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Propagation of singularities for the wave
equation on manifolds with corners

By ANDRAS Vasy*

Abstract

In this paper we describe the propagation of C*° and Sobolev singularities
for the wave equation on C* manifolds with corners M equipped with a Rie-
mannian metric g. That is, for X = M x Ry, P = D} — Ay, and u € HE (X))
solving Pu = 0 with homogeneous Dirichlet or Neumann boundary condi-
tions, we show that WF}(u) is a union of maximally extended generalized
broken bicharacteristics. This result is a C*° counterpart of Lebeau’s results
for the propagation of analytic singularities on real analytic manifolds with
appropriately stratified boundary, [11]. Our methods rely on b-microlocal pos-
itive commutator estimates, thus providing a new proof for the propagation of
singularities at hyperbolic points even if M has a smooth boundary (and no
corners).

1. Introduction

In this paper we describe the propagation of C*° and Sobolev singularities
for the wave equation on a manifold with corners M equipped with a smooth
Riemannian metric g. We first recall the basic definitions from [12], and refer
to [20, §2] as a more accessible reference. Thus, a tied (or t-) manifold with
corners X of dimension n is a paracompact Hausdorff topological space with
a C* structure with corners. The latter simply means that the local coordi-
nate charts map into [0,00)¥ x R"~* rather than into R™. Here k varies with
the coordinate chart. We write 9y X for the set of points p € X such that in

any local coordinates ¢ = (¢1,..., Pk, Pki1,--.,¢n) near p, with k as above,
precisely ¢ of the first & coordinate functions vanish at ¢(p). We usually write
such local coordinates as (z1,...,Zg, Y1, .-, Yn—k). A boundary face of codi-

mension £ is the closure of a connected component of 9y X. A boundary face of
codimension 1 is called a boundary hypersurface. A manifold with corners is a
tied manifold with corners such that all boundary hypersurfaces are embedded
submanifolds. This implies the existence of global defining functions pg for
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each boundary hypersurface H (so that py € C>*(X), pg > 0, pg vanishes
exactly on H and dpg # 0 on H); in each local coordinate chart intersecting
H we may take one of the z;’s (j = 1,...,k) to be py. While our results are
local, and hence hold for t-manifolds with corners, it is convenient to use the
embeddedness occasionally to avoid overburdening the notation. Moreover, in
a given coordinate system, we often write H; for the boundary hypersurface
whose restriction to the given coordinate patch is given by x; = 0, so that the
notation H; depends on a particular coordinate system having been chosen
(but we usually ignore this point). If X is a manifold with corners, X° denotes
its interior, which is thus a C*> manifold (without boundary).

Returning to the wave equation, let M be a manifold with corners equipped
with a smooth Riemannian metric g. Let A = A, be the positive Laplacian of
g,let X = M xRy, P = D?— A, and consider the Dirichlet boundary condition
for P:

Pu=0, ulpx =0,

with the boundary condition meaning more precisely that u € H& loc(X). Here

H}(X) is the completion of C°(X) (the vector space of C*° functions of com-
pact support on X, vanishing with all derivatives at 0X) with respect to
HUH%I()Q = HdUHLZ(X) + Hu”Lz(x)a LZ(X) = LQ(X: dg dt), and H&,IOC(X) is
its localized version; i.e., u € H}(X) if for all ¢ € C*(X), ¢u € HF(X). At
the end of the introduction we also consider Neumann boundary conditions.

The statement of the propagation of singularities of solutions has two ad-
ditional ingredients: locating singularities of a distribution, as captured by the
wave front set, and describing the curves along which they propagate, namely
the bicharacteristics. Both of these are closely related to an appropropriate
notion of phase space, in which both the wave front set and the bicharacter-
istics are located. On manifolds without boundary, this phase space is the
standard cotangent bundle. In the presence of boundaries the phase space is
the b-cotangent bundle, PT* X, (‘b’ stands for boundary), which we now briefly
describe following [19], which mostly deals with the C*° boundary case, and
especially [20].

Thus, W,(X) is, by definition, the Lie algebra of C* vector fields on X
tangent to every boundary face of X. In local coordinates as above, such vector
fields have the form

Z a; (1:7 y)x]axJ + Z b] ([L‘, y)ayj
J

with a;,b; smooth. Correspondingly, V},(X) is the set of all C* sections of
a vector bundle PTX over X: locally z;0,, and §,, generate V,(X) (over
C>(X)), and thus (z,y, a,b) are local coordinates on PTX.
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The dual bundle of PT'X is PT*X; this is the phase space in our setting.
Sections of these have the form

(1.1) Zaj:cy —I—ZC]azydy],

and correspondingly (z,y,0,() are local loordinates on it. Let o denote the
zero section of PT*X (as well as other related vector bundles below). Then
bT*X \ 0 is equipped with an R*-action (fiberwise multiplication) which has
no fixed points. It is often natural to take the quotient with the R*-action,
and work on the b-cosphere bundle, *S* X

The differential operator algebra generated by V,(X) is denoted by
Diff,(X), and its microlocalization is ¥,(X), the algebra of b-, or totally
characteristic, pseudodifferential operators. For A € ¥7'(X), op1m(A) is a ho-
mogeneous degree m function on PT*X \ 0. Since X is not compact, even
if M is, we always understand that WU}'(X) stands for properly supported
ps.d.o’s, so its elements define continuous maps C>(X) — C®(X) as well as
C~®°(X) — C~°(X). Here C>°(X) denotes the subspace of C*°(X) consist-
ing of functions vanishing at X with all derivatives, C°(X) the subspace
of C>°(X) consisting of functions of compact support. Moreover, C~*°(X) is
the dual space of C2°(X); we may call its elements ‘tempered’ or ‘extendible’
distributions. Thus, C°(X°) € C®(X) and C~®°(X) C C~°(X°).

We are now ready to define the wave front set WFy,(u) for u € HL (X).
This measures whether u has additional regularity, locally in PT* X, relative
to H'. For u € HL (X), ¢ € "T*X \ 0, m > 0, we say that ¢ ¢ WF%)m(u)
if there is A € ¥*(X) such that op,,(A)(q) # 0 and Au € HY(X). Since
compaetly supported elements of ¥ (X) preserve H! (X), it follows that for
€ H} (X)), WF%)’O( ) = ). For any m, WF " (u) is a conic subset of PT* X\ 0;
hence it is natural to identify it with a subset of PS*X. Its intersection with
PT%.X \ o, which can be naturally identified with 7*X° \ o, is WF™ ¥ (v).
Thus, in the interior of X, WFém(u) measures whether u is microlocally in
H™*! The main result of this paper, stated at the end of this section, is
that for u € H}(X) with Pu =0, WFt’m(u) is a union of maximally extended
generalized broken bicharacteristics, which are defined below. In fact, the
requirement u € Hg(X) can be relaxed and m can be allowed to be negative,
see Definitions 3.15-3.17. We also remark that for such u, the H'(X)-based
b-wave front set, WFi’m(u), could be replaced by an L?(X)-based b-wave
front set; see Lemma 6.1. In addition, our methods apply, a fortiori, for
elliptic problems such as A, on (M, g), e.g. showing that u € H&IOC(M) and
(Ag — XNu = 0 imply u € Hb
Section 4.

This propagation result is the C*° (and Sobolev space) analogue of Lebeau’s
result [11] for analytic singularities of u when M and g are real analytic. Thus,

(M), so that u is conormal; see the end of

the geometry is similar in the two settings, but the analytic techniques are
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rather different: Lebeau uses complex scaling and the analytic wave front set
of the extension of u as 0 to a neighborhood of X (in an extension X of the man-
ifold X'), while we use positive commutator estimates and b-microlocalization
relative to the form domain of the Laplacian. It should be kept in mind though
that positive commutator estimates can often be thought of as infinitesimal ver-
sions of complex scaling (if complex scaling is available at all), although this
is more of a moral than a technical statement, for the techniques involved in
working infinitesimally are quite different from what one can do if one has room
to deform contours of integration! In fact, our microlocalization techniques, es-
pecially the positive commutator constructions, are very closely related to the
methods used in N-body scattering, [24], to prove the propagation of singu-
larities (meaning microlocal lack of decay at infinity) there. Although Lebeau
allows more general singularities than corners for X, provided that X sits in
a real analytic manifold X with g extending to X, we expect to generalize
our results to settings where no analogous C> extension is available; see the
remarks at the end of the introduction.

We now describe the setup in more detail so that our main theorem can
be stated in a precise fashion. Let F;, @ € I, be the closed boundary faces of
M (including M), F; = F; x R, Fj ;g the interior (‘regular part’) of F;. Note
that for each p € X, there is a unique ¢ such that p € Fj ;eg. Although we work
on both M and X, and it is usually clear which one we mean even in the local
coordinate discussions, to make matters clear we write local coordinates on M,
as in the introduction, as (x,y) (with z = (z1,...,2%), ¥y = (Y1, - -, Ydim M—k)),
with z; >0 (j = 1,...,k) on M, and then local coordinates on X, induced
by the product M x Ry, as (2,79), § = (y,t) (so that X is given by z; > 0,
ji=1,...,k).

Let p € 90X, and let F; be the closed face of X with the smallest dimension
that contains p, so that p € Fj;es. Then we may choose local coordinates
(z,y,t) = (z,7y) near p in which F; is defined by x; = ... = zx = 0, and the
other boundary faces through p are given by the vanishing of a subset of the
collection z1, ...,z of functions; in particular, the ¥ boundary hypersurfaces
H; through p are locally given by z; = 0 for j = 1,...,k. (This may require
shrinking a given coordinate chart (2',7') that contains p so that the 2’ that
do not vanish identically on F; do not vanish at all on the smaller chart, and
can be relabelled as one of the coordinates yy.)

Now, there is a natural non-injective ‘inclusion’ 7 : T*X — PT* X induced
by identifying PT'X with TX (and hence also their dual bundles) with each
other in the interior of X, where the condition on tangency to boundary faces
is vacuous. In view of (1.1), in the canonical local coordinates (z,7,&,¢) on
T*X (so one-forms are Y &;dx; + > (;dy;), and canonical local coordinates
(z,7,0,¢) on PT*X, 7 takes the form

W(xagaévg) = (xvgaxgaé)a with CE& = (:Eléla s 7xk€k)
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Thus, 7 is a C* map, but at the boundary of X, it is not a local diffeomorphism.
Moreover, the range of 7 over the interior of a face F; lies in 7 F; (which is well-
defined as a subspace of PT* X)) while its kernel is N*7;, the conormal bundle
of F; in X. In local coordinates as above, in which F; is given by x = 0, the
range T*F; over F; is given by z = 0, 0 = 0 (i.e. by 21 = ... = 2 = 0,
o1 =...= o0 =0), while the kernel N*F; is given by x = 0, ( = 0. Then we
define the compressed b-cotangent bundle PT* X to be the range of =
PT*X = m(T*X) = UiesT* Fiyeg C "T*X.

We write o for the ‘zero section’ of PT* X as well, so that

bT*X \ 0= UiEIT*j:i,reg \ 0,
and then 7 restricts to a map

T*X \ U;N*F; — PT*X \ o.

Now, the characteristic set Char(P) C T* X \ o of P is defined by p~1({0}),
where p € C®°(T*X \ o) is the principal symbol of P, which is homogeneous
degree 2 on T* X \ 0. Notice that Char(P)NN*F; = () for all 4, i.e. the boundary
faces are all non-characteristic for P. Thus, 7(Char(P)) C "T*X \ 0. We define
the elliptic, glancing and hyperbolic sets by

E={qePT*X \ o: 7 1(¢q) N Char(P) = 0},

G={qePT*X \o: Card(n '(q) N Char(P)) = 1},

H={qeT*X \ o: Card(r '(q) N Char(P)) > 2},
with Card denoting the cardinality of a set; each of these is a conic subset of
b X \ 0. Note that in 7*X°, 7 is the identity map, so that every point ¢ €
T*X° is either in £ or G depending on whether ¢ ¢ Char(P) or ¢ € Char(P).

Local coordinates on the base induce local coordinates on the cotangent
bundle, namely (z,y,t,&,(,7) on T*X near 7 1(q), ¢ € T*F; req, and corre-
sponding coordinates (y,t,{,7) on a neighborhood U of ¢ in T*Fj,cs. The
metric function on T*M has the form

9(2,y,&,0) =D Aij(w,9)&& + > 2Ci(x, )& + Y Bijl2,y)Gé
ij i, 1]
with A, B, C smooth. Moreover, these coordinates can be chosen (i.e. the y;
can be adjusted) so that C'(0,y) = 0. Thus,

Plo=o =7 = € A(y)€ — ¢ B(y)¢,
with A, B positive definite matrices depending smoothly on ¥, so that

EnU={(y.t.¢,7): 7 < (- By)S, (¢,7) # 0},
gﬂU:{(y,t,C,T): TZZC'B(y)C7 (C7T)7é0}7
HOU={(y,t,¢,7): 2> (- By)S, (¢,7) # 0}
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The compressed characteristic set is

> = n(Char(P)) = GUH,
and '
7 : Char(P) — X

is the restriction of 7 to Char(P). Then X has the subspace topology of
bT* X and it can also be topologized by 7, i.e. requiring that C' C % be closed
(or open) if and only if #71(C) is closed (or open). These two topologies
are equivalent, though the former is simpler in the present setting; e.g., it
is immediate that ¥ is metrizable. Lebeau [11] (following Melrose’s original
approach in the C*° boundary setting, see [17]) uses the latter; in extensions of
the present work, to allow e.g. iterated conic singularities, that approach will
be needed. Again, an analogous situation arises in IN-body scattering, though
that is in many respects more complicated if some subsystems have bound
states [24], [25].

We are now ready to define generalized broken bicharacteristics, essentially
following Lebeau [11]. We say that a function f on T*X \ o is w-invariant if
f(q) = f(¢’) whenever 7(q) = m(q’). In this case f induces a function fr on
bT*X which satisfies f = fr o . Moreover, if f is continuous, then so is fr.
Notice that if f = 7*fy, fo € C®(°T*X), then f € C®(T*X) is certainly
m-invariant.

Definition 1.1. A generalized broken bicharacteristic of P is a continuous
map v : I — 3, where I C R is an interval, satisfying the following require-
ments:

(i) If go = v(to) € G then for all m-invariant functions f € C*°(T*X),
(12) 07 (t0) = Hpf(do), do =7,

(ii) If go = v(to) € HNT*F;reg then there exists € > 0 such that
(1.3) tel, 0<|t—to| <e= () ¢ T Fireg

(ili) If g0 = v(to) € G N T*Fireg, and F; is a boundary hypersurface (i.e.
has codimension 1), then in a neighborhood of ty, v is a generalized
broken bicharacteristic in the sense of Melrose-Sjostrand [13]; see also
[4, Def. 24.3.7).

Remark 1.2. Note that for g9 € G, #~!({qo}) consists of a single point,
and so (1.2) makes sense. Moreover, (iii) implies (i) if g is in a boundary hyper-
surface, but it is stronger at diffractive points; see [4, §24.3]. The propagation
of analytic singularities, as in Lebeau’s case, does not distinguish between glid-
ing and diffractive points, hence (iii) can be dropped to define what we may
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call analytic generalized broken bicharacteristics. It is an interesting question
whether in the C* setting there are also analogous diffractive phenomena at
higher codimension boundary faces, i.e. whether the following theorem can be
strengthened at certain points.

We remark also that there is an equivalent definition (presented in lecture
notes about the present work, see [26]), which is more directly motivated by
microlocal analysis and which also works in other settings such as N-body
scattering in the presence of bound states.

Our main result is:

THEOREM (See Corollary 8.4). Suppose that Pu = 0, u € H017 (X).
Then WFé’OO(u) C ¥, and it is a4 union of maximally extended generalized
broken bicharacteristics of P in X.

loc

The analogue of this theorem was proved in the real analytic setting by
Lebeau [11], and in the C*° setting with C* boundaries (and no corners) by
Melrose, Sjostrand and Taylor [13], [14], [22]. In addition, Ivrii [8] has obtained
propagation results for systems. Moreover, a special case with codimension 2
corners in R? had been considered by P. Gérard and Lebeau [3] in the real
analytic setting, and by Ivrii [5] in the smooth setting. It should be mentioned
that due to its relevance, this problem has a long history, and has been studied
extensively by Keller in the 1940s and 1950s in various special settings; see
e.g. [1], [10]. The present work (and ongoing projects continuing it, especially
joint work with Melrose and Wunsch [15], see also [2], [16]), can be considered
a justification of Keller’s work in the general geometric setting (curved edges,
variable coefficient metrics, etc.).

A more precise version of this theorem, with microlocal assumptions on
Pu, is stated in Theorem 8.1. In particular, one can allow Pu € C*°(X), which
immediately implies that the theorem holds for solutions of the wave equation
with inhomogeneous C* Dirichlet boundary conditions that match across the
boundary hyperfaces, see Remark 8.2. In addition, this theorem generalizes
to the wave operator with Neumann boundary conditions, which need to be
interpreted in terms of the quadratic form of P (i.e. the Dirichlet form). That
is, if u € HL (X) satisfies

(dMu, dM’U>X — <8tu, 8tU>X =0

for all v € H}(X), then WF)™(u) C %, and it is a union of maximally
extended generalized broken bicharacteristics of P in 3. In fact, the proof of
the theorem for Dirichlet boundary conditions also utilizes the quadratic form
of P. It is slightly simpler in presentation only to the extent that one has more
flexibility to integrate by parts, etc., but in the end the proof for Neumann
boundary conditions simply requires a slightly less conceptual (in terms of the
traditions of microlocal analysis) reorganization, e.g. not using commutators
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[P, A] directly, but commuting A through the exterior derivative d; and 0,
directly.

It is expected that these results will generalize to iterated edge-type struc-
tures (under suitable hypotheses), whose simplest example is given by (iso-
lated) conic points, recently analyzed by Melrose and Wunsch [16], extending
the product cone analysis of Cheeger and Taylor [2]. This is subject of an
ongoing project with Richard Melrose and Jared Wunsch [15].

It is an interesting question whether this propagation theorem can be
improved in the sense that, under certain ‘non-focusing’ assumptions for a
solution u of the wave equation, if a bicharacteristic segment carrying a sin-
gularity of u hits a corner, then the reflected singularity is weaker along ‘non-
geometrically related’ generalized broken bicharacteristics continuing the afore-
mentioned segment than along ‘geometrically related” ones. Roughly, ‘geomet-
rically related’ continuations should be limits of bicharacteristics just missing
the corner. In the setting of (isolated) conic points, such a result was obtained
by Cheeger, Taylor, Melrose and Wunsch [2], [16]. While the analogous result
(including its precise statement) for manifolds with corners is still some time
away, significant progress has been made, since the original version of this
manuscript was written, on analyzing edge-type metrics (on manifolds with
boundaries) in the project [15]. The outline of these results, including a dis-
cussion of how it relates to the problem under consideration here, is written
up in the lecture notes of the author on the present paper [26].

To make clear what the main theorem states, we remark that the propa-
gation statement means that if u solves Pu = 0 (with, say, Dirichlet boundary
condition), and ¢ € T} X \ o is such that u has no singularities on bicharac-
teristics entering ¢ (say, from the past), then we conclude that u has no singu-
larities at ¢, in the sense that g ¢ WF}IJ’OO(U); i.e., we only gain b-derivatives (or
totally characteristic derivatives) microlocally. In particular, even if V\/'F}l)’Oo (u)
is empty, we can only conclude that u is conormal to the boundary, in the pre-
cise sense that Vi ...Vyu € H} (X) for any Vi,..., Vi € Vp(X), and not that
u € HIIZC(X ) for all k. Indeed, the latter cannot be expected to hold, as can
be seen by considering e.g. the wave equation (or even elliptic equations) in
2-dimensional conic sectors.

This already illustrates that from a technical point of view a major chal-
lenge is to combine two differential (and pseudodifferential) algebras: Diff (X)
and Diff,,(X) (or ¥y(X)). The wave operator P lies in Diff(X), but mi-
crolocalization needs to take place in Wy,(X): if ¥(X) is the algebra of usual
pseudodifferential operators on an extension X of X, its elements do not even
act on C*(X): see [4, §18.2] when X has a smooth boundary (and no corners).
In addition, one needs an algebra whose elements A respect the boundary con-
ditions, so that e.g. Aulgx depends only on u|gx. This is exactly the origin
of the algebra of totally characteristic pseudodifferential operators, denoted by
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UyL(X), in the C* boundary setting [18]. The interaction of these two algebras
also explains why we prove even microlocal elliptic regularity via the quadratic
form of P (the Dirichlet form), rather than by standard arguments, valid if
one studies microlocal elliptic regularity for an element of an algebra (such as
U, (X)) with respect to the same algebra.

The ideas of the positive commutator estimates, in particular the con-
struction of the commutants, are very similar to those arising in the proof of
the propagation of singularities in N-body scattering in previous works of the
author — the wave equation corresponds to the relatively simple scenario there
when no proper subsystems have bound states [24]. Indeed, the author has
indicated many times in lectures that there is a close connection between these
two problems, and it is a pleasure to finally spell out in detail how the N-body
methods can be adapted to the present setting.

The organization of the paper is as follows. In Section 2 we recall ba-
sic facts about Wy,(X) and analyze its commutation properties with Diff (X).
In Section 3 we describe the mapping properties of ¥y,(X) on H'(X)-based
spaces. We also define and discuss the b-wave front set based on H!(X) there.
The following section is devoted to the elliptic estimates for the wave equa-
tion. These are obtained from the microlocal positivity of the Dirichlet form,
which implies in particular that in this region commutators are negligible for
our purposes. In Section 5 we describe basic properties of bicharacteristics,
mostly relying on Lebeau’s work [11]. In Sections 6 and 7, we prove propa-
gation estimates at hyperbolic, resp. glancing, points, by positive commutator
arguments. Similar arguments were used by Melrose and Sjostrand [13] for the
analysis of propagation at glancing points for manifolds with smooth bound-
aries. In Section 8 these results are combined to prove our main theorems.
The arguments presented there are very close to those of Melrose, Sjostrand
and Lebeau.

Here we point out that Ivrii [8], [6], [7], [9] also used microlocal energy
estimates to obtain propagation results of a different flavor for symmetric sys-
tems in the smooth boundary setting, including at hyperbolic points. Roughly,
Ivri’’s results give conditions for hypersurfaces ¥ through a point gy under
which the following conclusion holds: the point ¢y is absent from the wave
front set of a solution provided that, in a neighborhood of ¢g, one side of X
is absent from the wave front set — with further restrictions on the hypersur-
face in the presence of smooth boundaries. In some circumstances, using other
known results, Ivrii could strengthen the conclusion further.

Since the changes for Neumann boundary conditions are minor, and the
arguments for Dirichlet boundary conditions can be stated in a form closer to
those found in classical microlocal analysis (essentially, in the Neumann case
one has to pay a price for integrating by parts, so one needs to present the
proofs in an appropriately rearranged, and less transparent, form) the proofs in
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the body of the paper are primarily written for Dirichlet boundary conditions,
and the required changes are pointed out at the end of the various sections.
In addition, the hypotheses of the propagation of singularities theorem

can be relaxed to u € H&’g@loc(X), m < 0, defined in Definition 3.15. Since

this simply requires replacing the H'(X) norms by the H&’m norms (which are
only locally well defined), we suppress this point except in the statement of
the final result, to avoid overburdening the notation. No changes are required
in the argument to deal with this more general case. See Remark 8.3 for more
details.

To give the reader a guide as to what the real novelty is, Sections 2-3
should be considered as variations on a well-developed theme. While some of
the features of microlocal analysis, especially wave front sets, are not discussed
on manifolds with corners elsewhere, the modifications needed are essentially
trivial (cf. [4, Ch. 18]). A slight novelty is using H!(X) as the point of reference
for the b-wave front sets (rather than simply weighted L? spaces), which is very
useful later in the paper, but again only demands minimal changes to standard
arguments. The discussions of bicharacteristics in Section 5 essentially quotes
Lebeau’s paper [11, §III]. Moreover, given the results of Sections 4, 6 and 7,
the proof of propagation of singularities in Section 8 is standard, essentially
due to Melrose and Sjostrand [14, §3]. Indeed, as presented by Lebeau [11,
Prop. VIIL.1], basically no changes are necessary at all in this proof.

The novelty is thus the use of the Dirichlet form (hence the H'-based
wave front set) for the proof of both the elliptic and hyperbolic/glancing es-
timates, and the systematic use of positive commutator estimates in the hy-
perbolic/glancing regions, with the commutants arising from an intrinsic pseu-
dodifferential operator algebra, WUy, (X). This approach is quite robust, hence
significant extensions of the results can be expected, as was already indicated.
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2. Interaction of Diff(X) with the b-calculus

One of the main technical issues in proving our main theorem is that unless
0X = (), the wave operator P is not a b-differential operator: P ¢ Diff3(X). In
this section we describe the basic properties of how Diff*(X), which includes
P for k = 2, interacts with Wy, (X). We first recall though that for p € F;j req,
local coordinates in PT* X over a neighborhood of p are given by (z,y,t,0,(,7)
with o; = x;§;. Thus, the map 7 in local coordinates is (z,y,t,&,(,7) —
(z,y,t,2&,(,7), where by € we mean the vector (x1&1, ..., xx€k).

In fact, in this section y and t play a completely analogous role, hence
there is no need to distinguish them. The difference will only arise when we
start studying the wave operator P in Section 4. Thus, we let § = (y,t) and
¢ = (¢, 7) here to simplify the notation.

We briefly recall basic properties of the set of ‘classical’ (one-step polyho-
mogeneous, in the sense that the full symbols are such on the fibers of PT™* X))
pseudodifferential operators U,(X) = Uy, Up'(X) and the set of standard
(conormal) b-pseudodifferential operators, We(X) = Uy, ¥7L(X). The differ-
ence between these two classes is in terms of the behavior of their (full) symbols
at fiber-infinity of "7 X'; elements of Wy,.(X) have full symbols that satisfy the
usual symbol estimates, while elements of Uy, (X) have in addition an asymp-
totic expansion in terms of homogeneous functions, so that Up'(X) C Uy (X).
Conceptually, these are best defined via the Schwartz kernel of A € Uy (X)
in terms of a certain blow-up X? of X x X; see [20]. The Schwartz kernel
is conormal to the lift diag,, of the diagonal of X? to X? with infinite order
vanishing on all boundary faces of Xg which are disjoint from diag,. Mod-
ulo W, *°(X), however, the explicit quantization map we give below describes
U (X) and UP(X). Here U, >°(X) = ¥ (X) = Ny YT (X) = Ny, ¥EH(X)
is the ideal of smoothing operators. The topology of W,.(X) is given in terms
of the conormal seminorms of the Schwartz kernel K of its elements; these
seminorms can be stated in terms of the Besov space norms of LiLsy... Ly K
as k runs over non-negative integers, and the L; over first order differential
operators tangential to diagy; see [4, Def. 18.2.6]. Recall in particular that
these seminorms are (locally) equivalent to the C*° seminorms away from the
lifted diagonal diagy,.

There is a principal symbol map

Ohm : UIL(X) — S™(PT*X)/S™ 1 (PT* X);

here, for a vector bundle £ over X, S*(E) denotes the set of symbols of order
k on E (i.e. these are symbols in the fibers of E, smoothly varying over X).
Its restriction to Wp'(X) can be re-interpreted as a map oy, : ¥7'(X) —
C>®(PT*X \ o) with values in homogeneous functions of degree m; the range
can of course also be identified with C*°("S*X) if m = 0 (and with sections of
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a line bundle over "S*X in general). There is a short exact sequence
0 — WP (X)) — UP(X) — ST X) /S (PT*X) — 0

as usual; the last non-trivial map is oy,,,. There are also quantization maps
(which depend on various choices) ¢ = g, : S™(°T*X) — W' (X), which
restrict to g : gl(bT*X) — WP'(X), cl denoting classical symbols, and oy, ,,0¢m,
is the quotient map S™ — S™/S™~!. For instance, over a local coordinate
chart U as above, with a supported in lDTI"(X , K C U compact, we may take,

with n = dim X,
(2.1)
q(a)u(z,y)

/

_ (27r)—n/ei(x—x’)'§+(y—y’)'C¢(x —Z )a(:c,y,:nﬁ,f)u(x’,g’) de’ dﬂ/ de dc,

X

understood as an oscillatory integral, where ¢ € C°((—1/2,1/2)F) is identically

’

! —x Tr—X . . .
1 near 0 and £2% = (25, Z20) and the integral in 2’ is over [0, 00)".

Here the role of ¢ is to ensure the infinite order vanishing at the boundary

hypersurfaces of Xg disjoint from diagy; it is irrelevant as far as the behavior of
Schwartz kernels near the diagonal is concerned (it is identically 1 there). This
can be extended to a global map via a partition of unity, as usual. Locally, for
q(a), suppa C PT X as above, the conormal seminorms of the Schwartz kernel
of g(a) (i.e. the Besov space norms described above) can be bounded in terms
of the symbol seminorms of a; see the beginning of [4, §18.2], and conversely.
Moreover, any A € Uy.(X) with properly supported Schwartz kernel defines
continuous linear maps A : C(X) — C®(X), A : C®(X) — C=(X).

Remark 2.1. We often do not state it below, but in general most pseu-
dodifferential operators have compact support in this paper. Sometimes we
use properly supported ps.d.o’s, in order not to have to state precise support
conditions; these are always composed with compactly supported ps.d.o’s or
applied to compactly supported distributions, so that, effectively, they can be
treated as compactly supported. See also Remark 4.1.

If g is any C* Riemannian metric on X, and K C X is compact, any
A € WY (X) with Schwartz kernel supported in K x K defines a bounded
operator on L?(X) = L?(X,dg), with norm bounded by a seminorm of A in
) (X). Indeed, this is true for A € U *°(X) with compact support, as follows
from the Schwartz lemma and the explicit description of the Schwartz kernel
of A on Xg. The standard square root argument then shows the boundedness
for A € ¥ (X), with norm bounded by a seminorm of A in ¥ (X); see [20,
Eq. (2.16)]. In fact, we get more from the argument: letting a = o1, o(A), there
exists A’ € U, (X)) such that for all v € L*(X),

[ Av]| < 2supal [[o]| + [[A"0]].
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(The factor 2 of course can be improved, as can the order of A’.) This estimate
will play an important role in our propagation estimates. It will make it
unnecessary to construct a square root of the commutator, which would be
difficult here as we will commute P with an element of ¥y, (X), so that the
commutator will not lie in ¥,(X). We remark here that it is more usual to
take a ‘b-density’ in place of dg, i.e. a globally non-vanishing section of Qlle =
O, X, which thus takes the form (z1...z;)"! dj locally near a codimension k
corner, to define an L?-space, namely L2(X) = L*(X 9. then L2(X) =

?X1...Tk

xfl/Q . ..a:,?l/zL%(X) appears as a weighted space. Elements of ¥ (X) are
bounded on both L? spaces, in the manner stated above. The two boundedness
results are very closely related, for if A € \IJ%C (X), then so is :L‘;‘A:L';)\, reC.

There is an operator wave front set associated to Wy.(X) as well: for
A € U (X), WF} (A) is a conic subset of PT* X \ 0, and has the interpretation
that A is ‘in W >°(X)’ outside WF} (A). (We caution the reader that unlike the
previous material, as well as the rest of the background in the next three para-
graphs, WF} is not discussed in [20]. This discussion, however, is standard; see
e.g. [4, §18.1], especially after Definition 18.1.25, in the boundaryless case, and
[4, §18.3] for the case of a C* boundary, where one simply says that the oper-
ator is order —oo on certain open cones; see e.g. the proof of Theorem 18.3.27
there.) In particular, if WF}(A) = 0, then A € ¥, °°(X). For instance, if
A=q(a), a € S"(PT*X), q as in (2.1), WF},(A) is defined by the requirement
that if p ¢ WF] (A) then p has a conic neighborhood U in PT*X \ o such that
A = q(a), a is rapidly decreasing in U; i.e., |a(z,7,0,()| < Cn(14|o|+|C)~N
for all N. Thus, WF},(A) is a closed conic subset of PT*X \ o. Moreover, if
K C "S*X is compact, and U is a neighborhood of K, there exists A € U (X)
such that A is the identity on K and vanishes outside U, i.e. WF} (A) C U,
WF (Id—A) N K = (0. We can construct a to be homogeneous degree zero
outside a neighborhood of o, such that this homogeneous function regarded as
a function on PS* X (and still denoted by a) satisfies @ = 1 near K, suppa C U,
and then let A = g(a). (This roughly says that ¥,(X) can be used to localize
in PS* X, i.e. to b-microlocalize.)

Since Wpo(X) forms a filtered *-algebra, A; € U7 (X), j = 1,2, implies
AyAg € WP (X), and A% € U (X)) with

Obmatms (A1A2) = 0 m, (A1)0bm, (A2), Tbm, (A7) = 0bm, (A).

Here the formal adjoint is defined with respect to L?(X), the L?-space of any
C> Riemannian metric on X; the same statements hold with respect to L?(X)
as well, since conjugation by x; ...z preserves Up (X)) (as well as ¥7'(X)),
as already remarked for m = 0. Moreover, [A;, Ag] € \I/Z?erz_l(X ) with

1
Ob,mi+ma—1([A1, A2]) = ;{ah@}’ aj = obm, (4));
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{+,-} is the Poisson bracket lifted from T*X via the identification of T™*X°
with PT%. X. If A; € U (X), then A1A4; € \Ilg“+m2 (X), 45 € U (X), and
[A1, Ag] € \II{)”‘Jsz_l(X ). In addition, operator composition satisfies

If A e WP (A) is elliptic, i.e. oy, (A) is invertible as a symbol (with inverse
in S™™(PT*X \ 0)/S™™ 1 (PT*X \ 0)), then there is a parametrix G € ¥, (X))
for A, ie. GA —1d,AG —1d € ¥ °(X). This construction microlocalizes, so
if o, (A) is elliptic at ¢ € PT*X \ o, i.e. oy, (A) is invertible as a symbol in
an open cone around ¢, then there is a microlocal parametriz G € ¥, ™(X)
for A at g, so that ¢ ¢ WF} (GA — 1d), ¢ ¢ WF} (AG — Id), so GA, AG are
microlocally the identity operator near gq. More generally, if K C PS*X is
compact, and oy, ,,(A) is elliptic on K then there is G € ¥, ™(X) such that
KNWF(GA-1d) =0, KNWF(AG—1d) = 0. For A € ¥7'(X), o, m(A) can
be regarded as a homogeneous degree m function on PT*X \ o, and ellipticity
at ¢ means that oy, ,,(A)(q) # 0. For such A, one can take G € ¥ "™ (X) in all
the cases described above.

The other important ingredient, which however rarely appears in the fol-
lowing discussion, although when it appears it is crucial, is the notion of the
indicial operator. This captures the mapping properties of A € ¥y,(X) in terms
of gaining any decay at 0X. It plays a role here as P ¢ Diff,(X); so even if
we do not expect to gain any decay for solutions v of Pu = 0 say, we need
to understand the commutation properties of Diff (X) with Wy, (X)), which will
in turn follow from properties of the indicial operator. There is an indicial
operator map (which can also be considered as a non-commutative analogue
of the principal symbol), denoted by Ni, for each boundary face F;, ¢ € I, and
N; maps P (X) to a family of b-pseudodifferential operators on F;. For us,
only the indicial operators associated to boundary hypersurfaces H; (given by
xj = 0) will be important; in this case the family is parametrized by o;, the
b-dual variable of x;. It is characterized by the property that if f € C>(H;)
and v € C*°(X) is any extension of f, i.e. u|g, = f, then

Ni(A) (o)) f = (a;"7 Ax’T u) |,

where xj_wj A:):}Jj € U (X), hence wj_wj sz-aju € C*(X), and the right-hand
side does not depend on the choice of u. (In this formulation, we need to fix z;,
at least mod x?C‘X’(X), to fix Nj(A). Note that the radial vector field, z;D,,,
is independent of this choice of x;, at least modulo z;},(X).) If A € Ui (X)
and N;(A) = 0, then in fact A € CF(X) Ve (X), where CZ(X) is the ideal of
C*(X) consisting of functions that vanish at F;. In particular, for a boundary
hypersurface H; defined by z;, if A € U (X) and N;(A) = 0, then A = z; A’
with A’ € U (X). The indicial operators satisfy N;(AB) = N;(A)N;(B).
The indicial family of z;D,, at H; is multiplication by o;, while the indicial
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family of zyD,, k # j, is D, and that of Dy, is Dy,. In particular,

Nj([zjDa;, A]) = [Nj(2;Dg,), Nj(A)] = 0, so
(2.2) (2 Dy, Al € x5 WP (X),

which plays a role below. All of the above statements also hold with Wy, (X)
replaced by ¥y, (X).

The key point in analyzing smooth vector fields on X, and thereby dif-
ferential operators such as P, is that while D, ¢ V},(X), for any A € ¥7'(X)
there is an operator A € WI"(X) such that

(2.3) Dy, A— AD,, € "(X),
and analogously for U7"'(X) replaced by Wi (X). Indeed,
D, A= xj_l(a;ijj)A = a:j_l[:chxj,A] + xj_lA:chxj.
By (2.2), applied for ¥y, rather than Uy,
z; [z Dy, A] € UTH(X).

Thus, we may take A = xj_lAa:j, proving (2.3). We also have, more trivially,
that

(24) Dy A— ADy € UV(X), A€ VX)), dbm(A) = opm(A).
Since oy, (A) = abm(aﬁj_lij), we deduce the following lemma.

LEMMA 2.2. Suppose V € V(X), A€ V7 (X). Then [V,A] =5 A;V;+B
with A; € VP 1(X), V; € V(X), B € I*(X).

Similarly, [V, A] = Y V; AL + B' with A}, € U'"1(X), V; € V(X), B’ €
T (X).

Analogous results hold with Uy (X) replaced by ¥p,.(X).

Proof. 1t suffices to prove this for the coordinate vector fields, and indeed
just for the D, . Then with the notation of (2.3),

D,,A— AD,, = (A— A)D,, + B,
and 0'b7m(14) = 0p,m(A), so that A—Ae \II{)”_I(X), proving the claim. O
More generally, we make the definition:
Definition 2.3. Diff* U (X) is the vector space of operators of the form

(2.5) Y PjA;, P e Difff(X), A; € Ui (X),
J

where the sum is locally finite in X. Diff*(X) W{_(X) is defined analogously.
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Remark 2.4. Since any point ¢ € PT*X \ o0 has a conic neighborhood U
in PT* X \ 0 on which some vector field V' € W, (X) is elliptic, i.e. o1, 1(V) # 0
on U, we can always write A; € \I/Hk ki (X) with WFL(A) C U, kj <k, as
Aj = QA + R; with Q; € lefb ( ), Aj € Ui(X), Ry € ¥ *°(X). Thus,
any operator which is given by a locally finite sum of the form

> PA;, P e Difffi(X), A; e vyt R (),
J

can in fact be written in the form (2.5). In particular, Diff* ¥§ (X) C
Diff* U§ (X) provided that k' < k and k' + s < k + s, and Diff* ¥§'(X) ¢
Diff* U$ (X) provided that & < k, k' + s’ <k + s and s — & is an integer.

LeEmMA 2.5. Diff* \IJbC(X) is a filtered algebra with respect to operator
composition, with B; € Diff* W v(X), j=1,2, implying

B1 B, € Difftrth gits: (X)),
Moreover, with By, By as above,

[Bl7 B2] S Diﬁkl+k2 \ij)lc‘i‘sz—l(X)'

Proof.  To prove that Diff* ¥} (X) is an algebra, we only need to prove
that if A € U§_(X), P € Diff*(X), then AP € Diff*(X) ¥ (X). When P is a
sum of products of vector fields in V(X), the claim follows from Lemma 2.2.

Writing Bj = Vj1... Vi Aj, Aj € 9,7 (X), Vj; € V(X), and expanding
the commutator [Bj, Bs], one gets a finite sum, which is a product of the
factors Vj1,...Vj,, A; with two factors (one with j = 1 and one with j = 2)
removed and replaced by a commutator. In view of the first part of the lemma,
it suffices to note that

[Vl}i, ‘/271'/] ~ V(X), Diffkl+k2_1 \I}f)1c+s2 (X) C Diﬁ‘k1+k2 \I/§1C+82—1(X),
1, Ay) € w1 (x)
U/]l)A?) ]] elefl 83 7i_l(_X'),

where the last statement is a consequence of Lemma 2.2, when we take into
account that U7 (X) C Diff! U7~ 1(X). O

We can also define the principal symbol on Diff* VP (X). Thus, using
7:T*X — PT*X, we can pull back oy, s(A), A € U (X), to T*X, and define:

Definition 2.6. Suppose B = Y. PjA; € Diff* ¥§(X), P; € Difff(X),
A; € ¥ (X). The principal symbol of B is the C> homogeneous degree k + s
function on T*X \ o defined by

(2.6) Opts(B Zak )T o s (Aj).
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LEMMA 2.7. 044(B) is independent of all choices.

Proof. Away from 0X, B is a pseudodifferential operator of order k + s,
and op4s(B) is its invariantly defined symbol. Since the right-hand side of
(2.6) is continuous up to 90X, and is independent of all choices in T*X°, it is
independent of all choices in T*X. O

We are now ready to compute the principal symbol of the commutator of
A e V(X)) with D,

LEMMA 2.8. Let Oy, 05, denote local coordinate vector fields on b+ X
in the coordinates (x,7,0,(). For A € U X) with Schwartz kernel supported
in the coordinate patch, a = oy, (A) € C®°(PT*X \ o), we have [D,,, A] =
A1D,, + Ay € Difft U 1(X) with Ay € ¥P(X), A1 € U 1(X) and

1 1
(2.7) O'b,mfl(Al) = gagja, Ub’m(A()) = gﬁmja.
This result also holds with Wy,(X) replaced by Vy.(X) everywhere.

Remark 2.9. Notice that op,([Ds,, A]) = +{&,7*a} = 10,,|¢m%a, {.,.}
denoting the Poisson bracket on 7*X and 0,,|¢ denoting the appropriate coor-
dinate vector field on 7* X (where ¢ is held fixed rather than o during the par-
tial differentiation), since both sides are continuous functions on 7% X \ o which
agree on T*X°\ o. A simple calculation shows that the lemma is consistent
with this result. The statement of the lemma would follow from this observa-
tion if we showed that the kernel of o,,, on Diff! U7"~1(X) is Diff* ¥ 2(X).
The proof given below avoids this point by reducing the calculation to Wy (X).

Proof. The lemma follows from
Dy A— AD,, = x; '[2jDy,, Al + z; ' [A, 2] Dy,
Indeed, when

(2.8) Ao =z '[z;D.,, Al € UPH(X), A1 =2 '[A z)] € UPH(X),

the principal symbols can be calculated in the b-calculus. Since they are given
by the standard Poisson bracket in 7% X°, hence in bT)*(oX , by continuity
the same calculation gives a valid result in PT*X. As O, = 2§05, Og,le =
Oz,|o + &;0s,, we see that for b = o; or b = x;, the Poisson bracket {b,a} is
given by

Lj (8aj b)(aﬂﬁj |0a + éjana) — &y (803'@)(8% ’ffb + fjaaj b)
= 2;(05,0)0z, |00 — 2(05,a) 0z, |ob

so that we get
{oj,a} = ©;0,,|0a, {zj,a} = —2;05,a,

and (2.7) follows from (2.8). O
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3. Function spaces and microlocalization

We now turn to actions of Uy, (X) on function spaces related to differential
operators in Diff(X), and in particular to H'(X) which corresponds to first
order differential operators, such as the exterior derivative d. We first recall
that C°(X) is the space of C* functions of compact support on X (which may
thus be non-zero at dX), while C°(X) is the subspace of C°(X) consisting
of functions which vanish to infinite order at dX. Although we will mostly
consider local results, and any C* Riemannian metric can be used to define
L% (X), L2(X) (as different choices give the same space), it is convenient to
fix a global Riemmanian metric, § = g+dt?, on X, where g is the metric on M.
With this choice, L?(X) is well-defined as a Hilbert space. For u € C°(X), we
let

HUH%P(X) = ”d“H%%X) + H“H%Q(X)'

We then let H'(X) be the completion of C2°(X) with respect to the H'(X)
norm. Then we define H}(X) as the closure of C3°(X) inside H'(X).

Remark 3.1. We recall alternative viewpoints of these Sobolev spaces.
Good references for the C*° boundary case (and no corners) include [4, App. B.2]
and [23, §4.4]; only minor modifications are needed to deal with the corners
for the special cases discussed below.

We can define H'(X°) as the subspace of L?(X) consisting of functions
u such that du, defined as the distributional derivative of u in X°, lies in
L?(X,A'X); we then equip it with the above norm. This is locally equivalent
to saying that Vu € LIQOC(X ) for all C*° vector fields V' on X, where Vu refers
to the distributional derivative of w on X°.

In fact, H'(X°) = H'(X), since H'(X°) is complete with respect to the
H'! norm and C°(X) is easily seen to be dense in it. For instance, locally, if
X is given by x; > 0, j = 1,...,k, and u is supported in such a coordinate
chart, one can take ug(x,y) = u(z1 + s,...,25 + s,7) for s > 0, and see
that us|x — u in H!(X°). Then a standard regularization argument on R",
n = dim X, gives the claimed density of C>°(X) in H!(X°). Thus, H!(X°) =
H'(X) indeed, which shows in particular that H'(X) C L?(X). (Note that
lullz2(x) < llullgr(x) only guarantees that there is a continuous ‘inclusion’
H'(X) < L?(X), not that it is injective, although that can be proved easily
by a direct argument; cf. the Friedrichs extension method for operators; see
e.g. [21, Th. X.23].)

If X is a manifold without boundary, and X is embedded into it, one
can also extend elements of H'(X) to elements H{. (X) exactly as in the C*
boundary case (or simply locally extending in z; first, then in x9, etc., and
using the C* boundary result); see [23, §4.4]. Thus, with the notation of
[4, App. B.2], H! (X) = H}

loc 10c(X?). As is clear from the completion definition,
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H&,IOC(X ) can be identified with the subset of H\ _(X) consisting of functions
supported in X. Thus, H& (X) = Hﬁ)C(X) with the notation of [4, App. B.2].

All of the discussion above can be easily modified for H™ in place of H',
m > 0 an integer.

loc

We are now ready to state the action on Sobolev spaces. These results
would be valid, with similar proofs, if we replaced H'(X) by H™(X), m >0
an integer. We also refer to [4, Th. 18.3.13] for further extensions when X has
a C* boundary (and no corners).

LEMMA 3.2. Any A € \IJgC(X) with compact support defines continuous
linear maps A : HY(X) — HY(X), A: H}(X) — H}(X), with norms bounded
by a seminorm of A in ¥) (X).

Moreover, for any K C X compact, any A € \I/gC(X) with proper support
defines a continuous map from the subspace of H*(X) (resp. Hi (X)) consisting
of distributions supported in K to HX(X) (resp. H&C(X)).

Remark 3.3. Note that all smooth vector fields V' of compact support de-
fine a continuous operator H'(X) — L?(X), so that, in particular, V € V;,(X)
do so. Now, any A € ¥} _(X) can be written as > (D,,z;)A; + Y. Dy, A+ A"
with A;, A%, A" € ¥) (X) by writing o, 1(A) = Y. 0ja; + (ja}, and taking
Aj, Al with principal symbol aj,a’. Therefore the lemma implies that any
A € W] (X) defines a continuous linear operator H'(X) — L%(X), and in
particular restricts to a map Hg(X) — L*(X).

Proof. For A € W) (X), by (2.3) Dy, Au = AD,,u + Bu, with A €
W) (X), B € Y (X), the seminorms of both in ¥{_(X) bounded by seminorms
of Ain W) (X). Thus, for u € C°(X)

1Dz, Aullz2(x) < Al 20,0200 1D, wll 22(x) + I Bllserz o), 2200 1l 22 (x0) -

Since there is an analogous formula for D, replaced by Dy , we deduce that
for some C' > 0, depending only on a seminorm of A in ¥ (X),

ldx Aull2(x) < Clldxullp2(x) + [lullz2(x))-

Thus, A € ¥ _(X) extends to a continuous linear map from the completion
of C2°(X) with respect to the H'(X) norm to itself, i.e. from H'(X) to itself as
claimed. As it maps C2°(X) — C(X), it also maps the H'-closure of C>°(X)
to itself, i.e. it defines a continuous linear map HJ(X) — H}(X), which finishes
the proof of the first half of the lemma.

For the second half, we only need to note that Au = A¢u if ¢ = 1 near K
and has compact support; now A¢ has compact support so that the first half
of the lemma is applicable. O
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Note that H'(X) C L*(X) C C~*°(X), with C~°°(X) denoting the dual
space of C°(X), i.e. the space of extendible distributions. (Here we use dj =
dgdt to trivialize QX.) Since for any m, A € VP (X) maps C~*°(X) —
C~*°(X), we could view A already defined as a map H'(X) — C~*°(X); then
the above lemma is a continuity result for m = 0.

We let H~1(X) be the dual of H}(X) and H~(X) be the dual of H*(X),
with respect to an extension of the sesquilinear form (u,v) = fX uvdg, i.e. the
L? inner product. As H}(X) is a closed subspace of H'(X), H 1(X) is the
quotient of H~'(X) by the annihilator of H}(X). In terms of the identification
of the H' spaces in the penultimate paragraph of Remark 3.1, ngcl (X) =
H'(X°) in the notation of [4, App. B.2], i.e. its elements are the restrictions

loc ~ .
to X° of elements of H,_'(X). Analogously, ngg (X)) consists of those elements

loc

of ngi()? ) which are supported in X.

Any V € Diff!(X) of compact support defines a continuous map L?(X) —
HY(X) via (Vu,v) = (u,V*v) for u € L*(X), v € H}(X); this is the same
map as that induced by extending V to an element V of Diff 1()2' ), extending
u to X, say as 0, and letting Vu = f/ﬂ|Xo. Thus, any P € Diff>(X) of
compact support defines continuous maps H'(X) — H~'(X), and in particular
HY(X) — H™Y(X), since we can write P = Y V;W; with V;, W, € Diff!(X).
Similarly, any P € Diff*(X) defines continuous maps H._(X) — H 1(X),
and in particular H&IOC(X) — H;}(X). Thus, for P = Aj + 1, (u, V) g (x) =
(u, Pv) ifu € H}(X) and v € H'(X). Similarly, for P = D}~ A, (Dyu, Dyv) —
(dpsu, dpgv) = (u, Po), if u € H}(X) and v € HY(X).

We also note that as H'(X) and H}(X) are Hilbert spaces, their duals
are naturally identified with themselves via the inner product. Thus, if f is a
continuous linear functional on Hj(X), then there is a v € H}(X) such that
f(u) = (u,v) + (du,dv). Thus, regarding H}(X) as a subspace of H'(X), for
an extension X of X, as in Remark 3.1, we deduce that f(u) = (u, (A +1)v),
and so the identification of H~1(X) with H}(X) (regarded as its own dual) is
given by H}(X) 3 v — (A + 1)v € HHX).

Since \I/gC(X ) is closed under taking adjoints, the following result is an
immediate consequence of Lemma 3.2.

COROLLARY 3.4. Any A € U) (X)) with compact support defines continu-
ous linear maps A: H-(X) — H (X)), A: HY(X) — H Y(X), with norm
bounded by a seminorm of A in W) (X).

We now define subspaces of H'(X) which possess additional regularity
with respect to ¥y, (X).

Definition 3.5. For m > 0, we define HéZ"(X) as the subspace of H!(X)
consisting of u € H'(X) with suppu compact and Au € H'(X) for some
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(hence any, as shown below) A € ¥{'(X) (with compact support) which is
elliptic over suppu, i.e. A such that oy, ,,(A)(g) # 0 for any ¢ € b WX \o.

supp u
We let Hé:{gc(X) be the subspace of HL_(X) consisting of u € HL_(X)

loc
such that for any ¢ € C°(X), ¢u € Héln(X)

We also let Hﬁ:g?c(X) = Hég"(X) N H(X), and similarly for the local
space Hé:gfloc(X).

Remark 3.6. The definition is independent of the choice of A, as can be
seen by taking a parametrix G € ¥, ™ (X) for A in a neighborhood of supp u,
so that GA —Id = E € ¥)(X), and WFL(E) N T}, X \ 0 = 0. Indeed, let
p € CZ°(X) be identically 1 near suppu, WF},(E) NPT X = 0. Then any
A" with the properties of A can be written as A’ = A/GA— A'Ep— A'E(1—p),
A'G,AEp € ¥)(X), while (1 — p)u = 0; so by Lemma 3.2, A'u € H(X)
provided that u, Au € H'(X).

It is useful to note that if Au € HY(X) and u € H}(X), then in fact
Au € HY(X):

LEMMA 3.7. Suppose that u € H}(X), A € V(X)) and Au € HY(X).
Then Au € H}(X).

Proof. Suppose that u € H}(X), A € U*(X) and Au € H'(X). Let A,,
r € (0,1], be a uniformly bounded family in U (X) with A, € ¥, *°(X) for
r>0,A —Idin U} (X), e >0,asr — 0.

Then, for 7 > 0, A, A € ¥, *°(X), so that u € HJ(X) implies that A, Au €
H}(X) by Lemma 3.2. As Au € H*(X), and A, is uniformly bounded as a
family of operators on H'(X), we deduce that A, Au is uniformly bounded in
H'(X). Thus, there is a weakly convergent sequence Ay, Au, with r; — 0, in
H(X), as the latter is a closed subspace of H'(X); let v be the limit. But
AvAu— Auin C°(X) asr — 0, since A, A — A in U7F(X). As A, Au— v
in C™°(X) as well, Au =v € H}(X) as claimed. O

The following wave front set microlocalizes Hkl)’ﬂ} (X).

Definition 3.8. Suppose u € H} (X), m > 0. We say that ¢ € PT*X \ o
is not in WF,"™(u) if there exists A € ¥J(X) such that ay,,,(A)(g) # 0 and
Au € HY(X).

For m = oo, we say that ¢ € PT*X \ 0 is not in WFll)m(u) if there exists
A € UP(X) such that 0,0(A)(g) # 0 and LAu € H(X) for all L € Diff,(X),
Le. if Au € HY™(X).

We note that, by the preceding lemma, if u € H& loc(X) then Au €
H} (X)), ete. (here A € U["(X)). Moreover, in the m infinite case we may
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equally allow L € Uy,(X), and we can also rewrite the finite m definition anal-
ogously, i.e. to state that there exists A € W) (X) such that oy, 0(A)(q) # 0
and LAu € HY(X) for all L € ¥{"(X). This follows immediately from the
next lemma. Since we do not need this here, we do not comment on it any-
more; we could also allow A € U (X) in the definition, provided we replace
ob,m(A)(q) # 0 by the assumption that A is elliptic at g; this follows from the
next results.

The next lemma shows that the action of elements of Wy (X) is indeed
microlocal.

LEMMA 3.9. Suppose that u€ H} (X), BV} (X). Then WFllj’m_k(Bu)
C WF, ™ (u) N WF} (B).

Proof. We assume that m is finite; the proof for m infinite is similar.

Suppose ¢ ¢ WF; (B). As WF}(B) is closed, there is a neighborhood U
of ¢ such that U N WF,(B) = 0. Let A € W™ *(X) satisfy WF}(A) C U,
obm—k(A)(q) # 0. Then AB € ¥ >°(X) C ¥} (X), so that ABu € H'(X) by
Lemma 3.2. Thus, ¢ ¢ WFllj’mfk(Bu) by definition of the wave front set.

On the other hand, suppose that g ¢ WFll)m(u) Then there is some
A € UP(X) such that Au € H'(X) and o,,,(A4)(q) # 0. Let G € ¥, ™(X)
be a microlocal parametrix for A, so that GA = Id+F with £ € ¥ (X),
q ¢ WF{(F). Let C € ¥ *(X) be such that WF} (C) N WF}(E) = § and
obm—k(C)(q) # 0. Then CBE € ¥, *°(X), so CBEu € H'(X) by Lemma 3.2.
On the other hand, CBG € ¥) (X) and Au € H'(X), so CBGAu € H(X)
also by Lemma 3.2. We thus deduce that C Bu = CBGAu— CBEu € HY(X),
and so ¢ ¢ WFé’m_k(u). O

We will need a quantitative version of this lemma giving actual estimates,
but first we state the precise sense in which this wave front set provides a
refined version of the conormality of u.

LEMMA 3.10. Suppose u € H, (X), m >0, p€ X. If*S:X NWF, "™ (u)
= (), then in a neighborhood of p, u lies in Hé’m(X); i.e., there is ¢ € C°(X)
with ¢ = 1 near p such that pu € HY™(X).

Proof. We assume that m is finite; the proof for m infinite is similar.

For each ¢ € bS;X there is A, € U'(X) such that oy, (A44)(¢) # 0 and
Aqu € HY(X). Let U, be the set on which oy, ,,,(A44) # 0; then U, is an open
set containing ¢. Thus, {U; : ¢ € bS;X } is an open cover of the compact
set bS;X. Let Uy, j = 1,...,7 be a finite subcover. Then Ay = ZAZ]_A%
is elliptic on bS;X since opom(Ao) = Y |obm(Ag,)?, with each summand
non-negative, and at any q € bS;X at least one term is nonzero (namely one
for which ¢ € U,,). Finally, we renormalize Ay to make its order the same
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as that of A, : this is achieved by taking any @ € ¥, ™ (X) which is elliptic
on bS;X, and letting A = QAo € ¥{'(X). Thus, A is elliptic on bS*X and
Au € H'(X) as this holds for each summand (QAY,)(Agyu), for QA7 € \IIO b (X)
and Agu € H'(X). Here we used Lemma 3.2.

Let G € ¥ ™(X) be a microlocal parametrix for A, so that GA = Id+FE
and WFL(E) N bS;;X = (. Thus, p has a neighborhood O in X such that
WF} (E)NPSEX = 0. Let ¢ € C°(X) be supported in O, identically 1 near p,
and let T € W{'(X) be elliptic on S, X. Then T¢u = T¢GAu — THEu.
Since WF(E) N WEF} (¢) = 0, we see that ToE € W *°(X), and thus the last
term is in H!(X) by Lemma 3.2. On the other hand, the first term is in H!(X)
since Au € H'(X) and T¢G € ¥Y(X). Thus, pu € H"™(X) as claimed. O

COROLLARY 3.11. Ifu € HY (X) and WFy™ (u) = 0, thenu € Hy 1" (X).
In particular, if v € HL (X) and WFém(u) = 0 for all m, then u €

Hﬁ’f;C(X); i.e., u is conormal in the sense that Au € H]} (X) for all A €
Diffy,(X) (or indeed for A € ¥, (X)).

For the quantitative version of Lemma 3.9 we need a notion of the operator
wave front set that is uniform in a family of operators:

Definition 3.12. Suppose that B is a bounded subset of \IfﬁC(X), and g €
bS*X. We say that ¢ ¢ WFY (B) if there is some A € Wy,(X) which is elliptic
at ¢ such that {AB : B € B} is a bounded subset of ¥ *°(X).

Note that the wave front set of a family B is only defined for bounded fam-
ilies. It can be described directly in terms of quantization of (full) symbols,
much like the operator wave front set of a single operator. All standard prop-
erties of the operator wave front set also hold for a family; e.g. if £ € U(X)
with WFy(E) N WF(B) = 0 then {BE : B € B} is bounded in ¥, *°(X).

A quantitative version of Lemma 3.9 is the following result.

LEMMA 3.13. Suppose that K C PS*X s compact, and U is a nezghbor-
hood of K in*S*X. Let K C X be compact, and U be a neighborhood of K in
X with compact closure. Let @) € \I/k( ) be elliptic on K with WFL(Q) C U,
with Schwartz kernel supported in K x K. Let B be a bounded subset of \Ifbc( )
with WF{(B) C K and Schwartz kernel supported in K x K. Then there is a
constant C > 0 such that for B € B, u € HL _(X) with WFlljk(u) nU =0,

1Bl (x) < Clllull gr gy + 1Qulla (x))-

Proof. Let ¢ € C°(U) be identically 1 near K. We may replace u by ¢u
in the estimate since B¢ = B, Q¢ = Q; then H¢UHH1(U) = || pull  (x)

By Lemma 3.9 and Lemma 3.10, all terms in the estimate are finite, since
e.g. WFL(Q)N WF,lak(u) = () so that WF%)’O(U) = (), so that Qu € Hé {JOC(X) =
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H! (X), and indeed Qu € H}(X), as the Schwartz kernel of Q has compact
support.

Let G be a microlocal parametrix for (), so that GQ = Id+F with E €
UP(X), WF(E) N K = (. Thus, Bu = BGQu — BEu. Now, BE € U *(X)
since WF (E) N K = () and WF} (B) C K, and it lies in a bounded subset of
U (X) for B € B. Thus, |[BEu| g (x) < Cillullg(x) by Lemma 3.2. On
the other hand, BG € ¥)(X) and indeed in a bounded subset of ¥} (X) for
B € B, Lemma 3.2 also gives that for some Cy > 0 (independent of B € B),
|BGQul| g (x) < Cal|Qul|lgi(x). Combination of these statements proves the
lemma. O

We can similarly microlocalize H, ! (X):

Definition 3.14. Suppose u € ngg(X), m > 0. We say that ¢ € PT*X \ o
is not in WFgl’m(u) if there exists A € U'(X) such that o}, ,,,(A)(q) # 0 and
Au e H71(X).

Then the analogues of Lemma 3.9-3.13 remain valid with H'(X) replaced
by H~1(X) and WFII)" replaced by WE 1", with analogous proofs using Corol-
lary 3.4 in place of Lemma 3.2.

These results can be extended in another way, by consideration of Sobolev
spaces with a negative order of regularity relative to H'(X).

Definition 3.15. Let k be an integer, m < 0, and A € ¥ "™ (X) be elliptic
on PS*X with proper support. We let H]];én (X) be the space of all u € C~>°(X)
of the form u = uy + Auy with ui,us € H¥(X) and let

[l i xy = f{{Jwa L e x) + lJwallar o = v = w1 + Aua}.

We also let HS’f:C(X) be the space of all u € C™*°(X) such that ¢u €
Hy™(X) for all ¢ € C°(X).

Now, define Hé;"(X ) and HQ’{SC(X ) analogously, replacing H*(X) by
H*(X) throughout the above discussion. Here, for k > 0, H*(X) stands for
HE(X); see Remark 3.1. Thus, HII;Z”(X) = Hg:gfc(X) for k > 0.

Remark 3.16. In this paper we are only concerned with the cases k = +1.
There is no difference between these two cases for the ensuing discussion, except
for the boundary values considered in the next paragraph. For the sake of
definiteness, we will use k = 1 throughout the discussion. We will also not
consider H*(X) explicitly for most of the discussion; there is no difference for
the treatment of these spaces either.

Also note that we can talk about the boundary values of u € H&T(X )
at boundary hypersurfaces (codimension 1 boundary faces) H; for m < 0,
although we do not need this here. One way to do this is to define, for v =
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uy + Aug, ulg, = uilg, + Nj(A)(O)(u2|Hj), regarded e.g. as an element of
C~°(H;) (note that N;(A)(0) : C~>°(H;) — C~°°(H;)). This is independent
of the choices of uq, uo and A. Of course, for u € Hé,’ng(X), in the sense just
sketched, u|y, = 0 for all j. It is straightforward to see that for u € Hézn with
ulg, = 0 for all j, there exist uy,us € H&C(X) with v = w1 + Aue, so that
u € Hyp (X).

Also, note that Lemma 3.7 still holds if one only assumes u € Hkl)gn (X).

First note that given any K C X compact there is another K’ C X
compact such that u € Hﬁzn(X) with suppu C K can be written as u = u1 +
Aug with uy,us € HL(X) both supported in K’. Indeed, when ¢ € C°(X) is
identically 1 on a neighborhood of K, and G € ¥U}'(X) is a properly supported
parametrix for A, then AG = 1d +FE, E € ¥, *°(X), E also properly supported.
By definition, if u € Hég” (X) then there are u}, uhy € H(X) with u = v+ Aul,
and as ¢ = 1 on a neighborhood of supp u, ¢u = u. Thus,

u = ¢u = duy — EpAuy + AGpAuy = uy + ua,
u = guy — E¢Auy, uz = GoAuy,

so that uj,us € HY(X) as E¢pA, GpA € UY(X), and suppuj, j = 1,2, is
bounded in terms of supp ¢, supp £ and supp G. Namely,

suppu; C K,
K' = supp ¢ U (supp E N 7" (supp ¢)) U mr,(supp G Ny (supp ¢)),

where 77, mr : X x X — X are the projections to the left and right factors; K’
is compact as E and G are properly supported, so that supp £ N ﬂ]le(supp ?),
supp G N ﬂél(supp ¢) are compact. Note also that, by Lemma 3.2,

luall e ) + ezl oo < CUE T (x) + luall x))-

Since this holds for any u}, u, with u = v} + Aub, we deduce that with this
K', if we restrict suppu; C K’, and take inf just over these uj, we get an
equivalent norm on the subspace of H!(X) consisting of elements supported
in K.

In fact, as supp G, supp E can be made to lie in any neighborhood of the
diagonal in X x X, and supp ¢ can be made to lie in any neighborhood of K,
this argument shows that given any K compact and any U open with K C U,
supp uj may be assumed to lie in K’ = U, with the resulting norm equivalent
to the H!(X) norm of the definition (with the equivalence constant of course
depending on U!).

Moreover, Definition 3.15 is independent of the choice of A. Indeed, if
A" € ¥ ™(X) is elliptic and has proper support, then it has a parametrix
G' € UY(X) with B/ = A'G' —1d € ¥ *°(X), all with proper support. Then
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u=uy + Aug = u; — B’ Aug + A'G' Aug, and u| = uy — E' Auy € H(X) since
E'A € U, ™(X), and u) = G'Auy € H}(X) since G'A € U)(X). Moreover, if
we fix K C X compact, then for u with suppu C K, the norms H“HH;;”(X)
are equivalent for different choices of A. This follows from Lemma 3.2 and the
preceding remark that we may take the support of ui, ug lie in a compact set
depending on K only.

Note also that for F' € ¥ (X) with compactly supported Schwartz kernel,
F: HéZ”(X) — H'(X) is continuous. Indeed, Fu = Fu; + FAus € H}(X) by
Lemma 3.2 since F, FA € ¥ _(X) and uy,us € H(X). This also gives a bound
for || Ful|g(x) in terms of H“HH@;;"(X) and a seminorm of F' in U7 (X). In
particular, ¥, °°(X') maps Hﬁg” (X) — H'(X), and indeed into the conormal
space H&COO(X)

Since any A € U (X) defines a map A : C~°(X) — C~*°(X), our defi-
nition of the wave front set makes sense for m < 0 as well; it is independent

of s if we take u € Hé:fOC(X) since the action of ¥y, (X) is well-defined on the
larger space C~°°(X) already.

Definition 3.17. Suppose u € Hb 1OC( ) for some s < 0, and suppose that
m € R. We say that ¢ € PT* X\ 0 is not in WFé’m(u) if there exists A € ¥7'(X)
such that oy, ,,(A)(g) # 0 and Au € HY(X).

For m = oo, we say that ¢ € PT*X \ 0 is not in WFtl)m(u) if there exists
A € UP(X) such that 0,0(A)(g) # 0 and LAu € H(X) for all L € Diff,(X),
ie., if Au€ HY™(X).

Again, the analogues of Lemma 3.9-3.13 remain valid with H'(X) re-
placed by H]j‘)i (X) for some s, and m allowed to be negative in WFém(u) In
particular, Lemma 3.13 takes the form:

LEMMA 3.18. Suppose that K C "S*X is _compact, and U a neighborhood
of K inPS*X. Let K C X be compact, and U be a neighborhood of K in X
with compact closure. Let Q) € \I/k(X) be elliptic on K with WFL(Q) C U, with
Schwartz kernel supported in K x K. Let B be a bounded subset of \I/ (X)
with WF (B) C K and Schwartz kernel supported in K x K. Then for any
s < 0 there is a constant C' > 0 such that for B € B, u € Hé,igoc(X) with

WEF(w) nU =10,
I1Bullm x) < Clull g2 gy + [1Qull i (x));
where ||u||H1,S(U) stands for loull e x) for some fized ¢ € CX(X) with
supp ¢ C U, ¢ =1 on a neighborhood of K.
Finally, connecting H{"" (X) for k = +1, we note that any P € Diff?(X)

defines a continuous linear map P : H}i oc(X) — Hy llozn(X ), as discussed
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before the statement of Corollary 3.4; now we need to use (2.3) as well to
deduce this.

4. The elliptic set

We first prove an estimate that microlocally controls the Dirichlet form for
microlocalized solutions Pu = 0, u € Hg(X), in terms of lower order microlocal
information and a global bound in H{(X). In fact, as it does not require much
additional effort, we consider microlocal solutions, i.e. we make assumptions

on WF, "*°(Pu), or indeed on WF; "*(Pu).

Remark 4.1. Since X is non-compact and our results are microlocal, we
may always fix a compact set K C X and assume that all ps.d.o’s have
Schwartz kernel supported in K x K. We also let U be a neighborhood of
K in X such that U has compact closure, and use the H 1(U ) norm in place
of the H'(X) norm to accommodate u € H&JOC(X). (We may instead take

¢ € C°(U) identically 1 in a neighborhood of K, and use | pul| g (x)-) Below
we use the notation [|.[[g: (x) for ||. HHl (@) to avoid having to specify U. We
also use ||v]|g-1(x) for H¢UHH 1(X)-

We give two versions of the Dirichlet estimates: the first one suffices for
most purposes, but it does not give the optimal estimates in terms of the order
m in WEy L™ (Py). The second one takes care of this issue.

LEMMA 4.2. Suppose that K C PS*X is compact, U C *S*X is open,
K c U. Suppose that A = {A, : r € (0,1]} is a bounded family of ps.d.o’s
in i (X) with WF(A) C K, and with A, € W (X)) for r € (0,1]. Then
there are G € Uy~ 1/2( X), G ¢ \I/f)+1/2(X) with WF(G), WF,(G) C U and
Co > 0 such that for r € (0,1], u € HOI,IOC(X) with WFlla’S_l/Q(u) nU =10,
WF, T2 (Pu)n U =4,

‘ / (ldrrArul® — |DyArul?) ]
X
< Co(llulfy ) + 1Gup ) + 1Pl )+ 1GPul - )
In particular, if the assumption on Pu is strengthened to Pu = 0, then

| [ (s = 1Deasa) | < ol ) + 1l )

The meaning of [|ul|%, (x) and HPqu,l(X) is stated above in Remark 4.1,
loc loc
and the integrals are performed with respect to dg = dg dt.
Remark 4.3. The point of this lemma is G is 1/2 order lower (s — 1/2
vs. s) than the family A. We will later take a limit, » — 0, which gives control
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of the Dirichlet form evaluated on Agu, Ag € ¥§.(X), in terms of lower order
information.

The role of A,., r > 0, is to regularize such an argument, i.e. to make sure
various terms in a formal computation, in which one uses Ay directly, actually
make sense.

Proof. Then for r € (0,1], Ayu € H}(X), so that
/ (ldat Avul2 — | Dy Ayuf?) = —/ PAu A,
X X

Here the right-hand side is the pairing of H~!(X) with HZ(X). Writing PA, =
AP + [P, A], and (v,w) = [y vw for the L*-pairing on X, we see that the
right-hand side can be estimated by

(4.1) (A, Pu, Ayu)| + ([P, Ar]u, Aru)|.

The lemma is thus proved if we show that the first term of (4.1) is bounded
by

(42) (Il o+ IGulEnx + 1Pl ) + IGPul 2 x) )

and the second term is bounded by Cf(||u||? 1)t ||GU||12L11(X))- (Recall that
the ‘local’ norms were defined in Remark 4.1.)

The first term is straightforward to estimate. Let A € ¥ 12 (X) be elliptic
with A~ € ‘I/:)/2(X) a parametrix, so that

E=A\" —Id,E = A A—Td € U;®(X).
Then
/ A, PuAu= / (AA- — B)A, PuZu
X X

:/ AArPuA*ATu—/ A, Pu E*A,u.
X X

Since A~ A, is uniformly bounded in \Ilsbjl/ 2 (X), and A* A, is uniformly bounded

n \I/izlﬂ(X), Jx A~ A, Pu A* Ay is uniformly bounded, with a bound like (4.2)
by Cauchy-Schwartz and Lemma 3.13. Indeed, by Lemma 3.13, if we choose
any G € \Ilf)fl/Q(X) which is elliptic on K, there is a constant C; > 0 such
that

A" Al oy < Crlllulligg, o) + 1Gulli )

Similarly, by Lemma 3.13 and the remark following Definition 3.14, if we choose

any G € \IJZ+1/2(X) which is elliptic on K, there is a constant C] > 0 such
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that [|[A~A Pu||H 1(X)
gives, with Cj = Cy + (1,

< G| Pul;

oo T ||C~%’Pu||%{_1(x)). Combining these

‘/ A=A PulN Ay <
X

Avull < AT A Pull? + | A" Avul?

< G (Il ) + 1Gul3 xy + 1Pl sy + G Pl (),

as desired.
A similar argument, when A, is uniformly bounded in \I/S—H/ 2(X ) (in fact

in U3 (X)), and E* A, is uniformly bounded in ¥} 1/2 (X) (in fact in ¥ >°(X)),
shows that [  ArPu E* E* A, u is uniformly bounded

Now we turn to the second term in (4.1). Using (2.3) and Lemma 2.2, we
have

[P,A;) = Du,DuBijr+ > _ DaBj+ By,
i,J J

B, € U (X), Bj, € Ui (X)), Byj, € Ui~ %(X), uniformly bounded in W3 (X),
resp. U5 (X), resp. TP 1(X). With A € \I/}ZI/Z(X) as above, utilizing (2.3),
we can write further

A" Dy Dy Bijr =Y DuDyBij,+ Y Dy B, +B,
i,J i,J

with B, , B’ Bl € V] 3/Q(X) uniformly bounded in ¥} 1/2( X). Thus,

13,70 " g,r
(4.3)
([P, Ar]u, Ayu)
= (A" Dy, Dy, Bijpu, A Avu) = Y (Dy, Dy, Bijpu, E* At
i 17

(A (2 Da, By + By Jus A Agu) = (B* (D Da, By + By Ju, A~ Ay
J J

Note that A=, A* and E* are positioned differently for the first two, resp.
last two terms; this is so that after integration by parts in the first two terms,
moving D,, to A*A,u, resp. E* A,u, each of the two terms being paired involve
operators of uniform order s+ 1/2, when the derivatives D,,, etc., are included
in the order count. (We need to integrate by parts so that at most one normal
derivative falls on each of the two terms being paired, since we are working
relative to H'(X).) The first two terms on the right-hand side of (4.3) can be
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expanded as

/D Dy, muA*A U — /D Dx]BZ]ruEAu
+Z/ D,, B} uN*A u—i—/ BluNA,u
_Z / D, Bjj,uDi A*Avu— ) / Dy, Biju Dl E*Au
— JX

+Z/ D,, B} uN*A u—i—/ BluNAu,

where D;i is the formal adjoint of D,, with respect to dg, and where in the
last step we used the fact that

Bl u, Bijru, N Apu, E* Ayu € Hy (X).

iJ,r

Note that D! = J D, Jif dg = Jdz1...dzxydy; ... dy; is the Riemannian
density, so that DY = D,, +b, b € C*°(X). Thus,

|| Da, By DR ] < 1D, Bl ) | DA Arl

+C2||D$J z]ru||L2 ||A*ATU||L2(X)’ Cy > 0,

and both factors in both terms are uniformly bounded for r € (0, 1] since A*A,,
Bj; . are uniformly bounded in Uy Y 2(X ) with a uniform wave front bound
disjoint from VVF1 =1/ 2( ). Indeed, as noted above, by Lemma 3.13, choosing
any G € U}~ Y 2(X ) which is elliptic on K, we have a constant C; > 0 such
that the rlght hand side is bounded by C’1(||u||2 1)+ |Gull?, (x))- Similar
estimates apply to the other terms on the rlght hand side of (4 4), and the
last two terms on the right-hand side of (4.3) can be treated similarly, showing
that [\ [P, AyJu A,u is uniformly bounded for r € (0, 1], indeed is bounded by
CO(HUH%IIIOC(X) + ||GuH%I1(X)), proving the lemma. O

The lemma which allows more precise estimates is the following.

LEMMA 4.4. Suppose that K C ®S*X is compact, U C PS*X s open,
K C U. Suppose that A = {A, : r € (0,1]} is a bounded family of ps.d.o’s
in U5 (X) with WF}(A) C K, and with A, € Ui (X) for r € (0,1]. Then
there are G € U}~ 1/2( X), G € U} (X) with WF}(G), WF},(G) C U and Cy > 0
such that for e > 0, r € (0,1], u € H&,loc( ) with WFIS 1/2( ynU =10,
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WF, " (Pu)nU =0,
‘/X (IdarAvul? — | Dy Avul?) ’ < ngXATuH%Z(X)
+ CO(H”H%{ﬁJC(X) + HGuH?P(X) + 5_1HPUH§{;CI(X) + 5_1HGPU'H§{—1(X)>'

Remark 4.5. The point of this lemma is that on the one hand the new
term ¢||dx A,u|?> can be absorbed on the left-hand side in the elliptic region,
hence is negligible; on the other hand, there is a gain in the order of G (s, versus
s+ 1/2 in the previous lemma).

Proof.  We only need to modify the previous proof slightly. Thus, we
need to estimate the term | [ A, PuA,u| in (4.1) differently, namely

‘ / A, PuA,u
X

Now the lemma follows by Lemma 3.13 and the remark following Defini-
tion 3.14. That is, we choose any G € Ui (X) which is elliptic on K, where
there is a constant C] > 0 such that

1A Pully- ) < C(IPul s ) + IG Pl x) )

and finish the proof exactly as for Lemma 4.2. [

<Ay Pull g (x) | Arull g1 (x)

<ellArullip oy + e APl B x-

Using the microlocal positivity of the Dirichlet form, we now prove the
elliptic estimates. Recall that 7 : T*X — PT*X is the natural ‘inclusion’ map,
and PT*X c PT*X is its range.

PROPOSITION 4.6 (Microlocal elliptic regularity). If u € H&IOC(X) then
WEL™ (1) € WE, V™ (Pu) UPT* X, and WF}™(u) N E € WE, V™ (Pu).

In particular, if Pu=0, u € H}, .(X) then

loc

WF%)’OO(U) c b1 X, and WF}la’oo(u) né=»0.

Proof. ~ We first prove a slightly weaker result in which WF 1’m(Pu)
is replaced by WEF Lm+1/ 2(Pu)7 relying on Lemma 4.2. We then prove the
original statement using Lemma 4.4.

Suppose that either ¢ € bT*X\bT*X or g € £. We may assume iteratively
that g ¢ WFé’S_lﬂ(u); we need to prove then that ¢ ¢ WFé’S(u) provided
s < m + 1/2 (note that the inductive hypothesis holds for s = 1/2 since
w e HL (X)). Let A € Wi(X) be such that WF} (A) N WFL* % (u) = 0,
WFL(A)QWFII;S—H/Q(PU) = (), and have WF},(A4) in a small conic neighborhood
U of ¢ so that for a suitable C >0 ore >0, in U
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(i) 2 <CY 02 if g € PT*X \ P17 X,
(i) |oj] < (72 +|¢[*)Y/? for all j, and % >1+¢,ifgeé.

Let A, € U %(X) for r > 0, such that £ = {A, : 7 € (0,1]} is a bounded
family in U9 (X), and A, — Id as r — 0 in ¥§(X), & > 0, e.g. the symbol of
A, could be taken as (14 (72 + |¢|? + |o|?))~!. Let A, = A, A. Let a be the
symbol of A, and let A, have symbol (1+7(72+[¢|?> +|o|?))"ta, r > 0, so that
A, € UF(X) for r > 0, and A, is uniformly bounded in ¥§ (X), A, — A in
W),
By Lemma 4.2,
/ (|darArul® — |DyArul?)
X

is uniformly bounded for r € (0,1]. On the other hand,

/X’dMArUQZ/XZAZ‘J'DMAT‘UD%ATU_}_/XZBiijiATUDyjATU

+/ ZCijDCL’quTUDyjATu'
X

Using that A;;(2,y) = Ai;(0,y)+>_ vk A} (2, y), we see that if A, is supported
in 2y < ¢ for all k, then for some C' > 0 (independent of A,),

(4.5) ‘ / > Al Da, Au Dy Apu| < €8 || Dy, Avtr]| | Dy Ap],
X

Z,,]/

with analogous estimates for B;j(x,y) — B;;(0,y) and for Cj;(x,y). Moreover,
as the matrix A;; is positive definite, for some ¢ > 0,

1 -

Thus, there exists C' > 0 and d > 0 such that if § < dy and A is supported in
|z| < 0 then

(4.6) c/§ |D$jAru|2+/ ((1—6‘5)§ |DyjAru|i—|DtATu\2)
J J

< [ (AP = D),
b'e
where we used the notation
Z |DyjA7"u’i21 = Z Bij(07 y)DyiATu Dy_;’ATu;
J (4]
i.e., h is the dual metric g restricted to the span of the dy;, j =1,...,1.
Now we distinguish the cases ¢ € £ and ¢ € PT*X \ PT*X. Ifqg € &, A

is supported near £, we choose § € (0, %) so that (1 — C~'5)|§_—|22 > 1+ on
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a neighborhood of WF{ (A), which is possible in view of (ii) at the beginning
of the proof. Then the second integral on the left-hand side of (4.6) can be
written as |[BA,u|?, with the symbol of B given by ((1 — C¥8)[¢|? — 72)1/2
)(which is > ¢7), modulo a term

/ FAuAu, FcUi(X).
X

But this expression is uniformly bounded as » — 0 by the argument above.
We thus deduce that

2 2
c/X <;|ijAru] )+ 1B Al

is uniformly bounded as r — 0.
If g € °T*X \ PT* X, and A is supported in |z| < 6,

/5_2|ijm].ATu|2§/ 1Dy, Avul?,
X X

On the other hand, near PT*X \ PT* X for § > 0 sufficiently small,
c _
/X (2—622|ij%14,4¢|2 - |DtAru|2> - |BAru||2+/XFAruAru,
J

with the symbol of B given by (557 0]2- — 72)1/2 (which does not vanish on U
for § > 0 small), while F' € ¥{ (X), so that the second term on the right-hand
side is uniformly bounded as r — 0. We thus deduce in this case that

5 [ (10 4?) + 1B A2
J

is uniformly bounded as r — 0.

We thus conclude that D, A,u, BA,u are uniformly bounded in L*(X).
Correspondingly there are sequences D, Ay u, BA; u, weakly convergent
in L?(X), and such that 7, — 0, as k — oo. Since they converge to
D, Au, BAu, respectively, in C™*°(X), we deduce that the weak limits are
D, Au, BAu, which therefore lie in L?(X). Consequently, dAu € L?*(X)
proving q ¢ WF%}’s(u), hence the proposition with WF L™ (Pu) replaced by
WF;l’mH/z(Pu).

To obtain the optimal result, we note that due to Lemma 4.4 we still have,
for any € > 0, that

/ (ldar Avul® — | DyArul? — eldx Arul?)
X

= [ (@ = ~ (14 DA )
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is uniformly bounded above for r € (0, 1]. (Keep in mind that dx = (das, 0%)
with respect to the product decomposition of X.) By arguing just as above,
with B as above, for sufficiently small € > 0, the right-hand side gives an upper

bound for
c 2 2
n (310 Ara) + 12l

which is thus uniformly bounded as » — 0. The proof is then finished exactly
as above. O

A slightly different formulation of this argument is the following. Below
w = (x,y). Consider

|dar Arul? — ||DtAru||2:/ Y 99 Doy, Ayu Dy, Ay J duw dt
X =
Z?]

— / DiAyu DiAyu J dw dt.
X

We move the A, in the first factor of each term on the right-hand side by first
commuting it through ¢” D,, (or D;), then taking its adjoint with respect to
J dw dt, and finally commuting it through D,,,. Each of the commutator terms
can be controlled by the inductive hypothesis as above. Modulo such terms
the result is

(4.7) / > 97 Du,u Dy, A;Au — DyuDiA7Avu | J dwdt.
X \ij
But by definition, a solution of the wave equation Pu = f satisfying the

Dirichlet boundary condition is u € H},,.(X) with

loc

/ Zgiijium—Dtum dedt:—/ fvJdwdt
X\ X

for every v € H&C(X ). In particular, as A%A, preserves H}, .(X), this holds
for v = AfA,u when A, has a compactly supported Schwartz kernel. If
f € C®(X), eg. if f = 0, the right-hand side now can also be estimated
by the inductive hypothesis, showing that ||dys Aqul|? — || D¢ Arul|? is uniformly
bounded as r — 0. The rest of the arguments presented above apply then, so
we can conclude that ¢q ¢ WF}la’Oo(u) as above.

This argument is immediately applicable for Neumann boundary condi-
tions as well. Thus, we still get (4.7) modulo terms that can be estimated by
the inductive hypothesis. Now, by definition, a solution of the wave equation
Pu = f satisfying the Neumann boundary condition is u € HL_(X) with

(4.8) / E giijlu Dy, v — Dyu Dy | Jdwdt = —/ foJdwdt
X\ X
17‘7
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for every v € H}(X). Here, for f € ngcl(X ), the right-hand side is the pairing
of ngg (X) with H}(X) via duality. In particular, as A% A, preserves HL (X),
this holds for v = A} A,u, and the rest of the elliptic argument is as for the
Dirichlet boundary condition.

We use this opportunity to remark that our methods also immediately
give elliptic regularity for the Laplacian on M.

THEOREM 4.7 (Microlocal elliptic regularity for A). Suppose that u €

Hi (M), and Au = f, i.e.

0,loc
(du,dv)y = (f,v)m
for allv € Hy ((M); here (-, ) is the L* inner product on M. Then WF%)m(u)
- WFgl’m(f) In particular, if f € H];fo’zn(M) then u € H&’I’Z?C(M)
The same conclusions hold for Neumann boundary conditions, i.e. with
H} (M) replaced by H'(M).

COROLLARY 4.8. Suppose that u € H& (M), and (A — A)u = 0. Then

u € HSE)OC(M) The conclusion also holds if u satisfies Neumann boundary
conditions.

loc

Proof. We have Au = f with f = \u € Hé’
u € Hé’z (M). Tterating this, using Hé’m C Hgl’mH(M), we complete the

loc loc loc

proof. |

(M) C Hy52(M), so that

5. Bicharacteristics

In this section we state the basic properties of generalized broken bichar-
acteristics that are instrumental in proving the propagation of singularities
theorem in Section 8.1. The philosophy originating from the work of Melrose
and Sjostrand [13], [14] is that it is easier to analyze the bicharacteristics (i.e.
the ‘classical’” system) precisely, and prove only rough propagation estimates
for the ‘quantum’ system (in this case the wave equation), essentially merely
getting the direction of the propagation correct, than to prove the precise prop-
agation statements directly, for many different aspects (not only the classical
geometry) interact in the latter setting. The precise propagation statement
is thus a combination of the rough propagation statements with the detailed
analysis of the bicharacteristics — this is the content of Section 8 here.

Turning to the generalized broken bicharacteristics, these have been de-
scribed by Lebeau [11, §III] in his setting, i.e. for domains M in real analytic
manifolds M, equipped with a real analytic metric g, with the boundary of M
admitting a stratification. However, analyticity does not enter into the analy-
sis of generalized broken bicharacteristics (called ‘rayons’ there), and manifolds
with corners, by definition, admit the desired stratification (stratified by the
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boundary faces), in a C* sense. Thus, all of Lebeau’s results on generalized
broken bicharacteristics apply in our setting, at least if one adopts his defini-
tions.

Our definition differs from that of Lebeau in two ways. First, at bound-
ary hypersurfaces (i.e. codimension 1 faces), Definition 1.1, part (iii), demands
more than Lebeau’s definition (from which (iii) is missing). Thus, our bicharac-
teristics are a subset of those of Lebeau’s. However, since the analysis of bichar-
acteristics is local in X, the C*° boundary analysis of Melrose and Sjostrand
applies. As this only necessitates trivial changes, we point these out below
after the statement of the propositions of this section.

The other difference is that we defined the topology of ¥ as the subspace
topology inherited from PT* X, while Lebeau defines it by requiring that # be
continuous; thus, we need to show that these are indeed the same, which we
proceed to do now.

LEMMA 5.1. Define the topology of ¥ as the subspace topology of PT*X.
Then O C X is open (resp. closed) if and only if #=(O) is open (resp. closed).

Since the bundle inclusion map 7 : T*X — PT*X is C*, hence continuous,
# is automatically continuous, so it only remains to show that if #71(O) is open,
then O is open, which we do below.

First, however, we remark that a basis of the subspace topology is given
by

(5.1) Bs(q) ={q€X: |x(q)| <6, ly(a) — wo(a)| <6, [t(q) —t(qo)| <,
IT(q) — 7(q0)| <, 1¢(q) — C(qo0)| < 6},

as qo and 0 > 0 vary. Indeed, on ¥ = 7(Char(P)), |o(q)] < Clz(q)||7(q)]
over compact subsets of X. Assuming 0 < 1, § < |7(qo)|/2, as we may, the
above inequalities imply that |o(q)| < 2Cd|7(qo)|. Given §y > 0, this set will
thus be included in a dy-ball in PT*X, centered at g, provided we choose
§ < 60/2C|7(qo)], so that every neighborhood of gq in ¥ contains a set of the
form (5.1).

Proof of Lemma 5.1. We now show that if #71(0) is open, then
so is O. That is, we need to show for any set O with #71(O) open, and
for any qo € O N T*Fjeg, there is a 6 > 0 such that Bs(go) C O. But
77 ({qo}) is the set of points §o = (x,y,t,&,¢,7) in T*X with (z,y,t,&,(,7) =
(0,5(q0), t(a0), &, ¢ (90), 7(q0)) and & - A(y(q0))€ = 7(g0)* — I¢(q0) [,y As A
is positive definite, the last equation implies that ¢ is bounded on #~({go}),
and indeed 7~ !({qo}) is compact. So if #71(O) is open, then for some § > 0 it
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contains the intersection of Char(P) with the set

{geT"X : [z(q)] <6, [y(q) —ylqo)l <9, |t(q) —t(q0)| <,
7(7) = 7(q0)| <6, [€(q) — ¢lao) <6, Ip(q)] < 6},

l.e. it contains the set

Bs(qo) = {q € Char(P) : [x(q)] <6, |y(q) —y(ao)| <9, [t(q) —t(qo)] <4,
7(@) = 7(q0)| <0, [€(q) — C(go)| < 0}

Now #(Bjs) = Bs(qo), while #(771(0)) = O, so we deduce that Bs(go) C O,
and hence O is open as claimed. O

Being a subset of PT*X, ¥ is a separable, locally compact, metrizable
space, although this follows also directly from the topology induced by 7 as in
Lebeau’s paper.

A stronger characterization of generalized broken bicharacteristics at H
follows as in Lebeau’s paper.

PROPOSITION 5.2 (Lebeau, [11, Prop. 1]). If v is a generalized broken
bicharacteristic, to € I, qo = 7y(to), then there exist unique G+,G— € Char(P)
satisfying m(G+) = qo and having the property that if f € C®(T*X) is
m-invariant then t — fr(v(t)) is differentiable both from the left and from
the right at tg and

(5.2 () Grohos = Hofa),

Notice that if v : I — 3 is continuous and if in addition the conclusion
of the following proposition holds, then (i) and (ii) of Definition 1.1 follow
((ii) follows as x; are m-invariant), and so the proposition indeed provides an
alternative to (i)—(ii) of our definition. Note that (iii) is not required for this
proposition, and conversely, the proposition does not imply (iii). (We also
remark paranthetically that there is yet another way of phrasing (i) and (ii)
in the definition of generalized broken bicharacteristics, which is important in
N-body scattering in the presence of bound states; see [25, Def. 2.1].)

COROLLARY 5.3 (Lebeau, [11, Cor. 2]). Suppose that K is a compact sub-
set of 3. Then there is a constant C' > 0 such that for all generalized broken
bicharacteristics v : I — K, and for all m-invariant functions f on a neighbor-
hood of m=Y(K) in T*X, one has the uniform Lipschitz estimate

|[frov(s1) = fr ov(s2)| < M| fllcr |51 — 52|, 51,52 € I

In particular, (locally) the functions x, § and ¢ are Lipschitz on generalized
broken bicharacteristics.
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We also need to analyze the uniform behavior of generalized broken bichar-
acteristics. Here we quote Lebeau’s results.

PROPOSITION 5.4 (Lebeau, [11, Prop. 5]). Suppose that K is a compact
subset of 3, vy, : [a,b] — K is a sequence of generalized broken bicharacteristics
which converge uniformly to y. Then vy is a generalized broken bicharacteristic.

Proof. By Lebeau’s result, «y is a ‘rayon’; i.e. it satisfies (i)—(ii) of Defini-
tion 1.1. Thus, we only need to show that it satisfies (iii) in order to prove that
it is a generalized broken bicharacteristic. But if y(tg) € G NT*F; reg and F; a
boundary hypersurface, then, using that the projection of v to X is Lipschitz
by Corollary 5.3, we see that for § > 0 sufficiently small, 5, = Va|[,—5,,4) i€
in T*X° UT*Fj reg for all n, as does 7 = 7v|jt, 54,45 Thus, 7 is a generalized
broken bicharacteristic by the results of [14], which implies that ~y satisfies (iii),
and which ends the proof. O

PRrROPOSITION 5.5 (Lebeau, [11, Prop. 6]). Suppose that K is a compact
subset of ¥, [a,b] C R and

(5.3) R = {generalized broken bicharacteristics v : [a,b] — K}.

If R is not empty then it is compact in the topology of uniform convergence.

Proof. R is equicontinuous, as in Lebeau’s proof (since every generalized
broken bicharacteristic is a rayon), and so the proposition follows from the
theorem of Ascoli-Arzela and Proposition 5.4. O

COROLLARY 5.6 (Lebeau, [11, Cor. 7]). If~: (a,b) — R is a generalized
broken bicharacteristic then ~y extends to [a,b].

6. The hyperbolic set

In ‘H U G the Dirichlet form is not positive, but we can use it to estimate
dpru microlocally in terms of Dyu and Pu. This follows immediately from
Lemma 4.2 for it implies, with the notation of that lemma, that

(6.1)
ldar Avul® < || DAyl |?

+CO(HU||%{EOC(X) + HGUH%P(X) + ||Pu\|fql;3(x) + ”épu”%r—l()()))-
In particular, if the assumption on Pu is strengthened to Pu = 0,

62) Al < DAl + Co(llullly_ oo+ 1Gulinen )

Recall here that the meaning of Hu||%,11 (x) and HPUH?J*(X) was stated in
oc loc

Remark 4.1. (As an aside, we do not need the sharp elliptic version, as in



PROPAGATION OF SINGULARITIES 787

Lemma 4.4, since Lemma 4.2 is only 1/2 derivative weaker than Lemma 4.4,
and at HUG, u loses a whole derivative as compared to the elliptic estimates.)

The estimate (6.1) roughly says that D, A,u (and also Dy, A,u, but the
latter follows more directly from general properties of the b-ps.d.o’s near HUG)
is bounded by D;A,u, modulo lower order error terms. This allows us to
estimate various error terms in the positive commutator argument below, and
it shows that we only need to find a uniform bound on ||D;A,u||? in terms of
other terms on the right-hand side in order to get a bound on ||dysA,u/|?, and
hence conclude that points at which oy, s(A) # 0 do not lie in WFllj’s(u). (Here
A, — A in a suitable sense.)

A related consequence of this estimate is that for microlocal solutions of
Pu =0, u € HX), WFllam(u) agrees with the b-wave front set of u defined
with respect to the more traditional L? space.

LEMMA 6.1. Suppose u € HY ), (X), WE, " (Pu) = . Then

WEF ™ (u)°
={qe T"X \o: A€ "N X), dbmi1(A)(q) #0, Au € L*(X)}.

More generally, for u € H},. .(X),

WEF ™ (w)¢ N WE, % (Pu)°
= {g € WF,"™(Pu)®: 34 € U"(X), gpmi1(A)(q) #0, Au e L*(X)}.

Proof. In T*X°, both sides are the standard wave front set, WF™ "1 (u),
so it suffices to consider the case when ¢ lies over 0.X.

First we show that the left-hand side is a subset of the right-hand side,
which is the ‘easy direction’, and does not use any condition on Pu. Now,
if ¢ € WFé’m(u)c, then there is some B € Up'(X) with oy, (B)(q) # 0 and
Bu € H& (X). We may assume that B is supported near the projection of
g to X, so that, in particular, we can use local coordinates in the rest of
the argument. If (;(q) # 0, then A = D, B € U[""!(X) with non-vanishing
principal symbol at ¢ and D, Bu € L?(X) since Bu € H}(X); so q indeed lies
on the right-hand side. A similar argument works if 7(¢) # 0. If o;(q) # 0,
then A = 2;D, B € \I/{)”Jrl(X) with non-vanishing principal symbol at ¢ and
Dy, Bu € L*(X) since Bu € H{(X). Now, z;D, Bu € L*(X) as well and,
again, ¢ lies on the right-hand side. Therefore the left-hand side is indeed a
subset of the right-hand side.

To see the converse direction, i.e. that the right-hand side is a subset of
the left-hand side, we note that as u € H&IOC(X),

WEL ™ (w) D (PT*X)¢ U &) \ WF,, " (Pu)
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by Proposition 4.6, so it suffices to consider ¢ € G U H. We use induction
on m to prove that if ¢ is on the right-hand side then it is also on the left-
hand side, the case m = 0 being trivial as we are assuming u € H&lOC(X ).
In general, suppose that the inclusion has been proved for m replaced by
m — 1/2. Suppose that ¢ € GUH is in the set on the right-hand side, so there
is A € U"tH(X), A elliptic at ¢, Au € L*(X), and ¢ ¢ WF}i’m_l/z(u) by the
inductive hypothesis. Note that 7(q) # 0, i.e. Dy is elliptic at g. We may
assume that WF} (A) lies close to g, hence that 7 is elliptic on WF{ (A), and
in addition WFi’mflp(u) N WF{ (A) = 0. Then we can write A = D;B + R,
B € U*(X) elliptic at g and R € ¥, °°(X). Thus, (asu € L*(X)) Ru € L*(X),
so that D;Bu € L*(X). Taking B, € ¥ '(X) uniformly bounded with
B, — B in ¥*"*(X) (¢ > 0), and using Lemma 4.2 (in the form of (6.1)) we
see that dysB,u is uniformly bounded in L2. Since it converges to dy/Bu in
C~>°(X) on the one hand, and there must be a weakly convergent sequence
dyrByr,u in L2(X), r. — 0 as k — oo, by the uniform bound, we deduce that
dyBu € L?(X) as well; so dx Bu € L?(X), hence Bu € H}(X). O

After these preliminary discussions, we turn to the propagation estimate
at ¢ € H. As usual, the key ingredient is to find a C* function f on PT*X such
that, at least near ¢, H,7* f has a fixed sign. We usually drop the pull-back
7* below; recall that 7 : T*X — PT*X is the ‘inclusion’. In our setting, we
can take f = n where n = —Z% = 2 Indeed, the Hamilton vector field

I7] I7]

H), of p is given by
(6.3)
H, =270, — Hy = 270, — 2A¢ - 0 — 2BC -0y — 2> Cij(j0a, — 2> Ci560y,
+2) (00, Aij)E60e, +2D (00, Cij)EiCi0%, + 2> (9w, Bij)CiCi0e,
+2) (9, Aij)&ii06, + 2 (0, Cij)EGi06, +2 ) (9, Bij) G0
Thus,
| Hyn =26 - AE+ 2 Cij&ii =2 > (0r, Aij)&ijan
—2) (05, Cij)&iCjan — 2> (02, Bij)GiCjn,
and so at z = 0, where C vanishes,
(6.4) |7|Hpn = 26 - A = 27° — 2¢ - B¢ — 2p = 21 — 2|([2 — 2p.

Thus, Hyn > 0 at 71 (H) N Char(P) = 7~ 1(H).

We only state the following propagation result for propagation in the
forward direction along the generalized broken bicharacteristics. A similar
result holds in the backward direction, i.e. if we replace n(§) < 0 by n(§) > 0 in
(6.5); the proof in this case only requires changes in some signs in the argument
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given below. The construction of a positive commutator below closely mirrors
that of [24] in the N-body setting.

PROPOSITION 6.2. Let qo = (Yo, to, (0, T0) € HNT*Freg and let n = —%f
be the m-invariant function defined in the local coordinates discussed above,
and suppose that uw € Hj, (X), q ¢ WF;I’OO(Pu). If there exists a conic

neighborhood U of qo in PT*X such that
(6.5) q €U andn(q) < 0= q¢ WF™(u)

then qo ¢ WF%)’OO(U).
In fact, if the wave front set assumptions are relaxed to qy ¢ WF;LSH(PU)
and the existence of a conic neighborhood U of qq in PT*X is such that

(6.6) q e U andn(q) < 0= q¢ WF,*(u),

then we can still conclude that qo ¢ WF%)’S(U).
Remark 6.3. Note that n(q) < 0 implies x # 0, and so ¢ ¢ T*F.

Remark 6.4. We recall that every conic neighborhood U of
90 = (Y0, %0,C0,70) € HN T Freg

in ¥ contains an open set of the form

6.7 {a: =@+ ly(a) — yol* + [t(a) — to* + ¢ (q) — Cof* < 6},

¢ = % Note also that (6.5) implies the same statement with U replaced by

any smaller neighborhood of qg, in particular, for the set (6.7), provided that
§ is sufficiently small. We can also assume that WF, "> (Pu) N U = 0.

Proof.  As in Proposition 4.6 we use an inductive argument to show
that go ¢ WFL®(u), provided that gy ¢ WFé’sil/ *(u); again the inductive
hypothesis holds for s = 1/2 since u € HL _(X). Because of Lemma 6.1,
we only need to show that for some B € Wi (X) with oy, 511(B)(q0) # 0,
Bu € L*(X).

Below we fix a small neighborhood Uy of ¢¢ such that Uj is inside a coor-
dinate neighborhood of ¢y and WFgl’w(Pu) NUy = 0.

The key is to construct an operator A with WF((A) C U and i[A*A, P]
positive, modulo terms that we can estimate by the a priori assumptions,
namely those on Pu and those on WF},(u), summarized in (6.5) above. Thus,
we do not need to make the commutator positive in n < 0, and also ‘away
from Char(P)’, although the latter is a moral statement as the locus of the
microlocalization is "7* X \ 0, not T*X \ 0. Our A will in fact be formally self-
adjoint modulo lower order operators, and we only take A*A to avoid having
to comment on the subprincipal terms.
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The main technical problem below is that P does not lie in ¥y,(X), so
we cannot simply use the symbol calculus on UyL(X): we need to write out
various expressions semi-explicitly as elements of Diff ¥1,(X). On the other
hand, while ¥y,(X) is the locus of the microlocalization, at the level of the
symbol calculus one can rely on standard ps.d.o’s on an extension X of X, i.e.
work with symbols on T*X. This has the advantage that p is a symbol on
T*X, as is the pull-back of symbols on PT*X via 7, so one can calculate their
Poisson bracket, etc. However, it is not trivial to make this into a technically
useful computation, since we need to control various expression in Diff Uy, (X).
In order to make the argument more digestible, we start with a symbol con-
struction, and do a formal commutator computation in ¥(X) (in fact, we will
ignore that we need an extension X here and write ‘W(X)’ at times) to show
why the constructed symbol should be useful, and then give the actual proof.

We construct the symbol of A in a few steps. The two main ingredients
are a homogeneous degree zero function that is increasing along the Hamilton
flow, which will be n, and a homogeneous degree zero function w on a conic
neighborhood of gq in 7% X'\ 0 that roughly measures the square of the distance
from ¢ in PT*X (modulo the R*-action). Note that w can also be regarded
as a function on a subset of PS* X, if desired. Thus, we let

(6.8) w(q) = |2(q)|* + [y(a) — yol® + |t(a) — to|* + 1¢(q) — Col%,

|.| denoting the Euclidean norm, and ¢ = & as above. Then w vanishes quadrat-

;
ically at qo, in fact is a sum of squares, so |dw| < C}w'/?, and in particular

(6.9) T Hyw| < CYwl/2,

Were we merely using the symbol calculus for Uy, (X) or ‘¥(X)’, this is all that
would matter. Since this is not the case, we need, more explicitly,

(6.10) T Hw=fo+ Y fir G+ ) fym %,
A 7]
fir fig €CCT*X), | fil: 1 £

where f;, fi; are homogeneous of degree 0, which follows from (6.3).

Next, we use the variable n = —%‘5‘ to measure propagation. Since

x-& _
n=- |7_‘ :_Zgj‘T| 17
J

71 is a homogeneous degree zero C* function on a conic neighborhood of ¢y in
PT*X \ o0; hence it (or more precisely its pullback by 7) is a C*, m-invariant

S Clw1/2a

function on 7% X. This function indeed measures the flow along bicharacteris-
tics near o since at points Go in #1({qo}), where thus p = 0,

(6.11) 7| Hpn(do) = 75 — o3, = cotg > 0,
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due to (6.4), where we used that gy € H. Again, if we could use ‘W(X)’, all
we would need is that |7|H,n > c¢o72/2 > 0 on Up, which is automatic if the
neighborhood Uj is small enough. Now, however, we need the more explicit
expression

T[T Hyn = 7220 =20 = 2p) + g0+ Y& g+ D 0T 76l
( (2
9i9ij € CO(°T*X), |gil, |gij| < Crw'/?,

where g;, gi; are homogeneous of degree 0, which again follows from (6.3) and
(6.8) (which allows to estimate factors like ), in terms of w'/?).

We are now ready to define the symbol a of A. For e > 0, § > 0, with
other restrictions to be imposed later on, let

12 4
(6.12) ¢=n+ 55w,

so that ¢ is a homogeneous degree zero C* function on a conic neighborhood
of qo in PT*X \ 0; we can again regard it as a m-invariant function on 7*X \ o.
(Here £~2 plays the role of 3 in the analogous — normal — propagation estimate
of [24].)

Let xo € C*°(R) be equal to 0 on (—o0,0] and xo(t) = exp(—1/t) for ¢ > 0.
Thus, x4(t) =t 2x0(t). Let x1 € C®(R) be 0 on (—00,0], 1 on [1,00), with
X} > 0 satisfying x} € C((0,1)). Finally, let x2 € C°(R) be supported in
[—2c1,2¢1], identically 1 on [—ci,¢1], where ¢; is such that |o]?/72 < ¢1/2 in
> N Up. Thus, xa(|o|2/72) is a cutoff in |o|/|7|, with its support properties
ensuring that dyz(|o|2/72) is supported in |o|2/72 € [e1, 2¢1], hence outside .
It should be thought of as a factor that microlocalizes near the characteristic
set but effectively commutes with P. Then, for Ay > 0 large, to be determined,
let

(6.13) a = xo(Ay" (2 = ¢/8))x1(n/8 + 2)xa(|o*/7°);

S0 a is a homogeneous degree zero C*° function on a conic neighborhood of ¢q
in PT* X . Indeed, as we see momentarily, for any € > 0, a has compact support
inside this neighborhood (regarded as a subset of PS*X, i.e. quotienting out
by the RT-action) for § sufficiently small; so in fact it is globally well-defined.
In fact, on supp a we have ¢ < 26 and n > —26. Since w > 0, the first of these
inequalities implies that 1 < 26, so that on suppa

(6.14) In| < 26.
Hence,
(6.15) w < e25(20 — ) < 4622

In view of (6.8) and (6.7), this shows that for any £ > 0, a is supported in U,
provided & > 0 is sufficiently small. The role that Ay large plays is that it
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increases the size of the first derivatives of a relative to the size of a, hence it
allows us to give a bound for a in terms of a small multiple of its derivative
along the Hamilton vector field. This is crucial as we need to deal with weight
factors, such as |7'|8+1/ 2 in the next paragraph, if the weight factors do not
commute with P. In this case, they can be arranged to commute (at least
microlocally, which suffices), so we could eliminate Ay, but its presence is
helpful if one is to weaken the assumptions on the structure of P.

This is the point where the technical argument needs significantly more
details than the motivational one. So we start with the motivation. Thus, by
(6.9), (6.15),

eI Hp = 7™y + (7] g Hyo > /2 — O

>co/2 =207 > /4> 0

provided that e .
rest of the arguments in this paragraph, and then we will take > 0 sufficiently
small. With this,

Hya? = —8 + e, b= |r|"/2(2Ir " H,0)2(408) 2 (xox) e,

with e arising from the derivative of x1x2. Here xo stands for xo(A, Lo - %)),
etc. Since 1 < 0 on supp dy1 while supp dys is disjoint from the characteristic
set, both being regions disjoint from WFy(u), i[A*A, P] is positive modulo
terms that we can a priori control, so the standard positive commutator ar-
gument gives an estimate for Bu, where B has symbol b. Replacing a by
a|r|*t1/2, we still have a positive commutator (in this case 7, or rather Dy,
actually commutes with P, but in any case we could use Ag to bound the addi-
tional commutator term), which now gives (with the new B) that Bu € L?(X),
which means in particular that gy ¢ WFllg’S(u).

This argument is of course very imprecise. The technically correct version
is the following. First, for £,0 > 0 still to be determined (i.e. ¢ is not yet fixed;

the previous paragraph was motivational only),

(6.16)
_ _ T
[l Hy = ] 1Hp77+7\7| Hy

= —2p7 2+ 772(2r 2|C| +90+ZT &g + ZT &i&i9ij

ij
+€2% (fo + & it ZT_zfz‘fjgij>-

Let B € U/?(X) with

(6.17)  b=op1/2(B) = [71"*(400) " *(xoxp)*x1x2 € CX("T*X \ 0),
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and let A € UP(X) with a,0(A) = a. Again, xo stands for yo(Ay (2 — %)),

etc. Also, let C' € WP (X) have symbol oy, o(C) = |7|~1(272 — 2|C|§)1/2¢ where
Y € SO(PT*X) is identically 1 on U considered as a subset of "T*X. Then an
explicit calculation using Lemma 2.8 and P = D? — A,

A= Z Aij(2,y) Dy, Dy, + Z 2C;j(x,y) Dy, Dy, + Z Bij(z,y)Dy, Dy, + P,
i, i,j 1]
Py € Diff!(X), gives, in accordance with (6.16),
(6.18) i[A*A, P]
_R'P+ B (C*C +Ro+ Y D, Ri+ ZDMRZ»]-DJC],)B YR'+E+E
i ij
with
Rye Up(X), R; € ¥, 1 (X), Rij € ¥;%(X),
R eV 1(X), R" € Diff* ¥V *(X), E,E' € Diff* ¥ 1(X),
with WF}(E) € n~'((—o0, —6]) N U, WF(E')N'Y = ( (F arises from the
commutator of P with an operator with symbol x1(n/d + 2), while E’ from
the commutator of P with an operator with symbol xa(|o|?/72)) and with
ro = 0b,0(Ro), 15 = 0b,—1(Ri), 1ij € ob —2(Rij),
1 1 1
[ro| < Cy (1 + 527(5)&}1/2’ |77 < Co (1 + 52—6>w1/2, ]7'27“1-]-| < Oy (1 + %>w1/2,
and suppr; lying in w < 95%¢2. Thus,
‘7“0‘ < 362((56 + 6_1), |7'7"Z" < 302((56 + 8_1), ‘T2Tij‘ < 3CQ<65 + 8_1).
Having calculated the commutator, we proceed to estimate the ‘error
terms’ Ry, R;, R;; as operators. We start with Ry. As follows from the
standard square root construction to prove the boundedness of ps.d.o’s on L2,
there exists R} € ¥} '(X) such that
[ Rov|| < 2sup|rof [[v]l + [ Bov
for all v € L?(X). Here | - | is the L?(X)-norm, as usual. Thus, we can
estimate, for any v > 0,
[{Rov, 0)| < [|Rov]| o]l < 2sup [rof [[o[|* + || Rv]| [|o]]
< 6Co(8e + e )||ol + 4 HIRGu [ + Aol
Now we turn to R;. Let T € W, '(X) be elliptic (which we use to keep
track of the orders of ps.d.o’s), T~ € ¥} (X) a parametrix, so T~T = Id +F,
F € ¥, °°(X). Then there exist R, € ¥ '(X) such that
[Rwl|| = [[Ri(T™T — F)w| < [|(RT™)(Tw)|| + || Ri Fw]|
<6Co(0e + &7 Y)||Tw|| + || RiTw|| + || R Fuwl|
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for all w with Tw € L*(X). Similarly, there exist R}; € ¥, '(X) such that
I(T™)*Rijwl| < 6Cs(de + &~ H)||Twl| + | R Twl| + (T7)* Rij Fuwl|
for all w with Tw € L?(X). Thus,

(R Dy, v)] < 6Co(05 + 1) [T Dy 0] o]
+29|[v]l? + I RIT Dy, vlf* + 47| FiDay ]
Writing D,,v =T~ Tv — Fuv in the right factor, and taking the adjoint of T,
we have
[(Rij Dy, v, Dy, 0)| <6C(6e + 1) ||T Dy, v|| || T Dy, 0|
+29(|TDy0l|? + 5| R T Dy,
+[[Rij Do ]| [ F D, o]l

[+~ | Fiy D v]?

with Fj, Fij € \IJEOO(X)
Let A, have symbol (recall that s > 1/2)

(6.19) T2 o), e [0,1),

so that A, = AA, € ¥0(X) for 7 > 0 and it is uniformly bounded in ¥ /% (X).

In similar constructions, in general, the commutator [P, A,] can be controlled
by the other terms using Ay for Ay large; in the present setting [P, A,] = 0.
Now, by (6.18),

(6.20)
(i[AX Ay, Plu,u) = |CBAul/? + (R PAyu, Avu) 4+ (RoBAu, BAqu)
+> (RiDqy, BAvu, BAyu) + Y (RijDy, BAyu, Dy BAvu)
+(R"Apu, Apu) + ((E + E")Avu, Ayu)
On the other hand, as A, € ¥)(X) for r > 0 and u € H}(X), so AfAu €
H (X),
(6.21) ([A;A,, Plu,u)=(A; A Pu,u) — (PAAyu,u)
= (A, Pu, Ayu) — (Ayu, Ay Pu) = 2i Im(A, Pu, A,u);
then the pairing makes sense for r > 0 since A, € U9 (X).

Assume for the moment that WF, Lets/ 2(Pu) NU = (; this is certainly the
case in our setup if go ¢ WF, 12(Pu), but this assumption is a little stronger
than ¢o ¢ WF L5t (py), which is what we need to assume for the second
paragraph in the statement of Proposition 6.2. We deal with the weakened
hypothesis qo ¢ WF;LSH(PU) at the end of the proof. Returning to (6.21),
the utility of the commutator calculation is that we have good information

about Pu (this is where we use that we have a microlocal solution of the
PDE!). Namely, we estimate the right-hand side as
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(6.22) |(A, Pu, Ayu)| < [((T7)* Ay Pu, T Ayu)| + |(Ar Pu, FAyu)|
<IT™) ArPull - x| T Avu]| o )

Since (T~ )*A, is uniformly bounded in \Ilf)js/ 2(X ), T'A, is uniformly bounded
in U-12(X), both with WF}, in U, with WF;, "**3/2(Pu), resp. WF*'/2 (1)
disjoint from them, we deduce (using Lemma 3.13 and its H~! analogue) that
[{((T7)*A,Pu, TA,u)| is uniformly bounded. Similarly, taking into account
that F'A, is uniformly bounded in ¥, *°(X), we see that [(A, Pu, F'A,u)| is also
uniformly bounded, so that |(A, Pu, A,u)| is uniformly bounded for r € (0, 1].
Similarly, |(R'PAyu, Ayu)| is uniformly bounded for r € (0, 1].

Thus, for some C3 > 0 depending only on the dimension of X (via the
number of terms),

(6.23)
|CBA | <2/(A, Pu, Ayu)| + [((E + E")Apu, Ayu)| + [(R'PAu, A
+ (6C2(0e +e71) + Cs7) | BAul® + v | RyBA |2
+6Cy(5e + )| BAvu| > ||T Dy, BAul|

+y7! Z |ITR; Dy, BAyull® + || BAul®
i

+(6Co(de +£71) + C37) D | T Dy, BAu|?

(2

+y™ 1> | R T Dy, BAul|?
ij

VS IED BAul? 4+ 41 | Fy Dy, Bl
% i
+) " ||[RijDy, BAvul| | FDy, BAul.
ij

All terms but the ones involving Cs or v (not 4~!) remain bounded as r — 0.
The Cy and ~ terms can be estimated by writing TD,, = D,, T/ + T for some
T!,T! € ¥, (X), and using Lemma 4.2 (in the form (6.1)) where necessary.
We further estimate || BA,ul| in terms of [|[CBAul| and [[ul|g: (x) using that
C is elliptic on WF} (B). We conclude, by taking ¢ sufficiently large, then -, &y
sufficiently small, that there exist v > 0, ¢ > 0, g > 0 and Cy > 0, C5 > 0
such that for 6 € (0, dy),

Cy|| BAvul|* < 2| Tm(A, Pu, Ayu)| + |((E + E"Ayu, Au)| + [(R'PAu, Ayu)|
+y IR BAul® + CsyY|dx T? BAul?
+C5([[ull

loc

(x)+ ‘|Pu|’H1;j(X))'
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Letting 7 — 0 now keeps the right-hand side bounded, proving that ||BA,.ul|
is uniformly bounded as r — 0, hence BAgu € L*(X) (cf. the proof of
Proposition 4.6). In view of Lemma 4.2 (in the form (6.1)) this proves that
q ¢ WF%}’S (u), and hence proves the first statement of the proposition.

In fact, recalling that we needed g9 ¢ WEF, Lets/ 2(Pu) for the uniform
boundedness in (6.22), this proves a slightly weaker version of the second state-
ment of the proposition with WF,’ L5+ (pu) replaced by WE, Lets/ 2(Pu). For
the more precise statement we modify (6.22); this is the only term in (6.23)
that needs modification to prove the optimal statement. Let T € v Y 2(X )
be elliptic, T~ € \Ilé/Q(X) a parametrix, ' = T-T — Id € U 9(X). Then,
similarly to (6.22), we have for any v > 0,

6.24) (A Pu, )| < |(F~)* A, Pu, TAyu)| + (A, Pu, FA)|
<y T ) ArPullfr xy + YT Ara| 3 )
+H[Ar Pull g1 (x) | F Arul| o x)-

The last term on the right-hand side can be estimated as before. As (T7)*A,
is bounded in ¥i'(X) with WF} disjoint from U, we see that
I (T*)*ATPuHH_l(X) is uniformly bounded. Moreover, ||dxTAA,u||? can be es-
timated, using Lemma 4.2 (in the form (6.1)), by || D;T AA,ul|?> modulo terms
that are uniformly bounded as » — 0. The principal symbol of D,TA is
To_b’_l/z(j:‘)a, with @ = xoX1Xx2, where xq stands for yo(4,"(2 — %)), etc.,
while the principal symbol bof B is given by (6.17), so we can write:

YV2a= 71" x0x1x2

— A7N2 = 6/0) T2 (xox) P xaxe = Ay 26122 — ¢/6)b,
where we used that
Xo0(Ag' (2= ¢/8)) = AJ(2 — ¢/6) *x0(4y 1 (2 — ¢/6))

when 2 — ¢/6 > 0, while a, b vanish otherwise. Correspondingly, as
|T|1/20'b7_1/2(f) is C*°, homogeneous degree zero, near the support of a in
PT*X \ 0, we can write D,TA = GB + F, G € ¥)(X), F € ¥, "*(X).
Correspondingly, modulo terms that are bounded as r — 0, ||D/TAA,ul?
(hence ||dxTAA,ul/?) can be estimated from above by Cg||BA,ul|?>. Thus,
modulo terms that are bounded as r — 0, for v > 0 sufficiently small,
'yHTATuH%{l(X) can be absorbed into ||[CBA,u|?. As the treatment of the
other terms on the right-hand side of (6.23) requires no change, we deduce as
above that BAgu € L2(X), which (in view of Lemma 4.2 and (6.1)) proves
that g ¢ WF}D’S(U), completing the proof of the iterative step.

7]

We need to make one more remark to prove the proposition for WFé’Oo(u),
namely we need to show that the neighborhoods of gy which are disjoint from
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WFlla’s(u) do not shrink uncontrollably to {go} as s — oo. This argument
parallels the last paragraph of the proof of [4, Prop. 24.5.1]. In fact, note
that above we have proved that the elliptic set of B = By is disjoint from
WF}IJ’S(u). In the next step, when we are proving gy ¢ VVF1 S+1/2(u), we
decrease 6 > 0 slightly (by an arbitrary small amount), thus decreasing the
support of a = ay, /5 in (6.13), to make sure that suppa,, i/, is a subset
of the elliptic set of the union of B, with the region n < 0, and hence that
WFllo’S(u) N suppasy1/2 = 0. Each iterative step thus shrinks the elliptic set
of By by an arbitrarily small amount, which allows us to conclude that go has
a neighborhood U’ such that WF%)’S(U) NU" = () for all s. This proves that
g0 ¢ WEFp™(u), and indeed that WF™(u) N U’ = 0, for if A € U*(X) with
WF} (A) C U’ then Au € H'(X) by Lemma 3.9 and Corollary 3.11. O

Again, this can be modified to allow Neumann boundary conditions.
Namely, rather than consider [A*A,, P], we work directly with the quadratic
form; see (4.8). Thus, writing w = (x,y,t) and g for the semi-Riemannian
metric g — dt?, while Jdw is the volume form of g + dt?, and (-,-) is the
corresponding inner product on L?(X), (4.8) shows that

]
_ E :<§iijiAiAru, Dy, u).
ij

Then the replacement of (6.21) is achieved by expanding the right-hand side:

(6.26) > (3" Du,u, Dy, A7 Aru) = Y (G Doy, A7 Avt, Doy )
ij ij
- Z 57 Dy, u, [Duy,, AL AdJu) + > (57 Duyu, AL A Dy u)
)
—Z G Do,y AL AL U, Dy, u) — Z(A:iArgiijiu, Dy, u)
)
= Z (G Du,u, [Dw,, ArAr]u) — Z<[§iijmA:Ar]uv Doy, u);
ij ij

the second and fourth terms in the middle cancel as AFA, is symmetric. If
there were no boundary present, i.e. if X = (), we could of course write the
right-hand side as

- Z A3 A]5 Du, + D3y [§7 Dy ALA ), )

= <[ P — A ATA u, ).
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Formally this is indeed the same commutator as the one considered in (6.21).
The actual expression, the right-hand side of (6.26), can be analyzed much as in
the Dirichlet problem, when Lemma 2.8 is used to compute the commutators.

To illustrate the form that (6.25) takes, replace A A, by A*A temporarily,
now op,0(A*A) = a®. Thus, by Lemma 2.8, up to terms of similar form with
vanishing symbol at = = 0, y = yo, t = tp, the right-hand side of (6.25) is, %
times,

[ S DG tn+ [ S CD. D a,
ij ij

where the summation is only over the coordinates vanishing at the corner
(i-e. z1,...,7p), and C € U, H(X) with oy, —1(C) = 7|71 (Aod) L xoxbxx3; cf.
(6.17) and the sentence afterwards. We can subtract this from the PDE (which
corresponds to restriction to the characteristic set of P, or allowing the term
R'P in (6.18)), considered in the form

/ S 59 Dy Doy, Cu J s + / > §9Dy, CuDyyu ] duw,
ij g

plus terms involving f. Now, we commute the C' through the D,,,, D, (the
commutators are lower order in terms of b-differential order, so we ignore
them), to obtain an expression for

[ S DDyt [ gCn,u Dy
ij ]

¥ = (y,t) as usual. Shifting the tangential derivatives Dy, over and rearranging
we get (modulo lower order terms), B as in (6.17), and C also as there,

/CBu CBu J dw = ||CBul.

The neglected error terms can be treated much as in the Dirichlet problem,
giving the desired positivity estimate.

7. Glancing points

We again need a technical lemma, roughly stating that when applied to
solutions of Pu = 0, u € H}(X), microlocally near G, D, is not merely
bounded by Dy, but D, is small compared to D;. Such an estimate is natural
since pl—o = 72— 62— [C[2 gives 7 2ig[2 < C(r2[p| +[z] + 1~ ~2[¢[2]), and
1-772C |§ is homogeneous of degree zero and vanishes at G; so the right-hand
side is small near G. Below, a d-neighborhood refers to a §-neighborhood with
respect to the metric associated to any Riemannian metric on the manifold
bT* X, and we identify "S* X as the unit ball bundle with respect to some fibre
metric on PT*X.
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LEMMA 7.1. Suppose u € H}, (X), k is fized, and suppose that we are
giwven K C PS*X compact satisfying

K CGNT* Frreg \ WFy W T2(Pu).

Then there exist 69 > 0 and Cy > 0 with the following property. Let 6 < dg,
U c PS*X open in a §-neighborhood of K, and A = {A, : r € (0,1]} be
a bounded family of ps.d.o’s in ¥ (X) with WF}(A) C U, and with A, €
UEH(X) forr € (0,1].

Then there exist G € \I'f)_l/z(X), Ge \IIE+1/2(X) with WF,(G), WF} (Q)
C U and Cy = Cy(d) > 0 such that for all r > 0,

> 1Da, Avu]* < Cod|| DeAvul?

+Co(llulldy ooy HIGul 0 +HIPU s ) +IGPuUl 1 ).

The meaning of ||u|| g

loc

(x) and HPuHiIl;i(X) is stated in Remark 4.1.

Remark 7.2. As K is compact, this is essentially a local result. In particu-
lar, we may assume that K is a subset of "T* X over a suitable local coordinate
patch. Moreover, we may assume that dg > 0 is sufficiently small so that Dy is
elliptic on U.

Proof. By Lemma 4.2 and (6.1), applied with K replaced by WF (A) in
the hypothesis (note that the latter is compact), we already know that

(7.1)
ldx Arul® <[| Dy Arul®

+Ch <||UH§{1;C(X) +HGullip x) + I1Pullfy ) + HGPUH%—I(XO :

for some C{, > 0 and for some G, G as in the statement of the lemma. Thus, we
only need to show that if we replace the left-hand side by >°. || Dy, Ayul|? (i.e.
we drop the tangential derivatives, at least roughly speaking), the constant in
front of || Dy A,ul/? can be made small.

As a first step, we freeze the coefficients at Fy, i.e. replace A;;(z,y), etc.,
by A;j(0,y). Writing A;;(z,y) = Ai5(0,y) + > 1A}, (z,y) as in the proof of
Proposition 4.6, we deduce that if the operators A, are supported in |z| < J,
then (4.5) holds; i.e.,

‘ /X > @Al Dy, Avu Dy, Avu| < O8 Y | Dy, Avul| | D,y Ara).

217]/

Analogous estimates also hold when A;;(x, y)—A;;(0,y) is replaced by B;j(x, y)—
B;;(0,y) or Cjj(x,y). Combined with (7.1) above, this gives that
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tj (]
(1 +C16)[| DeArul?

O(HUHHllOC(X) + HGUH%P(X) + ||PUH§11;3(X) + ||GPU||%{—1(X)%

/( Aij(0,9)Da, Avu Dy, Ay + > Bij(0,y)Dy, Ayu Dy, Avu Au>
<

and hence, after rearrangement, that
/ Z Aij(0,y) Dy, Apu Dy Aru
X%

< / ((Dt2 -3 Bij(o,y)DyiDyj)AruATu) + C16|| Dy Apul|?
X

+C6 (Ilullfy, oy + 1Guln xy + 1Pl ) + I1GPuUll - x) )

It thus suffices to prove that

a2 | [ (07~ X By0)D,D, ) A0 Tw)|
< Cod|IDeAvull? + Co6) (ulldyx) + IGul3rs x) )

which we proceed to do.

Let ¢ € C®°("S*X) (which can thus be identified with a homogeneous
degree zero function on PT*X \ 0) with ¢ = 1 near WF{(A), suppy C U,
|| <1, and let F' € WP (X) be such that

(7.3) WF,(F) C U, WF, (DtFDt —- -y B,-ijiDyj)> N WE,(A) = 0

f — O'b’()(F) = ¢(1 — T_2 Z B’L]CZC]) .
Such ¢ and F' exist, since D, is elliptic on WF} (A). Now,

[ (20 (51— S ) )

since (DyFD; — (D} — 3 B;jDy,D,.)) A, is uniformly bounded in ¥, *°(X), by
the first line of (7.3). Moreover,

sup | f| < C36

since |1 — 7723 B;j(¢i¢j| < C30 on a d-neighborhood of K. Indeed, 1 —
772 > Bi;(i¢; is a homogeneous degree zero C*° function on a neighborhood
of K in PT*X (hence C* near K in P$*X) which vanishes at G N T*F}. Since
there exists F’ € U, (X) with WF],(F') C U satisfying

IFv]| < 2sup [ f] [Jo]| + || 7]

for all v € L?(X), we deduce that ||Fv| < 2C3d]v|| + ||F'v|| for all v € L*(X).
Applying this with v = D; A, u, and estimating ||F’v|| using Lemma 3.13, (7.2)
follows, which in turn completes the proof of the lemma. O

< Collullt (x
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We are now ready to state and prove the tangential propagation estimate.
First, local coordinates (z,y,t) near p € F;j ;s give a product decomposition of
a neighborhood of p € F; yeg in X of the form U x V, U C [0,00)k, V C RIF!
(where k is the codimension of F; in X), hence of T*X as T*U x T*V. We
denote the projection T*X — T*V by xf. Explicitly, in local coordinates
(z,y,t,&,¢,7) on T* X,

Wf(x7y>ta€7 CaT) = (yat7 C77)~

Since m; : Tx, regX — PT* X is the restriction of 7 to T' 7, regX , T is an extension

of m; in the sense that Wf\T}_ xn(T-UxT+v) = Ti. The tangential propagation
ireg

estimate is then the following:

PROPOSITION 7.3. Let u € H&IOC(X). Given K C PS*X compact with

(7.4) K C(GNT*Fireg) \ WE, " (Pu),

there exist constants Cy > 0, g > 0 such that the following holds. If qo =
(Yo, t0,C0,70) € K and for some 0 < 6 < &y, Cod < e < 1 and for all o =
(:B7 y7 t? g? C? 7-) 6 Char(P)

(7.5) aeTr X and |m(a— exp(—0H,) (7 (q0)))| < &6 and |z(a)| < €6
= mj(a) ¢ WFy(u),

then qo ¢ WEy,(u). Here recall that & = 7|char(p)-

Remark 7.4. In the estimate (7.5), H, can be replaced by any C* vector
field which agrees with H,, at the point #~!(gp), since flow to distance § along
a vector field only depends on the vector field evaluated at the initial point of
the flow, up to committing an error O(§2). In particular, it can be replaced
by the vector field W’ defined below. Similarly, changing the initial point of
the flow by O(62) will not affect the endpoint up to an error O(62). Thus,
estimate (7.5) can be further rewritten, at the cost of changing Cj again, as

(7.6)
a €Ty X and |rf(exp(dW’)(er)) — &| < €d and |2(exp(6W”)(a))| < b
= mj(a) ¢ WFp(u);

here we also interchanged the roles of the intial and final points of the flow.

Proof. The proof is very similar to the previous one and now the positive
commutator construction follows that of Melrose and Sjostrand [13], as well as
[24] in N-body scattering without bound states. Thus, we take local coordi-
nates as above, i.e. of the form (x,y,t) with the F; intersecting the coordinate
neighborhood defined by the vanishing of components of x. We can use t — ¢y
now to measure propagation, since T_al(t —t9) =2 > 0. More precisely, to
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allow for both signs of 7 and yet keep the sign of the derivative along H,, fixed,
we need to take
7 = (signT)(t —to)

as the propagation variable, so that \7'|*1Hpﬁ = 2. However, for the sake of
notational simplicity and clarity, we take 7y > 0, and make all symbols below
supported in 7 > 0 — the general setting only requires replacing t — ¢y by 7 in
(7.11) below.

Then we could construct wy € C*°(T*F;) (defined near ¢p) to measure the
squared distance from the integral curve of

(7.7) W’ =270, — Hy, h(y,¢) = ¢ B(y)¢

through qo; this can be achieved by solving a Cauchy problem as in [13], [24].
In fact, this does not need to be done precisely — after all, W’ is only an
approximation to H,, in the very first place. Thus, all we need is for wy to be
the sum of squares of 2/ homogeneous degree zero functions p;:

21
wo = Zpgv Wbpj<q0) =0, pj(QO) =0,
j=1
dpi(qo), j =1,...,2l, linearly independent at go. Since dim F; = [+1, dp;(qo),
j=1,...,2l, together with dt (¢t is also homogeneous degree zero), span the
cotangent space of the quotient of T*F; by the RT-action, for dimensional
reasons (note that W?t(qo) # 0). In particular,

|7'71wa0| < C’iwé/Q (wé/Q + |t — t0|)

Then we extend wp to a function on PT* X (using the coordinates (z,y,t,0,(, 7)).
Now,

(7.8) w = wp + ||

Then the ‘naive’ estimate, playing an analogous role to (6.9) in the hyperbolic
region, is

(7.9) 77 Hyo] < G2 (2 4 |t = t] + 772¢?)

< C{/wl/Q (w1/2 + |t —to] + 7'_2\p|),

where we used that pl,—g = 7% — \f@ - |C|§ lets us estimate

_ . 1/2
T21E* < C2pl + ol 4w 4 It — tol),

due to 1 — 772|¢ \5 being homogeneous degree zero and vanishing at G (recall

from the beginning of the section that this last estimate motivates Lemma 7.1).

Note that (7.9) is much more precise than (6.9): we have a factor of w'/2? +

|t — to| + 772|p| in addition to w'/2. This is crucial since we need to get the



PROPAGATION OF SINGULARITIES 803

direction of propagation right. Again, we in fact need a more explicit version
of this:

(7.10) 7 "Hyw=fo+ > _ fir &+ > fi7 &,
[ @]
fir 5 €CFCT™X), |1 < CroV? (W2 1]t o)), |figl < Crot/?

fi, fij homogeneous of degree 0. Note that the estimates on f;; are weaker
than the estimates on f;. In fact, f;; arises from the 2 (0, Ai;j)&&;0c, term
of H, in (6.3); when applied to p?, it gives a result of the stated form. The
reason for the sufficiency of this weaker estimate is that at #=1(qg), £ = 0, the
fij term can be estimated using P (as will be done below), as was already done
at a formal level in (7.9).

Finally, we let

A1 =¢— —
(7.11) o=t t0+€25w,

and define a almost as in (6.13), with n replaced by ¢t — to, namely:

(712)  a=x0(45' 2= ¢/0) )i ((t ~to+8)/ed + 1) x2 (Jo /7).

The slight difference is in the argument of xi, in order to microlocalize more
precisely in the ‘hypothesis region’, i.e. where u is a priori assumed to have no
wave front set. This is natural, since for the hyperbolic points we only needed
to prove that singularities cannot stay at the given boundary face F; yeg, while
for glancing points we need to get the correct direction of propagation. We
always assume € < 1, so that on supp a we have

p<2§andt—tyg>—ecd—06 > —20.

Since w > 0, the first of these inequalities implies that ¢ —ty < 2J; so on suppa

(7.13) It — to] < 25.
Hence,
(7.14) w< 525(25 ~(t— to)) < 4622,

Moreover, on supp dx1,
(7.15) t—tg € [—6 —eb,—0], w'/? < 29,

so that this region lies in (7.6) after € and § are both replaced by appropriate
constant multiples; namely, the present § should be replaced by §/27.



804 ANDRAS VASY

We again start with the imprecise motivational argument. Thus, using
(7.9), (7.14), 77 H,(t — ty) = 2 = ¢y > 0, we deduce that at p =0,

_ 1
T 1Hp¢:Hp(t—t0)+€275pr
1 1/2 1/2
" 5
> co/2 - 207 (6 + g) > /4 > 0

. 16
provided that § < #&,, 5 > ot

small. Roughly, £ can go to 0 at most proportionally to ¢ (with an appropriate

, i.e. that ¢ is small, but /¢ is not too

constant) as § — 0. (Recall also that € < 1, so that there is an upper bound
as well for €, but this is of no significance as we let 6 — 0. It is also worth
remembering that in the hyperbolic region, £ roughly played the same role as
it does here, but was bounded below by an absolute constant, rather than by
a suitable multiple of §, hence could not go to 0 as § — 0.) With this, we can
proceed exactly as in the hyperbolic region, so (recall that 7 > 0 on suppa!)
that

Hpa2 = b +e b= Tl/2(2771Hp¢)1/2(A06)71/2(X0X6)1/2X1X27

with e arising from the derivative of x1x2. Again, xo stands for xo(Agy L2— %)),
etc. In view of (7.15) and (7.6) on the one hand, and that dx2 is disjoint from
the characteristic set on the other, both suppdy; and suppdyz are disjoint
from WFy,(u). Thus, i[A*A, P] is positive modulo terms that we can a priori
control, and so the standard positive commutator argument gives an estimate
for Bu, where B has symbol b. Replacing a by ar*t1/2, we still have a positive
commutator (again, D; actually commutes with P, but in any case we could
use Ag to bound the additional commutator term), which now gives (with the
new B) that Bu € L?*(X), which means in particular that g ¢ WFé’S(u).

The detailed proof is analogous to the hyperbolic case, with the biggest
difference being the treatment of the f;; term in T_alw. First,

1
(7.16) T Hpyp=7""Hp(t — to) + %T—lﬂpw
1 _ _
=2+ 35 (fo +Y AT+ fT 2&&)-
i i

Let B € U/*(X) with
b= ob0(B) = 72(A08) "2 (xoxh)*x1x2 € C°(PT* X \ 0),

and let A € UY(X) with o,0(A) = a. Again, xo stands for yo(Ay (2 — %)),
ete. Also, let C' € WP (X) have symbol oy, o(C) = v/2¢ where 1 € S°(PT*X) is
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identically 1 on U considered as a subset of PT* X . Then an explicit calculation
using Lemma 2.8 gives, in accordance with (7.16),

i[A*A, P
= R'P+ B (C*C +Ro+ Y Dy Ri+ ) Dx,iRijDzJB +R'+E+F
% i

with

Rye Up(X), R; € ¥, ' (X), Rij € ¥,%(X),

R eV 1(X), R' € Diff? ¥ *(X), E,E' € Diff? ¥ 1(X),
with WF}(E) C n~'((—o00,—=0]) N U, WF,(E')N'Y = () (E arises from the
commutator of P with an operator with symbol x1(n/d + 2), while E’ arises

from the commutator of P with an operator with symbol x2(|o|?/72)). Now,
ro = 0b,0(Ro), 15 = op —1(R;), 1ij € op,—2(Rij), and

Cfswl/Q(]t—tonl/Q), | < %wlﬂ(yt—toywm), 2] < S22,

< =
Irol < g2 €24

and supp7; lies in w'/? < 3¢d, |t — to| < 3. Thus,
0 0 2 ~1
|7“0’ §302<6+g>7 ‘TTZ“ S3CQ<(5+E), ‘7‘ Tij’ < 3Ch ™ .

Thus, the Ry and R; terms can be treated exactly as in the hyperbolic case,
i.e. as in the proof of Proposition 6.2. That is, as in the hyperbolic setting, let
T € \I/gl(X) be elliptic, T~ € U} (X) be a parametrix, so that 7-7 = Id +F,
F € ¥, °°(X). Then there exist Rj, R, € ¥, '(X) such that for any v > 0,

[(Rov, v)| < || Rov]| [[v]| < 2sup [rof [[v][* + [| Rgo]| o]

o -
<6C2(Z +6) o> + | Rgul® + o]l

| Rewll = |R(T~T = Fyul| < ||(RT™)(Tw)l| + | R
5
<6Cs (= +90) [ Tw| + | RiTw] + || RiFw]

for all w with Tw € L?(X). Hence

]l
+29[0)|? + | RiT Dy, 0l|* + 5| B Dy v

|(R; Dy, v,v)| < 6Cs (i + 5) T Dy v
‘2

with F; € U °(X).

However, the R;; term must be treated separately, since microlocally
771D,, is small (bounded by a constant multiple of §), and not merely bounded,
which is all we needed both in the proof of Proposition 6.2 and here for the
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Ry and R; terms. This is accomplished by the use of Lemma 7.1. Namely, as
in the hyperbolic setting, there exist Rj; € ¥ '(X) such that

I(T™)* Rijwl| < 6Coe™ | Tw|| + || Ry Twl|| + |(T~)* Rz Fuwl|
for all w with Tw € L?(X). Thus,

|{Rij Dy, v, Dy, v)| < 6Coe™ | T Dy | T Dy, v
AT Dy, v)|? + 77 Y| R T Dy v
+||Rij Dol || F Dy 0]

| + 7|y Do,

with F; € W *°(X). For v = Byu, B, = BA,, Lemma 7.1 thus gives

= ~ 0, ~ -
v YR, T Dy, Byul? + v 1| Fij Dy, Byul?

(]
+||Rij Dy, Byul|| | F Dy, Byl

For § < ¢, g < C}, sufficiently small, we finish the proof as in the hyperbolic
setting, showing that BAgu € L*(X), and hence that qq ¢ WFi’S(u).

Again, (7.12) needs to be modified slightly to show gy ¢ WFllo’oo(u). Now
we take, with v <1,

a=x0(45" (1L 4+v = 6/8) ) (( = to+0)/25 + v )xa(lo?/7);

i.e., we replace 2 by 1 + v in the argument of xg, and we replace 1 by v
in the argument of x1. In the iterative step we decrease v by an arbitrarily
small amount, which suffices to prove go ¢ WFE‘)’OO(U); see also the proof of
Proposition 6.2 here, and the proof of [4, Prop. 24.5.1]. O

The results of this section can be adapted to Neumann boundary condi-
tions, using the argument presented at the end of the previous section.

8. Propagation of singularities

An argument of Melrose and Sjostrand [13], [14] (see also [4, Ch. XXIV]
and [11]) allows us to conclude our main result concerning the singularities of
solutions of the wave equation. The proof presented below essentially follows
Lebeau’s paper [11, Prop. VIL.1]. Correspondingly, we only give the proof at
‘H in full detail; at G the arguments are sketched, but the details are precisely
as in Lebeau’s case. We mostly discuss the Dirichlet boundary condition; the
results are also valid for Neumann boundary conditions, see Theorem 8.5, and
the arguments presented need no modification at all in that case. We thus
have the following theorem.
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THEOREM 8.1. Suppose that UGH&IOC(X). Then WF%}’OO (u)\WFgl’oo (Pu)
C 3, and it is a union of mazimally extended generalized broken bicharacter-
istics of P in %\ VVF];LOO (Pu).

In fact, if u € Hé:{:c(X) for some m < 0, then for all s € R U {oo},
WF}la’S(u) \WF;LSH(PU) C X, and it is a union of mazimally extended gen-
eralized broken bicharacteristics of P in ¥\ WF;LSH(PU).

Remark 8.2. Suppose that for each boundary hypersurface H;, we are
given Dirichlet data g; € C*°(H;), which are compatible, so that at H; N Hj,
gilm.nm, = 9jlH.nm, for all i,j. Then there is g € C*(X) with g|lg, = g;.
Now, if v € H\} (X) and u|lp, = g;, then v = u — g € H&loc(X). Thus,
the theorem is applicable to v. Since Pv = Pu — Pg and Pg € C*(X),
WF, " (Pu) = WF, "®(Pv), and similarly WF} ™ (u) = WFy ™ (v), we de-
duce that VVFIEI)’OO (u) \ WF, 12(Py) is a union of maximally extended gener-
alized broken bicharacteristics of P in 3\ WF,, Lo (py).

Remark 8.3. As already expained in the introduction, we can relax the
hypothesis v € H&loc(X) in the results of Sections 4-7 to u € Hé:(Tloc(X)’
m < 0, without changing the arguments, except for replacing the H} (X)
norms by the Hé:{onc norms for the ‘background terms’, such as ||lul[m: (x)

in Lemma 4.2 (and (6.1)), and analogously for ||Pul[;-1(x). The microlocal
norms, in which we are gaining regularity, such as those of Gu and GPu in
Lemma 4.2 and (6.1) are unchanged! Indeed, now we merely need to apply
Lemma 3.18 in place of Lemma 3.13.

The point of this generalization is to allow more singular (approximate)
solutions of the wave equation, such as its fundamental solution. An alternative
way to deal with these solutions is to regularize them in time (which one can do
without destroying, say, Pu = 0), and to use the H&JOC (X) results; but stating

(and proving) the result for u € Hé:g?lo .(X) is the neater way to proceed.

COROLLARY 8.4. Suppose that Pu=0, u€ H},,.(X). Then WFy,(u) C 3,
and it is a union of mazimally extended generalized broken bicharacteristics of
P in X.

The theorem for Neumann boundary conditions takes the following form.

THEOREM 8.5. Suppose thatu € HL _(X) and f € ngg(X) Suppose also
that for all v € H(X),

(8.1) (Dyu, Dyv) — (dpu, dpgv) = (f, v).

Then WEL*(u) \ WE, TN (f) € 3, and it is a union of mazimally extended
generalized broken bicharacteristics of P in 3\ WF;l’SH(f).
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In fact, if u € HI%T(X) for some m < 0, and (8.1) holds for all v €
HY"™(X) then for all s € R U {o0}, WFé’s(u) \ WFgl’sH(f) C %, and it

1s a union of maximally extended generalized broken bicharacteristics of P in

2 \ WFgl’s+1(f).

Proof of Theorem 8.1. For notational simplicity, we state the proof for
WF}IJ’OO(u). The case of general s only requires notational changes. Note that
WE, ™ (1) \WF}, " (Pu) C 3 by Proposition 4.6, so that we only need to prove
that it is a union of maximally extended generalized broken bicharacteristics
of P in 3\ WF;, "> (Pu).

We start by remarking that for every V. C ¥ and ¢ € V, the set R of
generalized broken bicharacteristics « defined on open intervals including 0,
satisfying v(0) = ¢, and with image in V', has a natural partial order; namely,
ifv:(a,8) =V, ~ :(,5") — V, then v <+ if the domains satisfy (o, 3) C
(o, ') and v = 7'|(q,3). Moreover, any non-empty totally ordered subset has
an upper bound: one can take the generalized broken bicharacteristic with
domain given by the union of the domains of those in the totally ordered
subset, and which extends these, as an upper bound. Hence, by Zorn’s lemma,
if R is not empty, it has a maximal element. Note that we can also work with
intervals of the form (o, 0], o < 0, instead of open intervals.

We only need to prove that for every go € WF} ™ (u) \WEgl’oo (Pu) there
exists a generalized broken bicharacteristic v : [—eg,e0] — X, g9 > 0, with
7v(0) = qo and such that y(t) € WF}la’oo(u) \WF;LOO(PU) for t € [—ep, ).
In fact, once this statement is shown, taking V = WE > (u) \ WF, "> (Pu),
g = qo, in the argument of the previous paragraph, we see that R is non-
empty, hence has a maximal element. We need to show that such an element,
v : (a,8) — %, is maximal in ¥\ WFgl’OO(Pu) as well, ie., if V = %\
WFgl’oo(Pu), ¢ = qo, in the first paragraph. But if v/ : (o/,3) — ¥ is any
proper extension of 7, with say o/ < «, with image in 3. \ WF}:LOO(Pu), then
7 (a) € WFll)’oo(u) since WFllj’oo(u) is closed, and  maps into it. Hence by our
assumption there is a generalized broken bicharacteristic 7 : (o« — &', +¢’) —
WE,™ (u) \ WEF, " (Pu), ¢ > 0, 4(a) = ¥/(a). Piecing together 4|(,_cr o]
and +, directly from Definition 1.1, gives a generalized broken bicharacteristic
which is a proper extension of ~, with image in WEF > (u) \ WF, "> (Pu),
contradicting the maximality of ~.

Indeed, it suffices to show that for any ¢, if

(8.2) qo € WE ™ (u) \ WF, "®°(Pu) and o € T*Fj reg
then there exists a generalized broken bicharacteristic 7 : [—&g, 0] — 3, g0 > 0,
(83)  20) = g0, A(t) € WEL®(u) \ WE " (Pu), ¢ € [—=0,0].

For the existence of a generalized broken bicharacteristic on [0,&p] can be
demonstrated similarly by replacing the forward propagation estimates by
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backward ones. Directly from Definition 1.1, piecing together the two gen-
eralized broken bicharacteristics gives one defined on [—&g, €o].

We proceed to prove that (8.2) implies (8.3) by induction on i. For i = 0,
this is certainly true by Héormander’s theorem on propagation of singularities,
and if codim F; = 1, it follows from the Melrose-Sjostrand theorem.

Now, suppose that (8.2)=(8.3) has been proved for all j with F; C F;
and that go € H N T*F; e satisfies (8.2). We use below the notation of
the proof of Proposition 6.2. Let U C Ug,cx,T"Fjreg be a neighborhood of
g = (0,40,t0,Co,70) in ¥ which is given by equations of the form |z| < &,
ly —yo| <&, [t—to] <&, |7 —70| <&, |C—Col <0, 0" >0, such that Hyn > 0
on #~Y(U) and U N VVFf1 *(Pu) = 0. (Recall that @ = 7|chax( p) .) Such a
neighborhood exists since q9 ¢ WF, 1oo(Pu) and Hyn(go) = ¢ — |¢> > 0
for every go € #7'(qo). Also let U’ be a subset of U defined by replacing ¢’
by a smaller 6” > 0, and let €9 > 0 be such that for any generalized broken
bicharacteristic v with 7(0) € U, v[j_c, ] € U. By Proposition 6.2, there is a
sequence of points ¢, € 3 such that ¢, € WF%}’OO(U), qn — Qo as n — oo, and
1(gn) < 0 for all n, so we may assume that ¢, € U’ for all n. By the inductive
hypothesis, for each n, there exists a generalized broken bicharcteristic

(8.4) Tt (=20, 0] = (WEL®(u) \ WE, Y (Pu)) N ] T Fjreg

F.CF;
with 4, (0) = g,. We now use the argument of the first paragraph of the proof
(after the introductory remark about s) with V = (WEL (u) \WF;, "> (Pu))n
U FCF, T*Fjregs and q¢ = g,. Thus, 4, € R, which is hence non-empty, hence
has a maximal element. We let

(8.5) Yo ¢ (—En, 0] = (WEL®(u) \ WE, Y (Pu)) N ) T Fjreg
F.CF;
be a maximal element of R; it may happen that —e, = —oc.

We claim that €, > eg. For suppose that e, < g9. By Corollary 5.6,
Tn extends to a generalized broken bicharacteristic on [—&,, 0]; we continue to
denote this by ~v,. Since €, < &g, v, is a generalized broken bicharacteristic
with image in U; indeed the closure of the image is still in U. Taking into
account that 7 is increasing on generalized broken bicharacteristics in U since
Hpyn > 0 there, we conclude that

— [T () @ (1 (1)) - E(va(1))) = (1 (1)) < N7 (0)) <O
for t € [~&y,0]; hence x(y,(t)) # 0. Thus, vn(—¢en) € Ur,cr, T*Fjreg- More-
over, Y, (—e,) € WEL™ (u) since WFp ™ (u) is closed, and Ynl(—e, 0] Maps into
it. Thus, by the inductive hypothesis, there is a generalized broken bicharac-
teristic,
(8.6) ¢ (0, —en] = (WEL®(u) \ WF, Y (Pu) N ) T Fjreg
F,CF;
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with a < —e&p,, n(—en) = Yn(—en). Hence, piecing together 7, and -, gives a
generalized broken bicharacteristic mapping into (V\/'Fll)’C>o (u) \WFy Lo (pu))n
Uz, cF, T*Fjreg and extending vy,, which contradicts the maximal property of
Vi Thus, €, > &¢ as claimed.

By Proposition 5.5, applied with K = WFllo’oo(u) N U, there is a subse-
quence of ’yn][_goyo] converging uniformly to a generalized broken bicharacter-
istic

v : [~€0,0] — WF™ (u).
In particular, v(0) = go and (t) € WF%}’OO(U) for all t € [—¢p, 0], providing the
inductive step.

Turning now to qo € G N T*F; reg, we repeat the argument of Melrose-
Sjostrand, as presented in Lebeau’s paper [11, Prop. VIL.1]. We very briefly
outline the proof below; the detailed version follows Lebeau’s closely, with
some changes in the notation. Let U C Ur,cr,T"Fjreg \ WF;LOO(PU) be a
neighborhood of gy, Uy a smaller neighborhood, as above. We take g > 0 small.
Suppose that 0 < € < g9, ¢ € Uy. Let

(8.7) R;E = {generalized broken bicharacteristics v : [—¢,0] — WFlla’oo(u),
’7(0) =4q, W(t) ¢ g N T*}—i,reg fOI‘ te (_53 0]}a
R;a = {generalized broken bicharacteristics
v [_5,70] - WF%},OO(U)’ 6, € (075),
7(0) = q, ¥(t) ¢ GNT*Freg for t € (', 0],
V(=€) € GNT*F reg}-
Moreover, reflecting the inequalities in (7.5), let
(88) B(g,e) = {d' € ¥+ max{|nf(¢) — gl |a(d)]} < e}
Let Cy > 0 be as in Proposition 7.3. For ¢ € G N T*F; 1, let
(8.9) D(q,¢) = Blexp(—eH,) (7 (q)), Coe®) N WFp ™ (u),
and for ¢ ¢ G NT*F; req, let

(8.10) D(g,e) = {y(—e): v € Ry} U{B(exp(—(c — ) Hp) ("' (7(¢")),
Co(e — )P N WF%)’OO(U) D Y€ R275}.

The reason for introducing D(g,¢) is that it is a good candidate for the be-
ginning point of a generalized broken bicharacteristic segment in WFll)’oo(u),
defined over an interval of length ¢, and ending in q.

Indeed, for ¢ € GNT*Fjreg N VVF%)’OO (u), we deduce from Proposition 7.3
that D(q,e) # 0. For q € WF%)’OO(u) \ (G N T*Fireg), by the inductive hy-
pothesis, the previous part of the proof concerning H NT™*F; 1¢g, and the first
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two paragraphs (after the introductory remark about s) with V' = VVF%)’C>O (uw)\
(G N T*Fireg) U WFgl’oo(Pu), q = qo, there is a maximally extended gen-
eralized broken bicharacteristic v with image in V. By the argument of the
second paragraph, this is either defined on all of [—¢, 0], or only on (—¢’, 0] with
0 < ¢’ < g, in which case y(—¢’) € GNT*F; req, hence again by Proposition 7.3
we conclude that D(q,e) # (). Thus, for all ¢ € UOWF%D’OO (u) we have deduced
D(q,e) # 0.

For each integer N > 1 now we define a sequence of 2V + 1 points qj,N,
j €N, 0<j <2V which will be used to construct points v(—52 Veg)
on the desired generalized broken bicharacteristic v : [—&p,0] — WFé’oo(u)
through go. Namely, let ¢ = 27 Ve, qo,N = qo, and choose gj11.n € D(g;nN,€).
Let Iy = {—j2Nep: 0 < j <2V} C [—20,0], T = UX_,In. We write
YN (t) = g;n for t = —j27Neg. For each t € 7, the sequence yy(t) (defined for
large N) stays in a compact set. Hence there exists a subsequence 7y, such
that for all t € J, yn, () converges to some ~(t).

This defines v : [—&g,0] — WF%)’OO(U) at elements of 7. One can check
exactly as in Lebeau’s proof (which we have been following very closely) that
v extends to a continuous map defined on [—&g, 0], and that it is a generalized
broken bicharacteristic. This completes the inductive step for tangential points
qo € G NT*F; reg, hence the proof of the theorem. O
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