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Quasilinear and Hessian equations
of Lane-Emden type

By NeuvyEN CoNG PHuUC and IGOR E. VERBITSKY*

Abstract

The existence problem is solved, and global pointwise estimates of solu-
tions are obtained for quasilinear and Hessian equations of Lane-Emden type,
including the following two model problems:

—Apu =ul + p, Fy[—u] = u? + p, u >0,

on R", or on a bounded domain 2 C R". Here A, is the p-Laplacian defined
by Apu = div (Vu|VulP~2), and Fi[u] is the k-Hessian defined as the sum of
k x k principal minors of the Hessian matrix D?u (k=1,2,...,n); puis a
nonnegative measurable function (or measure) on €.

The solvability of these classes of equations in the renormalized (entropy)
or viscosity sense has been an open problem even for good data p € L*(2),
s > 1. Such results are deduced from our existence criteria with the sharp
exponents s = % for the first equation, and s = n(qu_qk) for the second
one. Furthermore, a complete characterization of removable singularities is
given.

Our methods are based on systematic use of Wolff’s potentials, dyadic
models, and nonlinear trace inequalities. We make use of recent advances in
potential theory and PDE due to Kilpeldinen and Maly, Trudinger and Wang,
and Labutin. This enables us to treat singular solutions, nonlocal operators,
and distributed singularities, and develop the theory simultaneously for quasi-
linear equations and equations of Monge-Ampere type.

1. Introduction

We study a class of quasilinear and fully nonlinear equations and in-
equalities with nonlinear source terms, which appear in such diverse areas
as quasi-regular mappings, non-Newtonian fluids, reaction-diffusion problems,
and stochastic control. In particular, the following two model equations are of
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substantial interest:

(11) _Apu:f(wvu)a Fk[_u] :f(xvu)a

on R™, or on a bounded domain Q C R", where f(z,u) is a nonnegative func-
tion, convex and nondecreasing in u for u > 0. Here Apu = div (Vu |VulP~2)
is the p-Laplacian (p > 1), and Fj[u] is the k-Hessian (k = 1,2,...,n) defined
by

(1.2) Fk[u] = Z )‘il "')‘ikv

1<y <+ <ip<n
where Ai,...,\, are the eigenvalues of the Hessian matrix D?u. In other
words, Fj[u] is the sum of the k x k principal minors of D?u, which coincides
with the Laplacian Fi[u] = Au if £ = 1, and the Monge-Ampere operator
Fo[u] = det (D?u) if k = n.

The form in which we write the second equation in (1.1) is chosen only
for the sake of convenience, in order to emphasize the profound analogy be-
tween the quasilinear and Hessian equations. Obviously, it may be stated as
(=¥ F[u] = f(x,u), u >0, or Fgxlu] = f(z,—u), u <0.

The existence and regularity theory, local and global estimates of sub-
and super-solutions, the Wiener criterion, and Harnack inequalities associated
with the p-Laplacian, as well as more general quasilinear operators, can be
found in [HKM], [IM], [KM2], [M1], [MZ], [S1], [S2], [SZ], [TW4] where many
fundamental results, and relations to other areas of analysis and geometry are
presented.

The theory of fully nonlinear equations of Monge-Ampere type which
involve the k-Hessian operator Fj[u] was originally developed by Caffarelli,
Nirenberg and Spruck, Ivochkina, and Krylov in the classical setting. We re-
fer to [CNS], [GT], [Gu], [Iv], [Kr], [Tru2], [TW1], [Ur| for these and further
results. Recent developments concerning the notion of the k-Hessian measure,
weak continuity, and pointwise potential estimates due to Trudinger and Wang
[TW2]-[TW4], and Labutin [L] are used extensively in this paper.

We are specifically interested in quasilinear and fully nonlinear equations
of Lane-Emden type:

(1.3) —Apu=u?, and Fi[—u] = 9, u>0 inQ,

where p > 1, ¢ >0, k =1,2,...,n, and the corresponding nonlinear inequali-
ties:

(1.4) —Apu >u?, and Fy[—u] > u?, u>0 in Q.

The latter can be stated in the form of the inhomogeneous equations with
measure data,

(1.5) —Apu=ul+p, Fi[—u] = u? + p, u>0 inQ,

where p is a nonnegative Borel measure on ).
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The difficulties arising in studies of such equations and inequalities with
competing nonlinearities are well known. In particular, (1.3) may have singular
solutions [SZ]. The existence problem for (1.5) has been open ([BV2, Prob-
lems 1 and 2J; see also [BV1], [BV3], [Gre]) even for the quasilinear equation
—Apu = u? + f with good data f € L*(f2), s > 1. Here solutions are gener-
ally understood in the renormalized (entropy) sense for quasilinear equations,
and viscosity, or the k-convexity sense, for fully nonlinear equations of Hessian
type (see [BMMP], [DMOP], [JLM], [TW1]-[TW3], [Ur]). Precise definitions
of these classes of admissible solutions are given in Sections 3, 6, and 7 below.

In this paper, we present a unified approach to (1.3)—(1.5) which makes it
possible to attack a number of open problems. This is based on global point-
wise estimates, nonlinear integral inequalities in Sobolev spaces of fractional
order, and analysis of dyadic models, along with the Hessian measure and
weak continuity results [TW2]-[TW4]. The latter are used to bridge the gap
between the dyadic models and partial differential equations. Some of these
techniques were developed in the linear case, in the framework of Schrédinger
operators and harmonic analysis [ChWW], [Fef], [KS], [NTV], [V1], [V2], and
applications to semilinear equations [KV], [VW], [V3].

Our goal is to establish necessary and sufficient conditions for the exis-
tence of solutions to (1.5), sharp pointwise and integral estimates for solutions
to (1.4), and a complete characterization of removable singularities for (1.3).
We are mostly concerned with admissible solutions to the corresponding equa-
tions and inequalities. However, even for locally bounded solutions, as in [SZ],
our results yield new pointwise and integral estimates, and Liouville-type the-
orems.

In the “linear case” p =2 and k = 1, problems (1.3)—(1.5) with nonlinear
sources are associated with the names of Lane and Emden, as well as Fowler.
Authoritative historical and bibliographical comments can be found in [SZ].
An up-to-date survey of the vast literature on nonlinear elliptic equations with
measure data is given in [Ver|, including a thorough discussion of related work
due to D. Adams and Pierre [AP], Baras and Pierre [BP], Berestycki, Capuzzo-
Dolcetta, and Nirenberg [BCDN], Brezis and Cabré [BC], Kalton and Verbitsky
[KV].

It is worth mentioning that related equations with absorption,

(1.6) —Au+u? = p, u>0 in €,

were studied in detail by Bénilan and Brezis, Baras and Pierre, and Marcus and
Véron analytically for 1 < ¢ < 0o, and by Le Gall, and Dynkin and Kuznetsov
using probabilistic methods when 1 < ¢ < 2 (see [D], [Ver]). For a general
class of semilinear equations

(1.7) —Au+ g(u) = pu, u>0 inQ,
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where g belongs to the class of continuous nondecreasing functions such that
g(0) = 0, sharp existence results have been obtained quite recently by Brezis,
Marcus, and Ponce [BMP]. It is well known that equations with absorption
generally require “softer” methods of analysis, and the conditions on g which
ensure the existence of solutions are less stringent than in the case of equations
with source terms.

Quasilinear problems of Lane-Emden type (1.3)—(1.5) have been studied
extensively over the past 15 years. Universal estimates for solutions, Liouville-
type theorems, and analysis of removable singularities are due to Bidaut-Véron,
Mitidieri and Pohozaev [BV1]-[BV3], [BVP], [MP], and Serrin and Zou [SZ].
(See also [BiD], [Gre], [Ver], and the literature cited there.) The profound
difficulties in this theory are highlighted by the presence of the two critical
exponents,

(1.8) g = =1 g = ne=D+p

n—p ’ n—p '

where 1 < p < n. As was shown in [BVP], [MP], and [SZ], the quasilinear
inequality (1.5) does not have nontrivial weak solutions on R™, or exterior
domains, if ¢ < ¢.. For ¢ > g, , there exist u € W/I})’Cp N Ly, which obeys
(1.4), as well as singular solutions to (1.3) on R"™. However, for the existence
of nontrivial solutions u € I/Vlif N LS. to (1.3) on R”, it is necessary and
sufficient that ¢ > ¢* [SZ]. In the “linear case” p = 2, this is classical ([GS],
[BP], [BCDN]).

The following local estimates of solutions to quasilinear inequalities are
used extensively in the studies mentioned above (see, e.g., [SZ, Lemma 2.4]).
Let Bgr denote a ball of radius R such that Bag C €. Then, for every solution
u € T/Vlif N LS. to the inequality —Apu > uf in €,

__w
(1.9) /B uwde < CR" a—p+1, 0<vy<yq,
R

ap e — P
(1.10) /B |Vu|ttl de < C R a-ptl, 0<vy<yg,
R

where the constants C' in (1.9) and (1.10) depend only on p, ¢, n,v. Note that
(1.9) holds even for v = ¢ (cf. [MP]), while (1.10) generally fails in this case.
In what follows, we will substantially strengthen (1.9) in the end-point case
v = ¢, and obtain global pointwise estimates of solutions.

In [PV], we proved that all compact sets E C 2 of zero Hausdorff measure,

n

H" a—p+1(E) = 0, are removable singularities for the equation —Ayu = u9,
q > qs«. Earlier results of this kind, under a stronger restriction cap, _pq +5(E )
P q—p+1

= 0 for some ¢ > 0, are due to Bidaut-Véron [BV3]. Here cap; ,(:) is the ca-
pacity associated with the Sobolev space W,

In fact, much more is true. We will show below that a compact set E C (2
is a removable singularity for —A,u = u? if and only if it has zero fractional
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associated with the Sobolev space W * which is defined in Section 2. We
observe that the usual p-capacity cap; , used in the studies of the p-Laplacian
[HKM], [KM2] plays a secondary role in the theory of equations of Lane-Emden

capacity: cap, _q (E) = 0. Here cap, , stands for the Bessel capacity
) 1 ’

type. Relations between these and other capacities used in nonlinear PDE
theory are discussed in [AH]|, [M2], and [V4].

Our characterization of removable singularities is based on the solution of
the existence problem for the equation

(1.11) —Apu = ul + 1, u >0,

with nonnegative measure p obtained in Section 6. Main existence theorems
for quasilinear equations are stated below (Theorems 2.3 and 2.10). Here we
only mention the following corollary in the case Q = R™: If (1.11) has an
admissible solution u, then

Pq
(1.12) / dp < CR" a—pHT,
Bn

for every ball By in R", where C' = C(p,q,n), provided 1 < p < n and q > gs;
if p>norq<q, then p=0.
Conversely, suppose that 1 < p <mn, ¢ > gx, and du = fdz, f > 0, where

. (1Fe)pg
(1.13) / fIede < CR" a-ptl
Br

for some € > 0. Then there exists a constant Cy(p, ¢, n) such that (1.11) has
an admissible solution on R™ if C' < Cy(p, ¢, n).

The preceding inequality is an analogue of the classical Fefferman-Phong
condition [Fef] which appeared in applications to Schrodinger operators. In

n(g—p+1)

particular, (1.13) holds if f € L™ »«  **°(R™). Here L® > stands for the weak
L® space. This sufficiency result, which to the best of our knowledge is new

even in the L* scale, provides a comprehensive solution to Problem 1 in [BV2].
n(g—p+1)

Notice that the exponent s = is sharp. Broader classes of measures
i (possibly singular with respect to Lebesgue measure) which guarantee the
existence of admissible solutions to (1.11) will be discussed in the sequel.

A substantial part of our work is concerned with integral inequalities for
nonlinear potential operators, which are at the heart of our approach. We
employ the notion of Wolff’s potential introduced originally in [HW] in relation
to the spectral synthesis problem for Sobolev spaces. For a nonnegative Borel
measure g on R", s € (1, 400), and a > 0, the Wolff’s potential W, s is
defined by

(1.14) W, s i(x) = /OOO [M} ”116?, xr € R™.

tn—O&S
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We write W, f in place of W, g if du = fdz, where f € LL (R"), f > 0.
When dealing with equations in a bounded domain 2 C R"”, a truncated version
is useful:

(1.15) W' uz) = /0 [“(B”))}Slldt z€eQ,

tn—as t )

where 0 < r < 2diam(f2). In many instances, it is more convenient to work
with the dyadic version, also introduced in [HW]:

(Q)
(1.16) Wa,spilz) = > |50
a & [6(@)

} " xo(2), x eR",
where D = {Q} is the collection of the dyadic cubes Q@ = 2¢(k + [0, 1)),
i €Z, keZ" and £(Q) is the side length of Q.

An indispensable source on nonlinear potential theory is provided by [AH],
where the fundamental Wolff’s inequality and its applications are discussed.
Very recently, an analogue of Wolff’s inequality for general dyadic and radially
decreasing kernels was obtained in [COV]; some of the tools developed there
are employed below.

The dyadic Wolff’s potentials appear in the following discrete model of
(1.5) studied in Section 3:

(1.17) u =Wy, sul + f, u > 0.

As it turns out, this nonlinear integral equation with f = W, , i is intimately
connected to the quasilinear differential equation (1.11) in the case a@ = 1,
,f—fl, s = k+1. Similar
discrete models are used extensively in harmonic analysis and function spaces

(see, e.g., [NTV], [St2], [V1]).

The profound role of Wolff’s potentials in the theory of quasilinear equa-
tions was discovered by Kilpeldinen and Maly [KM2]. They established lo-
cal pointwise estimates for nonnegative p-superharmonic functions in terms of
Wolff’s potentials of the associated p-Laplacian measure u. More precisely, if

s = p, and to its k-Hessian counterpart in the case a =

u > 0 is a p-superharmonic function in Bs,(z) such that —Aju = p, then

(1.18) Cy Wi ,u(z) <u(z) < Oy Bi(I;fr) u+C3 Wirp wu(x),

where C1, Cy and (5 are positive constants which depend only on n and p.
In [TW1], [TW2], Trudinger and Wang introduced the notion of the Hes-

sian measure pfu] associated with Fj[u] for a k-convex function u. Very re-

cently, Labutin [L] proved local pointwise estimates for Hessian equations anal-

ogous to (1.18), where Wolff’s potential W7, fp1 1S used in place of W7  u.

k+17

In what follows, we will need global pointwise estimates of this type. In
the case of a k-convex solution to the equation Fj[u] = p on R™ such that
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inf,ern (—u(z)) = 0, one has

(1.19) CrW oy ple) < —ule) < CoW sy ul),

k+1?

where Cy and Cs are positive constants which depend only on n and k. Analo-
gous global estimates are obtained below for admissible solutions of the Dirich-
let problem for —A,u = p and Fj[—u] = g in a bounded domain Q C R" (see
§2).

In the special case 2 = R™, our criterion for the solvability of (1.11) can
be stated in the form of the pointwise condition involving Wolff’s potentials:

(1.20) Wi, (Wi ,pu)(x) <CWi,pu(z) < +oo  ae.,

which is necessary with C' = C1(p, ¢,n), and sufficient with another constant
C = Cy(p,q,n). Moreover, in the latter case there exists an admissible solution
u to (1.11) such that

(1.21) et Wi pu(z) <u(z) <ca Wi pp(x), x € R",

where c¢; and ¢y are positive constants which depend only on p, ¢, n, provided
l<p<mnandgq>gq.ifp>norqg<q thenu=0and u=0.

The iterated Wolff’s potential condition (1.20) is crucial in our approach.
As we will demonstrate in Section 5, it turns out to be equivalent to the
fractional Riesz capacity condition

(1.22) W(B) < CCap, . (E),

q—p+1

where C' does not depend on a compact set &£ C R™. Such classes of measures
u were introduced by V. Maz’ya in the early 60-s in the framework of linear
problems.

It follows that every admissible solution u to (1.11) on R™ obeys the in-
equality

(1.23) / uldr < CCap, 4 (E),

E ’q—p+1
for all compact sets & C R™. We also prove an analogous estimate in a bounded
domain Q (Section 6). Obviously, this yields (1.9) in the end-point case v = gq.
In the critical case ¢ = g.«, we obtain an improved estimate (see Corollary 6.13):

(1.24) / ul dr < C (log(22)) T )
B,

for every ball B, of radius r such that B, C Bpg, and Bogp C . Certain
Carleson measure inequalities are employed in the proof of (1.24). We observe
that these estimates yield Liouville-type theorems for all admissible solutions
to (1.11) on R™, or in exterior domains, provided ¢ < ¢, (cf. [BVP], [SZ]).
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Analogous results will be established in Section 7 for equations of Lane-
Emden type involving the k-Hessian operator Fi[u]. We will prove that there
exists a constant C1(k, g,n) such that, if

(1.25) W%7k+1(W%’k+1u)q(m) < C’W%’Hlu(.ﬁ) < 400 a.e.,
where 0 < C' < Ci(k, q,n), then the equation

(1.26) Fi[—u] = u? + p, u >0,

has a solution u so that —wu is k-convex on R™, and

(1.27) c1 W%’kﬂ p(x) <u(z) < e W%7k+l w(x), x e R",

where c1, ¢z are positive constants which depend only on k, ¢, n, for 1 < k < 3.
Conversely, (1.25) with C' = Cs(k, g, n) is necessary in order that (1.26) has a
solution u such that —u is k-convex on R" provided 1 < k < 5 and ¢ > g« =
n’j—gk;iszgorng* then u =0 and u = 0.

In particular, (1.25) holds if du= f dx, where f >0 and f € LH(;T;M’OO(R”);
the exponent "(qu_q k) s sharp.

In Section 7, we will obtain precise existence theorems for equation (1.26)
in a bounded domain €2 with the Dirichlet boundary condition v = ¢, ¢ > 0,

on JN), for 1 < k < n. Furthermore, removable singularities £ C €2 for the
homogeneous equation Fi[—u] = u?, u > 0, will be characterized as the sets of
zero Bessel capacity capgy, e (E) =0, in the most interesting case g > k.

The notion of the k-Hessian capacity introduced by Trudinger and Wang
proved to be very useful in studies of the uniqueness problem for k-Hessian
equations [TW3], as well as associated k-polar sets [L]. Comparison theorems
for this capacity and the corresponding Hausdorff measure were obtained by
Labutin in [L] where it is proved that the (n — 2k)-Hausdorff dimension is
critical in this respect. We will enhance this result (see Theorem 2.20 below)
by showing that the k-Hessian capacity is in fact locally equivalent to the
fractional Bessel capacity cap ETRyNST

In conclusion, we remark t+hat our methods provide a promising approach
for a wide class of nonlinear problems, including curvature and subelliptic
equations, and more general nonlinearities.

2. Main results

Let Q be a bounded domain in R™, n > 2. We study the existence problem
for the quasilinear equation

—divA(z, Vu) = u? + w,
(2.1) u>0 in
u=0 on 09,
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where p > 1, ¢ >p—1 and
(2:2) Az, &) €2 alglf, A€l <Blef™

for some a, 3 > 0. The precise structural conditions imposed on A(z, &) are
stated in Section 4, formulae (4.1)—(4.5). This includes the principal model
problem

—Apu = u? + w,
(2.3) u>0 in Q
u=0 on 0.

Here A, is the p-Laplacian defined by A,u = div(|Vu[P~? Vu). We observe that
in the well-studied case ¢ < p — 1, hard analysis techniques are not needed,
and many of our results simplify. We refer to [Gre], [SZ] for further comments
and references, especially in the classical case ¢ = p — 1.

Our approach also applies to the following class of fully nonlinear equations

Fi[—u] = v+ w,
(2.4) u>0 in €
u=¢ on 0N,

where k =1,2,...,n, and Fj is the k-Hessian operator defined by (1.2). Here
—u belongs to the class of k-subharmonic (or k-convex) functions on £ intro-
duced by Trudinger and Wang in [TW1]-[TW2]. Analogues of equations (2.1)
and (2.4) on the entire space R™ are studied as well.

To state our results, let us introduce some definitions and notation. Let
ME(Q) (respectively MT(£2)) denote the class of all nonnegative finite (re-
spectively locally finite) Borel measures on Q. For u € M1 () and a Borel set
E C Q, we denote by pug the restriction of p to E: durp = xgpdp where xg is
the characteristic function of E. We define the Riesz potential I, of order «,
0 < o < n,onR"™ by

L(z) = c(n, ) / @ -yl duly), xR,
R‘n

where 1 € MT(R") and ¢(n, «) is a normalized constant. For a > 0, p > 1,
such that ap < n, the Wolft’s potential W ,u is defined by

o0 1
_ p(Bi(x)) 5= dt n
Wo, pp(z) —/0 [W} - TERL
When dealing with equations in a bounded domain 2 C R"”, it is convenient
to use the truncated versions of Riesz and Wolff’s potentials. For 0 < r < oo,
a>0and p > 1, we set

IZu(%)z/OTWCH, Wgypu(x):/; [“(Bt(d’ﬂ))]rfldﬁ

t tn—ap t
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Here I7” and Wg7, are understood as I, and W, , respectively. For a > 0,
we denote by G, the Bessel kernel of order « (see [AH, §1.2.4]). The Bessel
potential of a measure p € M™T(R") is defined by

Gap(z) = [ Ga(z—y)duly),  z€R™
Rn
Various capacities will be used throughout the paper. Among them are the
Riesz and Bessel capacities defined respectively by

Capy, o(E) = nf{|[f[I7. @) : Taf = x5, 0 < f € L*(R™)},

and

Capg,,s(E) = mf{|[ |7 @n) : Gaf = Xz, 0< f € L*(R")}

for any E C R"™.
Our first two theorems are concerned with global pointwise potential esti-
mates for quasilinear and Hessian equations on a bounded domain §2 in R".

THEOREM 2.1. Suppose that u is a renormalized solution to the equation

—divA(z,Vu) =w in Q,
(2:5) { u=0 on 09,

with data w € ME(Q). Then there is a constant K = K(n,p,a,3) > 0 such
that, for all x in €,
(2.6) Lwy () < ue) < K WA ()
: K 17p - - 17p :
THEOREM 2.2. Let w € ME(Q) be compactly supported in . Suppose
that —u is a nonpositive k-subharmonic function in ) such that u is continuous
near 0€) and solves the equation

{Fk[—u]:w in Q

u=0 on ONQ.
Then there is a constant K = K(n,k) > 0 such that, for all x € Q,
1 dist(:;,aﬂ) 2di Q
(2.7) ?W%,kﬂw(aﬁ) <u(z) < ngiil)w(x)

We remark that the upper estimate in (2.6) does not hold in general if
u is merely a weak solution of (2.5) in the sense of [KM1]. For a counter-
example, see [Kil, §2]. Upper estimates similar to the one in (2.7) hold also
for k-subharmonic functions with nonhomogeneous boundary condition (see
§7). Definitions of renormalized solutions for the problem (2.5) are given in
Section 6; for definitions of k-subharmonic functions see Section 7.

As was mentioned in the introduction, these global pointwise estimates
simplify in the case {2 = R"; see Corollary 4.5 and Corollary 7.3 below.
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In the next two theorems we give criteria for the solvability of quasilinear
and Hessian equations on the entire space R".

THEOREM 2.3. Let w be a measure in M*T(R™). Let 1 < p < n and
q>p—1. Then the following statements are equivalent.

(i) There exists a nonnegative A-superharmonic solution u € L (R™) to
the equation

(2.8) infyern u(z) =0,
’ —divA(z,Vu) =ul+ew in R"

for some e > 0.

(ii) The testing inequality

q

(2.9) /B {Ipr(x)] g < Cw(B)

holds for all balls B in R™.
(iii) For all compact sets E C R™,

(2.10) w(E) < CCapy, _«_(E).

q—p+1

(iv) The testing inequality
(2.11) / {WprB(x)}qda: < Cw(B)
B

holds for all balls B in R™ .

(v) There exists a constant C such that
(2.12) Wi, (Wi ,w)i(z) KCW; w(z) <oco ae.

Moreover, there is a constant Co = Cy(n,p, q, «, 3) such that if any one of the
conditions (2.9)—(2.12) holds with C < Cy, then equation (2.8) has a solution
u with € = 1 which satisfies the two-sided estimate

(2.13) 1 Wi pw(x) <u(x) < ca Wi pw(x), r e R",

where ¢1 and co depend only on n,p,q,a, 3. Conversely, if (2.8) has a solution
u as in statement (i) with ¢ = 1, then conditions (2.9)—(2.12) hold with C' =
Cy(n,p,q,a, ). Here o and (B are the structural constants of A defined in
(2.2).

Using condition (2.10) in the above theorem, we can now deduce a simple
sufficient condition for the solvability of (2.8) from the known inequality (see,

e.g., [AH, p. 39])

‘E|177L(qu7+l) S C’Cap]:p7 q - (E)

q—p+
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n(g=p+1)
COROLLARY 2.4. Suppose that f € L D C(R™) and dw = fdzx. If
q>p—1and L~ < n, then equation (2.8) has a nonnegative solution for

qg—p+1
some € > 0.

n(g—p+1)

Remark 2.5. The condition f € L™ » **(R"™) in Corollary 2.4 can be
relaxed by using the Fefferman-Phong condition [Fef]:

(a+8)
/ FIHdy < OR" =t
Br

for some § > 0, which is known to be sufficient for the validity of (2.9); see,
e.g., [KS], [V2].

THEOREM 2.6. Let w be a measure in MT(R"), 1 <k < 4, and ¢ > k.
Then the following statements are equivalent.

(i) There exists a solution u > 0, —u € ®F(Q) N LL (R"), to the equation

infwe]Rn U/(ZU) = 0,
(2.14) { Fy[-u=uw!+ew in R"

for some e > 0.

(ii) The testing inequality
(2.15) / [I%wB(x)} "dz < Cw(B)
B

holds for all balls B in R™.
(iii) For all compact sets E C R™,

(2.16) w(FE) < C’Caplm%k(E).

(iv) The testing inequality

(2.17) /B [wi k+1wB(q;)]qu < Cw(B)

k1

holds for all balls B in R™

(v) There exists a constant C such that

2k 2k q 2k .C.
(2.18) Wmvkﬂ (Wm’kﬂw) () < C’Wm7k+1w(:v) < oo a.e
Moreover, there is a constant Cy = Cy(n,k,q) such that if any one of the
conditions (2.15)—(2.18) holds with C' < Cy, then equation (2.14) has a solution

u with € = 1 which satisfies the two-sided estimate
< < n
ClW%’k_Fl(U(I)_u(l‘)_CQW%’k_i_IW(I‘), z e R",

where ¢1 and ¢ depend only on n, k,q. Conversely, if there is a solution u to
(2.14) as in statement (1) with € = 1, then conditions (2.15)—(2.18) hold with
C =Cy(n,k,q).
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n(

COROLLARY 2.7. Suppose that f € L 2qk-iczk)’oo(R”) and dw = fdx. If
2kq

g >k and —k <1 then (2.14) has a nonnegative solution for some & > 0.

Since Cap; (£) = 0 in the case as > n for all sets E C R" (see [AH,
§2.6]), we obtain the following Liouville-type theorems for quasilinear and Hes-
sian differential inequalities.

COROLLARY 2.8. If ¢ < ”7(11)7_—;)’ then the inequality —divA(xz, Vu) > u?
admits no nontrivial nonnegative A-superharmonic solutions in R™. Analo-
gously, if ¢ < n’i’;k, then the inequality Fy|—u] > u? admits no nontrivial

nonnegative solutions in R™.

Remark 2.9. When 1 < p < n and g > nslpi_—;)? the function u(x) =

clz| 7o with

1 ) 1
- [(q_p;_i_l)p} S [g(n —p) — n(p — 1)]a—r1,

is a nontrivial admissible (but singular) global solution of —A,u = u? (see
[SZ]). Similarly, the function u(z) = ¢ m%ﬁ with

(2k)" 1%

(n = 1t } “Ma(n —2k) — nk]ﬁ,

¢ = [k!(n — /@)J a [(q AT

where 1 < k < § and ¢ > 25, is a singular admissible global solution
of Fi[—u] = u? (see [Tso] or [Trul, formula (3.2)]). Thus, we see that the
exponent n%pf_—;) (respectively nﬁ’;k) is critical for the homogeneous equation
—divA(z, Vu) = u? (respectively Fi[—u] = u9?) in R™. The situation is different
when we restrict ourselves only to locally bounded solutions in R™ (see [GS],

[5Z]).

Existence results on a bounded domain 2 analogous to Theorems 2.3 and
2.6 are contained in the following two theorems, where Bessel potentials and
the corresponding capacities are used in place of respectively Riesz potentials
and Riesz capacities.

THEOREM 2.10. Letw € ME(Q) be compactly supported in 2. Letp > 1,
q>p—1, and let R = diam(Q2). Then the following statements are equivalent.

(i) There exists a nonnegative renormalized solution u € Li(§) to the
equation

_di B -
(2.19) { divA(z,Vu) =uwi+cw in Q,

u=0 on 0f)

for some e > 0.
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(ii) For all compact sets E C €2,
(2.20) w(E) < CCapg,, s (E).

q—p+1

(iii) The testing inequality
(2.21) / [W%ﬁng(I)}qdw < Cw(B)
B

holds for all balls B such that B Nsuppw # (.

(iv) There exists a constant C' such that

(2.22) W%f; (W%ﬁ)w)q(:n) < C’W%ﬁ)w(x) a.e. on Q.

Remark 2.11. In the case where w is not compactly supported in €2, it
can be easily seen from the proof of this theorem, given in Section 6, that
any one of the conditions (ii)—(iv) above is still sufficient for the solvability
of (2.19). Moreover, in the subcritical case q_7;f+1 > n, these conditions are
redundant since the Bessel capacity Came e of a single point is positive
(see [AH], §2.6). This ensures that statement (ii) of Theorem 2.10 holds for

some constant C' > 0 provided w is a finite measure.

n(g—p+1)
COROLLARY 2.12. Suppose that f € L™ #» **(Q) and dw = fdx. If
g>p—1and q_@q_‘_l < n then the equation (2.19) has a nonnegative renormal-

ized (or equivalently, entropy) solution for some e > 0.

THEOREM 2.13. Let Q be a uniformly (k — 1)-convex domain in R", and
let w € ME(Q) be compactly supported in 2. Suppose that 1 < k < mn, q > k,
R = diam(Q), and ¢ € C°(09), ¢ > 0. Then the following statements are
equivalent.

(i) There exists a solution u > 0, —u € ®*(Q) N LI(Q), continuous near
092, to the equation

—ul = u? i
(2.23) {Fk[ u=ul+ew in Q,

u=cp on Of

for some € > 0.

(ii) For all compact sets E C €,
w(F) < CCapG%ﬁ(E).

(iii) The testing inequality

/B [W%}E’ k+1w3($)]qd$ < Cw(B)

k+17

holds for all balls B such that B Nsuppw # 0 .
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(iv) There ezists a constant C such that

W%kkﬂxwﬂ )()<CHN% w(@) ae on Q.

2k
g k+1

Remark 2.14. As in Remark 2.11, any one of the conditions (ii)—(iv) in
Theorem 2.13 is still sufficient for the solvability of (2.23) if dw = du + f dx,
where u € ME(Q) is compactly supported in Q and f € L5(Q), f > 0 with
s> gp if k< 5, and s =1if k > 5. Moreover, in the subcritical case 2]“1 >n
these conditions are redundant.

COROLLARY 2.15. Let dw = (f + g)dz, where f > 0, g > 0, f €

n(g—k)

L 2ka %°(Q) is compactly supported in Q, and g € L°(Q) for some s > -

If ¢ > k and % < n then (2.23) has a nonnegative solution for some & > 0.

Our results on local integral estimates for quasilinear and Hessian inequal-
ities are given in the next two theorems. We will need the capacity associated
with the space W9 relative to the domain 2 defined by

(2.24) capq, s(E, Q) = nf{|[fllyye.. ) : £ € C7(Q), f =1 on E}.

THEOREM 2.16. Let u be a nonnegative A-superharmomc function in Q
such that —divA(z, Vu) > ul. Suppose that ¢ > p — 1, = p+1 <n, and Q is a
bounded C*°-domain. Then

/uq<Ccapp7 o (E Q)
5 =

for any compact set E C §Q, where the constant C' may depend only on p,q,n
and the structural constants «, B of A.

THEOREM 2.17. Let ©w > 0 be such that —u is k-subharmonic and that
Fy[—u] > u? in Q. Suppose that q > k, 2’“% < n, and Q is a bounded C*°-
domain. Then

/ ul < Ccap% (E Q)
E

for any compact set E C §, where the constant C may depend only on k,q
and n.

As a consequence of Theorems 2.10 and 2.13, we will deduce the following
characterization of removable singularities for quasilinear and fully nonlinear
equations.

THEOREM 2.18. Let E be a compact subset of 2. Then any solution u to
the problem

u is A-superharmonic in Q\ E,
(2.25) we Ll (Q\E), u>0,
—divA(z,Vu) =u? in D(Q\E)
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is also a solution to a similar problem with Q in place of Q\ E if and only if

(jal)(;p7 q (12) =0.

q—p+1

THEOREM 2.19. Let E be a compact subset of Q). Then any solution u to

the problem
—u is k-subharmonic in Q\ E,
(2.26) we Ll (Q\E), u>0,

Fy[-u]=u? in D'(Q\E)

is also a solution to a similar problem with Q0 in place of Q\ E if and only if
Capg,, . q_%(E) =0.

In [TW3], Trudinger and Wang introduced the so called k-Hessian capac-
ity capy(-, Q) defined for a compact set E by

(2.27) cap,(F,Q) = sup {/Ed,uk[u]},

where the supremum is taken over all k-subharmonic functions v in €2 such that

—1 < u < 0, and pglu] is the k-Hessian measure associated with u. Our next

theorem asserts that locally the k-Hessian capacity is equivalent to the Bessel

capacity Capg ,, k+1- In what follows, Q = {Q} will stand for a Whitney
k+1

decomposition of €2 into a union of disjoint dyadic cubes (see §6).

THEOREM 2.20. Let 1 < k < § be an integer. Then there are constants
My, My such that
(2.28) M Capg ,, k4+1(E) < capy(E,Q) < Mz Capg ,, j+1(E)

E+1 k+1
for any compact set E C Q with Q € Q. Furthermore, if 0 is a bounded
C*®-domain then
(2.29) capg(E,Q) < Ccape 4 (E,Q)
k+1’
for any compact set E C Q, where cap 2« 1 (E,Q) is defined by (2.24) with
kt+1’

a:,f—fl and s = k + 1.

3. Discrete models of nonlinear equations

In this section we consider certain nonlinear integral equations with dis-
crete kernels which serve as a model for both quasilinear and Hessian equa-
tions treated in Section 5-7. Let D be the family of all dyadic cubes @ =
2i(k + 10, 1)), i € Z, k € Z", in R™. For w € MT(R"), we define the dyadic
Riesz and Wolff’s potentials respectively by

(31) Toow) = 37 2 Pexa(e),
QeD
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(3.2) Wa (@)=Y | “(le}pllx@(:ﬁ).

QeD |Q’ oo

In this section we are concerned with nonlinear inhomogeneous integral equa-
tions of the type

(3.3) u=Wa p(u?) + f, u e L}

loc

(R"),u >0,

where f € L{ (R™), f >0, ¢ > p—1, and Wy, is defined as in (3.2) with
a > 0 and p > 1 such that 0 < ap < n.

It is convenient to introduce a nonlinear operator N associated with the
equation (3.3) defined by

(34) Nf = Wa,p(fq)7 f € Lloc( n)’ f >0,
so that (3.3) can be rewritten as
u=Nu+f, uwe Ll (R"),u>0.

Obviously, N is monotonic, i.e., N'f > Ng whenever f > g > 0 a.e., and
Nf) = AT N f for all A > 0. Since

(3.5) (a+ b)Y 7t < max{1,2F "2} (a? 71 + P 1)
for all a,b > 0, it follows that

(3. W +9)]" < max(1, 22 [N} + W)t

PROPOSITION 3.1. Let u € MT(R"), a >0,p > 1, and ¢ > p— 1. Then
the following quantities are equivalent:

0 aen=Y [LL] ),

el

o) A= [ [T o MO o)) 't

© A= b e
cP

where P is a dyadic cube in R™, or P = R"™, and the constants of equivalence
do not depend on P and .

Proof.  The equivalence of A7 and Aj is a localized version of Wolff’s
inequality (5.3) originally proved in [HW], which follows from Proposition 2.2
in [COV]. Moreover, it was proved in [COV] that

N u(Q) P
(3.7) As(Pg) = [ LSSEP\ o]
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where A ~ B means that there exist constants ¢; and ¢ which depend only
on a, p, q, and n such that c;A < B < ¢c3A. Since

sup %] Y (17)4')(@( ),
z€QcP Q" Qcp Q"
from (3.7) we obtain A3 < CAs. In addition, for p < 2 we clearly have
Ay < A3 < CA;. Therefore, it remains to check that, in the case p > 2,
Ay < CAy for some C > 0 independent of P and u. By Proposition 2.2 in
[COV] we have (note that ¢ >p—1 > 1)

(3.8) As( /P[Z e XQ(a:)}qu

QCP ‘Q| =

. N e
<c M—(an)mq—z[ Z u(QaZ — -l

oer 1ol ol

On the other hand, by Holder’s inequality,

> M)

oo lQ
(@)™ [@1") @ 0
QCQ
er' \ S|~r(-22) 2o frre \ ¥
(Q/CQ ) (X e )"

where 7’/ = p—1>1,r = 572 and € > 0 is chosen so that —r(1 — %)p%l
+r—re>1ie,0<e< Therefore,

(p—l)n

> M) or g0

g Q!
Q)
QU
Hence, combining this with (3.8) we obtain
( ) = g—1
o(Pop) <C Z — T oy ——
Qcp|cz|“ Dl
Q)
= Z (1(_LZ)¢ = CAl(P /’L)
QCP Q) vt

This completes the proof of the proposition. O
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THEOREM 3.2. Let o > 0, p > 1 be such that 0 < ap < n, and let
qg>p—1. Suppose f € L (R™), f >0, and dw = fidx. Then the following
statements are equivalent.

(i) The equation
(3.9) u =Wy, p(u?) +cf
has a solution v € L{ (R™), u > 0, for some ¢ > 0.
(ii) The testing inequality
w(@ =
(3.10) / [ Z (1 )ap XQ(ZL‘)} dx < Cw(P)
P Qcp |Q’

holds for all dyadic cubes P.
(iii) The testing inequality
w(@ = q
(3.11) / [ Z %XQ(:L‘)} dx < Cw(P)
P qcp |Q‘ e
holds for all dyadic cubes P.

(iv) There exists a constant C' such that

(3.12) W Weo(f)]!(x) < CWa o (f9)(z) < 00 ae.

Proof. Note that by Proposition 3.1 we have (ii)<(iii). Therefore, it is
enough to prove (iv)=-(i)=-(iii)=(iv).
Proof of (iv)=(i). The pointwise condition (3.12) can be rewritten as

N?f<CNf<oo ae.,

where A is the operator defined by (3.4). The sufficiency of this condition for
the solvability of (3.9) can be proved using simple iterations:

Unt1 = Nuy, + ef, n=0,1, 2,...,

starting from ug = 0. Since N is monotonic it is easy to see that u,, is increasing
P ’
and that e»—T N f + ef < uy, for all n > 2. Let ¢(p) = max{1,2° 71} ¢; = 0,

cy = [Eﬁc(p)]q and
Cn = [5zvlflc(p)(1+01/q)cp 1}(1, n=3,4,...,
where C is the constant in (3.12). Here we choose ¢ so that
—p+ 1\ NG
i = (1724

(B e
q
By induction and using (3.6) we have
Up < epNf +¢f, n=1,2, 3,....
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Note that

. a(p—1)

q 1€ij(p) C§:| p—1l—gq

Trog — [

is the only root of the equation
x = [sﬁc(p)(l + Cix)]q
and thus lim,,_.- ¢, = xg. Hence there exists a solution
u(x) = lim wuy,(x)
n—oo
to equation (3.9) (with that choice of &) such that
ef + ap%lwa,p(fq) <u<ef+xoWa,p(f).
Proof of (i)=-(iii). Suppose that v € L{ (R™), u > 0, is a solution of

(3.9). Let P be a cube in D and du = uldz. Since

(@) > Wap(u) (@) ace.,

we have

| epun@prde < [ futoraa.
Thus,
(3.13) /P [ 3 %m(@}qd;ﬂ < Cu(P),

for all P € D. By Proposition 3.1, inequality (3.13) is equivalent to

/P [QCP |5|(1Q)0: XQ(x)} T < Cu(P)

for all P € D, which in its turn is equivalent to the weak-type inequality

(314) H:Z'—Oép(g)HLq,ZJrl’oo(du) S CHgHLﬁ(dx)
for all g € Lo»=1(R"), g > 0 (see [NTV], [VW]). Note that by (3.9),
dp = uldr > el f9dx = el dw.

We now deduce from (3.14),

(3-15) HIOZP<9)HLﬁv°C(dw) < m HgHLﬁ(dm) ’

Similarly, by duality and Proposition 3.1 we see that (3.15) is equivalent to the
testing inequality (3.11). The implication (i)=- (iii) is proved.
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Proof of (ili)=-(iv). ~We first deduce from the testing inequality (3.11)
that
(3.16) w(P) < C|P|'~ wa—nmm

for all dyadic cubes P. In fact, this can be verified by using (3.11) and the
obvious estimate

1

/ [g’(lplp]zﬁldM/P[Z %m( T

QCP |Q| W)

Following [KV], [V3], we next introduce a certain decomposition of the
dyadic Wolft’s potential W, ,u. To each dyadic cube P € D, we associate the
“upper” and “lower” parts of Wy, pu defined respectively by

(317) Upn(a) = 3 [LA9L ) (@)
QcP QI

(3.18) Veita) = 3 [ xo ).
QDP |Q| "

Obviously,

Upp(x) < Wa,pﬁ‘(l‘)a Vpu(z) < Wa,pﬂ(@»
and for x € P,

Wa, ppt(z) = Upp(x) + Vppu(x) — [|J§’|(1P>ap } ﬁ

Using the notation just introduced, we can rewrite the testing inequality (3.11)
in the form:

(3.19) /P Upw(x)] dz < Cw(P)

for all dyadic cubes P. Recall that dw = f9dx. The desired pointwise inequal-
ity (3.12) can be restated as

(3.20) Z {fp < pcii dy} "xp(z) < CW, pw(2).
pep 1P|

Obviously, for y € P,
Wa,pw(y) < Upw(y) + Vpw(y),

and from the testing inequality (3.19) we have

> [IPUPM P p() < C W, pw(z).

1—<
pep - P
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Therefore, to prove (3.20) it enough to prove
Vrw(y)]? dyt 7=
(3.21) Yy [fP — } Xp(x) < CWa ().
pep - |P

Note that, for y € P,

QDP |Q’
Using the elementary inequality
oo s o oo s—1
(Sa) <> u(Yw)
k=1 k=1 j=k
where 1 < s < oo and 0 < a; < 0o, we deduce

Vew(y)]> T <C [ w(QHJl{}%[WL«J‘(%}JI};J‘

From this we see that the left-hand side of (3.21) is bounded above by a
constant multiple of

> |p Er=y > {QP_} e {Z [‘;’({z)ﬁp}pll}&_lxﬂxl

PeD QDP RDQ

Changing the order of summation, we see that it is equal to

5 [0 et 2 apvantan .
PCQ

Q]

By (3.16), the expression in the curly brackets above is uniformly bounded.
Therefore, the proof of estimate (3.21), and hence of (iii) = (iv), is complete.
|

4. A-superharmonic functions

In this section, we recall for later use some facts on A-superharmonic
functions, most of which can be found in [HKM], [KM1], [KM2], and [TW4].
Let €2 be an open set in R”, and p > 1. We will mainly be interested in the
case where  is bounded and 1 < p < n,or Q = R"and 1 < p < n. We
assume that A : R™ x R™ — R" is a vector-valued mapping which satisfies the
following structural properties:

(4.1) the mapping x — A(z, &) is measurable for all £ € R",
(4.2) the mapping & — A(zx,§) is continuous for a.e. x € R",
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and there are constants 0 < o < § < oo such that for a.e.  in R™, and for all
& in R™,

(4.3) Alw,§) -6 > algl, |Al@, Ol <BlEP,
(4.4) [A(2,61) — A(2,§)] - (G — &) >0, if & # &,
(4.5) A, N = AP 2 A(x,€),  if AeR\ {0}

For u € W"P(Q), we define the divergence of A(z, Vu) in the sense of

loc

distributions; i.e., if ¢ € C§°(£2), then
divA(z, Vi) () = — / A, V) - Vo da.
Q

It is well known that every solution u € I/Vli’cp () to the equation
(4.6) —divA(z,Vu) =0

has a continuous representative. Such continuous solutions are said to be

A-harmonic in Q. If u € Wli’cp(Q) and
/ A(z,Vu) - Vedz >0,
Q

for all nonnegative ¢ € C3°(Q2), i.e., —divA(z, Vu) > 0 in the distributional
sense, then u is called a supersolution to (4.6) in .

A lower semicontinuous function u :  — (—o00,00] is called A-super-
harmonic if u is not identically infinite in each component of €2, and if for all
open sets D such that D C Q, and all functions h € C(D), A-harmonic in D,
it follows that h < u on 0D implies h < u in D.

In the special case A(z, £) = |£[P72¢, A-superharmonicity is often referred
to as p-superharmonicity. It is worth mentioning that the latter can also be
defined equivalently using the language of viscosity solutions (see [JLM]).

We recall here the fundamental connection between supersolutions of (4.6)
and A-superharmonic functions [HKM].

ProprosiTION 4.1 ([HKM]). (i) If v is A-superharmonic on Q2 then

(4.7) v(x) = ess lim inf v(y), x €.

y—a
Moreover, if v € Wli’cp(Q) then
—divA(z, Vv) > 0.
(ii) Ifu € VVli’Cp(Q) is such that
—divA(z, Vu) > 0,

then there is an A-superharmonic function v such that u=v a.e.



882 NGUYEN CONG PHUC AND IGOR E. VERBITSKY

iii) If v is A-superharmonic and locally bounded, then v € W L2(Q) and
loc
—divA(z, Vo) > 0.

A useful consequence of the above proposition is that if v and v are two
A-superharmonic functions on 2 such that v < v a.e. on Q then u < v
everywhere on §2.

Note that an A-superharmonic function u does not necessarily belong to
whp (), but its truncation min{u, k} does for every integer k due to Propo-

loc
sition 4.1(iii). Using this, we set

Du = klim V [min{u, k}],

defined a.e. If either u € L>(2) or u € Wli)’cl(Q), then Du coincides with the
regular distributional gradient of w. In general we have the following gradient

estimates [KM1] (see also [HKM], [TW4]).

PROPOSITION 4.2 ([KM1]). Suppose u is A-superharmonic in Q and 1 <
q < ;%5. Then both |DuP™' and A(-, Du) belong to LL .(Q). Moreover, if

p>2— %, then Du is the distributional gradient of u.

We can now extend the definition of the divergence of A(z, Vu) to those
u which are merely A-superharmonic in 2. For such u we set

—divA(z, Vu)(p) = /QA(:U,DU) -Vedr,

for all ¢ € C3°(€2). Note that by Proposition 4.2 and the dominated conver-
gence theorem,

—divA(z, Vu)(p) = klim A(z, Vmin{u, k}) - Vodr >0

whenever ¢ € C§°(Q2) and ¢ > 0.

Since —divA(x, Vu) is a nonnegative distribution in Q for an A-super-
harmonic u, it follows that there is a positive (not necessarily finite) Radon
measure denoted by p[u] such that

—divA(z,Vu) = pfu] in Q.

Conversely, given a positive finite measure p in a bounded domain §2, there
is an A-superharmonic function w such that —divA(z, Vu) = p in Q and
min{u, k} € Wy (Q) for all integers k.

The following weak continuity result from [TW4] will be used later in
Section 5 to prove the existence of A-superharmonic solutions to quasilinear
equations.
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THEOREM 4.3 ([TW4]). Suppose that {u,} is a sequence of nonnegative
A-superharmonic functions in € that converges a.e. to an A-superharmonic
function w. Then the sequence of measures {u[uy]} converges to plu] weakly;
1.€.,

lim [ pdplu,] = /Q ¢ dplu],

n—oo Q
for all ¢ € C§°(Q).

In [KM2] (see also [Mi, Th. 3.1] and [MZ]) the following pointwise potential
estimate for A-superharmonic functions was established, and this serves as a
major tool in our study of quasilinear equations of Lane-Emden type.

THEOREM 4.4 ([KM2]). Suppose u >0 is an A-superharmonic function
in Bs,(x). If p = —divA(x, Vu), then there are positive constants Cy,Co and
Cs which depend only on n,p and the structural constants a and 8 such that
(1.18) holds.

A consequence of Theorem 4.4 is the following global version of the above
potential pointwise estimate.

COROLLARY 4.5 ([KM2]). Let u be an A-superharmonic function in R™
with infg. w = 0. If p = —divA(z, Vu), then

1
= Wi () < u(e) < K Wi, pp(z)

for all x € R™, where K is a positive constant depending only on n,p and the
structural constants o and (3.

5. Quasilinear equations on R"

In this section, we study the solvability problem for the quasilinear equa-
tion

(5.1) —divA(z, Vu) = u? + w

in the class of nonnegative A-superharmonic functions on the entire space R",
where A(x,&) - &€ ~ |£|P is defined precisely as in Section 4. Here we assume
l<p<mn,qg>p—1,and w € MT(R"). In this setting, all solutions are
understood in the “potential-theoretic” sense, i.e., u € LfOC(R”), u >0, is a
solution to (5.1) if u is A-superharmonic, and

(5.2) /klim Az, Vmin{u, k}) - Vodr = /uqcpd:UJr/gadw

for all test functions ¢ € C§°(R").
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We first prove a continuous counterpart of Proposition 3.1. Here we use
the well-known argument due to Fefferman and Stein [F'S] which is based on
the averaging over shifts of the dyadic lattice D.

PROPOSITION 5.1. Let 0 <1 < co. Let p € MT(R"), a > 0, p > 1, and
qg>p—1. Then the following quantities are equivalent

A=
—dp,

Ll (dp) n ~aopt t

ban= LA Hff(ap))] %}qdﬁv

© N

where the constants of equivalence do not depend on u and r.

) [[w

f A —— p+1

(b) W5 pu\

Remark 5.2. The equivalence of expressions (a) and (c) in Proposition 5.1
may be regarded as a version of Wolft’s inequality [HW] (see also [AH, §4.5]):

(5.3) Cl/ Wa,s,udug/ (Lyp)=1dz < Cy W, s dp,
R» R» R»

where 1 < s < 400, 0 < a < %, and C1, Co depend only on a, s and n.
Furthermore,

G [ @S [ mpFaes S EE]T 6l

QeD

The second equivalence in (5.4) is a dyadic form of (5.3) proved in [HW] (see
also [COV], [V2]).

Proof of Proposition 5.1. We will prove only the equivalence of (b) and
(c); i.e., there are constants C7, Cy > 0 such that

(5.5) Cr [ W5, i qu(dx = HIapN

g < oWl

La(dx) *

The equivalence of (a) and (c), which is actually a consequence of Theorem
3.6.2 in [AH], can also be deduced by a similar argument. We first restrict
ourselves to the case r < oo. Observe that there is a constant C' > 0 such that

(5.6) (A N o o

In fact, since

/27“ ( C/ + CH(B2T($))
0 {n—ap tn ap pn—ap ’

(5.6) will follow from the estimate

6 [ e [ [[ 2

LP1 Ll’ldm).
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Note that for a partition of R™ into a union of disjoint cubes {Q;} such that
diam(Q;) = 7,

/" H(B2r($))pq1d:c:z:/j (1(Bay ()77 dz
SCZ/Q]‘ 1(Q;) 71 dx,

where we have used the fact that the ball Bg,.(x) is contained in the union of
at most N cubes in {Q;} for some constant N depending only on n. Thus

[ sy [ (R e

w(B(z)) dtys
<CZ/ / — t] ' d,
which gives (5.7).

By arguing as in [COV, §3], we can find constants a, C' and ¢ depending
only on p and n such that

W la) <€t [
[t|<er QeD,
0Q)<4ar

where Dy, t € R™, denotes the lattice D+t ={Q =Q' +t: Q" € D} and £(Q)
is the side length of Q). Using Proposition 2.2 in [COV] and arguing as in the
proof of Theorem 3.1 we obtain

/Rn{ Zt [|5’(Qép}ﬂ><@(fv)}qd;ﬁ ~ /n [ Z |Q‘(1le Yol )}p“id%

QeD QEeD,
L(Q)<4r 0(Q)<4r

where the constants of equivalence are independent of u, r and ¢t. The last two

[ 2] ot

estimates together with the integral Minkowski inequality then give

W, ot La(dz) < Cr7" A|<CT{/” ( QZ; [ M(le}pllXQ(x)de};dt
€Dy

QI
Q)<4r
<C / / g XQ( )" de| " dt.
[t|<er n Q;) ’Q|1 ) :|
Q)<4r
Note that
1(Q) u(B(z, /n2"))
Z 1*“” XQ Z kn o
gen, 1@l iz 2 - 2Ren)
LQ)<4T
sryvm

<Cloy p(z)
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where C is independent of ¢. Thus, in view of (5.6), we obtain the lower
estimate in (5.5).
Now by letting R — oo in the inequality
, 0< R < o,

dz)

we get the lower estimate in (5.5) with » = co. The upper estimate in (5.5)

can be deduced in a similar way. This completes the proof of Proposition 5.1.
O

R 14 R |71
||Woz7pMH ‘I(d:t) g CHIap:uHL%(

In the next theorem, we give a sufficient condition for the solvability of
quasilinear equations in R™. Later on we will show that it is necessary as well,
and give equivalent simpler characterizations.

THEOREM 5.3. Letw € MY (R"), 1 <p<mn, and q > p—1. Suppose that

(5.8) Wi ,(Wi ,,w)? < CWp ,w<oo ae,
where

g—p+1 qp'-1) /s p—1
5.9 C< ( : ) (7)
(5.9) ~ \¢gK max{1,2r' -2} g—p+1

and K is the constant used in Theorem 2.1. Then there is an A-superharmonic
function v € LL _(R™) such that

loc

inf epn u(z) =0,
(5-10) { —divA(z, Vu) = u? + w,
and
Wi, pw(z) <u(z) < cpg Wi pw(z)

for all x in R™, where the constants c1, cy depend only n, p, q, and the structural
constants «, (3.

Proof. For each m € N, let us construct by an induction argument a
nondecreasing sequence {uj"};>o of A-superharmonic functions on By, 11 such
that

{ —divA(z, VuJ") =wp,, in By,
ug' =0 on OBn41,

and
{ —divA(z, Vu') = (uf’ 1)? + wp,, in By,

up' =0 on 9Bp41

for each k£ > 1, in the renormalized sense (see Lemma 6.9 in §6). Here B,
denotes the ball of radius m and is centered at the origin. The renormalized
solutions are needed here only to get the following estimates:

ug' < KWpw and ' < KWy ,(uf +w)



QUASILINEAR AND HESSIAN EQUATIONS 887

for all £ > 1; see Theorem 2.1 whose proof is presented in Section 6. Set
co = K, where K is the constant in Theorem 2.1. From these estimates and
(3.5) we get

ul" < K max{1, 2p/_2} Wi p(ug)?+ Wpr]

< K max{1, 2”/_2}(08(17'_1)0 +1)Wy pw

:Clwl’pw,

where ¢; = K max{1, 2p/_2}(cg(pl_l)C+1). By induction we can find a sequence
{ck}r>0 of positive numbers such that u}® < ¢; Wi pw, with ¢g = K and
cpr1 = K max{1, 23’/_2}(02@/_1)0 +1) for all £ > 0. It is then easy to see that

cx < % for all k£ > 0 as long as (5.9) is satisfied. Thus

< K max{1,2" 2}q
g—p+1
Now by weak continuity (Theorem 4.3) or stability results for renormalized

solutions in [DMOP] we see that u}’ T «™ for an A-superharmonic function
u™ > 0 on By,4+1 such that

u

Wi ,w on By

(5.11) —divA(z, Vu™) = (u™)! +wp, in Bpyii,
' u™ =0 on O0Bpi1,

and

(5.12) u" < CWippw on By

By Theorem 1.17 in [KM1] we can find a subsequence {u™}; of {u™},, and
an A-superharmonic function v on R" such that «™ — w a.e. Thus by (5.11)
and weak continuity (Theorem 4.3) we see that u is a solution to the equation
—divA(z, Vu) = u? 4+ w in R™. On the other hand, from (5.12) we have

u<CW;j,w ae on R"
which by Corollary 4.5 gives
u < C(u —infu).
Rn
Thus infg~ © = 0, which completes the proof of the theorem. O

We can now prove Theorem 2.3 stated in Section 2 which gives the exis-
tence criteria for quasilinear equations in R”.

Proof of Theorem 2.3. It is well-known that statements (ii) and (iii) in
Theorem 2.3 are equivalent (see, e.g., [V2]). Note that (2.9) is also equivalent
to the testing inequality (see, e.g., [VW]):

/n [Ipr(x)} v dz < Cw(B).
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By applying Proposition 5.1 we deduce (ii)=-(iv). The implication (v)=(i)
clearly follows from Theorem 5.3. Therefore, it remains to check (i)=-(ii) and
(iv)=(v).

Proof of (1)=(ii). Let u be a nonnegative solution of (2.8) and let p =

u? + ew. Then p is a nonnegative measure such that p > u?, p > ew and
u(x) > C' Wy, pu(z) by Corollary 4.5. Therefore,

/Pd/AZ/PuquZC/P(WLp,u)qu
ZC/P[Z ( Q) )&XQ(w)}qu

1—2
QCP ’62| "

for all dyadic cubes P in R"™. Using this and Proposition 3.1, we get

> Lgfl@g} "TQ<CuP),  PeD.
QCP

It is known that the preceding condition is equivalent to the inequality (see
[V1, §3])

I, gy < C It

dp

where C' does not depend on f € Laeii (dx). Since pu > e w, we have

g—p+1

HIp(f)HLﬁ(dw) <e o C HfHLﬁ(dx) )

Therefore, by duality we obtain the testing inequality (2.9). This completes
the proof of (i)=(ii).

Proof of (iv)=-(v). We first claim that (2.11) yields

® rw(Bi(x))] 7 dt _—»
(5.13) /r [W} 7§C’rq—p+1,

where C' is independent of z and r. Note that for y € By(x) and 7 > 2t, we
have Bi(z) C B;(y). Thus,

= [w(BT(y) N Bt(x))]pildf

Th=P T

Wi W, (2)(y) > /

2t

oy

Combining this with (2.11) we obtain

(5.14) w(By(z)) < Ct""arr,

which clearly implies (5.13).
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Next, we introduce a decomposition of the Wolff potential W , into its
“upper” and “lower” parts, which are the continuous analogues of the discrete
ones given in (3.17) and (3.18) above:

Uru(a;):/oT ['M(Bt(x))}pllﬁ r>0, zeR",

tn=p t’
< ru(B S dt
L.u(z) = / [,U(tnt(;f))} ! - > 0, zeR"

Let dv = (Wy,pw)idz. For each r > 0 let du, = (U,w)%dx and d\, =
(Lyw)4dz. Then

(5.15) v < C(q)(pr + Ar).
Let z € R" and B, = B, (z). Since W1 (W1, pw)? = Wy ,v, we have to prove
that (B d
V(Dy) | o= ar
Wi pv(z) = / [7] — < CWy yw(z).
0

rh—p r
For r > 0, ¢t < r and y € B, we have B(y) C Ba,. Therefore it is easy to see
that U,w = U,wp,, on B,. Using this together with (2.11), we have

1 (B,) = /B (Uw)da — /B (U,wp, Yidz < Cw(Bay).

r

Hence,

(5.16) s (B I el

rn—p =P r

<C'Wi pw(z).

On the other hand, for y € B, and t > r, we have By(y) C Bg, and conse-
quently

(5.17) Low(y) < / ]

W(B2t)} sordt
tn—p ¢
so [y

t
<CL,w(z).

Using (5.17), we obtain

M(By) = /B (Low(y))idy < C(Low(z))ir™.

r

Thus,

/ [AT(BT)}“C“@C’/ (Low(a))rrin &
0 rnoP 0

T T

[ EE T

:C/Z/o rﬁ[Lrw(x)]ﬁ_l[




890 NGUYEN CONG PHUC AND IGOR E. VERBITSKY

where we have used integration by parts in the last equality. It then follows
from (5.13) that

(5.18) AMF“&ﬂ””ZgWA”V@”y*W

rn—p r rn—p r

=C"W pw(z).
Combining (5.15), (5.16) and (5.18) gives

© ry(By)1; dr
Wy v(z) = /O [W} < OW ()
for a suitable constant C' independent of w. Thus, (iv) implies (v) as claimed
which completes the proof of the theorem. O

6. Renormalized solutions of quasilinear Dirichlet problems

Let Q be a bounded, open subset of R, n > 2. We denote by Mp(Q2) the
set of all Radon measures with bounded variation on . Recall that M5(Q)
denotes the set of nonnegative finite measures on 2. Let A be as in Section 4,
and let 1 < p < co. In this section we consider the Dirichlet problem

—divA(z, Vu) = u? + w,
(6.1) u>0 in
u=0 on 0N,

where w € M£L(Q) and ¢ > p — 1.

It is well known that when the data are not regular enough, a solution
to nonlinear equations of Leray—Lions type does not necessarily belong to the
Sobolev space W(l)’p (Q). Therefore, we have to use the framework of renormal-
ized solutions (see, e.g., [DMOP], [BMMP], [Gre|, [Kil]).

For a measure p in Mp(€2), its positive and negative parts are denoted by
pt and ™, respectively. We say that a sequence of measures {u,} in Mp(Q)
converges in the narrow topology to u € Mp(Q) if
tin [ odun = [

Q Q

n—oo

for every bounded and continuous function ¢ on €.

Denote by Mo (€2) (respectively M;(€2)) the set of all measures in Mp(2)
which are absolutely continuous (respectively singular) with respect to the
capacity cap; ,(-,€2). Here cap; ,(-,€) is the capacity relative to the domain
Q) defined by

(6.2) cap; ,(E,Q) = inf { /Q VolPdx: ¢p € C3°(R2),¢ > 1 on E}

for any compact set E C Q. Recall that, for every measure p in Mp(Q), there
exists a unique pair of measures (ug, tts) with pg € Mo(Q2) and ps € M4(Q),
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such that u = pg + ps. If g is nonnegative, then so are py and us (see [FST,
Lemma 2.1]).

For k > 0 and for s € R we denote by Tk(s) the truncation Ty(s) =
max{—k, min{k, s} }. Recall also from [BBG] that if u is a measurable function
on © which is finite almost everywhere and satisfies Tj,(u) € W, '?(§2) for every
k > 0, then there exists a measurable function v : 2 — R” such that

VTk(u) = UX{|u|<k} @€ on Q, forall k> 0.

Moreover, v is unique up to almost everywhere equivalence. We define the
gradient Du of u as this function v, and set Du = v.

In [DMOP], several equivalent definitions of renormalized solutions are
given. In what follows, we will need the following ones.

Definition 6.1. Let p € Mp(2). Then u is said to be a renormalized
solution of

(6.3) u=0 on 0N,

{ —divA(z,Vu) =p in £,
if the following conditions hold:

(a) The function u is measurable and finite almost everywhere, and T} (u)
belongs to W, () for every k > 0.

. . —1
(b) The gradient Du of u satisfies |Du|’”" € L(Q) for all ¢ < 5.
(¢) If w belongs to Wol’p(Q) N L>°(92) and if there exist w™>° and w™ in
Whr(Q) N L®(2), with r > n, such that
{ w=w">® ae. ontheset {u>k},

w=w"" a.e. on the set {u< —k}

for some k > 0, then
(6.4) / A(z, Du) - Vwdz = / wdp —I—/ wt®dut — / wdug .
Q Q Q Q

Definition 6.2. Let pn € Mp(Q). Then u is a renormalized solution of
(6.3) if u satisfies (a) and (b) in Definition 6.1, and if the following conditions
hold:

(c) For every k > 0 there exist two nonnegative measures in Mg (£2), A}
and A, , concentrated on the sets {u = k} and {u = —k}, respectively, such
that )\;: — pf and A\ — py in the narrow topology of measures.

(d) For every k >0

(6.5) / A(x, Du) - Vodz :/ wdpg +/ pd\ — / wd\,
{lul<k} {|ul<k} Q Q

for every ¢ in WP () N L=(Q).
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Remark 6.3. By [DMOP, Remark 2.18], if u is a renormalized solution
of (6.3) then (the cap; ,-quasi continuous representative of) u is finite cap; ,-
quasieverywhere. Therefore, u is finite pp-almost everywhere.

Remark 6.4. By (6.5), if u is a renormalized solution of (6.3) then
(6.6) —divA(x, VT (u)) = pp  in £,

where

[ = X{Ju|<k}H0 + A — Af -

Since T (u) € Wol’p(Q), by (4.3) we see that —divA(z, VIj(u)) and hence puy
belong to the dual space W17 (Q) of Wol’p(Q). Moreover, by Remark 6.3,
|u| < oo pp-almost everywhere and hence X{lu|<k} — XQ Ho-almost everywhere
as k — oo. Therefore, by the monotone convergence theorem, uj converges to
w1 in the narrow topology of measures.

Remark 6.5. If 4 > 0, i.e., u € ME(Q), and u is a renormalized solution
of (6.3) then wu is nonnegative. To see this, for each £ > 0 we “test” (6.4) with
w = Tj(min{u,0}), wt>® =0 and w=>° = —k:

/.A(l‘, Du) - Vwdzr = / wd o +/ kdug, = / wdpy < 0,
Q Q Q Q

since py = 0 and w < 0. Thus using (4.3) we get
/ |VTi(min{u,0})[Pdz <0
Q

for every k > 0. Therefore min{u,0} = 0 a.e., i.e., u is nonnegative.

Remark 6.6. Let u € M£(£) and let u be a renormalized solution of (6.3).
Since v~ = 0 a.e. (by Remark 6.5) and hence u~ =0 cap; ,-quasi everywhere
(see [HKM, Th. 4.12]), in Remark 6.4 we may take A\, = 0, and thus p; is
nonnegative. Hence by (6.6) and Proposition 4.1, the functions v defined by
vg(x) = essliminfy_., Tj(u)(y) are A-superharmonic and increasing. Using
Lemma 7.3 in [HKM], it is then easy to see that vy — v as k — oo everywhere
in Q for some A-superharmonic function v on €2 such that v = u a.e. In other
words, v is an A-superharmonic representative of u.

Remark 6.7. When dealing with pointwise values of a renormalized so-
lution u to (6.3) with measure data p > 0, we always identify u with its
A-superharmonic representative mentioned in Remark 6.6.

We now establish a comparison principle for renormalized solutions.
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LEMMA 6.8. Let u, v € M£(Q) be such that p < v. Suppose that u and
v are renormalized solutions of
—divA(z,Vu) =p in €,
u=0 on 01,
and
—divA(z,Vv) =v in Q,
v=0 on 99,

respectively. If u is uniformly bounded then u < v.

Proof. Let w = min{(u —v)™,k}. Then w = 0 on the set {v >k + M}
and w = k on the set {v < —k — M}, where M = supgu. Moreover, w €
Wol’p N L>®(Q) as w = min{(uv — Tgp(v)) T, k}. Thus by Definition 6.1 we
have

(6.7) /A(x,Dv)-dex = / wdvy.

Q Q
On the other hand, since u is bounded (hence belongs to I/VO1 'P(Q)) we have
(6.8) /A(LL’, Du) - Vwdz = / wd.

Q Q

From (6.7) and (6.8) we get
/ [A(z, Du) — A(z, Dv)] - Vwdz < 0.
Consequently, )
/ [A(z, Du) — A(z, Dv)] - (Du — Dv)dz < 0,
O<u—v<k

since Vw = Vmax{Tj(u — v),0} = D(u — v)X{ocu—v<k}- Thus by (4.4) we
have Vw = 0 and hence w = 0 a.e. for every k > 0, which gives u < v. O

In the following lemma we drop the assumption that u is uniformly bounded
in Lemma 6.8, but claim only the existence of v such that v > u. This lemma
was referred to in the proof of Theorem 5.3 given in Section 5 above.

LEMMA 6.9. Let u, v € ME(Q) be such that v > u. Suppose that u is a
renormalized solution of
—divA(z,Vu) =p in €,
u=0 on ON.
Then there exists v > u such that
—divA(z,Vv) =v in Q,
v=0 on 0N

in the renormalized sense.
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Proof.  Let u; = min{u,k} for each & € N. From Definition 6.2 of
renormalized solutions we have

—divA(z, Vug) = pogu<ry + Af o in Q
up, =0 on 90

in the renormalized sense for a sequence of nonnegative measures {/\,':} that
converges to puf in the narrow topology of measures. Thus, by Lemma 6.8 we
have uy < v, where vy are renormalized solutions of

—divA(z, Vo) = po + Az +v—p in Q,
vp =0 on 0.

Finally, it follows from the stability results in [DMOP] that we can find a
subsequence of {v} that converges a.e. to a required function v. O

We will also need the following version of Lemma 6.9 which will be used
in the proof of Theorem 2.1 on global potential estimates for renormalized
solutions stated in Section 2.

LEMMA 6.10. Suppose that u is a renormalized solution to (6.3) with data
JIRS ME(Q) Let B be a ball that contains 2. Then there exists a renormalized
solution w on B to

(6.9)

—divA(z,Vw) =p in B,
w=0 on OB

such that u < w on ), and

(6.10) llw]| po-1(m) < CR¥T p(Q)771.

Proof.  Let ux = min{u, k}, k > 0, and let px = X{u<rjtio + A be as in
Remark 6.4 (note that A\, = 0 by Remark 6.6). We see that u;, € Wol’p(Q) is
the unique solution of problem (6.3) with data pj. We next extend uy by zero
outside 2, and set

U = min{wy — ug, 0} = min{min{wyg, k} — ug, 0},
where wy, k > 0, is a renormalized solution to the problem

—divA(z, Vwg) = po+ A in B,
wr,=0 on O0B.
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Note that ¥ € Wol’p(ﬂ) N Wol’p(B) N L*(B) since |¥| < ug. Then using ¥ as
a test function we have

0 2/ Az, Vwy,) - VUdz — / Az, Vuyg) - V¥dx
B Q

:/ Az, Vwy) - VUdz — / A(x,Vuyg) - V¥dx
Bn{w <ug} Bn{w, <ug}

:/ [A(z, Vwy) — A(z, Vug)] - (Vwg — Vug)dz.
B{wi<ur}

Thus Vwy, = Vuy a.e. on the set B N {wy < ug} by hypothesis (4.4) on A.
Hence ¥ =0 a.e.; i.e.,

(6.11) up < wp  a.e.

Now by the stability results for renormalized solutions established in
[DMOP] we can find a subsequence {wy,} of {wy} such that wy, — w a.e.,
where w is a renormalized solution to (6.9). By (6.11) we have u < w a.e. on
Q, and hence u < w everywhere on () due to Remark 6.7 and Proposition 4.1.

Finally, note that for p < n we have

<O Q)T

]| e
L n=p "

~(B)
for a constant C' independent of R (see [DMOP, Th. 4.1] or [BBG, Lemma

4.1]). Thus we obtain (6.10). Inequality (6.10) also holds for p > n; see for
example [Gre, Lemma 2.1]. This completes the proof of the lemma. O

Proof of Theorem 2.1. The lower estimate in (2.6) is just a restatement of
the local estimate given in Theorem 4.4. To prove the upper estimate we let
B = Bsg(a), where R = diam(Q2), a € Q so that  C B. Also, let w be as in
Lemma 6.10 with respect to that choice of B. For x € Q we denote by d(x)
the distance from z to the boundary 0B of B. By Theorem 4.4, Lemma 6.10,

and the fact that d(z) > R,
u(z) <w(x) < CWIE’(;(:B);L(@ + CB inf( )w
La\®

<CWH (@) + Cd(@)77 ]| o1 (5)
<CWH u(x) + CR7 [Jw]| o1 (p)-
Thus from (6.10) we get the desired upper estimate in (2.6). O

We next give a sufficient condition for the existence of renormalized solu-
tions to quasilinear equations in a bounded domain 2, which is an analogue
of Theorem 5.3 related to the case 2 = R™. Its proof is based on stability
results for renormalized solutions in place of the weak continuity of measures
generated by A-superharmonic functions used in the proof of Theorem 5.3.
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THEOREM 6.11. Let w € ME(Q). Let p > 1 and q > p— 1. Suppose that
R = diam(f?), and

Wi (WLt < CWHEw  ae.,

where

C’<( g—p+1 )q(p’—l)( p—1 )
~ \¢K max{1,2r' 2} qg—p+1/’

and K is the constant in Theorem 2.1. Then there is a renormalized solution
u € LY(QQ) to the Dirichlet problem

—di — 24 :
(6.12) { divA(z,Vu) =uwi+w in Q,

u=0 on 0N

such that
u(x) < MW%ﬁ,w(w)

for all x in Q, where the constant M depends only on p, q,n, and the structural
constants o and 3.

Proof. By Lemma 6.9 we can find a nondecreasing sequence {uy}r>o of
renormalized solutions to the following Dirichlet problems:

—divA(z,Vuy) =w in €,
(6.13) { upg=0 on 09,
and
—divA(z,Vug) =uj_; +w in
(6.14) { up, =0 on 0N

for kK > 1. By Theorem 2.1 we have
ug < KW%’I;w, ug < KWi};(u%_l +w).

Thus arguing as in the proof of Theorem 5.3, we obtain a constant M > 0 such
that

up < MW%iﬁw < oo a.e.

for all k > 0. Therefore, {uy} converges pointwise to a nonnegative function u
for which

u < MW%iw < oo a.e.,

and uf — u?in L'(2). Finally, in view of (6.14), the stability result in [DMOP,
Th. 3.4] asserts that u is a renormalized solution of (6.12), which proves the
theorem. O
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Let Q@ = {Q} be a Whitney decomposition of 2, i.e., Q is a disjoint
subfamily of the family of dyadic cubes in R™ such that € = Ugeg@, where we
can assume that 25diam(Q) < dist(Q,0) < 27diam(Q). Let {¢g}oeo be a
partition of unity associated with the Whitney decomposition of 2 above: 0 <
bq € C5°(Q"), 6q > 1/C(n) on @, Y ¢q = 1 and | D7q| < A, (diam(Q))~ 1
for all multi-indices . Here Q* = (1 +¢)Q, 0 < & < 1 and C(n) is a positive
constant depending only on n such that each point in € is contained in at most
C(n) of the cubes Q* (see [St1]).

The following theorem is an extension of Theorem 2.16 on local estimates
for solutions of quasilinear equations.

THEOREM 6.12. Let w be a locally finite, nonnegative measure on an open
(not necessarily bounded) set ). Let p > 1 and g > p — 1. Suppose that there
exists a nonnegative A-superharmonic function u in Q such that

—divA(x,Vu) =u?4+w in Q.

Then, for each cube P € Q and compact set E C €,

(6.15) pp(E) < C Capy e (E)

if = p+1 <n, and

(6.16) up(E) < O(P) Capg,, s (E)

if q—p+l > n. Here dp = uldz+dw, and the constant C' in (6.15) is independent

of P€ Q and E C Q, but the constant C(P) in (6.16) may depend on the side
length of P.
Moreover, if

- p+1 < n and € is a bounded C°°-domain, then

:u(E) < Ccapp, —1_ I(E,Q)

for all compact sets E C (2, where cap,, . (E,Q) is defined by (2.24).

Proof. Let P be a fixed dyadic cube in Q. For a dyadic cube P’ C P we
have
dist(P’,0Q) > dist(P, 0Q) > 2°diam(P) > 2°diam(P’).

The lower estimate in Theorem 4.4 then yields

—k+3diam(P’) 1
y CZ / ELIGNEE

k+2diam(P’) tn=p t

>0 Y [A ] )

QCP’ |Q| o
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for all x € P’. Thus it follows from Proposition 3.1 that

(6.17) 3 [|g|(1@)5} gl < C/P, wids < Cu(P'), P CP
QP

Hence

(6.18) wP)<C|P| " PCP

To get a better estimate for p(P') in the case Ll = n, we observe that

(6.17) is a dyadic Carleson condition. Thus by the dyadic Carleson imbedding
theorem (see, e.g., [NTV], [Vl]) we obtain, for Ll =n,

1
(6.19) S u = c/ £ dp,
QCP
where f € quj(d,up), f >0. From (6.19) with f = xp/, one gets
2" |P| T
. / < q— P+ /
(6.20) ,u(P)_(J(l B ) , P cp

if p +1 = n. Now let P’ be a dyadic cube in R™. From Wolff’s inequality
(5. 4) we have

(6.21) / (Lyppap) 7t da
Rn

<CZ[NPPHQ}1»1|Q’

QeD |Q‘ o
pp(Q) 155 pp(P) 155
—c Y [ e+ e Y [
QcPp ‘Q| P'CQ ‘Q’ "
Thus, for p L+ <n, by combining (6.17) and (6.21) we deduce
(6.22) / (TLypupnp)et de < C pp(P').

In the case L7 > n, a similar argument using (6.17), (6.18), (6.20) and
Wolff’s inequality for Bessel potentials:

/n(GpuP,mP)pqldeC(p) Z M

S,
QeD,QCP QI

(see [AH, §4.5]), also gives

(623 | @) 5o < CPYup(P),

where the constant C'(P) may depend on the side length of P. Note that (6.22)
which holds for all dyadic cubes P’ in R™ is the well-known Kerman-Sawyer
condition. Therefore by the results of [KS],

HIprLﬁ(dup) S C HfHLﬁ(dx)
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for all f € Lapri (R™) which is equivalent to the capacitary condition
pp(E) < C Capy . (E)

for all compact sets E C R". Thus we obtain (6.15). The inequality (6.16)
is proved in the same way using (6.23). From (6.15) and the definition of
capy, _a_ (-, €2), we see that, for each cube P € Q,

up(E )<Ccapp — (EDPQ)

for all compact sets E C €2. Thus

E)<> pp(E
PcQ
<C Z capy, 1 _ (ENPQ)
PeQ

<C’capp, o (E Q),

where the last inequality follows from the quasi-additivity of the capacity
cap,, _a_ (-, ) which is considered in the next theorem. O

Let Bgr be a ball such that Bog C €). It is easy to see that there exists a
constant ¢ > 0 such that ¢(P) > cR for any Whitney cube P that intersects
Bgr. On the other hand if B, is a ball in B then we can find at most NV
dyadic cubes P; with c¢j < {(P;) < c¢§ that cover B, where N depends only
on n. Thus we can deduce from (6.20) the following corollary which gives an

improved estimate in the critical case ¢ = gl p), 1<p<n.

COROLLARY 6.13. Let w, Q, p, ¢ and u be as in Theorem 6.12. Then in

pg
the case T

:n’

1—-p

/ uldr + w(B,) < C(log 2£ Ry
B,
for all balls B, C Bgr such that Bogp C ).

THEOREM 6.14. Suppose that Q2 is a C°°-domain in R™. Then there exists
a constant C' > 0 such that

anpp B EﬂQ Q) <Ccapp i (E Q)
QeQ

for all compact sets E C ).

Proof.  Obviously, we may assume that cap, .« (F,§2) > 0. Then by
? g—p+1
definition there exists f € C3°(€?), f > 1, on E such that

2cap, o (E,Q) > HfH;VT: e )
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By the refined localization principle on the smooth domain §2 for the function
space WP a1 (see, e.g., [Tri, Th. 5.14]) we have

41*;11"'1 q— p+1
Wl s gy Z € D Il T
QeQ

Thus
(6.24) > f¢>QHq o7 < Ceap,, s (E,9).

QeQ
Note that for z € ENQ,

féq = dq = 1/C(n).
Hence by definition we have
a1 E Q) < oo .

capy, o (ENQ, N < Clifdaly o o0

From this and (6.24) we deduce the desired inequality. O

We now prove Theorem 2.10 stated in Section 2. which gives existence
criteria for quasilinear equations in a bounded domain.

Proof of Theorem 2.10. Since w is compactly supported in €2, we have
(i)=(ii) by Theorem 6.12. Thus we need to show (ii)=-(iii)=(iv) =(i). Note
that the capacitary inequality (2.20) is equivalent to the Kerman—Sawyer con-
dition

(6.25) / ) [Gpr(x)} T g < Cuw(B),

(see [KS], [V2]). Note also that

(6.26) / [Gunt) T / i /O . ’W] e,

where the constants of equivalence are independent of the measure u, (see
[HW], [AH]). Thus from (6.25), (6.26), and Proposition 5.1 we deduce the
implication (ii)=-(iii). By Theorem 6.11 we have (iv)=-(i). It remains to show
that (iii)=-(iv). In fact, the proof of this implication is similar to the proof
of (iv)=-(v) in Theorem 2.3. We will only sketch some crucial steps here. We
define the “lower” and “upper” parts of the truncated Wolff’s potential W%i{,
respectively by

2R 1
B S dt
L2R)(z) = / [W} "', 0<r<2RuzeR",

and

" (B oo dt
U%Ru(x):/ [W] —  0<r<2R oeR"
0
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Since R = diam(Q2) and w € M#(2), to prove (2.22), it is enough to verify
that, for = € €,

B o,
and
(6.28) /O - [A(ﬁ(f})] = % < CWH(),

where du, = (U2Bw)idx, d\, = (L2w)%dz and 0 < r < 2R. The proof of
(6.27) is the same as before. For the proof of (6.28), we need an estimate
similar to (5.13) in the proof of Theorem 2.3, namely,

(629 [P < o gy it

for all 0 <7 < 4R and x € Q. In fact, note that for 0 <t < % and y € By(x),

2R (B (y) N By(z))1 725 dr
Wilkon o> [ [N
SMECCIE
As before, from this inequality and (2.21) we get
(6.30) w(By(x)) <Ct"" a1, 0<t< &

To prove (6.29), we can assume that 0 < r < % and write the left-hand side
of (6.29) in the form

(6.31) /TI; [”(Bt(f'f))}plldﬂr/m [w(Bt(fﬂ))},flcﬁ.

tn—p t R tn—p t
2

Applying (6.30) to the first term of (6.31) and using the fact that w € ME(Q)
in the second term of (6.31), we finally obtain (6.29). This completes the proof
of (iii)=(iv), and hence Theorem 2.10 is proved. O

We are now in a position to obtain the characterization of removable
singularities for homogeneous quasilinear equations in Theorem 2.18 above.

Proof of Theorem 2.18. Let us first prove the “only if’” part of the
theorem. Suppose that Capg o (E) = 0, and u is a solution of (2.25).
We have cap, ,(E,(2) =0, where the capacity cap; (-, ) is defined by (6.2).
Thus u can be extended so that it is a nonnegative A-superharmonic function
in Q (see [HKM]). Let p]u] be the Radon measure on (2 associated with u, and
let ¢ be an arbitrary nonnegative function in C§°(€2). As in [BP, Lemme 2.2,

we can find a sequence {p,} of nonnegative functions in C§°(2\ E) such that

(6.32) 0<pn <y; ¢on — ¢ Capg, qﬂ—quasi everywhere.

q—p
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By Fatou’s lemma we have

/ ul pdr < liminf/ ul o, dzx
Q n—oo Jo

:liminf/ ©n dpul]
Q

n—oo

S/Q wdplu] < oo.

Therefore u € L (), and ulu] > v in D'(Q2). It is then easy to see that

loc
—divA(z, Vu) =u? + ¥ in D'(Q)

for some nonnegative measure p” such that p”(A) = 0 for any Borel set

A C Q\ E. Moreover, by Theorem 6.12 we have

uF(E) < C(E) Capg, o (E) =0.

P2 g—p+1

Thus ¥ = 0 and u solves (2.25) with © in place of Q\ E.

The “if” part of the theorem is proved in the same way as in the linear
case p = 2 using the existence results obtained in Theorem 2.10. We refer to
[AP] for details. O

7. Hessian equations

In this section, we study a fully nonlinear counterpart of the theory pre-
sented in the previous sections. Here the notion of k-subharmonic
(k-convex) functions associated with the fully nonlinear k-Hessian operator
Fy, k = 1,...,n, introduced by Trudinger and Wang in [TW1]-[TW3] will
play a role similar to that of A-superharmonic functions in the quasilinear the-
ory.

Let © be an open set in R®, n > 2. For k= 1,...,n and u € C?(), the
k-Hessian operator F}, is defined by

Filu] = Sp(A(D?w)),

where A\(D?u) = (A1, ..., \,) denotes the eigenvalues of the Hessian matrix of
second partial derivatives D?u, and S, is the k" symmetric function on R™
given by
SeN) = D A
1<y <-<ip<n
Thus Fi[u] = Au and F,,[u] = det D?u. Alternatively, we may also write
Fk[u} = [DQU]k,

where for an n X n matrix A, [A]x is the k-trace of A, i.e., the sum of its
k X k principal minors. Several equivalent definitions of k-subharmonicity were
given in [TW2], one of which involves the language of viscosity solutions: An
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upper-semicontinuous function u : 2 — [—00,0) is said to be k-subharmonic
in Q, 1 <k <n,if Fi[q] > 0 for any quadratic polynomial ¢ such that u—q has
a local finite maximum in ). Equivalently, an upper-semicontinuous function
u: ) — [—00,00) is k-subharmonic in € if, for every open set ' € Q and for
every function v € CZ () N CY(QY) satisfying Fi[v] > 0 in €, the following
implication holds:

u<vondY = u<vin

(see [TW2, Lemma 2.1]). Note that a function u € C?

() is k-subharmonic

if and only if
Filu>0in Qforall j =1,...,k.

We denote by ®*(Q) the class of all k-subharmonic functions in Q which are
not identically equal to —oo in each component of Q. It was proved in [TW2]
that ®(Q) C ®"~1(Q)--- C ®1(Q) where ®!(Q) coincides with the set of all
proper classical subharmonic functions in €, and ®"(Q) is the set of functions
convex on each component of 2.

The following weak convergence result proved in [TW2] is fundamental to
potential theory associated with k-Hessian operators.

THEOREM 7.1 ([TW2]). For each u € ®%(R2), there exists a nonnegative
Borel measure pu] in £ such that

(i) prlu] = Filu] for u € C%(Q), and

(ii) if {um} is a sequence in ®*(Q) converging in L (Q) to a function u €
®F(Q), then the sequence of the corresponding measures {px[um|} converges

weakly to p[u].

The measure py[u] in the theorem above is called the k-Hessian measure
associated with u. Due to (i) in Theorem 7.1 we sometimes write Fj[u| in place
of u[u] even in the case where u € ®¥(Q) does not belong to C2(2). The
k-Hessian measure is an important tool in potential theory for ®*(Q). It was
used by D. A. Labutin to derive pointwise estimates for functions in ®*(€2) in
terms of Wolff’s potential, which is an analogue of Wolff’s potential estimates
for A-superharmonic functions considered in Theorem 4.4.

THEOREM 7.2 ([L]). Let u > 0 be such that —u € ®*(Bs.(z)), where
1<k<n. If u = pg[—u| then

C1Wg27k,k+1“(x) <u(z) <Gy inf u+ CSW%”“HM(@’

PE B(z,r

where the constants C1, Cy and Cs depend only on n and k.

The following global estimate is deduced from the preceding theorem as
in the quasilinear case.
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COROLLARY 7.3. Let u > 0 be such that —u € ®*(R™), where 1 < k < 2.
If uw = pg[—u] and infg- uw = 0 then for all x € R™,

1
=W (e) < u(@) < KW 0 u()

for a constant K depending only on n and k.

Let ©Q be a bounded uniformly (k — 1)-convex domain in R", that is,
oN € C? and H;(02) > 0, j = 1,....k — 1, where H;(9f) denotes the j-
mean curvature of the boundary 9. We consider the following fully nonlinear
problem:

Fyl-ul =uwf4w in Q,
(7.1) u>0 in €,
U =@ on 0f2

in the class of functions w such that —w is k-subharmonic in 2. Here w is
a nonnegative finite Borel measure which is regular enough near 92 so that
the boundary condition in (7.1) can be understood in the classical sense (see
[TW1], [TW2]). Characterizations of the existence of u > 0, —u € ®F(Q),
continuous near Jf2, which solves (7.1), can be obtained using the iteration
scheme employed in the proof of Theorem 6.11 along with weak continuity of
Hessian measures and testing inequalities analogous to those used in the proof
of Theorem 2.10. For this purpose, we first prove an extension of Theorem 2.2
concerning the global potential estimates on a bounded domain, which is an
analogue of Theorem 2.1 established for quasilinear operators.

THEOREM 7.4. Suppose that ¢ > 0, ¢ € C%(0N) and v = p + f where
p € M*(Q) has compact support in Q and f >0, f € L*(Q) with s > ¢ if
1<k< 5, ands=1if5 <k<mn. Letu >0, —uE@k(Q) be such that u s
continuous near 08 and solves

Mk[_u] =v in Qv
u=¢ on Of.

Then for all x € (,
u(z) < K [W%7k+ly(x) + max gp],

where R = diam(Q2) and K is a constant depending only on n and k.

Proof. Suppose that the support of y is contained in ' for some open
set (' € Q. Let M = supgq u and up, = min{u,m} for m > M. Then

—U,, € ®F(Q), continuous near 05, solves

Uk[—Um] =V in
Uy =@ on O
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for certain nonnegative Borel measures v, in Q. Since u, — u in L{ (), by
Theorem 7.1 we have

(7.2) m — v =+ f weakly as measures in §2.

Note that u, = u in Q\ @' since m > M. Thus vy, = pglu] = f in Q\  for
all m > M. Using this and (7.2) it is easy to see that

/Q bl — /Q b+ /Q bfdz

as m — oo for all ¢ € C°(Q), i.e.,
tm — v = p+ f in the narrow topology of measures.

We now take a ball B = Bag(a) where a € Q so that Q C B, and consider
solutions wy,, > 0, —w,, € ®*(B), continuous near OB, of

:U’k[_wm] =Vp In B,
Wy, = maxyg e on 0B,

where m > M. Since u,, is bounded in € the measure v, is absolutely con-
tinuous with respect to the capacity capy(-,€2), and hence with respect to
the capacity capy(-, B) (see [TW3]). Here cap,(-,?) is the k-Hessian capac-
ity defined by (2.27). By a comparison principle (see [TW3, Th. 4.1]), we
have w,, > maxgq ¢ in B, and hence w,, > u,;, on 0{2. Thus, applying the
comparison principle again, we have

(7.3) W, > Uy, in €

Since v, — v in the narrow topology of measures in 2, we see that v,, — v
weakly as measures in B. Therefore, arguing as in [TW2, §6] we can find a
subsequence {wp,,} such that wy,, — w a.e. for some w > 0, —w € ®*(B),
such that w is continuous near B and

:U’k[_w]:V in B,
w = maxpnp on OB.

Note that from (7.3), w > u a.e. on Q and hence w > u everywhere on
Q. Using this and Theorem 7.2 applied to the function w on By(,)(z), where
d(x) = dist(z, 0B) we have, for x € Q,

(7.4) u(zr) <CW24H viz)+C inf w

2k
Eethass B 40y (@)

<CW?33§} eV (T) + C’d(m)"/ wdy

e B%d(z)(x)

< C(W%i eV (@) + max o + RHV(Q)i),

k1
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where the last inequality in (7.4) follows from the estimate (6.3) in [TW2].
The proof of Theorem 7.4 is then completed by noting that

[ R 2 ot

Al

for all z € Q. O

The following lemma is an analogue of Lemma 6.9. It is needed in the
proof of Theorem 7.6 below to construct a solution to Hessian equations.

LEMMA 7.5. Let ), v, ¢ and u be as in Theorem 7.4. Let v/ be a measure
which belongs to the same class as v, i.e., V' = u' + f', where u’ € M (Q) has
compact support in Q and f' >0, f' € L5(Q) with s > g if 1 <k < 5, and
s=1if 2 <k <n. Then there ezxists w > u such that —w € ®*(Q) and

ppl—wl=v+1v in Q,
w=¢ on ON.

Proof. By approximation we may assume that p' is absolutely continuous
with respect to the capacity cap(-,€2). Let u,, and v, be as in the proof of
Theorem 7.4. Then by the comparison principle in [TW3, Th. 4.1], we have
U, < Wy, Where w,, is the solution of

Ug[—wWm] = vm +v in Q,
Wm =@ on 0.

Thus arguing as in [TW2, §6] we obtain a subsequence {w,,,} that converges
a.e. to a required function w. |

From Lemma 7.5 and Theorem 2.2, along with the weak continuity of
Hessian measures (Theorem 7.1), we deduce the following existence theorem
for fully nonlinear equations whose proof, which we will omit, is analogous to
that of Theorem 5.3 in the quasilinear case.

THEOREM 7.6. Let w € MT(R"), 1 <k < %, and ¢ > k. Suppose that

W 2k W 2 w)!I < CW 2 w < o0 a.e.
m,kﬂ( 2 k1 )1 < 2kt ,

where

and K is the constant in Theorem 2.2. Then there exists u > 0, u € L] _(R"),
such that —u € ®*(R") and

inf,ern u(z) =0,
Fil—u] = u! +w.
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Moreover, u satisfies the two-sided estimate
< <
AWzt 4 q0(2) Su(@) < oW i q0(7)
for all x in R™, where the constants c1,co depend only on n, k,q.

We are now in a position to establish the main results of this section.

Proof of Theorem 2.6. The proof of Theorem 2.6 is completely analogous
to that of Theorem 2.3 in the quasilinear case using W 2« ; in place of Wy
k+17

and Theorem 7.6 in place of Theorem 5.3. O

The proof of our next theorem on the existence of solutions for Hessian
equations with nonhomogeneous boundary condition is similar to that of The-
orem 6.11. However, due to the inhomogeneity we will need to take care of the
boundary term. Moreover, the weak continuity of Hessian measures is used in
place of the stability result for renormalized solutions in the quasilinear case.

THEOREM 7.7. Let Q be a bounded uniformly (k — 1)-convex domain in
R™. Suppose that w € ME(Q) such that w = p + f, where p € MT(Q) has
compact support in Q, and 0 < f € L*(Q) with s > 5 if 1 <k <5 and s =1
if % <k<n. Let ¢ >k, R = diam(Q2) and 0 < ¢ € C°(9). Suppose that

2R 2R 2R
(75) W%,k}-ﬁ-l(W%,k‘-ﬁ-lw)qSAW%,k-{-lw’
and
Bﬁ
(7.6) (max )it < ———
o 21| By (0)|*

where A, B are positive constants such that

Az GER ) s () )

Here K is the constant in Theorem 7.4. Then there exists a function u > 0,
—u € ®F(Q) N LI(Q), continuous near O such that

Fy[-u]=vi4w in Q,
(7.8) { u=¢ on Of.

Moreover, there is a constant C = C(n, k,q) such that

R R
u < C{Wi%’kﬂw + Wi%’kﬂ(n%%){ )+ max gp}.
Proof. First observe by direct calculations that condition (7.6) is equiv-
alent to
q
(790 WA [W%?E 1 (max go)q] <BWH L (max ).

2k 2k
el Rl el
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From Lemma 7.5 it follows that we can choose inductively a nondecreasing
sequence {u,,} of nonnegative functions on 2 such that

Fil[-ug] =w in Q,
up=¢ on 08,
and
Fil—um] =ul ;+w in Q
.1 m
(7.10) { Up =@ on O
for m > 1. Here for each m > 0, —u,, is k-subharmonic and is continuous near

0. By Theorem 7.4 we have

uo < K W2 kHw—i—Kmaxgp

k+1’

=ayW2H 1 T boW2H kﬂ(max 0)? + Kmax ®,

k+1° k+17

where a9 = K and by = 0. Thus

u < K W2E 2 k+1(ug+w)+Kmano

gK{(?ﬂ ) W (W)

k+1? k1’

_ q
(397 10y WA [W%k i _,_1(1%?2}((,0)}

k+1°

Kiw2k W2 } K .
+ e (max o)+ W oy + Kmaxg

k+1’

Then by (7.5) and (7.9),

+K[(3q—1bq)zB + Kk-]wﬂ e (max ) + K max

=W pw + b W2 26 k+1(max v)? + Kr%%x ®,

k+1’

where
a1 = K[(39 'al)vA+1], b = K[(37'])*B+ K]

By induction we have

2R q
uméakazfl’kHw—Fb Wﬁl’kﬂ(né%xgo) +Kné%xgo,

where
amy1 = K[(397 ) A+ 1], byt = K[(37108,)* B + K 1]

for all m > 0. It is then easy to see that

K Kitl
Qm, S 7(17 and bm S q)
q—k q—k
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provided (7.7) is satisfied. Thus

Kq
(7.11) U < —LWE L w

q— k417
Kk"'

2R
e vafﬂk+1(

Using (7.5) and (7.11) we see that u,, T u for a function v > 0 such that —u is
k-subharmonic and uf, — u? in L*(Q). Thus in view of (7.10) and Theorem
7.1 we see that u is a desired solution of (7.8). O

94 K .
max ) + K max

We will omit the proof of the next theorem, which contains Theorem 2.17
in Section 2, as it is completely analogous to the proof of Theorem 6.12 in the
quasilinear case.

THEOREM 7.8. Let w be a locally finite nonnegative measure on an open
(not necessarily bounded) set Q. Let 1 < k <n and q > k. Suppose that u > 0,
—u € ®F(Q), such that u is a solution to

Fil-u]l =u!' 4w in Q.

Then for each cube P € Q, where Q = {Q} is a Whitney decomposition of 2
(see §6),

(7.12) up(E) < C Capy,,, o (E)
if 3_% <mn, and
(7.13) up(E) < C(P) Capg,,, + (E)

if (12_% > n, for all compact sets E C Q. Here du = uldz+dw, and the constant
C n (7.12) does not depend on P € Q and E C Q; however, the constant C(P)
in (7.13) may depend on the side length of P.

Moreover, if q?_% <n, and  is a bounded C*°-domain then

p(E) < Ccapyy, o (E,Q)

for all compact sets E C ), where Capog, (E Q) is defined by (2.24).

Remark 7.9. Let Bgr be a ball such that Bop C Q. Then in the critical
case q = 2k7 (k < %), as in Corollary 6.13 we have

u(By) < Cllog )7
for all balls B, C Bg.

We are now in a position to deduce Theorem 2.13 concerning the charac-
terizations of solvability for Hessian equations in a bounded domain.
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Proof of Theorem 2.13. The proof of this theorem is analogous to that
of Theorem 2.6 in the quasilinear case. One only has to use Theorems 7.7 and
7.8 in place of Theorems 6.11 and 6.12 respectively. dJ

We next prove Theorem 2.19 on removable singularities for Hessian equa-
tions.

Proof of Theorem 2.19. To prove this theorem, we will proceed as in the
proof of Theorem 2.18. For the “only if” part, we may assume that k < 3,
since otherwise % > n, and so E = (). Note that if Capg,, q_%(E) = 0 then
Capg ,,  k+1(E) = 0 (see [AH, §5.5]), which implies that cap,(£,) = 0 due

FFT

to Theorem 2.20, whose proof is given below. Here cap(-,) is the (relative)
k-Hessian capacity associated with the domain € defined by (2.27). Thus
by [L, Th. 4.2], FE is a k-polar set, i.e., it is contained in the (—oc)-set of a
k-subharmonic function in R™. Suppose that u is a solution of (2.26). It is
easy to see that the function % defined by

u(z), z€N\E,
(z) = {

(7.14) u liminf u(y), xz€FE

y—z,y¢E
is an extension of u to Q such that —@ € ®¥(Q). The rest of the proof is then
the same as in the quasilinear case. O

Finally, we prove Theorem 2.20 on the local equivalence of the k-Hessian
capacity and an appropriate Bessel capacity.

Proof of Theorem 2.20.  Let R be the diameter of 2. From Wolff’s
inequality (5.3) it follows that Capg ,, x+1(F) is equivalent to
k+1

sup {p(E) : p € MH(E), Wi, ju<1onsupppu}

for any compact set E C Q (see [HW, Prop. 5]). To prove the left-hand

inequality in (2.28), let 4 € M™T(E) such that W‘%’kﬂ,u < 1 on supp i, and

let u € ®*(B) be a nonpositive solution of

Fylul=p in B
u=0 on 0B,

where B is a ball of radius R containing 2. By Theorem 7.4 and the bound-
edness principle for nonlinear potentials (see [AH, §2.6]), we have

u@| < CWHE | u@)<C,  weB.

Thus
() = prlul(E) < Ccapy(E,Q),
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which shows that

Capg ,, k+1(E) < Ccapi(E,Q).
+1

k
To prove the upper estimate in (2.28), we let @ € Q, and fix a compact set
E C Q. Note that for 4 € M*(E) and x € E,

" M(E)th

AR . 2diam(Q)
Wi i) = sz—fl,k—&-l pz) +/2 o

k+1°

diam(Q) |:
Thus, for k < g,

2di
(7.15) Wff%,mu(x) < ngﬁfﬁu(x), rek.

Now for u € ®¥(Q) such that —1 < u < 0 by Theorem 7.2 we obtain

2diam(Q) 2diam(Q)
W n(@) S W) < O fu(x)| <

for all z € E, where u = pg[u]. Thus, we deduce from (7.15) that
WY p(@) <O, zel,

k+1’
which implies
(7.16) cap,(E,Q) < CCapGi,kH(E).
T+1
Finally, if Q is a C*°-domain in R”, and 1 < k < 5, then by (7.16) and the
quasi-additivity of the capacity cap 2« ;(-,€2) (see Theorem 6.14) we obtain
k1’

the global upper estimate (2.29) for the k-Hessian capacity. O
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