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Regularity of flat level sets
in phase transitions

By OVIDIU SAVIN

Abstract

We consider local minimizers of the Ginzburg-Landau energy functional
1 1
/2\Vu|2 + 1(1 —u?)?da

and prove that, if the 0 level set is included in a flat cylinder then, in the
interior, it is included in a flatter cylinder. As a consequence we prove a
conjecture of De Giorgi which states that level sets of global solutions of

Au=u’—u

such that
lu| <1, Opu>0, lim w2, z,)==+1

T, —Foo

are hyperplanes in dimension n < 8.

1. Introduction

In this paper we establish further properties of phase transitions that are
similar to the properties of sets with minimal perimeter.

The Ginzburg-Landau model of phase transitions leads to considerations
of local minimizers for the energy functional

1 1
(1) J(u,Q):/ Lvur+l0 - w22de, <1
02 1

If w is a local minimizer then
(2) Au =1 — .

We explain below some analogies between the theory of phase transitions
and the theory of minimal surfaces.

The rescalings u.(x) = u(e¢~1x) are local minimizers for the e-energy func-
tional

5 1
Jo(ug) = / §|Vu5|2 + 4—6(1 —u?)%dx.
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In [16] Modica proved that as ¢ — 0, u. has a subsequence
(3) Ue, — XE — XE* in Llloc

where F is a set with minimal perimeter.
In [8] Caffarelli and Cordoba proved a uniform density estimate for the
level sets of local minimizers u. of J.. Suppose u-(0) = 0; then

[{ue > 0} N Bs|
| Bs|

>C

for e < 0, C' > 0 universal. In particular, this implies that in (3), the level sets
{ue, = A} converge uniformly on compact sets to OE.

In [19] Modica proved a monotonicity formula for the energy functional,
i.e. J(u, BR)R'™™ increases with R.

Let us recall some facts about minimal surfaces (see for example Giusti
[14]). Suppose that E is a set with minimal perimeter in © and 0 € 9E. Then

1) Flatness implies regularity; i.e, if
Q={l2| <1} x{|zn| <1}, OFE C {|z,| < ¢},

and e < gp, £9 small universal, then OF is analytic in {|2/| < 1/2}.

The proof uses an “improvement of flatness” lemma due to De Giorgi (see
Chapters 6, 7, 8 from Giusti [14]). More precisely, one can show that, possibly
in a different system of coordinates, dF can be trapped in a flatter cylinder

{ly] < m} NOE C {lyn| < em},
with 0 < 71 < 72 universal. This implies OF is C*%, and therefore analytic by
the elliptic regularity theory.
2) If @ = R™, and n < 7 then OF is a hyperplane.

3) If @ = R™ and n = 8 then there exist nonhyperplane minimal sets, for
example Simons cone

x%%—x%—l—x%—i—xi <x§+x§+x%+:p§.
If, in addition, we assume that OF is a “graph” in some direction, then
OF is a hyperplane.
4) If Q@ = R™ and n > 9 then there exist nonhyperplane minimal graphs
(see [6]).
5) If Q = R™ and OF is a graph in the e, direction that has at most linear
growth at oo then JF is a hyperplane.

It is natural to ask if some of these properties hold for level sets of local
minimizers of (1), or solutions of (2).
In connection to 3) above De Giorgi made the following conjecture in [11]:



REGULARITY OF FLAT LEVEL SETS IN PHASE TRANSITIONS 43

Let u € C?(R™) be a solution of
Au = u® —u,

such that
lul <1, Jpu>0

in whole R™. Is it true that all the level sets of u are hyperplanes, at least if
n < 87

The conjecture was proved for n = 2 by Ghoussoub and Gui in [12] and
for n = 3 by Ambrosio and Cabre in [2].

Barlow, Bass and Gui proved in [3] that monotonic solutions in R"™ with
Lipschitz level sets are planar in all dimensions.

The main result of this paper is an “improvement of flatness” theorem for
0 level sets of local minimizers (Theorem 2.1). More precisely, if u is a local
minimizer of (1) and {u = 0} is included in a flat cylinder {|2/| < I} x{|z,| < 6}
with 6, I large and A1~ small then, {u = 0} is included, possibly in a different
system of coordinates, in a flatter cylinder {|z’| < mal} x {|x,| < MmO} with
72 > n1 > 0 universal.

If {ue, = 0} converges uniformly on compact sets to a hyperplane then,
one can apply Theorem 2.1 and conclude that {u = 0} is included in flatter
and flatter cylinders, therefore it is a hyperplane.

This fact allows us to extend some of the minimal surfaces properties listed
above to level sets of local minimizers of (1). In particular, we prove the weak
form of De Giorgi’s conjecture, i.e. we also assume that
(4) lim w2, x,) = £1.

T, —+oo

The approach of Modica to study local minimizers of J. uses variational
techniques and the notion of I'— convergence. More precisely, by co-area for-
mula, one has

Je(ue, Q _\[/ (1 — u?)|Vue|dz
=— — YH" Y {u. = s s
=0 [ - = sy e

Heuristically, we minimize Je(ug,2) if, in the interior of Q, we take the
level sets {us. = s} to be (almost) minimal and

() Vue| = —=(1—u?).

vfé
Notice that, if I' is a smooth surface then

dr(z)
V2e

satisfies (5), where dr represents the signed distance to the surface I'.

(6) ue(x) = tanh
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In this paper we use the method of subsolutions and supersolutions to-
gether with the sliding method. Suppose that I' is a smooth surface and
consider the function given by (6). Then

g Kj
e = —ue = (- ) Y
7

where k; represent the principal curvatures of I' at the point where the distance
is realized.

Heuristically, if I" has positive (negative) mean curvature then we can find
a supersolution (subsolution) whose 0 level set is T'.

In a forthcoming paper we use the same techniques to prove similar results
for solutions of

F(D*u) = f(u),
ue C*R"), |u <1, du>0

where F' is uniformly elliptic, and F', f are such that there exists a one dimen-
sional solution g which solves the equation in all directions; i.e.,

F(D%*g(z-v) = f(g(z-v)), VYweR" |y =1.

2. Main results

Consider the more general energy functional
@ Hw®) = [ SVl ho(uydz, ol <1
with
ho € C?[-1,1], ho(—1) =ho(1) =0, ho>0 on (—1,1),
h(=1) = hy(1) =0, hg(=1) >0, hy(1) > 0.

We say that u is a local minimizer in §2 if, for every open set A C €
relatively compact in €2,

J(u, A) < J(u+wv,A), Yove Hi(A).
A local minimizer of (7) satisfies
(8) Au = h(u), |ul <1.
Our goal is to prove the following theorem for flat level sets of w.

THEOREM 2.1 (Improvement of flatness). Let u be a local minimizer of
(7) in {|2'| < 1} x {|zn| < I}, and assume that the level set {u = 0} stays in
the flat cylinder
{l2'] <1} x {lan| < 0}

and contains the point 0.



REGULARITY OF FLAT LEVEL SETS IN PHASE TRANSITIONS 45

Then there exist small constants 0 < m1 < n2 < 1 depending only on n
such that:
Given 0y > 0 there exists €1(0p) > 0 depending on n, hg and 0y such that

of
<e1(fo), 0o <9,
then
{u=0} N ({[mez| < nal} x{|z - & <nal})
1s included in a cylinder
{lmex| <mal} x {la - & <mb}
for some unit vector & (m¢ denotes the projection along §).

We prove Theorem 2.1 by compactness from the following Harnack in-
equality for flat level sets of minimizers.

THEOREM 2.2. Let u be a local minimizer of J in the cylinder {|z'| <1}
X {|zn| <1} and assume that

{u=0} C {|lzn| <0}, wu(0)=0.

There exists a small universal constant ng > 0 depending on n and hy such
that:
Given 0y > 0 there exists 9(6g) > 0 depending on n, hy and 6y, such that
if
el_l < 50(90)7 00 < 97
then
{u=0}N{2'| <nol} C {|zn] < (1 —n0)0}.

As a consequence of Theorem 2.1 we prove the following theorems.

THEOREM 2.3. Suppose that u is a local minimizer of J in R™, andn < 7.
Then the level sets of u are hyperplanes.

It is known (see [15]) that monotone solutions of (8) satisfying (4) are
local minimizers.

THEOREM 2.4. Let u € C?(R™) be a solution of

(9) Au = hg(u),
such that
(10) lu| <1, Opu >0, N linioou(x/’x”) = +1.

a) If n < 8 then the level sets of u are hyperplanes.
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b) If the 0 level set has at most linear growth at oo then the level sets of u
are hyperplanes.

The paper is organized as follows. In Section 3 we prove Theorems 2.3
and 2.4 assuming Theorem 2.1. In Section 4 we introduce some notation and
preliminaries. In Section 5 we show that the 0 level set of u satisfies in some
weak viscosity sense a mean curvature equation at large scale. In Section 6
we show that Theorem 2.2 implies Theorem 2.1 by a compactness argument.
In the remaining part of the paper we prove Theorem 2.2. The proof uses
some ideas of Caffarelli and Cordoba from a paper about regularity of minimal
surfaces (see [9]). Next we explain the strategy of its proof.

Let go denote the one dimensional solution of (8), go(0) = 0, and suppose
that at one point {u = 0} is close to x,, = —0. Then, using a family of sliding
surfaces (see Section 7), we prove that the graph of w is close in the e,, direction
to the graph of go(x, + #) at points that project along e,, in sets of positive
measure (Section 8). Using an iteration lemma we show that these sets almost
fill in measure the strip {(2/,0,2n41) | |zn+1] < 1/2} (Section 9). From this
we obtain a contradiction to the fact that u is a local minimizer and «(0) =0
(Section 10).

3. Proof of Theorems 2.3 and 2.4

In this section we use Theorem 2.1 to prove Theorems 2.3 and 2.4.
Let £ C R™ be an open set and E be a measurable set. The perimeter of

F in Q is defined as
/ div g dx
E

where the supremum is taken over all vector fields g € C3(Q2) with ||g < 1.
We say that E is a set with minimal perimeter in €2 if, for every open set
A C Q, relatively compact in €2,

Pq(E) = sup

)

Py(E) < Pa(F),

whenever F and F' coincide outside a compact set included in A.
We introduce the rescaled energies,

1
(11) J.(v,Q) = / £ |V0f2 + L ho(v)da.
Q 2 S
If w is a local minimizer of J(u,(2), then the rescalings
x
uela) = u(2),

are local minimizers for J.(-,&2), and

T (ue,eQ) = "1 (u, Q).
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Now we state two theorems mentioned in the introduction. The first
theorem was proved by Modica in [16].

THEOREM 3.1. Let uy be a sequence of local minimizers for the energies
Je, (+, Q) with e, — 0. There exists a subsequence uy, — such that

Uk,, — XE — XE° imn Llloc(Q)

where E is a set with minimal perimeter in . Moreover, if A is an open set,
relatively compact in €, such that

/ |Dxg| =0,
0A
then

(12) lim J., (up,,A) = Pa(E) /_ 11 /2ho(s)ds.

The second theorem was proved by Caffarelli and Cordoba in [8].

THEOREM 3.2. Given o > —1, 8 < 1, if u is a minimizer of J in Br and
u(0) > «, then
{u > B} N Bgr| > CR"

for R > Ry(a, B), where C' is a constant depending on n and hg.
Next we use Theorem 2.1 to prove the following lemma.

LEMMA 3.3. Letu be a local minimizer of J in R™ with w(0) = 0. Suppose
that there exist sequences of positive numbers 0y, lp and unit vectors &, with
), — o0, Hklgl — 0 such that

{u= 0} ({Imga| <} x{lz- &l <l}) C{lz- &l <Ok}

Then the 0 level set is a hyperplane.

Proof: Fix 6y > 0, and choose k large such that Okllzl < e < ei(p). If
0 > 6y then we apply Theorem 2.1 and obtain the fact that {u = 0} is trapped
in a flatter cylinder. We apply Theorem 2.1 repeatedly until the height of the
cylinder becomes less than 6.

In some system of coordinates we obtain

{u=0}n ({ly'] < B} x {lyal <l}) < {lynl <01},

with 6y > 6), > m16y and Gfgl;c_l < Hklgl < ¢; hence [}, > e~ lmb,.
We let € — 0 and then {u = 0} is included in an infinite strip of width 6.
The lemma is proved since 6y is arbitrary. O
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Proof of Theorem 2.3.  The rescalings u.(z) = u(e~'z) are local mini-

mizers for J. in R™. From Theorem 3.1, there exists a sequence £ — 0 such

that

(13) Ue, — XE — XEe in L}

loc

(R™)
where FE is a set with minimal perimeter.

CrLAaM. {u., = 0} converges uniformly on compact sets to OF.

Assume not; then there exist § > 0, zg € R™, and points
zy € {us, =0} N B(2p,0)

with, say, B(z9,20) C E. By Theorem 3.2, the set {u., < 0} has uniform
density in B(zp,20) for € small, which contradicts (13).

Since JF is a minimal surface in R™, n < 7, and 0 € 0F, we conclude that
OF is a hyperplane going through the origin. This implies

{ue, =0} N By C {|zn| < 0}y

with 0 — 0. Rescaling back we find that u satisfies the hypothesis of Lemma 3.3
and the theorem is proved. |

Proof of Theorem 2.4. First we prove that a function u satisfying (9),
(10) is a local minimizer in R™. For this, it suffices to show that in Bp, u is
the unique solution of

Av=hy(v), |v|]<1l, v=wu ondBg.

Since
lim (2, z,) =1,
€Ty —00

we conclude that the graph of u(z’, x,, + t) is above the graph of v for large t.
We slide this graph in the e, direction until we touch v for the first time. From
the Strong Maximum Principle we find that the first touching point occurs on
0BpR. Since u is strictly increasing in the e, direction, we can slide the graph
of u(z', z,, + t) until it coincides with the graph of w; hence u > v. Similarly
we obtain u < v which proves that u is a local minimizer in R".

Assume u(0) = 0 and define u.(z) = u(e~'z). Again we find that (13)
holds for some sequence g5 — 0. Moreover, u, > 0 implies E¢ is a subgraph;
hence OF is a quasi-solution in the e,, direction (see Chapters 16, 17 in Giusti
[14)).

In both cases a) and b) one has that OF is a hyperplane and the theorem
follows from Lemma 3.3. O



REGULARITY OF FLAT LEVEL SETS IN PHASE TRANSITIONS 49

4. Preliminaries

First we introduce some notation.

Notation.
(€1,...,€n,eny1) is the Euclidean orthonormal basis in R?*1,
/ 1
X = (IE, xn—&—l) = <$ 7'7;77,7 -Tn-‘rl) = (l’l,l'Q, e 7xn—17 xml’n—‘rl) S RTL+ .

X eRvL 2/ eR™L 2eR?, |z <1

B(x,r) is the ball of center x and radius r in R".

B(X,7) is the ball of center X and radius r in R"*1.

graph u = {(z,u(z)), x € R"}.

dr is the signed distance to the surface I'.

v is a vector in R"*1, ¢ a vector in R™.

Z(v1,12) is the angle between the vectors v; and vs.

m,X = X — (X - v)v is the projection along v.

m; is the projection along e;.

P, is the hyperplane perpendicular to v going through the origin.
P; is the hyperplane perpendicular to e; going through the origin.

Constants depending on n, hg are called universal and we denote them by
Ci, ¢, Cy, ¢; (Cy, ¢; are constants used throughout the paper).

Preliminaries. In the proof we find, many times, inequalities involving
a strictly increasing function g, and its derivatives ¢’, ¢”. In this cases we
consider s = g as the new variable and we define a new function

h(s) = % <‘£>2.

dg d’q d dh
/ = — = 2h " = — = — 2h = — = h/
=@ =V 9 = T g ds

and the inequality involves only h and h’. We can reconstruct g from h (up to
a translation) since

S 1 _ _
H(s) :—/O k=00,

Now,

In particular we define

g0(t) == Hg ' (t)

s 1
Ho(s) -:/0 Wdﬁ
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and we find
90 (t) = ho(go(t));

thus, go is a one-dimensional solution of (8).

5. The limiting equation
In this section we prove the following:

PROPOSITION 5.1 (The limiting equation). Let u be a local minimizer of
J and assume that u(0) = 0. For some 09 > 0 small, we consider the surfaces

1
:U'TM:E'} ,

(14) I'= {mn = P(2) := 5

M € Mu-1yxn-1), AP =trM > 6| M|, M| <3

There exists oo(dp) > 0 small, such that if ¢ < 00(do) then I' cannot touch
from below {uz = 0} at 0 in a do(AP) 23 neighborhood.

By “T" touches from below {u. = 0} at 0 in a 5O(AP)7§5% neighborhood”
we understand

{ue = 0} N {2, < P(2')} N {|2| < So(AP) ez} = 0.

Proposition 5.1 says that {u. = 0} satisfies a mean curvature equation in
some weak viscosity sense in which we have to specify the size of the neigh-
borhood around the touching point. The size of the neighborhood depends on
the polynomial P and e¢.

If P is fixed and € — 0 then the radius of the neighborhood converges to
0. In particular, if {u. = 0} converges uniformly to a surface, then this surface
satisfies in the viscosity sense a mean curvature equation.

One way to interpret the above proposition is the following:

Suppose that P has positive mean curvature and let dp be small such that (14)
holds. Consider a spherical neighborhood around 0 such that P separates at
just one point at a distance dge from x, = 0. If r denotes the radius of this
neighborhood then,

| M||r? > 260 = 12 > §o|| M|~ te > 2(AP) e

Hence, if € < 0¢(dp) then P cannot touch from below {u. = 0} at 0 in the
r neighborhood.
We shall prove the following version of Proposition 5.1.
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LEMMA 5.2. Let u be a local minimizer of J in {|z'| <1} x {|z,| <1} and
assume that u(0) = 0 and u < 0 below the surface

1
I = {xn =P (z)) = l%gzv’TMlm' + ?5 . m’} ,

1M <67, fgl <o
for some small § > 0. There exists o() > 0 small, such that if
I~ < o(8), 6>,
then

tI‘Ml S 0.

Next we show that Proposition 5.1 follows from Lemma 5.2. Assume by
contradiction that for some

)
e < oo(do) =0 <(if>

T touches {u. = 0} from below at 0 in a dy(AP) zez neighborhood. By
rescaling we find that

{xn = %xlTMx/}

touches from below {u = 0} at 0 in a §o(AP) ze™ 2 neighborhood.
We apply Lemma 5.2 with

1 11 62
thus,

I ={z, = gm/TMx’}.

Since

1My = (br M)THIM| < 65 <67,
2
<o ((if) =o0(9),

(SZtl“Mlzl

5 1 1
oI ! = Eo(tr M)ze: <¢

N =

we conclude

which is a contradiction.

Before we prove Lemma 5.2 we need to introduce a comparison function.
Using this function and the fact that {u < 0} below I'1, we are able to bound
u by the above.
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LEMMA 5.3 (Comparison function). For [ > 0 large, there exists an in-
creasing function g; supported inside (—o0,1/2), gi(0) = 0, gi(s) is constant for
s < —1/2, such that the rotation surface

U(y, 1) = {wni1 = aile —yl = 1)}

is, in the viscosity sense, a strict supersolution of (8) everywhere except on the
sphere {|z — y| = I}. Moreover, if H; = g; ' there exist universal constants &
small, Cy large, such that Hy is defined on (—1 +e~%! 1), and

é —
Hy(s) < Hy(s) — Tllog(l is)if 8| <1 —eal2,

Proof. Define hy, H; (the corresponding functions for g;) as
(15)
h (8) . ho(s) — ho(Sl — 1) — Ogl_l ((1 + 5)2 — 512) ifsj—1<s<0
T ho(s) + ho(1 — ;) + Cal ™ (1=s)+s(l—s) f0<s<l,

(16)

s 1
Hi(s) = / —d(.
0 /2m(¢)
We choose Cy large, universal, such that
(17) 4(n — 1)v/ho(s) < Co(1 — |s]).
and s; = e~ ! with ¢ small.
For s; —1 < s <0 and [ large we have

% (ho(s) — ho(s1 — 1)) < hy(s).

Hence
0

His -0z~ [ (ho(0) = hosi — 1)H ¢

8171

0 1 1
201 [ (¢ ) TH1 Q)G 2 Calogs = ~1/2
3171
if 1 is small enough. Moreover, for 0 > g;(t) > s; — 1 we have
g/ (t) +2(n = I~ gi(t) = hi(s) + 2(n — 1)1~/ 2hy(s)

< hy(s) = 205071 4 5) + 4(n — D)I7 1/ ho(s) < hy(s).

On the domain where g; is constant, i.e. gy = s; — 1, one has
AT(0,1) = 0 < hj(s; — 1).

We remark that g; is a C1! function on (—oo, 0). Its second derivative has
a small jump at H(s; — 1) from 0 to hj(s; — 1). From the above inequalities
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we can conclude that g;(|x| —1) is, in the viscosity sense, a strict supersolution
for |z| < L.
If e=@1l/2 — 1 < s <0, then

ho(s) — hu(s) < ho(si — 1) + Col (1 4+ 5)> < Col7 (1 4 8)°.

Hence
1

0 1
)‘/ V2(©)  /2h(0)

Cy 11(@ _d¢ < —Cyl M .
= /1+C—slz(1+g‘)§<§ 17 log(1 +5)

Ho(s) —

For 0 < s < 1 we have

hi(s) <2 (ho(s) + ho(1 — 1)) ,

and
1 1
(< [ (h0() + ho1 = ) d¢
0
1 1
< Ol/ (1=¢*+s2) 2d¢ < —Cologs; <1/2.

0

Also,

gl (t) + (n = DI gy(t) = hi(s) + (n — 1)I7"y/2hy(s)
< hjy(s) — Col 1 (1 — 54 57) 4+ 4(n — 1)1 \/ho(s) + ho(1 — 51) < hj(s).

Thus, g;(|x| — 1) is a strict supersolution for |x| > [. We also remark that

gi(H(1)) > 0. )
IfO0<s<1—e 2 then

hl(s) — hO(S) < ho(l - Sl) + 2021_1(1 - 8)2 < Cll_l(l - 8)2.

Hence,
s 1 1
H — - d
ots) )S/O V2ho(¢)  /2m(Q) ‘
" h(Q) — ho(C) 1
With this the lemma is proved. O

Next we construct a strict supersolution which is 0 on a surface I' with
positive mean curvature.
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LEMMA 5.4. Let I" be such that
r= {xn = P(2) = %x’TMx' + o€ - x/} N{|2'] < oe™'},
trM >4, [[M||<67, ¢ <ot

for some small § > 0. There exists 01(5) > 0, such that if ¢ < o < 01(9),
then there is a function gr for which gr(dr) is, in the viscosity sense, a strict
supersolution, where dp represents the signed distance to I', dpr > 0 above T.
(We consider only the set where the distance dr is realized at a point in the
interior of I'.)

Proof. Define
(18) hr(s) = max{0, ho(s) + c10ep(s)},
where

~1/2  mi h
a=1/2_ win V().
1 ifs<—1/2
ps)=14 25  if—1/2<s<1/2
1 if1/2<s.

W=

Let s5. be the point near —1 for which ho(ss.) = c10e; hence 1+ s5. ~ (d¢)=.
Now,

C(0)loge,

B S5,e 1 0 _Cl
HF(SJ,E)—/O Wdcz/ ¢ 2
! 1
):A \/Qh[‘( / \/ 1— +5€

Hr(s) < Ho(s).

Thus, gr(d) = Hy'(d) is defined for d < Hy(1) and it is constant for
d < HF(S(S,S)'
Let d be the signed distance function to I". In an appropriate system of

coordinates
D2d:diag< AL ,0>

d¢ < —C5(0) loge,

1—d,‘<&17 ,1—d/in_1
where k; are the principal curvatures of I' at the point where the distance is
realized.
Notice that |#;| < C3(8)e; hence, for |d| < Cy(8)loge~! one has

n—1

n—1
; 1:/;&1 Z/ﬁz—i—C 6)e?loge™?

< Ap+cl|vp| ID*P|| + C(9)e>
< —e6 4+ C(0)(e0? +£2) < —ed + Cy(6)eoz.
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Thus, for gr(d) > ss.,

Agr(d) < gi(d) — £(6 — Ca(8)0*)gp-(d)
= hi(s) — (6 — Ca(8)o2)\/2hr(s)

<hg(s) +¢ (2615X[_1/2,1/2} — (6= Cy(6)o)y Qhr(s)) :
If 00(0) is chosen small enough, then
Agr(d) < hy(gr(d)).
On the domain where gr is constant, i.e. d < Hr(ss.), we have
Agr =0 < hj(sse).

Since gr is a C1! function we conclude that gr(d) is a strict supersolution in
the viscosity sense and the lemma is proved. |

Proof of Lemma 5.2. Assume by contradiction that tr M; > 6. We apply
Lemma 5.4 to the surface

Dy = {a, = Pu(a) — D/ Py {2/ < 1)

with e = 0172, 0 = 0l~! and we find that gr,(dr,) is a strict supersolution if &
is small enough.
On the other hand we claim that

(19) u(@) < galdr,) i 10| < 1/2, o] <1/2

In order to prove this we use Theorem 3.2, choosing a < 0 small such that
h{ is strictly increasing on [—1,a] and 5 = 0. Then, there exists C universal
such that if u(z) > « then

B(z,Co) N {u> 0} # 0.
If [ > 8C5, then
(20) u(z) <a for x€ B((0,-1/2),1/4)

Since ¥((0,—1/2),1/4) is a supersolution of (8) in B((0,—/2),l/4) and it
is supported inside B((0,—1/2),3(/8) (see Lemma 5.3), we conclude from the
maximum principle that u is below W((0, —1/2),1/4).

We slide this surface continuously along vectors v,with v - ey 1 = 0,
v-e, > 0, till we touch the graph of w. Since ¥((0,—1/2),1/4) is a strict
supersolution everywhere except on the 0 level set, we find that the touching
points can occur only on the 0 level set.

The inequality (19) now follows from the fact that, if o is small enough,
at each point of I'y we have a tangent sphere of radius [/4 from below which
can be obtained from the sphere |x — (0, —1/2)| = [/4 by sliding it continuously
inside the domain {u < 0}.
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Now it suffices to prove that for o < o1(d) we have

(21) gr,(dr,) > giya(dr,) on {|2'| = 1/2} N {|dr,| < 1/4}.
Then we slide gp,(dr,) from below in the e,, direction in the cylinder
{l2'| < 1/2} x {|lan| < 1/2}
till we touch w. By (19), (21) this cannot happen on {|z/| = [/2} therefore
the contact point is an interior point which is a contradiction to the fact that
gr,(dr,) is a strict supersolution.
We notice that on {|z'| =1/2} N {|dr,| < 1/4} we have
dr, > dr, + ¢1(9);

thus, in order to prove (21), it suffices to show that
(22) Hr,(s) < Hy4(s) + c1(9).
From (15), (18) we find that for I = o~ > C1(9) large,

hry(s) < hyja(s) if s < —1+ca(8) 72

hry(s) > hya(s) if s> 1— ca(8)l 7.

1
2-

This implies that the maximum of Hr, (s)—H;/4(s) occurs for 1—[s| > ca()!

For these values of s we have
1

c2(0)
With this the lemma is proved. O

Hr,(s) < Hy(s) < Hl/4(8) + 46’1[71 log

< Hl/4(8) + 61(5).

6. Theorem 2.2 implies Theorem 2.1

The proof is by compactness. Assume by contradiction that there exists
Uk, O, Uk, & such that ug is a local minimizer of J, ug(0) = 0, the level set
{ug, = 0} stays in the flat cylinder

{‘33,| < lk} X {|xn| < Qk},

0 > 0y, Hkllzl — 0 as kK — oo for which the conclusion of Theorem 2.1 doesn’t
hold.
Let Ay be the rescaling of the 0 level sets given by

(xlyxn) S {uk = 0} = (ylayn) € Ak7
ylzx/l_la Yn = $n9k_1-

CLAIM 1. Ay has a subsequence that converges uniformly on |y'| < 1/2 to
aset Ao = {(y,w(y')), |y'| <1/2} wherew is a Holder continuous function.
In other words, given €, all but a finite number of the A’s from the subsequence
are in an & neighborhood of As.
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Proof. Fix y, |y,| < 1/2 and suppose (y(,yx) € Ax. We apply Theo-
rem 2.2 for the function wug in the cylinder

{\x’ — lky6| < lk/Q} X {|xn — Qkyk| < 20k}

in which the set {ux = 0} is trapped. Thus, there exist a universal constant
no > 0 and an increasing function g9(#) > 0, €9(¢) — 0 as # — 0, such that
{up = 0} is trapped in the cylinder

{2 = leyol < mole/2} x {|zn — Oryrl < 2(1 —no)6k}
provided that 49kl;1 < €0(26k). Rescaling back we find that

A 0 {ly = ol <mo/2} € {lyn — yl < 2(1 —m0)}-

We apply the Harnack inequality repeatedly and we find that

(23) A 0 {ly = yol < n6"/2} < {lyn — wiel < 201 —m0)™}

provided that
40,1 < i teo(2(1 — 10)™0k).

Since these inequalities are satisfied for all £ large we conclude that (23) holds
for all but a finite number of k’s.

There exist positive constants «, 3 depending only on 79, such that if (23)
holds for all m < mg then Ay is above the graph

Yn =y — 2(1 —10)™ — aly’ — yh|?

in the cylinder |y/| < 1/2.

Taking the supremum over these functions as y(, varies we obtain that Ay
is above the graph of a Holder function y, = ax(y’). Similarly we obtain that
Ay, is below the graph of a Holder function y,, = bi(y’). Notice that

(24) b — ap < 4(1 —ng)™~!

and that ay, by have a modulus of continuity bounded by the Holder function
atP. From the Arzela-Ascoli Theorem we find that there exists a subsequence
ay, which converges uniformly to a function w. Using (24) we obtain that by, ,
and therefore Ay , converge uniformly to w.

CLAIM 2. The function w is harmonic (in the viscosity sense).

Proof. The proof is by contradiction. Fix a quadratic polynomial
L7 _ _
p=P) =5y My +&y, M| <67, fgf <o

such that AP > 6, P(y')+6|y’|? touches the graph of w, say, at 0 for simplicity,
and stays below w in |y’| < 26. Thus, for all k large we find points (v, yx,)
close to 0 such that P(y’) + const touches Ay, from below at (yi', yx,,) and stays
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below it in |y’ — yx'| < 6. This implies that, eventually, after a translation,
there exists a surface

that touches {us = 0} at the origin and stays below it in the cylinder |z| < .
We write the above surface in the form

0k ., 0%k 4 /
(oo = st e

and we contradict Lemma 5.2 since 85 > 6, lelzl — 0 and AP > 6.

Since w is harmonic, there exist 0 < 1; < 72 small (depending only on n)
such that

lw—€-y| <n/2 for |y'| < 2n9 .

Rescaling back and using the fact that the Ay converge uniformly to the graph
of w we conclude that for k large enough

{Uk = O} N {]w’| < 31]&72/2} C {ll'n — lelzlf . w’| < 39k771/4}-

This is a contradiction to the fact that u; doesn’t satisfy the conclusion of
Theorem 2.1.

7. Construction of the sliding surfaces S(Y, R)

In this section we introduce a family of rotation surfaces in R"*! which
we denote by S(Y, R). We say that the point Y is the center of S and R the
radius.

The surfaces S are defined for centers Y in the strip {|yn+1| < 1/4} and
for radius R large. They have the following property:

Suppose that for fixed R, some surfaces S(Y, R) are tangent by the above
to the graph of u. Then the contact points project along e, into a set with
measure comparable with the measure of the projection of the centers Y along
en (see Proposition 7.1).

We define S(Y, R) as

(25) S(Y,R) == {zn+1 = gy,,..R(Ho(Yn+1) + |z — y[ = R)},

[yns1| < 1/4,
where the function g, g, respectively hg, r, Hs, r associated with it, are con-
structed below for |so| < 1/4 and large R. For simplicity of notation we denote

them by g, h, H.
Denote

(26) C3 =1+ 8(n—1)max+/hg
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and let ¢ be such that

1 1 Co
27 = — —(5—50).
o V2 v RO

where Cj is large enough such that the following hold:

(28) ©(s) < ho(s) —2C3R™Y, if s € [-3/4,—1/2],
©(s) > ho(s) +2C3R™, if s € [1/2,3/4].

Let sp near —1 be such that ho(sg) = R™!; hence 1 + s ~ R™>. We
define hg, r : [sr,1] — R as

{ ho(s) — ho(sg) — CsR™ (s —sg)  if s € [sg, —1]

(29)  h(s) =< ¢(s) if s e (—-1/2,1/2)

ho(s) + R~' + CsR™(1 — ) if s € [3,1].
For R large, h(s) > ci1(1+s)(s—sg) on [sg, 0]; thus A is positive on (sg, 1].
Define

(30) Hg, Rr(s

1
) = Ho(s0) +/ —d(
So Qh(C)

and for R large enough

So 1
sn Ve (L +Q)(¢ — sr)

! 1
)+

S0 \/62(1 — C)Q + R_1

Finally we define g4, r as

s if t < H(sg),
(32) gso.R(t) = { ;—1(15) if H(spg) gRt < H(1).

(31) H(SR) 2 HQ(S()) — dC Z —Cl 10g R,

H(l) < H(](So dC < Cl log R.

Next we list some properties of the surfaces S(Y, R):

1) Notice that

(33) h(s) > ho(s) —2C3R™' > p(s) if s € [-3/4,—1/2],
h(s) < ho(s) +2C3R™ < p(s) if s € [1/2,3/4].

From (27), (29), (33) we have

(34) H(s) = Ho(s) — %(s —s50)%, if |s| < 1/2,
H(s) > Ho(s) — @(s —s50)% if1/2 < |s| < 3/4.

2R
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Let ps,.r be the function whose graph is obtained from the graph of go by
the transformation

OO 2
(t,s) — <t ﬁ(s 50) ,s) for |s| < 3/4.

From (34) we obtain that g = p for |s| < 1/2, and g < p at all other points
where p is defined.
In other words, if S(Y, R) is the rotation surface,

(35) S(Y,R) :== {wpi1 = py, ., R(Ho(yn+1) + [z — y| = R)},

[Yns1]| < 1/4,
then, S(Y, R) coincides with S(Y, R) in the set |z,+1| < 1/2 and stays below
it at all the other points where S is defined.

Notice that S(Y,R) C {|zn+1]| < 3/4} and is defined only in a neighbor-
hood of the sphere |z — y| = R which is the y,1 level set of S(Y, R).

2) We remark that S(Y, R) is constant sg when
o= y] < R— 3RS < R~ Holyan) + H(sn)
and grows from sg to 1 when
S RE <oy~ R< —Ho(yanr) + H(1) < L RS,
3) The function g is C1t in (—oo, H(—1/2)) U (H(1/2), H(1)) and g¢” has

a small jump from 0 to h/(sg) at H(sg).
If s € (sg,—1/2) U (1/2,1), then on the s level set we have (see (26))

(36) AS<H(s)+2(n—1)R1\/2h(s)
<hh(s) — C3R™' +4(n — 1)\/h(s)R™" < hj(s).
Moreover, from (29), (33) we have
. / . / . ! : /
(37) s_)lirln/r H'(s) < SHlirln/2+ H'(s), s_1>111}127 H'(s) < silll}12+ H'(s),
1ir{1_ H'(s) <

which together with (36) implies that S(Y, R) is, in the viscosity sense, a strict
supersolution for |z,4+1| > 1/2. In other words S(Y, R) cannot touch from
above a C? subsolution at a point X with |x,41| > 1/2.
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4) If |s| < 3/4, then on the s level set of S(Y, R), defined in (35), one has
(see (27))

(38) hy(s) — CoR™' < ¢/(5) < AS,

2(n—1)
R

This shows that S(Y, R) is an approximate solution of equation (8) with an

R~ error.

5) From (27), (29) we see that if Ry < Ra, then

AS < ¢'(s) + 20(s) < hy(s) + CoR™L.

h807R1 (8) S h’so,Rz (S) lf SRI S S S 50,
hSOle (S) 2 h’SO,Rz (5) lf 50 S S S 1’
thus,

(39) Hgy p, () < Hs R, (5)
in the domain where Hy, g, is defined.

The next proposition is the key tool in proving Theorem 2.2.

PROPOSITION 7.1 (Measure estimate for contact points). Let u be a C?
subsolution of (8); i.e., Au > h{(u), |u| < 1. Let & be a vector perpendicular to
ent1 and A be a closed set in PN {|zpy1| < 1/4}. Assume that for each Y € A
the surface S(Y + t&, R), R large, stays above the graph of u when t — —oo
and, as t increases, it touches the graph from above for the first time at a point
(contact point). If B denotes the projection of the contact points along & in
P, then,

fiolAl < B

where fig > 0 is universal, small and |A| represents the n-dimensional Lebesgue
measure.

Proof.  Assume that S(Y, R) touches u from above at the point X =
(z,u(x)). From the discussion above we find |u(z)| < 1/2.
Denote by v the normal to the surface at X i.e.

1

v=U V1) = ——m——
(s vmi1) = 7= Vul?

The center Y is given by

(=Vu,1).

/
(40) Y(X) = (m + ﬁa, Tnp1 + w) — F(X,v),
where
(41) w=RCy (1|71 = Hi(n11),

Co

—ﬁuﬂ + Ho(zps1) — Ho(xpy1 +w) + R.

o=
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The function F' is smooth defined on
(X eR"™ iz, < 1/2) x {v eR"™ iy = 1,¢0 < vpy1 < 1 -1}

The differential DxY is a linear map defined on T, the tangent plane at X,
and

(42) DXY = FX(X, l/) + F,,(X, I/)DXv = Fx(X, I/) — FV(X, I/)IIu

where 11, represents the second fundamental form of u at X. Writing the
above formula for the surface S(Y, R) at X, we find

0= Fx(X,v) — F,(X,v)IIs
thus, (42) becomes

(43) DxY =F,(X,v)(IIs — I1,).
From (40) and (41), it is easy to check that
(44) |E, (X, )] < C1R

Since S touches u by above at X, we find that D?S — D?u > 0. On the other
hand, from (38),

AS < hi(zpi1) + CoR™ ' < Au+ CoR™1

which implies
|D?S — D?u|| < C3R™!

or
(45) |IIs — IT,|| < C4R™.
From (43), (44), (45) we conclude

|IDxY| < Cs.

The centers Z for which X € S(Z, R) describe a rotation surface, around X.
Note that if S(-, R) is above u, then its center is above this surface. The normal
to the surface at Y (X), which we denote by 7, belongs to the plane spanned
by v and e,41, and co < 7 < 1 — ¢g. Thus, if £ is perpendicular to e,11, we
have

|7 €] < Celv - &].
(Notice that the tangent plane to the surface at Y (X) is the range of F, (X, v).)

Let B be the set of contact points, A the set of the corresponding centers,
B = TFEB and A = 775/1. Note that 7¢ is injective on A and B by construction.
From above, we know that A belongs to a Lipschitz surface. One has

14| = /A 7(¥) - €l < /B I7(Y) - €| Dx Y |dX
<c / W(X) - €|dX = C4|B|
B

and the proposition is proved. O
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8. Extension of the contact set

In this section we prove that the contact set from Proposition 7.1 becomes
larger and larger when possibly we decrease the radius R.
Denote

L=Py 0 {|znn| <1/2},
Qu={("",0,2p11)/ |2'] <1 |wpsa| <1/2}.

Let Dy, represent the set of points on the graph of u that have from above
a tangent surface S(Y, RC~F), where C is a large universal constant. Suppose
that we have some control on the e, coordinate of these sets and denote by
D, their projections into L.

Recall that S(Y, RO~*) is an approximate solution of equation (8) with a
C*FR™1 error. If S(Y, RC~*) touches u from above at X then, from Harnack
inequality, the two surfaces stay C¥R~! close to each other in a neighborhood
of Xy (see Lemma 8.1). Thus, denoting

Ey={Z e L/ dist(Z, D) < C1},

we control the e, coordinate of a set on the graph of u that projects along e,
into EJ,.

We want to prove that, in measure, Fj almost covers (J; as k becomes
larger and larger.

In large scale the interface satisfies a mean curvature equation. In Lemma
8.2 we prove that near (large scale) a point Z € Dj we can find a set of
positive measure in Dy.q. Using a covering argument we show that the sets
E;. “almost” cover ; as k increases.

Next we state and prove two technical lemmas, Lemma 8.1 and Lemma 8.2.
At the end of the section we prove a covering lemma which links the two scales.

LEMMA 8.1 (Small scale extension). Suppose that the surface S(Y,R)
touches a solution u from above at Xy = (xo,u(xg)) with

Vu T
| —— nl < —=.
(Fpteonee) <3

Given a constant a > 1 large, there exists C(a) > 0 depending on universal
constants and a such that for each point Z € LNB(m,Xo,a) there exists x with

1) mp(z,u(x)) = Z, |z — 20| < 2a,
Vu -

2) (z — o) - W(«’Eo) < Ho(u(x)) — Ho(u(xo)) + C(a)R™".

LEMMA 8.2 (Large scale extension). Suppose that the surface S(Yy, R)

stays above a C2 subsolution u in the cylinder {|z'| < 1} x {|zn| <1}, | > 4R3
and touches the graph of u at (xg,u(xo)) with
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lu(zo)| < 1/2, |mon| <1/4, |apl=4q, q<1/4,

Vu T
| = n) < —.
(atonhen) <5

There exist universal constants Cy, Cs, large, ¢, small, such that if Cy < q,
I < R¢y then the set of points (x,u(x)) satisfy the following four properties:

1) |2/| < q/15, |u(x)] < 1/2, |z — zo| < 2q.
2) There exists a surface S(Y,R/Cs) that stays above u and touches its
graph at (x,u(z)).

) £ (g 0, oy (an)) < Cuat™

|Vul [Vu
4) (x — x) - ;;Zj(xo) < C4q®R™ + Hy(u(z)) — Ho(u(wo)) project along e,

into a set of measure greater than coq™ ".

Remark. The term Ho(u(x)) — Ho(u(zp)) that appears in property 2 of
Lemma 8.1 and property 4 of Lemma 8.2 represents the distance between the
u(x) level surface and the u(xg) level surface of a one dimensional solution.

Now we state the iteration lemma that links Lemmas 8.2 and 8.1.

LeEMMA 8.3 (Covering lemma). Let Dy, be closed sets, Dy, C L, with the
following properties:

1) DonNQ@Q;#0, DyC Dy CDy...
2) If Zo € DN Qay, Z1 € L, |Z1 — Zy| = q and 21 > q > a then,

where a > 1 (large), p1 (small) are given positive constants and | > 2a.
Denote by E, the set

Ey:={Z e L/ dist(Z, Dy) < a}.
Then there exists > 0 depending on n, p1 such that
Qi \ Byl < (1 - p)*|Qu-

Proof of Lemma 8.1. Let S(Y, R) be the surface defined in (35). Notice
that S(Y, R) touches u from above at X. The restrictions
TFn‘kgIS(YVo,R)HPn, 7Tn+1|SZS(YYO,R)—> n+1

are diffeomorphisms in a 3a neighborhood of Xg for R large. Denote by T the
map
— —1.
T .= 7Tn+1|S O Tp g - Pn N {|xn+1| < 3/4} — Pn+1.
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In the set
Oy =T (P N {|zns1| < 3/4} N B(m, Xo,a + 2))

we have 0 < S —u, 0 = S(x¢) — u(xp). From (38) and the fact that hf is
Lipschitz we find
Ci(S —u) + C1R™' > |A(S — u)|.

The open set
Oz :=T (Pu N {|zns1| < 5/8} N B(mnXo,a + 1))

satisfies Oy C Oy, dist(O2,001) > c1, with ¢; > 0, universal. From Harnack
inequality, one obtains
(46) sup (S —u) < C'(a)R™.

€02

For each Z € L N B(m,Xo,a) we consider the line Z + te,, and denote by
X its intersection with S(Y, R).

Notice that in Oy we have 0,S > ¢a, ¢ > 0 universal. From this, (46),
and the continuity of u we find that Z +te, intersects the graph of v at a point
Xy = (l‘g,u(xg)) with

| Xy — X1| < C"(a)R7L.

Since
(@1 = 20) - For(a0) < Ho(zn) = Holu(wo) + CoR™
we conclude that
(z2 — x0) - ’g;(«fo) < Ho(u(x2)) — Ho(u(xo)) + C(a)R™*
and the lemma is proved. O

Proof of Lemma 8.2. 'The proof consists of two steps. In Step 1 we find
a point that satisfies properties 2-4 and property 1 with ¢/40 instead of ¢/15.
In Step 2 we use Proposition 7.1 to extend properties 2—4 from that point to
a set of positive measure.

Before we start, we introduce some notation. For a surface S(Y, R) we
associate its 0 level surface, the n — 1 dimensional sphere

C,
S(nr) = {lo =4l == R~ Holown) - S}

We remark that the s level surface of S, |s| < 1/2, is a concentric sphere at a
(signed) distance

(47) Ho(s) + O(1)CoR™,  |O(1)] < 1/2
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from ¥(y,r). Also for a point X = (z,2p41) € S(Y,R), |znt1] < 1/2 we
associate the point
T =ly,x)NE(y,7)

where [y, z) represents the half line from y going through z.

First we prove the lemma in the following situation (this is a rotation of
the above configuration):

The surface S(Yp, Ry) stays above the graph of u in the cylinder
{|2] < 2¢} x {|zn| < 1/2} and touches it at Xo = (o, u(zg)), |u(xo)| < 1/2.

Assume
o € {|l2'| =g} n{x, =0}, yo= _en\/ﬂ7

q> cl_l large, and ¢/ Ry < c1, ¢1 small, universal.

Step 1. We prove the existence of a surface S(Yi, R.) that stays above u
in the cylinder |2’| < 2¢ and touches it at (2., u(z,)) such that

Y, =Yy +teen, Ri> Ro/C3, Ix€ {mn < 04;[;0} N {|x/| < %}
where C3, Cy are large universal constants.
From (26), (27), (29) we obtain the existence of Cy, C3 universal such that
(48) (2hs0,r(5)) 21, 1 (s) = ()| < CLR™TiE || < 1/2,
Wy r(s) =ho(s) — CsR™ if s € (sg,—1/2) U (1/2,1) ,
C3 =1+ 8(n — 1) max v/hg.
We consider the function ¢ : R"~! — R:

1
P(2) = ;(]2'\_7 - 1), 2 e RV

where 7 is such that
(49) Y= 4(C) + 6(n— 2)).

Finally, we choose w < 1, universal, such that w™Y~2 = 2. The graph

(50) e — Ly (””)
Vig— \a

has by below the tangent sphere X (yg,r0) when |2/| = ¢, and a tangent sphere
of radius r,, and center y,, when |z’| = wq, where

Ty = uﬂ”\/r% + @2 (w272 - 1) > r9/2.

Let T'; denote the graph of X(yo,ro) for |2/| > ¢ below z, = 0, T's the
graph of the above function for wq < |2/| < g and T's the graph of |x —y,| = 7,
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when |2/| < wq, x, > 0. We notice that ' =T; U, U3 is a Cb! surface in
R"™. We define the following surface in R"*!

\I’ = {$n+1 = gy0n+1’ (dF + Hyo L+1’R0 (O))} y

where dr represents the signed distance to the surface I' (dp positive in the
exterior of I'). Note that ¥ coincides with S(Yp, Ro) if dr is realized on I'y.

CLAIM.  The surface ¥ is a supersolution of (8) everywhere except the
set where |Tp4+1| < 1/2 and dr(x) is realized on T'y UTs.

Proof. Let hy, . g be the corresponding function for gy, . r denoted by
h and ¢ for simplicity. At distance d from I" we have in an appropriate system
of coordinates

—K

1 / i 3 /
1R1dg,...,g]—d1ag[ 2h(s),...,h'(s)

D?g = di

where k; represent the principal curvatures of I' (upwards) at the point where
d is realized.

Case 1. 1If d is realized at a point on I'1, then the result follows from the
construction of S(Y, R).

Case 2. If d is realized at a point on I's, then
02/@2—7‘71>—3R51, 1=1,...,n—2,

+1
Ky — 1>’YTRO

1
provided that ¢/r¢ is small. Without loss of generality we assume |d| < R
since otherwise, g is constant. On the —1/2, respectively 1/2, level sets g(d) is
a supersolution from (37). On the other level sets one has

n—2
h’—i—zl_ V2h < KW + (—22/@—
=1
1
<h6+C’1R01\/2h+(6(n2) rt )Rolx/ < hy(s)

‘1>\/ﬁ

(we used (48) and (49)).
Case 3. If d is realized at a point on I's and |s| > 1/2, then

n—1
—K; _ )
Wt D =g V2l < o= 3Ry’ + 4ln = DRy 'V2h < hi(s),
i=1 v

(by (48)) and the claim is proved.
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We remark that ¥ and S(Yp, Ro) coincide outside the cylinder |2/| < 2gq.
Next we consider S(Y,,, R1) with
Co
Ry =r,+ Ho(y0n+1) + 5R70’ Yo = (yw,y0n+1)-

The sphere %(y,,71) stays at a distance greater than 3CoR, L above I's
and stays at a distance greater than 3CoR; " below T if |2/| > (1 + w)/2 >

wq + 86’3/2. This implies (see (47)):

1) The region of ¥ where |x,+1| < 1/2 and the distance to I is realized on
I'; is above S(Y,,, R1).

2) The region of S(Y,,, R1) where |z,,11| < 1/2 and the distance to X(y,, 1)
is realized at a point outside {|z/| < ¢(1 + w)/2} is above .

3) S(Y,, Ry) is above ¥ outside {|2/| < 2¢}.

We slide from below W in the e, direction till we touch u for the first
time. This cannot happen at (xg,u(xg)) since ¥ is a strict supersolution in
the viscosity sense at xg and u € C? is a subsolution. We conclude that there
exists # > 0 such that the surface ¥ — e, = {X — fBe,, X € U} touches u at a
point (z,u(z)) with |u(z)| < 1/2 and the distance from z + e, to I' is realized
on F3.

Now we consider the surfaces S(Yy + te,,, R1) and increase ¢ till we touch
for the first time the graph of u. We notice that when Yy + te,, = Y, — Be,
then the point (z,u(z)) is above the surface S(Yp + ten, R1). Thus we can find
0 < t1 < |Yy —Y,| — B such that S(Y1,R1), Y1 = Yo + t1e, touches u from
above at a point (x1,u(x1)), |u(x1)| < 1/2 in the cylinder |z'| < 2¢q. Moreover
from the above remarks

71 € {|2'| <q(1+w)/2} N{zn < C2¢°R'}, Ri> Ro/3.

We apply the above argument with (z1,u(z1)) and S(Y1, R;) instead of
(zo,u(zp)) and S(Yo, Rp) and continue inductively at most a finite number
of times till we find a point (x4, u(x,)) with the required properties.

Step 2. Using the result from Step 1, we prove that the set of contact
points (x,u(z)) such that
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1) |2'| < q/40, Ju(z)] < 1/2, [z — zo| < 4q/3,
2) in the cylinder {|z| < 2q}, u is touched by the above at (x,u(z)) by
S(Y,Ry/C5), and S(Y, Ry/C5) is above S(Yy, Ry) outside this cylinder,
3) £ (|§Z|(x), %(m@) < CgRiO and the contact points belong in each
level set to a Lipschitz graph with Lipschitz constant less than CyoqRy L
Vu ¢
4 — o i
) @=20) 7 Ry
project along e, in a set of measure greater than coq”~ !, where Cs, Cy,
co are appropriate universal constants.

(o) < Ho(u(x)) — Ho(u(zo)) + Co

We slide from below, in the e,, direction, the surfaces S(Y, R) with

1 Ry

(61 |y -F[< %, nal <5, R= o = 4C4(400)?

till they touch w.

First we show that (#/,2C4q>Ry") is in the exterior of X(y,r). Assume

not; then X(y,r) is above z, = 3C4¢*(2Ry)~! in the cylinder |2/ — 7| <
q(100)~2. Now,

Vu

+ |v7u

Vu
| =—(xs),en | < oL
(Fitoen) <o

Ty — Tx

() (Ho(u(z+)) + O(1)CoC3Ry ),

hence
Ty en < Ty - en + Ho(u(zy)) + Co(*Ry? + Ry Y).

Thus, if g is greater than a large universal constant, x, is at a signed
distance less than

Ho(u(zs)) + Co(¢*Ry > + R™1) — Cag®(2Ro) ' < Ho(u(zs)) — CoCs Ry

from X(y,r). This implies that x, is in the interior of the u(z,) level surface
of §(Y, R) which is a contradiction.

Since (i,,204¢*Ry") is in the exterior of X(y,r), we find from (51) that
Y (y,r) is below 2, = 4C4¢°Ry " and below x,, = 0 outside |2/| < ¢/50. Thus,
Y(y,r) is at a distance greater than ¢?(4Rp)~! in the interior of %(yo,ro)
outside {z,, > 0} x {|2/| < q/50}.

The s level surface of S(Yp, Rp) is at distance greater than (see (39))

Hyo“l,Ro (S) - Hyonﬂ,Ro (0)
Co
2 Hy0n+17R(8) - Hy0n+l?RO (O) 2 HyOW,+1:R(S) - 2RO

from X (yo, 70).
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The s level surface of S(Y, R) is at a distance less than
CoCs
Ry

Hyn+1,R(S) - Hyn+1,R(0) < Hyon+17R(s) +

from X (y,r).
Hence, at the points x for which

dZ(y,r) (I’) - dZ(yg,ro)(x) > 20005R617

S(Y, R) is above S(Yp, Rp). Since S(Yp, Rp) is constant outside a R§ neighbor-
hood of ¥(yp,r0), we can conclude that, for ¢ greater than a large universal
constant, S(Y, R) is above S(Yy, Ro) outside |2/| < ¢/40. This implies that the
contact points (z,u(z)) have the properties |u(z)| < 1/2,

Vu q ~ q2 ~/ q
L\ == n )| <Crm-y Tp <4Cy——, —
<|vu| (:B)a (& ) < 7R0 Tn < 4R0 |$ | < 40

and, from Proposition 7.1 they project along e, in a set of measure greater
than caq™ . We notice that on each level set the contact points belong to a
Lipschitz graph with Lipschitz constant less than 2C7qRy 1 Also, one has

4
|z — xo| < §Q7
r=x+ ‘gzl(.%) (Ho(u(lt)) + O(l)é()C%Ral) ,
Tn = in + Ho(u(z)) + Cs(¢* Ry + Ry 1.
Thus,
2
(z — 20) - en < 504]% + Ho(u(z)) — Holu(zo)),
0
(o~ 20)- 2 (20) < oL+ Ho(u(a)) — Ho(u(zo))
0 ‘vu| 0) > 9R0 0 0 0))s

which proves Step 2.
End of proof of Lemma 8.2.  In the general case we denote by X €
S(Yo, Ro) the point such that 7, X; = 0 and let
_ 17 Y
lz1 — ol
The cylinder
(e —a1) - €] < 12} x {Imele — 1) < 2me(o — a1)])

is included in {|2'| < 1} x {|zn| < 1}. Also, |zp]/2 < |me(Zo — z1)| < |2(|3/2,
hence we are in the situation above. The contact points obtained in Step 2
belong in each level set to a Lipschitz graph (in the e,, direction) with Lipschitz
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constant less than 1. The result follows now by projecting these points along
the e, direction. With this the lemma is proved. O

Proof of Lemma 8.3. Denote by Fj, C Ej the closed set
F,={Z e L/ dist(X, Dy N Qp+q4) < a}.
We prove that there exists p(n, 1) > 0 small, such that

(52) Qi \ Fil < (1-p)"|Qil.
Let Z € Qi \ Fy, Z1 € Fy, be such that |Z — Z;| = dist(Z, Fy,) = r. We
claim that for some po(n, p1) >0

(53) [Fl1 N QN B(Z, 1) = p2|Qi N B(Z,7)].

Let Zy € DN Q44 be the point for which |Z — Zy| = r+a and Z; belongs
to the segment [Z, Zy).

If 2r > a, let Z5 be such that
r

|Z—ZQ‘:§ B(ZQ,%)OLCQ[.

From property 2 and a + /2 < |Zy — Zp| < 5r we obtain

,
|Fro1 NQNB(Z,7)| > ‘Dk+1 nB (Z2, 5)‘
> |Dyy1 N B(Z2, | Zy — Zo|/10))|

r
> 1 ‘B (ZQ, 5) N L‘ > p2|B(Z, 1) N Q.
If 2r < a then, from property 2, there exists a point

r+a

Z D Z, —
3 € k+103< T

) - Ql+a~
Thus,
QN B(Z, 7") c@n B(Zg,a) C Fk+17

which proves (53).
We take a finite overlapping cover of Q; \ Fj with balls B(Z,r). Using
(53) we find a constant p(u2,n) > 0 such that

[Fr1 N (Qu\ Fi)| = plQu\ Fil;

hence,

Qi \ Frra] < (1= p)|Qu \ Fil,

and (52) is proved. O
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9. Estimate for the projection of the contact set

In this section we use the results of the previous section and prove the
following:

LEMMA 9.1. Let u be a local minimizer of J in {|2'| < 321} x {|xy| < 321},
and assume that w(0) =0, v < 0 if z, < —0. There exists universal constants

Cy, Ii, C4 such that:
Given 0y > 0, there exists €9(0p) > 0 such that if

071 = <eo(by), 0>6), Cre<ay,
then the set of points
(z,u(x)) € {|2'] <1} x {|zn4a] <1/2}
that satisfy
zn < CF0 + Ho(u())
project along e, into a set of measure greater than (1 — (1 — )*)|Qy|.

Before we prove Lemma 9.1 we need another lemma that gives us a first
surface S(Y, R) that touches u from above.

LEMMA 9.2 (The first touching surfaces). Let u be a local minimizer of
Jin {|2'| < 32} x {|z,| < 321}, and assume that u(0) =0, u < 0 if z,, < —6.
Given 0y > 0, there exists €1(6g) > 0 such that if

01" <ei(6o), 0> 6,
then the points (z,u(x)) have the following properties:
1) |2 <1, Ju(x)] < 1/2.
2) There exists a surface S(Y,Ro) that stays above w in the cylinder
{]2'] < 161} x {|xn| < 161} and touches its graph at (x,u(z)), where
l2

g 1> R

Ry =
Vu 1
P —— <
3) £ <|Vu| (x),en) <IR,",

0
4) zp, < 1 + Hy(u(x)) project along ey, into a set of measure greater than

&3l" 1, where & > 0 is small, universal.

Proof of Lemma 9.2. We slide from below surfaces ¥(y,[) and as in the
proof of (19) we obtain

(54) gi(zn +0) > u(x) if |2| < 161, |z,| < 161
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where g; ( respectively ¥(y, 1)) is the comparison function (surface) constructed
in Lemma 5.3. )

Let Ry = 12(320)~" and notice that IRy is small and [ > R if £1(6p) is
small. Consider the surfaces S(Y, Rp) that contain the point (0,0) with

Y| <1/16,  |ynia| < 1/4.

CrLAM. The surfaces S(Y, Ry) are above gi(x,+0) (and therefore above u)
in the region | < |z’| < 161.

Proof. The 0 level surface of S(Y, Ry) is a sphere |x — y| = r, which is
below the hyperplane x,, = 6/8. Let dy, da, denote the signed distance to the
sphere |x — y| = r, respectively to the hyperplane x,, = —6.

If |b] < R§, the sphere |z — y| = r + b is below z,, = —20 + b outside
|#’| < 1/2; thus

(55) dy >de+0, in{|di]| < Rg} N{l < |2'| < 161}.
Now it suffices to show
(56) Hy, ., Rr,(8) — Hy, , r,(0) < Hi(s)+0

which implies
Jyn+1,Ro (d + Hyn+17Ro (0)) = gl(d - 9)
Hence,
Jyn+1.R0 (di + Hy, . \.R, (0)) = gi(d1 — 0) > gi(d2),
or S(Y, Ry) is above g;(xy, + 0) in the region | < |2/| < 161.
The proof of (56) is similar to the proof of (22). Notice that

s 1
(57) H, 1,820 (S) —H nt1,0%0 (0) :/ —dCa
. " 0 2hy'n+17RO (C)
C
(58)  Hyoora(s) = Hyom(0) < Hols) 4 5

< Hy(s) + C10172 < Hy(s) +6/2
for [ large.
From (15), (29) we find that
By ook (8) < hu(s), if s < —1+e1(fo)l 2,
By ook (8) > hu(s), if s> 1—c(fo)l 72,
provided that [ > fge1(6p)~" > C1(f) large. This implies that the maximum

of Hy, ., Rr,(s) — H(s) occurs for 1 — |s| > c1(8p)l"2. For these values of s we

have (see Lemma 5.3)

C1 (90)

Hy(s) < Hy(s) + C1l  log < Hy(s) + 00/2,

which together with (58) proves (56).
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In conclusion, we slide from below surfaces S(Y, Rp) in the cylinder
{]2'| <161} x {|xy| < 161} with

Y| <1/16,  |yni1| < 1/4,

and we touch u for the first time at points (x,u(z)) that satisfy properties 1,
2, 3 of the lemma and

Tp < Hyn+1,Ro (u(x)) - Hyn+1,Ro (0) + 0/8
32CH
212
Now the lemma follows from Proposition 7.1. O

< Hp(u(x)) + +6/8 < Ho(u(x)) + 60/4.

Proof of Lemma 9.1. Let Ry = 12(320)~" and define Dj, as the set of
points (x,u(x)) with the following properties:

1) || <161, Ju(z)| < 1/2.
2) The graph of u is touched from above in {|z/| < 16{} x {|z,| < 161} at
(z,u(x)) by S(Y, Ry) with Ry, > RoCg".

Vu = _
3) « <w(x),en) < CMIR;* .

4) x - e, < CFO + Hy(u(x)) where
Cs = max{Cs5, 200Cy, C(Cy)}.

Also, we define Dy, = 7,(Dy). From Lemma 9.2 we find that if € < e1(6p),
then Dy N Q; # 0.

CLAM. As long as
8CEIRy < min{éy, 7}
Dy, satisfies property 2 of Lemma 8.3 with a = Cy.

Proof. Let Zy = mp(zp, u(xg)) € Qo N Dy, and let Zel, |z}, — 2| = q,
21 > q > C4. We apply Lemma 8.2 in the cylinder

{|a' — '] < 81} x {Jza] < 81}

and obtain that the points (x,u(z)) with the following four properties project
along e, in a set of measure greater than éy¢" .

1) |2 = 7' < q/15, |u(z)| < 1/2, |z — zx| < 4.

2) The graph of u is touched from above in {|2/| < 161 x {|z,| < 161} at
(z,u(z)) by S(Y, Rgq1) with

Rip1 > ROt > RoCg L.
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Vu Vu = Ak
3) £ (W(m), w(mk)> < 2C,CFIR;; hence,

Vi (;Z(az), en> < 2C4CHIR; + CEIRG! < CEFIR,!.

\V4 o
4) (x — $k> . Vz‘(xk) < 4C4Z2CgRal + Ho(u(x)) — Ho(u(xk))
(x — xg) - en <ACEIPRyY + 4CPCERY ! + Ho(u(x)) — Ho(u(wy)).
Thus,
zn, < C¥19 4 Hy(u(x)).
All these points are in Dk+1 which proves the claim. O

Let E), be the sets defined in Lemma 8.3. From Lemma 8.1 we know that
each point in E} is the projection of a point (z,u(x)) with |z — x| < 2C4 and

(& — 1) |§Z|<xk> < Ho(u(x)) — Ho(u(ax)) + C(Co)RLY,

for some point (zy, u(xy)) € Dy. Thus,
(x — ) - en < O(Cy)CERG 4 2C4,CEIRG ™ + Ho(u(x)) — Ho(u(zy))

or
zn, < C¥P19 4 Hy(u(x)).

We apply Lemma 8.3 and obtain that there exist positive universal con-
stants ¢4, i, small, C, := C3 such that if

C’fs < &4 :=300""1 min{ca, 7}, & < ep(bo),

then
|Exn Qi > (1- (1 - 0)")|Qul-
With this the lemma is proved. O

10. Proof of Theorem 2.2

We assume that v is a local minimizer of J in the cylinder
{|2| < 321} x {|zn| < 321},

and
u>0 ifz, >0, u<0 ifz,<—-6, u(0)=0.

We show that if the 0 level set is close to z,, = —6 at a point in |2/| < [/4 then
the energy of u is large and we obtain a contradiction.
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As in (54) (or (19)) we can prove
(59) pr(zn —0) <u(z) < gi(zn,+0) in {|]2'| <161} x {|z,| < 161},

where p; is the function similar to g; which rotated gives a subsolution (it is
supported in (—[/2,00), p;(0) = 0 and is constant for s > 1/2).

Next we apply Lemma 9.2 upside-down and obtain that there exists a
small universal constant ¢; such that the points (z,u(z)) with

!
27

N

0
(60) T = =+ Ho(u(2)), 2| < u(z)] <
project along e, in a set of measure greater than c;1" !, provided that 9l~! <
£2(0p) is small.
On the other hand, from Lemma 9.1 we find universal constants C., [i
such that if

(61) {u=0}n{2/| <l/4} N {zn < (—1+C ™ /4)0} # 0,
01! < e3(00, ko),

then the set of points (x,u(x)) with

0 l

(62) te < =g+ Hou(z), |25, Ju(@) <

N |

project along e, in a set of measure greater than (1 — (1 — ﬂ)ko)]Ql/2\. We
show that if we choose kg large, universal such that

(63) el 1> 2(1 = 1)*|Qy sl
and € small enough, then we obtain a contradiction.
Now,
1 2 / !
§|Vu| + ho(u) ) da'dxy >/ 2ho(u)|uy, |de' dzy,
= 2h0($n+1)d{£‘/d1‘n+1.
Denote

Ay = {2 <1} x {|zn] <1}

Project along e,, the points (z,u(x)), with |z,| <. From (60), (62), (63)
we find that there exists a set of measure ¢;1" ! /2 included in Q; /2 Where these
points project twice. Using also (59) we can find two small universal constants
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¢z, c3 > 0 such that

1
(64) T, Ay) = /A o[Vl + ho(u)d
17C2

> wy "1 vV 2ho(xn41)dTn41
1

Co—

+%1 < min 2h0(s)) [l

s|<1/2

1
an_llnl/ V/2ho(s)ds + c3l™ 1,

—1

where w,_1 represents the volume of the n — 1 dimensional unit sphere.
Assume by contradiction that there exist numbers I, 6, with

Hkllzl - 07 ek > 907

and local minimizers uy in Asy, satisfying the hypothesis of Theorem 2.2 and

property (61).
Denote by ), :=[; ' and vj,(z) := uk(alzlx). From (64) we obtain

1
(65) Jek (Uk, Al) = EZ_IJ(uk, Alk) > Wn—1 / \/ 2h0(8)d8 + c3.
—1
On the other hand, as £ — oo we have

g — XB — XEe in Li (A7),

where E = A; N {z,, > 0}. By Theorem 3.1 one has

1 1
klim e (vk, A1) = PAlE/ v 2ho(s)ds = wnl/ \V/2ho(s)ds
—00 -1 -1

which contradicts (65).
With this, Theorem 2.2 is proved.
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