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Stable manifolds for an orbitally
unstable nonlinear Schrodinger equation

By W. ScHLAG*

1. Introduction

We consider the cubic nonlinear Schrédinger equation in R3

(1) O + D = — Y] 2.

This equation is locally well-posed in H!(R3) = W12(R3). Let ¢ = ¢(-, ) be
the ground state of

(2) — A+ o’ = ¢,

By this we mean that ¢ > 0 and that ¢ € C*(R3). It is a classical fact (see
Coffman [10]) that such solutions exist and are unique for the cubic nonlinear-
ity. Moreover, they are radial and smooth. Similar facts are known for more
general nonlinearities; see e.g., Strauss [45] and Berestycki and Lions [5] for
existence and Kwon [30] for uniqueness in greater generality.

Clearly, ¢ = €' ¢ solves (1). We seek an H'-solution 1 of the form
1 =W + R where

3) W(t,z) = (e — (1), alt)),

(4) 0(t,2) = vlt) - — / (0(s)[? — a(s)) ds +~(2),
(5) y(t) =2 / o(s) ds + D(1)

is the usual soliton with a moving set of parameters 7(t) := (v(t),v(t), D(t),
a(t)), and R is a small perturbation. Performing a Galilei transform, we may
assume that W (0,z) = ¢(z, a) = ap(az, 1) for some o > 0. The final equality
holds because of the cubic nonlinearity.

*The author was partially supported by the NSF grant DMS-0300081 and a Sloan Fel-
lowship. He wishes to thank Marius Beceanu, Joachim Krieger, Francois Ledrappier, Dimitry
Pelinovsky, Igor Rodnianski, Michael Sigal, Barry Simon, and Avy Soffer for helpful com-
ments on a preliminary version of this paper.
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With each o > 0 we associate the matrix operator

< —A +a? - 2¢%(-, ) —¢2(-, ) >
¢2('7a) A—a2—|—2¢2(-,a) ‘

This operator is closed on the domain W?%2(R3) x W22(R3) and its spec-
trum is known to be located on R U ‘R with essential spectrum equal to
(=00, —a?] U [a?,00). As proved by Weinstein [49] and [50], H(a) has a
rootspace of dimension eight at zero, and ker(H?®) = ker(H?) # ker(H). In
fact, dimker() = 4. On the other hand, any discrete spectrum different from
zero is known to consist entirely of eigenvalues whose geometric and algebraic
multiplicities coincide. Due to the L? supercritical nature of the problem, H (o)
does have purely imaginary eigenvalues; see Grillakis, Shatah, Strauss [24] as
well as Section 4 below. Moreover, due to the standard symmetries of the
spectrum (which follow from the commutation properties of H with the Pauli
matrices) we know that these purely imaginary eigenvalues are symmetric with
respect to the real axis, together with their multiplicities.

The orbital stability question (for Klein-Gordon, NLS, as well as many
other classes of PDE) was addressed by Shatah [40], Shatah, Strauss [41], We-
instein [49], [50], Grillakis, Shatah, Strauss [24], [25] (who developed an ”ab-
stract” theory of orbital stability), Grillakis [22], [23], Comech, Pelinovsky [11].
As for the question of asymptotic stability (which is much closer to the present
paper), see Soffer, Weinstein [43], [44], Buslaev, Perelman [6], [7], Cuccagna [13],
Rodnianski, Schlag, Soffer [38], [39], Perelman [32], [33],[34], Frohlich, Jons-
son, Gustafson, Sigal [18], Frohlich, Tsai, Yau [19]. For surveys of some of this
material, see Strauss [46], and C. Sulem and P.-L. Sulem [47].

It is well-known that the supercritical equation (1) is orbitally unstable;
see Berestycki and Cazenave [4]. This is in contrast to the orbital stability
of the subcritical equations that was proved by Cazenave and Lions [8] and
Weinstein [49], [50].

For our main theorem we need to impose the following spectral condition:
H(wv) does not have any embedded eigenvalues in the essential spectrum.

Then we prove the following;:

THEOREM 1. Impose' the spectral conditions for all o > 0 and fix any

oo > 0. Then there exist a real-linear subspace S C WH2(R3) N WHL(R3) of
co-dimension nine and a small § > 0 with the following properties: Let

(7) Bi={Ro € L*®®) | |Roll := || Rollwacws < 8}

!By scaling invariance, if they hold for one o > 0, then they hold for all & > 0. This is
due to the monomial nonlinearity.
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and let ¥ := {f € L2(R3) | ||f|l < co}. Then there exists a map ® : BNS — ¥
with the properties

(8) l®(Ro)ll < Il Roll? VRy € BNS,
(9) |2(Ro) — @(Ro)[| S 6l Ro — Roll VR, Ro € BNS,

and so for any Ry € BNS the nonlinear Schrodinger equation (1) has a global
H' solution 1(t) for t > 0 with initial condition 1(0) = ¢(-, ) + Ro + ®(Ro).
Moreover,

P(t) =W(t,-) + R(t)

where W as in (3) is governed by a path w(t), of parameters, which converges to
some terminal vector m(co) such that supysq | (t) — w(c0)| < 6% and so that

IR lwiz S8, [R(E)]oo S0t
for all t > 0. Finally, there is scattering:

R(t) = e"® fo 4+ 072(1) ast — oo
for some fo € L*(R?).

Concerning the spectral condition, it is well-known that imbedded eigen-
values are unstable under perturbations. See Grillakis [23], as well as the recent
work by Cuccagna, Pelinovsky, and Vougalter [15], [14] for precise statements
to this effect for matrix Schrodinger operators, as well as Costin, Soffer [12]
for the scalar case. The proof of Theorem 1 does not rely too heavily on the
specific structure of the cubic nonlinearity and applies to other supercritical
nonlinearities as well.? Hence it is possible to formulate Theorem 1 without
any spectral conditions for a ”generic perturbation” (in a suitable sense) of the
cubic nonlinearity. However, we have chosen to present Theorem 1 as stated in
order not to obscure the main ideas. We plan to return to the issue of generic
perturbations elsewhere.

On the other hand, it is to be expected that there are no imbedded eigen-
values in the essential spectrum, at least for the linearization around a ground
state soliton. Indeed, in [29] Krieger and the author prove the analogue of
Theorem 1 in one dimension without any spectral condition for supercritical
monomial nonlinearities. Rather, in that case the absence of imbedded eigen-
values can be proved by adapting some arguments of Perelman [33]. It is to
be expected that the same property also holds in R3, although this yet needs
to be proved.

*In contrast to the one-dimensional case [29], however, we cannot cover the entire L*-
supercritical range here. This has to do with the numerical work [16] where it was found
that one needs to be close to the cubic NLS to guarantee some crucial spectral property.
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The method of proof of Theorem 1 also extends to the case of more deriva-
tives, i.e., Ry € W1 N WH2 for k > 2, but we do not elaborate on this here.
We will refer to the fact that Ry needs to satisfy

(10) | Rollw12 + [[Rollwa <6

as the smallness condition. It is not hard to see from a close inspection of
our proof that W1 can be improved to some WP, with p close to 1, but we
choose p = 1 for simplicity.

To understand the origin of S, we need to introduce the Riesz projections
Pi(a) and Id — Ps(«) (the index s here stands for stable). They are invariant
under H(«) and

spec(H(a)Py(a)) = (—o0, —a?] U [a?, o0),
spec(H(a)(Id — Ps(ar)) ={+tioc} U{0}.

Here +i0 are precisely the unique pair of simple, purely imaginary eigenvalues
of H(a), o > 0. Finally, let P, () be the Riesz projection such that

spec(H(a) P, () = {0} U {ic}.

The notation P, is meant to indicate the unstable modes as t — +oo. The
real-linear, finite-codimensional subspace S above is precisely the set of Ry so
that

(11) P o) (1) =

The codimension of S is simply the number of unstable (or non-decaying)
modes of the linearization: eight in the root space and one exponentially unsta-
ble mode. The stable manifold M is the surface described by the parametriza-
tion Ry — Ro+ ®(Ry) where Ry belongs to a small ball BNS inside of S. The
inequality (8) means that S is the tangent space to M at zero, whereas (9)
expresses that M is given in terms of a Lipschitz parametrization. It is easy
to see that it is also the graph of a Lipschitz map ® : SN B — X. Indeed,
define ® as

Ry + Ps®(Rp) — Ry + ®(Ro),

where Pg is the projection onto & which is induced by the Riesz-projection
I — P} (ag) (the latter operates on L? x L?, whereas we need only the first
coordinate of this projection; see Remark 14 below for the details of this). The
left-hand side is clearly in S. Moreover, to see that this map is well-defined as
well as Lipschitz, note that (9) implies that

(1= Co)||Ry = Roll < [R1—Ro + (R1)—®(Ro)|| < (1 + CO)[| Ry —Roll,
(1= Co)||Ry = Roll < [|[R1—Ro + Ps®(R1)—Ps®(Ro)[| < (1 + Co)[|R1—Ro-
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Theorem 1 should be understood as follows: The instability result of
Berestycki and Cazenave [4] shows that one can have finite time blow-up for
initial data ¥y = ¢(-,a) + Ry where Ry can be made arbitrarily small in any
reasonable norm. On the other hand, one may ask what the obstruction for
global existence and even stronger, for asymptotic stability, is in the orbitally
unstable case. Naturally, the first guess is the unstable subspace of the lin-
earized evolution e~ with H as in (6). This refers to the finite-dimensional
subspaces of those f € L2(R3) x L2(R?) for which e~#* f does not decay locally
as t — oo. Clearly, this subspace contains all the (generalized) eigenspaces of
all eigenvalues of H(a) that lie on iR* U {0}. Conversely, Erdogan and the
author [17] proved that (for much more general systems than (6))

(12) sup He‘im(a)(l - Pj(oz))HQH2 < 0.

>0
While this bound was proved by Weinstein [49] and [50] in the subcritical case,
in which I — P,/ = P only projects out the rootspace at zero, we are not aware
of a reference for (12). Moreover, adapting the method of proof ([21]) from the
scalar case considered there to the matrix case needed here, we show that

(13) lem 41 ~ PH@)], e <172

~

for all t > 0. In view of (12) and (13), it is conceivable that at least to first
approximation, the condition (11) should ensure stability. On the other hand,
since it is based on linearization one expects quadratic corrections. This is
precisely the content of (8). So the statement of the theorem is that after
quadratic corrections, (11) gives the desired asymptotic stability.

In the subcritical (monomial, say) case the linearized operator (6) has a
root space of dimension eight and no imaginary eigenvalues. Since there is
asymptotic stability in this case, one would naturally expect that the root
space should not contribute to the ”"bad directions” in the supercritical case,
i.e., that the codimension of the true stable manifold should really be one
for (1). This can indeed be achieved by letting all symmetries of the NLS
equation act on the manifold M from Theorem 1. In this way we regain eight
dimensions (six from the Galilei transforms, one from modulation, and one
from scaling) provided we show that these symmetries act transversally to M.
This is done in the following theorem.

THEOREM 2. Impose the spectral conditions for all « > 0 and fix any
ag > 0. Then there exist a small § > 0 and a Lipschitz manifold N of size
d inside of ¥ and codimension one so that ¢(-,a9) € N with the following
property: for any choice of initial data ¥ (0) € N the nonlinear Schrodinger

3This means that A is the graph of a Lipschitz map ¥ with domain BN S where S is a
subspace of codimension one, with B as in (7).
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equation (1) has a global H' solution 1) (t) for t > 0. Moreover,
P(t) = W(t,-) + R(t)
where W as in (3) is governed by a path 7(t) of parameters so that
|7(0) — (0,0,0, )] < 6.
Also, 7(t) converges to some terminal vector m(oo) such that

sup [m(t) — m(o0)| S 0.
>0

Finally, 3
IR lwr2 S 6, R0 S 62

for allt > 0 and there is scattering:
R(t) = " fo+or2(1) ast— oo
for some fo € L*(R3).

This result raises the question of deciding the behavior of solutions with
initial data ¢(0) € B\ N. One reasonable possibility would be that data from
one half of B\ N yield scattering solutions, whereas data from the other half
lead to blow-up in finite time. Such a dichotomy was obtained by Kenig and
Merle [28] for the H! critical focusing nonlinear Schrodinger equation.

The motivation for studying these questions was two-fold. First, it is
natural to seek stable manifolds for unstable problems. There is a substantial
ODE literature in this context, but the PDE case is much less studied although
partial results exist. Bates and Jones [3] studied the questions of stable man-
ifolds for evolution equations in great generality by means of the method of
invariant cones. They proved the existence of stable, unstable, and center sta-
ble manifolds (which are also Lipschitz) for abstract evolution equations under
certain conditions on the linear part of the evolution. Later Gesztesy, Jones,
Latushkin, and Stanislavova [20] verified these conditions for a class of nonlin-
ear Schrodinger equations which are obtained by linearizing around standing
waves. Thus, they obtain the existence of such a dynamical splitting of the
space of initial data close to a standing wave. However, in contrast to our the-
orems, no asymptotic convergence or scattering statements are made. In fact,
the method of proof of [3] does not seem to yield global solutions. On the other
hand, their manifolds in [3] are locally invariant in time. This property cannot
be addressed in the context of our methods since the underlying topology is
not locally invariant in time (due to the L' component).

For yet more related results, see the paper by Pillet and Wayne, as well as
the book by Li and Wiggins [31]. Tsai and Yau [48] investigated the question
of stable manifolds for NLS equations, with a potential, which admit excited
states. These are standing waves which are generated by bifurcations off bound
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states of the linear Schrédinger operator. Such excited states are unstable as
they will tend to collapse to the ground state. Tsai and Yau obtain conditional
stability of these excited states.

Second, there is a large literature concerning asymptotic stability questions
for subcritical equations; see the papers by Soffer, Weinstein [43], [44], Pillet,
Wayne [35], and Buslaev, Perelman [6], [7], as well as Cuccagna [13]. Recently,
there has also been some work on the multi-soliton case; see Rodnianski, Soffer,
and the author [38], [39], as well as Perelman [34]. Most of these papers are
based on a Lyapunov-Schmidt reduction, i.e., on splitting the evolution into
a finite dimensional part and a complementary part on which the linearized
evolution needs to be dispersive. In the subcritical case the finite dimensional
part is exactly the root space, assuming as one usually does, that there are no
other eigenvalues than zero. The dimension of this finite dimensional part then
coincides with the number of parameters in our soliton (namely eight). This
is natural, since both are intimately related to the family of symmetries of the
nonlinear Schrédinger equation (1); see [49]. This fact allows one to write down
a system of ODEs for the parameter paths called the modulation equations
which ensure that the finite dimensional part is not present at all. In the
context of asymptotic stability of solitons this method was first implemented
by Soffer and Weinstein [43], [44]. Our second motivation for Theorem 1 was
the question to what extent these asymptotic stability methods also apply to
the L? supercritical case, which is orbitally unstable. As explained before,
for the case of supercritical monomial nonlinearities the time evolution of the
linearized problem has exponentially growing solutions. Needless to say, these
modes cannot be controlled by the modulation equations. Rather, they need
to be eliminated by a different mechanism. To first order, the unstable modes
of the linearization need to be removed from the initial conditions. This is
the origin of (11). However, this is only an approximation and quadratic
corrections need to be made.

2. The linearization, Galilei transforms, and J-invariance

As in [39] we require the soliton paths in (3) to be admissible. The constant
0 which appears in the following definition is the same small constant as in
Theorem 1. It will be specified later.

Definition 3. We say that a path 7 : [0,00) — R® with 7(t) := (y(t), v(¢),
D(t),a(t)) is admissible provided it belongs to Lip([0, 00), R®), the limit
lim (y(2), v(t), D(t), a(t)) =: (7(00), v(00), D(o0), a(c0))

t—oo

exists, and is such that the entire path lies within a §-neighborhood of those
limiting values for all times ¢t > 0. Moreover, we assume that
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v(oo)| = o(t™1) as t— oo,

// (Jo(0)] + |6(0)]) do ds < oc.

Under these conditions, define a constant parameter vector Too = (Yoo, Yooy Doos Oloo)

Yoo )+ 2/ / —afo)a(o))do ds,

Voo *
Dy :i= -2 / / o)dods,
Qoo
With these parameters, define the usual Galilei transform to be

(14) Goo () = i+ T —tlvnc]?) =i(2tvec+Doc) 5

where p:= —iV.
The action of goo(t) on functions is
(Goo(t) f)(z) = €Ot a=tlvl®) £(0 _ 9py  — Do),

they are unitary on L?, isometries on all LP, and the commutation property
e goo(0) = goo(t)e™® holds. The inverse of goo(t) is
Goo(t) 71 = i1t Do) ¥ o =i(oc Foe 2= vec )
— ¢~ i (Yoo 00 Doo ottt ves|?) (21000 +Doc) B

Moreover, the Galilei transform (14) generates an eight-parameter family of
solitons: Let ¢(+, aso) be the ground state of (2) with & = aoo. Then

(15) Woo(t,7) = goo(t) [ (-, aco)]

solves (1), where W, is a soliton as introduced in (3) but with the constant
parameter path 7mo,. For future reference, let

(16) Yoo(t) := 2tVoe 4+ Doo, Ooo(t, ) := Voo - & — t(|Voo|* — 02) + Yoo-
We will use repeatedly that

(17) oo (t, 4 Yoo) = t(|V00]? + @2 + Voo - ( + Do) + Yoo-

With this notation, W, in (15) takes the form

Wao(t, ) = e0=ED) (2 — oo (1), o).
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LEMMA 4. Suppose 7 is an admissible path and let 0,y and O, Yoo be as
in (4), (5), and (16), respectively. Define

(18) poo(t,) = Ot @ + o) — O (1, + Yoo).

poo(t;x) = (1 + |z])o(1),  y(t) = yeo(t) = o(1)
ast — oo.
Proof. In view of the definition of 7,
(19) 0(t, z + Yoo) — Ooo(t, T + Yoo)
=v(t) - (z + 2tveo + Do) — /Ot(|v(s)|2 —a?(s))ds +~(t)
— Voo * (T + 2t + Do) + t{|veo|* — 02) — Yoo

:(U<t)_UOO)'($+2tvoo—i—Doo)+2/OOO/:O(U-1}—0¢O¢)(U)des
—%o—i-v(t)—2/too/soo(v-@—ad)(a)dads

= (0(t) — vao) - (3 + 2y + Do) — 2/:0 /oo(v 0 — 06) (o) dods
—y(00) + (1)

Definition 3 implies the desired bound on ps. As for y(t) —yso(t), the definition
of D, implies that

(20) Yoo (t) — y(t) =2tvee + Doo — 2/ v(s)ds — D(t)
0
— D(00) — D(#) — 2/t / () dor ds,

which goes to zero as t — oo. |

Recall from Section 1 that we seek an H! solution 1(t) of the cubic nonlin-
ear Schrodinger equation (1) of the form ¢ = W + R. The following standard

lemma derives the equation for R, or rather for the vector (g).

LEMMA 5. Assume that w(t) = (y(t),v(t), D(t),a(t)) is admissible; see
Definition 3, and let W = W (t,x) be as in (3). Let 0 < T < oo. Then
¥ € C([0,T), HY(R3))NCL([0,T), H 1 (R?)) solves (1) with ¢ = W + R if and
only if Z = (%) solves the equation
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2 2
21) i 2+ ( A+ 2w W ) Z

W AW
. _xei0¢(' - y,Oé) . _ei0¢(' - Y, a)
- v(me—i‘%( - y,a)) + V(B_i%(' - Y, a))

(08— )\ - [ —ePV(- — y,a)
*”“Qrw@@c—y¢w>*”D(—awv¢«—y¢w>

—2|R]*W — WR? — |R’R
2|R|2W + WR? + |R|?R

in the sense of C([0,T), H'(R?) x HY(R3)) N CY([0,T), H *(R3) x H~1(R3)).
Here y and 6 are the functions from (5) and (4), and o = «a(t). For fu-
ture reference, we denote the matriz operator on the left-hand side of (21) by

“H(r(t)), ie.,

_ _ 2 _TA/2
(22) )= (2 L e )

Proof.  Let ¢ = ¢(-,a(t)) for ease of notation. Direct differentiation
shows that W (¢, x) satisfies

iOW + AW = —|W[*W — W (0 +4) — iV - D +ie? a0y .
Hence W + R is a solution of (1) if and only if

i0;R + AR=—2|W|?R — 2|R|*W — |R|*R — W?R — W R?
—e(vx + ) — i€V - D + i 6.

Joining this equation with its conjugate leads to the system (21). Conversely,
if Z(0) is of the form
Z1(0
20 = (7).
Z1(0)

and Z(t) solves (21), then Z(t) remains of this form for all times. This is simply
the statement that the system (21) is invariant under the transformation

. -7 _ (01 _(h
which can be checked by direct verification. This fact allows us to go back
from the system to the scalar equation. O

The issue of J-invariance is of great importance. The [J-invariant vectors
in L2(R?) x L?(R3) form a real-linear subspace, namely

{G) ‘f e I*RY)}.
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Writing f = fi1 + ¢ f2 it can be seen to be isomorphic to the subspace

{(jjl) ‘f1,f2 € L3(R®), fi, fo are real—valued},
2

which is clearly linear, but only over R. We need to insure that all vectorial
solutions we construct belong to this subspace. Only then is it possible to
revert to the scalar nonlinear Schrédinger equation (1).

As usual, it will be convenient to transform (21) to a stationary frame. In
addition, a modulation will be performed. The details are as follows.

LEMMA 6. Let(t) be an admissible path and let oo be the constant vector

associated with it as in Definition 3. Given a vector Z = (2), introduce U, as
well as M (t), Goo(t) by means of

A O 0o ()1 Z1(1)\
(24) U(t) = < 0 ) <M> = M(t)Goo(t) Z(t),

where w(t) = —ta?,. Then Z(t) solves (21) in the H' sense if and only if
U= (g;) as in (24) satisfies the following PDE in the H' sense (with ¢oo =

O, o))
. A+ 292 — a2 2
(25) zU(t)+( +_¢i;§oo oo —A—;@Jraio)U
= —i70,W(r) + N(U,7) + VU

where we use the formal notation

(26)
V=V
— < 2(05(2) = * (@ + Yoo —y))  P2(2) — ¥ (2 + Yoo — y) )
— @B (2) + €72 PP (2 + Yoo — y)  —2(%(2) — P} (T + Yoo —¥)) )’
(27)

(T + Yoo ) €= P(T + Yoo — Y) [—e€P= (2 + Yoo — Y
— 0. W () i= <(x+yoo) "P°°¢(x+yoo—y)> +’y< —iPe gh a:+yoo— >

o €P=000(T + Yoo — Y) o =PV (T A Yoo —
) D
t <€Zp°°aa¢(ﬂf + Yoo — y) T —€ Zp“’v¢ T+ Yoo —

NU, ) := A .

(U,m) ( 2|Us 2= P> (2 + Yoo — Y) + €= P(T + Yoo — ) + |Us|?Us
Here poo = poo(t, ) is as in Lemma 4, ¢(x+Yoo —y) = ¢z +yoo(t) —y(t), a(t
and w = w(t) is as in (24). Finally, Z is J-invariant if and only if U is
J-invariant, and U is J-invariant if and only if U(0) is J-invariant.

(28) ‘ '
—2|U1 [2€P= ¢(2 + Yoo — Y) — €~ P=P(T + Yoo — |U1\2U1)
)
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Proof.  Throughout this proof we will adhere to the convention that
¢ = ¢(-,a(t)) whereas ¢poo = @(-, s0)). Write the equation (21) for Z in the

form

(29) 10 Z — HooZ = F+ (H(7(t)) — Hoo) Z
where

_ A 2|W00|2 _Wo20 .
(30) Hoo = < W2 AW )

see (15) and (16). With G (t) defined as in (24), and with p = —

9 (t) 1 2000+ D+ Voo !
(31) i%goo(t)f = <i§mit;—1£> - <—(2(Uoo ,pp U|oo’ o ()) fl ))
_ < ~(2vs '15+ |00 |?) )
—(2v0 - p —
for any f = ( ) Furthermore,
(32)
M (£)Goo (t)Hoo (:2)

N < o ) <_(A+2¢3o)goo(t)‘1f1 - cbioemm(t’”ym)goo(t)‘lf2>
= 0 e~ iw(t) ¢goe—2i9w(t,r+yoo) goo(t)_lﬁ‘i‘ (A + 2¢go)goo(t)_lﬁ

_ eiw(t) 0 —|Voo|? 4 2ivee - V 0 G (1) h
0 e w® 0 [Voo|? + 2000 - V > fa

_ eiw(t) 0
- 0 e—lw(t)

_(A+2¢go)goo() 1f1 ¢2 2[00 (£,2+ Yoo ) — (Voo |*+ V00 (2+ Do )+’Yoo]g (t) 1f2
<¢C2>O€—2i[0m(t,a:+yoo) (V00|24 Voo (4 Do ) +700)] Foo (1 ) 1f1+(A+2¢§o) oo(t)_lf2>

e g —[Voo|? + 2ive0 - V 0 Goolt) fi
0 e~ w(t) 0 |voo|2 + 2l - V o fa)’

Now
Ooo(t, 2+ Yoo) — (t|voo|2 + Voo - (4 Doo) + Yoo) = toz?,o,

see (17). Hence, by the definition of w(t) (and dropping the argument ¢ from
M and G for simplicity),

(33)
(Y0 —(A+20%) gt
(32) = < 0 e—iw(t) ) < ¢30672itaic A + 2¢go > Goof

iw(t) 0 _| |2 -9 . 0
[ € Voo Voo * P
< 0 e w® ) < 0 [Voo|? — 2000 - P > Goof
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A =-20%  —¢2
‘< 2 Avag ) MIT

B ( I N 0
0 Voo |? — 2000 - D

)Qmﬁ

Denote the first matrix operator in (33) by Hg4. Hence, in combination with
(31) one concludes from (29) that

iU =iMGooZ + iMGooZ + MGoHoo + MGoo(F + (H(n(t)) — Hoo) Z)

& 0
:< 0 w)Mng

—(2Ve0 * P + Vo0 |?) 0
+ ( 0 (20m  p— |v]?) > MGoZ + HgMGoo Z
[Voo|? + 2000 - P 0
+ ( 0 —[Voo|? 4+ 2000 - p MGooZ
+ MGoo(F' + (H(7(t)) — Hoo)Z)
_ [ A +ad —29% —¢%
(T PR LG

+ MGoo(F 4 (H(7(t)) — Hoo)Gog M~LU).
It remains to compute the terms
(34) 70 W(n) + N(U, ) = M(t)Goo(t) F (1),
(35) V = M()Goo () (H( () = Hoo)Goo (t) " M ()"
In view of (21), one has
_ L (reo(a—y)\ | . [~z —y)
F‘“<mrﬁmx—w>+”<fwam—w>
( €%0a0(z —y) (=N (z —y)
e (e‘waaqﬁ(w - y)> i (—e‘ievfﬁ(x - y))
—2|R|’W — WR? — |R]’R
2|R|2W + WR2 + |R]2R )’
Now
O(t, = + Yoo) — (2t + Voo - (2 4 Doo) + tvoo]® + Yoo)
= H(t, T+ yOO) - GOo(t,x + yoo) = poo(ta :ZJ);
see (17) and Lemma 4. Thus, the first term of MGF is

(€0 ) (o)) il e (D) 9 (1 4y — )
”( 0 ei“)((x+ymﬁrwwwwaewwa%www+aa+wmmx+ym—40)
:@(4x+%ma%“@wx+yw—yv

(7 + Yoo)e == (z + Yoo — 1) )
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This gives the © term in (27). The other terms involving ¢,%, and D are
treated similarly, and we skip the details. The cubic term in (21) is also easily
transformed, and it leads to the nonlinear term N (U, ) in (28). We skip that
calculation as well. Finally, it remains to transform H(m(t)) — Heo:

H(7(t)) = Hoo

- < 202 (- ye) — (=) O~ ) — 0P ) )
e PP —y) — e P GL( — o) 2% —oo) — (- — )

where ¢oo = @+ — Yoo (t), o), ¢ = ¢(- — y(t), a(t)) for simplicity. It is easy to
check that

oo (1) (H(m(t)) — Hoo)

— ) 22(¢go(x) - ¢2($'+ Yoo — y)) * g (t)
—e 2O (@3 (x) — e HP= Pt Yoo —y)) x ) T

After conjugation by the matrix M (¢) this takes the desired form (26) and
we are done. For the final statements concerning 7-invariance, observe first
that the transformation (24) from Z to U preserves J-invariance. Second,
the equation (25) is J-invariant, which shows that it suffices to assume the

J-invariance of U(0) to guarantee it for all ¢ > 0. To check the J-invariance
of (25), note that the right-hand side of (25) transforms like

J[=i#0.W () + N(U, ) + VU] = —[—i70,W (7) + N(JU,7) + VJU],

while the left-hand side transforms as follows:

. A+205, — o, P
AUICRY G RN SOV L
_ T A 4293 — o 6%
=g~ (O A0 e )T
Combining these statements yields the desired J-invariance of (25). O

In what follows, we will need to bound the nonlinear term N(U,7) in
various norms. For future reference we therefore include the following lemma.

LEMMA 7. Let w be an admissible path and let N(U,7) be as in (28).
Then

(36) INU, m)||ly < min(|U|5, 1U13) + U],
(37) INW, )2 £ min([U5, 1U]15) + 1T,
(38)  VN(U,m)l2 S min(|U[3, IU3) + [UVU|2 + [[UPVU]|2,
(39)  VN(U. M) S min(|U3, 1U3) + [UVUL + [[UPVU]|1.

Proof. Direct estimation of the terms of the matrix on the right-hand
side of (28). O
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3. The linearized problem and the root spaces at zero

Recall that ¢ = ¢(-, a) is the ground state of —A¢ + a?¢ = ¢>. Define

o —A—2¢2+a2 _¢2
(40) ORI A |

Hence the matrix operator on the left-hand side of (25) is equal to —H(aoo);
i.e., (25) can be rewritten as

iU — H(0o)U = —iw0: W (1) + N(U,7t) + VU
or

iU — H(t)U = —id W () + N (U, ),

where H(t) := H(aso) + V(t). The main goal of this section and the following
one is to characterize the entire discrete spectrum of H(«). Fix some o > 0.
One has the representation (see for example [6], [38], [17])

L2(R3) % L2(R3) :N+£+ (N* +£*)L

where £, L* are the sum of the eigenspaces corresponding to the purely imag-
inary eigenvalues of H(a) and H(«)*, respectively, and N, N* are the root
spaces of H(«) and H(«)*, respectively, i.e.,

o0 o0

N = Jker(H()™), N* =[] ker((H(e)*)"™).
n=1 n=1

The sum here is direct but not orthogonal. In particular, this representation

shows that

(41) Ran(Py(a)) = (N* + £*)*+

where I — Py(«) is the Riesz projection corresponding to the discrete spectrum
of H(a). In [49], Weinstein showed that the root spaces N'(a) and N*(«) of
H(«) and H*(«v), respectively, are (with ¢ = ¢(-, a))

o e =af(4).(42) () (22 ) 5559)

(13) N*=N(a)" = span{ <Z>, (_Z'?giﬁ)? (_iféj;), (ﬁ) <3},

Showing that the root spaces contain the sets on the right-hand side is just
a matter of direct computation. The difficulty lies with showing the equality.
Moreover, Weinstein showed that ker(H?(a)) = ker(H?(a)) (his argument only
applies to certain nonlinearities, which include the cubic nonlinear Schrodinger
equation in R3).

In order to apply the linear dispersive L'(R3?) — L (R?) estimates from
Section 7 to (25), one needs to project U onto Ran(P;). Following common
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practice, see Soffer, Weinstein [43], [44], and Buslaev, Perelman [6], we will
make an appropriate choice of the path 7(¢) in order to insure that U(t) is
perpendicular to N*. However, for technical reasons it is advantageous to
impose an orthogonality condition onto a time-dependent family of functions
rather than N* itself. We introduce this family in the following definition. In
view of Lemma 4, it approaches N'* in the limit ¢t — oo.

Definition 8. Assume that 7 is an admissible path and let y, § be as in (5),
(4), Yoo, 0o as in (16), and pso as in (18). With these functions, define

- eipoc¢(- + Yo — Y, Oé(t))
gl(t) T <e—ipoo¢(. T+ Yoo — Y, 06@)))7

o ieipwaagb(' + Yoo — Y, Oé(t))
§a(t) := <_Z~e_z‘pmaa¢>(- + Yoo — Y, Oé(t)))
€ (2t Yoo — Y)O(- + Yoo — Y, (t))
§ave(t) i= <e—ipoo (20 + Yoo — ¥)O(+ + Yoo — ¥, a(t))>’

fora(t) = ( i€~ 0g0(- + oo — - 0(1)) )
’ —ieiP=0y9(- + Yoo — 9, (1))

for £ =1,2,3. We also introduce another family {n; }?-:1 by

(44) 77]‘—(_(; ?)5]- for any 1 <j <8.

By inspection, J¢; = §; for 1 < j < 8 and we chose 7; in such a way that
Jnj = n; for each j. Clearly, while the £; correspond to H*, the 7; correspond
to H, cf. (42) and (43). Let U be as in Lemma 6. We refer to the condition
that

(45) {U(t),&(t) =0
for all t > 0, 1 < j < 8 as the orthogonality condition. As usual, the orthog-

onality condition (45) leads to an ODE for the path m(¢). Following [13], we
first modify the v parameter.

LEMMA 9. Let 7(t) be an admissible path as in Definition 3. Set

(46) (t) =) +o(t) - y(t)
and ¥(o00) :=0; i.e.,

y(t) == — /too [’Y(S) +0(s) - y(s)} ds.

Then the function 70 W () on the right-hand side of (25) satisfies
3

7#0:W () = > _(Dems e + benase) — 6 + A
=1

where the functions {77j}§=1 are as in (44).
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Proof. By inspection. O

The following lemma records some useful facts about the two families in
Definition 8.

LEMMA 10. Let ¢ = ¢(-,«(t)) be the ground state of (2) and let {@}?Zl
and {773'}§=1 be as in Definition 8. Then

(&1,mj) = 2(0ud,¢) ifj =2 and =0 else,
(&2,m;) = —2(0a, @) if j =1 and =0 else,
(Eagesmj) = —2(, ®) if j=54L and =0 else,
(E540,m5) = 2(, D) if j =2+ and = 0 else.

Here 0a(6,6) = 2(0ab, 8) = —a~|]3. Moreover, let o3 = < 0 ) i

(47) E = [—|v(t) — voo|® = 2i(v(t) — veo) - V + 02, — (t)?]03.
Also, H(t) = H(as) + V (t), see (40) and (26). Then
H(t)*&1 = Eé,
H(t)*fg = —2Z'Oé(t)§1 + Efg,
t)"€ore = —2i&510 + Eos,
)" &5+e = E&510
for any £=1,2,3.
Proof. The statements about the scalar products are checked by direct
verification. That 9, (¢, ¢) = —a~t||¢||3 follows from the fact that the ground

states ¢(-, ) of (2) satisfy ¢(-, ) = ap(ax,1). The matrix H(¢)* is explicitly
given by

H(t)*<—A+aio—2¢2(-+yoo()4y()a(t)) €272 §2(- +yoo (1) —y(t), a(t)) >
—e 722 Q2 ( yoo (t) —y (1), at))  A—ad +2¢° (x+ye () —y(t), (1)) )

Therefore,
H(t)"¢
( A+am *224252( Yoo () —y(t), (1)) 2“’°°¢2( v;yoo() y(t), a(t)) )5
P2 (- +yoo(t) —y(t), a(t))  A—alt)?+2¢*(2+ysc(t) —y(t), a(t))
+o3(ad, —a(t)?)&(t)
= o3« io—a() )61 (t)

. ( —A(€= 0 + Yoo (1) — (1) (1)) + €7 A (- + oo (1) = y(1), (1) >
A (et 6(- + Yoo (1) = y(1), (1) ) — e AG(- + e (t) — y(8), (1))
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Here we used that

(A +a(t)® = (- + yoo(t) = y(t), () o(- + yoo(t) — y(t), a(t)) = 0,

which is the ground state equation. An explicit calculation shows that
( =D (€70 +yaolt) ~ y(0), a0))) + €7 DG+ se(t) = (1), (1)) )
A (€020 + yoo(t) = (), (1)) ) = €7 10= A6 (- + yoo(t) = (1), (1))

_ _iApoo - |vpoo‘2 - 2ivpoo -V 0 ¢
- 0 —ilpoo + |Vpoo|? = 2iVpee - V ) >

The conclusion is that (see (19))

H(t) 61 = o3(a, — a(t)?)&
_iApoo - |vpoo‘2 - 2ivpoo -V 0
+ . 2 . 51
0 —1Apoo + |V poo|® = 2iVpeo - V
= B¢,

as claimed. The calculation for &, 2 < ¢ < 8 is analogous, and we skip it. O

We can now derive the usual modulation equations for the admissible path
7 under the orthogonality assumption (45).

LEMMA 11. Assume that 7 is an admissible path and that U is an H'
solution of (25) with an initial condition U(0) which satisfies the orthogonality
assumptions (45) at time t = 0. Then U satisfies the orthogonality assump-
tions (45) for all times if and only if © satisfies the modulation equations (with

E as in (47) and with ¢ = ¢(-, a(t)))
aa”gl3 = (U,&1) = iU, E&) — N (U, ), &),
i (U, ), &)

(
Fa |3 = (U, &) — i(U, E&) — i(N (U, 7), &),
2Dy||9||3 = (U, &s40) — i{U, E€ay) — i(N (U, ), &a10)
200|913 = (U, &54) — (U, E&s40) — i(N (U, ), &5 )

forall1 < ¢ < 3.

Proof. Clearly, for any 1 < j <8,
(U(t),&(t)) =0 forall t>0
is equivalent to
(U(0),£(0)) =0 and (8U,&;) = —(U,&;) for all > 0.

Starting from N
iU — H(t)U = —iwd W (m) + N(U,7),

the modulation equations now follow from the previous two lemmas. O
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Later it will be important to have a family of functions that plays the
same role for Z(t) as {@}?Zl does for U(t). The following lemma introduces
this family and establishes some statements for it analogous to the ones we
just obtained for {¢; }§:1

LEMMA 12. Fiz an admissible path © and let 0,y be as in (4) and (5),
respectively. Define

) - eiO(t,x)¢( y(t), a(t))
&(t,x) = <ez‘0(t 2) (2 — y(t), (t)))’
ie®t0) bz — y(t), alt)) )
y(t

<—ze 0(t2) 9z — y(t), au(t))
) (24 — yo(1))p(z — y(t), (1))
Ease(t) < —if(t.z) ( ye(t))o(z — y(t), a(t)) )
ze’emagqb (z —y(t), a(t))
E54(t) < ie=10t2) 9pp(x — y(t), o(t) >

for £ =1,2,3. Then

&(t) = M(t)Goo(H)§j(t) for all 1< j<8.

Also, let U and Z be related by (24). Then U satisfies the orthogonality con-
dition (45) if and only if Z(t) satisfies

(Z(1), &) =0 forall 1<j<8,t>0.
Finally, introduce {f;(t )} >, as in (44), i.e

- -t 0\ = .

77]-:< 0 >§j forany 1<j <8.

Then the same scalar product relations hold as in Lemma 10. Indeed,

(fl, i) =2(0a0,¢) if j =2 and =0 else,
<§2, i) = —2(0a, @) if j=1 and =0 else,
(52+g7 i) = —2(¢, P) if j=5+/ and =0 else,
(50, 715) = 2(0, ) if j =24/ and =0 else.

Finally, with H(7(t)) as in (22) we have the relations (with Oy acting on ¢ but
not on 0):

(48)

3
1001 (1) — H (m(t))Ea (1) = —i (fyfn +> (Difls e + U'eﬁ2+z> — aijp) =: i1 (1),

(=1
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3
i0,Ea(t) — H*(m(£))&a(t) = 2iay + Doy (m + ) (Dol + Veiare) — dﬁ?)
/=1
=: 2iaf; +i7Sa(t),

as well as for all 1 <0 <3,

10:Ea-0(t) — M (m(t))Exe(t)

3
= 28540 + (xe — ye(t)) (%1 + D (Diilsk + Vrilzsk) — dﬁ2)
k=1

=: 2510 + i7Sa44(t),
i0hs0(t) — H* (7 (1)) s 40(t)

3
=0, ('LYﬁl + > (Dl + ko k) — dﬁz) — vy
k=1
3 . ~ ~ ~ ~ .
— v Y (Disyh + thbapn) + dvely + ity = i7Sse(t),
k=1

where the matrices S; are defined via these relations.
Proof. This can be read off from the definitions of M(t), Goo(t). O

We now make two remarks. The first one concerns how to insure the
orthogonality condition for the transformed solution U(t) (which depends on
some path) at time ¢ = 0 by a condition which is path independent. The
second one concerns the J-invariance of eigenfunctions.

Remark 13. Let Ry € L?(R3) be such that Zy = (gﬁ) satisfies Zy, € N**.
According to Lemma (25) the transformed initial condition is

U(0) = M(0)Goc (0) Zo.

We claim that then (U(0),£;(0)) = 0 for all 1 < j < 8, which is precisely
the condition of the previous lemma. Here {¢;}3_; are the functions from
Definition 8 defined relative to any admissible path ™ as long as it starts at
m(0) = (a0, 0,0,0) as required by Theorem 1 (this is of course no restriction,
since the initial soliton in the theorem is as good as any other modulo a Galilei
transform). We verify this claim for £;(0), the other cases being similar. First,
since 7(0) = (v, 0,0,0), one checks directly from the definitions that

o) _ (€ PR 4 Do, a)
1(0) = eilvee (34 D) +700) (- + Disg, )

=0=0)(3 7o)
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Also since M (0) = Id, it therefore follows that

U(0),60(0)) = (Go ()M (0) Zp, Goc (0) @E:: Zz§>> (%, <¢(:, Ozo)>> o

by unitarity of Go,(0) and the assumption on Zj.

Remark 14. By inspection, all root spaces in this section are J-invariant.
This is a general fact. Indeed, one checks easily that JH(a)J = —H(a).
Therefore, if H(«) f = io f with o € R, it follows that H(a)J f = —ioJ f where

01
as usualJ-(1 0). Hence

Jker(H —iol) = Jker(H — iol) = ker(H —iol)

for any ¢ € R. A similar argument shows that the root spaces at zero are also
J-invariant. In particular, one concludes from this that the Riesz projections
P, Proot; Pim preserve the space of J-invariant functions in L?(R3) x L?(R3).
This can also easily be seen directly: Let P be any Riesz projection corre-
sponding to an eigenvalue of H(«) on iR, i.e.,

1
P=— 2T — H(a)) tdz
7{( (a))

211

where v is a small positively oriented circle centered at that eigenvalue. Since
JH(a)J = —H(a), one concludes that

_ 1 _ g, b -1
PI =5 7{ T~ (@) de = 5 é (H(a) + 2I) dz.

Thus, if F = (11::;), then —% =~ (in the sense of oriented curves) implies that

. 1 1 _
JPF = —— ¢ (H(a) +2I)"'dz JF = — ¢ (21 — H(a))"'dz JF = PJF,
27 J, 27 J,

so that J o P = P o J, as claimed.

Another important issue related to J-invariance is whether or not a so-
lution 7(¢) of the system of modulation equations is real-valued. This is of
course crucial, and is indeed the case if U(t) is J-invariant for all ¢ > 0 and if
7(0) € R®. However, we will not take up this issue here, but rather when we
start solving the modulation equations by means of a contraction scheme; see
Lemma 22 below.

4. The linearized problem and the discrete spectrum

In this section we describe the entire discrete spectrum of the linearized
Hamiltonian obtained from the cubic nonlinear Schrédinger equation (1). Re-
call that the nonlinearity |¢)|*%1 has two scalar elliptic operators associated
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with it, namely,
Loi=-A+a?>=¢(,a0)?, Li=-A+a>—(260+1)é(,a)*"
where ¢(+, «) is a ground state of the equation
—A¢+a’p = ¢*.

The meaning of L_, L is that the linearized operator of the nonlinear Schrodinger
equation

0 + A% + |9y =0

0 iL_
—iLy 0

provided the perturbation is written as R = u + v and this matrix acts on
() (in contrast, (40) acts on (g)) We are interested in the range 2 < 3 <
1, which is supercritical. The restriction § < 1 has to do with Weinstein’s
work [49], where it is imposed. We recall that it is known that L_ has zero as

lowest eigenvalue (with ¢ as ground state), whereas L has a unique negative

takes the form

eigenvalue Ep, and a kernel spanned by 0;¢, 1 < j < 3. In one dimension, it is
known that L_ and L. do not have eigenvalues in (0, @?] and no resonance at
the edge a?; see [29]. These properties hold in the entire supercritical range. In
dimension three it can be checked numerically that L, and L_ also do not have
eigenvalues in (0, a?] and no resonance at the edge a?. This is accomplished
by showing that the associated Birman-Schwinger kernels

B B
K_(z,y) := o) "oy)” for the case of L_,
Arlz —y|
2 1 B B
Ki(z,y):= (28 + 1)é(@)"6(y) for the case of Ly,
Ar|z — y|

have the corresponding number of eigenvalues in (1 — &,00): One for K_ and
four for K. The details of this work can be found in the paper of Demanet
and the author [16]. In contrast to the one-dimensional case it is shown there
that a restriction (. < 3 is needed where % < By« < 1. Hence, the method of

proof of this section does not apply to the entire super-critical range 5 > 2/3.

We start by showing that zero is the only point of the discrete spectrum
of the matrix operator on the real axis. Since any such point would have to
be an eigenvalue, we just need to show that zero is the only eigenvalue in
the interval (—a?,a?). The following lemma is somewhat stronger, since it
proves this for the closed interval [~a?, a?]. The argument is an adaptation of
Proposition 2.1.2 in Perelman [33]. It is based on the fact that L; does not
have any eigenvalues in (0, o).

2 2]

LEMMA 15. The only eigenvalue of H(«) in the interval [—a®, o] is zero.
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Proof.  Suppose not. Then H(a)? has an eigenvalue E € (0,a?]. For
simplicity and without loss of generality, let us choose a = 1. Then there is
Y € L2(R3), ¢ # 0, such that

L L =E¢

with 0 < E < 1. Clearly, 1 L ¢ and v € H;: _(R3) by elliptic regularity. Define
A := PL, P where P is the projection orthogonal to ¢. Since

ker(Ly) = span{d;0| 1 < j < 3},
and (¢, 0,¢) # 0, we conclude that
ker(4) = span{dyo, & | 1< j < 3}.

Moreover, let Ey < 0 be the unique negative eigenvalue of L;. Then consider
(as before) the function

9N =Ly =)', 9)

which is differentiable on the interval (Ep, 1) due to the orthogonality of ¢ to
the kernel of L. Moreover,

GO = (L = N)26,6) > 0, 9(0) = —(6,000) > 0.

The final inequality here is due to the supercritical nature of our problem. Since
also g(A\) — —oo as A — Ej, it follows that g(A;) = 0 for some Ey < A1 < 0.
Moreover, this is the only zero of g(\) with Ey < A < 1. If we set

ni=(Ly — X))o,
then
An = A, (n,¢) =0.

Conversely, if
Af =\f
for some —0o < A <1, A # 0, and f € L?(R3), then f L ¢ and
(PLyP—-XNf=(A-XNf=0.
Since also
Eolf. f) < (L+f. f) = XF. )

it follows that A > Ey. If A = Ejy, then f would necessarily have to be the
ground state of L, and thus of definite sign. But then (f,¢) # 0, which is
impossible. Hence Ey < A < 1. But then g(A) = 0 implies that A = A; is
unique. In summary, A has eigenvalues A; and 0 in (—oo, 1), with A; being a
simple eigenvalue and 0 being an eigenvalue of multiplicity four. Now define

F = Span{ﬂ% m, aj¢’ ¢| 1<y < 3}
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We claim that
(49) dim(F) = 6.

Since ¢ is perpendicular to the other functions, it suffices to show that

5
1y + can + Z c;j0j9 =0
j=3

can only be the trivial linear combination. Apply L4. Then
c1liy 4+ colin=0
and therefore

c1(L4,¥) + co(Lyn, ) =0,
ci{Liwp,m) + ca{Lyn,n) =

This is the same as

A E(LZM,0) + cadi (n,9) =
A (¥, m) + c2hi(n,m) =

The determinant of this system is

E)\1<L:1¢71/)><7777l> - /\%|<7]aw>|2 <0.

Hence ¢; = ¢a = 0 and therefore also ¢3 = ¢4 = ¢5 = 0, as desired. Thus, (49)
holds. Finally, we claim that

(50) sup  (Af, f) < 1.
I£l2=1, fEF

If this is true, then by the min-max principle and (49) we would obtain that the
number of eigenvalues of A in the interval (—oo, 1) (counted with multiplicity)
would have to be at least six. On the other hand, we showed before that this
number is exactly five, leading to a contradiction. Hence, the lemma will follow
once we verify (50). Since (PL=YPf, f) < (f, f) for all f # 0, and since E < 1
by assumption, this in turn follows from the stronger claim that

(51) (Af.f) < E(PLZ'Pf, f)

for all f = ay+bp+C-Ve+dn. Clearly, we can take b = 0. Then the left-hand
side of (51) is equal to
(52)
(Ly(av),atp +¢E-Vo+dn)y + (Ly(C-Vo+dn),ap + -V + dn)
= B(L=Yay),a) + -V + dn) + E(¢- V¢ + dn, L= (arp)) + (L1 (dn), dn)
= E(LZYa),at + &- V¢ +dn) + E(¢- Vo + dn, L  (arp)) + A1 ||dn]f3,
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whereas the right-hand side of (51) is

(53) =E(L”'(a),ap +E- Vo +dn)
+E(Z-Vé + dn, L= (ap)) + E(LZYE- V¢ + dn),&- Ve + dn).

Since
Mlldn||3 <0, E(LZYE V¢ +dn),é-Vé+dn) >0,

we see that (53) does indeed dominate (52), and (51) follows. O

Next, we turn to the issue of resonances of H(«a) at the edges of the
essential spectrum. A “resonance” at a? (or —a?) here refers to the existence
of a solution f to H(a)f = a?f (or = —a?f) so that f ¢ L?(R?), but such
that

(54 | 1@+ el de < o

for all v > % If +a? are neither resonances nor eigenvalues (we have already
excluded the latter), then (H(a) F a?)~! is bounded on suitable weighted L?
spaces; see [17]. This will be important in order to establish the dispersive
itH(a) - The proof of the following lemma is similar to that of
Lemma 15, and is an adaptation of the argument in Appendix 1 of Perelman’s
paper [33]. It shows that if the scalar operator L_ does not have a resonance at
a? (the edge of its continuous spectrum), then the matriz operator H(a) does

estimates for e

not have a resonance at +a?. As already mentioned, one can verify numerically
that L_ has this property; see [16].

LEMMA 16. Suppose that L_ has neither an eigenvalue nor a resonance
at a?. Then the edges +a? are not resonances of H(a), i.e., there do not exist
solutions f of H(a)f = +a?f which satisfy (54) but are not in L2.

Proof. We again set a = 1. By symmetry, it suffices to consider the
right edge o®. Suppose then there is such a solution f with H(a)f = f. Write
f= (5). Then iL_1) = 1 and —iL, 1 = ¢. In particular, L_L, v = 1 and

/ Y@ dr = oo, / [ (2)*(1 + |2|) "> do < oo
RS RS

for all v > % Clearly, (¢, ¢) = 0, the latter inner product being well-defined
because of the rapid decay of ¢ and (54). Furthermore, ¢ € H;: (R3) by elliptic
regularity. Pick a smooth cut-off y > 0 which is a constant = 1 around zero,
and compactly supported. Define for any 0 <e < 1

P = x(e) + ple)p,  ple) = —
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Clearly, (¢°,¢) = 0 and |u(e)| = o(1) as € — 0 (in fact, like e=¢/¢). Tt follows
that

9718 = Mo(e) +o(1), Ma(e) = [ fi(o)Px(ea?
with My(e) — oo as ¢ — 0. We now claim that

(55) (Lyp, 0f) = 0515 + ((Ly = D, 9) + (1)
as € — 0. We will need to justify that

M = <(L+ - 1)w1¢>

is a finite expression. We first show that this justification, as well as (55)
can be reduced to showing that Vi € L2(R3). Write L_ = —A + 1+ V; and
Ly = —A+1+4Vs, with Schwartz functions Vi, V5 (they are of course explicitly
given in terms of ¢, but we are not going to use that now). We start from the
evident expression

(Lt %) = [WFN3 + (L — VY%, 0%) = 9713 + (=2 + Vo)y©, ).
By the rapid decay of V5 and (54),

(42w i) = [ [V @Pde+ [ V@l do+ o).
R3 R3
Assuming Vv € L?, we calculate further that
| veE@Pds = [ |Vute)x(en) + sv(@)Vxieo)
R3 R3
= [ we@Pdr+ [ Vo) Pden? - 1 de
RS RB

+22 | d(@)x(en) Viile) - Vx(ea) dr

2
‘da:

2 1172 x 2 X
2 [ wapivenPa
= [ I9v@)P dz+ o).

To pass to the last line, estimate the error terms using Vi) € L? and (54) (any
v < 1 works here). This proves (55) provided we interpret ((Ly — 1)1,1) as

LIV + Vala) @)l da
To prove Vi) € L?, we start from the definition, i.e.,
(—A+14+V)(-A+1+Va)p =40

which can be written as

(56) (A2 —20)p + (=D + DVap + Vi(=A + 1) + ViVah = 0.
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At least formally, integrating by parts against v yields that
1
IIA¢II§+2HWJ!§§/(V1\+\V2I+|V1V2|)!¢($)|2div+||V2w\§+IIV1¢\§+2||A¢H§,

and thus, in particular, V¢ € L2, To make this precise, we write the defining
equations as —tL41 =1 and iL_v = 1. Then

~Op =it = — Vapp
which implies that (via (54))

1

(57) |A(x)]?(z) ™2 da < oo Vy > 3
R3

It is now a simple matter to deduce from this and (54) that

(58) V(@) 2(z) D de < oo ¥y > %
RS

This can be done in various ways. For example, it follow from Gauss’ integral
theorem applied to div(uVu(z)~27) that for all u € H? with compact support

V()P e) > de < C [ (ul@) + 120 P ) > d.
RS -

Setting u = ¢, and letting ¢ — 0 yields the desired inequality (58) for Vu.
To make our heuristic argument leading to V¢ € L? precise, we pair (56) with
x(ex)* and integrate by parts. This yields

(D0, A(x(e) ') + 20V, V(x(e) ')
= —(Vat, (=2 + Dx(e) ") = (=4 + 1)op, Vix(e)'9) — (ViVary, x(e) ).

The terms on the right-hand side are uniformly bounded as € — 0 due to (54),
(57) and (58) and the rapid decay of Vi, Vo and their derivatives. The second
term on the left-hand side satisfies

/R . Vi (2)(4eVx(ez)x(ex) () + x(e2) V() da
> 5, IPv@Pxen) s = C& || ol iTx(en)fteny

> 5 [ Ivs@lx(en)! de - o)
by (54). Similarly,
(8, () 6)
= [ o) (e dx(ea)n(en)” + 1222 Vx(ea) (o))
1 8eVx(ex) - Vab(2)x(e2)3 + x(sx)4Aw(x)> dz
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> % /RS |AY(z) Px(ex)* do — Ce? /R3 IVip(z)|*x (ex)? da
— 054/, ()P Vx(e)|* + x(e2)?] da
Rd

>3 [ 18v@Pxe) o - o)

by (54) and (58). Combining these estimates and invoking the monotone con-
vergence theorem yields Aty € L? and Vi € L2, Tt is easy to see that the pre-
vious argument allows a better conclusion than L2, namely that (z)*Ay € L?
for any b < % and similarly for V. In fact, a much stronger conclusion is
possible for Av: recall that g := v + i) and g := 1 — i) satisfy

( -A+1+W; Wa ) (91) _ (91)
—Ws AN—-1-W; g2 92

where W7, W5 are again exponentially decaying potentials. This implies that
Agr = Wigr + Wags and Ago =290 + Wige + Wag.
Hence (z)?/Agy € L? for all b > 0. Similarly,
92 = (A = 2)7 [Wigz + Wagi]

is exponentially decaying, which implies that (x)?/Ags € L? for all b > 0. Con-
sequently, the same estimate holds for Ay as well as for f := (L4 —1)1. Hence
((Ly — 1), ¢) = (f, ) is well-defined as a usual scalar product. Moreover,
one has

Lf=—(Lo=1)¢ or ¢=—(Lo—1)7'Lof=—f—(Lo-1)7'f.
We conclude that

(59> <f+'¢af>:_<(L—_1)_lf7f><07

where the final inequality follows from L_ > 1 on {¢}*, as well as our assump-
tion that L_ has neither an eigenvalue nor a resonance at o> = 1. Recall that
this insures that for any 7 > 0

(2) =77 (Lo = )7 hll2 < Cll(2) Al

for all h for which the right-hand side is finite, in particular for h = f. The
inequality (59) will play a crucial role in estimating a quadratic form as in
Lemma 15. To see this, let

Fe = span{y), 014, 02, 03¢, 1, ¢}

As in the proof of Lemma 15 one shows that dim F. = 6, as least if ¢ > 0 is
sufficiently small (use that (L4v%,9%) — oo as € — 0). It remains to show

that for small e > 0

(PLLPf,f)
60 max —————— < 1
(60) fer. (i f)



STABLE MANIFOLDS 167

where P is the projection orthogonal to ¢. If so, then this would imply that A =
PL_, P has at least six eigenvalues (with multiplicity) in (—oo,1). However,
we have shown in the proof of Lemma 15 that there are exactly five such
eigenvalues. To prove (60), it suffices to consider the case f L ¢. Compute
(Ly(ay® +v-Vo+dn),ap® +v-Ve+dn)

llatys + v - V¢ + dn]?
_ JalP(I¥°lI3 + M + o(1)) + 2R\ (a®, dn) + A |dnll3
alPllyel3 + 2R(ays, v - Vo +dn) + |lu- Vo + dn3
|21 |2(1 4+ 02 M + 0(62)) + 20\ R(x110, w5e4) + M| 25/

< max
T 2eC |21 |24+ 20R(x19°, xae1 + w362 + Ta€3 + Txes) + ||T201 + 362 + T4€3 + THE4]|3
where we have set 62 := ||¢°||3 and

o o019 020 03¢ Ul

=, €9 = , e3—= , 64 = ——.
8102 2 (w0l 7 Tosellz” Tl

Note that 7 is a radial function, since it is given by (L — A1) "'¢ and both ¢
and the kernel of (L; — 1)*1 are radial. Hence e; L e4 for 1 < j < 3. Set

b = (%, e5) for 1<j <4

Then b5 — b(;- = (1, e;) as ¢ — 0 by the exponential decay of the e;. Let
B#,C*¢ (which depend on €) be 5 x 5 Hermitian matrices so that

CSy =1+ 0°M + 0(6?), C55 = Cg) == \6b3, Cs = \y

and ij =0 else,
fj=B5 :=0b5, for 2<j<5

and B¢, = 0 else. In view of the preceding,

(PL P, f) (Cx, )
max ————— <max —————.
rere (f, 1) zeC (I + B)w, x)
Clearly, the right-hand side equals the largest eigenvalue of the Hermitian
matrix

1 1 1
(I+B°) >C°(I+B°)" 2 =C (BC+CB)+§(BQC+CB2)+ZBCB+O(63),

1
2
where we have dropped the ¢ in the notation on the right-hand side. With
some patience one can check that the right-hand side equals the matrix D

which is given by (dropping € from the notation)

[ L+62M;  —3b —3b, —3bs S(A = )by

— &3 by by b C(1— IA)biby |
— %y 2 b1by v ) babs (1= Ih)baby | +o(6?)
—2by 5 by1bs hobg ifbg (1 — 1A))bsby
S — Db (1= IAbiby E(1— IADboby (1 — IA)bsbs A+ (1 — A1)b3
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where My := M — 3X\1b3 4+ 3(b? + b3 + b3 + b3). When § = 0, this matrix has
eigenvalues 1, 0, A\; < 0, and 0 has multiplicity three. When ¢ # 0 but very
small, the largest eigenvalue will be close to one, of the form 14z with x small.
We need to see that z < 0. Collecting powers® of = in det(D — (1 + x)I) we
arrive at the condition

(1 =AMz =8 [M(1— )+ (6] + b3 +03)(1 — M) +b3(1 — A1)?] + o(6?)
= S [M(1 = A1)+ ((09)% + (89)* + (69)*) (1 = A1) + (09)%(1 = M1)?] + o(67).
Now,
b? = (Y,e5) = —((L+ — 1)¢,e5) = —(f,e;) for 1 <35 <3.
On the other hand,

by = (1, eq) = —(f,ea) + (1, Lyes) = —(f, eq) + A1b]
and thus,
by = —(1 = A\) " (f eq).

Since A1 < 0 in the supercritical case, we obtain that

4
(1-M)z< (1—A1)62[M+Z<f, e)’]40(6%) < (1=A1)* [M +(f, f)]+0(6%)

=(1=A)&(f+1, [)+0(6%) =—(1=M)6*((L_—1)""f, f)+0(6%)

which yields that z < 0 for § small. But ¢ > 0 small implies that § is small
and we are done. O

In the subcritical case the proof of Lemma 15 breaks down. In fact, the
statement is false: there has to be at least one pair £ of real eigenvalues with
0 < A < o? in the subcritical case. It is reasonable to expect that there should
be exactly one such pair, but we do not address that here.

LEMMA 17. The discrete spectrum of the linearized operator H(a) consists
of zero and a single pair of imaginary eigenvalues +io, o > 0, each of which
1s simple. Moreover,

H(a) f*(e) = Fio(a)[*(a)
where f*(a) are exponentially decreasing, C™ functions with || f*(a)||2 = 1.

Proof. It was shown above that there is no other real discrete spectrum
than zero. As for the existence of an imaginary discrete spectrum, which then
necessarily has to consist of eigenvalues, we refer the reader to the works of
Grillakis, Shatah, Strauss [24], and Grillakis [22], [23]. The general results

4this was done by means of Maple
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of these papers imply that there is exactly one such pair +ic counted with
multiplicity for the cubic NLS. In fact, it is relatively easy to see by means
of variational arguments that there needs to be at least one such pair — such
arguments hinge on the orbital instability condition 94| ¢ (-, @)|l2 < 0 which
is of course satisfied for all focusing nonlinearities ||y with g > % Then
one observes that the imaginary spectrum needs to move continuously into the
root-space as § — %+. Since the latter was shown by M. Weinstein to have
dimension exactly eight for the range % < 8 <1, and exactly ten for the critical
case 0 = % it follows that there has to be exactly one such pair +io(3) for each
1>06> % as claimed. The symmetry +io is a well-known consequence of the
commutation properties of H(«) with the Pauli matrices. That the associated
eigenfunctions decay exponentially was proved by Hundertmark and Lee [27]
by a variation of Agmon’s technique [2], whereas the smoothness follows by
elliptic regularity since the potential is smooth. O

We now present a simple continuity statement which will be important in
the following two sections.

COROLLARY 18. We can choose the f*(a) in the previous lemma to be
J-invariant, i.e., Jf*(a) = f£(a). Since ||f¥(a)|l2 = 1, they are therefore
unique up to a sign. Choose this sign consistently, i.c., so that f*(a) varies
continuously with «. In that case there is the bound

(61) lo(c1) = o(aa)| + || /(1) — fF(a2)ll2 < Clar)|ar — s

for all a1, a0 > 0 which are sufficiently close. Let Pli(a) denote the Riesz
projection onto fi(a), respectively. Then one has, relative to the operator
norm on L? x L?,

(62) 1P (o) = Pip(02)]| < Clan)|en — g

for all a1, as above. Moreover, the Riesz projections admit the explicit
representation

(63) Pon(e) = [H(@)(, (@),
where H(a)* f*(a) = Fio f¥ (), and || f¥(a)|2 = 1.

Proof. By Remark 14, ker(H(a) F io) is J-invariant. Thus, Jf*(a) =
AfE(a) for some A € C. It is easy to see that this requires that |A\|? = 1. Let

e?B = \. Tt follows that J(e?’ f*(a)) = ¢ f*(a), leading to our choice of the
J-invariant eigenfunction. Using the well-known fact that

ker[H(a) F io ()] = ker[(H(a) Fio(a))?],
see [6] and [17], one easily obtains (by means of the Riesz projections) that

|(H(a) = 2)7Y| < |z Fio(a)|™t provided |z Fio(a)| < ro(a).
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In conjunction with the resolvent identity, this yields
o(a1) — o(az)| < Clar)|on — g,

as well as (62). However, the latter clearly implies the remaining bound in (61).
Finally, by the Riesz representation theorem, we necessarily have that (63)
holds with some choice of f*(a) € L? x L?. Since Pi(a)? = PE(a), one
checks that

PE (a) () = f¥(a).

However, writing down Pli(a) explicitly shows that

P&(a)* = (2%1’2 é(—H(Q) + ZI)_l dz>* = _2%1'1' 7(_7_{(@)* + ZI)_I d
= o ey e e

gl

which is equal to the Riesz projection corresponding to the eigenvalue —ioc
of H(«a)*. Here v is a small, positively oriented, circle around io. A similar
calculation applies to P (). Hence H(a)* f*(a) = Fio(a) f*(a), as claimed.
In view of (63),

175 (@13 = 1P, () F=(@)ll2 < 175 ()l2-
which implies that || f*=(a)[l2 < 1. On the other hand,
L= [/ (@)ll2 = [BL@ @)z < 1fF @2l 75 (@)ll2 = 1175 (@)l2,

and we are done. 0

5. The contraction scheme: Part I

We now set up the contraction map that will lead to a proof of Theorem 1.
According to Lemmas 5 and 6, in order to solve the cubic nonlinear Schrédinger
equation (1) with ¢ (t) = W (t) + R(t), we need to find an admissible path 7(t)
as well as a function

Z € C([0,00), H'(R?) x H'(R®)) N CY([0,00), H™H(R®) x H™H(R?))
so that Z(t) is J-invariant and such that (7 (t), Z(t)) together satisfy (21). As
initial conditions we will choose, with Ry satisfying (10) and (11) as well as
with some a = a(Ry),

Ry N i
6 #0)=(0.00.0,  20)= () 1@ + Y o)
j=1

where h € R, fT(«a) is an eigenvector of H(a) with eigenvalue io, a; € R, and
N(eo) = {n; (04)}?:1 is the rootspace of H(«)*. The contraction argument will
be set in the following space. The parameter o > 0 is fixed.
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Definition 19. Let ¢ > 2 be large and fixed. For any sufficiently small
0 > 0 define

Xj = {(7r, Z) € Lip([0, 00), R®)
x [L2((0, 00), (H'(R?))?) N Li.((0, 00), (Yo(R?))*)] |
conditions (65)—(68) are Valid}

where Y, = {f € HY(R3) | Vf € L* + L9} and for a.e. t > 0,

(65) [&(6)] + [0(0)] + Y@ + [D(#)] < 6% (1)~
(66) 1Z(@B)l2 + IVZ(t)ll2 < cod
(67) £ Z(t) oo < co 6
(68) 11|V Z(t) || pisre < 6.

Here (t) = (1 + tQ)%. We also require that 7(0) = (,0,0,0). Here ¢ is a
sufficiently small constant and ¥ is defined as in Lemma 9. Finally, we require
that for a.e. t > 0

(69) Z(t) = JZ(t) = JZ (D)

WhereJ:<(1) é)

Note that any path in X is admissible for small §. In (68) one would like
to take ¢ = oo, but for technical reasons it is better to take finite but very
large q. We assume that some such large ¢ was chosen and it will be kept fixed.
Note that Y, — L>®(RR3), so that (67) is meaningful.

In what follows, we will need to deal with several paths simultaneously.
Therefore, our notation will need to indicate which paths Galilei transforms,
root spaces, etc. are defined. For example, G (7)(t) will mean the (vector)
Galilei transform from (24) defined in terms of 7, and {¢; (71')(12)}?:1 will be the
set of functions from Definition 8 which are obtained from .

The contraction scheme is based on the linearized equation (21). Indeed,
given (70, Z(0)) e X; with Z(0) = (%Ezi), we solve for
A+ 2|W (7(0)2 W2(r(0)

772 (0 oz ) Z(t)

o) o e )

(2@ O (. — (2O
<xe—ie<w<0>>(t>¢(. — y(x®

(70) 0, Z(t) + (

(t), 0
£),a©)

(
(=T (. — (2 0) (1), a0 (2))
+ ’Y<€¢9(w<o>)(t)¢(. — 5(77(0))(75), a(0) (t)))
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. NOyp(- — y(m (tat
*m(@W%Mam—m )(t), a0 )

(t), a0 (t))
-~ 0T @)t OV — y(r D) (1), a0 (t))
“D< SOV (- — y(x@)(t), al® <f>>>

)2 —

2IR(°)\2W(W(°))( t) — W (x)(t)(R |RO)?
<2IR ORW(x@)(t) + W (r@)(#)(R©)2 + |RO) |2R(0)>
with initial condition (64). The vector 7 here will be determined by means
of the orthogonality condition (Z(t),&;) = 0 for all 1 < j < 8, t > 0;
cf. Lemma 12. In this section it will be convenient to work on the level of
the transformed solutions U(®), U and the following definition makes this pre-

cise. The reader should note that (71)—(72) are the same as (70), whereas (73)
is related to the aforementioned orthogonality condition on Z(t).

Definition 20. Suppose (79, Z(9)) € X5 and set
UO(#) := M () (£)Goo (x ) (1) 2 (2);
cf. (24). Let 7 be the constant vector associated with
70(t) = (@O t), 00 (t), DO(1), /(1))

as in Definition 3. Let (7, Z) be defined as the solutions of the linear problems

(71) Z(t) := Goo (D) (1) "M (=) (1)U (1)
(72) iU — H(eU = —izd, W( Y+ NU©, 7)) 4V (xO)U
(0)

(73)  i(70W (=), &(x D)) = iU, () + (U, E(x ) (x D))
+(NUO, 7)), (=)
for 1 < j < 8. The notation on the right-hand side of (72) is analogous to that

n (26), (27), (28), and the matrix operators E(m(?)) are those from (47). The
initial conditions are, with Ry satisfying the smallness condition (10),

(74)

U(0) = Goo(7(©)(0)2(0) = Goo (7)) (0)

0

Ro : o)
(a 0

(R ) +hfH( +;a

(75) 7(0) = (a,0,0,0)

where h, {a; }§:1 € C are constants (later we will make a unique choice of these

constants in terms of the data (7(9), U(?), and in fact they will be chosen real-
valued). Here, for any o > 0 we set V() = {n;(a)}3_;, and we define f*(a)
via

Jj=b

H(a)f* (o) = tio fE(a), o> 0.



STABLE MANIFOLDS 173

We are assuming for simplicity that there is a unique pair {f*(a)} of simple
eigenvectors of H(«) with imaginary eigenvalues.

The main point of this section as well as the next is to show that the map
(76) v (7, 29)  (x, 2),

as given by (71)—(73), defines a contraction on X relative to a suitable norm
provided the parameters h, {aj}§:1 are chosen correctly. As a first step, we
show in this section that ¥ : X5 — X5 for § > 0 small provided A is chosen
properly. Before doing so, we add some clarifying remarks on Definition 20.
In particular, we need to prove the existence of solutions to (72), (73).

We start with a simple technical statement that improves on Lemma 4 by
means of the stronger assumptions (65).

LEMMA 21. Let 0,y and 0, Yoo be as in (4), (5), and (16), respectively.
Let po be as in Lemma 4. Under the conditions of Definition 19 the bounds

Poo(t, )| S A+ [2)() 7, y(t) — yeo(t)| S 8*(t) "
hold for all t > 0. Moreover,
(77) Poo(t, )| S (14 [2)) ()2, [9(t) — Goo(t)] S 8°(8) 2
for allt > 0. In particular, one has the bounds
IV@)llzinr= S 67" 16@mnr= S 6272
IE®)E )| inr~ < 6%(t) 7%,
where V (t) is the matriz from (26), and E(t) is the matriz operator from (47).

Proof. In view of the definitions,

O(t, & + Yoo) — Ooo(t, T + Yoo) = (V(t) — Voo) - (% + 2t + Do) + (1) — v(00)

_2/ / 0 — 0d) (o) dods.

Now |¥(t)] < 62(t)~2 because of (46). Definition 19 therefore implies the
desired bound on po. As for y(t) — yoo(t), the definition of Do, implies that

t
Yoo (£) — y(t) = 2tvs0 + Do /()ds— D(1)

— D(oo) - _2// o) do ds,

which is no larger than C'§2(t)~1, as claimed. O

We will make frequent use of the following simple observation: If U(t) and
Z(t) are related by (71), then U(t) satisfies (66)—(68) if and only if Z(¢) does
(possibly at the loss of a small multiplicative constant).
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LEMMA 22. Let Ry € HY(R3) satisfy (gg) 1L N(ap)*. Given (70, 2(0)) ¢
X5 and any h, {aj}§:1 € C, there exist unique solutions

(m, Z) € Lip([0, oo),Cs)
x[C(]0,00), H'(R?) x H'(R*)) N C'([0,00), H'(R?) x H™(R?))]

of (71)—(73) with initial conditions (74), (75). Moreover, if § > 0 is sufficiently
small, then for any wvalue of h € C, there is a unique choice of {aj}?:l =
{a;(h) ?:1 € C8 so that U(t) satisfies the orthogonality conditions

(78) UE),&E) () =0 forall t>0,1<j<8;

cf. (45). Moreover, if h € R then also {a;j(h) 33:1 € R® and in that case U(t),
and therefore also Z(t), is J-invariant and 7(t) € R® for all t > 0.

Proof.  For the existence statement, solve (73) for 7, which can be done
as in Lemma 11. Plugging the result into (72) leads to a linear equation for
U, which takes the following form:

(79) iU — H(aNU = £(U, 7)) + NU®, 7z + v(zO)v.

Here £(U, () is the linear term which is obtained by replacing 79, W (7(®)
on the right-hand side of (72) with the expressions that result by solving (73)
for 7. See Lemmas 9 and 11 for the details of this process. Moreover, in this
way one picks up the final term in (73) which leads to the modified nonlinear
term N(U© 7)) in (79). We will need to bound this nonlinear term. For
this purpose, we record the estimate

80)  [INUO, 7N e SINO®, 7O [y
+min(|N (U, 7O) ||, |NUO, 7))

Viewed as a linear operator in U, L(-, W(O)) has finite rank and co-rank. In fact,
both its range and co-kernel are spanned by eight exponentially decreasing,
smooth functions (which depend on time). Moreover, by Lemma 21 it satisfies
the bound

(81) LW ) lwrr < Chpp 6> () 21U |2

for any integer £ > 0, and 1 < p < co. The equations (73) are chosen precisely
in order to ensure that

%(U(t),ﬁj(ﬂ(o))(t)) —0 forall £>0,1<;<8.

On the other hand, in Remark 13 we showed that

(U(0),& () (0)) =0
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is the same as (with M (ag)* = {fj(ao)}i-:l, see (43)),

0= <goo(7T(0))(0) [(gg) +hf+(agg>)+g ajnj(agg))]  Goo (7)(0) (qﬁ(., a0)> >

o(-, ap)
8
= () (o)) o7 @@+ ama) (50 00))
= h<f+(a£2)),£1(ao)>+28:aj (n; (@9, & (a0))
Jj=1

and similarly for {&(7(®)(0)}§_,. Here we used that (gg) € N*(ag)* by
assumption, as well as that Geo(7(9)(0) is unitary. Hence (78) holds for all
times if and only if for any h € C we can find {q; }§:1 € C?® such that

8

(82)  0="h{f"(a),&(a0)) + > a;j(n;(al),&(ap)) forall 1<<8.
j=1

However, Hnj(agg)) —nj(a)| < 6% because |a£?) — ag| < 6% Together with
Lemma 10 this implies that the matrix

M = {<nj(a£2)),£e(ao)>}§,e:1
8

is invertible with norm < 1. Hence {aj}?zl = {a;(h)}54

determined for any h € C. For future reference, we note the estimate

€ C? is uniquely

8

(83) > laj(W)] < 6% [nl,

j=1
which follows from the fact that <f+(a£2)),5g(a§,?)> = 0 and thus
[ (@l2), &e@o))] = [(fF (a2, &rlao) — &(ald))] < 6°.

It is important to realize that the assumption (gg) 1 N(ap)* is precisely used
n (83); if we drop this assumption, then a;(h) 4 0 as h — 0. Finally, we note
that for any J-invariant functions f, g one has (f,g) € R. Hence for h € R
both the matrix M as well as the vector

{h(f (@), &lan)) i

are real-valued so that in fact {a;(h) ?:1 € R® (recall that Guo(7(©)(0) pre-
serves J-invariance). In view of the preceding, any solution of (79) with initial
condition (74) and this choice of aj(h) will satisfy the orthogonality condi-
tion (78) on its interval of existence.

To prove global existence of solutions to the linear problem (79), we per-
form a contraction argument in C([0, 77, L?) on some finite time interval [0, T
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(one can take 7' = 1). Given any initial condition U(0) € H' x H', and any
U € C([0,T), H(R?)), we solve

iU — H(eYU = (U0, 70) + NUO, 7Oy + v (=T

—itH(

. . OIS . .
via the evolution e as): je., write the solution as

(84) U(t)=e =D (0)

t . B B
—i/ e~ i(t=9)H(a<) 12U, 7Y+ NUO, 7O + V(= O)T](s) ds
0

for all times ¢ > 0. In addition to the bounds in (81), we note the following
two bounds: First,

(85) sup | N (U, 7O)(s)| 22 < 6,
s>0

which follows from (80), (37) of Lemma 7, and (66) applied to U(?), and second
(86) sup [V (x ) ()T (s) | < 6%,

s>0

which follows from Lemma 21 and again (66). Apply the linear estimate on
the evolution e~ #H(a&) given by Theorem 34. Note that in contrast to these
estimates, here we are including the entire discrete spectrum, which possibly
leads to exponential growth. However, on a time interval of length 7" = 1,
say, we can always see that the map U — U is a contraction in the norm of
C([0,T), L? x L?) for small §. Since the size of this § does not depend on
the size of the initial condition, we can restart this procedure and thus obtain
a global solution of (84) that belongs to C([0,00),L? x L?). Typically, this
solution will grow exponentially.

Next, we wish to estimate the first derivative of (84) by means of the L?
bound in Theorems 34 which will lead to the improved statement that

U € C([0, 00), H'(R?) x H'(R?)) N C([0,00), H(R?) x H(R?))
solves (79) in the strong sense. Inserting this solution U into equation (73)
then yields the path w. Indeed, simply integrate in time using the initial
condition (75). It remains to show that for 7' =1,

< 62

2N

t o

(87) sup HV/ e~ i(t=9)H () NU©, 7y gs
0<t<T 0

Here we omitted the other terms on the right-hand side of (79), i.e., L(U, 7))

and V(7(O)U, since they satisfy the bounds (81) and (86), respectively, and

thus yield the desired L? estimate on the derivative (for the issue of interchang-

ing the evolution with a gradient, see Corollary 39 below). In view of (80)
and (38) one has
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(88)
IVN @, 20)(0)],
< min(|UO @)%, [TO@N3) + [TOVTO @) + |[TOPYTO )]

SEHNUOD,, 2 INUOOlasq + 1 TUOPVUO (1))

<O+ 8%+ [[TUOPRPVUO @) .
The first two terms in (88) contribute a finite amount to (87), as desired. The
final term in (88), however, is too singular at ¢ = 0 and we therefore need to
invoke the Strichartz estimates from Corollary 39 to control it. More precisely,
we split |U[2U (s) into Ps(aD)|UPU(s) and (I — Ps(a9))|U2U(s). The latter
does not present a problem, since the range of 1 —Ps(agg)) is spanned by finitely
many Schwartz functions. Thus,

¢ —i(t— (0)
sup Hv / eilt sW(aw)(J—Ps(ag?))w(o)12(5)U<0>(s)dsH
0<t<T 0 2

et sup [ V(1 = P a@UOP(s)U O (s)]2 < T Sup IO (s)]§ < 7T,

as desired. For P (ac()g))|U |2U(s) we use the following Strichartz estimate:

t 0
sup HV/ emilt=s)H(a) Py(a U@ 2u©) (s) dsH
0<i<T 0 2

T
([ 1worves)
0

It will suffice to deal with the term on the right-hand side containing VU
since the one without any derivatives is easier. The corresponding integrand
is estimated in terms of (66) and (68) as follows: For all 0 < s < T,

(89)

5 5

5 : BT S (CIATE s
@) +(/0 [TOPTUO @)y ., ds)"

o PvU©(s) , SIVUO 00O 6)1E < sITC)lg 1V 1%

<562(6s 1 +06)2 < C(T)8%s s,

HL%(Ri"

where we used the Sobolev embedding bound
1T ()loo S IVUO () ]larq + 1T (s)]|2 S 8574 + 6.

Since s% € L& (0, T) we are done. The conclusion is that U € L ([0, T], H'(R?)
x H1(R?)). The continuity in ¢ relative to the H' norm is implicit in the above
argument, and we skip it. Finally, time-stepping extends the H!'-statement to
all times.

Finally, if h € R and aj(h) € R are as above, then the initial condition (74)
is J-invariant by Remark 14. Also, we assume that 7(0) € R®. It remains to
derive the system of equations which (7, JU)(t) obeys. By the assumption
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that 7(9(t) € RS and JUO () = UO)(t) for all t > 0, one checks that (72)
implies that
(90) i, TU — H(a\DTU = =iz 0, W (x0) + N(U©O, 70 4 v (O,

see the proof of Lemma 6 for more details here. On the other hand, as in
Lemma 11, one obtains the following system which is equivalent to (73), with
E(t) as in (47) and with ¢ = ¢(-, (O (1)):

91 .
( C'Y)Oflllaﬁ\lg = (U,&(x) —i(U, E(x )& (x©)) —i(N (U, 7)), & (= (©)))
FamglI3 = (U, &(n ) —i(U, E(x )& (' 0)) —i(N (U@, 7)), &(x())
2Dy||8|I3 = (U, &are(n D)) —i(U, B(7() &40 (7)) —i( N (U, 7T(O ), Ea4(m?))
200|913 = (U, &s40(m ) —i{U, B(n )5 4o(n@)) =i N (U, 7)), €540 (x))
for all 1 < /¢ < 3. This is based on the observation of Lemma 9, namely that
3
10 (1) = 3™ (De 5 o (1) + 51246 (1®) — rma(x®) + s (2.
/=1

Note that JE(7(0)J = —E(n(©); see (47). Taking complex conjugates of the
& equation (91) yields
aaY|gl3 = (JU, J&1(x )
+i (JU, JE(rO)JJ& (7)) + i (JN(UO) 7)), J& (7(0))
= (JU, J& (@)
+i(JU, JE(m®)JJ& (7)) + i(JN(UO) 7)), J& (7))
= (JU,& (D) —i(TU, E@D)er (n ) (N (U, 7©), &(x)).

Taking complex conjugates one therefore derives the following system from the
preceding one; see (91),

a ol3 = (TU, & (=) =i(TU, B(x )& (v () —i(N (U, 7(0)), & (=),

"*1H¢||2 = (JU,& () —i(TU, E(r0)&a (n () —i(N (U, 7)), £(x (),
2D, $l13 = (TU, &a4e () i TU, B(n)ea s (r )y — i N (U W(O))7§2+z(ﬂ(0))>7
200|613 = (TU, &5 12(r ) —i{TU, B 0)&51o(n @) —i(N(UD, 7)), &5 14 (x ()

for all 1 < ¢ < 3. Combining this system with (90) shows that (7, JU) solves
the same equations as (m,U), namely (72), (73). Since their initial conditions
agree if h € R, we conclude that they agree for all times. O

Next we present a rather simple lemma about bounded solutions to hy-
perbolic ODE. This will be the mechanism to determine the unique value of h
n (74) so that the solution U(t) constructed in Lemma 22 remains bounded
in L? for all times.
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LEMMA 23. Consider the two-dimensional ODE

i(t) - Aoxl(t) = (1), (0) = ( 1§0)>

0)
where [ = (;ﬁl) € L>([0,00),C?) and Ay = < ) where o > 0. Then
x(t) = (28) remains bounded for all times if and only if
(92) 0 =z1(0) + /oo e 7t fi(t) dt
Moreover, in that case :
(93)

) t
o) =~ [ s s, malt) = Taa(0) + [ e ) ds
t 0
for allt > 0.

Proof. Clearly, z1(t) = e“x1(0) + fot e(t=)9 f,(s) ds and xg( )= e*t"xg(O)
+ /o e~ (=909 fo(s) ds. Iflims_,oo e 721 (t) = 0, then 0 = 21 (0 )+ o e 5 fi(s
which is (92). Conversely, if this holds, then z1(t) el [ e f1(s) ds, and
the lemma is proved. |

LEMMA 24. There ezists a small constant ¢i (depending on the constant
co in (66), (67)) so that the following holds: With § > 0 small, let Ry €
WHLR3) N WL2(R3) satisfy Pj(ao)(gg) =0 and

(94.) HROHWIVIHWLQ S 615.

Furthermore, let (m, Z) be the solution from Lemma 22 for a given (x(®), Z(0))
€ X5 and h € C, a; = a;(h). Then there exists a unique value of h € R
so that (m,Z) € Xs. In other words, under the assumption (94), there exists
the map ¥ : X5 — Xs; see (76). Moreover, as a function of (RO,W(O),Z(O)),
h = h(Rg, 7, ZO)) satisfies

(95) [n(Ro, %, ZO)] < Co || Rollfyscw2

with a universal constant Cy as well as

(96) h(Ro, 7, 2O — h(Ry, 7, 2O)| < | Ry — Ryl|2

for any Ry, Ry as above.

Proof. Let (7(®,U©) € X5 be fixed and let (7, U) be the solutions con-
structed in Lemma 22, with h € R arbitrary and {a;(h) ?:1 € R® the unique
choice that guarantees the orthogonality condition (78). Moreover, 7 is real-
valued, and JU = U. We start by decomposing the function U(t) into three
pieces U(t) = Ulis (t) + Uroot (t) + Uhyp(t) where

Ugis(t) = Ps(agg))U(t), Uroot (t) = Proot(agg))U(t)v Uhyp(t) = Rm(a(()g))U(t).
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Here Proot(ar) and Py, () are the Riesz projections corresponding to the spec-
trum at {0}, and {%io} of H(«), respectively. For ease of notation, let the

elements of the rootspaces of H(a(()g)) and H(« (0)) be

Ny =", NQ) ={"),

respectively, and write accordingly
(97 root Za] 7 Uhyp( ) ( )f+( )+b ( )fi(a(og»

Since Uroot and Upyp are J-invariant, see Remark 14, it follows that {dj}§:1
and b*, b~ are real. Moreover, because of the orthogonality condition (78), for
all 1 < k <8,

98) 0= Zag (@) (@) + 5T O (@), & (x ) (2)
+b () (@), & (@) () + (Uais(t), & (@) (1))

for all times ¢t > 0. For small ¢ this allows one to solve for a;(¢). Indeed, by
Definition 8 and Lemma 21,

sup mas 6"~ & (xO)0)l2 8%

Also, by Lemma 10, for each j there is k(j) so that |(n;(7@)(¢), &(7@)(2))]
= 1if k = k(j) and = 0 otherwise. Hence, \(nj(o),ﬁk(ﬁ(o))(t))] = 1if k = k(j),
but \(n](-o),fk(w(o))(t)ﬂ < 0% if k # k(j). Since j — k(j) is a permutation,

it follows that the matrix {<77J('0)7fk(ﬂ(o))(t»}?,k:l is invertible with norm of
the inverse < 1. Consequently, there exist uniformly bounded functions ¢*(t),
cjr(t) and dji(t) so that for all t > 0,

(99)  a;(t) = bt (t)cf () + +Zd]k (Ugis(t), & (7 O) (1))

8
= Z Uhyp + Z d]k; Udlb gk( (O))(t)>
k=1

and therefore, in particular,

(100) 1Uro0t(#) 11100 < C([[Uais(8) 1400 + [Unyp ()l1400),

for all ¢ > 0 with a constant C' that does not depend on time t. Hence, the
solution U(t) is completely determined by Ugis(t) and Upyp(t), and in fact, for
all ¢t > 0,

(101) 1Ull2 < C(|1Uais(®)ll2 + [[Unyp (t)ll2),
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with a constant C' that does not depend on time ¢. Clearly, (100) remains
correct with derivatives on the left-hand side (without derivatives on the right-
hand side), and (101) therefore remains true with derivatives and/or other
LP-norms. For example, it follows that

(102) 1Ull2400 < C([|Uais(#)l|2+400 + 1 Unyp (£)[12400)-

In Lemma 22 we showed that the system (72), (73) is equivalent to the single
equation

iU — H(e U = (U, 79) + NUO, 7O + v (zOU;

see (79). This equation is J-invariant in the sense that JU satisfies the iden-
tical equation. We now split this equation into two equations, one for Ug;s and
the other for Upyp,. This yields (with Py = Ps(oz(()g)) and P, = Pim(a(()%))),

(103)  i0Usis — H(a)Usss = P, [Ll(Udis, 70) 4 Lo(Uhyp, 7@)
ST, 50) 1+ V() + V(5O
10 Unyp — H(Oéc(g))Uhyp = Pim {El(UdiSa =) + Lo (Unyp. =)
+NUO, 70) 4 V(7 O)Ug, + V(W(O))Udis] ,

with initial conditions Ugis(0) = Ps(al2)U(0) and Upyp(0) = P (alD)U(0);
see (74). Here the linear terms £; and Lo are derived from £ by expressing
Uroot as a linear combination of (projections of) Ugis and Uyyp; see (98). More
precisely, write
LU, 70) + vz

= L(Udis, ™) + L(Upyp, )

8
+3 a0, 7O) + Va0 + V(7O Uis + V(7 ) Uy,
7j=1

=: El(Udis; W(O)) + EQ(Uhyp, F(O)) + V(W(O))Udis + V(?T(O))Uhyp,

where the second line follows from the first by means of (99). Since the func-
tions a;(t) have the explicit expression in (99), L1, Ly satisfy the following
estimates as linear operators in the variable U,

(104) €U 72+ [1L2(U, 72 S 88) U |25

see (81). Moreover, they are small as well as of finite rank and co-rank with
ranges spanned by smooth, exponentially decreasing functions. Hence, the
estimate (104) holds with any number of derivatives. In particular, we record
the estimate

(105) VLU, 7 ) 1a0e + IVL2(U, 7 ) 1000 S 8(8) MU 1400

~
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for future use. Because of the small parameter 6% in (104), we shall solve
for Ugis, Unyp by means of a contraction. However, recall that we yet need to
determine the value of h. Thus, fix Ugis, Unyp € C([0,00), L?(R3) + L>=(R3)),
with

(106) 3up (4) ([T (1) 200 + 10y (Dll2400] <9

and so that J l~]dis = 17dis and J f]hyp = ﬁhyp, and set

(107) Fl(Udisa ﬁhyp) = Ps [El(Udim W(O)) + £2(ﬁhyp7 ﬂ(o)) + N(U(O)aﬂ'(o))
+ V(7 NTgis + V(7 O) Ty

(108)  Fa(Udis, Unyp) = Pan[£1(Uais, 7¥) + L2(Ohyp, 7)) + N(U®, 7))
+ V(W(O))Udis + V(W(O))ﬁhyp].
In view of the definition (28), (80) and Lemma 7, the assumptions on (U(®, 7(0)

in Definition 19, as well as Lemma 21, the following bounds hold: If ¢ > 1,
then

(109) IN@®, 7))l S NTQ @2 + TOPUO () |12
SEWM TP+ UO @) S 8%
On the other hand, if 0 < ¢ < 1, then by Sobolev embedding,
INWO, xO)®) 12 S NTQONF + 1HTOPUO @) |l
SO0 + 100w 3 S 6%

so that the bound in (109) holds for all ¢ > 0. We therefore conclude from (106),
(104) that for all ¢ > 0

(110)
i | (D, D)0 a2 S 82(0) 2 4+ 0%(0) ™ [ Do (1) e + | D (1) 24c]
(111)

ma |5 (04 Ui) () = (05 i) (0

SO O = UEH O o0 + 1T} = T Bll2so0).
Since the system (103) is J-invariant in the usual sense, it follows that
I 1 (Udis, Unyp) = —F1 (Udis, Unyp)s T F2(Usdis, Unyp) = —F2(Udis, Unyp)-
We now solve
(112)  i0Udis — H(aQ)Wais = Fi (Udis, Unyp),  Uuis(0) = Ps(al)U(0),
(113) 8 Unyp — H(a)Uyp = Fo(Uutis: Ungp)s  Unyp(0) = P (alD)U(0).

o0
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We can rewrite (113) in the equivalent form (using the basis f jE(ozc(fc{)))

i) (5 e ) 6=

where g% € R satisfy

3
sup (t)2 |g*(¢)| < 6%
t>0

see (110) and (106). We impose the stability condition from Lemma 23; i.e.,
(114) 0=>b"(0)+ / e(@sF () dis.
0
We conclude from the bound on g™ and (114) that
(115) b (0)] S 62

Recall that 7(0) is the coefficient of f*(a f)o)) in (97). Hence, in view of (74),
we need to choose h = h(Ugis, Unyp) so that

(116)

b (0) 5 (o) = P (aR)U(0)
(117) = P20 O)0) () + (@2 + Z any(a?)]

We claim that (115) implies that || < 62. To see this, we of course need to use

the assumption that P (ap) (g“) = (. Thus, using the notation and estimates

of Corollary 18 we conclude that

|20 ()],
Pl () <go - Pi;(agg))goo(w(()))(o) (f;g) Hmz

=@ (5)- 7 @) = £ @ (). a0 @)
S (a0) = £ (al)llal Roll
+ [ Roll2]|Goo (7 ) (0)* f T (@0) = FH(a0) ], S 6%
To pass to the final inequality, we invoke the bound

1Goo (T ) (©0)" f = fll2 S 8 (£ llrs + ) f]12).

The appearance of the weight here is the reason we did not estimate the dif-
ference between Goo(7(9)(0) (gg) and (gﬂ) We conclude from (116), (115),
and (83) that

1n2

(118) n| < 6%, Z laj(h)] < 6*.
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Note that this estimate requires the full strength of the assumption P\ (ayp) (gz)
= 0. In particular, (95) holds. It is now easy to prove the Lipschitz bound (96).
Indeed, if BV, RO are associated with Ro, Ry, respectively, then

(hD ~ hO) P (09)Goe (rO) (0 (a2)

= P4 (02)Gc (r)(0) [(2) - @N

+ P (af)g Z (hY) = a; (KO (),

7=1
where we used (82) to write a; = aj(h) Moreover,
ja; (h®) = a;(hD)| < 6*[nM) = AV,
and (96) follows by taking L?-norms. For simplicity, let aj(Udis,ﬁhyp) =
a;(h(Ugis, Unyp))- Define the map g : (Ugis, Unyp) — (Udis, Unyp) by means of

(119)

(0)

t
Udis(t) = e—itH(ax )Udls( ) - Z/ —i(t=s)M(a )Fl(Udlsv Uhyp)( )ds
0

Uais(0) = Py(a'9)Goo (V) (0)

R
X [<R2> +h(Ud1sthyp)f+( +Zaj Udls7Uhyp)nj( ())
7=1

(120)
t . ~ ~
Uhyp(t) = efth( )Uhyp<0) - Z/ eii(tis)H(ago))FQ(Udiw Uhyp)(s) ds,
0

Unyp(0) = Pan(al2)Goo (7*))(0)
R 8
x [(R()) + P(Uais, Unyp) £ T (@0) + > a (Udis, Unyp)n; ()|
7=1

By (118) and (94),
1Uais (0)[l1n2 + [[Unyp(0) 112 < 60 + 62,

where &y := ¢;6. We claim that, with ¢y being the small constant from (66),
(67),

(121) Sp(t) > [ Uais (Dl + 1Unyp(Dll2+2c] < cod.

To verify this claim, we use the linear bound of Theorem 34 and 35 on Ug;s.
Because of (110) this leads to

Uis(D)l2400 S ()72 (00 + 6%) + /52t_s>2<s>2ds

3 5 3
S ()72 (a6 +6%) < Co§<1t>75
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for all ¢ > 0 provided ¢; was chosen small enough. Similarly, because of our
choice of h, see (93), we obtain that for all t > 0

> —0o a(o) s— _3
|Uhyp(t)||2§/ e o= 5D §2(5) =% ds

t

¢
+e_"(°‘(°g))t(5o +6%) + / 6_0(0‘("9’))(?5_5)52<s>_g ds < coé
-~ 27
0
and (121) follows. Next, we claim that the map Wy is a contraction in the
space of J-invariant functions satisfying (106). To see this, we first remark
that there is the Lipschitz bound
~(1) 77(1
(122) [h(Tg). Oy,
< 62 sup (t)
>0

) — h(T2, Uéi;u
S(IOS) — T @) la+oo + 1(T0) = TED) 1) 2400)-

This is a consequence of (111) and the explicit expressions for b (0) and h
n (114) and (116). Since the coefficients a; are linear in h, they satisfy the

exact same bounds. Let (UO(hS)7 U}(I;L) o(ff(gs), U}(l;)p

the two equations in (119) for j = 1,2 with the corresponding difference of
initial conditions, and applying Theorems 34, 35 lead to

) for j = 1,2. Subtracting

sup(t) 2 U (8) = UL (8)]|2+400

t>0

< 8%sup(s) 2 (|(US) — US)(5)ll2o0 + (T = T2 )(5) l2-100)-

s>0

Note that the difference (U}(l}l,i) U}(;;)( ) is potentially dangerous, since we
cannot adjust the initial condition to make sure that the stability condition

holds. The point is, however, that this condition holds automatically since

2
5up | Uy, = Uy (2 < .
Lemma 23 therefore guarantees that both (92) and (93) hold for U}(lyi) Uk(;;.

In particular, one concludes that in this case as well

Sup(t) (Ui, = Uiep) 1)z

3 1 2) 2
< 8% 5up(s) (T3 = Ug) ()24 + 1Ty, = Ungp)(6)l2400).
§2
and we have shown that ¥ is indeed a contraction. The conclusion is that
there exist J-invariant functions (Ugis, Unyp) satisfying (121) as well the sys-
tem (103). In addition, there exist h,a;(h) € R as in (118) determining the
initial conditions (74).
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Next, observe that the solution (Ugis, Unyp) which we just constructed also
satisfies the bound

(123) sup((|Uos (1) 2 + Vi (B)2) < 0

To see this, it suffices to deal with Ugis(t). Applying Theorem 34 to (119)
yields

sup [|Uais(t)[l2 S |Uais(0) |2
t>0

+ /OOO [02(5) (|| Udtis () | 2000 + 1Unyp(8)[l2400) + 0%(s) "2
+ [V () () 2100 | (Udis + Unyp) (5) l2400] s

S (G0 +0%) + /0°° [63(5)73 + 6%(s) "2 + 82(s) 73] ds

< ¢p0,

as desired. Retracing our steps we now reintroduce Uyoor via (98) which leads
to a (weak, i.e., Duhamel) solution (7(t),U(t)) of the system (72), (73) with
initial conditions (74), (75). Moreover, U(t) is J-invariant, and 7(t) € R® for
all ¢ > 0, and the orthogonality condition (78) holds.

Note that (121) insures that

sup (£) 72 U (1) 2400 < 06, sup |U )] < cob.
t>0 t>0

Estimating the two terms involving U on the right-hand side of (73) by means
of this bound and the bounds from Lemma 21 leads to the estimate

[@(t)] + o) + 7] +D()] < 6%(t)

for all ¢ > 0 (this is where we need to use the small ¢y in (66), (67)). This
is precisely (65). Strictly speaking, (65) can be improved by a small factor of
= 3 on the right-hand side. However, here and in what follows we ignore this
improvement.

It remains to show that our solution U(t) satisfies the other bounds in
(66)—(68). Moreover, we have only shown that (Ugis, Unyp) satisfies the sys-
tem (103) in the weak (i.e., Duhamel) sense. However, once we prove

(124 up [ 9 0ass (1) 2+ |V V(1) 2] < cod
t>
it will follow that (66) holds and that (Ugis, Unyp) solves (103) in the strong
sense, i.e., in
(125)  C([0,00), H'(R?) x H'(R*)) N C'([0,00), H™'(R?) x H(R?)).

The details of (124) are as follows: Clearly, we need to show that the
conditions (66)—(68) are consistent with our contraction scheme. Thus, in
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addition to (106) we assume that Udis, Uhyp satisfy these assumptions and then
check that Ugis, Unyp satisfy them as well First, by the nature of Ran(P;y,), see
Lemma 17,

1Unyp (@) ||zt < 1Unyp (@) ][22 for all >0,

so that it suffices to deal with Uy;s. Second, by the Strichartz estimates of
Corollary 39, as well as (80) and Lemma 7 we obtain

(126)

t o ©) B - 00 B
SupHV/O e it S)H(a“)Fl(Udis,Uhyp)(S) dSH2 S/O (”ﬁl(Udis,W(O))(s)HHl

0<t

11 L2 T, 7)) i+ V(5O Fngp(3) 11 ) s
(127)

<[ (HN(U(O)ﬂr(O’)(s)Hl IO

+ [TOTTO ()]s + 1V () (3) 111 ) dis
(128)

S TRy : :
=([TIoOPrO@il o as) = ([T IORT O, ds)
In view of (105) and (106), the contribution of (126) is

/ 52(5) 1 (| Tia(8) 200 + [T 2100) ds < 6°.
y (36), (66) and (67),
IN@®, @) ()] S min([TO (s)[2, [7O(s)3) + [TO(s) 2
S 0%s) 70+ 0%s) 5 S 0%(s)

Furthermore, if 0 < s < 1, then we estimate
IUO )7 + 1TOVUO (s)]l2 S NUO(s) 5 + 1UO(s)]

<624 62571 < 6%,

o VU () s

whereas for s > 1 we have
1T )3+ 1T OVUO () [[2 S NTO () 21U (5) [l oo + 1T () | VT O (5) |2
<6252 +62572 <%z

Hence the first three terms in (127) are integrable and their contribution is
< 6%, As far as the final term in (127) is concerned, note that

1V () Uais ()| 2 S IV (7 Uagis () 12
+ (VW)@ O)Tais (5) 2 + [V (7 )V Tigis(3) 12
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S TEHIVEO) o [ V00(6) g

< 6%(s)73 + 6%(s) 1051,
which contributes < 62 to (127). Here we used (66)-(68), as well as the bound
from Lemma 21. Previously, we derived the bound

TPV (s) < §Bs7E,

for 0 < s < 1; see (89). On the other hand, if s > 1, then

HTOPITO )] 4 gy S IVUO )21UO (5)IF

U ()| B[ UO ()3 < 655

wlo

Hence, )
129770 (4[5 S < 53
([ 1wopeuOml, . i) <8

and similarly for the term without a gradient in (128). We have proved (124)
and therefore also the gradient part of (66).

For the remainder of the proof we will subscribe to the somewhat imprecise
practice of replacing the term V (7(O)U () with V (#)U©)(¢) in (72). This will
allow us to avoid working with Udis, Uhyp and instead will make it possible to
estimate U(t) directly. The logic here is that we will only use the bounds (66)—
(68) to estimate U just as we would in order to show that the contraction
scheme is consistent with the remaining conditions (67), (68).

Thus we turn to proving || PsU ()]0 < 5t~ for t > 0. It will be necessary
to bound various terms in L!(R?). One such term is, see (36) and (65),

| — i70W (7 @) + N(U©, 7)),
< a(s)] + [o(s)] + [A(s)| + [D(s)] + |[UO (s)|| % + [T O(s)]13
<0273 4 [UO(s)|12 + 0O () 131U () ]| S 82572,

provided s > 1. If 0 < s < 1, then one argues similarly. More precisely, using
(66) and Sobolev embedding instead of (67), we obtain

| — i W (7 )(5) + NUO, 7)(s)|1 < 8%

Another term is )
V(U O ()l < 6%(s) 2,
valid for all s > 0. This follows from Lemma 21, and (66), (67). We now

rewrite (72) via the Duhamel formula. Let us first consider the case ¢ > 1.
Then, by the embedding W4 «— L

—1 al®
IPU (8)[|oo < ™) PU(0) oo

t o N
+/ le= =) B (i ()0, W (1) (5) + N (U@, 7(0)(s)
0
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PV EOTO ()| ds
oo+ T 9 i)W (2 O)(s)
PR, 2O) )l + [VEOTOs)]) ds
b [ e T i (0, (0o

2

St

N OO, 7O)(s) + V(@)U () llw.s ds.
Invoking the L' bounds which we just derived on the right-hand side yields
(129)

=3 3 3
IPU @)oo St U1 + / (t— ) 362(s)" ¥ ds
0

RN EEICEACRID

+NUO, 7O (s) + V(O UO) ()| 104 ds
SEEUO)]h + 6272
+ / BT 170 (w1 + NTO PG5 + [TOTUO g
HITOPRVl|s + [ [TORTO s + || [T PYUO]|s
HVEOTO ($)y + [TOTV (T D)y + V() Ul (5) ds

Here we have used the slightly formal notation |U(%)|2¢ for the quadratic part
of the nonlinearity N (U, 7(9)). In view of our assumptions (65)-(67) on U,

170 (7 O)(8) g + NTOP()o]« + TOP(s)Vo]s < 652,
ITOVUO(5)]ls < [T ()]l TUO (5)]l2 £ 6573 provided s > 1,
JTOVTO(5)6]s S U () [4IVTO(s)]l2 < 6> provided 0<s <1,
HUOPTO (s)]12 < [T ()3T ()% S %7 i s> 1,
HUOPRUO (s)]2 = [UO(s)[3 S 6° i 0<s<1.

Wk

w

Furthermore,

HUOPYUO ()]s < [T () [FIVUO (5|2 S 6% if s >

N

HUOPYTO (s)]12 < [T ()| 1T (5|5 VT O () 15
<§s71 if 0<s< %

V(@ UO (s)[|s + 1T () VV (D) (s)11 S 8%(s) 2.

4
3
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It remains to consider the bounds on HV(F(O))VU(O)(S)”% for all s > 0.

Note that the latter is always < 63(s)~!, by (65) and (66), but this is insuffi-
cient. At this point we need to use (68) to generate more decay. Indeed,

3

sg ||[VUO (8)|| pagre < 63(s) 1s 1.

OV (). < ©
VEOvUO@s)s S IVEO, | o,

Inserting these bounds into (129) leads to (recall ¢t > 1),

t
3 3 3 3 5 3
1B () oo < (G0 + 2)t=5 + 6% +/ (t— ) 3625 i ds < coft 3,
t— 1L

2

provided ¢; < ¢p and § are sufficiently small. To deal with the range 0 < ¢ < 1,
we perform a similar estimate, using now the small time cases of the previous
bounds:

(130)
—1 04(0?
I PU#)][oo S lle T )PSU(O)HOO

t 0 — ~
+ / HVe_i(t_s)H(aé"))Ps(—iﬁ&TW(W(O))—|—N(U(O),7r(0)) + V(@)UY (s)||4ds
0

t 0 — ~
+ / e~ =) B (— 70, W (r )+ N(U O, 7)) + V(O TO)(5) 5 ds
0

(131) t
SEHUO -+ + [ (0= 97 50T Oy s +1IUO Pl

HTOTTOG] s+ [TOPTO s+ TOPTUO s + [V (xO)T O (5)]]

HUOVY (7 O) 3+ [V (@)U O] (5) ds

3 t 3 3 3 1 3
SEHUOI+8 [ (e s ds S+ )42 S ade
0

provided ¢, 0 are small. Here (130) comes about because of the Sobolev em-
bedding bound

[fllzee S IV Flla + 1 £ 12

Since t < 1 it makes the harmless contribution 6% to the following line.

The only remaining bound on the infinite dimensional evolution PsU(t)
is (68). Here g is chosen very large so that the dispersive L7 (R3) — L4(R3)
decay is ¢~2%. The reason we do not take q = oo can be found in Corollary 38
below. Thus, with (t — )4 = max(t — £,0),
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IVRU (1) 14 10 < [|Ve =D BU(0) | s
(tfé)-%— . 0) —~
+ / | Ve (=M@ p(—i70 W (n?)
0

+NUO, 7)1 V(@)U (s)|,

4 o __
+ / [ Ve it=IH O P iz, W ()

1
t—3

+N (U, 7O) + V(@ TO)(s)]|, ds xpes1)
t o __
+ / | Ve it=IH O P (i, W ()
0

+NU O, 70) + V(@)U O)(s)], ds xpo<t<a.

Interchanging V with the evolution as before, and invoking the dispersive es-

timate yield

(132) ,
IVBU @)l zasra St NUO) 04

(t—3)+ N B
[0 = ) 0T ) + OO, 1) + VOO ) ds
0

t
)
t—

t - —~ ~
+ [ (=) 0, T (x®) + HUO 7 ) 4 VEOWON 0,4 d5 Xocecar
0

The terms involving the W5 arose already in (129) and (131) above. Invoking
these terms shows that the two final integrals in (132) contribute

(t = 8) "5 [|(=i70W (r©) + N(U O, 7O) + V(mO)UO)(5)[| g ds xpey

1
2

t t
(133) 5 [ (=7 s e + [ (=97 s e
S 873 sy + 0% 3 Xjocrar) S O7TH,

as desired. It remains to bound the integral involving the W14 norm in (132).
First, we have

(=70, W (7 @) + N, 7O) £ V(7Y UO)(5)| 1
<O P+ |UOE, < 0%(s) .

This bound is a small variation of previous ones, and we skip the details.
Second, we derive the following variant of the Ls bounds obtained above: In
view of our assumptions (65)-(68) on U,

70 W (7O (s)llw + [[UOP(s)ell + NIUOP(s) V1 < 8 (s) %,
I0OVTO ()6l S [T ()]oo[VUO(s)[|2 S 6% provided s > 1,
IOV ()l S 1T () [2/IVU O (s)]l2 S 62 provided 0 < s <1,
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HUORPTO ()1 S NUOS)BITO (5)lloo S 0°572 i s> 1,
HUOPUO )l = [UO(s)]I3 S 6% if 0<s<1.
Furthermore,

HUOPVTO )| < [UOS)FIVUO (5)]l2 S 857> if s >

)

Il ORI

HUOPYUO ()l < [UO()IFIVUO(s)]|2 S 8% if 0< s <

IV EONTO @)l + [UO () VV (D) ()1 S 6%(s) 73,
V(@ )vuO(s)|r S V() NVUO ) pesre S 6%s) 157

)

HL%qu

We performed these estimates on L' rather than L9 for simplicity. However,
the LY case is an interpolation of the L5 bounds above and the L' bounds
which we just derived. Thus, the first integral in (132) which involves the W14
norm is no larger than

(t—3)+ 3 3
< / (t—s)"2762 (s)"2 ds.
0
In conjunction with (133) we finally arrive at
IVEU ()] Loy Lo
3 (t_%)+ 3 3
SENUO s+ [ (=5 O ds
0
t 3 2 3 t 3 2 3
[ =i s e+ [ (=) s v
-3
3,

<178 +0%) <

~

N

provided c1,d are small.
The conclusion is that PsU(t) satisfies (67) and (68). As far as PnU(t) is
concerned, we claim that it satisfies the stronger estimate

(134) | Pl (B)lloe + | VPl (8) oo < 6() 2
for all £ > 0. To see this, return to the equation
10 Unyp — H(@ D) Uhyp = Fa(Udis, Unyp),
see (103), which governs the evolution of P, U(t). Here F; satisfies (110), i.e.,
|1 F2(Udis, Unyp) (1|2
S (075 + %0 (1Uais(8) 20 + 1 Uhyp(B)ll240) € 8%(8) 2.

Writing Unyp(t) = b () f+ () + b= () f~ ('), see (97), we conclude from
Lemma 23 that in fact

b)) S ST, b ()] < e D5y 4 533,
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which implies that
3
2

[Ubyp (£) lwer < 6{E)

since the functions fi(agg)) are smooth and decay at infinity. In particular,

(134) holds. Finally, inserting the bounds on Ugis and Uy, into (99) yields
1ProctU (1) loe + 1V ProotU (1) |loo < 8(2) %,

and the lemma is proved. O

6. The contraction scheme: Part II

It remains to check that ¥ is a contraction. One guess would be to prove
this property in the norm
G, D) = M7l + 1T o 0,00, 22)

where
([l 2=Stl>lg<t>3(!d(t)l + [0()] + A1) + [ D))

Since the paths are all required to start at the same point (g, 0,0, 0), it suffices
to control their derivatives, which is what this norm does. Moreover, it is easy
to check that the set X5 is a complete metric space in this norm. Unfortu-
nately, ¥ does not contract here. To see this, suppose we are given two different
data (70, 20)) € X5 and (7™, ZM) € X;5. Set (72, Z2(?)) .= w(x(0) 2(O)),
(73, 2G)) .= (M, ZMW). Then the evolutions of Z?) and Z®) are gov-
erned by the reference Hamiltonians H(agg) ) and H(ag?), respectively. These
Hamiltonians have different spectra, namely their thresholds are :l:(oz(()g))2 and
i(aé?)% respectively. For this reason one cannot hope to obtain a favorable
estimate for || Z®)(t) — Z®)(t)]|2, at least for long times. As a model problem,

consider the ODEs
it —adu =0, i0—a3v=0, u(0)=uv(0)#0
with oy # ag. Evidently, |u(t) — v(t)| will be as large as |u(0)| infinitely
often for large t. In contrast to this example, our solutions do disperse at the
3
rate t~ 2. Hence, we need to contract in a dispersive norm and the best decay
1
we can hope for is t~ 2, as can be seen from
ettt — e“ag\t*g < t*%\al — .

Since we incur this loss of ¢ in the Z-norm, we also end up losing t over the
decay of 7. The actual norm is a bit technical, and we introduce it now.

Definition 25. For any (7, Z) € X5 set

(135) [|(x, 2)]:= sup t3[7(1)]
0<t<1
+supLIF()] + sup ¢3|Z(0)]|ses) +supts [ Z(0)] gz
t>1 0<t<1 t>1

The suprema here are essential suprema.
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The appearance of L* rather than the perhaps more natural L? has to do
with the cubic nonlinearity. We first make a routine check that X is indeed
complete in this metric.

LEMMA 26. If (7,Z) € X;, then ||(m, 2)|| < 6. For any fized 6 > 0 the
space X is a complete metric space in the norm (135).

Proof. Suppose ||(7n, Zn) — (Tm, Zm)|| — 0 as n,m — oo where (m,, Z,) €
Xs. Recall that we are requiring that 7,(0) = (o, 0,0,0). Thus,

igg”an(t) - am(t)‘ + ‘Un(t) - Um(t)| + ‘Dn(t) - Dm(t)H

o0
< Ze) = (o Za)l | (5 o + 572 ds
< C ||(7Tm Zn) - (ﬂ—mv Zm)”
Define (o, D, v) := limy, o (e, Dy, vy) in the uniform sense. Then by (65)

|(O‘7D7U)(t1) - (avav)(tQ)‘ :nh—{go |(Oén,Dn,’Un)(t1) - (an,Dn,vn)(t2)|

ta
< §%(s) 3 ds

t1

for all 0 < ¢; < to. This implies that (a, D,v) € Lip([0,00),R®) and that (65)
also holds for («, D,v). Let 4 be the limit of 4, = 4, — U, - Y. Then define
¥ i=A4+0-y = lim, o Y. Since each 7, satisfies (65), the same argument as

before shows that 4 does, too. Since
F(O < @)+ [p0)ICA+1) S ()72

it follows that v is also Lipschitz and hence 7 € Lip([0, 00), R®), as required in
Definition 19.

Fora.e. t > 0let Z(t) := lim,, o Zy(t), where the convergence takes place
in L* 4+ L. Since Z, satisfy (66), for any Schwartz function 1

[(Z(0), )+ [{Z(8), V)| = lim ([(Zn(t), )| + [(Zn (1), Vb))
< lim ([(Za(2), )]+ [(VZn(t), 9)1)
< cod |92

It follows by the usual Hahn-Banach, Riesz-Fischer argument that (66) holds
for Z(t) and a.e. t > 0. For the same reason, the other estimates (67), (68)
also persist in the limit. Finally, the J invariance clearly survives in the limit,
and we are done. O

Next, we prove a simple technical lemma which will control the variation
of various quantities in the path.
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LEMMA 27. Define P = {r € C([0,00),R®) | 7(0) = (a,0,0,0),
7|l < 1}, where ||x|| is the w-part of (135); i.e
(136) Izl = sup #:]7(t)] + sup 2|7 (1)].
0<t<1 t>1

Then, with y© = y(x©) and 6©) = 0(x(") as in (5), (4), and similarly for
1) o)
y 9 J

(137) 16© — aO| + [0® — O] < |7 — 2O,

(138) [ Dg(- — 5O (1), a@ (1)) =" Dg(- -y (1), @V (1)) | L
S @)= — 7O,

(139) 1§ ©)@®) — &N O pnn~ < @@ — 2O,

(140) 137N (@) = (D)D) rrre S Bl = 7D,

(141) 8= )(t) = S; (=)Dl prz= S @) |7 — 7D,

for all 70 7() € P. For the definitions of the various quantities on the left-
hand sides see Lemma 12. The implicit constants here depend on «agy but are
otherwise absolute.

) (1)

Proof. In view of the definitions of mso', meo' in Definition 3 we have the
following bounds:

sup[|al” (1) — oD (t)] + [V (8) = v (B)] + | DO (1) = DV (2)]]
t>0

< [ 7180 - 0] + [50(s) ~ 50 (5)| + DO (s) ~ D)) ds
0

< 70 — 7] /0 (5 Xfococn) + 5 2Xson)) ds < I7© — 2D

In particular,
02 - a@] + 1o — o] § = - O],

which is (137). Moreover (recall that 7(°)(0) = #()(0) = (ap, 0,0,0)),

y @) -y 0] S /t 0@ (s) = v (s)|ds + | DO(t) — DV (t)]

t
/ / dads—l—/ <s)_2ds}\|7r(0)—7r(1)||
0

(&)=

_ M I.
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N/<> s [[x© —7r<1>||+/ 59(s) — o (s)|(s) ds

/ 0O (5)(s) ds [ 7©) — 21|

Slog(2+1)[lx@ — W) < @7 @ — =D
Let 6 be as in (4). Then
0Ot ) — 0 (¢, 2)] S [0 (8) = v (1)]|]

+ /t(lv(o)(S) — o) +[alV(s) — alV(s)]) ds
0
+ YO =01 S (el + O) [ — =D

The estimate (138) now follows easily. Indeed, observe that |z| behaves like ¢
in this context. The other estimates (139), (140), and (141) are easily deduced
from (138). O

We will use the following simple extension of the contraction principle. Of
course it is well-known, but we still record it here.

LEMMA 28. Let S C X be a closed subset of a Banach space X andT C Y
an arbitrary subset of some normed space Y. Suppose that A: S xT — S so
that with some 0 < vy < 1

sup [|A(z, ) = Ay, O)llx < Az —yllx forall  wy €S,
te

sug |A(x,t1) — A(z, ta)|| <Collt1 — tally for all ti,t2 € T.
FAS

Then for every t € T there exists a unique fized-point x(t) € S such that
A(z(t),t) = x(t). Moreover, these points satisfy the bounds

() — 2(t2)]

—tally
for all t1,to € T.
Proof. Clearly, z(t) = lim;,—.oc A(xn(t),t) where for some fixed (i.e., inde-
pendent of t) z
xo(t) :=xo, Tpt1(t) = A(zn(t),1).

Then inductively,

[Zn+1(t1) — Tt (t2)llx < [[A(zn(t1), t1) — A(zn(t2) t1)llx
+ ||A($n(t2),t1) - A(xn(tQ)th)HX
<Allzn(t1) — zn(te)lx + Collts — t2lly

n
< Coy A [t — tolly
k=0

for all n > 0. Passing to the limit n — oo proves the lemma. O
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We are now ready to state the contraction property of .

LEMMA 29. Under the hypotheses of Theorem 1 the map ¥ : Xs — X5
is a contraction in the norm (135). Thus ¥ has a fized point (7w, Z) € Xs,
which is completely determined by Rg. Hence, the function h(RQ,’]T(O),Z(O))
now becomes a function h = h(Ry) of Ry alone. It satisfies (95) as well as the
Lipschitz bound

(142) |h(Ro) — h(R1)| < 6] Ro — R
for any Ry, Ry satisfying Pj(ao)(%) =0, and |R;|| < 19, 5 =0,1.

Proof. Let (79, Z©) (z(0 z(M) € X5 and set
(7, 2) = u(x® 20y (70 2By .= gz, 2,

as well as
UO(t) := M7 D) (1)Goo (v ) (1) 2V (1),
U (1) i= M(xD)(t)Goo (v 0) (1) 24)(2),
UM (1) i= M (7 D) (1)Goo (xV) (£) 21 (2),
UP(t) = M(xW)(6)Goo (x D) () 2P ().

Hence, by definition of ¥ we have the linear problems
(143) 0,0 —H(@U® = —i7zP o, W () + N0, 7O) 4V (OO,
(7@, W (), () = i(UD &z O))+(U?, B(x)g;(x))
HN OO, 70), &)
for 1 <j<8and
(144)
iU —H(aWU®) = —iz® o, W (xW)+ N0, V) 4 v (zW)yuW),
i@, W (7 1), &(x D)) = iU, &(x ) +(UD, B(xV)g;(x 1))
+HIN@D, 7 W), g(x 1))

for 1 < j < 8. The initial conditions are

143)  020) =GO () + A 02) + 3l a)]
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where we have set
hO = h(Ry, 7@, 2Oy pV) .= p(Ry, V), ZW)

for simplicity, and similarly for a; = a;(h). We cannot compare U @) and UG
because they are given in terms of reference Hamiltonians which involve the

vectors 7'('( ) and Wé})) and the latter cannot be compared. Indeed, since we

only know that |79 (¢) — 7MW (2)] < (£)72||7® — 7 ||, the best estimate on the
“terminal translation” D, here would be

DY ~ DY S 15 — ] log [ ® — V)7,

which is too weak for the contraction. Therefore, we return to the system (21),

(70). More precisely, with Z(©) = (%Eg;) and Z() = (%8;) one has the systems

| A 4 2 (7 O)2 W2(r(0)
o ) (2)
i0, 22 (t) + ( W20y ooy )20

e <<w — (@) (1)) T O (. — y(x®)(2), al® <t>>)
(& — y(r@)(£))e= OO (- — y(x0)(t), a0)(£))
. OO g — y(x@)(1), 0O (1))
(2)
7 (0 0 (- — <0><t>7a°><t>>
+z~d<2>< TP g(- — y(x ) (1), ol

)00, (- — y(r ) (1), aO)(1)
. 19(7r<0))(t V¢( y(7r O))(t>, o (0) (t))
JMD(Q)( e~V (- — y(n 0))(t),a(0)(t))>
2|ROPW (xO)(t) = W(nO)(#)(R)? — [ROPRO
<2|R(0)\2W(7f(0))() + W (rO)()(R©)2 + |[RO]2RO) >
and
)2 2(2(1)
19,23 (1) + < Até\/‘g{i(l))ﬂ . ?/2‘(W(73(1))|2 )Z(3)(t)

) <—<:c (D)) T IOG(- — (D) (1), a“)(t)))
(& — y(x ) (1)) e OH(- — y(x D) (1), 0l (2)
< (€T (. — y(x D) (), 0D (1))
(3)
o ( 0= O)0) (- — (e 1><t>,al><t>>)
o [ EOTO0,( — y(x D) (1), V(1))
“0‘(3)< 00D (- — y(x V) (1), ) (t)))
o ([ —€IEOTG( — y(r D) (t), D (1))
+i0% <—e 0D (T (- y<7r<1>><t>, o) <t>>)
2 RO W (D) (£) — W (x D) (1) (RM)? — IRWR
<2|R<1>\2W<w<1>><> W (x(0) (£) (RD)2 + RO 2RO >
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Using the notations from Lemma 12 we rewrite these systems in the form

(148)  i9,2® — H(x O (£))z?

3
= i S OP A, - P + aPil” — 3O50] + N(20,70),
/=1

(149) 8,2 — H(=xW (1)) Zz®

3
. < (3) ~(1 1 . ~(1 . (1
_ Z[Z(Dlg 3D, 5P ) 1+ @b 50 )} N2, 20
/=1
= —i7#®o. W (@MW) + N, (2D, 7)),

where ﬁj(o) = (7)), ) = = 7;(7)), and N, are defined in the obvious way.

1;
By construction, U®), U ( ) satisfy the orthogonality conditions

(UP(), (@) (1) = (U, &(xV)(1)) =0

forall 1 <j <8andt>0. By Lemma 12 these are equivalent to

(ZP),&(x ) (1)) = (29, &(=W)(1)) = 0.
Taking the scalar products of (148) and (149) with & (7(?)) and &;(x1), re-
spectively, leads to the following modulation equations on the level of Z(t):
(150)
—i(@20,W (7)), &(x?)) = (23, 798;(xD)) — (N.(Z2D, 7)), §(x D)),
(151)
—i(# oW (1)), &;(x 1)) = (23, 708 (=) — (No(2W), 7 1), §(x 1)),

Here we used the notation from (48). Subtracting (148), (149), and (150),
(151), respectively, we obtain the equations that will provide the estimates for
the contraction step:

(152) i0,(Z®) — Z<2>) _ H( ()¢ ))( 70 _ 7))
— _Z'( ) ( )+ V(rx (0 ) (1))2(3)
+ N, (Z( ) (1)) N, (2O 7)) +7r(3)(87rW(7r(1)) — 0 W (x));

(207 = 2)(0) =hV 1+ (o)
8 8
+ 3 a5 ni (@) = O 0l) + 37 a7 ns (o)
. 2

(GO — FO)0,W (2®), & ()
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(154) =(z0® — 2 708 (7))
(Z®), ;T(I)Sj(ﬂ(l)) — %(O)Sj(ﬁ(o)»
(N*(Z(l) (1)) *(Z(U)m(ﬂ))’
(N2, 70, & (x D) = (= a
(7O @, W (x?)) — 0, W (x 1)
O (), x0) &m0
Here
f/(ﬂ(ﬂ)cﬂ(l)) — H(Tl'(l)) _ H(W(U))

2(¢2(- — yDea@) — g2(- — yMeaM)) €20 g2 (. — (0 g0y — 20D y2(. _ (e (1))
<ewm)¢2('y<°><a<°>)+62“’“’¢2( —yWea) =2(¢%( —y @ al®) — ¢?(- —yMa)) )

In view of (138),
(155) IV (@, 7|z S (@)[17@ = 7M.
Set 7O (t) := M(w(()))(t)goo(w ))(t) and define U®) := T (¢)Z®)(t). Hence,
(O - UO)(t) = TOB(ZO() - 22()
satisfies the transformed equation
(156)  i0,(U®) —U®) — H(aD)(U®) —U?)
= TO W [=i(7® — 7o, W (7)) + V (7@, 710y ZO)]
+TO D[N, (2D, 7Dy = N, (2O 7))
—i7 (@, W (2 D) = 0, W (xON] + V(x)(OTB) — @),
As before, we need to split the evolution into the three pieces
U —U® =P, (a )T —UP) + Pt ()T — @)
+Pu(a)(TO - U®),
In view of Lemma 12 and Lemma 27, for all 1 < j <8,
(O® —U®, (x| = (2¢ &M = (29, 6) - ( D))
<z¢ Hz+oo< >H7T 7O 5 86) 3 @ — = V.
The conclusion is that
(157) [ Proot (@) (TP = U () 14100
S8y 7O — W)+ 62T (1) = UG (@) | asoo ()"

~

NG

Next, we turn to the dispersive piece Ps(agg))(f] () — U®). This requires
estimating each of the expressions on the right-hand side of (156) in the ap-
propriate norms. It will be convenient to use the notations

pz(t) == t2xp>1) + tiXp<ica)s pa(t) = t2X[t21] +tiXjo<t<1]-
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Then,
(158) [TO0)[=i(7® — 7)o W (7)) + V(7O x1) 2O |12
S I = 7@ ()7 +6(8) 73 @ — V).
Moreover, by (155),
(159) V(@)@ (&) = UD @) l1n2 SIV @ 1ra TP () = U (8) 14400
SENUE ) = UD () laroc.
Another easy term is

(160) HT(O)(t)%(?’)(&rW(w(l)) _ aﬂW<7T(O))>Hlﬁoo < 62<t>_2H7T(0) _ 7r(1)H_

~

Next, we turn to the nonlinear terms N,(ZM 7)) — N, (Z©) 7). Recall
that

Nz, 70 = (—2|R(0)|2W(7r(0))(t) — W (xO) (@) (R©)2 — yR(o)|2R(o)>.

2| RO 2 (x(0) (£) + W (r(0) (1) RO)2 + |RO2RO)
The right-hand side here naturally divides into three columns, which we for-
mally write as

ZPW, Z2W, |Z*Z,
respectively. Let us start with the third column (we suppress ¢ for the most
part):

120220 — 120 PZW)|n
S1Z29 = ZONlaso(ZOP +1Z2OP 30y + 11ZOP +120Pl30s)
SN2~ 204t

This estimate is the reason we do not work on L? + L>. Indeed, in the latter
case we would be faced with ||U(t)||%,, which we can only bound by t=2 for
small t; see (68). This bound is nonintegrable at ¢ = 0. The first column
satisfies

11ZORW (x®) = |20 W (7 O) s
S 129 = Z0aoe (11ZOW @) +12OW (7 D) |30
+ 1ZOW (@) +1ZOW (7 D) |ly0s)
+ W () = W(m D) 100 20 3100
S 129 = 20 o + 28 2| — 2 D).

An analogous bound holds for the second column. Collecting these bounds
yields

(161) [TON(ZD, D) = N, (20, O] s
5 5||Z(0) — Z(1)||4+oo + 52<t>_2H7T(0) _ ﬂ_(l)H
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Combining (158), (159), (160), and (161) leads to
(162) ||lright-hand side of (156)”10%
S o2 7 — 7O+ 8120 (6) = 2O (@) llasoo
+ TP (1) = UP () [latoo + 7 = 73 un(t) "

Denote the right-hand side of (156) by F. Estimating the Duhamel version of
(156) therefore leads to the conclusion that

(163) IP(a) (TP = UP) ()| 4400
< (|7 M= P (@) (TP (0) = UD(0)laroc

(t=1)+ o
+/ e~ =MD P (D) F(s)]|o ds
0

t . 0
+/ le= =HOL P (0D)F(s)||4 ds
(

t=1)4
St [Pl T® (0) = U (0)]hixp1)
+ 74| P (@) [T (0) = UP(0)]11 Xjo<t<y

t
+ /0 ((t—8)72 4+ (t = 8) i X[(t-1), <s<1])
(3731w — 2O+ 822D — Z2O) ()10

+ 2TB(8) — UD ()| 4s00 + [|7® — ”(Q)HMW(S)A) s,

As far as the initial conditions are concerned, we infer from (145), (146), as
well as (137) that

(164)

IlPs(Oé(O))[U(3)(0) —UP0)]hns S IRONIP(aL) = Pl fH(@)]l2

+Z\a 1P(eQ) = B@@)m(aQ) ]2 < 822 — 7V

Further 81mphﬁcat10n of (163) therefore leads to
(165) [|Ps(@f)(0® = UP)(#)l|a4o0
S 0z ()7 7O — 7O 4 6272 sup pz ()| (s) = UP(8) ] a40e
5>0

+5472 (17 — 7D + sup ()12 (5) = 20 (5) oo
s>0

+73 |7 2@,

where we used the elementary estimate fg(t—s)_% (s)"2ds < (t)"2. It remains
to bound

| Pea (@) [TE) (1) — U ()] ]| 4400
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To this end write
P(@ D[0P () = U (1)) = b7 () f T (alD) + b~ (£) f~ (o),

with coefficients that are governed by the hyperbolic ODE

w (e )0

Here
Pu(@)F(t) = g* () f T (@2) + g~ () f (o)

where F' stands for the right-hand side of (156). Clearly, g*(t) satisfy the
bound from (162). We need to find b*(0). To this end compute

Pun(a)[U®(0) — UP(0)] = b+ (0) f+ (a0 >+b<>f—<ag9)>

= Pu(a®)g <0>><o>[<h<1>— 0+ (D) — D[+ (aD) - ()]
8

+ 3 [a{Mny( alVn;(aD)]].

7j=1

Thus,
8
65(0) = (b = KO £ *hO) = h O]+ 8% x D) — 2] 623 | —af
j=1

,S (52|h(1) _ h(0)| + (52H7T(1) . W(O)H,
where we used (82) in the final inequality. Moreover,
|b—(0)| S |h(1) - h(0)| + 52”71'(1) _ 7.[.(O)H

Since b*(t) is a bounded solution of the ODE (166), it follows from Lemma 23
and (162) that

o0 (0)
b)) < /0 @D (g ()] + g~ (1)) dt
o0 (0) 1
< /0 e 5ty ) — 2O 18120 (1) ~ 2O (D)4

+ 52”0'(3)(75) _ U(Q)(t)HAH—oo + ||7T(3) _ 7T(2)||,u7r(t)_1] dt
< 8/(x© — ), 20 — z)|
+ 82 = 2@, 20~ ZO)| 42 — 22
and thus also

(167) R — hO| + |57 (0)| < 8||(x@ — 71, 2O — ZzWy)|
+52H(7T(3) — 7@ ZG) Z(2))|| + HW(B) _ 7T(2)||_
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Furthermore, in view of (93),
(168) || Pan (@) [T () = U (1)]laro0 S |67 (8)] + |67 (1)]
S [ @60 555 ah - 7O 4 5120(s) - 2O

~

t
+ %[ TP (5) = U () asroo + 7 = 7P| ur(s) 7| ds
+ e @5 (7O — 7D ZO) _ Z(Dy)
+ 87 (r® — @, 2 — Z@)] 4 | 5D

¢ 0 1
+ [ e @9 [5(5) 7 ) = 1O + 8 20(5) 25 e
0

+ 020 (5) = UP (5)llas00 + 7 =7 ||pin(s) 7 | ds
< 07 Bl 7, 20 — 20
+82)|(x® = 7@, Z2G) — 2@ 4 |x®) — 2.
Now set
g0 == ||(@ — 7MW, 2O — ZOY||| gy = ||(x®) — 2P, ZB) — ZzO)y).
Combining (157), (165), and (168) leads to the bound
(169) Sup nzIZO (1) = ZP (O]l a4o0 S b20 + 6222 + |7 — 7|

and thus also, in view of (167),
(170) B = BO)| S by + 625 + [7®) — 7).

We now turn to estimating the difference of the paths 73, 72 Indeed,
inserting some of the bounds we derived in (154) yields

#0) = 7D (1) £ 80712 — ZO)(O)asoe
+ o) 7= (6) 7 7 — 2 V)| + 6%t) 2 r D — 7))
+6() 721200 = 20 (1) ase0
+ 820 7 — 7O 4 6%(t) F W) — 7
< 8 px(t) 2 + Opn(t) 0,

3

2
3
2

which implies that
Hﬂ-(3) — 77(2)” = sup uﬁ<t)‘7:r(3) (t) — 72 )] < (5262 + dep.
>0

Combining this bound with (169) yields that e3 < deg, which is the same as
19 (Ro, 7@, Z2@) = w(Ry, 7V, 20)| < 6| (x?, 20) — (=D, 2,

where we have included the initial condition Ry in the notation. We have
shown that V¥ is a contraction in Xj.
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Denote the unique fixed-point in X by (7(Rp), Z(Rp)). We claim that
this fixed-point is Lipschitz in Ry in the following sense:

(171) (7 (Ro), Z(Ro)) — (7(R1), Z(R1))|| S | Ro — Rull.-
In view of Lemma 28 it suffices to show that
(172) 19 (Ro, 7, ) = W(Ry, 7, ZO)| < |Ro — Rull.
To prove this, set
(73, Z2C)) = W(Ry, 70, 2O, (D) 22y = W(Ry, 7, 2()),

The difference of these functions is controlled by the equations (152), (154)
with 7(0) = 71, Z(0) = Z(1) " Hence,

i0(Z2®) — 2@y — H(xO ) (23 — 22y = —i(7®) — 7)o, W (7)),

—i((7®) — 7}(2))aﬂw(ﬂ(0))7gj(ﬂ(0))> = (728 — z(2), %(O)Sj(W(O)»’

with initial conditions
8

(@9-20)0) = ()= () + 0017 2+ 3 (el oy

0 =

cf. (153). The orthogonality conditions
(2P(1),&@ ) (@0) = (2P(1), & )(1) =0
hold for all ¢t > 0 by construction. Setting
U6 =70 76) @ .- 7073
as before, we obtain the transformed equations
0 (UB) — U(Q)) — H( @) (OB —U?)
0[4 © — D)0, (rO)] + V() (@O - U D),

)
(0 — U@y(0) = [ Ri) (gg) (hD — hO) (o)
—I-i M) a(o))].
j=1

The orthogonality conditions are (U®) —U®) &;(7(?))) = 0. The estimate (172)
now follows by using the same techniques we have employed repeatedly in order
to control the solution U®) — U®). We skip the details.

Combining (171) with (170) leads to the statement that

[h(Ro) = h(R1)[ < 8[| Ro — R,

as claimed. O
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Proof of Theorem 1. Given Ry, the previous lemma establishes the ex-
istence of h = h(Rp) € R as well as (7,Z) = (n(Ro), Z(Ro)) € Xs where
d = Cop||Ro|l, which solve

7'('2 27T

)+ (SEET L e ) A0

o (ZEEO00 —um) 000 s (~e 46— y(r) (0, 1)

=i om0 —pimitran) (oo — e ae))
(PO~ y(m)(0),a(0) |, ( ~ POV~ y(m) 1), al)
s ~y(m)(t).a <>>>“D<—e OV (- — y(m) (1), a(t)
 (ZIREW 0 - OO - )

2 RI2W () () + W () (1) 2 + | RI2R

with initial conditions

Ry
Z(0) = +h(Ro)f (o) + Y aj(Ro)n;(oo),
(RO) 0 le 5 L0 7]3
7(0) = (a0, 0,0,0).

Here aj = a;(h(Rp)) € R. Define

8
®(Ro) == h(Ro) (o) + > _ a;(Ro)m;(croc).
j=1

Since

h(Ro) |+Z!ag (Ro))| < 6% < 1 Roll?,

the estimate (8) follows. Moreover, (9) follows from (142). Since Z = ( Rg %)

J-invariant, it follows from Lemma 5 that
P(t) = W(n(t)) + R(t)
is an H!-solution of the nonlinear Schrédinger equation (1). Finally,
IR(O)llwr2 <0, [[R(H)]eo S 0872

follows from (66) and (67), whereas (65) ensures that the path is admissible
and therefore converges to m(0co) with

sup |(t) — m(00)| < 52
t>0

Finally, we turn to the scattering statement. According to Lemma 6,

(173) iU — H(as)U = —it0, W (7) + N(U, ) + V(m)U
o-so(§) - (2
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Denoting the right-hand side (173) by F'(t), we have
t .
U(t) = =M1 (0) — g / ¢=ilt=H(0x) p(5) ds.
0
The estimates (65)—(67) imply that

5 3
2

[E(s)lsma < (s)72,  [[F(s)lhin2 < (s) 2, /Ooo | F(s)|l2ds < oo.

This allows us to define

Uy = PU(0) —i / M=) pR(s) ds € L*(R?)
0

where we have set P := Py(oo) + Proot(oo) = 1 — Pm(eo). We are using
here that
eI PE(s)|l2 S (s)7%,

isH(aso)

which follows from the fact that growth of e on the root-space can be

at most s. Clearly, U; was defined so that
PU(t) — e7 M=)y = /t " il M) pR(s) ds
which implies that
IPU(t) = e Me=)T1|y S ()72 — 0

as t — oo. As far as the hyperbolic part is concerned, we define
Uy := P (o) U(0) — i / e=57(@=) P (00 ) F(5) ds.
0

Because of Lemma 23,
Pin (00U () — 7<)y = 4 / et=)0(@x) P (a0 ) F(s) ds.
t

In conjunction with the P-part this shows that

(174) U(t) — e M=)y + Uy) =i / e~ t=s)Hex) pp(s) ds
t

+i / elt=9)7(a=) p (a0 ) F(s) ds.
t

Therefore, as t — oo,
(175) U(t) = e M=) (U} + Us) + 0r2(1).

Another consequence of (174) is the estimate

o0

(176) [l Uy + U)ls < [U@)]]s + / (t—8) 5 |[F(s) s ds S (677

N =
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This implies that in fact Proot(Us + Uz) = 0. Seeing this requires some care,
as we do not know that Uy + Uy € LY(R3). However, (176) implies that
le™ ) (U1 + Us) || 13 (13 ey < 00-
On the other hand, by the Strichartz estimate (216),
le™* 4@ (UL + Us) | 1212 roy) S 1Ps(Ur + Us)|fa < oo

Hence, also '
le™ ) Pt (U + U2) | 1313 (rey) < 00

However, this is only possible if in fact Pyoot (U1 + Uz) = 0, as claimed. There-
fore,

U, := BU(0) —i / eMe<) p F(s)ds
0

which in particular implies the dispersive bound
(177)

le™ =) (U} + Us)||2100 S U ) |l2400 + / (t—8) 72| F(s)1n2ds < ()73
t

It remains to show that one has scattering for the evolution of H (o). This
is a standard Cook’s method argument. Indeed, write

e = (T8 gty ) (I a ) e
where ¢oo 1= @(, @too). Then
i) (1) 4 Up) = e~ (0) () 1 Uy)
y /0 ! e it Moo ) e —isHlow) (17, 4 Uy) ds

and thus
(178) Us := tliglo eitHo(ax) g=itHla) (17 4 1)

exists as a strong L? limit. Indeed, this follows from

/ HeisHo(aoo)Ve_iSH(am)(Ul + U2>”2 ds
0

S / e #T@=) (U] 4 Us)||2400 ds < 00;
0
see (177). It follows from (175) and (178) that
U(t) = e"Hole<); 4 072(1).
Finally,
Z() = oo (t) " M (D)1 U (1) = P0G 0)T; + 012 (1),
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where Hy = ( _OA 2 ) Setting G 1(0)Us = (}%) and Z(t) = (R(i)), we

obtain '
R(t) = "> fo + 0r2(1),
and the theorem is proved. O

Proof of Theorem 2. The idea is as follows: Given «q, consider the nonlin-
ear Schrodinger equation (1) with initial data ¢(-, ag)+ Ro. Applying the usual
eight-parameter family of symmetries (Galilei giving six parameters, modula-
tion one, and scaling also one — scaling here is the same as the parameter
a), we transform this to W(0,-) + R; where W(0,z) is a soliton with a gen-
eral parameter vector my which is close to (0,0,0,ap). Hence, we can apply
Theorem 1 to conclude that these initial data will give rise to global solutions
with the desired properties as long as W (0, z) + Ry lies on the stable manifold
associated with W (0,z). To prove that we obtain eight dimensions back in
this fashion requires checking that the derivatives of W (0, x) in its parameters
are transverse to the linear space S of Theorem 1. However, these derivatives
are basically the elements of the root space N of H(ayp), whereas we know that
S is perpendicular to the root space N* of H(ap)*. But Lemma 10 implies
that no nonzero vector in N is perpendicular to N'*, which proves that A is
transverse to S, as desired. O

7. The linear analysis: Dispersive theory

We now consider the estimates on the linear evolution e where H =
H(a?) is as in (6). It is for the estimates in this section that we will need to
assume the absence of imbedded eigenvalues in the essential spectrum of H.
The reader should consult Section 4 for the spectral properties of H(«a). Al-
though the results of this section are abstract and refer to general matrix-valued
Schrodinger operators, see [17], we will use some facts about H established in
that section.

In what follows, we need to bound the resolvents on weighted L? spaces.
For that purpose, let L*? = (2)~°L? and

X, = L*7(R®) x L*°(R?).

Clearly, X = X_,. Recall that we have shown above that the edges +a? of
the essential spectrum of H are regular. This means that

(179) T+ (Ho—(AN+i0) WX — X 4

is invertible for A = £u.

The following result, which is proved in [17], see also [15], is a version of
the usual limiting absorption principle for Schrodinger operators, but for the
non-selfadjoint case.
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PROPOSITION 30. For any 0 < p < a?

(180) sup A2 ||(H — (A £ie)) 7Y < o0
[A[>p, 0<e

where the norm is the one from X1+ — X_1_. If the supremum in (180) is
only taken over |\| > \g where \g > a2, then (180) also holds in the norms of
X1, =X 1 .

Proof.  See [17]. O

Furthermore, the resolvents attain boundary values that satisfy the same
bounds as in Proposition 30.

COROLLARY 31. [t is possible to define
(181) (H— (A£i0)™ = (I + (Ho — (A £i0))"'V) " (Hy — (A £i0))~*
for all |\| > p where u is as in (180). Then as e — 0+,
I = ()™ = (- — (A £10)) 7} = 0

in the norm of X1+ — X_1_ and one can extend (180) to € > 0. The same
statements hold with X1, — X_1_ provided |\| > Ao > o?.

Proof. See [17]. O
Finally, we will need to differentiate the resolvents in the energy.

COROLLARY 32. With the same notation as in the previous two results,
for every Ao > o2,

ON(H — (A +1i0))! S 1
>0 orr = (A 40) HX%ﬁXf%f -
RH - (A+i0))? S1
|AS\1§§OH A= Q0 ey ey %
Proof.  See [17]. -

Finally, there is the following representation formula for the evolution;
see [17].

LEMMA 33. Assume that there are no embedded eigenvalues in the essen-
tial spectrum. Then there is the representation

) 1 ) )
(182) M = 27 e [(H—(A+i0)) ™' —(H—(A=i0)) | dA+) ™ P,
ZH j

where the sum runs over the entire discrete spectrum {(;}; and P, is the
Riesz projection corresponding to the eigenvalue (. The formula (182) and the
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convergence of the integral are to be understood in the following weak sense: If

#,7 belong to [W22 x W22(R3)] N X1y, then

<eitH¢71/}> — lim L /R eit)\<[(rH _ ()\ + 2‘0))_1 — ('H — ()\ — iO))_1]¢,¢> dA

Z|Azp

+ Z<eitHPCj ¢7 ¢>
J

for all t, where the integrand is well-defined by the limiting absorption principle
from above.

Proof. See [17]. O

As an easy consequence, one can bound the evolution uniformly on L2
provided the discrete spectrum is removed. As ususal, we denote by Ps the
projection I — Py where Py is the Riesz projection onto the discrete spectrum

of H.

THEOREM 34. Assume as before that there are no embedded eigenvalues.
Then the following stability bound holds:

(183) sup || P,||os < C.
teR

Proof. See [17]. We remark that this bound holds irrespective of a2
being regular. |

We now turn to the dispersive bound. The proof applies to all matrix
potentials V' with the decay |V (z)| < (x)~# for all 2 € R3 with some 3 > 3.
In addition we again need to assume that there are no embedded eigenvalues
in the essential spectrum and that the thresholds +a? are regular.

THEOREM 35. There is the dispersive bound
(184) e Pall1—co S It 72

Proof. We will use the method of proof from [21]. We start from
Lemma 33; i.e.,

(185)  etp = - eM(H = (A+1i0)) " = (H— (A= i0)) '] dA,

278 Jxzp
We distinguish between energies close to the thresholds £ and those separated
from these points. Thus let x4+ (A) =1if A —p >2 \ and =0if A —p < Ay
where A\; > 0 is some small number. Similarly, x_(A\) =1 if A+p < —2X; and
=0if A+ p > —A;. We will use the notation x4 (H) and x_(H) formally with
the obvious meaning. Let Rg (\?) and R‘f()\Q) be the resolvents of Hp, and
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‘H = Hop + V, respectively. Then, by a finite resolvent expansion and a change
of variables A — A\? + p,

(186)

<eitHX+ (H)Psf7 g>
1t o0
- / AN e (A2 4 ) ([RE (N2 + 1) — Ry (2 + w1, 9 d
0

)

(187)

2m—1

—1) e,
=y L A 08 (B O+ (VRS O2 4 )
=0

— Ry (N + ) (VRy (A + )], ) dA
eit,u

S [T OB (RS () V)R O+ ) (VES ()"

— (Ry (A + w)V)" Ry, (A + 1) (VR (A + )™ f, g) dA.

We need to show that each of the 2m terms in the finite (Born) sum is in
absolute value < C(¢,V) \t\fg I fll1]lg]l1, and similarly for the remaining term
containing Ry .

Each of the first 2m terms of the Born series is written out explicitly using
the free scalar resolvent (3z > 0,3z > 0)

a )_1( ) etVzlz—yl
A T,y = -—
which implies for the matrix case
etiXz—y| 0
4 —
(188) R(:)t()‘2 + ,U)(xvy) = ( 7T|B yl e_\/2u+)\2\m—y\ ) :
dr|z—y|

Consider the case ¢ = 0 in (186). Upon recombining the two + parts the lower
right-hand corner of (188) drops out, and one is lead to proving an oscillatory
integral bound of the form

(189) /0 e Ay (02 + ) sin(Me — yl) dA| Stz — ),
To prove (189), we argue as follows:
(190) /0 e Ax e (A2 + ) sin(A|z — y]) dA

1| [ e
=5 ‘/ e AL (A2 4 p) sin(Mz — y)) d)\‘

<t a—y| 1 | e 0+ weos(ale —y|>cu'
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+¢t

[ e 08 4 ) sinafe — ) da
—0o0

3

Stz e —yl|| e (A2 + p) cos(N|z — y)]Y||
Gy HP‘X;(AQ + p) sin(Az — y\)]VHM
St r—y.
Here we used the L' — L estimate for the one-dimensional Schrédinger

equation, as well as the elementary facts

supHXJr)\ + ) cos(Aa)] HM C,

sup|a| IH XL (A2 + p) sin(Aa)] HM <C,

where || - |[o¢ stands for the total variation norm of measures. The first is
proved by writing it as the convolution of two measures of mass < 1 uniformly
in a. The second is done similarly, but first write

(191) sin(Aa) = )\/Oa cos(Aa) da.

This yields that the £ = 0 in (187) contributes < ¢~ 2| f|[1]lg]l1, as desired.

Next, we sketch the argument for the case ¢ = 1. The argument for larger

¢ is similar, and we will discuss it later. Writing f = (ﬁ),g = (g;) this

term becomes (we ignore the factor e as well as other constants and write

dx = dxodxidzy for simplicity)

(192) / /Ooeit)‘Q)\X+()\2+,u) sin(A(Jzg — @1 |+|z1 — 22|)) dX Ulw) f1(0)91(w2) dx
ro Jo

|I0 *931Hl’1 *1‘2\

(193)
+/ / eit)\2>\x+()\2 +;U') Sin()\‘.’ﬂof:ﬂl|)€7’/2M+/\2‘127II| d\ W(xl)fl(x())gQ(mQ) dx
R9 JO

|zo—z1]|T1 — T2

(194)
/ / itA? )‘X )‘2+M) 51n(/\|x2 —1‘1|) \/m\11 zo‘d)\ (xl)f2($0)§1($2) dz.
RO

\xo —351H$1 —$2|

The term (192) can be treated by means of (189). Indeed, using this bound it

reduces to ]U( )’
sup / dyll 1l gl
zeR3 JR3 ’ ’

Hence it is enough to assume that the so-called Kato norm

Uy
Ul = sup/R Tl 4, <

zeR3 3 ‘SL’ - y’

N\N

St
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in order to obtain the desired decay for that term. Since we are assuming the
pointwise bound |U ()| < (z) 737, the Kato norm is indeed finite. Now consider
the A-integral in (193). Extending the integral to (—oo, 00) and integrating by
parts yields

(195)
2it/ M At (N2 + ) sin(M|zg — @1 ])e V2N Izl gy

= —/ eit’\22)\x'+()\2 + p) sin(A|zg — | )e” V2N m2mal gy

(196)
- / x4 (N + ) cos(Alwg — ay [)e VAPl ) (g — |

(197)
o0 .\ 2 5 2)\
+ / Ny L (A2 + ) sin(Nwo — 2 |)e VNIl 20 g |2 — a9

Vi 4 A2
The integrals in (195) and (196) can be treated by the same type of arguments
which lead up to (190) provided we show that

(198)

sup H / e OVHAT gmidu d)\HM = sup H / e VHTA gmidu d)\HM < 00.

b>0 —00 “ ©n>0 —00 “
Now
(199) Ohe VATN — A vew ,

Vi A2
92— VETRE _ (_ L A2 )e—\/m
! N () N

are both in L'(R), and their L' norms are uniformly bounded in g > 0. It
follows that

o0
sup (1 + uz)‘ / e VTN gmiAu d)\‘ <1
n=>0 —o0

and (198) holds. Therefore, arguing as in (190), we have
|(195)] + |(196)| S ¢ %[z — 1.

To deal with (197), note that because of (191), the same type of argument as
before will yield
((197)[ S 72 |20 — a1

provided we can show that

(200) sup || /OO e TNy OV N d)\HM
b>0  J—o0 *

= sup | /oo e NN VI AN, < oo
n>0 —00 "
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We leave it to reader to check that
(201) sup ||[AOxe VAN || + [|oaAdne VAN |1 + [|03Axe VEHY || < oo,
u>0

which implies that

o
sup (1 + uz)‘ / e UG e VETA d)\‘ <1
n=0 —o0

and (200) holds. As a side remark, we note the difference between (199)
and (201). If = 0, then the former holds because 03¢ 1| contains a §-measure
at the origin. Hence it is not possible to increase this to three derivatives. On
the other hand, 8;%\)\6*‘)" is again a measure, which makes (201) hold. Hence,
we conclude that for all ¢ > 0

_3 w Yy _3
1(193)] + 1(194)] < ¢ zsup/ VDL a1 1109 < 2 1Al
r€R3 JR3 |x—y|

Recall that this leads to the desired dispersive bound for the term ¢ =
n (187). The cases ¢ > 1 are similar. Indeed, the reader will easily check that

in the general case one arrives at oscillatory integrals of the form, cf. (192),
(193), (194),

/ e Ay (A2 4-p) sin )‘Z‘xﬁl_% Jexp (—v/2u 4+ A2 Z |Tkt1—2k]) d

JjeJ keJ~

where 7 U J* = {0,1,...,/¢} is a disjoint partition with 7 # (). This integral
is exactly of the type that we have just dealt with. Therefore, it is bounded

by
St Z |zj11 —
JjeTJ
Combining the oscillatory integral with the potentials that accompany it, we
are lead to estimating

V(xe)l  |f(zo)llg(@er1)]
E T - | | dx
/Rs(uz) | A J| |.%' ‘.%0 — .1‘1|

k+1 — $k|

S CH+DIVIEIF gl

To pass to the final inequality we invoke a simple lemma from [37] which says
that for any positive integer ¢

HZ 11V ()]
sup = Z lzp — 2p4q| day ... dzg < (0+ 1)V %.
Z0,To+1E€ER3 JR3¢ H -0 |l'] $]+1|

See Section 2 of [37] for the proof of this. It follows that each of the first 2m
terms in (187) satisfies the desired dispersive bound.
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In order to bound the “remainder” in (186), which is the final summand
containing the perturbed resolvents R‘jﬁ(/\2 + 1), we need to regard the resol-
vents as operators L?? — L?77 with o > % (this is the limiting absorption
principle from Proposition 30. Note that we only need o > % rather than o > 1
since the energies are separated from the thresholds, although this is not too
important). Moreover, not only are the resolvents bounded L2t Lz’_%_,
but their operator norms decay like A~2. Note that this makes the com-
position of resolvents and V', which appears in (186), well-defined provided
[V(z)] < (1+ |z])~!" (recall that we are assuming —3— decay). Set

e iz
Gea®)a)i= (07 V) RO+ e

eEir(er—zl=|zl) 0
- 4dr|z, —x|
- e~ V2utA2jz—zq| .

0 Ant|z—x4 |

Let e = ((1]) and e; = ((1)) Removing f, g from (186), we are led to proving
that
(202)

/0 eit¥ g (lelHvl) X(A))\<VR‘i/(/\Q)V(R(ﬂf(AZ)V)mGi,y()\Q)el,

(RF OBV GL (0 )er Y| < 1112,

uniformly in z,y € R3 as well as

/O ¢!tV gtiAlel X(A)A<VR$(A2)V(R§(A2)V)mc;i,y(A2)e2,

(RF OBV GL (Ve ) A

+ /0 e!tN FiA X(A)A<VR$(AQ)V(Rg(A2)V)mai,y(v)el

(R OBV GL (Ve ) A

+ / - it X(A)A<VR$(A2)V(R§(A2)V)mGi,y(A2)eQ,
0

(RS RV GL(Wea ) d| S 172,

uniformly in z,y € R3. We first verify (202). It is a simple matter to check
that the derivatives of G ,(\?) satisfy the estimates

(203) sup

- 3
< (x)"! provided o> 2 +7,
rEeR3 2

dJ 9
G a0

LQ,—G

1
—.GJHC()\Q)%HL2 <1 provided o > 3 +7J
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for all 7 > 0 and k = 1,2. Rewrite the integral in (202) in the form

Ptay) = [ NG () ax
0

)

Then in view of the limiting absorption principle of Corollaries 31, 32 and the
estimate (203) one concludes that aiy()\) has two derivatives in A and

dJ
(204) ’Wa;iy()\)’5(1+)\)_2+(<x>(y>)_1 for j=0,1, andall A>1

d?

W%y(A)’ S(L+N) forall A>1

which in particular shows that the integral in (202) is absolutely convergent.
This requires that one take m sufficiently large and that |V (z)| < (1 + |z|)~?
for some 3 > 3. The latter condition arises as follows: Consider, for example,
the case where two derivatives fall one of the G-terms at the ends. Then V
has to compensate for 3+ powers because of (203), and also a 3+ power from

IR (A fllx_, - < A7 IIFx

e

[N

Similarly with the other terms.

As far as estimating It (¢,z,y) is concerned, note that on the support
of a?;y()\) the phase tA2 + A(|z| + |y|) has no critical point. Two integrations
by parts yield the bound [IT(t,z,y)] < t72. In the case of I~ (t,z,y) the
phase tA? — A(|z| + |y|) has a unique critical point at Ao = (|z| + |y|)/(2t). If
Ao < A1, then two integration by parts again yield a bound of t=2. If \g > \;
then the bound max(|z|,|y|) = t is also true, and stationary phase contributes
t72((x)(y))~! < t72, as desired. Strictly speaking, these estimates are only
useful when ¢t > 1. On the other hand, when 0 < ¢ < 1 there is nothing to
prove since I (t,z,y) < 1 by (204).

Now consider the other three terms following (202) which involve one or
more ez. The two integrals involving exactly one es can be handled by the
exact same argument as (202), the only difference being that the critical point
is at ‘2%' or % But since (203) takes the same form for ez (actually a better
estimate holds here, but we ignore that since it is of no use), no other changes
are needed. Finally, concerning the integral involving two es’s: It is estimated
by two integrations by parts if £ > 1, and by putting absolute values inside it
if 0 < t < 1. Indeed, in this case the critical point is at A = 0, which falls
outside the support of the integrand. Hence, two integrations by parts give a
decay of t72.

The conclusion of the preceding is that (187) and (186) satisfy the desired
dispersive bounds. Therefore,

e X+ () Pf, a) S 2 f gl
and the same bound holds for ey (H)P;.
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We now deal with the contribution by those A which are close to +x. This
requires showing that

(205) {e"™(1 = x+(H)) oS 9)
- /OOO AN (1= x) X + ) ([RE (N + ) = Ry (X + )] f, ) dA

!

is<t s | fll1]lg]l1 in absolute value, and similarly for x_. We use the resolvent
identity in the form

(206) RE(\+p) = Ry (A +p)— Ry (N +m)V(I+ Ry (\+p)V) " R (A +p)
and write RE (A2 + p) = RE () + B¥()\). Then

(207) [+ REN + ) V] =811+ BE\VS; Y,

where Sy = I + R (p)V. In view of (188)

1
—— 0
Amlz—
R(j)c(/ﬁ)(%y) = < ﬂ'g Y e~ VZile—yl ) .
dmlz—y]

As far as the invertibility of Sy is concerned, we note the following: First, if
o, > %, and 0 + « > 2, then one checks from the explicit form of the scalar,
free resolvent that

Sl;\p ||R§()‘2)HHS(U,—Q) < Co‘,a

where HS(o, —a) refers to the Hilbert-Schmidt norm of X, — X_,. Hence,
if |[V(z)] < (x)7 for some B > 3, it follows that the operator Ri(A\)V is
compact on the weighted space X, (R?) for all choices of —g <o< —%. Thus,
the invertibility of Sy depends only on whether a solution exists in X, to the
equation ¢ = —Rgy(u)V. However, if such a solution ¢ satisfies ¢ € X, for
some o > —3 then 1) = —Ro(u)V1p € X, for any choice of a < —2. Applying
this bootstrapping process again, we see that the solution ¥ must lie in X, for
all @ < —1. Evidently, this would contradict (179).
Returning to (207), a simple estimation of the explicit kernel

etiXz—yl_q
e 0
Arlo—
(208) Bi()\)(x7y) = ( ﬂlg y| e*\/2u+>\2lmfy\_e*m\mfy| )
dr|z—y|

shows that if |V (z)| < (z) 7 for some choice of 3 > 3, then
tim I BE0)VS; 50 = 0
for all o € (—g, —%) For sufficiently small A2 < )q, it is then possible to

expand
B*(\) = [T+ B*(\)VS; '™
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S ‘o ] 5 1
as a Neumann series in the norm || - ||gg(s,s) for all values —5 < 0 < —3.

Moreover, the symmetry B~ (\) = Bt(—\) holds. For ease of notation, define
xo(A) = (1 — x4+)(A\%2 + ) and extend it as an even function of A. In view of
(205) and (206) we wish to control the size of

sup, /0 N MoV | (R (O + 1) = Ry (A2 + )]
'r7y
— [R§ (V2 + w)VSy BT (VRS (X + )
— Ry (W +u)VSy ' B~ (W Ry (A + ’“‘)H (z,y) d)\‘
which is
(209) < / T e e() oy
< sup e % - }
zyeR3 | J oo 0 47r\x — |
00 R 'L)\|y 4|
(210) + sup / Zt>\ //
zyers | J- RS !y—-md
-~ . ei)\|zfa:1\
er, (S5 (0BT (N (24, 1)) er) T— d:vld:r4d)\’
(211)  + sup / ROCEY / W () ey =24l
z,yeR3 ' J— R6 ’Z/ - .1'4‘
—V2u+ N2 |z —x |
_ ~ e
. <€17 (SO 1(XOB+)(A)(«T47$1))62>W d$1d$4d)\’
(212)  + sup /oo 255Y / W (wq)e” V2N Iyl
,ycR3 RS |y — x4|
_ z/\|x 1|
. <€2 (Sal(XOB+)()‘)($47 xl)) , el)ﬁ dl’ldl‘4d)\‘
(213)  + sup /OO itA? // (z4)e~V2HHX|y—2a]
z,yeR3 — R6 ’y — x4‘
- —V20uFNZ |z—x; |
e2, (S5 00BN (w1, 21))ea) —————— dardasd)|.

|z — @1

The first term (209) is simply the low-energy part of the free Schrodinger
evolution, which is known to be dispersive. The second term (210) can be
integrated by parts once, leaving

(214 sup ‘/ zt)\2 // z)\|y T4
z,y€R3 2t R6 d)\ \y - £C4‘

(S5 (0BT (V) (@4, 1))

sz z1|

W} d.fldl';ld)\‘
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to be controlled. Note that we have dropped e; on both sides of the matrix
operator in the middle. This does no harm, as long as the absolute value on
the outside is interpreted entry-wise. The same comment is in effect for the
remainder of the proof. The other terms (211), (212), and (213) are treated
similarly to (210). In fact, we verified in (198) that for a > 0

/ AT a VTN gy . Vo (dT)

is a measure with mass sup,~ ||| < co. This simple fact allows one to use
the same argument which is sketched here for (210) in the other three cases
as well, up to some obvious modifications. We now return to (214), which is
essentially identical to the analogous term arising in the scalar case treated
n [21]. Since we see no reason to repeat the details verbatim, we provide a
sketch and refer the reader to [21] for more details. Consider the term where

o falls on B*()\). The others will be similar. Using Parseval’s identity, and
the fact that ||(e™*()*) (u )HLoo(u = Ct~1/2, this is less than

xi;lg@és 13/2 / ‘//RG ly _x4‘ o Ix (B+)]

(u |y — 24| + |2 — 21|) (24, 21)

1
m dxldx4 du.

If the absolute value is taken inside the inner integral, then Fubini’s theorem
may be used to exchange the order of integration to obtain

up
,ycR3 t3/2 RS |y - 954’

‘S B+” (u+ly = za| + |2 — 21]) (20,21)

dudzridra

|z — 21|

sup —rs || —=
< 2, =il

'Hﬂso_l[XO(B+)/]V(“)’d“HOP(—l—,—2—) H\x B "_1HL2,*1*’
where OP(—1—, —2—) stands for the operator norm from X_;_ — X_5_. The

two norms at the ends of the last line are easily seen to be uniformly bounded
in z,y € R3. It therefore only remains to control the size of

HI‘S [Xo( (BY) )Y (u )|d“H0P(—1—,—2—)'

Minkowski’s Inequality allows us to bring the norm inside the integral.
Recall that Sy !'is a bounded operator on L?~2~. Furthermore, it is an easy
matter to check that the operator |S; !} whose kernel is the absolute value of
the kernel of Sy1, is also a bounded operator on L*»~2~. The problem then
reduces to showing that

(215) / T o (B @0 o1 s du < o0

—00
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provided the support of yq is sufficiently small. The operators BT(\) are
defined by the convergent Neuman series

oo

BY(\) = [T+BT(WVS;' ™ = ) (- BTOIVSH"™

n=0
Exploiting the explicit form of the kernel of BT, see (208), it is possible to
control the Fourier transform in A of each term in this Neuman series in the
appropriate weighted L? spaces, leading to (215) upon summation. For these
details we refer the reader to the end of the paper [21]. O

Finally, we discuss Strichartz estimates. The usual derivation for Strichartz
estimates involves TT* arguments where (T'f)(t,z) = (e " f)(x). This relies
on the unitarity of the evolution, since one wants

TT*F(t,x) = / h (e =M p(s, ) () ds.

—0oQ
In the system case, this cannot be done. We therefore rely on a different
approach which is perturbative in nature. It uses Kato’s notion of an Hy-
smooth and H-smooth operator, and originates in [37]. In addition, we use the
following lemma, which is due to Christ-Kiselev [9]. See also Sogge, Smith [42].

LEMMA 36. Let X,Y be Banach spaces and let K(t,s) be the kernel of
the operator
K :LP(0,7]; X) — LY[0,T});Y).

Denote by | K|| the operator norm of K. Define the lower diagonal operator
R LP(0,T); X) — L9(0, T) Y)
to be

¢
K1) = [ K(t)f(5) ds.
0
Then the operator K is bounded from LP([0,T); X) to Li([0,T);Y) and its
norm ||K|| < ¢|| K|, provided that p < q.
Now we can state the Strichartz estimates.

COROLLARY 37. Under the same assumptions as in Theorem 35, one has
the Strichartz estimates

(216) le ™ P fllryrzy < Clfllces

t
(217) | [fetmpras|, < ClPL

Ly (L)

provided (r,p), (a,b) are admissible; i.e., 2 < r < oo and % + % = % and the
same for (a,b).
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Proof. Let (S for “Strichartz”)

t .
(SE)ta) = [ (e IR (s, ) (0) ds.
0
In this proof it will be understood that all times are > 0. Then by (183),
ISE o2y S N1F L (z2)s

and more generally, by the usual fractional integration argument based on
Theorem 35,

(218) ”SF”L{(L?;) S HFHL;’(Lg’)

for any admissible pair (r,p). In the unitary case this implies (216) via a TT*
argument, but this reasoning does not apply here. Instead, we rely on a Kato
theory type approach as in [37, §4]. Since H = Hp + V, Duhamel’s formula
yields

t
(219) e UMHp, — ¢ iHop z/ e =)Moy e—isH p g
0
Define V = MM’lv, where M is
- (p O
M= < 0 p >
with p(x) = (x)~'~. Then observe that

i(t—s)H o isHo 1
M g(s)d ‘ < H/ °Ng(s)d ‘
H/ 9@ ds| oy N f, € Male)ds]

where the last inequality is the dual of the smoothing bound

00 o 2
[ e o] as < s

. N HQHLg(Lgy

Now one applies the Christ-Kiselev lemma to conclude that

H /Ot eii(tfs)HOJ\;[g(s) ds

for any admissible pair (r,p). Hence, continuing in (219), one obtains (using
that [|Psfll2 < [[f1l2)

S llgllzzcze)

Li(Lz)

le™ ™ P fllzazy S I flla + || 11 Ve ™R

L2(L2)

It remains to show that M~V is HPs-smoothing; i.c.,

S [ fl2-

22 HM 1 —ZSHP ‘
(220) ver ey
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Taking the Fourier transform in s shows that (220) is equivalent to

(221) / TN WVIR(H - A— i0) R B2 dA < £

—00

This is an instance of a Kato smoothing estimate. It is standard that this
holds for Hy instead of H = Ho+ V (without any projections), and follows for
‘H via the resolvent identity

(H—A—i0)"" = [1— (Ho— A —i0)"'V] " (Mo — A —i0)~".

Indeed, since the thresholds +a? are not resonances, we obtain that

1111
sup Hl—(Ho—)\—zO ly ) < 00
IA[>a?/2 [ V] Lr=X=1m
and thus also
sup H]\Z[fl‘/’[l + (Ho — A — iO)*IV]A’ I 0.

[A|>a?/2

Therefore,

/IA V0L o) Al i
>a?
</
>a2/2

sup ||[Ps(H — A —i0) P
N<a?/2

[(Ho — A —i0) L f1I3dX < || £113-

On the other hand,

]71H2~>2 < 0

and (221) follows. The conclusion is that

le™ Py fllprzny S 1f1l2

for any admissible (7, p), which is (216). The proof of (217) is now the usual
interpolation argument. Indeed, in view of the preceding one has the following
bounds on § for any admissible pair (r,p):

(222) S:Li(L2) — Lj(L?),
(223) S: Ly (LE) — Li(LP),
(224) S:LY(LP) — L(L3?).

These estimates arise as follows: (223) is exactly (218), whereas (222) follows
from (216) by means of Minkowski’s inequality. Finally, (224) is dual to the
bound

< 1r2y.
Ly S IGll L (L2)

(225) H /00 = PG (s) ds‘ L
t ;
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Here P, corresponds to H* in the same way that Py does to H. In particular,

one has
e~ 3
He_zm Pellimoo St2

and therefore, (225) is derived by the same methods as (222). It is important
to notice that P} = P, which is essential for the duality argument here. This
can be seen, for example, by writing the Riesz projections onto (generalized)
eigenspaces as contour integrals around circles surrounding the eigenvalues.
Since the (complex) eigenvalues always come in pairs, the adjoints have the de-
sired property. Interpolating between (222) and (223) yields (217) for the range
a’ < r' or a > r, whereas interpolating between (222) and (223) yields (217)
in the range a < r. dJ

Finally, we introduce derivatives into the estimates of Theorems 34, 35
and Corollary 37.

COROLLARY 38. Under the same assumptions as in Theorem 35,

e Pof iy S 207 1 ooy
forO0<k<2and1l <p<2.
Proof. The case k = 0 is obtained by interpolating between Theorems 34

and 35 and holds for the entire range 1 < p < 2. We need to require p > 1
only for the derivatives. If a is sufficiently large, then

(H—ia)™ : L? x L? — W22 x W22
is an isomorphism. More generally,
(H —ia)"2 : LP x LP — WP x WP
is an isomorphism for 1 < p < oo. This can be seen from the resolvent identity
(H —ia)™t = (Ho —ia) "Y1 + V(Ho —ia) "7,
since ||V |loco < oo implies that

o 1
IV(Ho — i)l < 5

if a is large enough, and because
(Ho —ia)"2 : LP x LP — WP x WP
for any a # 0 as an isomorphism. Hence,
1A Pofly S I(H —ia)e™™ flly = [l (H — ia)
SR =) fllp S 20Tl

This gives the case k = 2 of the lemma, whereas k = 1 follows by interpolation
between kK =0 and k = 2. O
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And now the same for the Strichartz estimates.

COROLLARY 39. Under the same assumptions as in Corollary 37, one has
the Strichartz estimates

(226) e~ P, f|

Lrowrry < Cll fllwez,

t
997 H / ~it=)"p F(s)d H < CIF| o,
( ) 0 (& (S) S L{(Wf’p) >~ || ||Lt (WE*)

provided (r,p), (a,b) are admissible; i.e., 2 < r < oo and % + % = % and the
same for (a,b). Here k is an integer, 0 < k < 2.

Proof. The case k = 0 is just Corollary 37. As in the previous proof, we
rely on the fact that (because ||V < 00),

[1Afllg S I1(H —ia)fllq
for any 1 < ¢ < oo. Hence,
le™ P fll y wzry S I(H = ia)e™ P Pflynny = e T Po(H — ia) fll (zz)
S (K —ia)fll2 S ([ fllwe=,
which is (226) for k = 2. Similarly, one proves (227) for k = 2. The case k =1
is then obtained by interpolation. O
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