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Global well-posedness and scattering

for the energy-critical nonlinear
Schrodinger equation in R?

By J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, and T. TAO*

Abstract

We obtain global well-posedness, scattering, and global L,}g: spacetime
bounds for energy-class solutions to the quintic defocusing Schrodinger equa-
tion in R'*3, which is energy-critical. In particular, this establishes global
existence of classical solutions. Our work extends the results of Bourgain [4]
and Grillakis [20], which handled the radial case. The method is similar in
spirit to the induction-on-energy strategy of Bourgain [4], but we perform the
induction analysis in both frequency space and physical space simultaneously,
and replace the Morawetz inequality by an interaction variant (first used in
[12], [13]). The principal advantage of the interaction Morawetz estimate is
that it is not localized to the spatial origin and so is better able to handle
nonradial solutions. In particular, this interaction estimate, together with an
almost-conservation argument controlling the movement of L? mass in fre-
quency space, rules out the possibility of energy concentration.
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1. Introduction

1.1. Critical NLS and main result. We consider the Cauchy problem for
the quintic defocusing Schrédinger equation in R'*3

iug + Au = |u|*u
-y Vo Sl

where u(t,z) is a complex-valued field in spacetime R; x R3. This equation
has as Hamiltonian,

(1.2) E(u(t)) ::/%|Vu(t,x)|2 + %|u(t,x)\6 da.

Since the Hamiltonian (1.2) is preserved by the flow (1.1) we shall often refer
to it as the energy and write E(u) for E(u(t)).

Semilinear Schrédinger equations - with and without potentials, and with
various nonlinearities - arise as models for diverse physical phenomena, includ-
ing Bose-Einstein condensates [23], [35] and as a description of the envelope
dynamics of a general dispersive wave in a weakly nonlinear medium (see e.g.
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the survey in [43], Chapter 1). Our interest here in the defocusing quintic
equation (1.1) is motivated mainly, though, by the fact that the problem is
critical with respect to the energy norm. Specifically, we map a solution to
another solution through the scaling u — u” defined by

1 t x
A — z
(1.3) u(t, ) == Yk ()\2’ )\> ,

and this scaling leaves both terms in the energy invariant.

The Cauchy problem for this equation has been intensively studied ([9],
[20], [4], [5],[18], [26]). It is known (see e.g. [10], [9]) that if the initial data ug(z)
has finite energy, then the Cauchy problem is locally well-posed, in the sense
that there exists a local-in-time solution to (1.1) which lies in CYH} N LS,
and is unique in this class; furthermore the map from initial data to solu-
tion is locally Lipschitz continuous in these norms. If the energy is small,
then the solution is known to exist globally in time, and scatters to a solution
u+(t) to the free Schrédinger equation (i0; + A)utr = 0, in the sense that
||lu(t) — ui(t)HHI(Rg) — 0 as t — +oo. For (1.1) with large initial data, the
arguments in [10], [9] do not extend to yield global well-posedness, even with
the conservation of the energy (1.2), because the time of existence given by the
local theory depends on the profile of the data as well as on the energy.! For
large finite energy data which is assumed to be in addition radially symmet-
ric, Bourgain [4] proved global existence and scattering for (1.1) in H*(R?).
Subsequently Grillakis [20] gave a different argument which recovered part of
[4] — namely, global existence from smooth, radial, finite energy data. For
general large data — in particular, general smooth data — global existence
and scattering were open.

Our main result is the following global well-posedness result for (1.1) in
the energy class.

THEOREM 1.1. For any ug with finite energy, E(ugp) < oo, there exists a
unique® global solution v € CP(H}) N LY, to (1.1) such that

(1.4) /_ h /R ult, )" dedt < C(B(uo))

for some constant C(E(ug)) that depends only on the energy.

!This is in constrast with sub-critical equations such as the cubic equation iu; + Au =
|u|2u, for which one can use the local well-posedness theory to yield global well-posedness
and scattering even for large energy data (see [17], and the surveys [7], [8]).

2In fact, uniqueness actually holds in the larger space CtO(H;) (thus eliminating the con-
straint that u € L{%), as one can show by adapting the arguments of [27], [15], [14]; see
Section 16.
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As is well-known (see e.g. [5], or [13] for the sub-critical analogue), the
L%’% bound above also gives scattering, asymptotic completeness, and uniform
regularity:

COROLLARY 1.2. Let ug have finite energy. Then there exist finite energy
solutions u(t,x) to the free Schrodinger equation (i0; + A)uy = 0 such that

lut(t) —w(t)|| 5 — 0 as t — Foo.

Furthermore, the maps ug — u+(0) are homeomorphisms from H'(R®) to
HY(R3). Finally, if ug € H® for some s > 1, then u(t) € H® for all time t,
and one has the uniform bounds

sup [[u(t)]| ze < C(E(uo), 5)||uol a--
teR

It is also fairly standard to show that the L}9 bound (1.4) implies further
spacetime integrability on u. For instance u obeys all the Strichartz estimates
that a free solution with the same regularity does (see, for example, Lemma
3.12 below).

The results here have analogs in previous work on second order wave equa-
tions on R3*! with energy-critical (quintic) defocusing nonlinearities. Global-
in-time existence for such equations from smooth data was shown by Grillakis
[21], [22] (for radial data see Struwe [42], for small energy data see Rauch [36]);
global-in-time solutions from finite energy data were shown in Kapitanski [25],
Shatah-Struwe [39]. For an analog of the scattering statement in Corollary 1.2
for the critical wave equation; see Bahouri-Shatah [2], Bahouri-Gérard [1] for
the scattering statement for Klein-Gordon equations see Nakanishi [30] (for
radial data, see Ginibre-Soffer-Velo[16]). The existence results mentioned here
all involve an argument showing that the solution’s energy cannot concentrate.
These energy nonconcentration proofs combine Morawetz inequalities (a priori
estimates for the nonlinear equations which bound some quantity that scales
like energy) with careful analysis that strengthens the Morawetz bound to
control of energy. Besides the presence of infinite propagation speeds, a main
difference between (1.1) and the hyperbolic analogs is that here time scales
like A2, and as a consequence the quantity bounded by the Morawetz estimate
is supercritical with respect to energy.

Section 4 below provides a fairly complete outline of the proof of Theo-
rem 1.1. In this introduction we only briefly sketch some of the ideas involved:
a suitable modification of the Morawetz inequality for (1.1), along with the
frequency-localized L? almost-conservation law that we’ll ultimately use to
prohibit energy concentration.
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A typical example of a Morawetz inequality for (1.1) is the following bound
due to Lin and Strauss [33] who cite [34] as motivation,

6 2
(15) /] dedt,ﬁ(SUPllU(ﬂlle)
I JRs ’3«"\ tel

for arbitrary time intervals I. (The estimate (1.5) follows from a computation
showing the quantity,

(1.6) /Ljh1<avu-§%)dx

is monotone in time.) Observe that the right-hand side of (1.5) will not grow
in I if the H' and L? norms are bounded, and so this estimate gives a uni-
form bound on the left-hand side where I is any interval on which we know
the solution exists. However, in the energy-critical problem (1.1) there are
two drawbacks with this estimate. The first is that the right-hand side in-
volves the H'/2 norm, instead of the energy E. This is troublesome since
any Sobolev norm rougher than H' is supercritical with respect to the scaling
(1.3). Specifically, the right-hand side of (1.5) increases without bound when
we simply scale given finite energy initial data according to (1.3) with A large.
The second difficulty is that the left-hand side is localized near the spatial ori-
gin x = 0 and does not convey as much information about the solution u away
from this origin. To get around the first difficulty Bourgain [4] and Grillakis
[20] introduced a localized variant of the above estimate:

6
(1.7) // W gt < B2
1 aigipe |7l

As an example of the usefulness of (1.7), we observe that this estimate prohibits
the existence of finite energy (stationary) pseudosoliton solutions to (1.1). By
a (stationary) pseudosoliton we mean a solution such that |u(t,z)| ~ 1 for all
t € R and |z| < 1; this notion includes soliton and breather type solutions.
Indeed, applying (1.7) to such a solution, we would see that the left-hand side
grows by at least |I|, while the right-hand side is O(|I|2), and so a pseudosoli-
ton solution will lead to a contradiction for |I| sufficiently large. A similar
argument allows one to use (1.7) to prevent “sufficiently rapid” concentration
of (potential) energy at the origin; for instance, (1.7) can also be used to rule
out self-similar type blowup,®, where the potential energy density |u|® concen-
trates in the ball |z| < Alt — to| as t — t; for some fixed A > 0. In [4],
one main use of (1.7) was to show that for each fixed time interval I, there

3This is not the only type of self-similar blowup scenario; another type is when the energy
concentrates in a ball |z| < Alt — to|'/? as t — t;. This type of blowup is consistent with
the scaling (1.3) and is not directly ruled out by (1.7); however it can instead be ruled out
by spatially local mass conservation estimates. See [4], [20]
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exists at least one time tg € I for which the potential energy was dispersed at
scale |I|'/2 or greater (i.e. the potential energy could not concentrate on a ball
|z| < |I|*/? for all times in I).

To summarize, the localized Morawetz estimate (1.7) is very good at pre-
venting u from concentrating near the origin; this is especially useful in the
case of radial solutions u, since the radial symmetry (combined with conser-
vation of energy) enforces decay of u away from the origin, and so resolves
the second difficulty with the Morawetz estimate mentioned earlier. However,
the estimate is less useful when the solution is allowed to concentrate away
from the origin. For instance, if we aim to preclude the existence of a moving
pseudosoliton solution, in which |u(t,z)| ~ 1 when |z — vt| < 1 for some fixed
velocity v, then the left-hand side of (1.7) only grows like log|I| and so one
does not necessarily obtain a contradiction.?

It is thus of interest to remove the 1/|z| denominator in (1.5), (1.7), so that
these estimates can more easily prevent concentration at arbitrary locations
in spacetime. In [12], [13] this was achieved by translating the origin in the
integrand of (1.6) to an arbitrary point 3, and averaging against the L! mass
density |u(y)|? dy. In particular, the following interaction Morawetz estimate®

2
) [ [ttt dedt ) (sup ol )

was obtained. (We have since learned that this averaging argument has an
analog in early work presenting and analyzing interaction functionals for one
dimensional hyperbolic systems, e.g. [19], [38].) This L{, estimate already
gives a short proof of scattering in the energy class (and below!) for the
cubic nonlinear Schrédinger equation (see [12], [13]); however, like (1.5), this
estimate is not suitable for the critical problem because the right-hand side is
not controlled by the energy E(u). One could attempt to localize (1.8) as in
(1.7), obtaining for instance a scale-invariant estimate such as

(L.9) / / fu(t,2)[* dedt < B(u)?|TP/2,
IJ|z|<|I]M 2

4At first glance it may appear that the global estimate (1.5) is still able to preclude the
existence of such a pseudosoliton, since the right-hand side does not seem to grow much as I
gets larger. This can be done in the cubic problem (see e.g. [17]) but in the critical problem
one can lose control of the H'/? norm, by adding some very low frequency components to
the soliton solution . One might object that one could use L? conservation to control the
H'? norm, however one can rescale the solution to make the L? norm (and hence the HY/?
norm) arbitrarily large.

PStrictly speaking, in [12], [13] this estimate was obtained for the cubic defocusing non-
linear Schrodinger equation instead of the quintic, but the argument in fact works for all
nonlinear Schrodinger equations with a pure power defocusing nonlinearity, and even for
a slightly more general class of repulsive nonlinearities satisfying a standard monotonicity
condition. See [13] and Section 10 below for more discussion.
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but this estimate, while true (in fact it follows immediately from Sobolev and
Hélder), is useless for such purposes as prohibiting soliton-like behaviour, since
the left-hand side grows like |I| while the right-hand side grows like |[I|3/2. Nor
is this estimate useful for preventing any sort of energy concentration.

Our solution to these difficulties proceeds in the context of an induction-
on-energy argument as in [4]: assume for contradiction that Theorem 1.1 is
false, and consider a solution of minimal energy among all those solutions with
Li?t norm above some threshhold. We first show, without relying on any of
the above Morawetz-type inequalities, that such a minimal energy blowup so-
lution would have to be localized in both frequency and in space at all times.
Second, we prove that this localized blowup solution satisfies Proposition 4.9,
which localizes (1.8) in frequency rather than in space. Roughly speaking,
the frequency localized Morawetz inequality of Proposition 4.9 states that af-
ter throwing away some small energy, low frequency portions of the blow-up
solution, the remainder obeys good Lf}x estimates. In principle, this estimate
should follow simply by repeating the proof of (1.8) with u replaced by the high
frequency portion of the solution, and then controlling error terms; however
some of the error terms are rather difficult and the proof of the frequency-
localized Morawetz inequality is quite technical. We emphasize that, unlike
the estimates (1.5), (1.7), (1.8), the frequency-localized Morawetz inequality
(4.19) is not an a priori estimate valid for all solutions of (1.1), but instead
applies only to minimal energy blowup solutions; see Section 4 for further
discussion and precise definitions.

The strategy is then to try to use Sobolev embedding to boost this Lﬁw
control to Ltlg control which would contradict the existence of the blow-up so-
lution. There is, however, a remaining enemy, which is that the solution may
shift its energy from low frequencies to high, possibly causing the L,}gc norm to
blow up while the Lﬁx norm stays bounded. To prevent this we look at what
such a frequency evacuation would imply for the location — in frequency space
— of the blow-up solution’s L? mass. Specifically, we prove a frequency local-
ized L? mass estimate that gives us information for longer time intervals than
seem to be available from the spatially localized mass conservation laws used
in the previous radial work ([4], [20]). By combining this frequency localized
mass estimate with the L?,a: bound and plenty of Strichartz estimate analysis,
we can control the movement of energy and mass from one frequency range
to another, and prevent the low-to-high cascade from occurring. The argu-
ment here is motivated by our previous low-regularity work involving almost
conservation laws (e.g. [13]).

The remainder of the paper is organized as follows: Section 2 reviews
some simple, classical conservation laws for Schrédinger equations which will
be used througout, but especially in proving the frequency localized interac-
tion Morawetz estimate. In Section 3 we recall some linear and multilinear
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Strichartz estimates, along with the useful nonlinear perturbation statement
of Lemma 3.10. Section 4 outlines in some detail the argument behind our
main Theorem, leaving the proofs of each step to Sections 5-15 of the pa-
per. Section 16 presents some miscellaneous remarks, including a proof of the
unconditional uniqueness statement alluded to above.

Acknowledgements. We thank the Institute for Mathematics and its
Applications (IMA) for hosting our collaborative meeting in July 2002. We
thank Andrew Hassell, Sergiu Klainerman, and Jalal Shatah for interesting
discussions related to the interaction Morawetz estimate, and Jean Bourgain
for valuable comments on an early draft of this paper, to Monica Visan and the
anonymous referee for their thorough reading of the manuscript and for many
important corrections, and to Changxing Miao and Guixiang Xu for further
corrections. We thank Manoussos Grillakis for explanatory details related to
[20]. Finally, it will be clear to the reader that our work here relies heavily in
places on arguments developed by J. Bourgain in [4].

1.2. Notation. If X,Y are nonnegative quantities, we use X < Y or
X = O(Y) to denote the estimate X < CY for some C' (which may depend on
the critical energy Eciy (see Section 4) but not on any other parameter such
as 1), and X ~ Y to denote the estimate X SY < X. We use X < Y to
mean X < ¢Y for some small constant ¢ (which is again allowed to depend on
Ecrit)-

We use C' > 1 to denote various large finite constants, and 0 < ¢ < 1 to
denote various small constants.

The Fourier transform on R? is defined by

f©) = [ @) a
R3
giving rise to the fractional differentiation operators |V|*, (V)* defined by

VIEF(©) =€ (&) (V)2(©) = (€)°f(©)
where (£) := (1 + [£]?)'/2. In particular, we will use V to denote the spatial
gradient V,. This in turn defines the Sobolev norms
11 e gay = MIVIPfllLz ey 1 [1me ey -= IKV)* Fll 2wy

More generally we define

[fllyrenay = VI flle@ey; 1 lwer@ey = 1(V) Flles)

forse Rand 1 < p < oo.
We let €2 be the free Schrodinger propagator; in terms of the Fourier
transform, this is given by

—

(1.10) eitA f(g) = e~ f(¢)
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while in physical space we have
1

(1.11) "B f(x) = W/ el v/ f(y) d

for ¢t # 0, using an appropriate branch cut to define the complex square root. In
particular the propagator preserves all the Sobolev norms H*(R?) and H*(R3),
and also obeys the dispersive inequality

(1.12) 1672 fll e @2y S 17221 a o)

We also record Duhamel’s formula

t
(1.13) u(t) = Ay (1) — 2/ e =B (juy + Au)(s) ds
to

to

for any Schwartz v and any times tg,t € R, with the convention that fti) =—J,

if t < ty.

We use the notation O(X) to denote an expression which is schemati-
cally of the form X; this means that O(X) is a finite linear combination of
expressions which look like X but with some factors possibly replaced by their
complex conjugates. Thus for instance 3u?v2|v|2 +9|u|?|v|* +3u2v?|v|? qualifies
to be of the form O(u?v?), and similarly we have

5
(1.14) u+v[0 = [ul® + |5 + )~ Ot
j=1
and
4 - .
(1.15) w4+ v|*(u+v) = Jul*u + \v|4v+ZO(ujv5*]).
j=1

We will sometimes denote partial derivatives using subscripts: 0,,u =
Oju = uj. We will also implicitly use the summation convention when indices
are repeated in expressions below.

We shall need the following Littlewood-Paley projection operators. Let
©(&) be a bump function adapted to the ball {£ € R3 : [¢| < 2} which equals
1 on the ball {¢ € R? : |¢| < 1}. Define a dyadic number to be any number
N € 2% of the form N = 27 where j € Z is an integer. For each dyadic number
N, we define the Fourier multipliers

Ponf(€) == o(¢/N)f(€)
PonJ(€) == (1 — p(&/N)) f(€)
Prf(€) = (p(&/N) — p(2¢/N)) F(€).

We similarly define P. and P> . Note in particular the telescoping identities

Penf= Y Puf; Panf= ) Pufi f= ZPMf

M<N M>N
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for all Schwartz f, where M ranges over dyadic numbers. We also define

Prre.<n = P<y — P<pyr = E Py
M<N'<N

whenever M < N are dyadic numbers. Similarly define Py/<.<n, etc.

The symbol u shall always refer to a solution to the nonlinear Schrédinger
equation (1.1). We shall use uy to denote the frequency piece uy := Pnu
of u, and similarly define u>y = P>yu, etc. While this may cause some
confusion with the notation u; used to denote derivatives of u, the meaning of
the subscript should be clear from context.

The Littlewood-Paley operators commute with derivative operators (in-
cluding |V|* and i0;+ A), the propagator e and conjugation operations, are
self-adjoint, and are bounded on every Lebesgue space LP and Sobolev space
H* (if 1 < p < 00, of course). Furthermore, they obey the following easily ver-
ified Sobolev (and Bernstein) estimates for R? with s > 0 and 1 < p < ¢ < co:

(1.16) [1Ponfllee S N2 NIVIEPsN fll e,
(1.17) [ P<nIVI°flle S N°|[P<n fllLe,
(1.18) PNV fllLe ~ N5 Py f| s,
(1.19)

(1.20)

|P<nflloe S N# «||[P<n fllLr,
PN flloe S Nv~a||PyfllLe.

2. Local conservation laws

In this section we record some standard facts about the (non)conservation
of mass, momentum and energy densities for general nonlinear Schrédinger
equations of the form®

(2.1) i+ Ap = N

on the spacetime slab Iy x R% with I a compact interval. Our primary interest
is of course the quintic defocusing case (1.1) on Iy x R3 when N = |¢|*#, but
we will also discuss here the U(1)-gauge invariant Hamiltonian case, when
N = F'(|¢|?)¢ with R-valued F. Later on we will consider various truncated
versions of (1.1) with non-Hamiltonian forcing terms. These local conservation
laws will be used not only to imply the usual global conservation of mass and
energy, but also derive “almost conservation” laws for various localized portions
of mass, energy, and momentum, where the localization is either in physical
space or frequency space. The localized momentum inequalities are closely

SWe will use ¢ to denote general solutions to Schrédinger-type equations, reserving the
symbol u for solutions to the quintic defocusing nonlinear Schrodinger equation (1.1).
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related to virial identities, and will be used later to deduce an interaction
Morawetz inequality which is crucial to our argument.

To avoid technicalities (and to justify all exchanges of derivatives and
integrals), let us work purely with fields ¢, N which are smooth, with all
derivatives rapidly decreasing in space; in practice, we can then extend the
formulae obtained here to more general situations by limiting arguments. We
begin by introducing some notation which will be used to describe the mass
and momentum (non)conservation properties of (2.1).

Definition 2.1. Given a (Schwartz) solution ¢ of (2.1) we define the mass
density

Too(t,l‘) = |¢(ta $)|27
the momentum density
ng(t,x) = jg(t,x) = QIm(a(Z)j),
and the (linear part of the) momentum current

Lii(t, ) = Li;(t, ) = —0;04|0(t, x)|* + 4Re(d;br).

Definition 2.2. Given any two (Schwartz) functions f,g : R — C, we
define the mass bracket

(2.2) {f,g}m = Im(f7)
and the momentum bracket
(2.3) {f.9}p :=Re(fVg — gVF).

Thus {f, g}m is a scalar-valued function, while {f, g}, defines a vector field on
R4, We will denote the jth component of {f, g}, by {f, g}

With these notions we can now express the mass and momentum (non)-
conservation laws for (2.1), which can be validated with straightforward com-
putations.

LEMMA 2.3 (Local conservation of mass and momentum). If ¢ is a
(Schwartz) solution to (2.1) then there exist the local mass conservation iden-
tity

(2.4) O Too + 95To; = 2{N, ¢}m
and the local momentum conservation identity
(2.5) 0iTo; + Ok Li; = 2{N, ¢}%-

Here we adopt the usual” summation conventions for the indices j, k.

"Repeated Euclidean coordinate indices are summed. As the metric is Euclidean, we will
not systematically match subscripts and superscripts.
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Observe that the mass current coincides with the momentum density in
(2.5), while the momentum current in (2.5) has some “positive definite” ten-
dencies (think of A = 0,0}, as a negative definite operator, whereas the 9; will
eventually be dealt with by integration by parts, reversing the sign). These two
facts will underpin the interaction Morawetz estimate obtained in Section 10.

We now specialize to the gauge invariant Hamiltonian case, when N =
F'(|¢|*)¢; note that (1.1) would correspond to the case F(|¢|?) = [¢[5. Ob-
serve that

(2:6) {F'(161)¢, 6}m =0

and

(2.7) {F'(1¢]*)é, 6}p = =VG(|9]?)

where G(z) := zF'(z) — F(z). In particular, for the quintic case (1.1) we have
(28) {61'6,6)p =~ VIsl"

Thus, in the gauge invariant case we can re-express (2.5) as

(2.9) 0/To; + O Tj, =0

where

(2.10) Ty, = Lk, + 25;,G(|¢]%)

is the (linear and nonlinear) momentum current. Integrating (2.4) and (2.9)
in space we see that the total mass

/ Too dfC:/ 6(t,2)|* dx
R4 R

and the total momentum
/ Toj dx = 2/ Im(op(t, x)0j¢(t, x)) dx
R4 Rd

are both conserved quantities. In this Hamiltonian setting one can also verify
the local energy conservation law

1 1 — _
@10 3 |51V + (0] + 0 [m(Gons) ~ Fo)m(e5,)] =0
which implies conservation of total energy
1 1
[ 5196 + 5F(6?) da.
Rd

Note also that (2.10) continues the tendency of the right-hand side of (2.5)
to be “positive definite”; this is a manifestation of the defocusing nature of
the equation. Later in our argument, however, we will be forced to deal with
frequency-localized versions of the nonlinear Schrodinger equations, in which
one does not have perfect conservation of mass and momentum, leading to a
number of unpleasant error terms in our analysis.
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3. Review of Strichartz theory in R!*3

In this section we review some standard (and some slightly less standard)
Strichartz estimates in three dimensions, and their application to the well-
posedness and regularity theory for (1.1). We use L L" to denote the spacetime
norm

1/q

q/r
[ullLsrr mxrs) == </ (/ lu(t, x)|" dx) dt) ,
R \JRs

with the usual modifications when ¢ or r is equal to infinity, or when the
domain R x R3 is replaced by a smaller region of spacetime such as I x R3.
When ¢ = 7 we abbreviate L{L3 as L{,,.

3.1. Linear Strichartz estimates. We say that a pair (¢, r) of exponents is
admissible if % + % = % and 2 < ¢, < oo; examples include (¢,r) = (o0, 2),
(10,30/13), (5,30/11), (4,3), (10/3,10/3), and (2, 6).

Let I x R? be a spacetime slab. We define® the L? Strichartz norm
SO(I x R?) by

1/2
() (¢,7) admissible <2N: t Ly (Ix ))

and for k = 1,2 we then define the H* Strichartz norm S*(I x R3) by

k
[ull g (1 umay = IVl go(1xRo)-

We shall work primarily with the H' Strichartz norm, but will need the L? and
H? norms to control high frequency and low frequency portions of the solution
u respectively.

We observe the elementary inequality

62 |(Ziwe)”]
N

1/2
2
LILT (IxR3) < (%: HfNHL?L;(IxRS))

for all 2 < ¢g,7 < oo and arbitrary functions fu; this is easy to verify in
the extreme cases (¢,7) = (2,2), (2, 00), (00, 2), (00, 20), and the intermediate
cases then follow by complex interpolation. In particular, (3.2) holds for all
admissible exponents (g,7). From this and the Littlewood-Paley inequality

8The presence of the Littlewood-Paley projections here may seem unusual, but they are
necessary in order to obtain a key LiLS° endpoint Strichartz estimate below.
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(see e.g. [40]) we have

1/2
2
leell gLy (rxmey S H(%: | Pavul ) ‘LZL;(IXR?’)

1/2
S (Z ”PNUH%‘;L;(IXRS))
N

N HUHSO([X]RS)

and hence
(3.3) IVl g (xm9) S Nl gcmoy:
Indeed, the S* norm controls the following spacetime norms:
LEMMA 3.1 ([44]). For any Schwartz function u on I x R3,
IVallzzz2 + 1Vl yogsons + [Vl o + [Vull ey + [Vl 0
(34) o =T tx
+IVullgzre + lull sz + llullperss + llullzie, + lullzers < llullg:-

where all spacetime norms are on I x R3.

Proof.  All of these estimates follow from (3.3) and Sobolev embedding
except for the L#LS° norm, which is a little more delicate because endpoint
Sobolev embedding does not work at L3°. Write

ey = [[PnVullpzrs + [[PNVull Ler2;
then by the definition of S* we have

(34)" < lullge

N

On the other hand, for any dyadic frequency N we see from Bernstein’s in-
equality (1.20) and (1.18) that

1 1
NE”PNUHLELZO S cy and N_5‘|PNU||L;;OL;¢ 5 CN.

Thus, if an(t) := [[Pvu(t)| e, we have

1/2 .
(3.5) ( / an(®)? dt) " Nty
I
and
(3.6) supan(t) < Nicy.
tel

Let us now compute

Julldy e < /I (S av®) at

N
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Expanding this out and using symmetry, we have
llfs S Y [ on@an(onbax, o) d
Ni>N>Ns>N, V1

Estimating the two highest frequencies using (3.5) and the lowest two using
(3.6), we can bound this by
1 1
N2 N;
,S 31 41 CN;CN,CN3;CNy -
Ni>N; >Ny >Ny Ni N3

Let ¢y denote the quantity
&y =Y min(N/N',N'/N)" ey,
N/
Clearly we can bound the previous expression by
1
N2NZ . _
S; 3l 41 CN,CN,CN;CN, -
Ni>Nz>Ns>Ny Ni Ny
But we have &y, < (N1/N;)Y/%éy, for j = 2,3,4; hence we can bound the
above by

Nj N}
S > —3 4 &N, (N1/N2) 10Ny /N3) 1O (Ny /Ny VIO,
N>No>No>Ny NP Ny
Summing in N4, then in N3, then in No, we see that this is bounded by
2

S5 (X4)

N, N
But by Young’s inequality this is bounded by < (3" c&)? < HuH‘él, and the

N

claim follows. O
We have the following standard Strichartz estimates:

LEMMA 3.2. Let I be a compact time interval, and let u : I x R? — C be
a Schwartz solution to the forced Schrodinger equation

M
iut—i—Au:ZFm

m=1
for some Schwartz functions Fi, ..., Fy. Then
M
BT Jullgerunsy S lulto) s sy + C S IV Bl ot g
m=1

for any integer k > 0, any time tg € I, and any admissible exponents (qi,71), - . .
oo s (Gm,™m), where p' denotes the dual exponent to p; thus 1/p' +1/p = 1.
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Proof. We first observe that we may take M = 1, since the claim for
general M then follows from the principle of superposition (exploiting the
linearity of the operator (i9; + A), or equivalently using the Duhamel formula
(1.13)) and the triangle inequality. We may then take k = 0, since the estimate
for higher k follows simply by applying V* to both sides of the equation and
noting that this operator commutes with (id; + A). The Littlewood-Paley
projections Py also commute with (i0; + A), and so

(iat + A)PN’LL = PyFy
for each N. From the Strichartz estimates in [32] we obtain

[ Pnullpapr (rxresy S I1PNu(to)ll 2 rs) + ||PNF1||L3’1L;i (IXR)
for any admissible exponents (¢, ), (q1,71). Finally, we square, sum this in N
and use the dual of (3.2) to obtain the result. a

Remark 3.3. In practice we shall take £ = 0,1,2 and M = 1,2, and
(¢m,Tm) to be either (c0,2) or (2,6); i.e., we shall measure part of the inho-
mogeneity in L%Hﬁ, and the other part in L%Wf 675,

3.2. Bilinear Strichartz estimate. It turns out that to control the inter-
actions between very high frequency and very low frequency portions of the
Schrodinger solution w, Strichartz estimates are insufficient, and we need the
following bilinear refinement, which we state in arbitrary dimension (though
we need it only in dimension d = 3).

LEMMA 3.4. Let d > 2. For any spacetime slab I, x R%, any to € I, and
for any § > 0,

vl 20 ey < COlto) |- aes + 1005 + Abully2720)
< ([olto)ll o, + 160 + A)

-}

This estimate is very useful when wu is high frequency and v is low fre-
quency, as it moves plenty of derivatives onto the low frequency term. This
estimate shows in particular that there is little interaction between high and
low frequencies; this heuristic will underlie many of our arguments to come,
especially when we begin to control the movement of mass, momentum, and
energy from high modes to low or vice versa. This estimate is essentially the
refined Strichartz estimate of Bourgain in [3] (see also [5]). We make the trivial
remark that the Ll?,x norm of wv is the same as that of uv, wv, or ww, thus the
above estimate also applies to expressions of the form O(uv).

Proof. We fix ¢, and allow our implicit constants to depend on §. We begin
by addressing the homogeneous case, with u(t) := e**¢ and v(t) := €4 and
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consider the more general problem of proving

(3.9) luvllgz S ICH gro 191 e -

Scaling invariance of this estimate demands that oy + ao = % — 1. Our first
goal is to prove this for oy = —1 + 6 and ay = % — 0. The estimate (3.9)
may be recast using duality and renormalization as

(3.10)

/ 9(&1 + &, 1612 + &) C(E) ] T (E2)derdEr S gl 2 lIC 1o 10 -

Since ay > a1, we may restrict attention to the interactions with [£;| > |£a.
Indeed, in the remaining case we can multiply by (%)a?_‘l1 > 1 to return to
the case under consideration. In fact, we may further restrict attention to the
case where [£1] > 4/|&s| since, in the other case, we can move the frequencies
between the two factors and reduce to the case where a; = a9, which can
be treated by Lfyx Strichartz estimates’ when d > 2. Next, we decompose
|€1| dyadically and |£2] in dyadic multiples of the size of |£;1| by rewriting the

quantity to be controlled as (N, A dyadic):
S5 [ [ove el +lePlaGelel @)
N A

Note that subscripts on g, (, 1 have been inserted to evoke the localizations to
|€&1 + &2| ~ N, |&1| ~ N, |&2| ~ AN, respectively. Note that in the situation we
are considering here, namely |£1]| > 4]&2|, we have that |§; + &2] ~ |€1] and this
explains why g may be so localized.

By renaming components, we may assume that [£1] ~ [&1] and [£3] ~ [&].
Write & = (€3, &). We now change variables by writing u = & +&, v = |&2+
|&2]2 and dudv = Jdédde;. A calculation then shows that J = [2(£14&1)| ~ |&1].
Therefore, upon changing variables in the inner two integrals, we encounter

%:N‘“ Y (AN) e /RM/R/W gn (u, v) Hy a (u, 0, &) dudvdsy

A<1

where

HN,A(U,U,.f_Q) = %AN(@)
We apply Cauchy-Schwarz on the u,v integration and change back to the

original variables to obtain

D (AN)* /

A<l Rd—1

o N . ]
%:N gl 2 [/R/R y deydel| de.

9In one dimension d = 1, Lemma 3.4 fails when u,v have comparable frequencies, but
continues to hold when u, v have separated frequencies; see [11] for further discussion.
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We recall that J ~ N and use Cauchy-Schwarz in the £ integration, keeping
in mind the localization || ~ AN, to get

> N3 gl Y (AN)T T 1O e lan -
N A<1
Choose a1 = —% +6 and ag = % — ¢ with 6 > 0 to obtain
—~ 5 —_—
D lgnllpa ISl > A vanll
N A<1

which may be summed up to give the claimed homogeneous estimate.

We turn our attention to the inhomogeneous estimate (3.8). For simplicity
we set F':= (i0; + A)u and G := (i0; + A)v. Then we use Duhamel’s formula
(1.13) to write

t t
u = el(tto)Au(tO)_Z/ el'(tft/)AF(t/) dt/, v = e’i(tto)AU(tO)_i/ el’(t*t/)AG(t/).

t(] t()

We obtain!?

|uvllre <

L2

t

to

L2

t
n ei(t—to)Av(tO)/ (=) Pty gy

to

L2

t t
+ / ei(t—t’)AF(t/)dt// ei(t_t”)AG(:E,t”) dt"

t[) tO
=L+ L+ 13+ 14

L2
The first term was treated in the first part of the proof. The second and the
third are similar and so we consider only I5. By the Minkowski inequality,
IZ 5/ ”ei(t—to)Au(tO)ei(t_t/)AG(t/)HL2 dt/,
R

and in this case the lemma follows from the homogeneous estimate proved
above. Finally, again by Minkowski’s inequality we have

Iy 5 / / H€i(t_t/)AF(t/)ei(t_t”)AG(t//)HLgdt/dt//,
R JR

and the proof follows by inserting in the integrand the homogeneous estimate
above. O

10 Alternatively, one can absorb the homogeneous components e 202y (), et 710024 (¢()
into the inhomogeneous term by adding an artificial forcing term of 6(¢ — ¢o)u(to) and
0(t — to)v(to) to F and G respectively, where § is the Dirac delta.
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Remark 3.5. In the situation where the initial data are dyadically lo-
calized in frequency space, the estimate (3.9) is valid [3] at the endpoint
a] = —%, gy = %. Bourgain’s argument also establishes the result with a; =
—% + 6,9 = % + 4, which is not scale invariant. However, the full estimate
fails at the endpoint. This can be seen by calculating the left and right sides
of (3.10) in the situation where {; = xp, with Ry = {¢ : & = Nel + O(Nz)}
(where el denotes the first coordinate unit vector), @(ﬁg) = |&|™ % xg, where
Ry = {& : 1 < |&] < Ni,&-e' = O(1)} and g(u,v) = xn,(u,v) with
Ro = {(u,v) : u = Ne' + O(Nz),v = |u|2 + O(N)}. A calculation then shows
that the left side of (3.10) is of size N % log N while the right side is of size

NS (log N )%. Note that the same counterexample shows that the estimate

oz S 1 1l
where u(t) = ¢, v(t) = e, also fails at the endpoint.

3.3.  Quintilinear Strichartz estimates. We record the following useful
inequality:

LEMMA 3.6. For any k = 0,1,2 and any slab I x R3, and any smooth
functions v1, ... ,vs on this slab,

(3.11) Hvk0<1}11}2’03’041}5) ||L%L§

S > [vall gr [1onll gn [[vell Lo, lvall Lo, [[vel|
{a7b767d76}:{172737475}

where all the spacetime norms are on the slab I x R3. In a similar spirit,
5 5
(3.12) IV O (0102030405) || 2 o5 S 11 IVl o aorrs < 1T il
j=1 j=1

Proof. Consider, for example, the £k = 1 case of (3.11). Applying the
Leibnitz rule, we encounter various terms to control including

|O((Voryvavsvsvs) iz S IVl o leel g el ol sl

The claim follows then by (3.4). The k = 2 case of (3.11) follows similarly by
estimates such as

|O((V?01)v2030405) | 12 S HVQMHL% lvallzspee losll Loz [[vall o (05l Lyo
3 ) ,
and
1O((Vor)(Vvz)vsvavs ) pype S (Vi s [IVoallspeellvsl e oall o 1vsll o

t,x

The k = 0 case is similar (omit all the Vs).
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Finally, estimate (3.12) similarly follows from the Sobolev embedding
lull g0 S IVl f10p303, (3.4) and Holder’s inequality,

tax N

10(Vorvav30405) || 2o S IV ULl 1o pzonsllvall o, lvsl Lio, l[vall Lio, [[0sllLze, - O

We need a variant of the above lemma which also exploits the bilinear
Strichartz inequality in Lemma 3.4 to obtain a gain when some of the factors
are “high frequency” and others are “low frequency”.

LEMMA 3.7. Suppose vp;, vy, are functions on I x R? such that
[vnillgo + [ (00 + A)vnillLrr2 (1xre) S €K,
[vnillgr + IV (@0 + A)vnill iz (1xrsy S K,
[violl g1 + IV (i0¢ + A)violl iz (1xr3) S K,
Vo]l g + IV (i0r + A)violl i 12 (1xre) S €K
for some constants K >0 and 0 < e < 1. Then for any j =1,2,3,4,

IVO(vi 0, )‘|L2L6/5(I><R3) SNk’

Remark 3.8. The point here is the gain of €%/19, which cannot be obtained
directly from the type of arguments used to prove Lemma 3.6. As the proof
will reveal, one can replace the exponent 9/10 with any exponent less than
one, though for our purposes all that matters is that the power of ¢ is positive.
The S° bound on vp; effectively restricts vp; to high frequencies (as the low
and medium frequencies will then be very small in S norm); similarly, the 52
control on vy, effectively restricts v;, to low frequencies. This lemma is thus
an assertion that the components of the nonlinearity in (1.1) arising from in-
teractions between low and high frequencies are rather weak; this phenomenon
underlies the important frequency localization result in Proposition 4.3, but
the motif of controlling the interaction between low and high frequencies un-
derlies many other parts of our argument also, notably in Proposition 4.9 and
Proposition 4.15.

Proof. Throughout this proof all spacetime norms shall be on I x R3. We
may normalize K := 1. By the Leibnitz rule we have
”VO(%UZO )HL2L6/5 S ||O(”hz“lo JVUZO)HLQLG/S + ”O(”hz ”lo ]v”’”)”L?LG/S
Consider the Vv, terms first, which are rather easy. By Holder we have
1OWhsviy Y vio)l 12 pers S IV 0toll e 2 l0mill 2o 22 [0t ]| e as lvma| 5 s
Applying (3.4), this is bounded by
S violl ge lomill gollvio 55 llvmal %, < €2

which is acceptable.
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Now consider the Vuvy; terms, which are more difficult. First consider the
7 =2,3,4 cases. By Holder we have

1O@h; oy Vo)l 2 pors

4—j j—3/2
N ||Vvhz||L2L6HleHL“L‘””UMHLwU HvloHLgo]Lg||vhz‘HJLgoL/g~

Now observe (for instance from (1.20), (1.18) and dyadic decomposition) that

1/2 1/2
lowoll ootz S lotoll e Lo IV 010 2 1o
Thus, by (3.4),
‘j 1/2 9/2—j

O] op, I Foma)l| papors S lomall %y ™2 llomal g0 ool L2 w10l 2,

which is O(¢9/19), and is acceptable.
Finally consider the 7 = 1 term. For this term we must use dyadic de-
composition, writing
4
10k Vom0
S Y OUPN ) (Pryvio) (Prgvio) (P, vio) Vori | s pors-
N1,Nz,N3, N ’

By symmetry we may take N7 > Ng > N3 > N,. We then estimate this using
Holder by

> 1O(Pn, 1oV ni) |2 2 | PNy Vio | Lo e | PNy Vio || Lo Le [| PN, Viol | Lge Lo -
Ni>N,>N3>N;

The middle two factors can be estimated by ||vpl|¢: = O(1). The last factor
can be estimated using Bernstein (1.18) either as

1/2 1/2 2
1Pxvioll e S Ny 21 Pavioll e re S Ni ool g S N/

~

or as

—1/2 —1 2
1Pxviollpre S Ny IV Pryviollpers S Ny 7

-1/2
lonollge < &Ny
Meanwhile, the first factor can be estimated using (3.8) as

10PN, vioVori)llpzre S (IVori (o)l gr-1/e4s + 1060 + A)Vonill 1 gyo1r244)
X ([|1Pn, vio(to) | -5 + [1(20 + A) P, iol| 1y pri-5),

where to € I is an arbitrary time and 0 < § < 1/2 is an arbitrary exponent.
From the hypotheses on vp; and interpolation we see that

IV ORi ()| gr-1/205 + 180 + A)Vonill g goriaes S glf?=?
while from the hypotheses on v, and (1.18),
1Px, w0 (t0) | 715 + 1(80: + A) Prv,vio| 1 i) S N2
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Putting this all together, we obtain

P S S 1/2 —-1/2
||O(U?ovvhi)||Lng/5 S Z el/? 6N16m1n(N4/ ,EN, /).
N1 >N>>N3 >Ny

Performing the N; sum, then the N, then the N3, then the N4, we obtain the
desired bound of O(%/19), if § is sufficiently small. O

3.4. Local well-posedness and perturbation theory. It is well known (see e.g.
[5]) that the equation (1.1) is locally well-posed!! in H'(R?), and indeed that
this well-posedness extends to any time interval on which one has a uniform
bound on the L%SL, norm; this can already be seen from Lemma 3.6 and (3.7)
(see also Lemma 3.12 below). In this section we detail some variants of the
local well-posedness argument which describe how we can perturb finite-energy
solutions (or near-solutions) to (1.1) in the energy norm when we control the
original solution in the Ltlgc norm and the error of near-solutions in a dual
Strichartz space. The arguments we give are similar to those in previous work
such as [5].

We begin with a preliminary result where the near solution, the error of
the near-solution, and the free evolution of the perturbation are all assumed
to be small in spacetime norms, but allowed to be large in energy norm.

LEMMA 3.9 (Short-time perturbations). Let I be a compact interval, and
let @ be a function on I x R which is a near-solution to (1.1) in the sense that

(3.13) (i0; + A = |a|*a + e

for some function e. Suppose that we also have the energy bound
1@l Lo 1 (1 ey < B

for some E > 0. Let ty € I, and let u(ty) be close to u(ty) in the sense that

(3.14) [u(to) — alto)ll g < E

for some E' > 0. Assume also that there exist the smallness conditions

(315) Hva”L%ngo/m(IXRS) < €0,
(316) ||ve1(t_t0)A(u(t0) - ﬂ(tO))HL%OLio/lS(IXRS) <e,
(317) HveHLfLi/s <e

for some 0 < & < g9, where gy is some constant g = eo(E, E') > 0.

11 particular, we have uniqueness of this Cauchy problem, at least under the assumption
that u lies in L;% N C{ H, and so whenever we construct a solution u to (1.1) with specified
initial data u(to), we will refer to it as the solution to (1.1) with these data.
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Then there exists a solution u to (1.1) on I x R3 with the specified initial
data u(ty) at to, and furthermore

/

(3.18) [Ju — aHsl(IXRS) SE,
(3.19) lullgs 1oy S E + B
(3.20) ot = ll o 1 xmsy < 19 = ) o psoros gy S €
(3.21) V(0 + A)(u — ﬂ)||L§L3/5(IxR3) Se.

Note that u(tg) — u(to) is allowed to have large energy, albeit at the cost
of forcing € to be smaller, and worsening the bounds in (3.18). From the
Strichartz estimate (3.7), (3.14) we see that the hypothesis (3.16) is redundant
if one is willing to take E' = O(g).

Proof. By the well-posedness theory reviewed above, it suffices to prove
(3.18)—(3.21) as a priori estimates.!> We establish these bounds for ¢ > t,
since the corresponding bounds for the ¢ < tg portion of I are proved similarly.

First note that the Strichartz estimate (Lemma 3.2), Lemma 3.6 and (3.17)
give,

"a“sl(Ing') S E+ ”'aHLtlf)I(IX]R?’) : ”ﬁuél([XRg) +e.

By (3.15) and Sobolev embedding we have ||| 10 (7xrsy S €0- A standard
continuity argument in I then gives (if ¢ is sufficiently small depending on E')

(3.22) il o ey S E-
Define v := u — @. For each t € I define the quantity
S(t) = ||V (i0, + A)UHLng/E’([to,t}xR?’)'
From using Lemma 3.1, Lemma 3.2, (3.16), we have
(323) ”VUHL}0L20/13([t0,t]><R3) 5 ”V(’U — ei(t—to)Av(tO))HL%OLiO/lS([tO’t]XRS)
+ HVei(t_tO)Av(tO)HL}UL?EO/B([to,t]XRS)
< H,U _ ei(titO)Av(tO)||5"1([t0,t]><R3) +e
(3.24) SS(t) +e.

On the other hand, since v obeys the equation

5
(10 + A = |a+v|* (@ +v) — |a]*a — e = Z OWia ) —e
j=1

12That is, we may assume the solution u already exists and is smooth on the entire inter-
val I.
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by (1.15), we easily check using (3.12), (3.15), (3.17), (3.24) that
5 . .

(S(t) +e)eg ™.
=1

S(t)Se+

J

If g is sufficiently small, a standard continuity argument then yields the bound
S(t) S e for all t € I. This gives (3.21), and (3.20) follows from (3.24).
Applying Lemma 3.2, (3.14) we then conclude (3.18) (if ¢ is sufficiently small),
and then from (3.22) and the triangle inequality we conclude (3.19). O

We will actually be more interested in iterating the above lemmal!? to deal
with the more general situation of near-solutions with finite but arbitrarily
large L%% norms.

LEMMA 3.10 (Long-time perturbations). Let I be a compact interval, and
let @ be a function on I x R3 which obeys the bounds

(3.25) @l zro, (1xre) < M
and
(3.26) ‘WHLgCH;(IxRS) <E

for some M, E > 0. Suppose also that @ is a near-solution to (1.1) in the sense
that it solves (3.13) for some e. Let ty € I, and let u(to) be close to u(ty) in
the sense that

lu(to) — a(to)ll g < E'
for some E' > 0. Assume also the smallness conditions,

(3.27) IVe 02 (u(to) — @(t0)) |l 1o p20/19 sy < &5

Hve||L§L2/5([XR3) <e,

for some 0 < € < &1, where g1 is some constant e1 = e1(E, E', M) > 0. Now
there exists a solution u to (1.1) on I x R3 with the specified initial data u(tg)
at tg, and furthermore

Hu - a“sl([xRS) < C(M7E7 El)a
HuHSl(IXRg) S C(M7 E7El)7
Hu - aHL}f)z(IxRS) < ||V(u - a)HLthLiO/”([XRS) < C(M,E, E/)s'

Once again, the hypothesis (3.27) is redundant by the Strichartz estimate
if one is willing to take E' = O(e); however it will be useful in our applications

13We are grateful to Monica Visan for pointing out an incorrect version of Lemma 3.10 in
a previous version of this paper, and also in simplifying the proof of Lemma 3.9.
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to know that this lemma can tolerate a perturbation which is large in the

< 1,30/13
oW, / norm.

energy norm but whose free evolution is small in the L}

This lemma is already useful in the e = 0 case, as it says that one has
local well-posedness in the energy space whenever the L%f;, norm is bounded,;
in fact one has locally Lipschitz dependence on the initial data. For similar

perturbative results see [4], [5].

Proof. As in the previous proof, we may assume that tg is the lower bound
of the interval I. Let eg = €o(E, 2E") be as in Lemma 3.9. (We need to replace
E' by the slightly larger 2E’ as the H' norm of u — @ is going to grow slightly
in time.)

The first step is to establish a S! bound on . Using (3.25) we may
subdivide I into C(M,&o) time intervals such that the L;9 norm of @ is at
most g9 on each such interval. By using (3.26) and Lemmas 3.2, 3.6 as in the
proof of (3.22) we see that the S* norm of @ is O(FE) on each of these intervals.
Summing up over all the intervals we conclude

||ﬂ||31(ij3) < C(Ma E, 50)
and in particular by Lemma 3.1
Hva”L%“Lio/ls(lxRﬂ < C(M, E, 60).

We can then subdivide the interval I into N < C(M, E,€q) subintervals I; =
[Tj,Tj11] so that on each I; we have,

‘|VQHL%OL20/13([].XR3) < €o.

We can then verify inductively using Lemma 3.9 for each j that if 7 is suffi-
ciently small depending on €9, N, E, E’, then

lu  all a1 iy < COVE
lullga g ) < CG)E' + E),
19 (= ) o psoring g ey < Cie
190, + A)( — ) 13 pors 1, ey < Ce

Hence by Strichartz (3.7) and (3.4) we have
“vei(t_n+1)A(u(7}+l) - a(n+l))“L%0L§0/l3(1st)
< Hvei(tiTj)A(u(Tj) - a(%))HL}OLiU/”([XmS) +C(j)e
and
[w(Tj1) = @(Tja)ll g < [JwlTy) — a(Ty)l g + CG)e,
allowing one to continue the induction (if €; is sufficiently small depending

on E, N, F', &g, then the quantity in (3.14) will not exceed 2E’). The claim
follows. O
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Remark 3.11. The value of €; given by the above lemma deteriorates ex-
ponentially with M, or more precisely it behaves like exp(—M C) in its de-
pendence'* on M. As this lemma is used quite often in our argument, this
will cause the final bounds in Theorem 1.1 to grow extremely rapidly in F,

although they will still of course be finite for each E.
A related result involves persistence of L2 or H? regularity:

LEMMA 3.12 (Persistence of regularity). Let k =0,1,2, I be a compact
time interval, and let u be a finite energy solution to (1.1) on I x R3 obeying
the bounds

HUHL,%Er(wa) <M.
Then, if to € I and u(ty) € HF

(3.28) [ell g (1 xmsy < CM E(u))|lulto) | g

In particular, once we control the Ltlgj norm of a finite energy solution, we
in fact control all the Strichartz norms in S*, and can even control the S norm
if the initial data are in H?(R3). From this and standard iteration arguments,
one can in fact show that a Schwartz solution can be continued in time as long
as the L%B: norm does not blow up to infinity.

Proof. By the local well-posedness theory it suffices to prove (3.28) as an
a priort bound.

Applying Lemma 3.10 with @ := u, e := 0, and E’ := 0 we obtain the
bound

(3.29) ullge (1) S COM, E).
By (3.11) we also have
(3.30) IVO@) Iz S llull o, lul gulluull
the main thing to observe here is the presence of one factor of ||ul|zw0, on the
right-hand side.
As in the proof of Lemma 3.10, divide the time interval I into N =

(1+ %)10 subintervals I; := [T}, T; + 1] on which

(3.31) [ull Lo, (1, xre) < 6

14With respect to all its parameters, e1(E, E', M) = exp(—M S (E)°(E")).
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where § will be chosen momentarily. We have on each I; by the Strichartz
estimates (Lemma 3.2) and (3.30),

eallge g, sy < C (10T sy + IV (al ) 27, )
< C (1) e asy + Il 2o, 1,8 - N0l gugrmsy - 1l oy ) -

Choosing § < (2CC(M, E))~3 gives,

(3.32) [ull e (1, xmey < 2C 0T e sy
The bound (3.28) now follows by adding up the bounds (3.32) we have on each
subinterval. a

4. Overview of proof of global spacetime bounds

We now outline the proof of Theorem 1.1, breaking it down into a number
of smaller propositions.

4.1. Zeroth stage: Induction on energy. We say that a solution u to (1.1)
is Schwartz on a slab I x R3 if u(t) is a Schwartz function for all ¢ € I; note
that such solutions are then also smooth in time as well as space, thanks to
(1.1).

The first observation is that in order to prove Theorem 1.1, it suffices to
do so for Schwartz solutions. Indeed, once one obtains a uniform L,}SB (I x R3)
bound for all Schwartz solutions and all compact I, one can then approximate
arbitrary finite energy initial data by Schwartz initial data and use Lemma
3.10 to show that the corresponding sequence of solutions to (1.1) converges in
SY(I x R3) to a finite energy solution to (1.1). We omit the standard details.

For every energy E > 0 we define the quantity 0 < M(E) < +oo by

M(E) = sup{||ull £ (1. xr3) }

where I, C R ranges over all compact time intervals, and u ranges over all
Schwartz solutions to (1.1) on I, x R? with E(u) < E. We shall adopt the
convention that M(E) = 0 for E < 0. By the above discussion, it suffices to
show that M (F) is finite for all .

In the argument of Bourgain [4] (see also [5]), the finiteness of M (E) in
the spherically symmetric case is obtained by an induction on the energy FE
indeed a bound of the form

M(E) < C(E7777M(E - 774))

is obtained for some explicit 0 < n = n(E) < 1 which does not collapse to 0
for any finite F, and this easily implies via induction that M (E) is finite for all
E. Our argument will follow a similar induction on energy strategy; however
it will be convenient to run this induction in the contrapositive, assuming for
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contradiction that M (FE) can be infinite. We study the minimal energy Fcit
for which this is true, and then obtaining a contradiction using the “induction
hypothesis” that M (F) is finite for all E < E. This will be more convenient
for us, especially as we will require more than one small parameter 7.

We turn to the details and assume for contradiction that M (E) is not
always finite. From Lemma 3.10 we see that the set {E : M(FE) < oo} is open;
clearly it is also connected and contains 0. By our contradiction hypothesis,
there must therefore exist a critical energy 0 < Eeiy < 0o such that M (Eeyit) =
+o0, but M(E) < oo for all E < Egit. One can think of Ej¢ as the minimal
energy required to create a blowup solution. For instance, we have

LEMMA 4.1 (Induction on energy hypothesis). Let tg € R, and let v(tp)
be a Schwartz function such that E(v(ty)) < Euit — 1 for some n > 0. Then
there exists a Schwartz global solution v : Ry x RS — C to (1.1) with initial
data v(to) at time t = to such that ||v| L0 ®xrs) < M(Eeiv —n) = C(n).
Furthermore we have ||v||Sl(RxR3) < C(n).

Indeed, this lemma follows immediately from the definition of F, the
local well-posedness theory in Ltlgj, and Lemma 3.12.

As in the argument in [4], we will need a small parameter 0 < n =
N(Fuit) < 1 depending on Ej. In fact, our argument is somewhat lengthy

and we will actually use seven such parameters
I>mno>m>n>n3>n>n>n > 0.

Specifically, we will need a small quantity 0 < 19 = no(Eeit) < 1 assumed
to be sufficiently small depending on FE4t. Then we need a smaller quan-
tity 0 < m1 = m1(no, Eerit) < 1 assumed sufficiently small depending on FEeyit,
1o (in particular, it may be chosen smaller than positive quantities such as
M (Eeit — n(l)oo)_l). We continue in this fashion, choosing each 0 < 7; < 1 to
be sufficiently small depending on all previous quantities g, ... ,n;—1 and the
energy F, all the way down to ng which is extremely small, much smaller
than any quantity depending on Ei¢, 10, - .. , 75 that will appear in our argu-
ment. We will always assume implicitly that each 7; has been chosen to be
sufficiently small depending on the previous parameters. We will often display
the dependence of constants on a parameter; e.g. C'(n) denotes a large constant
depending on 7, and ¢(n) will denote a small constant depending on 7. When
1 > 12, we will understand c(n1) > c(n2) and C(m1) < C(12).

Since M (Eit) is infinite, it is, in particular, larger than 1/ng. By defi-
nition of M, this means that we may find a compact interval I, C R and a
smooth solution u : I, x R® — C to (1.1) with Ee/2 < E(u) < Eeyt so that
u is ridiculously large in the sense that

(4.1) [ullzio, (1. xr3) > 1/76.
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We will show that this leads to a contradiction.'® Although u does not actually
blow up (it is assumed smooth on all of the compact interval I,), it is still
convenient to think of u as almost'® blowing up in L9 in the sense of (4.1).
We summarize the above discussion with the following:

Definition 4.2. A minimal energy blowup solution of (1.1) is a Schwartz
solution on a time interval I, with energy,!”

1 1 1
(42) 5B < E@O = [ 5Vu(t. o) + lufto)f* do < Eo

with the L% norm enormous in the sense of (4.1).

We remark that both conditions (4.1), (4.2) are invariant under the scal-
ing (1.3) (though of course the interval I, will be dilated by A\? under this
scaling). Thus applying the scaling (1.3) to a minimal energy blowup solu-
tion produces another minimal energy blowup solution. Some of the proofs of
the sub-propositions below will revolve around a specific frequency N; using
this scale invariance, we can then normalize that frequency to equal 1 for the
duration of that proof. (Different parts of the argument involve different key
frequencies, but we will not run into problems because we will only normalize
one frequency at a time).

Henceforth we will not mention the FEg4 dependence of our constants
explicitly, as all our constants will depend on FE..;. We shall need however to
keep careful track of the dependence of our argument on 7y, ... ,n6. Broadly
speaking, we will start with the largest n, namely 79, and slowly “retreat” to
increasingly smaller values of 1 as the argument progresses (such a retreat will
for instance usually be required whenever the induction hypothesis Lemma 4.1
is invoked). However we will only retreat as far as 75, not 7g, so that (4.1) will
eventually lead to a contradiction when we show that

[ull 1o (1 xrsy < Cno, - -5 15)-

Together with our assumption that we are considering a minimal energy
blowup solution u as in Definition 4.2, Sobolev embedding implies the bounds

15 Assuming, of course, that the parameters no,... ,ns are each chosen to be sufficiently
small depending on previous parameters. It is important to note however that the n; cannot
be chosen to be small depending on the interval I. or the solution u; our estimates must be
uniform with respect to these parameters.

SFor instance, u might genuinely blow up at some time T, > 0, but I. is of the form
I, = [0,Ty — €] for some very small 0 < ¢ < 1, and thus u remains Schwartz on I, X R3.

"We could modify our arguments below to allow the assumption here F(u) = Feyi;. For
example, the arguments in the proof of Proposition 4.3 below also show that the function

M(s) := suppg(y)—s{llull 10, } is a nondecreasing function of 5. On first reading, the reader

may imagine F(u) = Eeit in Definition 4.2.
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on kinetic energy

(4.3) HuHLgOH;(LxRB) ~1

and potential energy

(4.4) 1wl oo (1. xr3) S'1

(since our implicit constants are allowed to depend on Ei;). Note that we do
not presently have any lower bounds on the potential energy, but see below.

Having displayed our preliminary bounds on the kinetic and potential
energy, we briefly discuss the mass [5, |u(t, x)|? dx, which is another conserved
quantity. Because of our a priori assumption that u is Schwartz, we know that
this mass is finite. However, we cannot obtain uniform control on this mass
using our bounded energy assumption, because the very low frequencies of u
may simultaneously have very small energy and very large mass. Furthermore
it is dangerous to rely too much on this conserved mass for this energy-critical
problem as the mass is not invariant under the natural scaling (1.3) of the
equation (indeed, it is super-critical with respect to that scaling). On the
other hand, from (4.3) and (1.16) we know that the high frequencies of u have
small mass:

1
(45) HP>MU||L2(]R3) 5 M for all M & QZ.

Thus we will still be able to use the concept of mass in our estimates as long
as we restrict our attention to sufficiently high frequencies.

4.2. First stage: Localization control on u. We aim to show that a mini-
mal energy blowup solution as in Definition 4.2 does not exist. Intuitively, it
seems reasonable to expect that a minimal-energy blowup solution should be
“irreducible” in the sense that it cannot be decoupled into two or more compo-
nents of strictly smaller energy that essentially do not interact with each other
(i.e. each component also evolves via (1.1) modulo small errors), since one of
the components must then also blow up, contradicting the minimal-energy hy-
pothesis. In particular, we expect at every time that such a solution should be
localized in both frequency and space.

The first main step in the proof of Theorem 1.1 is to make the above
heuristics rigorous for our solution u. Roughly speaking, we would like to
emphasize that at each time ¢, the solution wu(t) is localized in both space and
frequency to the maximum extent allowable under the uncertainty principle
(i.e. if the frequency is localized to N (t), we would like to localize u(t) spatially
to the scale 1/N(t)).

These sorts of localizations already appear for instance in the argument
of Bourgain [4], [5], where the induction on energy argument is introduced.
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Informally,'® the reason that we can expect such localization is as follows.
Suppose for contradiction that at some time ¢y the solution u(tg) can be split
into two parts u(tg) = v(tg) + w(tp) which are widely separated in either space
or frequency, and which each carry a nontrivial amount O(n®) of energy for
some 75 < 1 < 19. Then by orthogonality we expect v and w to each have
strictly smaller energy than u, e.g. E(v(tg)), E(w(to)) < Eeit — O(n©). Thus
by Lemma 4.1 we can extend v(¢) and w(t) to all of I, x R3 by evolving the
nonlinear Schrédinger equation (1.1) for v and w separately, and furthermore
we have the bounds

0]l Lo, (1. sk @] o, (1) < M(Eerie — O(n)) < C(n).

Since v and w both solve (1.1) separately, and v and w were assumed to be
widely separated, we thus expect v+ w to solve (1.1) approximately. The idea
is then to use the perturbation theory from Section 3.4 to obtain a bound of the
form ||ul| 1o (1, xrs) < C(n), which contradicts (4.1) if 7 is sufficiently small.

A model example of this type of strategy occurs in Bourgain’s argument
[5], where substantial effort is invested in locating a “bubble” - a small localized
pocket of energy - which is sufficiently isolated in physical space from the rest
of the solution. One then removes this bubble, the remainder of the solution
evolves, and then one uses perturbation theory, augmented with the additional
information about the isolation of the bubble, to place the bubble back in. We
will use arguments similar to these in the sequel, but first we need instead
to show that a solution of (1.1) which is sufficiently delocalized in frequency
space is globally spacetime bounded. More precisely, we have:

PROPOSITION 4.3 (Frequency delocalization implies spacetime bound).
Let n > 0, and suppose there exists a dyadic frequency Ni, > 0 and a time
to € L. such that the energy separation conditions hold:

(4.6) | Peni,ulto) s sy 2 1

and

(4.7) 1P ket ) 1 sy = 71

If K(n) is sufficiently large depending on n, i.e.
K(n) = Cn)

then,

(4.8) [ullzro, (7. xr3) < C(n).

18The heuristic that minimal energy blowup solutions should be strongly localized in both
space and frequency has been employed in previous literature for a wide variety of nonlinear
equations, including many of elliptic or parabolic type. Our formalizations of this heuristic,
however, rely on the induction on energy methods of Bourgain and perturbation theory, as
opposed to variational or compactness arguments.
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We prove this in Section 5. The basic idea is as outlined in previous
discussion; the main technical tool needed is the multilinear improvements to
Strichartz’ inequality in Section 3.3 to control the interaction between the two
components and thus allow the resconstruction of the original solution w.

Clearly the conclusion of Proposition 4.3 is in conflict with the hypothesis
(4.1), and so we should now expect the solution to be localized in frequency
for every time ¢. This is indeed the case:

COROLLARY 4.4 (Frequency localization of energy at each time). A min-
imal energy blowup solution of (1.1) (see Definition 4.2) satisfies: For every
time t € I, there exists a dyadic frequency N(t) € 2% such that for every
N5 < n < no we have small energy at frequencies < N (t),

(4.9) IP<cmnyu®ll g <.
small energy at frequencies > N(t),
(4.10) IP>cmn@u®)| g <,

with the large energy at frequencies ~ N(t),

(4.11) [ Pemyn () <-<cmn @y ()|l g ~ 1.
Here 0 < ¢(n) < 1 < C(n) < 0o are quantities depending on 1.

Informally, this corollary asserts that at every given time ¢ the solution u
is essentially concentrated at a single frequency N (t). Note however that we do
not presently have any information as to how N (t) evolves in time; obtaining
long-term control on N (t) will be a key objective of later stages of the proof.

Proof. For each time ¢ € I,, we define N() as
N(t) = sup{N € 2% : ||P<yu(t) ]| g <10}

Since u(t) is Schwartz, we see that N(t) is strictly larger than zero; from the
lower bound in (4.3) we see that N(¢) is finite. By definition of N(t),

[ P<onyu() |l g > m0-

Now let 75 < n < 19. Observe that we now have (4.10) if C(n) is chosen
sufficiently large, because if (4.10) failed then Proposition 4.3 would imply
that [[ulz: (1. xrs) < C(n), contradicting (4.1) if ng is sufficiently small. In
particular we have (4.10) for n = ny. Since we also have (4.9) for n = ng by
construction of N(t), we thus see from (4.3) that we have (4.11) for n = nyp,
which of course then implies (again by (4.3)) the same bound for all 75 < n <
no. Finally, we obtain (4.9) for all ns < n < no if ¢(n) is chosen sufficiently
small, since if (4.9) failed then by combining it with (4.11) and Proposition 4.3
we would once again imply that ||U||L}9£(I*xR3) < C(n), contradicting (4.1). O
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Having shown that any minimal energy blowup solution w must be local-
ized in frequency at each time, we now turn to showing that such a w is also
localized in physical space. This turns out to be somewhat more involved,
although it still follows the same general strategy. We first borrow a useful
trick from [4]; since u is Schwartz, we may divide the interval I, into three
consecutive pieces I, := I_ U IyU I where each of the three intervals contains
a third of the L%BC density:

1
// lu(t, )]0 dadt — —/ / u(t, 2)[1° dadt for I =1, Io, I
I JR3 3 I, JR3

In particular from (4.1) we have
(4.12) l[ull Lo, (1xrsy 2 1/m for I =1_,1o, 1.

Thus to contradict (4.1) it suffices to obtain L%}?E bounds on just one of the
three intervals I_, Iy, 1.

It is in the middle interval Iy that we can obtain physical space localiza-
tion; this will be done in several stages. The first step is to ensure that the
potential energy [g, |u(t,z)|® dz is bounded from below.

PROPOSITION 4.5 (Potential energy bounded from below). For any min-
imal energy blowup solution of (1.1) (see Definition 4.2), for all t € Iy,

(4.13) lu()lze > m.

This is proven in Section 6, and is inspired by a similar argument of
Bourgain [4]. Using (4.13) and some simple Fourier analysis, we can thus
establish the following concentration result:

PROPOSITION 4.6 (Physical space concentration of energy at each time).
Any minimal energy blowup solution of (1.1) satisfies: For every t € Iy, there
exists an x(t) € R such that

(4.14) / Vu(t,2)? do 2 c(m)
|z—x(t)|<C(n1)/N(t)
and
(4.15) / fu(t, )P dz = c(m)N(£)5
|z—a(t)|<C(n1)/N(t)

for all 1 < p < oo, where the implicit constant can depend on p. In particular,
we have

(4.16) \u(t,a:)\6 dx 2 c(n).

/Ix—:v(t)|<0(771)/N(t)
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This is proven in Section 7. Similar results were obtained in [4], [20] in the
radial case; see also [3]. Informally, the above estimates emphasize that u(t, z)
is roughly of size N(t)1/? on the average when |z — x(t)] < 1/N(t); observe
that this is consistent with bounded energy (4.3) as well as with Corollary 4.4
and the uncertainty principle.

It turns out that in our argument, it is not enough to know that the
energy concentrates at one location x(t) at each time; we must also show that
the energy is small at all other locations, where |x —x(t)| > 1/N(t). The main
tool for achieving this is

PrOPOSITION 4.7 (Physical space localization of energy at each time).
For any minimal energy blowup solution of (1.1), for every t € I

(4.17) \Vu(t,z)* de <.

/|g:x(t)|>1/(772N(t))

This is proven in Section 8. The proof follows a similar strategy to that
used to prove Proposition 4.3; the main difference is that we now consider spa-
tially separated components of u rather than frequency separated components,
and instead of using multilinear Strichartz estimates to establish the decou-
pling of these components, we shall rely instead on approximate finite speed
of propagation and on the pseudoconformal identity.

To summarize, at each time ¢ we have a location z(t), around which the
kinetic and potential energy are large, and away from which the kinetic energy
is small (and one can also show the potential energy is small, although we will
not need this). From this and a little Fourier analysis we obtain an important
conclusion:

PROPOSITION 4.8 (Reverse Sobolev inequality). When u is a minimal
energy blowup solution (and hence (4.2), (4.9)~(4.17) hold), then for every
to € Iy, any xo € R3, and any R > 0,

(418) / ‘vu(t(),l')P dx S m + 0(7717772) / ’u(t07w)|6 dx.
B(xo0,R) B(w0,C(n1,m2)R)

Thus, up to an error of 11, we are able to control the kinetic energy locally
by the potential energy.'® This will be proved in Section 9. This fact will be
crucial in the interaction Morawetz portion of our argument when we have an
error term involving the kinetic energy, and control of a positive term which

9Note that this is a special property of the minimal energy blowup solution, reflecting
the very strong physical space localization properties of such a solution; it is false in general,
even for solutions to the free Schrodinger equation. Of course, Proposition 4.5 is similarly
false in general; for instance, for solutions of the free Schrédinger equation, the LS norm goes
to zero as t — +oo.
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involves the potential energy; the reverse Sobolev inequality is then used to
control the former by the latter.

To summarize, the statements above tell us that any minimal energy
blowup solution (Definition 4.2) to the equation (1.1) must be localized in both
frequency and physical space at every time. We are still far from done: we have
not yet precluded blowup in finite time (which would happen if N(¢) — oo as
t — T, for some finite time T} ), nor have we eliminated soliton or soliton-like
solutions (which would correspond, roughly speaking, to N(t) staying close to
constant for all time ¢). To achieve this we need spacetime integrability bounds
on u. Our main tool for this is a frequency-localized version of the interaction
Morawetz estimate (1.8), to which we now turn.

4.3. Second stage: Localized Morawetz estimate. In order to localize the
interaction Morawetz inequality, it turns out to be convenient to work at the
“minimum” frequency attained by u.

From (1.18) we observe that

1Py v (8) << Cno) N () W) | g1 < C(10) N (E) || ul | Lo 2.
Comparing this with (4.11) we obtain the lower bound

N(t) > e(mo)l|ull ;12

for t € Iy. Since u is Schwartz, the right-hand side is nonzero, and thus the
quantity

Npin 1= tléllfo N(t)

is strictly positive.

From (4.9) we see that the low frequency portion of the solution - where
|€] < ¢(no)Nmin - has small energy; one might then hope to use Strichartz
estimates to obtain some spacetime control on these low frequencies. However,
we do not yet have much control on the high frequencies |£| > ¢(19) Nmin, apart
from the energy bounds (4.3) and (4.4) of course.

Our initial spacetime bound in the high frequencies is provided by the
following interaction Morawetz estimate.

PROPOSITION 4.9 (Frequency-localized interaction Morawetz estimate).

When w is a minimal energy blowup solution of (1.1) (and hence (4.2), (4.9)-
(4.18) all hold), then for all N, < ¢(n3) Nmin

(4.19) | [1Pen.att.oft dode < min®
Iy

Remark 4.10. The factor N3 on the right-hand side of (4.19) is man-
dated by scale-invariance considerations (cf. (1.3)). The n; factor on the right
side reflects our smallness assumption on N,: if we think of IV, as being very
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small and then scale the solution so that N, = 1, we are pushing the energy
to very high frequencies so heuristically it’s not unreasonable to expect the
supercritical Lét norm on the left-hand side to be small.

Regarding the size of N,: write for the moment ¢(n3) as the constant
appearing in Corollary 4.4 with 7 = n3. The constant c(n3) appearing in
Proposition 4.9 is chosen so that ¢(n3) < é(n3) - n3. Hence at all times we know

there is very little energy at frequencies below ]7\7[;, and (ignoring factors of
N, which can be scaled to 1) above frequency N, there is very little (at most
n3/N.) L? mass.

This small 71 factor will be used to close a bootstrap argument in the proof
of the important estimate on the movement of energy to very low frequencies
in Lemma 15.1 below.

If one already had Theorem 1.1, then this proposition would follow (but
with 71 replaced by C(Eit)) from Lemma 3.12, since the S norm will control
[Vullpags and hence |||V]3/4u||L§L§ by Sobolev embedding. Of course, we
will not prove Proposition 4.9 this Way, as it would be circular. Instead, this
proposition is based on the interaction Morawetz inequality developed in [12],
[13] (see also a recent extension in [24]). The key thing about this estimate is
that the right-hand side does not depend on Iy; thus for instance it is already
useful in eliminating soliton or pseudosoliton solutions, at least for frequencies
close to Npin. (Frequencies much larger than Ny, still cause difficulty, and
will be dealt with later in the argument). Proposition 4.9 roughly corresponds
to the localized Morawetz inequality used by Bourgain [4], [5] and Grillakis
[20] in the radial case (see (1.7) above). The main advantage of (4.19) is that
it is not localized to near the spatial origin, in contrast with the standard (1.5)
and localized (1.7) Morawetz inequalities.

Although this proposition is based on the interaction Morawetz inequality
developed in the references given above, there are significant technical difficul-
ties in truncating that inequality to the high frequencies. As a consequence the
proof of this proposition is somewhat involved and is given in Sections 10-14.
Also, we caution the reader that the above proposition is not proved as an a
priori estimate; indeed the proof relies crucially on the assumption that u is a
minimal energy blowup solution in the sense of (4.1), and in particular verifies
the reverse Sobolev inequality (4.18). See Section 10 for further remarks on
the proof.

Combining Proposition 4.9 with Proposition 4.6 gives us the following
integral bound on N (t).

COROLLARY 4.11. For any minimal energy blowup solution of (1.1),

(4.20) N@#)~tdt S Clm,ms)N2

min*
Iy
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Proof. Let N, := ¢(n3) Nmin for some sufficiently small ¢(n3). Then from
Proposition 4.9,

[ [Pt dede S N2 S Clomm) NS,
I, JR3
On the other hand, from Bernstein (1.19) and (4.4), for each t € Iy that

/ |Pen,ult,z)|* dz SN ()| Pan.u() |12 SCm)N () >N,
=2 Cm) /N (2) ’

So by (4.15) and the triangle inequality (since N, < ¢(n3)N(t)),

[ U
RB
Comparing this with the previous estimate, the claim follows. O

Remark 4.12. The estimate (4.20) is scale-invariant under the natural
scaling (1.3) (N has the units of length™!, and t has the units of length?).
In the radial case, a somewhat similar estimate was obtained by Bourgain [4]
and implicitly also by Grillakis [20]; in our notation, this bound would be the
assertion that

(4.21) /IN(t) dt < |1|M?

for all I C Ip; indeed in the radial case (when () = 0) this bound easily follows
from Proposition 4.6 and (1.7). Both estimates are equally good at estimating
the amount of time for which N(t) is comparable to Npyi,, but Corollary 4.11
is much weaker than (4.21) when it comes to controlling the times for which
N (t) > Npin. Indeed if we could extend (4.21) to the nonradial case we could
obtain a significantly shorter proof of Theorem 1.1. However we were unable
to prove this bound directly,?® although it can be deduced from Corollary 4.11
and Proposition 4.15 below).

This Corollary allows us to obtain some useful L%BU bounds in the case
when N(t) is bounded from above.

COROLLARY 4.13 (Nonconcentration implies spacetime bound). Let I C
Iy, and suppose there exists an Npax > 0 such that N(t) < Nyax for allt € 1.

20Comparing (4.19) with (1.7) one also sees that our control on how often the solution
concentrates is weaker than that in the radial arguments of Bourgain and Grillakis. Heuristi-
cally: (4.19) allows a long train in time of N® “bubbles” at frequency N > 1, with size ~ N2 ,
spatial extent N 7!, and individual duration ~ N2, so the total lifespan of the train is ~ N.
The estimate (1.7), on the other hand, restricts such bubbles to a set of dimension less than
Lin time. Our proof of Theorem 1.1 makes up for this weakness in its next stage, specifically

2
the relatively strong frequency localized L? almost conservation estimate of Lemma (4.14).
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Then for any localized minimal energy blowup solution of (1.1),
[ull L2 (1xrs) < C(m15 13, Nimax/Numin)

and furthermore
lullgr (rxrey S €513, Nmax/Nmin)-

Proof.  We may use scale invariance (1.3) to rescale Ny, = 1. From
Corollary 4.11 we obtain the useful bound

|I‘ S C(nla n3, Nmax)~

Let 6 = (10, Nmax) > 0 be a small number to be chosen later. We may
partition I into O(|I]/0) intervals I1,... ,I; of length at most 6. Let I; be any
of these intervals, and let ¢; be any time in ;. Observe from Corollary 4.4 and
the hypothesis N (t;) < Npax that

P> ¢ (10) N () | 512 < 100

(for instance). Now let u(t) := ei(t*tj)AP<c(nO)meu(tj) be the free evolution
of the low and medium frequencies of u. The above estimate then becomes

lulty) = a(tj)]l g < mo-
On the other hand, from Bernstein (1.19) and (4.3) we have
V()| 202 S C(no, Nmax)|@(t5) || g S C (1105 Nmax)

for all ¢ € I;, and hence

HVﬁ’HLioLio/w(IjXR?’) g C(n(), NmaX)(Sl/lO'
Similarly,
IV (@@ @) oo S IV e 1@ 7s
S C (10, Nmax)|a(t) 32 S C (105 Ninax)
and hence

IO a1 0751y S o N)872.

From these two estimates, the energy bound (4.3), and Lemma 3.9 with e =
—|i|*, we see (if § is chosen sufficiently small) that

lull z2o (1, xre) S 1

Summing this over each of the O(|I|/§) intervals I; we obtain the desired L{9
bound. The S bound then follows from Lemma 3.12. O
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The corollary above gives the desired contradiction to (4.12) when
Nmax/Nmin is bounded; i.e., N(t) stays in a bounded range.

4.4. Third stage: Nonconcentration of energy. Of course, any global
well-posedness argument for (1.1) must eventually exclude a blowup scenario
(self-similar or otherwise) where N (t) goes to infinity in finite time, and indeed
by Corollary 4.13 this is the only remaining possibility for a minimal energy
blowup solution. Corollary 4.4 implies that in such a scenario the energy must
almost entirely evacuate the frequencies near Ny, and instead concentrate
at frequencies much larger than Ny;,. While this scenario is consistent with
conservation of energy, it turns out to not be consistent with the time and
frequency distribution of mass.

More specifically, we know there is a ty,in € Iy so that for all ¢ € Iy, N(t) >
N (tmin) := Nmin > 0. By Corollary 4.4, at time ti, the solution has the bulk
of its energy near the frequency Nmin, and hence the medium frequencies at
that time have mass bounded below by,

(4'22) ||PC(770)NmmSSC(WO)Nmmu(tmln) ||L2 Z C(T’O)N;lln'

The idea is to prove the following approximate mass conservation law for these
high frequencies,?' which states that while some mass might slip to very low
frequencies as the solution moves to high frequencies, it cannot all do so.

LEMMA 4.14 (Some mass freezes away from low frequencies). Suppose u
is a minimal energy blowup solution of (1.1), and let [tmin, tevac] C Lo be such
that N (tmin) = Nmin and N (tevac)/Nmin > C(n5). Then for all t € [tmin, tevac,

(4.23) [P 100 8, () |2 2 N

Lemma 4.14 will quickly show that the evacuation scenario - wherein the
solution cleanly concentrates energy to very high frequencies - cannot occur.
Instead the solution always leaves a nontrivial amount of mass and energy
behind at medium frequencies. This “littering” of the solution will serve (via
Corollary 4.4) to keep N(t) from escaping to infinity?? and gives us,

20t is necessary to truncate to the high frequencies in order to exploit mass conserva-
tion because the low frequencies contain an unbounded amount of mass. This strategy of
mollifying the solution in frequency space in order to exploit a conservation law that would
otherwise be unbounded or useless is inspired by the “I-method” for sub-critical dispersive
equations; see e.g. [13].

22Tt is interesting to note that one must exploit conservation of energy, conservation of
mass, and conservation of momentum (via the Morawetz inequality) in order to prevent
blowup for the equation (1.1); the same phenomenon occurs in the previous arguments [4],
[20] in the radial case, even though the details of those arguments are in many ways quite
different from those here.
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PROPOSITION 4.15 (Energy cannot evacuate from low frequencies). For
any minimal energy blowup solution of (1.1),

(4.24) N(t) < C(n5)Nmin
for allt € Iy.

We give the somewhat complicated proof of Lemma 4.14 and Proposition
4.15 in Section 15.

By combining Proposition 4.15 with Corollary 4.13, we encounter a con-
tradiction to (4.12) which completes the proof of Theorem 1.1.

The proofs of the above claims occupy the remainder of this paper. Before
moving to these proofs, we summarize the role of the parameters 7;,i = 0,... ,5
which have now all been introduced. The number 7; represents the amount
of potential energy that must be present at every time in a minimal energy
blowup solution (Proposition 4.5); it also represents the extent of concentration
of energy (on the scale of 1/N(t)) that must occur in physical space at every
time in a minimal energy blowup solution (Proposition 4.6). The number 72
is introduced in Proposition 4.7, where 1/, represents the extent that there
is localization (on the scale of 1/N(t)) of energy in a minimal energy blowup
solution. The number 73 measures, on the scale of the quantity Npyi,, what
we mean by “high frequency” when we say Proposition 4.9 is an interaction
Morawetz estimate localized to high frequencies. The number 7, measures
the frequency (on the scale of Np;,) below which the evolution can’t move a
certain portion (namely, 71) of the L? mass. Finally, the number 79 enters in
Corollary 4.4 and various other points in the paper where we simply use its
value as a small, universal constant.

5. Frequency delocalized at one time — spacetime bounded

We now prove Proposition 4.3. Let 0 < € = £(n) < 1 be a small number to
be chosen later. If K (n) is sufficiently large depending on ¢, then one can find
at least e~2 disjoint intervals [e2N;, Nj/e?], j = 1,... ,e2, contained inside
[Nio, K (n)Njp]. From (4.3) and the pigeonhole principle, there must therefore
exist an Nj so that the interval [e2N;, N;j/e?] is mostly free of energy:

(5.1) | Peo v, <.< v, 7e2u(to) | g S e

As the statement and conclusion of Proposition 4.3 is invariant under the
scaling (1.3) we may set N; := 1. Now define

ugo(to) := P<cu(to);  uni(to) := Psq/eu(to).

The functions u,(tg), upi(to) have strictly smaller energy than wu:
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LEMMA 5.1. If € is sufficiently small depending on n, then
E(uio(t0)), E(upi(to)) < Eerie — e

Proof. We prove this for E(u;,(to)); the claim for E(upi(to)) is similar.
Define up; (tg) := Pscu(to), so that u(tg) = wi(to) + upi (to), and consider the
quantity

(5-2) [E(u(to)) — E(uio(to)) — E(uni (to))]
From (1.2) we can bound this by
(5.3)

(5.2) S [(Vuio(to), Vunir ()] + | / [u(to)|® = Juto(to)|® — [uni (t0)|® dz|.

The functions u;, and wup; almost have disjoint supports, and their inner prod-
uct is very close to zero. Indeed from Parseval and (5.1) we have

(Vo (to), Vupis (to))] < €.
Now we estimate the LS-type terms. From the pointwise estimate
Hu(to)fﬁ — |wo(t0)[® — ’Um"(to)\(s‘ < |wgol|unir )!

(cf. (1.14)) and Hoélder’s inequality, we can bound the second term in (5.3) by

(|wo| + |ungr

S llwiolloolln 13 (wioll6 + lluns ll6)*-

From (4.3), (5.1), and Bernstein’s inequality (1.20) we see that

[wolloo < Z [Prulleo S Z Nl/z”PNUHHl

N<e N<e
< Z N2 4 Z NY2e <e
N<g? e2<N<e

and

e lls S D I1Pavulls < >0 N7V2(Pyull

N>e N>e
< Z N2 4 Z N_1/25§51/2.
N>1/e e<N<L

Thus from (4.4) we can bound the second term in (5.3) by O(¢%/?). Combining
this with the estimate obtained on the first piece of (5.3), we thus see that
B () = E(uio(to)) — E(upir(to))| S /2.

On the other hand, by hypothesis on u we have E(u) < E;t, while from (4.7)
and (1.2) we have E(uny (to)) = n¢. The claim follows if ¢ is chosen sufficiently
small. O
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From Lemma 5.1 and Lemma 4.1 we know that there exist Schwartz so-
lutions w,, up; on the slab I, x R? with initial data w, (o), un;(to) at time tq,
and furthermore

(5.4) Hulousl(I*XR:‘)’ Huhi”sl(l*x]}{ii) S C).
Let @ := wj, + up;. We now claim that @ is an approximate solution to (1.1):
LEMMA 5.2. We have
ity + Al = |a|*i — e
where the error e obeys the bounds

(5.5) IVell 2 pormr, gy S Cln)e2.

Proof. We begin by establishing further estimates on u;, and up;, beyond
(5.4). For up;, we observe from (4.5) that |lup(to)||2 S €; so from Lemma 3.12,

(5.6) Huhi”SO(LxRS) < Cne.

Similarly, from (4.3) and (1.17) we have ||u,(to)|| -
3.12 again we have

(5.7) leato(t0)ll g2 1. ge) S Clmle.

From Lemma 3.6 we also see that

< C¢, and so from Lemma

~

et *unill i r2 (1. xme) S
||v(|uhi|4uhi)HL%L%(I*XRE‘) S
IV (ol o) | 2 22 (1, xr2) S
IV (Jwgo| " wio) | £r r2 (1, xR3) S

From Lemma 3.7 we thus have

IV Oy Mz 151 xms) S Clme™’?

for j =1,2,3,4. Since e = Z?Zl O(uizui;]) by (1.15), the claim follows. O

We now pass from estimates on 4 to estimates on u by perturbation theory.
From (5.1) we have the perturbation bound

[u(to) = alto)ll g S e
while from (5.4) we have
@l Lo, (1. xr3) < C(n).

Thus if € is small enough depending on 7, we may apply Lemma 3.10 and
obtain the desired bound (4.8). The proof of Proposition 4.3 is now complete.
O
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Remark 5.3. The dependence of constants in Proposition 4.3 given by the
above argument is quite poor. Specifically, the separation K (7) needs to be as
large as

K(n) = Cexp(Cn~“ M(Ee — n%)%)

(mainly in order for the pigeonhole argument to work) and the bound one
obtains on the L%BC norm at the end has a similar size. This implies that the
dependence of the constants C(7;), ¢(n;) in Corollary 4.4 is similarly similarly:

0(77]) Z CeXP(CU;CM(Ecrit - UJC)C),
c(nj) < (C(ny))~".

This will force us to select each 1;41 quite small depending on previous 7;;
indeed in some cases the induction hypothesis is used more than once and
so njy1 is even smaller than the above expressions suggest. If one then runs
the induction of energy argument in a direct way (rather than arguing by
contradiction as we do here), this leads to very rapidly growing (but still finite)
bound for M (FE) for each E, which can only be expressed in terms of multiply
iterated towers of exponentials (the Ackermann hierarchy). More precisely, if
we use X 1Y to denote exponentiation XY,

XY =X1(X17...7X)
to denote the tower formed by exponentiating Y copies of X,

XY =X11(X17...11X)

to denote the double tower formed by tower-exponentiating Y copies of X,
and so forth, then we have computed our final bound for M (E) for large E to
essentially be

M(E) < C 11111117 (CE).

This rather Bunyanesque bound is mainly due to the large number of times
we invoke the induction hypothesis Lemma 4.1, and is presumably not best
possible. For instance, the best bound known?? in the radial case is M(E) <
C 11 (CE®), where the induction hypothesis is used only once; see [4]. Finally,
in the case of the subcritical cubic nonlinear Schrédinger equation, the bound
for the analogue of M (E) is polynomial, M(E) < CEY; see [13].

6. Small LY norm at one time = spacetime bounded

We now prove Proposition 4.5. The argument here is similar to the induc-
tion on energy arguments in [4]. The point is that the linear evolution of the

ZNote added in proof: a bound of M(E) < C' 1 (CE®) in the radial case was recently
obtained in [45].
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solution must concentrate at some point (t1,z1) in spacetime (otherwise we
could iterate using the small data theory). If the solution does not concentrate
in L% at time ¢t = ¢, then ¢; must be far away from ¢y. The idea is then to
remove the energy concentrating at (¢1, 1) and induct on energy.

We turn to the details. Assume for contradiction that (4.13) failed for
some time tg € I, so that

(6.1) [u(to)llze < m-

Fix this t9. By rescaling using (1.3) we may normalize N (ty9) = 1. Observe
that if the linear solution e’*~%)24(t;) had small L}, norm, then the standard
small data well-posedness theory (based on Strichartz estimates and (3.11) or
(3.12)) would already show that the nonlinear solution u had bounded L'
norm. Thus we may assume that

e =02 u(to) | 1o mxra) 2 1.
On the other hand, by Corollary 4.4 we have
[ Prou(to)ll g + [ Priw(to)ll g1 < 7o

where we define P, := P,y and Py; := P5¢(p,); so by Strichartz (Lemma
3.2)

672 Prguto) | o, sy + 167752 Prsulto)l| Lo, mxrs) S mo-
If we then define Pped := 1 — Pio — Ppi, we must then have
Hei(tito)APmedu(tO)”L%?ARXRS) ~ 1.

On the other hand, by (4.3) we know that Ppequ(ty) has bounded energy and
has Fourier support in the region ¢(ny) < || < C(no). Thus by Strichartz (3.7)
we have that

€% Prcqu(to) | 1075 g cesy < C10)

(for instance). From these two estimates and Holder we see that the LS, norm
cannot be too small:

Hei(t—to)APmedu(to)HLffz(Rsz) Z C(TZO).

In particular, there exist a time £; € R and a point x; such that we have the
concentration

|3 (Pequ(to)) (21)] Z ¢(mo).

By perturbing ¢; a little we may assume that ¢ # tg; by time reversal symmetry
we may take t1 < tg.

Let d,, be the Dirac mass at x1, and let f(f1) := Ppeddz,.- We extend f
to all of R x R? by the free evolution, thus f(t) := e/"t)2 f(t;). We record
some explicit estimates on f:
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LEMMA 6.1. For anyt € R and any 1 < p < oo,
1f e < Cno)(1+ |t — t])3/P~3/2.

Proof. We may translate t; = z; = 0. From the unitarity of ¢’*® and
Bernstein (1.20) we have

1f Ol @sy) S Co)llf Ol 2 ®e) = C(10) || Pmedda, [ 22 (rs) S C(10)

while from the dispersive inequality (1.12) we have

1F @)l o) S 16721 Pmeaias [l 2oy S 181752

Combining these estimates we obtain the lemma in the case p = co. To obtain
the other cases we need some decay on f (¢, x) in the region |z| > C(no)(1+|t]).
For this we use the Fourier representation (1.10) to write

)= [ D o (€) de

where @eq is the Fourier multiplier corresponding to Ppeq. When |z| > 1+|t],
then the phase oscillates in £ with a gradient comparable in magnitude to |z|.
By repeated integration by parts (see e.g. [41]) we thus obtain a bound of the
form |f(t,z)| < |2#|7'% in this region. Combining this with the previous L*
bounds we obtain the result. a

In particular, from (6.1) and Hélder we have

[(u(to), f(to))| < mllf(to)ll Lors gsy S C(mo)m (1 + [to — ta]).
On the other hand, we have

[(ulto), f(to))] = [("" 1% Prequl(to), 8z, )| Z e(mo)-

Thus the concentration point ¢; must be far away from ty (recall that n; is
much smaller than 7):

Ity — to| Z c(no)ny .

In particular, the smallness of n; pushes the concentration time far away from
the time when LS is small. Since t; > t; by hypothesis, we thus see from
Lemma 6.1 and the frequency localization of f that Vf has small L%OL:;ZO/ 18
norm to the future of ¢q:

IV Fll pror203 11y 4ooyxrsy S C0)IF Il LioLoors (fto,+00) xr2)
(6.2) S Cno) (L + |t — t1]) 2| Lot 100))
< Clno)lto — ta 7110
< Clnoyn™

We now use the induction hypothesis (inspired by a similar argument in [4]).
We split u(ty) := v(to) +w(tg) where w(tg) := e A1 f(ty), and § = §(n9) > 0
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is a small number to be chosen shortly, and 6 is a phase to be chosen shortly.
We now claim that if § and 6 are chosen correctly, then v(tg) has slightly
smaller energy than u. Indeed, we have by integration by parts and definition
of f that

1 1
3 IVu(to)|* = 5/ [Vu(to) — Vw(to)|?
R3 R3

1
=5 [ IVutto)?
R3

— 6Re /Rs e N AT f(to) - Vu(to) + O(S*| AT f(to)]1%,)
< Bt + 0Ree " (u(to), f(to)) + O(62C (1p))-

Since |[(u(to), f(to))| was already shown to have magnitude at least ¢(no), we
see if § = 0(np) and 6 are chosen correctly that we can ensure that

1
3 | 9elto)? < o = clm).
RB
Meanwhile, another application of Lemma 6.1 shows that

lw(to)llzse S Cno)llf(to)lle S Clno){to —t1)™" < C(no)m.

So by (6.1) and the triangle inequality,

[ 0t0)® < Clompn.

Thus if 7 is sufficiently small depending on 79, then
E(v(to)) < Eait — c(no)-

By Lemma 4.1 we may extend v(¢y) into a solution of the nonlinear Schrédinger
equation (1.1) on [tg, +00) such that

(6.3) V][220 ((t0,400) xR3) S M (Eerit — ¢(m0)) = C(10)-

On the other hand, from (6.2) and the frequency localization we have

< Clmo)m ™.

i(t—to) A
[V 102w (t0)l 012003 (1 .0y S

Thus if 7, is sufficiently small depending on 7y then we may use Lemma 3.10
(with @ := v and e = 0) to conclude that u extends to all of [tg, +00) with

[l 10, (20, +00)xR3) S C (M0, 171)-

Since the time interval [to, +00) contains I, this contradicts (4.12). (If we had
to < t; instead, we would obtain a similar contradiction involving I_.) This
concludes the proof of Proposition 4.5. O
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7. Spatial concentration of energy at every time

We now prove Proposition 4.6. Fix ¢. By scaling using (1.3) we may take
N(t) = 1. By Corollary 4.4 this implies that

(7.1) 1P s + 1 Pec(yu(®)ll g S m®

(for instance). In particular by Sobolev we have

1Py cimyu(®)lze + | Pecgryu(®)llze < mi®

and hence by (4.13)
[ Prmeaut(t) L 2 m

where Pred = Py )<.<c(n)- On the other hand, from (4.3),
[ Prmeau(t)||zz < C(m)

and thus by Holder’s inequality,
[ Prmeatu(t) || = 2 e(m)-

Thus there exists z(t) € R3 such that

(7.2) c(m) S |Pmeaul(t, z(t))]-

Let Kpeq denote the kernel associated to the operator PpnegVA™!, and let
R > 0 be a radius to be chosen later. Then (7.2) can be continued with

c(m) < [Kmed * Vu(t, z(1))]

< / Kmea (£(t) — )] [Vut, 2)|dz
Aﬂ/ | Knea(2(t) — 2)||Vult, 2)|dz
|z—z(t)|<R)

+ [ | Knea ((t) — )| [Vu(t, 2)|da
le—a()| >R

S ) ( Lo rwt,xwdaz)

[Vu(t,z)|
) (/.H@)ER 2= a0 d”““) '

Here we used Cauchy-Schwarz and the fact that K.q is a Schwartz function.
Using the fact that ([ |Vu|?dz)/? is bounded uniformly, we obtain

1
2

1

c(m) < </ |Vu(t,93)|2d$> +C(m)R™"
|lz—z(t)|<R
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(say), which proves (4.14) after setting R := C(n1) sufficiently large. Similarly,
writing Kneq for the kernel associated to Ppeq, we have for all 1 < p < oo,

s [ et o)t )l

4 / | Rmea(2(t) — )| ult, 2)|da
lo—a(t)| >R

’ [u(t, o)
SO / u(t, z)[Pdz +/ _ WS
( 1)< \w—w(t)\SR| ,2) ) lz—z(t)|>R \:U—x(t)\mo
< C(m) (/ lu(t, 1:)|pd:c>
lz—z(t)|<R

1 o
+ / ———————dz | |lu(t)] e
< o—a®)>R & — z(t)['0%s ) b

p

S Cm) ( / Ju(t, w)\”dw> +C(m)R™Y,
le—a()| <R

B =

where we used (4.4). This proves (4.15) upon rescaling, if the radius R = C'(1;)
was chosen sufficiently large. O

8. Spatial delocalized at one time — spacetime bounded

We now prove Proposition 4.7. This is the spatial analogue of the fre-
quency delocalization result in Proposition 4.3. The role of the bilinear
Strichartz estimate in that proposition will be played here by finite speed
of propagation and pseudoconformal identity estimates. We follow the same
basic strategy as in Proposition 4.3 (but now played out in the arena of phys-
ical space rather than frequency space). More specifically, we assume that
there is a large amount of energy away from the concentration point, and then
use approximate finite speed of propagation to decouple the solution into two
nearly noninteracting components of strictly smaller energy, which can then
be handled by the induction hypothesis and perturbation theory.

We turn to the details. We first need a number of large quantities. Specif-
ically, we need a large integer J = J(11) > 1 to be chosen later, and then
a large frequency?* Ny = Ny(n1,J) > 1 to be chosen later, and then a large
radius Ry = Ro(m1, No, J) > 1 to be chosen later.

24More precisely, this is a ratio of two frequencies, but as we will shortly normalize N(0)
= 1, the distinction between a frequency and a frequency ratio becomes irrelevant. Similarly
the radii given below should really be ratios of radii.
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Suppose for contradiction that the proposition is false. Then there must
exist a time ty € Iy such that

/ Vulty, 2)? dz > 1.
|z—2(to)[>1/(n2N(t0))

Here z(t) is the quantity constructed in Proposition 4.6 (see (7.2)). We may
normalize ¢y = z(tg) = 0, and rescale so that N(0) = 1; thus

(8.1) / |Vu(0,z)* de = n;.
|z[>1/n2

On the other hand, if Ry = Ry(n1) is chosen large enough then we see from
Proposition 4.6 that

u X 2 X C
(8.2) /lxmrv (0,2) dz 2 e(m)
and

u X 6 X C .
(8.3) /MD\ (0,2)° dz 2 e(m)

We then define the radii Ry < R; < ... < Rjrecursively by R;y1 = 100RJ1~00.

The region Ry < |z| < R; can be partitioned into J dyadic shells of the
form R; < || < Rj41. By (4.3),(4.4) and the pigeonhole principle we may
find 0 < j < J such that

1
(8.4) / Vu(0,2)2 + [u(0, 2)|° dz < ~.
R;<|z|<R; i1 J

Fixing this j, we now introduce cutoff functions Xinner, Xouter, Where Xinner iS
adapted to the ball B(0,2R;) and equals one on B(0, R;), whereas xouter is a
bump function adapted to B(0, Rj;+1) which equals one on B(0, Rj+1/2). We
then define v(0), w(0) as

(8.5)
v(0,7) := Pp/n,<.<nN, (Xinner(0)); - w(0) == Pp/n,<.<n, (1 = Xouter)u(0)).

By (8.4) we easily see that

1
P13y << vgul(0) = 0(0) = w(0)[| 72 S | (Xouter = Xinner)u(0)ll 12 S 775

Also, if Ny is chosen sufficiently large depending on J we see from the normal-
ization N(0) =1 and Corollary 4.4 that

1
[u(0) = Pr/ny<.<now(0) |l g S T1/2
and thus
1
(8.6) 1(0) = v(0) = w1 S 7775-

We also know that v, w have slightly smaller energy than u:



816 J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO

LEMMA 8.1. For the the functions v,w defined in (8.5) we have
E(v(0), E(w(0)) < Eerit — ¢(mn)-

Proof. The argument here is completely analogous to that in Lemma
5.1, except that now we work in physical space, exploiting the fact that v is
mostly supported in the region |z| < 3R; and w is mostly supported in the
region |z| > Rj41/2.

We begin by estimating the quantity

[E(v(0) + w(0)) = E(v(0)) = E(w(0))]-

Expanding out the definition of energy, we can bound this by
< / [V0(0,2)[[Vw(0, 2)| + [0(0, 2)|[w(0, 2)|° + [0(0, 2)°|w(0, )| dz.
RS

We subdivide R? into the regions |z| < Rj+1/2 and |z| > Rji1/2. Since v
and w are bounded in H' and hence in L%, we can use Holder’s inequality to
estimate the previous expression by

S IVl e rysn2) 0 Lo (2> Ry a 2) T IV L2 (2] < Ry oy y2) T W Lo (12| <R, 40 /2)-

Consider for instance the quantity [|Vv||z2(q|>r,,,/2)- Let K be the convolu-
tion kernel associated with P /n, <.<,; then we have Vv = (V(Xinnert(0)))* K.
Since Xinner is supported on the region |z| < 2R; < Rj1/4, we may restrict
K to the region |z| > Rj;1/4. On this region, K decays rapidly and in fact

has an L' norm of at most C(Np)/R;% < C(No)/Ry™ (for instance). Since

V (Xinnert(0)) is bounded in L?, we thus have
IV L2(af> R, 0 j2) < C(No)/Ro™.
The other three terms above can be estimated similarly. Thus
|E(v(0) +w(0)) — E(v(0)) — E(w(0))| < C(No)/Rp™

On the other hand, from (8.6), the boundedness of %(0),v(0),w(0) in H' and
L%, and Holder’s inequality, we have

|E(u(0)) — E(v(0) + w(0))] S J 2.
Thus we have
(8.7) |E(u(0)) — E((0)) = E(w(0))| < J 12+ C(No)/ Ry™.

On the other hand, by (8.2) and (8.1) (choosing 72 to be smaller than 1/R ),
we know that E(v)(0), E(w)(0) 2 ¢(m). Together with (8.7), this yields the

~

lemma when J = J(n1) and Ry = Rg(n1, No, J) are chosen sufficiently large. OJ
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From the above lemma and Lemma 4.1 we may then extend v and w by
the nonlinear Schrédinger equation (1.1) to all of R x R3, so that

(8.8) o]z, + lwllzie, S M (Eeic — c¢(m)) = C(m).

From this, Lemma 3.12 and the frequency localization of v,w we thus obtain
the Strichartz bounds

(8.9) [ollgn + llwllge S €1, No)
for k=0,1,2.
The idea is now to use our perturbation lemma to approximate u by v+w.

To do this we need to ensure that v and w do not interact. This is the objective
of the next two lemmas.

LEMMA 8.2. Let v(x,t), w(x,t) be the evolutions according to (1.1) of the
functions defined in (8.5). For times |t| < leo, there exists the “finite speed of
propagation” estimate

(8.10) / [o(t, 5)[? dz S Clm, No)R;
|2 R3°
and for times |t| > R;O, the decay estimate

(8.11) /|v(t,x)6 dr < R10.

(The powers of R; are far from sharp.) Meanwhile, the mass density of w
obeys the finite speed of propagation estimate

(8.12) / w(t, 2)[ dx < Cm, No)R:?
SRS

for all |t| < le-o and, similarly, the energy density of w obeys the finite speed
of propagation estimate

1 1
(8.13) / [5Vw(t, )] + 2 |w(t, 2)[*Jdz S R;*°C(m, No),
el SR 6

for all |t| < le-o. Also,

1 1
(8.14) / [5IVot, @) + Glo(t, o) lde S Ry*°Cm, No).
|2 2R3

Thus at short times ¢t = O(RJI.O), v and w are separated in space, whereas
at long times v has decayed (while w is still bounded in Strichartz norms).
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Proof. The estimates (8.10) and (8.11) follow from the pseudoconformal
law following arguments from [5]. Recall the pseudoconformal conservation
law for sufficiently regular and decaying solutions of (1.1):

. 4 16 [
(8:15) (& + 2t Vyu(t)|7: + gtzHU(t)HGLg = [llzluol7: — E/o sllu(s)l|%e ds.

Thus, since v solves (1.1),

t
2 6 2 6
/||>Rm ‘xm?}(t?x)‘Qd'xSJtQHVU(t>”L§+t2HU(t>HL§+HJ:‘UO"L?;"i_/O sllu(s)lzsds.
|2 ]’

We restrict to times |t| < R]l0 and have

RI00 / o(t, ) 2dz
2R

2 6 2
S R0t~ + RN 1o+ Fillvol 2

2
<R1.0LI
- 7

2 6 2
S RO(IVoO oz + 0O 1a) + BN VoollZ,

< C(No)R;°E(uo),
which proves (8.10).
From (8.15), we observe that
RINZE(up)
ol < 0,
so that, for times |t| > leo, we obtain (8.11).

We control the L2-mass of w in the ball |z| < IOOOR?O using a virial
identity. Let ¢ denote a nonnegative smooth bump function equaling 1 on
B0, 1000Rj50) and supported on B(0, QOOOR?O). Note that ¢ has been chosen
so that the support of V({ does not intersect the support of Xinner(0) or the
support of (1 — xouter)(0). From (2.4), (2.6) and integration by parts we have
the identity

(9,5/((:1;)|w(t,x)\2d:1; = —Z/Cj(:c)lm(wﬁj)(t,x)dx.
Thus,
!@/C(m)\w(mf)wm! < R Vw(t)l| e w(®)]l 2

and we have, using the support properties and (4.3),
sup [ clafu(t,a)Pde 5 [ @lw(0,2)Pda
|t]< R0

R sup V()| o)
[t|<R;° ) i
5 R;4O+R;4O(E(UO))2NO

(say), which proves (8.12).
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We now control the energy density of w,
1 1
(8.16) e(w)(t,x) := §]Vw(t,m)]2 + E\w(t,x)lﬁ,

on the ball |z| < R?O by a similar argument. From (2.11) and integration by
parts we have

%/Ce(w)dfcz /Cj[lm(wkwkj) — 8| w[* Im(wwy,)]dz,

which implies that
T
/Ce(w)(T)dx§/Ce(w)(O)dx—i—/O /]VC|VwHVVw\da;dt
T
+/0 /\v<||w|5\vu;|dxdt.

We will control the three terms on the right to obtain (8.13). The first term
vanishes due to support properties of ( and 1 — Youter- LThe second term is
crudely bounded using (4.3) by

—-50 p10 2
RyOROIVwl e

By the induction hypothesis we have (8.9) and, in particular,
HV2U)HL;>°L3 < C(m1, No).
The third term is bounded using Hélder by, say
- 2 3
S R; 50||w“ngE||wHLgI||VwHL;?;3-
Again, the global L{% bound and Lemma 3.12 gave us (8.9) which, by inter-
polation, controls all the norms appearing here. This proves (8.13).

Replacing ¢ by 1— and w by v in the discussion just completed establishes
(8.14). O

COROLLARY 8.3. For v,w as in Lemma 8.2,
4
IV (Jo +w|* (v +w) = Jol*v = [w|*'w)|l L2 o5 g gy
< Clm, No)R; ™ 5 Clm, No) Ry ™.

Proof. By (1.15), the task is to control terms of the form O(v/w? =7 Vw)
and O(w/v?=IVwv), for j = 1,2,3,4, in L%Lg/5. Separate the analysis into
three spacetime regions based on the estimates in Lemma 8.2: (short time,
near origin) [t| < leo’ lz| < QOOOR?O; (short time, far from origin) [t| <

le-o, |z| > QOOOR?O; (long time) [¢t| > le-o. In all but one of these cases, an
application of a variant of (3.12),

IVuruguzugus|| popors S [[Vurll peo p2 luall g lusl g poe [lwall o o sl oo s »
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together with (8.9) and the decay properties in Lemma 8.2 establishes the
claimed estimate controlling the interaction of v and w. The term O(w*Vwv)
in the long time regime [t| > leo presents an exceptional case since we do
not directly encounter the available long time decay estimate (8.11). This
situation is treated separately with the following argument. By Hoélder and
interpolation, we have

1OV )| 2 pors S UV Lo o 1Ol 22

1/2 1/2
S Nl 2 o 192012 2 O
1/2 1/2
S ol e ol L0l gz -

Note the appearance of (8.11) which contributes the decay Rj_5/ 6 We complete
the proof by estimating,

||O(w4)||L$L§ S ||O(w3)||L3LgHw||L§°Lg

3 1/2 1/2 3 1/2
S lwlFe sl 2 o ol 22 e < Il fw(O)]1 B4
50(7717?72)1\73/250(7717?72,]\70)- O

In light of this corollary, (8.6), (8.8), and the observation that w,v,w
all have bounded energy, we see from Lemma 3.10 (with @ := v + w and
e:= v+ w/*(v+w) — [v|*v — |w|*w) that if J is sufficiently large depending
on 711, and Ry sufficiently large depending on 7y, J, Np, then

[ull Lo (1. xre) < C(m),

which contradicts (4.1). This proves Proposition 4.7. O

9. Reverse Sobolev inequality

We now prove Proposition 4.8. Fix tg, xo, R. We may normalize x(tg) = 0
and N(tp) = 1. Then by Proposition 4.7 we have

(9.1) / \Vu(to, z)|* dz < .
[z[>1/72
Now suppose for contradiction that we have

9.2) / Vulto, z)2 dz > m + K(m,m)/ lulto, 2)[ da
B(Q?Q,R) B(%yK(ﬁlﬂh)R)

for some large K(n1,72) to be chosen later. From (9.2) and (9.1) we see that

B(zg, R) cannot be completely contained inside the region |x| > 1/n; thus,

(9:3) w0l S R+ 1/m2-
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Next, we obtain a lower bound on R. Recall from the normalization N (tp) = 1
and Corollary 4.4 that

I Psc@myuto)llgp S m-

On the other hand, from (9.2),
/ Vu(to, )| dz > m
B(Io,R)

and from the triangle inequality we see that
| IVPeculte,)? do > m.
B(zo,R)

But by Hélder, Bernstein (1.20), and (4.3) we can bound the left-hand side by
< RV P<opyyulto)llie < Clm)R’

and thus we have
R Z c(m).

Combining this with (9.3) we see that the ball B(xg, K(n1,n2)R) will con-
tain B(0,1/n2) (and hence any ball of the form B(0,C(n;))) if the constant
K (n1,n2) is large enough. In particular, from Proposition 4.6 we have

/ fulto, 2)° da = c(m),
B(xo,K(n1,m2)R)

which inserted into (9.2) contradicts the energy bound (4.3) if K(n,n2) is
chosen sufficiently large. This proves Proposition 4.8. O

10. Interaction Morawetz: generalities

We shall shortly begin the proof of Proposition 4.9, which is a variant
of the interaction Morawetz inequality (1.8). As noted above, this inequality
cannot be applied directly to our situation because the right-hand side of (1.8)
can be very large due to low frequency contributions to u. It is then natural
(in light of (4.5)) to try to adapt the interaction Morawetz inequality to only
deal with the high frequencies u>1, but this turns out to not quite be enough
either. The trouble is that the inhomogeneous Schrédinger equation satisfied
by u>1 is not Lagrangian - and in particular it no longer enjoys the usual
L? conservation. Hence when we apply the argument from [13], [12] (which
gave (1.8)) to this u>; equation, we get new terms arising from the fact that
the right side of (2.4) is no longer zero. We can find no appropriate bounds
for these new terms. Our solution to this problem is to localize the previous
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interaction Morawetz arguments in space®®, yielding a much more complicated
version (Theorem 11.1) of the inequality (1.8).

To summarize: the increased complexity on the right-hand side of (11.6)
below is due to the fact that we have localized the argument in frequency
(because (1.1) is critical) and space (because of the error terms introduced by
the frequency localization). Of course, all of these extra terms will somehow
have to be shown to be bounded, and to this end the second term on the
left side of (11.6) is very important. An analogue of this term - where the
x integration is taken over all of R? - can also be included on the left side of
(1.8) (see [13], [12]), but we had previously found no use for this term. In what
follows, the second term on the left side of (11.6) will be used to absorb — via
the reverse Sobolev inequality of Proposition 4.8 and an averaging argument
— some of the most troublesome terms involving kinetic energy that appear
on the right side of (11.6).26

The above argument will be carried out in the next section; in this section
we prepare for our work involving the non-Lagrangian equation satisfied by
u>1 by discussing interaction Morawetz inequalities in more general situations
than the quintic NLS (1.1). In particular, we shall consider general solutions
¢ to the equation (2.1), where N is an arbitrary nonlinearity.

10.1.  Virial-type identity. We introduce two related quantities which
average the mass and momentum densities (see Definition 2.1) against a weight
function a(x).

Definition 10.1. Let a(z) be a function?” defined on the spacetime slab
Iy x R3. We define the associated virial potential

(10.1) Va(t) = / a(x)|o(t, I)|2d$
]RB

and the associated Morawetz action

(10.2) M, (t) = / a;2Im(¢p¢;)d.
RS

A calculation using Lemma 2.3 shows that

(10.3) OV, = My +2 / [N, 6},
R3

?5See (10.5), where the novelty over the arguments from [13], [12] is now the presence of
the spatial cut-off function.

26The discussion here gives another way to frame our regularity argument which was
sketched in Section 4. We only bother to show that a minimal energy blowup solution
must be localized in space in order that we can apply the reverse Sobolev inequality to such
solutions. The reverse Sobolev inequality is needed in the proof of the frequency localized
L:t bound.

2"In other contexts it’s useful to consider also time dependent weight functions a(t, z).
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so that M, = 0;V, when N' = F'(|¢|*)¢. Using Lemma 2.3, a longer but
similar calculation establishes,

LEMMA 10.2 (Virial-type Identity). Let ¢ be a (Schwartz) solution of
(2.1). Then

(104) oM, = | (AN + daRe(@i0n) + 20, N Hda.

We now infer a useful identity by choosing the weight function a(x) above
to be,

(10.5) a(x) = |x[x(|z|),

where x(r) denotes a smooth nonnegative bump function defined on r > 0,
supported on 0 < r < 2 and satisfying x(r) =1 for 0 < r < 1. We calculate,

AAM)—2AQ‘>ﬂu>+MMM

where 9 (|z|) is smooth and supported in 1 < |z| < 2. Define now the notation
M := M, when a(z) is chosen as in (10.5). (Later we will localize around a
different fixed point y € R?, in which case we’ll write the Morawetz action as
MY. Note that the letter a is dropped completely now from the notation for
the Morawetz action.) By the definition (10.2),

(10.6) = 21m/ |z p;(t, z)p(t, z)dx
Note that?8

(10.7) MO(0)] < 26(0)l|zz 6O

Inserting the calculation below (10.5) above into (10.4), and using the notation
Or(0) to denote the radial part of the gradient with center at 0 € R3 (so that

*80ne can also show that |[M°(t)| < [|¢(t)]|%1/2; see Lemma 2.1 in [13].
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2L

Or(0) = El - V), we get
1
H)W( 2)*x(Jz))dz

1
1 /R V6@ = 10,0)0(a) o

(@) :
w2 [ o (el)ds

- [ 16@Pladn 4 [ 10,00P¥ (e
As remarked above, we translate the origin and choose, for fixed y € R3

(10.8) a(z) = [z —yIx(lz — yl),

instead of (10.5), in which case the Morawetz action (10.2) is written MV.
Then the preceding formula adjusts to give the following spatially localized
virial-type identity, where we write x for another bump function with the
same properties as ,

M = —2 | A(

X(Ja])d

(10.9) oMY =

(10.10) -2 f A(w—,w( 2P~ yl)d

(10.11) +4/ |V, é(x " X(|z —yl)dz

(10.12) IR _yf -{N, Sl — yl)ds

(1013) +0 ([ (10 + ool - e

We have used here the notation 9, to denote the radial portion of the gradient
centered at y and Wy for the rest of the gradient. That is,

r—y r—y Tr—Y
— .V and =V — - V).
7] Yy Ty =y

We have also taken the liberty to dismiss some of the structure in (10.13) using
the fact that ¥’ has the same support properties as 1.

Oy (y) =

10.2. Interaction virial identity and general interaction Morawetz estimate
for general equations When we choose a(z) = |z|x(z) above, the virial poten-
tial reads V,(t) = [gs |¢(z,t)2|z|x()dz and hence MO(t) := LV, (¢) might be
thought of as measurlng the extent to which the mass of ¢ (near the origin at
least) is moving away from the origin at time ¢. Similarly, for fixed y € R3,
MVY(t) gives some measure of the mass movement away from the point y.

Since we are ultimately interested in global decay and scattering properties
of ¢, it’s reasonable to look for some measure of how the mass is moving away
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from (or interacting with) dtself. We might therefore sum over all y € R? the
extent to which mass is moving away from y (that is, M¥(t)) multiplied by the
amount of mass present at that point y (that is, |¢(y,t)|2dy). The result is the
following quantity which we’ll call the spatially localized Morawetz interaction

potential.
(10.14) dee) — [ ot P (0dy
Ry

_ 2 (1 (z—y)
(10.15) =am [ [ o)l -
Note that, using (10.7),
(10.16) MR ()] S (o172 ()] -

We calculate, using (10.9) and (2.4),

(10.17) gy Minteract _ / 6(y) 20, MY dy

R}
(10.18) + [ RO Im(6h)() + 2N 63,10 0.

The 0, appearing in (10.18) will now be integrated by parts. Thus, using
Lemma 2.3 and the fact that on R?, Al = —476, we have our spatially local-

||
ized interaction virial-type identity

(1019) 8tMiIlteI'aCt —

(1020) 87 [ jott.o)l'dy

1) +4 [ [ ot | wlle = o] 19,0000 sy

1
|z —yl

22) +2 [ [ Jows) [t - ) [T=0] - 00t 0)dady

R3
023 ~a [ [ m(6Bn0, [0~ )| (o, ) daay

[z —y

(10.24) +0( L] |¢<t7y>|2|¢<rx—y|>|[|¢><t7x>|2+|ar<y>¢<t,x>|21dxdy>

02) +4 [ [ Weobntt) [2le 1) 0 | (@)t a)daay

The 0, differentiation in (10.23) produces two terms. When 0, falls on
X(lz — y|), we encounter a term controlled by (10.24). Indeed, we get a term



826 J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO
bounded by
/Rs /R [6@)10) $() 169110, 2y W)X (1 — y)dardy.

Upon grouping the terms in the integrand as [|¢(z)|0, ) @(¥) [}[|#(¥)]|Or () ()]
and using |ab| < |al? + |b|?, we find the second part of the expression (10.24).
When the derivative falls on the unit vector, we encounter a term of indetermi-
nate sign but which is bounded from below by (10.21). We present the details
(which also appear in Proposition 2.2 of [13]). The term we are considering is
(with ¢ dependence supressed)

~af 2 / ()0 oy L y)k]

|z —y[?

Tm(é;9)(x) [ﬁw - yD] dedy

=L,
R3 JR3

> —4/ / W)V, oWl o (2)|[V, o (2)] [
R3 JR?

(@Y. 3)0) - (@, 0)(@)] | 2o o) | dady

|
1

|z — y|

Wz y|>] dedy

Wz yo] dedy

B 2 )12 )12 2 1
222 [ [ (OWPIF 0@+ @ FT.owi) =

> (10.21).

Thus, apart from another term of the form (10.24), we have shown that
—(10.21) and (10.23) together contribute a nonnegative term.

Restricting the above calculations to the time interval Iy, we have the
following useful estimate.

PROPOSITION 10.3 (Spatially Localized Interaction Morawetz Inequality).
Let ¢ be a (Schwartz) solution to the equation (2.1) on a spacetime slab Inx R3
for some compact interval Iy. Then

st [ [ 1oty
1o Jrs

? X (m_y> : x)axr
w2 [ [ [ o [t = ] ot et

3
§2||¢”L;>°Lg(loxR3)||¢”L;7CH;(onR3)

4 /I /R g /R 1Nt ) Kl — D o(t )9(, )

2 2 2
+0 ( / 0 /R 3 /R 6P = DI, + 15r0(t2) 1dxdydt> .
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The proof follows directly by integrating (10.19) over the time interval I
using (10.16).

Remark 10.4. If we replace (10.8) by

(10.26) a(z) = |2 — 3l (’”““ - ’)

then there are adjustments to the inequality obtained in Proposition 10.3. Of
course, X(-) is replaced by x(-/R). The annular cutoff ¢ in the final term
arises in the analysis above when derivatives fall on y or Y. A review of the
derivation shows that this term adjusts under (10.26) into

(10.27)
0( L[ [ Jetewr ()| | slote 9+ glorse. 17 dwdydt>.

If we send R — oo and specialize to solutions of (1.1), then we can apply (2.6),
(2.8) to obtain the bound

// u(t,y)] 4dydt
Io

u(t,y)?|u(t, z)|° 3
dzdydt < oo oo 1 )
/Io /3 /3 i — y] yat > ||U||Lt Lg([oxRS)HUHLt 1(IyxR3)

which is basically (1.8) (see Footnote 10.1). However for the purposes of prov-
ing Proposition 4.9, it turns out not to be feasible to send R — oo, as one of
the error terms (specifically, the portion of the mass bracket {N, ¢}, which

looks schematically like uziulo) becomes too difficult to estimate.

11. Interaction Morawetz: The setup and an averaging argument

Having discussed interaction Morawetz inequalities in general, we are now
ready to begin the proof of Proposition 4.9.

From the invariance of this proposition under the scaling (1.3) we may
normalize N, = 1. Since we are assuming 1 = N, < ¢(93)Npin, we have in
particular that 1 < ¢(n3)N(t) for all t € Ip. From Corollary 4.4 and Sobolev
we have the low frequency estimate

(11.1) [t g | oo g1 (1, xmey T 1< yms I Lge o (1o xme) < 13

(for instance), if ¢(n3) was chosen sufficiently small. By (4.11) we thus see
that our choice of N, =1 has forced Nmin > ¢(10)15 1 Define Py; := P-q and
Py, := Py, and then define up; := Pyju and vy, := Pj,u. Observe from (11.1)
that u;, has small energy,

(11.2) [wtoll oo 11 (1o xray + 1ol Lo L8 (1, xm2) S 13-
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while from (11.1), (1.16) and (4.5) we see that up; has small mass:

. hill L L2 (I xR3) X 113
(11.3) il S
We wish to prove (4.19), or in other words

1/4

(11.4) lunillLars o xrsy < 771/ .

By a standard continuity argument,?” it will suffice to show this under the
bootstrap hypothesis

(11.5) wnill a1y xre) < (Com)*/*

where Cp > 1 is a large constant (depending only on the energy, and not on
any of the 7’s). In practice we will overcome this loss of Cy with a positive
power of n3 or n;.

We now use Proposition 10.3 to obtain a Morawetz estimate for ¢ := up;.

THEOREM 11.1 (Spatially and frequency localized interaction Morawetz
inequality).  Let the notation and assumptions be as above. Then for any
R>1,

(11.6)

2

) ) tv
// \th dxdt—i—/// Jani (t, ) (1, 2)|° dzdydt < Xg,
Iy JR3 Io le—y|<2R [z —y

where X denotes the quantity

(11.7)
Xg =13
(11.8)
c[ ] )Pt ) Pt )|
Iy lz—y|<2R [z —y
(11.9)

+Z / / / fun (£, )] | PO et ) (1, )
=0 Iy lz—y|<2R

Nupi(t, ) || Vup (t, )| dedydt
(11.10)

4 / / / ana(t, )| PoO ) (b ) fana b, 2) [ Veana(t, 2) | derdyct
IoJ Jje—yl<2R

298trictly speaking, one needs to prove that (11.5) implies (11.4) whenever Iy is replaced
by any subinterval I of Ip, in order to run the continuity argument correctly, but it will be
clear that the argument below works not only for Ip but also for all subintervals of Ij.
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(ar1n) g [ (s [ )P dy
1 (z,2R)

o z€R3JB

1
a12) +p [ [ [ ) PTu(t)? + (e, 0)[) dodyat
Iy |z—y|<2R

Remark 11.2. This should be compared with (1.8). The terms (11.8)—
(11.12) may look fearsome, but most of these terms are manageable, because
of the spatial localization |x — y| < 2R, and because there are not too many
derivatives on the high-frequency term wp;; the only truly difficult terms will
be the last two (11.11), (11.12). Observe from (4.3), (4.4) that we could control
(11.12) by (11.11) if we dropped the né/m factor from (11.11); however this
type of factor is indispensable in closing our bootstrap argument, and so we
must treat (11.12) separately. The idea is to use the reverse Sobolev inequality,
Proposition 4.8, to control (11.12) by the second term in (11.6), plus an error
of the form (11.11). This can be done, but requires us to apply Theorem 11.1
not just for R = 1 (which would be the most natural choice of R) but rather
for a range of R and then average over such R; see the discussion after the
proof of this theorem.

Proof. We apply Pp; to (1.1) to obtain
(iat + A)uhi = Phi(]u\4u),

and then apply Proposition 10.3 with ¢ := up; and F := Pp;(|u|*u), to obtain

cl// lupi(t, z)|* dadt

+cz/ / uni(t, y)|? ( y) APpi(Jul*u), up; }p(t, x) dedydt
I, JR® JR? R ‘|z \

S Nwnill 7o 12 (1 <y 1amill o s 1 sy

4 / / / Pl ), wni b (1 ) i (1, )] [Veana 8, )| dedyds
IoJ Jz—y|<2R

1 1
+ L / / / funi (b ) 2 g fani ()2 + | Veani(t, 7)) dwdydt.
R J1,J Jie—y<2r R

We now estimate the right-hand side by Xpg. Observe from (4.3), (11.3)
that

lunillzs 2 (1) [unill e s o xmey S 75 = (11.7) < Xk,

while from (11.3) again we have

1
| gt do <o /B < g
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and hence
1 1
—/ // |uhi(t,y)|2—2|uhi(t,m)|2 dzxdydt < (11.11) < Xp.
R Ji, |z—y|<2R R
Similarly we have
1
—/ // lupi (t, 1)) | Vupi(t, z)|? dedydt < (11.12) < Xp.
R g, lz—y|<2R

Now we deal with the mass bracket term. We take advantage of the
cancellation (2.6) to write

{Pri(Ju*w), upi}m = { Pri(lu[*u) — |uni *uni, whi b
We can write, using the notation (1.15),
Pri(ul*u) = |wps uni = Pri(Ju*u — Juni|*uni) — Pro(Juni| “uns)

= PuiO(u)up,”) + PioO(u,).

Thus these terms can be bounded by O((11.9) 4 (11.10)) = O(Xg) (where we
take absolute values everywhere). To summarize so far, we have shown that

cl//\uhzt:z dCEdt—i-Cz///’uhzty’X( )
Iy JR3 Iy JR3 JR3

AP (Julu), updp(t, ) dadydt S Xg.

Iw—yl

We now deal with the momentum bracket term, which is a little more in-
volved as it requires a little more integration by parts. We will need to exploit
the positivity of one of the components of this term. In order to exploit the
cancellation (2.8), we break up the momentum bracket into three pieces:

{Pri(lul*w), uni}tp

= {Jul*u, unitp — {Po(|u|*w), uni}y

= {Jul*u, u}lp — {[ul*u, wo}p — {Pro(|ul*w), unitp

= {Jul*u, ulp — {0 1o, wio}p — {|ul v — o] "o, w10 }p — {Pro(|u|*u), unitp
= —§V(|U|6 — Juto]®) = {Jul v — o] *ti0, w0 }p — { Pro(|u*u), i }p-

We first deal with {Pj,(|u|*u), upni}p estimating the contribution of this term
crudely in absolute values as

. 2 s ultu N da ‘
O(/f/ /Ixylng [uni (£, 9) P {uni, Proul"w) }p(t, 2)]| d dydt>

We wish to bound this term by O((11.11)) = O(XRg), recalling that any positive
power of n3 overwhelms any loss in R powers, this follows from



SCATTERING FOR 3D CRITICAL NLS 831
1/2
LEMMA 113 fo, [{uni, Po(|ule)}p| de < ny>.

Proof. By (4.3), Holder and Bernstein (1.19),

/ [ uns, Pl ")} di < / IVundl | Pro(ful*u)| do-+ / fanil [V Pro (1) dz
R3 R3 R3

SN Vunill 2 | Pio(Jul*w) || 22 + [ unil 2 |V Pio (] *w) | 12
S Po((ul )| 2.

Now decompose u = up; + 15, and use (1.15) to then decompose
P, ‘u|4 Z P, 0 uizulo )

The terms j = 0,1, 2, 3,4 can be estimated by using Bernstein (1.19) and then
Holder to estimate

4 4
S IOl e < Z 10 ) oo S 3 Tunillye o357 S s

thanks to (4.4), (11.1). For the j = 5 term, we argue similarly; indeed we have
9/2 1/2 1/2
PO 22 S N10R) L S NunillZe lunill 2 < ns'
by (4.3), (11.1). O
Now we deal with the second term in the momentum bracket, namely

{|ul*u = |wpo|* o, uro}p. We first move the derivative in (2.3) into a more
favorable position, using the identity

{f,9}p = VO(fg9) + O(fVy)
and the identity |u|*u — |uo| u, = Z?Zl O(uﬁlu?o_]) from (1.15) to write

5
{|u’4u - ’ulo‘4ul07ulo}p = Z(vo(uhzulo ) + (’)(uhzulo Vulo))
j=1

For the second term, we argue crudely again, estimating this contribution in
absolute value as

(11.13)
/ E // lup(t y)] [ (t, :6)|J|ulo(t x)\5 J\Vulo(t x)| dxdydt)
Io ; lz—y|<2R

But by (4.4), (11.1) and the low frequency localization of u;, we have

/’“hi!j!ulo\Sj\Vulol da < Jluni, HuloH ]HVuloHL6<||uth HuoniZang,
RS xT



832 J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO

and so this term can also be bounded by O((11.11)) = O(Xpg). For the first
term, we can integrate by parts and then take absolute values to estimate the
contribution of this term by

5 ane ) Pt ) o, ) 5
(-4 ;O</ //Im y|<2R e : l dmdydt),

|z — y|

Note that the terms Where the integration by parts hits the cutoff is of the same
type, but with the =i factor replaced by O( ) on the region where |z—y|~ R
it is clear that this term is dominated by (11.14) (or by a variant of (11.13),
where we remove the V from u;,). We hold off on estimating this term for
now, and turn to the first term in the momentum bracket: —2V (|u| — |u[%).
After an integration by parts, this term can be written as

. 2 6 - 6
Wf [ Ol o)
L) Jjg—yl<2R |z —yl

1
wo(g [ [ [ lunttp)Plat )l = fult, )| dodyat).
IoJ Jjz—y|<2R

for some explicit constant c3 > 0; note that the error incurred by removing the
cutoff x(*z%) by the cruder cutoff |# — y| < 2R can be controlled by (11.12)
which is acceptable. To control the error term, we use (1.14) to split

5
(1115) (@)l = fuo(t, )| = funa(t, )|+ 3 O (2 (1,2)).
j=1
The |up;|® term is of course bounded by O((11.12)) = O(Xg). The remaining
terms have an L. norm of O(n3) by (4.4), (11.1), and Hélder, so that this error
term is bounded by O((11.11)) = O(Xg). For the main term, we again use
(11.15) and observe that the contributions of the error terms are bounded by
(11.14). Collecting all these estimates together, we have now shown that

cl// lupi(t, z)|* dedt
t i (T,
Io |z—y|<2R ’x—?/|

J 6—j
L3 00 / [[ )Pl o) ot 2)°7
j=1 lz—y|<2R

|z — y|

We can eliminate the j = 2,3,4,5 terms using the elementary inequality
Juni (8, )P futo (8, )™ < elupi(t, 2)|® + C(e) lupi(t, )| [wio(t, )|

for some small absolute constant ¢; this allows us to control the j = 2,3,4,5
terms by the j = 1 term, plus a small multiple of the j = 6 term which can then
be absorbed by the second term on the left-hand side (shrinking c3 slightly).
The theorem follows. O
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We would like to use Theorem 11.1 to prove (11.4). If it were not for the
error terms (11.8)—(11.12) then this estimate would follow immediately from
Theorem 11.1, since we can discard the second term in (11.6) as being positive.
One would then hope to estimate all of the error terms (11.8)—(11.12) by O(n;)
using the bootstrap hypothesis (11.5) and the other estimates available (e.g.
(4.3), (4.4), (11.1), (11.3)). It turns out that this strategy works (with R = 1)
for the first four error terms (11.8)—(11.11) but not for the fifth term (11.12).
To estimate this term we need the reverse Sobolev inequality, which effectively
replaces the |Vuy;|? density here by |up;|%, at which point one can hope to
control this term by the second positive term in (11.6). But to do so it turns
out that one cannot apply Theorem 11.1 for a single value of R, but must
instead average over a range of R.

We turn to the details. We let J = J(n1,72) > 1 be a large®” integer, and
apply Theorem 11.1 to all dyadic radii R = 1,2,...,27 separately. We then
average over R to obtain

(11.16) / lupi|* dedt +Y < X,
Iy JR3

where Y is the positive quantity

J(t At
N N L T
Io lz—y|<2R |$—y|

1<R<2J

(R is always understood to sum over dyadic numbers), and X is the quantity

(11.17)

X =13
18)

(1, t, (T,
1<R<2J Iy |lz—y|<2R |a:—y\

(11.19)

/ / / ()] [ PraOud 5,7 (0, ) a8, ) [V 8, )| dedyt

Iy le—y|<2R

11 20

+ sup / / / ana(t, )| PoO () (8 ) fana (8, @) [ Vauna(t, )| dedydt
o) Jije—y|<2R

1<R<27

39But it is not too large; any factor of nz will easily be able to overcome any losses depending
on J.
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(11.21)
1
+3/"0 sup I (Sup/ |upi(t, y)[? dy>dt
1<R<27 I, Nz€R*JB(x,2R)
(11.22)
1
+ 7 I / // luni(t,y ] (|IVup(t, x)]2 + |uni(t, m)] ) dxdydt,
1<R<2J L) J]z—y|<2R

where we have estimated the average %ZK R<9s by the supremum in those
terms for which the averaging is not important.>!

The terms (11.17)—(11.22) are roughly arranged in increasing order of
difficulty to estimate. But let us use the reverse Sobolev inequality already ob-
tained in Proposition 4.8 to deal with the most difficult term (11.22), replacing
it by easier terms.

LEMMA 11.4.

(11.21) + (11.22) < /"%y + W)

where
(11.23)
100+ 1/100
W= sup Z / luni(t, y)|? dy) ) dt,
1<RLZC(m1,m2)27 R Iy R 23 B(z,3R)

and Z-73 is the integer lattice Z3 dilated by R/100.
100 9 Y

Proof. We first handle (11.21). For every x € R3 there exists 2’ € 11(;20 73
such that B(z,2R) is contained in B(z’,3R). Thus

1 1 100y 1/100
g [ P s 5 (X ([ P a) )
R z€R? J B(z,2R) R ,~ R B(z',3R)

' €755 L3
and the claim follows by noting that 171/ 10 <«Ln 1/ 100,

Now we consider (11.22), writing this term as

1
Z F5) / |uhi (tv y) |26hi (t7 Y, 2R> dydta
Iy JR3

1<R<27

where ep;(t,y,2R) is the local energy,
ehi(ta Y, 2R) = / ’vuhz(t’ x)‘Q + ‘uhi(t7 :1:)‘6 dx.
(y,2R)

We will denote the same quantity with wup; replaced with u by e(t,y,2R). We
split this term into the regions ep;(t,y,2R) < mp and ep;(t,y,2R) > ;.

31Indeed, in those terms we will extract a gain of 13 which will easily absorb any losses
relating to R = O(2”), since J depends only on 71 and 7.
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Large energy regions. Consider first the large energy regions ep;(t,y,2R)
> n1. By (11.2), the same lower bound holds for e(¢,y,2R). For (¢,y) in such
regions, we apply Proposition 4.8 to conclude that

1
/ Vult,2)dz < e(t,y, 2R) + Clm,m) / fut, 2) S de
(y,2R) B(y,C(m,m2)R)
which implies
/ Vult,)2dz < Clm,m) / fu(t, 2) .
(y,2R) B(y,C(n1,m2)R)

The same estimate is valid for up; in light of (11.2). Thus we can bound the
contribution to (11.22) of the large energy regions by

1
S Clnym2) 5 / // |wni (t, y) | [upni(t, )| dadydt.
Io lz—y|SC(nm2) R

1<R<2J
Shifting R by C(n1,12),
1
(11.24) S (C(m,nz))Qj > Az

1<R<C(m1,m2)27

1
A= / / / funs(t, )2 uni (t, )| dadydt.
I |ac—y|§R

To bound this by 771/100(Y + W) (and not just by O(Y)) we exploit the aver-
aging? in R. First observe that

t t
S ArS / // [uni (8, 9) Pluns 4 2)° 50
1<R<R' Iy |le—y|<R’ ‘.%‘ - ‘
for all R'. Averaging this over all 1 < R’ < 27/ , we see that

>, D A

1<R'<27 1<R<R/

we can bound this by

where

Iy |le—y|<R’ |‘f1j - y|

Now let 1 < Jyp < J be a parameter depending on 7,12 to be chosen shortly.
Observe that for each 1 < R < 2777 there are at least J values of R’ which
involve that value of R in the above sum. Thus we have

J
7D ArgY,

1<R<27- 0

1<R’<2]

32The key point here is that while the Ar quantities have a factor of 1/R, the quantities
in Y have a larger factor of 1/|x — y|. After averaging, the latter factor begins to dominate
the former.
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and thus the contribution to (11.24) of the terms where R < 27~/ is bounded
by O(WY), which is acceptable if Jy is chosen sufficiently large depend-

ing on 7y, 72.
It remains to control the expression

C(n1,m2))*
( (mjnz)) 1 / / / lns (£, ) [2lun (¢, ) P ddydt.
Iy |z—y|<R

2] J0<R<C 7’]1 772
This is bounded by

Clwm,h) g / / sup / Iuhi(t,y)IQdy)!um(f,ﬂf)!ﬁdﬁdt‘
I

J 1<R<LC(n1,m2)27 R z€R3

Using the energy bound (4.4), we see that this is in turn bounded by

1
Conmh) oy ([ ([ st
J 1<R<C(m m2)27 R\ Ji, vere B(z,R)

1

N

C(nla 12, JO)W

<

< n}/loow
when J = J(n1,n2) is sufficiently large.

Small energy regions.  Now we deal with the contribution of the low
energy regions

J > R/ / |uni(t, y)Peni(t,y, 2R) dydt.

1<R<27 i(ty,2R) Sm

Observe that if y is such that ep;(t,y,2R) < 11, then there exists y' € 1§0Z3
such that y € B(y,R) C B(y,2R) C B(y,3R), and thus ep;(t,y,R) <
mln(m, eni(t,y',3R)). Thus we can dominate the above expression by

Z / Z min (11, eni(t, ', 3R))/ Juni(t, y)|? dydt.

1<R<2J Io ye-B 73 B(y’,3R)

100

Now from (4.3) we have, using min(n;, ep;(-))10%/% < ni/ggehi(-), that

99/100
EE: min(n1, eni(t, y', 3R)) 10/
Y GﬁZ3
99/100
1/100 1/100
</ D enilt,y/,3R) <mM.
Y c LR y7s

100
Thus, by Holder’s inequality we can bound the previous expression by
O(n}/looW) as desired. O



SCATTERING FOR 3D CRITICAL NLS 837

In light of all the above estimates, we have thus shown that
(11.25) / / fupil* dwdt < nf + (11.18) + (11.19) + (11.20) + /"W,
I, JR3

since the Y term on the left can be used to absorb the 7]}/ 1%y term which would

otherwise appear on the right. It thus suffices to show that all of the quantities
(11.18)-(11.20) are O(ny), while the factor of ni/loo allows the quantity W to
be estimated using the weaker bound of O(Cyn1). (This is the main purpose of
the reverse Sobolev inequality, Proposition 4.8, in our argument. The constant
Co was defined in our bootstrap assumption (11.5).).

As mentioned earlier, the terms (11.18)—(11.20) are roughly arranged in
increasing order of difficulty, and W is more difficult still. To estimate any
of these expressions, we of course need good spacetime estimates on up; and
uj. We do already have some estimates on these quantities (11.5), (4.3),
(4.4), (11.2), (11.3), but it turns out that these are not directly sufficient to
estimate (11.18)—(11.20) and W. Thus we shall first use the equation (1.1) and
Strichartz estimates to bootstrap (11.5) to yield further spacetime integrability;
this will be the purpose of the next section.

12. Interaction Morawetz: Strichartz control

In this section we establish the spacetime estimates we need in order to
bound (11.18)—(11.20) and W. Ideally one would like to use (11.5) to show
that u obeys the same estimates as a solution to the free Schrédinger equation;
however the quantity (11.5) is supercritical (it has roughly the scaling of H'/4,
instead of H'), and we must therefore accept some loss of derivatives in the
high frequencies;* a model example of a function u obeying (11.5) to keep
in mind is a pseudosoliton solution where u has magnitude |u(t, z)| ~ N/2
on the spacetime region z = O(N~!),t = O(N) and has Fourier transform
supported near the frequency N for some large N > 1. We will however be
able to show that v does behave like a solution to the free Schrédinger equation
modulo a high frequency forcing term which is controlled in LZLL but not in
dual Strichartz spaces.

Recall that the constant Cy which we use throughout these next three
sections of the paper was defined in (11.5), our bootstrap hypothesis on the
L* norm of up;. We begin by estimating the low frequency portion w;, of the
solution, which does behave like the free equation from the point of view of
Strichartz estimates:

33Recall that up; and u;, were defined at the beginning of Section 11.
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PROPOSITION 12.1 (Low frequency estimate). For the functions up;, uj,
defined at the start of Section 11,

1/2 1/2
(12.1) Vol L2 s (1, xr3) S Cy*ny/
and

1/2
(12.2) lutoll i e (1 sy < s>

In fact, there is the slightly more general statement that (12.1), (12.2) hold for
all u<y when N ~ 1.

Observe that the L} L2 estimate gains a power of 73, which will be very
useful for us in overcoming certain losses of R in the sequel.

Proof. We may assume that N > 1, since the case when N < 1 of course
then follows. Let Z denote the quantity

(12.3) Z = ||Vusnllzrs (1, xre) + U< Lo oo (1, xR3)-
By Strichartz (3.7), (3.4) we have
2 S Nlusnllgs gy emsy S (o) s + 19 Pan (') s pors g
By (11.1) we have
lusn (o)l g2 < m3-

Now we consider the nonlinear term. We split u = u<y + usy and use (1.15)
to write

5
VP (|ul*u) = VPyO(ul yul ).
j=0

Considering the j = 0 term first, we discard P<y and use the Leibnitz rule
and Holder to estimate

HVPSNO(u%N)||L3L2/5([0><R3) S ||O(U4SNVUSN)HL5L2/5(10><R3)
S ||USN||%§’°L2(IO><]R3)||VUSN||LfL2(IOX]R3);

by (11.1) and (12.3) this term is thus bounded by O(n3Z2).
Now consider the 7 = 1 term. We argue similarly to estimate this term as

HVPSNO(UZ%NU>N)HL’;’LE/S(IOXIW)
SOy Vs 8 21575 sy
+ ||O(u?§NU>NVu§N)HLng/S(onRfi)
S ||U§N|’%§L;c(10xﬂ@3)H“SNH%;”L‘;(MRS)HVU>N”L§’OL3(I°XR3)
+ HUSNH:zgoLg(onRs)HU>N||L,?°L2(IO><R3)HVUSN||L3L2(IOXR3);

by (4.4), (11.1), (12.3) these terms are thus bounded by O(n2Z% + 3 7).
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Now consider the 7 = 2,3,4,5 terms. This time we use Bernstein’s in-
equality (1.20) (recalling that N ~ 1) and Holder to estimate
HVP<NO<“<?\?“J>N)”Lng/E‘(onRa)
N ||O(U<N“>N)||L2L1 (Io xR?)
< ||U>N”L4L4 onRB)”U>NHLooL6(IO><R3)||U§NHit;ng(10><R3)'
Applying (11.5), (4.4) we can bound these terms by 0(03/277%/2) (we can do

significantly better on the j = 2,3, 4 terms but we will not exploit this). Com-
bining all these estimates we see that

Z S+ miZ + 37 + 032 + Gy

by standard continuity arguments this then implies that Z < Cé/ 2771/ ?. This
proves (12.1), but we did not achieve the 73 gain in (12.2).

To obtain (12.2) we must refine the above analysis. Let u, be the
solution to the free Schrodinger equation with initial data u% v (to) = u<n(to)
for some ty € Iy. Then by (11.1) and Lemma 3.1 N

w2 poe (1o xm2) S 78

Thus it suffices to prove that

1/2
lusn = uSn ez (1w S 0’

We estimate the left-hand side as

Z lun: — uly

N'SN

L}L(IoxR3)-

By Bernstein (1.20) we may bound this by
Z Nlluns — uoll £a £ (1, xR)
N'<N
which by interpolation can be bounded by
1/2 0 11/2
Z N'llun: — “N’||L/2L6 (IoxR3) lun: — “N’||L/;>CL3(10xR3)'
N'SN

But from (11.1),

lun: — ol pso 2 (roxrey S (V) Hlusn — U%N\\Lgoﬁl(foxRS) S (N
so that
1/2
lu<n = uSnllsresrn Sn5"0 D (V)2 une = w15 (1o xrey-

N'<N
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Applying Strichartz (3.7) yields
1/2 1/2
lu<n — U<NHL4L°°(IU><R3) S s / N;N(N,)I/QHPN’(|u’4u)||L/3L2/5(10xR3)'

But the preceding analysis already showed that
1/2,.1/2
1PN (Jul )| o pors g ey S W2 + M3 2% + 032 + Co*ni? <1
(for instance), and the claim follows. O

Now we estimate the high frequencies. We first need an estimate on the
high-frequency portion of the nonlinearity |u|*u. It turns out that this quan-
tity cannot be easily estimated in a single Strichartz norm, but must instead
be decomposed into two pieces estimated using separate space-time Lebesgue
norms (cf. the appearance of M in Lemma 3.2).

PrRoOPOSITION 12.2. We can decompose
Pyi(lul*v) = F + G

where F'; G are Schwartz functions with Fourier support in the region || 2 1

and
1/2
HVFHLgL‘;/E’(onRS) S 773/
and

1/2 1/2
1G22, xRy S Co/ 771/ :

Of the two pieces, F'is by far the better term; indeed, if G were not present,
then the Strichartz estimate (3.7) would be able to obtain L%BE bounds on up,.
The reader may in fact assume as a first approximation that F' is negligible,
and that the nonlinearity Py;(|u|*u) is primarily in L? L., which is not a dual

1

S! Lebesgue norm. Note also that the n{ bound ultimately determines the n;
on the right side of (4.19) at the end of Section 14.

Proof.  We split u = w, + up;, and then use (1.15) to split

Phi ‘u|4 ZP’“ U;”Ulo )

Considering the j = 0 term first, we have

TV
N ||O(u;lovulo)HLng/5(10X]R3)
S ||Ulo||%§L;o(onR3)”uloH%goLg(onﬂas)”VUloHLfOLg(ngRS)
which is O(n§/2) (for instance) by Proposition 12.1 and (4.4), (4.3). Thus this
term may be placed as part of F.
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Now consider the j = 1 term. We have

|V Py O (ulouhz)HyLG/O(IOX]RS)
S ||O(ulovuhi)HLgL‘;/S([OX]Rs)
+ ||O(“?ouhivulo)||L§L2/5(10xR3)
S HuloH%;ngO(IOXRS)HUZOH%?L,?F(IOXRS)HvuhiHL;”Li(IoXRS)
+ HulOH%g‘JLg(IOXR3)Huhi”Lchg(onR3)HVUIOHLng(Io><R3)-
Applying Proposition 12.1, (4.4), (4.3), and (11.1) this expression is O(n3) and
so this term may also be placed as part of F.
Now consider the j = 2,3,4,5 terms. We estimate
HPh'L (uhzulo )||L2L1 (IOXR3)
S llunil|? sy llunall 2 o letol| 77 :
~ IRl L3 LA (T xR3) %Rl Loe 16 (1, xR3) 101l Leo L8 (1, xR?)

which is O(C’l/2 1/2) by (11.5) and (4.4). Thus we may place this term as part
of G. O

COROLLARY 12.3. For every N > 1,
1/2 1/2
(12.4) lunllzzrs (1o xrs) S Co/ N2,

Proof. From Strichartz (3.7) and Proposition 12.2,
||UN‘|L3LF;(IO><R3) S ||UN(t0)”L§(R3) + HPNFHLng/E’(]OX[RS) + ||PNGHL§L9/5([ xR3)"

The first term is certainly acceptable by (11.3). The second term is O (1) V2N- b

by Proposition 12.2, and the third term is O(C’O/2Nl/2 i/ ) by Bernstein (1.20)
and Proposition 12.2. The claim follows. O

13. Interaction Morawetz: Error estimates

We now show that the comparatively easy terms (11.18), (11.19), (11.20)
are indeed controlled by O(n;), which is in turn bounded by the right-hand
side of (11.4). The term W is however significantly harder and will be deferred
to the next section.

e The estimation of (11.18). We have to show that

/ // i (t, y) [ [wio(, ) Jupi (¢, @) drdydt < m
Iy |$ y|<2R |1:_y|

for all 1 < R < 27. This term will be fairly easy because of the localization
|z — y| < 2R. Observe that the kernel |71\ has an L. norm of O(R?) < O(2%)
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on the ball B(0,2R). Thus by Young’s inequality and Cauchy-Schwarz we see
that F2)G)
x
[ EEEW dady S Rz Gls
lz—y|<2R ‘(L’ - y‘

for any functions F', G. In particular the expression to be estimated is bounded
by

S22 [ Jun® ol sl ()2
We use Holder and (11.3) to estimate

etto P luamil ($)]] 22 S Neao (01 lluns (D)1 22 < st () 7

We dispose of three of the five factors of ||u, (¢ )H%oo by observing from (4.4) and

Bernstein’s inequality (1.20) that ||lu,(t)|3 Lo n3 < 1. Combining all these
estimates and then using Holder in time, we thus can bound the expression to

be estimated by
2*71g (| wni H%ng(onRs) HuloH%gL;o(Io xR3)>

which is bounded by the right-hand side of (11.4) using (11.5) and Proposition
12.1 (note that n3 will absorb 22/ since J depends only on 7 and 7). This
concludes the treatment of (11.18).

o The estimation of (11.19). We now handle (11.19). We have to show
that

/ / / apa (s )| PO a5 ) (b ) (b ) [ Vana(t, )| diedyedt <
1) Jjz—y|<2R

for j =0,1,2,3,4and 1 < R <27,
We begin by considering the cases j = 1,2,3,4. We observe from Hoélder
and (4.3) that

/ Juni(t, 2)|[Vupi(t, 2)| da SR |upg (8) || s | Ve ()| 2
B(y,2R)
SR upi (1) 2,
and hence it suffices to show that
3
R f llwni(t)| s / |uni (£, )| | Pui Oy, ) (8, )| dydt < my.
0
We use Holder (and the hypothesis j = 1,2,3,4) to estimate this as
o
S R4||th||L4L4 (IoxR3) Hulo||L4L°°(onR3)||th||L°°L5(onR3 HuloHLgo]Lg(ngR?»)‘

The L LS(Iy x R3) factors are bounded by (4.4), leaving us to prove

3
R ||unillFapa (1 sy ol L oo (1o xrs) S -
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But this follows from (11.5) and Proposition 12.1, again using 73 to wallop a
positive power of R.
Finally, we consider the j = 0 case of (11.19), where we have to prove

[ st nliPuOh) @ )llunt ) [ Vuni.2)] dedyds < .
I lz—y|<2R
Here we use Cauchy-Schwarz and (11.3) to crudely bound

/ i (6, 2) [V, 2)] d < s
R3

and then use Hélder to reduce to showing that

773Huhz’HL:°Lg(10xR3)\\Phio(u?o)HL,%Lg(onR3) S me

The factor ||upi|| e r2(1,xrs) is O(n3) by (11.3). For the second factor, we take
advantage of the high frequency localization (using (1.16)) to write

1P O ()l L 12 (1o xrey S VO W)L 12 (1o <2
SOy Vo) | i 12 (1o xR
S Vol Lo 2 (o) 0| 7 o (7, o)
The claim then follows from (4.3) and Proposition 12.1.

o The estimation of (11.20). We now handle (11.20). We have to show
that

(13.1)
/ / / funi ()| Pro®@ () (b ) lan ¢, 2) [ Puan (¢, )| dedydt < .
Iy le—y|<2R

We begin by using Holder to write
/ Juni (t, )| Vun (t, )| dae S RY? upi (8) | g | Vani (8)| 2
B(y,2R)
and apply (4.3) to estimate the left-hand side of (13.1) by
SR [ sl [ fons(t )| PO ) dy

By Holder and Bernstein (1.20) we have

/IUm'(tay)HonO(U%i)(t,y)! dy S lJuni (t)]| 22 1| PoO (uni(8)°) | /2

< Nuni (8) 122 1O (uni (1)) | 22
< N ()| 22 llwns (01| ani (8) ] 7 -
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The terms [lupi(t)||3s are bounded by (4.4), so by a Hélder in time and (11.5)
we have
(13.2) (11.20) S R= lJunil 73 g (1, wmoy l0ni | L 1 1 0

1/2 1/2
<SRY2C 0P lunill2e s 1, )

From the triangle inequality and Holder,

lunill s (roxmey S D lunllzans roxre)

N>1
1/2 1/2
< Z ||UNHL/OOL2 IOXR3 ||U'N||L/2L6 IOXRJ)
N>1

From (11.3), (4.5) we have |Jun|| 1o 12 (1,xr2) S min(nz, N™'). Applying (12.4)
we thus have
1/4 1/4 o 1/2 ~1/4 1/4
lanill iz (rycesy S Y min(ns, N=)2Co N g <Py,
N>1
Inserting this estimate into (13.2) we see that (11.20) is acceptable (again, the
power of n3 counteracts the loss in Cy and the presence of the power RY 2.
Note that the first four factors on the right side of (11.25) have all in fact
been shown to be controlled with a positive power of 3.

14. Interaction Morawetz: A double Duhamel trick

To conclude the proof of Proposition 4.9, we have to show that
w S 007717

or in other words that

/ / a2 ay) ") ar <
Uhi\l, Y Y ~ Lom
R B(z,3R)

Rzg

for all 1 < R < C(n1,m2)27. By duality we have
1/100

( Z </B(m,3R) |Uhi(t7y)|2 dy)100> N Z elt,z) /B(z,3R) |Uhi(t7y)|2 Ay

_R 73 _R 73
€1 5L TE€ 1552

where ¢(t,z) > 0 are a collection of numbers which are almost summable in
the sense that

(14.1) > et )0 =1

R 73
TE 1ooZ

for all ¢t. Thus it suffices to show that

[ X o [ o) dyde < o
Io B(z,3R)

_R 73
E100Z



SCATTERING FOR 3D CRITICAL NLS 845

Let ¢ be a bump function adapted to B(0,5) which equals 1 on B(0,3). Since

/ luni(t, y)|* dy 5/’Uhi(t>y)’2”¢ (%) dy,
B(z,3R)

it suffices to show that

(14.2) % /I 0

In the proof of Lemma 11.4, we obtained spacetime control on uy; by using
the (forward-in-time) Duhamel formula (1.13) followed by Strichartz estimates.

> ) [ ot (Y57 ) dvdt 5 Com

R 73
TE€ 1552

This seems to be insufficient to prove (14.2) (the best argument available seems
to lose a logarithm of the derivative); instead, we rely on both the forward-
in-time and backward-in-time Duhamel formulae (1.13), and argue using the
fundamental solution (1.11). This will only lose a factor of Cy (see (11.5)),
which is acceptable because of the gain of n%/ 199 Which was obtained earlier in
Lemma 11.4.

Let us write Iy = [t_,t4] for some times —oco < t_ < t; < oo. We use
Proposition 12.2 to decompose Pp;(|u|*u) = F + G. We define the functions
ui to solve the Cauchy problem

(10 + At = F;  wif(te) = upi(te);

thus this is the same equation as wuy; satisfies but without the term G. From
(1.13) observe the forward-in-time Duhamel formula

wnit) = () — i / ¢it-5)AG (s ) ds_

t_<s_<t

and the backward-in-time Duhamel formula

uni(t) = wy(t) +i/ ¢ RG(sy) dsy.

t<sy <ty

Let us see how we would prove (14.2) if up; were replaced by ui From
Strichartz (3.7), (11.3), and Proposition 12.2 (discarding a derivative) we see
that

1/2
i | 22 2 (o) S 73
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But from Hoélder we have

P> c(tw)/Rg |u§<t,y>|2¢<y;“") dy

R 73
ze 100Z

1 _ 1/3
S 2 e ([ weare (Y50 a)

R 73
:cEwOZ

2/3

so( 3 o) | X [ wiesre(Y5E) d

re 73 €173
99/100
SR DD ct,z)! il
xe%lg’
+ 12
= Rlluyllze

and hence

2,
R Jy,

R 73
Ewoz

> ) [ st (L5 dvat 5

1/3

which is acceptable if 73 is sufficiently small (recall that R < C(n1,72)2” and
J depends only on 11,72). Thus we see that (14.2) would be easy to prove if

up; were replaced by ui

It is now natural to use one of the two Duhamel formulae listed above,
and attempt to prove (14.2) for the integral term. This however turns out
to be rather difficult. It will be significantly easier if we use both formulae

simultaneously. More precisely, we re-arrange the above Duhamel formulae as

—z’/ 5 IAG (s ) ds— = upi(t) — Up; (1)
t_<s_<t

and
z/ ARG (s1) dsy = wpi(t) — (1)
t<5+<t+

Then we multiply the first identity by the conjugate of the second to obtain

— / / (eF=5-)2Q(s_))(eit=5)AG (s4.)) dsy ds_
t7<87<t<8+<t+

= Juni (8)]* — uj; (E)uni(t) — wni (E)uif (8) + up, (£)ush (1),

From the elementary pointwise estimates

| (V)uni(8)] < ilwn(lt)l2 + O(Juy; (1)),

Funi()? + Oty 1)),

< O(lup; (1)?) + O(Juzg; ()

Juni () (¢)

[ (£ ()

IN




SCATTERING FOR 3D CRITICAL NLS 847

we thus have the pointwise inequality

(14.3) |uhi(t)|2§‘ / / 302G (s )eit=s)AG(sy) ds_ds
t_<s_<t<sy <ty
Hug; () + [ugs; (8

This should be compared with what one would obtain with a single Duhamel
formula (1.13), namely something like

wiP S| [ [ e ISG)T T IRGE) dsds |+ fuy (0
t_<s,s'<t

This turns out to be an inferior formulation; the basic problem is that the

integral ft, <ssi<t ‘i‘i‘:lj,,‘ is logarithmically divergent, whereas the integral

f ds_dsy
o <s_<t<sy<ty [s_—si|

We now return to (14.2), and insert (14.3). The latter two terms were
already shown to be acceptable. So we are left to prove that

is not.

(14.4)
RS o 2, 09 [ 20000 G

3
100Z

. Q/J(%) dyds_dsdt| < Con.

To compute the y integral, we use the following stationary phase estimate.

LEMMA 14.1. For any t— < s— <t < sy < t4, and any Schwartz func-

tions f—(x), f1(x),

;L:ZB c(t, ) /Rs @i(t—sf)Af_(y)ei(tTAﬁi_(y)w(y ;z;,;) "

100

< s — s 732 min(073 2300 D) | fo | £l

o Jtesyllt—s—|
where 0 := s, —s

Proof.  Fix t. We use the explicit formula for the fundamental solution
(1.11) to estimate the left-hand side as

1
< t
S e [ ]

R 73
xElODZ

< / gilly=r- /(=5 )=ly=r. [*/(1=51)), <y ;zf’“’> dy> File) (@) doypdo_,
RS
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so it suffices to show that

‘ Z C(t, l‘) /RS€i(|y_x|2/(t_8)_|y_$+|2/(t—5+))w(y B x)dy

R
re L 73

100
B T e e
|54 — s [3/2

— R3 min(03/100,03/2)

min(6’3/2+3/100, 1)

for all x_,x. With the change of variables y = x 4+ Rz, this becomes

> et @)(@)] S min(e¥10, 0%/2),
x6%23

where the integrals I(z) are defined by

I(z) := /RS ey (2)dz

and ®; = P Ry 4, s s, 1 the phase

»S+s
Dp(2) =z —ax_+Rz|/(t —s_) — |z — x4 + Rz|?/(t — 54).
By the normalization of ¢(¢, z), it thus suffices to prove the bounds

( Z I(x)100>

R 73
TE€ {o5L

1/100 5 min(03/100,93/2).

We now divide into two cases, depending on the size of §. First suppose that
f > 1. Observe that the gradient of the phase ®, in z is

V. 0,(z)=2R(x —z_+ Rz)/(t —s-) —2R(x — x4 + Rz)/(t — s4)

:yux+Rz—$0@_;J@isH

where x, = z.(s—,s4,t,x_, x4, R) is a quantity not depending on x or z. In

particular, in the region where

|t — s [lt — s+

|z — .| > =RO>R

R|sy — s_|
we can obtain an extremely good bound from the principle of nonstationary
phase,* namely that

(14.5) 11(2)] < <‘“127;*|>_100.

34Tn other words, one can use repeated integration by parts; see [41]. An alternate approach
in this lemma is to use a Gaussian cutoff e~™*” instead of 1, and then compute all the
integrals explicitly by contour integration (or equivalently by using the “Gaussian beam”

solutions of the Schrédinger equation).
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In the remaining cases where
|z — x| S RO
(note that there are O(63) such cases), we use the crude bound
()] S 1,

and obtain the final estimate
1/100

( Z I(x)wo) 593/100

R 73
ze 100Z

as desired. Now consider the case § < 1. In the region
|z — x| > R

one can get very good bounds from nonstationary phase again, namely (14.5).
There are only O(1) remaining values of x. For each of these values we ob-
serve that the double derivative V2®, is nondegenerate, indeed it is equal

to 2R2% = 2 times the identity matrix. Thus by the principle of

stationary phase (see [41]) we have
|1(x)] < 6%
in these cases. Upon summing we obtain

( Z I(x)100> 1/100 S 03/2

R 73
TE 5L

as claimed. 0

Using Lemma 14.1, we can estimate the left-hand side of (14.4) as
(14.6

)
1
s/ sy — |9
t_<s_<t<s <ty B

' |t—8+||t—87| —3/2+3/100
- min (W) s 1 ||G(S_)HL1 ||G(S+)HL1 dS_ClS+dt.

Now we use the crucial time ordering s— < ¢ < s;. An elementary computation
(treating the cases sy — s_ < R? and s, — s_ > R? separately) shows that

1 ¢ — sillt — |\ —3/2+3/100
R s_<t<sy R?[s; — s_|

Smin(Rlsy —s |2 R sy —s_|71/7).
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The kernel min(R|s|™3/2, R7|s|~'/2) has an L! norm of®® O(1). Thus by
Young’s inequality in time (and Cauchy-Schwarz in time), we can bound (14.6)
by

2
G721 (1 xR2)

which is O(Con1) by Proposition 12.2, as desired. This (finally!) concludes the
proof of Proposition 4.9. O

15. Preventing energy evacuation

We now prove Proposition 4.15. By the scaling (1.3) we may take Ny, =1.

15.1. The setup and contradiction argument. Since the N(¢) can only
take values in a discrete set (the integer powers of 2), there thus exists a time
tmin € 1o such that

N(tmin) == Nmin =1

At this time t = tyin, we see from (4.11) and (1.18) that we have a substantial

36

amount of mass®® (and energy) at medium frequencies:

(15.1) [Pe(no) << me)wltmin) | L2 @2) = €(10)-

This should be contrasted with (4.5), which shows that there is not much mass
at the frequencies much higher than C(no).

Our task is to prove (4.24). Suppose for contradiction that this estimate
failed; then there exists a time teyac € Ip for which N (teyac) > C(n5). If C(n5)
is sufficiently large, we then see from Corollary 4.4 that energy has been almost
entirely evacuated from low and medium frequencies at time teyac:

(15.2) 1P<1 s ultevac)ll s sy < -

Under the intuition that the L? mass density does not rapidly adjust during the
NLS evolution, (15.2) will be contradicted if the low frequency L? mass (15.1)
sticks around Npi, until tevac. We will validate this slow L? mass motion
intuition by proving a frequency localized L? mass almost conservation law
which leads to the contradiction, provided that the n; are chosen small enough.

35Tt is crucial to note here that the powers of R have cancelled out. This seems to be
a consequence of dimensional analysis, although the presence of the frequency localization
|€] Z 1 makes this analysis heuristic rather than rigorous.

3Note that we are not using the assumption that u is Schwartz (and thus has finite L?
norm) to obtain these estimates; the bounds here are independent of the global L? norm
of u, which may be very large even for fixed energy E because the very low frequencies
can simultaneously have small energy and large mass, and are also not preserved by the
scale-invariance which we have exploited to normalize Npyin = 1.
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Having surveyed the argument, we carry out the details. Fix feyac; by time
reversal symmetry we may assume that teyac > tmin. (From (15.1) it is clear
that teyae cannot equal tpiy).

From (15.1) we have

11 e(ne) (tmin) | L2 (m3) > M
(for instance). In particular, if
Phi == Psppoo, Plo := Ppioo, up; == Ppiu, uo 1= Pou,
then we have
(15.3) [[wni (tmin) || 22 ®2) = m-

Suppose we could show that

1
(15.4) l|uni(tevac) |l L2 (rs) = 3

From (4.3) and (4.5) we would thus have

1
HPSC(m)uhi(tevaC)”L2(R3) > 1771-
By (1.16) this implies that

[ P<c(ywltevac) |l g1 msy 2 (1, m4)-

But then Corollary 4.4 implies that N(tevac) < C(m1,74), which contradicts
(15.2) if n5 is chosen sufficiently small.

It remains to prove (15.4). We use the continuity method. Suppose we
have a time tmin < ty < tevac for which

1
. i i 2(R3) = =M1-
(15.5) tmmlg};t* |wni ()] L2 ®sy > 5
We will show that (15.5) can be bootstrapped to
3
15. inf () L2ms)y = —11-
(15.6) . of i ()| 2 sy > e

This implies that the set of times ¢, for which (15.5) holds is both open and
closed in [tmin, tevac), which will imply (15.4) as desired. Note that the intro-
duction of niﬂo & Ny allows for the L2 mass near Ny, at time ¢, to move
toward low frequencies but the estimate (15.6) shows a portion of the mass
stays above 710 for ¢ € [tmin, tevac]. Note also that upon proving (15.6), we
will have established Lemma 4.14.

It remains to derive (15.6) from (15.5). The idea is to treat the L? norm

of up;(t); i.e.,

L(t) := /R3 lupi(t, z)|* da,



852 J. COLLIANDER, M. KEEL, G. STAFFILANI, H. TAKAOKA, AND T. TAO

as an almost conserved quantity. From (15.3) we have
L(tmin) Z 77%7

and so by the Fundamental Theorem of Calculus it will suffice to show that

. 1
L(t)| dt < —n?.
| oL de < sognt

tmin

From (2.4) and (2.6) we have
L) =2 [ {Puslule), wnibn da

= 2/{Phi(|u|4u) — |unil *uni, wni o d.

Thus it will suffice to show that

ty 1
151 ] [Pl 0) = it i dla < S5

tmin
The proof of (15.7) is accomplished using a quintilinear analysis of various
interactions using three inputs: S! Strichartz estimates on low frequencies, L3,
estimates via frequency localized interaction Morawetz and Bernstein estimates
on medium and higher frequencies, and S' Strichartz estimates on very high
frequencies.

15.2. Spacetime estimates for high, medium, and low frequencies. To prove
(15.7) we need a number of spacetime bounds on w, which we now discuss in
this subsection. Observe by the discussion following (15.4) that the hypothesis
(15.5) implies in particular that

N(t) < C(ni,ma) for all tpin <t < ts.
This in turn can be combined with Corollary 4.13 to obtain the useful Strichartz
bounds
(158) HUHS1([tmimt*} xIR3) < C(m, 13, 774)'

Because of the dependence of the right-hand side on 74, this bound is only
useful for us when there is a power of 75 present. In all other circumstances,
we resort instead to Proposition 4.9, which gives the Lf},x bounds?®”

teVaC
(15.9) / / |Psyu(t, )|t dedt <my N3
¢

min

37t is important here to note that while the L? control on up; only extends from tmin up
to t.«, the Lf@ control on u>n extends all the way up to tevac. This allows us to access the
evacuation hypothesis (15.2) to provide useful new control, especially at low frequencies, in
the time interval [tmin, t*]. This additional control will be crucial for us to obtain the desired
almost conservation law on the mass of up;, thus closing the bootstrap and allowing ¢, to
extend all the way up to fevac, at which point we can declare a contradiction.
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whenever N < ¢(n3). Roughly speaking, the bound (15.9) is better than (15.8)
for medium frequencies, but (15.8) is superior for very high frequencies, and
Lemma 15.1 below will be superior for very low frequencies.

It turns out that we also need some bounds on the low frequencies such
as u<y,; the estimate (15.9) is inappropriate for this purpose because N3
diverges as N — 0. One can modify Proposition 12.1 to obtain some reasonable
control, but it turns out that the constants obtained by that estimate are not
strong enough to counteract the losses arising from (15.8). We need a stronger
version of Proposition 12.1 which takes advantage of the evacuation hypothesis
(15.2), which asserts among other things that u<,, has extremely small energy
at time fevac. Because of this hypothesis we expect u<,, to have extremely
small energy at all other times in [tmin, tevac] (i-€. we expect bounds gaining an
75 instead of just an n3). Of course there is a little bit of energy leaking from
the high frequencies to the low, but fortunately the Lf}x bound on the high
frequencies will limit®® how far the high frequency energy can penetrate to the
very low modes. This intuition is made rigorous as follows:

LEMMA 15.1. With the above notation and assumptions (in particular,
assuming (15.2) and (15.9)) we have

—3/2
(15.10) 1PNl g1 (gt sy S 15+ 3 N
for all N < ny.

One should think of the Cns term on the right-hand side of (15.10) as
the energy coming from the low modes of u(tevac), While the 774_3/ 2N3/2 term
comes from the nonlinear corrections generated by the high modes of w(t)
for tymin < t < tevac. Note the very strong decay of N 3/2 as N — 0; this
means that the high modes cannot project their energy very far into the low
modes. This estimate should be compared with Proposition 12.1. It begins
to deteriorate if N gets too close to 7n4; we avoid this problem by making the
high-low frequency decomposition u = wup; + uj, at 74°° instead of n4. Note

that this bound is superior to either (15.8) or (15.9) at low frequencies.

Proof. As usual, we rely on the continuity method, although now we will
evolve® backwards in time from fteyac, rather than forwards from tyin. Let C

38Tt may seem surprising that the Lim bound, which is supercritical, can lead to control on
critical quantities such as the energy. The point is that once one localizes in frequency, the
distinctions between subcritical, critical, and supercritical quantities become less relevant, as
one can already see from Bernstein’s inequality (1.20). In this section the entire analysis is
localized around the frequency Nmin = 1, so that supercritical norms (such as L?yz or L{°L2)
can begin to play a useful role.

39The arguments in this section seem to rely in an essential way on evolving both forwards
and backwards in time simultaneously; compare with the “double Duhamel trick” in Section
14.
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be a large absolute constant (not depending on any of the 7;) to be chosen
later. Let ©Q C [tmin, tevac) denote the set of all times ¢y < t < tevac such that
we have the bounds

—3/2
(15.11) |’P§Nu”51([t,tevac]><]1§3) < C()?]5 + NoNy / N3/2

for all N < n4. To show (15.10), it will clearly suffice to show that ¢y, € € (the
additional factor of g is useful for the continuity method but will be discarded
for the final estimate (15.10)). In particular, we observe from (15.11) that we
have

(15.12) IP<N g1 1t o] ) < 700

for all N < ny.
First we show that ¢t € € for ¢ sufficiently close to teyac. We use (3.1),
Holder and Sobolev to estimate

”PSNUHgl([t,tem]st) S HVPSNUHLgoLg([t,tevaC]xRB) + HVU||L§L3([t,teVaC]><R3)

S IVP<nu(tevac) || 22 + Cltevac — t‘HvatUHL?Lg(onR%
+ [tevac — t|1/2Hvu”L;”Lg(onR3)-

Since u is Schwartz, the latter two norms are finite (though perhaps very large).
By (15.2) we thus have the estimate

evac] XR3) < 15+ C (Lo, ) ltevac — t + C (o, 1) [fevac — 12,

We now see that the bound (15.11) holds for ¢ sufficiently close to teyac, if Co
is chosen large enough (but not depending on I, u or any of the 7;.)

Now suppose that ¢t € Q, so that (15.11) holds for all N < ny. We shall
bootstrap (15.11) to

[P<null ga e ¢

1 I 3
(15.13) 1Pl o ixiey < 5C0s + gmoms N2

for all N < n4. If this claim is true, this would imply (since w is Schwartz)
that €0 is both open and closed, and so we have t,;, € 2 as desired.
It remains to deduce (15.13) from (15.11). For the rest of the proof, all
spacetime norms will be restricted to [t, tevac] X R3.
Fix N <mny. By (1.1) and Lemma 3.2,
M

||P§Nu||31([t,tcvac]xﬂg3) S ||PSNU(tevaC)HH1(R3) +C Z ||VFmHLZLW,L;én([t,tevaC]XRS)

m=1
for some dual L2-admissible exponents (q),,7.,), and some decomposition
Py (Jultu) = Z%Zl F,, which we will give shortly.
From (15.2) we have
||P§Nu(tevac)HH1(R3) 5 5,

which is acceptable for (15.13) if Cj is large enough.
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Now consider the nonlinear term P<y (|u|*u). We split u into high and low
frequencies u = u<y, +Us,,, where of course u<;, := P<y,u and u~,, := Psy,u,
and use (1.15) to decompose

5
Pen(ful*u) =D Fj,
7=0

where Fj := P< NO(uimuinj ). We now treat the various terms separately.

o C(Casel. Estimation of Fs, F3, Fy, F5. We estimate these terms in L2L6/5
norm. We use Bernstein’s inequality (1.19) to bound these terms by

e
CN?’/QHO(Uémugni) ||L§L;([t7tevac]xR3),

which by Holder can be estimated by

3/2 2
CN / Hu>774”LocLe ([tstevac] XR3) H“<774HL00L6([,5 tevac] XR3) Hu>774“LﬁLg([t,tevac}xRﬂ'
Applying (4.4) and Sobolev, as well as (15.9), we obtain a bound of
Cn? N3/2 302,
which is acceptable for (15.13) if 7 is sufficiently small. It is at this step that
the small constant 7, appearing in 4.19 is used to close the bootstrap.

o (ase 2a. Estimation of F1 when N < ny. Now consider F; term

(15.14) |9 Pen Oty )l o

Suppose first that N < cny4. Then this expression vanishes unless at least one
of the four u<,, factors has frequency > cns. Thus we can essentially write
(15.14) as*®

||VP§N0(U?%7]4 (P>C774u§n4)u>774) HL%L?I:/S([tytevac] XR3)?

where we have chosen (¢i,7]) = (2,6/5). By (15.9), the function Ps¢p,u<p,
obeys essentially the same L;"’m estimates as u,,, and so this term is acceptable
when we repeat the arguments used to deal with Fs, F3, Fy, F5.

o C(Case 2b. Estimation of F1 when N ~ n4. Considering the case when
N > eng, we choose (¢},71) = (1,2) and use (1.18) to bound (15.14) by

Cnal| O (s, w12 L2 ([t v xB)

408trictly speaking, one can only write (15.14) as a sum of such terms, where some of the
u<n, factors in “35714 must be replaced by either Ps cp,t<n, OF P<cp,U<y,. Asthese projections
are bounded on every space under consideration we ignore this technicality. Similarly for
other such decompositions in this lemma.
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which we estimate using Holder by
Cmallu<y, ||ZigL;o([t7tevac] xR3) [N ”L;’OLi([t,tevac] xR3)-
From (4.3) we obtain
s | 52 L2 ([t o xR < Cig s
while from (3.4) and (15.12) we obtain

< | LaLee (it xR2) S MUzl g (o) xre) S 0-

Thus we can bound (15.14) by O(n3), which is acceptable for (15.13) since
N ~ n4. This concludes the estimation of Fj.

o C(Case 3. Estimation of Fy. It remains to consider the Fy term; we set
(g5, ) = (1,2) and estimate

IV PN O 12 12 ([t ovne] xR2) -
We split u<y, = U<y, + Up,<.<y,, and consider any term which involves the
very low frequencies u,,; schematically, this is
4
‘|VP§NO(u§r]4u<7ls) ”L%Li([t,tevac]XRs)‘

For this case we discard the P<y, and apply Lemma 3.6 to estimate this term
by

4
5 ||u§174 HSI([t’tevac} xR3) ”u<775 S1([t,tovac] XR3) "

Applying (15.11) we can bound this by

_3/2 3/2
< (Cons + 10)* (Cons + momy / 775/ ) < Congms

which is acceptable.
We can thus discard all the terms involving u«,,, and reduce to estimating

(15.15) IV P<NO(up, << L L2 ([ ] xE5)-
By Bernstein (1.19), (1.17) we may estimate this by

SJ N3/2Ho(u7575§‘§774)‘|L%L§/2([t,tcvac}><R3) = N3/2Hu775§§774Hsz;S/z([t,tevm}xR?’)'
But from (3.4), Bernstein (1.20), (1.18), and (15.11) we have

Hunsﬁ-ém”Lf[/;w? < Z HPNIUHL?LE/Q([t,tevaC]><R3)
Ns <IN/ <ny

< Z (N’)’S’/lo||VPN'U”Lg»Li”/ll([t,tevac]xRS)
N5 <N'<na

S Y (NPl g xre)
Ns<N'<nay

S Y ()TCons + nomy AN
N5 <N'<nay

—3/10
SUOTM / 9
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so that (15.15) is estimated by 0(77(5]77;3/2N3/2) which is acceptable if 7y is
small enough. This proves (15.13), which closes the bootstrap. O

15.3. Controlling the localized L? mass increment. Now we have enough

estimates to prove (15.7). We first rewrite
| *uni = Pra(|ul*u — Juni|*uni — [uo| o)
+ Pri (1) *10) = Pio(|unil “uni).-

Now, it will suffice to consider the three quantities

Pri([ul*u) = |up

Ty
(15.16) / | / Pl — [P — |to|*ne) darld,

tmin

ts
(15.17) |1 [t doat

tmin

ta
(15.18) / ’/U_M]Dlo<‘uhi‘4uhi) da|dt,

tmin

which we shall estimate below: (15.18).

e C(Case 1. Estimation of (15.16). We move the self-adjoint operator Py;
onto up;, and then apply the pointwise estimate (cf. (1.15))

| — Jupg [funi — [wo] o] S Tunil*|wo] + [wnil [uiol*

to bound (15.16) by

ta
(15.16) < / /|th‘uhi|(|uhz‘|4|uw\ + [uni|Jwo|*) dadt.

tmin
For notational convenience, we will ignore the Pj,; projection and write Pp;up;
as up;; strictly speaking this is not quite accurate but as Pp;up; obeys all the
same estimates as uy;, and we have already placed absolute values everywhere,
this is a harmless modification. We can now write our bound for (15.16) as

t.
(15.19) (15.16) g/ /]uhil5\ulol+\uhi\2ulo\4 dudt.

tmin

e Case la. Contribution of |uni|?|u|*. Consider first the contribution
of |up;|?|uge|*; we have to show that

tu
(15.20) (/tﬂwﬁMﬁMﬁ<ﬁ'

tmin

By Holder we can bound this contribution by

2 4
(15.20) S Nnill 7o 12 ([t b)) 100 L 120 ([t )x5)-
From (15.10) we have

3/2
U0l L4 oo ([tmin ] xR3) S my
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while from (4.3), (15.10) we have

whill L L2 ((tuin ] xBS) < N1 P>00Uhi | Lo L2 ([tunin 1] xRS)

+ Z | PN R |l Lo 12 ([tin £ ] X R3)
WiOOSNSWL

-1
S g Null o i e 2R

+ > N

NP <N<Cmy

_1 -1
5 ng '+ Z N ||PNuhi”Sl([tmamt*]XRs)
ni<N<m

_ _ —-3/2
St Y Nms 4PN
niO<N<ny
St msng 0 4t
St

We thus obtain a bound of O(n}), which is acceptable.

PNV Ui || 10 L2 ([t ] <R3

e Case 1b. Contribution of |up;|®|ui,|. It remains to control the contri-
bution of |up;|®|uz,|; in other words, we need to show

t
(15.21) / /\uhi\slulo\dxdt < 7.

tmin
This estimate will also be useful in controlling (15.18).
We will split u;, further into somewhat low, and very low, frequency pieces:

Ul = P>n;/2Ulo + PSW;/QU'

The contribution of the very low frequency piece to (15.21) can be bounded
by Sobolev embedding (1.19) and (4.4) as

ta
/ /‘Uhi‘5yu<n3/2‘d$dt
¢ =75

S Huhz Hi?Li([tmin,t*} xR3) Hugn;/? HL;"’L;C([tm;,,,t*] xRR3)

1/4
S C(na)[[Vul iiLi"/“([tmin,t*]st)%/ ||vu||L§’°L§([tmm,t*]xR3)

1/4
< COmg el im0

which is acceptable by (15.8). Hence we only need to consider the somewhat
low frequencies P>7,1/2Ulo- By Holder, we obtain the bound
5

(15.22)  Nunil®|P, 120l 22, ([t b))

< Cllunill o s (ot ) [P p/2U0 ]| L2 Lo (g ] xE3)



SCATTERING FOR 3D CRITICAL NLS 859

From Bernstein (1.20) and (15.10) we have

1P /200 | 2 Lo [ty ] xR?) < Z | PNl 22 Lo ([tmin ] xBE)
1/2<N<71100

< > NTVPIVPNull Lot xR

1/2<N<77100

< Y NPyl
1/2<N<77100

< Z N—I/Q(n +n, 3/2N3/2)
1/2<N<771°0
—3/2
< Oy *Pyi.
To estimate ||Uhi\|L,%0Lg([ bt

and the medium frequencies u,0<.<,,. For the higher frequencies we use
(15.9), (4.4), and Holder to obtain

.]xR3), We split up; into the higher frequencies u,,
41

[ (L2013 ([t ] xR2) <Hu>n4HL4L4([tmm,t IXR3) Hu>774HL°°LG([ bminst] XS
<77—3/10

)

while for the medium frequencies we instead use Bernstein (1.20), (1.18), (3.4)
and Lemma 15.1 to estimate

o< <nall L0 Ls (tmmt1x2) S D NN £20 L8 ([t te ) x?)
i< N<n,

—3/10
g Z N / HVUNHL}OLiO/w([ Fonin, }XR?’)
N30 <N<my

S D NTVOunliga . xme)
N3OSN <y
< Z N*3/10(n5 + 774_3/2N3/2)
N30 <N<my
—3/10
SR .
Inserting these bounds into (15.22) we obtain a bound of 7, *ni% for (15.21),
which is acceptable.

o C(Case 2. Estimation of (15.17). Because of the presence of the Py;
projection, one of the u;, terms must have frequency > cni%. We then move
Py,; over to the up;, bounding (15.17) as a sum of terms which are essentially

“INote that this application of (15.9) does not require the small constant 7;.
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of the form?2

[
/ / |Phiuhi”Pchi°°ulo||ulo’4 ddt.

tmin
Now observe that Pyjup; and Psepoou, = Plousenoo satisfy essentially the
same estimates as up;, so that this expression can be shown to be acceptable
by a minor modification of (15.20).

o Case 3. Estimation of (15.18). We move projections around, using the
identity Pjoup; = Phiuge, to write (15.18) as

T
(15.23) / ’ /Phiuloluhi]4uhid:r\dt.

tmin
Thus, we are concerned here with a term involving five up; factors and one
Ppiuy, factor. But this is basically (15.21), which has already been shown to
be acceptable. (We have Pp;uy, instead of u;, but the reader may verify that
the Pp; is harmless since it does not destroy any of the estimates of u,).
This proves (15.7), and the proof of Proposition 4.15 is complete. This
(finally!) concludes the proof of Theorem 1.1. a

16. Remarks

We make here some miscellaneous remarks concerning certain variants of
Theorem 1.1.

The global well-posedness result in Theorem 1.1 was asserted with regard
to finite energy solutions u in the class CYH} ﬂL%}%, in that the solution existed
and was unique in this class, and depended continuously on the initial data
(cf. Lemma 3.10). However, the uniqueness result can be strengthened, in the
sense that the solution constructed by Theorem 1.1 is in fact the only such
solution in the class C’?H; (without the assumption of finite L%SC norm). This
type of “unconditional well-posedness” result was first obtained in [26], [27]
(see also [15], [14]); the result in [26], [27] was phrased for the sub-critical
Schrodinger equation but can be extended to the critical setting thanks to the
endpoint Strichartz estimates in [32] (or Lemma 3.2). For the convenience of
the reader we sketch here the ideas of this argument, which are essentially
in [27], [15], [14], we are indebted to Thierry Cazenave for pointing out the
relevance of the endpoint Strichartz estimate to the H'-critical uniqueness
problem.

Let ug be finite energy initial data, and let u € CY H} ﬂL,}SE be the (global)
solution to (1.1) constructed in Theorem 1.1 with these initial data; thus u(0)
= up. Suppose for contradiction that we have another (local or global) solution

42 Actually, some of the wuj, factors in |u;,|* may have to be replaced by either P p1o0uio

or P<cm}°° U0, but this will make no difference to the estimates.
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v € CYH] to (1.1) with initial ug, in the sense that v verifies the (Duhamel)
integral formulation of (1.1),

t
o(t) = ePug —i/ A (ol u(s)) ds.
0

Note that v € CYH! C CYLS by Sobolev embedding, so that, in particular,
the nonlinearity |v|*v is locally integrable, and the right-hand side of the above
formula makes sense distributionally at least. We now claim that v = v on
the entire time interval for which v is defined. Actually, we shall just show
that u = v for all times ¢ in a sufficiently small neighborhood I of 0; one can
then extend this to the whole time interval by a continuity argument and time
translation invariance.

To prove the claim, we write v = u + w and observe that w obeys a
difference equation, which we write in integral form as

w(t) = —i/o A (Ju + w]t (u + w) (s) — [u*u(s)) ds.

Let £ > 0 be a small number to be chosen shortly. Note that w € CYH} € COLS
and w(0) = 0, so that in particular we can ensure that |[w| zers(7xrs) < € by
choosing I sufficiently small. Also, from the Strichartz analysis w has finite
S' norm, and in particular it has finite L L2 norm. Thus we can also ensure
that [|ul|psi2(7xrs) < € by choosing I sufficiently small. Now we use (1.15) to
write the equation for w as

w(t) = /0 ¢ IR(O0(Jw(s)P) + O(Ju(s)|*|w(s)))) ds.

We apply Lemma 3.2 with & = 0 to conclude in particular that

ol zzcaqrxrsy < OOl s pors s + Clll w22 rxro)-

From our choice of I and Hoélder’s inequality we see in particular that

w12 Lo (1xrsy < Ce*[[w|l 1216 (1xRo)-

Note that the LZLS(I x R?) norm of w is finite since w € CYLS. If we choose
¢ sufficiently small, we then conclude that w vanishes identically on I x R3.
One can then extend this vanishing to the entire time interval for which v is
defined by a standard continuity argument which we omit.

We now briefly discuss possible extensions to Theorem 1.1. One obvious
extension to study would be the natural analogue of Theorem 1.1 in higher
dimensions n > 3, with the equation (1.1) replaced by its higher-dimensional
energy-critical counterpart

iug + Au = |u|ﬁu
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The four-dimensional case n = 4 seems particularly tractable since the nonlin-
earity is cubic.*? In higher dimensions n > 5 one no longer expects a regularity
result since the nonlinearity is not smooth when u vanishes. However one might
still hope for a global well-posedness result in the energy space (especially since
this is already known to be true for small energies; see [9]). In the radial case,
such a result was obtained in four dimensions in [4], [5] and more recently in
general dimension in [45], and so it is reasonable to conjecture that one in
fact has global well-posedness in the energy space for all dimensions n > 3
and all finite energy data, in analogy with Theorem 1.1. However, extending
our arguments here to the higher dimensional setting is far from automatic,
even in the four-dimensional case; all the Strichartz numerology changes, of
course, but also the interaction Morawetz inequality behave in a somewhat
different manner in higher dimensions (since the quantity Aﬁ is no longer
a Dirac mass, but instead a fractional integral potential). However, it seems
that other parts of the argument, such as the induction on energy machinery,
the localization of minimal-energy blowup solutions, and the energy evacuation
arguments based on frequency-localized approximate mass conservation laws,
do have a good chance of extending to this setting. We will not pursue these
matters in detail here.

Another natural extension would be to add a lower order nonlinearity to
(1.1), for instance combining the pure power quintic nonlinearity |u|*u with
a pure power cubic nonlinearity |u|?u. Heuristically, we do not expect such
lower order terms to affect the global well-posedness and regularity of the
equation (especially if those terms have the same defocusing sign as the top
order term), although they may cause some difficulty in obtaining a scattering
result (especially if one adds a nonlinearity of the form |u[P~1u for very low p,
such as p <1+ % = % orp<1+ % = g) However, these lower order terms
do create some nontrivial difficulties in our argument, which relies heavily on
scale-invariance. One may need to add some lower order terms (such as the L?
mass) to the energy E, or to the definition of the quantity M (FE), in order to
salvage the induction on energy argument in this setting. Again, we will not
pursue these matters here.4

As remarked in Remark 5.3, our final bound M (E) for the global L%BC
norm of u in terms of the energy F is extremely bad; this is due to our ex-
tremely heavy reliance on the induction on energy hypothesis (Lemma 4.1) in

“3Note added in proof: The four-dimensional case has been handled by a very recent
preprint of Ryckman and Visan [37], using a modification of the methods here. The case of
dimensions five and higher has also been very recently settled (Visan, personal communica-
tion).

“Note added in proof: the lower order terms have been successfully treated by Xiaoyi
Zhang (personal communication), relying on this result and perturbation theory.
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our argument.*> We do not expect our bounds to be anywhere close to best
possible. Indeed, any simplification of this argument would almost surely lead
to less use of the induction hypothesis, and consequently to a better bound
on M(FE). For recent progress in this direction in the radial case (in which
no induction hypothesis is used at all, leading to a bound on M (E) which is
merely exponential in F), see [45].

The global existence and scattering result obtained here has analogs for the
critical nonlinear Klein-Gordon equation —s5uy + Au = —|u|u + m;gu (see
introduction for references). As we remarked earlier, there are some important
differences between the methods employed for the Klein-Gordon equation and

those we use here. In particular, it is not at all clear how our arguments might
help show that the space-time bounds for the nonlinear Klein-Gordon equation
are uniform in the nonrelativistic limit ¢ — 0o, even though one heuristically
expects the nonlinear Klein-Gordon equation to converge in some sense to the
nonlinear Schrodinger equation in this regimen with suitable normalizations
and assumptions on the data. One major difficulty in extending our argu-
ments to the relativistic case is that we have no analogue of the interaction
Morawetz inequality (1.8) (or any localized variants) for the Klein-Gordon
equation. For small energy data, uniform bounds on the solution are available
in the nonrelativistic limit (see remarks in [31]), but for general solutions such
bounds do not seem available. (See also [29] and references therein for further
results on the subcritical problem.)
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