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Multi-critical unitary random

matrix ensembles and the
general Painlevé II equation

By T. CLAEYS, A.B.J. KUIJLAARS, and M. VANLESSEN

Abstract

We study unitary random matrix ensembles of the form
Z,, | det MmN TV gy,

where & > —1/2 and V is such that the limiting mean eigenvalue density for
n,N — oo and n/N — 1 vanishes quadratically at the origin. In order to
compute the double scaling limits of the eigenvalue correlation kernel near
the origin, we use the Deift/Zhou steepest descent method applied to the
Riemann-Hilbert problem for orthogonal polynomials on the real line with
respect to the weight |z|?®*e~NV (), Here the main focus is on the construction
of a local parametrix near the origin with -functions associated with a special
solution g, of the Painlevé II equation ¢” = sq + 2¢®> — . We show that g,
has no real poles for « > —1/2, by proving the solvability of the corresponding
Riemann-Hilbert problem. We also show that the asymptotics of the recurrence
coefficients of the orthogonal polynomials can be expressed in terms of ¢, in
the double scaling limit.

1. Introduction and statement of results

1.1. Unitary random matriz ensembles. Forn € N, N > 0, and o > —1/2,
we consider the unitary random matrix ensemble

(1.1) Z- 4| det M[Poe N TV gpp,

on the space of n xn Hermitian matrices M, where V' : R — R is a real analytic
function satisfying
V(z)

1.2 _
( ) x—»r:lr:loo ]0g(:{}2 + 1)

= —|—OO
Because of (1.2) and o > —1/2, the integral

1.3 Zon = [ |det M[2ee " NTVM) gpr
(1.3) , \ |
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converges and the matrix ensemble (1.1) is well- defined. It is well known, see
for example [11], [36], that the eigenvalues of M are distributed according to
a determinantal point process with a correlation kernel given by

n—1
_N _N
(1.4) Koy (z,y) = || 2V @y[2em 2V " pp v (@) (v),
k=0
where pp v = ﬂk,ka + -+, kN > 0, denotes the k-th degree orthonormal

polynomial with respect to the weight |z|2*e=VV(®) on R.

Scaling limits of the kernel (1.4) as n, N — oo, n/N — 1, show a remark-
able universal behavior which is determined to a large extent by the limiting
mean density of eigenvalues

.1
(1.5) Yy(z) = lim — K, ,(z, ).
n—oo N
Indeed, for the case a = 0, Bleher and Its [5] (for quartic V') and Deift et al.
[16] (for general real analytic V') showed that the sine kernel is universal in the
bulk of the spectrum, i.e.,

u . v _ sin m(u—v)
wiy (o) m/w(a:o)) m(u =)

whenever ¥y (xzg) > 0. In addition, the Airy kernel appears generically at
endpoints of the spectrum. If zq is a right endpoint and by (z) ~ (xq — z)/?
as x — rg—, then there exists a constant ¢ > 0 such that

1
lim ——K,
nl—{go nwv(xo) e <$0 +

) 1 u v\ Ai(u)Ai'(v) — Ai'(u)Ai (v)
nh—{lgo cn?/3 Knin <$0 + n2/3 0 * cn2/3) N uU—v ’

where Ai denotes the Airy function; see also [13].

The extra factor |det M|?>® in (1.1) introduces singular behavior at 0 if
a # 0. The pointwise limit (1.5) does not hold if ¢y (0) > 0, since K, ,(0,0) =
0if & > 0 and K, ,(0,0) = o0 if @ < 0, due to the factor |z|*|y|* in (1.4).
However (1.5) continues to hold for x # 0 and also in the sense of weak*
convergence of probability measures

1 *
ﬁKn,n(m'v z)dr — Yy (z)dz, as n — oco.

Therefore we can still call ¢y, the limiting mean density of eigenvalues. Observe
that ¢y, does not depend on «.

However, at a microscopic level the introduction of the factor | det M
changes the eigenvalue correlations near the origin. Indeed, for the case of a
noncritical V' for which ¢y (0) > 0, it was shown in [35] that

‘20{
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1 u v
(16) lm o) <nwv(0)’ n¢v(0>)

JaJr% (ﬂvu)Jafé (7T’l)) - Jafé (ﬂ.u)Ja+% (7T’l))
=m/uvv 2(u—v) ’

where .J, denotes the usual Bessel function of order v.

We notice that universality results for orthogonal and symplectic en-
sembles of random matrices have been obtained only very recently, see [12],
13], [14].

1.2. The multi-critical case. It is the goal of this paper to study (1.1) in
a critical case where 1y vanishes quadratically at 0, i.e.,

(1.7) Pr(0) = ¢4 (0) =0, and  ¢{(0) > 0.

The behavior (1.7) is among the possible singular behaviors that were classified
in [15]. The classification depends on the characterization of the measure
Yy (z)dx as the unique minimizer of the logarithmic energy

(18) Ty(y) = / / log — - dpu(x)dpu(y) + / V(@)dp(x)

|z — |

among all probability measures p on R. The corresponding Euler-Lagrange
variational conditions give that for some constant ¢ € R,

(19) 2 / log | — yldy (y)dy — V(z) +£=0,  for = € supp(ty),

(1.10) 2/log |z —ylvy(y)dy — V(z) + £ <0, for z € R.

In addition one has that 1y is supported on a finite union of disjoint intervals,
and

(1.11) vv(e) = 2\ JQr()

where Qv is a real analytic function, and @)y, denotes its negative part. Note
that the endpoints of the support correspond to zeros of QQy with odd multi-
plicity.

The possible singular behaviors are as follows, see [15], [32].

Singular case 1. Equality holds in the variational inequality (1.10) for some
z € R\ supp(yv).

Singular case II. 1y vanishes at an interior point of supp(iy), which
corresponds to a zero of QQy in the interior of the support. The multiplicity of
such a zero is necessarily a multiple of 4.

Singular case I11. 1y vanishes at an endpoint to higher order than a square
root. This corresponds to a zero of the function Qv in (1.11) of odd multiplicity
4k+1 with £ > 1. (The multipicity 4k+3 cannot occur in these matrix models.)
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In each of the above cases, V is called singular, or, otherwise, regular. The
above conditions correspond to a singular exterior point, a singular endpoint,
and a singular interior point, respectively.

In each of the singular cases one expects a family of possible limiting
kernels in a double scaling limit as n, N — oo and n/N — 1 at some critical
rate [4]. As said before we consider the case (1.7) which corresponds to the
singular case II with £ = 1 at the singular point x = 0. For technical reasons
we assume that there are no other singular points besides 0. Setting ¢t = n/N,
and letting n, N — oo such that ¢ — 1, we have that the parameter ¢ describes
the transition from the case where 1y (0) > 0 (for ¢ > 1) through the multi-
critical case (t = 1) to the case where 0 lies in a gap between two intervals of
the spectrum (¢t < 1). The appropriate double scaling limit will be such that
the limit lim,, y_o 1?3 (t — 1) exists.

The double scaling limit for & = 0 was considered in [2], [6], [7] for certain
special cases, and in [9] in general. The limiting kernel is built out of -
functions associated with the Hastings-McLeod solution [25] of the Painlevé II
equation ¢” = sq + 2¢°.

For general a > —1/2, we are led to the general Painlevé II equation

(1.12) ¢" =sq+2¢> — a.

The Painlevé IT equation for general o has been suggested by the physics papers
[1], [40]. The limiting kernels in the double scaling limit are associated with
a special distinguished solution of (1.12), which we describe first. We assume
from now on that « # 0.

1.3. The general Painlevé 11 equation. Balancing sq and « in the differ-
ential equation (1.12), we find that there exist solutions such that

(1.13) q(s) ~ —, as s — +00,
s

and balancing sq and 2¢%, we see that there also exist solutions of (1.12) such
that
(1.14) als) ~

as § — —OQ.

There is exactly one solution of (1.12) that satisfies both (1.13) and (1.14) (see
[26], [27], [30]) and we denote it by g,. This is the special solution that we
need. It corresponds to the choice of Stokes multipliers

51 =e ™ sp =0, 53 = —e™;
see Section 2 below. We call ¢, the Hastings-McLeod solution of the general
Painlevé II equation (1.12), since it seems to be the natural analogue of the
Hastings-McLeod solution for a = 0.
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The Hastings-McLeod solution is meromorphic in s (as are all solutions of
(1.12)) with an infinite number of poles. We need that it has no poles on the
real line. From the asymptotic behavior (1.13) and (1.14) we know that there
are no real poles for |s| large enough, but that does not exclude the possibility
of a finite number of real poles. While there is a a substantial literature on
Painlevé equations and Painlevé transcendents, see e.g. the recent monograph
[22], we have not been able to find the following result.

THEOREM 1.1. Let q, be the Hastings-McLeod solution of the general
Painlevé 11 equation (1.12) with o > —1/2. Then qq, is a meromorphic function
with no poles on the real line.

1.4. Main result. To describe our main result, we recall the notion of
y-functions associated with the Painlevé IT equation; see [20]. The Painlevé II
equation (1.12) is the compatibility condition for the following system of linear
differential equations for ¥ = W, ((; s).

(1.15) 0V _ 4y, YL

— = BV
oC 0s ’

where

(1.16)
B —4i¢? —i(s +2¢%) 4¢q+2ir +a/C _[(—i¢ q
A_<4Cq—2ir+a/C 4i(2+i(s+2q)>’ and B_<q ic)'

That is, (1.15) has a solution where ¢ = ¢(s) and r = r(s) depend on s but
not on ¢, if and only if ¢ satisfies Painlev é II and r = ¢'.
Given s, q and 7, the solutions of

0 <I>1(C)> <<I>1(C)>
1.17 — =A
(17 o (o) =4 (om0
are analytic with branch point at ¢ = 0. For a > —1/2 and s € R, we take
q = quo(s) and r = ¢/, (s) where ¢, is the Hastings-McLeod solution of the
(I)a,l (Cv 5)

as the unique solution of
(I)a,2(€;s)) E

Painlevé II equation, and we define (

(1.17) with asymptotics

by e () < () rach

uniformly as ¢ — oo in the sector ¢ < arg( < m — € for any € > 0. Note that
this is well-defined for every s € R because of Theorem 1.1.

The functions ®,; and ®, 2 extend to analytic functions on C\ (—ioc0, 0],
which we also denote by ®, 1 and ®,; see also Remark 2.33 below. Their
values on the real line appear in the limiting kernel. The following is the main
result of this paper.
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THEOREM 1.2. Let V be real analytic on R such that (1.2) holds. Suppose
that ¥y vanishes quadratically in the origin, i.e., ¥y (0) = 9{,(0) = 0, and
(0) > 0, and that there are no other singular points besides 0. Let n, N — 0o
such that
lim n*?(n/N—-1)=LeR

n,N—oo

exists. Define constants

IEAONG
(1.19) c_< g > :
and
(1.20) s = 2m?3L [44(0)] " ws, (0),

where wg,, is the equilibrium density of the support of 1y (see Remark 1.3
below). Then

(1.21) lim e

1 .
—=Kn N <7 7> = Kty 4. g
n,N—o0 Cn1/3 n, Cn1/3’cn1/3 ( s Uy );

uniformly for w,v in compact subsets of R\ {0}, where

(1.22)
1miafsgn(u)+sgn(v)] (I)a,l(u; S)(I)CY,?(U; s) — (I)a,l(v; S)(I)%Q (u; 5) )

Kcrit,a . — _
(u, 055) ¢ 27i(u — v)

Remark 1.3. The equilibrium measure of Sy = supp(¢y) is the unique
probability measure wg,, on Sy that minimizes the logarithmic energy

I(u)z//log ! dp(z)dp(y)

|z — |

among all probability measures on Sy. Since Sy consists of a finite union of
intervals, and since 0 is an interior point of one of these intervals, wg, has a
density wg, with respect to Lebesgue measure, and wg,, (0) > 0. This number
is used in (1.20).

Remark 1.4. One can refine the calculations of Section 4 to obtain the
following stronger result:

1 U v it ‘ |u|*|v]@
02 it (i i) = K e -0 (MEEE).

uniformly for u,v in bounded subsets of R\ {0}.

Remark 1.5. It is not immediate from the expression (1.22) that Kt
is real. This property follows from the symmetry

e%masgn(“)q)mg(u; s) = e%masgn(“)q)ml(u; s), for u € R\ {0},
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which leads to the “real formula”

1

Kcrit,a . —
(’LL,U,S) 7T(U—’U)

Im <e%7ria(sgn(u)—sgn(v))q)Oé’l(u; 5)(I>a,1(v§ 8)) ;
see Remark 2.11 below.

Remark 1.6. For a = 0, the theorem is proven in [9]. The proof for the
general case follows along similar lines, but we need the information about the
existence of ¢, (s) for real s, as guaranteed by Theorem 1.1.

1.5. Recurrence coefficients for orthogonal polynomials. In order to prove
Theorem 1.2, we will study the Riemann-Hilbert problem for orthogonal poly-
nomials with respect to the weight |z|?*e~NV (@) This analysis leads to asymp-
totics for the kernel K, n, but also provides the ingredients to derive asymp-
totics for the orthogonal polynomials and for the coefficients in the recurrence
relation that is satisfied by them.

To state these results we introduce measures v; in the following way; see
also [9] and Section 3.2. Take Jy > 0 sufficiently small and let v, be the
minimizer of Iy /() (see (1.8) for the definition of Iy/) among all measures
v = vt — v~ where v are nonnegative measures on R such that v(R) = 1
and supp(v~) C [—dp, dp]. We use ¢ to denote the density of v;.

We restrict ourselves to the one-interval case without singular points ex-
cept for 0. Then supp(¢v) = [a,b] and supp(y:) = [as, by for t close to 1,
where a; and b; are real analytic functions of t.

We write 7, y for the monic orthogonal polynomial of degree n with re-

spect to the weight |x|2°‘e_NV(“"). Those polynomials satisfy a three-term re-
currence relation
(1.24) Tn+1,N = (2 — by N) T N — a?%NWn_LN,

with recurrence coefficients a,, ny and b, y. In the large n expansion of a, n
and b, , we observe oscillations in the O(n~/?)-term. The amplitude of
the oscillations is proportional to ¢4 (s), while in general the frequency of the
oscillations slowly varies with ¢ = n/N.

THEOREM 1.7. Let the conditions of Theorem 1.2 be satisfied and assume
that supp(vy) = [a,b] consists of one single interval. Consider the three-
term recurrence relation (1.24) for the monic orthogonal polynomials 7y, N with
respect to the weight |z[**e=NV(®) . Then as n,N — oo such that n/N — 1 =
O(n~?/3%),

(1.25) (p,N = b ; 4 _ dalstn) Cos(jﬁnwt + 20[0)71’1/3 +0(n~23),
c

_b+a N da(St.n) sin(2mnw + (200 + 1)0)

2 c

(1.26) by n~Y3 4+ O(n~2/3),
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where t =n/N, ¢ is given by (1.19),

™
(127) St,n = 712/3;1/115(0),

b+a

1.28 0= i
(1.28) arcsin —,
and
be
(1.29) wr = Pi(z)dx.
0

Remark 1.8. It was shown in [9] that %¢t(0)’t:1 = wg, (0), which in
the situation of Theorem 1.7 implies that (since Sy = [a,b] and 1(0) is real
analytic as a function of ¢ near t = 1),

1
Yi(0) = (t—1)——=+O((t—1)?), ast— 1.
TV —ab
Then it follows from (1.27) that s;, = n%3(t — 1)ﬁ + O(n=?/%) and we
could in fact replace s, in (1.25) and (1.26) by
1
cv/—ab’

We prefer to use s, since it appears more naturally from our analysis.

s,’;n = n2/3(t —1)

Remark 1.9. In [6], Bleher and Its derived (1.25) in the case where av = 0
and where V is a critical even quartic polynomial. They also computed the
O(n~2/3)-term in the large n expansion for an,N. For even V we have that
a=—b,0 =0, w =1/2 and thus cos(2mnw; + 2a8) = (—1)", so that (1.25)
reduces to

_b qa(sen) (D) s —2/3
Gn,N = 9 - 2% n + O(TL ),

which is in agreement with the result of [6]. Also for even V' the recurrence
coefficient b, n vanishes which is in agreement with (1.26).

Remark 1.10. In [4] an ansatz was made about the recurrence coefficients
associated with a general (not necessarily even) critical quartic polynomial V'
in the case a = 0. For fixed large N, the ansatz agrees with (1.25) and (1.26)
up to an N- dependent phase shift in the trigonometric functions.

Remark 1.11. Since the submission of this manuscript several new results
were obtained leading to a more complete description of the singular cases for
the random matrix ensemble (1.1). See the discussion in section 1.2 for the
singular cases I, II, and III.

The singular case I with a = 0 was treated in [19] and later in [8], [37],
[3]. For the singular case III with oz = 0, see [10], where a connection with the
Painlevé I hierarchy was found.
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The non-singular case I1I with o # 0 is described by the Painlevé XXXIV
equation in [28].

1.6. Qutline of the rest of the paper. In Section 2, we comment on the
Riemann-Hilbert problem associated with the Painlevé II equation. We also
prove the existence of a solution to this RH problem for real values of the
parameter s, and this existence provides the proof of Theorem 1.1. In Section 3,
we state the RH problem for orthogonal polynomials and apply the Deift/Zhou
steepest descent method. Our main focus will be the construction of a local
parametrix near the origin. For this construction, we will use the RH problem
from Section 2. In Section 4 and Section 5 finally, we use the results obtained
in Section 3 to prove Theorem 1.2 and Theorem 1.7.

2. The RH problem for Painlevé II and the proof of Theorem 1.1

As before, we assume a > —1/2.

2.1. Statement of the RH problem. Let ¥ = Uj I'; be the contour consist-
ing of four straight rays oriented to infinity,

T o7 o7
FlzargC:g, Fg:argCZE, Fg:argC:—E, Iy:arg( =—

The contour X divides the complex plane into four regions 51, ...,S4 as shown
in Figure 1. For o > —1/2 and s € C, we seek a 2 x 2 matrix-valued func-
tion W, (C¢;s) = ¥, (C) (we suppress notation of s for brevity) satisfying the
following.

The RH problem for ¥,. (a) ¥, is analytic in C\ X.

F3 F4

Figure 1: The contour X consisting of four straight rays oriented to infinity.
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(b) U, satisfies the following jump relations on X \ {0},

(2'1) \I/a,Jr(C) = \I’a,f ( — i (1)> for ¢ € Ty,

(2.2) Vo (O) < (1)) for ¢ € T,
1 e—ﬂ'ZOL

(2.3) Vo +(C) <0 ) for ¢ € TI's,
1 —e7

(2.4) U, 4(C) <O 1 ) , for ¢ € Ty.

(c) ¥, has the following behavior at inﬁnity,
(2.5) U, () = (I +0(1/¢))e G078 a5 ¢ — o0,

Here o3 = ((1) =1

) denotes the third Pauli matrix.

(d) ¥, has the following behavior near the origin. If o < 0,

¢l

. a =0
(2.6) Ta(Q) (,C,a

and if o > 0,
OCQ” <]
Is
il ¢l
2.7 v, =0

27 © <|<|a o
O(m-a ¢l
e g

—Q

—

s

ma), as ( — 0,

>, as( — 0, € SUSs,

a), as ( =0, ( € S,

), as ( — 0, €8,

Note that ¥, depends on s only through the asymptotic condition (2.5).

Remark 2.1. This RH problem is a generalization of the RH problem for

the case where a = 0, used in [2], [9].

Remark 2.2. By standard arguments based on Liouville’s theorem, see
g. [11], [33], it can be verified that the solution of this RH problem, if it
exists, is unique. Here it is important that o > —1/2.

In the following we need more information on the behavior of solutions of
the RH problem near 0. To this end, we make use of the following proposition,

cf. [27
(2.4).

]. We use G; to denote the jump matrix of ¥, on I'; as given by (2.1)-
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PROPOSITION 2.3. Let U satisfy conditions (a), (b), and (d) of the RH
problem for V.

(1) Ifa—% ¢ Ny, then there exists an analytic matriz-valued function E and
constant matrices A; such that

—a
(238) v =50 (4 M) proes,
where the branch cut of (¢ is chosen along I'y. The matrices A; satisfy
(29) Aj+1 = AjGj, fO?"j = 1,2,3,
and
0 —p!
(2.10) Ay = P , for some p € C\ {0}.
p 2 cos(mar)

(2) If a — % € Ny, then there is logarithmic behavior of ¥ at the origin.
There exist an analytic matriz-valued function E and constant matrices
A;j such that

¢* 0
2.11 U(()=F
.1) ©=0 (1o o
where again the branch cuts of (¢ and In{ are chosen along I'y. The
matrices A; satisfy

>Aj, for ¢ €5,

(2.12) Ajp1 = A;Gj, Jorj=1,2,3,

0 -1
( ), ifa—%iseven,
L p

0 i
(. Z>, ifoz—%isodd.
tp

Proof. (1) Define E by equation (2.8) with matrices A; satisfying (2.9)
and (2.10). Then E is analytic across I'1, I'g, and I's because of (2.9). For
¢ € I'y there is a jump

and for some p € C,

(2.13) Ay =

e B0-50 (4 &) acar (] COQ)+-

Using ¢* = €*™*(¢ and the explicit expressions for the matrices G; and A;,
we get from (2.14) that F is analytic across I'y as well.
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What remains to be shown is that the possible isolated singularity of F
at the origin is removable. If o < 0 it follows from (2.6) and (2.8) that

2c
BO=0({he 1) wCoo

so that (since 2a > —1) the isolated singularity at the origin is indeed remov-
able. If @ > 0 we have in sector Sy by (2.7), (2.8), and (2.10) that

so-vo4 (5 L)

_o(lk" \CI‘“) (* *) (ca 0 >: (1 1)
O(ma o)\« o) Lo o) =9\ 1)

as ( — 0, € Sy, where * denotes an unimportant constant. Hence the
singularity at the origin is not a pole. Moreover, from (2.7) and (2.8) it is also
easy to check that E does not have an essential singularity at the origin either.
Therefore the singularity is removable for the case o > 0 as well, and the proof
of part (1) is complete.

(2) The proof of part (2) is similar. O

Remark 2.4. The matrix A, in Proposition 2.3 is called the connection
matrix, cf. [20, 24]. In all cases we have det A2 = 1 and the (1, 1)-entry of A
is zero.

2.2. Solvability of the RH Problem for ¥,. We shall prove that the RH
problem for ¥, is solvable for every s € R. We do that, as in [16], [24], [43],
by showing that every solution of the homogeneous RH problem is identically
zero. Such a result is known as a vanishing lemma [23], [24].

We briefly indicate why the vanishing lemma is enough to establish the
solvability of the RH problem for ¥,. The RH problem is equivalent to a
singular integral equation on the contour . The singular integral equation
can be stated in operator theoretic terms, and the operator is a Fredholm
operator of zero index. The vanishing lemma yields that the kernel is trivial,
and so the operator is onto which implies that the singular integral equation is
solvable, and therefore the RH problem is solvable. For more details and other
examples of this procedure see [16], [24], [43] and [29, App. A].

PROPOSITION 2.5 (the vanishing lemma). Let o > —1/2 and s € R.
Suppose that U satisfies conditions (a), (b), and (d) of the RH problem for
U, with the following asymptotic condition (instead of condition (c))

(2.15) T()elzCH50% = 0(1/¢),  as ( — .

Then U = 0.
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Proof.  As before, we use G; to denote the jump matrix of I';, given by
(2.1)—(2.4). Introduce an auxiliary matrix-valued function H with jumps only
on R, as follows.

(C)ei(§§3+8C)037 for ¢ € Sy U Sy,

D)

)

()Gl +507  for ¢ € S NCy,

S

(2.16) H(¢) = { W(()Gy a7 for (€ S3N Ty,

U(Q)GaelGE+07s  for ¢ € S5NC_,

@(C)GZ%“éCSHOW, for (e S NC_.
Then H satisfies the following RH problem.
The RH problem for H.

(a) H : C\ R — C?*2 is analytic and satisfies the following jump relations
on R\ {0},

(2.17)

H(¢) = H,(g)e—i(écfursc)ag ( 0 —e

T 1

e ) elGC+s07a for ¢ € (—00,0),

(2.18)

0 767”‘04

HiQ) = H-(@e et ws0m (5, 7T ) et ndn o g e (0,00)

(b) H(¢) =0O(1/C),  as(—oo.

(c) H has the following behavior near the origin: If av < 0,

_ (I |<|a> B
(2.19) HO =0l k). wco
and if o > 0,
(5 1) e
(2.20) H(¢) = o
o (E}_a :g;a> , as(—0,Im¢ <0.

The jumps in (a) follow from straightforward calculation. The vanishing
behavior (b) of H at infinity (in all sectors) follows from the triangular shape
of the jump matrices G, see (2.1)—(2.4). For example, for ¢ € S;NC we have
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Rei(3¢% + s¢) < 0 so that by (2.15) and (2.16)

1 0
HO) = 00/0) ringaiternsg 1) =0/, a5 ¢ .

The behavior near the origin in (c¢) follows from Proposition 2.3. This is
immediate for (2.19), while for a > 0, o — 3 ¢ Ny, we have by (2.8), (2.9),
(2.10), and (2.16),

0

*

E(()¢ 7 Ay = E(C)¢* < :) , ifIm¢ >0,

H(C)e i +5007 —
E(¢)( Ay = E(()¢ ™07 ( 0) if Im ¢ <0,

which yields (2.20) in case a — § ¢ Ny, since E is analytic. Using (2.13) instead
of (2.10), we will see that the same argument works if o — 3 € No.

Next we define (cf. [16], [24], [43])
(2.21) M(¢) = H(QH(C)",  for (€ C\R,

where H* denotes the Hermitian conjugate of H. From condition (c) of the
RH problem for H it follows that M has the following behavior near the origin:

2a 2a
7 (:g:za :§:2a> , as( —0,in case a <0,

1 1
(’)(1 1), as ( — 0, in case a > 0.

M(¢) =

Since @ > —1/2, it follows that each entry of M has an integrable singularity
at the origin. Because M (¢) = O(1/¢?) as ¢ — oo, and M is analytic in the
upper half plane, it then follows by Cauchy’s theorem that fR M (¢)d¢ = 0,
and hence by (2.21)

[ He©n-rac~o.

R

Adding this equation to its Hermitian conjugate, we find
(222) | QB0 + H- (O () dc = 0.

Using (2.17), (2.18) and the fact that (ei(§43+s<)g3)* = ¢ 1500 for ¢ s € R
(here we use the fact that s is reall), we obtain from (2.22),

o= [#@ (5 5)H©rac=2 [ [IHOF +1(H ()] .
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This implies that the second column of H_ is identically zero. The jump
relations (2.17) and (2.18) of H then imply that the first column of H; is
identically zero as well.

To show that the second column of H; and the first column of H_ are
also identically zero, we use an idea of Deift et al. [16, Proof of Th. 5.3, Step 3.
Since the second column of H_ is identically zero, the jump relations (2.17)
and (2.18) for H yield for j = 1,2,

(Hjp), (¢) = —e=Omae2GEH0 (70 (¢),  for ¢ € R\ {0},
Thus if we define for j =1, 2,

hi(C) = {HjQ(C)v if Im¢ >0,

(2.23) _
Hji(¢), ifIm(¢ <0,

then both hy and hs satisfy the following RH problem for a scalar function h.
The RH problem for h.

(a) h is analytic on C\ R and satisfies the following jump relation

hy () = —es8nOmiae=2GETOR_(¢), for ¢ € R\ {0},

(b) h(() = O(1/¢) as ¢ — oo,

(c) h(¢) = {g(milv as ¢ — 0, ?n case a < 0,
(I¢|=*), as ¢ — 0, in case o > 0.

Take (o with Im (y < —1 and define

ey ho=1""" |
— (—em(; (4 +s<>> h(¢), if =1 <Tm¢ <0,

where we use principal branches of the powers, so that (% is defined with a
branch cut along the negative real axis. Then it is easy to check that h is
analytic in Im ¢ > —1, continuous and uniformly bounded in Im ¢ > —1, and

h(¢) = O BIRely, as ( — oo on the horizontal line Im ¢ = —1.

By Carlson’s theorem, see e.g. [38], this implies that h= 0, so that h = 0, as
well. This in turn implies that h; = 0 and hy = 0, so that H = 0. Then also
¥ = 0 and the proposition is proven. O

As noted before, Proposition 2.5 has the following consequence.

COROLLARY 2.6. The RH problem for W, see Section 2.1, has a unique
solution for every s € R and o > —1/2.
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2.3. Proof of Theorem 1.1. Theorem 1.1 follows from the connection of
the RH problem for W, of Section 2.1 with the RH problem associated with the
general Painlevé II equation (1.12) as first described by Flaschka and Newell
[20, §3D].

Proof of Theorem 1.1. Consider the matrix differential equation

o
(2.25) ac =AY,

where A is as in (1.16) and s, ¢, and r are constants. For every k =0,1,...,5,
there is a unique solution ¥y of (2.25) such that

k() = (1 + O(1/¢))e G+
as ( — oo in the sector (2k — 1)§ < arg( < (2k +1)%. The function
(2.26) V() = ¥i(€), for (2k —1)§ <arg( < (2k+1)F,
is then defined on C\ (X U¢R) and satisfies the following conditions.
(a) W is analytic in C\ (X U1iR).
(b) There exist constants s, s2,s3 € C (Stokes multipliers) satisfying
(2.27) 81+ S9 + 83 + S18983 = —2isin T«

such that the following jump conditions hold, where all rays are oriented

to infinity,

1 0 1

U_ , on I'p, W_ o1 , on Iz,
S1 1 0 1
1 1 0

v,o={w_ [ |, oniR", U= W . omn iR~

0 1 S92 1
1 0 1

U_ , on Iy, %3 , on Iy
S3 0 1

(c) T(C) = (I+O(1/¢)e G507 as ¢ — oo

The Stokes multipliers s1, s2,s3 depend on s, ¢ and r. However, if ¢ =
q(s) satisfies the second Painlevé equation ¢ = sq + 2¢% — «, and if r =
q'(s), then the Stokes multipliers are constant. In this way there is a one-to-
one correspondence between solutions of the Painlevé II equation and Stokes
multipliers si, s2, s3 satisfying (2.27). This also means that there exists a
solution of the above RH problem which is built out of solutions of (2.25) if
and only if s is not a pole of the Painlevé II function that corresponds to
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the Stokes multipliers si, s2,s3. The Painlevé II function itself may then be
recovered from the RH problem by the formula [20]

a(s) = Jlim 2iCWyp(Q)e ),

with W9 the (1,2)-entry of W. In particular, condition (c) of the RH problem

can be strengthened to
(2.28)

(o () )
v = (I T <—q<s> —u(s)

where u = (¢')? — s¢> — ¢* + 2aq.
The RH problem for ¥, in Section 2.1 corresponds to

> + 0(1/C2)) e—i(§g3+sC)‘73a as ( — 00,

(2.29) 51 = e T sp =0, 53 = —e™e,

These Stokes multipliers are very special in two respects [26], [30]. First,
since so = 0, the corresponding solution of the Painlevé II equation decays as
s — 400, l.e.,

(2.30) q(s) ~ g, as s — +o0.
S
Secondly, since s;s3 = —1 the Painlevé II solution increases as s — —o0, i.e.,
S
(2.31) q(s) ~ %4/ —5 as s — —00,

where the choice s; = e ™, s3 = —e™ corresponds to the + sign, while the
interchange of s; and s corresponds to the — sign in (2.31). Thus the special
choice (2.29) corresponds to g,, the Hastings-McLeod solution of the general
Painlevé II equation; see (1.13) and (1.14).

Then as a consequence of the fact that the RH problem for ¥, stated in
Section 2.1 is solvable for every real s by Corollary 2.6, we conclude that g,

has no poles on the real line, which proves Theorem 1.1. O

Remark 2.7. Its and Kapaev [26] use a slightly modified, but equivalent,
version of the RH problem for ¥,. The solutions are connected by the trans-
formation

(2.32) Uy o €T e 579,
which results in a transformation of the Stokes multipliers s; < (—1)7is;.

For later use, we record the following corollary.

COROLLARY 2.8. For every fixed so € R, there exists an open neighbor-
hood U of sg such that the RH problem for W, is solvable for every s € U.
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Proof. Since ¢, is meromorphic in C, there is an open neighborhood of
so without poles. This implies [20] that the RH problem for ¥, is solvable for
every s in that open neighborhood of sg, as well. O

Remark 2.9. The function ¥, ((;s) is analytic as a function of both ¢ €
C\ ¥ and s € C\ P,, where P, denotes the set of poles of g,; see [20]. As a
consequence, one can check that (2.5), (2.6) and (2.7) hold uniformly for s in
compact subsets of C \ Py.

Remark 2.10. The functions ®,; and ®, 2 defined by (1.15) and (1.18)
are connected with V¥, as follows. Define

(2.33)
U, (C5s) < 1. O) , for ( € 51,
e—Tl"LOé 1
U, (¢ s), for ( € S,
1 0
(I)a(C; S) — \Ija(c; S) <em-a 1) ) for C € 537

1 —em 1 0
\I/a((;s)< ¢ )( ), for ¢ € S4, Re( >0,
0 1 e ™ 1

1 —e ™o 1 0
U, ((58) c . , for ( € Sy, Re( <0.
\ 0 1 emia ]

Then it follows from the RH problem for ¥,, that ®,, is analytic on C\ (—ioco, 0].
Moreover, we also see from (1.15) and (1.18) that

. q)oa,l *
(2.34) o, = <(I)a72 *) 5
where * denotes an unspecified unimportant entry. It also follows that @, ;
and ®, 2 have analytic continuations to C\ (—ioo, 0].

Remark 2.11. We show that the kern K®%%(y v;s) is real. This will
follow from the identity
(2.35)

eémasgn(“)@a,g(u; s) = eémasgn(“)q)avl(u; s), for u € R\ {0} and s € R,

since obviously (2.35) implies that
1

Kcrit,a . — _
(u,v; 5) m(u—v)

Im <€%ﬂ'ia(sgn(u)fsgn(v))(Da,l(u; S)W) :

The identity (2.35) will follow from the RH problem. It is easy to check
that 01V ((; )01, with o1 = ({}), also satisfies the RH conditions for ¥,.
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Because of the uniqueness of the solution of the RH problem, this implies

(2.36) Vo((;s) = Ul\Pa(E§ 8)oy.
For ¢ € Sy, the equality of the (2, 1) entries of (2.36) yields by (2.33) and (2.34)

(2.37) emo‘@a,g(C; 5) = ®,1(¢;8), for ¢ € Sy, Re( >0,
and
(2.38) e, 9(C;8) = P (C;8), for ¢ € Sy, Re¢ < 0.

Since both sides of (2.37) are analytic in the right half-plane we find the identity
(2.35) for u > 0, and similarly since both sides of (2.38) are analytic in the left
half-plane, we obtain (2.35) for u < 0.

3. Steepest descent analysis of the RH problem

In this section we write the kernel K,, x in terms of the solution Y of the
RH problem for orthogonal polynomials (due to Fokas, Its and Kitaev [21])
and apply the Deift/Zhou steepest descent method [18] to the RH problem for
Y to get the asymptotics for Y. These asymptotics will be used in the next
sections to prove Theorems 1.2 and 1.7.

We will restrict ourselves to the one-interval case, which means that ¢y is
supported on one interval, although the RH analysis can be done in general. We
comment below in Remark 3.1 (see the end of this section) on the modifications
that have to be made in the multi-interval case.

As in Theorems 1.2 and 1.7 we also assume that besides 0 there are no
other singular points.

3.1. The RH problem for orthogonal polynomials. The starting point is
the RH problem that characterizes the orthogonal polynomials associated with
the weight |2|2¢e~VV(@). The 2 x 2 matrix-valued function Y =Y;, y satisfies
the following conditions.

The RH problem forY.
(a) Y :C\ R — C?*? is analytic.

1 ‘x’2aeNV(x)>

(b) Yi(z) =Y_(x) <O 1 for z € R.

(¢) Y(2) = (I +0(1/2) (Zg z9n>, as 7 — oo,

(d) Y has the following behavior near the origin,
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1 2a
O( 12 ), as z — 0, if a < 0,

1 |Z’2a

1 1
O , as z — 0, if a > 0.
1 1

Here we have oriented the real axis from the left to the right and Y5 (z) (Y_(x))
in part (b) denotes the limit as we approach = € R from the upper (lower) half-
plane. This RH problem possesses a unique solution given by [21] (see [33],
[35] for the condition (d)),

(3.1) Y(z) =

(3.2)
1 1 PNy 2ae—NV(y)
PN (2) . / N )]y dy
Y(z) = Kn,N 2mikn, N Jr Yy—z
‘ Poo1n @)yl e VW
—27ikp—1 NPn—1,N(2) —Kn—1,N dy
R Yy—=z
for = € C\ R, where p, n(2) = kp n2" + - -+, is the n-th degree orthonormal
polynomial with respect to the weight |z|?**e~NV(*) and kn,N is the leading

coefficient of p,, n.

The correlation kernel K, ny can be expressed in terms of the solution of
this RH problem. Indeed, using the Christoffel-Darboux formula for orthogonal
polynomials, we get from (1.4), (3.2), and the fact that detY =1,

Ko v () = |a] e 3NV @) y|ae NV Bl
K’TL,N
(3-3) o PN (@)Pn—1,N (Y) = Pr—1,8 (2)Pn,n (y)
=y

_ |x‘ae—2NV(x)|y|a€—2NV(y)27”;(;_:” (0 1) Ygl(y)Yi(x) ((1)> )

The asymptotics of K, y follows from a steepest descent analysis of the
RH problem for Y, see [9], [16], [17], [34], [35], [42]. The Deift/Zhou steepest
descent analysis consists of a series of explicit transformations ¥ — T — S
— R so that it leads to an RH problem for R which is normalized at infinity
and which has jumps uniformly close to the identity matrix /. Then R itself
is uniformly close to I. By going back in the series of transformations we then
have the asymptotics for Y from which the asymptotics of K, y in different
scaling regimes can be deduced.

The main issue of the present situation is the construction of a local
parametrix near 0 with the aid of the RH problem for ¥, introduced in Sec-
tion 2. For the case o = 0 this was done in [9] and we use the ideas introduced
in that paper.
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Throughout the rest of the paper we use the notation

1
(3.4) t=n/N, and Vi = EV.

3.2. First transformation Y +— T. In the first transformation we nor-
malize the RH problem at infinity. The standard approach would be to use
the equilibrium measure in the external field V;, see [11], [39]. This is the
probability measure that minimizes

Fo(w) = [ [ og - du(e)duty) + [ Viw)dn(o)

|z — |

among all Borel probability measures g on R. The minimizer for ¢ = 1 has
density vy which by assumption vanishes at the origin. For ¢ < 1, the origin is
outside of the support and for ¢ slightly less than 1, there is a gap in the support
around 0. An annoying consequence is that the equality in the variational
conditions is not valid near the origin. Therefore, a modified measure 14 was
introduced in [9] to overcome this problem.

Here, we follow [9, §3]. We take a small §y > 0 so that ¢y (z) > 0 for
x € [—do, 0] \ {0}, and we consider the problem to minimize Iy, (r) among all
signed measures v = vt — v~ where v* are nonnegative measures such that
[dv =1 and supp(v~) C [—dp,d]. There is a unique minimizer which we
denote by 4. This signed measure is absolutely continuous with density
and its support S; = [a¢, by] is an interval if ¢ is sufficiently close to 1. The
following variational conditions are satisfied: there exists a constant ¢4 € R
such that

(35) 2 [loglo— ylrly)dy ~ Vi) + =0, for € [an,bi)
(3.6) 2/log |z — yl(y)dy — Vi(x) + £ <0, for z € R.

In addition, it was shown in [9] that for ¢ sufficiently close to 1,

(37) Gile) = (-Qu@)"%, for x € [an bl

where

(3.8) Qi(z) = <V/2(:)>2 - % / V/(Zi_;/l(y)lﬁt(y)dy.

For t > 1, we take the square root in (3.7) which is positive for x = 0, while
for t < 1 we take the square root which is negative for z = 0.

For the first transformation, we introduce the following ‘g-function’ asso-
ciated with v,

(3.9) ai(z) = /log(z —y)du(y) = /log(z — ) (y)dy, for z € C\ R,
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where we take the branch cut of the logarithm along the negative real axis.
We define

1

(3.10) T(2) = e2™7Y (z)e 9 (A)0se=3nl0s — for » € C\R.

We also use the functions

(3.11) or(z) = /b Q) 2ds,

(3.12) aiz) = [ (Qus))/2ds,

where the path of integration does not cross the real axis. The relations that
exist between g¢, ¢, and @; are described in [9, §5.2]. Using these, we find that
T is the unique solution of the following RH problem.

The RH problem for T.
(a) T :C\ R — C?*? is analytic.

(b) T4 (z) = T-(x)vr(z) for z € R, with

e2ngot,+(x) |x|20¢
( 0 20— (@) s for x € (at, bt),
1 20, —2nep(x)
vp(z) = ( [ , for x € (b, 00),
0 1
1 20, —2n@.(x)
[3ex] (O 2 61 , for z € (—o0,a).

(c) T(z)=1+0(1/z), as z — 00.

(d) T has the same behavior as Y near the origin, given by (3.1).

3.3. Second transformation T +— S. In this subsection, we open the lens
as in Figure 2. The opening of the lens is based on the factorization of the
jump matrix vp for x € (ay, b), which is

e2mpt,+(:v) ‘m|2a
vp(x) = < 0 eanm,(z))

_ 1 0 0 || 1 0
(313) - <‘x|—2a€2mpt,(1’) 1) <_|x‘2a 0 ) (’$|—2a62mpt,+(;r) 1)

We deform the RH problem for 7" into an RH problem for S by opening a lens
around [ay, b] going through the origin, as shown in Figure 2. The precise form
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Figure 2: The lens shaped contour ¥g going through the origin.

of the lens is not yet specified but for now we choose the lens to be contained
in the region of analyticity of V' and we can do it in such a way that for any
given § > 0, there exists v > 0 so that, for every ¢ sufficiently close to 1, we
have that

(3.14) Repi(2) < =7,

for z on the upper and lower lips of the lens with the exception of J-neighborhoods
of 0, a, and b. See also [9, §5.3].
Let w be the analytic continuation of = + |z|?® to C\ (iR); i.e.,
2a if Rez >0
(3.15) w(z) = {f o naess

—2)%@ if Rez < 0.

The second transformation is then defined by
(3.16)

T(z), for z outside the lens,

1 0

T(z , for z in the upper parts of the lens,
S(z) = ( )<—w(z)_1e2”%(z) 1) PPerp

1 0
T(z) ,  for z in the lower parts of the lens.
w(z)_le%“"t(z) 1

Then S is the unique solution of the following RH problem posed on the contour
Y. which is the union of R with the upper and lower lips of the lens.

The RH problem for S.
(a) S:C\ Zg — C?*2 is analytic.

(b) Sy = S_vg on Xg, where
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1 0
), for z € ¥g \ R,

0 ‘Z|2a

—2« 0

> , for z € (a¢, by),
vs(z) =
) , for z € (b, 0),

/(2)
) ,  for z € (—o0,a).

(c) S(z)=1+0(1/z), as z — 00.

(d) S has the following behavior near the origin. If o < 0,

2«
(3.17) S(z) =0 G IjIM) ., asz—0,z€eC\g,
and if o > 0,
1 1 .
O (1 1) , as z — 0 from outside the lens,
(3.18) S(z) =

2|72 1 o
O , as z — 0 from inside the lens.
| Z|_2a 1

3.4. Parametriz away from special points. On the lips of the lens and on
(=00, at) U (b, 00), the jump matrix for S is close to the identity matrix if n is
large and ¢ is close to 1. This follows from the inequality (3.14) and the fact
that ¢i(x) > 0 for z > by and ¢i(z) > 0 for x < a;. Ignoring these jumps we
are led to the following RH problem.

The RH problem for P(>).
(a) P :C\ [ag, b] — C>*2 is analytic.

o) P =P (e M) foree i ok

(c) P®)N(2) =T+ 0(1/2), as z — oo.

Note that P(>) depends on n and N through the parameter t. As in
[31], [33], [35] we construct P(>) in terms of the Szeg function D associated
with |z]|?* on (as,b;). This is an analytic function in C \ [as, by], satisfying
D, (x)D_(x) = |x|** for = € (at,b;) \ {0}, which does not vanish anywhere in
C\ [as,b]. Tt is easy to check that D is given by
2z — ay — bt

(319)  D(z) = 2% ( >a, for z € C\ [az, by,

by — ay
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where ¢(2) = z + (2 — 1)Y/2(z + 1)'/2 is the conformal map from C \ [~1, 1]
onto the exterior of the unit circle. Since ¢(z) = 22+ O(1/z) as z — oo we

have
4 —
lim D(z) = = Dq.
zirgo (Z) <bt — at> o0
Now the transformed matrix-valued function
(3.20) P = 3o pl) pos

satisfies conditions (a) and (c) of the RH problem and it has the jump matrix
(% §) on (ar,b). The construction of P> has been done in [11], [16], [17],
and leads us to the solution of the RH problem for P(°°):

(3.21)

5(2’)—}—25(,2)’1 B(R)—=B(z)~"

21 —03
B(z)—,g(.z)*l g(z)+§;(z)4 D(z)™%, for z € C\ [as, by,

P®)(z) = D

where

2 — b)Y/
(3.22) B(z) = 52—231/4’ for z € C\ [at, by].

3.5. Parametrix near endpoints. The jump matrices of S and P(>®) are
not uniformly close to each other near the origin and near the endpoints of
[at, bs]. We surround aq and by (the endpoints of Sy) with small disks Us(a)
and Us(b) of radius 0. For ¢ sufficiently close to 1, the endpoints a; and b; are
in these disks, and then local parametrices P(®) and P(®*) can be constructed
with Airy functions as in [11], [16], [17].

3.6. Parametrix near the origin. Near the origin a local parametrix will
be constructed with the aid of the RH problem for ¥, of Section 2. Let Us be
a small disk with center at 0 and radius 6 > 0. We seek a 2 x 2 matrix-valued
function P in U, with the same jumps as .S, with the same behavior as S
near the origin, which matches with P(*) on the boundary dUs of the disk.
We thus seek a 2 x 2 matrix-valued function that satisfies the following RH
problem.

The RH problem for P.
(a) P is defined and analytic in Uy \ Xg for some ¢’ > 0.

(b) On XgNUs, P satisfies the jump relations

(3.23)  Pp(z) = P_(2) (w (Z)_llegn%(z) ?) . forze (S\R)NTs,

T 2a
(3.24)  Pp(z) = P_(2) (_‘;"_M | (’) ) for z € (—6,6) \ {0}
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(c) P satisfies the matching condition
(3.25) P(z) = (I+0(n~1/?))P>¥)(z),
as n, N — oo such that n*3(n/N — 1) — L, uniformly for z € dUs \ X.
(d) P has the same behavior near the origin as S, given by (3.17) and (3.18).

In order to solve the RH problem for P we work as follows. First, we seek
P such that it satisfies conditions (a), (b), and (d). To do this, we transform
(in the first step) the RH problem into an RH problem for P with constant
jump matrices. In the second step we solve the RH problem for P explicitly
by using the RH problem for W,. In the final step we take also the matching
condition (c) into account.

Step 1: Transformation to constant jump matrices. In the first step we
transform the RH problem for P into an RH problem for P with constant jump
matrices. We seek P in the form

1

3.26 P(z) = E(2)P(z e (2)0s g g mias , —aos if Imz > 0,
(3.26)

(3.27)  P(2) = E(2)P(z)e ¥ (:)93¢5miavs <(1) ‘01) 2729 ifImz < 0,
where the invertible matrix-valued function E = FE,, y (we suppress notation
of the indices) is analytic in Uy and where the branch cut of 2% is chosen along
the negative real axis.

Using (3.24), (3.26) and (3.27), and keeping track of the branches of z¢,
we can easily check that P has no jumps on (—d,4) \ {0}. What remains are
jumps on the contour (Xg\ R)NUs = U§:1 ¥;, which is shown in Figure 3.
We have reversed the orientation of 39 and X3 towards infinity, so that now
the orientation of the X;’s corresponds to the orientation of the I';’s in Fig-
ure 1. The contour divides Us into four regions I,II,IITI and IV, also shown
in Figure 3.

We will now determine the jump relations for P. By (3.15), (3.23), and
(3.26), P should have the following jump matrix on ¥,

(3.28) P_(2)"'Py(2)

w(z) "tz 1

B 1 0\ (1 0
- w(z)fl‘zQaefﬂ'ia 1 - e*ﬂ'ia 1/

For z € ¥ we have, because of the reversal of the orientation, an extra minus
sign in the (2, 1)-entry of the jump matrix. The result is

(3.29) P_(2)"'Py(2) = <—w(z)11 o0 —min ?) = (_ 1m (D :

z7e (&

_ engot(z)crgeéﬁiaogz—aag < 1 0> Zacrge—%ﬂ'iaoge—mpt(z)ag
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1 0
_eﬂ’ia 1

1 0
e*ﬂ'ia 1

Figure 3: Contour and jumps for the RH problem for p.

where the latter equality follows from the fact that w(z)~ 122 = 2™ by
(3.15), since Rez < 0 in this case. By equations (3.24) and (3.27), the jump
matrices for P on X3 and ¥4 can be determined similarly. The result is that

R 1 6—7rio¢
P_(z , for z € 33,
<><0 1 ) ;

R 1 _e7rio¢
P_(z , for z € ¥y.
<><0 1 ) ;

We arrive at the following RH problem for P. If it is satisfied by P then P
defined by (3.26)—(3.27) satisfies the parts (a), (b), and (d) of the RH problem
for P.

(3.30) Pi(z) =

The RH problem for P.
(a) P is defined and analytic in Uy \ U, % for some ' > 4.

(b) P satisfies the following jump relations

~ 1 0
P_(z) < e ) , for z e ¥y,
e 1

1 0

P_(z) ( : , for z € 3o,

N e q

(3.31) Pi(z) = |

P_(z , or z € R
G, :

N 1 767ri04
P_(z , for z € Xy.
(2 (0 1 ) ;
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(¢) P has the following behavior near the origin. If o < 0,

21 ]2

(3.32) P(z)=0 <z\o‘ |z|"‘) , as z — 0,

and if o > 0,

—Q —
(9<|Z| 12 ), asz — 0, z € I UIII,

—Q | —Q

2% [27
(3.33) P(z)=< 0O 2 o) as z — 0, z € 1I,
z z
—Q e
O 12 12 , asz—0,z€elV.
“ e e

Note that if P has the behavior near the origin as described in part (c) of the
RH problem, then P defined by (3.26) and (3.27) has the same behavior near
the origin as S, as required by part (d) of the RH problem for P.

Step 2: Construction of P.  Observe that the jump matrices and the
behavior near the origin of the RH problem for p correspond exactly to the
jump matrices and the behavior near the origin of the RH problem for ¥,. We
use the solution of the latter RH problem to solve the RH problem for P.

We seek P in the form

(3.34) ]3(2) =1, (nl/gf(z); nz/SSt(Z)) )

where f and s; are analytic functions on Us which are real on (—4,4), and s;
is such that

(3.35) n*3s,(z) € C\ Py,  for z € Uy,

where P, is the set of poles of q,. In addition, f is a conformal map from
Us onto a convex neighborhood f(Us) of 0 such that f(0) = 0 and f’(0) > 0.
Depending on f we open the lens around [ay, b;] such that that f(X;) =T for
i1 =1,2,3,4, where the I';’s are the jump contours for the RH problem for ¥,;
see Figure 1. Recall that the lens was not fully specified and we still have the
freedom to make this choice.

It remains to determine f and s; so that the matching condition for P is
also satisfied. Here we again follow [9]. As in [9, §5.6] we take
(3.36)

10 =2 [ - (“"“”)m £O(2), asz—0,

8
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Then f is analytic with f(0) = 0 and f’(0) > 0, it does not depend on ¢,
and it is a conformal mapping on Us provided § is small enough. Since the
right-hand side of (3.37) is analytic and vanishes for z = 0, we can divide by
f(z) and obtain an analytic function s;. From [9, (5.26)], we get that there
exists a constant K > 0 such that

(3.38)  |si(2) — w2 (t — Dws, (0)| < K (t — 1)|2| + o(t — 1) ast — 1,

uniformly for z in a neighborhood of 0. Now assume that [n?/3(t — 1)| < M
with n large enough. Then it easily follows from (3.38) and the fact that g,
has no real poles, that there exists a 6 > 0, depending only on M, such that

(3.39) [Im n?/3s,(2)| < min{|Im s| | s is a pole of g, } for |z| < 6.

Then (3.35) holds and (3.34) is well-defined and analytic since ¥, ((; s) is jointly
analytic in its two arguments, see Remark 2.9.
It follows from (3.36) and (3.37) that

0t +(0) — @(2), ifImz >0,

(340) i [g F(2)P + s4(2) f(z)} _

0t +(0) + ¢i(2), ifImz <O,

see also [9, §5.6]. Hence by (2.5), which by Remark 2.9 holds uniformly for s
in compact subsets of C \ P,, we have

(3.41) ﬁ(z) =0, <n1/3f(z);n2/33t(z)> [I + O(l/nl/g) en«pt,+(0)o3

e ()75 if Tmz > 0,
X
ener(2)os if Tm 2 < 0,

as n, N — oo, uniformly for z € 9Us.

Step 3: Matching condition. In the final step we determine F such that
the matching condition (c) of the RH problem for P is satisfied. By (3.26),
(3.27), and (3.41) we have for z € 9Us,

E(z) [T +0O(1/n!/?)] ener+(0)0s g3 mia0s y—aos if Imz >0,

P(z) = 0 —1

B(2) [+ O(1/n\/3)] enéus @s dmias (1 ;

) z7%s ifImz <0,
as n, N — co. This has to match the outside parametrix P(°), so that we are
led to the following definition for the prefactor F(z), for z € Us:
(3.42)

P(%0) ()093~ 31003 o111 (0)0s if Imz >0,

0 1
1 P(oo) aos
[lex] (2)z (_1 0

E(Z) — ) efémaoge—n%#(o)ﬂ’ ifImz < 0.
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Figure 4: The contour X after the third and final transformation.

One can check as in [35], [41] that E is invertible and analytic in a full neighbor-
hood of Us. In addition we have the matching condition (3.25). This completes
the construction of the parametrix near the origin.

3.7. Third transformation: S — R. Having the parametrices P(°) p(a:)
P®) and P, we now define

S(z)P~1(2), for z € Us,
z (@)~ (z or z a
sy ne = | SOE O st
S(z) (P(bt)) (z), for z € Us(b),
| S(2) (P! (2), for 2z € C\ (Us UUs(a) UUs(b) USg).

Then R has only jumps on the reduced system of contours Xz shown in Fig-
ure 4, and R satisfies the following RH problem; cf. [9]. The circles around 0,
a; and b; are oriented counterclockwise.

The RH problem for R.
(a) R:C\ Xg — C?*? is analytic.
(b) Ri(z) = R_(2)vg(z) for z € ¥g, with

,

P)(pled)=1 on 9Us(a),

P (PO)=1 on 9Us(b),
(3.44) VR =
P p-1 on 9Uj,

\P(OO)US(P(OO))_l, on the rest of Xg.
(c) R(z)=1+0(1/z2), as z — 00,

(d) R remains bounded near the intersection points of ¥g.
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Now we let n, N — oo such that [n?3(n/N —1)| < M, so that & does not
depend on n. Then it follows from the construction of the parametrices that

I+0(1/n), on OUs(a) U 0Us(b),

(3.45) VR =4 I+ O(n~1/3), on AU,
[lex]l + O(e™"), on the rest of ¥p,

where v > 0 is some fixed constant. All O-terms hold uniformly on their
respective contours.

For large n, the jump matrix of R is close to the identity matrix, both in
L and in the L?-sense on ¥ i. Then arguments as in [11], [16], [17] (which are
based on estimates on Cauchy operators as well as on contour deformations),
guarantee that

(3.46) R(z) =1+ O(n~'/3), uniformly for z € C\ g,

as n, N — oo such that [n?/3(n/N —1)| < M.

This completes the steepest descent analysis. Following the effect of the
transformation on the correlation kernel K, y and using (3.46) we will prove
the main Theorem 1.2. This will be done in the next section. For the proof of
Theorem 1.7 we need to expand vg(z) in (3.45) up to order n=/3, from which
it follows that

RM(z)

3 T O(n=2/3), uniformly for z € C\ g,
n

R(z) =1+

with an explicitly computable R(l)(z). The asymptotic behavior of the recur-
rence coefficients is expressed in terms of R and this leads to the proof of
Theorem 1.7 which will be given in Section 5.

Remark 3.1. The steepest descent analysis was done under the assump-
tion that supp(vy) consists of one interval. In the multi-interval case, the
construction of the outside parametrix P(°°) is more complicated, since it uses
©-functions as in [16, Lemma 4.3] and the Szegé function for multiple intervals
as in [35, §4]. With these modifications the asymptotic analysis can be carried
through in the multi-interval case without any additional difficulty.

4. Proof of Theorem 1.2

As in the statement of Theorem 1.2, we assume that n, N — oo with
n?/3(t — 1) — L, where t = n/N. Let M > |L| and take n sufficiently large
so that |n?/3(t — 1)] < M. Let § > 0 be such that (3.39) holds. We start by
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writing the kernel K,, y explicitly in terms of the matrix-valued function ®,
defined in (2.33). For notational convenience we introduce

(4.1) B(2) = R()E(2),
where E and R are given by (3.42) and (3.43), respectively.

PROPOSITION 4.1. Let z,y € (—=6,0) \ {0}. Then

(4.2)
1

K, =—

eéﬂia(sgn(x)—i—sgn(y)) (0 1) (I)(;l (nl/?’f(y);nQ/?’st(y))

<5 () BB (1o (0) (g).
where Oy, is as given by (2.33).
Proof. From (3.3), (3.10), and the fact that NV = nV,, the kernel K, n
can be written as
Kon(z,y)= ‘x,aeén(2gt,+(:v)—‘4(:v)+&)‘y,aeén(2gt,+(y)—‘4(y)+&)
1 . 1
— 1)T T .
Using the relation

2014 —Vi+ b =—2p1  on[ay by,
see [9], and (3.16) to express T in terms of S), we find for z and y in

(
(at, bt) \ {0},
(4.3

_ lafeemee @gloeen ) 1 0) g1
Knn(z,y)= omi(z — y) (O 1) _‘y’f2ae2n<pt,+(y) 1 Sy (¥)
1 0 1
XS+($) <|1‘|_20‘62n%’+(x) 1) <0>

1

- - —aos np: 4 (y)os g—1

X Sy () |x]|@os e e+ (@) (D )

We further simplify this expression by writing S in terms of R and the
parametrix P near the origin. Consider the case that x € (0,0). Then, since
St (z) = R(z)Py(z) by (3.43), we have by (3.26),

(4.4) Sy (x) = B(x)P(z)e2™0%n¢ur ()05 |00 for 1 € (0,6),
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where B is given by (4.1). By (4.4), (3.34), and (2.33) we then find for
z € (0,0),

(45)  Sy(@alrrenens G)

= B(2)®q (nl/3f(x);n2/3st(x)> <—e}7”'a (1)> 37003 G)

_ e%wiasgn(m)B(x)(I)a <n1/3f(x)§ n2/38t(1’)> <(1)> .

A similar calculation shows that (4.5) also holds for z € (—4,0). Similarly, we

have

(46) (=1 1) fylomsenen0ugiiy)

= eimiesm) (0 1) @t (01 f(y)n*si(y)) B (),

for y € (=4,6) \ {0}. Inserting (4.5) and (4.6) into (4.3), we arrive at (4.2),
which proves the proposition. O

Proof of Theorem 1.2. Let u,v € R\ {0}, and put u, = u/(cn1/3) and
vp = v/(en'/3) with ¢ given by (1.19). Note that, by (3.36),

(4.7) nlglt;lo n'3 f(uy) = u, T}Lngo 3 f(vy) = v.

Furthermore, by (3.38), (1.19), and (1.20),

In?3s,(2) — 5| < Kn?3(t — 1)|z] + n?Po(t — 1) + [n?3(t — 1) — L|wc"Pwg, (0)
uniformly for z in a neighborhood of 0. Then it easily follows that, since
n?B(t—1) — L,

(4.8) lim n2/3st(un): lim n2/3st(vn):5.
n,N—oo n,N—oo

Now, similarly, as in [35], we use the fact that the entries of B are analytic and
uniformly bounded in Ug, to obtain

(4.9) lim B~ (v,)B(u,) = I.

n,N—o0

Inserting (4.7), (4.8), and (4.9) into (4.2), we find that

lim

S mKn,N(unavn)

1 1 ]
e — ETF’LOé(Sgn(u)—i—sgn(v)) 1 (I)_l . (I) )
27rz(u — U)e (0 ) e (’U7$) a(u, S) <O>
Lria(sgn(u)+sgn(v)) D1 (u;8)Pa2(v; ) — P 1(v; 8)Pa2(u; S)'
27i(u — v)

= —e

This completes the proof of Theorem 1.2. O
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5. Proof of Theorem 1.7

In this section we determine the asymptotic behavior of the recurrence
coefficients a,, x and b, y as n, N — oo such that [n*3(n/N —1)] < M for
some M > 0. As in Theorem 1.7 we assume that Sy = [a, b] is an interval, and
that there are no other singular points besides 0. Then it follows that supp(t)
consists of one interval [a, b;] if ¢ is sufficiently close to 1. In addition we have
that the endpoints a; and b; are real analytic functions in ¢, see [32, Th. 1.3],
so that

(5.1) a=a+0m 3, b =b+ 003,

since t =n/N =1+ O(n=2/3).

We make use of the following result; see for example [11], [17]. Let Y
be the unique solution of the RH problem for Y. There exist 2 x 2 constant
(independent of z, but depending on n, N) matrices Y7, Y2 such that

-0 Y1 Y
Y(z)(zo zn>:I+;+Z§+O(l/zg), as z — 00,

and
(Y2)12
(Y1)i2

We need to determine the constant matrices Y7 and Ys. For large |z| we have
by (3.10), (3.16) and (3.43) that

(5.2) an,N =V (Y1)12(Y1)21, bon = Y1)11 +

(5.3) Y(Z) — 6_%n€ta3R(z)P(oo)(z)engt(z)a?’e%"&%'
So in order to compute Y; and Y5 we need the asymptotic behavior of P(>) (2),
en9t ()3 and R(2) as 2 — .

Asymptotic behavior of P(>°)(z) as z — co. (From (3.19) and (3.22) it is
straightforward to determine the asymptotic behavior of the scalar functions
D(z) and ((z) as z — co. Indeed, as z — oo,

,8(z)+26(z)‘1 B(Z)*zﬂ‘(Z)‘1
BR)=B(z)"'  BR)+B(z)"!
—2i 2

. 71 . 0 — 1 E 2 2 * 1 i 3
-y (3 ) Teger-a (0] 1) Srowss,

D(z)"% = [I - %(bt + ay) (é _01) 1y (; S) 21—2+ O(l/zﬂ D,
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where * denotes an unspecified unimportant entry. Inserting these equations
into (3.21) and using (5.1) gives us the asymptotic behavior of P(*) at infinity,

(5.4) Py =T+—21— + 22 +0(1/2%), as z — 00,
z
with
—Y(by+ar) L(bi—a
(5.5) Pl(oo) _ Dgg’ 2( t t) 4( t t) D=
—i(bt — at) %(bt + CLt)
~2(b+a) t(b—a
g (20 D 4+ 0=,
—gb—a) S(b+a
and
(5.6)
* a4+ 1)(b? —a?
P pos o g(a+ 1) —af) Do
%(a—l)(bt —aji) *
* Lla+1)(b% —a?
= DZ slot 1 v %+ O(n~2/3)
%(a—l)(bQ—aQ) *

Asymptotic behavior of €"9+(9)% g5 » — c0. By (3.9),

-n O> Gq Gy

ng:(z)os z _ 3
(5.7) en9e(2) (O o —I+7—|—?—|—(’)(1/z), as z — 00,

with
b
(5.8) G, = —n/ yi(y)dy <(1) _01> ’ Gy = <Z<) 2) ’

Asymptotic behavior of R(z) as z — oo.  The computation of R; and
Ry is more involved. For z € 9Us N C,, we have by (3.44), (3.26), (3.34),
and (3.42),

(5.9)  wr(z) = P (2)P71(2)
— p() (Z)Zocage—%m‘aage—n%(z)as \Ij;l(nl/?)f(z); n2/38t(z))

« enapt,_F(O)crgeéﬁiaongaog (P(oo))fl (Z)

Using (2.28) and (3.40), we then find

AWM (z)

—-2/3
O,

(5.10) vr(z) =1+
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where

1
%G
. < ua(?P(z)  ga(nsi(2)

~0a(n*s4(2))  —ua(n®?si(2)

(5.11) AW(z) =

(00) (Z)Zaog ef%ﬂia03€7n¢t7+(0)03

)) eng@t,Jr(O)Uge%mongz—aag (P(oo))—l(z)’

for z € OUs; N C4. A similar calculation leads to an analogous formula for
z € OU; N C_, which together with (5.11) shows that A(1) has an extension to
an analytic function in a punctured neighborhood of 0 with a simple pole at 0.

To calculate the residue at 0, we use (3.19) together with the fact that
¢+ (x) = exp(iarccosz) for = € [—1,1] to find

) D(z) ( ) < bt+at)>
lim = exp | —taarccos | — ,

z—04i0 2% bt — Q¢

so that by (3.20)

(5.12)
lig?r‘o P(m)(z)za"?’e_%“w?’ = D3 ﬁfo)(())eiaet”‘”’, with 6; = arcsin —thgt.
z— (A t t

Also note that by (3.7), (3.11), and (1.29),

b:
(513) —g0t7+(0) =T "l/Jt(ZE)dJI = m’wt.
0

Now use (3.36), (1.19), (5.12), and (5.13) in (5.11) to find

(5:14) Res(A;0) = — 5 DR P @)elrmertoror
ua(n2/3st(0)) qa(n2/35t(0)) —i(mnwitab)os H(00)y—1 —03
X([lex}—qa(n”?’st(O)) —ua(n?/35,(0))) € (P (0D

Combining (3.37), (3.36), and (3.7) we see that n%/3s,(0) = s;,, as defined in
(1.27). From (3.20), (3.21), and (3.22) it follows that

N B+(0)+B+(0) ' B+(0)—B+(0) "
(c0) (0) = 2 2
B+ (0)*2@+ (0) B+ (0)+25+ ©) ’

where 34(0) = e™/4 (=by Ja;)"/*.
We insert this into (5.14) and after some straightforward calculations we
find

(5.15) —Res(A(l); 0) = D22 (rio1 + rao2 + r303) D72,
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where the Pauli matrices are o1 = (94), 02 = (9 ), and o3 = ({ °; ), and

(5.16)

1 + — At
ry = S + qals
= i (sl + sl

= _i, <Uoz(5t,n)2li/__% + qa(St’n)N% sin(2mnw; + 2a9)> +O(n~2/3),

sin(2mnw; + 20400)

(5.17) ro = qa(;ctn) cos(2mnwy + 2a6y)
= %(282”) cos(2mnw; + 2a8) + O(n~2/3),
(5.18)
1 b — au b + ay
5. | da\Stn 2 2a0 o(Stn) —— —
" e <q (stn) 5 g Sin(2mnws + 206,) + uals, )2\/7156)
2i (qa(St,n)2\/__% sin(2mnw; + 2a0) + ua(stm);i/%) +0(n —2/3)
where we used (5.1).
From (5.10),
(1)
(5.19) R(z) =1+ : 1/(;) +0O(n~23),
n

where Rg_l) = RY + A® on 9U; and RMW(2) — 0 as z — oo. Since AW is
analytic with a simple pole at z = 0, we can find explicitly

—%ReS(A(l); 0) 4+ AM(z), for z € U,

(5.20) RW(z) = _
—1Res(AM;0), for z € C\ Us.
As in [17] the matrix-valued function R has the following asymptotic behavior
at infinity,
R Ry
(5.21) R()_I—i——l—i———i—(’)(l/z) as z — oo.

The compatibility with (5.19) and (5.20) yields that
(5.22) Ri = —Res(AD;0)n 2+ 0(n™??), Ry =0O(n?/?),

Now, we are ready to determine the asymptotics of the recurrence coeffi-
cients.
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Proof of Theorem 1.7. Note that by (5.3), (5.4), (5.7) and (5.21),

(5.23) Vi = 5o [P 4 Gy 4 Ry B
and
(5.24)

}/2 =€ 271&03 [ 2(00) + GQ + R2 + Rlpl(oo) + ( _|_ Rl) nﬂtag

We start with the recurrence coefficient a, n. Inserting (5.23) into (5.2)

and using (5.5) and the facts that (G1)i2 = (G1)2a1 = 0 (by (5.8)), and
(R1)12(R1)21 = O(n=2/3) (by (5.22)), we obtain

ann = [(PE)12(PP)a1 + (PP)12(R)ar + (P)a1 (R + O(n=2/3)
{

1/2

2
— [(b;a> —f—jb;a (Dgo(Rl)Ql _D<>_02(R1)12) O

- .
= “ 4 % (D%(R1)21 — D32(Ri)12) + O(n=2/3).

From (5.22) and (5.15) we then arrive at,

b—
(525) (]/n’N = Ta — 742n_1/3 + O(n—2/3)

_b—a  qa(stn) cos(2mnw; + 2a8)
4 2c

Next, we consider the recurrence coefficient b, . Inserting (5.23) and
(5.24) into (5.2), and using the facts that (G1)11 + (G1)22 = 0 (by (5.8)), and
(R2)12 = O(n=%/3) (by (5.22)) we obtain

n~3 4 O(n23).

(P12 + (Ri P10 + O(n?3)
(Pl(oo) + Ri)12

bp N = (Pl(oo))n + (Ri)11 +

= (P(OO))H + (R1)11 + (1 - 7(1%;)12 + O(n_2/3)>

(00) (00)
X <(P2 )12 + (Ry)u + 7(13100 )22 (R1)12 + O(n_2/3)> )

(P12 (P
From equations (5.5), (5.6), (5.22), and (5.15), we then arrive at
b b
(5.26) bpN = —12_ a +2(Ri)11 + 21b ta 0_02(R1)12 + O(n_2/3)
= b —12— 4o <r3 + ZZ i— Z(rl - irg)) + O(n=2/3%).
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Using (5.16), (5.17), and (5.18) in (5.26) we will see that the terms con-
taining u, cancel against each other. What remains are the terms containing

o

b b
(5.27) bp N = ta + dalstn) | bt a cos(2mnwy + 20)
’ 2 c b—a
2v/—ab .
+ 5 a sin(2mnwy + 2040)] nY3 4 On23).
—a
Since Zf—i = sinf and va__;b = cosf, we can combine the two terms within

square brackets and the result is

(5.28) bn,N _ b "g a + Qa(st,n) Sin(27T7”LCUJt + (20& + 1)9) n_l/g + O(n_2/3)'
Theorem 1.24 is proven by (5.25) and (5.28). 0
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