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Higher composition laws IV:
The parametrization of quintic rings

By MANJUL BHARGAVA

1. Introduction

In the first three parts of this series, we considered quadratic, cubic and
quartic rings (i.e., rings free of ranks 2, 3, and 4 over Z) respectively, and found
that various algebraic structures involving these rings could be completely
parametrized by the integer orbits of an appropriate group representation on a
vector space. These orbit results are summarized in Table 1. In particular, the
theories behind the parametrizations of quadratic, cubic, and quartic rings,
noted in items #2, 9, and 13 of Table 1, were seen to closely parallel the
classical developments of the solutions to the quadratic, cubic and quartic
equations respectively.

Despite the quintic having been shown to be unsolvable nearly two cen-
turies ago by Abel, it turns out there still remains much to be said regarding
the integral theory of the quintic. Although a “solution” naturally still is not
possible, we show in this article that it is nevertheless possible to completely
parametrize quintic rings; indeed a theory just as complete as in the quadratic,
cubic, and quartic cases exists also in the case of the quintic. In fact, we present
here a unified theory of ring parametrizations which includes the cases n = 2,
3, 4, and 5 simultaneously.

Our strategy to parametrize rings of rank n is as follows. To any order
R in a number field of degree n, we give a method of attaching to R a set
of n points, Xp C P"2(C), which is well-defined up to transformations in
GL,,—1(Z). We then seek to understand the hypersurfaces in P*~2(C), defined
over Z and of smallest possible degree, which vanish on all n points of Xg.
We find that the hypersurfaces over Z passing through all n points in Xp
correspond in a remarkable way to functions between R and certain resolvent
rings, a notion we introduced in [1] and [4]. We termed them resolvent rings
because they are integral models of the resolvent fields studied in the classical
literature. In particular, we showed in [4] that for cubic and quartic rings,
the resolvent rings turn out to be quadratic and cubic rings respectively. For
quintic rings, we will show that the resolvent rings are sextic rings. (For the
definitions of quadratic and cubic resolvents, see [4].)



54 MANJUL BHARGAVA

The above program leads to the following results describing how rings
of small rank are parametrized. When n = 3, one finds that cubic rings are
parametrized by integer equivalence classes of binary cubic forms. Specifically,
there is a natural bijection between the GLo(Z)-orbits on the space of binary
cubic forms, and the set of isomorphism classes of pairs (R, S), where R is a
cubic ring and S is a quadratic resolvent of R. We are thus able to recover,
from a geometric viewpoint, the celebrated result of Delone-Faddeev [11] and
Gan-Gross-Savin [12] parametrizing cubic rings (as reformulated in [4]).

When n = 4, analogous geometric and invariant-theoretic principles allow
us to show that quartic rings are essentially parametrized by equivalence classes
of pairs of ternary quadratic forms. Precisely, there is a canonical bijection
between the GLa(Z) x SL3(Z)-orbits on the space of pairs of ternary quadratic
forms, and the set of isomorphism classes of pairs (R, S), where R is a quartic
ring and S is a cubic resolvent of R. This was the main result of [4].

The above parametrization results were attained in [4] through a close
study of the invariant theory of quadratic, cubic, and quartic rings. This
invariant theory involved, in particular, many of the central ingredients in the
solutions to the quadratic, cubic, and quartic equations. In this article, we
reconcile these various invariant-theoretic elements with our new geometric
perspective.

The primary focus of this article is, of course, on the theory of quintic
rings, and it is here that the interplay between the geometry and invariant
theory becomes particularly beautiful. Even though the quintic equation is
not solvable, the analogous geometry and invariant theory from the cubic and
quartic cases can in fact be completely worked out for the quintic, and one
finds that the correct objects parametrizing quintic rings are quadruples of
quinary alternating 2-forms. More precisely, our main result is the following:

THEOREM 1. There is a canonical bijection between the GL4(Z) x SLs(Z)-
orbits on the space Z* @ N?Z° of quadruples of 5 x 5 skew-symmetric matrices
and the set of isomorphism classes of pairs (R, S), where R is a quintic ring
and S is a sextic resolvent ring of R.

Notice that the enunciation of Theorem 1 is remarkably similar to the
cubic and quartic cases cited above. The similarities in fact run much deeper.

A first similarity that must be mentioned regards the justification for the
term “parametrization”. What made the above results for n = 3 and n = 4
genuine parametrizations is that every cubic ring and quartic ring actually
arises in those correspondences: there exists a binary cubic form corresponding
to any given cubic ring, and a pair of ternary quadratic forms to any given
quartic ring. Moreover, up to integer equivalence each mazximal ring arises
exactly once in both bijective correspondences.
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The identical situation holds for the parametrization of quintic rings in
Theorem 1. Given an element A € Z*® A2Z5, let us write R(A) for the quintic
ring corresponding to A as in Theorem 1, and write I' = GL4(Z) x SL5(Z).
Then we will prove:

THEOREM 2. Every quintic ring R is of the form R(A) for some element
A€ Z* @ N*Z0. If R is a mazimal ring, then the element A € Z* @ N2Z5 with
R = R(A) is unique up to I'-equivalence.

The implication for sextic resolvents (to be defined) of a quintic ring is
that they always exist. This is analogous to the situation with quadratic and
cubic resolvents of cubic and quartic rings respectively (cf. [4, Cor. 5]).

COROLLARY 3. Fvery quintic ring has at least one sextic resolvent ring.
A mazimal quintic ring has a unique sextic resolvent ring up to isomorphism.

A second important similarity among these parametrizations is the method
via which they are computed. The forms corresponding to cubic, quartic, or
quintic rings in these parametrizations are obtained by determining the most
fundamental polynomial mappings relating these rings to their respective re-
solvent rings. In the cubic and quartic cases, these fundamental mappings
are none other than the classical resolvent maps used in the literature in the
solutions to the cubic and quartic equations.

More precisely, given a cubic ring R let .S denote a quadratic resolvent of
R as defined in [4], i.e., a quadratic ring having the same discriminant as R.
In the case where R and S are orders in a cubic and quadratic number field
respectively, the binary cubic form corresponding to (R, S) in the parametriza-
tion is obtained as follows. When R and S lie in a fixed algebraic closure of Q,
there is a natural, discriminant-preserving map from R to S given by

_ Disc(a) + /Disc(a)

P32(a) = 7 ;

this may be viewed as an integral model of the classical resolvent map

§(a) = \/M — (a(l) _ a(2))(a(2) _ a(3))(a(3) _ a(l))

representing the most fundamental polynomial mapping from a cubic field to

its quadratic resolvent field; here a™, a(?), a(® denote the conjugates of a
in Q. The map ¢392 : R — S evidently descends to a map ¢32 : R/Z — S/Z,
and this resulting ¢32 is precisely the binary cubic form associated to the
pair (R,S). The remarkable aspect of this parametrization of cubic rings is
that a pair (R, S) is completely determined by the binary cubic form ¢3 2, and
conversely, every binary cubic form arises as a &372 for some pair of rings (R, S).
In sum, <Z>3,2 is the essential map through which the parametrization of cubic
rings is computed (entry #9 in Table 1).
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Table 1: Summary of Higher Composition Laws

’ # | Lattice (Vz) ‘ Group acting (Gz) ‘ Parametrizes (C) | (k) | (n) ‘ (H) ‘
.| {0} - Linear rings 0 0 Ag
2. | Z SL(Z) Quadratic rings 1 1 Aq
3. | (Sym?Z2)* SLo(Z) Ideal classes in 2 3 By
(GAUSS’S LAW) quadratic rings
4. | Sym37? SLo(Z) Order 3 ideal classes | 4 4 Gs
in quadratic rings
5. | 2? ® Sym>7? SLy(Z)? Ideal classes in 4 6 Bs
quadratic rings
6. | 227> 72 SLy(Z)3 Pairs of ideal classes | 4 8 Dy
in quadratic rings
7. | 7% @ N2Z* SLo(Z) x SLy4(Z) Ideal classes in 4 12 Ds
quadratic rings
INVA SLe(Z) Quadratic rings 4 20 Eg
.| (Sym®Z2)* GL2(Z) Cubic rings 4 4 Gs
10. | Z*? ® Sym?Z? GL2(Z) x SL3(Z) | Order 2 ideal classes | 12 12 Fy
in cubic rings
11. | 2’72373 GL2(Z) x SL3(Z)?* | Ideal classes 12 18 Es
in cubic rings
12. | 2% @ N?Z8 GL2(Z) x SLg(Z) | Cubic rings 12 | 30 E;
13. | (Z* @ Sym?Z?)* | GLy(Z) x SL3(Z) | Quartic rings 12 12 Fy
14. | Z* @ N?2Z° GL4(Z) x SL5(Z) | Quintic rings 40 40 Eqg

Notation on Table 1. The symbol 7 in #2 denotes the set of elements in Z
congruent to 0 or 1 (mod 4). We use (Sym?®Z?)* to denote the set of binary quadratic
forms with integral coefficients, while Sym®Z?2 denotes the sublattice of integral binary
quadratic forms whose middle coefficients are even. Similarly, (Sym>Z?)* denotes the
space of binary cubic forms with integer coefficients, while Sym®Z? denotes the subset
of forms whose middle two coefficients are multiples of 3. The symbol ® is used for the
usual tensor product; thus, for example, Z? ® Z? ® Z? is the space of 2 x 2 x 2 cubical
integer matrices, (Z%® SmeZ?’)* is the space of pairs of ternary quadratic forms with
integer coefficients, and Z2 ® Sym?>Z3 is the space of pairs of integral ternary quadratic
forms whose cross terms have even coefficients.

The fourth column of Table 1 gives approximate descriptions of the classes C
of algebraic objects parametrized by the orbit spaces V7/Gz. In most cases, the
algebraic objects listed in the fourth column come equipped with additional structure,
such as “resolvent rings” or “balance” conditions; for the precise descriptions of these
correspondences, see [2]-[4] and the current article.

The fifth column gives the degree k of the discriminant invariant as a polynomial
on Vz, while the sixth column of Table 1 gives the Z-rank n of the lattice V7.

Finally, it turns out that each of the correspondences listed in Table 1 is related
in a special way to some exceptional Lie group H (see [2, §4] and [3, §4]). These
exceptional groups have been listed in the last column of Table 1.
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In a similar vein, a cubic resolvent of a quartic ring R is a cubic ring
S having the same discriminant as R, and which is equipped with a certain
natural, discriminant-preserving quadratic map ¢4 3 : R — S (see [4, Sec. 2.3]).
In the case where R and S are in fact orders in quartic and cubic number fields
respectively (lying in a fixed algebraic closure of QQ), this map is none other
than the fundamental resolvent map

used in the classical literature in the solution to the quartic equation; here a(!),
a@ ol a® denote the conjugates of a in Q. Just as in the cubic case, the
map da3: R — S descends to a map ¢a3: R/Z — S/Z, and this resulting ¢4 3
is precisely the pair of ternary quadratic forms that corresponds to the pair
(R, S) in the parametrization of quartic rings. Again, the remarkable aspect
of this parametrization is that the pair (R, S) is completely determined by the
corresponding pair of ternary quadratic forms ¢4 3, and conversely, every pair
of ternary quadratic forms arises as a <;3473 for some pair (R, S) consisting of a
quartic ring and a cubic resolvent ring. Thus <z3473 forms the fundamental map
through which the parametrization of quartic rings is computed, and indeed
detailed knowledge of this mapping is what the proof of the parametrization
of quartic rings relied on (entry #13 in Table 1).

In the quintic case, the most fundamental map relating a quintic ring
(or field) and its sextic resolvent seems to have been missed in the literature.
Although various maps relating a quintic field and its sextic resolvent field
have been considered in the past, it turns out that all such maps may be
realized as higher degree covariants of one special fundamental map ¢5 6. This
beautiful map is discussed in Section 5, and forms a most crucial ingredient
in the proof of Theorem 1 and its corollaries. One reason why the map ¢5¢
may have been missed in the past is that it sends a quintic ring R not to its
sextic resolvent S, but instead to A2S. (We actually work more with the dual
map g = @5 : A2S* — R*, where R* and S* denote the Z-duals of R and S
respectively, which turns out to be more convenient.) In perfect analogy with
the cubic and quartic cases, this fundamental map ¢56 is found to descend
to a mapping ¢s56 : R/Z — A%*(S/Z), and this ¢5¢ may thus be viewed as a
quadruple of alternating 2-forms in five variables. Theorem 1 then amounts
to the remarkable fact that the pair (R,S) is completely determined by gZ_>576,
and conversely every quadruple of quinary alternating 2-forms arises as the
map (5576 for some pair (R, S) consisting of a quintic ring and a sextic resolvent
ring. Thus—analogous to the mappings ¢32 and ¢4 3 in the cubic and quartic
cases—¢5 ¢ (or, equivalently, g = ¢5 ) is the fundamental mapping through
which the parametrization of quintic rings is computed (entry #14 in Table 1).

Finally, the multiplication tables of the rings and resolvent rings corre-
sponding to points in the above spaces—namely the spaces of integral binary
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cubic forms, pairs of integral ternary quadratic forms, and quadruples of inte-
gral 5 x 5 skew-symmetric matrices (i.e., items #9, 13, and 14 in Table 1)—
may be worked out directly from the point of view of studying sets of n points
in P2 for n = 3, 4 and 5 respectively. We illustrate the case n = 5 in this
article. The corresponding multiplication tables for n < 4 were given in [2]-[4].

We observe that each of the group representations given in Table 1 is a Z-
form of what is known as a prehomogeneous vector space, i.e., a representation
having just one Zariski-open orbit over C. This work completes the analysis
of orbits over Z in those prehomogeneous vector spaces corresponding to field
extensions, as classified by Wright-Yukie in their important work [15].

The organization of this paper is as follows. In Section 2, we examine
the parametrizations of cubic and quartic rings from the geometric point of
view described above for general n. We then concentrate strictly on the case
of quintic rings, and explain how the space Vz = Z* ® A2Z5 of quadruples
of quinary alternating 2-forms arises in this context. The space Vz has a
unique invariant for the action of I' = GL4(Z) x SL5(Z), which we call the
discriminant; this invariant is defined in Section 3. In Section 4, given an
element A € Z* @ A2Z5, we use our new geometric perspective to construct a
multiplication table for a quintic ring R = R(A) which is found to be naturally
associated to A.

In Section 5, we then introduce the notion of a sextic resolvent S for a
nondegenerate quintic ring R, and we construct the fundamental mapping g
between them alluded to above. We describe the multiplication table for this
sextic resolvent ring S in Section 6. The main result, Theorem 1, is then proved
in Section 7 in the case of nondegenerate rings. In Section 8, we explain the
precise relation between g and Cayley’s classical resolvent map ® : R — S®Q
defined by

—aWa® — 4@a®) _ 40)a@ _ 4@a1) _ 4@)0)2,

which has played a major role in the literature in the solution to the quintic
equation whenever it is soluble. Cayley’s map is found to be a degree 4 covari-
ant of the map ¢g. In Section 9, we describe an alternative approach to sextic
resolvent rings which, in particular, allows for a proof of Theorem 1 in all cases
(including those of zero discriminant). In Sections 10 and 11, we study more
closely the invariant theory of the space Z* ® A2Z°, and as a consequence, we
prove Theorem 2 and Corollary 3. In Section 12, we examine how conditions
such as maximality and prime splitting for quintic rings R(A) manifest them-
selves as congruence conditions on elements A of Z* ® A2Z5. This may be
useful in future computational applications (see e.g. [6]), and will also play a
crucial role for us in obtaining results on the density of discriminants of quintic
fields (to appear in [5]).
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2. The geometry of ring parametrizations

We begin by recalling some basic terminology. First, let us define a ring
of rank n to be any commutative ring with unit that is free of rank n as a
Z-module. For n = 2, 3, 4, 5, and 6, such rings are called quadratic, cubic,
quartic, quintic, and sextic rings respectively. An order in a degree n number
field is the prototypical ring of rank n. To any such ring R of rank n we may
attach the trace function Tr : R — Z, which assigns to any element @ € R
the trace of the endomorphism R =% R. The discriminant Disc(R) of such a
ring R is then defined as the determinant det(Tr(cyo;)) € Z, where {o;}]-; is
any Z-basis of R. Finally, we say that a ring of rank n is nondegenerate if its
discriminant is nonzero.

In this section, we wish to understand the parametrization of rings of
small rank via a natural mapping that associates, to any nondegenerate ring
R of rank n, a set X of n points in an appropriate projective space.

To this end, let R be any nondegenerate ring of rank n, and fix a Z-basis
(g = 1,01,...,ap—1) of R. Since R is nondegenerate, K = R ® Q is an
étale Q-algebra of dimension n, i.e., K is a direct sum of number fields the
sum of whose degrees is n. Let pM), ... p(™ denote the distinct Q-algebra
homomorphisms from K to C, and for any element o € K, let o)), a(?, ..
o™ e C denote the images of o under the n homomorphisms p(M), ... p(™
respectively. For example, in the case that K  C is a field, oV, ..., o™ e C
are simply the conjugates of o over Q.

Let (g, o, ..., o}, _) be the dual basis of (ag, o, ..., a,—1) with respect
to the trace pairing on K, i.e., we have Tr(g(aia;‘») =g forall0 <i4,5 <n-—1.
For m € {1,2,...,n}, set

2 = o™ e (M e PR,

n

(Note that «f is not used here.) We thus obtain n points, conjugate to each
other over Q when K is a field, and a set

XR: {xg),,xg)}

in P"~2(C) which is now independent of the numbering of the homomorphisms

(m)
™.
Alternatively, if D denotes the n x n matrix
N C IR
W p_| o o . o
0‘;17)1 afll T agﬂ

and D, denotes its (i, m)-th minor, i.e., (—1)"™™ times the determinant of
the matrix obtained from D by omitting its ith row and mth column, then we
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have af(m) = Dj+1,m/det(D). Hence we can also write
(2) 2 = Dyt Dy,

Note that the elements o € K (i > 0), and hence the points l‘gn), depend
only on the basis (ay,...,&,—1) of R/Z; i.e., changing each «; to a; + m; for
m; € Z does not affect o for 2 > 0. In fact, if we denote by Ky the traceless
elements of K, then the trace gives a nondegenerate pairing Ko x K/Q — Q
so that (of,...,a)_;) is the basis of Ky dual to the Q-basis (ay,...,an—1) of
K/Q.

We observe that the points of X are in general position in the sense that
no n—1 of them lie on a hyperplane. Indeed, if say 2, 232, ..., 2= were
on a single hyperplane, then we would have det(a:(l), @ . ,x("*l)) = 0; but
a calculation shows that, with the coordinates of the () defined as in (2),
det(zM, 23, .. 2(=D) = +(det D)2 # 0, since (det D)? = Disc(R) # 0.

However, we observe that for any 1 < i < j < n, the hyperplane defined
by

@) Hgt) = (0" = o)t + -+ (o)) —a )t =0,
where [ty : - -+ : t,—1] are the homogeneous coordinates on P"~2 is seen to pass

through n — 2 of the n points in X g, namely through all () such that k # i
and k # j. This can be seen by replacing the kth column of D by the difference
of its ith and jth columns; this new matrix D; ;; evidently has determinant
zero. Expanding the determinant of D; j by minors of the kth column shows
that 2(®) lies on H; ;.

There is a natural family of n x n skew-symmetric matrices attached to
any element o € R that can be used to describe these hyperplanes as well as
certain higher degree hypersurfaces vanishing on various points of Xr. Given
any n X n symmetric matrix A = (A;;), define the n x n skew-symmetric matrix
My = Mj(«a) by

(4) Mp = (my5) = ()\ij (a(i) - a(j))) .

If we write & = ty1+- - - +tp—10—1, then we may view My = Ma(t1,...,tp—1)
as an n X n skew-symmetric matrix of linear forms in ¢1,...,¢,_1. If we now al-
low the variables t1, . .., t,_1 to take values in C, then the various sub-Pfaffians!
of My give interesting functions on IP’(%_2 that vanish on some or all points in
{2}

For example, the 2 x 2 sub-Pfaffians of M, are simply multiples of the
linear functionals (3), and they vanish on the n — 2-sized subsets of X =

'Recall that the Pfaffian is a canonical square root of the determinant of a skew-symmetric
matrix of even size. By sub-Pfaffians, we mean the Pfaffians of principal submatrices of even
size.
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{z®,..., 2™} (Note that (}), the number of 2 x 2 sub-Pfaffians of M,
equals (nﬁ2)’ the number of n — 2-sized subsets of X.)

Similarly, the 4 x 4 sub-Pfaffians (when n > 4) are seen to yield quadrics
that vanish on all of X. In general, the 2m x 2m sub-Pfaffians of My (m > 2)
yield degree m forms vanishing on X.

The special cases n = 2,3,4, and 5 give hints as to how orders in small
degree number fields—and, more generally, rings of small rank—should be
parametrized:

n = 2: Write R = (1, ;). Then

0 Mo (0~ a?)
5) Ma= o) 0
The determinant of My (the square of its Pfaffian) is A\ (agl) — agz))2 =
A% Disc(R). Setting ;2 = 1 gives Disc(R), and the correspondence R «
Disc(R) is precisely how quadratic rings are parametrized. (See [2] for a full
treatment. )

n = 3: Write R = (1, a1, a2). The only relevant sub-Pfaffians of M, are
again all 2 x 2, and are given by the linear forms

(6) Lij(t1,t2) = A\j [(Oégi) - Oégj))tl + (agi) - agj))@]

for (i,7) = (1,2), (1,3), and (2,3). This information can be put together by
forming their product cubic form

(7) f(ti,t2) = L1aL13Loas,

and indeed this is the smallest degree form vanishing on all points of X. Choos-
ing A so that AjgA13A23 = 1/4/Disc(R), we obtain precisely the binary cu-
bic form fr corresponding to R under the Delone-Faddeev parametrization.
One checks that fr(t1,t2) is an integral cubic form, and Disc(fr) = Disc(R).
(See [3] for a full treatment.)

n = 4: Let R = (1, a1, a2, a3). We now must consider both the 2 x 2 and
4 x 4 sub-Pfaffians of M. The 2 x 2 sub-Pfaffians are linear forms that corre-
spond to lines in P? passing through pairs of points of X = {z(1), 2(2) ) z*)}
The smallest degree form vanishing on all points of X has degree 2, and one
such quadratic form is given by the 4 x 4 Pfaffian of My, for any fixed choice
of A. However, for any four points in P? in general position, there is a two-
dimensional space of quadrics passing through them. Thus to obtain a span-
ning set for the quadratic forms vanishing on X, we must choose two different

A’s, say A and A'.
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Let S = (1,w, ) be a cubic resolvent of R in the sense of [4]. Choose A
so that

M2Ags = wM /y/Disc(R), Aishas = w?/y/Disc(R), and
)\14)\23 == w(?’)/\/ DiSC(R),

and A’ so that

XA, = 0 /1 /Disc(R), Aizhog = 0 //Disc(R), and
N Mo = 08 /1 /Disc(R).

Let A and B denote the quadratic forms Pfaff(My ) and Pfaff( My, ) respectively.
Then (A, B) is precisely the pair of ternary quadratic forms corresponding to
R (and S) in the parametrization of quartic rings laid down in [4]. One may
check directly that these choices of A and A’ yield integral A and B such that
Disc(A, B) = Disc(Det(Ax — By)) = Disc(R). (For the full theory behind this
case, see [4].)

n = 5: Finally, let R = (1,1, a2, a3,a4). We again examine first the
2 x 2 sub-Pfaffians of M. There are ten of them, and they correspond to the
planes in P? going through the various 3-point subsets of X = {x(l), . ,:c(5)}.
Next, there are five 4 x 4 sub-Pfaffians, which for generic? choices of A are
linearly independent; we fix such a A. Then the five 4 x 4 sub-Pfaffians of M}
cut out quadric surfaces passing through all five points of X. In fact, for any
five points in P? in general position, a counting argument shows that there is
exactly a five-dimensional family of quaternary quadratic forms vanishing at
the five points. Moreover, one finds that the set of common zeros of this five-
dimensional family of quadratic forms consists only of these five points. Since
all sets of five points in general position in }P’% are projectively equivalent, it
suffices to check the latter assertion at any desired set of five points in general
position in IP’%.

Now consider the natural left action of the group GL4(C) x GL5(C) on
the space V = C* ® A2CP of 5 x 5 skew-symmetric matrices of quaternary
linear forms. It is known that this representation is a prehomogeneous vector
space (see Sato-Kimura [14]), i.e., it posseses a single Zariski-open orbit. This
may be seen in an elementary manner as follows. First, note that the action
of GL4(C) on the orbit of M in V results in an action of PGLy4(C) on P,
thereby moving around the set X of five points D 20 e ]P’(% where the
five 4 x 4 sub-Pfaffians vanish. Meanwhile, the group GL5(C) acts on the
vector consisting of the five 4 x 4 signed sub-Pfaffians by essentially the dual
of the standard representation. More precisely, for v € V' define the ith 4 x 4

2More precisely, A is “generic” if F(A) # 0 for a certain fixed polynomial F' in the entries
of A; see Section 4 for an explicit expression for F.
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signed sub-Pfaffian Q; of v to be (—1)"*! times the Pfaffian of the 4 x4 principal
submatrix obtained from v by removing its ith row and column. If g € GL5(C),
veV,and Q1, ..., Qs and Q, ..., Q% denote the 4 x 4 signed sub-Pfaffians
of v and ¢ - v respectively, then we have

Q1 Q1
(8) | = (detg)(g7)" |

Q5 Qs

Now PGL4(C) acts simply transitively on (ordered) sequences z(), ...,
z® of five points in general position in P3, while SL5(C) acts simply transi-
tively on bases (Q1,Q2,...,Qs) (up to scaling) of the five-dimensional space
of quaternary quadratic forms vanishing on X = {z( ... 2®)}. We conclude
that the stabilizer of My in GL4(C) x SL5(C) is contained in the symmet-
ric group S5 = Perm(X), the permutation group of X. Indeed, the only
way to send M, to itself via an element of GL4(C) x SL5(C) is to permute
the five points in X via an element 74 € SLy4(C); then to apply the unique
element 5 € SL5(C) that returns the basis of 4 x 4 signed sub-Pfaffians
Q1,...,Q5 to what it was at the outset, up to a possible scaling factor; and
finally to multiply by the unique scalar y; € C* that returns the quadruple
of 5 x 5 skew-symmetric matrices to its original value M. Thus the ele-
ment (y17v4,75) € GL4(C) x SL5(C), if it exists, is uniquely determined by
the chosen permutation in Perm(X). It follows that the stabilizer of My
is contained in S5 = Perm(X), and a calculation shows that the stabilizer
is in fact the full symmetric group S5. Since the dimension of the group
G(C) = GL4(C) x SL5(C) is 16 + 24 = 40, as is the dimension of its repre-
sentation V = C* ® A2C?, and since the stabilizer is finite, we conclude that
there must be an open orbit for the group action. We call an element A € V
nondegenerate if it lies in this open orbit.

In particular, we see now that any element v in V = C* ® A2C® in this
open orbit possesses 4 x 4 sub-Pfaffians that intersect in five points in general
position in P3. Conversely, since any five points in P3 in general position are
projectively equivalent, a five-dimensional family of quadrics in P? will intersect
in five points in general position if and only if the family arises as the span
of the five 4 x 4 sub-Pfaffians of a 5 x 5 skew-symmetric matrix of quaternary
linear forms lying in this open orbit in V. Hence the open orbit of the space
V = C*® A2C® of 5 x 5 skew-symmetric matrices of linear forms in four
variables parametrizes the smallest degree hypersurfaces passing through sets
X of five points in general position in IP)%, together with a chosen basis of the
(five-dimensional) space of quaternary quadratic forms vanishing on X.

Thus the situation is completely analogous to the previous parametriza-
tions of n points in P"~2 with n < 4, and so we may expect that the integral
points of this space, V7 = Z* ® A2Z5, should parametrize quintic rings.
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Therefore our goal, following the previous cases, is to find for any nonde-
generate quintic ring R an integral element A € Vz = Z* ® A?Z® whose 4 x 4
sub-Pfaffians vanish on xg%l), ces ,xg’), and whose discriminant Disc(A) (to be
defined) is equal to Disc(R). Conversely, we wish to show that the 4 x 4 sub-

(1)

Pfaffians of any nondegenerate element A € V7 vanish at the five points zp’,
e ajg) € P2 for some quintic ring R satisfying Disc(R) = Disc(A).

This is precisely what is accomplished in the sections that follow. We
begin by examining more closely the invariant theory of the action of I' =

GL4(Z) x SL5(Z) on Vg = Z* @ N2*Z5.

3. The fundamental I'-invariant Disc(A;, Aa, A3, A4)

Let us write elements A € V as quadruples A = (Aj, Ag, A3, Ay) of 5 x5
skew-symmetric matrices over the integers, with the understanding that when
we speak of the 4 x4 sub-Pfaffians of A, we are referring to the five sub-Pfaffians
Q1,...,Qs5 of the single 5 x 5 skew-symmetric matrix A1ty + Aoty + Atz + Asty.

It is known (see Sato-Kimura [14]) that the action of I" on V7 has a sin-
gle polynomial invariant, which we call the discriminant in analogy with our
previous terminology in [2]-[4]. This discriminant function has degree 40. As
always, we scale the discriminant polynomial Disc( - ) on V7 so that it has rela-
tively prime integral coefficients. This only determines Disc( - ) up to sign, but
our choice of sign (and the fact that such a scaling exists) will become clear in
the next section, where we construct the discriminant polynomial explicitly. It
follows from Sato and Kimura’s analysis (and will also follow from our work in
Section 4) that an element A € V7 is nondegenerate precisely when its discrimi-
nant is nonzero. We will be primarily interested in the nongedenerate elements
of Vz, as they will turn out to correspond to the nondegenerate quintic rings,
i.e., those that embed as orders in étale quintic extensions of Q.

4. The multiplication table for quintic rings

Let R be any nondegenerate quintic ring, and let 2 . 20 be the
corresponding points in P? as constructed in Section 2. Since up to scaling
there is only a single SLs(C)-orbit of points A € V = C* ® A2C® whose five
independent 4 x 4 sub-Pfaffians vanish on the five points zW, ..., 2®) the
structure coefficients of multiplication in R should also depend, at least up to
scaling, only on the SLs-invariants of the points in this orbit. We therefore
wish to construct, and understand the meaning of, the various invariants for
the action of SL5(C) on V.

First, let us turn to the construction of all the SLs-invariants, which is
quite pretty. Given a point A = (A, A2, Az, Ay) € V, let My, Ms, and Mj3
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be any three fixed linear combinations of the skew-symmetric 5 x 5 matrices
Ay, As, As, Ay. Then the Pfaffian of the 10 x 10 skew-symmetric matrix

® ]

is clearly an SLs-invariant of A, for the action of an element g € SL5(C) on A

results in the action of (g g) on the 10 x 10 skew-symmetric form Lj\\ﬁ %ﬂ , and

hence the value of its Pfaffian does not change. The Pfaffians

My M2:|

(10) Pfaff [ My ML

are our prototypical SLs-invariants. In fact, it is not too difficult to show that,
over C, all polynomial invariants for SL;(C) must be polynomials in these
degree 5 Pfaffians! However, we shall not need this fact in what follows, and
so we omit the proof.

Next, we would like to understand the meaning of these SLs-invariants
in terms of an appropriate quintic ring R. Let R again be a nondegenerate
quintic ring having Z-basis (1, a1, ..., a4), let 2 .. 20 be the associated
points in P? as in Section 2, and denote by A = (Ay, Ay, A3, A4) an element
of V whose independent 4 x 4 sub-Pfaffians vanish on X = {z(1) . . 2®)1
As remarked earlier, in studying the above SLs-invariants of A, it suffices to
consider the SLs-invariants of any element M € V in the same SL;(C)-orbit
of A, or any scalar multiple of such an element. In particular, we may assume
that A takes the form My € V as constructed in Section 2, where A = ();;) is
any generic 5 X 5 symmetric matrix, to be chosen later.

More precisely, given « € R = (1, aq,...,a4), denote by M(«) the 5 x 5
skew-symmetric matrix ()\ij(a(i) - oz(j))). Then we have noted in Section 2
that the 4 x 4 sub-Pfaffians of My = (M(«a1),...,M(a4)) € V vanish at the

desired points a:g), . ,xg’). Thus we may consider the SLs-invariants of M}y,
which are generated by the Pfaffians Pfaff [%EZ% %gﬂ for z,y,2z € R.

For any 5 x 5 skew-symmetric matrices X, Y, Z, let us write Pf(X,Y, Z) =
Pfaff [é g], and set

P{(X,Y,Z) +Pi(X,Y,-2)

(11) PT (XY, Z)= 5 ,

Pi(X,Y,Z) - Pf(X,Y,—Z
(12) P (X,Y,Z)= (XY, 2) 5 (XY, )
Then one checks that PT(X,Y,Z) and P~ (X,Y, Z) are primitive integer poly-
nomials in the entries of X,Y, Z having homogeneous degrees 2,1,2 and 1,3,1
respectively. By construction, the integer polynomials P (M (z), M (y), M (z))
for x,y, z € R are SLs-invariants of M.
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There is an alternative description of these invariants Pt and P~ which
is also quite appealing. Given a 5 x 5 skew-symmetric matrix X, let Q(X)
denote as before the column vector [Q1, ..., Q5] of (signed) 4 x 4 sub-Pfaffians
of X. Then @ is evidently a quadratic form on the vector space of 5 x 5
skew-symmetric matrices. Let Q(X,Y’) denote the corresponding symmetric
bilinear form such that Q(X, X) = 2Q(X). Then we have

(13) PH(X,)Y,Z)= QX)' -Y-Q(2),

(14) P (X,Y,2)=Q(X,Y)" - Y -Q(Y, 2).

More generally, for any 5 x 5 skew-symmetric matrices U, W, X, Y, Z, we have
the SLs-invariants P(U, W, XY, Z) = Q(U,W)! - X - Q(Y, Z), although it is
easy to see that these invariants may also be expressed purely in terms of P+
(or P7).

Finally, let F(A) denote the following integral degree five polynomial in
the entries of A:

—1

(15) F(A) = <5

Z O'(l]kifm) . )\ij)\jk)\]gf)\ﬂm)\mia

1;7j7k7é7m

where we have used o (ijk¢m) to denote the sign of the permutation (i, j, k, £, m)
of (1,2,3,4,5). The polynomial F' has a rather natural interpretation in terms
of Figure 1 (p. 72), which will play a critical role in the sequel. We observe
that Figure 1 shows six of the twelve ways of connecting five points 1,...,5 by
a 5-cycle, the other six being the complements of these graphs in the complete
graph on five vertices. The negation of the polynomial F'(A) can be expressed
as the sum of twelve terms: six terms of the form Aj;AjxA\ieAemAmi, where
(ijklm) ranges over the six cycles occurring in Figure 1; and six terms of the
form —Xij A\ jxAkeAemAmi, where (ijklm) ranges over the complements of these
six cycles. (For further details on Figures 1 and 2, see Section 5.2.)
We have the following beautiful identities:

LEMMA 4. For z,y,z € R, we have

(a) PT(M(x), M(y), M())

1 1 1 1 1
21 +2) 23 24 205)
—F(A)-| oy e o) Y@ NORP
L) L) e @) L)
20,0 22,2 23),06) L@@ 6),06)
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1 1 1 1 1
21 z(2) 23 pC)) 2(5)
=FA)-| 3D y@ y®) y@ y®)
»(1) »(2) ~(3) »(4) »(5)
D)2 @) ¥ W) (y9)
Proof. Direct multiplication. O

Lemma 4 may be viewed as the quintic analogue of the identities we
presented for the quartic case in [4, Lemma 9]. In particular, the lemma
allows us to completely regain the multiplicative structure of R from the SL5-
invariants PT and P~ of A.

First, we may assume that (1,ai,...,a4) is a normal basis for R, by
which we mean that a;,...,a4 have been translated by integers so that the
coeflicients of a1 and a9 in ajag and the coefficients of g and oy in agzay are
each equal to zero. Now let us write

4
(16) Qo = cg + Z cil;-ak
k=1

for 1 <14 < j < 4. Our normal basis assumption implies that
(17) C112 = 0122 = 03::’4 = C?il4 =0.

We choose to normalize bases because bases of R/Z then lift uniquely to nor-
malized bases of R.

We wish to express the structure coeflicients cil;- in terms of the various
SLs-invariants of the quadruple (M (ay), ..., M(ay)) of skew-symmetric 5 x 5
matrices. For simplicity let us write A; = M(«; ). Also, for i,j,k,f,m €
{1,2,3,4}, let us use the shorthand

(18) {ijktm} = Q(Ai, Aj)' - Ar - Q(Ar, Ap)

for the various SLs-invariants of A = (A;, Ag, Az, A4) € V. Note that if i = j
or { = m then the integral polynomial invariant {ijk¢m} is a multiple of 2;
moreover, if both ¢ = j and £ = m then {ijk¢m} is a multiple of 4.

With this notation, it is easy to see using Lemma 4 that

. {11233}

(19) 37 F(A)\/Disc(R)
while
(20) o (12223)

F(A)\/Disc(R)
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here /Disc(R) denotes the square root det D of Disc(R), where D is given as
in (1). Thus we see that these cz-]; are defined, as expected, up to an overall
scaling factor depending on A. In order to render the ci’;- primitive integer
polynomials purely in the entries of A € V' (analogous to the cubic and quartic
cases), we choose A so that F(A) = 1/,/Disc(R). This gives cjy = % and
oy = {12223}, both now primitive integer polynomials in the entries of A.

In general, we now find that for any permutation (i, 7, k, ¢) of (1,2,3,4),

we have
ch = Hiitjjy/4,
1) [ = i,
ey — e = *{jktii}/2,
ch—c—ch = H{ijlhi},

where we have used £ to denote the sign of the permutation (i,7,k,¢) of
(1,2,3,4). The normalizing conditions (17) then determine all cilj» (for k #0)
as primitive integer polynomials in the entries of A.

The remaining constant coefficients cl-(;- can also now be uniquely expressed
as polynomials in the entries of A, using the associative law in R. Indeed, com-
puting the expressions (o;a;)ay and o;(ajay) using (16), and then equating

the coefficients of oy, yields the equality

4
(22) e = (epch = k)
r=1

for any k € {1,2,3,4} \ {i}. One checks using the explicit expressions in (21)
that the right-hand side of (22) is a polynomial expression in the entries of A
that is independent of k. We have thus recovered all structure coefficients of R
in terms of the SLs-invariants {ijkim} of the quadruple (A4i,...,A4) of 5 x5
skew-symmetric matrices.

Now suppose A € Vz is any element. Then we may naturally attach to
A the set {cZ’; of SLs-invariants of A, where the cilj» = cilj(A) are defined by
(17), (21) and (22). With these values of cl-lj-, we may then naturally form
a ring with Z-basis (1, aq,...,a4) and multiplicative structure given by (16);
one checks that all relations among the cfj implied by the associative law are
satisfied. Hence given any A € Vz we obtain in a natural way a corresponding
quintic ring with a Z-basis. We denote the resulting ring, whose (normalized)
multiplicative structure coeflicients ci’; are given as in (17), (21), and (22), by

R(A) = Ry(A).3

3More generally, given an element A € Vy = T* @ A>T for any base ring T, we may
analogously attach to A a quintic T-algebra Rr(A) via the same relations, since there is a
unique ring homomorphism Z — T for any ring 7. Although our main case of interest here
is of course T' = Z, we will also have occasions to consider T' = Q, F,, Qp, R, and C.
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It is easy to determine the multiplication structure of R(A) for A € Vz
also in terms of nonnormalized bases. If each basis element a; € R(A) is
translated by some integer m;, then the structure constants of the form cz?j
(j # i) will be translated by m;, while ¢}, will be translated by 2m;. Thus
the expressions on the left side of (21) will remain unchanged. Conversely,
it is immediately seen that any integer values assigned to the constants ci’}
satisfying the system (21) must arise by translations of the basis elements «;
by some integers m;. Therefore, the multiplication table of R(A) in terms
of a general basis (1, a1, a2, a3) is given by (16), where the set {czl;} denotes
any integer solution to the system of equations (21) and (22). Thus we have
obtained a general description of the multiplication table of R(A) in terms of
any Z-basis (1, a1, ag, a3, aq) of R(A) (not necessarily normalized).

Since the values of the structure constants of the ring R(A) are given in
terms of integer polynomials in the entries of A, the discriminant of the ring
R(A) also then becomes a polynomial with integer coefficients in the entries
of A. As Disc(Z®) = 1, Theorem 17 in Section 11 (with R = Z°) implies that
the polynomial Disc(R(A)) takes the value 1 at some element in V7, and so in
particular this polynomial must have relatively prime coefficients. In addition,
the polynomial Disc(R(A)) is evidently I'-invariant and of degree 40; therefore,
we must in fact have Disc(A) = Disc(R(A)), at least up to sign. We define
Disc(A) = Disc(R(A)). (This naturally fixes the sign of Disc(A) which was
left ambiguous in Section 3.)

We have remarked earlier that the vector space of SLs-invariants of degree
5 on V is spanned by the various expressions PT or P~. This can be proved,
e.g., by computing, via the theory of weights, the number of copies of the
trivial representation inside the representation Sym?®((A2C?)®4) of SL5(C); this
number turns out to be 36. Meanwhile, one can also check that the vector
space of polynomials spanned by the invariants P (or P~) is 36-dimensional.
It follows that the invariants PT span all SLs-invariants of degree 5 on V.
On the other hand, a glance at (16) and (17) shows that there are 36 nonzero
values among the cilj- (after normalization) with £ > 0, and, as these are seen to
be linearly independent, they must also span the same 36-dimensional space.
Consequently, we may also express the SLs-invariants of A entirely in terms of
the expressions Ci’; = cilj- (A), whose values are given by (17) and (21).

Now suppose two nondegenerate elements A, A’ in Vz (or even in V)
have the identical SLs-invariants, i.e., c{} (A) = cilj»(A') for all 7, j, k. We claim
that A and A’ must then in fact be SL;(C)-equivalent. In other words, for
nondegenerate elements of V', the SLs-invariants determine the SLs(C)-orbit.
To see this, note that an element 4, € GL4(C) acts on the SLs-invariants
of an element A € V simply by re-expressing the structure constants Ci]; of
the quintic C-algebra R¢(A) with respect to the new ~y4-transformed basis.
If such a change-of-basis of Rc(A) preserves the structure constants ci’;»(A),
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then it corresponds to a C-algebra automorphism of Rg(A). Since Rc(A)
is an étale C-algebra, as Disc(Rc(A)) # 0, we have Rc(A) = C°, and it
follows that the group of GLy4(C)-transformations of A preserving all SLs-
invariants is isomorphic to S5 = Autc(C®). Now we already know that the
stabilizer of A in GL4(C) x SL5(C) is isomorphic to S5. We conclude that for
each 74 € GL4(C) preserving the SLs-invariants of A, there must be a unique
corresponding element 5 € SL5(C) such that (v4,75) - A = A. In particular,
any element A’ that is GL4(C) x SL5(C)-equivalent to A and also has the same
SLs-invariants as A must in fact lie in the same SL5(C)-orbit as A, proving the
claim.

This has some important geometric consequences for nondegenerate ele-
ments A € Vz. First, if R = R(A), then the five 4 x 4 sub-Pfaffians of A
must vanish at the five associated points xg), . ,:L'g) € P3 as constructed
in Section 2. Indeed, we have seen that if A is nondegenerate then the SLs-
invariants of A uniquely determine its SL;(C)-orbit. Hence A is in the same
GL5(C)-orbit as My (as constructed in Section 2) where R = R(A) and A is
any 5 X 5 symmetric matrix satisfying F(A) # 0, and the stated vanishing
property follows.

Second, we may also now see that the nondegenerate points A € V' (i.e.,
those points lying in the open orbit of the representation of G = GL4(C) x
SL5(C) on V') are precisely the elements A € V satisfying Disc(A) # 0. Indeed,
if A € V has nonzero discriminant, then the quintic C-algebra Rc(A) also has
nonzero discriminant so that the five points xg), . ,x%) where the 4 x 4 sub-
Pfaffians of A vanish lie in general position in ]P’(%. Hence A is in the open orbit
of V.

In summary, to any element A = (A;, A, A, Ay) € Vz we have associated
a quintic ring R = R(A) over Z, given by (16), (17), (21), and (22), such that
Disc(A) = Disc(R). Furthermore, in the case that A (equivalently, R) is
nondegenerate, we also have the geometric property that the five 4 x 4 sub-
Pfaffians of A vanish at the five associated points xg), e xg)) € P3.

In Section 11, we will prove that every nondegenerate quintic ring R in
fact arises as R(A) for some A € Z* ® A?Z°. But what is the meaning of the
integers that occur as the entries of the matrices Aq,..., A47 And what is the
meaning of the five quadratic mappings that arise as the five 4 x 4 sub-Pfaffians
of A? A theory of the space V7 could not be complete without understanding
what the very entries of the A; mean in terms of the corresponding quintic ring
R(A). In [4] we answered the analogous questions for cubic and quartic rings
by developing a theory of resolvent rings (quadratic resolvent rings in the case
of cubic rings, and cubic resolvent rings in the case of quartic rings). Carrying
out the analogous program for quintic rings yields the notion of sextic resolvent
rings, to which we turn next.
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5. Sextic resolvents of a quintic ring

The theory of sextic resolvents is very beautiful, and involves heavily the
combinatorics of the numbers 5 and 6.

5.1. The Ss-closure of a ring of rank 5. To begin, we recall briefly the
notion of Sg-closure of a ring. Let R be a ring of rank k£ with nonzero discrim-
inant. Then the Si-closure of R, denoted R, is defined to be R®*/Iy, where
I is the Z-closure of the ideal in R®* generated by all elements in R®* of the
form

(zel® o)+l )+ +(101® - @)
Tl ) (19le---®1)

for x € R. (The Z-closure of an ideal J in a ring R’ is the set of all elements
x € R such that nz € J for some n € Z.)

When R is a quintic ring of nonzero discriminant, the Sg-closure con-
struction yields a ring R of rank 120, and the group S5 acts naturally as a
group of automorphisms of R via permutation of the tensor factors. Thus
the ring R may be viewed as an integral model of “Galois closure”. The ring
R embeds naturally into R in five different (conjugate) ways, via the maps
rT—2rRlR---®1,..,x— 101X --Qx respectively. We denote the images
of these maps by RV, ..., R®) respectively, and identify R with R(). The
group S5 acts on the five rings R in the standard way, and the stabilizer of
R in S is denoted by Sii).

The notion of sextic resolvent arises due to the existence of six funda-
mental index 6 subgroups MM ... M©® in S5, called the metacyclic sub-
groups. Each of these subgroups is generated by a 5-cycle and a 4-cycle. For
consistency with the sections that follow, we set M) = ((12345), (2354)),
M®) = ((13254), (3245)), while M) (1 < i < 4) is obtained by conjugat-
ing M@ by the 5-cycle (12345)¢. These six metacyclic groups form a set of
conjugate subgroups.

For simplicity, we shall write M = MM, The ring R fixed pointwise by
the action of M is evidently a ring of rank 6 (i.e., a sextic ring), which we call
the sextic invariant ring and denote S™ (R). We will be looking for the sextic
resolvent ring of R inside the sextic Q-algebra S™(R) ® Q. In order to define
it more precisely, we need to understand the combinatorics of M more closely.

5.2. Siz pentagons and a hexagon. The complete graph on five vertices
contains twelve b-cycles. The symmetric group S5 acts naturally on this set of
twelve 5-cycles, and under this action, the unique Ss-orbit of twelve elements
splits up into two As-orbits consisting of six elements each. One such As-orbit
of 5-cycles is illustrated in Figure 1, while the other As-orbit can be obtained
simply by taking the graph complements of the 5-cycles shown in Figure 1.
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Figure 2: A hexagon.
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Together these two As-orbits, viewed as six pairs of complementary graphs,
yield the six ways of partitioning the complete graph on five vertices into pairs
of 5-cycles. The subgroup M® of Section 5.1 may be viewed as the set of
all elements in S5 which map the 5-cycle in Figure 1() to either itself or its
complement.

We observe that any two 5-cycles in Figure 1 share exactly two common
edges; moreover, these two edges always involve four distinct vertices, so that
there is exactly one vertex that neither edge passes through. For example,
the 5-cycles labelled (D and (2 in Figure 1 share precisely the edges ;—; and
1 5 and thus involve the four distinct vertices 2, 3, 4 and 5. Vertex 1 does
not arise. Hence in Figure 2, we label the edge connecting (O and 2) by the
number “1”7. In general, the edge connecting (3) and () in Figure 2 is labelled
by the number of the unique vertex that does not lie on a common edge of
the cycles labelled (?) and () in Figure 1. In this way, we obtain in Figure 2
a complete graph on six vertices whose 15 edges are labelled by numbers in
the set {1,2,...,5}, and where each of the 5 numbers occurs as the label of an
edge exactly 3 times. Thus, for example, “1” occurs as the label on the three
disjoint edges (D,®), (®,®), and (@,®). It is interesting to note that the
process of obtaining Figure 2 from Figure 1 is completely reversible; i.e., up to
taking the graph complements of @),...,®), the 5-cycles labelled @),...,® in
Figure 1 are completely determined by the labellings in Figure 2. In particular,
the natural action of S5 on the six elements @),. . .,®) is completely determined
by Figure 2.

In sum, the elements of {(D,®),®),®,®),®} correspond to certain 5-
cycles on the set {1,2,3,4,5} (Fig. 1), while the elements of {1,2,3,4,5} cor-
respond to certain disjoint triples of pairs of elements in {D, @, ®,®,®,®}
(Fig. 2). These “dual” correspondences between the sets {1,2,3,4,5} and
{D,®,3,®,®,®} will play a central role in understanding the relationship
between quintic rings and their sextic resolvents.

5.3. The fundamental resolvent maps. As indicated in [4], to develop the
notion of a resolvent ring it is first necessary to have the correct notion of
resolvent map. Although it turns out that many direct polynomial/tensorial
maps exist between a quintic ring R and its sextic resolvent S C S™(R) ® Q
(to be defined), they are all of relatively high degree and considering them
can give rise to unnecessary complications. The key insight is to note that the
most basic and fundamental maps in fact involve the Z-duals R* and S* of R
and S respectively.

If R is a nondegenerate quintic ring, then we may explicitly realize R* as a
sublattice of R®Q via the trace pairing (z,y)r = TrZ(zy). Let (af, af, ..., af)
denote the dual basis of (ag = 1,1, ..., a4) with respect to this pairing. As
noted in Section 2, we have the formula of = D;1,1/(det D). Similarly, we may
embed S* as a lattice in (R ® Q)M via the pairing (x,y)s = Tr3(zy). Expres-
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sions for the basis (8j, 81, ..., %) of S* dual to the basis (Gy = 1,051,...,05)
of S may be given in an analogous manner.

The fundamental resolvent map is then a trilinear alternating mapping
f:S xS xS — R* given as follows. For s € S, let sV, s@ ... s de-
note the conjugates of s in R ® Q, labelled so that they are stabilized by
MO M MO respectively; then for any z,y,z € S, define f(z,y,2) €
R* by
2 — 22 B p(6) () _ (5)

g — @ B g6 @) _ (5)

L) L2 L3 L6 L4) _ ,06)

(23)  flz,y.2) = lesc(R)

(The reasons behind the scaling factor 1/(16 - Disc(R)) will become evident
shortly.) One checks using Figures 1 and 2 that the value of the determinant
in (23) does not change under the action of Sfll) C Ss. Hence f(z,y, z) lies in
R*®Q C R® Q. Our first requirement for S to be a sextic resolvent ring is
that the image of f on S x S x S lies not just in R*® Q, but in R* itself. That
is, f is an alternating trilinear mapping from S x S x S to R*. (Note that f
also naturally descends to a mapping f : S/Z x S/Z x S/Z — R*.)

Being fixed by Sil), the map f(x,y,z) has five Ss-conjugate mappings
f(l)(a:,y,z) = f(z,y,2), f(Q)(a:,y, 2)y e, f(5)(x,y,z) whose images lie in
RM* = p*, R®" .. RO respectively. The mapping f*) (x,y,z) can be
obtained by applying the cycle (23456) k — 1 times to the superscript indices
occurring in (23); for example, we have

2 2B L0 @ 46) (0
yU @ @ @ 6) )

L) LB @) _ @) L6) L6

1
24) fO(z,y,2) =
Note that the pairs of superscripts occurring in the entries of the latter deter-
minant correspond precisely to the edges labelled “2” in Figure 2.

An important observation regarding f is that, since

f(l)(xvyaz) +f(2)({l/‘,y,2) + e +f(5)(ﬂ:,y,z) = 07

the image of f lies not only in R*, but in fact lies in the distinguished four-
dimensional sublattice R C R* defined by

(25) R={zeR*:(1,2)g =0} = Za} + Za + Zod + Zak.

Indeed, R is canonically dual to the Z-module R /Z via the trace pairing ( , )g.
It follows that we may write

(26) F(Br, Bes Bm) = a1kem @1 + Qopom Qs + Q3105 + appn )

for some set of forty integers {ay,,,} 1<r<a

1 .
1<k<t<m<5
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These forty integers naturally comprise a quadruple of quinary alternating
3-forms, i.e., an element of Z* ® A3ZP. To obtain instead an element of Z* ®
A2Z°, as considered in Sections 2-4, we observe that a trilinear alternating
mapping f : S/Z x S)Z x S|7 — R is equivalent to a bilinear alternating map
g:§x§—>1§,where

(27) S={zeS :(L,a)g=0}=ZB +ZB +... + LG

is the Z-module canonically dual to S/Z via the pairing ( , )s. It is possible to
determine an explicit expression for g. For w € S et w® w@ L w® denote
the Ss-conjugates of w in R ® Q, labelled again so that they are stabilized by
MO M MO respectively. Then we find

1 1
ql(l) —F'TL(Z) 1l(3) —F'1L(6) QL(4) _F’TL(S)
U(l) + ’U(2) ,U(3) _|_ 'U(6) 'U<4) _|_ 0(5)

Disc(5)

(28) g(u,v) = m

where/Disc(S) is defined analogously to/Disc(R), namely, as det[(ﬁfm)) 0<is<s |.

If we now write

(29) 9(B;, B]) = arijai + agijas + azijas + agijod

then the set of forty integers A = {a,;;} 1<-<s gives the element of 7* @ N275
1<i<j<5

we desired.

Now recall that in Section 4, we described a natural method of creating
a quintic ring R(A) from any element A € Z* ® A2Z°. Our second and final
requirement for S to be a sextic resolvent of R is that, for the element A =
{avij} € Z* ® N*Z5 defined by (28) and (29), we should have R(A) = R; i.e., if
R has structure coefficients {czlz} with respect to its basis 1, aq, ..., a4, then we
should have ciﬁ- (A) = cilz- for all 4, j, k.

Given S and A as above, to see that the equality R(A) = R holds it suffices
to prove that A satisfies the following two conditions: 1) Disc(A) = Disc(R),
and 2) the 4 x 4 sub-Pfaffians of A vanish on ajg),:ng), .. .mg). Indeed, if
condition 2) is satisfied, then by the work in Section 4, we see that ci]} (A) =
)\ci]; for all i, j, k, for some nonzero constant A € Q. Condition 1) then gives
Disc(A) = Disc(R(A)) = A®Disc(R), and thus A = £1. A calculation using the
explicit expressions (29) and (21) for A and ci]} (A), respectively, shows that \ is
positive or negative in accordance with whether the chosen bases of R and S are
similarly or oppositely oriented, i.e., whether the ratio y/Disc(S)//Disc(R) is
positive or negative. We henceforth always choose our bases of R and .S to be
similarly oriented. Provided that A is expressed in terms of similarly oriented
bases for R and S, then conditions 1) and 2) imply A = 1 and thus R(A) = R.

It remains now to check conditions 1) and 2). The second condition is
satisfied delightfully automatically. Since A is defined over Q, it suffices to
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check only that the 4 x 4 sub-Pfaffians of A vanish on xg). Noting that
a:g) = [a] : ad: af: «f], we see from (29) that this is equivalent to the
vanishing of the 4 x 4 sub-Pfaffians of the 5 x 5 skew-symmetric matrix G =
(9(B, B;))1<i,j<5- Using the expression (28) for g(u,v), one verifies easily that
g(u,v)g(z,y) — g(u,x)g(v,y) + g(u,y)g(v,z) = 0, and this gives the desired
conclusion.

Condition 1) above amounts to a discriminant condition on S. Let us first
determine how the discriminants of A, R, and S are related. If we solve for the

coefficients a,;; in (29), we see that

(30) arij = (ar, 9(B7, B5))r = Tr(ewr - 9(B7, 57))

for all r,4, 7, where we have used “Ir” to denote the trace from R ® Q to Q;
i.e., we have

(31) ari; = oMgW (37, 87) + -+ P g (87, 87)

where g1, ..., ¢® denote the Ss-conjugates of g = g respectively. Using
formula (31) for the entries of A, we may work out the beautiful relation

_ Disc(5)"

1636 . Disc(R)3

(32) Disc(A)

Condition 1) above is thus equivalent to the condition that
(33) Disc(S) = (16 - Disc(R))”.
We have at last arrived at the definition of a sextic resolvent of a quintic ring.

Definition 5. Let R be a quintic ring of nonzero discriminant, and let R
denote its Ss—closure. A sextic resolvent of R is a rank 6 sublattice S ¢ RM @Q
such that Disc(S) = (16 - Disc(R))?, and such that any one of the following
(equivalent) conditions holds:

. f(x,y,z)eﬁ Vr,y,z € S;

. g(u,v)eﬁ Yu,v € S;

o Tr(a f(z,y,2)) €Z Va € Rand x,y,z € S.
e Tr(a-g(u,v)) €Z Va € Rand u,v € S.

It is evident from (23)-(30) that the four conditions are equivalent to each
other. Note that Definition 5 only insists that the sextic resolvent S is a
sublattice in RM" with the desired properties; it does not insist on any ring
structure!
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However, just as in the quadratic and cubic cases we find that a ring
structure on S in fact follows automatically from its other properties! We have
the following:

PROPOSITION 6. Any sextic resolvent lattice of a quintic ring is also a
Ting.

Hence we may refer to a sextic resolvent of a quintic ring R as a sextic
resolvent ring of R. Proposition 6 is proved in the next section.

6. The multiplication table for sextic resolvent rings

Just as the multiplication table for the quintic ring R(A) was given in
terms of the SLs-invariants of the element A € V7, the structure constants for
a putative ring structure on the sextic resolvent lattice S(A) of R(A) must
similarly be given in terms of the SLy-invariants of A € V. This is because
the group SL4(Z) acts only on the basis of the quintic ring R(A) and does not
affect the sextic resolvent lattice S(A) nor the chosen basis of S(A).

The prototypical SLs-invariants on the space Vz = Z* ® A?Z® are the
degree 4 polynomials in the entries of A = (a,;;) € V' given by

Aliygy 205, A3iyg5;  Adiygy
S lizjs  O2iajs  A3izja  Adizjo
6(i1, J13 12, J23 13, 333 44, Ja) = . . o .
Olizjs (24555 (3izgs  Adisgs

Q14,54 (2645, A3igjy  Adigga

By the fundamental theorem of invariant theory, these polynomials generate
all polynomial SL4-invariants on V.

Now let us write the potential ring structure on S = S(A) = (1, 81,...,55)
in the form

5
(34) BiBj =df+ Y dlpy
k=1

for some constants dz-lj- € Z. Then from the equality Disc(S) = (16 - Disc(A))3,
we see that if the structure constants di’} (k # 0) are polynomials in the entries
of A, then they must be of degree 12. Thus the polynomials di]j- (k #0), if
they exist, must be degree 3 polynomials in the fundamental SL4-invariants §.
Furthermore, the putative polynomials di];- must transform appropriately under
the action of SLjs, i.e., precisely as the structure coefficients of a sextic ring
would.
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Keeping these constraints in mind, we define invariants Dk’ Dk(A) for
A e Vg by

(35)

DE = S [olOBE) LR ok blakals) o (K KRAAL) o (ko Raki )
kn (n=2,3,4)

Ly kehy L0 kI 0 (n=1,..., 4)

5(k7 617 k27€21 k37€37 k4>£4) ° J(k,b ,lykl27él27 ké7€é, ké/lveil) . 5(k,1,7 lllykl2l7E/2/7 ké’7€g7 ké/ll7£il,):|7

where we have again used o(ni...ns) to denote the sign of the permutation
(n1,...,m5) of (1,...,5). As in the case of quintic rings, to specify the ring
structure on S it sufﬁces to specify the values of dF, d? dJ —dk, and dj, —

g0 i)
J
dij — dik‘ Let

df = D,
di — DI

(36) ,
di]j - dik]; = DJ;— Dﬁc’

i J k i J k
dii_dij_dik - Dii_Dij_Dik'

One checks that although the Dilj- are not necessarily all integer polynomials,
the expressions on the right-hand side of (36) are in fact integer polynomials!

Now let R be any nondegenerate quintic ring with Z-basis (1, aq, ..., a4),
let S be a sextic resolvent of R having (similarly oriented) Z-basis (1, 31, ... 35),
and let A = (a,;) € Vz be defined as in (30). For zi,...,26 € S, let
Indg(z1, x2, 3, x4, x5, x¢) denote the (signed) index of the lattice spanned by

x1,%2,...,%einside that spanned by 1, 31, ..., Os; i.e., Indg(x1, 22, 23, 24, 5, ¢)
denotes the determinant of the linear transformation taking 1,3:,...,05 to
r1,%2,...,T¢. Then we have the following analogue of Lemma 4 for the sextic

resolvent lattice S, stated in terms of its chosen basis:

LEMMA 7. For any permutation (i,j,k,¢,m) of (1,2,3,4,5), we have
D@? == iIndS(lv ﬂ’h /Bjuﬂ’L/Bju /657 ﬁm):

Dz]z = iIndS(lv ﬁh /8127 ﬁkv ﬁfv ﬁm)7

Dzj] — DZ]Z: = [IndS(la ﬁl?ﬁlﬁ]? ﬁk‘a ﬂfﬁ ﬂm)
—IHdS(l, ,Bi, ﬁjaﬁzﬁka ﬁfa ﬁm)]7
DZ2 — DZJJ — Dl-lz = [Inds(l, -2 s Bis By Be, Bm)
_IndS(l B’Laﬂ’ugja ﬂka ﬂfv ﬂm)
_Ind5(17 6i7 Bjuﬂiﬁku ﬁfa ﬁm)]’

where we use £ to denote the sign of the permutation (i, j, k, ¢, m) of (1,2,3,4,5).
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Proof. We simply expand both sides using (31) and (35). O

The identities of Lemma 7 immediately imply that the multiplicative
structure of S is indeed given as in (34), where the values of the structure
constants di’; (k # 0) are as in (36). To insure a unique integer solution for
the dilj- (for k > 0), we can choose to normalize bases as in the quintic case;
e.g., we may translate the 3; by integers so that the coefficients of #; and s
in (3109 are zero, as are the coefficients of 33 and (34 in (3064 and the coefficient
of B4 in B4f05. That is, we may assume

(37) d112 = d122 = d334 = d§4 = df5 =0.
The remaining constant coefficients dl-oj are then determined by the associative
law, just as in the cubic, quartic, and quintic cases. Namely, by computing the

expressions (;3;) 0 and 5;(0;5) using (34), and then equating the coefficients
of Bk, we obtain

5
k k
r=1
for any k € {1,2,3,4,5} \ {i}. One checks using the explicit expressions given
in (36) and (37) that the above expression is independent of k, and that with
these values of d% all relations among the di’; implied by the associative law
are satisfied. We denote the resulting ring, whose multiplicative structure
coefficients di'; = di];.(A) are given as in (35), (36), (37), and (38), by S(A).
In particular, we have proven Proposition 6.

7. The main theorem

Given a nondegenerate quintic ring R and a sextic resolvent ring S of
R, with similarly oriented Z-bases for R and S, we have shown in Section 5
how to create an element A € V7 such that the following three properties
hold: 1) Disc(A) = Disc(R); 2) the 4 x 4 sub-Pfaffians of A vanish on the five
points associated to R in P3; and 3) A describes the fundamental resolvent
map g : A2S — R.

Conversely, suppose we are given a nondegenerate element A € V. Then
we may create a quintic ring R = R(A) with properties 1) and 2) explicitly
using formulas (16), (17), (21), and (22). Furthermore, as R = R(A) is nonde-
generate, the algebra RM ® Q has dimension 6 over Q. Let S’ be any lattice in
RM @ Q such that QN S’ = Z and Disc(S’) = (16 - Disc(R))3. Let 1,a1,...,04
and 1, 31,..., 85 be similarly oriented Z-bases for R and S’ respectively. Then
we have seen that the element A’ € Vg defined by (30) describes the map
g: 258 — R® Q.

Now by construction, A is SL;(C)-equivalent to A’, since A and A’ possess
the same SLs-invariants. They must in fact be SL5(Q)-equivalent, for if v €
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SL5(C) takes A’ to A, then (y~1)! must take Q' to @, where Q' = [QY, ..., Q%]
and Q = [Q1, ..., Qs]" denote the vectors of 4 x 4 signed sub-Pfaffians of A’ and
A respectively. Now the @Q; and the Q) each span the same five-dimensional
rational vector space of quaternary quadratic forms, namely those rational
quaternary quadratic forms that vanish on the set Xp = {z(I), ..., 2(®}. We
conclude that v € SL5(Q). Let S be the lattice in RM ® Q spanned by 1 and
(v"1B1,..., (v 1) B5. Then A describes the map g : A2S — R; it follows that
S is the desired sextic resolvent ring of R = R(A) corresponding to A. The
multiplication structure of S can be recovered from (34), (35), (36), (37), and
(38).

Finally, it is clear from the above constructions that the maps (R, S) — A
and A — (R, S) are inverse to each other. We have thus completed the proof
of the following theorem.

THEOREM 8. There is a natural bijection between the set of nondegenerate
GL4(Z) x SL5(Z)-equivalence classes of elements A € Z* @ N\?Z5 and the set
of isomorphism classes of pairs (R,S), where R is a nondegenerate quintic
ring and S is a sextic resolvent ring of R. Under this bijection, we have
Disc(A) = Disc(R) = 5Disc(5)1/3.

Of course, the theorem remains true if Z* ® A2Z5 is replaced by Z*® A37Z5;
in this case, the element A* = (a%,,, ) € Z* ® A3Z5 corresponding to a pair
(R, S) is given by (26) or via the more direct formula

(39) o = T (v - F(Bs Bes Bm))
= oM fD By, Be, Bm) + -+ + > FO By, Be, Bn).-

8. Pfaffians and the classical resolvent map

In the previous section, we have proven that an element A € Z* @ A2Z°
corresponds to the most fundamental mapping
g: S ® S—R
relating the quintic ring R = R(A) and its sextic resolvent S. However, there
are many other beautiful polynomial mappings relating the rings R and S, and
any such mapping may be understood in terms of higher covariants of A.
In particular, we may consider the classical resolvent map
V:R—S®Q
defined by
(40) () = 7( aWa®@ 4 o@aB) L BgM@) 4 Ha06) L 4B)y1)
Disc(R)
—aWa® — 43a6) — 6)42) _ 2,4 _ a(4)a(1)).
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This map was first introduced by Cayley [9], and has since served as one of
the primary tools in the solution of the quintic equation (whenever soluble)
and in the study of icosahedral and Ss-extensions of Q; see for example [8].
The relation between ¢ and the graph @ in Figure 1 is evident: the rule for
the determination of the sign of a(Pa) in () is that terms associated with
adjacent edges take a positive sign, whlle those with nonadjacent edges take a
negative sign.

To see that the image of ¢ is in S* ® Q, we need only observe that v is
fixed by the elements of M. Since in addition Tr(¢)(a)) = 0, it follows that
the image of 1 lies in S ® Q. We show below that, remarkably, the image of v
lies not only in S ® Q, but in S itself. Moreover, we have ¢(z + ¢) = ¢(z) for
any c € Z; hence ¢ actually descends to a map

U:R/Z— S.

Thus we may view v as a quadratic function from Z* to Z°, or, equivalently,
as a quintuple Q' = (Q}, @5, ..., Q%) of quaternary quadratic forms. Now as
A represents the “fundamental” map g relating R and S, the quintuple Q’
should be some natural SL4 x SLs-covariant function of A. Which covariant?
We find that, up to a constant factor, Q" is none other than the degree 2
covariant Q@ = (Q1,Qo2, ..., Qs5) consisting of the five 4 x 4 sub-Pfaffians of A!
More precisely, we have:

THEOREM 9. Let A be any nondegenerate element of Vz, and let (R,.S)
denote the pair of quintic and sextic rings corresponding to A via Theorem 8.
Then the classical resolvent map v of Cayley maps R to S and this mapping
Y: R — S is exactly given, in terms of the associated bases for R and S by
four times the quintuple (Q1,Q2,...,Qs5) of 4 x 4 sub-Pfaffians of A.

Proof.  To prove Theorem 9, we appeal directly to the formula (30) for
the entries a,;; of A in terms of the bases (1, ,...,oq) and (1, 31,..., (5) for
R and S respectively. In terms of these expressions for a,;; and the expression
(28) for g, we compute the k-th 4 x 4 sub-Pfaffian @y of A to be
(41)

4
Qr(t,ta, t3,t4) = ( (Zt a,) g qp© (Z tiaz) .@@) :
i—1

where Nw(l), TG denote the six As-conjguate mappings of ¢ = () taking
Rto SW ®Q, ..., SO @ Q respectively. It follows from (41) that for ¢t =
(t1,to,t3,ts) € Z* and a(t) = tiay + - -+ + tyay € R/7Z, we have

(42) P(a(t)) =4Q1 ()51 + -+ + 4Qs5(t) Bs.

Therefore the quintuple 4 @) of quaternary quadratic forms represents the clas-
sical resolvent map v, and ¢ maps R into S. O
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Thus for all n = 2,3,4,5, the spaces of smallest degree hypersurfaces
passing through the points Xg correspond to the natural maps between R and
S used in the classical solutions to the n-tic equation! However, in the case
n = 5, we see that there is an additional subtlety in that this classical resolvent
map is not the most fundamental map relating R and S. In the cases of n = 3
and n = 4, it was the most fundamental map, but in the case n = 5 the smallest
polynomial map relating R and S is the map g : S®S — R. Indeed, 7 is a
degree 2 covariant polynomial in g. The more basic map g seems to have been
missed in the classical literature, perhaps because it is an alternating map, and
because it is most naturally defined as a map between the dual rings.

Finally, we remark that other higher degree maps involving R, S, }NE, and
S also exist, and they can similarly be understood by examining the higher
degree tensor covariants of g € Z* ® A2Z°.

9. An alternative description of sextic resolvents

We have seen that a sextic resolvent ring S of a nondegenerate quintic
ring R, and its associated resolvent map ¢5¢ : R — A2S, possess, and indeed
are characterized by, a number of remarkable geometric, Galois-theoretic, and
invariant-theoretic properties. The purpose of this section is to give an alter-
native, more minimalist definition of a sextic resolvent ring that in particular
does not use the notion of Si-closure. Such a definition—though at the surface
less informative—is especially useful for rings of zero discriminant, and allows
for an immediate proof of Theorem 1 in all cases. It also allows one to use
base rings other than Z, such as Z, or F,. In the case of [, rings having zero
discriminant are particularly important as they frequently arise as reductions
modulo p of orders in a number field.

The idea is to view a sextic resolvent ring of a quintic ring R as a sextic
ring S together with a special Z-linear map ¢ : R/Z — A%(S/Z) (called a
sextic resolvent map) which satisfies all properties of the ¢5 map that were
crucial for us in Sections 2—-8. Of these, the truly essential properties were the
identities (21) and (35)—(36) which were needed to recover the multiplicative
structures on the rings R and S respectively.

More precisely, for any map ¢ : Ly — A?Ls, where Ly and Ls are free
Z-modules of rank 4 and 5 respectively, we have given in Sections 4 and 6
a method of attaching to ¢ a quintic ring R(¢) and a sextic ring S(¢), with
natural Z-module isomorphisms R(¢)/Z = Ly and S(¢)/Z = Ls. In particular,
if ¢p56 : R/Z — A%*(S/Z) is the Z-linear map induced by the fundamental
Galois-theoretic map g : A2S* — R*, where R is a nondegenerate quintic ring
and S is a sextic resolvent of R, then we obtain natural ring identifications
“R(¢s6) = R” and “S(¢s56) = S”. That is, if Z-bases are chosen for R/Z and
S/7Z, then with respect to these bases we have C!}(%,G) = Ci]; and di’§(¢5,6) = di’j»
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for all 4, j, k, where ci’;. and dilj- denote the normalized multiplicative structure
constants of R and S respectively. It is clear from construction that these
conditions R(¢s56) = R and S(¢56) = S are independent of the choice of
Z-bases.

For any quintic ring R and sextic ring S, we define a Z-linear map ¢ :
R/Z — N*(S/Z) to be a seatic resolvent map if R(¢) = R and S(¢) = S. A
sextic resolvent of a quintic ring R is then any sextic ring S equipped with a
sextic resolvent map ¢ : R/Z — A%(S/Z).

Definition 10. Let R be a quintic ring and S a sextic ring. We call a
Z-linear map ¢ : R/7Z — A2(S/Z) a sextic resolvent mapping if R(¢) = R and
S(6) = 8.

Definition 11. Let R be a quintic ring. A sextic resolvent ring of R is a
sextic ring S equipped with a sextic resolvent mapping ¢ : R/Z — A%(S/7Z).

It follows from the work in Sections 2—8 that, in the nondegenerate case,
the above definitions agree with those given in more Galois-theoretic language
in Section 5. With these definitions, Theorem 8 immediately extends also to
cases where the discriminant is zero.

It would be interesting to formulate the conditions R(¢) = R and S(¢) =
S in a more coordinate-free manner, as was described for the parametrizations
of cubic and quartic rings in [4]. In particular, such a formulation would likely
be useful in extending Theorem 1 to locally free quintic and sextic algebras
over an arbitrary base. We hope that this possibility will be considered in
future work.

10. More on the invariant theory of quadruples of alternating
2-forms, and the existence of sextic resolvents

In this section, we examine more closely the SLs-invariant theory of the
space of quadruples of alternating 2-forms of rank 5. As noted in Section 4,
the smallest degree SLs-invariants on Vz are in degree 5, and these invariants
are linearly spanned by the polynomials P*, or equivalently, by the 36 linearly
independent polynomials ci’;»(A) (k> 1) as given in (17) and (21).

The associative law, which allowed us to solve unambiguously for the
constant coefficients CZ%(A) of the ring R(A), implies that these 36 invariants
ci];- (A) for A € Z* ® A2ZP are not algebraically independent, but satisfy certain
syzygies. Indeed, the associative law on R(A) is equivalent to
(43)

4 4
Zc{,’ﬂcfj = Z c}’kcfi for all 4, j,k,¢ € {1,2,3,4} with i # ¢ and j # ¢; and
r=1

r=1
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4
(44) D (ehef; —cliely)

<
—

|l

=Y (efel — clicly) foralli,j k0 € {1,2,3,4} with j # k and j # L.

<3
—_

Do the 36 SLs-invariants satisfy any other relations, besides those obtainable
from (43) and (44) via algebraic operations? The answer is no. The reason for
this is that, up to isomorphism, there are only finitely many quintic algebras
over C and it is easy to check that every such algebra arises as R(A) for
some A € Vz. Hence there can be no other polynomial relations among the
SLs-invariants cilz.(A) other than those contained in the radical of the ideal
generated by the associative law relations (43) and (44). In particular, the
possible values of the SLs-invariants {cllj (A)} for A € V coincide precisely with
the possible values {cb of (normalized) multiplicative structure coefficients of
quintic algebras over C.

Our next question concerns fields of definition. Suppose we have a quintic
algebra R = (1, av, ..., ayq) over Q, with structure coefficients given by the set
of rational numbers {02’3} We know then that there exists a complex point
A €V with cilj-(A) = cilj- for all 4, j, k. Does there actually exist a rational point
A € Vg with this property?

The answer is yes. If R is étale over Q, then we may construct such an
A as follows. Let R denote the Ss-closure of R, and let S denote the sextic
algebra over Q fixed by the metacyclic group M. Let (1,B1,...,05) be a
Q-basis of S such that Disc(1, 31,...,85) = (16 - Disc(1, a1, ...,a4))3. Then
the element A = (a,;;) € Q' ® A2Q° defined by (30) satisfies cilj(A) = ci’;» for
all r,4, 7, as desired.

The case of nonétale quintic algebras R over Q can also be handled in a
similar manner, via a case-by-case analysis of the various (but finitely many)
types of quintic algebras over Q; we omit the proof.

Finally, we would like to consider the analogous question over Z. This is
answered by the following theorem.

THEOREM 12. Suppose the constants {CZ];} arise as the SLs-invariants of
some element in V = C*®@A2C?>, where all the values of CZ-];- are integers. Then

there exists an integer point A € Vi such that ci’;.(A) = ci’;. foralli,j,k.

We prove the theorem in three steps. Our first lemma shows that it suffices
to prove the theorem in the case where the ci’; are relatively prime.

LEMMA 13. If the set of constants {cl’;} arises as the system of Sls-

invariants of an element in Vz, then so does the set of constants {nczlj , where
n 1S any integer.
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Proof. Let A = (A1, Ag, A3, Ay) € Vg be an element with ci’;-(A) = cl-’;-
for all 7,5, k. Furthermore, suppose there exist linearly independent integral
column vectors v,w € Z° such that v'!A,w = 0 for all r € {1,2,3,4}. By a
change of basis in SL5(Z), then, we may assume that the (1,2) entry (say) of
A, is zero for all r € {1,2,3,4}.

Let A" = (A}, A, AL, A)) € V7 be the element A with all entries multiplied
by n. Since the SLs-invariants cilj. (A) are of degree 5, it is clear that c!}(A’) =
n5ci];(A) for all 4,7, k. Now since the (1,2) entry of A/ vanishes for all r €
{1,2,3,4}, it is in particular divisible by n?. We may therefore divide the first
and second rows and columns of A/ by n, for all r = 1,2,3,4, to obtain an
integral element A” € V. From the Pfaffian description (11) of the invariants
P*, it is evident that cilj- (A") = n_4cz-'}(A’ ) (since the relevant 10 x 10 Pfaffians
have four rows and four columns divided by n). The quadruple A” therefore
satisfies cl-];-(A” )= nci’;- (A) as required by the lemma.

To complete the proof of the lemma we must show only that there exists a
pair v, w of linearly independent integral column vectors as above with v' A, w =
0 for all » € {1,2,3,4}. Such a pair v, w may be constructed as follows. Let
v! be an arbitrary integral nonzero row vector in the left kernel of A;. Such a
vector exists because A; is a 5 X 5 skew-symmetric matrix and hence has rank
at most 4. Now for each r € {2,3,4}, the row vector v'4,, being of rank at
most 1, has a right kernel of dimension at least 4. The intersection W of the
right kernels of v'A,., for r € {1,2,3}, therefore has dimension at least 2. In
particular, there exists an integral vector w € W that is independent of v, and
such a w will evidently satisfy v'A,w = 0 for all r € {1,2,3,4}. This is the
desired conclusion. O

LEMMA 14. Suppose the constants {czlj} arise as the SLs-invariants of

some element in V = C* ® A?C®, where all the values of ci];- are integers.
Then there exists an integer point A € Vz and a positive integer n such that
cil;(A) = ncilj for alli,j, k.

Proof. As noted earlier, there exists some element A" € Vg with ci’;.(A’ )=
cg for all 7, j, k. Furthermore, there exists an integer s > 0 such that A = sA’ €
V. This value of A, with n = s, satisfies the requirements of the lemma. O

Theorem 12 will be proved once the following lemma is established. The
lemma states that the value of n in Lemma 14 can always be lowered. In
particular, it may be lowered until it reaches 1; together with Lemma 13, this
implies the theorem.

LEMMA 15. Let A € Vi = Z* ® A?Z5 be an element with ci’;(A) = ncilj-,
for some integers cilj- and n with n > 1. Then there exists an integer point
A’ € V and a positive integer n' < n satisfying ci];-(A’) = n’ci]; for all i, j, k.
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Proof.  We begin by observing that, to prove the lemma for one A €
7Z* @ N?7Z°, it suffices to prove the lemma for any Ag in the same I'-orbit as A.
More precisely, if Ay € Z* ® A?Z® is an element for which Ag = yA for some
v € T, and if we locate an A € Z* ® A?Z® with cilj-(Ag) = (n’/n)ci’;-(Ao) for
all 4,7, k, then v~ 1A} will be an A’ satisfying ci’; (A7) = n’cilz- for all 4,7, k, as
desired. Below, this observation will allow us to mold A into more convenient
shapes in Z* ® A2Z5, thereby simplifying calculations.

The key to our proof is the quintuple of quaternary quadratic forms @ =
(Q1,Q2,...,Q5) given by the five signed 4 x 4 sub-Pfaffians of A. As observed
in Section 2, the action of SL;(Z) on A results in an action of SLz(Z) on @
as in (8). We may use the resulting action on @ to produce some handy SLs-
invariant polynomials as follows. Notice that each quadratic form (); consists
of 10 coefficients. Taking any subset of 5 such coefficients from @1, and the
corresponding coefficients from each of the other @Q);, yields a 5 x 5 matrix
whose determinant is clearly an SLs-invariant. This construction evidently
yields (150) = 252 such invariants. Being invariant under the action of SLs,
these determinantal expressions must be algebraically dependent on the ci’}
(which form a complete set of SLs-invariants), and indeed one finds that each
of these 252 invariants is a degree 2 integer polynomial in the cZ];

Now let p be any prime dividing n. Since all the ci];- are multiples of p, the
252 determinantal invariants must actually be multiples of p?. It follows, by
the theory of elementary divisors, that we may apply a transformation SL5(Z)
to A so that either 1) both @; and Q5 become multiples of p, or 2) 5 becomes
a multiple of p?.

Having applied such a transformation, we may assume that at least one of
the conditions 1) or 2) holds. Either way, we have that @5 is a multiple of p;
i.e., the top left 4 x 4 sub-Pfaffian of M is a multiple of p for any 5 x 5 matrix
in the Z-linear span of Ay, As, A3, Ay.

Observe that the condition that Q)5 be a multiple of p remains true even
if we apply an element of SL4(Z) = SL4(Z) x {e} (considered as a subgroup of
SL5(Z)) to the element A; we are therefore free to apply elements of SLy(Z) x
SL4(Z) C T to further transform A. Let us write SL4(Z) x SLy(Z) C T =
SL4(Z) x SL5(Z) as SLS)(Z) X SLELQ) (Z) to distinguish the two factors of SLy.

Let By, Bg, B3, B4 denote the top left 4 x 4 submatrices of Ay, As, A3, Ay
respectively, considered modulo p so that the entries of B; lie in F,. The
above-mentioned action of SLS)(Z) X SLEE) (Z) C T on A reduces to an action
of SL4(Fp) x SL4(F),) on B = (By, Be, B3, B4). We use this action to simplify
B, with the understanding that any such transformation of B will be lifted to
a transformation v of A with v € SLS)(Z) X SLf) (Z). This will enable us to
mold A into a particularly simple shape modulo p.
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First, since det(B;) = 0 in F), the rank of each B; is either 0 or 2. If
each Bj; is the zero matrix, then we are done: we simply multiply the last row
and column of each A; by p, and then divide each A; by p. The resulting
A" € 7* @ A*ZP evidently satisfies cg (A) = (n/pS)cilj-, and so we may let
n' =n/p.

Thus we may assume some B; has rank 2, and without loss of generality
i = 1. By an appropriate transformation in SLELQ) (Z), we may further assume

0100
that By = | ;' 000 |. Using transformations in SLS)(Z), we can then clear out
the (1,2) ent;)ie(s) ?)fo B,, B3, B4. Moreover, with this value of By, the expression
Pfaff (B + B;) — Pfaff(B;), for ¢ > 1, is computed to be equal to simply the
(3,4) entry of B;. Therefore, the (3,4) entry of every B; is equal to 0 too, and
hence B = (Bj, Bo, B3, B4) takes the form

(45)
0 100 0 0 0 0 0 0
1000 ooR 005 ooT
0 00 0/’ 00 |’ 00 |’ 0 0
0 000 _Roo _Soo _Too

for some triple of 2 x 2 matrices (R, S,T). Now since the Pfaffians of Bs, Bs,
and B, are the determinants of R, S, and T respectively, we see that each
of R, S, T must have rank < 1. In fact, since any linear combination of B,
Bj3, B4 has vanishing Pfaffian, the linear span of R, S, T must contain only
matrices of rank < 1. It follows that, by an appropriate change of basis, the
entries of R, S, T either lie all in the first row or all in the first column, and
hence B is either of the form

(46)
0 1 00] [O 0 ¢ O 0 0 0 ¢l [0 0 0 O]
-1 0 0 O 0O 0 0 O 0O 0 0 O 00 0 O
0 00 O|’"|]=ct O O O’/ O OO O|’|O O OO
0o 000 [0 00 0 [~ 00 0] [00 0 0
for some ¢y, ¢ € {0, 1}, or of the form
0 1 0 O] 0 010 0 0 0 0] [O O 0 O]
(47) -1 0 0 0 0 0 00 0O 0 1 0 00 0O
0 00 O’|-1 0 0 0[]0 -1 0 0[’]0 0 0 O
0o 000 Lo oool o o oo lo0oo0 o0

If B is of the form (46), then the central 3 x 3 matrix of every A; is a multiple
of p. Thus, we may multiply the first and last rows and columns of each A; by
p, and then divide each A; by p. The resulting A’ € Z* ® A?Z° is integral, and
satisfies cilj»(A’) = (n/p)cilj»; we may let n’ = n/p.

It remains to consider the case where B is of the form (47). Thus, we
assume that the top left 4 x 4 submatrix of A; is congruent to B; modulo p,
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with B; as in (47), and let z; denote the (4,5) entry of A; for i = 1,2,3,4.
Then a calculation modulo p shows that we have P~(Aj, Ag, A3) = —x3. As
the latter SLs-invariant must be a multiple of p, we conclude that xo is a
multiple of p. Similarly, P~(Ay, As, A3 + Ay) = —(x2 + 24)?, so that x4 is a
multiple of p. Examining similarly P~ (A3, A1, A2) and P~ (Ag, Az, A1), we see
that 1 and x3 are also multiples of p. Thus the fourth rows and columns of A;
vanish modulo p for i = 1,2, 3,4. We may therefore divide the fourth row and
column of each A; by p to obtain an integral A’ € Z*®@ A%Z5. Tt is evident that
ci’;- (A) = (n/p2)ci];, and so we may let n’ = n/p?. This completes the proof. (I

Lemmas 13, 14, and 15 together prove Theorem 12. Next, let us return
to the main case of interest in Theorem 12, namely when the constants cilj- (A)
give the structure coefficients of a mazrimal quintic ring, i.e., a quintic ring that
is not a subring of any other quintic ring. In that case, we have the following
stronger result:

LEMMA 16. Suppose the constants {cllj} form the structure coefficients of
a mazimal quintic ring R. Then the element A € Z* @ N*Z° with ci’;- (A) = ci’}
foralli, j, k, as constructed in Theorem 12, is unique up to SLs(Z)-equivalence.

Proof. Let A, A’ € Z*® A?Z5 be any elements with cl-]; (A) = cl-]; (A) = ci’;»
for all 7, j, k; such A, A" are guaranteed to exist by Theorem 12. We wish to
show that A and A’ must in fact be SL5(Z)-equivalent. To this end, let Q =
(Q1,...,Q5) and Q" = (Q, ..., Q%) be the associated quintuples of quaternary
quadratic forms given by the 4 x 4 signed sub-Pfaffians of A and A’ respectively.
The proof of Theorem 12 implies that for any p, if the 252 determinantal
SLs-invariants of @ are all multiples of p, then either a) gcd{ci];} > p, or b)
there is a transformation « € I' such that the vector consisting of the top left
4 x 4 submatrices of Ay, Ag, Az, Ay takes the form (47) modulo p. Condition
(a) evidently contradicts the maximality of R, since if all structure constants
ci];- are multiples of p then there is a ring R' D R such that R = Z + pR'.
Similarly, condition (b) contradicts the maximality of R: if some A;, say Aj,
has a nonzero (4,5) entry, then by subtracting multiples of A; from the other
A; we can clear out, modulo p, the (4,5) entries of all the A; (j # 1); now
multiply A; by p, and then divide the fourth row and column of each A;
(j = 1,2,3,4) by p. We obtain an element A’ € V7 in the same Q-orbit as
A with Disc(A’) = Disc(A)/p®, and so R(A) cannot be maximal. (In fact, by
examining the structure coefficients of R(A) and R(A’), we see that if we write
R(A) = Z+Zay + Zog + Zas + Loy and R(A") = Z+ Loy + Zob + Zoly + Lo,
then ay = o} and oy = paj for j = 2,3, 4, implying R'/R = (Z/pZ.)3.)

We conclude that the 252 determinantal invariants of ) must be rela-
tively prime. That is, if Xz denotes the Z-module of quaternary quadratic
forms spanned by Q1,...,Qs5, then X7 must be the maximal integral lattice
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in the five-dimensional complex vector space X¢ = Xz ® C of quaternary
quadratic forms. By the identical reasoning, if X/ is the Z-module of quater-
nary quadratic forms spanned by @/, ..., Q%, then X/ must be the maximal
integral lattice inside the five-dimensional C-vector space X = X/, ® C.

Now since A and A’ share the same SLs-invariants, A’ = vA for some
v € SL5(C). It follows that @ = Qy~!, which implies X¢ = X{.. Moreover,
since X7 and X7, are maximal integral lattices in the same C-vector space X¢
of quaternary quadratic forms, we conclude that Xz = X7. Finally, because
~ acts as a transformation of X¢ which preserves the integral lattice Xz, we
have v € SL5(Z). This is the desired conclusion. O

Note that, by Theorem 12, R(A) is a maximal quintic ring for an element
A € Vg precisely when A is a minimal integral model, that is, when A has
the smallest (nonzero) discriminant among all integral elements in its Q-orbit.
Lemma 16 thus states that any nondegenerate element A € Vg has a unique
minimal integral model up to I'-equivalence.

11. Isolating R

We may rephrase the preceding invariant theory in terms of quintic rings:

THEOREM 17. Ewvery quintic ring R is of the form R(A) for some A €
74 @ N?Z5. Moreover, if R is mazimal then the element A € Z* @ N2Z° with
R = R(A) is unique up to I'-equivalence.

COROLLARY 18. FEvery quintic ring has at least one sextic resolvent ring.

COROLLARY 19. The sextic resolvent ring of a mazimal quintic ring is
unique up to isomorphism.

Thus the situation is in complete parallel with the cubic and quartic
cases [4].

Corollary 19 states that a maximal quintic ring always has a unique,
canonically associated sextic resolvent ring. In fact, the proof of Lemma 16
shows that this property holds for an even larger class of quintic rings: if R is
any nondegenerate quintic ring contained in a maximal ring R’ such that the
finite abelian group R’/R has p-rank less than 3 for all primes p, then R has a
unique sextic resolvent ring up to isomorphism.

Analogous to Corollary 4 of [4], which gives the precise number of cubic
resolvents of any given quartic ring, it would be interesting to have an exact
counting formula for the number of sextic resolvents of an arbitrary quintic
ring. We are not sure on which invariants of the quintic ring this number
depends. (In the quartic case, it depended only on the content of the ring;
see [4, §3.7].)
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12. Maximality, prime splitting, and local densities

As remarked in the previous section, an important class of rings on which
Theorem 1 (or Theorem 8) yields a one-to-one correspondence are the mawi-
mal quintic rings. These, of course, are the quintic rings of greatest interest
to algebraic number theorists. We therefore wish to understand how maximal-
ity of quintic rings, and prime splitting and ramification in maximal quintic
rings, manifest themselves in terms of the corresponding quadruples of integral
quinary alternating 2-forms. An understanding of these phenomena will, e.g.,
be very useful in [5] (see also [6]).

Noting that maximality and prime splitting are local conditions, in this
section we consider elements in the spaces of quadruples of quinary alternating
2-forms over the integers Z, the p-adic ring Z,, and over the residue field
Z/pZ. We denote these spaces by Vz = Z* @ N27Z5, Vz, = Zg ® /\2Z153, and
VIF,, = Fé & /\ZFZ.

Let A be an element of V7 (resp. of V7, Vf,). Then over the residue field
[Fp, the element A determines a quintic F,-algebra R(A)/(p) = Ry, (A) given
by the multiplication recipe in (16), (21), and (22) taken modulo p. Let us
define the splitting symbol (A, p) by

(Avp):( 161 ;2”')

whenever R(A)/(p) = Fpn [t1]/(t5") @ Fpr[ta]/(t5?) ® - -+ . There are thus 17
possible values for the symbol (A,p), namely, (11111), (1112), (122), (113),
(23), (14), (5), (12111), (1212), (123), (1%2121), (2%1), (1311), (132), (131?),
(11), and (1°). (As is customary, we suppress exponents that are equal to
one, and omit all factors for which the exponent is zero.)

The symbol (A, p) has a natural geometric interpretation. Namely, sup-
pose (A,p) = (f{'f3>---) for some A € Vg . Then one can show that the
sub-Pfaffians of A intersect in exactly five points (counting multiplicities) in
IP’% . Moreover, the residue field degrees over I, at the points of intersection
are given by the f;, while their respective multiplicities are given by the e;.

Let G = GL4 x SLs. It is clear that if two elements A, A" in V7 (resp.
Vz,, Vr,) are equivalent under a transformation in G(Z) (resp. G(Zj), G(Fp)),
then (A,p) = (A’, p). For any of the seventeen values o of the splitting symbol,
let T),(0) denote the set of A such that (A,p) = 0. We observe that such an
element A has nonzero discriminant modulo p if and only if it is in 7},(11111),
T,(1112), T,(122), T,(113), T,(23), T,(14), or T,(5) (i.., if and only if the five
quadrics in P? determined by A intersect in five distinct points over Fp).

A nondegenerate quintic ring is said to be maximal if it is not a subring
of any other quintic ring. By the theory of algebraic numbers, a maximal ring
R of nonzero discriminant is a direct sum of Dedekind domains. In particular,
a prime p factorizes uniquely in R as a product of prime ideals of R. If p =
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P*P5? .- is the factorization of p into prime ideals of R(A), where R/P; =
s, define the symbol (R, p) by setting

(R,p) = (fi'f3* ).

Suppose now A € V7 is such that R(A) is maximal. If (R, p) = (f{* f52--+),
then clearly R(A)/(p) = Fpn[t1]/(t7") ® Fpr(ta]/(15?) @ ---, so that A €
Tp(fi' f5? - -+ ). Therefore, if the ring R(A) is maximal for an element A € V7,
then A is contained in one of the T}(-)’s, and

(4,p) = (R(A),p).

A quintic ring R is maximal if and only if the Zj-algebra R, = R ® Z, is
maximal for every p, in the sense that Iz, is not contained in any other quintic
Zp-algebra over Z,. For each splitting symbol o, denote by Uy(c) C Vz the
subset of elements in T, (o) corresponding to quintic rings that are maximal
at p. Then since a quintic ring R with discriminant prime to p is necessarily
maximal at p, R(A) is automatically maximal at p for any A in 7,(11111),
T,(1112), T),(122), T,(113), T),(23), T),(14), or T,(5), and hence T),(0) = U,(0)
for any of these seven values of o. For other values of o, the set U,(o) is
not simply defined by conditions modulo p, though it is defined as a set via
conditions modulo a sufficiently high power of p.

For any set S in V7 (resp. Vz,, Vr,) that is definable by congruence con-
ditions, denote by u(S) = p,(S) the p-adic density of S in Vz , where we
normalize the additive measure p on V' so that u(Vz,) = 1. The following
lemma determines the p-adic densities of the sets Up(-), and is the analogue of
Lemma 23 of [4].

LEMMA 20. We have

w(Up(11111)) =5 (p— )8 p'® (p+ 1)* (P* +1)2 (P> +p+1)2 (p* +p* +p* +p+1) / p*°
w(Up(1112)) = 5 (p—1)%p' (p+1)* (P* +1)2 (P +p+1)2 (p* +p* +p*> +p+1) /p*°
w(Up(122)) = s(—1%p (p+1)* P>+ 1> PP +p+ 1> '+ +p* +p+1) /p*
wUp(113)) = -1 p" (p+1)* @P*+1)2 P +p+1)> @' +p* +p> +p+1)/p*
n(Up(23)) = s—1p" (p+1)* P*+1)> @*+p+1)> p*+p* +p*+p+1)/p*
wUp(14)) = (-1 p" (p+1)* P*+1)* P* +p+ 1) 0* +p* +p* +p+1)/p*
w(Up(5) = (=1 p (p+1)* P*+1)° P> +p+1)° " +p*+p* +p+1)/p*°
uw(Up(1P111)) = E(p—-1)%p" (p+ 1)* @*+1)> @* +p+1)> @' + 0> +p* +p+1) /p*
(U (1212)) s—1pB (p+1)* P+ 1> PP +p+ 12 ' +p + 0P +p+ 1) /p*
w(Up(123)) = 2 (p—1%p® (p+1)* (P> + 1> (P> +p+ 1> p* +p°+p* +p+1)/p*
(U, (1212 ) = s—=18p" (p+ 1) (P +1)2 P +p+1)2 "+ +p>+p+1)/p*°
w(Up(221)) = (=18 p" (p+1* P*+1)2 (P> +p+1)? (" +p*+p* +p+1) /p*°
(U (1311)) s—1Dp" (p+1)* P+ 1D PP +p+ 12 '+ +p +p+ 1) /p*°
pUp(132)) = (-1 p p+ 1) P>+ 12 (PP +p+ 12 (p* +p° +p* +p+1) /p*
w(Up(121%)) = (p=1%p® (p+ D) >+ 12 P +p+ 12 " +p° +p* +p+1)/p"
1(Up(111)) P=1%pB (p+ D' (P> + 12 (P2 +p+ 12 +p*+p?* +p+1)/p?°
1(Uy(1%)) P=1%p2 (p+ D' P>+ 12 (P2 +p+ 12"+ +p* +p+1)/p?
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Proof.  The proof of Theorem 17, with Z, in place of Z, shows that for
any maximal quintic Z,-algebra R there is a unique element A € Vz up to
G(Zp)-equivalence satisfying Rz (A) = R. Moreover, the automorphism group
of such a maximal quintic Zy-algebra R is simply the size of the stabilizer in
G(Zyp) of the corresponding element A € V7 .

We normalize Haar measure dg on the p-adic group G(Z,) so that
fgeG(Z,,) dg = #G(F,). Since |Disc(z)|, ! - dx is a G(Qp)-invariant measure
on Vz,, we must have for any maximal quintic Z,-algebra R = R(Ao) that

[Dise(R)|, - #G(F,)

|Disc(gAo)lp - dg = ¢ #Autz (R)

dr =c- /
o€y g€G(Z,)/Stab(Ag)

R(z)=R

for some constant ¢. A Jacobian calculation using an indeterminate Ag satis-
fying Disc(Ag) # 0 shows that ¢ = 1, independent of Ay.
We thus obtain, for any splitting symbol o, that

u(Uy(0)) = / IURCERCECED M |

{R:(Rp)=0c}

where the sum is over isomorphism classes of maximal Z,-algebras R satisfying
(R,p) = 0. The latter sum can be computed using a “mass formula” for étale
Qp-extensions having a given splitting type o (see [7, Prop. 1]), and we obtain

uUo) = | oy = #G(E)- 'iijfft‘g';,

where Disc, (o) for o = (f{* f§2---) is defined to be p2=i i(¢=1) "and #Aut(o)
is defined to be the product of all the f; times the number of permutations of
the factors f{* that preserve the symbol o. For example, for o = (121%1), we
have Disc,(0) = p? and Aut(o) = (1-1-1)-2=2.

Computing #Aut(o) for each of the 17 values of o, and noting that
#G(Fy) = (p—1)°p° (p+1)" (0*+1)* @ +p+1)? (0" +0° +0° +p+1) /0™,
yields the lemma. O

Let U,, denote the union of the seventeen Up(-)’s in Vz. Then Lemma 20
implies that

(48) pth) =@—-1°p" (p+1)* (p* +1)* (P> +p+1)?
(P P+ +p+ 1) (' P+ 27 +2p+ 1)/ p"?

Regarding maximality, we have shown:

THEOREM 21. Let A € Vz. Then R(A) is a mazximal ring if and only if
A e U, for all primes p. The p-adic density of Uy, in V7 is given by (48).
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The preceding density results will play a critical role in understanding the
density of discriminants of quintic rings and fields (see [5]).
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