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On the regularity of reflector antennas

By Luis A. CAFFARELLI, CRISTIAN E. GUTIERREZ, and QINGBO HUANG*

1. Introduction

By the Snell law of reflection, a light ray incident upon a reflective surface
will be reflected at an angle equal to the incident angle. Both angles are
measured with respect to the normal to the surface. If a light ray emanates
from O in the direction € S"~!, and A is a perfectly reflecting surface, then
the reflected ray has direction:

(1.1) 2 =T(x)=x2—-2(z,v)v,

where v is the outer normal to A at the point where the light ray hits A.
Suppose that we have a light source located at O, and €, Q* are two
domains in the sphere S"~!, f(z) is a positive function for z € Q (input
illumination intensity), and g(z*) is a positive function for z* € Q* (output
illumination intensity). If light emanates from O with intensity f(z) for x € Q,
the far field reflector antenna problem is to find a perfectly reflecting surface
A parametrized by z = p(x) x for x € €2, such that all reflected rays by A fall
in the directions in Q*, and the output illumination received in the direction
x* is g(x*); that is, T(Q) = Q*, where T is given by (1.1). Assuming there is
no loss of energy in the reflection, then by the law of conservation of energy

/Qf(a:)dx:/*g(x*)dx*.

In addition, and again by conservation of energy, the map 7" defined by (1.1)
is measure-preserving:

/ f(z)dx = / g(z*) dz™, for all E C Q* Borel set,
T-1(E) E
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and consequently, the Jacobian of T is . It yields the following nonlin-

ear equation on S"7! (see [GW9S)):
det (Viju + (u—n)ey) _ f(=)
! det(eq) 9(T(x))’

IVu|? + u?

2u
on S"~!. This very complicated fully nonlinear PDE of Monge-Ampere type

9(T(x))

(1.2)

where u = 1/p, V = covariant derivative, n = , and e is the metric

received attention from the engineering and numerical points of view because
of its applications [Wes83]. From the point of view of the theory of nonlinear
PDESs, the study of this equation began only recently with the notion of weak
solution introduced by Xu-Jia Wang [Wan96] and by L. Caffarelli and V. Oliker
[CO94], [Oli02].

The reflector antenna problem in the case n = 3, Q C Si, and Q* C 52,
where S_Q|r and S2 are the northern and southern hemispheres respectively, was
discussed in [Wan96], [Wan04]. The existence and uniqueness up to dilations
of weak solutions were proved in [Wan96]| if f and g are bounded away from 0
and co. Regularity of weak solutions was also addressed in [Wan96] and it was
proved that weak solutions are smooth if f, g are smooth and €2, Q* satisfy
certain geometric conditions. Xu-Jia Wang [Wan04] recently discovered that
this antenna problem is an optimal mass transportation problem on the sphere
for the cost function ¢(z,y) = —log(1 — z - y); see also [GOO03].

On the other hand, the global reflector antenna problem (i.e., Q = Q* =
S"=1) was treated in [CO94], [GW9S]. When f and g are strictly positive
bounded, the existence of weak solutions was established in [CO94] and the
uniqueness up to homothetic transformations was proved in [GW98]. If f,
g € CH1(8™ 1), Pengfei Guan and Xu-Jia Wang [GW98] showed that weak
solutions are C*® for any 0 < o < 1. Actually, slightly more general results
were discussed in these references.

We mention that in the case of two reflectors a connection with mass
transportation was found by T. Glimm and V. Oliker [GO04].

It is noted that the reflector antenna problem is somehow analogous to
the Monge-Ampere equation, however, it is more nonlinear in nature and more
difficult than the Monge-Ampere equation.

Our purpose in this paper is to establish some important quantitative
and qualitative properties of weak solutions to the global antenna problem,
that is, when Q = Q* = S"~!. Three important results are crucial for the
regularity theory of weak solutions to the Monge-Ampere equation: interior
gradient estimates, the Alexandrov estimate, and Caffarelli’s strict convexity.
Our first goal here is to extend these fundamental estimates to the setting of
the reflector antenna problem. This is contained in Theorems 3.3-3.5. In our
case these estimates are much more complicated to establish than the coun-
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terpart for convex functions due to the lack of the affine invariance property
of the equation (1.2) and the fact that the geometry of cofocused paraboloids
is much more complicated than that of planes. Our second goal is to prove
the counterpart of Caffarelli’s strict convexity result in this setting, Theorem
4.2. Finally, the third goal is to show that weak solutions to the global re-
flector antenna problem are C'!' under the assumption that input and output
illumination intensities are strictly positive bounded. To this end, in Section 5
we establish some properties of the Legendre transforms of weak solutions and
combine them together with Theorem 4.2 to obtain the desired regularity.

2. Preliminaries

Let A be an antenna parametrized by y = p(x) z for x € S"~!. Through-
out this paper, we assume that there exist r{,ry such that

(2.1) 0<r <p(x) <rg, Vo e S

Given m € S"! and b > 0, P(m,b) denotes the paraboloid of revolution
in R™ with focus at 0, axis m, and directrix hyperplane II(m,b) of equation
m-y+2b=0. The equation of P(m,b) is given by |y| = m-y+2b. If P(m/, 1)
is another such paraboloid, then P(m,b)NP(m/,b') is contained in the bisector
of the directrices of both paraboloids, denoted by II[(m,b), (m’,b")], and that
has equation (m —m') -y +2(b — V') = 0; see Figure 1.

[(m,b), (m',b)]

P(m', V)

Figure 1

LEMMA 2.1. Let P(en,a) and P(m,b) be two paraboloids with m =
(m/,my). Then the projection onto R"~! of P(e,,a) N P(m,b) is a sphere
Sap,m With equation

/

m'|? 8ab o

a,b,m*

Sapm = ¥ —2a

1—m, :1—mn_
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Proof.  Since P(ep,a) has focus at 0, it follows that it has equation
Ty = 4—\x — a. The intersection of P(ey,a) and P(m,b) is contained in the
a
hyperplane of equation (m — e,) -z 4+ 2(b — a) = 0. Hence the equation of
II[(en,a), (m,b)] can be written as

m' -z b—a

Ty = )
1—-m, 1—m,

Therefore the points = = (2/, x,) € P(en,a) N P(m,b) satisfy the equation
1 Iyt bh—

—|x’|27a2m A a’

4a 1—m, 1—-—m,

which simplifies to the sphere in R?~!

2 2
8a(b—a) 2 || 2
T—m, ™ ( +(1—mn abm

Since |m/|? + m2 = 1, a direct simplification yields

m/

' —2a

Sa,b,m =

1—m,

9 8ab

a,b,m

- 1—my,

Definition 2.2 (Supporting paraboloid). We say that P(m,b) is a sup-
porting paraboloid to the antenna A4 at the point y € A, or that P(m,b) sup-
ports A at the point y € A, if y € P(m,b) and A is contained in the interior
region limited by the surface described by P(m,b).

Definition 2.3 (Admissible antenna). The antenna A is admissible if it
has a supporting paraboloid at each point.

Remark 2.4. We remark that if P(m,b) is a supporting paraboloid to the
antenna A, then r; < b < r9. To prove it, assume that P(m,b) contacts A at
p(z0)z0 for mgp € S~ 1. Obviously, 0 < b < p(xg) < ro by (2.1). On the other
hand, b > p(—m) > r; also by (2.1).

Definition 2.5 (Reflector map). Given an admissible antenna A para-
metrized by z = p(z) z and y € S"~!, the reflector mapping associated with A
is

Na(y) = {m € 8" : P(m,b) supports A at p(y)y}.
If EC S" 1 then NA(E) = UyeNa(y).
Obviously, N4 is the generalization of the mapping T in (1.1) for nons-
mooth antennas. The set Uy, £y, [Na(y1) N Na(y2)] has measure 0, and as a

consequence, the class of sets E C S~ ! for which N 4(E) is Lebesgue measur-
able is a Borel o-algebra; see [Wan96, Lemma 1.1]. The notion of weak solution
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can be introduced through energy conservation in two ways. The first one is
the natural one and uses fol(E*) fdx = [4. gdm, through le, And the

second one uses [ pfdr = i) NA(E) g dm, through N 4. For nonnegative func-

tions f, g € LY(S™71), it is easy to show using [Wan96, Lemma 1.1] that these
two ways are equivalent. We will use the second way to define weak solutions.
Given g € L'(S"!) we define the Borel measure

pg A(E) = /N . g(m) dm.

Definition 2.6 (Weak solution). The surface A is a weak solution of the
antenna problem if A is admissible and

oalE) = [ f(o)d
E
for each Borel set E ¢ S™ L.

By the definition, smooth solutions to (1.2) are weak solutions. If C'A is
the C-dilation of A with respect to O, then No4 = N 4. Therefore, any dilation
of a weak solution is also a weak solution of the same antenna problem.

We make a remark on (2.1). If the input intensity f and the output inten-
sity g are bounded away from 0 and oo, and A is normalized with infscgn-1 p(x)
= 1, then there exists ro > 0 such that sup,cgn1 p(z) < ro, by [GWIS].

3. Estimates for reflector mapping

Throughout this paper, we assume that f and g are bounded away from
0 and oo, and there exist positive constants in A\, A such that

(3.1) ME[ < INA(E)| < AE],

for all Borel subsets £ C S™~ 1.

Let A be an admissible antenna and P(m, bg) a paraboloid focused at O
such that AN P(m,by) # 0. Let Sa(P(m,by)) be the portion of A cut by
P(m,by) and lying outside P(m,bg), that is,

(3.2) Sa(P(m,bg)) ={z € A: 3b> by such that z € P(m,b)}.

Sa(P(m,bp)) can be viewed as a level set or cross section of the reflector
antenna A.

We shall first establish some estimates for the reflector mapping on cross
sections of the antenna A.

3.1.  Projections of cross sections. We begin with a geometric lemma
concerning the convexity of projections of cross sections of A.
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LEMMA 3.1. Let A be an admissible antenna and let P(ey,, a) be a paraboloid
focused at O such that P(eyn,a) N A# (). Then

(a) Ifxzo,x1 € SA(P(en,a)), then there exists a planar curve C C SA(P(en,a))
joining xo and x1.

(b) Let R = SA(P(en,a)) and R’ be the projection of R onto R™~! which is
wdentified as a hyperplane in R™ through O with the normal e,,. Then R’
1S CONveL.

Proof. Let z{, =} be the projection of 2, z; onto R"~!, and let L be the
2-dimensional plane through z(,z} and parallel to e,. Consider the planar
curve L N A that contains zg,z1. We claim that the lower portion of L N A
connecting xg,x1 lies below P(ey,a). Indeed, let z be on this lower portion
of LN A and let P(m,b) be a supporting paraboloid to A at the point z. If
m = ey, then a < b and z is below P(e,,a). Now consider the case m # e,,.
Obviously, the points zg, z1 are below P(ey,,a) and inside P(m,b). Therefore,
xo, 1 lie below the bisector Il[(ey,a),(m,b)] and hence below the line L N
II[(en,a), (m,b)]. Since L N A is a convex curve, it follows that the lower
portion of L N A connecting xo and z lies below L N1I[(ey,,a), (m,b)] and so
does x. It implies that = is below P(ey,,a). This proves (a) and as a result
part (b) follows. O

Remark 3.2. Throughout this section we use the following construction.
If P(en,a)NA# 0, R =8a(P(en,a)), and R’ is the projection of R onto R"~!
parallel to the directrix hyperplane Il(e,, a), then E will denote the Fritz John
(n — 1)-dimensional ellipsoid of R’; that is, ﬁE C R’ C E; we assume that
FE has principal axes Aq, -+, A,_1 in the coordinate directions eq,--- ,e,_1.

3.2. Estimates in case the diameter of E is big. For a convex function v(x)
on a convex domain £, it is well known that |Dv(z)| < Coscqu/dist(x, 0%2),
for any z € €, see [Gut01, Lemma 3.2.1]. This fact gives rise to an estimate
from above of the measure of the image of the norm mapping. The following
theorem extends this result to the setting of the reflector mapping.

THEOREM 3.3. Let A be an admissible antenna satisfying (2.1) and let
P(en,a + h) with h > 0 small be a supporting paraboloid to A. Denote by
R = Sa(P(epn,a)) the portion of A bounded between P(en,a+h) and P(ey,a),
and let R' and E be defined as in Remark 3.2. Let Rz be the lower portion

of R whose projection onto R"™1 is ﬁE
(a) Assume d; < d = diam(FE) < da. If P(m,b) is a supporting paraboloid
to A at some Q € Ryjp with m = (m',my,) = (m1,- -+ ,mp_1,Mmy), then

|mi| < Ch/N; fori=1,--- n—1, and |m'| < V2T —m, < CVh/d,

where C' depends only on structural constants, di, and ds.
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h
(b) Assume that g < no with ny small. Let pfl(Rl/g) be the preimage of
Rijo on 8"~ Then Na(p™ (Riy2)) C {(m/,my) € "1 : /T—m, <
CvVh/d} and

n—1
Na(p™ (Ra))| < € nmm{% Aﬁ}

=1

where C' depends only on structural constants and 1.
Proof.  Suppose that P(m,b) is a supporting paraboloid to A at some
/
m
|m/|

(3.3) m = (ms; 7, my).

€ R" 1 m, = |m/|, and write

point @ € Ry/p. Let 7 =

We have 1 = |m|? = m2 + m?2 and therefore
(3.4) m2 <2(1 —my).

From Lemma 2.1, the points = (2/,z,,) € P(en,a) N P(m,b) satisty the
equation

2
Sa7b,m =|r — 2(11 _ ;nn T 2,b,m’
with
9o 8ab
a,bom 1 — My, .

Our goal now is to estimate the reflector mapping over the interior lower
portion R1/2 whose projection on R" 1 is ﬁE

Recall Remark 2.4 and that h is very small. Let @’ denote the projection
of  in the direction e,; that is, Q' € mE We may assume m # e,.
Obviously, there exists 0 < g9 < 1 such that @ € P(e,,a + egh) N P(m,b);
see Figure 2. Let P be the portion of P(m,b) below R and defined over
R'. Since P(en,a + goh) N P(m,b) C II[(en, a + eoh), (m,b)], it follows that
P crosses I[(en,a + eoh), (m,b)] and P(ey,a + eoh). Let Sgieonpm be the
sphere from Lemma 2.1 obtained projecting II[(ey, a + oh), (m,b)] N P(m,b)
on R* 1 and let Bateohp,m be the solid ball whose boundary is Sgicoh.b,m-
Since II[(ey, a + eoh), (m,b)] traverses P(m,b), it follows that P is below the
bisector II[(en, a + eoh), (m,b)] in the region R’ N Byyeoh,bm, and therefore P
is below P(ey,a + €oh) in the same region. Therefore, P is above (or inside)
P(en, a—+ th) in R/ \ Ba+z—:oh,b,m~

For x = (2/,z,) € P with 2/ € R'\ Bateoh,p,m,  must be between P(ey,,a)
and P(en,a + eoh). Hence there exists ¢ = ¢, such that 0 < ¢ < gy with
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Figure 2

x € P(ep,a+¢ch)NP(m,b). Consequently, &’ € Sqiehnpm and from Lemma 2.1
we have

9 By
x (a+5)1imn

On the other hand, 2’ is outside Sy 4cohpm- It follows that

8(a + egh)b My
ﬁ_irﬁn)ﬁ 7 = 2a+eoh) T — -
< |2’ —2(a+eh)———7| +2(g0 — e)h——
—my, —my,
< 8(a +eh)b 232 h
1—m, 1—-—m,
8 h)b
< (1+Ch) 8(a + =oh)b.
1—m,

One then obtains that R’ \ Bgtcohpm is contained in a ring with inner radius

R = Rytconp,m and width C R h. Since the inner sphere of the ring Su1c,n.b,m

passes through Q' € mE , its tangent at @Q’ traverses ﬁE and the ring.
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Thus, there exists an ellipsoid Ey C R’ \ Bytc,n,bm Whose axes are comparable
and parallel to those of E. Moreover, Ej is contained in a cylinder C whose
height is C' R h and whose base is an (n—2)-dimensional ball with radius CRvh
and center @'. Since diam(C) = C'Rv/h, one obtains that

(3.5) d < CRVh and therefore /1 —m, < CVh/d.

As V/h/d is small, m,, is close to 1 and R is very large. From (3.4) and (3.5)
we obtain the estimate |m.| < Cvh/d.

Let z{, be the center of Ey and E¢ be the center of E. We want to show
that

1—
(3.6) ‘<m' - 2;””EC> o

<Ch,

7 be the center of the

for all 2’ € Ey. For simplicity, let Cy = 2(a+eoh) T mn

n

ring. We claim that the angle between CyE¢ and the radial direction CoQ’ is
—— =

very small; that is, angle(CoEc, CpQ') < C d/R. In fact, by the law of cosines,

we have that

N N
1EcQ')? = |CoQ' 1> + |CoEc|? — 2C0Q" - CoEc.

s —
Without loss of generality, we may assume that |CoEc| < [CoQ'|. If we set
CoQ' =|CoQ'|7» = Ri7r, A1 = |EcQ’|, and CoEc = |CoEc|te = (R1 — A2)7E,
where 0 < Ay < Ay < d, then

Al =R} + (R — A3)* — 2R1(Ry — A) 7y 7.

Since R is large and % ~ C by (3.5), we get the following
A? — A2 Cd?
l1—7. -7 = L 2

<
2R1(R1 —AQ) - R’
and the claim is proved.
Continuing with the proof of (3.6), write 7 = k7 + k¢, where 74 is a
unit vector in the tangent plane of the sphere Sqicnpm at the point Q'; that
is, % L 7, and k; > 0. Therefore, we have

TE'Tt:kt:\/ ( )2
—\/1+T7~ TE)(l—TT-TE)
Cd? d

<H/2— < (C=
- R? R

For 2/, 2" € Ey, write

1

ﬁ
v’ =e1CRhT +eodm + 71,

where —1 < e1, €5 < 1, and 7, is perpendicular to both 7, and 7;. From (3.5)
d < C RvVh and so
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SN )
|7e - 2’2" < |e1| |7 - 7 CRA| + |eo| |7 - ¢ d| < CRh + Cd*/R < CRh.
Note that |CoEc| < C R. Tt follows that
ICoEG - ©'2"| < C Rl|rg - /" < CR2h.

Since |z’ x”\ <d < R, we have

/
<EC—2a mn )-x':n”
1—m,

and then by the definition of R we obtain (3.6).
We are now ready to prove (a). Since d; < d < da, from (3.5) and (3.6),
one obtains

< CR?h,

lm/ - xw’|<Ch

Since the ellipsoid Ey has principal axes CAq,---,CM\,—1 in the coordinate
directions ey, - - ,e,_1, it follows from the last inequality that the i-th compo-
nent m; of m’ must satisfy |m;| < Ch/\;.

We now prove (b). For m' € B, (0) with small 79, let w = M(m') =

. 1—+/1—|m'?
2a
to 1 and that for m/, m{, € By, (0) we have

(87)  (L-Cno)lm' — mh| < |M(m') — M(mpp)| < (1 + Cino)|m’ — mf.

E¢. It is easy to verify that the Jacobian of M is close

We claim that M is a 1-to-1 mapping from B, (0) onto B, (wy, ), where w, =

Vit

easy to Verlfy that [w, —wy,| < Cno(no —n). Hence, M(By,) C By, (wy,). On
the other hand, given w # 0 with |w — wy,| = u < 1o, consider the continuous
function f(n) = |w — wy|/n for 0 < n < no. Obviously, lim, o+ f(n) = oo
and lim,_,, f(n) = p/no < 1. Therefore, there exists 0 < n < ng such that
f(n) = 1, which implies that |w —w,| =1 and w = M(m/) with m’ = w — w,,.
Thus, the claim is proved.

From (3.6), if m = (m/,m,) € Na(p™'(Ry2)), then w = M(m') =
(w1, ,wp—1) is in the dual ellipsoid E* of the ellipsoid E given by E* = {w :
|lwi| < Ch/Xi; 1 <i<n—1}. Clearly, we have the following estimate

INa(p™ (Rip2))| < {(m',mn) € "1 : VT =m, < CVh/d and M(m') € E*}|
< C|{m' : |IM(m")| < CVh/d and M(m) € E*}|
= CIM Hw: |w| < CVh/d and |w;| < Ch/N\;, 1 <i<n—1}

E¢ for 0 < n <mp. In fact, if [m’| =7, then |w —wy,| = 7. It is

This completes the proof of the theorem. O
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A fundamental estimate for convex functions is the Alexandrov geometric
inequality which asserts that if u(z) is a convex function in a bounded convex

domain ©Q C R" such that u € C(€2) and u = 0 on 912, then for xy € Q2
lu(xo) ™ < C dist(xg, Q) diam(Q)"~* [Du(Q));

see [Gut01, Lemma 1.4.2]. We extend this result to the setting of the reflector
mapping in the following theorem.

THEOREM 3.4. Let A be an admissible antenna satisfying (2.1) and let
P(en,a + h) with h > 0 small be a supporting paraboloid to A. Denote by
R = Sa(P(en,a)) the portion of A bounded between P(ey,a+h) and P(ey,a),
and let R' and E be defined as in Remark 3.2. Assume that E has center
Ec and principal axes A, -+, Ap_1 in the coordinate directions eq,--- ,e,_1.
Denote by p~Y(R) the preimage of R on S™71.

(a) Assume thatd; < d = diam(E) < ds. Givend >0 and 2’ = (21, ,2p—1)
€ R’ such that z = (2, 2,) € RN P(en,a+ h) with K — 6\ < 21 < K,
where K = sup,.cr: T1, then there exists €q, independent of 0 and z, such
that

F={mes":y1—m, <eVh/d,

h h

0<—my <ey——, |m| <eg—,i=2,---,n—1} C Nalp *(R)).
oM\ A

In other words, if m € F, then P(m,b) is a supporting paraboloid to A

at some point on R for some b > 0.

(b) Assume that V'h/d < Cy. Let B be the linear transformation given by
By, yyYn—1) = (AMY1, s An—1Yn—1) such that E — Ec = BBy, where
By is the unit ball. Given § >0 and z = (', z,) € RN P(ep,a+ h) with
Z=Ec+(0-06)By,|y|=1, Ec +0By € OR', and 25 <0 < 1, then
there exist a small eg > 0, independent of 6 and z, and n—1 orthonormal
vectors e}, --- e 4 in R"! such that

C{w e R"" : || < eoVh/d, Bw € E*}| < [Na(p™ (R)),

h R\ >
where B* = {2;:11 wiers =S < <0, T < () } i

h
a cylinder with circular base Be p 3 and height coit

35
2 h
Proof. Let z € RN P(ey,a+ h). We have 1 — enﬁ = % > const
z z

by Remark 2.4 and (2.1). If m € S ! and |m — e,| < g with g¢ small, then
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Figure 3: Theorem 3.4

20 2 |z (1 - m%) > const and so z € P(m,b). Recall that E¢ is the center
z

of E and \/E/d < (Y, and set

F* = {mesn_lzx/l—mn

1— —_
< eoVh/d, sup <—m’+ mnEg) A <ephp.
' ER/ 2@

In order to prove (a) and (b), we first show that
(3-8) F* C Nalp™ (R)).

To prove this, we will first claim that for m € F*, the portion of P(m,b)
that contains z and is over R’ is below P(ey, a), and second we will show that
this implies that P(m,by) (perhaps with by different from b) is a supporting
paraboloid to the whole antenna A at a point on R.

To show the first claim, since z is below P(e,,a), it suffices to prove that

(3.9) R C S,

where S, = Sgp.m is the sphere from Lemma 2.1 which is the projection of
the intersection of P(ey,,a) and the bisector II[(ep,a), (m,b)]. As in the proof
of Theorem 3.3, S,,, has equation

My 2 8ab

S, =z —2 = :R2:R27
mn v al—mnT 1—-—m, m

where m, = |m/| and m’ = m,7. In order to prove (3.9) we now show that

(3.10) 7' is inside S, and dist(2’,S,,) > C Rh,

and next construct a cylinder C defined by (3.11) so that R" € C C S,,.
Indeed, since z € P(en,a + h) N P(m,b), 2/ must be on the sphere S, =
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Sa+hpm, the projection of the intersection of P(en,a + h) and the bisector
II[(en,a + h), (m,b)]. Similarly to Sp,, Sy n has equation

2
8(a+ h)b
=\ =9 mr _ o\ TV p2 )
Sm.h = | (a—i—h)l_mnT [p— Ry

We claim that [b —a| < Cm, + h < Cgp. In fact, if z = p(y)y for some
y € S" ! then

2(a + h 2b
p(y)zl( ) _ ;
—€n-Y 1-m-y

and consequently

b—a—h (e,—m)-y

at+h  l—e,-y

Therefore

a+h

b—a—h| =2
I—en-y

1
|(en —m) - y| < §p(y) len —m| < Cmy,

and the claim follows.
Let Cy, and €y, , be the centers of S, and Sy, j, respectively. By the law

of cosines
Con? Cmnz Cp, 0] |02 |? C
L7 =t oy b b o <=5
1Con?| IConn? ] 1CnnOl ~ 2|Cun?| - |CunO] ~ B

where O is the origin in R?~!. This means that the angle between —7 and
Ch.n7' is less than C'//R. We now estimate |Cy, 2’| to locate the position of 2’
inside S;,,. Again by using the inner product, we have

N v SN
|sz/‘2 = ‘Cm,hz/P + ‘Cm,hcm|2 - 2Cm,hzl Cm,hCm

m 2 m Cn?
= (Rmh —2h—" ) + 2Ry - 2h—— |1 — —mhE (1)
1—-—m, L —my |C’m7hz’\

m 2 C
§<Rm,h—2h T > +CR-hR- - —
1-—m,

2
g(Rm,h—zhlmT > +Ch.

— My

Since Ry, — 2ht=— ~ R, it follows that

1-m,

msr

|ICn2'| < | Ronn — 2R +Cﬁ
mel= m;h 1—m, R
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On the other hand

AR2R— (Rmh 2h Mr )

1—m,
/ 8(a+ h)b
1—mn 1—mn l—mn
_ 2hy/1+4+m V/8b h
B \/1—mn

\/1—mn\/a+h+\/5
21+ m, — V2 ]

h
> —
1 —m.

h
Since |b — a| < Cep and m,, is close to 1, we obtain that AR > ¢
CRh. Therefore

1—m,
— m h h
—|Cn?| > R— | Ryyn — 2h T —C==AR-C—
O] 2 ( T mn) R R
> CRAh.
So (3.10) is proved.
— —_—
Write Cp,2" = |Cp2’ |7, i.e., 7, is the radial direction at z’. We obtain
that the cylinder

(3.11)

= {2 + ke 4+ ki - —R/2 < k. < CRh, |kt| < CRVh, 7 L 70, |7s| = 1}

is contained inside the sphere S,, for an appropriate choice of C'

We next prove that if m € F*, then R’ C C which will complete the proof
of (3.9). i

Write C,Ec = |CpEc|Tg. Then the angle between 7, and 7p is
small. Indeed, by the law of cosines

]E(;z’\Q C’d2
1—m7E < 5
2Cz| - |CrEer EC\ R
Write 7, = kpTp + k«Tw such that k., > 0, 7. L 7, and |7i| = 1. Therefore
1 d
<kgp <land 0 < k., < C—. Since m € F* and R = C/\/1—my,
2_> . R
2t < |

12/2') < d < egCRVh for 2/ € R/, and we have the following
estimate

2 (EC —2q >
—— — — 1-m d
di o =kpdad e+ kD T < kg L+ C—=d
r * ‘C—)mEC| R
2a 2
1—mn +Cd_ <

pp——— 705 Rh+C€2Rh:C€ Rh,
E ‘CmEc| R 0 0 0
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for all 2/ € R’, and therefore R’ C C and so (3.9) follows. As a result, the
portion of P(m,b) over R’ passing through z is strictly below (or outside)
P(ey,a). Furthermore, the portion of P(e,,a) over R’ is strictly contained in
P(m,b). Geometrically, if we drag P(m,b) downward (i.e., having b increase),
then we can get a supporting paraboloid P(m,by). In fact, if x = p(y)y € R
with |y| = 1, then « € P(ey,a + ¢h) for some 0 < ¢ < 1 and 1 — e,y =
2(a+¢ch)/p(y) > const. Thus, x € P(m, b,) where 2b, = p(y)(1—my) > const.
Let by = sup{b; : x € R}. We want to prove that P(m,bg) is a supporting
paraboloid to A at a point in the interior of R. Choose z; € R such that
b., — bo. Without loss of generality, assume that zx — 29. Let zi = p(yx) vk,
lye] = 1, and zo = p(yo)yo, |yo| = 1. By taking the limit as k — oo in the
equation p(yr)(1 — myg) = 2b,,, we get that z9p € P(m,bp). On the other
hand, every x € R must be on some P(m,b,) which lies inside P(m, by) since
by < by. Hence, R is inside P(m, by) and touches P(m, by) at zg. It follows that
P(m,bg) is a supporting paraboloid to R and JR is strictly inside P(m,bp).
To show that P(m,bp) is a supporting paraboloid to A, it is enough to show
that A\ R is also contained inside P(m,bp). Indeed, suppose by contradiction
that there exists x € A\ R lying outside P(m, bg). Then z, zy lie on or outside
P(m,by). By Lemma 3.1, there exists a curve C on A connecting zp and x and
lying on or outside P(m,bg). Then C must cross the boundary of R which is
strictly contained inside P(m,bg), a contradiction. Thus, the proof of (3.8) is
complete.

Now to the proof of Part (a). Given 2/ € R/, write Ji o= — 2 =
g1A1€1 +Z?:_21 girie;, where —2 <e; <dand —2<¢; <2fori=2,--- ,n—1.
If m € F and since d; < d < ds, then one obtains

/

1— n—1
ﬁ ( 2mnEC - m’) < CE%h - €1m1)\1 - Zszmz)\z
a =2
h
< C22h + 6220\ +2(n — 2)eoh

0N
= C&‘oh.

Choosing ¢¢ in F sufficiently small we get that F C F* (F* is now defined
with Ceg instead of ) and (a) follows from (3.8).
To prove (b), and as in the proof of Theorem 3.3, we consider the mapping
1—/1—[m']?
w=Mm')=m — LoV g

2a

Proj F* = {m’ : 3m,, such that (m’,m,) € F*}

be the projection on R"~!. Since &g is small, it follows from (3.7) that
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o Vh

{m' : IM(m)| < 5 g s/.lel%[—/\/l(m')] 2 < eph}
(3.12) c {m' :|m/| <egVh/d, sup [-M(m')] 2z’ <eoh}
' €R’
C Proj F*.

We claim that
{m/ : BM(m/) € E*} C {m/: sup [-M(m)] 2’2" < eoh}.
' €R!
Let R* = B"Y(R' — E¢). Obviously, B__ C R* C B;. By the assumptions,
Ec + 0By’ € OR' and hence 0y’ € OR*. Let 2* £ (0 — 8)y = B~1(2' — E¢),
and let y* € OR* be such that dist(z*,0R*) = |y* — z*|. Let e = %
Yyt —z

and choose {e}}7'~)" such that {e}}?~! is a set of orthonormal vectors. Clearly,
e} is normal to OR* at y* and

n—1
R* C {z*—i—Zuief =2 <u <0, |u <2, =2, ,n—1}.
i=1
Therefore, for Bw € E*, it is easy to verify
sup (—w) - 2’2" = sup [-Bw] - (u — z*) < goh,
2/ €R’ uER*
and the claim follows. Therefore from (3.12) we get
h
{m/ I M(m)| < 6—;%, BM(m') € E*} C Proj F*.
Since the Jacobian of M is close to one, the conclusion in part (b) follows from
(3.8). O

3.3. Estimates in case the diameter of E is small. Theorem 3.3 and
Theorem 3.4 extend the gradient estimate and Alexandrov estimate for convex
functions to reflector antennas in the case \/ﬁ/ d < ng. These two theorems are
sufficient for the discussion of strict reflector antennas in Section 4. However,
to get complete extension of the estimates, we also need to prove the following
theorem addressing the case v/h/d > no.

THEOREM 3.5. Let A be an admissible antenna satisfying (2.1) and (3.1),
and let P(en,a + h) be a supporting paraboloid to A for small h > 0. Let
R = Sa(P(en,a)) and let R' and E be defined as in Remark 3.2, let Ec be the

h
center of E, and d = diam(E). Assume that % >no > 0.
(a) There exists C > 0 such that C~'d < \; < Cd, fori=1,--- ,n—1, and

h
Uoé%SC.
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(b) Let B be the linear transformation given by

B(yly e 7yn71) - (Alyla e ,)\n—lyn—l)

and be such that E — Ec = BBy. Given 6 > 0 and z = (2, z,) €
RN P(en,a+h) such that 2 = Ec + (1 —0)By with 5 < |y/| <1, and
Ec + By € OR/, there exists a small g > 0 such that

%7 %} (ﬁ)n_l < [NMalp ' (R))],

where p~'(R) is the preimage of R on S™71.

Ceg_l min {

(c) LetRy/p be the lower portion of R whose projection onto R s E

1
2(n—1)
and p‘l(R1/2) be its preimage on S"'. Then

NA(P_l(R1/2)) C {(m',my) € STV —my, < C\/E},

where C' depends only on the structural constants and ng.

Proof. We first prove part (a). Let z = (2/,2,) € RN P(ey,a+ h). We
remark that to prove (3.10), it suffices to assume that |m — e,| < g9 with &g
small, and therefore under this assumption one can conclude as in Theorem
3.4 that the cylinder

C={2+kr + ki : —R/2 <k, <CRh, |kt| < CRVh, 7, L 7, |7| = 1}

is contained strictly inside the sphere S,,, where the symbols have the same
meaning as in that theorem. If on the other hand /1 —m, < eoh/d, then
d < g9CRh where R is the radius of S,, and R = C/y/1 — m,, and consequently
R' C By(2') c C. Therefore, if /1 —m, < min{eg,eoh/d}, then R C Sp,.
Using the technique of dragging the paraboloid as in the proof of Theorem 3.4,
we then obtain that m € Ny(p~1(R)); that is,

{me 8" 1. /1—m, <min{ey,coh/d}} C Na(p ' (R)).

Let D = p~}(R) and P(ey,,a)|p be the restriction of P(e,,a) over D, i.e., the
portion of P(e,,a) contained in A. Obviously, |D| < C'|P(e,,a)|p| < C|R/|.
By (3.1), we obtain

(3.13) [min{eg, eoh/d}]" ' < C|D| < C|R/| < CAi -+ Ap1.

We claim that if A is small enough, then h/d < 1. Otherwise, if h/d > 1,
then from (3.13), €f~' < CAy---A,_1. This implies that \; > Cej~! for

h
i=1,---,n—1, and therefore — < \/_1
Cei™

< 1o for small h, a contradiction.

h n—I1
Thus, the claim is proved. Therefore from (3.13), <€0 E) < CA - - Ao,
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and so

B\ L VS \s
2\n—1 < n—1( " < 1 n—1 < i <
(80770) — 8() (dg) — C dn_l = C d = Cv

fori=1,--- ,n— 1. This completes the proof of part (a).
Now prove part (b). By part (a), no < v/h/d < C. By Theorem 3.4 (b)

Clw e R"™": |w| < egno, Bw € E*}| < [Na(p™ (R))],

h
where E* is a cylinder with circular base B, j/3 and height 63%. By part (a),
|Bw| ~ C'd|w|. Therefore

C'|B™ (Beyegnoa N E*)| <C|{w € R™™ : |Bw| < Coeonod, Bw € E*}|
<Nalp™ ' (R))I.

Since Vh/C < d < vh/ng, it is easy to verify that

_ c . eoh , goh "2
INa(p 1(7@))\ > e min {Cogonod, ;—5} [mm {C()E()n()d, %H

> C(eom0)" ™" min {%, %} (ﬁ)n_l :

This completes the proof of part (b).

To prove part (c), let z = (2/,2,) € Rij2 and P(m,b) be a support-
ing paraboloid at z. As in the proof of (3.5) in Theorem 3.3, there exists
an ellipsoid Ey C R’ whose axes are comparable and parallel to those of F
such that FEy is contained in a cylinder C whose height is C' Rh and whose
base is an (n — 2)-dimensional ball with radius CRv/h and center 2/, where
R = C/v/1—m,. By part (a), it follows that B,,4 C C for some small oy.
Therefore, ogd < CRh = Ch/\/T—m,. Since d ~ Cvh, we obtain that
VI =m, < CVh. The proof of the theorem is finished. O

4. Strict antennas

In this section, we use the estimates established in Section 3 to show that
a reflector antenna satisfying (2.1) and (3.1) must be a strict reflector antenna.

Definition 4.1 (Strict antenna). An admissible antenna A is a strict an-
tenna if every supporting paraboloid of A touches A at only one point.

The following result is concerned with strict antenna.

THEOREM 4.2. If A is an admissible antenna satisfying (2.1) and (3.1),
then A is a strict antenna, and consequently, the map N4 1is injective.
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Proof. Let P(ey,a1) be a supporting paraboloid to \A. We need to show
that P(en,a1) N A is a single point set. By Lemma 3.1 (b), the projection A
on R"! of P(ey,a1) N A is a convex set. Suppose by contradiction that A
contains at least two points. Then diam(A) = constant > 0. For h sufficiently
small, let R}, be the portion of A cut by P(ey,a; — h), Ro the portion of A
cut by P(en,a1) and relabel a =ay — h, a + h = a;.

We claim that R; converges to R¢ in the Hausdorff metric as h — 0.
Indeed, suppose by contradiction that there exist dg > 0 and z, € Ry such
that dist(zp, Ro) > dp. By compactness, passing through a subsequence z, —
20 € Ro and |zp, — 20| > do, we obtain a contradiction.

Let R}, be the projection of Rj, on R"~1. Then by the claim, R} — A in
the Hausdorff metric as h — 0. Let E} be the John ellipsoid for the set R},
and let A\ (h) be the longest axis of Ej,. Then A\ (h) = C' ~ diam(A) and there
exists z, € A such that K — 6, A(h) < (2n)1 < K, where K = sup,cp; 21
Notice that dp, — 0 as h — 0. We now apply Theorems 3.3 and 3.4 to get a
contradiction Let R}, and (7éh)1 /2 be the lower portions of R, defined over
R, and P )Eh, respectively, and let Dy and (D), /2 be the preimages on
571 of Ry, and (Rh)l/Q, respectively. We want to show that |Dy| ~ |R}|.
Given y = p(z)x € A with 2 € S"~ 1, let P(e,b) be a supporting paraboloid
to A at y. Let 7 be the inner normal of P(e,b) and A at y. Then by Snell’s
law, n - (—z) = n-e and n - (—z) > const > 0. It follows that |Dy| ~ |Ry|.
Similarly, |Dy| =~ |P(en,a)|p, |, where P(ey,a)|p, is the restriction of P(e,,a)
on Dy. Obviously,

|Dn| < C'|P(en,a)lp,

< CIR,| < C|Ru| < C|Dyl.

This proves that |Dy| ~ [R},|.
Since [(Dp)1/2] = ](Rh)l/z\, to show that

(4.1) |(Dn)1j2] = g1y Bl

it suffices to prove that (7€h)1/2 is a Lipschitz graph. For y = p(z)x € (7€h)1/27
let P(m,b) be a supporting paraboloid to A at y, and 7" be the inner normal
to P(m,b) and (7€h)1/2 at y. By Theorem 3.3(a), |e, — m| < Cv/h. Since
P(m,b) is smooth, m - W > const > 0. This implies that e, - 7 > const > 0.
Therefore (7€h)1 /2 is a Lipschitz graph and so (4.1) holds.

From Theorem 3.3(a) and (3.1) we get

Ch nl Ch CvVh
C|En| < INa((Dr)1/2)| < mm{ A1 dlam (En) } H { Ai dlam(Eh)}

=2
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On the other hand, from Theorem 3.4(a) and (3.1) we have
|En| = [Rh| = C INa(Dn)]
n—1
. €0 h €0 \/E . €0 h €0 \/E
>C —_— 7.
=L { Op A1 ’ diam(Eh) } H — { i ’ diam(Eh)

=2

Therefore,

e~ ! min h Vh < C min o i
0 op A diam(Ey) [ ~ A diam(Ep) [

Since \; ~ diam(FE}) & const, we obtain for any sufficiently small 4 > 0
h
en~! min {5_’ \/E} < Ch,
h

which gives a contradiction. O

Remark 4.3. We notice that if Ay = {zpg(z) : x € S"~ !} is a sequence
of admissible antennas satisfying (2.1), then A4y converges to the antenna A =
{zp(x) : x € S" '} in the Hausdorff metric if and only if py converges to p
uniformly on S™~!,

LEMMA 4.4. Let A; = {xp;(x) : x € S""1}, j > 1, be admissible antennas
satisfying (2.1). Assume that p; converges to p uniformly on S"=1. Then

(a) limsup;_ . N4, (K)| < INA(K)|, for any compact set K C 5"
(b) liminf;_.o0 N4, (O)] > [Na(O)|, for any open set O C S"L.

Proof. Part (a) is easy to prove by definition. For completeness, we
prove part (b). Let K C O be compact and E* = Uy, 24, [Na(x1) N N4(xz2)].
Then |E*| = 0. Let mp € N4(K) \ E*. There exist 9 € K and a > 0
such that P(mg,a) is a supporting paraboloid to A at xgp(z¢). To finish the
proof, it suffices to show that mg € N4, (O) for sufficiently large j. Since
mo ¢ E*, limy_odiam(S4(P(mg,a — h))) = 0. By the continuity of the
mapping |z—|, limy, o diam(Dy,) = 0, where Dy, = p~1(Sa(P(mg,a—h))) is the

radial projection on S"~! of S4(P(mg,a — h)). Choose D, CC O. Let ¢ > 0
and choose jg large. If j > jg, then for z € S"~1\ Dy,

pila) < (14 (o) < (142) 2
and a
pi(wo) = (1 —¢g)p(xo) = (1 — E)m-

Let by = (1 +¢)(a — h) > 0 and choose € small enough such that § =
(I —€)a—1bg > 0. Then A; is inside P(my, by) along directions in S"=1\ Dy,
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and A; is outside P(mg,byp + 0) in the direction zg. For x € Dy, since
a—h < p(x)(1—mg-z) < a, 2by £ p;j(x)(1—mg-z) > 0 for j > jo. This means
that zp;(xz) € P(mg,bsy). Let b = sup{b, : x € Dy, and xzp;j(z) € P(mo,bs)}.
Without loss of generality, assume that b = by, where z; € Djp. Obvi-
ously, b > by + . Therefore, P(mq,b) is a supporting paraboloid to A; at
x1p;j(x1) € O. This completes the proof of the lemma. O

COROLLARY 4.5. The class of admissible antennas satisfying (2.1) and
(3.1) is compact with respect to the Hausdorff metric.

Proof. By Remark 4.3 and Lemma 4.4, to prove the corollary it suffices
to estimate uniformly the Lipschitz constant of the radial function defining the
antennas. Let A be an antenna parametrized by p(x) such that (2.1) and (3.1)
hold. Let zg, z1 € S" ! and |zg — 21| < &9. Let P(mq,ag) be a supporting
paraboloid of A at zgp(z). Obviously

QCLO mo(l'l — CL‘o)

— <
plar) = plag) < g TS

Since 1 —mgzg = 2a0/p(zo) > const, then 1 —moz1 > const, if gy is small. We
conclude that p(z1) — p(xg) < Clxg — x1|. The corollary is proved. O

As a corollary of Theorem 4.2 and Corollary 4.5, we have the following
result on the diameter of sections.

COROLLARY 4.6. Let A be an admissible antenna satisfying (2.1) and
(3.1). Then there exists an increasing function o(h) depending only on ri, T2,
A, A, and n with limy_o+ o(h) = 0 such that diam(S4(P(m,b— h))) < o(h)
for any supporting paraboloid P(m,b) of A.

5. Legendre transform

Our purpose in this section is to discuss some properties of the Legendre
transform (see Definition 5.1) of weak solutions to the reflector antenna prob-
lem, a notion introduced in [GW98].

Definition 5.1 (Legendre transform). Given an admissible antenna 4 =
{zp(x) : & € S" 1}, the Legendre transform of A, denoted by A*, is defined
by A* = {mp*(m) : m € S" 1}, where
1 1

inf = .
vesmtazm p(x)(1 —m-x)  supyega-1[p(z)(1 —m - x)]

p*(m) =

LEMMA 5.2. If A is an admissible antenna satisfying (2.1), then its

Legendre transform A* is also an admissible antenna and satisfies o <
T2



320 L. A. CAFFARELLI, C. E. GUTIERREZ, AND Q. HUANG

% < _
p*(m) < o

NA* (mo)

for any m € S"'. Moreover, if mg € Na(xg), then zg €

Proof. The proof is similar to that of Lemma 4.1 in [GW98]. For mg €
S let 2a = supyegn-1 p(z)(1 — mg - ) and assume that this supremum is
attained at zo € S"1. Then P(myg,a) is a supporting paraboloid to A at xo,

1 1 1
and p*(mgp) = —. By Remark 2.4, one concludes that — < p*(myg) < —

2a 279 2rq
and N4(S" 1) = snL

Let mg € N4(zp). We now prove zg € Ng-(mg). Denote by P(mg,a)
the supporting paraboloid to A at xgp(z¢) with the axis direction mg. Then

1
z)(1—mg-x) attains the maximum 2a at xg and p*(mg) = .
plz)(1=mo-2) , o and p*(mo) p(20)(1 —mo - o)
. N —1 1
Obviously, p*(m) < S = 7o) for m € S"~". Therefore, P(xo, m)

is a supporting paraboloid to A* at mop*(mg), and zg € Ng-(my).
Now, given mo € S™!, there exists zo € S"~! such that mg € N4(zo).
Hence, g € Ng-(mg) and A* is an admissible antenna. O

LEMMA 5.3. Let Ay = {xpp(x) : z € S" "}, k > 1, be a sequence of
admissible antennas satisfying (2.1). Assume that Ay, converges to the antenna
A = {zp(z) : @ € S"'} under the Hausdorff metric as k — co. Then Aj,
also converges to A* under the Hausdorff metric.

Proof. By Lemma 5.2, 1/(2r2) < p; < 1/(2r1). So there exists ng > 0

1
h that p} =infy_,,. . We obtain that
such that p;(m) = infi_p.0>p, @A —m ) e obtain tha
1 1 1
pr(m) —p*(m)| < — sup - —
PR =S e S o) ot

It follows from Remark 4.3 that p} converges to p* uniformly on S"~1. The
lemma is proved. O

We now establish the following important lemma about the Legendre
transform of antennas in the setting of weak solutions.

LEMMA 5.4. Let A = {zp(z): x € S"" '} be an admissible antenna such
that (2.1) and (3.1) hold. Then A* satisfies

(5.1) ATHE"| < [N (B7)] < ATHE",
for all Borel subsets E* C S™~ 1.

Proof. Let E = J\/:ZI(E*) = {z € S"! : Im € E* such that m €
Na(x)}. We first prove
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Claim 1. E* C N4(FE) and [N4(E) \ E*| = 0.
It is easy to see by definition that E* C N4(E). Let

M = {x € S"': Ais not differentiable at xp(z)}.

We have |M| = 0. We claim that Ng(E) \ E* C N4(M), and then from
(3.1) we obtain that |[N4(F) \ E*| = 0. To prove the claim, given y € E, let
m € Ny(y) \ E*. By definition of E, Na(y) N E* # 0, and therefore there
is mg € Na(y) N E*, mg # m. Therefore, A has at least two supporting
paraboloids and hence two supporting hyperplanes at yp(y), and so is not
differentiable at yp(y), which proves the claim.

Claim 2. E C Na-(E*) and |[N4-(E*)\ E| = 0.

Given z € F, by definition of E there exists m € E* such that m € N4(z).
By Lemma 5.2, x € Ng-(m), and hence E C N - (E*).

Let y € Na-(E*) \ E. Then y € N4-(myg) for some mg € E*. By Claim
1, there exists xg € E such that mg € Ng(zg). Since y # xp, by Theorem
4.2, Na(y) N Ng(zg) = 0. If my € Ny(y), then my # mp. By Lemma 5.2,
y € Na-(mq). Therefore, y € Ng(mo) N Na-(mq). From Lemma 5.2, this
implies that mg, m1 € Ng-(y), where A** is the Legendre transform of A*. So,
A** is not differentiable at yp**(y) where p** is the radial function of A**. We
conclude that N 4-(E*)\ E is a subset of the set where A** is not differentiable
and which has measure zero. This proves Claim 2.

To finish the proof, from Claims 1 and 2 we get |E*| = |[N4(F)| and
INa«(E*)| = |E|, and so (5.1) follows from (3.1). O

6. C! regularity

We are now ready to prove the C! regularity for weak solutions of the
antenna problem. First show the following lemma.

LeEMMA 6.1. If A= {zp(z) : € S" '} is an admissible antenna satisfy-
ing (2.1) and (3.1), then N4 is a homeomorphism from S™~! onto S™~1 with
/\/:Zl = Ny-. Moreover, {N4} is equicontinuous, i.e., there exists an increas-
ing continuous function o with limy_,g+ o(h) = 0 such that [N 4(z) —Na(y)| <
o(|z —y|), where o depends only on r1, ro, A\, A, and n.

Proof. We first prove that N4 is single-valued. Otherwise, if my, mo €
N4 (o) with my # ma, then by Lemma 5.2, 29 € N g« (m1) NN g-(m3). On the
other hand, by Lemmas 5.2 and 5.4, A* satisfies (2.1) and (3.1) with different
constants, and so by applying Theorem 4.2 to A* we get N g-(m1) NN 4+ (mg) =
0, a contradiction. In light of Theorem 4.2, and since N4(S" 1) = "1 see
the proof of Lemma 5.2, we obtain that N4 is bijective. If m = N4 (x), then
x = Ng-(m). This proves N:Zl = Ny-.
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It remains to show that {N 4} is equicontinuous. Assume by contradiction
that there exist Ay, T, yg, and €9 > 0 such that |xp —yx| — 0 and N4, (zx)—
N, (yr)| > €. By compactness and Corollary 4.5, replaced by a subsequence
if necessary, we may assume that xp — 2o, yx — 20, mg = Ny, (zx) — mo,
mj, = Na, (yx) — my, and Ay, — Ao. It is easy to verify that mg € N4, (z20)
and m{, € N4, (z0). Since N4, is single-valued, my = m(, which contradicts the
assumption |mg — mg| > 9. We thus prove the lemma. O

THEOREM 6.2. If A = {zp(x) : © € S '} is an admissible antenna
satisfying (2.1) and (3.1), then A and A* are C*, with C* modulus of continuity
depending only on r1, ro, A, A, and n.

Proof. If P(m,b) is a supporting paraboloid to A at zp(x), then by the

Snell law A has a supporting hyperplane at zp(z) with the inward normal
m—x

m—a] By Lemma 6.1, this field of inward normals for A is continuous.

It remains to show that A is differentiable and hence has only one sup-
porting hyperplane at each point. Let Y = (y1,--- ,yn) € A and assume that
{zn = yn} is the equation of a supporting hyperplane IIp to 4 at Y. For X € A
near Y and without loss of generality we can write X —Y = zie; + z,e, with
1, p > 0. By the continuity of the inward normals mentioned before, there
exists a supporting hyperplane at X with the equation v(X) - (z — X) = 0,
where the inward normal v(X) = (11 (X), -+ ,v,(X)) is close to v(Y) = e,.
1Z1 (X
vn(X)
dist(X, IIp) < ¢|X —Y|. Therefore, IIj is the tangent plane to A at Y and the
only supporting hyperplane at Y. Since the field of inward normals of tangent
planes to A is continuous, one concludes that A is of class C'. The proof is
complete. O

From the convexity, v(X) - (Y — X) > 0, and so =, < —

T, < exq, i.e,

COROLLARY 6.3. If A is a weak solution in the sense of Definition 2.6 of
the reflector antenna problem with input illumination intensity f(x) and output
illumination intensity g(m) where 0 < A < f(xz) < A and A < g(m) < A on
S"=L then A is a C' antenna.
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