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Toward a theory of rank one attractors
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Introduction

This paper is about a class of strange attractors that have the dual prop-
erty of occurring naturally and being amenable to analysis. Roughly speaking,
a rank one attractor is an attractor that has some instability in one direction
and strong contraction in m — 1 directions, m here being the dimension of the
phase space.

The results of this paper can be summarized as follows. Among all maps
with rank one attractors, we identify, inductively, subsets G,,, n =1,2,3,---,

*Both authors are partially supported by grants from the NSF.
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consisting of maps that are “well-behaved” up to the nth iterate. The maps
in G := N;,~0G, are then shown to be nonuniformly hyperbolic in a controlled
way and to admit natural invariant measures called SRB measures. This is the
content of Part II of this paper. The purpose of Part I1I is to establish existence
and abundance. We show that for large classes of 1-parameter families {7},
T, € G for positive measure sets of a.

Leaving precise formulations to Section 1, we first put our results into
perspective.

A. In relation to hyperbolic theory. Axiom A theory, together with its
extension to the theory of systems with invariant cones and discontinuities, has
served to elucidate a number of important examples such as geodesic flows and
billiards (see e.g. [Sm], [A], [Sil], [B], [Si2], [W]). The invariant cones property
is quite special, however. It is not enjoyed by general dynamical systems.

In the 1970s and 80s, an abstract nonuniform hyperbolic theory emerged.
This theory is applicable to systems in which hyperbolicity is assumed only
asymptotically in time and almost everywhere with respect to an invariant
measure (see e.g. [O], [P], [R], [LY]). It is a very general theory with the
potential for far-reaching consequences.

Yet using this abstract theory in concrete situations has proved to be dif-
ficult, in part because the assumptions on which this theory is based, such as
the positivity of Lyapunov exponents or existence of SRB measures, are inher-
ently difficult to verify. At the very least, the subject is in need of examples.
To improve its utility, better techniques are needed to bridge the gap between
theory and application. The project of which the present paper is a crucial
component (see B and C below) is an attempt to address these needs.

We exhibit in this paper large numbers of nonuniformly hyperbolic attrac-
tors with controlled dynamics near every 1D map satisfying the well-known
Misiurewicz condition. A detailed account of the mechanisms responsible for
the hyperbolicity is given in Part II.

With a view toward applications, we sought to formulate conditions for
the existence of SRB measures that are verifiable in concrete situations. These
conditions cannot be placed on the map directly, for in the absence of invari-
ant cones, to determine whether a map has this measure requires knowing it
to infinite precision. We resolved this dilemma for the systems in question
by identifying checkable conditions on 1-parameter families. These conditions
guarantee the existence of SRB measures with positive probability, i.e. for pos-
itive measure sets of parameters. See Section 1.

B. In relation to one dimensional maps. In terms of techniques, this pa-
per borrows heavily from the theory of iterated 1D maps, where much progress
has been made in the last 25 years. Among the works that have influenced us
the most are [M], [J], [CE], [BC1] and [TTY]. The first breakthrough from 1D
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to a family of strongly dissipative 2D maps is due to Benedicks and Carleson,
whose paper [BC2] is a tour de force analysis of the Hénon maps near the
parameters a = 2, b = 0. Much of the local phase-space analysis in this paper
is a generalization of their techniques, which in turn have their origins in 1D.
Based on [BC2], SRB measures were constructed for the first time in [BY] for
a (genuinely) nonuniformly hyperbolic attractor. The results in [BC2] were
generalized in [MV] to small perturbations of the same maps. These papers
form the core material referred to in the second box below.

Theory of Hénon maps Rank one
1D maps & perturbations attractors

All of the results in the second box depend on the formula of the Hénon
maps. In going from the second to the third box, our aim is to take this
mathematics to a more general setting, so that it can be leveraged in the
analysis of attractors with similar characteristics (see below). Our treatment
of the subject is necessarily more conceptual as we replace the equation of
the Hénon maps by geometric conditions. A 2D version of these results was
published in [WY1].

We believe the proper context for this set of ideas is m dimensions, m > 2,
where we retain the rank one character of the attractor but allow the number of
stable directions to be arbitrary. We explain an important difference between
this general setup and 2D: For strongly contractive maps T’ with T'(X) C X, by
tracking 7" (0X) for n = 1,2,3,- - -, one can obtain a great deal of information
on the attractor N,>o7"(X). This is because the area or volume of T"(X)
decreases to zero very quickly. Since the boundary of a 2D domain consists of
1D curves, the study of planar attractors can be reduced to tracking a finite
number of curves in the plane. This is what has been done in 2D, implicitly
or explicitly. In D > 2, both the analysis and the geometry become more
complex; one is forced to deal directly with higher dimensional objects. The
proofs in this paper work in all dimensions including D = 2.

C. Further results and applications. We have a fairly complete dynamical
description for the maps T' € G (see the beginning of this introduction), but
in order to keep the length of the present paper reasonable, we have opted
to publish these results separately. They include (1) a bound on the number
of ergodic SRB measures, (2) conditions that imply ergodicity and mixing
for SRB measures, (3) almost-everywhere behavior in the basin, (4) statistical
properties of SRB measures such as correlation decay and CLT, and (5) coding
of orbits on the attractor, growth of periodic points, etc. A 2D version of these
results is published in [WY1]. Additional work is needed in higher dimensions
due to the increased complexity in geometry.
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We turn now to applications. First, by leveraging results of the type in this
paper, we were able to recover and extend — by simply checking the conditions
in Section 1 — previously known results on the Hénon maps and homoclinic
bifurcations ([BC2],[MV],[V]).

The following new applications were found more recently: Forced oscilla-
tors are natural candidates for rank one attractors. We proved in [WY2],[WY?3]
that any limit cycle, when periodically kicked in a suitable way, can be turned
into a strange attractor of the type studied here. It is also quite natural to
associate systems with a single unstable direction with scenarios following a
loss of stability. This is what led us to the result on the emergence of strange
attractors from Hopf bifurcations in periodically kicked systems [WY3]. Fi-
nally, we mention some work in preparation in which we, together with K. Lu,
bring some of the ideas discussed here including strange attractors and SRB
measures to the arena of PDEs.

About this paper. This paper is self-contained, in part because relevant
results from previously published works are inadequate for our purposes. The
table of contents is self-explanatory. We have put all of the computational
proofs in the Appendices so as not to obstruct the flow of ideas, and recommend
that the reader omit some or all of the Appendices on first pass. This suggestion
applies especially to Section 3, which, being a toolkit, is likely to acquire
context only through subsequent sections. That having been said, we must
emphasize also that the Appendices are an integral part of this paper; our
proofs would not be complete without them.

1. Statement of results

We begin by introducing M, the class of one-dimensional maps of which
all maps studied in this paper are perturbations. In the definition below, [
denotes either a closed interval or a circle, f : I — I is a C? map, C = {f' =0}
is the critical set of f, and Cy is the d-neighborhood of C' in I. In the case
of an interval, we assume f(I) C int([), the interior of I. For x € I, we let
d(z,C) = mingeco |z — Z|.

Definition 1.1. We say f € M if the following hold for some §y > 0:
(a) Critical orbits: for all € C, d(f™(&),C) > 2y for all n > 0.
(b) Outside of Cj,: there exist A\g > 0, My € ZT and 0 < ¢y < 1 such that
(i) for all n> My, if , f(z),--- , "~ (x)€Cs,, then |(f7)(z)]>e o

(i) if z, f(z),--- , f*Y(z) € Cs, and f*(x) € C;s,, any n, then
(/") ()| = coe™™.

(c) Inside Cj,: there exists Ky > 1 such that for all z € Cs,,
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(i) f"(z) # 0;
(i) 3p = p(z), K, 'log m < p(z) < Kolog m, such that f7(z) ¢
Cs, Vi < p and |(f7)'(2)] 2 5l es .

This definition may appear a little technical, but the properties are exactly
those needed for our purposes. The class M is a slight generalization of the
maps studied by Misiurewicz in [M].

Assume f € M is a member of a one-parameter family {f,} with f = f,-.
Certain orbits of f have natural continuations to a near a*: For & € C, &(a)
denotes the corresponding critical point of f,. For ¢ € I with inf,>¢ d(f"(q),C)
> 0, ¢(a) is the unique point near ¢ whose symbolic itinerary under f, is
identical to that of ¢ under f. For more detail, see Sections 2.1 and 2.4.

Let X = I x D,,—1 where I is as above and D,,_1 is the closed unit
disk in R™~1, m > 2. Points in X are denoted by (z,y) where x € I and
y= (-, y"HeD,_1. ToF:X—I we associate two maps, F7 : X - X
where F7#(z,y) = (F(x,%),0) and f : I — I where f(z) = F(z,0). Let
| - lc- denote the C" norm of a map. A one-parameter family F, : X — I (or
T, : X — X) is said to be C? if the mapping (z,y;a) — F,(z,y) (respectively
(z,y;0) — Ty(x,y)) is C3.

Standing Hypotheses. We consider embeddings T, : X — X, a € [ag, a1],
where ||T, — i |lcs is small for some F, satisfying the following conditions:
(a) There exists a* € [ag, a1] such that f,« € M.
(b) For every & € C = C(f,+) and g = fo-(2),
d

1) L fa@) # g@)t At a=a’

(c) For every & € C, there exists j < m — 1 such that
oF(z,0;a*
OF(.0:a)
oyJ
A T-invariant Borel probability measure v is called an SRB measure if (i)
T has a positive Lyapunov exponent v-a.e.; (ii) the conditional measures of v on

unstable manifolds are absolutely continuous with respect to the Riemannian
measures on these leaves.

(2)

THEOREM. In addition to the Standing Hypotheses above, assume that
| T — F¥ || is sufficiently small depending on {F,}. Then there is a positive
measure set A C [ag,a1] such that for all a € A, T = T, admits an SRB
measure.

'Here ¢(a) is the continuation of q(a*) viewed as a point whose orbit is bounded away
from C} it is not to be confused with f,(Z(a)).
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Notation. For zg € X, let z, = T"(20), and let X,, be the tangent space
at z9. For vg € X, let v, = DT} (vp). We identify X freely with R™, and
work in R™ from time to time in local arguments. Distances between points
in X are denoted by |- — - |, and norms on X, by | -|. The notation || - || is
reserved for norms of maps (e.g. ||T5||cs as above, | DT|| := sup,¢cx ||[DT%]))-

For definiteness, our proofs are given for the case I = S'. Small modifica-
tions are needed to deal with the case where [ is an interval. This is discussed
in Section 3.9 at the end of Part I

PART I. PREPARATION

2. Relevant results from one dimension

The attractors studied in this paper have both an m-dimensional and a
1-dimensional character, the first having to do with how they are embedded
in m-dimensional space, the second due the fact that the maps in question
are perturbations of 1D maps. In this section, we present some results on 1D
maps that are relevant for subsequent analysis. When specialized to the family
fa(x) = 1 — az?® with a* = 2, the material in Sections 2.2 and 2.3 is essentially
contained in [BC2J; some of the ideas go back to [CE]. Part of Section 2.4 is
a slight generalization of part of [TTY], which also contains an extension of
[BC1] and the 1D part of [BC2] to unimodal maps.

2.1. More on maps in M

The maps in M are among the simplest maps with nonuniform expansion.
The phase space is divided into two regions: Cs, and I \ Cs,. Condition (b)
in Definition 1.1 says that on I\ Cs,, f is essentially (uniformly) expanding.
(c) says that every orbit from Cj,, though contracted initially, is not allowed
to return to Cj, until it has regained some amount of exponential growth.

An important feature of f € M is that its Lyapunov exponents outside of
Cs are bounded below by a strictly positive number independent of §. Let dg,
Ao, My and cg be as in Definition 1.1.

LEMMA 2.1. For f € M, 3¢ > 0 such that the following hold for all
d < dp:
(a) if @, (@), f""H(@) & Cs, then |(f") (2)] = chdes";
(b) if z, f(x),---, f""N(x) & Cs and f*(x) € Cs,, any n, then |(f*)(z)| >

1
coe3 o,

Obviously, as we perturb f, its critical orbits will not remain bounded
away from C. The expanding properties of f outside of Cjs, however, will
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persist in the manner to be described. Note the order in which € and § are
chosen in the next lemma.

LEMMA 2.2. Let f and ¢}, be as in Lemma 2.1, and fix an arbitrary § < .
Then there exists € = &(8) > 0 such that the following hold for all g with

lg = flle= <e:

(a) if 2,9(x), "M (2) & Cs, then |(g") ()] > Sehdei
(b) Zlfo,lg/ELE), ,g”fl(x) §§ 05 and gn(l‘) S 0507 any n, then |(gn)/(x)| 2
5Coea ™0™,

Lemmas 2.1 and 2.2 are proved in Appendix A.1.

2.2. A larger class of 1D maps with good properties

We introduce next a class of maps more flexible than those in M. These
maps are located in small neighborhoods of fy € M. They will be our model
of controlled dynamical behavior in higher dimensions.

For the rest of this subsection, we fix fo € M, and let dg, A\g, My and cg
be as in Definition 1.1. We fix also A < £Xg and a < min{\,1}. The letter
K > 1is used as a generic constant that is allowed to depend only on fy and .
By “generic”, we mean K may take on different values in different situations.

Let 6 > 0, and consider f with ||f — follcz < §. Let C be the critical set
of f. We assume that for all £ € C, the following hold for all n > 0:

(G1) d(f™(#),C) > min{6, e 2"};2
(G2) |(f™)'(f(2))] > é1eM for some é1 > 0.

PROPOSITION 2.1. Let § > 0 be sufficiently small depending on fo. Then
there exists € = (fo, A\, ,0) > 0 such that if ||f — follcz < € and f satisfies
(G1) and (G2), then it has properties (P1)—(P3) below.

(P1) Outside of Cs. There exists ¢; > 0 such that the following hold:
(i) if o, f(z), -, f* () & Cs, then |(f") (x)] > crdei ™
(i) if @, f(z), -, " 1(z) € Cs and f"(x) € Cs,, any n, then |(f7)'(x)| >

: >
cleZAU".

For & € C, let Cs(z) = (z — 0,2 + 0). We now introduce a partition P
on I: For each & € C, Plg,z) = {Iﬁj} where Ifj are defined as follows: For

*We will, in fact, assume f is sufficiently close to fo that f"(2) ¢ Cs, for all n with
e " > 4.
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1 > log 3 (which we may assume is an integerA), let Iif = (z +e_(“+}),fn +e H);
for p < logd, let I; be the reflection of I, about &. Each I is further
subdivided into #—12 subintervals of equal length called I ff] We usually omit
the superscript & in the notation above, with the understanding that  may
vary from statement to statement. For example, “x € I,; and f"(x) € I,,;”
may refer to x € Ifj and f"(x) € If;“",/j, for & # /. The rest of I, i.e. I\ Cy, is
partitioned into intervals of length = §.

(P2) Partial derivative recovery for x € Cs(2)\{z}. Forxz € Cs(z)\{z},
let p(z), the bound period of z, be the largest integer such that |f*(z)— fi(2)| <
e~2% V5 < p(z). Then

(i) K~'log 2z < p(x) < K log -t

[z—2] =l
(i) (£ ()] > es7).
(iif) If w = I, then |fP®)(1,;)| > e Kol for all z € w.

The idea behind (P1) and (P2) is as follows: By choosing e sufficiently
small depending on &, we are assured that there is a neighborhood N of fy
such that all f € A are essentially expanding outside of Cs. Non-expanding
behavior must, therefore, originate from inside Cs5. We hope to control that
by imposing conditions (G1) and (G2) on C, and to pass these properties on
to other orbits starting from Cs via (P2).

(P2) leads to the following view of an orbit:

Returns to Cs and enswing bound periods. For x € I such that fi(x) & C
for all i > 0, we define (free) return times {¢;} and bound periods {py} with

th<ti+p1 <to<to+py<---

as follows: t; is the smallest 5 > 0 such that f/(z) € Cs. For k > 1, py is
the bound period of f%(x), and ty . is the smallest j > t; + p; such that
f7(x) € Cs. Note that an orbit may return to Cs during its bound periods, i.e.
t; are not the only return times to Cs.

The following notation is used: If P € P, then P* denotes the union of P
and the two elements of P adjacent to it. For an interval Q C I and P € P, we
say Q ~ P if P C Q C P'. For practical purposes, P containing boundary
points of Cs can be treated as “inside Cs” or “outside Cs”.3 For an interval
QC I:j, we define the bound period of @ to be p(Q) = mingcq{p(z)}.

(P3) is about comparisons of derivatives for nearby orbits. For z,y € I,
let [z, y] denote the segment connecting x and y. We say x and y have the same

3In particular, if I,,,j, is one of the outermost I,; in Cjs, then I'f . contains an interval

HoJo
of length ¢ just outside of Cs.
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itinerary (with respect to P) through time n — 1 if there exist t; < t; + p1 <
ty < ta+py < --- < nsuch that for every k, ft([x,y]) C P for some P C Cj,

pr = p(f*([x,y])), and for all i € [0,n) \ Ug[ty, tx + pi), f([z,y]) C P for
some PN Cs = 0.

(P3) Distortion estimate. There exists K (independent of d, x,y or n)
such that if z and y have the same itinerary through time n — 1, then
’ (/") (x)
(f") (y)
We remark that the partition of I,, into I,,j-intervals is solely for purposes
of this estimate. A proof of Proposition 2.1 is given in Appendix A.1.

< K.

2.3. Statistical properties of maps satisfying (P1)—(P3)

We assume in this subsection that f satisfies the assumptions of Proposi-
tion 2.1, so that in particular (P1)-(P3) hold. Let w C I be an interval. For
reasons to become clear later, we write v; = f*, i.e. we consider v; : w — I,
1=0,1,2,---.

LEMMA 2.3. For w =~ I,j,, let n be the largest j such that all s € w have
the same itinerary up to time j. Then n < K|ug).

We call n + 1 the extended bound period for w. The next result, the proof
of which we leave as an exercise, is used only in Lemma 8.2.

LEMMA 2.4, For w =~ I,
Cs(2) for some & € C.

there exists n < K|ug| such that vyp(w) D

0Jo?

The results in the rest of this subsection require that we track the evolution
of ~; to infinite time. To maintain control of distortion, it is necessary to divide
w into shorter intervals. The increasing sequence of partitions Qp < Q1 < Qs <
-+« defined below is referred to as a canonical subdivision by itinerary for the
interval w: Qp is equal to P|, except that the end intervals are attached to
their neighbors if they are strictly shorter than the elements of P containing
them. We assume inductively that all @ € Q; are intervals and all points in @
have the same itinerary through time i. To go from Q; to Q;41, we consider
one w € Q; at a time.

— If 7,41(®) is in a bound period, then @ is automatically put into Q;41.
(Observe that if v;11(0) N Cs # 0, then ~;41(0) C I;Cj, for some p/, j';
i.e., no cutting is needed during bound periods. This is an easy exercise.)

— If 4541(w) is not in a bound period, but all points in @ have the same
itinerary through time ¢ 4 1, we again put @ € Q;41.
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— If neither of the last two cases hold, then we partition @ into segments
{&'} that have the same itineraries through time i+1 and with ;11 (') ~
P for some P € P. (If, for example, a segment appears that is strictly
shorter than the I,; containing it, then it is attached to a neighboring
segment.) The resulting partition is Q;11]g.

For s € w, let Q;(s) be the element of Q; to which s belongs. We consider
the stopping time S on w defined as follows: For s € w, let S(s) be the smallest
i such that v;(Q;—1(s)) is not in a bound period and has length > ¢.

LEMMA 2.5. Assume 0 is sufficiently small, and let w ~ I, Then

OjO °

Hscw:S(s)>n} < e 25 ' |w| forall n> K|u.

Here K is the constant in the statement of Lemma 2.2.

COROLLARY 2.1. There exists K > 0 such that for any w C I with § <
lw| < 34,

{sew:S(s)>n} <e X " for n> Klogd™!.

For § < 6, s € w and n > 0, let B, (s) be the number of i < n such that
7i(s) is in a bound period initiated from a visit to Cj.

PROPOSITION 2.2. Given any o > 0, there exists €1 > 0 such that for all
0 > 0 sufficiently small, the following holds for all w ~ I,

0jo*

Hs€ew: B, >on}| < e " |w| for all n > o 1K pg.

Proofs of all the results in this subsection are given in Appendix A.2 except
that of Lemma 2.4, which is left to the reader as an exercise.

Remark. The main use of Proposition 2.2 in this paper is in parame-
ter estimates. When used in that context, it will be necessary for us to stop
considering certain elements w’ of Q; corresponding to deletions. Without go-
ing further into parameter considerations, we introduce the following notation.
Let x be the “garbage symbol”. At step 4, we may, in principle, choose to set
vi = * on any collection of elements of Q;. Once we set v;|, = *, it follows
automatically that ;| = * for all j > 4, i.e. we do not iterate w' forward

from time ¢ on. We leave it as an (easy) exercise to verify that Proposition 2.2
remains valid in this slightly more general setting if we count only those i for
which 7;(s) # * in the definition of B, (s).

2.4. Parameter transversality

We begin with a description of the structure of f € M in terms of its
symbolic dynamics. Let J = {Ji,---,J,} be the components of I \ C. For
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x € I such that fi(z) & C for all i > 0, let ¢(x) = (4;)i=0.1,... be given by ¢; = k
if fz(a:) € Ji.

LEMMA 2.6. For f € M, there exists an increasing sequence of compact
sets A with U, A™ dense in I such that the following hold:

(a) AW NC =0, F(A™) c A™ | and f|ym is conjugate to a shift of finite
type;
(b) if inf;>0 d(fi(z),C) > 0, then z € A™ for some n.

Our next result, which is a corollary of Lemmas 2.2 and 2.6, guarantees
that continuations of the type in Standing Hypothesis (b) are well defined.

COROLLARY 2.2. Let f € M, and let ¢ € f(I) be such that 6, :=
inf,,>0d(f"(¢q),C) > 0. Then for all g with ||g — f|lc2 < € where ¢ = £(61) is
as in Lemma 2.2, there is a unique point qq € I with ¢g(qe) = ¢¢(q).

Let {f,} be as in Section 1, with f,« € M. We fix & € C(f,~), and let
q = far(Z). Let w be an interval containing a* on which #(a) and ¢(a) (as
given by Corollary 2.2) are well defined. We write &1(a) = f¥((a)).

PROPOSITION 2.3. (i) a — q(a) is differentiable;

(ii) as k — oo,

* m(a*) dil * dq * - aafa(ii'i((l*)”a:a*
a )= da — ——(a") — —=(a") = : _
W)= TGy T a T @) T 2T e

A proof of this proposition, which is a slight adaptation of a result in
[TTY], is given in Appendix A.3. Hypothesis (b) states that the expression on
the right is nonzero. This condition, which can be viewed as a transversality
condition for one-parameter families in the space of C? maps, is open and dense
among the set of all 1-parameter families f, passing through a given f € M.
The proof in [TTY] is easily adapted to the present setting.

3. Tools for analyzing rank one maps

This section is a toolkit for the analysis of maps T' : X — X that are
small perturbation of maps from X to I x {0}. More conditions are assumed
as needed, but detailed structures of the maps in question are largely unim-
portant. The purpose of this section is to develop basic techniques for use in
the rest of the paper.

Notation. The following rules on the use of constants are observed
throughout:
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- Two constants, Kg > 1 and 0 < b < 1, are used to bound the sizes of
the objects being studied; they appear in assumptions.

- K is used as a generic constant; it appears in statements of results. In
Sections 3.1-3.4, K depends only on Ky and m, the dimension of X;
from Section 3.5 on, it depends on an additional object to be specified.

- b is assumed to be as small as need be; it is shrunk a finite number of
times as we go along. Under no conditions is K allowed to depend on b.

For small angles, 6 is often confused with |sin 6.

3.1. Stability of most contracted directions

Most contracted directions on planes. Consider first M € L(2,R) and
assume M # cO where O is orthogonal and ¢ € R. Then there is a unit vector
e, uniquely defined up to sign, that represents the most contracted direction of
M, ie. |Me| < |Mu] for all unit vectors u. From standard linear algebra, we
know el is the most expanded direction, meaning |[Met| > |Mu]| for all unit
vectors u, and Me L Met. The numbers |Me| and |Me™t| are the singular
values of M.

Next let M € L(m,R) for m > 2, and let S C R™ be a 2D linear subspace.
Then the ideas in the last paragraph clearly apply to M|g, and we say e = e(S)
is a most contracted direction of M restricted to S if |Me| > |Mu| for all unit
vectors u € S. We let f denote one of the two unit vectors in S orthogonal to
e, i.e. f represents the most expanded direction in S, and |M f| = || M|s||, the
norm of M restricted to S.

Two notions of stability for most contracted directions. For My, Mo, --- €
L(m,R), we let M® denote the composition M; - - - My Mj.

(1) Let S C R™ be as above, and let e;(S) be the most contracted direction
of M |g assuming it is well defined. It is known that if M©|g, i = 1,2,--,
has two distinct Lyapunov exponents as ¢ — oo, then ¢;(.S) converges to some
€x(9) as ¢ — co. We are interested in the speed of this convergence.

(2) For parametrized families of linear maps M;(s) and plane fields S(s)
where s = (s1,---,54) is a ¢g-tuple of numbers, control of OFe; and OFMMe;
represents another form of stability for e;. Here OF denotes any one of the kth
partial derivatives in s.

Main results. The ideas above are used to study the relation between pairs
of vectors under the action of DT™. To accommodate the many situations in
which this analysis will be applied, we formulate our next lemma in terms
of abstract linear maps. For motivation, the reader should think of M, as
DT, , where zp € X and T': X — X is as in Section 1.1. For (H2), consider
Zo(S) € X, S(S) C Xzo(s)a and MZ(S) = DTzi_l(s)'
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(H1) Let M; = (M},---,M™) € L(m,R); i.e., M : R™ — R. Then for all
i>1,
(i) [M}] < Ko;
(i)|M]| < b for j=2,---,m.
(H2) Let u(s) and v(s) € R™ be linearly independent, and let S(s)

S(u(s),v(s)) be the 2D subspace spanned by w and v. Let M;(s) €
L(m,R). We assume the maps s — u(s),v(s), M;(s) are C? with

(1) [lulle2, [vlle> < Ko
(i) |V}l < K
(iif) |M] |2 < Kib for j=2,--- ,m.

LEMMA 3.1. (a) Let M; be as in (H1), let S C R™ be an arbitrary 2D
subspace, and let k be such that bs < k < 1. If |[MW|g|| > Ky s for all
1 <i<n, then

(K Yo for i < n;

lei+1(S) — ei(S))] b K
(Kb k72)" fori<n.

<
|IMWe,(S)] <
(b) Let M;(s) and S(s) be as in (H2), and bs <k <1 Ifforl1<i<n,
|M@|s|| > Ky 'wi=t for all s, then for k = 1,2,
|0%e1(S)| < K;

1% (e151(8) — e:(S))| < (Kb H—<2+k>) for i < n;
18" M@, (S) < (Kb ,‘<f(2+k))Z for i <n.

A proof of Lemma 3.1 is given in Appendix A.5, after some preliminary
material in Appendix A.4.

Assumptions for the rest of Section 3. We consider T : X — X with
the following properties: Let T = (T,--- ,T™) be the coordinate maps of T
Then

(i) 1T|es < Ko;
(i) |T9]|cs < b for j=2,---,m.

3.2. A perturbation lemma

The next lemma compares w, = DT} (wo) and w], = DT (w(,) where z;
0
is near z; for 0 < i < n and wy € X, and wj, € X z, are unit vectors such that
wo A wy.
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LEMMA 3.2. There exists Ki depending on Kg such that for k and n
satisfying kK < 1 and bz < n < Kl_llis, the following hold: Let (z9,wo) and
(zh, wh) be such that Z(wo,wh) < 07, |wi| > Ky &' and |z — 2}| < 5t for
1 <i<n. Then

(a) )| > LRG kL

n+1

(b) ZL(wp,w)) <n =+ .

Lemma 3.2 is proved in Appendix A.6.

3.3. Temporary stable curves and manifolds

One dimensional strong stable curves — temporary or infinite-time — can
be obtained by integrating vector fields of most contracted directions. In the
proposition below, a neighborhood of 0 in X is identified with a neighborhood
of zp in X, which in turn is identified with an open set of R™.

ProPOSITION 3.1. Let k and n be as in Lemma 3.2, and let zg € X and
wo € X, be such that |w;| > Ky 'k wo| for i = 1,--- ,n. Let S be a 2D
plane in X containing zo and zyp + wo. For any n > 1, we view e,(S) as a
vector field on S, defined where it makes sense, and let vy, = vn(20,5) be the
integral curve to ey (S) with v,(0) = z9. Then

(a) vn is defined on [—n,n] or until it runs out of X;

(b) for all z € Y, |T'20 — T'z| < (£2)'n for all i < n.

Proposition 3.1 is proved in Appendix A.7.

We call v,, a temporary stable curve or stable curve of order n through zy.
To obtain the full temporary stable manifold through zg, we let S vary over
all 2D planes containing zg and zy + wp, obtaining

WTi(ZO) =Ug 7n(Z07S)7

which we call a temporary stable manifold of order n through zy. Observe that
W(z) is a C'-embedded disk of co-dimension one. (The fact that W;3(2)
is C! away from 2y follows from Lemma 3.1; at zy it has continuous partial
derivatives.)

3.4. A curvature estimate
Let 7o : [c1,ca] — X be a C? curve, and let v;(s) = T%(y0(s)). We denote
the curvature of ; at v;(s) by ki(s). Here ~/(s) is the tangent vector to 7;(s).

LEMMA 3.3. Let k> b3, and let vo be such that ko(s) < 1 for all s. Then
the following hold for every n > 0: If

DT 3 ()] = 5" (s)|
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for every j < n, then
Kb
kn(s) < —

Lemma 3.3 is proved in Appendix A.8.

K3

Additional assumptions for Sections 3.5-3.8. Let 6 > 0 be a small
number.

(1) The following is assumed about T': X — I and f := Tlljx{o}. Let
C ={f' =0}. Then

(i) outside of Cj, f satisfies (P1) in Section 2.2;

(ii) inside Cs, |f"| > K

(iii) for all & € C, there exists ¢ such that |ayiT1(ZE,O)| > K, for all
x € Cs(2).

(2) From here on we restrict T to Ry := I x {|y| < (m — 1)2b}. Note that
T(R1) C Ry (see assumption (ii) at the end of Section 3.1).

From here on in this section the generic constant K depends on the map
T as well as K and m. We introduce the following notation used in the rest
of the paper:

e The first critical region C™V) is defined to be
CV = {(z,y) € Ry : |z — 2| < 6, & € C(f)}.

e v € R™ (identified with X, any z) is a fixed unit vector with zero z-
component such that ‘DT(lm’O)V‘ > K;! for all x € Cs5. The existence
of v is guaranteed by assumption (1)(iii) above. (We may take it to be
orthogonal to the kernel of DT&}O) for & € C but that is not necessary.)
In general, v will be thought of as a reference vector in the “vertical”
direction.

3.5. Dynamics outside of C(")

For uw € R™, let (ug,u,) denote its z and y (or first and last m — 1)

components, and let s(u) = ;Zy\

. Curvature continues to be denoted by k.

o

Definition 3.1. Assuming |f/| > KO_I(S outside of CV), we say u € R™ is
b-horizontal if s(u) < 3?" b. A curve 7 in R; is called a C?(b)-curve if 7/(s) is
b-horizontal and k(s) is < Igéb for all s where K is as defined explicitly in the

proof of Lemma 3.4.%

4Quantities such as %b, %b appearing in this definition will be denoted as O(b).



364 QIUDONG WANG AND LAI-SANG YOUNG

LEMMA 3.4. (a) Forz ¢ CWY, ifu € X, is b-horizontal, then so is DT (u);
in fact, s(DT,(u)) < 32I§°b. Also, for z € CV | DT,(v) is b-horizontal.
(b) If v is a C%(b)-curve outside of CV), then T'(v) is again a C?(b)-curve.

Proof. The first assertion in (a) follows from the following invariant cones
condition: Let u be such that |u,| = 1 and |uy,| < 3?” b. Then

b(1 + 2Kep) 3K

DT, <
S( (U)) K()_I(S—Ko%b 26

provided b is sufficiently small. For z € V), s(DT,(v)) < 2Kgb. For (b) we
apply Lemma 3.3 to one iteration of T": Since T is a small perturbation of f,
we have [DT'(7)| > 4c16|7/| where ¢ is as in (P1). This together with Lemma
3.3 gives k < %b where K| = 80;3K and K is as in Lemma 3.3. O

The next lemma says that outside of C(1), iterates of b-horizontal vectors
behave in a way very similar to that in 1D. Its proof is an easy adaption of the
arguments in Sections 2.1 and 2.2 made possible by part (a) of the last lemma.

LEMMA 3.5. There exists ca > 0 independent of § such that the following
hold: Let zg € Ry be such that z; € Ry \C(l) fori=0,1,---,n—1, and let
wo € X, be b-horizontal. Then

(i) |wp| > 02(56?‘0”]100\;

(ii) if, in addition, z, € CW, then |wy| > coet ™ wy|.
3.6. Properties of e;(5) for suitable S

We consider in this subsection e; of DT restricted to suitable choices of S.

LEMMA 3.6. For zg & CW, letw e X, be b-horizontal, and let S C X,
be any 2D plane containing w. Then Z(e1(S),w) > K14,

Proof. Assuming |w| = 1, write e = ajw+agv where v € S is a unit vector
1L w. Then Kb > |DT(e1)| = |a1 DT (w) + aeDT(v)|. Since |DT(w)| > K14,
it follows that |ag| > K—14. O

Let v be a C?(b) curve in C(V) parametrized by arclength. At each point
v(s), we let S(s) = S(v'(s),v). Let u(s) =~'(s), v(s) L"M‘ (i.e. v(s) is

= V=(w,v)u

a unit vector in S(s) perpendicular to u(s)) and let n(s) = (e1(S(s)),v(s)).

LEMMA 3.7. Let v(s), S(s) and n(s) be as above. Then e1(S(s)) is well-
defined on all of v, and

3) |

for some K1 independent of ~y.

dn(s)
ds

> Kt
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Lemma 3.7 is a direct consequence of our assumptions that f”(z) # 0 and
8yiT(1i_ 0) # 0 for £ € C. A proof is given in Appendix A.9.

3.7. Critical points on C?(b) curves in C(!

We fix Ky > 10K, where K| satisfies \DT(lx 0)v] > Ko_l.

Definition 3.2. Let v be a C?(b)-curve in C(). We say that z is a critical
point of order n on ~y if

(a) |DTL (V)| > Kq' for i =1,2,--- ,n;
(b) at 20, Z(en(5),7") = 0 with § = S(v/,v).

COROLLARY 3.1 (Corollary to Lemma 3.7).  On any C%(b)-curve travers-

ing the full length of a component of C), there exists a unique critical point
of order 1.

We now turn to the problem of inducing new critical points on nearby
curves starting from a known critical point on a C?(b)-curve. We begin with
two lemmas the exact form of which will be used.

LEMMA 3.8. Let v and 4 be C?(b)-curves parametrized by arclength in
¢, Assume

(a) v(0) is a critical point of order n on -y with |DT;‘(0) (v)| > 2f{0—1 fori <m;
(b) [7(0) = 4(0)1, [7(0) = 4'(0)] < b5 and

(c) 4(s) is defined for all s € [—b5,b5).

Then there exists a unique s, |s| < Kb, such that 4(s) is a critical point of
order n on 4.

LEMMA 3.9. There exists Ko for which the following holds: Let v be a
C2(b)-curve parametrized by arclength in CV | and let z = ~(0) be a critical
point of order n. If

(a) |DTi(v)| > 2Kyt fori=1,2,--- ,n+m, and

(b) v(s) is defined for s € [—Ko(Kb)", Ko(Kb)"],

then there exists a unique critical point Z of order n+m on v, and |2 — z| <
Ko (Kb)™.

Proofs of Corollary 3.1 and Lemmas 3.8 and 3.9 are given in Appendix
A.10.
3.8. Tracking w, = DT} (wp): a splitting algorithm

Let 29 € Ry, and let wo € X, be a b-horizontal unit vector. In the case
where z; ¢ C(V for all i, the resemblance to 1D dynamics is made clear in
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Lemmas 3.4 and 3.5. Consider next an orbit zg, z1, - - - that visits C(V) exactly
once, say at time t > 0. Assume:

(i) There exists £ > 1 such that |[DT% (v)| > Ky! for all i < ¢, so that in
particular e;(S) is defined at z; with S = S(v,wy).

(i) Z(wy, e(S)) > bs.

Then DTZZ'0 (wg) can be analyzed as follows. We split w; into wy = + F where
Wy is a scalar multiple of v and E is a scalar multiple of ey(S). For i < ¢ and
i >t+{, let wj = w;. For i with t < i < t+¢, let wf = DT (). We
claim that all the w; are b-horizontal vectors, and that {|w}, |/|w]|}i=0,1,2,-
resembles a sequence of 1D derivatives, with |wy,|/|w;| simulating a drop in
the derivative when an orbit comes near a critical point in 1D.

In light of Lemma 3.4, to show that w} is b-horizontal, it suffices to consider
wf, ,. Observe from assumption (ii) above that [w;| > bg\E’\ (Note that e is
close to e; from Lemma 3.1, and s(e;) < K6 for z € CV).) This together with
assumption (i) implies that

IDTE ()| < (Kb)'|E| < K[| < KoK'bs | DT (iiy)].

Since s(DTY (1)) < 2Eeb (see Lemma 3.4), wy,, = DTY (i) + DTL(E) is
b-horizontal.

The discussion above motivates the following:

Splitting algorithm. We give this algorithm only for zy € CV) and wy = v
since this is mostly how it will be used. Let t; < to < --- be the times > 0 when
zi € CD. For each t;, fix ¢, > 2 with the property that |DTY, (v)| > Ky for
i=1,---,4; (such ¢, always exist). The following algorithﬁl generates two
sequences of vectors w; and w;:

1. For 0 <1 <y, let w = w; = w;.

2. At i = t1, set w; = w;, and define w; as follows: If w; is a scalar
multiple of v, let @; = w}. If not, let S = S(w},v). Then split w} into

. . .
w; = w; + E;

where ; is a scalar multiple of v and Ej is a scalar times er,(9).
3. For ¢ > t;, we let

* A f:j ~
(4) wi = DTZi—l (wifl) + Z DTth (Etj)7
j: tj-i-étj =i
and define w; as follows: if ¢ = ¢;, split w into w; = w; + F; as in item 2; if

i # tj for any j, set w; = wy.

This algorithm is of interest when the contributions from the Ej-terms as
they rejoin w; are negligible; the meaning of w; and w; are unclear otherwise.
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The next lemma contains a set of technical conditions describing a “good”
situation:

LEMMA 3.10. Let 29,4, w; and w; be as above, and let Ij := [t;,t;+{;,).
Assume

(a) for each i =t;, |w;| > b%|E,\,

(b) the I, are nested, i.e. for j < j', either I; N I; =0 or I C I;.

Then the w; are b-horizontal.

A proof of Lemma 3.10 is given in Appendix A.11.

3.9. Attractors arising from interval maps

We explain how to deal with the endpoints of I in the case where [ is an
interval.

Let f € M. By assumption, f(I) C int(I). We let A = A(™ be as
in Lemma 2.6 where n is large enough that f(I) is well inside [z1, 23], the
shortest interval containing A. It is a standard fact that periodic points are
dense in topologically transitive shifts of finite type. From this, one deduces
easily that pre-periodic points are dense in all shifts of finite type, transitive
or not. Let y; and y2 be pre-periodic points so that f(I) is well inside [y1, ya].
For i = 1,2, let k; and n; be such that f*+7(y;) = f™(y;). Our plan is to
prove the following for T" when b is sufficiently small:

(i) Near (f™(y;),0), 7= 1,2, T has a periodic point z; of period k;.

(ii) z; is hyperbolic; it therefore has a codimension one stable manifold
W#(z;). We claim that W;, the connected component of W¥(z;) con-
taining z;, spans Ry in the sense that it is the graph of a function from
{ly| < (m —1)7b} to I.

(iii) Near (y;,0) there is a connected component V; of W*(z;); V; also spans
R;.

(iv) If Ry is the part of Ry between V; and V5, then T(Rl) C Ry.

The existence and hyperbolicity of z; follows from the fact that
|(F) (f™ ()| > 1 (Lemma 2.1). That W; spans the cross-section of Rj
follows from Lemma 3.1 and the construction in Section 3.3 with n — oo.
Moving on to (iii), the existence of a component of T~ W; near (y;,0) follows
by continuity. Repeating the arguments at z; on a (any) point in V;, we see
that not only does V; span R; but its tangent vectors make angles > K16
with the z-axis. Thus the diameter of V; is arbitrarily small as b — 0, and (iv)
follows from f(I) C (y1,y2)-
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In Part II, we restrict the domain of T to R1. The two ends of Rl, namely
Vi U Vs, are asymptotic to the periodic orbits of z; and z9. In particular,
they stay away from C(1). This part of dR; is not visible in local arguments.
In Sections 7 and 8, in the treatment of monotone branches, there will be
some special branches that end in 77(V;). Modifications in the arguments are
straightforward.

In Part III, we take z;(a) to be continuations of the same periodic orbits,
so that Rj(a) varies continuously with a.

Notation for the rest of the paper.

e We assume 7' = (T%,---,7™) : X — X is such that |[|[79||cs < b for
j=2-- m.

o Ri:=Ix{yeR™': |yl < (m—1)2b}; Ry := T+ 'Ry for k=2,3,--.

e For definiteness, we let F; be the foliation on R; given by {y =constant}
(this can be replaced by any foliation whose leaves are C2(b) curves); for
k> 1, Fr := TF1(F); ie., the leaves of Fj, are the T* !-images of
those of Fj.

o A subset H C R; is called a section of R; if it is the diffeomorphic
image of ® : [~1,1] x Dy,—1 — R; with @ 1(OR;) = [-1,1] x 0Dy—1. A
section H of R; is called horizontal if each component of ({1} X Dy,—1)
is contained in a hyperplane {x = const} and all the leaves of Fj|y
are C%(b)-curves. The cross-sectional diameter of a horizontal section
H is defined to be the supremum of diam(V N H) as V varies over all
hyperplanes perpendicular to S*.

e The distance from z to 2’ in R; is denoted by |z — 2’|, and their horizontal
distance, i.e. difference in x-coordinates, is denoted by |z — 2/|.

PART II. PHASE-SPACE DYNAMICS

The goal of Part II is to identify, among all maps 7" : X — X that are near
small perturbations of 1D maps, a class G with certain desirable features. To
explain what we have in mind, consider the situation in 1D. In Section 2.2, we
show that for maps sufficiently near fo € M, two relatively simple conditions,
(G1) and (G2), imply dynamical properties (P1)—(P3), which in turn lead to
other desirable characteristics. Our class G will be modelled after these maps.

The first major hurdle we encounter as we attempt to formulate higher
dimensional analogs of (G1) and (G2) is the absence of a well defined critical
set. As we will show, the concept of a critical set can be defined, but only
inductively and only for certain maps. This implies that our “good maps” can
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only be identified inductively. The task before us, therefore, is the inductive
construction of G,, n = 1,2,---, consisting of maps that are “good” in their
first n iterates, and G is taken to be Ny>0Gp.

We do not claim in Part II that G is nonempty, and we consider one map
at a time to determine if it is in G; no parameters are involved. The existence
(and abundance) of maps in G is proved in Part III.

Organization. Sections 4-9, which comprise Part II, are organized as fol-
lows: Section 4.1 contains five statements describing five aspects of dynamical
behavior. Together, these statements give a snapshot of the maps in G, for
certain n. The rest of Section 4 is devoted to the elucidation of the ideas
introduced.

Implications of these ideas are developed in Section 5, and a formal in-
ductive construction of G, for n < Ny ~ (log %)2 is given in Section 6.

After Ny iterates, a fundamental, qualitative change in geometry occurs.
The new complexities that arise are dealt with in Sections 7 and 8.

The existence of SRB measures for T' € G is proved in Section 9.

The notation is as in Section 1, namely that f : S' — S, F: Ry — S!
and F'# : Ry — Ry are related by F(z,0) = f(z) and F#(x,y) = (F(x,y),0),
and T : Ry — Ry is a C? embedding.

Standing hypotheses. Throughout Part II, we fix fy € M and Ko > 1,
and consider

o f: 81 — Sl with ||f — follc2 < a,

o F: Ry — S' with [|[Fll¢s < Ko and |DF;.0)(v)| > K;* for & € C(fo),
and

o T : R — Ry with HT—F#HCS <b
where a,b > 0 are as small as need be. The letter K is used as a generic

constant which, in Part II, is allowed to depend only on fy, K¢ and our choice
of A

4. Critical structure and orbits

4.1. Formal assumptions

We describe in this subsection several aspects of geometric and dynamical
behaviors to be viewed as desirable. These assumptions, labelled (A1l)- (A5),
will eventually be part of the inductive cycle up to a certain time. For the
moment they are only formal statements.

For purposes of the present discussion, A > 0 can be any number < %)\0
(see §2.2). We choose a so that b < o < min(), 1), and let o* = $a. Let
0 = IOS% where K is chosen so that b’ < ||[DT||=2°. Let N be a positive integer
> 1. For simplicity of notation, we assume 0N, 671, ai € Z* (otherwise write

[ONT, (0711, [3))-

a*
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(A1) Geometry of critical regions. There are sets C(V 5 ) > ... 5
CON) called critical regions with the following properties:

(i) €W is as introduced in Section 3.4. For 1 < k < N, C® is the union
of a finite number of connected components {Q*)} each one of which
is a horizontal section of Ry, of length min(26, 2e~**) and cross-sectional
diameter < b5

(ii) €™ is related to C*~1) as follows: For each Q*~1), either R,NQ*F—D = §
or it meets Q*~1 in a finite number of horizontal sections {H} each
one of which extends > %e‘ak beyond the two ends of Q*~1). Each

H N Q%Y contains exactly one component of C*) located roughly in
the middle. (See Figure 1.)

(iii) Inside each Q)| a point zp = z("j(Q(k)) whose z-coordinate is exactly
half-way between those of the two ends of Q) is singled out; zg is a
critical point of order k in the sense of Definition 3.2 with respect to the
leaf of the foliation Fj containing it.

k
Q() o

Figure 1. Structure of critical regions

We call za‘(Q(k)) a critical point of generation k, and let 'y, denote the set
of all critical points of generation < k. Let Q*) (z0) denote the component of
C*®) containing 2.

The next three assumptions prescribe certain behaviors on the orbits of
zo € I'yn. To state them, we need the following definitions:

First, we define a notion of distance to critical set for z;, denoted de¢(z;).
If 2z & C let de(z) = 6 + d(z;,C). If z; € CV | we let de(z) = |z — (2)|
where ¢(z;) is defined as follows. Let j be the largest integer < a*6i with the
property that z; € C). Then ¢(z;) := zgj(Q(j)(zi)) is called the guiding critical
point for z;. As the name suggests, the orbit of ¢(z;) will be thought of as
guiding that of z; through its derivative recovery. Suppose z; € C() and ¢(z;)
is of generation j. We say w € X, is correctly aligned, or correctly aligned
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with respect to the leaves of the F;-foliation, if Z(7;(z;),w) < K 'de(2;) where
K; ! is the lower bound on ]%m along C?(b)-curves in CV) in Lemma 3.7 and
7j(2;) is tangent to the leaf of F; through z;. We say w is correctly aligned
with e-error if ¢ < K| ' and Z(7;(2), w) < ede(z;).

For zyp € 'y, we let wg = v, and for a chosen family of ¢; corresponding to
z € CW, let w;, ©=0,1,2,---, be given by the splitting algorithm in Section
3.8. The numbers {¢;} are called the splitting periods for zy. Let g9 < K L be
fixed. We shrink ¢ if necessary so that it is < &.

(A2)—(A4) Properties of critical orbits. For zy € I'gn of generation k, the
following hold for all i < k6~ !:

(A2) dc(z;) > min(d, e2%).

(A3) There exist {/;} (to be specified in §4.4) so that w} is correctly aligned
with eg-error when z; € C(V.

(Ad) |w}| > LcaeM where ¢ is as in Lemma 3.5.

Our next assumption gives the relation between z; and ¢(z;). Let 3 be
such that o < 3 < 1. For 20,&0 € Ru, let p(z0,&p) be the smallest 5 > 0 such
that |z; — &;| > e™PJ. For reasons to be explained in Section 4.3B, we will be
interested in a range of p near p(zp,&p). Inside each QW) let

B® = {z€ QW |z - QW) < b3*}.

(A5) How critical orbits influence nearby orbits. — For zy = 25(QW)
and & € QW \ B®) Lk < N, the following hold for all p € [p(z0,&),

(1+ 3a)p(z0, 0)):

i) (Length of bound period). Suppose |zy — &| = e~ . Then
(i) (Leng P pp

1 3
—————h < p < <h
DT =P = N
the first inequality being valid if mh < k67! and the second if

3 -1
3h< koL,
(ii) (Partial derivative recovery). If p < k6~1, then |w,(20)||o — 20| > e3P,

(iii) (Quadratic nature of turns). Let v be the Fy-leaf segment joining &y to
B®). Then for all 59 € v and £(1n9) < i < min{p, k0~'},
1 d€1 1
=l = 5 (|52 Go)| £ 00) ) - (Justao)| £ Ol — s0l2)) - o = ol
£(ng)

Here (1) is defined by "> = |no — 20|, and e1 = e1(S) where S =
S(v,Tk), T being the tangent to the Fy-leaf through z.
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This completes the formulation of the five statements (A1)—(A5). We also
write (A1)(N)-(A5)(IN) when more than one time frame is involved. The rest
of this section contains some immediate clarifications.

Three important time scales. We point out that in the dynamical picture
described by (A1)—(A5), there are three distinct time scales: 6N < aN < N.
The fastest time scale, N, gives the number of times the map is iterated. The
slowest, AN, is the number of generations of critical regions and critical points
constructed. The middle time scale, which is on the order of aN (a*N to
be precise), is an upper bound for the lengths of the bound periods initiated
by critical orbits returning to C(1) at times < N (this follows from (A2) and
(A5)(i) combined).

We assume (A1)—(Ab) for the rest of Section 4.

4.2. Clustering of critical orbits

In Section 4.1, we presented a viewpoint — convenient for some practical
purposes — in which a critical point zE’;(Q(k)) in each component Q%) of C*)
is singled out for special consideration. To understand the relation among the
points in [yyy, it is more fruitful to group them into clusters. We propose here
to view these clusters as represented by B®*). To justify this view, we prove

LEMMA 4.1. For allk <k < 0N, if QB ¢ Q)| then
75(Q™) — z5(QW)] < Kbs
and B(’%) c B®).

The proof of this lemma uses the technical estimate below. Both results
rely on the geometric information on Q®*) in (Al). Proofs are given in Ap-
pendix A.12.

LEMMA 4.2. Let k < k, Q(i“) c®, zeW, ze Q(i“), and let v and %
be the Fi- and F; -leaves containing z and z respectively. Let T and 7 be the
tangent vectors to v and 4 at z and Z. Then

L(r,7) < b3+ K673b-|z— 2

Evolution of critical blobs. A theme that runs through our discussion is
that orbits emanating from the same B®*) are viewed as essentially indistin-
guishable for k0~ iterates. Informally, we call these finite orbits of B®) eritical
blobs.

Recall that @ is assumed so that b° < ||DT||~20. This implies that for
all i < k6=, diam(T'B®) < bs*||DT||? < (1°)%||DT||". This is < e, the
minimum allowed distance to the critical set (see (A2)).
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Obviously, we cannot iterate indefinitely and hope that T*B®*) remains
small; that is why we regard ZS(Q(k)) as active for only kO~! iterates. The
word “active” here refers to both (i) prescribed behavior for z; (as in (A2)-
(A4)) and (ii) the use of z; as guiding critical orbit or in the sense of (A5).

It is useful to keep in mind the following dynamical picture: At time ¢ = 0,
T has a set B corresponding to each critical point of f. For i < 0~ !, the
T'-images of B(Y) are relatively small, so that {TiB(l)}i:()’L‘.. o1 for each BW
can be treated as a single orbit.

As i increases, the sizes of T*B(M) become larger, eventually becoming too
large for {TiB(l)}i:0,17... to be treated as a single orbit. We stop considering
these critical blobs long before that time, however. At time i = §~!, we replace
each T?"" BM) by the collection of T?" B contained in it. For 67! < i < 2071,
T'B®@ are again relatively small, and so can be viewed as a finite collection
of orbits. At time i = 2071, each T2 'B® is replaced by the collection of
7297 B®) inside it, and so on.

As i increases, the number of relevant critical blobs increases, each becom-
ing smaller in size. Blobs that have separated move about “independently”.
By virtue of (A2), they are allowed to come closer to the critical set with the
passage of time.

We finish by recording a technical fact that will be used in conjunction
with Lemma 3.8.

LEMMA 4.3. For any C2(b)-curve s — I(s) traversing a given B*) ¢ Q)
there exists a point in I, denoted by 1(0), such that

Z(I(0),7(20)) < b1

where 2o = 25 (QW) and T(2) is tangent to the leaf of Fi at 2.

As with Lemma 4.2, Lemma 4.3 is proved by a straightforward application
of Sublemma A.12.1 in Appendix A.12. We leave it as an exercise.

4.3. Bound periods

Let 29 € I'yny be of generation k, and let z; € cW, i < k6~1. In Section
4.1, we assigned to z; a guiding critical point ¢(z;) € Tgn. (A5)(i)—(iii) hold for
all p € [p, (1 + a)p] where p = p(z;, #(2;)). We now choose a specific number
p = p(z;) in this range with certain desirable properties. This number will be
called the bound period of z;.

A. Remarks on ¢(-) and de(-). In general, when z € C(V, it is in many
QU). Since C\9) for larger j give better approximations of the eventual critical
set, it is natural to want to define d¢(z;) using the largest j possible. We do
not do exactly that; instead, we take ¢(z;) to be ZS(QG)(Zi)) where j is the
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largest j < a*6i such that z; € Q). The significance of this upper bound on
j will become clear in Section 6. For now we observe

LEMMA 4.4. (i) |z — ¢(2i)] > b%; in particular, z; € QG) \BG), so that
(A5) applies.

(ii) Let p € [p, (1 + $)p] be as in (A5). Then p < jO~ .

Proof: Case 1. j+1 < o*#i. This implies z; € (QG) NR;.,) \C(j“'l), ie.
de(z;i) > e~ AU+ Hence b5 < de(z) and p < jO~! by (A5)(Q).

Case 2. 7 +1 > a*#i. Using this relation between 7 and 7, we see that
de(z) > e % > 6_0%971(3‘—’—1), which we check is > b5 by the definition of v’
and the facts that % = 2 and e < || DT[|. Also, p < 2ai by (A2) and (A5)(i).
This upper bound is = 1a*i < (5 +1)071 < jo~1. O

We use ¢(z;) to define de(z;). One may ask if it makes a significant
difference if some other critical point is used. The answer is that when d¢(z;)
is relatively large, for example when d¢(z;) > b%, it does not matter much, but
when d¢(z;) is small, the values of |2 — z;| or even |Z — z;|j, can vary nontrivially
as Z varies over I'gn. For the same reason, for z;, zg- e CY, we cannot conclude
— without further information — that |de(2;) — de(2})| = |2z; — 2}], for z; and 2]
can be in very different “layers” of the critical structure, resulting in ¢(z;) and
¢(2}) being relatively far apart.

We do have the following:

LEMMA 4.5. (i) Let z € QW) \B(k). Then for all 2,3 € Tyn N B® | we
have |z — 5| = (1 4+ O(bx))|z — 3.

(ii) Suppose zZy = ¢(2;), and 2; € CY) for some 0 < j < p(20,2). Then
de(zivg) = (1+ O(e™3))de(2)).

Proof. (i) By Lemma 4.1, |2 — 3| < Kb%, and by assumption, z is > bs
k
from the center of Q). This proves |z — 2| = (14 O(bx)) |z — 3|.

(ii) By definition, |z;4; — 2j| < e < €=, which is < d¢(2;) by (A2).
As explained above, this in itself is insufficient for guaranteeing the asserted
relationship between d¢(zi1;) and de(25). We have, however, the following
additional information: By (A5)(iii), there is a curve w joining z; to Zp such that
diam(T7 (w)) < e~ Now suppose 2; € CV) is such that ¢(%;) = 25(Q"M).
Since k < 7, TV(w) is contained, or nearly contained, in Q*)(2;). Part (i) now
enables us to make the desired comparison. O

B. Definition of bound periods. Consider zg € I'gn. For each 4 such that
z € CM, let p(z;) be the bound period of z; to be defined. We say {p(z;)} has
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a nested structure if whenever ¢ < j are such that z;, z; € CW and j < i+p(z),
we have j + p(z;) < i+ p(z;).

To define p(z;), we start with p; := p(¢(2i), z;) where p(¢(zi), z;) is as
defined in Section 4.1. There is no reason why {p;} should have a nested
structure. We call jo < j1 < -+ < jn a chain of overlapping bound intervals
if 25, € ¢ and Jk € (Jk—1,Jk—1 + Pj,_,) for every k < n. Let A; be the set
of all integers k > i such that there is a chain of overlapping bound intervals
Jo < Jj1 < -+ < jnwith jo =i and j, + p, > k. We define p(z;) := i’ — i where
i’ is the supremum of the set A;. A priori, p(z;) can be > p;; it can even be
infinite. We prove in Lemma 4.6 below that this is not the case.

LEMMA 4.6. For all zg € Tgn and all z; € CV,
(a) p(zi) < (1 + Sa)pi.
(b) {p(2:)} has a nested structure.

Proof. (a) For z; € C), let j be such that i < j < i+ p;. Then de(z;) =
de((¢(2i))j—i)) by Lemma 4.5(ii). Applying (A2) to ¢(z;) and then (A5)(i) to
zj, we obtain p; < %a(j —1) < %aﬁi. If jo < j1 < -+ < jp is a chain of
overlapping bound intervals with jo = 4, then similar reasoning gives p;, <
%aﬁjkfl, so that

3

. . . 3 . 6 ..
Djo +Pjy + -+ D, < (1+X@+(X@)2+"')pi < (1+X04)pz'-

Since this bound is valid for all chains, we have p(z;) < (14 Sa)p;.

(b) We need to show that if j € (i,7 + p(2)), then j + p(z;) < @+ p(z;).
Note that since p(-) is finite, there exists a chain of overlapping intervals i =
Jo < -+ < jn such that j, +pj, =i+ p(z). If j+p(z;) > i+ p(z;), then the
chain that goes from i to i + p(z;) combined with the one that goes from j to
J + p(z;) forms a new chain starting from ¢ and extending beyond i + p(z;).
This contradicts the definition of p(z;). O

Let 8 = (3 — %lnHDTHa, and let p(zp,&y) be the smallest j such that
|zj — &| = e7P. An easy calculation gives p(z0,&0)(1 4+ F) < p(z0, &o)-

Clarification: Relation between p(-,-), p(-,-) and p(z;) for zo € Tyn.

1. These definitions are brought about by the tension between our desire
to define “bound periods” in terms of the distances separating two orbits, and
the advantages of having a nested structure for bound periods along individual
orbits. We showed in Lemma 4.6 that a nested structure can be arranged if we
allow some flexibility in scale when measuring distances, so that for zy € gy,
there exist {p(z;)} with a nested structure and satisfying p(z;, ¢(zi)) < p(zi) <

p(zi, #(2i)).
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2. In general, in results pertaining to a single bound period (e.g. Propo-
sitions 5.1), we use p(+,-), so that the result is valid for as long a duration as
possible. In situations in which we follow the long range evolution of single
orbits (e.g. Section 5.2), a nested structure arranged as above is used.

C. Bound and free states. For zy € I'yn of generation k, we now have
a decomposition of the orbit zg, 21, - , zrg—1 into intervals of bound and free
periods, i.e. we say z; is free if and only if it is not in a bound period. If we call
the maximal bound intervals primary bound periods, the nested structure above
allows us to speak of secondary bound periods, tertiary bound periods, and so
on. Returns to CM) at the beginning of primary bound periods are called free
returns, while returns at the start of seconding or higher order bound periods
are called bound returns.

4.4. The splitting algorithm applied to DT;0 (v), z0 € Ton

The considerations below are motivated by the discussion in Section 3.8
and by Lemma 3.10 in particular. We continue to use the notation here.

A. Splitting periods. Fix zg € I'gy. We explain how the ¢; at return times
i in (A3) are chosen. From Section 3.8, we see that the following properties
are desirable:

(i) & > 2;

(ii) [DTZ (v)] > K~ ! for j = 1,2, , £;;

(iii) the intervals I; = [i,7 + ¢;) have the nested property.
We explain why these properties can, in principle, be arranged. As a first
approximation, let ¢ be such that b = dc(z;). Then (ii) holds for all ¢ <
gé To justify this claim, we need to check that %é < the order of ¢(z)

as a critical point (this follows from Lemma 4.4(i)), and that the expanding
property |DT5)(’Z')(V)] > K, ! passes to a disk of radius > d¢(2;) (Lemma 3.2).

To achieve (iii), we need to show that if z; is a return for i < j < i+ /;, then
l; < Ka(log #)~; (for which we follow the proof of Lemma 4.6).

Algorithm for choosing £; in (A3). Let /; be as above. First we set 0 =
max{2, /;}, then increase 0 to £7 if necessary so that the intervals I; = [i,i+(])
are nested, and finally, for convenience, let ¢; = ¢ + 1 or 2 to ensure that no
splitting period ends at a return or at the step immediately after a return.

B. Correct alignment implies correct splitting. For zy € Tyn, we let
w;,i = 1,2,--- be generated by the splitting algorithm in Section 3.8 using
the ¢; above. Our next lemma connects the “correct alignment” assumption
in (A3) to hypothesis (a) in Lemma 3.10. Suppose z; € C™) and write w} =
Ajep,(S) + Biv where S = S(v,w}).
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LEMMA 4.7. If w] is correctly aligned with e-error where € < Kfl, then

where K;* is the lower bound of \d%n] as in Lemma 3.7.

When the conclusion of Lemma 4.7 holds, we say w; splits correctly. We
caution that when d¢(-) is very small, b-horizontal vectors do not necessarily
split correctly.

COROLLARY 4.1. If at all returns, w; is correctly aligned with e-error
where ¢ < K|, then w} is b-horizontal and splits correctly.

A proof of Lemma 4.7 is given in Appendix A.13. Corollary 4.1 follows
2
from a direct application of Lemma 3.10 once we note that K7 'de(2;) > b .

5. Properties of orbits controlled by the critical set

We continue to assume (A1)-(A5). This section contains a general dis-
cussion of the extent to which the orbits of zg € I'gy can be used to guide
other (noncritical) orbits, or, put differently, the extent to which (&, wq) for
arbitrary {y € R; and wg € X¢, can be controlled by I'gy. The word control is
given a formal definition in Section 5.2.

5.1. Copying segments of critical orbits

For z, ¢ in the same component of CV. let p(z, &) be as defined as in Section
4.3B; i.e., it is the smallest j such that |T7z—T7¢| > e, For 29 = zS(Q(k)) €
Ton and &, &) € QW (20), we let p(z0; &0, &) = min{p(z0, &), p(20, &), kO~
Unlike (A5), we do not presuppose here any geometric relationship between &,
&, and zp. In particular, p(zo;&p, &) may not be in the time range for which
(A5) is applicable.

Let wo(§0) = wo(§y) = wo(z0) = v. We apply the splitting algorithm to
20, &0 and &) for i < p(z0;&o, &) using for all three points the splitting periods
for zp as specified in Section 4.4. Our next proposition compares w;(&p) and
Wi (€h). Let

gn—s - S;L—s‘

(5) Ap(fo,€p) =) bi2t
s=0

where ¢, is the length of the longest splitting period z,_s find itself in, 0 if
zn—s 1s out of all splitting periods.

PROPOSITION 5.1. There is a constant K1 such that for all &,&) and z
as above and i < p(zo;&o,&)),
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wi@) e _ (60 €0)
© W€l wi @)l = p{f“z dcen) }

(7) Z(w} (&), wi(€)))) < bz Ai—1(&, &).

This proposition would not be very useful without a priori bounds for the
quantities involved. We explain how a bound for the right side of equations
(6) and (7) can be arranged.

LEMMA 5.1. Assume that (1) (§ is sufficiently large compared to ., (ii) §
is sufficiently small depending on « and (3, and (iii) b is small enough. Then
for all z9,&0,&),7 and n as above,

A, < 2e~3Pn < eode(zn)
and

K1Z dfo’fo < 1.

n=1

Proposition 5.1 and Lemma 5.1 are proved in Appendix A.14. Our first
application of Proposition 5.1 is to the case where &) = z;. We assume a, 3,0
and b are chosen so that the following is an immediate corollary of Proposition
5.1 and Lemma 5.1.

COROLLARY 5.1. Let 29 € Tgn be of generation k. Then for & € QM (2)
and i < min{k§~1, P(Zoafo)]w
(i) |w} ()| > Feae™

(i) at return to C(* ), w (o) is correctly aligned with 2eq-error.

5.2. A formal notion of “control”

Very roughly, a controlled orbit is one obtained by splicing together a
finite number of orbit segments each one of which is either free or bound to a
critical orbit. The goal of this subsection is to identify sufficient conditions at
the joints that will guarantee that the resulting orbit has desirable properties.

Let £ € R; be an arbitrary point.

Definition 5.1. We say &g is controlled by T'gn for M iterates, or equiva-
lently, the orbit segment &gy, &1, -+ ,&n—1 is controlled by gy, if the following
hold: whenever & € CV, 0 < i < M, there exists Q)| k < N, such that

(i) & € QWM \ B®) and
(11) min(ﬁ(zg,fz-), M - Z) S ]Ce_l where 20 = ZS(Q(k))
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Condition (i) guarantees that (A5) applies to &. Condition (ii) guarantees
that the guiding orbit zp remains active until either the bound period or the
period of control expires.

Orbits controlled by I'gny can be seen as follows: Let ni; > 0 be the first
time &; € CW. For i < ny, we regard &; as free. At time ni, we assume there
exists zg € gy satisfying the conditions in Definition 5.1. Such a critical point
is usually not unique. We make an arbitrary choice, call it gz?(gm), and define
de(€n,) = |0(&n,) — &n,|. From Lemma 4.1 we see that among the admissible
choices ¢(&n, ), de(€n,) do not differ substantially. Instead of ¢(-) and de(-), we
write ¢(-) and d¢(-) for notational simplicity.

For the next p(&,,, #(&n,)) iterates, we think of &,, as bound to ¢(§,,) as
in Section 5.1, inheriting from the orbit of ¢(,,) bound and splitting periods.
At the end of the p(&,,, #(&n, )) iterates, there may be some bound periods that
have not expired. In the interest of a nested structure for bound periods, we
extend p(&n,, ¢(&n,)) to p1, so that ny + p; is the first moment when all bound
periods initiated before ni + p; have expired. For the same reason as in the
proof of Lemma 4.6, we have p1 < (1+ $a)p(&n,, ¢(&n,)). (This uses condition
(i) in Definition 5.1.)

We regard &, 4+p, as “free”, and think of its orbit as remaining free until
ng, the first time > n; 4+ p; when &,, € ¢, For a controlled orbit, we are
guaranteed the existence of at least one critical point satisfying the conditions
of Definition 5.1 with respect to &,,. We think of &,, as bound to ¢(&,,) for
po iterates, and so on.

The process continues until the period of control expires. Splitting periods
with a nested structure are defined similarly.

Next we discuss what it means for a (&, wp)-pair to be controlled. Let &1
be such that 4e¢g < 61 K Kl_l where g and K7 are as in Section 4.1. Let & be
a controlled orbit, and let wy € X¢, be an arbitrary unit vector. The vectors
w; (§o) are obtained by using the splitting periods defined above.

Definition 5.2. We say (&, wo) is controlled by I'gn for M iterates, or
equivalently, the sequence (§o,wp), -+, (§ar—1, war—1) is controlled by gy, if
&o is controlled for M iterates and the following holds: whenever & e C(V,
0 <i< M, w} is correctly aligned with e-error, i.e. if ¢(&;) is of generation j
and d¢(&;) is as above, then Z(w} (&), 7) < e1dc(&) where 7 is the tangent to
the leaf of F; through &;.

A slightly expanded definition. It is convenient to expand the definition of
control to allow the following initial condition: If & € CY) and wy = v, then
the conditions in Definitions 5.1 and 5.2 are waived at time 0. (The rationale
for this inclusion is that since no splitting occurs at time 0, derivative recovery
is automatic.)
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The properties of a controlled (£, wp)-pair can be summarized as follows:

PROPOSITION 5.2. Assume that (o, wo) is controlled by Loy for M iter-
ates. Then

(1) there exist 0 <ny < ni+p1 <ng <ng+py <ng--- <M such that for
each 1,
(i) there is ¢(&,,) € Ton to which &,, is bound for p; iterates, p; ~
lOg dC (é"l) ’

(ii) & & c forn; +p; <j < mnig1;

(2) w} has the following growth properties:
|w:i+pi
wy, |

> K tes?Piy 7’ ' > —cgea O\ 1T ITP)
w

*
ni+p;

Proof. (1) is a summary of the discussion following Definition 5.1; the
estimate for p; uses (A5)(i). The second inequality in (2) follows immediately
from Lemma 3.5. The first is proved as follows: By Proposition 5.1, we have
\DTQ (v)| > %\DTg(ign_)(v)]. For purposes of this proof, it is simplest to split
off a vector from wy,, that is known to contract for p; iterates. Let e = e, be the
most contracted direction for Dngi on S = S(wy,,v). We claim that if w;, =
Ae+Bv, then |B| > K~ 'dc(&,,). (Reason: correct splitting is assumed at time
n;; the (normal) splitting period, £, is < p;; and so Z(e, eg) < (Kb)¢, which is <
bs ~ de(&n,).) (AB5)(ii) then gives ]DTg; (Bv)| > K_1|DT£'(L'£”‘)(V)|dc(§ni) >
K~1e3™:_ The addition of DTé’,f, (Ae) has negligible effect. O

In Section 2.2, we proved that for a class of “good” 1D maps, every orbit
not passing through the critical set has the properties in Proposition 5.2. A
consequence of the definition of control, therefore, is that (£y, wg)-pairs have
1D behavior.

5.3. A collection of useful facts

We record in this subsection a miscellaneous collection of facts related to
controlled orbits that are used in the future. Lemmas 5.2-5.6 are proved in
Appendices A.15-A.17. Proposition 5.3 is proved in Appendix A.18.

A. Relation between |w;| and |w}|.

LEMMA 5.2. Assume that (o, wq) is controlled by Ton for M iterates.
Under the additional assumption that dc(&;) > min(8,e=%%) for all i < M,

(8) K= |wj (§0)] < wi(éo) < K7'e**|w](&)], &= Kab.
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B. Angles at bound returns.

LEMMA 5.3. Let & be controlled by Ugn for M iterates, and assume that
at all free returns, w; is correctly aligned with < e1-error. Then at all bound
returns, w; is correctly aligned with < 3eq-error.

Since €1, the error in alignment of w; at free returns, can be > 3e,
Lemma 5.3 implies that the magnitudes of the errors at free returns are not
reflected in the angles at returns during ensuing bound periods provided they
are within an acceptable range.

C. Growth of |w;|, lw}| and ||[DT?||. The next three results provide more
detailed information on derivative growth than Proposition 5.2.

LEMMA 5.4. There exists N slightly smaller than %)\ such that if (§o,wo)
is controlled by Uy for M iterates, then for every 0 < k <n < M,

jwn| = K de (€)X "N ]

where j is the first time > k when a bound period extending beyond time n is
initiated. If no such j exists, set dc(&;) = 6.

LEMMA 5.5. The setting and notation are as in Lemma 5.4. If in addition
&n is free, then
|wn| > 5K—K0(n—k)e)\’(n—k)|wk‘.

If &, is a free return, then 0 on the right side can be omitted.

We finish by recording a technical lemma that will be used in Part III.

LEMMA 5.6. Suppose (§o,wo) is controlled for M iterates by T'gn, and
that de (&) > e~ for all i < M. Then there exist constants K and A\ > 0
slightly smaller than %X such that for every 0 < s <i< M,

IDTE| < Ke ™ |uwil.

D. Quadratic properties of turns. We consider in this paragraph the special
situation where the critical point on a C2(b)-curve is controlled. The quadratic
distance formula in Proposition 5.3 is used to prove estimates of the kind in
(A5).

The precise setting is as follows: Let v € C(Y) be a C?(b)-curve, and let
2o € 7y be a critical point of order M on + in the sense of Definition 3.2. (There
is no restriction on the size of M; it can be > N.) We assume that

(1) (20, V) is controlled by I'yx for M iterates; and
(2) de(z;) > min(6, =) for all 0 < i < M.
Let s — &o(s) be the parametrization of v by arclength with &y(0) = 2.
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PROPOSITION 5.3. For given sy > 0, let p(s1) = min{p(&o(s1),20), M }.
Then for all 0 < s < s1 and i € [{(s),p(s1)] with {(s) = 2%,
666) — 3l = 3| a0l o

where e; = e1(S) and S = S(v/,v).

6. Identification of hyperbolic behavior:
Formal inductive procedure

6.1. Global constants (mostly review)

For N = 1,2,---, we define below a set of “good” maps T : X — X
denoted by
Gn = Gn(fo, Ko,a,b; A, a; 6, 8,20,0).
The arguments on the right side can be understood conceptually as follows:

1. The first group consists of fo € M and three constants, Ky, a and b.
These items appear in the Standing Hypotheses at the beginning of Part II;
they define an open set in the space of C® embeddings of X into itself.

2. In the next group are A\ and «, two constants that appear in (A2) and
(A4). As we will see, (A2) and (A4) play a special role in determining if 7" in
the open set above is in Gy; they are analogous to (G1) and (G2) for 1D maps
(see §2.2).

3. Unlike the situation in 1D, auxiliary constructions are needed before
we are able to properly formulate (A2) and (A4). The constants in the last
group, namely §, 3,e09 and 6, appear in these auxiliary constructions. They
do not directly impact whether a map is in Gy, but help maintain uniform
estimates in the constructions.

In the definition of Gy, fo is chosen first; it can be any element of M. We
then fix Ky, which can be any number > || fo|/cs. Precise conditions imposed
on the rest of the constants are given in the text. We review below their (rough)
meanings and give the order in which they are chosen. To ensure consistency
in our choices, it is important that (i) only upper bounds are imposed on each
constant, and (ii) these bounds are allowed to depend only on the constants
higher up on the list (in addition to fy, Ko, and m, the dimension of X).
Except for A, all the constants listed below are < 1 and must be taken to be
as small as necessary.

Important constants, their meanings, and the order in which they are cho-
sen.

— A is our targeted Lyapunov exponent; it can be anything < %/\0 where
Ao is a growth rate of |f)| (see Definition 1.1). Once chosen, it is fixed
throughout.
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— Next we fix o and § and think of e=®" and e~”" as representing two small
scales. The requirements are that 0 < o, < min{\, 1} and 8 > K«
for some K depending on fy and Ky. The meaning of « is that critical
orbits are not allowed to approach the critical set at speeds faster than
e~®". Two orbits {z} and {2/} with |z — 2/| < ¢! are to be thought
of as “bound together”.

— €0, which depends only on fy, Ko and m, has the following meaning:
For z € C, vectors v € X, that make angles < eode(z) with certain
Fi-leaves are viewed as “correctly aligned”.

— The size of § is limited by many factors: examples of which include § < §g
where d is as in Definition 1.1, a bound used in distortion (Lemma 5.1),
the Taylor formula estimate at “turns” (Proposition 5.3), § < &g, and
some purely numerical inequalities (e.g. if 6 = e™#, then # K eH).

— Chosen last are a and b. It is best to think of a and b as very small
numbers that we may need to decrease a finite number of times as we go
along.

- The smaller a is, the longer f™(z),# € C, can be kept out of Cs,.

- The smaller b is, the more closely T' mimics F#.

— There is an important constant defined at the same time as b, namely

0= 1o§l where K is chosen so that % = ||[DT||72°. With this choice
b

of 6, critical orbits emanating from the same B®*) can be viewed as a
single orbit for k6~! iterates. We may, therefore, regard the number of
critical orbits (or “critical blobs”) present at time N as < K%V for some
K depending on fj.

When referring to Gy in the future, it will be understood that the ar-
guments above are implicit. In particular, Gy is the set of maps T satisfying
the conditions at the beginning of Part II with regard to some fixed fy, Ko, a
and b. Constants (such as K1) not on this list are regarded as local in context;
they must be specified each time they are used. Finally, we emphasize that
the generic constant K that appears in many of our results is allowed only to
depend on fy, Ko, m and A provided that the other constants are appropriately
small.

6.2. Three stages of evolution

Our construction of Gy comes in three distinct stages: For N < 9_1, the
situation is, in many ways, not far from that in 1D. This part is simple and
is disposed of immediately in the next paragraph. At time N = #~!, certain
local complexities of higher dimensional maps begin to develop, “turns” play a
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more prominent role, and the definition of Gy becomes necessarily inductive.
We have been building up the dynamical picture for this part in Sections 4
and 5 and will complete its construction in Sections 6.3 and 6.4. At N = 2,
the global structure of T" begins to depart from those of 1D maps. New ideas
are needed; they are discussed in Sections 7 and 8.

Getting started: the first =1 steps. Let T € Gy, and assume the leaves of

Fi are parallel to the z-axis. Let C' = {&1,--- , &4} be the critical set of f. Then
near each &;, there exists Z; such that e;(S) = 9, at (Z;,0) where S = S(9,, V).
A simple computation gives |Z; — &;| < Kb. Let I't = {(£1,0),---,(Z4,0)}.

These are the only critical points for the first ! iterates.

Before proceeding further, we observe that if g is a C?(b)-segment with
the property that ; := T%(yp) does not meet BW for all i < n, then the curves
~; are roughly horizontal for all i+ < n. This follows immediately from the fact
that for z with de(z) > bs and u € X, with s(u) < b1, s(DT.(u)) < bi (see
§3.5).

For N=1,2,---,07 1, let

Gy = {T €Gop| (A2) and (A4) hold for all zp € 'y and i < N}.

(A2) and (A4) are, as noted earlier, analogs of (G1) and (G2) in Section 2.2.

We claim that for 7' € Gy, (A3) and (A5) are satisfied automatically.
(A3) is easily verified since all b-horizontal vectors are correctly aligned at
de > e 07" > b5 (b < =5 by definition, so bs < e=*""). (A5) follows from
1D estimates: Let o be the curve joining & € QM) \B(l) to BM in (A5).
Then during its bound period, all tangent vectors to ~; are roughly horizontal
as explained above and curvatures are < K b:. An argument entirely parallel
to that in Appendix A.1 proves (A5)(i)—(iii).

Inductive scheme for going from N = 60~! to N =072, Beyond N = 1,
more critical points are needed as orbits emanating from B begin to diverge.
To help describe the structures needed for the identification of new critical
points, we have introduced a set of assumptions, namely (A1)—(A5). In Section

6.3, we will add another one, (A6), which is also trivially satisfied up to time
6=t Let

Gy = {T €Go| (A1)(N)-(A6)(N) hold, N <62
Observe that this definition is consistent with the one defined earlier for N <
6~!. The goal of Sections 6.3 and 6.4 is to prove the following:
(x) Let 7' < N < LN < 672 Assume T € Gy, and prove that if T
satisfies (A2) and (A4) up to time =N, then it is in G

The time step of the construction above is determined by the fact that at
times < %N , the lengths of the bound periods are < N. This ratio is noted
in the paragraph on “three important time scales” in Section 4.1.
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Why stop at N = #~2? We emphasize that the material in this section is
for iterates N < #~2. The reason for this time restriction is that as mentioned
above, the sets T"BW) begin to get “large” at k = #~1, affecting the geometry
of the critical regions. (Al) and (A6), which we will introduce shortly, cannot
be sustained as formulated for N > 2.

Notation.  In this section and the next, we will be working with the
foliations Fj,. Given that we have defined F; to be the initial foliation on Ry,
it is advantageous in discussions involving Fj, to let £&; denote arbitrary points
in Ry and 71 unit tangent vectors to the leaves of Fj. This convention (instead
of the usual (§p,70)) leads to more pleasing notation such as & € Ry and 7
as tangent vectors to the leaves of Fy.

6.3. Controlling Fj, and pushing forward (Al) and (A6)

One way to gain a better grip on the geometry of Ry, is to control (&;,7;)
for & € R;.

Rules for setting control. (1) We stop controlling (&;,7;) once &; enters
BW: this is compatible with the idea that TB® k =1,2,.-- ,i#~, is to be
seen as the orbit of a single point.

(2) In our inductive scheme to be detailed shortly, the control of (&;,7;)
proceeds in parallel with the construction of I';. For this reason, we will take
¢(&) € I,

(3) As explained in Section 5.2, it suffices to set control at free returns.
Let ¢ be a free return. Then ¢(&;) is chosen as follows: If there exists j < ¢
such that & € CU)\ CUTD | then we let ¢(&;) = 25(QV)) where QW) = QU) ().
If & € QU we have no choice (in view of (2)) but to let ¢(&;) = z5(Q®).

To the five assumptions (A1)—(A5) in Section 4.1, we now add another
one. We say the foliation Fj41 is controlled on Ry4q by I'y if for all & € R;
and i < k, (&,7;) is controlled by T’y provided & & BW for all i < k. (The
indices in the last sentence are intended as written: we say Fy41 is controlled
because control of (§;,7;) for i < k leads to geometric knowledge of the leaves
of fk+1.)

(A6) (N) For all k < ON, Fj41 is controlled on Ry by I'.

At this point we would like to assert that (A1)(:LN) and (A6)(:LN)
hold for T € Gxn. A proof would involve simultaneously constructing C*) and
I'x, and using I'y to control Fiyi1. What prevents us from making a clean
statement to this effect at this time is that without having first assumed or
proved (A2)(k0~1)—(A5)(k0~1') for k > ON, we cannot, in principle, conclude
that orbits controlled by I'y, have the properties in Section 5.3.
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We examine the situation more closely: Assume T satisfies (A1)(N)-
(A6)(N). Fix 6N < i < LON, and assume (A1)(i0~') holds. Let & € c
be an arbitrary point. We define ¢(&;) as in (3) above and assume that 7; is
correctly aligned (with respect to F; where j is the generation of ¢(&;)). The
discussion below pertains only to time < éeN .

Case 1. j < ON. In this case, (&, 7;) is controlled by I'yn for the next
min(p, é@N — 1) iterates where p is the bound period between &; and ¢(§;).

Case 2. j > 0N, and & ¢ BN). The conclusion is as in Case 1. The
orbit of 29 := #(&;) and that of zy = 25(BON)(4(&;))) remain extremely close
during the period in question (more precisely, |2 — 2| < [|DT||¥b% < e=PF),
and it makes no difference whether we view &; as bound to Zy or to zp.

Case 3. j > 60N and & € BN) . The estimate in the last paragraph shows
that & is bound to ¢(&;) — and to z(BON)(¢(¢;)) — through time LON. From
Proposition 5.1, we know that e, is well defined on all of BON) for all £ < N,
and by our correct alignment assumption together with Lemma 4.7, 7; splits
correctly. The evolution of the v-component at &; can then be compared to
that at z(B®N)) by Proposition 5.1 and Lemma 5.3.

The discussion above tells us that in the control (£1,71), (&2, 72), -+ up
to time $0N, the only role played by T'y \ Tyny and Fj for k > ON is to
determine the correctness of alignment and subsequent splitting period at free
returns. The rest of the control is really provided by I'gyy. We have argued
that Lemmas 5.2-5.6 apply up to time ﬁ@N . Nevertheless, to distinguish
between the present situation and that after we have conferred (A2)—(A5)
upon I'y, we will say, if correct alignment holds for all 7 < k, that the sequence

(&1,711), -+, (&, Tk) is provisionally controlled by T'.

We now state the main result of this subsection.

PROPOSITION 6.1. Let 71 < N < %N < 6072, and assume T satisfies
(A1)(N)—(A6)(N). Then for 6N < k < LON:

(a)r C®) and T, with the properties in (A1) can be constructed;

() if& € Ry is such that & & BW for alli < k, the sequence (&1,71), - - - (€, T)
is provisionally controlled by T'y.

Proof. We assume (a); and (b); for all i < k.

Proof of (a)i. Noting that it makes sense to speak about those segments
of Fi-leaves that are provisionally controlled as being in a bound or free state,
we begin with the following result of independent interest:

LEMMA 6.1. Let v be a leaf of Fi. If every & € ~ is free, then v is a
C?(b)-curve.
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Proof. That 7, is b-horizontal follows from Corollary 4.1. As for cur-
vature, we appeal to Lemma 3.3 after using Lemma 5.5 to establish that
|| > SK~KOG=D|7,| for all i < k. O

Let  be a leaf segment of Fj, meeting C*~1). We claim that it is contained
in a maximal free segment that traverses the entire length of Q*~1) extending
as a C?(b)-curve by > %e‘“k on both sides. To see this, let &, € R be such
that de(&k) < %e‘o‘k, and suppose it is not free. Then there are only two
possibilities: (1) For some i < k, & € B and we stopped controlling its
orbit, or (2) &; is controlled for all i < k, and & is in a bound period initiated
at some time i < k. (1) is not feasible, for if we let 29 = 25(B®), then
de(zp—i) > e~ **=) and diam(T*B®) < e+~ (here we need k < 071),
contradicting de (&) < %e*ak. (2) is also impossible, for if we let zg = ¢(&;),
then de(zp—;) > e~ =9 while |&, — zp_;| < e PF—1) « g=olh=i),

We have proved that R;NQ®* 1 if non-empty, is the union of a collection
of horizontal sections {H}. In each H, we arbitrarily pick an Fj-leaf v. The
critical point z5(Q*~1) constructed in step (a)y_; induces a critical point of
order k — 1 on v (Lemma 4.3 and 3.8). By Lemma 3.9, this critical point can
be upgraded to one of order k. We make it an element of 'y, and construct
a Q) of length min(26, e=**) centered at it. Doing this for every horizontal
section H that passes through every QF—1) k)
and I'y.

Itk follows directly from the next lemma that the sectional diameter of Q)
is < b2.

completes the construction of C

LEMMA 6.2. Every &, € QW) is contained in a codimension one manifold
W with the property that

(i) W meets every connected component of Fi-leaf in Q™ in exactly one
point;

(i) for all &,&, € T-*=DW (& — €| < b for all i < k.
Lemma 6.2 is proved in Appendix A.19.

Proof of (b),. As noted earlier, it suffices to consider the case where &
is a free return, and it suffices to show correct alignment of 75, at £;. Let v be
the maximal free segment of Fyp-leaf containing &. Then the endpoints of ~
are in a bound state, and so are outside of C(¥).
for the relation between v and C*).

This leaves two possibilities

Case 1. ~ passes through the entire length of some Q*). We consider
QW c Q1 <« Q=2 < ... until we reach the first Q) that contains &.
Since & € (QW N Rj41) \ CUTY | de(&) > e AU+, We let 4 be the F; leaf
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through &, and apply Lemma 4.3 to obtain two points v(0) and 4(0) in v and
4 respectively with

(1) [&x —7(0)] = [& — 7(0)| ~ dc (&), and

(i) Z(4(0),7/(0)) < Kbi.
Letting 7; and 73 denote the tangents to 4 and v respectively at £, and using
the fact that v and 4 are C2(b)-curves between the points in question, we have

Z(%5, ) < £(75,4(0)) + £(3(0),7/(0)) + £(v'(0), )

Kb i Kb
< 5_3dc’(§k:) + Kb + FdC(fk)
<bide(&r).

Case 2. ~ does not meet C*). We first formally treat the geometry before
making the required angle estimates.

Geometry: (i) Let j be the largest integer such that & € QU so that
& € H\QUTY where H is a component of Rjiq NQY). Suppose for definiteness
that & lies in the right chamber of H \ QU We move along ~ to the left
until we reach either &, the left endpoint of 7, or the right boundary of QU*Y
whichever happens first. Once £ is reached, we stop. Otherwise we continue
moving through QUtY until we reach either ¢ or the right boundary of QU*2).
(We have used implicitly the fact that «, which is a leaf of F, does not meet
OR; for i < k.) By assumption, & is reached before we arrive at Q%), so that
¢ € U\ cU'*Y for some j' with k > j/ > j.

(ii) We note that £ can also be regarded as in bound state, and argue now
that ¢(§) is to the left of £. More precisely, we write & = ng, let n;,i < k,
be the last free return, and let ¢(7;) = Z9. Recalling the definition of ¢(-) for
critical orbits (§§4.1 and 4.3A), we deduce that ¢(£) = ¢(Z;—;) is of generation
j" for some j” < j' (it can be considerably smaller), and that both ¢ and 2;_;
are in QU") \B(j”). To see that € is in the right chamber of Q") \B(j//), we
interpolate between QU") C --. ¢ QU") noting that the right chamber of each
Q) does not meet the left chamber of Q1.

Angles: Let 4 be the leaf of F; through &, and 7 the leaf of 7~ through &.
We will use the following notation: 7 ¢, and 7 ¢ are tangents to 7y at &, and
§ respectively; 7;¢, is tangent to 4 at &, and 7;~ ¢ is tangent to ¥ at . Then
L(Thgr Tign) < £(Thgor Thg) + L(Thgs T g) + £(Tjo g T )
The terms above are estimated by
(1) Z(Thers The) < S21€ — & since v is free and hence C2(b);
(i) Z(The, Tjre) < 3e0lé—(2k—s)| since & = ny is a bound return (Lemma 5.3);
(iil) Z(7jm6 Tj6.) < b3 minGd") 4 Bbi¢ — ¢| from Lemma 4.2.
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Also, we have argued that ¢(Z;_;) is to the left of &, so that |§ — &,
€ — ¢(2k_i)| < dc(&). These inequalities together with de(£) > b3 and

"

de (&) > de(€) > b5 give L(The,, i) < deode (&) O
6.4. What it takes to go from Gy to G y

In this subsection we fix N with §~! < N < %N < 0_2, and assume that
T € Gy, ie. (A1)(IN)-(A6)(N) hold for T It is proved in Proposition 6.1 that
without further assumptions, (A1)(2N) holds automatically. The purpose of
this subsection is to determine what constraints we need to impose on T to
put it in g% N

(A2): Rate of approach to critical set. By assumption, all zg € Tyn
obey (A2). At issue is whether or not z9 € I' 1 gy \ I'on obeys (A2) as
stated in Section 4.1. We distinguish between the two time intervals [1, N] and
[N +1,-LN]: On [1,N], each 2 € I' 1 gy \ Ton follows closely a critical point
of generation #N (Corollary 5.1). The two orbits do differ by a little, however,
so it is possible for z; to violate slightly the condition in (A2). On [N +1, %N],
there is no reason why (A2) is respected by 20 € I' 1 gy \ I'ony. We conclude
that (A2)(=

o
inGiy.
=

N) is a new condition that must be imposed on 7' if it is to belong

(A3): Correct alignment. We will prove that (A3), in fact, comes for free.
The mechanisms for ensuring correct alignment of w; at free returns and at
bound returns are entirely different. At free returns, this comes from geometry,
from the “rank one” character of T in particular. At bound returns, it comes
from copying. We emphasize that we do not deduce (A3)(LN) directly from
(A3)(N). We prove it from scratch, in a sense, keeping track of the increase

in error each time the picture is copied.

PROPOSITION 6.2. Let T € Gn. We assume I' 1 gy is constructed, and

fix 20 € T 1gy. Also, assume the condition in (AZ)Q is imposed on zy up to

time O}*N.5 Then (z0,Vv) is controlled by T'gn up to time %N. In fact, we

have the following stronger results:

(i) If z; is a free return, then w; is aligned correctly with error < d¢(z;) < €g.

(ii) If z; is a bound return, then w; is aligned correctly with < eo-error.

Proof. To establish control for the orbit of (zg,wp) with wy = v, we define
@(z;) for 1 < al N according to the rule in Section 4.1, i.e. ¢(z;) is the critical

By this, we mean the condition dc(z;) > min(d,e”*%) is assumed but only for the orbit
of zp; i.e., no assumptions are made on the behavior of other critical orbits beyond time N.
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point of highest generation j < a*#i < §N with the property that z; € C\9).
Note that this implies ¢(z;) € Ton.5 With (A2) imposed on 2y, Lemma 4.4
shows that the conditions in Definition 5.1 are met. Correct splitting is proved
inductively as follows. Assume that (zg, wp) is controlled for k — 1 iterates by
Tyn for some k < $N.

(i) 2 is a free return. Let j+1 be the generation of ¢(zy), and let 7., j11
be tangent to Fj;1 at z,. We need to show Z(wy, 7, j+1) < €ode(2x). Let
& =T Iz, ie. zp = &j41. From (A6)(N), we know that (£1,71) is controlled
for j iterates unless &, € B for some n < 7, which is impossible because
that would contradict our assumption that z; is free (j 41 < #~! is again used
here). Observe that

‘DTgl’wk,j A DTEj1 7'1|

A(wka Tzk,j-&-l) = Z(DTglwkfj’ DTngl) S

|wg || 7541
A : s
\wkHTJH\ w7541

The second inequality above comes from Sublemma A.4.2 in Appendix A.4; the
rest are straightforward. To estimate the quantity in the final bound, we claim
that |7f1’; || < Ke "7 where ) is slightly smaller than %A. This is because
(z0,wp) is, by inductive assumption, controlled by T'yy for k iterates and zp
being a free return, Lemma 5.5 applies. Next we claim that —— < Ke "7,
This is again a consequence of Lemma 5.5, after we estabhsh the following:
With j < ON, ({1, 71) is a controlled pair by (A6)(N), and ;4 is a free return
because the bound-free structure on the orbit segment &1,&2,- -+ ,§;41 can be
taken to be identical to that of z;_;, zx_j41,- - - , 2, except that bound periods
for z; initiated before time k — j do not count for &;. Thus Z(wg, 7, j+1) <
(Kb).

Correct alignment at zj; is now straightforward: If j +1 < 60N, then
L(Why Top j11) < (Kb)Y < €™M ~ (de(zp))%. In general, de(zg) > e % >
e+ N) g0 that if j + 1 = 0N, then

L(wp, Ty 1) < (KDY = (K0)"N 71 < 673N = e7GEN) < (de(2))?.
This completes the proof of the free return case.

(ii) 2z is a bound return. Consider first the following scenario: Suppose
2j,j < k, is a free return, and the bound period initiated at that time extends
beyond time k. Let ¢(z;) = 2o, and assume Zj_; is a free return.

We estimate the error in alignment at z; as follows: Let g and § be the
generations of ¢(z;) and ¢(2;—;). We claim that g > g — 1. This is because if
Zp—j € Q™) then z is also in Q™ — or it is just outside, in which case it is

5This is the reason why we require j < a*6i in our definition of ¢(z;) in Section 4.1.
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in the Q1) containing Q™ (see Lemma 4.5). Now in the definition of ¢(-),
there is an upper bound on the generation of the guiding critical orbit. Since
k > k — j, a more stringent upper bound is imposed on Z;_; than on 2, hence
the assertion.

In the discussion to follow, we let 7., denote the tangent to the F,-leaf
at z. The angle to be estimated, Z(w}(20), 72, ,¢), is bounded above by

L(wi(20), Tzi9) < L(w(20), wir—;(20))
+L(wy—j(20), Tz 56) T L(Ta .45 Teng):
From part (i), we have that the second term on the right is < (de¢(zx))%:
Zr—; is free, and d¢(2) ~ de(Zk—j) from Lemma 4.5. The third term is
< Kbi@1) 4 Kps—3e=B*=3) from Lemma 4.2. To estimate the first term
we write w;(29) = Aey_; + Bv to obtain
£(wi(20), wi—j(%0)) < Z(wi—j(25), w—j(20)) + (Kb)*
1 . , .
< 58_5 (k=0) 4 (Kb)k—;
the second inequality is from Proposition 5.1 and Lemma 5.1. Plugging d¢(zx) >
b3~ (Lemma 4.4) and de(z;;) > e~**~9) into the three estimates above, we
obtain
L(Wi(20), Tang) < de(21) {de(2) + KeGA=0E=D 4 (Kp)k=T 4 Kpa— D}
< Eodc(zk).
In general, there exist j; < jo < -+ < Jp, < k and 73(()1),--- ,73(()”) € I'gn

such that
).

)

— zj, is the last free return before time k, with ¢(z;,) = 2(()1

- él(cljjl is not a free return; its last free return is at time jo, with ¢(2§i)_jl)
- 2,(2 i is not a free return; its last free return is at time j3, and so on,
until

— finally, él(cri)jn is a free return.

Considerations similar to those above show that as we go through the different
layers of bindings, the errors in alignment form a geometric series which add
! , .

(A4): Growth of |w}|.

COROLLARY 6.1. Under the hypothesis of Proposition 6.2, for the critical
orbit zg in question,

|wj (20)] > Kle(3A=20)(-N). N<i<

N.
wy (20)] .

1
o
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This corollary, which follows from the control of (zg, v) proved in Proposi-
tion 6.2, the condition in (A2), and Lemma 5.4, is in the direction of maintain-
ing (A4)(Z=N) but the gain in Lyapunov exponent is only about % of what is
needed for that purpose. Indeed, (A4) is not a self-perpetuating condition: the
exponent in Corollary 6.1, when copied again in future inductive steps, may
lead to a downward spiral in the Lyapunov exponent along critical orbits.

We conclude that (A4)(ZN) must be imposed (by external means) to
ensure that T € Q%N.

(A5): Quadratic turns, lengths of bound periods and derivative recovery.

PROPOSITION 6.3. Let T € Gy be such that (A2)($N) and (A4)($N)
hold. Then (A5)(Z=N) holds automatically.

Proof. Let 29 € I'_Lyy be fixed. Suppose 2y = ZS(Q(k)), and let & €
p

Q™ \ B®). For the definitions of and relation between p(zo, &) and p(zo, &),
see Section 4.3B.

Proof of (A5)(iii).  Let 5 be the Fj-leaf containing & in Q%). Then
there exists Zp € v N B®) such that % is a critical point of order p =
min{p(z0,&), k0" } on 4. For all practical purposes, zg and Z are indis-
tinguishable for p iterates, so we may regard Zy as satisfying the hypotheses
of Proposition 5.3 (which zp has been shown to satisfy). Proposition 5.3 then
gives the desired result (with Z instead of zp).

Proof of (A5)(i). For the lower bound, we have, for all j < m,

_2h G —
3

& = 2| <IDTIF 1o — 0] <& < & Frmio,

proving p(zo, o) > WIDTH'

For the upper bound, by Proposition 5.3, p = p(20,&p) is the smallest
integer i such that |w;(0)] - |20 — &|? > K;'e . We claim that p < % If
not, then

was (20)] - 20 — &of2 > K==k (20)] - |20 — &of? > KX ¥ ¥ e 2 > 1.
A X
Lemma 5.2 is used in the first inequality above.

Proof of (A5)(ii).  First we consider p = p(z0,&p), for which we have
lws(Z20)| = |wp(20)| (Corollary 5.1), and

120 — &ollwp(20)] = (120 — £ollwp(20)|2) - [wp(z0) |2
> Kz — &) - lwp(20)[> by (A5)(iii)

AP

_1 _Bs AP
>K le 2P . e,
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Now let p € [p, p(1+$)]. From Lemmas 5.2 and 5.4, |wy(20)| > e~ **P|wp(20)],
and so

|20 — &ollwp(20)] > K te 4Pe2P . e% > e3P, O

(A6): Control of foliations. With (A2) and (A4) assumed and (A3) and

(A5) proved up to time LV, the provisional control proved in Proposition 6.1

"
is, by definition, upgraded to control in the usual sense.

Summary. (x) in Section 6.2 is proved.

7. Global geometry via monotone branches

The purpose of this section is to introduce the main geometric ideas needed
to construct T € G, beyond N = #~2, and to reformulate (A1) and (A6) to
accommodate these new geometric structures.

7.1. Introduction

The idea of studying piecewise monotonic 1D maps via their monotone
branches has been used many times. We attempt in this section to introduce a
corresponding notion for T'. For small n, it is easy to see that R, is the union
of sets that are tubular neighborhoods of 1D monotone curve segments. These
should be, by any definition, monotone branches of T'. For n < §~!, we have
seen that R,, is punctuated by (tiny) sections that are T"-images of B~ i.e.
the “critical blobs” of Section 4.2. Intuitively, these sets are located at sharp
“turns”; they divide R, into connected components that are comparatively
“straight”. Leaving precise definitions for later, we think of these components
as monotone branches of generation n.

The picture in the last paragraph cannot be maintained indefinitely, how-
ever, for it relies on the fact that critical blobs are very small compared to their
distances to the critical set. As n increases, it is inevitable that the images of
B®) will grow large, making it impossible to keep them away from the critical
regions. See Figure 2. As explained in Section 6.2, the significance of time
N = 672 is that at time 62, the geometry of Ryg-1 becomes relevant, and 6!
is the time beyond which we cannot guarantee the smallness of the images
of BM.

critical region

Figure 2. The images of B®*) cannot avoid critical regions forever
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To avoid dealing with the situation depicted in Figure 2, we declared in
Section 4.2 that B®*) ceases to be active after k0~ iterates. Once B*) ceases to
be active, we must “discontinue”, i.e. stop considering, the monotone branches
that end in 7% B®*). We do not wish to relinquish control completely of the
region occupied by a discontinued branch, however, for it is likely to contain
part of the attractor.

Central to our scheme is the idea of branch replacement. We will prove that
all monotone branches that are discontinued can be systematically replaced by
branches of higher generations, so that at every step n, there is a collection
of “good” branches of generations ~ n that together account for all parts of
the attractor. This replacement procedure is discussed at the end of Section 8,
after we make precise the notion of a monotone branch and integrate these new
geometric ideas into the dynamical picture described in Sections 4, 5 and 6.

A 2D version of monotone branches was introduced in [WY1]. They were
not used, however, in the inductive construction of the dynamical picture.

7.2. Formal definitions and assumptions

The idea of monotone branches is inseparable from that of critical regions.
Any definition necessarily assumes that certain relevant critical structures have
been identified. Likewise, the identification of these critical structures relies
on the idea of monotone branches. Definition 7.1 below is how we have elected
to enter this inductive cycle.

We say A1 U Ay U Ag are contiguous sections of Ry if (i) each A; is a
section of Ry, and (ii) if ®; : [-1,1] X D,,—1 — Ry are the defining maps
for A; (see the definitions immediately preceding Part II), then for i = 1,2,
®i({1} x Dyp1) = Pip1({—1} X Dp1).

Definition 7.1. Let T € Gy and n > 2. Suppose that for each & < n,
a collection of sections {B®)} of R has been identified. Then a monotone
branch M of generation n for T is a section of R, that is the union of three
contiguous sections F U M° U E’ with the following properties:

(a) There exist i,i’ < n and B9 B"=%) such that
(i) T7HE) = B and i < (n—i)0~ %,
(i) T=(E') = B™%) and i/ < (n —i")0~;
(b) for all i < n, T—/(M°)N B9 ={ for all B9,
E and E’ are called the ends of the monotone branch M, and M?° is its
main body. We say the end E has reached the end of its period of activity if
i=(n—i)0"'. For T € Gg—» and k < =1, {B®} is as in Section 4.1. Thus we

know from Sections 4-6 that monotone branches of generation n < §~! +1 are
well defined. In this time range, every R, is the union of a finite number of
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monotone branches, with adjacent branches overlapping in T°B("~% for some
Bn=),

Remark. In the case that [ is an interval, there are two special branches
of generation n for all n > 2 with the property that one of their two ends is
T"=Y(V;). Here Vi and V3 are the two “vertical” components in the boundary
of Ry; see Section 3.9.

Tree of monotone branches. Associated with T" € Gy-2 is a combinatorial
object Uj<g<p-17}, defined as follows: We declare R to be the unique monotone
branch of generation 1 (even though it has no ends), and let 7; = {R;}. In
general, 7, consists of a collection of monotone branches of generation k. Let
M € T, for some k < 0~'. Here is how M reproduces: By construction, M
either does not intersect any of the B®*), or it contains in its main body a
finite number of them, say Bi, Bs,--- , Bs, in that order. In the first case,
T(M) € Ti+1. In the second, T'(M) is the union of s+ 1 elements of 741, the
main bodies of which connect T'(E) to T'(By1), T(B;) to T(Bi+1), and T(Bj)
to T'(E'). This construction defines a finite tree with =1 levels.

Suppose for n > 67! the tree Ui<k<n7k is defined, i.e. each 7}, consists of
a collection of monotone branches of generation k& and 7; and 7j41 are related
as above. We assume further that the critical regions Q™ and B(™ have been
identified. Then we may extend the tree to level n 4+ 1: Consider one M € 7,
at a time. First we check to see if either one of the two ends E and E’ of M has
reached the end of its period of activity. If so, the branch M is “discontinued”;
i.e., we do not iterate it further. If not, then M reproduces as in the last
paragraph, and 7,1 consists of all the offspring so obtained as M ranges over
7,,. (Note that no branch is discontinued for n < #71.)

Provided that the relevant monotone branches and {B*)} are well defined
and are related in the manner described above, one can extend 7, indefinitely
and obtain, as n — oo, an infinite tree 7 := Up>17}.

We turn next to the inductive construction of 7;, and C*). From the pre-
vious discussion, it is clear that the construction of these two objects must
proceed hand in hand. Moreover, after time N = 62, due to the discon-
tinuation of certain branches, the structure of critical regions becomes more
complex, and (A1) and (A6) have to be modified accordingly. In (A1") and
(A6") below, we try to give as complete a geometric description of these struc-
tures as possible, without seeking to present a minimal set of conditions.

(A1')(N) Critical regions. For 1 < k < AN, there are sets C*) called
critical regions with the following properties:

(I) Geometric structure. C™V) is as defined after Section 3.4. For k < N,
C¥) has a finite number of connected components {Q(k)} each one of which is
a horizontal section of Ry.
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(a) Relations among different Q(*):

(i) For Q¥ and Q) with k < ¥/, either Q*) c Q) or Q%) N Q) = ¢.
This defines a partial ordering on the set {Q*),1 < k < N} with Q < Q'
if and only if Q' C Q.

(ii) If Q) < ... < Q) is a maximal chain,” then k; 1 < k;(1 + 26).
(b) Properties of individual Q(*):
(i) Q™ has length min(26, 2e~**) and cross-sectional diameter < b .

(ii) Exactly halfway between the two ends of Q%) a point zy = 23 Q™) is
singled out; zq is a critical point of order k with respect to the leaf of the
foliation Fj, containing it, and B®*) := {z € Q) : |z — 2|, < b5}.

(IT) Construction and relation to T. Let M € Ty, k < 6N, and let Q
be a component of CY), (14 20)~'k < j < k. Then either M N Q = 0 or it is
the union of a finite number of horizontal sections each one of which extends
> %e*ak on both sides of Q. If M N Q # B, then each connected component
H of M NQ contains a unique Q) which is located in roughly the middle of
H in terms of the z-coordinate. All Q%) are constructed this way.

(A6')(N) Monotone branches. Ug<r<gnTi+1 is defined with the following
properties:

(I) Construction and relation to C). For each M € T, 1 < k < 6N,
either M does not meet any B*) or it contains in its main body a finite
number of them, and it reproduces as described in the paragraph on “Tree of
monotone branches”.

(II) Dynamical control. For M € Up<g<gnT+1, Fr+1 is controlled on M°
by T'g.

(IIT) Relation to Ry,. For k < ON(1 +260)~ 1,
Ri(i420) € U{M, M € Up<jcpi420)7;}

As before, we call zS(Q(k)) a critical point of generation k, and let I'y
denote the set of critical points of generation < k.

We are finally in a position to give the definition of Gy that is valid for
all N € Z+:

On = {T € Go | (AL)(N), (A2)(N)—(A5)(N), and (A6')(N) hold}.

"By “maximal” we mean no other Q) can be squeezed between between Q%) and
Q(ki-f—l).



TOWARD A THEORY OF RANK ONE ATTRACTORS 397

The goal for the remainder of Part II, then, is to prove the following,
which is a more general statement than (*) in Section 6.2:

(#x) For all N > 0~1,if T € Gy satisfies (A2) and (A4) up to time =N, then

a*

it is in Q%N.

7.3. Clarification and implications

We have tried to capture in (A1’) and (A6') a relatively concise summary
of the geometric structures that appear after generation #~'. Before embarking
on a formal proof of (xx), we would like to take this subsection to elaborate on
the implications of these statements and to highlight those features that are
new.

In the discussion below, T' is assumed to be in Gy.

(1) Neighborhoods of attractors. Our attractor 2 is defined to be Q =
Ni>1Ry. For k < 6~! it is natural to see Ry as an approximation of Q with
“finite geometry”. Beyond k = 67!, we are forced to choose between Ry, the
geometry of which becomes increasingly complex, and something with simpler
geometry. We opted for the latter. The set Upse7, M, is in general not a
good approximation of Ry; in particular, Uprer; M 5 Q. On the other hand,
(A6')(III) tells us that for all j, U{M, M € Uj<rcjat20)Zx} O Q. That is to
say, while any one level of the tree 7 may not be adequate, sets that are unions
of branches from ~ j6 levels starting with level j are bona fide neighborhoods
of Q with finite geometry.

(2) Structure of critical regions. (a) The structure of C*¥) in (A1’) is not
as complete as that in (A1). First, these regions are no longer nested; i.e. it is
not necessarily the case that C**1) ¢ C(¥), From its construction in (A1")(II),
however, it follows that

ck) U 2

(1420)-1k<j<k

(b) The following structure inside each component Q of C*) is used many
times in the analysis to follow:®

— With regard to the partial order in (A1")(I)(a), there exist components
of CY), j > k, which lie immediately below Q, i.e. if we call these com-
ponents Q;, then @; > @ and there is no other Q" with Q; > Q" > Q.

— By (A1)(I)(a)(ii), Q; is of generation k; with k < k; < k(1 + 26). We
remark that for k < 67!, k; = k+ 1. For k > 67!, this is not necessarily
the case. The phenomenon described here will be referred to as the

81f the degree of T is zero, then it can happen that Q N (Uj>kc(j)) =0.
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“skipping of generations”’; it introduces a number of technical problems

(that will be addressed in §8.1).

— By (A1')(II), each Q; is contained in a horizontal section H; that stretches
across (), extending considerably beyond, and

— if k <ON(1+20)7", then by (A6')(IIL), (Q N Ry(1420)) C UsH;.
We caution that there may be points z € Q%) N R4 that are not in U; H;.

(3) Eventual set of critical points. At the end of our inductive construc-
tion, there is a set C defined by
C = lim Iy or, equivalently, C = Np>0Uk>n k).

k—o0

C is the set of critical points for T' € G. Note that all orbits of zg € C satisfy
(A2) and (A4).

(4) Critical blobs and geometry of monotone branches. (a) In the notation
of Definition 7.1, F and E’ are precisely what we called critical blobs in Section
4.2. The requirements that n —i < 0~ and n — i’ < '6~! are equivalent to
discontinuing M as soon as one of z(B®) or 2% (B)) ceases to be active.

(b) We state a result which together with Lemma 6.1 reinforces our mental
picture of what a monotone branch should be: either M is relatively small (such
as when all or most of it is in bound state), or it consists of a relatively long
horizontal section, namely the part that is free, connecting two relatively small
pieces at the ends consisting of points that are in bound state.

LEMMA 7.1. Let T € Gy, N > 071, Then for M € T, 1 < k < 6N, the
set

{&y1 € M : &y is free},

if nonempty, is a connected set omitting a neighborhood of E U E" in M.

Corollary 7.1 below is a direct consequence of Lemma 7.1. A bound of
this type is needed in the treatment of parameter issues in Part III.

COROLLARY 7.1. There exist K1, Ko depending only on fo such that for
all T € Gy, the following hold for k < ON:

(i) M € T}, has at most Ky children;

(ii) C®) has at most K% connected components.

Lemma 7.1 and Corollary 7.1 are proved in Appendix A.20.

We note again that (A1’) and (A6’) are consistent with (A1) and (A6) for
6~2. This is because no monotone branches are discontinued before time
62,

I IA

N
N
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8. Completion of induction
8.1. Preparation: Sections 4, 5 and 6 revisited

Assume T € Gy. We begin by bringing to the foreground how the new ge-
ometry introduced in Section 7 affects the statements and/or proofs in Sections
4, 5 and 6.

1. Angles between leaves of Fy, for different k (Lemma 4.2): The statement
of Lemma 4.2 is unchanged. Its proof, as stated, compares the leaves of Fy
and Fj. by going through the leaves of F; for all intermediate j. Since not all
of the QW) are present, the argument needs to be modified slightly: Replace
k+ibyk,i=01,---,n, where Q) = Qo) 5 Q1) 5 ... 5 Q=) = Q)
are the critical regions present. Since k;+1 < k;(1+20), the proof goes through
as is.

2. Distances between critical points (Lemma 4.1): The statement of
Lemma 4.1 is unchanged. In the proof, which estimates |25 (Q®)) — z5(Q*+1)],
replace k + 1 by &k’ where k' is the generation of the next Q) inside Q). To
use Lemma 3.8 to induce a new critical point it suffices to have 4 traverse
B®)_ This holds easily because k' < k(1+26). The order of the newly induced
critical point is then updated as before.

3. “Reproduction” of critical blobs (last paragraph of Section 4.2): Let
Q and Q; be as in paragraph (2)(b) in Section 7.3, and let B*) and B
be associated with Q and Q; respectively. Then at time k61, Tke_l(B(k)) is
replaced by {75 (B 1)), ... Tk (B’ )} i.e., in the absence of in-between
generations, some of the critical blobs T5"" (B%:)) may be born a little earlier
than before.

4. Existence of suitable ¢(-) for critical orbits (Lemma 4.4): This is a
genuine concern, since fewer critical regions and therefore fewer critical points
are available. Both the definition of ¢(z;) and the statement of Lemma 4.4 are
unchanged. Its proof is modified as follows:

Case 1. j(1 4 260) < a*@i. This implies z; € QY N (H \ QUY) for some
horizontal section H of generation j crossing QU), j < j < j(1 + 26).

Case 2. j < o*fi < j(1 + 26). Here all j + 1 are replaced by j(1 + 26),
and de(z;) > e~ is used as before.

In both cases, there is enough room for the new estimates to go through.

With regard to Section 5, unlike the situation in the last paragraph, the
results in this section assume the existence of guiding critical orbits and so are
unaffected. We go directly to Section 6.3.

5. Setting control for (§k, ) (§6.3): Here we need to set control for all
& e M°nCY, M e 7;. The rules on the selection of #(&;) at free returns
are essentially the same as (1)—(3) in the beginning of Section 6.3, with (3)
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modified to read as follows: If there exists j < i such that & € CU) \Uk>jC(k),
then we let ¢(&) = 25(QUY(&)); otherwise ¢(&;) is of generation i. At issue
is the suitability of this choice of ¢(&;). Given that ¢(&;) may be of a lower
generation than it would have been (due to the skipping of generations) and
that certain monotone branches are discontinued, two questions are: (i) Do we
know that ¢(&;) will remain active for as long as it is needed? (ii) If ¢(&;) is of
generation j < i, is & & BU)?

Let j be the generation of ¢(z;). There are two cases to consider.

Case 1. j <i(1+260)~'. Here &, which is in R;, lies in a horizontal section
of generation j/ crossing Q) (¢;). We may assume j < j' < j(1426); see (2)(b)
in Section 7.3. Observe that since j' > j, & is not in CU) by assumption. It
follows that de(&;) > e U2 5o that & ¢ BY) and p(&) < 6715,

Case 2. j > i(1+20)~!. By assumption, & € M; NQY for some M; € T;.
It follows, by (A1’)(II), that M; extends all the way across Q) and M; N QW)
contains a component Q@) of C). If & ¢ Q| the situation is as in Case 1. If
& € QW then ¢(&) = 25(QUW(E)). Tt is easy to show that for k = 1,2,---,
TF¢; and T ¢(&;) lie in the same element of 7;,j until either this branch is
discontinued or the bound period of &; expires. Recall that when the orbit of
@(&;) ceases to be active, the monotone branch containing it is automatically
discontinued.

6. Proposition 6.1 (§6.3): With the idea of provisional control as before,
we reformulate Proposition 6.1 as follows:

PROPOSITION 8.1. For T € Gy, and 0N < k < LON:
(a)r C%) and T, with the properties in (A1') can be constructed;

(b)k Tpr1 with the properties in (A6") — except for the provisional nature of
the control in (A6")(II) — can be constructed.

The proof of this proposition is postponed to Section 8.2. Assuming it for
now, we continue with our list of modifications.

7. Alignment of vectors at free returns (§6.4): In the proof of Proposition
6.2(1), we view 2z,_; as a point {; € R; and show that (&, 71) is controlled
for j iterates. In this type of argument, one needs to verify that there exists
M € Tj41 such that §;41 € M; ie., the ancestors of this branch were not
discontinued. Here we know M exists because our choice of ¢(zx) implies the
existence of QU+ with ¢(zx) = 25(QUTY) and ¢;41 = 2, € QUHY, and, by
definition, every QU1 is contained in some M € 7j+1. The rest of the proof
of Proposition 6.2 is not affected.

The quadratic estimate in (A5) relies on the behavior of the guiding critical
orbits and not on global geometry; it is therefore not affected.
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This completes our list of modifications for Sections 4, 5 and 6 and hence
the proof of (xx) stated at the end of Section 7.2 — modulo the proof of Propo-
sition 8.1.

8.2. Construction of critical regions and monotone branches

Proof of Proposition 8.1. We follow in outline the proof of Proposition
6.1, focusing on those aspects of the situation that are new.

Assume (a); and (b); for all i < k. For M € Ty, if & € T~*~DM°, then
the sequence (&1,71), - (§k—1,Tk—1) is provisionally controlled by I'y_;. Thus
it makes sense to speak about the leaf segments of Fj, on M° as being in bound
or free states. We divide the proof of (a); and (b)x into the following steps:

1.  Construction of C*) and T'y. Let M € Tp, and let Q = QU,
k(1 +20)71 < j < k, be such that M N Q # 0. We observe that M N Q
is the union of horizontal sections each extending > %e‘o‘k on both sides of Q.
This is true because by (A2) for a much earlier time, (E U E’) N Q = () where
E and E’ are the ends of M. We then consider one Fy-leaf segment in M at
a time and argue as in the proof of Proposition 6.1.

Next we explain where Q%) is constructed (postponing how it is done to
the next paragraph). For each M € Ty, let Z(M) be the set of all connected
components of M N QW , k(1 +260)~! < j < k. We define a partial order on
Z(M) by set inclusion, i.e. S < §"if S D 5. Let H(M) be the set of maximal
elements. A critical region Q) is constructed in each H € H(M).

As to how to construct Q). let H € H(M) be a component of M N QY.
We fix an arbitrary Fj-leaf v in H, and use Lemma 3.8 and ZS(Q(j)) to induce
a (unique) critical point z{, of order j on 7. In the z-coordinate, we know from
Lemma 3.8 that z{, is < Kbi away from the center of Q). Lemma 3.9 then
tells us that near z{, there is a unique critical point zg of order k on . We put
20 € Tk, and construct a Q). i.e. a section of length 2min(8, e=*) centered
at it.

C®) is defined to be the union of all the Q) constructed as we let M vary
over 7p.

2. Verification of (Al'). The procedure above immediately gives the fol-
lowing: (1) The Q™) constructed are disjoint sections of Ry and hence are
genuine connected components of C¥). (2) The partial order in (A1’)(I)(a) is
extended to {Q*) k' < k}; this is because each Q) constructed lies imme-
diately below a unique QU), k(1 +20)7' < j < k, in this partial order. (2)
implies (3), namely that the jumps in generation in (A1")(I)(ii) are as claimed.
Observe also that (A1")(II) is fulfilled. As for (A1")(I)(b), all statements are
true by construction except the one regarding sectional diameter, which follows
directly from the next lemma.
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LEMMA 8.1. Let M € 7. Then for all & € MP°, there exists a codimen-
ston one manifold W with &, € W such that

— W meets every connected component of Fi-leaf in M in exactly one point;
— for all &1,&, € TFHW_ |& — €/ < (Kb)? fori<k.

The proof of this lemma is a small modification of that of Lemma 6.2.
Details are left to the reader.

3. Construction of Ty+1 and verification of (A6’)(I) and (II). The rela-
tion between M € T;, and B® follows immediately from our construction in
Step 1. We construct 7;41 as described in the paragraph on “Tree of monotone
branches” in Section 7.2, proving (A6')(I). To prove (A6")(II), it suffices, as
in the proof of Proposition 6.1, to prove correct alignment of the 7-vectors at
free returns, and we consider the two cases as before. To make transparent the
effect of the “missing generations”, we describe in some detail the geometry in
Case 2, the case where ~, our maximal free Fj-segment, does not meet C(*).

Let &, be fixed. We let j = jo be the largest integer such that &, € C\9), and
let QU0) = QUo)(¢&L,). Then jo(1426) < k; otherwise v would lie in a monotone
branch crossing Q°), contradicting our assumption that it does not meet C(¥).
By (A6/>(HI), & € Rj0(1+29)+1 CU{M,M € Uj0<g§j0(1+29)ﬂ}. Thus & € H
where H is a horizontal section of generation ji1, jo < 71 < jo(1 + 26), that
crosses the entire length of Q) (¢,). We may assume QU is immediately
below QUo) in the partial order. Suppose for definiteness that &; lies in the
right chamber of H \ QUY. We move left along v until we reach either £, the
left endpoint of v, or the right boundary of QU")| noting that since j; < k, ~
cannot meet OR;,. If we reach the boundary of QUY before reaching &, then
we continue to move left along v, going into Q). For the same reason as
above, 71(1 4 20) < k, so that as we enter QU"), we have entered a horizontal
section of generation jo, ji < jo < (14 26)j1, that crosses the entire length of
QUY, and so on. After going through a finite number of QU?), we must arrive
at &, for the j; are strictly increasing with ¢ and < k(1 + 26)~1.

The argument showing ¢(§) is to the left of £ is essentially the same, except
for the fact that the interpolating chain QU") c --- ¢ QU") also involves skips
in generation. One way to see that such a chain exists is to start from QU").

After these preparations, the angle estimates are unchanged. This com-
pletes the verification of (A6')(II).

4. Proof of (A6')(III). This step involves a very different set of ideas.
We formulate the result as Proposition 8.2 and give the proof in the next
subsection.
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PROPOSITION 8.2. Consider T € Gy, and let n < LON. Assume (a)y
and (b)y, in Proposition 8.1 for all k < n — 1. Then for all k < n(1 + 20)~L,

9) Ry1420) C U{M, M € Up<jcpir20)T}-
Modulo this result, the proof of Proposition 8.1 is now complete. O

8.3. Branch replacement: Proof of Proposition 8.2

As explained in Section 8.1, a monotone branch is discontinued before
either one of its ends becomes too large. The problem of “branch replacement”,
roughly speaking, is one of finding a collection of branches of higher generations
that together cover the part of the attractor “exposed” by the removal of the
discontinued branch. Proposition 8.2 tells us explicitly what neighborhoods
are covered by which collections of branches.

We begin with some preliminary definitions. Let M; be a monotone branch
of generation k; > k. We say M; is subordinate to M if (i) My C M, (ii) the
ends of M and M are related as follows: Let E and E’ be the ends of M, and
Ey and Ej the ends of M;. Suppose T7'E = B(k_i); then T7'E;, = E%kl*i)
with nglﬂ') c B =). and E' and E} are related the same way. A collection
of monotone branches {M;} subordinate to M is called a viable replacement
for M if (M° N Q) C U;M;.

LEMMA 8.2. There exists K > 0 for which the following holds: Suppose
M € T, k < n, has an end E with the property that T™'E = B(k*i), i >
Ka(k —1i). Then T~'M is contained in a horizontal section H of Ry_; of
length < e=2k=1) centered at Bk,

Lemma 8.2 is proved in Appendix A.21. Let M be as in Lemma 8.2 and
assume, for definiteness, that T~?M lies in the right half of H (it contains,
needless to say, E(k_i)). To look for a viable replacement for M, we examine
the structures inside H more closely.

For j = 1,2,---,i —1, let S; € Tj_;;; be the ancestors of M, and let
S’O = T-15;, so that 5’0 is a section of Rj_; containing the right half of H.
From Lemma 8.2, it follows that there exists ¢ with ¢ < Ka(k — i) such that
T-tS, C H.

Consider now P € T, (k—i) < p < (1+20)(k—i+1), such that PNH # 0.
Then P N H is the union of horizontal sections that run the entire length of
H. (Sece Figure 3.) We fix one component of H N P, call it H, and let B®)
denote the B® in H. Whenever possible, we define P; € T,4;, 7 =1,2,--- ,4,
as follows: P; is the child of P such that 7—'P; contains the right half of H ;
for j > 1, P; is the child of Pj_; one of whose ends is 77 B®)_ If well defined,
P; depends on M, P and H: we write P;(M, P, I—Y)
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Figure 3. Replacement branches: UP is used to replaced M

We observe that P; may not be defined: First, P may be discontinued,
in which case it has no children. If that is not the case, then P; is defined.
Let B denote the end of Py not equal to T(B®)). This is clearly the older of
the two ends of P;. It may cause P to be discontinued. We may also have
P, =T(Py), with T(E}) causing P» to be discontinued, and so on.

Let n be as in the statement of Proposition 8.2, and let M, P and H be
as above.

LEMMA 8.3. Assume k < (14 20)"In. Then the following hold for every
component H of P N H: If Py is well defined and E{ remains active for ¢
generations for some ¢ with T~tS, C H, then

(i) Pj is well defined for all j <1i, and

(ii) P; is subordinate to M.

Lemma 8.3 is proved in Appendix A.21.

Proof of Proposition 8.2. Our strategy is to construct, for m =1,2,--- |
n(1+260)~1, a collection of monotone branches S, with the following properties:

(i) For every M € S,,, if M € T;, and F is an end of M with T—'E = B9,
then i < 2(k — )0~

(i) Sm C Um<k<m(i+20)Zks  and
(111) U{M, M e Sm} D) Rm(1+29)-

Proposition 8.2 follows immediately from (ii) and (iii). We say M € S, is
at replacement time if equality holds in (i), i.e. i = %(k —4)§~1, for one of
its ends. For reasons to become clear momentarily, we have elected to define
replacement time to occur somewhat before the branch is discontinued.

Let §; = {R1}. We assume for all k& < m, Si has been constructed and
has properties (i)—(iii).
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Construction of Sp41 with property (i):  We consider M € S, one at a
time. If M has not reached its replacement time, then we put all the children of
M into Sp,41. If it has, then we put into S,,41 the children of { P’} where { P’}
is defined as follows: Suppose M € T;, and E is an end with T—'E = Bk~
and i = 2(k —4)0~'. Then {P'} = {P;(M,P,H) : P € Sj_;41 and H is a
component of H N P}.”

First we show that P’ is well defined as an element of 7,4; where p is the
generation of P. To do that, it suffices to verify the hypotheses of Lemma 8.3.
To begin with, P; is well defined as an element of 7,1 because P € Sp_;y1
and by property (i) for Sx_;11, both ends of P will remain active for some
period of time. Let E{ be as above, i.e. the “other” end of P;. We claim that
E} will last > Ka(k — i) generations: Suppose it was created ¢ generations
prior to p+ 1. Then £ < %(p +1—10)071, so that

Kak—i)+ < Kak—i—0)+ (Ka+1)¢

)2

<Kalk—i—¥0) + (Ka+1 3(p+1—£)9—1

<(p+1-00671
The hypothesis of Lemma 8.3 is verified and P’ is defined.

To prove that the children of P’ meet the condition in property (i) for
Sm+1, we let E and E' be its two ends, E being the one contained in F. This
end is created the same time F is created. Clearly, i < %p@‘l since p > k — 1.
As for F', it follows from the analysis in Lemma 8.3 that this is the younger
of the two ends. Thus it cannot have reached replacement time if E has not.
This completes the construction of S, 41 with property (i).

Proof of property (ii) for Spm+1: Let M € S,,. If M is not replaced,
then the children of M are obviously of acceptable generation. If replacement
occurs, then the generation of P’ is estimated as follows: Let all notation be
as above. Since P € Sk_;4+1, by inductive assumption, p < (14 260)(k —i+1).
Combining this with %971 =k — ¢, we have

p+i < i+ (1+20)(k—i+1) =i+ (1+20) <g¢9i+1> < (i41)(1+26).

To complete the proof, we show that ¢ < m. First, it is true for m = 2. In
general, we claim that if E is an end of M and T—*E = B*~9)  then i < m.
This is obviously so if no replacement occurs. In a replacement procedure,
observe that even though the generations of the new branches are higher, their
ends are created exactly the same number of generations earlier as the branch
replaced. (See the proof of Lemma 8.3.)

S HNP =0 for all P € Sk—it+1, then there is no need for replacement. Also, where [
is an interval (see §3.9), the two special branches in 7, having 7™ 'V; as one of their ends
are always in Sp,.
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Proof of property (iii) for Spy+1: As before, it suffices to consider the
case where M € S, is at replacement time. We claim that {P’} is a viable
replacement for M. Let H be as above. By the induction hypothesis, more
specifically, by (iii) for k — i + 1,

HORg—it1yar20 C HN(U{M M € Spipr}) € HN(UP);

that is to say, H \ (UP) does not meet R(,_;1)1+2¢)- Thus the part of phase
space deleted as we replace M by {P’} does not meet R, where

g=((k—i+1)(14+20)+i.

The same computation as in the proof of property (ii) gives g < (m+1)(1+26).
This completes the proof of Proposition 8.2. O

Remarks. 1. As the proof shows, there is a natural time step for branch
replacements. They occur very infrequently, roughly once every ~ #~! iterates.
Thus when working with the replacement of a branch of generation k, it is
mostly structures of generation up to ~ 0k — including assumption (A6')(I1I)
for these times — that count, although certain properties of critical orbits and
the well-definedness of branches up to time k — 1 are also needed.

2. In spite of the qualitative flavor of the statement, the existence of viable
replacements in the setting above reflects the fact that monotone branches
reproduce at rates much faster than the speed with which critical blobs are
allowed to approach the critical set.

9. Construction of SRB Measures

The definition of SRB measures is given in Section 1. For more information
on the subject, see [Y1] and [Y2]. The goal of this section is to prove

PROPOSITION 9.1. Let T € G. Then T has an SRB measure.

9.1. Generic part of construction

Our construction can be thought of as having a “generic” part, i.e. a part
that can be used for many dynamical systems, and a “situation-dependent”
part, i.e. a part that relies (seriously) on the properties of the map in question.
The goal of this subsection is to treat the generic part. We pinpoint what
specific information is needed and then assume it to complete the construction.
For notational convenience, we give the proof in the setting of Part II of this
paper, remarking that aside from dimW™" = 1, other properties of T" used below
are inessential.

Step 1. Pushing forward Lebesgue measure on a W*-leaf. Let [y be a piece
of local unstable manifold through Z where Z is a hyperbolic periodic point or
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belongs in a uniformly hyperbolic invariant set. We let mg be the Riemannian
measure on ly, and for n = 1,2, ---, define

1n71 '
Uy = Engj(mo)
i

where T!(mg) is the measure with T¢(mg)(E) = mo(T~(E)) for all Borel
sets . Let v be a limit point of v, in the weak® topology. It is easy to see
that v is T-invariant.

To prove that v is an SRB measure, it is necessary to show that it has
absolutely continuous conditional measures (accm) on unstable manifolds. By
design, this property is enjoyed by v, for all n. Whether it is passed from v,
to v, however, depends on a number of factors that are situation-dependent.
We describe in Step 2 a construction to facilitate this passage if the conditions
are right. Our construction is based on the idea (also used in [BY]) that it
suffices to control a small fraction of v,.

Step 2. “Catching” a fraction of v with accm on unstable curves. First
we introduce some language convenient for our purposes. We call a curve
an unstable curve if there exist k < 1 and K > 1 such that for all z € v and
T € X, tangent to v, |DT. "7| < Kk"|7| for all n > 0. Next we introduce
the objects used to “catch” a part of v. Let L be an interval, and let 3 be a
compact set. We say U : L x % — Ry is a continuous family of unstable curves
if

(a) ¥ maps L x ¥ homeomorphically onto its image;

(b) for each v € X, W|[ oy is a C embedding, and D, := U(L x {a}) is
an unstable curve;

(c) ar W[py ) is continuous as a map from X to CY(L,Ry).

We will use the notation N'= U(L x ¥) = U, D,.
The following condition, the validity of which depends on the specifics of
the map in question, is assumed for the rest of this subsection:

(S) There exist ¢ > 0, K > 1, a continuous family of unstable curves N =
UaDy,, and a sequence of integers n; < ng < --- for which the following
hold. For each ¢ > 0, there is a collection {wj(z)} of subsegments of [
such that

(i) for each i, j, Ti(w](-i)) = D, for some «;

(ii) letting 7(z) denote a unit vector tangent to ly at z € ly, we have, for

all 2,2 € w](i),

|DT:7(2)|

| DT, 7(2)]
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(iii) & S0 mo(Ujwl”) > e mo(lo) for all ny.

Tk

Let 0, = - Z;l;ng,f(mobjw@), and let © be a limit point of D, . It
follows from (iii) in Condition (S) that v(N) > emp(lp) > 0. From (i) and
(ii), we see that for each ng, I, is supported on a finite number of D, and
its densities with respect to arclength measure on D, are bounded between
K and % The absolute continuity of conditional measures of o on {D,} is
now a simple exercise: Let 11 < 12 < --- be any increasing sequence of finite
partitions on X such that \/,.,7; partitions X into points, and let & be the
partition on A given by {U(L x S) : S € n;}. Then E :=\/ & is the partition
of N into {D,}. Let £ C L be an arbitrary interval, and let A = (£ x X).
Then there exists K’ depending on the constant K in (S)(ii) and on the norms
of the embeddings W|;, (4} such that for all nj and i,

1 e

(10) & ] < (0n, &) (A) < K

0y
L|

Here iy, |€; denotes the conditional measure of 7, given &. The relation in
(10) is first passed to P|€; by letting ny — oo. It is then passed, by the
martingale convergence theorem, to 7|€s. Our assertion on the conditional
measures of © follows as we let £ range over a countable basis of the Borel
topology on L.

Step 3. Euxtracting an SRB measure from v. Let v be as in Step 1. Then
v(N) > 0(N) > 0, and vy := v|pr is Ty-invariant where Ty : NV — N is the
first return map of T to N. Let R : N' — Z* be the first return time, and
assume for the moment that vy has accm on {D,}. We claim that

n—1
M= Z ZTf(V/\/|{R:n})

n>0 k=0

normalized is an SRB measure. To prove this, it suffices to show (i) 7" has a
positive Lyapunov exponent p-a.e., and (ii) the Dy-curve through a.e. z € N
is its local unstable manifold. Both are true by the construction in Step 2.

While o (which is not necessarily Thr-invariant) has accm on {D,}, we
do not know in general that v does as well. The following procedure is used
to extract a part of vy with the desired property: Let vs = (75).(¥ 1 (vy))
where 7y : L X ¥ — X is projection. Let A denote Lebesgue measure on
L, and let vie, = Pi(A X vy). We then decompose vy into vy = vae + V1
where v, is absolutely continuous with respect to v, and v is singular with
respect to it (written vae < vpep and py L vpep). Since (Ta)«(Vac) < Vieb
and (Ta)«(v1) L viep, it follows that both v,. and v are Thr-invariant. By
Condition (S), Vac(N) > 2(N) > 0. The construction of u above can now be
carried out with v, in the place of vys.
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Summary. We have shown that if for some lg = W} _(2) there is a family
of unstable curves N' = U,D, for which Condition (S) is satisfied, then T'
admits an SRB measure.

For the rest of this section, we assume T € G.

9.2. Dynamics on unstable manifolds

Let
Qs :={z0 € Q:de(z;) > 6 VieZ}.

From Section 3.5, we know that T'|q, is uniformly hyperbolic. Fix Z € Qs, and
let lp = W}(2) denote its local unstable curve of radius r. We assume r is
small enough that for all & € ly, dc(&—;) > %(5 for all ¢ > 0. In the rest of this
section, we let 79(&§p) € X¢, denote the positively oriented unit vector tangent
to ly, and use 7 to denote generic unit vectors tangent to I; := T%.

A. Control of (&, 10) for & € lp. For z € 2\ C, a natural choice of ¢(z)
is ¢(2) = 25(QU)) where j is the largest k such that z € Q). Observe that
j = oo corresponds exactly to z € C. Thus for all & € 2 such that &; ¢ C for
all 0 <7 < Kk, & is controlled by U;j>ol'; for k iterates. Proof of control for
70(&o) is obtained by leveraging (A6'); details are given in Appendix A.22.

LEMMA 9.1. For all &y € ly, the sequence (£o,70), -+ , (&g, Tie) is controlled
by UL'; provided & & C for all i < k.

Once control is established, the evolution of I; is very similar to that of
Fr-leaves. We record their geometric and dynamical properties in B and C
below.

B. Geometry of l;. The proof of the following is entirely parallel to that of
Lemma 7.1: (i) For each i > 0, I; is partitioned by {T" %20,k < i,20 € (IxNT)}
where I is the closure of U;I'; into a finite disjoint union of monotone segments
{o}.

(ii) The free part of o, if nonempty, is connected, and the function on o
giving the number of iterates before a point becomes free is U-shaped. (See
the last paragraph of the proof of Lemma 7.1 in Appendix A.20.)

(iii) If o N QW £ @, then either (a) o N QW meets T in a single point 2,
and o contains a C2(b) curve of length e~ centered at %y, or (b) ¢ N QW lies
strictly to one side of T'; in this case we let 29 = ¢(£) where £ is the point in
o N QW closest to C.

C. 1D behavior. Behavior near the “turns” excepted, the dynamics of
lop = 11 — Iy — -+ bear a striking resemblance to those of iterated 1D maps.
By this, we mean a qualitative resemblance rather than the existence of a spe-
cific map f : I — I with the property that f*(m.(ly)) ~ 7,(l;) for all k. Here
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7, denotes projection onto the x-axis. To make precise this qualitative resem-
blance, we formulate three properties in analogy with (P1)-(P3) in Section 2.2.

PROPOSITION 9.2. T*|;., k= 1,2,---, satisfy (P1)~(P3') below.

(P1') (Outside of CV). Let fo € M be as in Section 6.1, and let ¢ =
max(O(a), O(b)). Then for all z € I; \ C™V) in a free state, we have

7(T2) = fo(ma(2))],  |IDT7)] = 1 fo(me(2)]] <e.

From this it follows that results analogous to (P1)(i),(ii) with |(f™)’| replaced
by |DT™(7)| hold with slightly weaker constants for segments of /; in free state.

(P2") (Bound periods and derivative recovery). Let w be the maximal
free segment in a component of I; N CM), let 2y be as in B(iii) above, and let
P* be the partition in Section 2.2 centered at 7,(2p). Then there exist Ky
and K7 such that

1

(i) Ky ' log ﬁ < p(z) < Kplog P for all z € w;

|[z—2
(i) |DTE ()| > ex*) for all 2 € w;
(iii) if 7, (w) A I,; for some I,,; € P, then |TP(w)| > e~ Kielul,
Let w be a segment of [;. We say all z € w have the same itinerary for
n — 1 iterates if there exist t1 < t1 +p1 < to <ty + py < --- < n such that for
every k, my o T'"w C PT for some P C Cjs, pr, = min,e, p(T%2), and for all
i €[0,n)\ Ulte, tx + pr), T2 0 T'w C P* for some PN Cs = (.

(P3') (Distortion estimate). There exists Ko such that the following hold
for all i,n and w C [; satisfying (i) all z € w have the same itinerary for n — 1

iterates and (ii) both w and T"(w) are free. Then for all z, 2" € w,
DT?
DT
| DT (7 (2))]

A proof of Proposition 9.2 is given in Appendix A.22.

9.3. Distribution of free segments of length > §

For definiteness, assume [y is such that either (i) 7, (lo) = 1,,,j, where I, ;,
is one of the outermost 1,; or (i) [jNC(Y) = @ and has length > K ~1§. Following
the procedure in Section 2.3, we introduce on [y an increasing sequence of
partitions Qp < Q1 < Qo < --- with Q; representing a canonical subdivision
by itinerary. This means in particular that Qy = {lp}, and each w € Q;_;
has the property that all z € w have the same itinerary through step ¢ — 1 in
the sense of Section 9.2C. We are particularly interested in those w € 9, 1 for
which T'w is free and [T w| > §. These are the segments that will be used in
our constructions in Section 9.1. Observe that (P3’) holds for T%|,,.
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As in Section 2.3, let S be the stopping time on [y defined by S(z) = i if
and only if T%(Q;_1(2)) is free and has length > §. We introduce a sequence
of stopping times Sy < 51 < S9 < --- on [y as follows: Let Sy =0 and S; = S.
On w € Q;_1 such that S|, = i, we define Si11(2) to be the smallest j > 4
such that 77(Q;_1(z)) is free and has length > 4.

LEMMA 9.2. There exists K5 such that the following holds for all k > 0
and n > Kslog %: If w € Qi1 is such that Sg|, = i, then

mo(w N {(Ses1 — Si) >nd) < e K mg(w).

Proof. This lemma corresponds to Lemma 2.5 and Corollary 2.1 in Sec-
tion 2.3. The proofs in Appendix A.2 for Lemma 2.5 and Corollary 2.1 depend
only on (P1)-(P3), and they continue to hold as (P1)-(P3) are replaced by
(P1)—(P3). O

The next lemma locates sites suitable for the construction of N.

LEMMA 9.3. There exist an interval L C I, a number ¢ > 0, a sequence
of integers n1 < ng < ---, and a collection of segments {&§i)} of ly such that

(i) m(T'(@)) = L

(i) gt mo(Uel) > & mo(lo).

Proof. (1) Estimate from below of the total measure of w € Q;_1 with

|TH(w)| > 6. Let Rix = {w € Q;—1 : Sklw = i}. By Lemma 9.2, there exists K"
such that

(Skz—i-l - Sk;)dmo < K”mo(w) for all w € Rik-

Writing S, = ZZ;&(S;CH — Sk) and summing over all w € U;R;; for each k,
we obtain
(11) Sndm() < K”n'mo(lo).

lo

Let N be a large integer. Applying Chebychev’s Inequality to (11), we obtain

1 1 1 1
mo{S[WIHN] >N} S N/S[zé”]\qdmo S N (K”2K”N) mo(lo) = 57’)?,0([0)
This implies
1
(12) > mo(W{w € UkRi}) > 1oy mollo)
i<N

(2) Selection of L. We partition I into intervals Ly, Lo, - - - ,L% of length
10 each. For w € Ry, since |T%(w)| > §, there exists ¢ = ¢(w) such that
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(T w)) D Ly Let @ = wnN T ¥ (m;Y(L,). By (P3), there exists K"
independent of w such that mo(&) > K ~'mg(w). Together with (12), this
implies that for each N, there exists ¢(/V) such that

4]

1 .
N Z mo(U{@ : w € UyRig, Y (w) = q}) > 12K"K"

<N

mo(lo).

Let L = L, where ¢ = ¢(N) for infinitely many N. For each i, then, the
collection {(Z)](-Z)} is {&:w e UpRik, ¢¥(w) = q}. O

9.4. Completing the proof of Proposition 9.1

As explained in Section 9.1, it suffices to verify Condition (S). Let Iy be
as in Section 9.2. Using the notation in Lemma 9.3, we let L be the middle %
of L, and let

N := closure {(Ui,j>0 TZ((IJ](Z))) N (L x Dm—l)} .
It remains to show that A is a continuous family of unstable curves.

LEMMA 9.4. Let M € T, be such that M NN # 0. Then
(i) there exists (:J](-i) such that Ti(cb§i)) C M°;
(i) M N (L X Dy,—1) is a horizontal section.

Proof. (i) Since N C Q C int(Ry,), M NN #0 = M N~ # ) for some
v = Ti(cbj(-l)). It remains to show that « cannot meet U E’, the ends of M.
This is because all points in F U E’ are in bound state, while ~ is free. (We
need to know &; € v is free when we view the orbit as starting from &;_,,. For
n > i, this is true because for & € ly, dc(&;) > %5 for all j < 0.) (ii) By
Lemma 8.1, there is, through each £ € v, a codimension-one stable manifold
V(&) := TM(W3(T~™¢)). Each V(€) has diameter < Kbs and spans the cross-
section of M, i.e. Uge,V(§) is a section of R,. All points in this section are
free, so it is a horizontal section of length ~ %5 , of which roughly the middle
2 is occupied by M N (L X Dy,—1). O

Verification of Condition (S). Construction of {&;}. Let
Ap = {MO(LXDypr): MeT,, MON % 0}.

By Lemma 9.4, elements of A,, are horizontal sections. We give an algorithm
below that selects, for each n, a cover &, of N by a finite number of pairwise
disjoint elements of U;>nA;. We then let &, ={ENN: E € ¢, }.

Let & = Aj;, and assume &/_; is constructed. To construct &/, we first put
all E € &_, of generation > i in &/. Each E € &/_; of generation ¢ — 1 is then
replaced systematically by elements of {A € A;,j > i, A C E} as follows: first
pick all F' € A;, then pick all F' € A;;1 that cover some points in AN E not
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yet covered, then pick all F' € A;1o covering some points not covered before,
and so on. Notice at each stage that the branches chosen are pairwise disjoint.
Moreover, the process stops in finite time, for every z € A lies in some M € 7.

Properties of £ = \/ ;50 En-  First we show that the elements of £, form
a continuous family of C' curves. Since every E € £ is the nested intersection
of a sequence of horizontal sections whose cross-sectional diameters tend to
zero, it is the graph of a function ¢ : L — D,,—1. By Lemma 9.4, ¢ is the
pointwise limit of a sequence of functions g, the graph of each one of which
is contained in T* (&)](-Z)) for some &JJ(-I). Since Ti(cbj(-z)) is a C2(b) curve, ¢} is
uniformly bounded for all k; therefore a subsequence ¢y, converges to ¢ in the
C'! norm.

To see that the curves in £ are unstable curves, we use the fact that
T Z'(Cuj(-l)) are unstable curves (Lemma 5.5). The uniform derivative estimates
along these curves in backward time are passed to the graph of ¢, and the
distortion estimate in (S)(ii) is verified similarly.

Finally, (S)(iii) is given by Lemma 9.3. This completes the verification of
Condition (S) and the proof of Proposition 9.1. O

PART III. PARAMETER ISSUES

Let G = Np>0Gn. The purpose of Part III is to prove the existence and
abundance of maps in G. More specifically, we will prove that for 1-parameter
families T, : X — X satisfying the Standing Hypotheses in Section 1, the set
{a : T, € G} has positive Lebesgue measure. Our plan is to construct a set
A C{a:T, € G} with a generalized Cantor structure in which the gap ratios
tend to zero exponentially fast.

We cannot overemphasize the dependence of Part 111 on earlier sections.
Results from Part II on properties of individual T" € G are clearly relevant as
we now seek to identify such maps from a given 1-parameter family. Since the
criteria for belonging in G reside with the behavior of critical orbits, a major
focus of the present study is on the evolution of critical curves, i.e. curves of
the form a — z(a),i = 0,1,2,---, where zg is a critical point. We will show
that a +— z;(a) define processes that have a great deal in common with the 1D
maps studied in Section 2. Part of the analysis involves adapting the results
of Section 2 to the present context.

Each of the first three sections of Part III discusses one important aspect
of the problem. These ideas culminate in Section 13, which contains the actual
construction of A.

Hypotheses for Part III. We assume

(1) {T,,a € [ap, a1]} satisfies the Standing Hypotheses in Section 1;
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(2) [ag,a1] is in a sufficiently small neighborhood of a* that T, satisfies the
hypotheses at the beginning of Part II for all a € [ag, a1].

The generic constant K here depends on the family T, as well as our choice
of A

10. Dependence of dynamical structures on parameter

Notation such as Ty (a) and C*)(a) are used to indicate dependence on the
map Ty.

10.1. Continuation of critical regions and critical points

Definition 10.1. Let J C [ag, a1] be an interval, and assume that for some
a€J, Ty € G, Wesay {Ty,a € J} is a continuation of Ty in Gy, if the following
hold:

(1) For all a € J, T, € G, and there is a choice of I'p,,(a) with the following
properties:

(2) The monotone branches of Tj; of generation < #n deform continuously
on J; i.e., for each k < 6n, there is a map @, defined on J x Ty(a) such

that

(i) for each fixed a, M +— ®p(a, M) is a bijection between 7j(a) and
Ti(a);

(ii) for each fixed M, a — ®Pi(a, M) is continuous (in the Hausdorff
metric).

(3) The critical regions of T, of generation < 6n deform continuously on J;
i.c., for each k < 6n, there is a map ¥, defined on J x {Q®)(a)} such
that
(i) for each fixed a, Q — Wy(a,Q) is a bijection between {Q"¥) (&)} and
{QW(a)};

(ii) for each fixed @, a — ¥i(a, Q) is continuous.

(4) The critical points of T, of generation < fn continue smoothly to all of
J; i.e., for each zp(a) = 25(QW(a)), k < On, a — 2z(a) is a C? curve
satisfying

(i) 20(a) = 25(Q™ (a)) where Q™(a) = ¥(a,QM(a));

(ii) if & (a) = Tdf(kfl)zo(d) and [ is the Fj-leaf containing & (a),'° then
there is a C2-function &; : J — [ such that zp(a) = TF1(&1(a)).

10We assume F; is independent of a.



TOWARD A THEORY OF RANK ONE ATTRACTORS 415

We refer to a — I'g, (a) with property (4) as a coherent choice of T'g,(a).*!

Observe that if {T,,a € J} is a continuation of Tj, then (i) {®;} “com-
mutes” with the actions of Tg; i.e., if M € Ti(a) is such that T, M = U;_, M;,
M; € Ti41(a), then T, Py (a, M) = U, Pr(a, M;); and (ii) the partial order on
{QW) k < 0n} is respected by {¥};}. The validity of these statements is easily
seen by comparing two nearby a.

Our first goal is to give sufficient conditions for the existence of contin-
uations. To ensure that a nontrivial continuation exists, we choose Tj in the
“interior” of Gy . Let

G = {T € Gy : T satisties (A2)* and (A4)#}

where (A2)# and (A4)” below require that for all zy € Ty of generation k,
the following hold for all i < k6~ 1:
(A2)# dc(z;) > min(d, 2e~%);

(AD)# |wi| > c2e™ where A* = X + 155 A0.

Clearly, g}% c Gn.

PROPOSITION 10.1 (Dynamical continuation). There exists p > 0 de-
pending only on || Ty||cs and ca for which the following holds: Assume T, € g#,.
Forn < N, let J, =[a—p",a+ p"]. Then {T,,a € J,N|ag,a1]} is a continu-
ation of Ty in G,.

Proof. We assume the following hold for n < N and prove it for n + 1:
(i) {T,,a € J,} is a continuation of Tj; in Gy;

(i) (a prioriestimate on | z(a)|) there is a constant K > 0 independent
of p such that for all a € Jy, if 20(a) € T'jgy)(a) is of generation j, then

< K7,

d
’%ZO(Q)

There is nothing to do if k6~! < n+1 < (k+1)0~!: no new monotone branches
or critical regions are constructed, and all critical points of generation < k are
treated in the previous step. We assume therefore that n+1 = (k+ 1)§~! for
some k.

1. Coherent choice of Tj11(a), construction of C*+t1)(a) and Tpy1(a), and
verification of (2) and (3) in Definition 10.1 for objects of generation k + 1.
For each individual a € J,,, since T = T, € G,, we know by Proposition 8.1
that C*+1) and Tr+1 can be constructed. Moreover, for each M € T*) and

Y¥or T, € Gn, Ton(a) is determined only up to a finite precision; the exact location of
T'9n(a) depends on choices of Fy-leaves on which critical points are constructed.
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Q=QY, (k+1)(1+20)"! <j <k, there is the following dichotomy: either
TM N Q =0, or a horizontal section of TM pierces through the entire length
of Q .

Now let a vary over J,,. For M € T;(a), we know by inductive assumption
that M(a) := ®p(a, M) varies continuously with a, as does Q(a) := ¥;(Q).
Since the dichotomy above holds for all @ — and there is no way to go from
one scenario to the other in a continuous manner — it follows that exactly one
of the two scenarios must prevail for all a € J,. Indeed, the number of times
ToM (a) goes through Q(a) is constant for all a. This proves properties (2)(i)
and (3)(i) in Definition 10.1.

Suppose for M and @ as above, Tj has a critical point Zg(a) € Tz M (a) N
Q(a). Let lx(a) be the connected component of Fj-leave in M (a) on which
Td_lzg(&) is located. Let [ = T&_kﬂlk. Then [ is a leaf of F1, and F; does not
depend on a. From the last paragraph, we know that T¥(l) pierces through
Q(a) for all a. Let zy(a) be constructed on T%(1). This construction guarantees
the continuity of a +— zp(a) for all critical points of generation k + 1 and
consequently properties (2)(ii) and (3)(ii) in Definition 10.1.

2. Smoothness of a — zy(a) and estimate on |-Lzy(a)| for zy of genera-
tion k + 1. Continuing to use notation from the last paragraph, we let = +—
v(z,a) = (x,1(z,a)) be the curve TFL in Q¥+ (a), and let z9(a) = (Z(a), §(a)).
For each (z,a), we consider in X, 4) the 2D plane S = S(0,7v(7,a), v) with
orthonormal basis {u, v} where u = 9,7/|0,| and v points in roughly the same
direction as v. Let e;1 be the most contracted direction of DTF*+! in S. As
in Section 3.6, we write egy1 as a linear combination of u and v, and let ngy1
denote its v-component. Then Z(a) is defined implicitly by ng+1(Z(a),a) = 0,
and therefore is C? as a function of a. Likewise, y(a) = ¥(z(a),a) is a C?
function of a.

The following lemma is proved in Appendix A.23.

LEMMA 10.1. As functions of x and a,
(a) ullcz, [vlle: < K*;

() |Mt1llcz < KFFL

COROLLARY 10.1.

dzp(a)
da

d%z(a)

da? |~

(13)

)

Proof of Corollary 10.1. Differentiating ng11(Z(a),a) = 0, we obtain

dz 0,
(14) 29) __ uthet 70
da Okt
Observe that |9,n,1| > K ' This follows from Lemma 3.7 and the fact that

derivative growth along the orbit of 23(Q*)(a)) is passed on to that of zo(a)
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via Lemma 3.2. Our claim on the first derivative follows directly from Lemma
10.1(b) and the fact that % = 8951/1% +0y%. To estimate the second derivative
we differentiate (14) one more time with respect to a, and use again Lemma
10.1. O

3. Proofs of (A2)(n + 1) and (A4)(n + 1). Let zp be a critical point
of generation k£ + 1. We give details only for step n 4+ 1: By Corollary 10.1,
|z0(a) — z0(a)| < K*+1(2p"*1) for all a € Jy, 41, so that

(15) |z0t1(a) = zn41(@)] < K|IDT|"|20(a) = 20(a)] < e "V

provided p is sufficiently small relative to || DT||~! and K ~!. To finish, we need
to deal with the differences between d¢(4)(-) and deay(-). Suppose z,11(a) €
e, and (zn1(8)) = #5(QU)(@). Then j < a*(n + 1)6, z011(a) € QU (@),
and T; has a horizontal section H(a) extending considerably beyond Q) (a)
on both sides. We conclude from the continuous deformation of structures of
generation j, the estimate |25(QU)(a)) — 25(QY)(a))| < K7|a — a| and (15)
above that z,41(a) is either in QU)(a) or it is in H(a) and just outside of
QW (a), and de, (zn+1(a)) > 2de, (zn41(a)) > e+,

To prove (A4)(n+1), we first convert the problem to one involving |w;],
thereby picking up some factors of e*’. The comparability of |w;(a)| and |w; ()]
is given by the following lemma, the proof of which follows closely that of
Lemma 3.2 and is omitted.

LEMMA 10.2. Let zo(a) be of generation j < 6(n+1). For i < n + 1,
let wi(a) = (DT}) @)V, and wi(a) = (DT}) @) Vs @ € Jny1. Then |wi(a)| >
1 A
3lwi(@)].

O

This completes the proof of (i) and (ii) for step n + 1.

10.2. Properties of a — zy(a), 2o € UL,

Unlike the situation in 1D, U;>1I'; is an infinite set, and the domains of
definition of a — zg(a) decrease as the generation of zy increases. For T; € gﬁ
and zg € Tyn(a) of generation On, n < N, we guarantee the continuation of
zp(a) only to the interval J,, = [a—p", a+p"]. We claim, however, that there is
a uniform bound on - zy(a) that is valid for all zg (independent of generation)
on their respective intervals of continuation.

LEMMA 10.3. Let a, J, and Ty, be as in Proposition 10.1, and let a —

z((]k) (a),a € Jp, be a curve of critical points of generation k < [On]. Then there
is z((]k/) of generation k', k' < k < K'(1+ 26), with z(()k) € Q(kl)(z(()k/)) such that
d , (k % K

(20 (@) = = (a))| <bS.

A proof of Lemma 10.3 is given in Appendix A.23.
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COROLLARY 10.2. Under the hypotheses of Lemma 10.3, there exists K1
such that for every curve of critical points a — zék)(a), k < On, if z(()k) =
(z0,Y0), then
d
d—%(a)

a

< bis.

d
SKlv ‘%Z/O(a)

Proof. Let zy = zS(Q(k)), and suppose QW) = Qo) « Q) < ... ¢
QW are consecutive critical regions. We obtain, by comparing a — z(()ki) and
a— z(()ki’l), that |d%(zék) (a) — z(()l)(a))\ < bis. The assertions in this corollary
now follow immediately from properties of the finitely many critical points
z((]l) = (m(()l),yél)) of generation one, namely 7 y(() ) =0 and |da:z:0 | < 1K1 for

some K. O

Remark. Lemma 10.3 and Corollary 10.2 together imply the following:
(1) The speeds of movement of all critical points are uniformly bounded. (2)
While Iy, as a whole moves with speed O(1), the relative speed of motion of z
and zo for z{, € Q") (2y) decreases exponentially fast with k.

10.3. Setting for the analysis to follow

Recall that for a single map 7' € Gy, whether or not 7" is in Gy is

determined by whether (A2) and (A4) are satisfied up to time 2= N. We now
consider a family {7T,,a € J} where T, € Gy for all a. In addition to asking
whether T, € G+ N for each individual a, we will also want to know for what
frac‘monofaEJlsT EglN

This leads us to study the evolution of i : a > zi(a) where (p is a coherent
choice of zp € I' L yy. The analysis is highly inductive: For each Ty, critical
points are defined inductively, and the presence of certain structures is needed
to track their orbits. We wish now to track not single orbits but entire curves.
Precise conditions under which this analysis will be carried out are as follows:

Assumptions in the inductive analysis of critical curves. Let J C [ag, a1]
be a parameter interval.

(C1) {Ts,a € J} is a continuation (of some Tj) in Gy.
(C2) A coherent choice of I' 1 gn(a), a € J, has been made.

Clarification 1. (Cl) and (C2) are related as follows: If, in addition to
(C1), we have T, € gﬁ for some a € J, then steps 1 and 2 in Proposition 10.1
can be carried out for critical points of generation k for all k < al ON. In
Sections 11 and 12 we are not concerned with how (C2) comes about, but note
that once a coherent choice of I' 1y (a) is made, the estimates in Lemma 10.3
and Corollary 10.2 are valid forthe critical points in question. Justifications
for this claim follow wverbatim those in Sections 10.1 and 10.2.
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2. Nothing is assumed or claimed at this point about the behavior of
critical orbits beyond time N. That is the objective of the investigation in the
pages to follow. More precisely, we will be concerned with the evolution of

1
Girar za) for a€lJ, 2€l Loy \Ton, i< —N

O[*

with particular interest in the time range N < i < %N .

3. As we will see, this analysis requires that all critical structures of gen-
eration < ON exist and vary with parameter in a certain way. This is provided
by (C1) and Corollary 10.2. Also, critical structures beyond generation N
are not relevant for this analysis.

11. Dynamics of curves of critical points

The aim of this section is to bring to light a certain resemblance between
the evolution of (; and that of certain “horizontal” curves under the iteration of
T, for a fixed a. The reason behind this resemblance is that |d%Q] is comparable
to |DT"(v)|. We will show that for as long as T,, € Gy, this comparability self-
perpetuates once we get it going, and the start-up mechanism is provided by
the parameter transversality condition in the Standing Hypotheses in Section 1.
This is discussed in Section 11.1. Basic properties in the evolution of (;, such
as bound and free periods, are discussed in Section 11.2.

Conditions (C1) and (C2) in Section 10.3 are assumed throughout.

11.1. Equivalence of space- and a-derivatives
We use the notation z;(a) = T} (20(a)), wi(a) = (DT}).,(a)(v) and 7i(a) =

d%zi(a).

PROPOSITION 11.1. There exist K > 1 and ig € Z* (both depending only
on {F,}), such that the following holds for all (a,b) sufficiently close to (a*,0):
Fiz 20 € T Loy \ Tgn. We assume that for some n < LN, de(zi(a)) >
min(4, e*a")ufor allae J and i <n. Then

K1« ‘Tz|

§K for all ipg <i<n.
|wil

The required proximity of (a,b) to (a*,0) depends also on i, and under
the conditions above, the pair (zg,wp) is controlled by I'gx up to time n (see
Proposition 6.2).

Proposition 11.1 is a consequence of Standing Hypothesis (b) in Section 1
and can be viewed as the higher dimensional analog of Proposition 2.3 in
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Section 2.4. Recall from Proposition 2.3 that

L3 a\Ts— a* . d ~
a0 Jjim IR © ke - ] =

The constant K in Proposition 11.1 is derived from ¢ together with angle and
other considerations.

Proof. Letting ¢(z) = %(Taz), we write

7
7o =DT., i1+ ¢(zi1) = DTimo+ Y DTL *(ze 1) :=T + 11
s=1

where

io Z
I=DTim+Y DT *¢(z1) and II= Y DT *p(z 1),
s=1 s=io+1

ip being a number to be determined. We will show there exist Ky (depending
only on {7,}) and i such that if (a,b) is sufficiently near (a*,0), then for
190 <1< n,
- Ky 'fel < b < Kole] and
[11]

= o] is as small as we wish.

These estimates together give the desired result.

Estimate on % Since |[¢(+)] < K, it follows from Lemma 5.6 that

% %
mo< kY IDT < Ky Ke Mw.
S:’i0+1 S:i0+1

Choosing i large enough, we can make K23 2 iot1 € s < K el

1]

FEstimate on Tl Increase g if necessary so that with k& = ig, the sum

on the left side of (16) is < 3¢ from its limit; 4o is fixed from here on. Let V
be such that I = DT;;OiOV, ie.

io
V = DTZigT() + Z DT22_5¢<25_1).
s=1

The verification of Lemma 11.1 is given in Appendix A.24.

LEMMA 11.1. As (a,b) — (a*,0),

|wn] . da fa 138 1))(a*)
il (iz (@) 0)'
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It is important to note that the convergence above is uniform among all
critical curves. This is evident from the uniform bound on d%zo and the proof
of Lemma 11.1.

To finish, we write

I DTER(WV) DTGl v
wil DT (wio)l DT (o)l Jwil
: 1 ¢ V] ¢ .
Notice first that by Lemma 11.1, §\w—cl| < o] < 2@. We claim that
DT ()
]DTZ_ZO(lw:z‘),

provided (a, b) is sufficiently near (a*,0). Assume Z(V,w;,) # 0, and let e;_;, =
ej—i,(S) be the most contracted vector of order j —ig where S = S(V,w;,). To
prove (17), it suffices to show that e;_;, is well-defined, Z(e;j_;,,w;,) > K1,
and Z(V,w;,) < K~!. With (a, b) sufficiently near (a*,0), we may assume for
some sg > i that de¢(zs) > %50 for all s < sg (& is as in Definition 1.1). This
together with our assumption that dc(z;) > min(6,e™*/) implies that for all
§ > o, |wj]/|w,| > K~ e =20)0=0) proving e;_;, is well-defined. Since w,
is b-horizontal, we have Z(e1,w;,) > K~! by Lemma 3.7. This together with
Z(e1,ej—i,) < (Kb)~ (Lemma 3.1) gives Z(ej_i,, w;,) > K1 As for V,
Lemma 11.1 tells us its slope is as small as we wish. Hence Z(V,w;,) < K~

O

We remark that all the estimates in the proof above — and hence the
constants in the statement of the proposition — are independent of N. For
as long as both 7; and w; grow in magnitude, the angles between them must
shrink by rank-one arguments. The assumptions in the next lemma are as in
Proposition 11.1. A detailed proof is given in Appendix A.24.

LEMMA 11.2. If z; is a free return, then Z(7;,w;) < %

The following are assumed for the rest of this paper: (i) i is sufficiently
large, (ii) (a,b) is sufficiently close to (a*,0), and (iii) all critical points stay
at distances > %(50 away from C for > ig iterates — where “sufficiently large”,
“sufficiently close” and “>>” are as required in the proof of Proposition 11.1.

11.2. Resemblance to phase-space dynamics

In addition to (C1) and (C2), we now fix 29 € I' L yy \ [y and impose
on it ’

(C3) For some ig < n < LN, de(z;) > min(6, e=*%) for all i < n.
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We discuss below four aspects of the dynamics of (; : a — z(a), i =
0,1,2,---. The notation is as in Section 11.1; in particular, w;(a) = (DT}}) ,, (a)(V)

and 7;(a) = %zi(a). Recall also that s(u) = {Z”l‘ where u = (uy,uy) is a vector
in R =R x R™~1,

A. Outside of CV).  For the first ig iterates, we do not have a great deal
. N A
of information on 7;. Let é := Kcge 1% 4 O(b) where K is as in Proposition
11.1. We may assume € < 6.

LEMMA 11.3. The following hold for every a:
(a) If z, is free, then s(7,) < é.

b) If z, is free, and zpy; € CY ¥V 0 < j < jo, then
J
(i) [7uts] > K163 || for j < jo; and

(i) if in addition vy , € C, then |Tij,| > K_lei)‘(’j“\m\.

Proof. (a) follows from Lemma 11.2 and the b-horizontal property of wy,.
As for (b), since |74 > 1, we have |7t 411/ |Tnti] = |/ (@nj)], 20 = (i, vi).
The assertions follow by a proof similar to that of Lemma 3.5. O

Remark. We do not claim that free segments of (; are C2(b), only that
they are roughly horizontal (because &€ < 1). No effort will be made to control
(20,70). Information on 7; is obtained instead through comparisons with w;
via Proposition 11.1 and Lemma 11.2.

B. Geometry of critical curves inside Q). Let w be a subinterval of J.
We assume (,(w) is free (meaning z,(a) is free for each a), and ¢,(w) ¢ QM.
For each individual a, we have seen in Part II how z,(a) is related to the
critical structure of T,. We now describe the geometric relationship between
the curve ¢, and the 1-parameter family of critical structures.

By Lemma 11.3(a), ¢, is roughly horizontal. Consider an arbitrary point
a € w, and assume that (,(a) lies in the interior of Q) (&) for some j < n.
We also assume, for definiteness, that as a increases, we move right along (,.
By continuity, for all a in a neighborhood of a, (,(a) also lies in the interior
of QU)(a). Let @ be the first a for which the last statement is not valid. Then
¢n(@) € 9QU)(a). Since it cannot be in OR; (because n > j), it has to lie in
the right (vertical) boundary of Q) (a).

We claim that as a increases, (, crosses Q(j)(a) in exactly one point,
ie. for all a > @, Cu(a) ¢ QYW(a). This is because for a € w, |LCa| >
K~Yw,| > K~'e*" (Proposition 11.1 and Lemma 5.2), while |d%z§(Q(j))\ <
K (Corollary 10.2). Since z(Q\)) and the “vertical” boundaries of Q1) move
in the horizontal direction at the same speed, and we may assume n is large
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enough that K~'e* > Ki, a — (u(a) crosses U,0QU)(a) transversally in
Ry x J in exactly one point.

The picture can therefore be summarized as follows. Let jg be the largest
j < %971 such that ¢, meets QU), and assume ¢, (@) lies in the interior of Q).
Let QUo) ¢ QU ¢ QU2) ... be consecutive critical regions starting from QUe)
for Tj. This structure, as we know, is identical for all the T,. As a increases
(or decreases), this nested structure moves with speed O(1), which is very slow
relative to the speed of a — (,(a). Thus from the point of view of (,, the
critical structure appears stationary, and the picture resembles that of a single
map.

C. Bound period and recovery. The setting is as in B above. For each
a, we have defined for the map T, the notion of ¢(z) for z = (,(a), de(z) :=
|¢p(z) — z|, and p(z). To emphasize their dependence on the map T, we now
write ¢q(2), dea)(2) and pa(z). For purposes of studying the evolution of (p,
we can, if we so choose, use the definitions associated with each individual a
for (,(a). For aesthetic as well as practical reasons (to become clear in the
next section), we prefer to have some coherence along (,, even if this involves
some small modifications in the definitions above. We explain how this can be
done:

Step 1. Choosing a common guiding critical point ¢(w). The choice is
quite arbitrary. Let jg be the largest j < ﬁen such that ¢, meets Q), and pick
a with ¢,(a) € QUo). Let p(w) := 25(QU)(a), and define de(z) = |z — ¢(w)]
for z € (,(a).

LEMMA 11.4. For z = (,(a), let j be the generation of ¢po(z). Then
|de(a) (2) — de(2)] < b5 + Kila — al.
Proof. Let jo > j1 > --- be as in B. Then z € QUi)(a) for some i > 0. By
definition, j < j;, and so QUo) ¢ QY. We then have
ldeay(2) — de(2)] < [25(QY) (a) — 25(QU) (a)]
< \ZS(QU))(@) — 2(QU)(a)] + |25 (QY))(a) — 25(QU))(a))|
<bi+ Kila —al;

the first term in the last inequality is by Lemma 4.1 and the second by Corollary
10.2. O

The first term in the error above is innocuous. Since
o —a| < Ke™"[¢a(a) — Ca(a),

the second term is negligible if dg,)(2) is > K1Ke *"§. In particular, for z
with de(q)(2) > 7", we have de(,)(2) = dc(2).
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Step 2. Definition of a new bound period p(-). Let P“ be the partition P
as in Section 2.2, centered at 7, (¢(w)), and let @ be such that m,((, (@) ~ 1,,;.
We define

p(@) = minpg(Ca(a)).

acw

For this definition to be meaningful, we must verify that it has the properties
of bound periods in the sense of p,(-) for a single map. The next lemma, the
proof of which is given in Appendix A.25, assures us this is the case.

LEMMA 11.5. Let @ be as above, and let p = p(©). Then
(a) K7 u| < p < K|pl;

(b) for a,a’ € & and j < p, |Cntj(a) — Cuyj(a)] < 2e~Pi:
(€) |Tnap(a)l > KLt mu(a)| for all a € &;
(
(

N

d) Cnipla) is out of all splitting periods, s(Tpip(a)) < &;

) [Guap(@)] > e ol

D. Decomposition into bound and free states. With bound periods defined,
we may now assign a bound or free state to each (;(a) in the evolution of (;,
namely that (;(a) is free if it is not in a bound period as defined in C. We
remark that this notion is not necessarily consistent with the one for a single
map T,. Note that in Lemma 11.3, and in the setting of B and C, the word
“free” as stated referred to “free” in the sense of individual maps. We leave it
to the reader to check that these statements are, in fact, valid if “free” is given
the meaning in this paragraph.

12. Derivative growth via statistics

This section is about how to deal with (A4) (see §4.1). We focus on
one critical point at a time, and discuss (i) what it takes to maintain regular
derivative growth along its orbit, and (ii) why one should expect the conditions
guaranteeing this growth to be satisfied by a positive measure set of parameters.

12.1. Estimating |w| in terms of itinerary

We return in this subsection to the dynamics of a single map to motivate
a few ideas. As explained earlier, (A4) is not a self-perpetuating property. We
now give a condition in terms of the itinerary of z; that guarantees sustained
exponential growth of |w}(zp)].

Consider for definiteness T' € Gy, and assume that for some 29 € I' 1+ g\
Ton, de(z) > e % foralli <n, n < %N. We know from Corollary 6.1 that
for wp = v € X, |w}| > K1e(z*29)0 for all i < n. Let us examine more
closely how this growth comes about. Let t1 < t1 +p1 < to < to+p2 < t3 <
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ts + p3 < --- be such that ¢; are the consecutive free return times up to time
n and p; the lengths of the ensuing bound periods. Then we have

> CQei)\o(tHl_(trPPi))’ (11) > K_le%)‘pi,

‘wz{z +pi

Observe that in (i), the exponent is the “outside exponent” %)\0, which is
strictly > A. As for (ii), the guaranteed growth rate of %)\ does not contribute

much to maintaining a Lyapunov exponent of A. It is no significant loss if we
‘w:iﬁ»pil
[w |
We continue to reason as follows: If the fraction of time z; spends in bound
periods between time 0 and n is < o, and z, is not in a bound period, then

replace it by the weaker estimate > Ccy 1 which is what we will do.

|wy| > const e(1=9) 3% This number is > e if o is sufficiently small. Since
the “outside exponent” does not decrease as § decreases (Lemma 2.1), it is
logical to attempt to decrease o by decreasing ¢, the idea being that some of
the time intervals that are bound periods for the original § would no longer
be counted as bound periods for a smaller §. We summarize the conclusion of
this reasoning in the following lemma:

Let B (5, 0,n) be the total time between 0 and n during which z; spends
in bound periods initiated from visits to the region de(-) < 4.

LEMMA 12.1. Let zy be as above, and let ¢ > 0 and 0 < 5 < 4. If
B(0;0,n) < on, then

|w:;| > K—lge[(l—a)i/\o—?)a]n.
Proof. Consider first the case where z, is free. Let t < t1+ p1 < ty <

to + po < -+ <ty + pr < n be such that ¢1,--- ,{; are the consecutive free
return times to {dc(-) < d}. Then

|w'f7«’ . |U)£2| ’wfﬁrﬁl‘

lwy| = |wg, |-

w5 | Twg s, g,

We have —2=! > cpde o ==Dt) By Temma 3.5(i) with 4 in the place of

|w£k+;‘>k

lw, ,, | 0o (Boay —Ei— .
J, and |wf”1 > cpeitini=li=P) by Lemma 3.5(1i). To cancel ¢; we use

t;+D;
% > ¢y ', which is a trivial consequence of (P2')(ii). This gives |w}| >
K15el1=0)3hln gince p1+ -+ + pr < on by assumption. The factor —3an is

needed if n is not free; see Lemma 5.4. O

In this lemma, we think of § as possibly < §, and the factor 5 as the
price to pay due to the greater nonuniformity in growth properties “outside”
— where “outside” now means de(-) > 6. As we will see, this factor will be
absorbed into the initial growth if the critical orbit remains outside of C(*) for
a long time.
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We point out that a quantity similar to B, (5, 0,n) has already appeared
in the context of 1D maps; see Proposition 2.2. Our next step is to make a
connection to this proposition.

12.2. Processes defined by curves of critical points

In Section 9.3, we borrowed some results from Section 2.3 for the dynamics
of T' € G on unstable manifolds — after establishing a strong resemblance
between T*|yy. and iterated 1D maps. Section 11.2 suggests that this similarity
can perhaps be extended to (; : a — z;(a). But the relation between the
“dynamics” of critical curves and iterated 1D maps is a little more tenuous.
For one thing, there is no reasonable description of global geometry for critical
curves: even though (j is defined on an interval, it is inevitable that one will
lose control of ¢, on parts of this interval as n increases.

We claim, nevertheless, that the statistical results in Section 2.3 are valid.
To see that, we return to Section 2 to examine the situation more closely:

Observations. 1. In order to apply the results in Section 2.3 to critical
curves, we must verify for them estimates analogous to (P1)—(P3) in Section
2.2 and fix a definition of canonical subdivision by itinerary with properties
identical to those in Section 2.3.

2. Once that is done, we may proceed, letting v; = (; wherever it makes
sense. It is not important in Section 2.3 for ; to be = f? or the ith iterate of
any map; {7;} could have been a process, meaning a sequence of maps from .J
to 1.

3. Finally, as noted at the end of Section 2.3, the stated results are entirely
unaffected if we choose to stop considering any element of Q; at any time by
simply setting (; = * for all j > i. Here, the symbol * will correspond to
deleted parameters.

Definition of a process {v;} associated with ¢; : a — z;(a). We assume
(C1) and (C2) on an interval J, and fix 29 € I' 1 g \ [gn. Associated with zo,
we seek to define a sequence of maps

1
it — Ry U {x} for 0<i<—/N
o

with the property that v;(a) = (;(a) = zi(a) whenever ~;(a) # *. Here as in
Section 2.3, * is the “garbage symbol”: once 7;(a) = * for some i, v;(a) = *
for all j > i; that is to say, we stop considering a € J from that point on. To
facilitate the description of v;, we first introduce the following language:

Let v : w — R; be such that d%'y is nonzero and roughly horizontal. We
introduce on w a partition that will be referred to as the “canonical partition
defined by ~”. This partition is the pullback of the following partition on v (w):
First we divide y(w) \ CM) into intervals of length &~ & each (except possibly
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for the end interval(s), which may be shorter), and partition each component
of y(w)NCW into {r;'1,;} using the guiding critical orbit ¢(w) to center the
partition P as is done in Section 11.2C. The final partition on ~y(w) is obtained
by adjoining the end intervals in the partition above to their neighbors. We say
a canonical partition is nontrivial if at least one partition point is introduced.
Note that in a nontrivial partition, each element w’ has the property that either
(W) NCW =0 and § < |y(w')] < 35, or y(w') € Y and 7, (y(w')) ~ I, for
some [, W,.m

The canonical subdivision by itinerary for ~; proceeds as follows. We
ignore the first ig iterates as they are not particularly meaningful. In general,
for w € Q;, we use the language “delete w” and “set 7;|w = *” interchangeably.
Let Q;, be the canonical partition on J defined by ~;,. Here is how we go from
one step to the next:

Case 1. Consider w € Q; where (;(w) is free and outside of (V). We take
the canonical partition defined by (;4+1 on w, and set (;4+1|. = * for elements
w' of this partition for which de(Cip1(w’)) < e+, On the part of w not
deleted, we set v;41 = (j+1, and call the restriction of the canonical partition
on it Qi+1.

Case 2. Consider w € Q; for which ~;(w) is free and inside CM). Tt follows
from the previous step that m(vi(w)) C I:j. A bound period p(w) is set as
in Section 11.2C. We put w € Q;1; for all j < p, and at step 7 + p, we do
as in Case 1, i.e. consider the canonical partition defined by (;4,, delete those
elements with de () < e~®(+P) set Yi+p = Ci+p on the rest and call the resulting
partition Q;i,.

This completes the definition of the canonical subdivision by itinerary. We
remark that by virtue of (C1), de(zi(a)) > e~ for alli < N and a € J, so that
no deletions take place before time N. For N < n < ﬁN , the construction
above is designed to guarantee that if v, (a) # *, then (C3) is satisfied for z
up to time n on the parameter interval w € Q,, containing a.

Verification of estimates analogous to (P1)—(P3) for ~,. When 7, =
4 ,, Lemmas 11.3 and 11.5 play the role of (P1) and (P2). (P3) at iy follows
from (a) the corresponding result for w;,, (b) the fact that all (,(a),a € J,
remain very close to each other for all n < iy, and (c) Proposition 11.1. The
following distortion estimate for parameters is needed to take the place of (P3)
for n > ig. Its proof is given in Appendix A.26.

1280me fuzziness is allowed in boundary situations due to the adjoining of end intervals.
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LEMMA 12.2. There exists K > 0 such that for any w € Qpn_1 such that
ulw) is free,

K< |Tn(a/)‘ < K for all a,ad’ € w.
|7n(a’)]

12.3. Large deviation estimate

Having established the resemblance between ~; and iterated 1D maps,
we now state the analog of Proposition 2.2 for parameters. For i1 < ig, let
B(a, b;i1,4) denote the number of i € (i1, i3] such that v;(a) is in a bound
period initiated at a previous time j where d¢(zj(a)) < 6. Built into this
definition is the implication that if 7 is one of the times counted in B(a, 5 1i1,12),
then v;(a) # *. The proof of Corollary 12.1 follows closely that of Proposition
2.2.

COROLLARY 12.1. Assume (C1) and (C2), and let 20 € I' 1 gy \ Tyn.

Then Proposition 2.2 holds for {v;,i < N}, where {;} is the process asso-
ciated with a — z;(a) defined above. More precisely, given any o > 0, there
exists €1 > 0 such that the following holds for all sufficiently small 6> 0: Let
to and w € Qy, be such that vy, (w) is free and ~ 1,,;, (in particular, vz, |, 7 *),
and let n be such that (i) to +n < LON and (i) n > Ko~ |po|. Then

{a € w: B(a,b;to, to +n) > on}| < e 5" |w).

This result holds also if vy, (w) is outside of CW), free and has length > 6. In
this case condition (i) for n is replaced by n > Ko~ 'log %.

12.4. In preparation for the selection of good parameters

The main ingredients for dealing with (A4) are treated in the last 3 sub-
sections. The results as stated, however, are not quite in a form that can be
applied directly. This subsection contains the adjustments needed to render
Lemma 12.1 and Corollary 12.1 ready for use in the construction in Section 13.
We also specify the desired relations between o, § etc. and constants chosen
earlier.

Setting. We assume (C1) and (C2), and continue to focus on a single
critical point zg € I' 1 gy \ Tgn. Let 4,7 < al
with zp. In what follows, we may assume also that d¢(z;) > g for all i < ng

0N, be the process associated

where ng is as large as we need, and that at least one subdivision of the
parameter interval takes place before 7;(.J) meets C(1).
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(1) Measure of parameters deleted in connection with (A4).  The pro-
cedure in Section 13 requires that we work with time intervals of the type
[n,2n].

COROLLARY 12.2. Assume o > «, and let é1 = él(%a) be given by Corol-
lary 12.1 (with %a in the place of o). Let 6 be small enough to satisfy the
requirement in Corollary 12.1. Then for all w € Q,, with vyp|w, # *,

{a € w: B(a,d;n,2n) > on}| < e~5"|w|.

Proof. We explain the modifications necessary to apply Corollary 12.1.
If 4, (w) is free and is either ~ I,; or is outside and has length > §, then
we apply Corollary 12.1 directly with {9 = n. Note that the lower bound
on n in Corollary 12.1 is satisfied: if v,(w) =~ I,;, then p < an, so that
n > é,u > o~ !p; we may assume n > Ko~! log% since ng can be arbitrarily
large. If 74,(w) is not free or is shorter than required, we back up to step
ny when w was first created as an element of some Q,,. Notice first that
there is such an ny, for by assumption a subdivision occurred before time n.
Moreover, vy, (w) is free, and it is either ~ I,,; or is outside and has length > 6.
By the parameter version of Lemma 2.3, n < (1+ Ka)n;. We may then apply
Corollary 12.1 with tg = nq and %U in the place of ¢. Since o > «, a parameter
a with B(a, 6;n1,2n) > o(2n — ny) clearly satisfies B(a, §;n,2n) > ton. O

(2) Growth of |w}(z0)| for good parameters. Let n = 291ng, and consider
the following procedure repeated on time intervals [ng, 2n¢), - - -, [2/n0, 27 1ng],
-+, [27*7Ing,n]: On each time interval [2/ng, 27+ 1ng], in addition to the dele-
tions corresponding to (C3) (see §11.2), we delete at time 27 Ing allw € Qgi+1yp,
on which B(a, 5 :29ng, 27 ng) > 02/ng. The following corollary gives a lower
bound on |w}(zy)| for T' = T, where a survives these deletions up to time n.

COROLLARY 12.3. Assume
(a) de(z;) > min(6, e~ for all i < n;
(b) B(8;27ng, 20 ng) < 02ing for all j < 7.

Then for all i < n, |w}(zo)| > coeli(1720)A0—3ali

Proof. Assumptions (a) and (b) together with Lemma 12.1 imply that at
times 2/ng, |w}| > K~ 1deli(1=7)20 =30l Between times i and 2i, the worst-case
scenario is that all the close returns (i.e. returns to {de(-) < 6}) occur at the
beginning of this time block. Even so, we guarantee easily that for all £ < i,
lwy, | > KLbeli1=20)20=30](i+F) - Observe finally that the factor K14 can
be replaced by cs, i.e. it is absorbed into the initial stretch if ng is sufficiently
large depending on 5. O
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(3) Choice of constants.  The exponents directly related to derivative
growth are A\g, A\, A* and a. We review briefly what they represent. First,
outside of C(V), b-horizontal vectors grow at rate %/\0; see Lemma 3.5. The
first constant chosen in this paper, A < %)\0, is the minimum growth rate
along critical orbits guaranteed by (A4). Because more stringent estimates are
needed for reasons to be explained, we fix a slightly larger target Lyapunov
exponent \* = \ + ﬁ)\o; see Section 10.1. The constant « is then chosen to
satisfy o < min{A, 1}.

Next we come to o, which is chosen so that i(l —20)\o— 3, the exponent
in Corollary 12.3, is > A\*. For example, o = ﬁ will work. We may assume
this is in agreement with the relation ¢ > « as required in Corollary 12.2.
Once o is fixed, we choose & small enough to satisfy Corollary 12.1.

Summary. If o and § are as in the last paragraph, and the hypotheses
of Corollary 12.3 are satisfied, then |w}(z0)| > c2e*"® for all i < n. Moreover,
between times 2/ng and 27Tng, the measure of parameters in violation of
Corollary 12.3(b) is, by Corollary 12.2, < e=¢%"0|J|.

13. Positive measure sets of good parameters

The purpose of this section is to construct, for a given family {7,} sat-
isfying the Standing Hypotheses in Section 1 and with b sufficiently small, a
sequence of sets

A0 D) Ano D) A2710 D A22n0 DR

in parameter space with the properties that
(1) {Ta,a € Agip,} C g;‘fno (where Gif is as defined in Section 10.1) and
(ii) A :=Nj>0Agip, has positive Lebesgue measure.

Together with the material in Section 9, this construction brings to completion
the proof of our Main Theorem.

The construction in this section requires more stringent conditions on the
global constants in Section 6.1 than are imposed in Part II. See, for instance,
the end of Section 11.1 and Section 12.4(3).

13.1. Getting started

The two properties required of the start-up interval Aq are:

(1) For all a € Ag and zg € T'1, de(z;) > g for all i < ng where ng is a very
large number to be prescribed.

(2) For each zy € I'1, a subdivision occurs in the process a — z;(a) before
7i(Ag) meets C(V).
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Here dp is as in Definition 1.1; recall that d(fi.(%),C) > 26 for all i > 0.
Lower bounds have been placed on ng a finite number of times in previous
sections: among the more important places where this condition appeared are
(i) to provide time for hyperbolicity of T, to build up initially (in Part II);
(ii) to allow the comparability of space and a-derivatives to take hold (see
Proposition 11.1); and (iii) to absorb the small constant § from Lemma 12.1
(see Corollary 12.3). A few more conditions on ny will be imposed in this
section. The process referred to in (2) is the one in Section 12.2. The purpose
of (2) is to ensure that the entire parameter interval is not lost in the first
deletion: Let ny be the first time Ay is subdivided. Then |y, (w)| > § for
every w € Qp,, and if w € Q; is such that v;(w) NCY = for all i < j and
vi(w) NCW £ 0, then |yj(w)| > K~ 'epd. Thus assuming ng is large enough
that e= ™ < K~1¢yd, we are guaranteed that only a small fraction of the
measure is deleted.

We claim that for any Ay containing a* short enough for (1) to be satisfied,
(2) is automatically satisfied if b is sufficiently small. To see this, let {Zf} be
the critical points of the 1D maps f,, and let @ — 2¥(a),i = 0,1,---, be the
critical curves defined by the 1D maps. For each k, let ﬁ’f > ng be the first time
|2¥(Ao)| > 36, and let 3 be the maximum of the #f. Now let ¢¥ : a — zF(a)
where 2§ is the critical point of T, near (#§,0). We choose b small enough
that |2¥(a) — 7x(2F(a))| < 6 for i < Ay for all @ € Ag. Then for i < Ak,
¢F(Ag) ne® = ¢, and Qs,f(Ao)] > 20, so a subdivision occurs at or before

time 7Y in the process associated with z§.

In the rest of this section, let A\* and G¥ be as defined in Section 10.1.
For clarity of presentation, we first describe the construction up to time ="'
(where the situation is simpler) before giving it in full generality.

13.2. Construction of Ay for N < 9!

A. Outline of scheme. This time period is characterized by the fact that
the only relevant critical points are those in I'y := {2§,---,20}. Associated
with each z%, we construct a sequence of parameter sets Ag = AF O AF D
Ao D A’g,l with the property that for a € AF, zj’?(a) has the desired
properties for all j < ¢. The parameter sets A; := ﬁlSkSqu consist, therefore,
of parameters for which all the critical orbits have the desired properties up to
time 1.

The sets {AF} are constructed in the following order. First, we set AF =
Ag for all i < ng and all k. Then we proceed with an N-to-2N scheme, i.e. we
go from step ng to step 2ng, 2ng to 4ng, 4ng to 8ng, and so on, until !, which
we may assume is = 2fng, is reached. Within each stage, i.e. from N = 2ng
to 2N, we construct for each k the parameter sets Af’, N < i < 2N. Which
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k goes first is immaterial, but it is important that all the critical orbits be
treated up to time 2NN before we go to the next stage.

Remark. The number 2 in our N-to-2/N scheme is somewhat arbitrary;
the idea of updating all the critical orbits to order ~ N simultaneously (as op-
posed to treating one to an arbitrarily large time before beginning on a second)
is not. This is because the derivative estimate (A4) for the ¢ critical orbits
cannot be developed independently of each other: when zf visits Q(l)(zgl), it
relies on the orbit of z’g/ to guide it through its derivative recovery, and param-
eters that are favorable for 25 may have been deleted for z&. As we will see,
the times 2tng,¢ = 1,2, - - -, are designated times for different critical orbits to
communicate to each other their selected parameter sets.

B. Processes {vF} defined on Ay. In Section 12.2, we considered a
parameter interval J on which all T; are assumed to be in Gy, and introduced
for each critical point a process ; defined up to time %N . In a similar manner,
we now wish to define for each zé“ a process

AF A= RIU{x}, i=0,1,2,---,07L

Section 12.2 does not guarantee that such a process is well defined, for it is not
likely that T, € G,p-1 for all a € Ay. Here is how we circumvent the problem:
we use the procedure in Section 12.2 to extend vf from step N = 2¢ng to step
2N whenever it is feasible, and to set v; = * whenever it is not. More precisely,
for fixed k and N, we assume ¥ is defined on A for all i < N. Associated
with ~; is its canonical subdivision by itinerary Q;. For each w € Qp, we
set YN41]w = * unless T, € Gou-n for all @ € w. Thus when yni1]w # *,
the construction in Section 12.2 can legitimately be carried out on w up to
time 2N.

There is one other difference between the construction here and that in
Section 12.2, where 7; = * is set only to achieve d¢(z;) > e~ Here we permit
the setting of v;lw = %, w € Q;, for a wider range of reasons as we will see in
paragraph C.

C. Formal procedure from step N = 2'ng to step 2N. At time N, assume
we are handed the following objects: For each k =1,2,--- , ¢, there is a process
¥ Ag — Ry U {x} well defined up to time N. The set Ak, := {4k # %} has
the property that for all a € A’fv,

(i) de(2F(a)) > 3e~ for all i < N;
(ii) B(a,5;2jn0,2j+1no) < 02ng for all j < £.
Observe, by Corollary 12.3, that Ay := ﬂkA’fV C gﬁ.

How to go from step N to step 2N. The following steps are taken for
each k.
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(1) First we set ’V]]‘{;+1|cb = * on those & € QK with & N Ay = 0.

(2) On the rest of the & € Q% we extend the process v¥ to 2N (see justifi-
cation below), deleting all w € Q;|,, with de(y;(w)) < 3e™*.

(3) Set 75|, = * on those w € QF with the property that B(a, 5;N,2N) >
oN for a € w.

Step (1) stipulates that unless some a € w is good for all g critical points,
the entire parameter interval will be abandoned.

Justification for step (2): We need to show that T, € Gyu-n for all
a € w. By assumption, there exists a € @ such that T, € gj‘é. It fol-
lows from Proposition 10.1 that T, has a continuation in G,y on the in-
terval [a — p2“" N a 4+ p~2¢"N]. On the other hand, Proposition 11.1 gives
o] < IA(e_;\N, which is < p~2¢" N,

Note that steps (2) and (3) lead directly to (i) and (ii) above at time 2N.

D. Measure deleted from step N to step 2N. Consider one z(])C at a time.
We wish to estimate the contribution to Ay \ Agx by the orbit of zé“ (this is
not to be confused with AKX \ A5.).

Deletions in Step (1). We have no control on the total measure of all the
w € Qﬂ“v removed in this step, but all the @ removed have the property that
wN Ay = 0: the very fact that © N Ay = () means that all the parameters
in w have been deleted earlier due to violations on the part of critical orbits
other than that of zg . Thus from the point of view of Ay \ Asx, no measure
is deleted in this step.

Deletions in Step (2). For i with N < i < 2N, we consider w € QF |,
and give an upper bound on the fraction of w that may be deleted at the ith
iterate. Let igp be the smallest j < ¢ such that w € Q?, i.e. ig is the time when
the partition interval w is created. There are two possibilities:

(i) ’y{f} (w) is outside of CV) and § < |fyf; (w)] < 30. In this case,
|v¥(w)| > K~16, and not knowing the location of v¥(w), we assume the worst-
case scenario, i.e. 7¥(w) crosses entirely a forbidden region de(-) < 3e=%". The
fraction of w deleted is then < K616~ < Ke~ . Here K is the distortion
constant (Lemma 12.2) as one transfers the length ratio on ¥(w) back to w.

(ii) 7y (Wi (w)) = 1,;. Let pbe the bound period initiated at time 7. Then
p < K|, so that [y (w)| > K‘1|y§)+p(w)| > Ku—;le_K“W' > e~ 2Kalul For the
first inequality above, we use first Proposition 11.1, then |w;| > ca|wj,+p|. For
the second inequality, we use Lemma 11.5(e). Thus the fraction of w deleted
is < K6e ig2a’n o [e=301, (We note here the significance of the rule that

in canonical subdivisions no partition point is introduced that would result in
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an element w with m,(y¥ (w)) C I,,; and |7f (w)| < [1,5]. For such an element,
we would not be able to control the fraction of parameters deleted.)

We conclude that between times N and 2N, the total measure deleted in
the course of executing step (2) on the orbit of each zf is

< > Ke A

N<i<2N

Deletions in Step (3). By Corollary 12.2, on each @ € Q% the total
measure deleted is < e~*1¥|@|. Thus the total measure deleted at time 2N on
account of executing step (3) on the orbit of 2§ is < e=*1¥V|A|.

Summary. Let Déﬁv on denote the set of a € Ay deleted on account of
the orbit of zé“ as we carry out our procedure from time N to time 2N. Then

DRonl < [ K D 2% + e N | Al
N<i<2N

Writing the quantity in parentheses as K’e~'N, and letting Dy an denote the
set of all parameters deleted from Ay between time N and time 2N, we have
the estimate

Dyon| < g Ke =N A

13.3. Construction of Ay for N > 6!

A. Outline of scheme. Our basic strategy is as before; i.e., we work with
cycles that go from time N to time 2N, treating all relevant critical orbits
in each cycle before going to the next and making deletions with the aid of
processes of the type in the last subsection. There are two new aspects in the
situation: the number of distinguishable critical orbits grows with time, and
the critical structures of the maps 7, are not uniform for all a € Ag. The
processes we consider must reflect this reality; they are discussed in part B
below.

Parts C and D follow their counterparts in Section 13.2. Except for treat-
ing the new complexities brought to light in part B, they do not differ sub-
stantially from before.

B. Processes defined by critical orbits: two new aspects.

(1) Processes associated with critical blobs. Relabeling the processes {7}
in Section 13.2B as {7;°}, we seek to explain what is meant by a process {~;"}
where zg is an arbitrary critical point. Questions surrounding the domains of
definition of {7 °} are treated in item (2) below. We discuss here the more
basic question of whether to set 7 = z; when it is # .
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Setting 7;° = z; for all 7 is only natural, but it has the following drawback:
Let z{ € B(j)(zo). Even though the orbits of zp and z{ stay together for a
long time, if treated independently, the canonical subdivisions accompanying
a+— zi(a) and a — z(a) are likely to produce slightly different partitions, and
rules of deletion such as those in Section 13.2C may yield slightly different
results. However inconsequential, these differences are a technical nuisance.

To avoid this technical nuisance, we have elected to view {7°} as associ-
ated with critical blobs. More precisely, let zg be a critical point of generation
j. We let BUY) 5 BU2) 5 ... 5 BU») be the complete chain of critical blobs
containing BY)(z); i.e., j1 = 1,4, = j, and for each i, there is no B®)
ji < k < jiz1, such that BU:) 5 BK) 5 BUi), (See §7.3 for the geometry of
critical regions.) We say BU is visible on the time interval (ji1071, 5074,
thinking of it as “hidden” inside lower-generation critical blobs before time
ji—1071 and no longer active after time j;6~!. During the time period when
BUY) is visible, we set 7} = zé”) or x where z(()m = 25(BUY). That is to say,
BW(z) is visible in the first 6~ iterates, and for £ < =1, v = zél) or .
Since zél) = 2& for some k, {7/°} is identical to one of the processes defined in
the last subsection for ¢ < #~1. At time 61, the critical blob BM!) retires, and
B®) becomes visible. We have v, = zl@ or * for =1 < ¢ <2671, and so on.
(Note that some of the orbit segments are visible for more than #~! steps due
to the “skipping of generations”; see Section 7.3).

Assuming for the moment that all definitions are legitimate and all rules
for deletion are as in Section 13.2C, we make the following observation: During
the period when v;° = zéji) or *, dc(zéji)) > 3¢~ implies that de (&) > 2e*¢
for all & € BU). This follows from earlier estimates on the sizes of critical
blobs; see Section 4.2. Moreover, if de(7;°) > 3¢~ for all £ < j6~!, then all
& € B(j)(zo) satisfy de (&) > 2. In particular, all critical points inside
BU)(z) obey (A2)# up to time jO~!. The same conclusion is valid for (A4)#
since up to time jO7!, all & € B(j)(zo) can be regarded as having the same
itinerary. Hence they have the same fraction of “bad iterates” in the sense of
B(~,(§;n72n).

(2) Stabilization of critical structures and extending the processes {v;°}.
In Section 13.2, we considered processes defined by zy € I'y, which has a
continuation on all of Ag. Critical structures of higher generations do not have
such continuations. To stabilize these structures, we introduce an increasing
sequence of partitions Jyp-1 < Jog-1 < Jgg-1 < --- on Ag with the following
properties: Jp-1 = {Ag}; for each N = 2971 ¢ > 1, Jy is a refinement of
J1y and partitions Ay into intervals of length ~ p® V. Leaving precise rules
of deletion to part C, we explain here the relation between these partitions and
the processes defined in (1).

For N =2f0=1 ¢ =1,2,---, the picture is as follows:
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(i) There is a decreasing sequence of “good sets” Ay with the property that
T, € Q# for all @ € Ay. (This is not the definition of Ay, however.)

(ii) There are subcollections of “good” intervals J3 C Jn. For each Jy €

TN
-Jy C J%N for some J%N € jf]w
-JINNALy # 0.

(iii) For each Jy € Jy, let I'V(Jn) be the set of critical points of T, a € Jy,
of generations between %GN and @N. Then for each zg € T'V(Jy) of
generation k, there is a well defined process {v;°,i < min(kf~!, N)}, the
domains of definition of which are as follows: Let Ay = Jyp-1 D Jog-1 D
-+ D Jy be the elements of Joep-1 containing Jy. Then

-0 < 61, is defined on Ay = Jy-1 (this is what is constructed in
Section 13.2);

— the process above is extended from i = 7! to i = 207! on Jy-1,
then from ¢ = 20! to i = 46~ on Jyp-1, and so on, up to i = %N;

— the product of this last extension is extended from ¢ = %N to i =
min(k0~!, N) on Jy where k, as we recall, is the generation of zg.

We explain how to go from step N to step 2N, clarifying along the way
what exactly is meant by some of the statements in (iii) and how they can be
achieved:

Elements of Jy not in Jy are discarded since all parameters in them
have been deleted in a previous step (second property of Jy in assumption (ii)
above). Let Jy € Jy be fixed. We consider Jon|j,, and put into J; those
elements of Jo that meet Ay (as required by (ii)). Consider a (fixed) J C Jy
such that J € J;. Since there exists a € J such that T; € gf, (assumption
(i), Ty, € Gan~n for all a € J (Proposition 10.1). Thus on J there is a coherent
choice of I'ygy whose orbits can be treated up to time min(kﬁfl, 2N) where k
is the generation of the critical point.

Fix zo € I?N(J). Since k, the generation of zg, is > 0N, 7;° is defined for
all i < N in the sense of (iii). As mandated by (iii), we now seek to extend
this process to all i < min(k6#~!,2N) on the interval .J. Such an extension is
carried out on one w € Q7 at a time. Fix w such that 730 |w # . If w C J,
then we consider ~;° for i = N +1, N +2,--- starting from w as explained in
Section 13.2B. If wN J = (), then w is not our concern. It remains to consider
the case w N IJ # 0.

Observation. If for all a € w, 2p(a) satisfies the hypotheses of Proposi-
tion 11.1 up to time N, then |w| < |J].
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Indeed, w € Q3 and J € Jn have exponentially different length scales.
This is because by Proposition 11.1, |w| < Ke N, which is < p® N = |.J|, and
our rules of deletion, which are stated precisely in part C below, are built to
ensure that the hypotheses of Proposition 11.1 are satisfied for zg(a) for every
a € {y¥ # *}. To deal with those w that intersect some J € J5 but are not
completely contained in it, we let J* be, say, 10% longer than .J, and treat all
w € Q% that are completely contained in J*. The properties of J continue
to be valid in JT, and these overlapping intervals lead to an overcount by a
factor of at most 2. This completes the qualitative description of the extension
of (iii).

We finish with the inductive definition of Ay, even though the following
acquires meaning only after the deletion rules are specified. We let

Ay = {/Yliloin(kzé’*lzN) 7# %}, Aan(J) = Naeran() Ady

and
Aoy :=An N (UJG];N AQN(J)) .

Our deletion rules are designed to ensure that Ax as defined above has the
property in assumption (i), and that Ny Ay has positive measure.

Remarks. (1) The intersection with Ay in the definition of Ayx may seem
redundant, for on J € Jjy, all critical blobs corresponding to zy € I'*V(J)
have already been treated up to time min{k~'6,2N}. Consequently, it is
tempting to claim that T, € ng for all @ € Ujez;, Aan(J). This is not true in
general, for not every critical blob has offspring (meaning smaller critical blobs
inside), and the definition of Ujez: Aan(J) does not take into consideration
the behavior of critical blobs that expired without reproducing before time V.
To ensure that T, € Q;&N for all a € Agn, we require that Aoy C Apn, and
use the inductively obtained fact that for all a € Ay, all zg € TN (J) are well
behaved.

(2) To deal with the phenomenon called “skipping of generations”, we
need to work with slightly overlapping intervals of generations to ensure that
all critical behaviors are represented. For example, we should have included
in the definition of T'™V(.J) all critical points from generation #N to generation
20N (1 + 20), and the elements of Jy should have been taken to be of length
~ LptN (1420) " and so on. We have omitted — and will continue to omit — all
of these factors of (1 4 260) to slightly simplify the discussion. The problem is
easy to rectify (and should probably be ignored on first pass).

C. Formal procedure from step N = 20~ to step 2N. We now give the
formal procedure at a generic step N. The following should not be thought of
as induction hypotheses, but rather as a summary of the situation as we arrive
at step N following the procedure described in part B. At time N we assume
we have the following:
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(a) A subcollection J3 of Jn with the property that on each J € Jy,
there is a coherent choice of Tgn; TV (J) and An(J) are as defined above.

(b) On each J € Jy, associated with each zy € T (J) of generation k, is
a process 7,° : J — Ry U {*} for which the following hold: For all a € A and
i < min(k6~1, N),
(i) de(v;*(a)) > 3e™%
(i) B(a, ;27071 27t1971) < 2791,
(c) A subset of Ujez: An(J) in {a: T, € gj‘é} is called Ap.
As noted in B(1) above, all zg € TV (J) of generation k obey (A2)# and
(A4)# up to time min(k§~, N). Step (c) is needed because Ujeczy An(J) is
not necessarily in {a: T, € gﬁ;} (see Remark (1) in B(2) above).

What is done from time N to time 2N.

(0) First we introduce the partition Jon, and let 75y C Jan be the collection
of J with JN Ay # 0. Elements of Jan \ J5y are excluded from further
consideration.

We then treat one J € J5y at a time, carrying out for it steps (1)-(4)
below. Steps (1)—(3) are carried out for each zy € I'*"(.J), beginning with the
zp of the lowest generations.

(1) Set Y34 1lw = * on those w € QF with wN Ay = 0.

(2) On the rest of the w € QF, we continue the process to time 2N in
the manner described above, deleting along the way all ' € Q7 with
de (v (W) < 3e™.

(3) Set 75%|w = * on those w € QY with the property that B(a, 5,N,2N) >

oN for a € w.
(4) Define ASy, = {VQ)in(kefl,QN) # *} and Agn(J) = N, crov( ATy as in
Part B.

Finally, after all the J € J; are treated, we set
Aoy = AN N (Ugegs, Aan(J)).

Step (0) is to ensure the existence of a coherent choice of I'ygn on each
selected J. Step (1) is to ensure that the process can legitimately be extended
on those w on which 73’ 41 # *. Note also that every 2z has an ancestor, so
all 7° are extensions of previously constructed processes. Since many of the
29 € I2NV(J) are related to each other via ancestry, the steps above in fact
contain many duplications.
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It is evident that the steps above lead to (a)—(c) at the beginning of Part
B for time 2N.

D. Measure deleted from time N to time 2IN. First we estimate the mea-
sure deleted on account of a fixed J € J5 and a fixed 29 € T2V (J): Step (0)
does not contribute to Ax\ Agn since no a € UJy \UJ;y belongs in Ay. The
same remark holds for step (1). Explanations and estimates for steps (1)—(3)
are exactly as before, except that |Ag| should be replaced by |JT|. Thus we
have

PN anl < K'e==N - 2]J].

Since the cardinality of I'?V is < 2N 9K§0N(1+20) (Corollary 7.1), we have

Dranl < Y S DNl < 2NOENUTED L KT N 9|,
JGJQ*N ZQEFzN

13.4. The final count

From Sections 13.1, 13.2C and 13.3D, we see that the total measure deleted
at the end of the procedure is

< [Kogleom 4+ g’ Y0 NoE;VUT e N A,
N=2'n, €7+
As (a,b) — (a*,0), ngp — oo and § — 0, but none of the other constants is
affected. Thus with (a,b) sufficiently near (a*,0), the quantity in parenthesis
can be made arbitrarily small. In other words, |A| can be made as large
a fraction of |Ag| as we wish. This completes the proof of (ii) in the first
paragraph of this section.

Appendices

A.1. Properties of “good” 1D maps (§52.1 and 2.2)

Proof of Lemma 2.1. Let = be such that fi(z) ¢ Cs for i € [0,n). We
divide [0,n] into maximal time intervals [i,i + k| such that fi+7(z) ¢ Cj, for
0 < j < k, and estimate |(f*)'(fi(z))| as follows:

Case 1. fi(x), f+*(x) € Cs,. Definitions 1.1(b)(ii) and (c)(ii) together
guarantee that |(f*)/(fi(z))| > e3 k.

Case 2. fi(x) & Cs,, f*(z) € Cs,, same as Definition 1.1(b)(ii).

Case 3. fi(x), f+F(x) & Cs,. If k > Moy, then I(F*) (fi(x))] > eMF from
Definition 1.1(b)(i). If k& < Mo, we let k be the smallest integer > k such
that fi+k(x) € Cs,. Using Definition 1.1(b)(i) for k > My and Definition
1.1(b)(ii) for k < My, we conclude that |(f*)'(f(z))] > coKy Moer* where
Ky = max|f'(x)|.
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Case 4. fi(zx) € Cs,, fTF(x) & Cs,, same as Case 3, with an extra factor
> (mingec,, [f"(y)]) 0.
Cases 3 and 4 are relevant only for part (a). O

Proof of Lemma 2.2. Proceed as in the proof of Lemma 2.1. From
Definitions 1.1(b)(i) and (c)(ii), we see that for f, the estimates in all four
cases are determined by [(f7) (y)| for y & Cs and j < N := max(Mp, K log $).
Choose ¢ sufficiently near f that |¢7(y) — f7(y)| is sufficiently small for all
yéZCsand j <N. O

We will use the notation x; = fi(x).
Proof of Proposition 2.1.  (P1) is Lemma 2.2. Let z € Cs(2).

SUBLEMMA A.1.1. For ally € [Z,z] and k < p,
ky/
L)
27 (f%) (&)
provided that § and € are sufficiently small.

Proof. We write
Lf'(y5) — $J)| |y] |
1 <K
% Zl HE 2 d(#;,0)’

We first choose hq large enough that - 5 Zi:ho 11 e 2% « 1, followed by § small

enough that ¢ Z] 1 51 KJ < 1. We then require ¢ to be sufficiently small so
that d(z;,C) > 09 Vj < ng for some ng satisfying e~ < §. These choices
ensure that

k
Z@Jx :E]’ Z5OK]5+ Z —2aj_|_ Z e—(2a—a)j<<1. >
]7

Proof of (P2). Suppose |z — 2| = e™". Then (G2) together with the
sublemma above imply that

2y — & = [(f77) (yo)ller — #1] = KA D (@ — 2)%,

From |z, — Z,| < 1, we read off the upper bound p < %h for h sufficiently
large. For the lower bound, we write |z, — &,| < KP~le~?" and recall that p is

defined such that |z, — Z,| > e 2P, That p > constant-h follows directly from
KP~1le=2h > o—20p

To prove (P2)(ii) we again write |z, — 2,| < K|(fP~1) (y1)|(z — £)?, so

that
(18) K|(fP~Y (#1)]2 |z — | > e
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We also have
(7Y (@)] = (P @)l (@)] > (KPP @0)]) - (K e = &)
Combined with (18) this gives
(FP)(2)] > K=3(fP~1) (@) e > o7 K—3eiMp-Demop,

which we may assume is > e~ if p is sufficiently large, or equivalently, ¢ is
sufficiently small.

It remains to prove (P2)(iii). From (P2)(i), (ii) and Sublemma A.1.1, for
Iﬂj S ,P’C(s(i)v

P 2 K T e 2 Ko e e,

Proof of (P3). We write og = [z,y], o) = f'* 00, and assume for definite-
ness that o9 C C5 and n > t, + pg. Then

( /J: ’f’ 4q
log( < Z ’f’ Z S, +S7)
k=1

'(y)
where
te+pr—1 \y—m\ tet1—1 ‘y—iﬁ‘
S = Y5 290 apnd SV = Y3 i1
g J;c d(yja C) g t};k d(yja C)

except for i which ends at index n — 1.

I. Bound on 2221 SIZ. For k < q and t +pr < j < tp+1 — 1, we have,
by (P1)(ii), |opr1| > crert+17|z; — y;], so that 15’;{’ < K@. Also, by
combining (P2)(ii) and (P1)(ii), we have |opy1| > es* 175 |gp | > 7|0y | for
some 7 > 1, so that 2970 8/ < K'UTQ‘.

The term S(’I’ is treated differently because x, may not be a return. Ob-
serve the following: (i) If [z, yn] C Cs,, then (P1)(ii) gives, as before, S <
$K|yn — x| which is < K since |yp—1 — 2p—1| < 0 by definition. (i) If for
tq +pq < j <, [zj,y;) N Cs, =0, then (P1)(i) with ¢ in the place of ¢ gives
Sg < 50 \yn Tpn| < K5(50_2 < K. In general, if there is 7 > t, + p, such that
7 is the last return to Cjy, before time n, then we apply (i) to >=;' |, and (ii)

—1
to > hi1-

II. Bound on Y }_, S}. First we estimate S;. Suppose y;, € Cs(Z). For
tr < 7 < tr+ pr we write

v =2l _ g — sl 1y = #]
dy;,C) |y — Zj—ul  dy; C)
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By Sublemma A.1.1 and the usual estimates near &, the first factor on the
right is

- K\Z/twl T, 41| - K\f’(%ﬂ Yt — 1, | < K o

’ytk+1 - .’L'l’ ’ytk - £|2 d(ytwc) .
Thus
S/ ’ytk - xtk| + tk—% ! |y] x]|
k= 37
d<ytkac) j=ti+1 ( )
o POy - . | o
< Ki 14 P | < K
d(ytkv j %;_1 y]a d(ytk’ C)

Now let K, ={k < q: o} C I, ; for some j} Then

Ok
S sk Y K< K
kek, keK,
The first inequality is from above. The second follows from the next two facts:
(i) |ogs1| > 7|og| for k < g, and (ii) the term with the largest index is bounded
above by |I ;1, which is < K1 zze#. To finish, we sum over all 1 to obtain
>S5 <K. O

A.2. Growth estimates and large deviations (§2.3)

To avoid cumbersome notation, we write u instead of |u| in all estimates.

Proof of Lemma 2.3. Since points in w are assumed to have the same
itinerary up to time n, [0,n] is divided into bound intervals (¢, t; + px) and
free intervals [ty + pg, tg11]. From (P2)(ii), we have |y, 4, (w)| > €T |y (w)]
and from (P1)(ii), we have |y, ., (w)| > 0164)‘0(““_“_7”“)\fytk+pk (w)]. Thus for
any time j such that ~;(w) is free, |y;(w)| > €3N |w|. Now |y, (w)| < 1 forces n
to be < K pyp. O

Proof of Lemma 2.5. Let s € w be such that S(s) > n. We define
the essential return times t; < tg < --- and corresponding return addresses
;11 I ;22 o0+ for s as follows: Let ¢; be the smallest ¢ > 0 when either (a)
vi(w) is out of bound period and |v;(w)| > ¢ or (b) ¢ is the extended bound
period of 7y(w), whichever happens first. If (a) happens first, then S|, = ti,
and we stop iterating. If not, then we may assume 7y, (w) C Cy, and the return
address of s at time ¢ is I“ iy i, (9 (8)) & Ly, C Cs(#,). Similarly, to(s)
is the first ¢ > #1(s) When either (a) 7i(Q¢, (s)) is out of bound period and
|7i(Q¢,(s))| > 0 or (b) i is the extended bound period of O (s), whichever
happens first. Again if (a) happens first, then S ’Qtl(s) = {9 and we stop
considering Qy, (s); otherwise v, (Qy,(s)) = I,,,5, C Cs(&;,), and so on.
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Let A; = {s € w:S(s) > n, and ~;(s) makes a total of exactly ¢ essential
returns before time n}. Then [{S > n}| =3 [A,]. We write Ay = UrAgr
where Ay p = {s € Ay :if (111, - - , pq) are the p-coordinates of its first ¢ return
addresses, then |u1| + |p2| + -+ - + |g| = R}. We further decompose A, g into
intervals o consisting of points whose first ¢ return addresses are identical. For

o with return addresses (I, L,i.), we let Q, = Qy,(s) for s € 0. Then

’0_‘ _ |th| ’th—1| |Qt1’ q "ytq(th)‘ . ’7?51 (Qtl)
’th71| ’thfz‘ ‘UJ| |f)/tq (th—l)’ h/tl ((U)‘

where K is the distortion constant in (P3). Now |y, (Q¢,)] < 1, and by
(P2)(iii) and (P1)(ii), we have

171977 "

W < K o

‘7&(@%)’ < K |I#kjk‘ < Ke—(l—Koc)/Lk ]

”Ytk+1(th)’ N |/ytk+pk (th,)’ N
Thus

0| < K¢~ ZiargmetKemo| ) — gae=iltKom|y = |g|p.

(For ¢ = 0, this estimate presumes that 7;(w) has completed its initial bound
period, i.e. n > Kpg.) We estimate [{S > n}| by

{S >n}| = Z |Ag r| < Z (number of ¢ in Uy Ay Rr) - |o|r -
q,R R

There are (R(;l) ways of decomposing R into a sum of ¢+ 1 integers. For a
fixed g-tuple (p1,- -, pig), we claim there are < 2‘%% u% “e ,u,g possibilities for o
with these data. This is because 74, (Qy, (0)) is short enough that it can meet at
most one Cs(%), which contains < 242 intervals of the form I,,, ;. Furthermore,
for (p1,-- -, pg) with pg + pa + -+ - + p1g = R, we have /ﬁu%--‘ug < (%)2‘7.

There is one other piece of information that is crucial to us, namely that
all bound periods are > A := K~ !log %. This means that for a given R, the

only feasible q are < %. For a fixed R, then, the number of o in U4, g is

R-1 R\ % R (R) R onm
< .29 | — < — . . 2a A2A7
- Zq: < q > <Q> - A \R

1 1 2 R
which, by Sterling’s formula, is ~ £ (eE(Z) 24 Az) where & (1) — 0 as

§ — 0. Calling the expression above (1 + 7(8))%, we have n(§) — 0 as § — 0.
Observe also that n < KR+ Ky by Lemma 2.3 and so R > K ~'n— ug. Thus

{S>n}< Y KI(1+n(6)Re wlitiany,
R>K~—'n—po
<e 3K ntm

1

] < 725w

provided that n > 3K pyg. O
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Proof of Corollary 2.1.  Let t; > 0 be the smallest ¢ such that there are
points s, s’ € w with different itineraries in their first 7 iterates. Then either
t; =0, or t; < Klogd~! and |y, (w)| > K~ by (P1). Let n be an arbitrary
integer > t;. We partition w into {@} U {w,;} where s € & if v, (Qy, (s)) is
outside of Cs and s, (wyuj) ~ I,5. Then S|, = t1. For p with n > 3Ky,
lwej N{S >n+t1} < K6_5K71”|ww‘| by Lemma 2.4; K here is the distortion
constant in (P3). Note also that the total length of I,; with n < 3Ky is
< 27557 Tt follows therefore that

2e~ 3K 'n

‘{S € W,S(S) > n+t1}’ < K€7%K71HIW‘+K (W

) jw| < e KMty

provided K is sufficiently large and n + t1 > K log6—1. O

In the next proof, it is advantageous to take a probabilistic viewpoint, with
(w, P), P being normalized Lebesgue measure, as the underlying probability
space.

Proof of Proposition 2.2. Let 6 > 0 be a small number to be determined,
and let B,, be as in the statement of the proposition. The idea of this proof
is to introduce random variables X;,i = 0,1,---, with the property that (i)
B, < Y., X; and (i) the conditional expectations of X; are dominated by
certain exponential random variables.

Step 1. Reformulation of problem as one involving » . X;. Define a
sequence of random variables t; < to < --- marking certain intersection times
with Cjs as follows: If I, ;, C Cj, let t; = 0, and let Sy be the stopping time
S defined in Section 2.3. If I,,,;, N C; = 0, let t; be the smallest i for which
7i(Qi—1(s)) N C5 # (), and define S; on each element of Q; as follows: If
Ve, (@1, (8)) N Cy = 0, set S1(s) = 0. If v, (Qy, (s)) = I; C Cy, let Sy be the
stopping time S on Qy, () for the sequence ¢, V¢, +1, - - - (instead of vo, 71, - );
that is to say, S1(s) is the smallest ¢ such that ¢, +i(Q¢,+i—1(s)) is not in a
bound period and |y, +i(Q¢,+i—1(s))| > 0. Then on each element of Q , we
define t5 to be the smallest ¢ > t; 4+ S; such that v;(Q;—1(s)) N C; # 0, and
on each Q,(s), define Sy to be either S or 0 as before depending on whether
Yt,(Qt,(s)) C C; or not, and so on.

Before proceeding further, we record the following lower estimate on
|76, (Qr,—1(s))|. Let ¢t be the time Q;,_1(s) is created. By definition, ¢;—1 +
Si—1 <t < t;, and 1(Qy,—1(s)) ~ P for some P € P. Moreover, there are
only two possibilities: either P is outside and |P| > §, or it is ~ I,,; for some
I,j C Cs\ C;. By (P1) and (P2)(iii), |7, (Qs,—1(s))| > & := min(cad, §519).
Note that if § < 4, then &' > 0.

We now head toward the promised random variables. For ¢ = 0,1,2,-- -,
let X;(s) =1 for i € [tg,tx + Sk), any k, and = 0 otherwise. Then B, <
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> i<n Xi; in fact, this is likely to be an overcount, for S, goes beyond bound
periods. It is thus sufficient to show that P{>",. X; > on} decreases expo-
nentially with n. -

As we will see, it simplifies the discussion slightly if we “speed up time”
to skip over the intervals [tg,tx + Sg). Let T3 = —1. With T; defined, we let
Ti+1 = T; + 1 except when T; + 1 = ti, in which case we let T;1; = T; 4+ 1+ Sj.
We let X = S ifw C Cs, 0 otherwise, and let XZ-H =S, if T, +1 =1, 0
otherwise. Let Qr, be the partition defined by Qr,(s) = Qr,(s)(s), and note
that XZ is measurable with respect to Qr,. Since X; < Xi, it is all the more
true that B, <>, X;.

Step 11. Conditional distribution of Xi+1 gwen Qr.. Let ¢ > 0, and con-

~

sider @ € Qr.. On most @), X;41 is identically equal to 0. The only time when
this is not the case is when v7,(g)4+1(Q) meets C5. We note that

(1) for all s, € Q, 7{&(@4_1(5)/7{&@)“(5’) < K;

(2) 1y (Q)] > o',
(1) follows from (P3); (2) is from Step I. From (1) and (2), we deduce that (i)
P(Xis1=0|Q)>1— K" and (i) P(Xip1 >n | QN {yr1 € L;}) <
Ke s if n > 3Ky (Lemma 2.5); for n < 3K, there is no information. It
follows that for all n > 0,

(19) P(Xit1 >n| Q) < K6 'min(5,e” GK) ) 4 K§6 —le—aK 'n,

A simple computation shows that if £ < %K ~1 (where K is as in the exponents
above), then E[e=Xi+1|Q] < co. We note further that by decreasing § (keeping

e fixed), E[eeXi+1|Q] can be made arbitrarily close to 1. Let n > 0 be a
number to be determined shortly, and choose § = §(n) sufficiently small that

E [eEXi“ |Q] < €. Observing that the upper bound in (19) and hence that for
E[esX+1|Q] do not depend on i or on Q, we conclude that with & = 6(n) as
above, E[esX+1|Qr] < € for every i > 0.

Step II1. Large deviation estimate for Zz‘gn X;. To finish, we write

:E [6527‘,<n Xri E[eaj(" QTn,—l]] < 677 E |:652i<n Xl:| ’

giving inductively E[e® 2=i<n Xi] < e’”’E[eEXO]. Since E[eEXO] < efferowe arrive
at

P{B, >on} < P ZXl S on b < em—eontKepo

i<n

This is < e~ 27" if 7 is chosen < %50’ and n is > Kupo~*. O
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A.3. Parameter transversality (§2.4)

Proof of Lemma 2.6. First we show that U;>of°C is dense in I. If
not, there would be an interval w with the property that ¢(x) is identical
for all x € w. Let w be a maximal interval of this type. Then either (i)
R (w) C f*(w) for some n, k, or (i) f¥(w),k = 0,1, -, are pairwise disjoint.
Case (i) cannot happen since it implies the presence of a periodic point x with
|(f*¥)x| < 1. Case (ii) is equally absurd, for it implies the existence of {k;}
where f¥:(w) are arbitrarily short and arbitrarily close to C, a scenario not
permitted by Definition 1.1 (¢)(ii) and Lemma 2.1.

For each n, let 1,,(2) and 7,(2) be the two points in Up<i<nf'C closest
to & € C. In the case I = S, let

A =z eI fix & Uiec(ln(®), ra(%)) Vi > 0}.

If I is an interval, we may assume n is large enough that f(I) C (z},22) where
z} and 22 are the two points in Up<;<,f 'C closest to the ends of I. We
then define A(™ as in the circle case but with I replaced by [z}, z2]. In both
cases, A is compact and f(A™) c A, Clearly, UA(™ is dense in I since
U;>0f*C is dense in I and the gaps in A decrease in size as n increases.

For part (a), it remains to show that f|5) is conjugate to a shift of finite
type. Let J = {Ji(n)} be the partition of I by Up<i<nf *C. Observe that
for Ji(n) # (In(2),2) or (&,r(2)), f(J™) is equal to the union of a finite
number of elements of 7. Let Agn) =AM N Ji(n). Then the alphabet of the
shift in question is {i : Agn) # (0}, and the transition ¢« — j is admissible if
FAM) o AW,

Assertion (b) follows from our construction. O

Proof of Corollary 2.2. Fix n large enough that for all i > 0, fi(q) ¢
(In(2), (%)) for all # € C, and let A = A, Let B = U;0A; where A; is the
shortest interval containing A;. Since B is a finite set with f(B) C B, it consists
of pre-periodic points. From Lemma 2.1, these periodic points are repelling.
Thus if ¢ is sufficiently near f, there is a unique set By with g(By) C B, such
that g|p, is conjugate to f|p. Using B,, we recover a set Ay on which g is
conjugate to f|x. The uniqueness of g, follows from the expanding property
of g away from C' (Lemma 2.2). O

Proof of Proposition 2.3. (i) We prove a +— ¢(a) is differentiable with

d oy~ N~ Oafalfi M (a)
(20 T Dy T

Here all objects depend on a, mention of which is often suppressed (e.g. f = fq,
¢ = q(a)). Continuing to use the notation in Corollary 2.2, we let A; ;, ... ;, =
{z el: fi(z) €A;,0 <j <n}, and let A i, (@) be the cylinder set

20,21,
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containing ¢q. For each n, choose g, € A, ;,....i.(q). We will show that as
functions of a, d%qn converge uniformly to the right side of (20). This requires
in particular the uniform bound max;, i, ... i, [Aig iy 4| < Ke 1% for all
n > 0 (see Lemma 2.1).

Introduce G(z,a) = (fa(x),a), and let G"(¢n,a) = (pn,a). Then p, € B.
Differentiating, we obtain

_pn—za fn Z Qn af(fl ! )+8xfn(Qn) G%Qn-

Hence we have

Ao NS )
da™"  Ouf(an) 4 Ouf'(an)

Since B is a finite set, %pn is uniformly bounded for all n. With |(f™)'(¢,)|
growing exponentially, the first term on the right is exponentially small. It
remains to check that the second term converges uniformly to the right side of
(20). In addition to the growth of £, this uses our estimates on max |A;, ;, ... . |
above and a distortion estimate for f?. We leave it as an exercise.

(ii) This is a direct application of (20) to g defined by g(a*) = fo-(2):
d rn(s
%f (.T) 1 <a n—1 dzy n—1 )
~ N ~ s +0
ufr i) aufiy) O (&1)— =+ 0af"" (d1)
Cdéy | Qa7 (i)
O fr (1)

Thus the limit as n — oo at a = a* differs from Z(a*) by § d, (a*), which is also

(21)

easily seen to be the term corresponding to ¢ = 0 in the sum in Proposition
2.3(ii). O

A.4. Most contracted directions: Preliminaries (§3.1)

We record in this appendix some elementary estimates in preparation for
the proof of Lemma 3.1.

I. Area growth.  Let {Ei, FEs, -+, E,} denote the usual basis of R™.
Recall that if u = Y w; E; and v = ) | v; E;, then uAv = qu I;; E; AN Ej where
I;; = uv; — viu;, and the area of the parallelogram spanned by u and v is
equal to

1
2

lunol = VPP —(uv)? = (Y I

1<J

SUBLEMMA A.4.1. Let M and M have the properties in (H1) in Sec-
tion 3.1. Then
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(a) [Mu A Mv| < Kb |uAvl;
(b) |Mu A Mv| < Kb |ul|v].

Consider next linearly independent unit vectors u(9) and v(9) parametrized
by s = (s1,82). Forn =1,2,--- let uw™ = M,u™D and v = Mo,

and let u(™ A v = dicy IZ-(}L)EZ- N Ej.

SUBLEMMA A.4.2. Fork =0,1,2, assume the respective versions of (H2),
in which the C?-norms are replaced by the corresponding C*-norms. Then

105 (™ A o™ < (Kb)™
It follows that if A, = [u™ Av™)|, then |OFAZ| < (Kb)*".

II. Formulas for e and f. We fix M € L(m,R) and S = S(u,v) where
for simplicity we assume u and v are unit vectors with v 1L v. The formulas
below all pertain to M|g; mention of S is suppressed (e.g. we write e = e(.5))
except where ambiguity arises. The following formulas are results of elementary
computations:

First, we write down the squares of the singular values of M|g:

1 1
|Me|? = (B - VB2 —4C) =), |Mf]*= 5 (B+ VB2 —40)

where B = |Mu|?>+|Mwv|?, C = |MuA Mwv|*. (Note that the formulas above are
in agreement with |[MuAMwv| = |Me||M f|.) We then write e = apu+ fov, and
solve for |Me| = v/ subject to o + 32 = 1. There are two solutions (a vector
and its negative): either e = 4w, or the solution with a positive u-component
is given by

(22) e= %(au + )

with o = |[Mv|?> = )\, 3 = —(Mv,Mu) and Z = /a2 + 32. From this we
deduce that a solution for f is f = %(—511 + aw).

A.5. Most contracted directions: Proof of Lemma 3.1 (§3.1)

I. Proof of Lemma 3.1(a). We assume M; satisfies (H1) and let S =
S(u,v). As before, mention of S is suppressed. Recall that A; := [M®y A
M@y,

SUuBLEMMA A.5.1. (i) A; < (Kb)¥;

(i) M e < (K2)"

(i) [MOHD £ = |MOD |+ O((K2)) 2 Ky '
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(iv) If we substitute u = e;,v = f; and M = MU*Y into the formulas in
Appendiz A.4, part 11, and let o;11, Biv1 and Z;1q be the resulting quantities,
then Zi—i—l ~ ‘Ozz‘+1| ~ ‘M(l+1)f2|2

Proof. (i) is the k = 0 case of Sublemma A.4.2. For (ii), write |M®e;| =
W; the assertion follows from (i) and our assumption on |M® f;|. Now
make the substitution in (iv). From the formula for |M f|, we see that

‘M(i+1)fi+1|2 _ Bi+1 + O(Cz‘-i-l) — ‘M(Hl)fﬂz € ’Mi+1M(i)ei’2 + O(C'H-l);

estimates for the last two terms are given by (ii) and (i). This proves (iii). (iv)
is now obvious. <&

We now prove Lemma 3.1(a). Continuing to substitute u = e; and v = f;
in the formulas in Appendix A.4, we have, from (22),

1 —732
(23) €1 — € = ( ot e; + 5i+1fi> .

Zig1 \®it1 + Zig1

To estimate |e;+1 — e;|, then, we need to obtain a suitable upper bound for
|Bi+1] and lower bounds for |a;y1| and Z;41. Sublemma A.5.1 gives

: : Kb\"
(24) Bisa| < [MOEFVey MO £ < (?) VZit1

and |oiy1| = Zig1. These estimates together with Z; .1 > K(;QK% tell us
leir1—ei| =~ % < (%)Z . The second assertion follows easily from |M®e,,| <
(MO (en = en—1)| + - + MO (eip1 — )| + [MDe| < (£2)". O

II. Proof of Lemma 3.1(b): First derivative estimates. For this part we

assume M; and S satisfy (H2) with C? norms replaced by C' norms. Let O
denote a fixed partial derivative.

SUBLEMMA A.5.2. |de1],|0f1] < Ki for some K;.

Proof. Switching u and v in (H2) if necessary, we may assume |Mjv| >
|Mju|. Then from Appendix A.4.II we have Z; > a > [Mjv|*> — Kb > B —

Kb > 1K, Differentiating (22) gives the desired result. &
Our plan of proof is as follows: For k =1,2,---, we assume for all ¢ < k
(%) |0eil, |0fi| < 2K, where K is as in Sublemma A.5.2,

and prove for all 7 < k:
(A) [O(MD £)| < K7, [o(MDe;)| < (
(B) [0(ei+1 —ei)l, [0(fivr — fi)| < (5

2

)
)i

2
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Observe that for i = 1, (*) is given by Sublemma A.5.2. It is easy to see
that (B) above implies (*) with ¢ = k + 1, namely |0 fx+1] < |0(fet1 — fr)| +
-+ |0(f2 — f1)| +|9f1]. From (B), we have [0(fiy1 — fl)| < (&2 )Z and from
Sublemma A.5.2, we have |0f1| < K. Hence |0fy 11| < B2 + K7, which, for b
sufficiently small, is < 2K;. The computation for eg1 is 1dentlcal.

Proof that (x) = (A). First we prove the estimate for A(M@ f;).
Writing (M@ f;) = Z] (M- (OM;) - Myf; + M@Of;, we obtain easily
DM@ f;)] < 2321 M- (OMy) - Mifi + M@0 fi] <K’ + K'(2Ky).

This inequality is used to estimate d(MWe;). '3 Write d(M WDe;) = (1) +
(IT) where (I) is its component in the direction of M® f; and (II) is its com-
ponent, orthogonal to M(i)fi. Recall that (M ®e;, M f;) = 0. We have

1 Kb\’

_ (1), MO Der o1 £y < L (K0 ki
0] =[O, o) = o e o000 1) < (5] K

()| [MD fi] = [o(MDe) AM D f] < [9(MDe; AM O £) |+ MDes ho(MD ;).

The first term in the last line is < (Kb)® by Sublemma A.4.2, since we have
established |de;|, |0f;| < 2K7; the second term is < (Iib) K*. This completes
the proof of (A). &

To prove (B), we first compute some quantities associated with the next
iterate. Substitute u =e;,v = fi, M =M (i+1) into the formulas in Appendix
A4, and let B;y1,Ci11, Ai+1 ete. be the resulting quantities. The following is
a straightforward computation.

SUBLEMMA A.5.3. Assume (x) and (A). Then for all i < k:
i+1
(a) [Oha| < (£2)";

(b) 0851 < (BL)? \/Ziﬂ;
(C) ‘80éi+1|, |8ZZ+1| < KZ\/ZZ'_H.

Proof that (%), (A) = (B). We work with e;; the computation for f; is
similar. From (23) we have 9(e;4+1 — ¢;) = (III) 4+ (IV) + (V) where

1 Ki/Zigi (Kb\'  [Kb\'
’(IH)‘:‘ZZ-+ (6i+1—6i)812¢+1| < TH <?) < (?) :
Kb\*

(V)| = | =8B ) 1(|Gﬁi+1|+\5i+lﬂafi|) < <F> ;

i+1
€; L | —=) -
|( )‘ ‘ 1—1 <Oéi+1+Zi+1 Z>| <I<33>

13We thank O. Lanford for showing us this argument.
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To estimate (III), we have used Sublemmas A.5.1, A.5.3(c) and part (a) of
Lemma 3.1. To estimate (IV), we have used Sublemma A.5.3(b), (*) and
Bi+1] < (£L). The estimate for (V) is easy. &

This completes the proofs of the first derivative estimates in Lemma 3.1(b).
Il

ITI. Proof of Lemma 3.1(b): Second derivative estimates. We now assume
the full force of (H2). The proof proceeds in a manner entirely analogous to
that for first derivatives: We first prove |9%e1|,|0%f1| < K/ for some K|. Then
for k=1,2,---, we assume for all i < k

(*/) |32€i|, |82fl| < QKi,
and prove for all ¢ < k:

(A) [A(MO f)] < K7 [02(MODe;)| < (KLY

(B) |0%(eip1 — ei)l, 10%(fisr — fi)| < (ER)L.
Details are left to the reader. O

A.6. A perturbation lemma (§3.2)

Proof of Lemma 3.2.  Assume inductively that Z(w;, wj) < nT for all
i <n. Letn =2j (or2j+1). Let uj = 5, A = DT, and let v} and A’ be the

[w;|?

corresponding quantities for (2}, wp). Since |w;| < K7 and |wa;| > Ky 'k~
by hypothesis, we have

w2y AN
(25) |Auj| = > (=) .
T wy K

We observe first that |A'u}| 2 (%2)] Clearly, |A"u}| > [Auj| — | AlJu; — uj| —
|A — A’[[|[u}|. The desired estimate follows from the fact that [|A[||u; — u}| ~
Al £ (ujyuf) < KIn5, A= A'|| = |DTY, = DT%| < jKIni*!, and both of
these quantities are < (%2)3 by the relation imposed on 7 and k.

We estimate Z(ugj, uy;) ~ |ug; A uy;| by

Auj; N A, Auj N (A — AN,
’UQ]/\U/QJ‘S ’ J /j/‘ ’ J ( . ,) ]‘
|Auj| - | A |Auy| - | A
The first term is < (Kb)jn%(g)zj. The second term is < Kj(Kn)jH(K—[g)Zj.
Both are < %n% by the relations we imposed on b, and x with K; appro-
priately chosen. This completes the proof of (b) for n = 2j.
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To prove (a), we write

’wéj’ > |w2j| < _ |wj|

|wi| |wj] |wa;]

Using the same bounds as before, we see that the factor inside parenthe-
. _ . . . & . .

ses is > 1 — (1K/<a 2)I[(Kn) ™t + KintT] > 1 — (3)7. This proves lwy;| >

lwa; | (X1 <i<j 77)- O

(1A = Al + [ Alljd; - uj|>) .

A.7. Temporary stable curves (§3.3)

Proof of Proposition 3.1. Let By be the ball of radius 7 in S centered at
20. Then on By we have, by Lemma 3.2, |DT|s|| > %Ko_l, so that e1(9) is
well defined. Let 41 be the integral curve to e;(S) defined for s € (—n,n) with
71(0) = zo. Note that |DT(e;)| < Kb.

To construct 2, let By be the %—neighborhood of 71 in S where Ky is a
constant related to ||T'||cz. For £ € By, let £ be a point in 1 with || < %
Then |T¢ —Tzg| < |TE—TE' |+ |TE —Tz| < % + &2y < »?. Thus by Lemma
3.2, HDTg[SH > LKy 'k. This ensures that es(S) is defined on all of B;. Let
~2 be the integral curve to e2(S) with v2(0) = zp. We verify that o is defined
on (—n,n) and runs alongside ;. More precisely,

%(72(8) — ()| <lea(12(s5)) — ex(r2(s))| + ler(v2(s)) — ex(n1(s))]

Kb K
<les — eal + erllra(s) = ()| <~ + shals) — i (s)]

by Lemgna 3.1. By Gronwall’s inequality, |y2(s) — y1(s)| < %|s|e§3|s|, which
is < gk for [s| < n. This ensures that 7o remains in By and hence is well
defined for all s < 7.

In general, we inductively construct +; by letting B;_; be the uk

2K, T
neighborhood of ;1 in S. Then for all & € B;_1, |T7¢ — TIz| < np/*! for
k < i. Thus by Lemma 3.2, ||DT£Z|SH > %Ko_lmifl, and so e; is well de-
fined. Integrating and arguing as above, we obtain v; with |y;(s) —vi—1(s)| <

K(%)i—1|3| < 2;(7(,;,1 for all s with |s| < 7. O

A.8. A curvature estimate (§3.4)
Proof of Lemma 3.3. Recall that
ki(s) = [i(s) A ()]
[ (s)[?
Since v} = DT, ,(vi_;), we have 7/ = (%DTWFJ(%{—Q + DT, (7). Thus

ki < s (L+ 11) where

d
I=|DT(y;_y) NDT (v )|, II=|DT(y;_1)A (%DTWH)(%{A)’-
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Since DT = DT, | has the form in (H1) in Section 3.1, we have I < Kb|y,_; A
v/,| (see Sublemma A.4.1). Observe that 4 DT, | has the same form with
Ky replaced by Ko|v/_4|, ie. if £DT,, =M = (M, .-, M™), then || M| <
Koly,_,| and | M7 < Ko|v,_,|b for j > 2. Thus II < Kbly!_,|3, and so

i—1

i E: J iy
kZS(Kbkl,1+Kb) 3 (Kb) 3

I ol Kb
e = e
(2

+ (Kb)'

A.9. Properties of ¢; in C(V) (§3.6)

Proof of Lemma 3.7. Consider Ty = (TI,O, -+-,0) acting at (x,0), z € Cy,
and let e; = e (T, (z,0); S(a%, v)) be the most contracted direction of DTj at
(z,0) on the plane indicated. Since det(DTp(e1)) = 0, it is easy to see that

/!
(env) = + f'(z) 7
VIDTy(vV)]? + (f'(2))?
the sign depending on the orientation of DTy(v). Using the facts that |f”] >
K~ and |[DTy(v)| > K, one verifies readily that |-Le1 (Tp, (z,0); S(Z, v))| >
K1
Observe that if b is sufficiently small, then by continuity,

e1(T,v(2); S(v' (), v))
9

is defined everywhere on . We compare it to e1(7p, (x,0); S(5,v)): First, we
continue to focus on (z,0) and S = S(a%, v), and interpolate between Tj and
T by introducing Ty := (’fl, ibT2, e ,%Tm), s € [0,4/b]. More precisely,
we consider the 2-parameter family M (s,z) := (DTs)(5,0). Observing that M

satisfies (H2) in Section 3.1 with Vb in the place of b, we obtain, by Lemma 3.1,
\%eﬂ < K. From this we conclude

%el(T, (m,O);S((%,V)) _ %el(To,(x,O);S((%,v))‘ — O(Vh).

Next we consider 7' and interpolate between the z-axis and . Write
v(x) = (2,7y(x)). For s € [0,b], let z(s,x) = (x, 3yy(x)), and let M(s,z) =
DT, (s, S = S(u(s, ), v) where u(s,z) = (1, %’yz’/(x)) Another application of
Lemma 3.1 gives

AT @RS @) — el 0: (2| = 00

The inequality in (3) now follows from |%el| > K~! and the fact that
both |4+/|, which is equal to the curvature of v, and | £ S(v/,v)| are < 1. O
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A.10. Critical points on C?(b)-curves (§3.7)

Proof of Corollary 3.1. Let ~ : [# — §,% + 6] — Ry be the C?(b)-curve in
question, with & € C and v(z) = (z,vy(x)). Let n = (e1(S),v) be as defined
in Section 3.6. Since |g—Z| > K; ' (Lemma 3.7), there can be at most one
x € [& — 6, 4 ¢] with n(z) = 0. Observe that if we show n(z) = O(b), that
will force n(z) = 0 for some x with |z — z| < Ki|n(z)|. The claim on n(Z)
follows by interpolating between (Ty, (z,0), S(%, v)) and (T, ~v(x), S(v(x),v))
as detailed in Appendix A.9. O

Proof of Lemma 3.8. We obtain by using Lemma 3.2 that for all ¢ < n,
DTi(v) > Ky for all z with |z —v(0)] < 2b5. This guarantees that e, (S)
with S = S(%,v) is defined at 4(s) for all s € [=b3,b3].

Let n, be defined by using e, instead of e; in the definition of 7 in Sec-
tion 3.6. We have |-£n,| = |Ln |+ O(b) > 1K' from Lemmas 3.1 and 3.7.
This shows that there is at most one point at which n,, = 0, i.e. a critical point
of order n. To see there exists one such point, we first interpolate between
(7(0),S(+'(0),v)) and (5(0),S(5'(0),v)). By Lemma 3.1 and assumption (b)
in this lemma,

(26) |en(5(0)) — en(7(0))| < Kb,
We have

10 (0)] < [en(3(0)) = en(¥(0)] + len(v(0)) —~'(0)] + [5'(0) = 3'(0)] < Kb*

because |e,,(7(0)) —+/(0)] = 0, and |y'(0) —4/(0)| < b3 from assumption (b) of
this lemma. This estimate on 7,,(0) forces n,(s) = 0 for some s with |s| < Kb%.
O

Proof of Lemma 3.9. Since e, is defined on a neighborhood of +(0) of
radius > (Kb)", and |7,+1(0)| < (Kb)"™ by Lemma 3.1(a), we proceed as in
the proof of Lemma 3.8 to obtain a critical point of order n+ 1. This argument
is then repeated to obtain successively critical points of order n+2, n+ 3, and
so on. The distances between critical points of consecutive orders decrease
geometrically. (It is not necessary to increase the order by 1 each time, but we
may not be able to construct a critical point of order n + m in a single step:
for m large, €, may not be defined in a neighborhood of order (Kb)".) O

A.11. Splitting algorithm (§3.8)

Proof of Lemma 3.10. Consider first I; with the property that I; 2 I;/ for
any j'. We observe that (i) fori=1t;+1,--- ,t;+4;, — 1, w is b-horizontal by
Lemma 3.4, and (ii) wy ., is b-horizontal by assumption (a) in the lemma and
the single-return argumenjt in Section 3.8. We emphasize that the preceding
discussion is entirely independent of what happens before time ¢;, for assump-
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tion (a) guarantees that whatever happens before, wy splits in a desirable
manner. '

Consider next I; with the property that all I;; C I; are of the type in the
last paragraph. For definiteness, we label these inner intervals as I; ,--- , 1,
with j; < --- < jk. Then applying the observations in the last paragraph to
each of the inner intervals and Lemma 3.4 to the times in between, we see that
the only time ¢ we need to be concerned with is i = t; + £;,. There are two
cases: tj, +{y, <1, and = 1.

If ¢, + ¢, < i, the b-horizontal property of w; follows from an argument
identical to that of the single-return case applied to the time interval I;; note
that when making this argument, one is entirely oblivious to whether or not
Wy, is split and recombined between times ¢; and 4.

If tj, +4, = i, we argue first that the rejoining of DT« (EA]-%) increases the

slope of DT, ,(w}_ ;) by at most (K b)%etjk. Then we apply the single-return
argument to I; (ignoring the splitting and re-combinations that occurred in
between), and note that with the rejoining of DT Etj, the slope deteriorates
by an additional (Kb)%ftj. Since (DT, ,(w;_;)) < 3eb, the resulting vector

*

w; is still b-horizontal.

Inducting on the number of layers inside an I;, we see that the only

question that remains to be treated is the following: Suppose there exist j; <
-+ < Ji such that j; +¢; = --- = jp +¥{;, = i. Can we be assured of the
b-horizontal property of w; for arbitrary k7 We answer in the affirmative, on
the grounds that the deterioration in slope caused by recombining DT "% (Ejt)
is a geometric series of the form ) (Kb)9. To see this, one must start from the
rejoining of the vector that is split off last, and work backwards one step at a
time in the estimation of additional deterioration in slope. O

A.12. Estimates on B*) and F; (§4.2)

SUBLEMMA A.12.1. For g,a > 0, let J be an interval containing [0, £],
and let ¢ : J — R be a C* function with [¢"| < a and [¢(£) — ¢(0)| < %%
Then [¢'(0)| < e.

Proof. Suppose [¢)/(0)| = &' > e. Then [1)(£)—(0)| > e’ —La(£)? > %%

<&

Proof of Lemma 4.2. Between Q") and Q('A“) we have Q¥ > QK+ 5
. > QW) = QW) Denote % as Z(k4n), and for 0 < i < n, choose z(;14) so
that

~ Zeri) € QU

— Z(k+i) has the same z-coordinates as Z, and

~ Z(k) lies on the Fj-leaf containing z.
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Let yx+; be the Fy;-leaf containing 2(;44) and let 744, be the tangent to vk,
at Z(g4q)- We claim that Z(7gyq, Thyir1) < K& 2b 1 +3. To see this, re-
gard i+ and Ygyi+1 as graphs of functions defined on the z-axis, fix [ with
1 <1< m (where m = dim(X)), and let 9(z) = y' coordinate of g ;1(x) —
y' coordinate of vg(z). Since the diameter of Q*+9) is < b by (A1)(ii),
and the v; are C?(b)-curves, we wish to use Sublemma A.12.1 with a = %

and %% = b to conclude that |¢/| < & = K6 :b'+ i, To do this,

we need to first verify that £ < the length of Q¥++D je. K&2b'n 5 <

min{d, e **++DY - This is true for k 44 > 1. The claim is also valid when

k+i=1, for [¢/| < % by the C2(b)-property of the curves in question.
Thus we have

n—1
2(1,7) < Lrm) + Y L(Tisks Tigke1) < K83z — 2], + b1,
i=0
the first term in the last inequality following again from the fact that ~; is
C%(b). O

Proof of Lemma 4.1. Tt suffices for us to prove |z5(QW®) — z5(Q*+1))| <
Kbi. The rest follows immediately. To prove the estimate on 23, let v and ¥
be the leaves of Fj, and Fjy1 containing ZS(Q(k)) and z§ (QU¥+D) respectively,
parametrized so that v(0) = z3(Q™) and 4(0) has the same 2-coordinate as
v(0). We apply Lemma 3.8 to obtain a critical point Z of order k on 4: the
bound for |y(0) —4(0)| comes from the diameter bound for Q%) given by (A1);
the one for |7/(0) —4/(0)| comes from Lemma 4.2. Lemma 3.8 tells us also that
12— 4(0)] < Kbi. Lemma 3.9 says that |z3(Q*D) — 3| < (Kb)*. O

A.13. Correct alignment implies correct splitting (§4.4)

Proof of Lemma 4.7.  Assume that ¢(z) = 25(QY)), and let v and 4
be the Fj-leaves parametrized by arc-length through ¢(z;) and z; respectively.
Both v and 4 are C2(b)-curves by (A1)(ii). Let ¢; be the splitting period of z;.

From Lemma 4.3 and Lemma 3.8, there exists a critical point 2 of order j
on 4 with |2 — ¢(z)| < Kb < de(z;). From Lemma 3.2, the most contracted
direction of order ¢; in S is well defined on 4 from Z to z; where S = S(¥/,v).
By Lemma 3.7, |fei| > Ki'. By Lemma 3.1, |4 (e, — e1)| < Kb. Together
we have

. 14 . . 3
(27)  Llen(8),4)(z) > K2 = 2] = le(2) — e, (2)] > T Ky de(z).
For the last inequality we used |e;(2) —ey, (2)| < min((Kb)17, (Kb)%) < de(z).
Next we pass from ey, (S) to e, (S*) at z; where S* = S(w},v). This is
a straightforward interpolation between u = 4’ and v = w} by Lemma 3.1.
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Since the difference in u is < ed¢(z;) by the assumption of correct alignment,
we obtain

(28) |Z(er,(S), e, (S))| < Kede(zi)

where K is the constant in Lemma 3.1. Finally, |B;|/|4i| in Lemma 4.7 is
~ |Z(ep,(S*),w))|, and from (27) and (28), we have the following estimates at
Zie

|£(ee,(57), wi)| > [£(e0,(5), )] = |£(ec,(S), e0,(S™))| = [£(wi, 4]

3 1
>1Kf1dc(z7;)—Kadc(zi)—edc(zi) > §Kf1dc(zi). O

A.14. Comparison of derivatives during bound periods (§5.1)

The following sublemma is used in a number of places. Its proof is easy
and left to the reader:

SUBLEMMA A.14.1. Let zg € Tyn be of generation k. Then for all i <
0=k, the size of the longest splitting period z; is in is < K0oi.

Proof of Proposition 5.1. The proof proceeds by induction. Let ¢ < N be
the inductive index. We assume that (6) and (7) hold for all triples (2o, o, &)
in the same component of C(V) and all j < min(p(zo; &0, &(),? — 1). We then
fix a specific triple (2o, &0, &) and prove for it step ¢ of these two assertions
assuming ¢ < p(zo; o, ). Note that K, the constant in the statement of the
proposition, must not be allowed to increase from step to step. It is larger
than any other generic constant K that appears in the proof. In particular, K
does not depend on Kj.

Let M; = |w} (&o)|, M; = |w](&)], and 6;(&o, §o) = £L(w] (S0), w} (&))-

Case 1. No splitting period expires at z; and ¢ — 1 is not a return time.

In this case wj = DTw;_;. Writing C = DT, ,, C' = DTe, u = ﬁ:ﬁi;'

and v = \Z:Eg;\’ we have
CunC'd o

By Sublemma A.4.1, |Cu A Cu/| < Kbf;_;. This together with
[Cun (C" = C)'| < Kblgi—1 — &
gives 0; < B2(|&1 — & _ 1|+ 0,-1) < b%Ai_l(éo,&’)), proving (7) for step i.
To compare magnitudes, we have
MMy (0] My () 0 - Cul
M;  M;—1 |Cu] = M;—q |Cu

ML, (¢ =Cl | |Cu—u)]
<t 1 .
—MH(* Cu T [Cul >
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Since |Cu| > K_ldc(zifl), ”C*C,H < K’giflf £_1| and |u7u'\ ~ 01‘,1(50,56) <
b2 Ai—2(&0, &),

M M, Ai_1(€0,€)) — A (&0, &)
(29) M; = M;—4 (1 K de(zi—1) > < exp {Kl Z de(zn) }’

the last inequality following from (6) for step ¢ — 1 and the fact that K < Kj.

n=1

Case 2. ¢ —1is a return time. In this case the angle estimate is trivial
since 6;(&o, &) = Z(Cv,C’v). To compare magnitudes, we first recall that

w;_1(0) = A(&i—1) - e(&i—1) + B(&i-1) - v

where e = e(§i-1) = ez, (§i1, S(wi1(60),v)); wiy(§p) and € = (&)
are defined similarly. From Lemma 3.1,

(30) le — €| < K(|§i-1 — 1] + 0i-1(40,£0))-
Let By = |1Z(_£;(§10))|. Since w} (&) = B(&i—1) - Cv,
M'i MZ',1 |Bo| |CV|
To estimate g—(/’, we let u = ‘:Z;Egog‘, and let e+ denote the unit vector
0 i—1 0

orthogonal to e in S(u,v). Then a straightforward computation (using the fact
that (v,et) ~ 1) gives

(uet) (e
(viet)  (v,e't)

<2(ju—u'|+ et =€) < 2(ju— |+ e~ €.

(32) |Bo — Byl =

This together with |By| ~ d¢(z;—1) gives

B K 1 KA;_1(&,¢&))
33 Zo _ <—<bm-, g )<—0
( ) ‘BO ‘ ‘BO| i-2 T |£l 1 gz—1| dC(zi—l)
For the last ratio,

C'v] KAi—1(60, )
‘CV‘ dc(zi_l)

Thus (6) is proved for step i by substituting (33) and (34) into (31) and taking
K > 2K.

(34) 1‘ <K[g1 - & 4] <

Case 3. At least one splitting period initiated previously expires at
time i. Among the splitting periods expiring at this time, let j be the time
when the first one is initiated. Then

(35) wi (o) = B(&) - DT v + A(&) - DT e(§y).
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Let
BE) A
w (&)l [w} (€o)]
As before, all corresponding quantities for & carry a prime. We shall use
0;(0,&)) < (I) + (II) where
Vl
I) .=
W=7 -]

By =

, V= Dng_jv, E = Dng—je(gj).

ALE AoE
B[V’ BolVl]|’

and  (II) := ‘

Assume that z; is bound to 7y € I'gy. We apply our inductive hypotheses
to the triple (1o, §;,&}) for time i — j. From (7), we get (I) < b%Ai_j_l where

(36) A, = Z b2t &jtn—s — g;'-i—n—s‘

and /£,_, is the longest splitting period 7,5 finds itself in. Clearly we have
Uitn—s > fn_s + ng where ng is the minimum number of iterations between
returns to C(M). Set ng = 2 if there is no return to C!) between time j+1 to i.
Then A,, < 27 A, and (I) < %b%Ai_l.

For (II), we first write

Ao |E'— B
(37) () < 22
Bol V]

Ao Al

— E'.
B~ By |

il

From {2 ~ 7. |E' = E| < (Kb)"™(|& — & + 0;(%, &)) (Lemma 3.1), and
|V| > 1, we obtain
[4o| |E' — E|

< K(Kb)5EDA: < b3 A,
Bl v T !

(38)

For the second term on the right side of (37), we write
1

Bo|V| B'|V’| - |B'| VI \l45 Bo \4
(Kb)'—7 <\A0! By ’ 'Ao ' ‘ |4 )
< -1+ |—-1|+ .

de(zj) \|Agl | Bo A V']

This is estimated term by term: For the first term,
(Kb)"™7  |Ao| ‘B(J 1’ - (Kb A
- dc(zj) dc(zj)

de(z;) | Ag]
because b5 a2 de(z;) by the definition of splitting period. For the second
term,

(39) < (Kb)TA; < b A4

_ (Kb

(40) = 4oz

KAJ‘ < b%Ai_l

(Kb)i_j ' ‘AQ — A{)
de(z5) Ay
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because Aj ~ 1 and [Ag — Ag| < K(|€; — &| +0;(£0,&))). Finally, for the third
term, we have

. i—j—1
(Kb)i—i V'l (Kb KA,
(41) e 2
de(z;) 14 dC (25) 1 de(2k+j)
< K1(Kb)30 Zea@ DA < b2 A1
k=j
Here we have used our inductive assumption (6) for % Putting (38)—(41)

together, we conclude (IT) < bz A;_;. Hence 6;(&o,&)) < (I) + (I1) < b3 A;_;.

To compare magnitudes, we write

v/ v | ALE AoE
MZ/ _ MJ/ ‘B(’)V/+A6E’| < M/ |V/| |BO| - ’W’\ — v + BV — BolV]

M; — M |BoV + AoE| ~ M; V] [Bo| ‘%*é(i%

: |Ao| 1 |E| 3 . o .
Since 7 ~ g7 and 77 < di(z;) (by the definition of the splitting period
at z;) , it follows that Eggﬂ < 1, giving
MM WVIIB (VO VAR A

M; = M; V] |Bo| V'] |V| 1BV~ BolV]

We estimate the contributions from the first three ratios on the right side.
Applying our inductive assumption (6) to the first ratio, we obtain an upper

bound of exp{K; 7~ 11Adc§;’§0 }. Let z; be bound to 19 € I'yn. Applying

inductive assumption (6) to (770,5],5 ), we obtain

i—j—1 ;

V| 41 - Ajik K, Ap
<1427 K, — = .

V] ; de(zk+5) 2ot £ de(zr)

(43)

Observe that without the factor 270*1 in front of K, there would be no room
for contributions from the remaining terms (unless we allow Kj to increase).
AR . . .

B i estimated as in (33), giving

! .
) By ’ KA,

By de(z;)

Since K is independent of K7, this term is easily absorbed. Finally the terms
inside parentheses in (42) sum up to

(45) < 142(I) + 2(I1) < 1+ 2b2A;_1 (0, &h).

Substituting (43)—(45) into (42), we complete the proof of (6) for the triple
(2075075(,)) at step i. U
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Proof of Lemma 5.1.  From Sublemma A.14.1, we have ¢,,_; < Kaf(n—s),
from which it follows that A, < >0, bie 2P("=5) < 926737 We now choose
b small enough, and follow the last part of the proof of Sublemma A.1.1 in
Appendix A.1 to finish. O

A.15. Properties of w; along controlled orbits (§5.3A,B)

Proof of Lemma 5.2. We may assume that & is in a splitting period;
otherwise there is nothing to prove. Let i1 < ¢ < i3 be the longest splitting
period containing i. By Sublemma A.14.1 we have io — iy < Kafi. Let
w;, = Ae + Bv be the usual splitting. An upper bound for |w}| in terms of
|w;| is then given by

wi| < KB < K™ wi| = K wg, | < KT (K™ wi]) < K wil.

The first “<” uses the fact that %}*Il' < some K, the second uses |w;k2| >
K~1|B|, and the third |DT|| < K.

To obtain an upper bound for |w;| in terms of |w}|, we let j; < --- < j, be
the return times between ¢; and ¢ with the property that the splitting period
initiated at each ji extends beyond i. Using the nested structure of splitting

periods, and from the way w; is defined, we have
Jwil < K7 wg, | < K706 = (&)1 — o) 16, — (&)1 w -
From Sublemma A.14.1 and (A2), we have

i— gk < Kaf(i — jp_1) < --- < (Kaf)F i,

and .
1€ — B(&j,)| > e,

Hence ‘wz’ < Kifileoz(l+2Ka9)il|w%k| < Ksi€2ai|w;<‘. O

Proof of Lemma 5.3.  Observe first that if ¢ is any return, and /¢; is its
splitting period, then by Corollary 5.1, w; aligns correctly at all returns in the
time interval (¢,¢ + ¢;) with 2eg-error. This is because before the rejoining of
the vector split off at time ¢, the situation is identical to that in Proposition 5.1.

To prove the lemma, we consider, in the notation of Proposition 5.2, one
bound interval [n;,n; +p;) at a time. At time n;, we have correct alignment by
assumption. From the observation in the first paragraph, it suffices to consider
returns at time ¢t € (n;, n; + p;) where & is not in any splitting period. Write
w = Bv + Aep,. Then wy = B- DT ™v + A - DT{ ™e,,. The first of

us ng &n;
these two vectors has length > K ~'d¢(&,,)e**=") and aligns correctly with
< 2¢g-error at time ¢ by Corollary 5.1. Addition of the second, which has
length < (Kb)!™" changes the angle of alignment by an insignificant amount
relative to de (&) > e~(t=n) hecause t — n; is larger than the splitting period
initiated at &,, by assumption. Thus w; aligns correctly with < 3eg-error. O
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A.16. Derivative growth along controlled orbits (§5.3C)

Proof of Lemma 5.4. We give a proof in the case where j exists; the other
case is simpler. Let k < i1 <1+ p1 <o <ig+p2 < --- <1, =35 <nbe
defined as follows: we let i1 be the first return to C) at or after time k, p1

the bound period of z;,, i2 the first return after ¢; 4+ p;, and so on until i, = j.
|w. |
[wy]

Writing & = 49 + pg, we have that
three types:

is a product of factors of the following

|wz‘s+1|

I:=
|w

* )

is+Ps

g
|wj|

First we prove the lemma assuming that no splitting period initiated be-
fore time k expires between times k and n. By Lemma 3.5,

> lc2ei>‘°(is+1_(is+p5))'
-2

By Proposition 5.2(ii), II > K~lesP+, Moreover, K1 can be easily ab-
sorbed into the exponential estimate for the bound period [is,is + ps|]. For
III, let ¢ be the splitting period initiated at time j. If ¢ > n — j, then
I > K~'de(&;)eNn=9). If not, we split w; into w; = Aen—; + Bv where
en—j is the most contracted direction of order n — j at & in S = S(v,w}).

(Note that e,,_; is well-defined.) Then IT1T > K~ 'd¢(&;)eM™ ™) — (Kb)"~7. Tjhe
last term is negligible because d¢(&;) ~ bs > (Kb)"~7. Altogether, this gives
% > K~ tde(&)eN ™R for some N > 0 as claimed.

To finish this proof, we view contributions from splitting periods initiated
before time k as perturbations of the estimates above, and verify that they are

in fact inconsequential. O

Proof of Lemma 5.5. The case where & is not in a splitting period is
contained in Lemma 5.4. Let j be the starting point of the largest splitting
period covering &,. We claim that its length ¢ is < K6(n — j). If not, then
we would have |¢; — 20| < b59"=) where 2y = ¢(&;), so that for all 7 with
j<m<n,

&5 — 2] < | DT|| K0 =0) < ¢=BOn=d)

contradicting our assumption that &, is free. Since n —j > p(&;) > (&) >
k—j, it follows that £ < 2K6(n—k). By Lemma 5.4, [w,,| > K~15eN (=7 |w;| >
K=16eN =k K|y, |. O

A7, ||DT{ || and w;(&) (85.3C)

It suffices to show for any (fixed) unit vector u € R™ that |DT, g_su| <

Ke |w;|. Since this involves only two vectors, the problem is a 2-dimensional
one.
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To understand the result, recall that in 2D, we have, by simple linear
algebra,

(46) DT = |IDTEIIDTE | - L(es( DT, ermo(DT{)).

Note that ||DT§O|| ~ |w;| and [|[DT{ || ~ |ws|. This is because |w;| > eN'd
for j = 1,2,--- (Lemmas 5.2 and 5.4), so that Lemma 3.1 applies, and since
wp makes a definite angle with e; = e1(DT), it makes a definite angle with
ej = e;j(DTV) for all j. Plugging these estimates into (46), we obtain

|wil - _ .

ﬁ ~ HDTES | -L(es(DTgss),ei_s(DTgs ).
The key, therefore, is to understand the angle in the displayed formula above,
and to compare it to |ws|, which is > e*”*. This angle is clearly more delicate
during or around splitting periods.

SUBLEMMA A.17.1. Let t be a return time to CY) for &. We denote its
splitting period by Ly, and let Iy := (t — 5l t+4y). Then modifying Iy slightly
toI; = (t— (5xe)ly, t+(1+e)ls), we may assume {I;} has a nested structure.

Proof. We consider t = 0,1,2,--- in this order, and determine, if ¢ is a
return time, what I, will be. The right end point of I, is determined by the
following algorithm: Go to t + ¢, and look for the largest ¢ inside the bound
period initiated at time t with the property that ¢’ — 5¢; < t + ¢;. If no such
t' exists, then ¢ + ¢; is the right end point of I;. If ¢ exists, then the new
candidate end point is ¢ + £, and the search continues. For the same reasons
as in the proof of Lemma 4.6, the increments in length are exponentially small
and the process terminates.

As for the left end point of I, it is possible that ¢t — 5¢; € I, for some
', the bound period initiated at which time does not extend to time ¢t. This
means that £ < ¢;, and since we assume a nested structure has been arranged
for I, for all ¢ < t, we simply extend the left end of I; to include the largest
I that it meets. &

Let us assume this nested structure and write I; instead of ft from here on.

~ SUBLEMMA A.17.2. For s & Uly, for all j with 1 < j <i—s, |wsyj] >
b |ws).

Proof. We fix j and let r be such that &, makes the deepest return between
times s and s+ j. Let j' be the smallest integer > j such that & is outside
of all splitting periods. Then, from Lemma 5.4, it follows that
(47)

‘ws-i-j‘ > KﬁK&(jlij”ws-i-j/’ > KﬁK@(jlij)dC(zr”ws‘ ~ KﬁKa(j/ij)b%r ’ws"
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Case 1. s+ 7 ¢ I,. In this case, 6/, < j since I, is sandwiched between
s and s+ j, and j' — j < /£, because r is the deepest return. The rightmost
Ly J
quantity in (47) is therefore > K~4b3 |ws| > bs|ws|.
Case 2. s+ j € I.. The argument is as above, except we only have
50, < j.
This completes the proof of the sublemma. &

Proof of Lemma 5.6.  Consider the case s ¢ Ul;, and assume for the
moment that de¢(£s) > dp. Then by Sublemma A.17.2 e;_4(&s) is well defined,
and since ws is b-horizontal, we have Z(ws,e;_s(&5)) > K—! by Lemma 3.6.
Thus [|[DT{°|| [ws| < K|DT*(&s)ws| = K|wi|, which together with |ws| >
e's gives the desired estimate. Here )\ is slightly less than \. For s with
s & Ul and de(&s) < o, consider £s11. It remains to prove the lemma for
s € Ul;. Let I. be the maximal I;-interval containing s. Observe that 64, <
Kafs (recall that & obeys (A2)). If ¢ € I,., then ||DT§‘SH < K% < e\ <
e N3N < ¢m3N'wy|. I i & I, let s = 1 4 £,. Then s’ ¢ UI,. This case
having been dealt with, we have

IDTE | < |IDTE || - I DT || < KO - Ke ™™

In summary, Lemma 5.6 holds with A = I\ O

A.18. Quadratic turn estimates (§5.3D)
Proof of Proposition 5.3. We fix s1 > 0, and let

pr= Og;igr}gl{p(é“o(S),zo),M}

All time indices i considered are < p*, and all s considered are in (0, s1), with
further restrictions indicated where necessary. For s € (0,s1) and S = S(v/,v),
ep = ep(S) is well defined by Proposition 5.1. Let

(48) 7' (s) = Ao(s)ep-(s) + Bo(s)v.

Then
%{(s) = Ao(S)DTiep* (s) + Bo(s)w;(s).

All splitting periods below are determined by the orbit of zg; we use them for
all the &y(s) in question. Writing

wi(s) = wi(0) + (wi(s) — w;(0)) + (Ei(s) — Ei(0))

where

Ei(s) = Z Ay (s)DT ey,
keA;
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and A; is the collection of k > 0 such that the splitting period begun at time
k extends beyond time i, we arrive at the formula

(49)  &i(s) —z = /sv’(u)du = w;(0) / Bo(u)du + T + II + III
0 0
where

1:/0 Ag(u) DT (u)ey- (u)du, II—/ Bo(u wi(0))du,
I = /0 Bo(u)(E;(u) — E;(0))du.

Plan of proof. We will prove that for i and s satisfying i € [{(s), p*], the
first term on the right side of (49) dominates, so that assuming s; is sufficiently
small,

69— ~ wl0) [ Balwdu ~ 3B0)5" o).

The following estimate then completes the proof: Differentiating (48), we ob-
tain v = Afje,- +AgLe,- + B)v. On the left side, |y/| = O(b) since 7 is C%(b).
On the right side, |[Ag£e,-| ~ |4e;| > K1 (Lemma 3.7) and (e, epe) = 0.
It follows therefore that Bjv ~ d 7561

We divide the main argument of the proof into the following two steps:

Step 1. Estimates on |1], |I1I| and |II1|. Beginning with |I|, we have Ag(s)~
so that |I| < (Kb)'s < s? provided b* < b*(*) := s2. This is where the lower
bound on ¢ is used for each s.

By assumption, zg is a critical point of order M. If p* = M, then B(0) = 0.
For p* < M, B(0) may not be zero but we have |B(0)| < (Kb)?". Since this
error is negligible, we will write B(0) = 0 in the computation that follows. For
11|, then,

| <K|w;f(0)|/osuHﬁEg;‘| 1

s A
du < Klw'(0) / " J
o\ &

< K|w(0 \/ > @8 de(z)) 7" | sup |25 — & (u)|du
]<2 1<t

< Ke?™|w? (0 ]/ usup|z] & (u)|du.

Here we have used Prop0s1t1on 5.1 for the second inequality, and assumption
(2) in Section 5.3D and Sublemma A.14.1 for the next two.
To estimate |III|, we have, for each k € A;,

| AR DT e (k) — Ar(0) DT Fe(z)|
< (Kb)' | A — Ar(0)| + [Ar(0)] [DT{ "e(ér) — DTZ  e(z1).
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We claim that the first term can be estimated by
| Ag(u) = Ax(0)] < K|w(0)|e** sup |25 — &1 < K|w] (0)]e™ Sup |2 = &l
Jj< J<i

For the first inequality, we use

‘ 1+O(’Zk:—§k\+9k(§0(u)>zo)))—1 :

and |Ag(0 )\ < K\wk( ]eo‘k because wj(0) aligns correctly at time k. For the
second inequality, we use |w}(0)] < Ke®*|w}(0)| by virtue of Lemma 5.4 and
assumption (2) in Section 5.3D. Summing over all £ € A; is not problematic
because of the factor (Kb)"~* in front. For the second term we use

IDT{ *e(é) — DT Fe(zi)] < (KB (|6 — 2] + 6k (6o(w), 20)).

This inequality is derived from Lemma 3.1. Altogether, we have proved

S
(50) 10 1] < K (0™ [ supl; — & (wldu
0 1<t

Step 11. Proof of formula for |&;(s) — z|. Fix ig so that e?e=fo <« 1,
We define
Ui == Keo sup w3 (0)]
1<t
where K is the constant in the bound for |II| and |III| above. By choosing § suf-
ficiently small, we may assume U;,s? < U;,0% < 1. We now prove inductively
(and in tandem) the following two statements:

(i) Ke*U;s® <« 1,
(ii) [€(s)—2i = 3] iker(0)|[wi(0)]s?, or, equivalently, [IT|, [ITT] < |w;(0)|s*.
The first ng steps, where the entire action takes place away from C, are

trivial. We assume now that (i) and (ii) have been proved for all j < i, and
prove (i) for step ¢. Using Lemmas 5.2 and 5.4, one has

Sup\w (0)] < e|wi (0)] < *w;(0)] < Ke**fw;—1(0)].
1<t

This combined with (ii) for step i — 1 gives

. . | d
UiS2 S K€5m (K€2m|’wi_1(0)‘)82 ~ K2€7m d—el(O) |fi_1($) — Zi—1|-
S
Thus
. | d -1 4
(51) Ke2U;s? < K29 Eel(O) e Pl « 1,

proving (i). To prove (ii), first observe that from Lemmas 5.2 and 5.4 we have

(52) Jw; (0)] < e**[w; (0)]
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for all 7 < i. We claim that

S
|IT| + |III| §2Ui/ u sup |z; — &(u)| du < KU; Sup\wj(0)|s4
0 7<t 7<t

< (Ke*U;s?)|wi(0)|s* < |w;i(0)]s2.

The first inequality above is the conclusion of Step I, the second is obtained
by using (ii) for j < ¢, the third is by (52), and the last is step i of (i). This
completes the proof of Step II.

Step III.  Monotonicity of s — p(s). To prove that the distance formula
(Step II(ii)) holds for all ¢ € [¢(s),p(s1)] and 0 < s < s1, it remains to show
that p(s) is monotone in s so that p* introduced at the beginning of this proof
is equal to min{p(&y(s1),20), M'}. To do this, we check that for s and ¢ with
i>0(s),

d
ds

i[I

I
ds

b

ds

| 'im\ < |Bo(s)]wi(0)].

Thus d%(fi(s) — 2i) = By(s)w;(0) =~ B{(0)s w;(0); i.e., |&(s) — z;| increases
monotonically with s. It follows by definition that p(s) is monotone in s. O

A.19. Sectional diameter of Q%) (§6.3)

Proof of Lemma 6.2. Let & € Q™) be fixed. We argue as before that
de(&) > 2bs fori=1,--- ,k—1. Let S be a 2D subspace through &; containing
& and & + 7. All constructions are in .S until the very end of the proof. There
is clearly a stable curve 71 of order one in S passing through &;. Since d¢(&1) >
2b§, ~1 makes an angle 2> bs with the z-axis by Lemma 3.7; thus it connects the
two components of (R N S). We wish to borrow the argument in Appendix
A.7 to construct inductively stable curves ~; of order i, i = 2,3, --- , k, through
&1, but are prevented from doing so due to the following technical problem:
with k = b%, Lemma 3.2 (a general perturbative result) does not apply. We
seek instead to use Lemma 5.4, which relies on the control of (&;,71) for &k
iterates, to estimate the growth of 7;. Details of the argument are as follows:

Assume that v, = ~;(S) with the following properties has been con-
structed: (i) 7; is tangent to e;, passes through &; and connects the two com-
ponents of OR; N S; and (ii) for £ € ~;, dc(ij) > %b% for 1 <j <.

To construct ;41 we let U; be the b%—ne_ighborhood of ;. Then the
following hold for all £ € U;: First, de(T7€) > b5, so if 71 is tangent to F; at
&, then (&, 71) is provisionally controlled by T’y for i iterates.

Claim. |7;] > (Kb)% for j <.
Proof. If TY¢ is out of all splitting periods, then |7;| > (K b)f by Lemma
5.4. If not, let j1 < j be the time at which the longest splitting period extending
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beyond j is initiated. Since d¢(T71¢) > bj?l, it follows that [;, , the splitting pe-
riod initiated at j1, is < 2. Thus |7j| > (| DT|)) "5 |75, 4¢,, | > (IDT||)~7:0%;
the second inequality is obtained by applying Lemma 5.4 to 7j, 4, - <&

By Lemma 3.1, e;41(§) is well-defined, ]DTg(ei+1)| < (Kbg)j for all j <
i1, eip1—ei] < (Kbs)!, and [L(e;11—e;)| < (Kb3)". Let 7341 be the integral
curve of e; 11 through &. We verify following the computation in Appendix A.7
that |41 — Vil < Kbt 80 ;41 stays in U; until it meets OR;y N S. Properties
(i) and (ii) are again valid for ~;;1.

To finish, we let W = T*~1IW; where Wi = Ugv:(S), the union being
taken over all 2D planes S containing &; and & + 7. O

A.20. Geometry of monotone branches (§7.3)

The proof of Lemma 7.1 uses material in Sections 7.3, 8.1 and 8.2.

Proof of Lemma 7.1. Let T € Gy. For k < 6N, let Rl,k ={& € Ry :
&k € Uprer, M°}. Then for & € Rl,k and time indices < k, bound periods
p(&) for & € C) are well defined and {p(&)} has a nested structure; i.e.,
i+ p(&) > j 4 p(&) for &,& € W satisfying i < j < i + p(&). We introduce
a function bg(&1) on Rl,k as follows:

— if & is free, then by (&) = 0;

— if & is bound to some point and the bound period lasts beyond time 6N,
then having no knowledge of events beyond time 0N, we set by (£1) = o0;

— if (4,7+p(&;)) is the longest bound period &, finds itself in, and j+p(&;) <
6N, then we set by (&) =7+ p(&;) — k.

That is to say, bg(£1) gives the number of iterates it takes for & to become
free — without knowledge of events after time §/N. We observe immediately
that due to the nested structure of {p(&;)}, if bx_1(£1) =4, 0 < i < oo, then
brp(&1) =1—1.

Let [ be an arbitrary Fi-leaf parametrized by s. Then b is defined on
Iy :=1N Rl,ka and the 7% l-images of the connected components of Ij are
exactly the maximal Fy-segments in M° for M € 7;,. We say by, restricted to
w = 1I(s1,82) C lx is a U-shaped function if there exists s* € (s1, s2) such that
by is non-increasing on [(s1, s*| and nondecreasing on I[s*, s2). Lemma 7.1 is
reduced to the following. We claim that on all connected components of Iy, by
is a U-shaped function, and leave the proof to the reader as an exercise. O

Proof of Corollary 7.1. Corollary 7.1 follows immediately from the argu-
ments above. The numbers K; and K> are determined from fy as follows: Let
T1 < &9 < --- < Iy = & be the critical points of fy, and let I; = (&;—1, ;).
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Then

Ky = max N; and Ky = max L;j
1<ilr 1<i<r

where N; is the number of Ij-intervals counted with multiplicity fo([;) inter-
sects at least partially, and L;; is the cardinality of fo(Z;) N {Z;}. O

A.21. Branch replacement (§8.3)

Proof of Lemma 8.2. Let %H be the middle third of H. We will show
T—¢M° is inside %H so that T—*M c H. To prove T~'M° C %H, it suffices to
show that if we start from B*~% ¢ H and move right along any Fj,_;-segment
7, we will get out of T~¢M° before we reach the end of %H Suppose, to derive
a contradiction, that this is not true for some . Then every point in =, which
we may assume runs from B*~9 to the right end of %H , is controlled for the
next i iterates. We will show if this is the case then there exists j < Ka(k —1)
such that 77+ crosses some Q). It follows that 77~ crosses some B¥*~i+7),

Let vo be a segment of v such that m,(vo) = I,;(Z) for some I,;(Z) with
w~ 2a(k — i) (see §2.2 for a formal definition of I,,;), and let v; = T%yy. We
follow the argument in Section 9.2 to conclude that v; obeys the rules (P1’)
and (P2’) in Section 9.2C (leaving details as an exercise to the reader). That
TI~ crosses Q) for some j < Ka(k —1) is then proved by repeating the proof
of Lemma 2.4 using (P1’) and (P2). O

Proof of Lemma 8.3. Let n; be the smallest ¢ for which T-¢S, ¢ H.
First, we observe that if P; is well defined and E} remains active for at least n;
generations, then all the offspring of P} survive; i.e., they are not discontinued,
for at least n1 generations. This is because the new ends created as the offspring
of P; reproduce are younger than the end originating from B9 and so will
last longer than it. It follows that P;, j < n, are well defined, and T 1P is
a union of branches in 7;_;,, with adjacent ones overlapping in critical blobs.

We prove next that P, is subordinate to Sy,,. Observe that since n; is the
smallest ¢ with the property that T—¢S, C H, it follows that S,, 1 contains a
Bk=itm=1) and §,,, is the image of the subset of S,,, 1 between 71 Bl
and this B~ tm—1)  We claim that 7 2P, meets the Q#~7+"~1) contain-
ing Bk—itm=1) ‘g6 that T™~2P; N BkF—i+m1—1) contains a BPT™ 1. To prove
this, let z € Blk—itm—1) By Lemma 6.2, we know there exists a stable man-
ifold W = W¢_, | whose Tk—+m—limage contains z and along which T

contracts at a rate ~ bz. Since TF 1 meets every fiber in H and has di-

k—i—1

ameter < b 2, the desired result follows from the relation between T-"15,, ,
H and P.

We explain why 7™ ~! P, is a monotone branch: From the observation in
the first paragraph of this proof, we see that it suffices to show there are no
critical blobs between 7™ B®) and TB®+tm—1). If there was one, look at when
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and where it was created, and argue that the corresponding iterate of 77" 5,,,
also crosses some Q) containing it, leading to the existence of a monotone
branch of generation k — ¢ + n; contained properly in S,,, which is absurd.
For n; < j <, the arguments are as above, namely that if S; subdivides,
then so does P; in corresponding locations; and that no other subdivisions of
P; are possible. O

A.22. Dynamics on unstable manifolds (§9.2)

Proof of Lemma 9.1. As before, it suffices to prove correct alignment at
free returns. Inducting on k, we let & be a free return, and let 7* denote the
tangent to F; at & where ¢(&) is of generation j. We need to show Z(73, 7%) <
e1de(&x), and our plan is to deduce that from the control of foliations proved
earlier.

Let n > k be a sufficiently large number to be determined. We let & = (,,
so that 7 is a multiple of DIfT, e X, being a unit vector tangent to 7%~ "l.
Let 71 € X¢, be a unit vector tangent to F;. By the bound on |det(DT)|, we

have
1 1

|DTZ 7| |DTEA|

Z(DTE7,DTE ) < (Kb)"

Observe that [DT7 7| > K~'eN'™: for the first n — k iterates, Lemma 3.5 ap-
plies since ¢; is essentially outside of C(V); for the next k iterates, use Lemma
5.4 and the fact that & is a free return. The constraints on n are as follows:
First, (;, must be in a monotone branch in 7,11, so that ({p,71) is controlled
through this time, giving |DT, & 71| > K~'e*'™. This is not a problem since
& € Q. Second, we assume n > j, so that our choice of ¢((,) in the control
of foliations is compatible with the definition of ¢(&). (A6’) then guaran-
tees Z(DT 71, 7") < e1dc(Cn), and the desired conclusion follows if n is large
enough that A(DTZS ™, DT 71) is negligible. O

Proof of Proposition 9.2. (P1") is an easy exercise. (P2’)(iii) and (P3')

require the following extensions of Proposition 5.1.

SUBLEMMA A.22.1. The setting is as in Proposition 5.3. Let &,&, € ~y
be such that & — &)| < 75dc (&), and let £ = ((&), p = p(&). Then

(a) for ¢ <i<p,

& — &l 6ait11€0 — &l .
Gal " de) |
(b) with w; = DT'v, we have
wp(&)l _ { S0 — &l } / 1 160 — &l
o)l = PV del) Jo ALrSoh @) S K ey
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Proof. (a) We remark that this is a rough a priori bound in which factors
of K are allowed to accumulate. Let s — &y(s) be the parametrization of the
segment from &y to &). We write S = S(7,v), e, = €,(5), and decompose T
into 7 = Aey, + Bv. For £ < i < p, since |DT"(e,)| is negligible, we have

d
e

7 dc(€o)-

The combined use of Proposition 5.1, Lemma 5.1 and Lemma 5.2 gives, on the
other hand,

(53) |DT§07] ~ |B||lwi(&)| where |B|=

[wil€o(s1))|  [wil&o)l _ posai

|wi(§o(s2))|” wi(z0)| —

where s1, s9 are any parameters and zg is the guiding critical point. Clearly,
|B(s1)|/|B(s2)| < K. We have thus shown that

(54)

(55) DT o)™l 1B(s)] [wilGo(si)l _ porssas

DT 71~ 1B(s2)] [wilEols2))
Using “~” to denote omitted factors of K3*¥ so the main terms show up more
clearly, we then have for £ < i < p:

(1) 1& =&l < IDTE 7] |80 — &l

(if) & — zi| ~ (|wz(2’0)\ dc(fo)) de (o)

(i) comes from |& — & < [ |DTgO(S)T(§0(s))\ds together with (55); (ii) is
(A5)(iii). The assertions in this sublemma are immediate upon comparing (i)
and (ii), substituting in (53), and using the comparison of |w;(&p)| and |w;(zo)]

n (54).

(b) Proposition 5.1 can be written as |w,(&)|/|wp(&))| < exp{Zf;ll KD;}
where

. 1 bi .
D; = 2Kalijg, ¢! - 4+ < 2e2|¢; — &),
16 = &l <dC(Zi) de(ziv1) de(2p) S

The upper bound for |§; — &/| in (a) is used in the estimates below.

p—i

Case 1. i > (. Using & — 2| < e P we obtain D; < Ke~ (A-Ka)i, %.

Case 2. i < L. Using & — z;| < ||DT||* de(&) and b3 = de(&y), we obtain
de( _
YD < Y Kde(o) < Kdelo) < (de(6a)) .
60— &l Sl i<t i<t

The angle estimate is similar. &

Remark. For i = p, the inequality sign in (i) in the proof of (a) becomes
~ because TP~ is roughly horizontal. The same argument then gives

|fp 5,‘ 6ap—1 |§0 §O|
56 K0P~ .
( ) |§p - Zp| ~ (50)
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SUBLEMMA A.22.2. Letting 7 and 7' be unit tangent vectors to v at &
and &), respectively, we have

|DTE 7| { 1€ — &l
DTL 7] = TP de(&)

Proof. Splitting T = Ae, + Bv where ¢, is the most contracted direction
of DT? in S(7,v), and letting V = DTg)v7 V' = DTEIZV’ E = DTgJep, and
E = Dnge;, we obtain

DT |v| B

(57) <
!DT”T! vl 1Bl

(14 2(1) + 2(11)).

where
A'E' AF

V/
== 220
) ‘B'|v'| BV

vl v

To obtain (57), we have used |AE| < |BV| and |A'E’| < |B'V’|. For V1 see
4K

Sublemma A.22.1(b). Since v is C?(b), we have |7 —7/| < £2|¢) — &)|. Lemma
3.1 then gives |e, — e,| < K[ — &y|- The remaining estimates resemble those

in the proof of Proposition 5.1 in Appendix A.14. As in (32), we have
(58) [B—DB'|, |[A—A|<K(|g — &l +lep — ey + 7" — 7)) < K& — &l-

This gives ‘|B|| <1+ ‘B Bl 9 4+ %. (I) is the angle part of Sublemma
A.22.1(b). As in Case 3 in the proof of Proposition 5.1, (II) is bounded by the

sum of a collection of terms of the form

. | E—F Q) — E| |B"
W)= de(&o) (i) = de(&o) | B ’
(i) = E| |A ' (iv) = E| |V ‘

de(6o) | A ’ de(&o) | V]

For (i), Lemma 3.1 gives | E—E’'| < (Kb)P|{o—&(|. Observing that |E| < d¢ (&),
we estimate (ii) using the bound on |‘ B‘l above, (iii) is similar, and (iv) is given
by Sublemma A.22.1(b). o

Proof of (P2'). Extending w as a C%(b) curve to BY) (%) if necessary, we
obtain (P2')(i) from (A5)(i). For (ii), the desired bound follows from (A5)(ii)
and (54) above. For (iii), (56) gives

sl o 11 —~ar6ap o L ~Kialul
—W| M MQ

TP (w)]| > K~'e™P)g, — 2| -

Proof of (P3'). Follow the proof of (P3) in Appendix A.1 and use Sub-
lemma A.22.2. O
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A.23. Bounds for d%zo (§610.1 and 10.2)

Proof of Lemma 10.1. (a) To bound the first derivatives of u, it suffices to
estimate 9,1 and 9,,1; bounds for 9,1 and 0,1 are known since x — ~(x, a)
is C2(b). To pass between v and [ = T; ¥+, we use the notation

t(z,a) = mo(T, "y(z,a)) and (X(t,a),Y(t,a)) =Ty (t,yo),
assuming [ C {y = yo}. Differentiating ¢(x,a) = Y (¢(z,a),a), we obtain
(59) Oap = OLY (t,a)04t(z,a) + 0, Y (t,a).

Here and in the rest of the proof, we use the fact that all first and second
partial derivatives of Y are bounded above by K*b, and corresponding partials
of X are bounded by K*. Partials in ¢, however, are potentially problematic
and must be treated with care. To bound 0,t(x,a), we write it as

0, X (t,a)
60 Ogt =17
( ) a (.’E,CL) 6tX(t,CL)
Since TF¥|; is controlled, [0;X (t,a)] > 1, and so this term is < K*. Thus
|0,0| < KF.
To estimate 0,1, we take one more derivative to obtain

8ax¢ = 03 Y Oy t0ut + 01Y Ozt + Ot Y Oyt

Since t = t(x,a) is implicitly defined by x = X (¢,a), we have |0,t(x,a)] =
|0: X (t,a)|~! < 1, and finally

|Opat(z,a)| = myaatxaxtatx — 0y X 0,10, X| < KF*L,
This completes the proof of |0,,1| < K*+1.

To bound the second derivatives of u, we need to bound the third deriva-
tives of . These are estimated similarly and are left to the reader. Since
v=(v—(u,v)u)/|v—(u,v)ul, bounds for ||v||c2 follow from those of u. This
completes the proof of (a).

For (b) we cannot appeal simply to Lemma 3.1 because the bound on
the C2-norms of v and v in Lemma 10.1 is not a single number depending
on the family T,; it increases with the generation of the critical point. We go
directly instead to the formulas for the most contracted directions in Appendix
AAIL. Since ng41 is the quantity 8 in Appendix A.4IT with S = S(u,v) and
M = DTl (y(z,a)), we have ngy1 = (Mu, Mv). (b) follows now from (a)
and the C?-norm of M. O

Proof of Lemma 10.3.  From Proposition 10.1, z[()k)(a) is well-defined on
Jn with n = k#~!. Let k' < k be the largest integer such that Q*)(a) D
Q™ (a), and let z(()k/)(a) = 25(Q"*)(a)). Then (1+20)"'k <k’ (see (A1’)) and

|z(()k/)(a) _ z(()k)(a)| < Kb (Lemma 4.1).
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The following calculus estimate will be used: Let ¢ be a real valued C?-
function defined on an interval of length L, and assume that |g| < My and
lg"| < M. If 4My < L2, then |¢'| < /My(1 + M3).

To apply this estimate, we write z(()k)(a) (z (k)( ), y(()k)(a)), and let g(a) =
x((]k) (a) — x[()k )(a). Then g is defined on J,, and so L = 2p" = 2p*"". Here
My = Kb, and My = K* from Corollary 10.1. When b < %, 4M, < L?
holds. Therefore

d ’ K’ 4
s 2P (a) = 28" ()| < BT KF < b
A similar estimate holds for d%y(()k). O

A.24. Equivalence of 7- and a-derivatives (§11.1)

Proof of Lemma 11.1. In this proof we fix iy and let (a,b) — (a*,0).
Recall that if 79 = (70,4, 70,y), then by Corollary 10.2, 79, — 0 as b — 0. The
two terms of V are estimated as follows:

(i) Writing T2270 = (T*,0), we have, as b — 0,

oT! oT!

DT, — e+ — = :
( a ) 070 — <8:L' (1‘0,0)7’0, + ay (l‘o,O)To,y, 0) (0,0)

(ii) Assume z, stays out of C(1) for > iy iterates. Then as (a,b) — (a*,0),

zi%DT;‘f:—sw(zsnﬁ(z@;l(ﬁo—sy( (@) s (Ja(ws—1)) (a) 0)

[wiy| /w1 +(fio=1Y(z1(a*))

)
dcfz(fa(xs 1 ) CL*)
(iz< Y@@ ) .

Proof of Lemma 11.2.

|wz/\n] |wz/\DTi 70
Z(wg, T < Wy /\DTZ Sih(zs—1
Zml= < o Z| i A

5l Il ) - K
<= (z5—1)| 0% < =

|7i] < |w| |ws, ’w2| |7i] ZO
The last inequality is valid if |wg| < |w;| for all s <4, which is the case at free
returns. 0

A.25. Bound period estimates for parameters (§11.2)

We begin with some estimates on derivative comparisons. Let a,a’ € & be
as in Lemma 11.5. We let & = (,(a), &) = (u(a'), wi(&o) = (DTY)e, v, w;i (&) =
(DT%)ev and p = p(@). We wish to compare w; (&) and w;(&)) for i < p.
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SUBLEMMA A.25.1 (Parameter version of Proposition 5.1). There exists
K > 0 such that
(61)
i1

lwi($o)  [wi(&) 3o 2 ¢. , ; . . '
@] ()] <K ew | 2KV — G+ Kla—d'| o fori<p

=0

p—1
(62)  Z(wp(o),wp(€h)) < bz D bi2r=i=ilg, ;4 —& |+ KPla—d|.
j=0

Remarks. (i) The factor K3 in (61) can be dropped if &; is out of all
splitting periods (see the proof below). (ii) We may assume the quantity inside
brackets in (61) is < 1 (cf. Lemma 5.1). This is because p < Kan and
la —a/| < Ke ™ (Proposition 11.1).

et iy, [wi(€o)| _ Jwi(§o)| _ |vd :
Proof. Let n; = Ta&y, v; = (D14 )¢, v. Then @] = ol T Since

&5 —mil <& =&l +165 —njl < 1§ — &+ KJ|a — d'|, we have, by Proposition
5.1 (see the proof of Sublemma A.22.1 in Appendix A.22),

i—1
(63) ‘wz<€0)‘ <K3ai exp ZK(fQQj"Sj o 77j|
j=0

i—1
< K39 exp ZKeZajléj—€§\+Ki\a—a’\ :
=0

the K3 factor being there to account for the discrepancy between w;(£y) and
wi(&o). Since |w;(&))] > K~ and |v; — w;(&)| < K'|la — a'|, we have

|vi] L v i)l
wilep)] = (&)l
completing the proof of (61).

For (62), we write Z(wp(£0), wp(§p)) < Z(wp(o)s vp) + £L(vp, wp(&p)). By

Proposition 5.1,

(64) <1+Ki]a—a'\,

p—1

(65)  Z(wp(éo),vp) <b2 Z IPA [
j=0
p—1
<b2 bi2f g,y — & |+ KPla —d|
j=0
To estimate Z(vp, wp(&))), note that by (64) and Remark (ii) above, ‘w|_1é|,)| ~1
for all ¢ < p. Proceeding inductively, we let i < g, u = |Zf|, and 4 = ﬁg?}gl
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. (¢! -1
Since |wo;(&y)| > K, we have

j |UZ| [wi (&)l
£ (vai, w2i(§)) < |(DTg)u A (DT )gta| =205
’ ’U2Z| |wai (o)
< (I(DT)gu A (DTg)y,al + [(DTg)yu A (DTg)y, — (DTy)g)al) K
< (Kb)" Z(vi, wi(&)) + K*Ja — d'|.
We conclude inductively that Z(v,, w,(&))) < K*"|a—a’|, completing the proof
of (62). <&

SUBLEMMA A.25.2 (Parameter version of Sublemma A.22.1 in Appendix
A.22). Let zg = ¢(&o(a)). Then

(a) for £ < i < p where £ is the splitting period of &, we have

|§i - fﬂ 6ai+1 |§0 fo’ ‘ﬁp ’fp| 6ap—1 |§0 fo\
e I e L e w RS T &
lwp(&o)| { €0 — & }

b K> 4+ KP .

®) ] = (fo) la—dl

Proof. The proof follows closely that of Sublemma A.22.1 with the follow-
ing modifications: In part (a), we consider the parametrization of the critical
curve ¢, from & to & by arclength, and split its tangent vectors 7. The
correctness of this splitting is a consequence of Lemma 11.2 and the fact that
wp, splits correctly. (53) is a statement about individual parameters. To prove
(54), we use Sublemma A.25.1 instead of Proposition 5.1. The rest of the proof
then proceeds as before. The term KP|a — a’| in (b) is from the corresponding
term in (61). &

Proof of Lemma 11.5. Let a € @ be the parameter at which the minimum
in the definition of p(w) is attained. Then (a) is an immediate consequence of
(A5)(i) for T;.

Let Z20(a) = ¢o(¢n(a)). (b) follows from the fact that for all a € @ and
j < p(@), |3(a) = 2(a)] < KI@] < K*"Ke ™ < e P, In the second
inequality we have used p(@&) < an and |&| < Ke ™, which follows from
|¢n(@)| < 1 and Proposition 11.1.

(c) is proved via the following string of inequalities:

rup (@] _ pemalnip (@] ot o lnip@] 1 pa a

|7n ()] [wn(a)| |wn ()|
The first inequality above is based on Proposition 11.1. For the second inequal-
ity, first recall that for both of the maps T, and Tj, since w,, splits correctly,
we have |wyp| & %ddesl de(zn)|DTE (V)] - |wy|. We then use Sublemma A.25.1
and the remarks following it to compare |(DT7),, ()(v)| and [(DT?), @& (V)]
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and note that the other factors are comparable up to a fixed constant. The
last inequality follows from Proposition 5.2(2) for 7.

(d) is a simple consequence of the bound on (7,44, Wp+i) (Lemma 11.2)
and the fact that Z(wn4, DTZ (v)) < 1 outside of splitting periods.

(e) is an application of the second inequality in Sublemma A.25.2(a). O

A.26. Distortion estimates for parameters (§12.2)

We prove Lemma 12.2 in this appendix. Let w € Q,,_1 be as in Lemma
12.2, and let a,a’ € w. Where no ambiguity arises, we will omit mention of
the parameters and write z; = z;(a), 2i = z(a'), w; = wi(z0) = (DTE),, (v),
w; = w;(z) = (DTY).;(v), and similarly for 7; and 7/.

Plan of proof. Since the formula for the evolution of 7; is more involved,
we again invoke Proposition 11.1 and prove % < K. Let 0<ny <ni+p <
ng < ng+p2 <ng < --- < ng+pg <n besuch that ng is a free return, py, is
the ensuing bound period, and ngy is the first return following ny + pr. We

write

. |wn1+p1| . |w'f7«2’ . |wn2+p2| . ‘wns‘

(66) lwn| = |wn, |
" " ‘wnl ‘ ‘wnl+p1 ’ ’wnz ’ ’wn2+p2|

and estimate the factors in (66) separately. These factors are of two types, the
more complicated of which being % In the proof of Lemma 11.5(c) in
ng

w,

Appendix A.25, we reduced the comparison of Iwk—iplkl to that of [DTZ" (v)|
with bounded error. A more refined estimate is needed here to control the
cumulative effect of these errors over time intervals that may contain arbitrarily
large numbers of bound periods. Such a comparison involves the difference in
slopes between wy, and w), . Let 0; :== Z(w;, w;).

SUBLEMMA A.26.1. (i) Let ig be as in Proposition 11.1. Then 0;, <
Kiola —d'|.
(ii) For all k > 1,

(a) On, < Kb2|2n,—1— 2 1| +2b2|a—a/|+b2 (e (remrtpidg, - ith
“ng + po’ " in the case k = 1;

)

in the inequality above replaced by “iy’

(b) Onstpe < 2b3 2?;61 bin"k”“j*l‘an+pk—j—1 - qumk—o—pk—j—l‘
+ KPrla—a/| + b5 0,

Proof. (i) is straightforward since |29 —z{| < K|a—d'| from Corollary 10.2.
(ii) follows from estimates very similar to those in the proof of Proposition 5.1
(Appendix A.14). More precisely:
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(a) Let ©; = Z((DT3)s,,.,, Wnxtpes (DTy)z . Wy, 4p, ). The assertion
is proved inductively by showing, as in Case 1 of Proposition 5.1,

(67) 0; <b2(0;-1 +|a — | + |z, 4pri—1 = Zntperj1l)-

(b) Let p = pg, and write u = hwu’“ig,?);' Let e = ep(S) where S = S(u, v).
n 0
As usual, we split u into u = Bv + Ae. Following the computation in the proof

of Proposition 5.1, Case 2, we obtain
(63) B' = Bl, [A' = A < KB, + 2, — 2| +a—d)).

Here |u—u'| = 0, , and by Lemma 3.1, |e —€'| < K(0p, +|a—d'|+|zn, — 2, |)-
The rest of the proof follows Case 3 in the same proof. As usual, we write
V = (DT%).,v, V' = (DI%) v, E = (DI%);,e, E' = (DT2). e'. Then we
have O, +p, < (I) + (II) where (I) = £(V,V"), (II) = % - % . For
(I) we use the angle part of Sublemma A.25.1. The other estimates involve
the same terms as in the proof of Proposition 5.1, Case 3, and are carried out

similarly. &

COROLLARY A.1. (i) 6, < b2 |2, _1 — 2 1| + KK a — d).

(ii) Letting u = \Zﬂkl and p = pg, we have
ng

|(DT3)s,, ul { 2o =20l | ere
—— T Cexpy K——" 4+ K*a—d| ¢ .
(DTy)z,, | de(a) (2ns)

z;lk
Proof. (i) follows inductively from Sublemma A.26.1(ii). We use Kan to
dominate pg, and assume n is sufficiently large that b1 (%) Ko < gKen For

DT?).
(ii), we split u as in part (ii) of Sublemma A.26.1, obtaining w
a’’/Zn,

Ng,"%(l + 2(I) + 2(I1)). From the estimates in Sublemma A.26.1(ii) and
the bound on 6, in (i) above, we see that the right side of this inequality is

bounded by terms of the form as claimed. &

Proof of Lemma 12.2. This proof follows that of (P3) in Appendix A.1.
Letting u; = i, we write log wal < ¢ >k (S, +Sy) where

w7,

k+1—(Ne+Dk
[(DTZ")z,, tn, | and S = lo (DT (nx+p ))z,,tk+pku”k+p’€|
’(DTg’“)Z/kuélk k=108 ‘(DTnk+1*(nk+pk)) , / ’
mniy. a/

2tk Un+pi

S, = log

except for Sy which ends at index n — 1.
To estimate S;, we let o = |2n, — 2, |. Then Corollary A.1(ii) gives

S < ch|(gz’jk) + KEan|g — /|, The sum ZdeJEfzi'k) is estimated as in

Appendix A.1. The additional term representing parameter contributions
sums to < nKX"q — d’| < nKK"e=A" which is uniformly bounded in n.
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Now, > S}, which treats iterates outside of CW), is easily estimated to be
< K@ + nKKaneg=A'n, O
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