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Entropy and the localization
of eigenfunctions

By NALINI ANANTHARAMAN

Abstract

We study the large eigenvalue limit for the eigenfunctions of the Laplacian,
on a compact manifold of negative curvature — in fact, we only assume that the
geodesic flow has the Anosov property. In the semi-classical limit, we prove
that the Wigner measures associated to eigenfunctions have positive metric
entropy. In particular, they cannot concentrate entirely on closed geodesics.

1. Introduction, statement of results

We consider a compact Riemannian manifold M of dimension d > 2, and
assume that the geodesic flow (¢');cr, acting on the unit tangent bundle of
M, has a “chaotic” behaviour. This refers to the asymptotic properties of
the flow when time t tends to infinity: ergodicity, mixing, hyperbolicity...:
we assume here that the geodesic flow has the Anosov property, the main
example being the case of negatively curved manifolds. The words “quantum
chaos” express the intuitive idea that the chaotic features of the geodesic flow
should imply certain special features for the corresponding quantum dynamical
system: that is, according to Schrodinger, the unitary flow (exp(iht%)) teR
acting on the Hilbert space L?(M), where A stands for the Laplacian on M
and A is proportional to the Planck constant. Recall that the quantum flow
converges, in a sense, to the classical flow (g') in the so-called semi-classical
limit 7 — 0; one can imagine that for small values of i the quantum system
will inherit certain qualitative properties of the classical flow. One expects, for
instance, a very different behaviour of eigenfunctions of the Laplacian, or the
distribution of its eigenvalues, if the geodesic flow is Anosov or, in the other
extreme, completely integrable (see [Sa95]).

The convergence of the quantum flow to the classical flow is stated in the
Egorov theorem. Consider one of the usual quantization procedures Opy, which
associates an operator Op,(a) acting on L?(M) to every smooth compactly
supported function a € C°(T*M) on the cotangent bundle T*M. According
to the Egorov theorem, we have for any fixed ¢
exp (—z’tm> -Opp(a) - exp <ztm> — Opp(aogh) =0(h).

2 2 L2(M)  h—0
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We study the behaviour of the eigenfunctions of the Laplacian,
—h* Ay, = Yy,

in the limit A — 0 (we simply use the notation h instead of h, and now
—# ranges over the spectrum of the Laplacian). We consider an orthonormal
basis of eigenfunctions in L?(M) = L?(M,dVol) where Vol is the Riemannian
volume. Each wave function vy, defines a probability measure on M:

[Yn(2)[*dVol(z),

that can be lifted to the cotangent bundle by considering the “microlocal lift”,

vt a € C(T*M) = (Opy(a)tbn, ¥n) L2 (a),

also called Wigner measure or Husimi measure (depending on the choice of
the quantization Opy,) associated to the eigenfunction 1y,. If the quantization
procedure was chosen to be positive (see [Ze86, §3], or [Co85, 1.1]), then the
distributions vps are in fact probability measures on T*M: it is possible to
extract converging subsequences of the family (vp,)n—0. Reflecting the fact
that we considered eigenfunctions of energy 1 of the semi-classical Hamiltonian
—h2A, any limit vy is a probability measure carried by the unit cotangent
bundle S*M C T*M. In addition, the Egorov theorem implies that 1 is
invariant under the (classical) geodesic flow. We will call such a measure v
a semi-classical invariant measure. The question of identifying all limits 1y
arises naturally: the Snirelman theorem ([Sn74|, [Ze87], [Co85], [HMRS&7])
shows that the Liouville measure is one of them, in fact it is a limit along a
subsequence of density one of the family (v,), as soon as the geodesic flow acts
ergodically on S*M with respect to the Liouville measure. It is a widely open
question to ask if there can be exceptional subsequences converging to other
invariant measures, like, for instance, measures carried by closed geodesics.
The Quantum Unique Ergodicity conjecture [RS94] predicts that the whole
sequence should actually converges to the Liouville measure, if M has negative
sectional curvature.

The problem was solved a few years ago by Lindenstrauss ([Li03]) in the
case of an arithmetic surface of constant negative curvature, when the func-
tions vy, are common eigenstates for the Laplacian and the Hecke operators;
but little is known for other Riemann surfaces or for higher dimensions. In
the setting of discrete time dynamical systems, and in the very particular
case of linear Anosov diffeomorphisms of the torus, Faure, Nonnenmacher and
De Bievre found counterexamples to the conjecture: they constructed semi-
classical invariant measures formed by a convex combination of the Lebesgue
measure on the torus and of the measure carried by a closed orbit ([FNDBO03]).
However, it was shown in [BDBO03] and [FNO04], for the same toy model, that
semi-classical invariant measures cannot be entirely carried on a closed orbit.
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1.1. Main results. We work in the general context of Anosov geodesic
flows, for (compact) manifolds of arbitrary dimension, and we will focus our
attention on the entropy of semi-classical invariant measures. The Kolmogorov-
Sinai entropy, also called metric entropy, of a (g')-invariant probability measure
vy is a nonnegative number hy (1) that measures, in some sense, the complex-
ity of a vg-generic orbit of the flow. For instance, a measure carried on a
closed geodesic has zero entropy. An upper bound on entropy is given by the
Ruelle inequality: since the geodesic flow has the Anosov property, the unit
tangent bundle S'M is foliated into unstable manifolds of the flow, and for
any invariant probability measure 1y one has

[ o1 wino).
STM

where J*(v) is the unstable jacobian of the flow at v, defined as the jacobian of
g~ ! restricted to the unstable manifold of g'v. In (1.1.1), equality holds if and

(1.1.1) he(vo) <

only if 1 is the Liouville measure on S'M ([LY85]). Thus, proving Quantum
Unique Ergodicity is equivalent to proving that hg(vo) = | [4:,,log Judig| for
any semi-classical invariant measure 1. But already a lower bound on the
entropy of vy would be useful. Remember that one of the ingredients of Elon
Lindenstrauss’ work [Li03] in the arithmetic situation was an estimate on the
entropy of semi-classical measures, proven previously by Bourgain and Linden-
strauss [BLi03]. If the (1)p,) form a common eigenbasis of the Laplacian and all
the Hecke operators, they proved that all the ergodic components of 1y have pos-
itive entropy (which implies, in particular, that 1y cannot put any weight on a
closed geodesic). In the general case, our Theorems 1.1.1, 1.1.2 do not reach so
far. They say that many of the ergodic components have positive entropy, but
components of zero entropy, like closed geodesics, are still allowed — as in the
counterexample built in [FNDBO03] for linear hyperbolic toral automorphisms
(called “cat maps” thereafter). For the cat map, [BDB03] and [FNO04] could
prove directly — without using the notion of entropy — that a semi-classical
measure cannot be entirely carried on closed orbits ([FN04] proves that if 1
has a pure point component then it must also have a Lebesgue component).
Denote

A=— sup logJ“(v) > 0.
veSTM

For instance, for a d-dimensional manifold of constant sectional curvature —1,
we find A =d — 1.

THEOREM 1.1.1. There exist a number K > 0 and two continuous decreas-
ing functions 7: [0,1] — [0,1], ¥: (0,1] — R4 with 7(0) = 1, ¥(0) = +o0,
such that: If vy is a semi-classical invariant measure, and

vy = / vy dvg ()
S*M
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1s its decomposition in ergodic components, then, for all § > 0,

w ()= 2 oy) = (5) @),
( 21-9) = (565

This implies that hqg(vg) > 0, and gives a lower bound for the topological entropy
of the support, hiop(supp vp) > %

What we prove is in fact a more general result about quasi-modes of order
h|log h|~1:

THEOREM 1.1.2. There are a number k > 0 and two continuous decreas-
ing functions 7: [0,1] — [0, 1], ¥: (0,1] — R4 with 7(0) = 1, ¥(0) = +oo,
such that: If (1) is a sequence of normalized L? functions with

I(=h*A — 1)t r2ar) < chllogh|™!,

then for any semi-classical invariant measure vy associated to (vyp,), for any
0 >0,

Aa-op) 2 - ro) (o c00)) e
5 > T 900) c CR.

2 <{x, he(vy) > X

If ¢ is small enough, this implies that vy has positive entropy.

Remark 1.1.3. The proof gives an explicit expression of ¥ and 7 as contin-
uous decreasing functions of J; they also depend on the instability exponents
of the geodesic flow. I believe, however, that this is far from giving an optimal
bound. In the case of a compact manifold of constant sectional curvature —1,
an attempt to keep all constants optimal in the proof would probably lead to
& =1, 7 is any number greater than 1 — $, and ¥ = (2(7 — (1 — 5/2)))_1 -
which still does not seem optimal.

The main tool to prove Theorems 1.1.1 and 1.1.2 is an estimate given in
Theorem 1.3.3, which will be stated after we have recalled the definition of
entropy in subsection 1.2. The method only uses the Anosov property of the
flow, and should work for very general Anosov symplectic dynamical systems.
In [ANO5], this is implemented (with considerable simplification) for the toy
model of the (Walsh-quantized) “baker’s map”, for which Quantum Unique
Ergodicity fails obviously. For that toy model we can also prove the following
improvement of Theorem 1.1.1:

CONJECTURE 1.1.4. For any semi-classical measure vy,

1
hg(VO) > 5

/ log J*(v)dvy(v)] .
StM
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We believe this holds for any Anosov symplectic system. Conjecture 1.1.4,
if true, is optimal in the sense that the lower bound is reached for certain
counterexamples to Quantum Unique Ergodicity (QUE) encountered for the
baker’s map or the cat map. In the same paper [AN05], we also show that
Theorem 1.1.1 is optimal for the baker’s map, in the sense that we can con-
struct an ergodic semi-classical measure, with entropy A/2, whose support has
topological entropy A/2. Thus, Theorem 1.1.1 should not be interpreted as a
step in the direction of QUE, but rather as a general fact which holds even
when QUE is known to fail.

It seems that an improvement of Theorem 1.1.1 would have to rely on a
control of the multiplicities in the spectrum, which are expected to be much
lower for eigenfunctions of the Laplacian than in the case of the cat map or
the baker’s map (where they are of order (h|logh|)~! for certain eigenvalues).
For a negatively curved d-dimensional manifold, the number of eigenvalues in
the spectral interval (h=2 — c(h|logh|)~t, h=2 + ¢(h|log h|)~!) is bounded by
(2¢ + K)h4'1og h|~!, where 2ch?!|log h|~! comes from the leading term in
Weyl’s law and Kh? 1| logh|~! is the remainder term obtained in [Be77]. The
possible behaviour of quasi-modes of order ch|logh|™! depends in a subtle
way on the value of ¢, which controls the multiplicity and thus our degree
of freedom in forming linear combinations of eigenfunctions. The theorem
only proves the positive entropy of 1y when c is small enough. On the other
hand, when c¢ is not too close to 0, it should be possible to construct quasi-
modes of order ch|logh|~! for which vy has positive entropy but nevertheless
puts positive mass on a closed geodesic. For the cat map, we note that the
counterexamples constructed in [FNDBO03| concern eigenvalues of multiplicity
Ch|logh|~! for a very precise value of C' (related to the Lyapunov exponent),
and that the construction would not work for smaller values of C'. For (genuine)
eigenfunctions of the Laplacian, such counterexamples should not be expected
if the multiplicity is really much lower than the general bound h?~!|log h|~! —
however, just to improve the multiplicative constant in this bound requires a
lot of work (see [Sa-hp] in arithmetic situations).
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me the first hint that the results of [A04] could be related to the quantum
unique ergodicity problem. I am very grateful to Yves Colin de Verdiere,
who taught me so much about the subject. Thanks to Peter Sarnak, Elon
Lindenstrauss, Lior Silberman and Akshay Venkatesh for thrilling discussions
in New-York and Princeton. Elon Lindenstrauss noticed that Theorem 1.1.1
was really about metric entropy, and not topological entropy as had appeared
in a preliminary version. Last but not least, I am deeply grateful to Stéphane
Nonnenmacher, who believed in this approach and encouraged me to go on.
The proof of Theorem 1.3.3 presented in this final version is the fruit of our
discussions.
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In the next paragraph we recall the definition of metric entropy in the
classical setting. Then, in paragraph 1.3, we try to adapt the construction
on a semi-classical level; we construct “quantum cylinder sets” and try to
evaluate their measures. Theorem 1.3.3 proves their exponential decay beyond
the Ehrenfest time, and gives the key to Theorems 1.1.1, 1.1.2.

1.2. Definition of entropy. Let S'M = Py - --U P, be a finite measurable
partition of the unit tangent bundle S'M. The entropy of vy with respect to
the action of geodesic flow and to the partition P is defined by

. 1 ) )
hg(VO7P):n£>H—I{oo_ﬁ Z I/0<PO(0 ﬂg 1P0¢1mg ’nPan)
(Oéj)e{l,.,,7l}n,+1

X log vg(Pay N g 'Py, ---Ng "Py)

. 1 —1 —-n
*%Iellf\]_ﬁ Z VO(Pozomg Py, ---Nyg Pan)
(Ozj)e{l,...,l}"+l

x log VO(Pao N gilpal - N ginPan).

The existence of the limit, and the fact that it coincides with the inf follow
from a subadditivity argument. The entropy of vy with respect to the action
of the geodesic flow is defined as

hg(vo) = 81113p hg(vo, P),

the supremum running over all finite measurable partitions P. For Anosov
systems, this supremum is actually reached for a well-chosen partition P (in
fact, as soon as the diameter of the P;s is small enough). In the proof of
Theorem 1.1.2, we will use the Shannon-MacMillan theorem which gives the
following interpretation of entropy: if vy is ergodic, then for vy-almost all x,
we have

1

- log vy (PY"(z)) e —hg(vp, P)
where PV"(z) denotes the unique set of the form P,, N g~ 'P,, ---Ng "P,,
containing z. It follows that, for any € > 0, we can find a set of vy-measure
greater than 1—e that can be covered by at most e™(s(*0:P)+€) sets of the form
PoyNg Py, -+~ N g ™P,, (for all n large enough).

The entropy is nonnegative, and bounded a priori from above; on a com-
pact d-dimensional riemannian manifold of constant sectional curvature —1,
the entropy of any measure is smaller than d — 1; more generally, for an Anosov
geodesic flow, one has an a priori bound in terms of the unstable jacobian,
called the Ruelle inequality (see [KH]): hg(10) < | [q1,, log J*drg|, with equal-
ity if and only if 14 is the Liouville measure on S*M ([LY85]).

For our purposes, we reformulate slightly the definition of entropy. The
following definition, although equivalent to the usual one, looks a bit different,
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in that we only use partitions of the base M: the reason for doing so is that
we prefer to work with multiplication operators in paragraph 1.3, instead of
having to deal with more general pseudo-differential operators.

Let P = (Py,...P) be a finite measurable partition of M (instead of
SIM); we denote /2, (¢ > 0) an upper bound on the diameter of the P;s. We
consider P as a partition of the tangent bundle, by lifting it to T'M.

Let ¥ = {1,...1}%. To each tangent vector v € S'M one can associate
a unique element I(v) = (a;)jez € X, such that g/v € P,, for all integers j.
Thus, we define a coding map I: S'M — X. If we define the shift o acting
on X by

o((y)jez) = (@j+1)jez,
then Tog'! =0ol.

We introduce the probability measure g on X, the image of vg under the
coding map I. More explicitly, the finite-dimensional marginals of ug are given
by

,uo([ao, . ,an_l]) = 1p(Pa, N g_lPa1 <N g_”‘HPaﬂ ),
where we have denoted [ay, ..., a,—1] the subset of ¥, formed of sequences in
Y. beginning with the letters (ay, ..., a,—1). Such a set is called a cylinder set
(of length n). We will denote X, the set of cylinder sets of length n: they form
a partition of X.

Since vy is carried by the unit tangent bundle, and is (g!)-invariant, its
image o is o-invariant. The entropy of pg with respect to the action of the
shift o is

(1.2.1) he (p0) = ngrgoo—ﬁ > 10(C) log 1o(C)
cex,
(1.2.2) —mf—— Z po(C)log 1o(C) = hy(ro, P).
CEEn

The fact that the limit exists and coincides with the inf comes from the remark
that the sequence (= ccy; 10(C)1og 1o(C))nen is subadditive, which follows
from the concavity of the log and the o-invariance of pg (see [KH]). We have
decided to work with time 1 of the geodesic flow; it is harmless to consider
partitions P depending only on the base, if the injectivity radius is greater
than one — which we can always assume. If the diameter of the P;s is small
enough, the partition P and its iterates under the flow generate the Borel
o-field, which implies that hy(v9) = he (o).

Note that the entropy (1.2.2) is an upper semi-continuous functional. In
other words, when a sequence of (g')-invariant probability measures converges
in the weak topology, lower bounds on entropy pass to the limit. The difficulty
here is that we are in an unusual situation where we have a sequence of non-
commutative dynamical systems converging to a commutative one: standard
methods of dealing with entropy need to be adapted to this context.
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1.3. The semi-classical setting; exponential decay of the measures of cylin-
der sets.

1.3.1. The measure pyp,. Since we will resort to microlocal analysis we have
to replace characteristic functions Ip, by smooth functions. We will assume
that the P; have smooth boundary, and will consider a smooth partition of
unity obtained by smoothing the characteristic functions 1p,, that is, a finite
family of C*° functions 4; >0 (i =1,...,[), such that

l
ZAI» =1.
=1

We can consider the A;s as functions on T'M, depending only on the base
point. For each ¢, denote €); a set of diameter € that contains the support of
A; in its interior.

In fact, the way we smooth the Ip s to obtain A; is rather crucial, and
will be discussed in subsection 2.1. Let us only say, for the moment, that the
A; will depend on h in a way that

h
(1.3.1) A; P 1
uniformly in every compact subset in the interior of P;, and

(1.3.2) Al —,0

uniformly in every compact subset outside P;. We also assume that the smooth-
ing is done at a scale h* (k € [0,1/2)), so that the derivatives of A are
controlled as

ID"AY| < C(n)h™"".

This ensures that certain results of pseudo-differential calculus are still appli-
cable to the functions A? (see Appendix Al).
We now construct a functional pj, defined on a certain class of functions on
Y. We see the functions A; as multiplication operators on L?(M) and denote
A;(t) their evolutions under the quantum flow:
hA hA
We define the “measures” of cylinder sets under uy, by the expressions:

(1.3.3)  pa(loo, .- om]) = (Aa, (n). ... A, (1) Ay (0) ¥, ¥n ) r2(an

(1.3.4) = (7T Ay, €T Ay, €T €T Ay, Vhy Vh ) 12 (M)

1

For C = [ag,...,an—1] € X,, we will use the shorthand notation C), for
the operator
Ch=Aa, (n—1).... Ay, (1)Aq, (0)

: hA - hA s hA

Ci(n_1)ha [N [N na
= =17 Ay, €2 Ay, €2 -6tz Ay,
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The functional py is only defined on the vector space spanned by char-
acteristic functions of cylinder sets. Note that up is not a positive measure,
because the operators éh are not positive. The first part of the following propo-
sition is a compatibility condition; the second part says that up is o-invariant
if 1y is an eigenfunction. The third condition holds if ¢ is normalized in
L3(M).

PROPOSITION 1.3.1. (i) For every n, for every cylinder [ag,...,an—1] €
Y,

Z,uh([ao, e ,an]) = uh([ao, e an_l]).

(ii) If ||[(—h%A — Dnllz2ry < ch|log h|=t, then for every n, for every
cylinder C = [, . .., an—1] € Xy, and for any integer k,

‘Mh(ff_kc) - ﬂh(c)’

= Z ,uh([a,k,...a_l,ao,..,an_l]) —uh([ao,..,an_l])

kc
<
~ 2|logh|

ikhA

(IChenl + lICke ™" wnll)-

(iii) For every n > 0,

Z,uh([ao, ey Oénfl]) =1.

[0407~~-704n71]

We assume in the rest of the paper that we have extracted from the sequence

(Vn)—1/n2esp(a) @ sequence (vp, )ren that converges to v in the weak topology:

(Opp, (@) ny s Y, ) L2 () Ay Jg1 5y advo, for every a € C°(T'M). To simplify
— 100

notations, we forget about the extraction, and simply consider that vy, Vo

If the partition of unity (A4;) does not depend on h, the usual Egorov
theorem shows that pj converges, as h — 0, to a o-invariant probability

measure defined by ,LL[()A) on Y, defined by

M(()A)([a07 sy an]) =1 (Aao-Aa1 o gl .. Aan o gn) .

Convergence here means that the measure of each cylinder set converges. Now,
suppose the partition of unity depends on h so as to satisfy (1.3.1), (1.3.2); we
may, and will, also assume that 1y does not charge the boundary of P.

PROPOSITION 1.3.2. The family (up) converges to py as h — 0.
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Proof. Let C = [ag,...,a,] be a given cylinder set. By the Egorov
theorem 4.2.3,

(135) “éh - Oph (AOCU A()él o) gl o Aan71 @) gnil) HLZ(M) = O(hlizn)

The function Ay, Ag, ©g... A, , © g" ! is nonnegative, and, as h —

0, it converges uniformly to 1 on every compact subset in the interior of
Py, Ng P, ---Ng ™ P,
compact subset in the interior of P; (1.3.1). If we choose a positive quantiza-
tion procedure Op;,, it follows from (1.3.5) that

lim inf 1, (C) =lim inf(Opy, (Aay Ao, 09+ Aa,, 09" )tn, Un)
> lim inf v, (int (Pa, N g ' Pay o0 g_m_lPanfl))
>y (int(Pag N g ' Pay - Ng " P, ).

_,, since A; converges uniformly to 1 on every

We have assumed that 1y does not charge the boundary of the P;s, and thus
the last term coincides with 1 (PO[0 NG~ 1Py, ---N g_”“Pan_l). Similarly, using
(1.3.2) one can prove that

lim sup p,(C) < g (Poé0 Ng= 1P, - N g—”“Pan_l).
h—0

This ends the proof since we assumed 1y does not charge the boundary of the
partition P. 0

The key technical result of this paper, proved in Section 3, is an upper
bound on pup, valid for cylinder sets of large lengths.

1.3.2. Decay of the measures of cylinder sets. Because the geodesic flow is
Anosov, each energy layer SAM = {v € TM, |jv|]| = A} (A > 0) is foliated into
strong unstable manifolds of the geodesic flow. The unstable jacobian J*(v)
at v € TM is defined as the jacobian of g~!, restricted to the unstable leaf at
the point g'v. Given (ag, 1), we introduce the notation

Tt (a0, an)
‘= sup ({JU(UO)aUO S Paoa ||U0|| € [1 — &, 1 +€]agl(U0) € Poa} U {6_3A}) .
Given a sequence (o, ..., ay), we denote
qu(aﬂa s 7an) = J:LL(OZ()?O[l)J;LL(ah 0{2) e ng(an—lv an)'

THEOREM 1.3.3 (The main estimate). Let x € C°(T*M) be compactly
supported in a neighbourhood of the unit tangent bundle, {v € T*M, |jv|| €
[1—5,1+5]}. Consider the operators Ay, (n)Aa,_,(n—1)...Aq,Op(x). For
every KC > 0, there exists hx > 0 such that, uniformly for all h < hx, for all
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n < Kl|loghl,

HAO‘n(n)Aan—l(n - 1) R Aaoop(X)HLz(M)
< 2027h) "2 T (g, . .., o) Y21 + O(e))™.

In our notation, remember that ¢ is also an upper bound on the diameter
of the support of the A;s. It is fixed, but can be taken arbitrarily small.
Using Feynman’s heuristics, the kernel of the operator

- RA R (AN s hA
1 11—
A, €2 Ay, €' 2

1

can be written as a paths integral,

il
K(n,z,y;a0,...,0p) = E er Jo 2
¥(0)=z,7(n)=y,7(i) € Pa, i=0,...,n

It is known how to obtain a semi-classical expansion of this kernel in powers of
h, for fixed n, if the flow has no conjugate points (which means that the critical
points of the action [’ w are nondegenerate). As shown in [AMB92], the
Anosov property implies that the inverse of the hessian of the action at critical
points is bounded, uniformly with respect to time n. This explains how we are
able to make a semi-classical expansion of K (n,z,y; ag,...,ay,) valid for large
n. In a former version of this paper we proved Theorem 1.3.3 using this idea
of paths integrals. This is, however, very delicate since it implies use of the
stationary phase method on spaces of arbitrarily large dimension. The simpler
proof presented here uses WKB methods, and was elaborated with Stéphane
Nonnenmacher.

In Part 2 we state Theorem 1.3.3 to prove Theorems 1.1.1, 1.1.2. Theorem
1.3.3 is proved in part 3.

The paper has two appendices. In Al we collect some facts about small
scale pseudo-differential operators. In A2 we give details about the partition
of unity A? .

2. Proof of Theorem 1.1.1

We show how to prove Theorems 1.1.1 and 1.1.2, using Theorem 1.3.3. We
prove, in fact, the following. Let F' C X be an invariant subset under the shift.
We define the topological entropy hiop(F) > 0 by saying that hyop(F) < X if
and only if, for every § > 0, there exists C' such that F' can be covered by
at most Ce™**+9) cylinders of length n (for all n). We consider normalized
quasi-eigenfunctions, ||(=h*A — 1)¢p|r2(ar) < ch|logh|™!, and we call yg a
semi-classical limit (transported on ¥ by the coding map).
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PROPOSITION 2.0.4. There exists a £ > 0 such that, for all § > 0, we can
find9 >0 and 1 € (0,1) such that, for every set F' C X with hiop(F) < %(1—5),

i 2

wo(F) < (1-n)(1-(5-e) )J+r+om

Y +
The proof gives 7 and 9 as continuous decreasing functions of 6. The
proposition directly implies the main theorems: consider the invariant set I5 =
{z,hy(1i§) < %(1 —d)} C TM. By the Shannon-McMillan theorem, if we are
given any a > 0, there exists a subset I§* C I5, with v(Is5 \ I§*) < a, and such
that I§* (more precisely its image under the coding map) can be covered by

(5 (1=3+a)) n-cylinders, for large n. Applying Proposition 2.0.4 for § — «, we

find that
w(Ig) < (176 - a)) (1~ (79(6“_00 — 95— a)c)i) 4 (S —a) + ok
and, letting « — 0,
w(ls) < (1-7(8)) (1~ <19€”5) - ﬁ(é)c)j) +7(8) + cR:

in other words

vo(STM\ I5) > (1 — 7(6)) (1925) — 19(5)0) = CE.

The proof of Proposition 2.0.4 may be roughly explained as follows:

(a) Theorem 1.3.3 says that, for every cylinder C € %,,,
e—nA/2

[1n(C)] < QW

(1+0()",

uniformly for n < K|logh| and h < hx (K can be taken arbitrarily large).
Thus, for any 6 € (0,1), a set of pp-measure greater than (1 — ) cannot be
covered by less than (1 — 9)%6’”&/2(1 +O(g))™™ cylinders of length n (see
subsection 2.2).

(b) If F C ¥ is a o-invariant set of topological entropy strictly less than
%(1 — 0), there exists C' such that, for every n € N, F can be covered by
Cenl(5(1-8/2) cylinder sets of length n (see subsection 2.3.)

The two observations (a) and (b) lead to the idea that it is difficult for
the limit measure po to concentrate on a set of topological entropy less than

AJ2.

Sketch of the proof. We start with a variant of observation (b), proved
in subsection 2.3:
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(b') Let F C ¥ be a o-invariant set of topological entropy hiop(F) <
%(1 —0). Then there exists a neighbourhood W,,, of F, formed of cylinders of
length nq, such that, for NV large enough, for every 7 € [0, 1],

£ N (Wi, 7) < N (5078/4) (=N (14m) logl,

where [ is the number of elements of the partition P. We denoted X (W, , T)
the set of N-cylinders [ap, ..., an—1] such that

ﬁ{] € [O,N—nl],[Odj,...,OéjJrnI,ﬂ € Wnl} > r
N*’I’LlJrl -

These correspond to orbits that spend a lot of time in the neighbourhood W,,,
of F.

If € is small enough and 7 is sufficiently close to 1, one can find ¥ such
that, for N > 9|log hl|,
(1- 0)(27Th)d/26NA/2(1 +O@E)" > eN(%(1—6/4))6(1—T)N(1+n1)logl.
It follows from (a) and (b’) that
(2.0.1) ln (SN (Why, 7)) <10,

Then, using the o-invariance of uy (say, in the case when the 1), are
genuine eigenfunctions), we want to write, for N = 9| log h/,

N*’l’Llfl

(2.0.2) ’Nh (Wnl) | = |N i " Z 12953 (Uﬁka) |
1 k:](\)ffnlfl
(2.0.3) = lin(5— -2 Lo, )|
k=0
(2.0.4) < pin (ENWa,, 7)) + 7 i (SN (W, , 7)°)
(2.0.5) <A =7)pn(ENWa,, 7)) +7
(2.0.6) <1-7)1-0)+r

Passing to the limit h — 0, we get puo(W,,) < (1 —7)(1 — ) + 7; hence
w(F)<(1-7)(1-60)+7<1.
For (2.0.4), we have used the fact that

1 N—n1—1
N —m Z Toow, <1
k=0

in general, and that
1 N—n1 —1

I,-» <T
N — n1 Z o~ FWpn, =
k=0
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on Xn(Wp,,7)¢, the complement of Xn(W,,, 7). Unfortunately, (2.0.4) is not
correct since up, is not a probability measure.

We know however that uj converges weakly to a probability measure, and
we may try to make this statement more quantitative. Semi-classical analysis
tells us that up, is close to being a probability measure when restricted to the
set of cylinders of length N < &|logh|, for & not too large. To sum up, the
inequality (2.0.1) only holds for N > ¥|log h| whereas the lines (2.0.2)—(2.0.6)
are valid for N < g|log h|; one cannot expect ¥ to be smaller than . To pass
from one time-scale to the other, we use a sub-multiplicativity property stated
in paragraph 2.2.

In paragraph 2.1 we give certain important facts about the partitions of
unity we want to use. In 2.2, we come back to observation (a) and prove the
crucial sub-multiplicativity lemma. Subsection 2.3 is dedicated to proving (b).
In subsection 2.4 we show that, until a certain time %|log h|, the measure puy,
can be treated as a probability measure. Finally, we conclude as in (2.0.2)—
(2.0.6).

2.1. Partition of unity. For our purposes, we need to be more specific
about our partitions of unity (A4;). In order to apply semi-classical methods
we need the A; to be smooth, and on the other hand we would like the family
A; to behave almost like a family of orthogonal projectors: A% ~ A;, A;A; ~ 0
for i # j.

Take a finite partition M = P U---U P, by sets of diameter less than /2.
By modifying slightly the P;s we may assume that the semi-classical measure
vy does not charge the boundary of the partition. Our partition of unity will
be defined by taking a convolution

1

(2.1.1) Al () -

Ip, * ((z/h");
that is,
- 1
Aw) = e [ ¢ () 1o - ),

where ( is a nonnegative, smooth compactly supported function, of integral 1;
the convolution is to be unterstood in a local chart, and x > 0 will be chosen
later. Then, we take as a partition of unity the family

Al
S

The partition of unity (A;)1<;<; depends on h, and if x > 0 it converges
weakly to (Ip,)1<i<; when h — 0. It has the following properties:

)

e P, C supp A; C B(P;,¢/2) for all i, for h small enough. In accordance
with the notation of the previous sections, we denote Q; = B(P;,¢/2).
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e A;? = A; except on a set of measure of order h*.

e For i # j, AjA; = 0 except on a set of measure of order h*.

We must choose k so that semi-classical methods still work: that is,
k < 1/2 (see Appendix Al).
In addition, we need to assume that there exists some p > 0 such that

o For all i, [|[(A? — A;)¥nllr2(ar) = O(RP/?).
e For i 7£ j, HAzAth”[g(M) = O(hp/Z)

In other words, the operators A; act on v, almost as a family of orthogonal
projectors. Because ||¢y,||r2(ar) = 1, it is always possible to construct the A;s
in order to satisfy all the requirements above; this requires moving slightly
the boundary of the partition P; (of a distance h%(%_p)) before applying the
convolution (2.1.1). The construction is described in detail in Appendix A2.

2.2. A sub-multiplicative property. As already mentioned, we will have
—nA/2

to face the problem that the inequality |up(C)| < 2W(1 + O(g))™ is only

e—nA/2

useful when 2W(1 + O(e))" < 1, that is, n > J|logh| for a certain ¥.
On the other hand, observation (a) is only useful if p is close to being a
probability measure; semi-classical analysis tells us that this is the case on
the set of cylinders of length < &|logh|. A priori, & < ¥, and to reconcile
the two regimes n < k|logh| and n > ¥|logh| we will need a certain sub-
multiplicativity property (Lemma 2.2.3 and 2.2.4).

We introduce, as in Theorem 1.3.3, a cut-off function y which is compactly
supported in a neighbourhood of size £/2 of the energy layer 1; and which is
identically = 1 on a smaller neighbourhood. It should be noted that, for such
X, we have [|Opy, (x)¥n — ¥nllr2(ary = O(ch|log h|~1) + O(h™®), as follows from
the identity Op(1 — x) = A(—h?A — 1) + R where A is a pseudo-differential
operator of order 0 and R is a smoothing operator (see Appendix Al).

Definition 2.2.1. (i) Let W be a subset of ¥,,, the set of n-cylinders in 3;
we denote W€ C ¥, its complement. For a given h > 0 and 6 € [0, 1], we say
that W is an (h, (1 — 6),n)-cover of ¥ if

(2.2.1) <.

> ChOpL(X)¥n

ceWwe

L2 (M)
(ii) We define
Np(n,0) = min {§WW, W is a (h, (1 — 6),n)-cover of X},

the minimal cardinality of an (h, (1 — 0),n)-cover of X.
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Remember the notation: for C = [ag,...,an-1] € Xy, Cp, stands for the
operator C, = A, ,(n —1)....A44,(1)Aq,(0). In some sense, (2.2.1) means
that the measure of the complement of W is small. Note that we consider the

quantity || ey CrOP, ()| 2(ar). and ot

| D @) =1 D Chtbnsvon) L2an) |-

ceWe ceWwe

The reason is that we need a sub-multiplicative property of Nj(n,0), stated
below. We will need the following lemma, proved in Appendix A1l:

LEMMA 2.2.2. There exist k and o > 0 such that, for all n < &|loghl,
for every subset W C %,

Z CrOpy(X) <1+ 0(h%).

L>(M)

LEMMA 2.2.3 (Sub-multiplicativity 1). Suppose the (1) are eigenfunc-
tions; that is, (—h?A — 1), = 0.

If K and « are as in Lemma 2.2.2, then for every n < k|loghl|,k € N and
0 e (0,1),

Nh(k;n, kO(1 + O(nha))> < Ny (n,0)".
The lemma can be adapted for approximate eigenfunctions:

LEMMA 2.2.4 (Sub-multiplicativity 2). Suppose the (1) satisfy
I(=h*A = 1)¢bn|2ary < ch|logh| ™.

If kR and « are as in Lemma 2.2.2, then for every n < k|loghl|,k € N and
6 € (0,1),

N, (lm (k6 + k2n c|log h| ) (1 + O(nha))) < Ny (n,0)".

Proof. Given an (h, (1—6),n)-cover of ¥, denoted W, we define W* C %y,
as the set of kn-cylinders [ao, . . ., agn—1] such that [ajn, ..., a(jy1)n—1] € W for
all j € [0, k—1], and we show that W¥is a (h,1—k0—k?n c|log h| =}, kn)-cover:

Each C € (W*)¢ may be decomposed into the concatenation of k cylinders
of length n, C = C°C'...C*1, one of which is not in W. Thus, we have
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L2(M)
k—1 '
= > G (k= D)n)....G(jn) ... CROP, ()
J=0 ciew for i>j,ciewe,ciex, for i<j

= > CEY((k—1)n) ... C(jn)Opy () ¥hn

J=0cicw for i<j,ciewe

Using Lemma 2.2.2 to bound the norm of the operator

S G- Om) . GG - D)Opa ()

ciew for i>j

by (1 + O(h®))*~7, we see that (2.2.2) is less than

(1+0(h%)) ZII > ClL(in)Op, ()

Jj=0 CieWe
k—1
= (1+0(h")) ”Z(H Z CJOph Yu|l + O(jn c|log h|~1) 4+ 20(ch|log h|~ 1))
Jj=0 Ciews

< (k0 + k*n c[log h|~") (1 4+ O(nh®)).

We used the fact that ||(exp(ithA) — e%)whHLz(M) < tc|log h|~! and the fact
that [|Opp, (x)¥n — ¥nllL2(ar) = Olch[log h|~1) + O(h>). O

The next proposition is just an expression of Observation (a).

PROPOSITION 2.2.5. For any K > 0, there exists hi > 0 such that for
h < hx and N < K|log h|,

Nu,0) 2 S D amh) 26V 1+ 0(e)
Proof. Let W be an (h, (1 — 0), N)-cover of . We have
| D (ChOpr()wn, )| < I Y ChOpr(x)¥nll < 6.

CeWwe CeWwe
Using the fact that

> {ChOPL(X)%n, ¥n) = (OpR(X)¥h, ¥n) = 1+ O(ch|log h|™*) + O(h™),
Cexn



452 NALINI ANANTHARAMAN

we get,

| > (ChOp(X)tn, ¥n)| > 1 — 6+ O(ch|logh| ™).

cew
Thus,

1 7NA N
1— 0+ O(chllog | ™) < > [{ChOP,(X)¥n, )| < tiW 2nh) 2 (1+0(e))
Cew

where the last line comes from Theorem 1.3.3. O

This immediately implies:

LEMMA 2.2.6. Given any § > 0, we may choose ¥ large enough, and €
(the size of the partition) small enough, so that, for N = ¥|loghl,

Nu(N,6) > (1 —)eN20-5),

As mentioned, semi-classical analysis is usually only valid until a certain
time k|loghl, in general with £ < ¢. Lemma 2.2.4 is precisely the tool that
will allow us to reduce the time scale: starting from Lemma 2.2.6, it tells us
that, for N = g|logh|, 0 < & < 9,

(2.2.3) Np(N, 39 — ) > (1— )"/ 9eNz(1-55),

2.3. A combinatorial lemma. Let us now put a precise statement behind
observation (b). If F'is a set of small topological entropy, Lemma 2.3.1 below
says that the set of orbits spending a lot of time near F' also has a small rate
of exponential growth.

Let us consider an invariant subset F' C ¥ of topological entropy hyop (F') <
%(1 — J). By definition, there exists ng such that F' can be covered by (at
most) erhop (F)+758) < e (1-9/2) cylinders of length n, for all n > ng. We
denote W,, C 3, a cover of minimal cardinality of F' by n-cylinders. Given

N € N, n < N and 7 € [0,1], we denote Xn(W,,7) the set of N-cylinders
[0, - .., an—1] such that

8{j €[0,N —n],[aj,..., 050 1]€W}
N-—-n+1

The next lemma bounds the cardinality of Xy (W, 7).

LEMMA 2.3.1 (Counting cylinder sets). There exist ny > mng, and Ny
such that, for every N > Ny and for every T € [0, 1],

NN (W, 7) < QN%ethp(F)e(kr)N(Hm)1ogl_
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Proof. Take n1 > ng large enough so that

po L (N A
1m — 10 —
N—heo N OB\ (X)) = 1007

n1 is now fixed.

Given a sequence [y ...,an—1] € Xy, define a sequence of “stopping
times”:
79 = inf {O <j <N —ny, [Oéj, ... ,Oéj+n171] € Wnl},
7‘6 = inf {7’0 S] < N — ni, [Odj, e ,Oéj+n1_1] Q Wnl};
71 = inf {T(/) —14+n <5< N —nq, [aj,... ,Ozj+n1_1] S Wm}y
and so on:
Tpt+1 = inf {7‘]; —14+n <j< N —ny, [Oéj,. . .,OéjJrnlfl] S Wnl},

T]ICJFI :inf{Tk S] S N—nl,[aj,...,aj+m_1] ¢Wn1}

The sequence (7x) becomes stationary, equal to N — nq, for k > L%J Define
the intervals Iy = [ro,7) — 1 +mn1 —1],.... I = [1, 7, — 1+ n1 —1]. If C =
[ag,...,an—1] is in ¥ (W,,,T), then the complement of UI; has cardinality
less than (1 = 7)(N —ni1+1) +n1 < (1 —7)N + n1.

A cylinder C = [, ...,an—1] € En(Wy,, T) is completely determined by
the following data:

(i) the intervals (Ik)OSkS\_N/mJ?
(ii) the restriction of C to the union of the s,

(iii) the values of C outside the Ijs.

Let us count in each case the number of possibilities:

2
(i) There are at most (L N]/\; ) J) possibilities, corresponding to the choices
of the endpoints of the intervals Iy; by our choice of n;, for N large enough

.. AS
this is less than e¥5o.

(ii) Each Iy can be split into a disjoint union of intervals of length n; and
at most one interval of length less than n;. The intervals of length (exactly)
ny thus obtained are at most N/np, and they correspond to cylinders covering
F: there are at most (§W,,)"/™ possibilities. If n; > ng this is less than

A N/”l A
<e”1(ht°P(F)+Té)> = eNluoo(P)+5) | For the remaining intervals, of length
strictly less than n, there can be at most (1—7)N of them; this gives [A=7)Nm,
possibilities.

(iii) For the values of a outside the Ijs, the number of possible choices is
AS
bounded by [A="N+m - Choose Ny such that ™ < Moo

This ends the proof of Lemma 2.3.1. O
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Remark 2.3.2. This estimate is very crude, since we argued as if all choices
in (i), (ii) and (iii) were independent.

We can now choose 7 € (0, 1) close enough to 1 so that

306 A K}
htop(F)—l-(l—7')N(1—i-nl)logl+T < 5 <1_8> ;

now,
(2.3.1) 45N (W, ) < eN2(172),

for all N large enough.
Comparing (2.3.1) with (2.2.3), for h small enough and N = &|logh|, we
have necessarily:

(2.3.2) Z CrOp, () ¢n|| > =6 — ¢,

CeXn (Wnlﬂ')c L2

SN

This is an attempt to say that the measure of the complement of ¥ (W, , )
cannot be too small. We now have to relate (2.3.2) and

[n (BN (W, , 7)%)] = > (Crton,n)|.

CESN (W, ,7)°

This is done in the next two paragraphs, and goes roughly as follows:

Imagine that the operators éhOph (x) are orthogonal projectors, with or-
thogonal images for distinct cylinders C. Ideally, this would be the case if:

— the operators A; were a family of orthogonal projectors (that is, if the
functions A; were characteristic functions of disjoint sets);

— the operators A4;(t) commuted with one another for all ¢. If so, we could
write

(2.3.3) > COph )% tr) = > [IChOPL(X)¥nll7:

CEEN(W,LI,T)C CGEN(Wnl,T)C
= > CuOp ()Yl
CGZN(Wnl ,T)C

so that (2.3.2) would imply the lower bound

R 2
i (S8 (W, 7))| > (59 _ c19>+

The A;s, unfortunately, are not characteristic functions of disjoint sets; they
form a smooth partition of unity; and the operators A;(t) do not commute.
However,

— we have constructed the A; so that they act on 1, almost as an orthogonal
family of projectors.
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— there exists & > 0 such that the operators A;(t) almost commute for
t] < & log hl:

PROPOSITION 2.3.3. For all & > 0, for every N < 2k|logh|, for every
permutation T of {0,..., N}, for every sequence to,...,tn such that |t;] <
k| log hl|, for every sequence ay, ..., an,

10, ()" Aay (EN) - - - Aay (t1) Ao (20) OP (X)
— 0P, (0 0P () A, x (tr) - - Aay (tr1) Aa (tr0) [ 220y = O(R'247345),

The proof is given in Appendix Al. This gives hope to prove (2.3.3), at
least up to a negligible remainder term:

2.4. Relating | 3 ChOpy,(x)¥n| and S (Chibn,tbn). Remember that we
constructed the partition of unity (A?) in such a way that:

There exists p > 0 such that
1(A? = A)nll 2oy = O(WP?) and || AiAjibn L2 ary = O(hP?),

for all ¢ and all j # i. Let us choose the parameter % so that the conclusion
of Proposition 2.3.3 holds. This ensures that there is no harm in treating the
Cp, as orthogonal projectors in (2.3.2). Using Proposition 2.3.3, which allows
commutation of the operators A;(t) and Op(x), for |t| < K|loghl|, we find
that, for N < &|logh|, for C,C' € ¥ n,C # C/,

[(ChOPL ()%, CLOPL () ¥n)| = O(R'~2734%) + O(h?/?),

and

[(CrOPs (X)¥n, OP (X)¥n) — (ChOPy, (xX)¥h, ChOPA (X)¥n)|
— N(O(h1—2ﬁ—3AR) +O(hp/2))

Then, for N < &|logh,

> HChOPL(X)¥n, CrOD, () )| = (O(R'231%) + O(hP/?)) 4%
C,C'ex N, C£C!
and

> HChOPL (), 0Py (x)¥n) — (ChOPL (), ChOPL (X)¥n) |

CeXy
— N(o(h1—2/£—3/\k) +O(hp/2))ﬁEN

Since the cardinality of ¥y grows exponentially, we take K small enough so
that, for N < | log h|,

> 1ChOPL(X)¥h, CrOD, (x)¥hn)| = O(KF)
C\C/ESn, CAC
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and
> HChODL(X)¥n, Opy (X)) — (ChODPL (), ChOPy (X)¥n)| = O(F).
CeXn

Remember also that [[(Opy,(x) — 1)¥nll2(ary = O(ch) + O(h™). For & small
enough and N < i|log h|, we find for every subset S C Xy,

(2.4.1) Y ©1=1)_ (€] + O(h")
ces CeS
(2.4.2) = 1CLOPL () ¥nl[* + O(h")
ces
(2.4.3) = > ChOpy, () vnl* + O(h").
ces

The point is that, when working on cylinders of size &|log h|, the measure puy,
is nonnegative, up to a negligible remainder term. The first line implies in
particular that

(2.4.4) > (€ =1+ O(R").
CeXn

Coming back to (2.3.2), we get for N = &|log h|, and n; as in Lemma 2.3.1,

K
> o _ R
> @l (§o-ev) +own)
CEEN(Wnl,T)C
and, because of (2.4.4),
2

(2.4.5) Y m@) <1 (%e —cd) +O(hF).

+
ceSy(Wy,,7)

2.5. End of the proof. We use the o-invariance of u; (Prop. 1.3.1 (ii)),
and we get, for N = g|log hl,

N—n;—1
@51 W)= D e S ) + o
N—-ni—1
(2.5.2) =\uh( Z L, exqw )!+cm
(2.5.3) < Z ln(C )|+T Y. @) + ek
CESN (W, ,T) CEEN(Wyy,T)
(2.5.4) <(1-71) Z | (C)| + 7 + ¢k + O(h®)

CEEN(Wnl ,T)

(2.5.5) <(1-7) (1— <g0—c19)2+> 47+ i+ O(hF).
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For (2.5.3), we have used the fact that

1 N—n;—1
N —ny Z IO’ikZ(Wﬁrl) <1
k=0
in general, and that
1 N—n;—1

I« <
N — N kzzo g kE(WT’q) =T

on Xn(Why,,7)¢ In the next line, we have used (2.4.4); and we conclude thanks
to (2.4.5). Then, by Proposition 1.3.2, we can pass to the limit in (2.5.5), and
obtain

po(Wy,) < (1—1) <1 — (%9 — cﬂ)i) + 7 + k.

Since F' C W,,, finally,

1o(F) < (1—1) (1 _ (ga - w)i) + 7+ CR.

Noting that this last estimate holds for every 6 < 1, we get

po(F) < (1—7) (1— (g—cﬁ>i) Tt R

which proves Proposition 2.0.4.

3. The main estimate

We prove Theorem 1.3.3 about the norm of the operator

Aq,(n) ... A4,0p(x) =U"Ay UA,,_, ... UAy,Op(x)

n

(where we denote for simplicity U? = exp(ith%) and U = U%). Since U is
unitary, the norm of this operator is the same as the norm of A, UA,, , ...
...UA4,Op(x).

The pseudo-differential operator Op(x) is defined as (see Appendix Al)

Op(x) = Y _ @1 OP(x) ¢
l

where (i) is an auxiliary partition of unity on M (3, ¢;(z)? = 1) such that the
support of each ¢; is endowed with local coordinates in R%. In local coordinates
in the support of ¢;, OP(x) is then defined by the usual formula,

i (px—z)

(3.0.1) OP(x)f(x) = (2mh)~ / F(2)e 252 x(z, p)dedp.
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The function x will be chosen in the form x(z,p) = x1(||p||z) where x; is
a smooth function on Ry supported in [1 — /2,1 + /2] with x; = 1 in a
neighbourhood of 1. For z € (,,, we can write

(3.0.2) Op(x)u(x) = /u(z)&z(x)dz,

where we denote §, the function

ipw—z) dp
(303) (w) = [ x )
To be more precise, we should use an auxiliary partition of unity as in (3.0.1),
and write Op(x)u(z) = >, ¢i1(x) [ @i(2)u(2)d.(x)dz; expressions such as (3.0.3)
should then be understood in local coordinates in the support of each ;. For

simplicity, and because these ¢; will play no role in the estimates, they will
not appear any more in the formulae.

If we can estimate the norm of A, UA,, ,...UAy 9, for any z, we can
use (3.0.2) to estimate the norm of A, UA,, , ...UAa,Op(x)u for arbitrary
u. The estimates will be done by induction on n: we will propose an Ansatz
— that is, an approximate expression — for A, UA,, ,...UAy,0,, valid for
“large” n.

3.1. The Ansatz for n = 1. This first step is very standard, but we recall
the main ideas in order to fix our notation. We look for an Ansatz for Ut.Aao 6,
in the form

Sotteee) [ N dp
(3.1.1)  u(t,z,2) = /eh (Z Wrag(t,z, (Z’p))> X(z:P) g opa

k=0

If we want u to solve
ou . Agu
— =1h
ot 2

up to order A"V, the unknown functions Sy and a; should solve the partial

differential equations

87%) + H(x,d;Sp) = 0 (Hamilton-Jacobi equation)
(3.1.2) 7
% = ma% — (day, dSp) — ak% (transport equation)

with initial conditions

SO(Ov‘T? (z,p)) = <p7$ - Z>
aO(vaa (Z,p)) = Aq, (l')

ar(0,z,(z,p)) =0 for k > 1.

The Hamiltonian is, of course, given by the Riemannian metric, H(z,p) = *5=.
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Remark 3.1.1. Since the base point z is fixed in all the following calcula-
tions, we will omit it in the notation until Lemma 3.2.1.

Let us introduce the notation 75" (s < t) for the unitary “flow” giving

So(p)
the solutions of the time dependent equation
R Aw S ) 9y
% = _<d1‘aa deO(t7m7p)> —a SO(; & p)

with initial data a(s). The explicit expression is
aog 9 (z,dsSo(t, 2, p))

s,t
Tonm ()

(3.1.3) ng(p)(a)(x) =

where g' is the geodesic flow; the function Jg;t(p) defined on M is itself the

solution of

st s,t o
8tJ§0(p)($) <d2J§0(p)aszO(taxvp)> — A 5’
Js,t Js’t - Sz 0(t7x>p)
500) (%) 500 ()
with initial condition Jg’:(p) = 1. The solution of this equation is

(3.1.4)
t
ng)t(p) (gt_s(x7 deU(Saxap))) = exp/sv ASO(T,QT_S(JJ,deO(S,l’,p)))dT;

the interpretation is that Jg;t(p) (gt_s(x,dxgo(s,m,p))) is the jacobian of the

flow g'~* restricted to the lagrangian submanifold generated by Sy(s, p), namely
ESO(SaP) = {(.TJ, d$SO(Sa xz, p))}

Remark 3.1.2. To give meaning to formulae such as (3.1.3) or (3.1.4), we
see functions on M as functions on the cotangent bundle, depending only on the
position. In other words, when we consider the function z — g*(z,dS(x)) we
actually have in mind x — wg'(z,dS(z)), where 7 is the projection T*M — M.

We have
ag (t, p) = Tg;t(p) Aao y

and by the Duhamel formula,

b 1Aay_
ak(t,p) :/0 Tg;t(p) < 2k 1> (5’p)d3'

The function u(¢, ) (3.1.1) now satisfies the approximate equation

ou . Au . iSote) Aan_1 dp
— =ih— — iV z t —
8t ? 2 t /6 2 ( 7x7p)x(p> (27Th)d7

the difference from the actual solution (with the same initial data) is bounded
by hN=|Aan_1||z2 < W74 Aq, ||c2~ in L? norm.
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At this stage, the Ansatz reads

Spten) [ N dp
(3.1.5) u(t,r) = /eh (Z hkak(t,x,p)> x(p) (2rh)d

k=0

For t away from 0, we can use the stationary phase method with respect to p
and replace (3.1.5) by an expression of the form

N N—-1
u(t,2) = (2mh) % <Z e x>>

k=0

up to an error O(h™)|| Ay, ||c2~, where

S()(t, 1’) = S()(t, a:,p(t, x))
bo(t, ) = ao(t, =, p(t, =))x(p(t, v));
p(t, x) is the vector based at z, which allows reaching x in time ¢ (unique if we
ask x(p(t,z)) # 0). More generally, b0(¢,z) is a linear combination of
ngao(t, £, p(t, .’E))X(p(t, z)),
Dy Vay(t, 2, p(t,2))x(p(t,2)), .., a(t, 2, p(t, 2))x(p(t, 7)),

and hence involves 2k derivatives of A,,:
(3.1.6) A0 (¢, )| < C(m + 2k) h=F(m+2k)

(with C'(0) =1).
Taking ¢t = 1, we find the expression

N-1
(3.1.7) u(l,z) = (2mh) =20 (Z hkbg(m))

k=0

as an approximation expression for UA,, 0., the difference from the actual
solution being bounded by hV=%|| A, ||c2~. Geometrically, the function Sp(t, x)
(when restricted to x € ) is the generating function of the lagrangian
manifold

Ly = {(x,d:S0(t, 7)), 0 € Qo, } = {(2,§) € T"M, 2 € Qq,,
I eTiM st |pll- € [1—e/2,1+¢/2],(2,€) = g'(2,p)},

which is a union of “spheres” centered at z.

3.2. The Ansatz for n > 1. By induction on n, we now propose an Ansatz
for UtA,, ... UAn UAL 0, (0 <t <1). Starting from (3.1.7) we need to find
an Ansatz for
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1S (1, Nl
Utdy, ... Ay, UAg, (5 o (Z hkbgu,x))) :

k=0
We will use ®(x) = e (Z]kV;OI h*bY(1, 7)) as a shorthand notation.

3.2.1. The functions S,. The function Sy(t) (0 < ¢ < 1) was defined in the
previous paragraph. We define Sy by induction: Given Si_1(t) (0 < ¢t < 1),
we define Sk (t) as solution of the Hamilton-Jacobi equation

oS

with initial data Sk(0) = Sk_1(1); by the assumption about the injectivity
radius, no caustics are met for ¢ < 1, thus Sk(t) is well defined as a smooth
function on If we denote

Ls, ) = {(,duSk(t, 7)), 7 € Qayy, }

the lagrangian manifold generated by Sk(t) , we have

Oy

Ls, ) C gtﬁsk(o) = gtﬁsk_l(l)-

For an Anosov flow, the sphere bundle is transverse to the weak stable foliation.
The lagrangian Lg,;) C T*M is a union of (pieces of) spheres centered at z:
as a consequence, Lg, (1) becomes exponentially close, as k — +00, to a union
of (pieces of) unstable leaves.

3.2.2. The Ansatz. By induction on n, we define a sequence of func-
tions, bl (t,x) (n € N, k < N, x € M, t € [0,1]) such that an Ansatz for
UtA,, ... A, UA,,.® reads

‘ N-1
Uldg, ... Aa,UAa, ® ~e 5 (Z hkbg(t,x)> + RY(t,z)
k=0

with a remainder term of order hV. We can make explicit the recurrence rela-
tion giving (b} )k=o,...N—1 in terms of (bzfl)kzo,”_,N_l, as well as the remainder
term R'y:

Suppose that the Ansatz found at the previous step gave the expression

5,1 (e N—-1
UtAa, .. Aa,Udg, @ =c " (Z h’fb;;*(t,@) + RVt )
k=0

where R’]{,_l is a remainder term which we know how to control in L2 norm.
Then

o aw (N7
U'Ag, ... AayUAg, . = U (e" — (Z R, x)) ) +U' Ao, (R 1) (2)
k=0
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where ¢} (t,x) = Aq, (x)b} "' (t,z). We now propose an Ansatz for

N-1
Sy _1(1,x) n—
Ut (e 0 (Z hEel 1(1,x)>>
k=0
in the form

N—-1
(3.2.1) v (t,z) = e (Z h%’,;(t,@) .

k=0

For v to be an approximate solution of dyv = ih% the coefficients should be

solutions of
0. + H(x,dyS,) =0

aby _ iAby_ brAS,
Bt = 3 — (dbf, dSn) — 5

with initial conditions
Sn(O, (E) = Sn_l(l, l’),

bR(0,7) = (1, 2).
Then v" solves %" (t,z) = ih2%" (¢, z) — RN e 7Ab17<’*21(t’x)
formula,

t Bn—1 () — k n—1
U'le E hc, (1, x)
k=0
t i(t—s)hA ( iSn(s,@) Ab%_1(8,$)>
2 e h _— dS.

=" (t,x) + ihN/ e
0 2

. By the Duhamel

We find the recurrence relation for the remainder terms:
¢ i(t—s)h iSp (s, Abn S, T
Riy(t,z) = U'Aa, (B ) (o) + 0¥ [ 52 < = N2<>) .
0

This gives
(3.2.2)
IR 2 ar) < RN 2oy + BV [ ABR_y[l2 < IR p2any + RN I ADK [l

The recurrence relations for the coefficients b} can be written

t i A
B23) a0 -1 0+ [ 13 (P )as

(™ = Ag, b7

where

ao g*(t*s) (x, d,Sn(t, a?))
Jgl (@)

T;’ta(a:) =

n
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and Jg_ is the jacobian of the geodesic flow acting on the lagrangian manifold
generated by S, (defined as in (3.1.4) with Sy(p) replaced by S,). Since a
cut-off function A, is inserted at each recurrence step, no caustics are ever
met, and formula (3.2.1) defines a smooth function on M.

In vectorial notation, we can write b = (b%,...,b% ;) € C°([0, 1], M)N.
The recurrence relation becomes (I — L})b" = LEb" " where L3, LT act on
C>(10,1), M)V as follows,

E" 0
n 0 - «qs ” :
Li = (a “diagonal” matrix)
0 0 E"
and
0 0
n .
= Fra- (a “nilpotent” operator),
0 F'"A 0
with

(E"1)(8) = T8/ (Ao, (1) and (F")(0) = 5 [ T3/ (5)ds.

0

The recurrence relation can be inverted,

N-1
b = (Z [L]‘]’“) Ly bt
k=0
It is easy to iterate this formula. We note that
Ly LRLy e Lyt AR Ly = 0

unless ki + -+ k, < N — 1. Thus, the formula expressing b” in terms of " is

D DI VL3717 L N A A
kit 4k, <N-1

In the end, the formula expressing b} in terms of b (k=0,...,N —1) is
Y > (F" Ak BNt AYkn R (F2A)R BT | 8.
; kit —k—j <N

We see in particular that the total number of derivatives of b° involved is never
more than 2/V.
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3.2.3. Higher derivatives. We need to control the derivatives d™b} for
m < 2(N — k). Using the previous ideas we write a recurrence relation giving
B" = B"(t,x) := (b’(}(t,:p), dby (t, )y onen. .. ,d2Nb6‘(t,x),
b, x), db (¢, @), ..., d* VB0 (1, @),

by_1(t, @), . ., d°bR o1 (t, 95))

in terms of B"! (z € M,t € [0,1]). In accordance with this disposition in
array, we will denote By, ) = d™b, (0 <k <N —1,m <2(N —k)).

Differentiating the recurrence relation (3.2.3) with respect to x, we get a
relation of the form

(3.2.4) d"b(tx) =Y T d ey (1,2).00, ()

i<m

+> / T3 A2 (s, 7). (5, ) ds.

i<m
(" = Aa, b7,
In this formula we denote

T3'da(x) = @ ay- D dSnlta)

Jg! ()
Oy, (z) is an m-linear form sending (7, M)™ to (Tg—t(xydsn(t’x))M)j, (8, @)
is an m-linear form sending (7, M )™ to (Tgf(tfs)(%dsn(m))M)J"’Q
The functions 6 and « are uniformly bounded. We do not need to know
their explicit expression, except for 67, : the latter can easily be shown to be

XM

O (T) = (dg(x ds, (¢, m)))

In these formulae, x +— g( is seen as a function from M to itself; see
Remark 3.1.2.

In vectorial form, the recurrence relation (3.2.4) can be written as

x, dS (t,x))

(I = M{")B" = (Mg + Mg,)B" ™,

where M7 is the nilpotent operator of order N,

= Z/T“dﬂ“b 1 (5, 2).0m (s, z)ds ,

jsm 0<k<N-—1,0<m<2(N—k)

My is the diagonal operator

n n—1 t gm n n
MgoB" ' = (Ts,d (1’x>'0mm(w))0§k§N—1,O§m§2(N—k)’
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and My is the nilpotent operator of order < 2N,

Molen_l = Z Tg’tdjcz_lﬂ;lnj

j<m 0<k<N—1,0<m<2(N—k)

As before, the recurrence relation can be inverted:

B = | ST MR | (Mg + M) BT
k<N

then iterated,

(3.2.5) B" = S Mg, M Mg B
k‘1,...,kn761,...,€n

Because of the special forms of M{" and M{';, the only terms that contribute
to B, ,,,) are those for which ki <k, > e <m+2> ki) (hence Y k; <N
and > ¢ < 2N).

Call C' a uniform bound for the differential forms ¢ and «. Remember
that ¢ 1 = A, b1, with [|[D™A,, || < C(m)h~*™. It follows easily that the
operators of type M7 and My satisfy bounds of the form

sup |(My1B(t, ) (,m) |
t€[0,1]

< C sup sup |B(t,x) (m + 2 — m)p—r(m+2-m)

te[0,1] m'<m+-2

and

sup |[(Mo1B(t,2)) (k,m)l
te[0,1]

< C sup sup ‘B(ux)(k’m,)C(m 1 m/)|h7.‘€(m71—m’)'
te[0,1] m'<m—1

For My, o, we have, for every (k,m) (0 <k < N—1,m < 2(N —k)) and every z,

|(M0 oB(t, x)

| BOL g (@ dSut ) ey (49 a5, 00) ™|
,/Jgn

If we put this estimate in (3.2.5), and use the composition property for the
jacobian, Jg:(a:)J;’:il(g_t(x, dSk(x,t)) = J;:il (z), we find
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(3.2.6) |B™(1,2) )| < é(kﬁ’m)é Z CX kit e

\/m S ki<k,Y e;<m+2k

. sup h—n(m+2(k—k')—m')
(k' <k,m’ <m~+2k)

d™ (0, 97" (x, dSa (1, w)))‘ )dg@?dsn

(1,2)) >

/
m

. 1
< C(k,m) ——— Z 1) O3k, —r(m+2k) sup
JEM(@) S ki <k S i <mt 2k m'sm

‘dg&fldsn(l,w))

We used (3.1.6) in the last line. Although it does not really matter, we note
that C(0,0) = 1.

Let us inspect the behaviour of each term when n gets large. The term
ngn(x) is the same as the product

Jg! @IgL, (97 (2, dSu(1,2)))
o 'Jg;l (gi(nfk) (x,dSn(1,7))) ... Jg’ll (g*("*l)(a;, dSn(1,2))).

Note that (Jg’ln (ac))f1 is the jacobian of 7", going from the lagrangian Lg ()
to Lg,(0), evaluated at (x,dSn(1,2)). As we saw, Lg, (1) converges uniformly
to a weak-unstable leaf as k gets large, so that (Jg;l (g~ P (z, dSn(l,a:)))_1
converges to J* (g_("_k+1)(x, dSp(1,x)) for large k. Taking Cesaro means, we
have

1 0 1 n
~log Jo" =N Tlog J (g kD (2 dS, (1 0.
—log Jg, (z) + n; og J"(g (z,dSn(1,2))) —

It follows that we can bound (Jg, ()" Y2 < J¥ag, ..., an)?(1 + O(e))" for
large n.

The next point is to note that |dg(x”ds ( ))] grows polynomially in n

1,z
(uniformly in x € M): if L is a d-dimensional submanifold, transversal to the
strong stable foliation, then dg=" is bounded on ¢" L, independently of n. We
apply this principle to L = Lg, (g). There is a polynomial correction due to the
fact that L is not contained in a fixed energy layer; the energy can vary in the
interval [1 —e/2,1 + ¢/2], so we also have to take into account the derivative
of g™ with respect to energy, which grows linearly in n.

Finally we note that the number of terms (3 s~y < 5 ¢, <2 1) in (3.2.6)

)nm+3k

is polynomial in n, it is at most C (k,m . We have proved the following

estimates (we reinsert the variable z that was omitted in the calculations; see
Remark 3.1.1):

LEMMA 3.2.1. For all k < N, for allm < 2(N — k), for all n,

b (1,2, 2)] < Ok, m)n™F % ao, . .. o) Y2 (1 + O(e)) AR 2R

if x is such that g~ (x,dS, (1, z,2)) € Q for all k =0,...,n. Otherwise,
bi(l,z,2) = 0.

Qn41—k
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Comparing with (3.2.1), (3.2.2), we find

LEMMA 3.2.2.
N—1
0" (1, z, 2)| < J¥(ag,. .. ,an)l/2(1 +0(e)" C(k, O)n?)k:hk(l—%);
k=0
||RnN||L2(M) < nhv sup |dmb2’ < nhNC(N)h*%N_

E<N—1,m<2(N—k)
We can now prove:

COROLLARY 3.2.3. For any K > 0, there exists hx such that, for all
h < hy,

UAa,UAa,_, - UAn, Op(X)0:1 2 (ar)
< 2(27h)" Y2 I (g, . .., an) 2 (1 + O(e))"
uniformly for n < Kl|logh| and z in M.
Proof. We have
HUAOmUAana s UAozoOp(X)(;z - (27Th)7d/2vn(17 * Z)HL2(M)
< (27h) 2| R || L2 an)-
Let £ > 0 be given. We can choose N large enough, and hx such that
(27h) " 2nC(N)RN =28 << J%ag, . .., an) 21+ O(e))™

for n < K|logh| and h < hx. This ensures that the remainder term R}
is negligible. We also choose hx such that Z{f:}} C(k,0)n?kpk(1=28) < 9 if
h < hi. 1

Theorem 1.3.3 is now a direct consequence of this corollary and of the
decomposition (3.0.2).

4. Appendix Al: Small scale differential calculus

4.1. Definition of Opy,. Let Q C R? be an open set, and U = Q x Q. The
space of symbols of order m is defined as:
S™U x RY) = {a € C°(U x R%:C)/
for every compact K C U, for all «, 3, there exists C,
|D2D]a(z,€)] < C(1+[¢))™ 1 for all (2,¢) € K x R%}.

We denote X7° = N,,cz2" the space of regularizing symbols — it contains in
particular the space of smooth compactly supported functions, C2°(U x RY).
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Semi-classical symbols of order m and degree | (depending on a small
parameter h) are defined as follows:

S = {an(z,6) = 'Y hlaj(z,€), a; € 2™}
j=0

This means that ap(x, ) has an asymptotic development in powers of h, in the

sense that
N-1

a—h'Y " Waje NN
j=0

uniformly in h. In this semiclassical context, the space of regularizing symbols
s $o0H0 = (- mmm,

Let a = a(xz,y;€) € S0 (Q x Q x RY). The subscript . means that the
support of a in € x € is proper; in other words, for every compact K C (Q,
there exists a compact K’ € Q such that a(z,y,§) = 0 for z € K and y ¢
K'. Define OP(a)u(z) = (27Th)_dfe%(zfyma(x,y,f)u(y)dydf, well defined if
u is smooth. Denote \I/an(Q) the space of these operators, called (proper)
pseudo-differential operators of degree | and order m; ¥, () consists of
regularizing operators, which means here that the kernel is smooth and all its
derivatives are O(h®°) uniformly on compact sets. An operator in \IJ(C)’O(Q) acts
continuously from L?*(Q2) to L2 (), uniformly in h. There exists an integer
N4 depending on the dimension d such that, for all a € 22’0, for every compact
set K, HOPh(a)HLQ(K) < (Ha 0K + h1/2”DaH0’K + -+ hN’i/QHDNdaHO,K).

Now let M be a smooth compact d-dimensional manifold. Choose a finite
partition of unity ¢; (> gp? = 1), such that the support of each ; is endowed
with local coordinates in RY; for a € X™9(T*M), we define :

Opy(a) = Y OP(ai(@)¢i(y)a(x,€)) ,
l

where each term in the sum is defined in local coordinates thanks to the pre-
vious formula. The map a — Opy,(a) thus defined depends on the choice of
the partition of unity, and of local coordinates. Its image, however, is well de-
fined up to regularizing operators. The algebra W™9(M) of pseudodifferential
operators on M is thus well defined, modulo regularizing operators.

4.2. Small scale symbols. We defined Opy(a) when ap(z,§) is smooth
and has a nice behaviour when £ — oo, h — 0. However, a more careful
study shows that certain aspects of the theory are still valid if the derivatives
of the symbols are allowed to explode at a reasonable rate, when h — 0. The
theory is developed in detail in [DS]; we just point out a few facts that are
useful in the paper. The main tool is the following variant of the stationary
phase method.
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LEMMA 4.2.1. Let (a(h))he(o,l} be a family of C* functions on R x RY,
with a fixed compact support, and satisfying the following estimates on the

derivatives:
HDna(h) HO < Cnhfnn

for alln € N, for some k € [0,1/2) and some sequence of positive real numbers

(Cn)-

(i) The integral [pa. gpa at (x,f)e”g%da:df obeys the following asymptotics
as h — 0:

1 e
(2h)d/ a(h)(f&é’)e <§h,>almf _ a(h)((),()) +OMh,
d R2 xR4

One can even write an asymptotic development to all orders in powers
of h.
(ii) If, for all h, 0 & supp a'™, then

1
(2mh)d

/ a® (z,€)e 5 dudé = O(h).
R4 xR4

It follows that certain results of pseudo-differential calculus still hold if the
derivatives of the symbols do not explode faster than powers of h™" (k < 1/2).
For instance:

THEOREM 4.2.2 (Calderon-Vaillancourt Theorem). On a d-dimensional

compact manifold, there exists an integer Ny such that, for all a €
C>®(T*M),

104 (@) z2ary < (lallo + A2 (| Dallg + - - - + KN/ DNa]lo).
In particular, if a™ depends on h in a way that
HDna(h)HO < Cnhfnn

for alln € N, for some k € [0,1/2) and some sequence of real numbers (C,),
then the operators Opy,(a™) are uniformly bounded in L?(M).

One can then show:

THEOREM 4.2.3. Let (a™) and (b™) be two families of C*° functions on
T*M, with a common compact support, and satisfying estimates of the form

||Dna(h)||0 < Cnhfnn

and
| D™ ||y < Ch ™.

Then
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(i) 10p;, (@) Opy, (6™)) — Opy, (@™6™) || L2(ar) = OB ~2).
(i) 110ps (@), Opy (6] [l 2 (ar) = O(R'2").
(iii) If, for all h, supp a® N supp b = 0, then
10p,(a®)Op, (M) | 2ary = O(R).
(iv) (Egorov Theorem) For any given t,
10ps, (a™)(t) = Opy(a™ © g")||L2ary) = O(R' 7).

Remember the notation: A(t) = e~'5" Aes", for any operator A.
We will also need a result about the range of validity of the Egorov theo-
rem.

THEOREM 4.2.4 (Ehrenfest time for the evolution of observables, from
[BRO2]). There exists A > 0 such that, for every s € [0,1/2), if (a™) is a
family of C*° functions on T*M, with a common compact support, satisfying
estimates of the form

1D"a™ g < Cuh ™™,

then for £ > 0

sup HOph(a(h))(t) — Oph(a(h) o gt)HLQ(M) _ O(h172n—2A;f;)7
[t|<R|log h|

for all h € (0,1].

This follows directly from the arguments in [BR02]; the assumptions that
the symbol a(®) and its derivatives are bounded can be relaxed to | D"a™ |y <
Cr,h™™%. For the number A we can take an upper bound for the Lyapunov

exponents of the geodesic flow.
Putting together Theorem 4.2.3 and Theorem 4.2.4, we obtain:

COROLLARY 4.2.5. For every r € [0,1/2), if (aM), (0™) are families of
C*™ functions on T M, with a common compact support, and satisfying esti-
mates of the form

ID"aM o < Cab™™,
16 ™l < Col™"™,
then there exists a constant C' such that
1Opy(@™)(#), Opy (0] | 2(ary < ChI 2072
for all & > 0 and all |t| < K|logh|.

We can prove Lemma 2.3.3:
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COROLLARY 4.2.6. Let x be an energy cut-off, supported in a neighbour-
hood of the energy layer {||v|| = 1}. For all & > 0 for every N < 2&|logh|,
for every permutation T of {0, ..., N}, for every sequence to,...,tnx such that
|t;| < R|logh|, for every sequence ay, ..., an,

0P, (X)" Ay (EN) - - - - A, (t1) Ay (20) Opp (X)
— 0Py (X)*OPh (X) Aa, x (trn) - - - Aa, (Er1) Aay (B0) | L2 (ar) = O (R 27345,

Proof. In the case when 7 is a transposition of two consecutive integers,

the proposition follows directly from Corollary 4.2.5; since the functions A,
satisfy ||[D"Ayllo < C(n)h™"".

Otherwise, the result can be proved noting that one can write any permu-

tation of {0,..., N} as the product of at most (N + 1)2 such transpositions.

[

As a corollary we can prove Lemma 2.2.2:

COROLLARY 4.2.7. Let x be an energy cut-off, supported in a neighbour-
hood of the energy layer {||v|]| = 1}. There exist & and o > 0 such that, for all
n < k|logh|, for every subset W C %,,,

| Z éhOph(X)HLZ(M) <1+0(h%).
Cew

Proof. Define B; = \/A;. By Corollary 4.2.6, we have
> (COpL )Y,y = Y Ban (). BayOpp(X'*)¢72ar)
Cew [@oyeeeyn ]EW
+ ﬁWO(hl_QH_SAR).

We see that each operator C Opy,(x) is close to being a positive operator, and we

know their sum has norm less than 1+O(h). Of course we should choose % small
enough so that the remainder term remains small, i.e. §W.0(h!726730F) —

O(h®) — this is possible since §WW grows exponentially with n. O

5. Appendix A2: construction of the partition of unity (A%)

The purpose of this appendix is to show how to construct the A; so as to
satisfy the requirements of subsection 2.1.
Of course, this holds if we have the property: There exists p > 0 such that

/B [ () 2 Vol(z) = O(hP),

where B is the tubular neighbourhood of size h* of the boundary of the parti-
tion P. Thus, we try to modify very slightly the partition P so that its bound-
ary is piecewise smooth, and the smooth hypersurfaces (Si)r=1,.. r forming
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the boundary satisfy
(5.0.1) / () 2d Vol(z) = O(hP)

where Vi (h*) is a tubular neighbourhood of Sy, of size h".

Starting with an initial partition P(0) = P whose boundary consists of a
finite number of smooth hypersurfaces (S*(0)) k=1,...,L., we can deform it slightly
to a partition P(h), with boundary components (S¥(h))g=1._. 1 that satisfy
(5.0.1). The new partition will depend on h, but in a way that does not affect
the proof of Theorem 1.1.1: in our construction the boundary components
(Sk(h))kzlw’L will converge to the original (Sk(O))k:Lm,L.

We start with a simple remark. Consider an open subset U C M equipped
with a chart ® : U — RY that sends U to the cube (—2,2)%. Let S C
[—1,1]471, §(0) = §x{0} € (—2,2)% and S(0) = ®~1(S). And more generally,
given 0 < e <1 and 0 < s < 1/4, we define

S.={x e (-2,2)7 ! d(z,5) <e} C (-2,2)%1,
S.(m, h)=S. x {mh'/?=5},
C(m,h)=8: x [(m —1/2)h"?7% (m + 1/2)R'/?~

and, finally,
S.(m,h)=d"1(S.(m,h)),
Vf(mv h) = q)_l(V&(mv h))

(the latter is a tubular neighbourhood of size h'/?=% of the former); m is an
integer in [—h~ /225 p=1/2425) Gince

2
) / o @l <1

mE[—h—1/2+2s h—1/2+2]

there must exist an mo € [~h~/*25 h=1/2¥2%] (depending on h) such that
/ n () [2d Vol (z) < h/?25,
‘/;(mo,h)

This means that S.(mo, h) satisfies (5.0.1) with k =1/2 —sand p=1/2—2s
(which is even better than what we need). Besides, S:(mo, h) is at distance h*
from S:(0).

We conclude that there is a hypersurface h*-close to S(0) that satis-
fies (5.0.1).

Let us now consider a partition P(0), with boundary components
(S%(0))k=1...1. For every k, we know that there exists a hypersurface S¥(h)
h-close to S¥(0) that satisfies (5.0.1) with p = 1/2 — 2s. We need to show,
in addition, that for each k, there exists S¥(h) € S¥(h) such that the Sj(h)s
form the boundary of a new partition.
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Although this is probably always true for general partitions with piecewise
smooth boundary, we will avoid a tedious combinatorial argument by consid-
ering only special “cubic” partitions that we describe below: In the universal
cover M, consider a polyhedral fundamental domain D(0) for the action of
I' = m (M), whose boundary is piecewise smooth; consider also an open, rel-
atively compact subset U C M, containing D(0), and equipped with a chart
® : U — R? that sends U to the cube (—2,2)¢. Given a > 0, one has
a partition of (—2,2)% into cubes of size e, delimited by the hypersurfaces
Skm(0) = {zp = me} (k=1,...,d, m € Z, |m| < 2/e). This partition gives
a partition of U which, restricted to the fundamental domain D(0), gives our
partition P(0) of M. More precisely, the boundary of P(0) is formed by the
image in M of

— parts of the S¥™(0) = &~1(S%™(0));

— the boundary of D(0).

Most elements of P(0) are sent to cubes by the chart ®, except for those
intersecting the boundary of the fundamental domain, which look like a cube
cut by a smooth hypersurface.

The boundary of the “polyhedra” D(0) consists of a finite number of
smooth hypersurfaces Sk(O); applying the previous procedure, we can find
some S¥(h) satisfying (5.0.1) and such that

— for each k, we can find a subset S¥(h) C S¥(h) such that the S*(h)s
form the boundary of a new fundamental domain D(h).

— S*(h) is at distance h* from S*(0).

In the cube (—2,2)%, always by the same procedure, we can move the
SEm(0)s to

Sk (h) = {a, = ma + mo(k, m)h'/*=5}

(mo(k,m) € [~h~ /225 h=1/2425] a5 previously) so that
SE(h) = @ (35 (1))

satisfies (5.0.1), for every k,m. Besides, the S%™(h) still delimit a partition
of (—2,2)% into cubes and thus the S¥™(h) delimit a partition of the open set
UeM.

This partition of U, restricted to the fundamental domain D(h), gives our
partition P(h) of M. More precisely, the boundary of P(h) is formed by the
image in M of

— parts of the S¥™(h) = &~1(5%™(0));

— the boundary of D(h).

The boundary of the new partition P(h) satisfies (5.0.1) and converges to
the boundary of P(0), in the C*° topology, when h — 0. The characteristic
function of P;(h) converges to the characteristic function of P;(0), uniformly
on every compact set not intersecting the boundary of P;(0) (for every i =
1,...,10).
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We finally construct the smooth partition of unity A? by applying the
convolution (2.1.1) to P;(h) instead of P;.
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