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Nontangential limits in P!(u)-spaces
and the index of invariant subspaces

By ALEXANDRU ALEMAN, STEFAN RICHTER, and CARL SUNDBERG*

Abstract

Let i be a finite positive measure on the closed disk D in the complex
plane, let 1 <t < oo, and let P!(u1) denote the closure of the analytic polyno-
mials in L!(u). We suppose that I is the set of analytic bounded point evalua-
tions for P!(u), and that P'(u) contains no nontrivial characteristic functions.
It is then known that the restriction of p to 0D must be of the form h|dz|. We
prove that every function f € P'(u) has nontangential limits at h|dz|-almost
every point of dD, and the resulting boundary function agrees with f as an
element of L'(h|dz|).

Our proof combines methods from James E. Thomson’s proof of the ex-
istence of bounded point evaluations for P!(u) whenever Pt(u) # L'(u) with
Xavier Tolsa’s remarkable recent results on analytic capacity. These methods
allow us to refine Thomson’s results somewhat. In fact, for a general compactly
supported measure v in the complex plane we are able to describe locations of
bounded point evaluations for P!(v) in terms of the Cauchy transform of an
annihilating measure.

As a consequence of our result we answer in the affirmative a conjecture
of Conway and Yang. We show that for 1 < ¢ < oo dim M/2M =1 for every
nonzero invariant subspace M of P!(p) if and only if h # 0.

We also investigate the boundary behaviour of the functions in P*(u) near
the points z € D where h(z) = 0. In particular, for 1 < ¢ < co we show that
there are interpolating sequences for P!(u) that accumulate nontangentially
almost everywhere on {z : h(z) = 0}.

1. Introduction, statement of main results and preliminaries

Let © be a compactly supported finite positive measure on the complex
plane C, and ¢ € [1,00) with conjugate exponent ¢’ = t_% We denote by P
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the set of polynomials in the complex variable z, and by P!(u) the closure of
P in L'(p). Multiplication by z defines a bounded linear operator on P!(u)
which we will denote by S. An invariant subspace of Pt(u) is a closed linear
subspace M C P*(u) such that SM C M. For A € C we denote evaluation on
P at A by ey, i.e. ex(p) = p(A) for p € P. If ey is bounded in the L*(1) norm
then it extends to a bounded linear functional on P!(u), which we will also
denote by e). With a slight abuse of English we refer to such a A\ as a bounded
point evaluation (bpe) for P*(u), and we set My = |[ex]|pe(u)--

If Ag € C is such that there is a neighborhood U of A\g consisting entirely
of bpe’s for P!(u) with A — e, (f) analytic in U for all f € P!(u), then we say
that \g is an analytic bounded point evaluation (abpe) for P!(u). We denote the
set of abpe’s for P!(u) by abpe(P!(u1)). A simple argument using the Uniform
Boundedness Principle and the functionals ﬁ(eA — e¢) shows that the map
A — M, is continuous, in fact locally Lipschitz, on abpe(P!(u)).

We will be chiefly concerned in this paper with the case when P!(j1) can be
identified with a space of analytic functions in the open unit disk D = B(0, 1) in
C. In fact, we will assume that spt u C closD, abpe(P!(u)) = D, and Pt(p) is
irreducible, by which we mean that P!(u1) contains no nontrivial characteristic
functions. If f € P!(u) then clearly f(\) = ex(f) for p-almost all X € D,
so that no confusion will result if we write f(A) = ex(f) for all A € D, thus
thinking of f as being defined in all of D and p-almost everywhere on OD.

It is well known that irreducibility implies that 0D is absolutely contin-
uous with respect to Lebesgue measure m on 0D — this follows easily from a
theorem of F. and M. Riesz [RR16] (see also [Gar81, p. 125]) that says that
if £ C 0D is a compact set with m(E) = 0, then there is a function f, con-
tinuous on closD and analytic in D, such that f =1 on E and |f(z)| < 1 for
z € (closD) \ E. We will write u|0D = 5-h - m.

It is also well known that if K C I is compact then P!(u|closD \ K) =
Pt(p) with equivalence of norms (see also part of the proof of our Lemma 4.5).
This easily implies that P!(u) has the division property at all A € D, i.e., if
f € P(u) and A € D with f(A\) = 0, then % € P!(u). Tt also implies that S
is bounded below, so that if M is an invariant subspace of P!(u) then SM is
closed. We define the indez of an invariant subspace M to be the dimension
of M/SM.

In this paper we will be studying the boundary behavior of functions in
P(p), the index of invariant subspaces, and related questions. In order to
discuss boundary behavior we must first review the notions of nontangential
limits and nontangential cluster points. For 0 < ¢ < 1 and z € 0D we define
the nontangential approach region I',(z) to be the interior of the convex hull
of {z} U B(0,0). We say a function f in D has a nontangential limit f*(z)
at z if /1\1_)1112 f(A) = f*(2) for some o € (0,1). We say a point z € ID is

A€, (2)
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a nontangential cluster point of a set A C D if for some o € (0,1), T'y(2) N
(A\ B(0,7)) # @ for all » € (0,1). It is well known that the existence of
nontangential limits and nontangential cluster points on a set £ C 0D is
independent of o up to sets of m-measure zero, and so most of the time we

will standardize to o = § and write I'(z) for I's (z).

The two most familiar examples of the type of P!(u)-spaces we are con-
sidering are when p = im is normalized Lebesgue measure on dD and when
= %A is normalized Lebesgue measure on ID. These two cases satisfy respec-
tively u(0D) > 0 and p(0D) = 0, and they illustrate well the sort of phenomena

we are interested in.

= %m: The spaces P!(u) are the Hardy spaces H'. Every f € H' has
a nontangential limit f*(z) at m-almost all z € D, and f* = f as elements of
L (%m) It follows that f* = 0 implies f = 0, but in fact a stronger result is
true: if f* =0 on a set of positive m-measure then f = 0.

A celebrated theorem of Arne Beurling [Beud8] describes the invariant
subspaces of H?, and shows in particular that every nonzero invariant subspace
of H? has index 1. It is well-known that this fact extends to all values of .

For these and other basic facts about H', see e.g., [Dur70], [Gar81],
[Ko098].

g = L A: The spaces P(u) are the Bergman spaces L. There are func-

tions in L% that have nontangential limits at no point of dD. For any integer
n, or even for n = oo, there are invariant subspaces of L}, having index n.

The first of these facts has been known for a long time. The second was
discovered somewhat later and in view of the H' case came as a bit of a surprise.
The case t = 2 was done by Constantin Apostol, Hari Bercovici, Ciprian Foias,
and Carl Pearcy [ABFPS85]. This was extended to the case 1 < t < oo by
Jorg Eschmeier [Esc94], and to all ¢, 1 < t < oo by Haakan Hedenmalm in
[Hed93] and by Hedenmalm, the second-named author of the present paper,
and Kristian Seip in [HRS96].

In our context it is important to note that the proofs of Apostol, Bercovici,
Foias, and Pearcy and of Eschmeier just depend on the fact that |S™f]| — 0
for all f, and hence their results hold for P!(u) whenever u(0D) = 0 and
1<t <o0.

We are led to study the case when p(0D) > 0. In this case we can
talk about a boundary function f|OD for f € P!(u), simply as an element
of L(u|0D). The relation between f|0D and possible boundary values of the
analytic function f in D is however not immediately clear. Work by a number
of researchers has suggested a strong connection between this type of question
and questions about the index of invariant subspaces for P!(u). The above
examples suggest the following questions in the case p(0D) > 0:
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(1) Is f|OD the boundary value function of f in some suitable sense?
(2) Is f|OD = f* p|oD-almost everywhere?

(3) Is f determined by f|0D, i.e., does f|0D = 0 imply that f = 07

(

Is the index of every nonzero invariant subspace equal to 1?7

3
4

~— — ~— —

An answer to Question (1) was given by the two first-named authors of
the present paper together with William T. Ross in [ARR98]: if f € P(p)
then f, — f|0D in measure, where f.(z) = f(rz). This type of convergence is
however not strong enough to deal with Question (3). On the other hand it
is not hard to see that if f = 0 on D then f = 0; so by Privalov’s Theorem
([Gar81, p. 94]) an affirmative answer to Question (2) implies an affirmative
answer to Question (3).

The first author whose work suggested a connection between Question
(4) and the existence of boundary values of functions was Liming Yang in
[Yan95b]. Later, in [CY98], John B. Conway and Liming Yang conjectured
that the answer to Question (4) is affirmative, specifically in the case t = 2.
This conjecture has been supported by numerous partial results by various
authors, both prior to and subsequent to Conway and Yang’s paper, and these
results also give more evidence of a connection between Questions (2) and (4).
We mention here the work of J. Akeroyd [Ake01], [Ake02], [Ake03], A. Aleman
and S. Richter [AR97], T.L. Miller and R.C. Smith [MS90], T.L. Miller, W.
Smith, and L. Yang [MSY99], R. F. Olin and J. E. Thomson [OT80], J.E
Thomson and L. Yang [TY95], T. Trent [Tre79b], [Tre79a], Z. Wu and L. Yang
[WY98], L. Yang [Yan95al.

Our first result answers all of the above questions in the affirmative.

THEOREM A. Suppose that p is supported in closDD and is such that
abpe (P'(1)) =D and P'(u) is irreducible, and that (D) > 0. Then:
a) If f € PY(u) then the nontangential limit f*(2) of f exists for u|OD-
almost all z, and f* = f|OD as elements of L'(u|OD).

b) Ewvery nonzero invariant subspace of P'(u1) has index 1.

Away from the part of D where p has mass we might expect that the
boundary behavior of P!(u) functions could be wild. To see just how wild,
we first recall the notion of interpolating sequences. Let A = {A1, Ag,...} be
a sequence of distinct points in . We consider the weighted sequence space
I (1), defined as the set of complex sequences {a,} for which

> ()]
)] <

n

[{an i () =

and we consider also the map T taking a function f on DD to the sequence
Taf = {f(\)}. We say that A is an interpolating sequence for P'(u) if
Ta(PH(p)) = 1% (1). We can now state our second main result.
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THEOREM B. Suppose that p is supported in closD and is such that
abpe (P'(1)) =D and P'(p) is irreducible. Let E C D with pu(E) = 0. Then

Ift € (1,00): there is an interpolating sequence for P'(u) that clusters
nontangentially at m-almost every point of E.

If t = 1: there is a sequence A clustering nontangentially at m-almost
every point of E such that Ty (P! () 2 15 (1)

It is clear that in either case one obtains functions in P*(u) that have
nontangential limits at m-almost no points of F, since using the test function
1 we see that My > ||p||~'/* for all X € D. In the case where p(0D) = 0 and

€ (1,00) we see that Theorem B gives us the existence of an interpolating
sequence for P!(u) that nontangentially clusters at m-almost every point of
OD. The argument used to prove Proposition 7.3 in [ARS02] then shows the
existence of invariant subspaces of P!(u) of index greater than 1, thus giving
another proof of the result of Apostol, Bercovici, Foias, and Pearcy, and that
of Eschmeier mentioned above.

An important part of the proof of Theorem A consists of getting estimates
on M)y for A € D. If we use the test function

1

fa(w) = A w2t

we see that

(1.1) [ % Ut(/’l Bf'? (w))m _

In their study of the boundary behavior of M, [KT76], Thomas Kriete and
Tavan Trent prove the following, which we will list as Lemma 1.1 for reference

purposes:

LEMMA 1.1 (Kriete and Trent). Let w be a measure on D. Then

1—|\>?
li =0
Jim /|1_Aw|z w(w)
Ael(z

or m-almost all z € OD. O
[

Now suppose u satisfies the hypotheses of Theorem A and recall that we

are writing pu|0D = %h -m. On 9D, ﬁ:%'; is just the Poisson kernel, so that

combining Lemma 1.1 with a standard property of Poisson integrals, we see

A=z
Ael(z

2
(1.2) lim /‘1_|)\‘ (w) = h(z)
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for m-almost all z € OD. Kriete and Trent observe that (1.1) and (1.2) combine
to show that

1
1.3 m (1— N2 Y0, >
" i 07RO g

for m-almost all z € OD.
Our proof of Theorem A will depend on proving the converse estimate
C
h(z)1/t

(1.4) T (1- N2y <
NeT(2)
for m-almost all z € 9D, where C is some constant. We will prove this estimate

in Section 3. These two inequalities are indicative of H’ behavior near points
z for which h(z) # 0, since as is well known M) = W for H!. Tt is thus

of interest to note that at least for ¢ > 1 we can refine the estimates (1.3) and
(1.4) to an asymptotic equality:

THEOREM C. Under the hypotheses of Theorem A, if t > 1,

. 2\t 1
i (1 -1AF) " h(z)Vt
AT (z)

for m-almost all z € OD.

Our results have applications to general P!(u)-spaces. In his remarkable
paper [Tho91] James E. Thomson describes the structure of P*(u) where p is
any compactly supported positive measure on C.

THOMSON’S THEOREM. There is a Borel partition {A;}5°, of spt p such
that fori > 1 the space P'(u|A;) contains no nontrivial characteristic functions

and
P(n) = L'(ulAo) © {@Pt 1lA) }

Furthermore, if U; is the open set of analytic bounded point evaluations for
PL(|A;) fori > 1, then U; is a simply connected region and the closure of U;
contains A\;. O

In particular if P!(u) # L'(u) then there exist bpe’s for P!(u). Indeed
the proof of this fact is the most difficult part of, and the chief motivation
for, Thomson’s work. We also note that Thomson’s Theorem together with
Theorem 4.11 of the same paper shows that the bpe’s for P!(u) are either
abpe’s or point masses for .

Because of Thomson’s decomposition, the study of general P*(u)-spaces
can be reduced to the case where P!(u) contains no nontrivial characteristic
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functions and abpe (Pt(u)) is a nonempty simply connected open set whose
closure contains spt . One might expect to be able to use the Riemann Map-
ping Theorem to further reduce to the case where abpe (P*(1)) = D. This can
in fact be done, but it is far from trivial; it was accomplished by Robert F.
Olin and Liming Yang in [OY95]. As a consequence, there are versions of our
results valid in the case when abpe (Pt(,u,)) is an arbitrary bounded simply
connected region.

An important motivation in the study of P!(u)-spaces comes from the
theory of subnormal operators — see e.g. [Con81]. By the Spectral Theorem
any cyclic subnormal operator is unitarily equivalent to the operator S on some
P2(u)-space — see J. Bram [Bra55]. Thus our results have implications in the
study of subnormal operators — indeed it was in this context that Conway
and Yang posed the conjecture that we discussed above.

We now outline the remainder of the paper. The main difficulty in the
proof of Theorem A is the proof of the inequality (1.4). In order to prove this
we must develop a method for estimating norms of point evaluations. We do
this in Section 2, where the main result, Theorem 2.1, provides us with the
needed tool. The proof of Theorem 2.1 will be accomplished by combining part
of Thomson’s proof of the existence of bpe’s in [Tho91] with Xavier Tolsa’s
remarkable recent results on analytic capacity ([Tol03]). Our methods here
are quite similar to those developed independently by James E. Brennan in
his proof of Thomson’s Theorem using Tolsa’s work ([Bre06]). Besides its
importance in the proof of the inequality (1.4), Theorem 2.1 also allows us to
prove a refinement of Thomson’s result (Corollary 2.2).

In Section 3 we show how Theorem 2.1 implies the inequality (1.4) and
using this inequality we prove Theorems A and C. Section 4 is devoted to the
proof of Theorem B, and in Section 5 we show how the work of Olin and Yang
allows us to apply our results in general P?(u)-spaces.

We have had very stimulating and useful conversations regarding the ma-
terial in this paper with John Akeroyd, Daniel Luecking, Jim Thomson, and
Alexander Volberg, and we would like to express our gratitude to them.

2. Bounded point evaluations

The main difficulty in the proof of Theorem A comes in the proof of the
estimate (1.4), which depends in turn on developing a method for estimating
the norms of point evaluations. We begin our efforts in this direction by
outlining Thomson’s proof of the existence of bpe’s in [Tho91], but we must
first deal with some preliminaries.
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Let w be a compactly supported measure on C. The Cauchy transform of

w is defined by
Cw(z) = /dw(w)

w—z

for all z € C for which [ % < o0o0. A standard application of Fubini’s
Theorem shows that Cw € Lj, (C) for s € (0,2), in particular that it is defined
for A-almost all z, and clearly Cw is analytic in Cs \ sptw, where Co, =
C U {oo} is the Riemann sphere. It is also standard that if w is a compactly
supported bounded function times area measure, then Cw is continuous.

Now suppose that v is a compactly supported measure on C that anni-
hilates the polynomials P. If p € P and w € C then the function ¢ defined
by

is again in P; hence

O:/qdyz/Wdy(z).

Rearranging, we see that we have shown that
p(z)dv(z
(2.1) Cutwlpu) = [P

z—w
for A-almost all w whenever p € P and v is a compactly supported measure
on C that annihilates P.

We turn to Thomson’s proof. Suppose that p is a compactly supported
positive measure on C for which P'(u) # L'(u). There is then a non-zero
function G € P*(u)* € L'(u). We set v = Gu so that v annihilates P
and (2.1) applies. If @« € C and U is an annulus centered at a and such
that | Cv| is bounded below on U, then (2.1) can easily be used to show that
a is a bpe for P!(|v|) and hence, by Holder’s inequality, for P!(u). This
observation was used by Brennan in [Bre79] to prove the existence of bpe’s in
some special cases, and it is the starting point for Thomson’s proof. Thomson
devised a coloring scheme on dyadic squares which, given a point a € C and a
positive integer m, starts with a dyadic square of side length 27" containing a
and either terminates at some finite stage or produces an infinite sequence of
annuli surrounding a. These annuli are made up of dyadic squares colored red,
on which the mean value of | Cr| is controlled from below. He then used an
approximation technique due to Scott Brown [Bro78] to show that this sequence
of annuli could replace the single annulus in the above argument to show that
a is a bpe for P(|v|), with a bound that just depends on the integer m.
Thomson finishes his argument by showing that if his coloring scheme were to
terminate for all @ € C and all positive integers m, then a contradiction would
result. His ingenious proof, utilizing the Vitushkin localization operators, is



NONTANGENTIAL LIMITS IN PT(4)-SPACES 457

somewhat notorious for giving no direct information on the location of the
bpe’s or bounds on the norms of the point evaluations.

Later in this section (in the proof of Lemma B below) we will be following
the first part of Thomson’s proof outlined above almost verbatim, but since it is
exactly the estimates on the norms of point evaluations that we are concerned
with, we must replace the second part of the argument by one that will allow
us to make such estimates.

Our argument at this point will make essential use of Xavier Tolsa’s recent
work on analytic capacity, which we now discuss. For a compact K C C we
define the analytic capacity of K by

Y(K) = sup |f(c0)|
where the sup is taken over those functions f analytic in C \ K for which
|f(z)] <1forall ze Cyx \ K, and
f'(00) = lim z[f(z) — f(c0)].

zZ— 00
The analytic capacity of a general E' C C is defined to be v(E) = sup{v(K) :
K C E, K compact}. A good source for basic information about analytic
capacity is [Gar72].
A related capacity, 74, is defined for £ C C by

V+(E) = sup |||

where now the sup is taken over positive measures p with compact support
contained in £ for which | C /=) < 1. Since Cp is analytic in Cw \ spt
and (Cp)'(00) = —||p|| we have

+(E) < v (E)
for all £ C C. In 2001, Tolsa proved the astounding result that v, and ~ are
actually equivalent [Tol03]:

ToLsA’sS THEOREM. There is an absolute constant Ar such that

V(E) < Ary+(E)
for all E C C. O

Tolsa’s result answered several important basic questions about analytic
capacity that had been open for at least fifty years.

We are going to obtain the estimates we need by using Thomson’s coloring
scheme together with Tolsa’s Theorem to prove the following, the main result
of this section:

THEOREM 2.1. There are constants ¢g > 0 and Cy < oo such that the
following is true. If v is a compactly supported measure in C that annihilates
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the polynomials P, and v = v1 + vy where vy and vy are compactly supported
measures in C with

ReCr; > 1 a.e. [A] in closD

and
[v2]| < eo,

then
1p(0)] < Co / p(w)|dv|(w)  for all p € P.

Theorem 2.1 will follow in turn from the next two lemmas.

LEMMA A. Suppose w is a compactly supported bounded function times
area measure. We then have the following weak-type inequality for analytic
capacity,

Y([ReCw > a]) < |wl| for all a > 0,

a
where At is Tolsa’s constant.

Remark. For a general compactly supported measure w, Cw is only
defined A-almost everywhere, so that v([ReCw > a]) might not even make
sense. The restriction we have put on w avoids this problem since it implies
that Cw is continuous.

LEMMA B. There are absolute constants e > 0 and C7 < oo with the
following property. Let E C closD with v(E) < €1. Then

o) <Ci [

|p]% for all p € P.
(closD)\E ™
As we will see, Lemma A is an immediate consequence of Tolsa’s Theorem
via a standard capacity-type argument. The proof of Lemma B will be the main
difficulty. Before proving these lemmas we will show how Theorem 2.1 follows
from them, and then show how the theorem implies a refinement of Thomson’s
result on the existence of bpe’s (Corollary 2.2).
Let v, vy, v satisfy the hypotheses of Theorem 2.1 with ¢y = €1/2A7.
By convolving with %ZX B(0,1) and taking limits as n — oo, we see that we
may assume that the measures v, v, vy are all compactly supported bounded
functions times area measures, so that Cv, Cry, Cry are continuous. Set
E=[-ReCuryp > %] We apply Lemma A with a = % to —1o to get
(2.2) ’y(E) < 2ATHZ/2H < €.
For w € (closD) \ E we have
1

1
(2.3) \CV(m)]}ReCV(w)>1—§:§.
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By (2.2) E satisfies the hypotheses of Lemma B; hence for p € P we can apply
that lemma together with (2.1) and (2.3) to obtain

dA
Ip(0)] < 01/ pl—
(closD)\E T

_C / 1 /p(z)dl/(z) dA(w)
=01
we(closD)\ E C V(w) Z—w T
1 dA(w)

<20 / bz dlv|(z

! | ( )| wéEclosD ’Z_w| 7T | |( )
<10 [ v

where we have used the inequality
weA |z —w| = T

for z € C, A C C (see [Gar72, pp. 2, 3]). This proves Theorem 2.1 with
Co = 2C. [}

As discussed above, Thomson’s proof of the existence of bpe’s does not
result in a criterion for a point to be a bpe. Using Theorem 2.1 we can give
such a criterion.

COROLLARY 2.2. Let p be a compactly supported positive measure on C,
let 1 <t < oo, let G € Pu)t, and set v = Gu. Suppose zy is a Lebesgque
point for Cv at which Cv # 0. Suppose also that zy is a point of lower linear
density zero for v, i.e. lim, o+ L[v|(B(z0,7)) = 0. Then zy is a bpe for P'(y).

In particular, A-almost every point at which Cv # 0 is a bpe for P(u).

Proof. We may clearly assume zg = 0. Set Cv(0) = a # 0. For r > 0 to
be determined set vy = v|C\ B(0,7), v2 = v|B(0,7). Now,

/ ’CVQI% / / dv(w) | dA(z)
B(0,r) ™ |z|<r |Jw|<r W — 2

/w<r/|<r7flwz|al| v|(w)

< 2r|v|(B(0, 7)),
where we have used (2.4). Hence by hypothesis

dA dA dA
(2.5) / |CV1—a\</ |CV—a|+/ | C | —
B(0,r) T B(0,r) Q0 B(0,r) m
<o (7‘2) + 2r|v|(B(0,1)).
The Bergman space estimate ([Vuk93])

1 dA
1< G S
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valid for f analytic in D and z € D, rescales to

2 dA
|f(2)] < (7“2—\2\2)2/3(00 ‘f|7

)

for f analytic in B(0,r) and z € B(0,r). We apply this with f = Cvy —a to
get
16 dA
CV1z—a</ Cyl—a—
O~ < gy [ jon -

for [2| < 37, and combining this with (2.5) we obtain that

|Cri(z) —al <o(l)+ 392|”’(£’))

uniformly in |z| < %r. From this and our hypotheses we see that we can pick
an r > 0 such that

1 1
(2.6) ;HV2|| < Z\CL\EO
and
1 1
(2.7) |Cri(z) —a| < §|a| for |z| < 3"

We now define measures v, i1, 7o by the formulas

ar \2
R 4 r
Vl(E) = al/l <§E>
R 4 r
VQ(E) = JVQ (iE)

A calculation shows that
R 2 r
Cii(z) = . Cu <§z) .

From (2.6) and (2.7) we now see that

(2.8) 122l < €0
and
(2.9) |Cin(z)—2| <1 for |z| <1

Clearly v annihilates the polynomials and o = 7 + 5. By (2.8) and (2.9)
we thus see that D, U1, Do satisfy the hypotheses of Theorem 2.1, so that

01 <G [ Ip@dilw)  forpeP.
It follows that
4C
=0 / Ip(w)|d|v|(w forpe P,

and the corollary now follovvs from Holder’s inequality. O



NONTANGENTIAL LIMITS IN P7(u)-SPACES 461

The bpe’s produced by Thomson’s coloring scheme are actually abpe’s for
Pt(u), and so the same is true of the bpe’s we produce in Corollary 2.2. It
follows that this corollary implies Theorem 4.10 in Thomson’s paper: if P!(u)
is pure (i.e. contains no nontrivial L!-summands) then the closure of the set of
abpe’s for P!(u) contains the support of .

It remains to prove Lemmas A and B.

Proof of Lemma A. With a constant C different from Ar we in fact have
from Proposition 2.1 of [Tol02] and Tolsa’s Theorem that
C
v([[Cv] > d]) < vl

However, we can also give an easy short proof that just uses Tolsa’s Theorem.

Let @ > 0 and E = [ReCv > a]. Since Cv is a continuous function
vanishing at oo, E is compact. Let p be a positive measure supported in F
for which || C || = (¢y < 1. The continuity of the function z — [ % can be

used to justify the use of Fubini’s Theorem needed to show that

(2.10) /Cu‘dyz—/CV‘dﬂ.

Thus
/Cu'du /Cy-d,u 2Re/Cu-d,u>aH,u||,
E E

and clearly our hypothesis on v implies that

/Cu-dy

Hence by (2.10) we see that

< Cpullz=@llvll < vl

1
< - .
il < vl

This shows that 4 ([ReCv > a]) < 1|v|, so by Tolsa’s Theorem we are done.
|

Proof of Lemma B. We may clearly assume that E is closed. Our proof
will consist of another application of Tolsa’s Theorem together with Thom-
son’s coloring scheme, with some minor modifications, and his application of
the Scott Brown-type approximation scheme. We will sketch our version of
Thomson’s ideas and refer the reader to his paper for details.

Let E be a closed subset of closD. For each integer k > 3 let {Si;} be
an enumeration of the closed squares contained in C with edges of length 27
parallel to the coordinate axes, and corners at the points whose coordinates
are both integral multiples of 27%. Denote by Sy(k) one of the Sk;’s that
contains 0. We say Sy, is light if

A((Si5\ B)ND) < 15 A(Sk),
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and heavy if it is not light. We consider Thomson’s coloring scheme described
in Section 2 of his paper, but with our slightly different definitions of light and
heavy squares — the role of Thomson’s @ is played here by X(dosp)\z — and
we always have a = 0. The scheme depends on an integer m > 3 and starts by
coloring Sp(m) yellow.

Two things can happen; which of these occurs may depend on m:

Case 1. The scheme terminates — in our setup this means Thomson’s scheme
reaches a square that is not contained in closD.

Case II. The scheme does not terminate.

We consider Case II first. With our @, the Scott Brown-type approximation
argument in Section 4 of Thomson’s paper ([Tho91, Lemmas 4.2-4.6]) shows
that in this case there is a function H that is zero off (closD) \ E with a bound
on [|H ||~ (c) that depends only on m, for which

p(0) = /pH dA forp e P.

In fact with our definition of heavy squares the estimate on ¢ that Thomson
uses on the bottom of page 493 can be replaced by ¢ < 10 - 227, and it then
follows that we can get the estimate || H ||z c) < 10 - 22(m+1) - Of course this
implies that

p(0)] < 10- 22(’”“)/ IpldA forpe P,
(closD)\E
so that Lemma B will be proved if we can show that if (E) is small enough
then Case I cannot occur for sufficiently high m.

This brings us to pages 482-484 of Thomson’s paper. The argument there
shows us that if the scheme terminates for some m > mg, where mg > 3 is
some absolute constant, then there exists a finite collection of light squares
S; C closD such that v (|JS;) > do, where dg is an absolute constant. Since
each S; is light we have that A(E N S;) > &5A(S;). We are going to complete
the proof of Lemma B by using Tolsa’s Theorem together with a Vitushkin-
type construction to show that the lower bound v (|JS;) > dp implies a lower
bound on (E).

The basic building block for our construction is given in the next lemma.
We use the following notation: if f is analytic in a neighborhood of co in Cy
and zy € C then, writing the Laurent expansion f(z) = Y 2 an(z — 20)~",
we define 3(f, z9) = ay (of course ap = f(o0) and a; = f/(0)).

LEMMA 2.3. Suppose S,Q, R C C are closed squares with sides parallel to
the coordinate azes, all with center zy and with edge lengths I, %l, %l respec-
tively;
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e C®C) with0 << 1,spte Cint@, ¢p =1 on R, and ||Vl <
50/1;
E is a closed subset of S with A(E) > £ A(S); and
p is a compactly supported positive measure on C with || C pl|pcy < 1.
Then
() 1| Cloml(c) < 100
and there is a measure n such that
(i) sptn C ENR,
) AInll < 30[pll,
(iv) [[Cnll=(c) < 15,000,
)
)

(iii

(v) (Cn)'(o0) = (C(pn)) (o0), and
(vi) B(Cn,20) = B(Cpp), 20)-

Proof. We record here two well known and easily proven facts:

(2.11) If v is a compactly supported measure on C and % is a com-
pactly supported C'*° function, then

Cv)(z) = ¥(2) Cw(z) + % / Cu(w)0y(w)

w—z

dA(w)

for all z € C for which [ dvi(w)

lw— Z\

and

dlv|(w)
|w— ZI

(2.12) If v is a compactly supported measure on C for which f
is uniformly bounded in z, and p = Cv-v, then Cp = (C v)2.

We see that (i) is an immediate consequence of our hypotheses, (2.11),
and (2.4).
Now set v = A|E N R, so that

1
(2.13) lv|| = A(ENR) > 512
and, again by (2.4),
(2.14) HCI/HLOO((C) < 3[,

and set p = Cv - v. Clearly if n = av + bp, with a,b € C, then (ii) is satisfied.
We pick a and b so that (v) and (vi) are also satisfied. From (2.12) it is easy
to see that 3(C p, z9) = 3 ((C v)'(0))? and we then see that

_ lleul
A(ENR)
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and

A(E?W R)? [A(”g ﬁ'zs:) / (2 = z0) dv(2) - / =R dntz)

It follows easily that [b] < 31 A(%p#]”%)% and (iii) now follows from (2.13) and
(2.14).

We now estimate || Cn||;~(c). Since by (2.12) Cn=aCv + $b(Cv)?,
see by (2.13), (2.14), our expressmn for a, and our estimate on |b| that

b=

(2.15) 1Cnll = (c) < 150”@1“H

It is a well known consequence of Schwarz’s Lemma that the analytic capacity
of a disk of radius r is r, hence v(Q) < %\/Ql From this and (i) we see that
ol < | Clep)ll L (c)y(Q) < 100l. Now (iv) follows from (2.15). O

We return to the proof of Lemma B. Let {S;} be the finite collection of
light squares discussed above, so that y(|JSj) > dp. For each j let

zj be the center of Sj,

l; be the edge length of S;,

Qj, R; be the closed squares with center z; and sides parallel to the
coordinate axes of lengths %lj = 0j, %lj respectively.

The collection {S;} has the following properties:

(2.16) No point lies in more than four Qs.

2.17 There are C* functions ¢; with 0 < ¢; < 1, sptp; C int @,
J J J J
IVejllee < 50/1j, ¢; =1 on Rj, and ngj =1onJS;.

(2.18) For each z € C
53
me{ 3} < 10, 000.
|z — z;|°

These statements correspond to part of Proposition 2.6 of Thomson’s pa-
per and we refer the reader there for the proofs of (2.16) and (2.18). We need a
bit more than is given in the usual partition of unity argument, so we give the
proof of (2.17). Let {t;} be C*° functions with 0 < v¢; < 1, spte; C int Q;,
j =1on Sj, and || V)|l < 25/21;. We use these to construct a partition of
unity in the standard way (see e.g. [Rud91, p. 148]):

=1

and for j > 1

i =L —t1)--- (1 —1hj-1).
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Then for all n, 7%, ¢; = 1 — [, (1 — ¢;), which shows that >Z¢; =1 on
(JS;, and (2.16) implies that ||V;|ls < 50/1;. Because of the yellow “buffer”
squares in Thomson’s scheme, if @, intersects S; then [, = [;, and it follows
that intQ, N R; = @ if j # k. Since > ¢; = 1 on |J S, this implies that
¢; =1 on R;, and the proof of (2.17) is complete.
Now suppose that p is a positive measure supported in | J.S; with

| Cpllpee(cy < 1. For each j we let z;, Sj, Qj, Ry, lj, ENSj, ¢; play the
respective roles of zg, S, @, R, [, E, ¢ in Lemma 2.3, and construct the
corresponding measure 7); as in that lemma. Then

(2.19) 1 C(jm)ll Lo () < 100,

(2.20) sptn; CEN Ry,

(2.21) [l < 30[[0jpll
(2.22) | Cnjll Lo ) < 15, 000,

(2.23) (Cnj)'(00) = (Clpjn)) (00),
and

(2.24) B(Cnj, zj) = B(Cpjn), %)-

From (2.23) and (2.24) we see that the function

[Cnj(2) = Clojm) (2)] (2 — 25)°

is analytic in Co \ @, and so using (2.19), (2.22), and the Maximum Modulus
Theorem, if z € C\ Q;, then

(2:25) [Cnj(2) — Clpin)(2)] - |z — 2

< sup | Cnj(w) — Clpjp)(w)] - [w — z;|* < 10,00053.
’LUGBQJ‘

Set n =>_nj. By (2.17), p = > ¢jp. Together with (2.18), (2.19), (2.22),
and (2.25) this tells us that for A-almost all z € C

[Cn()l < Y [Cu(z)]

|2—2;]<6;
+ > 1Cni(2) = Clpm)(2)]
|z2—2;]>6;
+ > 1C(em)(2)| + | Cul2)|
|z—2;|<4;
< 15,000 - 10,000 + 10,000 - 10,000 4+ 100 - 10,000 + 1
< 10°.

We can now finish the proof of Lemma B. By Tolsa’s Theorem and the
fact that v(|JS;) > o we can find a positive measure supported in (J.S; for
which || C pl[ () < 1 and ||p] > ALT(;O' The measure 7 produced by the above
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construction is supported in F, and we have just shown that || C || () < 10°.
We also have by (2.23) that

(Cn)'(00) =D (C 77]')/(00)
= (Clg;w)

= (Cp)'(o0) = —HMH-

Thus y(E) > ﬁéo. This gives the desired lower bound on v(F), and com-
pletes the proof of Lemma B. O

3. Asymptotic estimates on point evaluations, nontangential limits,
and the index of invariant subspaces

In this section we will prove Theorems A and C. Throughout, ;1 will be a
fixed measure satisfying the hypotheses of Theorem A, and we write p|0D =
%hm.

Our first step will be to show how Theorem A follows from the inequality
(1.4):

Fm (11— )Y an < S

e 1/t
)xél"(z) h(Z)

for m-almost all z € 9. To do this we will need some basic properties of the
Hardy spaces on general regions in C.

Let Q C C be a nonempty connected open set. The Hardy space H'(Q2)
is then defined to be the space of functions f analytic in Q for which |f|' has
a harmonic majorant in . We norm H*(Q) by

£l ey = up(a)/!
where uy is the least harmonic majorant of | f|* and a is some fixed base point.
As is well known, this definition is conformally invariant and for the case 2 = D
and a = 0 agrees with the classical Hardy spaces H' we discussed in Section 1
— see e.g. [Dur70, Ch. 10] or [Gar81, Ch. 2].

We now specialize to the case

= U I'(z) for some compact E C 9D with m(E) > 0,

and a = 0. Clearly, ['(F) is simply connected. Let ¢ be the Riemann map
taking D onto I'(E) with ¢(0) = 0, ¢/(0) > 0. If f € HY(T'(E)) then fop € H*
and we thus have the estimate

1
(3.1) |f o p(w)]| < W||fo‘:0“Ht-
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The boundary of I'(E) is clearly a rectifiable Jordan curve, and it follows from
well-known results of Caratheodory and F. and M. Riesz that ¢ extends to a
homeomorphism of closD onto closT'(E), that ¢’ € H! and if F C OT'(E) then

length(F) :/ . |’ (2)] dm(2).
o

Also, ¢ is conformal at m-almost every point of 9D (see the discussion on page
93 of [Gar81]).

It follows from these facts and basic properties of H? that if f € HY(I'(E))
then the nontangential limit f*(z) exists for m-almost every z € E, and that if
fn— f in HY(T'(E)) then there is a subsequence f,, such that fa,(2) = f7(2)
for m-almost all z € E.

It also follows from these facts together with (3.1) that for a.e. z € E,

T (1 ) sup {70+ f € BOCE). [ llrm <1} < L
AT (2)

We can reverse this argument in P*(u).

THEOREM 3.1. Let 1<t<oo. Suppose E C 9D is compact with m(E) >0
and there is a constant C < oo such that

L= My<C for XeT(E).

Then f € P'(u) implies that fID(E) € HYT(E)) and || fIT(E)| g ey <

Cllflpe(y)-
It follows that if f € P'(u) then the nontangential limit f*(z) exists for

m-almost all z € E, and that f*(z) = f(z) for p-almost all z € E.

Proof. For f € P'(u) and X € T'(E) set

flw)
(1—Aw)™"

g(w) =

Then g € P*(p), so
[V

(1= AP g
< (1= 1AP)* ML gl

N2\ 2 gt f(w)[" w
(1= 1) MA/} o TR

2
Ct/ | |A| |t (w)

/|1_M ()] duu).
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= ReRy
of X that equals || f[|%, () When A =0, and the first conclusion of the theorem
follows.

To prove the second conclusion let f € P!(u) and let p,, € P with p, — f
in L!*(u). Then p,|T(E) — f|T(F) in HY(E); so from the discussion preceding
the statement of the theorem we may assume, passing to a subsequence if
necessary, that p, — f* m-almost everywhere on E. We can also assume that
pn — f a.e. [p]. By (1.3) we have h(z) # 0 for m-almost all z € E, and the
conclusion follows. |

Since we see that this last integral is a harmonic function

Our next result establishes a connection between nontangential limits and
indices of invariant subspaces.

THEOREM 3.2. Let 1 <t<oo. Suppose there is an ECID with m(E)>0
and h >0 on E, such that every f € P'(u) has a nontangential limit f*(z)
which equals f(z) for p-almost all z € E. Then every nonzero invariant sub-
space of P'(u) has index 1.

Proof. Let M be a nonzero invariant subspace of P!(u). We must show
that dim M/SM = 1. If n is the greatest integer such that every f € M has a
zero of order at least n at 0, we consider the invariant subspace

M={feP(u): S"feM}.

Using the division property of P*(y) it is not hard to show that S”|M induces
an isomorphism of M /S M onto M /SM, and the division property implies that
M contains a function that does not vanish at 0. The upshot of this is that
we may assume that there is a ¢ € M such that g(0) # 0.

We will prove the theorem by showing that if f € M and f(0) = 0 then
@ € M — in other words by showing that M has the division property at 0.
Let ¢ be an arbitrary function in M+ C L (1) and set

w —M w
() = / T =99 ) dpan)

w— A\

so that ® is a meromorphic function in D. We will be done if we show that

2(0) = [ 2 o0) dutw) =0,

and this we will do by showing that ® = 0.
From our hypothesis it is easy to see that there is a compact F' C E with
m(F) > 0 and constants C' < oo, k € (0,1) such that if A € I'(F') and |A| > &

then ‘%’ < C and |f(w)], |g(w)| are bounded by C for p(w,\) < 5 — here

plw, ) = |52

is the familiar pseudohyperbolic metric. Now let A € D be
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such that g(A) # 0. Then the function of w given by

F(w) = L g(w)
w—1/\

is in M, so that

0= [ (755 - o5 (P00 - 2w otw) dutw)

_ 1 |\P N N
_/(w—)\)(l—)\w) <f( VA )>¢( ) dp(w).

Hence

1— N2
el<|[ o+ A
pwN<t  Ji<pwn<t] |1 - dw|

1_7’)\’2@ w _m w w w)| =
o T 10~ Syt o)t

Suppose A € T'(F) with [A| > k. If p(w,\) < & then

fw) #g( >'

fw) - Jo(w)| FQO =189 s(c+c?)
< max <
w—A p(CA) C—A 1—[AP
and ’11__|£‘5‘ % It follows that

2(1-A%) 1-[A 3 (C+C2)
/(wx) e el du(w)

1= Aw| |1=Aw| 1
2
<6(C+02)/€D‘ ’A" 6(w)] dpu(w).

We also see that

w—A]1— |\

B < /< A)<12’1 xw‘ 1=l
AP O é(w)] du(w

2/%@}1_ E s[Lf(w)] + Clg(w)[l|p(w)| du(w).

Then, by Lemma 1.1, for m-almost all z € F,

lim L) =0, i=12
AT (2)
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To deal with I3(\) we observe that by a standard property of Poisson
integrals

: ﬂu’) w w w)==z71(z z ¥4
é%ﬁeaw_w Fw)(w) du(w) = 2 (2)(=)h(z)

and

2
i | LA g(w)b(w) du(w) = zg(2)6(2)h(2)

/\éF(Zz) €oD |1 - /_\w‘2

for m-almost all z € 9. Our hypotheses and Privalov’s theorem also imply

that
T _1G)
A g 9e)
for m-almost all z € E. It now follows that )l\linz I5(\) = 0 for m-almost all
Ael(z)
z€eF.
We have shown that for m-almost all z € F, }\LHIZ ®(A) = 0, so we are
Ael(z)
done by Privalov’s Theorem. |

We note that the above proof shows more; if p is any measure satisfying
the hypothesis of Theorem 3.2, if 1 < t < oo, and if f,g € P!(u) are nonzero
analytic functions such that the meromorphic function f/g has nontangential
limits on a set £ C 0D of positive Lebesgue measure, then the index of the
invariant subspace generated by f and g is one.

From Theorems 3.1 and 3.2, the continuity of A — M), and an elemen-
tary measure-theoretic argument, we see that Theorem A will follow from the
inequality (1.4). We will prove this inequality by reducing it to Theorem 2.1
by use of a conformal translation.

For A € D we set p)(2) = 12:5\)\,2
associate the measure 7, given by

. To a measure i on closD and A € D we

<2
14+ Az
dna(z) = M_M“gd(ﬁo%\)(z)-

It is easy to check that

(32) [rerme=[r({5) 1 ‘AA’} i(2)

for all F' for which either side makes sense. In particular if 7 is a measure

supported in JD of the form

1
- k.
n o m,
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then

1
(3.3) = %k oy M.

We apply this transformation to our measure p and use (3.2) to see that
if

Ip(\)|* < / ipl*dp  for all p € P,

WQ
then for all g € P,

Fitan=f o (222) (222) | s

t
SIE gy (L V| laOr
S A S \E ct
This argument is clearly reversible, so we have shown
t ct t
(3.4) PO < =y [l e

if and only if
0O <C* [lal'dm Ve

It is an immediate consequence of the proof of Lemma VII.1.7 in [Con81]
that there is a G € PY(u)+ C L¥(u) such that G(z) # 0 for p-almost ev-
ery z € dD. We let P[] denote the Poisson integral and we set w = u|D.
By Lemma 1.1 and standard properties of Poisson integrals, for p-almost all
z € 0D

(35) G(2h(2) # 0,
2

(3.5 lim /Il P Gl dofu) =

XeT'(2)
(3.7) lim P[|Gh - G( () =0,

GF(z)
and if t > 1

AR .

(35 A6 @) du(w) = GG hz).

Aéaz/ 1= Al

Fix such a z and set a = G(z), 8 = h(z), so that « # 0 and § > 0, and
let € > 0 be a small number to be chosen presently. By (3.6), (3.7), and (3.8)
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if A € I'(2) is sufficiently close to z we have

)\2
(3.9) / |1 |_ | 2|G w)| dw(w) < €|lals,
1
(3.10) PUGh-QMKA)<iEkﬂﬁ
and
. 1 — ’)\’2 t ' t
(3.11a) ift>1, ———|G(w)[" du(w) < 2" |al" B,
‘1 f)\w’
(3.11b) ift =1, |Gl < 2lal

We can get (3.11b) by multiplying G by a suitable outer factor.
Using (3.2) it is easy to check that if

wH A\ 14+ w
G =G = =G
() =6 (150 ) T — Gomwn)
then G € P(uy)*, and from (3.3) we see that
1
(3.12) G,\/L,\]@]D):%Gocp/\-x)\-hogpA-m.
The inequalities (3.9), (3.10), (3.11a), (3.11b) translate to
(3.13) [ 1Galdor < elals.
dm 1
(3.14) 162 noon—apl 9 < olald
m 16
and
(3.15a) if > 1, [|Gllpe () < 2lals™”
(3.15b) ift =1, HG)\HLOO(MA) < 2’04’.

From (3.14) we see that

]c (3563 owr-m) ) - (5oam) ()] < glals

if lw| < 5. A calculation shows that C (5=xam) = X in D, so if we restrict our
attentlon to |A| > 5 we see that
1 1 1
3.16 —=C | —Gx-h . -1 < -
(3.16) ozﬁ)\ (%A w*m) ' 4
for |w| < % Set v = G)\u)\ = v1+v9 where v; = v|0D = ﬂaT%AG/\ hopy-m

and vy = v|D = aod G)\w)\ By (3.13) and (3.16), as long as || > 5 we have
that ||2]] < 2e and ReCul(w) > 3 for |w| < 3.
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We now choose € = %eo, where €p is as in the statement of Theorem
2.1. By that theorem and a rescaling argument as at the end of the proof of
Corollary 2.2 we see that

8 1
3.17 p(0 <C’/pG>\d,\ for p € P.
31D O 50 [ I Galda
Using (3.15a) or (3.15b) as appropriate together with Holder’s inequality we

see that (3.17) implies

16 1
(3.18) ip(0)] < W%w”ﬁ”u(ug for p € P.

Now (3.4) and (3.18) imply

16 1 1

N < e o

This completes the proof of the inequality (1.4) and with it the proof of
Theorem A. O

We turn now to the proof of Theorem C. As discussed in Section 1, this
amounts to showing that the C' in the inequality (1.4) can be replaced by 1 if
t > 1. To this end, let p € P and G € Pt(u)* C LY (u). We then have for
AeD

/1—)\w p(w) — p(N) (1_|/\|2)1/t <1_|)\|2>1/t
w— A\ 2

(1 — Xw)
e \ VY
X(d&lﬁf) G(w) dp(w) = 0,

which we rewrite as

2yt 1—Jdw 1—|)\>? WVl dm(w)
(=) [ PO

1= w -\ dm(w)
-/ ) | ) Gl

eop W — A I—Xw)
1—A sl 1—|\? e
—w » _
w) —p(A) (1 — |\ ~
| [ = e (- ) ((l_m)2>
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For w € 0D we have that 1w ’\f\” (11 /‘C‘S = (lllj;liff) and ‘1 )‘w‘ = 1. Using

Hoélder’s inequality we then see that

(3.19)
- 2 mw
= ot | [ R et )

1— AP / dm(w)]"
L e ]

cop |1 — Awl|?
1/t 1— ‘/\‘2 1/t|t
T b - (22
1_ |)\‘2 y 1/t
<L R o]

1—dw)
We will now estimate the first factor of the second summand of the right-
hand side of this inequality. We will denote this factor by I(A\)*/*. Our methods
here will be very close to methods we used in the proof of Theorem 3.2.

Write
/ ‘ 1—wl
+
Lepwan<t | | w—A

1) = [ /
pw,\) <5

o2 N\ Lt
p<w>p<A><1|A|2)”t< .l )
F
1).

1—/_\wt
w— A

dp(w)

X =1 (A) + I2(A).

It is easy to see that for any z € 9D, \ €
imply that w € 'y, (z) for some fixed o € (

) and p(w, \) < 5 together
The nontangential approach
region in the inequality (1.4) was fixed at I'(z) = ( ) for convenience, but
any I';(z) would have worked as well. Using the contlnulty of A — M, it
is then easy to see that there is a closed subset E C [h > 0] C 9D such
that m([h > 0] \ E) is arbitrarily small and (1 — |w|2)1/t M, is bounded on

FUO (E) d:ef UzGE FUO (Z) Sa‘y

(3.20) (1= [w?) /" My <C  for we Ty (E).
By Lemma 1.1 we may also assume that
11—\ ~
(3.21) ————du(w) < C for A e I'(E).
weD |1 - )\U}’Z

Now suppose A € T'(E). It is easy to show that if p(¢, \) < % then

A+ 3 q 1—MP<3

< an — < =
< 1+ 2|\l 11—~ 2
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Hence using (3.20) we see that if p(w,\) < %, then

1—w t [ 1—|)\? 1/t

1—X§ e [ 1= A2\
X (ro-m-n” (755) )

31/tC (%)1/750
(1 — ‘/\‘2)1/t + (1 B ’A’Q)l/t ||p||Lt(M)

We also have, using (3.21) and the fact that Lo 3 if p(w, A) < 3, that

[1—Aw|
/p<w,A)<

1—]A)2)? -
dp(w) < 4/ Mdu(w) <4(1-pP)e
These last two inequalities imply that

=) ]1—)\w|2
t
LA <2t |3Vt + 3 v Ct-aC|p|t
1 = 92 PllLe ()

To estimate I2(\) we use Minkowski’s inequality together with (3.21):

co[(frane)”

e - P ah
F0= e ([ G dutw) ]

AN
<2 (14 E) plieg
Our estimates on I1(A) and I3(\) combine to give us

I(A) < Clpl e

We put this estimate into (3.19), set ||p||p:(,) = 1 on the right-hand side,
and sup over the corresponding |p(A)| on the left-hand side to get

/ I‘chwh(w)dmw]

eop |1 — Aw]? 2m

1— )2 v dm(w) v
< ——|G h(w)—————=
oo 1 R 00 0%,

<l L=PP e (o) .

e |1 — Awl?

1
2

(3.22) (1= A2 My

for A e I'(E).
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We have for m-almost all z € 9D

2
lim 11|AA|2 (w)h(w)dﬂ;(w) — G (2)h(2)
T weop |1 — Aw| ™
and
. 1—|\|2 , dm(w ,
i [ 2 cwr T~ 6 a)
AT weon 1 — Awl 2

By Lemma 1.1 we also have for m-almost all z € 0D that

. 1— AP ”

lim ———|G(w)|" du(w) = 0.
Az Juwep |1 — Awl?
Ael(z)

Theorem C now follows from (3.22), (1.3), and the fact that G may be chosen
so that G(z) # 0 a.e. on {2z : h(z) > 0}. O

4. Interpolating sequences

In this section we will prove Theorem B. Throughout, u will be a fixed
measure satisfying the hypotheses of the theorem. We will also use the notation

M(r) = sup My, for r € (0,1).
Al=r

By the continuity of A — My in D, M(r) < co.

We will need some basic results about interpolating sequences for H,
the usual Hardy space of bounded analytic functions in D. Let A = {\,}
be a sequence of distinct points in ). We say A is an interpolating sequence
for H*® if Ty maps H* onto [*°. The interpolating sequences for H*> were
characterized by Lennart Carleson in [Car58], and it was subsequently shown
by Per Beurling [Car63] that for such a sequence there is a bounded linear
operator [*° — H® that acts as a right inverse for T\. We summarize these
results in the form that will be most useful to us. We use the

Notation. If A € D then

Iy={z€0D: XeT(2)}
Sy=A{rz: zel,, |\ <r<1}.
THEOREM 4.1 (Carleson and P. Beurling). The following are equivalent
for a sequence A = {\,} of distinct points in D:

a) A is an interpolating sequence for H™.
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b) There are numbers o, > 0, Cp < 00 such that

‘Am_)\n >0 form#£n

1 — A

and

S (=) <G (1—[A)  forall XeD.
An €Sy
c) There is a number C. < oo and functions ¢, analytic in D such that

©n(Am) = Opm and

S len(2)| < Ce for all z € D.

Furthermore, C. can be bounded above by a constant depending only on &
and Cy, and &, can be bounded below and Cy can be bounded above by constants
depending only on C.. O

For a proof see e.g. [Gar81, Ch. 7]. Of course if ¢) is satisfied, the function
> anpn is an H* function interpolating the values {a,} at {\,}. The second
inequality in b) says that Y (1 — [An|?) &y, is a Carleson measure.

Subsequent to Carleson’s work it was shown by Harold S. Shapiro and
Allen Shields [SS61] that the interpolating sequences for H* were the same
as the interpolating sequences for H'. It is of interest in its own right, and
is closely related to ideas that will be important in the proof of Theorem B,
that at least half of this equivalence holds for our P!(u). This will be an easy
consequence of Theorem 4.1 and the next lemma, a special case of the classical
Schur’s Lemma.

LEMMA 4.2. Let k be a positive measure on a measure space X, let s €
[1,00], and suppose that {p,} is a sequence of measurable functions on X such
that > lpn(x)| < C for k-almost all x.

Then if {fn} is a sequence of measurable functions on X such that

{Ifallpeey } € 1%,

we have
Z‘Pnfn € Ls(”)

and

HZ onfn

iy SOl
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Proof. For s = 1,00 the assertions are obvious. If s € (1,00) let s’ = 2=

be the conjugate exponent to s. Then s—1
/‘Z%fn s d,gg/ (Z’fn|s|%|> . (anos/s' »
<cttd [ Y Iflede
=C* |{l fallLe(e) }n - -

COROLLARY 4.3. Let 1 < t < oco. Suppose {\,} is an interpolating se-
quence for H®. Then {\,} is an interpolating sequence for Pt(u).

Proof.  Let {¢,} be the Per Beurling functions given by c) of Theo-

rem 4.1. We can find a sequence {g,} of polynomials such that g,(\,) = 1

and ||gnllren < MLM for all n. Now suppose that {a,} is a sequence of

t
complex numbers such that > (M> < 00. By Lemma 4.2 with s = ¢,

M,
9 =2 anpngn € P'(p) with
1/t

1gllpe() < 2Cc

> (Ll

and of course g(\,) = ay, for all n. This shows that T) maps P*(u) onto I} (1).
For the other half, find a sequence {H,} of functions in L! (1) such that

[ fHadu=10n)  tor fe P

and [[Hp|[1r () = My, Let {7,} be a sequence of complex numbers such that
{ynMy,} €1'. By Lemma 4.2 with s = ¢’ we see that

H=> npnH, € L (1)
and

IH L o) < Cell{m M, 3

Since [ fHdu=">" f(Ay)y for f € P'(p), a duality argument now shows that
Tx maps P'(p) into 1§ (). O

1

We need a few more preliminaries. We have already defined the arc I for
A € D. We now define I~)\ to be the open arc with the same center as I, and
one-third its length, implicitly assuming that I, # 0D, i.e. that |A| > %

It is geometrically obvious that if {\,} C D is such that the intervals
I, are pairwise disjoint, then the conditions b) of Theorem 4.1 are met, with
bounds. We thus get from that theorem:
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LEMMA 4.4. There is a constant Cp with the following property. If A, € D

are such that fAn N fAm = & for m # n, then there are functions yp, analytic
in D such that ©n(Am) = dnm and > |on(2)| < Cr for all z € D. O

We have already mentioned in Section 1 the well-known fact that if K C
abpe (P*(u)) is compact, then P*(u|C\ K) = P*(u) with equivalence of norms.
Our next result shows that this removal of K makes no difference in the asymp-
totics of M.

LEMMA 4.5. Let r € (0,1) and € > 0. Then there exists a p € (r,1) such
that if A € D with |\| > p then

1/t

[FO] < (1+ €)M, [/< - [ (w)]" dp(w) for f € P'(n).

Proof. Let N € N, then for A € D and f € P'(u)

< [ 1) )

t Nt t t
< M ( /| ) + / NC! du(2)> |

Hence, if 0 < p < 1 and |A| > p, then

@) Ol < (i‘f@) (rm / ) + /<| |<1!f(2)ltdu(2)>

and for |A\| = p

(42) 1FOI < (ﬂf)ﬁj’)) (ﬂ“ /| G + /<| <1\f(2)!tdu(2)>-

We will now show that there must be a constant C, > 0 such that
ws) [ el <c | Ddu(z)  Vf € P(u).
|z|<r <z |<1

Indeed, suppose there is a sequence {f,} of functions in P!(u) such that

f\z|<r |fn(2)|tdpu(z) = 1 for each n and fr<|z|<1 |fn(2)[fdu(2) — 0 as n — oco.
We fix p, r < p < 1. Then by (4.2) we have for |A\| = p and all n and N

@a) RO < MG <J‘ﬁ§5)>t / RLACIEO!

Given ¢ > 0 choose N so large that M(p)t(%)m < . Using this N in (4.4) we
see that limsup,,_ . |fn(A)[*
| fn(A)] — 0 uniformly on |A| = p and the maximum principle shows that the

< 0 uniformly in |A| = p. Hence it follows that
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convergence is uniform on |A| < p. This implies that fz|<r |fn(2)]tdu(z) — 0,
and it thus contradicts the choice of { f,}, proving (4.3).

Next we substitute (4.3) into (4.1), take t-th roots, and obtain for all
NeN,0<p<1, |\ =p and f € Ph(u) that

(1+ GV )
fN] < MAP—N (/<| - 1£(2)] d,u(z)) .

Now we choose N and then p such that w < 1+ €. This completes

the proof of the lemma. O

Before we undertake the proof of Theorem B we make one more observa-
tion. If K C 0D is compact, then for any 0 < s < 1 we have
U I 2D K.
AED(K),|\|=s
Hence by Lemma 7.3 in [Rud87] (the familiar Vitali-type covering lemma due
to Wiener) there are

(4.5) Aty An € D(K) such that [Ag] = s for all k = 1,...,n,
IkﬂIl gifk#1 and UZ:lIk?DKv where I, = I, .

We turn to the proof of Theorem B. Let £ C 9D with p(E) = 0. We will
construct a sequence A that clusters nontangentially at m-almost every point
of E and show that T) maps P*(x) onto I4 (1) for all ¢ € [1, 00) and into I ()
if t € (1,00). We will actually just deal with the case ¢ > 1, leaving the easy

alterations for ¢t = 1 to the reader.
Let ® be the outer function with

1 on K
®[=9<
e on 0D\ E.

By (1.2) and Egoroff’s theorem we can find compact sets Ey C E1 . CF
such that m(E;) / m(E) and for each j = 1,2,... [ ‘11 L/\l‘z w) — 0 and

|®(A)| — 1 uniformly as |[A| — 1, A € I'(Ej;). Set Ng =0, By = 1, rg = 0.
Using Lemmas 4.4 and 4.5, duality, and the observation (4.5) we inductively
find:

e numbers r; for j = 0,1,... such that 0 = rg <7 <rp <--- <1 and
rjy — 1;

e integers N, for j = 0,1,... such that 0 = Ng < Ny < ---;

e points A\, € D for j > 0, 1 < k < nj, such that

(4.6) T < |>\j]€‘ < Tjy1
pnlj=2 ifk#l
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and
nj
(4.8) U ik > Ej;
k=1
e functions ¢j1,...,@;,, corresponding to the points Aji,..., Ajn,;, as in

Lemma 4.4, which we may assume to be polynomials;

e polynomials gj; such that

(4.9) gik(Ajr) =1
and
2 .
(410) ol < 57—
o functions Hj; € L' (u) such that (here we use Lemma 4.5 with 1+¢ = 2)
(4.11) Hjp(w) =0 if [w| <7y,
(412) [ FHidu =105 for £ € P,
and
(4.13) | Hjkll Lo () < 2Ma,,

with the following properties: setting for j > 1,

B; = the Blaschke product with zeros {A\jr} <
1<k‘<nj/

and for j > 0,

M; = sup {|g(w)| : g € span{prgjr} 1, 9l <1, w € D},

we have
¢/t
: 1 .
(4.14) (> M} wllry < Jwl <1]) < o5 Vi’ >0,
J<y’
(4.15) if H € span{pjpHj; : 1 < k < n;} with HHHU < 1, and

j' > j, then f7w<\w\<1 \H(w)]t/ dp(w) < 2L (this is the point

with no analogue for t = 1),

11
(4.16) e Vi < min{. }

25/t 95/t
N, 1 .
Al Aju? 11
4.18 M;, & — VYi>0,1<k<n;
(118) 4Cr{ 2 /ll—Akuﬂ dn(w) < Jgp57 9 > 01 sk =mny,

J'<j
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and

1
2 o vjak

N]' j
(419) X By @)™ | > 3

The sequence A = {\;;}; 1 is our desired sequence. From (4.8) it is clear
that A clusters nontangentially at m-almost every point of E.
To see that T maps P*(u) onto I4 (1), suppose that {a;i} are complex

¢ ¢ 1/t
numbers such that ij (%) < 1. For j > O define A; = { Zil (%) ] .
’ Ajk - Aj

Now set

F(w) = Gk wNjB.wq,wijij

=2_Ei(w)

so that Fj(w) = w™ Bj(w)®(w)™i Gj(w) where

ny

Ak
Gj = Z N, ! PikYjk-
=1 Ak Bi(Ajr) @ (A ) Vi

We will show that the series defining F' converges in P!(x) and that F' almost
does the desired interpolation.

Using Lemma 4.2 as in the proof of Corollary 4.3, (4.10), and (4.19), we
see that

(4.20) 1Gllpe(y < AC1A;.

It follows that

(4.21) |Fj(w)| < 4CrA;M; for all w € D,
(4.22) 1E5l|pe(uy < ACTA;,

and

(4.23) |Fj(w)] < 4CT A M(ry)  for [w| < ;.
Now

t

[ X iEwi ] dutw

(X

/ SOIF )| dpw).
§'=0 ri<w|<ry g J

t
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We estimate the two types of terms separately. First:

/wl (;Fj(w)) du(w)Z/(am\E zj:Fj(w)) dp(w)
= e NG (w w
/(am)\E ZJ: G )) dp(w)

t/t
< / &Nt 1G5 (w)* da(w)
(OD)\E ZJ: ) ZJ: !
<2/ 4Ol Al (by (4.16) and (4.20))
J

<2/t 4tot,

Second:

[ (Z Fj<w>) du(w)
: J .
<3t / Z |Ej(w)[* + | Fj (w)|* + (Z Fj(w)) ] dp(w)

J <|w|<rj/+1 G<j' >4

t
<3t |:(Z 4C[Aij) p([ry < |w| < 1]) —|—4tC;A§-,

J<j’

J>j’

+ (Z 4CIAjTjVJM(rj)) M] (by (4.21), (4.22), and (4.23))

t/t
<3ttt (Z A;) (Z th') p(ry < |lw| < 1])

J<J’ J<J’

t/t
th/ 4
AL+ | DA r; M(w)t) Il
J>j’ J>j’

Using (4.14), (4.17), and the fact that 37 A% < 1, we see that this is bounded

by

315—141&0;

1 1 t/t
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(where the first term in the brackets is absent if 7/ = 0), and it follows that

t

> ot/t!
> SO w)] | dpw) < 374C 141+ o lull|.
§'=0 r;<|w|<rj/+1 g 2 / —1
Hence F' = ) F; converges in P'(u) and
. ¢/t
1E (e, < 2/ 4hCY ||| + 37140CF |2+ m”ﬂ” = (1.

We now show that F' almost does the desired interpolation. Clearly Fj(\jx)
= aji. Since Fj (\ji) = 0 for j' > j, we see that F(A\ox) = aok, and for j > 0,

[F(Ajk) — ajel < D 1F (A

§'<i
<Y 404 M; (by (4.21))
§'<i
1/t 1/t
<4CL (Y 45 S
j/<j ]/<]
1 1 1

< N
= 1001/t 24/t par i (by (4.18)).

(fm (W))

Hence, using the inequality (1.1), we get

Fur) —ael ' 1 axm 1 2
—_— ) — (1 —|\; .
> (- o2 5 (1= )
J.k ik j=1 k=1
Our choice of the \j;’s implies that
i
> (1= 1Nel?) <50 forall j
k=1
and then .
3 [Egk) —agel )" 1
, My, , S 2
.]’k I

Summing up and rescaling, we have shown that if a;, € C are such that

t
Dk (J\ZM > < 00, then there is an F' € P!(u) such that
) )‘jk

1/t

Jail \*
Pl < €2 | 3 (472

gk
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and
i U
3 |F(Ajk) — ajil <1 3 |ajk|
. My, 2 | &=~ \M,,
j,k Jk ]’k J

A standard exercise in Functional Analysis now shows that T) maps P!(u)
onto I (1).

We turn to the into-ness of Ty when ¢ > 1. Suppose v;; € C with
S vael” M, < 1. Set

n; 1/t/
e ( ,Mk)

k=1
and define

N VjkPjk
H= <I>N AL 9 N ;.
> a3 A3
Using Lemma 4.2 as in the proof of Corollary 4.3 together with (4.13) and
(4.19), we see that
As above, we write

t

/ > oM H;| ) dy
j
t/

/~ <hul<r, 22V Hjtw)| | du(w)

and estimate the two types of terms separately. First:

[e.e]

g2

=0

t t

/w =1 Z ‘(I) | dﬂ(w) ~/(clos]D) Ze " |H ’ s
t/t
Zefth /Z ‘Hj|t/ du
J J

'/t
1 t/ ! t/
<] v
j j

(by (4.16) and (4.24))
< 2!/t ot
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Second:

t
[e.e]

NiH (w w
Z%%MQ ILORECIRID

§'=0 41
t/

<>/ Hy(w)] + 37 | Hyw)| | dp(w)

§1=0" T Slwl<ryr g

J<y’
R
<2 e+ Y[ S @) du(w
j'=0 ry Slwl<1 j<j’

< i 2t'71 415’0[’11;’ t’ 1 Z
j'=0

J<j’

4t’c§’rt/
———2| (by (4.15) and (4.24))

! ’ ’ s (jl)tlil
<2TMICT 1+ Y | =0
i=1

This shows that

H= Z ®N H; converges in L' (1)
J
with [|H|[1e ) < (214t Ct + 02)1/t’ = (4, and it is then clear from (4.12)
that
[ A=t for € P,
jk

By a duality argument it follows that

1/t

FOuRY
}j@&”‘ <Callfllpgy  forall f € PH).
, A
Jk ’
This completes the proof of Theorem B. |

5. General simply connected regions

As Thomson shows in Example 5.10 of his paper, given any bounded
simply connected region 2 C C there is a positive measure p with sptu C
clos Q, P!(u) irreducible, and abpe(P!(1)) = Q. We wish to extend our results
to this general case. This extension will be an easy consequence of results of
Olin and Yang ([OY95]), which we will now outline.

In this section we use the “hat” notation of Thomson and of Olin and
Yang, writing f(A) for ex(f) when A € Q. It will be convenient to normalize



NONTANGENTIAL LIMITS IN PT(4)-SPACES 487

to ||p]| = 1. Thomson shows in Theorem 5.8 of [Tho 91] that the map f — f
induces an isometric algebra isomorphism of P!(u) N L>° () onto H>(12), the
space of bounded analytic functions on 2. We denote its inverse by “~”. Let w
denote harmonic measure on 0f) relative to €2, at some fixed base point A\g € 2,
let  be a Riemann map of € onto D taking A to 0, and let 1) = ¢~!. Then
@ € Pi(u) N L>®(u) and so we can define the measure v supported in closD
as the pullback of u by @, i.e. v = po @t Olin and Yang show that P!(v)
is irreducible with abpe (Pt(y)) = ID. We can therefore use the corresponding
maps “"” and “7” between P!(v) N L>®(v) and H® = H*®(D).

It is well known that w is the pullback of normalized Lebesgue measure
on JD by the nontangential limit function ¢* of 4. Olin and Yang show that

p=vop ' <w ondN
and

there is a set £ C 0D with v(0D \ E) = 0 such that ¢* exists
and is 1 —1 on F and p (90 \ v*(E)) = 0.

They further show that the map U : p — po 772 for p € P extends to an
isometric isomorphism of P*(y) onto P*(v) that intertwines S with the operator
of multiplication by v on Pl(v). Since p =vo ¢, it is not hard to show that
Uf = f o1 v-almost everywhere.

Following Olin and Yang, we now define the nontangential approach region
I'(2) for z € F = ¢*(E) by IT'%(2) = ¢(T'(w)), where w is the unique element
of E such that *(w) = z. We use these approach regions to define the notions
of nontangential limits and nontangential cluster points.

Using these ideas and results we can extend our Theorems A and B to this
general case. A hyperinvariant subspace of Pt(u) is a closed linear subspace
M C PY(u) such that TM C M for any operator T’ that commutes with S, i.e.
any operator of multiplication by an H*°(Q2) function. We use the isomorphism
of Pt(p) N L>®(u) with H*®(Q) to make sense of such operators.

THEOREM b5.1. With notation and conventions as above:

(i) If f € PY(u) then the nontangential limit of f exists w-almost everywhere
on F and equals f|0) p|0Q2-almost everywhere.

(ii)
fim (1= [p(N))" M < oo
AET(2)
or equivalently
Tn - (dist(X, %) - ' V) My < 0o
AeT9(2)

for w-almost all z € F.
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(iii) If u(02) > 0 then dim M /(12 —Xo) M =1 for any nonzero hyperinvari-
ant subspace M of P(p).

(iv) If G C F with u(G) = 0 then there exists a sequence A C abpe(P'(m))
clustering nontangentially at w-almost every point of G for which Th
maps P'(u) onto I (w). Ift > 1 we can also get Ty to map into I (1),
so that A is an interpolating sequence.

(v) If p(0Q) = 0 and t > 1, there exist hyperinvariant subspaces M of Pt(1)
for which dim M /() — Ag)M > 1.

Proof. The proof of (i) follows from the results of Olin and Yang discussed
above and a) of our Theorem A, given that p and w are mutually absolutely
continuous on F'.

As Olin and Yang show, [lexllp:(u)« = llegoyllpep)- for A € Q. Now (ii)
follows from the inequality (1.4). We have also used the inequalities

dist(A, 0Q)[¢' (W] < 1 = [p(N)[* < 8dist(, 92)|¢'(N)],

which are well-known consequences of Schwarz’s Lemma and the Koebe
%—Theorem, respectively.
By the properties of the map U, (iii), (iv), and (v) follow from b) of our

Theorem A and our Theorem B. O

An example. Let Q = D\ (—1,0], pick Ay = %, and pick the Riemann
map ¢ : Q — D so that ¢’ (%) > 0. Then ¥ = ¢! maps two arcs J,
and J_ onto (—1,0], where J, lies in the upper unit semicircle and J_ is the
complex conjugate of J4. Olin and Yang construct a positive measure p that
is essentially Lebesgue measure on (—1, 0] plus a weighted area measure on €2,
such that P*(u) is irreducible and abpe (P*(n)) = . In this example E = J,
and F = (—1,0] and one sees that if f € P*(x) then nontangential limits of f on
(=1, 0] exist almost everywhere from above, but not from below. This example
explains the necessity of the care taken in the definition of nontangential limits.
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