of the proof of 4.1. In particular
we set N = [cq?" 3] and write E(G, x) = E{(G, x) + E2(G, x), where

X (0)]
G’ - b
E1(G.x) XEZW ()
and 20|
x(x
E>(G,x)= )
1¢%W (@)

Assuming |Cg (x)] < ¢®®” we then have
E1(G. )| < WIgY¥ P /(1q7) < eaq V¥ TP,
which tends to zero as |G| — oo, provided r is larger than some absolute constant.

Now, for 1 # y € W we have y(1) > N, so using (2) we obtain

|CG(X)|1/2k(G)1/2<f](3_8)r/2(02qr)1/2<
N = 2r—3 =64
cq

Thus E»(G,x) — 0if r > 6/¢. The result follows. O

Ex(G,x) < —er/2+3

Remarks. 1. It follows from the proof above that
E(G,X) — 0(qv3r+b—(r—l) +q3_3r/2|CG(X)|1/2)-

2. This implies that, if » > ¢, and |Cg (x)|/¢3 ~® — 0, then E(G,x) — 0.
We shall also use this version of Proposition 4.7.
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5. Almost uniform distributions, I

In this section we show how the quantity E(G, x1, x», x3) estimated in the
previous section can be used to study the distributions Pc,,c,,c; and their /oo-dis-
tance from the uniform distribution on G. We will show that, for large classes
Ci, Pc,,c,,c; is almost uniform, and prove Theorems 2.1, 2.4, 2.6, and related
corollaries.

Let G be a finite group, and let x1, x2,x3 € G. Set C; = xiG. Recall that Ug
denotes the uniform distribution on G.

LEMMA 5.1. With the above notation we have
||PC1,C2,C3 - UG ”OO = E(G’ X1, X2, X3).
Proof. Let P = Pc, c,.c;- Recall that by (1) we have for g € G

3 X(XI)X(XZ)X(XS)X(g_l)'

P(g) =G|}
(8) =G| ()2

x€lr G

Set
¥ X(XI)X(X2)X(X3)X(g_1)‘

Ag) = ()2

1#xelrG

Then since | (g~ )/ x(1)| < 1 we obtain

Z |x(x1) x(x2) x(x3)]

Al = e

= E(G7 x19 x27 x3)'
1#xelr G

We also have
P(g) =G (1 + Ag)).
Thus
[P()—1GI7! < |GITM A < |G| E(G. x1. x2, x3).
Since || P — Ug|loo = |G| maxgeq | P(g) — |G|} the result follows. O

The next result establishes an almost uniform distribution for the random
variable y;y,y3 where y; € C;, for large classes C;.

THEOREM 5.2. Let G = G,(q).
(1) If C1, Ca, C3 are classes of regular semisimple elements in G, then

| Pc,,cr,c3 — UG lloo = 0 as |G| — oo.

(ii) The same holds when C; = xiG i=12,73), ]_[1-3=1 |Cq (x)] < g4,
and r > ri(e).
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Proof. Part (i) follows from Theorem 4.1(i) and Lemma 5.1, provided G #
PSL>(q). Suppose G = PSL;(¢q). For g € G let A(g) be as in the proof above.
Then

| Pcy,cp.c5 — UG lloo = max A(g),
geG

so it suffices to show that A(g) — 0 as |G| — oo.
Suppose first g # 1. Recall that R(g) is the maximal character ratio of g over
the characters y # 1. Thus |y(g)/x(1)| < R(g) for all y # 1, and

IA(g)| < E(G, x1,x2,x3)R(g).

By the character table of G we have R(g) < 2¢~'/2. Since E(x1, x2,x3) < ¢ for
some absolute constant ¢ (see remark after the proof of Theorem 4.1), it follows
that A(g) — 0 as ¢ — oo, provided g # 1.

It remains to show that this also holds for g = 1. In this case

_ x(x1) x(x2) x(x3)
A=) D) ,
x#1

and the fact that A(1) — 0 as ¢ — oo can be easily verified using the character
table of G. This completes the proof of part (i).
To prove part (ii)) we combine Lemma 5.1 with part (ii) of Theorem 4.1. O

Proof of results 2.1-2.5. Theorem 2.1 and 2.4 are parts (i) and (ii) of Theorem
5.2 respectively. The remark after Theorem 2.4 follows from Remark 4 after
Theorem 4.1.

Corollaries 2.2, 2.3 and 2.5 also follow. Indeed, we choose G large enough so
that || Pc,,c,,c; —Uclloo < 1. Then Pc, c,,c;(g) > 0 forall g € G, so C1C2C3
= G. The remark following Corollary 2.5 follows from Lemma 5.1 and previous
remarks. O

To prove Theorem 2.6 we need the following.

LEMMA 5.3. Let G be a finite group and let x € G be chosen at random. Then,
for each number N > 0, the probability that |Cg(x)| < N is at least 1 —k(G)/N.

Proof. Let S ={x € G :|Cg(x)| > N}. Then for x € S we have |[x9| <|G|/N.
Now, S is a normal subset, which splits into at most k(G ) conjugacy classes. Hence
|S| < k(G)|G|/N. We see that |Cg(x)| = N holds with probability at most
k(G)/N. The result follows. |

COROLLARY 5.4. Let G = G,(q), and let oo > 0. Then the probability that
|Cq(x)| < ¢ s at least 1 — cq™*" for some absolute constant ¢ > 0. In
particular, this probability tends to 1 as |G| — oo.

Proof. This follows from the lemma above, using the inequality k(G) < c2q”
(see Lemma 4.3 above). O
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We also rely on the following result of Guralnick and Liibeck [12].

LEMMA 5.5. There exists an absolute constant a such that the number of
regular semisimple elements in G = G,(q) is at least (1 —aq™")|G]|.

Hence for ¢ — oo most elements of G are regular semisimple (but this is not
the case when ¢ is bounded).

Proof of Theorem 2.6. It remains to prove the theorem for G = G,(q) of Lie
type. Let |G| — oo and let x € G be chosen at random.

Suppose first that » > r»(1/4), where r» is the function in the first assertion
of Corollary 2.5. Then, if |Cg(x)| < ¢°"/* we have |Cg(x)|? < ¢*~ V47 and so
Corollary 2.5 shows that (x%)? = G.

Combining this with Corollary 5.4 yields

Prob(()cG)3 = G) > Prob(|Cg(x)| < qsr/4) > l—cq_r/4,

which tends to 1 as |G| — oo.
So suppose now that r < r1(1/4). In particular, since |G| — oo we have
q — 0. By Corollary 2.3

Prob((xG)3 = G) > Prob(x is regular semisimple) > 1 —ag ™!,

where the last inequality is Lemma 5.5. We see that in this case too Prob((x¢)3
= G) — 1. The result follows.

In fact our arguments show that for some absolute constants @, » > 0 we have

Prob((x9)? =G) > 1 —aq?". O

6. Proof of main result

We now turn to the proof of Theorem 1.1. Fix the word w # 1, and let
G = G,(gq). We first quote Proposition 7 of Larsen [17] whose proof relies on
algebraic geometry and the Larsen-Pink method.

LEMMA 6.1. Given a positive integer r and a group word w # 1 there is a
positive constant ¢(r, w) depending only on r and w such that

[w(Gr (@) = c(r,w)|Gr(g)].
We can now deduce the following.

LEMMA 6.2. If r is bounded and q is large enough, then w(G,(q)) contains a
regular semisimple element.

Proof. Combining Lemmas 6.1 and 5.5 we see that, if ¢ is sufficiently large (so
that ¢(r, w)+1—ag~! > 1), then w(G) must intersect the set of regular semisimple
elements of G. U
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To handle groups of unbounded rank, we may restrict to classical groups. Here
it is convenient to deal with quasi-simple groups which are covers of the finite
simple classical groups.

LEMMA 6.3. Consider the natural embedding ¢ : SL(q™) — SLoy, (q). Then
if m > N(w) there exists x € w(SLz(qg™)) such that ¢(x) is regular semisimple in
SLom(q).

Proof. Using the fact that |w(SL2(g™))| > 8¢>™ for some fixed § > 0 and all
large m, it follows as in [17] that for every ¢ > 0 and m > f(w, &) there is a regular
semisimple element x € w(SLy(¢™)) whose order is at least (¢”*)'~¢. We use this
for e = 1/4.

Let y = ¢(x) € SLa;u(g). Then y is semisimple and we claim it is regular.
To see this, note that y has a conjugate z € SLy,,(¢) which can be written with
Jordan blocks A; € GL4, (¢) on the diagonal. Since y is in the image of SL>(¢™),
all these Jordan blocks have the same size d; = e, where e divides 2m. In this case
we see that the order of y divides g€ — 1.

This yields e > m(1 — &) = 3m/4. It follows that e = 2m or e = m. In the
first case z consists of a single Jordan block, and so is regular. In the second case z
consists of two Jordan blocks A1, A, which must be distinct (since x is regular in
SL,(¢™)), so again z is regular, and so is y. |

PROPOSITION 6.4. Let w be a nontrivial group word. There is an absolute
constant ¢ and a number r1(w) such that if G = G,(q) is a finite simple classical

group of rank r > ri(w), then there is an element x € w(G) satisfying |Cg(x)| <
+c
q e

Proof. 1t suffices to show this for the natural quasi-simple covers G of the
simple classical groups G,(q), since the result for the projective groups G/ Z(G)
would easily follow.

Note that the method of [17] for dealing with classical groups of large rank
uses embeddings of alternating groups and produces elements of centralizer order
o ] +8) which is not sufficiently small for our purpose here.

Instead we shall use embeddings of SLy over larger fields to get elements with
much smaller centralizers.

If G = SL,(g) where n = 2m is even, then Lemma 6.3 shows that, for m
large, w(G) contains a regular semisimple element. Note that, if n = 2m + 1, then
the regular semisimple element constructed inside SLy,,(¢) < SLasm+1(g) remains
regular in SLy,,+1(¢) (having an extra 1 on the diagonal).

For the other types of classical groups we use natural embeddings of SL,(¢)
as follows:

SLn(q) < Spy,(q),
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SLx(gq) < SOn,n(‘]) <S02,+1(q) < SOn+2,n(‘])’
SLn(q) <SUzx(q) < SUzp+1.

It is easy to verify that if x € SL,(g) is a regular semisimple element and G
is one of the classical groups in which SL,(¢) is embedded as above, then we have
|Cg (x)| < q"+¢ where r is the rank of G and c is a small constant. Thus the regular
semisimple element x € w(SL,(q)) € w(G) satisfies the required conclusion.

The result follows. U

In fact for our purpose it is convenient to use the following weaker version of
Proposition 6.4.

COROLLARY 6.5. Let w be a nontrivial group word. There is a number ri(w)
such that if G = G(q) and r > r1(w), then there is an element x € w(G) satisfying
ICo(x)] < /4.

We can now prove the following.

THEOREM 6.6. Let wy, wy, w3 # 1 be group words. Then there exists a
number N = N(w1, wa, w3) such that, if G is a finite simple group of Lie type of
order at least N, then w1 (G)w2(G)w3(G) = G.

Proof. Let ry, rp be the functions appearing in Corollaries 6.5 and 2.5 respec-
tively. Set
ro = max{ri(w1), r1(w2), r1(w3), r2(1/4)}.

Let G = G,(q). If r > rg then, by 6.5, there are elements x; € w; (G) such that
|Cg (xi)| < ¢3/* fori = 1,2, 3. Corollary 2.5 now yields

w1 (G)wa(G)w3(G) 2 xFxFx¥ = G.

So suppose r < rg. If G is large enough (larger than a constant depending on
w1, wa, w3), then, for i = 1,2,3, w; (G) contains a regular semisimple element
x; by Lemma 6.2. Thus w;(G) 2 xl.G, and Corollary 2.2 yields leszx3G =G
provided |G| > ¢. This implies the required conclusion. O

Proof of Theorem 1.1. This follows immediately from Theorem 6.6. O

7. Class expansion

Results proved in Section 5 show that C3 = G for large conjugacy classes C
of finite simple groups G. In this section we turn our attention to smaller classes
C, showing that C?3 is usually significantly larger than C. In particular we prove
Theorem 2.7.

Our main tool is Theorem 1.1 of [19], which we state below.
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THEOREM 7.1. There exists an absolute constant a € N such that if G is a
finite simple group, and C C G is a normal subset of size greater than 1, then there
exists a positive integer k < alog |G|/ log |C| such that C* = G.

From this deduce that a bounded power of a normal subset is fairly large.

COROLLARY 7.2. There exists an absolute constant b € N such that for any
finite simple group G and a normal subset C C G we have

|C?| > min{|C 2, |G|}

Proof. Let a be as in Theorem 7.1. We claim that b = 4a is as required. Let
C C G be anormal subset. We may assume |C | > 1 otherwise the conclusion holds
trivially. We distinguish between two cases.

Case 1. |C| > |G|'/*. Then log |G|/ log |C| < 4, and so by Theorem 7.1 we
have C*% = G so |C?| = |G].

Case 2. |C| < |G|*. We show that in this case |C?| > |C|2. Suppose, by
contradiction, that |C?| < |C|2. Choose k < alog|G|/log|C| such that C¥ = G.
Let m be the upper integral part of k/b. Then

3) G| = |CK| < |(cO)™| < |Cl1m < ((ICP)™ = |C ™,

Now,

k §a10g|G|/log|C|+

k 1
2 2{—+1)=—+2 2=—-1log|G|/log|C 2.
m< (b—l— ) 2a+ 2 2og| |/log|C|+

Our assumption on |C| yields log |G|/ log |C| > 4, and so

1

Elog |G|/log|C|+2<1log|G|/log|C]|.
It follows that 2m < log |G|/ log |C |, which means that |C|?>™ < |G|. This contra-
dicts inequality (3) above. The result follows. O

We also need a recent lemma due to Helfgott.

LEMMA 7.3. Let b > 2 be an integer. Let A be a finite subset of a group G.
Suppose |AP| > |A|* 8 for some § > 0. Then |A3| > |A|*+€ where & > 0 depends
only on b and 6.

Proof. This follows easily from Lemma 2.2 of [13] and its proof. O
We can now prove

THEOREM 7.4. For every § > 0 there is € > 0 such that for any finite simple
group G and a normal subset C C G satisfying |C| < |G|*~% we have

3= |C|'Fe.
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Proof. We may assume § < 1, otherwise the conclusion holds trivially. By
Corollary 7.2 we have |C?| > |C|2 or |C?| = |G|. Our assumption on |C| yields
|C|2>|C|**% and |G| > |C|* 8. Hence in any case we have |C?| > |C|'*?, and
the required conclusion now follows from Lemma 7.3. O

Proof of Theorem 2.7. This follows immediately from Theorem 7.4. O

8. Almost uniform distributions, II

The idea of the proof of Theorem 1.1 for groups of Lie type was to find a
conjugacy class C C w(G) with the property that the distribution Pc c,c is almost
uniform in the /oo-norm. However, we may consider directly the distribution P,,3 g
associated with a product of three disjoint copies of w and ask whether it itself is
almost uniform. We shall show in this section how properties of the function g
are important in this context too.

A natural machinery to examine this question is the so called noncommutative
Fourier transform. As is well known, Py, ¢ is a class function on G, and as such it
can be expressed uniquely as a linear combination of irreducible characters. For
convenience we write

Pw’G = |G|_1 Z aw’xx,
x€lirG

where ay,, y € C are the so called Fourier coefficients.
Given class functions f1, f> : G — C define their convolution by

(fix )@= Y. fi(g)fa(g2).
8182=8

It is easy to verify, using the generalized orthogonality relations, that, if 1 =) a,x

and f, =) by x then
ayby

x(1)

Now, if u, v are disjoint words, then we have

fix =G| Y XLEXy.
X

Puv,G = Pu,G * Pv,G-

This yields the basic relation

a _ Yu,x%v.x

v,y = X0

P7())

In particular it follows by induction on k that
_ (aw,x)k

“4) Ayk .y = W,
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SO

Purg =lGI7 Y Lt
e T O
x€lr G

Using an inverse Fourier transform we may reconstruct the Fourier coefficients
Ay, as follows.

1 _
Aw.x = 1 51d Z x(w(gi.....ga)7 ),

g1,---84€G

which is the average value of the character y on w(g)~!. In particular we have
ayw,1 =1 for all words w. We note that equation (4) above was derived by Gallagher
in [9].

We can now obtain the following.

PROPOSITION 8.1. With the above notation we have
@) | Pw,¢ —Uglloo < D521 law,xx (D).

. w K
(ii) ”Pwk,G —Uglloo = Z)ﬁél %'
Proof. Fix g € G. Then

|Pu(g) —1GI7! =G|

O awx(9) - 1' =G|
X

Zaw,xx(g)'-

x#1
Thus
|G| }Pw(g)_ |G|_1‘ = Z law,xx(8)] < Z law, x| x(1).
x#1 x#1

This proves part (i). Part (ii) follows by applying part (i) to wk

, using the formula

_ (aw.x)k 0

Gwkx = kT

COROLLARY 8.2. (i) Suppose there is a constant ¢ = c(w) such that for all
x € Irr G we have |ay, x| < c. Then

[ Pyr,g —UGlloo < c1(8g(k—2)—1),

where ¢1 depends on w and k.
(ii) Suppose there are constants € = e(w) > 0 and ¢ = c¢(w) such that for all
x € Irr G we have |ay 5| < cx(1)17¢. Then

[ Pyr.cg —Uglloo = c2(l6(ek —2) = 1),
where ¢, depends on w and k.
Proof. This follows immediately from part (ii) Proposition 8.1. O

Now, if G is a finite simple group, then recent results on its zeta function
{G(s) come into play, and yield the following.
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THEOREM 8.3. Let G be a finite simple group, and w a group word.
(i) Suppose G # PSLa(q) and |ay,y| < c(w) for all y € Irr G. Then

I Py3.g—UGlloo = 0as |G| — oo.

(i) Suppose |ay x| < c x()'7¢ for all y € Irr G, where c, & > 0 depend only
on w. Then there exists a constant k (depending only on w) such that

| Pyr g —UcGlloo — 0 as |G| — oo.
Proof. By Corollary 8.2(i) we have

[1Py3,6 —Uglleo = c1(§c (1) —1).

By Theorem 4.2 we have {g (1) —1 — 0 as |G| — oo, provided G # PSL;(g). This
proves part (i).

Part (ii) is proved using 4.2(i) and 8.2(ii). Indeed, if k > 3/¢, then ek —2 > 1,
hence {g(¢k —2) — 0, and 50 || Pk g — Ug|loc = 0. O

We now apply this general result for some specific words.
COROLLARY 8.4. Let G be a finite simple group. Suppose G # PSL,(q).
Then

”lezx%x_%,G —UgGlloo = 0as |G| — <.

Proof. Given a character y € Irr G let i () be its Schur indicator (see e.g. [14]).
Recall that i (y) = 0 if y is not a real character, and i (y) € {—1, 1} if y is real. By
a classical result of Frobenius and Schur we have

Negl@)= ) iGx@).

x€lr G
This yields the Fourier expansion
) Pog=IGI™" Y i
x€lirG

and so |ax%,X| =i(p| <1.
It now follows from part (i) of Theorem 8.3 that || Px%x%x%,G —Ug|loo — 0 as
|G| — o0 O

Remarks. 1. We claim that G = PSL,(q) is a genuine exception to this result.
To analyze this case write

—1GI1 Z o Xx(g)
x€lir G
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For g # 1 we obtain

GlIPaec@—-16" = Y L& < rgyesm)-1.

5 =
1#xelrG ()

Since {g (1) is bounded, while R(g) < 2q_1/2 tends to zero as ¢ — oo, the
right-hand side above tends to zero. Thus nonidentity elements are obtained with
probability (1 +0(1))|G|~.

However, the behavior of the identity element in PSL,(g) is different. Indeed,
it can be verified from the character table of G that

Z i(((—)i))ahasqeoo,
G

X E€lrr

where 1 = 3/2if g is odd, and & = 2 if g is even. This shows that P, 222 G(l) =
(h4+0(1))|G|™1, and so, as ¢ — oo we have

||P2 3x2.6~ UGlloo > h—1,

which is 1/2 or 1.
2. Product of mth powers for m > 2 can also be analyzed in some cases. For
example, for alternating groups G = A, we can show that

[ Pym.xm 6 —Uglloo = 0 as |G| — oco.

xm'—i-l ?
Since this paper focusses on groups of Lie type we shall not include a detailed
proof.

For groups of fixed Lie type we can show the following.

PROPOSITION 8.5. Fix a group word w # 1 and let G = G, (q) with r fixed
and q — o0o. Then there exists k = k(r) depending only on r such that

| Pk g —UcGlloo — 0 as |G| — oo.

Proof. We use the upper bound

Pw,G(l) = Cq_l,

where ¢ = ¢(r, w) depends only on r and w. This bound essentially follows from
the fact that at the level of algebraic groups G the equation w = 1 defines a proper
subvariety of G, and from counting g-rational points on algebraic varieties. See
Section 4 of [4] for the details.

Another tool we use is Gluck’s upper bound on the character ratio R(g), which
shows that, if 1 # g € G and 1 # y € Irr G, then

X)) <aq V2 x(1),

where a is some absolute constant (see [10]).
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Using these bounds we obtain

lawcl 1177 Y Ixw(gr.. ... g0) DI < Pu.g(MDx(D) +ag™ /2 x(1).
g1lseees gdGG

This yields
law.y| < (g™ +ag ) x(1) <bg~ 2 x(1),

for some constant b. Therefore, by 8.1(ii) we have

|aw,x|k bkq_k/z)((l)k k _—k/2 2
Pt 6= Uslloo = 3 00 < 3 S < kg2 3 4002
x#1 x#1 X

This yields
1Py g — Uglloo < b*q7*/2|G|.

Now, we have |G,(q)| < ¢*" ?. Therefore, fixing k > 8r2, we see that
||Pwk’G—Ug||oo—>0asq—>oo. O

As we shall see in the next section, the methods described here for general
words w work even better for the commutator word.

9. Conjectures of Ore and Thompson

In this section we discuss some results related to following longstanding
conjectures by Ore and Thompson.

ORE CONIJECTURE. Every element in a finite simple group is a commutator.

THOMPSON CONJECTURE. Every finite simple group G has a conjugacy class
C such that C? = G.

It is easy to see that Thompson conjecture implies Ore conjecture. Both
conjectures are known to be true for alternating groups, and for groups of Lie type
over fields with more than 8 elements [5].

We show below how results from Section 8, properties of {g (s), and Corollary
2.5 shed new light on these difficult problems.

Set w = [x1, x2]. Then wk denotes a product of k commutators in independent
variables. We first the state a well known result.

LEMMA 9.1. Let w be the commutator word, k a positive integer, and G a
finite group. Then

Pyig=IG|™" Y x(1)~@ Vg
x€lr(G)
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Proof. A classical result of Frobenius shows that
6) Pl e =1GI70 D0 x()7 '
x€lr G

Hence, in the notation of the previous section, we have

Axy,x2]0 = (7
In view of (4) we obtain
T
RO
The result follows. O

= §(1)~CkD,

LEMMA 9.2. With the above notation we have
| Pyr.g —Uclloo < {6 (2k —2)— 1.
Proof. Set
A=Y x(g)

2k—1"
1 ety X (D

By Lemma 9.1 we have

[Py (&) —1GI T <G| 7MA(R)].
Since |x(g)| < x(1) we have
gl Y x() P =t602k-2)- 1.
1#£xeln(G)

The result follows. |

Proof of Theorem 2.8. We claim that, for k > 2, and for G simple, Py ¢ is
almost uniform in the /so-norm. Indeed, by Theorem 1.1 of [22] (see Theorem 4.2
here), {g(s) — 1 as |G| — oo, for any fixed s > 1. Hence {g(2k —2)—1— 0, and

so Lemma 9.2 implies that || P,k g — Uglloo — 0 as |G| — oo.
This proves the claim. The case k = 2 gives Theorem 2.8. O

In particular, we conclude that every element of a large finite simple group is
a product of two commutators.
To prove Theorem 2.9 we need the following.

LEMMA 9.3. For every finite group G and an element g € G we have

Py, xo1,6(8) = G (1= E(G. g)).

Consequently, if E(G, g) < 1 then g is a commutator in G.
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Proof. Recall that
|x(8)l
EG.g)= )y K6 “==.
1 x(1)
x€lir(G)

By (6) we have
P[X],Xz],G(g) = |G|_1(1 + A(g))’

where ©)
X
A(g) = Z w
15 yem(G) X
Since |A(g)| < E(G, g) the result follows. d

We can now show that every element with a small centralizer is a commutator
in Gr(q).
THEOREM 9.4. There exists an absolute constant € > 0 such that, if G = G (q),
then every element g € G satisfying
ICo(e)l <e-q*
is a commutator in G.

Proof. We may assume g < 8. Remark 1, following Proposition 4.7, shows

that
E(G,g) < Cq«/3r+b—(r—1) +C|CG(g)|1/2q3_3r/2-

Denote the two summands on the right-hand side by A and B respectively. Choose
ro such that for all r > ro we have A < 1/2. Note that, for some absolute constant
a > 0 we have |Cg(x)| > aq” for all x € G. Now, choose ¢ > 0 such that

aje> 64" and e < 271472,

Suppose |Cg(g)| < &-¢3". Then aq” < eq3 so a/e < ¢g?" < 64”. By the
choice of ¢ this yields » > rp, and so 4 < 1/2.
Next we have

B = c|Cg(g)|1/2q3_3r/2 < 681/2q3 < 64cel/?,
By the choice of ¢ it follows that B < 1/2, and so
E(G.g)<A+B<1.

Thus g is a commutator by Lemma 9.3. O

Proof of Theorem 2.9(1). We may assume G = G,(g) with g < 8. By Theorem
9.4 and Corollary 5.4 we have

Prob(g € G is a commutator) > Prob(|Cg (g)| < e4°") > 1—ceq™?".

The result follows. O
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PROPOSITION 9.5. Let G = G,(q), let C1, Ca C G be conjugacy classes, and
letx;i € C; (i =1,2).

(1) If x1, x5 are regular semisimple then C1C contains all semisimple elements
of G.

(ii) If x1, x2 are regular semisimple, € > 0, and r > r(g), then C1C, contains
all elements g € G satisfying |Cg(g)| < g@=or.

(i) If |Cg (xi)| < "% for i = 1,2, and r > ¢, then C,C» contains all
elements g € G satisfying |Cg(g)| < ¢°"/*.

(V) If |Cg (x1)| |Cg (x2)| < ¢C~97 where ¢ > 0, and r > r(¢), then C,C»
contains all elements g € G satisfying |Cg(g)| < g1 1o,

Proof. Part (1) is proved in [11]. To prove part (ii) we use Corollary 2.5. Let
D be the conjugacy class of g in G, where |Cg(g)] < ¢>=®". Thus D! is the
class of g=1. We have |Cg(x;)| < cq”, so

|C6(x1)]|Ce(x2)[|Ca (g™ < (cg")?q®™O = 2gt—or,

If r > ri(e) then ¢2¢g¢4—97" < q(4_8/2)r. If, in addition, r > r,(g/2), where r; is
as in 2.5, it follows that
C,C, D' =G.

In particular 1 € C; C, D! and this implies D C C1C3, and g € C; (5, as required.
Part (iii) is proved in a similar manner, using Corollary 2.5 with ¢ = 1/4 and
¢ =rz(1/4). Part (iv) follows again from 2.5. The result follows. |

COROLLARY 9.6. Let G = G,(q), x € G, and C = x9.
() If x is regular semisimple then

|C2|/|G| = 1if |G| — .

Moreover, we have

IC?/|G| = 1 —g~ 7o,

provided r > r(g).
(i) If |Cg (x)| < ¢°"/* and r > ¢ then

IC?|/|G| = 1if |G| — oo
(iii) More generally, if x1, xp € G satisfy
Co(x)l|Ca(x2)] < g,
and C; = xl-G (i = 1,2), then, for r > r(g) we have
|C1C2]/|G| — 1 as |G| — oo.

Proof. By Proposition 9.5(i), C? contains all regular semisimple elements
of G, and by Lemma 5.5 the number of these elements is at least (1 —ag™!)|G|.
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This shows that
IC?|/IG| = 1—agq™",
which proves part (i) when r is bounded (so ¢ — 00).
So suppose now that r — oo. In this case we use 9.5(ii) to conclude that, if
r > r(g/2), then C2 contains all elements with centralizer order at most ¢(2¢/2),
Combining this with 5.4 we obtain for r large enough

IC2/|G| = 1 —cq~(=8/2r > | _g—(=2)r

as required. In particular |C?|/|G| — 1 as |G| — oo. Part (i) is proved.

The proof of part (ii) is similar, combining 9.5(iii) with 5.4. Part (iii) follows
from 9.5(iv) and 5.4. O

Proof of Theorem 2.9(ii). It suffices to prove the theorem for G = G,(g) with
q < 8. Thus r — oo in our case. Part (i) of Corollary 9.6 now shows the existence
of a class Cg C G such that |Cé|/|G| — 1. Moreover, letting C = Cg be a class
of regular semisimple elements, and using the remark following Corollary 2.5, we
see that C2 contains all elements g € G satisfying

ICa(2)| <8-97",
where § > 0 is some absolute constant. Combining this with 5.4 yields
IC?|/IG| = 1—cq™",
as required. O
To prove Theorem 2.10 we need the following.

PROPOSITION 9.7. Let G = G(q) and define
S={seG:|Cs(s)| <q°*).

Then, if r > c, every s € S can be expressed as s = [s1, g1] where s1 € S is conjugate
to s and g1 € G. Consequently, all the elements of S are d-fold commutators for
all d > 2.

Proof. Suppose s € S is given, and let C = s%. Let ¢ be as in 9.5(iii). Then
r > ¢ implies clcos.

In particular, there is s; € C and g1 € G such that s = s
proves the first assertion.

Now, in a similar manner we may write §1 = [s2, g2] with s, € C C S, and
so s = [[s2, 2], g1] = [s2, &2, g1]. Proceeding by induction it follows that s is a
d-fold commutator for all d. d

Ls§' =T[s1, g1]. This

Proof of Theorem 2.10. The result is clear for groups for which Ore conjecture
holds, so we may assume G = G,(q) with ¢ < 8. Hence, as |G| — oo we have
r — 00, sO we may assume 7 > c¢. Using Proposition 9.7 and its notation it follows
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that the probability that x € G is a d-fold commutator for all d is at least |.S|/|G]|.
By 5.4 we have |S|/|G| — 1, proving part (i) of the theorem.

Part (ii) follows from (i). Indeed, it suffices to take |G| large enough so that
|S|/|G| > 1/2 to deduce that S = G, hence the result. |

10. Open problems and examples

It is interesting to find out whether Theorem 1.1 is best possible. We pose the
following

Problem 10.1. Let w # 1 be a group word. Is there a positive integer N = N (w)
such that for every finite simple group G with |G| > N(w) we have w(G)? = G?

We have shown that this holds for example for the commutator word.
Additional positive evidence is given below.

PROPOSITION 10.2. Let w # 1 be a group word and let G be a finite simple
group of Lie type. Then

lw(G)?|/|G| = 1as |G| — .

Proof. Let c be the constant appearing in part (ii) of Corollary 9.6, and r1 (w)
be as in Corollary 6.5. Let G = G, (g).

If r > max{c, r1(w)} then by 6.5 there exists x € w(G) such that |Cg(x)| <
¢°"/*. Let C = x%. Then C € w(G), and by 9.6(ii) we have |C2|/|G| — 1 as
|G| — oo. Hence |w(G)?|/|G| — 1.

Suppose now that r < max{c,r;(w)}. Then by Lemma 6.2, if G is large
enough there exists x € w(G) which is regular semisimple. Corollary 9.6(i) shows
that |C2|/|G| — 1 as |G| — co. Hence in this case too we have |w(G)?|/|G| — 1.
The result follows. O

In fact, using Proposition 6.4, it follows that for G = G, (g) with r > r(g) we
have
w(G)?|/1G] 21—~
Consider the following related problem on class expansion.

CONIJECTURE 10.3. There exists an absolute constant € > 0 such that for every
finite simple group G and every conjugacy class C of G we have

|C?| = min{|C|'**, |G| -§},
where § = 0 if C is real, and § = 1 otherwise.

Recall that we obtained an expansion result for C 3, which makes the above
extension quite plausible. Its importance stems from the fact that it implies Thomp-
son Conjecture and Ore Conjecture up to finitely many exceptions. Indeed, if ¢ <1
is as in 10.3, then C? = G for any real conjugacy C of G of size at least |G|1_‘9/2
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(since then |C|'T¢ > |G|). Now, groups of large Lie rank (namely rank > f(g))
have such conjugacy classes, so Thompson conjecture would follow.

In certain cases we can indeed obtain an expansion result for C2, though not
as strong as in 10.3.

PROPOSITION 10.4. There is an absolute constant b > 0 such that for every
finite simple group of Lie type over the field with q elements, and every nonidentity
conjugacy class C of G, we have

€212 |C|-bg'">.
Consequently, if G has rank r, then
IC2| > ||,
where ¢ > 0 depends only on r.

Proof. Let C = x% and 1 # g € G. Recall that Nc,c(g) is the number of
solutions to the equation y;y, = g with y; € C. By (1) we have

IC|?
Ne,c(g) = W(l + A(g)),
where
x(x)?x(g™h)
A(g) = —_—
17&)(261:“0 x(D)
Clearly

A = Y x> R(g) = (ICc (x)| — DR(g).
x#1

We have already noted that R(g) < aq_l/ 2 for some absolute constant a (see [10]).
This gives

C|? _ C|? _ _
Nc,c<g)s'|7|<1+|cc;(x>|aq ”%s%wc;(xnalq 12— ayClg Y,

where a1 > 0 is some absolute constant.
Now, since N¢,c (1) < |C| we clearly have

ICP<ICl+ Y. Nee(@ <ICl+|C?-a1|Clg™">.
1#g€eC?

This yields |C| < 1 4 |C2|-a1¢~"/2, which implies
IC? = (C|-1)-ar"q">.

This implies the required conclusion. O
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This result provides an affirmative answer to Conjecture 10.3 for groups of
bounded rank.

We conclude this paper with a problem regarding certain distributions. The
modern approach to Waring’s problem (based on Hardy and Littlewood’s circle
method and other methods) is estimating the number of representations of a number
as a sum of a given number of kth powers. In our noncommutative context, the
analogous approach is to study the distributions associated with words w and their
disjoint powers. For example, can we strengthen Theorem 1.1, and show that not
only w(G)? = G, in fact Py;3 g is almost uniform?

Problem 10.5. Let w # 1 be a group word, and let G be a finite simple group.
(1) When can we deduce that

[ Py3.6—Uglloo = 0as |G| — o0?

(ii) Show that there exists k = k(w) depending only on w such that we always
have
| Pyr g —UGlloo — 0 as |G| — oo.

Note that the answer to part (i) is not always positive. Indeed, w = x% and
G = PSLx(q) provide a counter-example (though || P,3 ¢ — Ug || is still bounded
in this case). We have shown that part (ii) holds for groups of bounded rank (see
8.5 above).

The methods of Section 8 provide a possible approach to solving Problem
10.5. For example, to prove (ii) it suffices to show that, if w # 1, then there exist
positive constants ¢ = ¢(w) and ¢ = c¢(w) such that for every finite simple group
G and every y € Irr G we have

A,y < cx(l)l_g.

Finally, note that while we do not have a counter-example to Problem 10.1,
the analogous probabilistic version fails drastically, in the sense that P> G may be
highly nonuniform. To see this, let w = xf. It follows from (4) and (5) that

Popg@=IGI"" Y x(@/x(),
x€Real(G)
where Real(G) denotes the set of real characters of G. In particular we see that the
probability that x%x% =1is
P22 (1) = |G| |Real(G)],
which is typically much larger than |G|~!. Indeed, for G = A, or PSL,(g) we

easily obtain Real(G) — oo as |G| — o0, and this yields

1P2,:2.6 — Uclloo > [Real(G)| — 1 — oc.
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