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Abstract

We prove the conjecture (known as the “Ten Martini Problem” after Kac and
Simon) that the spectrum of the almost Mathieu operator is a Cantor set for all
nonzero values of the coupling and all irrational frequencies.

1. Introduction

The almost Mathieu operator is the Schrodinger operator Hj o g on %(7)
defined by

(1-1) (Hj q,0Wn = Un+1 +Up—1 + 24 cos2m(0 + na)uy,

where A, o, 8 € R are parameters (called the coupling, frequency, and phase, re-
spectively), and one assumes that A # 0. The interest in this particular model is
motivated both by its connections to physics and by a remarkable richness of the
related spectral theory. This has made the latter a subject of intense research in the
last three decades (see [Las05] for a recent historical account and for the physics
background). Here we are concerned with the topological structure of the spectrum.

If « = p/q is rational, it is well known that the spectrum consists of the
union of ¢ intervals called bands, possibly touching at the endpoints. In the case of
irrational «, the spectrum X ,, (which in this case does not depend on ) has been
conjectured for a long time to be a Cantor set; see a 1964 paper of Azbel [Azb64].
Proving this has been dubbed the Ten Martini Problem by Barry Simon, after an
offer of Mark Kac in 1981; see [Sim00, Prob. 4]. For a history of this problem see
[Las05]. Earlier partial results include [BS82], [Sin87], [HS89], [CEY90], [Las94],
and recent advances include [Pui04] and [AKO06]. In this paper, we solve the Ten
Martini Problem as stated in [SimO00].

Avila is a Clay Research Fellow. Jitomirskaya was supported in part by NSF grant DMS-0300974 and
grant 2002068 from the United States-Israel Binational Science Foundation (BSF), Jerusalem.
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MAIN THEOREM. The spectrum of the almost Mathieu operator is a Cantor
set for all irrational « and for all A # 0.

It is important to emphasize that the previous results mentioned above covered a
large set of parameters (A, ), which is both topologically generic [BS82] and of full
Lebesgue measure [Pui04]. As often happens in the analysis of quasiperiodic sys-
tems, the “topologically generic” behavior is quite distinct from the “full Lebesgue
measure” behavior, and the narrow set of parameters left behind does indeed lie in
the interface of two distinct regimes. Furthermore, our analysis seems to indicate
an interesting characteristic of the Ten Martini Problem, that the two regimes do not
cover nicely the parameter space, and hence there is a nonempty “critical region” of
parameters in between; see Remarks 1.1, 5.1, 5.2 and the comments after Theorem
8.2.

This is to some degree reflected in the structure of the proof. While the
reasoning outside of the critical region can be made quite effective, in the sense
that one essentially identifies specific gaps in the spectrum,! in order to be able to
cover the critical region we make use of very indirect arguments. As an example,
we show that absence of Cantor spectrum enables us to “analytically continue”
effective solutions of a small divisor problem, and it is the noneffective solutions
thus obtained that can be related to gaps in the spectrum.

This paper builds on a large theory. Especially important for us are [CEY90],
[Jit99], [Pui04], whose methods we improve, but several other ingredients are needed
(such as Kotani theory [Sim83] and the recent estimates on Lyapunov exponents of
[BJO2]). An important new ingredient is the use of analytic continuation techniques
in the study of m-functions and in extending the reach of the analysis of Anderson
localization.

1.1. Strategy. In this problem, arithmetics of « rules the game. When « is
not very Liouville, it is reasonable to try to deal with the small divisors. When
o is not very Diophantine, this does not work, and we deal instead with rational
approximation arguments. Let p, /g, be the approximants of & € R\ Q. Let

(1-2) B = B(a) = limsup(Ingpn+1/qn)-

The relation between e# and A will play an important role in our argument, and will
decide whether we approach the problem from the Diophantine side or from the
Liouvillian side. As discussed before, our analysis indicates that there are parameters
that cannot be effectively described from either side, and it is only through the use
of indirect arguments that we can enlarge artificially the Diophantine and Liouville

IThese gaps are related either to gaps of periodic approximations or to eigenvalues of a dual almost
Mathieu operator.
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regimes to cover all parameters. It should be noted that even with such tricks, both
sides will just about meet in the middle.

Since ¥ o = X_} o, it is enough to assume A > 0. It is known that the
behavior of the almost Mathieu operator changes drastically at A = 1 (“metal-
insulator” transition [Jit99]). Aubry duality shows that X, , =A%, «- Soeach
A # 1 admits two lines of attack, and this will be determinant in what follows. The
case A = 1 was settled in [AKO6] (after several partial results [AvMS90], [HS89],
[Las94]), but it is also recovered in our approach.

We will work on A < 1 when approaching from the Liouville side. The
approach from the Diophantine side is more delicate. There are actually two
classical small divisor problems that apply to the study of the almost Mathieu
operator, corresponding to Floquet reducibility (for A < 1) and Anderson localization
(for A > 1). An important point is to attack both problems simultaneously, mixing
the best of each problem (“soft” analysis in one case, “hard” analysis in the other).

A key idea in this paper is that absence of Cantor spectrum implies improved
regularity of m-functions in the regime 0 < A < 1. This is proved by analytic
continuation techniques. The improved regularity of m-functions (which is fictitious,
since we will prove Cantor spectrum) will be used both in the Liouville side and in
the Diophantine side. In the Liouville side, it will give improved estimates for the
continuity of the spectrum with respect to the frequency. In the Diophantine side, it
will allow us to use (again) analytic continuation techniques to solve some small
divisor problems in some situations that are beyond what is expected to be possible.

Remark 1.1. Since our approach, designed to overcome the difficulties in the
interface of the Diophantine and Liouville regimes, works equally well for other
ranges of parameters, it will not be necessary in the proof to precisely delimit
a critical region. For the reasons discussed in Remarks 5.1 and 5.2 and in the
comments after Theorem 8.2, the critical region is believed to contain the parameters
such that 8 >0 and B < |In A| <28, the parameters such that 8 = |[In A| (respectively,
28 = |In A|) being seemingly inaccessible (even after artificial extension) by the
Diophantine method (respectively, Liouville method). It is reasonable to expect
that something should be different in the indicated critical region. For instance, it
is the natural place to look for possible counterexamples to the “Dry Ten Martini”
conjecture (for a precise formulation see Section 8).

2. Background

2.1. Cocycles, Lyapunov exponents, and fibered rotation number. A (one-
dimensional quasiperiodic SL(2, R)) cocycle is a pair

(a, A) e Rx C°(R/Z,SL(2, R)),
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understood as a linear skew-product:
(@, A):R/Z xR?* > R/Z x R?,
(x,w) = (x +a, A(x) - w).

Forn > 1, we let Ay (x) = A(x + (n — a) --- A(x) (« is implicit in this notation).
Given two cocycles («, A) and («a, A”), a conjugacy between them is a contin-
uous B :R/Z — SL(2, R) such that

B(x +a)A(x)B(x)"! = A'(x).

The Lyapunov exponent is defined by

@-1) lim % / In[| A, ()|,

so L(a, A) > 0. It is invariant under conjugacy.
Assume now that A : R/Z — SL(2, R) is homotopic to the identity. Then there
exists ¥ : R/ZxR/Z — Rand u : R/Z x R/Z — R such that

cos2my\ _ cos 2 (y + ¥ (x,y))
(2‘2) A(X) : (sinZer) - M(X,y) (sin2n(y + W(X,y))) .

The function v is called a lift of A. Let u be any probability on R/Z xR/Z which is
invariant by the continuous map 7 : (x, y) — (x +«, y + ¥ (x, y)), projecting over
Lebesgue measure on the first coordinate (for instance, take p as any accumulation
point of % Zi;}) va, where v is Lebesgue measure on R/Z x R/Z). Then the
number

p(oz,A):/Wd;LmodZ

does not depend on the choices of ¥ and u, and is called the fibered rotation number
of (a, A); see [JM82] and [Her83]. It is invariant under conjugacies homotopic to
the identity. It immediately follows from the definitions that the fibered rotation
number is a continuous function of («, A).

If A,A" : R/Z — SL(2,R) and B : R/Z — SL(2,R) are continuous such
that A is homotopic to the identity and B(x + a)A(x)B(x)~! = A’(x), then
p(a, A) = p(a, A") —ka, where k is such that x —> B(x) is homotopic to x > Ry,
where

sin2w@  cos2mb

Ry = (0052719 —sm2719) ‘

2.2. Almost Mathieu cocycles, integrated density of states, and spectrum. Let

E—2Acos2mx —1
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We call (o, Sy g), for A, a, E € Rand A # 0, almost Mathieu cocycles. A sequence
(4n)nez is a formal solution of the eigenvalue equation Hy 4 gu = Eu if and only

f
| st (2,) = (1)

Un
Let L) o(E) = L(a, Sy g)- It is easy to see that p(a, S, g) admits a deter-
mination py ,(E) € [0, 1/2]. We let

Nyo(E) =1-2p; 4(E) €[0,1].

It follows that £ + N, (E) is a continuous nondecreasing function. The function
N is the usually defined integrated density of states of H) 4 ¢ if @ € R\ Q (for
o €@, N is the integral of the density of states over different 8); see [AS83] and
[JM82]. Thus defining

Yo ={E € R: N, 4 is not constant in a neighborhood of E},

we see that (consistently with the introduction) X, , is the spectrum of H, 4 ¢ for
o € R\ Q (in this case the spectrum does not depend on 6), while fora € Q, X, ,
is the union of the spectra of H} 4 ¢ for 6 € R. One also has

e C[-2=2I7AL 2+ 2|A]].

Continuity of the fibered rotation number implies that N, , depends continu-
ously on (4, «).

It turns out that there is a relation between N and L, the Thouless formula
(see [AS83])

L(E) = /ln|E — E'|dN(E’).

By the Schwarz reflection principle, if J C R is an open interval where the Lyapunov
exponent vanishes, then E — N, ,(E) is an increasing analytic function of E € J 2
(and obviously J C X, o).

We will use several times the following result.

THEOREM 2.1 [BJ02, Cor. 2]. Suppose o € R\ Q and A #0. If E € £} 4,
then

Lj o(E) = max{0,In|A[}.

This result will be mostly important for us for what it says about the range
0 < A <1 (zero Lyapunov exponent on the spectrum). It will be also used in very
minor way in our proof of localization when A > 1.

2 This is because N + iL /7 is holomorphic in upper half-plane and real on J. It can also be
obtained from the Thouless formula.
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2.3. Kotani theory. Recall the usual action of SL(2, C) on the Riemann sphere
C: (¢ 2) -z =(az+b)/(cz +d). We can of course define SL(2, C) cocycles as
pairs (a0, A) € R x C°(R/Z,SL(2, C)), but it is convenient to view an SL(2, C)
cocycle as acting by Mdbius transformations:

(¢, A):R/ZxC — R/Z xC,
(x,z2) > (x4 o, A(x)-2).

If one lets £ become a complex number in the definition of the almost Mathieu
cocycle, we get an SL(2, C) cocycle.

Let H be the upper half-plane. Fix (A, «). It is well known that there exists
a continuous function m =m; o : H x R/Z — H such that S} g(x)-m(E,x) =
m(E, x + «), thus defining an invariant section for the cocycle («, S} g):

(2-4) (. Sp,p)(x.m(E,x)) = (x +a,m(E,x +a)).
Moreover, E — m(E, x) is holomorphic on H.

Remark 2.1. In the literature (for instance, in [Sim83]), it is more common
to find the definition of a pair m 4 (x, E) of m-functions, which is given in terms
of nonzero solutions (U+(n))nez of H) o xu = Eu that are €% at o0, that is,
mi(x, E) =—ux(£1)/us(0). In this notation we have m(x, ) =—1/m_(x, E).
The relation Sy g(x)-m(E,x) =m(E, x + «) is an immediate consequence of the
definition of m_(x, E).

The following result of Kotani theory [Sim83], [DCJ87] will be important in
two key parts of this paper.

THEOREM 2.2. Let € R\Q, and assume that L, o (E) =0 in an open interval
J CR. Then for every x € R/Z, the function E +— m(E, x) admits a holomorphic
extension to C\ (R\ J), with values in H. The functionm : C\ (R\ J)xR/Z - H
is continuous in both variables.

2.4. Polar sets. Recall one of the possible definitions of a polar set in C: it is
a set of zero logarithmic capacity. We will need only some properties of polar sets
in C (see for instance [Hor94)):

(1) A countable union of polar sets is polar.

(i) The image of a polar set by a nonconstant holomorphic function (defined in
some domain of C) is a polar set.

(i11) Polar sets have Hausdorff dimension zero; thus their intersections with R have
zero Lebesgue measure.

(iv) Let U C C be a domain, and let f, : U — R be a sequence of subharmonic
functions that is uniformly bounded in compacts of U. Then f : U — R
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given by f =limsup f, coincides with its (subharmonic) upper regularization
f*:U — R (given by f*(z) = limsup,,_,, f(w)) outside a polar set.

We will say that a subset of R is polar if it is polar as a subset of C.

The following result on analytic continuation is well known. We will quickly
go through the proof, since a similar idea will play a role later in a small divisor
problem.

LEMMA 2.3. Let W C C be a domain, and let f : W xR/Z — C be a continuous
Sfunction. If z — f(z,w) is holomorphic for all w € R/Z and w — f(z,w) is
analytic for some nonpolar set of z € W, then f is analytic.

Proof. We may assume that | f(z, w)| < 1 for (z,w) € W xR/Z. Let
(2-5) fzow) =" fo(k)e?™ v,

Then z — f;(k) is holomorphic, and | f;(k)| < 1. Using property (i) of polar sets,
we obtain that there exists a nonpolar set A C W, € > 0, and k > 0 such that

|fz(n)| <e €l for z € A and |n| > k. Let
1 A
h(z) = sup — In|fz(n)|.
In|>k ]

Then, by property (iv) of polar sets, 2* is a nonpositive subharmonic function
satisfying h*(z) < —e for z € A\ X, where X is polar. Since A is nonpolar, we
conclude that #* is not identically 0 in W. It follows from the maximum principle
that 7*(z) < 0 for z € W. Thus for any domain U C W compactly contained
in W, there exists a § = 6(U) > 0 such that h(z) < —§ for z € U. Therefore
(ln|fz(n)|)/|n| < —6 for |n| > k and z € U, which implies that (2-5) converges
uniformly on compacts of W x {w € C/Z, 2x|Im w| < §}. O

3. Regularity of the m-functions

THEOREM 3.1. Leta € R\ Qand A > 0. Letm =m o :HxR/Z — H be as
in Section 2.3. Then m is analytic.

Proof. Let us show that m has a holomorphic extension to
Q) ={(E,x):ImE >0, 2Asinh|27 Im x| < Im E}.
We have S) g(x)-z = FE —2Acos(2nx)—1/z. For (E, ) satisfying
3-1) ImE >0 and 2Asinh|27t| <ImE,
define the half-plane
K)lt,E,t ={z:Imz >Im E —2Asinh|27¢|} C H,
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and the disk
K/%,E,t ={|z| < |E|+2Acosh|2x¢t| + 1/(Im E — 2A sinh|27¢])},

andlet Ky g, =K i g NK i g .¢» Which is a domain compactly contained in H
depending continuously on (FE, t) satisfying (3-1). If (E, x) € Q,, then (E,Imx)
satisfies (3-1) and one checks directly that

SA:E(X) HC K)IL,E,Imx and SA,E(x) ’ K)IL,E,Imx - K}%,E,Imx‘

Since Im x = Im(x + &), we have
SiE(x+a)-S3 g(x) - HC Ky g imx-
Thus, by the Schwarz lemma applied to H, for every (E, x) € 2,,
SiE(x —a)--~SA,E(x—na)-ﬂ

is a sequence of nested compact sets shrinking to a single point 71(E, x). This
implies that 7 (E, x) is the unique solution to (2-4) in H. As m :HxR/Z — H
is a continuous function satisfying (2-4), we must have m(E, x) = m(E, x) for
(E,x)eHxR/Z.
Since holomorphic functions m” : Q,; — H given by
m"(E.x) = S35 (x —a)-Sj. g (x —na)-i

take values in H, the sequence m" is normal. Since it converges pointwise to 11,
we conclude that 772 is holomorphic. |

THEOREM 3.2. Leta € R\Q, and letO <A <1. Letm=m, o :HxR/Z—H
be as in Section 2.3. If J C X o is an open interval, then m admits an analytic
extensionm : C\ (R\ J)xR/Z — H.

Proof. By Theorems 2.1 and 2.2, there exists a continuous extension
m:C\(R\J)xR/Z—H

that is analytic in £. By Theorem 3.1, m is also analytic in x for £ € H. Analyticity
in (E, x) then follows by Lemma 2.3. |

4. Analytic continuation
LEMMA 4.1. Let « € R\ Q, let ¢ : R/Z — R be analytic, and let 0 =
fR/Z ¢ (x)dx. The following are equivalent:

(i) There exists an analytic function O : R/Z — SL(2,R), homotopic to the
identity, such that O(x + (x)R¢(x)O(x)_1 = Ry.
(ii) There exists an analytic function V¥ : R/Z — R such that

(4-1) p(x) =0 =9 (x+a)-¥(x).
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Proof. Obviously (ii) implies (i): it is enough to take O(x) = R_y (x).

Let us show that (i) implies (ii). If O(x)-i =i for all x, then we have
O(x) € SO(2,R) for all x, and since O is homotopic to the identity, we have
O(x) = R_y (x) for some analytic function v : R/Z — R that must satisfy ¢ (x)—6 =
V(x4 o) —y(x).

Thus we may assume that O(xg) -i # i for some x¢. Notice that

O(xo+na)-i = R,pO(x9) -i.

It follows that if nzo — 0 in R/Z, then 2ni6 — 0 in R/Z. This implies that
0 = (I/2)a for some [ € Z. We have

O(x + )Ry (x) O(x) ™" = R(1/2)(x +a) R—(1/2)x-
which implies R_(/2)(x+a) O(x + @) Ry(x) = R_(1/2)x O(x), and we get

R_(1/2)(x+a) O(x + )i = R_(1/2)x O(x) -i.

It follows that R_(;/2)x O(x) -i = z does not depend on x. Let Q € SL(2, R) be
such that Q0 -z =i, and set

S(x) = R(/2)x OR_(1/2)x O(x).

Since O, Q : R/Z — SL(2,R), where Q(x) = Q, are homotopic to the identity,
S :R/Z — SL(2,R) is homotopic to the identity and, using that 8 = (//2)«, we
have S(x + Ol)R¢(x)S(x)_1 = Ry. Moreover, S(x)-i =i, so S(x) € SO(2, R),
and thus S(x) = R_y(x) where ¥ : R/Z — R. It follows that  satisfies (4-1). [

Fora e R\Qand 0 <A <1, let Ay , be the set of E such that there exists an
analytic function Bg : R/Z — SL(2, R), homotopic to the identity, and 8(F) € R,
such that

Bg(x +a)Sy g (x)BE(x)™" = Rgx).

THEOREM 4.2. Letoo € R\ Q and 0 <A < 1. Let J C X, 4 be an open
interval. Then

() if B=0,then Ay o NJ = J;
(ii) if B < oo, then either Ay o N J is polarorint A, o NJ # 2.

Proof. Assume that J C X, , is an open interval. Let m = m, , be given by
Theorem 3.2, so that m : C\ (R\ J) x R/Z — H is continuous, E — m(E, x) is
holomorphic, and S g -m(E,x) =m(E,x +a). Let

Rem(E, x) _ |m(E,x)|
|m(E, x)|(Imm(E, x))!/2 (Imm(E, x))1/2
(Imm(E, x))/? 0

Im(E, x)|

@42  Cp)=
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Then Cg(x + a)S) E (x)Ce(x)~! € SO(2,R) for E € J and x € R/Z. Since
x +— Cg(x) is easily verified to be homotopic to the identity for £ € J, we
have Cg(x +a)S; g(x)Ce(x)"! = Ry (E x) for some real-analytic function ¢ :
J xR/Z — R. Tt follows that ¢ has a holomorphic extension ¢ : Z — C, where
Z C CxC/Z is some domain containing J x R/Z. So there exists a domain A C C
such that J C Aand AxR/Z C Z.For E € A, let

$(E.x) =Y r(k)e™™ >,

Let £ € J be such that there exists an analytic function ¥ g : R/Z — R such
that

/ YE(x)dx =0 and ¢(E,x)—/ ¢(E,x)dx =vg(x +a)—vE(x).
R/Z R/Z
Then

@3) Yex) =) Vel ,

5 wika .

ifk=0.
We can then define an analytic function Bg : R/Z — SL(2, R) by

BE(x) = Ry (x)CE (%),

which satisfies
Bg(x +a)S; g(x)Bg(x)™' = Rg(gy and H(E):/ (E,x)dx.
R/Z

Reciprocally, if there exists an analytic function Bg : R/Z — SL(2, R) ho-
motopic to the identity such that Bg (x +a)Sy g (x)BE x)" = Ry(g) for some
O(FE) € R, then we can write

OE(x + @) Ry(x) O (x)~' = Rggy, where Og(x) = Bg(x)Cg(x)~".

By the previous lemma, there exists an analytic function (having average 0) ¥ :
R/Z — R satisfying ¢ (x) — fR/Z d(x)dx = ¥ (x +a)— Y (x).
Notice that

1

. 1
(4—4) lim sup m In m = /3,

|k|—o00
so that if § = 0, then (4-3) really defines an analytic function for any £ € J; thus
(i) follows.

Leta : A — [—o0, B] be given by

a(E) =limsup L In

i oe 1 [z

oE (k) ‘
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By the previous discussion, Ay o = {E € J :a(E) <0}. If B < oo, then a is
lim sup of a sequence of subharmonic functions which are uniformly bounded on
compacts of A. It follows that a coincides with its upper regularization
a*(E) =limsupa(E’)
E'—FE
for E outside some polar exceptional set. Thus the set {E € J : a(E) < 0} is either
polar (contained in the exceptional set) or it has nonempty interior. O

LEMMA 4.3. Leta € R\ Q and A > 0. Then A o has empty interior.

Proof. We may assume that 0 < A < 1 (otherwise the Lyapunov exponent is
positive on X, o, which easily implies that A , = @). Assume that J C Ay 4 is
an open interval. Then J C X 4 (since L) (E) =0 for E € J). Let Bg be as in
the definition of A o. Then the definition of fibered rotation number (see Section
2.1) implies py o (E) = 0(E)(mod Z). By the analyticity of p on J (see note 2),
there exist £ € J and /[ € Z such that 6(FE) =la(mod Z). Let Tg : R/Z — SL(2, R)
be given by Tg (x) = R_;, BE(x). Then

Te(x+e)S; g(x)Te(x)~ =id.
The conclusion is as in [Pui04]. For v € R2,
S35 TE(0) v = Tp(x +a) v,
So by (2-3) there exists an analytic U, : R/Z — R such that

Uy (x) )

Te(x+a) tov= (Uv(x—a)

Let Uy(x) = > ule?™"* Tt is a standard Aubry duality argument (and can be
checked by direct calculation) that u}) € ¢%(Z) is an eigenvector of H—1 4 o with
eigenvalue A" E. The fact that we get such an eigenvector for every v € R?
contradicts the simplicity of the point spectrum. O

Remark 4.1. Notice that Lemma 4.3 and Theorem 4.2(i) already imply the
Ten Martini problem in the case 8 = 0, and we did not need any localization result
(the only recent result we used was Theorem 2.1).

5. Localization and Cantor spectrum

We say that the operator H) 4 g displays Anderson localization if it has pure
point spectrum with exponentially decaying eigenvectors. This requires & € R\ @,
and implies that eigenvalues are dense in X 4.

THEOREM 5.1. Let oo € R\ Q, and let A > 1. Assume that B < oo. If H) 4 ¢
displays Anderson localization for a nonpolar set of 0 € R, then X ,, is a Cantor
set.
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Proof. Let © be the set of 6 such that H, , ¢ displays Anderson localization.
If € ® and E is an eigenvalue for H, 4 g, let (1,)nez be a nonzero eigenvector.
Then

Si-1 -1 - W) = "W (x + ),
where

W(x) = ((?](226_2:;1)9) and U(x) = Zunezni”x.

Let M(x) be the matrix with columns W(x) and W(x). Then
e27ri9 0
SA—1’A—1E(x)-M(x):M(x+01)( 0 6_27”-9).
This implies that det M (x) is independent of x, so det M (x) = ci for some ¢ € R.
Notice that if ¢ = 0, then
V(x+a)=e 40y (x),

with V(x) = U(x)/U(x) (observe that U(x) # 0 except at finitely many x since
U(x) is a nonconstant analytic function), and in particular, if nza — 0, then
2ni0 — 0. S0 20 = ka + [ for some k,[ € Z. If ¢ > 0, we have

Spc1a-1E(X) = Q(x +@)RyO(x) ",
where Q : R/Z — SL(2, R) is given by

1 1 i
(5-1) O(x) = WM(X) (1 —i)

and if ¢ < 0, we have
Sp-ip-1g(X) = 0(x +@)R_gO(x) ",
where Q : R/Z — SL(2, R) is given by

1 1 i\(1 0
(5-2) 0(x)= WM(X) (1 _i) (o —1)‘

It follows that in either case A™1E € A A—1,¢> and moreover,
,o)rl,a(k_lE) = +60+ka(modZ) forsomekecZ

(note that Q defined by (5-1) or (5-2) is not necessarily homotopic to the identity).

Let ® C O be the set of all 6 such that 260 # ko + [ for all k,l € Z. Let
J C X, 4 be an open interval. Then for any 6 € @', there exists some E € J such
that E is an eigenvalue for H, 4 ¢, and by the previous discussion any such £
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satisfies
Ny—1 gATTE)y=1-2p;-1 ,(A'E) = 1-2(e0 + ka + 1)
for some k,/ € Z, e € {1,—1}, and ATVE € Aj-1 4
It follows that
o C {%(I—Nl_l,a(Ak_l,aﬂk_lJ))—koz—l kleZ ee{1,—1}}.

By Theorem 4.2(ii) and Lemma 4.3, A, -1 4 N A~1J is polar. Since L = 0 on
A~1J, we have that N A—1, 1S @ nonconstant analytic function on A~1J; thus it
follows that @ is also polar. Therefore ® C ®' U {%(koz +10):k,l € 7} is polar,
which is a contradiction. O

Remark 5.1. In [PuiO4], it is shown that if &« € D C, then Anderson localization
of Hy 4 o implies Cantor spectrum. We can not however use the argument of Puig
(based on analytic reducibility) to conclude Cantor spectrum in the generality we
need. Indeed, we are not able to conclude analytic reducibility from localization of
Hj o, in our setting (in a sense, we spend all our regularity to take care of small
divisors in the localization result, which is half of analytic reducibility, and there is
nothing left for the other half). Though this can be bypassed (using Kotani theory
to conclude continuous reducibility under the assumption of non-Cantor spectrum),
there is a much more serious difficulty in this approach; see Remark 5.2.

The next result gives us a large range of A and o where Theorem 5.1 can be
applied.

THEOREM 5.2. Let o € R\ Q be such that B = () < oo, and let A > e'6B/9,
Then H) 4 ¢ displays Anderson localization for almost every 0.

This result improves on [Jit99], where Anderson localization was proved under
the assumption that « is Diophantine. Recall that « is said to satisfy a Diophantine
condition (briefly, « € DC) if Ing,+1 = O(Ingy), where p,/q, are the rational
approximations of «. In particular « € DC implies (but is strictly stronger than)
B(a) = 0. The proof in [Jit99] with some modifications can be extended to the case
B(a) = 0 but not to the case B(a) > 0.

The proof of Theorem 5.2 is the most technical part of this paper, and the
considerations involved are independent from our other arguments. We will thus
postpone it to Section 9.

Remark 5.2. We expect that the operator H , o does not display Anderson
localization for 1 < A < 28, The key reason is that in this regime 0 is a very
resonant phase, and since « is Diophantine only in a very weak sense, the compound
effect on the small divisors can not be compensated by the Lyapunov exponent. See
also Remark 9.1.
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6. Fictitious results on continuity of the spectrum

The spectrum X , is a continuous function of « in the Hausdorff topology.
There are several results in the literature about quantitative continuity. The best
general result, due to [AvMS90], concerns 1/2-Holder continuity. Better estimates
can be obtained for « not very Liouville in the region of positive Lyapunov exponent
[JKO2]. None of those results are enough for our purposes.

The results described above have something in common: they deal with
something that actually happens, and it is not clear if it is possible to improve them
sufficiently (to the level we need). Thus we will argue by contradiction: assuming
the spectrum is not Cantor, we will get very good continuity estimates. This will
allow us to proceed the argument, but obviously, since we will eventually conclude
that the spectrum is a Cantor set, estimates in this section are not valid for any
existing almost Mathieu operator. Those estimates might be useful also when
analyzing more general Schrodinger operators.

THEOREM 6.1. Let o e R\ Q and 0 < A < 1. Let J C R be an open interval
such that J C int X A, There exists K > 0 such that

Ny o(E) =Ny o (E)| < Klo—a'| forEelJ.

Proof. Let m = m, o be as in Theorem 3.2. Define x > Cg(x) by (4-2).
Then, as discussed in the proof of Theorem 4.2, Cg : R/Z — SL(2, R) is homotopic
to the identity, with Cg (x + &) S; g (x)Cg(x)~! € SO(2,R). So

CE(x+a)S) g (x)CE(X) ™" = Ry (v

where ¢ : R/Z — R is analytic. Recall the definition of the fibered rotation number
in Section 2.1. Then p(a, Sy £ (x)) = p(a, Ry(x)). In this case we can take as lift
of Ry, (x) the function ¥ (x, y) = ¢(x).

Write

p(, Si.E) = p(@,CE(x +&")S3 g (x)CE(x)™)
=p(a’,Cp(x +)Cg(x + &) ' Ry (x))-
Since m is analytic in x, we can take as lift of Cg (x + o')Cg(x + oz)_lR¢E(x) a
function V (x, y) satisfying |V (x, y) —¢(x)| < K|o —a’|. Thus
lp(et, S5, E) — (@', S3.E) gz < / suplg(x) — ¥ (x, y)|dx < Kla—d/|.
y
The result now follows, since N = 1 —2p (see Section 2.2) for the determination
of pin [0, 1/2]. |
Remark 6.1. Clearly we also get the fictitious estimate

Ly (E)— Ly o(E)| <Kl —0/| forE € J.
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7. Gaps for rational approximants

It is well known for any A # O that if p/q is an irreducible fraction then
3, p/q consists of g bands with disjoint interior. All those bands are actually
disjoint, except if ¢ is even, when there are two bands touching at 0; see [vM89],
[CEY90]. The variation of N, ,/, in each band is precisely 1/q. The connected
components of R\ X, ,/, are called gaps. Let M(A, p/q) be the maximum size
of the bands of £ , /4.

The following result is well known.

LEMMA 7.1. Leta € R\ Q, A #O. If pn/qn — «, then M(A, pyn/qn) — O.
In particular (since Ny p. 14, —> Ny o uniformly), if one selects a point an; in each
band of X5 p,/q, then

1 .
(7-1) q—n ZZ 8an,; — dN, o inthe weak™ topology.
In [CEY90], a lower bound for the size of gaps of X, ,/, is derived of the
form C(A)™4, where, for instance, C(1) = 8. We will need the following sharpening
of this estimate, in the case where p/g are close to a given irrational number.

THEOREM 7.2. Let o € R\ Q and let 0 < A < 1. Let py/qn — «. For every

€ > 0 and for every n sufficiently large, all gaps of X, p, /4, have size at least
e €4n AQn/z.

Proof. Tt is known (see the proof of [CEY90, Th. 3.3] for the case A = 1, the
general case being obtained as described in the proof of [CEY90, Cor. 3.4]) that for
any bounded gap G of X, /4, one can find a sequence a; for 1 < j <g, with one
a; in each band of £ ,/,, such that G = (a;,a;+1) for some 1 <i <g—1, and
[1jzilaj —ail =A™, where ¢ = 2m + 1 or ¢ = 2m + 2.

Let G, be a bounded gap of X ,, /4, of minimal size. Then

(7-2) Gl 2292 [T lan,j —ani, |7,

J?éln aill"’_l
where the a, ; satisfy the hypothesis of the previous lemma. Passing to a subse-
quence, we may assume that a,,;, — E € X, , and |G| — 0 (otherwise the result
is obvious). By (7-2), we get that for 0 < § < 1 and for n large we have

1 _ 1
—In(|Gp A7) = —— 3" Infan,j —dn,,|
n it
1
> —— E Inlay,; —an,i,|,

dn
|an,j —Aan.in |>8
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which implies by (7-1) and the definition of the weak™ topology that
liminlen(|Gn|A_q”/2)z—/ In|E — E'|dN; 4(E").
dn |E'—E|>§
Thus
liminfqi In(|Gn|A™9/%) > — / In|E — E'|dN) 4(E").
n

By the Thouless formula and Theorem 2.1, this gives
liminqu ln(|Gn|k_q”/2) >—L)«(E)=0. |
n

Remark 7.1. It is possible to get an estimate on the convergence rate in Lemma
7.1 using [AvMS90]. This implies an estimate on the rate of convergence in Theorem
7.2.

8. Proof of the Main Theorem

We now put together the results of the previous sections. Recall that it is
enough to consider A > 0, and that the case A = 1 follows from [AK06, Th. 1.5].
Moreover, Cantor spectrum for A implies Cantor spectrum for 1/A. Let 8 = B(x).
The Main Theorem follows then from the following.

THEOREM 8.1. Leta € R\ Q.
() If B < oo and A > e'9B/9  then X, .« is a Cantor set.
(i) If B =00 0orif0 < B < oo and e 2B < X <1, then X ).« s a Cantor set.
Proof.
Item (i) follows from Theorems 5.2 and 5.1.
To get item (ii), we argue by contradiction. Let J C int ¥ be a compact
interval. Then the density of states satisfies dN/dE > ¢ > 0 for E € J [AS83]. Let
p/q be close to o such that (1/¢)In|e — p/q| is close to —8. By Lemma 7.1 and

Theorem 7.2, J \ ¥/, contains an interval G = (a, b) of size e~€914/2 Notice
that Ny ,/4(a) = Ny p/q(b). Theorem 6.1 implies

INj.o(@) — Ny o(0)| < K |a—p/q| < e9eP1,

Thus
c< NA,Ol(a) - Nk,a(b) < e25qe—ﬂq/'\/—q/2‘
a—b
By taking € — 0, we conclude that A < e 2B, |

Let us point out that 1/2-Holder continuity of the spectrum [AvMS90] (which
holds for every o and A) together with Theorem 7.2 implies the following improve-
ment of [CEY90]. Let us say that all gaps of X , are open if whenever E € X, , is
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such that Ny 4 (E) = ko + [ for some k € Z\ {0} and / € Z, then E is the endpoint
of some bounded gap (this obviously implies Cantor spectrum). The conjecture
that X , has all gaps open for all A # 0 and & € R\ Q is sometimes called the
“dry” version of the Ten Martini Problem.

THEOREM 8.2. Leta € R\ Q and let B = B(a). If f =00 orif 0 < f < o0
and e B < X < eP then 3, has all gaps open.

The conclusion from Theorem 8.2 appears to be the natural boundary of what
can be taken honestly from the Liouvillian method: our computations indicate that
although one can get improved estimates on continuity of the spectrum for A > P
(following [JKO02]), things seem to break up at the precise parameter A = P . Notice
that A = e is the expected threshold for localization (for almost every phase) and
falls short of the expected threshold for localization with phase 6 = 0 and A = 28,
Thus the use of fictitious estimates does not seem to be an artifact of our estimates,
but a rather essential aspect of an approach that tries to cover all parameters with
Diophantine and Liouvillian techniques.

Remark 8.1. We do not actually need the measure-theoretical result of [AKO06]
to obtain Cantor spectrum for |A| = 1. Indeed, Lemma 4.3 and Theorem 4.2(i)
imply Cantor spectrum for 8 = 0 (any A # 0; see Remark 4.1), and Theorem 8.1(ii)
implies Cantor spectrum for > 0 (if |[A| = 1).

9. Proof of Theorem 5.2

We will actually prove a slightly more precise version of Theorem 5.2. Let
(9-1) R ={0:|sin27 (0 + (k/2)a)| < k=2 holds for infinitely many ks}
U{sma/2:5€Z}.
R is easily seen to have zero Lebesgue measure by the Borel-Cantelli lemma.

THEOREM 9.1. Let o € R\@ be such that B = () < 0o, and let A > e'0P/9,
Then H) 4 ¢ displays Anderson localization for 6 ¢ 9R.

Remark 9.1. For = 0 the theorem holds as well for 6 = swa/2; however the
proof as presented here will not work. See [JKS05] for the details of the argument
needed for this case. In general, we believe that for 0 of the form swo /2 with s € Z,
the localization would only hold for A > ¢25 .

Remark 9.2. We believe that for 6 ¢ %R, localization should hold for A > ep.
The proof of this fact would require some additional arguments. Moreover, for
A < e, we do not expect any exponentially decaying eigenvectors.

3In particular, by Gordon’s argument enhanced with Theorem 2.1, H A.,a,6 has no eigenvalues for
A < P, and no localized eigenfunctions for A = eP.
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Remark 9.3. The bound k=2 in (9-1) can be replaced by any other sub-
exponential function without significant changes in the proof.

We will use the general setup of [Jit99]; however our key technical procedure
will have to be quite different.

A formal solution Wg (x) of the equation H o gWg = EWg will be called a
generalized eigenfunction if

9-2) [VE(x)| <C(+|x]|) forsome C =C(VEg) < oco.

The corresponding E is called a generalized eigenvalue. It is well known that
to prove Theorem 9.1 it suffices to prove that generalized eigenfunctions decay
exponentially [Ber68].

We will use the notation Gy, y,](x,y) for matrix elements of the Green’s
function (H — E)~! of the operator H 1.6 Testricted to the interval [x1, x2] with
zero boundary conditions at x; — 1 and x5 + 1. We now fix A, « as in Theorem 9.1.

Fix a generalized eigenvalue E, and let ¥ be the corresponding generalized
eigenfunction. Then

(9-3) L(E)=1In1> 0.

A will enter into our analysis through L only and it will be convenient to use L
instead. To simplify notations, in some cases the E, A, «-dependence of various
quantities will be omitted.

Fix m > 0. A point y € Z will be called (m, k)-regular if there exists an
interval [x1, x2], X2 = x1 + k — 1, containing y, such that

|Gxy 2] (Vs X0)| < e ™Y=xil and dist(y, x;) > k/40 fori =1,2.

Otherwise, y will be called (m, k)-singular.

It is well known and can be checked easily that values of any formal solution
W of the equation HW = EW at a point x € I = [x, x2] C Z can be reconstructed
from the boundary values via

(9-4) Y(x) =—Gr(x,x)W¥(x; — 1) = Gr(x, x2)¥W(x2 +1).

This implies that if W is a generalized eigenfunction, then every point y € Z
with Wg (y) # 0 is (m, k)-singular for k sufficiently large, that is, for k greater
than some k1 (E,m,0,y). We assume without loss of generality that W(0) # 0
and normalize W so that W(0) = 1. Our strategy will be to show first that every
sufficiently large y is (m, £(y))-regular for appropriate (m,£). While £ will vary
with y, m will have a uniform lower bound. This will be shown in Sections 9.4
and 9.3. Exponential decay will be derived out of this property via a “patching
argument” in Section 9.1.
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Let us denote

P (0) = det((Hj, o.0 — E)|[o,k—1])-

Then the k-step transfer-matrix A,(6) (which is the k-th iterate of the almost
Mathieu cocycle Ax(0) = Sy g (6 4+ (k — 1)) --- Sy g(0)) can be written as

P(8) —Pi1(6 +a>) |

) 4@ = (5 G) “reah e

Herman’s subharmonicity trick [Her83] yields fol In| Pr(0)|d6 = k1nA; to-
gether with (9-3), this implies that there is a 6 € [0, 1] with | P ()| > e¥L(E) . Note
that this is the only place in the proof of localization where we have used (9-3).
While this is not really necessary (the rest of the proof can proceed, with only minor
technical changes, under the assumption of the lower bound on only one of the
four matrix elements, which follows immediately from the positivity of L(E)), it
simplifies certain arguments in what follows.

By applying Cramer’s rule we have for any x; and x, = x1 + k — 1, with
X1 <y < xp, that

Py,—y (0 + (y + Do)
Pr(0 4+ x10)
Py—x1 (9 + xla)
Pr(6 +x10)
The numerators in (9-6) can be bounded uniformly in 6 [Jit99], [Fur97].
Namely, for every E € R, € > 0, there exists a k» (¢, E, o) such that

|G[X],xz](x1’ y)l = ’
(9-6)

|G[X1,xz](y7x2)| = ‘

(9-7) | P, (0)] < e LEITOn  forall n > ka(e, E, ) and all 6.

P;.(0) is an even function of 6 + %(k — 1) and can be written as a polynomial
of degree k in cos 27 (6 + %(k —Doa):

k
Pr(0) = Z cj cos’ 271(9 + %(k — l)a) &f Qk(cos 2 (0 + %(k — l)a)).
=0

Let A, = {0 € R: |Qk(cos2n0)| < e®+Dry - The next lemma shows
that every singular point “produces” a long piece of the trajectory of the rotation
consisting of points belonging to an appropriate A ,.

LEMMA 9.2. Suppose y € 7 is (L — €, k)-singular and 0 < € < L. Then for
any €1 >0, 1/40 <§ < 1/2, for sufficiently large k > k(¢, E, a, €1, 8), and for any
x € Z such that y — (1 — 8)k < x < y — 8k, we have that 6 + (x + (k — 1) /2)
belongs to Ak [ —c§+e,-
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Proof. This follows immediately from the definition of regularity, (9-6), and
9-7). O

The idea now is to show that Ay , cannot contain k + 1 uniformly distributed
points. In order to quantify this concept of uniformity we introduce the following
notion.

Definition 9.1. We will say that the set {61, ..., 0k} is €-uniform if
k+1
—cos 26
(9-8) max max 1_[ |2 = cos 26| ke
zel-11] j=lok+1 ;L |cos 2w —cos 2w 0y)|
£

Note that we will use this terminology with “large” values of € as well. e-
uniformity (the smaller € the better) involves uniformity along with certain cumula-
tive repulsion of the £6; (mod 1).

LEMMA 9.3. Letey <e€. If 01,...,0k41 € Ak, 1—c and k > k(e, €1) is suffi-
ciently large, then {01, . .., Ok 41} is not €1-uniform.

Proof. Write polynomial Q(z) in the Lagrange interpolation form using

cos2my,...,co8 2m Ok +1:

k+1 o ;
09 10k =| > Ou(cos2rty) iz EZcos2m00)

Jj=1

[T (cos270; —cos2m6y) |

Let 6y be such that | P;(6p)| > exp(kL). The lemma now follows immediately
from (9-9) with z = cos 27 (6y + %(k — D). |

Suppose we can find two intervals, /7 around 0 and /5 around y, of combined
length |I1] + |/2| = k + 1,* such that we can establish the uniformity of {6; } where
0 =04+ (x+ %(k—l)cx) fori =1,...,k+1 and x ranging through /; U I>. Then
we can apply Lemma 9.2 and 9.3 to show regularity of y. This is roughly going to
be the framework for our strategy to establish regularity. The implementation will
depend highly on the position of k with respect to the sequence of denominators
qn-

Assume without loss of generality that k > 0. Define

b, = max{qg/g, 2—106]n—1}-

Find n such that b, < k < b,41. We will distinguish two cases:
(i) Resonant means |k —£q,| < b, for some £ > 1.

(i) Nonresonant means |k —£qy| > b, for all £ > 0.

4Here and in what follows, the “length” || of an interval I = [a, b] C Z denotes cardinality:
[Il=b—a+1.



THE TEN MARTINI PROBLEM 323

We will prove the following estimates.

LEMMA 9.4. Assume 6 ¢ R. Suppose k is nonresonant. Let s € NU {0} be
the largest number such that sq,—1 < dist(k, {{qn}¢>0) = ko. Then for any € > 0
and for sufficiently large n, the following hold:

() Ifs=1land L > B, thenk is (L—Ingn/qn—1 —€,25qn—1 — 1)-regular.

(i) If s = 0, then k is either (L —€,2[qn—1/2]— 1) or (L —€,2[qn/2] — 1) or
(L —€,2qn—1 — 1)-regular.

LEMMA 9.5. Let in addition L > 19—6,3. Then for sufficiently large n, every
resonant k is (L /50, 2q, — 1)-regular.

We will prove Lemma 9.4 in Section 9.3 and Lemma 9.5 in Section 9.4. These
two sections are not independent: the proof of Lemma 9.5 uses a corollary of the
proof of Lemma 9.4 as an important ingredient. As our proofs rely on establishing
e-uniformity of certain quasiperiodic sequences, we will repeatedly use estimates
on trigonometric products proved in Section 9.2.

Theorem 9.1 can be immediately derived from Lemmas 9.4 and 9.5 via a
“patching argument”, which we describe now. (A patching argument will also be
used in one step of the proof of Lemma 9.5.)

9.1. Patching. Proof of Theorem 9.1 assuming Lemmas 9.4 and 9.5. 1t is an
important technical ansatz of the multiscale analysis that the exponential decay of a
Green’s function at a scale k under certain conditions generates exponential decay
with the same rate at a larger scale. The proof is usually done using block-resolvent
expansion, with the combinatorial factor being killed by the growth of scales. The
proof of Theorem 9.1 will consist, roughly, of adapting this type of argument to
our situation.

Fix a generalized eigenvalue E of H, 4 g, and let W be the corresponding
generalized eigenfunction.

Assume without loss of generality that k is positive. Find n so that k > g,.
We assume that 7 is sufficiently large. Let L; = L/50 < L — . By Lemmas 9.4
and 9.5 and the definition of regularity, for any y > b, there exists an interval
y € I(y) = [x1, Xx2] C Z such that

(9-10) dist(y, d1(y)) > [1(y)|/40.
(9-11) 1) = 4,7 =2,
(9-12) Gk, x;) < e Lilk=xil  forj =12

In addition, if b; <y < b;11 we have

(9-13) 11(»)| <2g;.
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We denote the boundary of the interval /(y), the set {x;,x»}, by d/(y). For
z € dI(y) we let z’ be the neighbor of z (i.e., |z — z’| = 1) not belonging to 1(y).

We now expand W(x; + 1) in (9-4), iterating (9-4) with [ = I(xp + 1). In
case ¢5'% < x1 — 1 we also expand W(x; — 1) using (9-4) with I = I(x; —1). We
continue to expand each term of the form W(z) in the same fashion until we arrive
to z such that either z < b, and z > k2 or the number of G; terms in the product
becomes [40k /¢3/°], whichever comes first. We then obtain an expression of the
form

O-14) W)= Y Gk, 21)G i) (21,72) -+ Grizpy (25, 25+1) (4.
S;Z,'+1€31(Z;)
where in each term of the summation we have z; > b, fori = 1,...,s, and

either 0 < z; | < by and s < 40k /q3'° or Zoyg > k? and s < 40k/q8° or

s+ 1 = [40k /q3'°]. By construction, for each z/ with i <, we have that /(z})

is well defined and satisfies (9-12) and (9-13). We now consider the three cases,

0<zj ) <bn, 2, >k? and s+ 1=[40k/qy"*] separately. If 0 < z[ , | < by

we have, by (9-12) and (9-2),
|Gy (k. 21) Gz (21, 22) -+ Gz (24, Zs41) W (254 )|
< Cexp(—=L1(Jk —z1|+ Y= 112] — zi1 ) (1 + by)
< Cexp(—Li(lk —zs41[ = (s + 1D))(1 + bp)
< C exp(—Ly (k — by — 40k /¢%/°))(1 + by).
Similarly, if Z;_H > k2, we use (9-12) and (9-13) to get
Gy (k. 21)G (2 (1. 22) -+~ Gz (25 Zs41) W (Zi4 )|
< Cexp(—L1(k? —k — 40k /¢%/°))(1 4 3k°/%).

Finally, if s + 1 = [40k /¢5/°], using again (9-2), (9-12), and also (9-10) we can
estimate

1G1a0 (k. 20 Gy (21:22) -+ G (2 2o ) W ()|

< C exp(—L1 4545 °[40k /g3 (1 + k).
In either case,
(9-15) |Gy (k. 21)Gr(zry (25, 22) -+ Grizp) (26 2541 W(zf )| < e 2L1F/10

for k sufficiently large. Finally, we observe that the total number of terms in (9-14)
is bounded above by the [40k /q¥°]-th power of 2. Combining it with (9-14) and
(9-15) we obtain

|W(k)| < Ql40k/@y*1,=OL1K/10 _ =4L1K/5 g0 large k. O
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9.2. Estimates on trigonometric products. We will write | z|g/z for the dis-
tance to the nearest integer.

LEMMA 9.6. Let p and q be relatively prime.
(1) Let 1 < kg < q be such that
[sin27(x +kop/(2q))| = min [sin27(x +kp/(2q))|.
1<k=<q

Then

q
(9-16) Ing+In2/m < Y In|sin2m(x +kp/(29))| + (¢ —1)In2 <Ing.

k=1
k+#ko
qg—1
(ii) Z In|sintkp/q| =—(q—1)In2+1Ing.
k=1
Proof. We use that
zkx
(9-17) In|sinx/2| =—1n2— = Z pointwise for x ¢ 27 Z.

k#O
Thus, for x # k/(2q),

_ ka(Zx-HP/Q)
2;1n|sm27r(x+Jp/(2‘]))| —¢In2— 2; k| X}
£ -

=—¢qIn2—3 Z Il e*mikax — _g1n2 +1In2 + In|sin 27 gx|.

k0
Thus
|sin 2nq(x +kop/(29))|
9-18 In|sin 27 ( x + + I)In2 = - :
( >kzl sin2r (- 58) |+ = D2 =
k+#ko

It is easily checked that if 0 < gx < /2, then 2¢q /7 < singx/sin x < q. Since
12x +kop/qllr/z < 1/(2q), (9-18) implies (9-16). Then (ii) follows by taking the
limit in (9-18). O

For « ¢ Q, let p,/qn be its continued fraction approximants. Setting A, =
|gnoe — pn|, we recall the basic estimates

9-19) 1/gn > Ap—1>1/(gn + qn-1).
(9-20) ”ka”R/Z >Ap—1 forgp—1+1=<k=<qn—1.
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Notice that if z, w € R are such that cos(z —w) > 0, then

(9-21) ) Sz 1‘ < ‘cos(z—w)— ] 4 SB8W sin(z —w)’ < ‘2s1n(z——w) .
sin w sinw sinw
LEMMA 9.7. Let 1 < kg < g, be such that
[sin27(x + koo/2)] = min |sin 27w (x + ko /2)].
1<k=<qn
Then
qn
(9-22) > Infsin27(x + kat/2)| + (gn — 1) In2| < C Ing,.
k=1
k+#ko

Proof. Let 1 <k; < g, be such that

[sin 27 (x +k1pn/(2qn))| = min |[sin27(x +kpn/(2qn))|.
1<k=<qn

We first remark that, by (9-20)

(9-23) [|2x + ko) — 2x + k') ||lr/z = II(k =k )atllr/z = An—1
forl1 <k,k' <qnand k £k’

Applying this to the case k’ = ko, we get, by (9-19),

}1n|sin2n(x + ka/2)| ’ <Clng, fork #ko.

An even simpler argument,

9-24) |2x +kpn/qn) — (2x +k,Pn/51n)||lR/Z = ||(k _k/)Pn/Qn”R/Z >1/qn,
forl1 <k,k'<qnand k £k,

also gives that if k # kq then |In|sin27(x 4+ kpn/(2qn))|| < C Ing,. This and
(9-16) show that it is enough to get the estimate

dn .
sin2mw(x + ka/2)

(9-25) ln‘ : <Clngy.

2 et kpa/ 2an) o

k#ko.k1
By (9_21)7
(9-26) ‘ sin2mw(x + ka/2) 1‘ CoAyp
sin 27 (x +kpn/(24n)) |sin27(x + kpn/(2qn))|’
so, if CoA, < (1/4)|sin 27 (x + kpn/(24gn))|, we have
‘ sin2m(x + ka/2) CA,
n <

sin 27 (x 4+ kpn/Qqn)) | |sin 27 (x + kpn/(2qn))|’



THE TEN MARTINI PROBLEM 327

Suppose s1, ..., sy is an enumeration of {1 <k <g,, k # ko, k1} in nondecreasing
order of |sin27w(x + kpn/(2qn))| (sor =g, —1 or r = g, —2). By (9-24), we
have [sin 27 (x + 5 pn/(2gn))| > C1j/qn. Then we get (9-25):

qZ" 1n| sin27(x + ka/2) _ Z 1n| sin 27 (x + s /2)

— sin 27 (x + kpn/(2qn)) 1<j<4Coy/Cy sin 277 (x + 8 pn/(24n))
k#ko.k1 o
n Z i | sin2m(x + sja/2)
nf—
s/ 1S 27 (5 P/ (240))
<Clnga+ ) CguBn/j <Clngy. O
4Co/Ci<j<r

LEMMA 9.8. Let £ € N be such that £ < gr+1/(10¢gn), where r > n. Given a
sequence [Li| <L —1fork =1,...,qn,let 1 <ko < qn be such that

[sin 27 (x + (ko + Ciygr)e/D)| = min [sin2m(x + (k + Legr)e/2).
=K={dn

Then
dn
9-27) | Y Infsin27(x + (k + €kgr)e/2)] + (gn — 1) In2
k=1
k+#ko

<Ingn +C(Ap+({—1)Ar)qnIng,.
Proof. Notice that ||(k — k")a||g/z = An—1 = 1/(2¢,), while

qr+1 1
Ly — 04 < A —_—.
(b —Lr)grallms/z < s < 7
This implies
(9-28) 2x 4+ (k + Legr)o) — 2x + (K" + Lgrgr)a) |lr/z >

54n
for 1 <k,k' <g, with k # k.

By (9-21), we have
sin2w(x + (k + £rqr)a/2) 1 < Co(Ap+(E—1DA,)

(9-29) . = .

sin 277 (x + kpn/(2qn)) [sin 27 (x 4 kpn/(2qn))|
We now argue as in the previous lemma, using (9-28) and (9-29) instead of (9-23)
and (9-26). O

9.3. Nonresonant case. Proof of Lemma 9.4. In the arguments that follow,
we will actually consider a slightly larger range of k, by assuming a weaker upper
bound k£ < max{%qn, SOQSfI}. The fact that the estimates hold for this larger
range will be useful later (when dealing with the resonant case).
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We start with the proof of the first part. Let
k =mqn £ (sqn—1 +71r) =mqy £ ko,,

withs > 1, 0 <r <g,—1 and ko < ¢, /2, be nonresonant. Notice that 25¢,—1 < ¢.
Assume without loss of generality that k = mqy, + ko, the other case being treated
similarly.

Notice that if m > 1 then k > %qn, which implies that k < SOqul, and we
have

(9-30) m < 504,21 /dn
(which is also obviously satisfied if m = 0). Set

It = [—[sqn-1/2], sqn—1 — [sqn—1/2] — 1],
Iy = [mgn + ko —[sqn—1/2], mqn + ko + sqn—1 — [sqn—-1/2] —1].

Set 0; = 0 + jo for j € I1 U I>. The set {0;};cr,ur, consists of 2s5g,—1 elements.

LEMMA 9.9. For any € > 0 and sufficiently large n, the set {0;}er,u1, is
(—2In(s/qn)/qn—-1 + €)-uniform.

Proof. We will first estimate the numerator in (9-8). We have

(9-31) Z In|cos2wa — cos 2 6; |

jelUl,
J#i
0; —0;
= Z In sin2na+ L+ Z In sinZna J‘+(2sqn_1—1)ln2
jeljul, jelul,
J#i J#i

=Xy 4+3_+(2sgyu—1—1)In2.

Both X and X_ consist of 25 terms of the form of (9-22) plus 2s terms of
the form

(9-32) In 1min [sin(27 (x + jo/2))],
J=15qn—1

minus In|sin(a £ 6;)/2|. Therefore, by (9-22)

(9-33) Z In|cos2ma —cos 2n0;| < —2sgp—1In2+Cslng,—1.

jelhUl,
J#i

To estimate the denominator of (9-8), we represent it again in the form (9-31)
with @ = ;. Assume that i = jogn—1 +io € 11 with 0 <ip < gn—1, the other case
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being treated similarly. Then

(9-34) o= Y Insinz(i—j)el
jeljul,
J#
On each interval I C I; of length g,—1, the minimum over ¢ € I of |sin 7 (¢t —
i)a| is achieved at t —i of the form j¢,—1 for some j. This follows from the fact
that if 0 < |z| < gn—1 and 2| |gn—1 < ¢n, then

(G gn—1+2)allr/z > Il jgn—1lr/z,

since ||za|| > Ap—2 and || jgn—12|| < Ap—2/2. The possible values of j form an
interval [/ 9, j_?r] of size s containing jj.

Let now T be an arbitrary interval of length ¢, —; contained in /,. Notice that
T is contained in [i +mgq, + 1,i + (m + 1)g, — 1]. The minimum over ¢t € T of
|sin(t —i)a| is achieved at ¢t —i of either the form mg, + jgqn—1 or the form
(m + 1)qn — jgn—1 for some j € N.> For u € {0,1}, let t, € T be (the unique
number) of the form ¢, =i 4+ (m + u)g, + (—1)* j,gn—1 for some j, € N. Since
|ty —t1—u| < gn—1 it follows that

(9-35) 0<j1-u+ju—Iqn/qn-1]1 < 1.
For all j € [1, [¢n/qn—1]], we have the lower bound

(=D jgn—1+ (m +u)gn)alr/z = An—1/2.

Indeed, by (9-30), if m > 1 then (m +u)Ap < 100(¢5"%, /qn) An < Ap—1/2, while
||jCIn—1a||[R</Z > Ap—1. If m =0 then (m +u)gn + (=1)* jgn—1 € [1.gn — 1], and
we get the lower bound A;,_;. Those considerations also give the upper bound

(m+u)A, <max{A,_1/2,A,}. This gives the estimate
(9-36) I((=D¥jgn-1+ (m +u)gn)elr/z = jAn-1/C

for all j €[1,[gn/qn-1l]-

Let T now run through the set of disjoint segments 77, each of length ¢, 1,
such that I, = U;:l TP, It is not difficult to see that there exists a u (possibly both
u =0 and u = 1) such that for all p the corresponding j,, satisfy j,, < %[qn /qn—1].6

SSuppose that t € T minimizes ||(f — i)et||m/z, and suppose that jy, u € {0, 1}, is such that
ty = (m+u)gn + (D% jugn—1 +i € T. If t # 19 and t # 11, then ||(t — ty)a|lg/z > An—2
as above. Since the (f, — i)« minus nearest integer are on opposite sides of 0, this implies that
[(to —t1)etllg/z = 2An—2. But one easily checks that ||(to — #1)a[|g/z is either equal to Ay—3 (if
t1 >tg)orto Ay_1 + Ap_a (if t1 < tp).

% For u = 0,1 the j,, form an interval [/%, j{] of length s contained in [1, [gn/qn—1]]. If
J¥> %[qn/qn_l], then, since s < [¢n/2¢gn—1], we have that j* > %[qn/qn_l] + 1. Then, by (9-35),

ji_u < %[(In/‘In—l]~
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We now fix u € {0, 1} with this property. Then
1((m +u)gn + (=D jugn—1)llr/z < 2lgn/qn-11Dn—1 + Im +u|A,
< Glan/gn1]+DAny '
Then, by (9-35), j1—u = 7[4n/qn—1] and by (9-36),

—u - 1
“((_1)1 “1—ugqn—1+ (m+1 _“)C]n)a”[R/Z > —qn/qn-11An-1.

—4C
Thus || (11— —i)allg/z = |(tu — Dexllryz/ (7C).
Notice that the j,, form an interval [j_, jt] of length s, which is contained in

(1, [3¢n/(4gn-1)]].
Splitting again X_ into 2s sums of length ¢g,—; and applying (9-22) on each,
we obtain

9-37) T_>-2s¢p1In2+ > In|sinm(j — jo)gn—1¢|

JREFEI
_ J#Jo
J+
+ D Injsina((=1)"jgn-1+ (m +1)gn)a| = Cs = CsIngn_1.
J=Jj-

Denote the sums in (9-37) by =1 and 5. Since j° < jo < j and |[;°, j{]| =
s, we have that

[s/2] [s/2]
(9-38)  T1>2) Insin|mjga1a|>2 ) In2jA, 1 >s(ns/g, —C),
ji=1 j=1

where the second inequality follows from the Stirling formula. For j € [j_, j+],
we use (9-36) to obtain

s
(9-39) S2> Y InjA, 1 —Cs>slns/gy—Cs.
j=1
Therefore,
(9-40) ¥_>-28qp—1In2+2s(Ins/q, —C Ingn—1).

3+ is estimated in a similar way. Set J; = [—[(s + 1)/2],s — [(s +1)/2] — 1] and
Jo =[s/2],s + [s/2] — 1], which are two adjacent disjoint intervals of length s.
Then 77 U I can be represented as a disjoint union of segments B; for j € J1 U Ja,
each of length g, —1. Applying (9-22) on each B; we obtain

9-41) X4 > —2sqp—11n2

+ Z ln|sin2néj| —Cslngy—1 —In|sin27 (0 + iw)|,
jeJ1UJs
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where |[sin 2néj| = mingep; [sin 27 (0 + (i +OH)a/2)|.
Let 5j = éj for j € J1 and éj = éj —mqgna/2 for j € J5. Since 0 ¢ R, for
sufficiently large n, we have that

min |sin276;| > 1/(9s2g2_,).
jeJ1UJ2| J| /( qn_1)

To estimate |sin 27 éj |, j € Ja, we distinguish two cases:
o If gnt1 > (20s%g>_,)°, we write

|sin2néj| > |sin2n§j costmA,| —|cos 2m§j sinTmAy,|

(9-42) _ - -
> (10s%q7_) "t = (g0 > (20522 )7

o If gn+1 < (20s%q>2_,)° we use that since 6 ¢ R, for large n,

(9-43)  minsin270;] > ((2m +2)gn) "> > (4qn+1) > > (205¢5-1) ">
JE€J2

In either case, Inmin; ¢ s, |sin 2néj| >—ClInsqgn—1.

Let J = J; or J = J, and assume that éj+1 = éj + (gn—1/2)a for every
j»j + 1€ J. We obtain therefore

ln|sin2néj| >—ClInsqp—1 + Zj=1 In jA,—1/C
(9-44) jed
>slns/q, — C(Insgn—1 +5),

where again the last inequality follows from the Stirling formula. In the other
case, decompose J in maximal intervals T such that for j, j + 1 € T, we have
éj+1 = éj + (¢n—1/2)a. Notice that the boundary points of an interval T, are
either boundary points of J or satisfy ||2?j Ir/z + An—1 = Ap—2/2. Assuming

Ty # J, there exists a j € T} such that ||20; ||g/z + An—1 > Ay—2/2. An estimate
similar to (9-44) gives

(9-45) > Infsin2770;| > —|Te| Ingn—1 — C(nsgn—1 + | Te]).
J€Tx

If T} does not contain a boundary point of J (in particular |7} | <|J|—2=5—2
and [¢,/gn—1] = 25 > 6), then T, does not contain any j with

120) llrjz < An—2/10 < Ay—2/2— Ap—y

(otherwise |Ty|—1 > Ap—2/An—1—2>¢n/(2gn—1)—2> s—2, which is impossible)
and hence

(9-46) > Infsin2776;| > —|Te|(In a1 + C).
J€Tk
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Putting together all 7, using (9-45) for the ones that intersect the boundary of J
and (9-46) for the others, we get in all cases that

Z In|sin 2néj | >slns/q, — C(nsqn—1 +5).
jeJ
Putting together J = J; and J = J, we have
Z In|sin 2néj| >2sIns/q, — C(Insg,—1 +5).
jeJiUJs
Combining it with (9-41) we obtain
(9-47) Yy > —-25¢u—1In242s(Ins/qy —C Ingp_1).
Putting together (9-47),(9-40), and (9-31) gives

Z In|cos 2m6; —cos2m0;| > 4s(In(sqn—1/qn) —C Inqn—1) —25Gn—11n2.

jelUly
J#i

This together with (9-33) yields

|2 —cos 26| < ¢~ 4sI0(sqn—1/qn)+Cslngn—1_ 0

max

e U cos2mf; —cos2m O
J ! 2 LtelLUl, | J e|

(#]

By Lemmas 9.3 and 9.9 at least one of 6; for j € I; U I5 is not in

(9-48) A(2SQn—1 —1,L+2In(sqn—1/qn)/qn-1—¢€)’

where € can be made arbitrarily small for large n. By Lemma 9.2 and singularity of

0,7 we have that for all j € I, 6; belongs to the set (9-48) (using that (s + 1)gn—1 >

q8’° and the bound Ing, /qu—1 < L). Let jo € I be such that 6, does not belong

to the set (9-48). Set
I =[jo—sqn—1+1, jo+sqn—1—1] = [x1,x2].
Then by (9-6) and (9-7),
|Gy (k,xi)| < e (Lte)2sqn—1—2~lk—x;)=25gn—1 (L+21In(s¢n—1/qn)/an—1—€)
< o~ (L+en)lk—xi|=4sqn—1In(sqn—1/qn)/qn—1+(€1+€)sqn—1
Since
(9-49) |k —xi| = [sqn-1/2] - 1,

7To get what we need here one can take in Lemma 9.2, besides y = 0, also € = 99/100L and
8 = 99/400.
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we obtain that

(9-50) |G1(k, x;i)| <exp(—(L +9In(sqn—1/qn)/qn—1 — €)lk — xi])
which in view of (s + 1)gn—1 > qs/ 9 gives the statement of the first part of Lemma

94.

We now assume s = 0. In this case « is “Diophantine” on the scale g, —1; how-
ever some caution is needed as it may not be so on the scale ¢,. Let k = mqg, £ ko
with max{g,—1/20, qs/g} < ko < gn—1. We will assume that m = ¢, + ko, the
other case being analogous.

We distinguish three cases.

o If 55gn—1 < ko < 2qn—1, set
I = [—[53gn-1] + 1. [539n—1]l.
Ir = [mqn + [354n—11+ L.mgn + 2[5qn—11— [354n-11l.
o If 2gn—1 < ko < gn—1 and gn < 2gn_1, set
Iy = [~[3gn] + 1. [3gnll.
I = [mqn + [3qn] + 1.mgn + 2[3qn] — [Lqn]l.
o If %qn_l < ko <qn—1 and g, > 2qn—1, set
Iy = [~[5qn-1]+ 1.gn—1—[3qn-1]].
I = [mgn + qn-1 — [3qn-1]+ 1.mqn + 2qn—1 — [3¢n-1]].

Let 0; =0 + jo for j € I1 U I5. The set {0;};er,ur, consists of 2[q,—1/2]
elements in the first case, of 2[g, /2] elements in the second case, and of 2¢,—1
elements in the third case.

LEMMA 9.10. For any € > 0 and sufficiently large n, the set {0;};cr,ur, is
€-uniform.

Proof. Consider first the case kg < %qn_l. We will assume ¢, —1 is even, the
other case needing obvious adjustments. As in the proof of Lemma 9.9 we will first
estimate the numerator in (9-8). We have

(9-51) Z In |cos 2ma — cos 2 0 |

jelul,
J# o o
= Z In sin2na+ L+ Z In sin2na_ ]'+(qn_1—1)ln2
JeUly JehUl
J#i J#i

= E+ +X_+ (qn—l — 1)1[12
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Both ¥ and X_ are of the form (9-27) with £; € {0,m}® and r = n plus a
minimum term minus In|sin 277 (a &£ 6;)/2], so that the last two cancel each other
for the purpose of the upper bound. Therefore, by (9-27)

(9-52) Z In|cos 2wa — cos 2 6|
jelUl,
J#i
<(1—=¢gp-1)In2+4+2Ingy—1 +C(Ap—1+mAp)gn—11ngu—1

< —qn-1In2+Cq¥% Ing,,.

To estimate the denominator of (9-8), we write it in the form (9-51) with
a = 6;. Then
Y= > Infsinz(i—j)el

jelUl,
J#i

is exactly of the form (9-27). Therefore, by (9-27),
(9-53) B->(1—gp-1)In2—=Ingn—1 = C((gn) " + (@x )" gn—11nGn—1

> —gn—12—Cq¥°% Ingy_1.
Similarly, for ¥4 we have
9-54) 21> —=gp—1)In2+1In min |sin27(0 + (@ +£)a/2)|

ltelhUl,
~ €y Ingn—1
> —qn—11n2— quf/_g1 Ingp—1.

Here, we use the estimate

(9-55) In min [sin27(0 4+ (i + {)a/2)| > —C Ingp—1,

LeliUl»
which is obtained by considering separately the two cases ¢,+1 > qf_l and ¢n4+1 <
qnc_l, and arguing in the same way as in (9-42) and (9-43). Combining (9-52),
(9-51), (9-53) and (9-54), we arrive at

—cos2mf
(9-56) max |2 = cos 26| <exp(Cq

el UI cos2mh; —cos2m O
J&I 2 LtelUIl» | J £)|

(#]

8/9

€ —
aqIngn—1) <ein=!

for any € > 0 and sufficiently large n, as stated.
For the other cases, k > %qn_l, the proof is very similar. If g, <2¢,—1, the
argument is the same (replacing g,—1 by ¢g,). We will concentrate on the case

8Recall that m is chosen so that k = mqy, + ko, where k < max{SOqu1 ,qn/20}. We have the
8/9

bound m < 50qn+1/qn, s0 (9-27) really applies.
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qn > 2qn—1 where the changes are slightly more substantial. Arguing as above we
obtain by (9-27)

(9-57) Z In|cos 2wa — cos 2 6; |
JE Ul
J# < —2¢n-1In2+4Ingy—1 + C(Ap—1 +mAn)qn—11Ingn—1

< —=2¢p—11In2+ Cq,f/_gl Ing,—;.

The denominator in (9-8) can be again split as ¥4 + X_ 4 (2¢5,—1 — 1) In2. Both
Y+ and X_ are, up to a constant, the sums of two terms of the form (9-27) plus

minimum terms (two for X4 and one for ¥_). For the minimum terms of X4 the
estimate (9-55) holds, so we obtain

(9-58) Sy > —2¢u_1In2—-Cq¥% Ingy_;.

For the minimum term of ¥_, that is, In min|sin 7 (i — j)a| (where the minimum
is taken over all j that belong to the interval /; or I, that does not contain i) we
observe that it is achieved at jo such that ||(i — jo)a||g/z > An—1 —mA, (since
the possible values of |i — j| are contained in [mg, + 1,mq, + 2g,—1 — 1] and
qn > 2qn—1 by hypothesis). Thus, recalling that in the present situation we have
5" <dn-1,

Inmin|sinw (i — j)a| > In(A,—1 —mA,)
>1In(1/(24n) = 50/4"1qn) > —=C Ingn > —C Ingy—1.
Therefore, by (9-27),
(9-59) L >—2¢p1In2—Cq%% Ing,_;.

n
Combining (9-57),(9-51),(9-59) and (9-58) gives (9-56), as desired. O

By Lemmas 9.3 and 9.10 at least one of the 0;, for j € I; U I, is not in
Asfgn_r/21-1,L—e if ko < 2qn—1, n0tin As[g, 121—1,L—¢ if 2qn—1 < ko < gn—1 and
gn <2qn—1,and notin Azg, ,—1,1—c if ko > %qn_l and g, > 2¢,—1, where € can
be made arbitrarily small for large n. By Lemma 9.2 and singularity of 0, we have
that, in all three cases, 6; belongs to the corresponding A. ;¢ for all j € I;. Let
Jo € I be such that 0, ¢ Ar .

For kg < %qn_l, set I = [jo—[gn—-1/2]+1, jo + [gn—1/2]] = [x1, x2]. We
then have

(9-60) |k —xi| > zgdn—1-

Then by (9-6) and (9-7),

(9-61) |G (k, xi)| <exp((L +e€1)(gn—1—2— |k —xi]) —gn-1(L —¢€))
<exp(—(L +e1 —40(e1 + €)) [k — xi),
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as desired.
For k¢ > %qn_l and g, <2¢p—1, set

I =[jo—Ilgn/2]+ 1, jo+ [gn/2]] = [x1,x2].
Then
(9-62) lk —xi| > 15dn.

since
k—x1> %qn_1 - %Qn > 1—30‘]n—1,
x2—k > 3qn —dn—1 = Bdn—2—dn-1)/4> 5qn—1

(using that %qn_l < ko < %Qn = (¢n—1 + gn—2)/2). Thus for any € > 0 and
sufficiently large n, by (9-6) and (9-7) and by estimating as in (9-61)

(9-63) |G (k. xi)| < exp(—(L —€)[k —x;]).
For k¢ > %qn_l and g, > 2¢qn—1 set
I =[jo—gn-1+1,jo+gn-1—1] = [x1,x2].
Then
(9-64) |k —xi| > {5qn-1.

This implies as before that (9-63) holds for any € > 0 and sufficiently large n. This
concludes the proof of Lemma 9.4 in all cases. |

The estimates in the proof of Lemma 9.4 have the following corollary which
will be necessary later (when dealing with the resonant case).

LEMMA 9.11. Fix e > 0. Assume by, <k < max{%qn, SOQSfI} and k < qnc

for some C < oo. Let d = dist(k, {{qn}¢>0) > %qn. Let ¢ = ¢ be a generalized
eigenfunction. Then, for sufficiently large n (n > ngo(€,c, E, C)),

¢ (k)| < exp(—(L —€)d/2).

Proof. Recall that the previous estimates in this section were obtained, un-

der the nonresonance hypothesis dist(k, {£g, }¢>0) > by, for the range b, <k <

max{%qn, SOq,Eff1 }.

If g, > q,gﬂ/f, we have s > [¢1/19/10], and the statement follows immediately
from (9-4), (9-2) and (9-50), (9-49).

In case ¢, < ¢}, (9-50), (9-49), (9-61), (9-60), (9-63), (9-62) and (9-64)
only lead to |¢ (k)| < exp(—(L —€)cd) with certain ¢ < 1/2. In order to prove the
lemma as stated we will need an additional “patching” argument, which is very

similar to the one used in Section 9.1.
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We will show that in this case

(9-65) |6 (k)| < exp(—(L —€)(d — 554n-1)),
from which the statement of the lemma follows. Assume £q, < k < (£ + 1)gy.
Using (9-50), (9-49), (9-61),(9-60) and (9-63), (9-62), (9-64) we obtain that for

every y € [Lqy, (£ + 1)g,] with dist(y, {€qg,, (£ + 1)g,}) > zioqn_l, there exists an
interval y € I(y) = [x1,x2] C [(£ — 1)qn, (£ + 2)gn] such that

(9-66) dist(y, 91(y)) > z5qn-1.
(9-67) Gy (y,xi) <exp(—(L—e€)|y —x;]) fori=1,2

(notice that under the condition ¢, < qég/f we have b, = %qn_l).

We here denote the boundary of the interval /(y), the set {x1, x2}, by d1(y).
For z € d1(y), we let z’ be the neighbor of z, (i.e., |z —z’| = 1) not belonging to

1(y).

Ifxo+1<(+1)g,— %qn_l, we expand ¢ (xp + 1) in (9-4), iterating (9-4)
with I = I(xp + 1), and if x; — 1 > £q, + 2—10qn_1, we expand ¢(x1 — 1) in (9-4),
iterating (9-4) with / = I(x1—1). We continue to expand each term of the form ¢ (z)
in the same fashion until we arrive to z such that either z 4+ 1> (£ + 1)g, — %qn_l
and z — 1 < g, + %qn_l, or the number of Gj terms in the product becomes
[40d /qn—1], whichever comes first. We then obtain an expression of the form

©-68) ()= > Grpy(k.2))Grir)(Zh.2) -~ Gy (Zh 24 ().
S3Zi41 631(21{)
where in each term of the summation we have

Eqn+%qn_1+l<zl<(£+1)qn_%qn—l_1 fOI'i=1,...,S,

and either zy 1 ¢ [€qn + 55qn—1+ 1. (€+1)gn— 354n—1—11, s+ 1 < [40d /gn—1],
or s + 1 = [40d /gn—1].

By construction, for each zlf with i <&, we have that / (Zlf ) is well defined and
satisfies (9-66) and (9-67). We now consider separately the two cases

Zo41 & [0dn + m5@n—1 + L. (L + 1)gn — 55qn—1— 1], s+ 1<[40d /qn—1].
and s + 1 =[40d /gn—1].
Let I be the summand in (9-68). In the first case, we have, by (9-67) and (9-2),
9-69) [T <exp(—(L—e)(lk —z1]+ 311z — zix1 D (1 + (€ +2)gn)
< exp(—(L —e)(|k = zs1| = (s + DN + (£ +2)gn)
< exp(—(L —€)(d = 26dn-1 —40d /qn—1))(1 +45_).
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If s + 1 = [40d /gn—1], using again (9-2), (9-67), and also (9-66), we obtain
IT| < exp(—(L — €) 25n-140d /gn-1)(1 + g5 ).
In either case,
(9-70) IT| < exp(—(L —2€)(d = 354n-1))

for n sufficiently large. Finally, we observe that the total number of terms in (9-68)
is bounded above by the [40d /¢, —1]-th power of 2. Combining it with (9-68) and
(9-70) we obtain that

| (k)| < 21494/ dn—1) exp(—(L —2€)(d — 5qn—1))
<exp(—(L —3e)(d — 55qn—1))

for large n. O

9.4. Resonant case. Proof of Lemma 9.5. Notice that, under the condition that

k is resonant, k > %qn, which implies qul > %qn. This is an implicit hypothesis

in the next lemma.

LEMMA 9.12. For any € > 0, for sufficiently large n, and for any b €
[—%qn, —%qn] N Z, we have 0 + (b + 4qn — l)a € A2qn—l,23L/32+6'

Proof. Letby =b—1and b, = b+ 2q, — 1.
Applying Lemma 9.11 we obtain that fori = 1,2
e~ L—Ob/2+4qn)  if _1_83qn <b< —%Qn,
O-T1) |¢E (bi)| < (e~ EmNCHaZLif —3q, <b < —34n. |b+qnl > F4n.
e(L=e)b/2 if —%qn <bh< —%qn.
Using (9-4) with I = [b, b 4+ 2g, — 2], we get
e(L=O)(b+4qn)/2] if_%qn <bh< —%Qn,
max(|Gr(0.0)].|G1 (0.b+2¢x—2)]) > and [b +gn| > g4n.
e~ (L=9)b/2 if _%Qn <b< _%Qn,
e €dn if |b+qn| < %qn.
By (9-6) and (9-7),

|Q24,—1(cos 2 (0 + (b + gn — )))|
= |P2g,-1(0 + ba)|
< min{| Gy (0, b)|—1€(L+61)(b+2qn—2)7 |G1(0,b + 2g _2)|—le—(L+61)b}‘
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Therefore, using these last two results, we obtain that 8 4 (b + ¢, — 1)« belongs

to
Aggn—1.23L324¢ it —2qn <b<—3gy or —1gn <b <34,
Azgn—15L/8+¢ i —3gn <b <—1qu

for any € > 0 and for sufficiently large n. 0

Fix 1 <{ < qgfl/qn. Set

Iy = [~[34nl. [39] - 11.
I = [(€— Dgn + [3qn]. (€ + 1)gn —[§gn] — 1].
Set 0; =6 + jo for j € Iy U I. The set {0;};er,ur, consists of 2¢g, elements.
LEMMA 9.13. Assume L > 19—6,3. There exists an € > 0 such that for sufficiently
large n, the set {0; : j € I1 U I} is (%L — €)-uniform.

We will now finish the proof of Lemma 9.5 and prove Lemma 9.13 at the end
of the section.

Let k be resonant. Assume without loss of generality that k = £g, + r, with
0 <r <max{gd®, Jsqn_1}and 1 <€ <¢¥? /qn.

By Lemmas 9.3, 9.12 and 9.13 there is a jo € I» such that § + joo does not
belong to Azg, —1,231/32+¢- Set I = [jo—gn + 1, jo + ¢n — 1] = [x1, x2]. Then

|Gy (k,xi)| < e Lte1)2an—2—lk—xi)=2¢n(23L/32+€) _ ,qn(OL/16+€)—(L+e)lk—x;|

Since, by a simple computation, |k — x;| > (5/8 —e — 1/20)q,, we obtain that
(9-72) G (k, x;)| < eL/40Hlk=xil
which gives the statement of Lemma 9.4. ([l

Proof of Lemma 9.13. As in the proof of Lemma 9.4 we will first estimate the
numerator in (9-8). We have

(9-73) Z In|cos 2wa — cos 2 6; |

jelhuly
J#i

= Z(ln

jelUl,
J#i
=Xy 4+3_+2g,—1)In2.
Both ¥4 and X¥_ consist of 2 terms of the form of (9-27) with r = n, plus
two terms of the form

a+9j
2

a—0;

sin 27

sin 27

‘—I—ln

D +(2gn—1)In2

lnk min |sin 27 (x + %(k + Lrgn)a)|,
=1a«~~74n

where £ € {0, £({ —1),£L} fork =1,..., gy, minus ln|sin2n%(a =+ 6;)|.
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Therefore, by (9-27)

(9-74) > In|cos 2ma—cos 2m6;| < (2—=2Gx) In24+41n g, + C LA G In g

jelul,
J#

To estimate the denominator of (9-8), we write it in the form (9-73) with a = 6;.
Then X_ = Zje[l Ul, j#i In[sinm (i — j)a| can be split into two sums of the form
(9-27) plus the minimum term. The corresponding minimum term is achieved at
|i — jo| of the form g, or £q,. Therefore, for any €; > 0 and sufficiently large n
(9-75) Y_ > -2¢n,In2+ In|sin rgya| — C max(Ingy,, LAyqn Ingy)

> —-2¢,In2—Ing,4+1 — C max(Ingy,, LAngn Ingy).

Since

sin 27 (0 + %(k +i+4Lrgn)a) =sin2x(0 + %(k +i)a)cos il Ay
+cos2m (0 + %(k +ia)sinwl Ay
(the + depending on the sign of g, — p,) we have by (9-1) that if g, 41 > qéo
then
min |sin 27 (6 + wﬂ > 454,

k,i€l—qn,qn—1]
Ly e{0,£(£{—1),+4}

and if gn+1 < ¢1° then we have the obvious

min |sin2n(9+%(k+i +Lrgn)a)| > %qn_il > %qn_zo.
k,i€[—qn.qn—1]
L e{0,£({—1),14}
As before, 34 can be split into two sums of the form (9-27) plus two minimum
terms minus In|sin 277 (6 + i«)|. Therefore,

(9-76) Y4+ >-2¢,In2—C max(Ing,, LA,qg, Ingy).
Combining (9-73), (9-74), (9-75) and (9-76), we obtain
(9-77) _max 1_[ |2~ cos 20| < ane(ﬂ ten)dn,
jenul, ¢el UL, |cos 26 —cos 2 by)|
L#j
For B < %L this gives the desired bound. |
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