
ANNALS OF

MATHEMATICS

anmaah

SECOND SERIES, VOL. 170, NO. 1

July, 2009

Exponential growth and an asymptotic
formula for the ranks of homotopy groups

of a finite 1-connected complex
By Yves Felix, Steve Halperin, and Jean-Claude Thomas





Annals of Mathematics, 170 (2009), 443–464

Exponential growth and an asymptotic formula
for the ranks of homotopy groups of a finite

1-connected complex
By YVES FELIX, STEVE HALPERIN, and JEAN-CLAUDE THOMAS

Dedicated to J.-L. Koszul for his 87th birthday

Abstract

Let X be an n-dimensional, finite, simply connected CW complex and set
˛X D lim supi .log rank�i .X//=i . We prove that either rank�i .X/D 0 ; i � 2n ;
or else that 0 < ˛X <1 and that for any " > 0 there is a K DK."/ such that

e.˛X�"/k �

kCnX
iDkC2

rank�i .X/ � e.˛XC"/k ; for all k �K :

In particular, this sum grows exponentially in k.

1. Introduction

The homotopy groups of a finite simply connected CW complex, X , have the
form �i .X/D Z�i ˚ Ti , where �i is the rank of �i .X/ and Ti is a finite abelian
subgroup. While the properties of the Ti remain by and large a mystery, even for
spheres, considerable information is available about the ranks. In fact the ranks of
�i .S

n/ and of �i .Sn _Sn/ are simply the dimensions in degree i � 1 of the free
Lie algebra on one (resp. two) generators of degree n� 1 and, in particular, satisfy

.1/

rank�i .Sn/D 0 ; for all i � 2n ; while
kCnX
iDkC2

rank�i .Sn _Sn/ grows exponentially in k :

(Note that we use the sum
PkCn
iDkC2 in (1) because rank�i .Sn _Sn/D 0 unless

i � 1 (mod n� 1/.)
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The principal result here is a remarkable asymptotic property for the ranks,
which in particular generalizes (1) to all finite simply connected CW complexes.

Definition. If X is a finite simply connected CW complex, then its log index,
˛X , is the number given by

˛X D lim sup
i

log rank�i .X/
i

:

THEOREM 1. If X is an n-dimensional, finite, simply connected CW complex,
then either ˛X D�1 and

rank�i .X/D 0 ; i � 2n ;

or else 0 < ˛X <1, and for every " > 0 there is a K DK."/ such that

e.˛X�"/k �

kCnX
iDkC2

rank�i .X/� e.˛XC"/k; for all k �K :

In particular this sum grows exponentially in k.

In fact a slightly weaker version of Theorem 1 (Theorem 4 in �5) holds more
generally for simply connected CW complexes Y of finite type and finite Lusternik-
Schnirelmann rational category, whose betti numbers dimHk.Y IQ/ grow at most
exponentially in k. Such spaces are called elliptic if the total rank,

P1
iD2 rank�i .Y /,

is finite, and hyperbolic otherwise.
Now it is known, [12], that if Y is elliptic then Y has the rational homotopy

type of a finite complex; in particular Hi .Y IQ/D 0, i > n, for some n. Moreover
in the elliptic case, it is shown in [12] that, if Y is finite, then rank�i .Y / D 0,
i � 2n and an explicit algorithm is given that determines all possible sequences
frank�i .Y /g2�i�2n�1.

On the other hand if Y is hyperbolic then ([3], [5], [7]) it is shown that for
some �;K > 0,

kX
iD2

rank�i .Y /� e�k ; for all k > K :

Replacing this by the much stronger asymptotic formulas of Theorems 1 and 4 is
the object of this paper.

Exponential growth of the sum ak D
PkCn
iDkC2 rank�i .X/, was conjectured

in the early eighties [7, Prob. 6] and Theorem 1 was first proved for some special
families of spaces by Lambrechts [14]. The strongest general result prior to Theorem
1 was given in [8], where it is shown that the ak grow faster than any polynomial in
k. More recently further examples have been given of families for which Theorem
1 holds in [9], [10] and [11].
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As for the proof, Theorem 1 is essentially a corollary of Theorem 4, and the
key step in the proof of Theorem 4 is a remarkable growth property of certain
graded Lie algebras whose proof in Section 3 (Theorem 2) and Section 4 (Theorem
3) is the heart of the paper. It is preceded by preliminary definitions and remarks in
Section 2.

Since Theorem 1 may be thought of as establishing a strong ‘regularity’ prop-
erty for the ranks of the homotopy groups, it seems reasonable to ask the

Question. Are there ‘regularity’ properties as i!1 of the torsion subgroups
Ti of the homotopy groups of a finite simply connected CW complex X?

Finally, the authors would like to thank the referee for his careful reading and
many helpful questions and comments.

2. Growth and depth in graded Lie algebras

In this section we work over any field k of characteristic ¤ 2. The dual
of a graded vector space V D fVkg is denoted by V #, V #

k
D Hom .V�k; k/, and

V is connected (resp. of finite type) if Vk D 0, k � 0 (resp. if each Vk is finite
dimensional). Note that our definition of a connected graded vector space differs
from that sometimes applied elsewhere, in which V0 D k. We denote by VŒk;l�,
V.k;l/, V�k and V�k the graded subspaces fVi j k � i � l g, fVi j k < i < l g,
fVi j i � k g and fVi j i � k g respectively.

If V is connected and of finite type we define

log indexV D lim sup
k

log dimVk

k
:

It is obvious that log index V <1 if and only if for some � > 0, dimVk � e
�k ,

for all k. In this case we say that V grows at most exponentially.
A graded Lie algebra, L, is a graded vector space equipped with a bilinear

bracket Œ ; � W L˝L! L of degree zero and satisfying

Œx; y�D�.�1/degx�degy Œy; x�

and
ŒŒx; Œy; z��D ŒŒx; y�; z�C .�1/degx�degy Œy; Œx; z��:

If char k D 3 we also require Œx; Œx; x��D 0 when deg x is odd. (This last condition
is automatic for char k ¤ 3.) A cft graded Lie algebra is a graded Lie algebra that,
as a graded vector space, is connected and of finite type.

The universal enveloping algebra of a graded Lie algebraL is, as usual, denoted
UL and a (graded) left UL-module will be called simply an L-module. In particular
the adjoint representation makes L into an L-module, and we denote the UL action
by .a; x/ 7! a ı x, a 2 UL, x 2 L.



446 YVES FELIX, STEVE HALPERIN, and JEAN-CLAUDE THOMAS

LEMMA 1. Given ı and ˇ > 0, there exists an integer N.ı; ˇ/ such that:
if F is a cft graded Lie algebra satisfying Fk D 0; for all k < N.ı; ˇ/, and
dim.F=ŒF; F �/k � ekˇ , for all k, then dim.UF /k � e.ˇCı/k; for all k � 0.

Proof. First note that the function 1� x� xn has a single zero �.n/ in .0; 1/
and that limn!1 �.n/D 1. Choose K DK.ı/ so that �.K/ > e�ı=2.

Now let E be the free graded Lie algebra generated by a graded vector space,
W , with Wk D 0, for all k < K and dimWk the integral part of ekˇ , for all k �K.
Then UE is the tensor algebra, T W . It follows that the respective Hilbert series
satisfy (� denotes coefficientwise inequality)

W.z/� .zeˇ /K
1X
kD0

.zeˇ /k D
.zeˇ /K

1� zeˇ

and

.UE/.z/D
1

1�W.z/
�

1� zeˇ

1� zeˇ � .zeˇ /K
:

But the radius of convergence of .1�zeˇ /=.1�zeˇ�.zeˇ /K/ is just e�ˇ�.K/,
and so the radius of convergence, �, of UE.z/ satisfies

� � e�ˇ�.K/ > e�ˇ�ı=2 :

Thus for some N.ı; ˇ/�K, dim.UE/k � e.ˇCı/k , for all k �N.ı; ˇ/. Let L be
the free graded sub Lie algebra generated by theWk , k�N.ı; ˇ/. Then .U L/kD 0,
1� k < N.ı; ˇ/ and for any F satisfying the hypothesis of the lemma we have

dim.UF /k � dim.U L/k � dim.UE/k � e
.ˇCı/k ; k �N.ı; ˇ/ :

Since dim.UF /k D 0, 1� k < N.ı; ˇ/, the lemma is proved. �

LEMMA 2. Suppose ı;  > 0 and N satisfies the condition for N.ı; / in
Lemma 1. Suppose also that N is sufficiently large so that log.xC1/=x � ı, x �N .
Finally, suppose E � L and Vn � Ln are respectively a sub Lie algebra and a
subspace of a cft graded Lie algebra, L.

If dim.UE/i � eˇi , for all i and some ˇ� , if dimVn�e
n, and if n�N ,

then the sub Lie algebra, F , generated by E and Vn satisfies dim.UF /i � e.C2ı/i ,
for all i .

Proof. Put W D UE ı Vn. Then Wi D .UE/i�n ı Vn and so dimWi � e
i ,

for all i . By Lemma 1 the sub Lie algebra, G � L, generated by W satisfies
dim.UG/i � e.Cı/i , all i . But since ŒE;G��G, ECG is a sub Lie algebra; i.e.,
ECG D F . If i < n then .UF /i D .UE/i , while if i � n then log.iC1/

i
� ı and

dim.UF /i �
Pi
jD0 dim.UE/j � dim.UG/i�j � .i C 1/e.Cı/i � e.C2ı/i . �
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LEMMA 3. Suppose for some ˛ > 0 and some cft graded Lie algebra, L, that
there is an infinite sequence 0 D q1 < q2 < � � � such that lim supi

log dimLqi
qi

� ˛.
Then there is an infinite subsequence r� D qi� and a sub Lie algebra E such that

lim�!1
log dim.E=ŒE;E�/r�

r�
D ˛.

Proof. Choose an infinite strictly increasing sequence 0 < ˛1 < ˛2 < � � � so
that ˛�! ˛. Set ˇ� D 1

2
.˛�C˛�C1/. Now we construct inductively the sequence

r�D qi� , together with an increasing sequence of sub Lie algebras, E.�/, to satisfy
r�>

2 log2
˛��˛��1

, ��2, and e˛�r��1�dimE.�/r�<e
˛�r� and dim.UE.�//i �eˇ�i ,

for all �; i .
Indeed set r1 D q1 D 0 and E.1/D 0; these conditions are then satisfied for

�D 1. Suppose the r� and E.�/ are constructed for � < m. By hypothesis there
are arbitrarily large qi with dimLqi > e

˛mqi . Since for each i , dimE.m� 1/i �

eˇm�1i < e˛mi , we may choose rm arbitrarily large but such that E.m � 1/rm
extends to a subspace Vrm � Lrmsatisfying e˛mrm � 1 � dimVrm < e

˛mrm . But
for rm sufficiently large Lemma 2 asserts that the Lie algebra E.m/ generated
by E.m� 1/ and Vrm satisfies dim.UE.m//i � eˇmi , for all i . This closes the
induction.

Set E D[�E.�/. By construction, .E=ŒE;E�/r� D Vr�=Wr� , where Wr� D
Vr� \ ŒE.�� 1/; E.�� 1/�r� . Thus

e˛�r� � 1� eˇ��1r� � dim.E=ŒE;E�/r� � e
˛�r� � 1 :

But ˇ��1 r� D
˛�C˛��1

2
r� D ˛�r� C

˛��1�˛�
2

r� < ˛�r� � log 2. This gives
1
2
.e˛�r� � 2/� dim.E=ŒE;E�/r� � e

˛�r� � 1, and completes the proof. �

The invariants Ext�A.M;N / and TorA� .M;N / for graded modules over a graded
algebra, A, will play an important role in this paper. We recall that each ExtpA.M;N /
converts direct sums in the first factor and direct products in the second factor to
direct products. However, if N has finite type as a graded vector space then a direct
sum decomposition is a direct product decomposition. In particular we have the
classical and useful

Remark. If N is A-free and N has finite type as a graded vector space then
ExtpA.M;N /¤ 0 if and only if ExtpA.M;A/¤ 0.

Next let V D fVigi�0 be a graded vector space of finite type and denote
by

V
V # the free graded commutative algebra on V #. Then

VqV # is the linear
span of the products f1 : : : fq , fi 2 V #. The dual �V D .

V
V #/# is just the free

divided powers algebra on V with multiplication dual to the comultiplication inV
V # defined by f 7! f ˝ 1C 1˝ f , f 2 V #. Clearly �V D

L
q �

qV with
�qV D .

VqV #/#.
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In particular, if L is a cft graded Lie algebra andM and N are L-modules then
TorUL� .M;N / and Ext�UL.M;N / may be computed as the homology of complexes
respectively of the form ��.sL/˝kM ˝k N and Homk.�

�.sL/˝kM;N/ with
twisted differentials [15]. (Here sL is the suspension of L; .sL/k D Lk�1.)
Now suppose E � L is a sub Lie algebra and write L D E ˚ S . This defines a

multiplicative isomorphism �.sE/˝ �.sS/
Š
! �.sL/. Moreover, the filtration

Fp of �.sL/˝M ˝N corresponding under this isomorphism to
L
i�p �.sE/˝

� i .sS/ ˝M ˝ N is independent of the choice of S and is preserved by the
differential. The corresponding first quadrant spectral sequence converges from

E1p;q D TorUEq .�ps.L=E/˝M;N/ to TorULpCq.M;N / :

This spectral sequence was first introduced by Koszul in his thesis [13] for the case
of the Lie algebra of a connected closed subgroup, H , of a connected compact Lie
group, G. The generalization by Hochschild and Serre to general Lie algebras and
Lie modules includes the result that when E is an ideal then

E2p;q D TorUL=Ep .k;TorUEq .M;N //

and the spectral sequence is generally known as the Hochschild-Serre spectral
sequence. In general the E2-term is mysterious; however in the original case
considered by Koszul, E2p;q DHp.G=H IR/˝Hq.H IR/. Note there is a “dual”
Hochschild-Serre spectral sequence converging from ExtqUE .�

ps.L=E/˝M;N/

to ExtpCqUL .M;N /.

LEMMA 4. Suppose M and N are L-modules where L is a cft graded Lie
algebra and eachNi is finite dimensional. If ExtmUL.M;N /¤0 then for some finitely
generated sub Lie algebra E � L and for some finitely generated L-submodule
P � M the restrictions ExtmUL.M;N / ! ExtmUE .M;N / and ExtmUL.M;N / !
ExtmUL.P;N / are nonzero.

Proof. It suffices to observe that Ext�UL.M;N /D ŒTorUL� .M;N #/�# and that
Tor commutes with direct limits in L and in M . �

PROPOSITION 1. Suppose L is an abelian cft graded Lie algebra and M is an
L-module. If ExtmUL.M;UL/¤ 0, some m, then for some x 2M and some n the
map U.L�n/!M , a 7! a � x, is injective.

Proof. If m D 0 then, because Ext0UL D HomUL, there is an x 2M and an
f 2 HomUL.M;UL/ such that f .x/ ¤ 0. Choose n such that f .x/ 2 U.L<n/.
Since ULD U.L<n/˝U.L�n/ the proposition follows in this case.

We now proceed by induction and assume the proposition holds for p < m. It
is clearly sufficient to prove the conclusion for some subquotient of M . By Lemma
4 we may suppose M finitely generated. Then a simple exact sequence argument
reduces to the case where M has the form M D UL � z.



RANKS OF HOMOTOPY GROUPS OF A FINITE 1-CONNECTED COMPLEX 449

Denote the ideals (all subspaces of L are ideals) of elements of even (resp.
odd) degrees in L by E (resp. F ). Write E.k/ for E<k . Next, let N � M be
the L-submodule of elements y such that UE ! UE � y is not injective. Either
ExtmUL.N;UL/ ¤ 0 or ExtmUL.M=N;UL/ ¤ 0 and we consider these two cases
separately.

In the first case there is a finitely generated L-submodule P � N such that
ExtmUL.P; UL/¤ 0. Suppose y1; : : : ; yr is a set of generators for P and let 0¤
ai 2 UE satisfy aiyi D 0. Since UE has no zero divisors, 0¤ aD

Q
i ai ; clearly

aP D 0. Let k be sufficiently large that a 2 UE.k/ and write LDE.k/˚ I .
Now denote TorUE.k/q .P; .UE.k//#/ simply by Tq . Since a �P D 0 it follows

that HomUE.k/.P; UE.k//D0, asUE.k/ has no zero divisors. But this space is the
dual of T0 and so T0D0. On the other hand, the Hochschild-Serre spectral sequence
converges from ExtpUI .Tm�p; UI / to ExtmUL.P; UL/ and so ExtpUI .Tm�p; UI /¤0
some p <m. Thus by induction for some ˛ 2 Tm�p and some ` > k, U.L�`/!
U.L�`/ �˛ is injective (note that L�` D I�`).

Suppose that the proposition fails for P and so there are integers l � �0 <
�1 < � � � < �r and nonzero elements bi 2 U.L.�i�1;�i // such that biyi D 0. Set
b D

Q
i bi . Since ˝iUL.�i�1;�i / � UL it follows that b ¤ 0. But bP D 0, which

implies that b � Tm�p D 0. This contradiction establishes the proposition when
ExtmUL.N;UL/¤ 0.

The second case is when ExtmUL.M=N;UL/¤ 0 and it is sufficient to establish
the conclusion of the proposition for M=N . Thus we may restrict consideration to
modules M satisfying ay ¤ 0 if 0¤ a 2 UE and 0¤ y 2M . If the proposition
fails here we may as above find an infinite sequence 0 < �0 < �1 < � � � and
nonzero elements ai 2 U.L.�i�1;�i // such that aiz D 0. Now it is easy to find
bi 2 U.L.�i�1;�i // such that 0 ¤ biai D viwi with vi 2 U.F.�i�1;�i // and wi 2
U.E.�i�1;�i //. Then wiviz D 0 and so by construction, each viz D 0. Since
M D UL � z it follows that each viM D 0. In particular HomUF .M;UF / D 0,
and so it follows from the sublemma below that Ext�UF .M;UF /D 0. Since UL is
UF -free this implies (see the remark above) that Ext�UF .M;UL/D 0.

Thus the Hochschild-Serre spectral sequence

Extq
UL=F

.k;ExtpUF .M IUL//H) ExtpCqUL .M;UL/

implies that Ext�UL.M;UL/D 0, a contradiction. �

SUBLEMMA. If F is any cft graded Lie algebra concentrated in odd degrees
and if Q is any F -module then ExtpUF .Q;UF /D 0, p � 1.

Proof. Since F is concentrated in odd degrees it is abelian. In view of Lemma
4 and the Remark before it, it is sufficient to prove the sublemma when F is finitely
generated (and therefore finite dimensional). Let v1; : : : ; vr be a basis of F . Since
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0! v1Q!Q!Q=v1Q! 0 is a short exact sequence it is sufficient to prove the
sublemma for v1Q andQ=v1Q. But v21D

1
2
Œv1; v1�D 0 in UF and so v1 �v1QD 0.

Thus we are reduced to the case of F -modules Q for which v1Q D 0. Iterating
this argument for v2; : : : ; vr reduces us to the case F �QD 0. Thus Q is the direct
sum of one dimensional F -modules. But Ext�UF .�; UF / converts a direct sum in
the first factor to a direct product, which reduces us to proving the sublemma for
Q D k. In this case, however, the assertion Ext�UF .k; UF / D Ext0UF .k; UF / is
proved in [4]. This completes the proof of the sublemma and of Proposition 1. �

The invariants ExtUL.M;UL/ will play a key role in the proof of the main
theorem, where UL acts on itself by left multiplication. We recall that the depth of
L is the least integer m (or1) for which ExtmUL.k; UL/¤ 0. We shall also need a
generalization, to be baptized weak depth.

Definition. Let L be a cft graded Lie algebra.
(i) An L-module, M , is weakly locally finite if M is the increasing union of finite

dimensional subspaces M.1/�M.2/� : : : such that M.k/ is preserved by
L�k .

(ii) A sub-Lie algebra E �L is admissible if the quotient L=E is a weakly locally
finite E-module for the adjoint representation.

Note that ifM andN are weakly locally finite L-modules, so areM˝N , eachVqM , and any sub-quotient module of M . If M has finite type then �q.M/ WD

.
VqM #/# is also weakly locally finite.

Definition. The weak depth of L, w-depthL, is the least m (or1) such that
ExtmUL.M;UL/¤ 0 for some weakly locally finite L-module, M .

LEMMA 5. (i) If E is admissible in a cft graded Lie algebra, L, then

w-depthE � w-depthL I

(ii) w-depthL� depthL, and equality holds if L is finitely generated.

Proof. (i) Choose a weakly locally finiteL-moduleM such that ExtmUL.M;UL/
is nonzero, where mD w-depthL. Then the Hochschild-Serre spectral sequence
implies that

ExtqUE .�
ps.L=E/˝M;UL/¤ 0 ; for some pC q Dm :

But because E is admissible in L, L=E is a weakly locally finite E-module; hence
so is �ps.L=E/˝M , and w-depthE � q �m.

(ii) The inequality is obvious. Moreover if w-depth LDm then choose a weakly
locally finite L-module M for which ExtmUL.M;UL/¤ 0. Since L is finitely gener-
ated, M is the union of an increasing sequence of finite dimensional modules M.r/.
Thus (Lemma 4), for some r , ExtmUL.M.r/; UL/¤ 0 : Now, since M.r/ is finite
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dimensional, a simple long exact sequence argument shows that ExtmUL.k; UL/¤ 0,
i.e., depthL�m. �

LEMMA 6. Let E � L be a sub Lie algebra of a cft graded Lie algebra L.
Suppose for some weakly locally finite L-module, M , and some m, that the restric-
tion map ExtmUL.M;UL/! ExtmUE .M;UL/ is nonzero. Let Z be the centralizer
of E in L. Then for some q, Z�q is concentrated in odd degrees. If M D k then Z
is finite dimensional.

Proof. In view of Lemma 4 we may and do assume E is a finitely generated
Lie algebra. Then by Lemma 5, depthE <1. Since Z \E is contained in the
center of E it is finite dimensional [4]. Let F D Z�q where q is chosen so that
F \E D 0.

Again by Lemma 4 we may write F as the increasing union of finitely gen-
erated sub Lie algebras F.k/, and M as the increasing union of finite dimen-
sional .E˚F.k//-modules, M.k/, such that �.k/ W Extm

U.E˚F.k//
.M.k/; UL/!

ExtmUE .M.k/; UL/ is nonzero. Because M.k/ is finite dimensional,

Ext�UL.M.k/; UL/D Ext�UL.k;M.k/
#
˝UL/ ;

where U.E˚F.k// acts diagonally inM.k/#˝UL. Because UL is U.E˚F.k//-
free and M.k/# is finite dimensional it follows that M.k/#˝UL is U.E˚F.k//-
free. We therefore deduce that

ExtmU.E˚F.k//.k; U.E˚F.k///! ExtmUE .k; U.E˚F.k///

is nonzero. But this is dual to the map

TorUEm .k; .UE/#/˝ .UF.k//#! TorU.E˚F.k//m .k; .UE/#˝ .UF.k//#/

D
L

pCqDm

TorUEp .k; .UE/#/˝TorUF.k/q .k; .UF.k//#/ ;

whose image is in TorUEm ˝TorUF.k/0 . Thus ExtUF.k/0 .k; .UF.k///¤ 0 and this,
by [4] implies that F.k/ is concentrated in odd degrees. Hence so is F D[F.k/.
Finally, if M D k then we may replace M.k/ by k and F.k/ by F in the argument
above to conclude that depth F D0. This implies that F is finite dimensional [4]. �

LEMMA 7. Let L be a cft graded Lie algebra of finite depth. Then for some r
the sub Lie algebra Z D f x 2 L j Œx; L�r �D 0 g is finite dimensional.

Proof. Choose r so that for some m, ExtmUL.k; UL/ ! ExtmUE .k; UL/ is
nonzero, where E is the sub Lie algebra generated by L�r (Lemma 4). Then Z is
the centralizer of E and Lemma 7 is a special case of Lemma 6. �

LEMMA 8. Let E � L be a sub Lie algebra of a graded Lie algebra L such
that L=E is finite dimensional and concentrated in odd degrees. Then for any



452 YVES FELIX, STEVE HALPERIN, and JEAN-CLAUDE THOMAS

L-module M , the restriction morphism

Ext�UL.M;UL/! Ext�UE .M;UL/

is injective.

Proof. Choose r so that for some It is clearly sufficient to consider the case
L D E ˚ kx with x of odd degree. In this case E is an ideal in L and the
quotient Lie algebra L=E has the exterior algebra

V
x as its universal enveloping

algebra. It follows that the isomorphism ULŠ UE˝
V
x induces an isomorphism

Ext�UE .M;UL/Š Ext�UE .M;UE/˝
V
x, because

V
x is finite dimensional. More-

over, the action of x in Ext�UE .M;UL/ satisfies x � .a˝ 1/ D x � a˝ x˙ a˝ x,
a 2 Ext�UE .M;UE/˝ 1, and so each ExtqUE .M;UL/ is a free

V
x-module. Thus

in the Hochschild-Serre spectral sequence, converging to Ext�UL.M;UL/ we have

E
p;q
2 D ExtpV

x
.k;ExtqUE .M;UL//D 0 ; p � 1 :

Hence
ExtqUL.M;UL/DE

0;q
2 D HomV

x.k;ExtqUE .M;UL// :

Since the restriction morphism ExtqUL.M;UL/! ExtqUE .M;UL/ is the composi-
tion

ExtqUL.M;UL/
Š
!E

0;q
2 ,! ExtqUE .M;UL/ ;

the injectivity of the restriction morphism follows. �

3. The first Lie algebra growth theorem

We consider the following conditions on a cft graded Lie algebra L:

.T1/ For some ˇ > 0 there is an infinite sequence q1 < q2 < � � � of even integers
such that qjC1

qj
! 1, and

lim inf
j

log dimLqj

qj
� ˇ:

.T2/ w-depthL<1.

THEOREM 2. Suppose L is a cft graded Lie algebra satisfying .T1/ and .T2/.
Then

lim
d!1

lim inf
k

log
PkCd
iDk dimLi

k
� ˇ :

Proof. Since
PkCd
iDk dimLi increases with d so does

lim inf
k

log
PkCd
iDk dimLi

k
:
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Thus the limit in the theorem exists. Denote this limit by  :

 D lim
d!1

lim inf
k

log
PkCd
iDk dimLi

k
;

so that the theorem simply asserts the inequality ˇ �  . We assume this inequality
fails, and deduce a contradiction.

Our assumption allows us to choose ı > 0 so that

.T3/ 2ı < ˇ�  :

Then, by the definition of  , for any d there are arbitrarily large integers k such that

.T4/

kC2dX
iDk

dim Li < e
.Cı/k :

Next, let N.ı;  C 2ı/ be as in Lemma 1, and choose N so that

.T5/

8̂̂̂<̂
ˆ̂:

N >N.ı;  C 2ı/ ;

1C e.Cı/i < e.C2ı/i ; i �N ; and

dimLqj > e
.ˇ�ı/qj ; qj �N :

Then, let F � L be the sub Lie algebra generated by the subspaces Li for which
i �N and dimLi < e

.Cı/i .
The main step in the proof of the theorem is the inductive construction of an

infinite sequence z0; z1; : : : of nonzero elements in L of strictly increasing even
degrees, and satisfying property .T6/ below. Namely let E.r/ denote the sub Lie
algebra generated by F�r and z0; : : : ; zr�1, and let UE.r/ act on L by the adjoint
representation. Then we shall construct the zr so that

.T6/ UE.r/C ı zr is finite dimensional and concentrated in odd degrees.

We show first that the existence of this sequence leads to the desired contradic-
tion, and then complete the proof of the theorem by carrying out the construction.

The relation .T6/ clearly implies that for any r , i � 0, ŒE.r/; zrCi � is finite
dimensional and concentrated in odd degrees. Now let E D[rE.r/ be the union
of the increasing sequence of sub Lie algebras E.r/. Since F�r �E.r/ it follows
that F �E and so Li �E if i �N and dimLi < e

.Cı/i . Thus .T4/ implies that
.L=E/i D 0 for i 2 Œk; kCd� where k and d can be arbitrarily large. In particular
E is admissible in L and so, by Lemma 5, w-depthE � w-depthL<1.

Let w-depthE Dm, and let Z.r/�E.r/ be the sub Lie algebra of elements
that commute with each zrCi , 0� i �m. Since ŒE.r/; zrCi � is finite dimensional
and concentrated in odd degrees it follows that E.r/=Z.r/ is also finite dimensional
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and concentrated in odd degrees. By Lemma 8, the restriction morphism

ExtUE.r/.M;UE/! ExtUZ.r/.M;UE/

is injective for any E-module M .
On the other hand, since w-depthE D m there is a weakly locally finite

E-module M such that ExtmUE .M;UE/ ¤ 0. Moreover, since E D [rE.r/, for
some r the restriction morphism ExtmUE .M;UE/! Extm

UE.r/
.M;UE/ is nonzero.

Hence also the composite

.T7/ ExtmUE .M;UE/! ExtmUZ.r/.M;UE/ is nonzero.

Since each ŒE.i/; zi � is concentrated in odd degrees, it follows that Œzi ; zj �D 0,
0 � j < i <1. Thus Z D

Lm
iD0 kzrCi is an abelian Lie algebra commuting

with Z.r/. Because Z.r/!E factors as Z.r/!Z.r/CZ!E, the restriction
map ExtmUE .M;UE/!Extm

UZ.r/
.M;UE/ factors through Extm

U.Z.r/CZ/
.M;UE/.

Since UE is a free U.Z.r/CZ/-module, it follows from .T7/ that

w-depth.Z.r/CZ/�m:

Since Z is an ideal in Z.r/CZ, there is a Hochschild-Serre spectral sequence
converging from

Extp
U..Z.r/CZ/=Z/

.k;Extq
U.Z/

.�;�//

to ExtpCq
U.Z.r/CZ/

.�;�/: It follows that w-depthZ �m. But Z is finitely generated
and so Lemma 5 asserts that depthZ �m. On the other hand, since Z is abelian
and concentrated in even degrees, [4] asserts that depthZ DmC 1, and we have
the desired contradiction.

It remains to construct the sequence .zr/. To begin note that E.0/D 0 and let
z0 be any nonzero element of L of even degree �N . Then assume by induction
that z0; : : : ; zr�1 are constructed. Since the degrees of the zi are strictly increasing
with deg z0 > N and since F is generated by the spaces Li with i > N and
dimLi < e

.Cı/i , it follows from .T5/ that

dim
�

E.r/

ŒE.r/; E.r/�

�
i

< 1C e.Cı/i < e.C2ı/i ; for all i � 0 :

Moreover E.r/i D 0, i < N , and so Lemma 1 asserts that

.T8/ dim .UE.r//j < e
.C3ı/j ; for all j � 0 :

Choose d so that

.T9/ d > r C deg zr�1 :

Then choose s so that

.T10/ qs > d
�
ı
C 1

�
;
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and

.T11/
qjC1

qj
< 1C � ; for all j � s ;

where � D ˇ��2ı

2C5ı
. Finally, by .T4/ we may choose k so that

.T12/ k > qs and
kC2dX
iDk

dim Li < e
.Cı/k :

Then qs > d > deg zr�1 � deg z0 >N and so by the choice of N (cf. T5),

.T13/ dimLqj > e
.ˇ�ı/qj ; for all j � s :

Since (cf. T3) ˇ�  > 2ı, it follows from .T12/ and .T13/ that no qj is in the
interval Œk; kC 2d�. Thus for some `,

.T14/ qs � q` < k < kC 2d < q`C1 :

The adjoint representation of UE.r/j in L ‘dualizes’ to linear maps

�i W Lq` ! Li ˝ .UE.r//
#
i�q`

:

Then
kC2dX
iDkCd

dim
�
Li ˝ .UE.r//

#
i�q`

�
<

� kC2dX
iDkCd

dimLi

�
e.C4ı/.kC2d�q`/ .T8/

< e.2kC2d�q`/Cı.5kC8d�4q`/ .T12/

< e.2q`C1�q`/Cı.5q`C1�4q`/ .T14/

< e.Cı/q`C.2C5ı/�q` .T11/

< e.ˇ�ı/q` .T3/ and .T11/

< dimLq` .T13/:

The inequalities above imply that some nonzero element x2Lql is in the intersection
of the Ker �i , kC d � i � kC 2d . Therefore

UE.r/p ı x D 0 ; p 2 ŒkC d � ql ; kC 2d � ql � :

Since E.r/ is generated by F�r and z0; : : : ; zr�1, and since d was chosen (cf.
T9) so that d > r and d > deg zi , 0� i � r�1, we have .UE.r//�kC2d�ql ıxD 0,
and so UE.r/ ı x is finite dimensional.

Since x 2 Lq` and q` is even we may choose zr to be a nonzero element of
maximum even degree in UE.r/ ı x. Then deg zr � q` � qs > d > deg zr�1 (cf.
.T9/ and .T10/), and by choice UE.r/C ı zr is finite dimensional and concentrated
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in odd degrees. This completes the inductive step of the construction and, with it,
the proof of Theorem 2. �

4. The second Lie algebra growth theorem

Consider the following conditions on a cft graded Lie algebra, L:

.X1/ For some integer m � 2 and some fixed ˛ 2 .0;1/, there is an infinite
sequence p1 < p2 < � � � of integers such that pjC1 �mpj , all j , and

lim inf
j

log dimLpj

pj
� ˛ :

.X2/ L has finite depth.

THEOREM 3. Suppose L is a cft graded Lie algebra satisfying .X1/ and .X2/.
Then there is an integer d such that

lim inf
k

log
PkCd
iDk dimLi

k
� ˛ :

THEOREM 30. Suppose L is a cft graded Lie algebra satisfying .X1/ and .X2/,
with ˛ D logindexL. Then there is an integer d for which, given any " > 0 there is
a K DK."/ such that

e.˛�"/k �

kCdX
iDk

dimLi � e
.˛C"/k ; for all k �K :

Proof of Theorem 3. The main step of the proof is to show that

.X3/ For any ˇ < ˛ there is an infinite sequence q1 < q2 < � � � of even integers

such that qjC1
qj
! 1, and lim infj

log dimLqj
qj

� ˇ.

Indeed, given .X3/ we may apply Theorem 2 to find

lim
s!1

lim inf
k

log
PkCs
iDk dimLi

k
� ˇ

if ˇ < ˛. It follows that

lim
s!1

lim inf
k

log
PkCs
iDk dimLi
k

� ˛ :

Choose d (Lemma 7) so that ZD fu j Œu; L�d �D 0 g is finite dimensional. Choose
D so that Z�D D 0.
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Next, for any k > s > 0, write

kCsX
iDk

dimLi D e
.k;s/k :

Then for some j 2 Œk�s; k�, dimLj �
1
sC1

e.k�s;s/.k�s/. Let u1; : : : ; up be a basis
for L�d and note that if j �D then for some � we have dimŒu�; Lj �� 1

p
dimLj .

Proceeding in this way yields an infinite sequence .u�� / such that

dimŒu�q ; Œu�q�1 ; Œ: : : Œu�1 ; Lj � : : : ��
�
1

p

�q
dimLj ; for all q :

But for some q � s we have
Pq
�D1 degu�� C j 2 Œk; kC d�. It follows that

.k; d/� .1� s=k/.k� s; s/�
Q.s/

k
;

for some Q.s/ independent of k. Fixing s � d and letting k !1 we see that
lim infk .k; d/D lim infk .k; s/. Thus

lim inf
k

log
PkCd
iDk dimLi

k
D lim
s!1

lim inf
k

log
PkCs
iDk dimLi

k
� ˛ :

It remains to establish .X3/. First we prove a weaker statement:

.X4/ For any ˇ < ˛ there is an infinite sequence `1 < `2 < � � � such that j̀C1

j̀
! 1,

and lim infj .log dimL
j̀
/= j̀ � ˇ.

For this we suppose .X4/ false, and deduce a contradiction. By hypothesis, then,
there are numbers ˇ < ˛ and � > 1 such that there is no sequence `1 < `2 < � � �

with j̀C1 < � j̀ , all j , and lim infj
log dimL

j̀

j̀
� ˇ. In particular there exists k1

with dimLj < e
ˇj , j 2 Œk1; �k1�. Since there is no sequence beginning with �k1,

there is k2 > �k1 such that dimLj < e
ˇj , j 2 Œk2; �k2�. This process gives an

infinite sequence k1 < k2 < � � � such that dimLj < e
ˇj , j 2 Œks; �ks�, all s. By

starting with a sufficiently large k1 we may also assume that for each s there is a
largest is such that pis <

��1
2
ks . Denote pis by rs . Since pisC1 �mpis we obtain

.X5/
��1

2m
ks � rs �

��1

2
ks .

Now apply Lemma 3 to see that if we replace .ks/ and .rs/ by infinite sub-
sequences we may find a sub Lie algebra E � L such that log dim .E=ŒE;E�/rs

rs
!˛.

Denote ŒE;E� simply by I .
Now the Hochschild-Serre spectral sequence

ExtqUE .�
ps.L=E/; UL/) ExtpCqUL .k; UL/
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implies that for some p, Ext�UE .�
ps.L=E/; UL/¤ 0 ; since L has finite depth. As

UL is UE-free it follows that Ext�UE .�
ps.L=E/; UE/¤ 0 : The proof of Lemma

4.2 in [6] now applies verbatim to show that

Ext�UE .�
ps.L=E/; U.E=I //¤ 0 :

But there is also a Hochschild-Serre spectral sequence converging to

Ext�UE .�
ps.L=E/; U.E=I //

from Ext�
U.E=I/

.TorUI .k; �ps.L=E//; U.E=I //. The latter Ext� is therefore

nonzero. Thus by Proposition 1 there are an n and a  2 TorUIp0 .k; �
ps.L=E//,

some p0, such that

.X6/ U..E=I /�n/! U..E=I /�n/ �  is injective.

Now TorUI� .k; �ps.L=E// is the homology of a complex of E-modules of
the form �.sI /˝�ps.L=E/, where the representation of E is simply the adjoint
representation. In particular we may represent  by a cycle z 2�p

0

sI˝�ps.L=E/.
Set sI ˚ sL=E DW . Then, clearly, for some N and with q D pCp0, z 2

�q.W�N /. Choose S so large that rS >N Cn, and so that for some "< 1
2q
.˛�ˇ/,

we have e.˛�"/rt < dim.E=I /rt < e
.˛C"/rt , for all t � S .

Next, recall that �W is an algebra, and that adjoint representations are denoted
by ”ı”. A straightforward calculation shows that

.X7/ E ı�
rW � .E ıW / ��r�1W , r � 1.

Now fix s � S and let fuig �Ers represent a basis of .E=I /rs and denote by
A� � .UE/�rs the linear span of the elements ui1 : : : ui� ; i1 < i2 < � � �< i�. The
map UE! UE=I maps each A� injectively and so it follows from .X6/ that

.X8/ dim.A� ı z/D dimA� :

Moreover given the inequalities above for dim.E=I /rs we have

.X9/
1
�Š
e.˛�"/�rs � dimA� � e.˛C"/�rs :

Then, from the definition of A�, the fact that �W is (graded) commutative,
and from .X7/ we obtain:
.X10/ A

� ı z �
X

�1C � � �C�t D �
�1 � � � � � �t

.A�1 ıW�N / : : : .A
�t ıW�N /�

q�t .W�N / :

Let K D dim��q.W�N /. Then for any �i ,

dimA�i ıW�N �Ke
.˛C"/�irs :
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Moreover, sinceN<rs it follows from .X5/ that for some integer `, Œ`rs; `rsCN��
Œks; �ks�. Thus A` ıW�N is contained in a graded vector space isomorphic to a
subspace of LŒks ;�ks�. Thus dimA` ıW�N � Ke

ˇ.lrsCN/, by the choice of the
sequence ks and of � .

Now set �D `q in .X10/. Then in each summand of .X10/ some �i � `, and
so dimA�i ıW�N � dimA�i�` dimA` ıW�N . Let � be the number of partitions
of `q. Then .X10/ yields

dimA`q ı z � �e.˛C"/.`q�`/rseˇ.`rsCN/K`qC1 :

Apply .X8/ and .X9/ to find

1

.`q/Š
e.˛�"/`qrs � � e.˛C"/`qrse.ˇ�˛/`rseˇNK`qC1 :

This last formula holds for q;N;K; � fixed and for arbitrarily large rs . Moreover, it
follows from .X5/ that �ks <

.�C1/2m
��1

rs , and so `D `.s/ < .�C1/2m
��1

. Take logs,
divide by `rs and let ks!1. Then by .X5/, rs!1 and hence

.˛� "/q � .˛C "/qC .ˇ�˛/ ;

whence .˛�ˇ/�2q". But "was chosen so that "< 1
2q
.˛�ˇ/ and this contradiction

establishes .X4/.
It remains to deduce .X3/ from .X4/. Denote by J the sub Lie algebra of L

generated by elements of odd degree. Since J is (obviously) an ideal it follows
from the Hochschild-Serre spectral sequence,

Extp
U.L=J /

.k;ExtqUJ .k; UL//) ExtpCqUL .k; UL/;

that depthJ � depthL. Choose a finite set y1; : : : ; yr of elements of odd degree
such that the sub Lie algebra F generated by the yi satisfies

ExtUJ .k; UJ /! ExtUF .k; UJ / is a nonzero map I

cf. Lemma 4. Then by Lemma 6, the centralizer of F in J is finite dimensional.
It follows that for ` large enough there is some �.`/ such that dimŒy�.l/; J`��

1
r

dimJ` : Since J` D L` for ` odd, it follows that

dimLdegy�.`/C` �
1

r
dimL`; for ` odd and sufficiently large.

Now let `1 < `2 < � � � be the infinite sequence provided by .X4/ for ˇ,

j̀ C 1

j̀
! 1 and lim inf

j

log dimL
j̀

j̀
� ˇ :

Deducing X3 from X4 means showing the existence of a sequence of even integers
with the same property. Let R D max f degy� j 1 � � � r g. By choosing a
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subsequence if necessary we may assume the subsequence . j̀ / also satisfies j̀C1>

RC j̀ . Define a new infinite sequence q1 < q2 < � � � of even integers by

qj D

�
j̀ if j̀ is even;

degy�. j̀ /C j̀ if j̀ is odd:

Then qjC1
qj
�

j̀C1CR

j̀
! 1, and

log dimLqj

qj
�

log.1=r/
qj

C
log dimL

j̀

qj
�

log.1=r/
qj

C
log dimL

j̀

j̀
�

j̀

j̀ CR
:

It follows that lim infj
log dimLqj

qj
� ˇ.

This completes the proof of .X3/ and of Theorem 3. �

Proof of Theorem 30. Let d be as in Theorem 3. Clearly

log indexLD lim supk
log

PkCd
iDk dimLi

k
:

Thus by Theorem 3, this is less than or equal to lim infk
log

PkCd
iDk

dimLi
k

and so
lim sup and lim inf coincide, whence the formula in the theorem. �

5. Growth of the ranks of homotopy groups

It is a classical result of Serre that the following conditions on a simply
connected CW complex X are equivalent: (i) Each Hi .X IQ/ is finite dimensional,
(ii) Each �i .X/˝Q is finite dimensional, and (iii)X has the rational homotopy type
of a CW complex with finitely many cells in each degree. When these conditions
hold we say X is rationally of finite type.

PROPOSITION 2. If X is a simply connected CW complex that is rationally
of finite type then the sequence dim�k.X/˝Q grows at most exponentially if and
only if the sequence dimHk.X IQ/ grows at most exponentially.

Proof. Suppose dim �k.X/˝Q � e�k for all k. By Sullivan’s theory of
minimal models ([17], [7]), H�.X IQ/ Š H.

V
V; d/, where V k Š �k.X/˝Q.

Now
V
V is a quotient of

L1
iD2.˝V

i / and so

dim.
V
V /k �

X
q1�����qm
q1C���CqmDk

dimV q1 : : : dimV qm � �.k/e�k ;

where �.k/ is the number of partitions of k. Since �.k/ < e�
p
k [18, Th. 15.7], it

follows that the sequence dimHk.X IQ/ grows at most exponentially.
Conversely, suppose dim Hk.X IQ/ � e

�k , for all k. Then it follows from
the classic result of Adams-Hilton [1] that H�.�X IQ/ŠH.T W; d/ where Wk Š
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Hk�1.X IQ/. The Hilbert series for W and T W satisfy

W.z/�
ze�

1� ze�
and T W.z/�

1� ze�

1� 2ze�
:

It follows that dim.T W /k grows at most exponentially in k. Since

dim�k.X/˝QD dim�k�1.�X/˝Q� dimHk�1.�X IQ/� dim.T W /k�1

it follows that dim�k.X/˝Q grows at most exponentially in k. �

Recall that the Lusternik-Schnirelmann category of a topological space X ,
catX , is the least integer m (or1) such that X can be covered by mC1 open sets,
each contractible in X . The rational LS category of X , cat0X , is the LS category
of the rationalization XQ and satisfies cat0X � cat X .

Recall also that the classical result of Milnor-Moore-Cartan-Serre [16] asserts
that H�.�X IQ/ is the universal enveloping algebra of a graded Lie algebra LX Š
��.�X/˝Q: LX is called the rational homotopy Lie algebra of X .

THEOREM 4. Let X be a simply connected CW complex satisfying the follow-
ing three conditions: (i) The sequence dimHk.X IQ/ grows at most exponentially;
(ii) �k.X/˝Q is nonzero for infinitely many k, and (iii) cat0X Dm� 1 <1. Let
˛X denote log indexLX . Then 0 < ˛X <1 and, for some fixed d , and for any
" > 0, there is a K DK."/ such that

e.˛X�"/k �

kCdX
iDk

dim�i .X/˝Q� e.˛XC"/k for all k �K :

Proof. This is immediate from Theorem 30 once we have verified that the
rational homotopy Lie algebra LX satisfies hypotheses .X1/ and .X2/ with ˛D ˛X .

First note that ˛X <1, by Proposition 2. Then recall from [5, Th. 4.1] that
there are a sequence pj and a constant C > 1 such that dim.LX /pj � C

pj . It
follows that ˛X > 0. Now for simplicity denote LX simply by L.

Choose a sequence

u1 < u2 < � � �

such that .dimLui /
1=ui ! e˛X . Then put aD

�
1

2m

�m
. The formula in [5, p. 189]

gives a sequence

ui D v0 < v1 < � � �< vk D uiC1

such that for j � k, 2vj�1C 2� vj C 2�m.vj�1C 1/, and

dimLvj � a.dimLvj�1/

vjC2

vj�1C1 ; j < k :
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Since vj � 2vj�1 we have vj � 2j v0 and a
1

vjC2 � a
1
vj � a

1

2j v0 . Thus

.dimLvj /
1

vjC1 � .dimLvj /
1

vjC2

� a
1
vj .dimLvj�1/

1
vj�1C1 � a

1

2j v0 .dimLvj�1/
1

vj�1C1 :

It follows that �
dimLvj

� 1
vjC1 �

�
a2 dimLv0

� 1
v0C1 ; j < k :

Interpolating the sequence ui with the sequences vj defines a sequence rj satisfying
rjC1 � .mC 1/rj and

lim
j

log dimLrj

rj
D ˛X :

Thus .X1/ holds. Finally recall from [4] that depthL� cat0X , so that .X2/ holds
also. �

Theorem 1. Since the subject of Theorem 1 is a simply connected finite CW
complex X of dimension n, its rational LS category satisfies cat0X � n=2. If
rank�k.X/D 0 for all but finitely many k then it is shown in [12] that rank�k.X/
D 0, k � 2n. Otherwise we may apply Theorem 4 to obtain for some d and any
" > 0 there is a K DK."/ such that

e.˛X�"/k �

kCdX
iDk

rank�i .X/� e.˛XC"/k ; for all k �K :

We complete the proof by showing that for d � n,

lim inf
k

log
�PkCd

iDk rank �i .X/
�

k
D lim inf

k

log
�PkCn

iDkC2 rank�i .X/
�

k
:

Put hD dimH�.X IQ/. In Corollary 7 of [14] Lambrechts shows that for some
`0 and any p� `0, there is a p1 2 .p; pCn/ such that rank�p1.X/�

1
h

rank�p.X/.
The desired inequality follows. Indeed let " > 0 and choose K �K."=2/ such that
e˛Xd .d C 1/hd � e"K=2. Then for any k �KC d � 2,

kC2X
iDk�dC2

rank�i .X/� e.˛X�
"
2
/.k�dC2/ :

Thus there is p2 Œk�dC2; kC2� such that rank�p.X/� e.˛X�
"
2
/.k�dC2/=.dC1/.

It follows from Lambrechts’ result that we can extend p to a sequence p D p0 <
p1< � � � such that piC1<piCn and rank�pi .X/�e

.˛X�"=2/.k�dC2/=..dC1/hi /.
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In particular for some i � d , pi 2 ŒkC 2; kCn�. Therefore,

kCnX
iDkC2

rank�i .X/�
e.˛X�

"
2
/.k�dC2/

.d C 1/hd
� e.˛X�"/k : �
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