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Proof of the Lovasz conjecture

By Eric BABsSON and DMITRY N. KozLov

Abstract

To any two graphs G and H one can associate a cell complex Hom (G, H)
by taking all graph multihomomorphisms from G to H as cells.
In this paper we prove the Lovasz conjecture which states that

if Hom (Coy41, G) is k-connected, then x(G) > k + 4,

where r,k € Z,r > 1, k > —1, and Cy, 1 denotes the cycle with 2r+1 vertices.

The proof requires analysis of the complexes Hom (Co,41, K},). For even n,
the obstructions to graph colorings are provided by the presence of torsion in
H*(Hom (Car+1, Kp); Z). For odd n, the obstructions are expressed as vanishing
of certain powers of Stiefel-Whitney characteristic classes of Hom (Coyy1, Kp),
where the latter are viewed as Zo-spaces with the involution induced by the
reflection of Copy 1.

1. Introduction

The main idea of this paper is to look for obstructions to graph colorings in
the following indirect way: take a graph, associate to it a topological space, and
then look for obstructions to colorings of the graph by studying the algebraic
invariants of this space.

The construction of such a space, which is of interest here, has been sug-
gested by L. Lovasz. The obtained complex Hom (G, H) depends on two graph
parameters. The algebraic invariants of this space, which we proceed to study,
are its cohomology groups, and, when it can be viewed as a Zs-space, its
Stiefel-Whitney characteristic classes.

1.1. The vertex colorings and the category of graphs. All graphs in this
paper are undirected. The following definition is a key in turning the set of all
undirected graphs into a category.

Definition 1.1. For two graphs G and H, a graph homomorphism from G
to Hisamap ¢ : V(G) — V(H), such that if (x,y) € E(G), then (¢(x), p(y)) €
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Here, V(G) denotes the set of vertices of G, and E(G) denotes the set of
its edges.

For a graph G the wvertex coloring is an assignment of colors to vertices
such that no two vertices which are connected by an edge get the same color.
The minimal needed number of colors is denoted by x(G), and is called the
chromatic number of G.

Deciding whether or not there exists a graph homomorphism between two
graphs is in general at least as difficult as bounding the chromatic numbers
of graphs because of the following observation: a vertex coloring of G with n
colors is the same as a graph homomorphism from G to the complete graph on
n vertices K,. Because of this, one can also think of graph homomorphisms
from G to H as vertex colorings of G with colors from V(H) subject to the
natural condition.

Since an identity map is a graph homomorphism, and a composition of
two graph homomorphisms is again a graph homomorphism, we can consider
the category Graphs whose objects are all undirected graphs, and morphisms
are all the graph homomorphisms.

We denote the set of all graph homomorphisms from G to H by Homo (G, H).
Lovasz has suggested the following way of turning this set into a topological
space.

Definition 1.2. We define Hom (G, H) to be a polyhedral complex whose
cells are indexed by all functions 7 : V(G) — 2V \ {}}, such that if (z,y) €
E(G), for any @ € n(z) and y € n(y) we have (Z,y) € E(H).

The closure of a cell 1) consists of all cells indexed by 7 : V/(G) — 2V )\
{0}, which satisfy 77(v) C n(v), for all v € V(G).

We think of a cell in Hom (G, H) as a collection of nonempty lists of vertices
of H, one for each vertex of G, with the condition that any choice of one vertex
from each list will yield a graph homomorphism from G to H. A geometric
realization of Hom (G, H) can be described as follows: number the vertices of G
with 1,...,|V(G)|, the cell indexed with n: V(G) — 2V \ {}} is realized as
a direct product of simplices AL, ..., AIV(GI where A? has |n(7)| vertices and
is realized as the standard simplex in R In particular, the set of vertices
of Hom (G, H) is precisely Homo(G, H).

The barycentric subdivision of Hom (G, H) is isomorphic as a simplicial
complex to the geometric realization of its face poset. So, alternatively, it
could be described by first defining a poset of all n satisfying conditions of
Definition 1.2, with n > 7 if and only if n(v) 2 7(v), for all v € V(G), and
then taking the geometric realization.

The Hom complexes are functorial in the following sense: Hom (H, —) is
a covariant, while Hom (—, H) is a contravariant functor from Graphs to Top.
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If ¢ € Homo(G,G’), then we shall denote the induced cellular maps as ¢ :
Hom (H,G) — Hom (H,G’) and ¢ : Hom (G’, H) — Hom (G, H).

1.2. The statement of the Lovasz conjecture. Lovasz has stated the fol-
lowing conjecture, which we prove in this paper.

THEOREM 1.3 (Lovész conjecture). Let G be a graph, such that
Hom (Coy41, G) is k-connected for some r,k € Z, r > 1, k > —1; then x(G) >
k+4.

Here Cy,41 is a cycle with 2r +1 vertices: V(Cori1) = Zory1, E(Cory1) =
{(z,z+1),(x+ 1,2) |z € Zars1}.

The motivation for this conjecture stems from the following theorem which
Lovasz proved in 1978.

THEOREM 1.4 (Lovész, [16]). Let H be a graph, such that Hom (Ko, H)
is k-connected for some k € Z, k > —1; then x(H) > k + 3.

One corollary of Theorem 1.4 is the Kneser conjecture from 1955; see [8].

Remark 1.5. The actual theorem from [16] is stated using the neighbor-
hood complexes N'(H). However, it is well known that N'(H) is homotopy
equivalent to Hom (K5, H) for any graph H; see, e.g., [2] for an argument. In
fact, these two spaces are known to be simple-homotopy equivalent; see [14].

We note here that Theorem 1.3 is trivially true for £k = —1: Hom (Co,41, G)
is (—1)-connected if and only if it is nonempty, and since there are no homo-
morphisms from odd cycles to bipartite graphs, we conclude that x(G) > 3.
It is also not difficult to show that Theorem 1.3 holds for £ = 0 by using the
winding number. A short argument for a more general statement can be found
in subsection 2.2.

1.3. Plan of the paper. In Section 2, we formulate the main theorems and
describe the general framework of finding obstructions to graph colorings via
vanishing of powers of Stiefel-Whitney characteristic classes.

In Section 3, we introduce auxiliary simplicial complexes, which we call
Hom, (—,—). For any two graphs G and H, there is a canonical support map
supp : Homy (G, H) — A}y gy -1, and the preimage of the barycenter is pre-
cisely Hom (G, H). This allows us to set up a useful spectral sequence, filtering
by the preimages of the i-skeletons.

In Section 4, we compute the cohomology groups H*(Hom (Cap41, Ky ); Z)
up to dimension n — 2, and we find the Zs-action on these groups. These
computations allow us to prove the Lovasz conjecture for the case of odd k,
E>1.
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In Section 5, we study a different spectral sequence, this one converging
to H*(Hom (Cory1, Ky)/Za; Zs). Understanding certain entries and differentials
leads to the proof of the Lovasz conjecture for the case of even k as well.

The results of this paper were announced in [1], where no complete proofs
were given. The reader is referred to [13] for a survey on Hom complexes, which
also includes a lot of background material which is omitted in this paper. As
the general reference in Combinatorial Algebraic Topology we recommend [10].

Acknowledgments. The second author acknowledges support by the Uni-
versity of Washington, Seattle, the Swiss National Science Foundation, and
the Swedish National Research Council.

2. The idea of the proof of the Lovasz conjecture

2.1. Group actions on Hom complezes and Stiefel-Whitney classes. Con-
sider an arbitrary CW complex X on which a finite group I' acts freely. By
the general theory of principal I'-bundles, there exists a I'-equivariant map
w : X — EI', and the induced map w : X/T' — BI' = EI'/T" is unique up to
homotopy.

Specifying I' = Zs, we get a map w : X — S = EZy, where Zs acts on
S°° by the antipodal map, and the induced map w : X/Zy — RP* = BZy. We
denote the induced Zg-algebra homomorphism H*(RP*>; Zy) — H*(X/Za;Z3)
by w*. Let z denote the nontrivial cohomology class in H!(RP*;Zsy). Then
H*(RP*>;Zo) ~ Zs|z] as a graded Zs-algebra, with z having degree 1. We
denote the image w*(z) € H'(X/Za;Z2) by w1(X). This is the first Stiefel-
Whitney class of the Za-space X. Clearly, wh(X) = w*(2*), since w* is a Zy-
algebra homomorphism. We will be mainly interested in the height of the
Stiefel-Whitney class, i.e., largest k, such that w®(X) # 0; it was called coho-
mology co-index in [3].

Turning to graphs, let G be a graph with Zs-action given by ¢ : G — G,
¢ € Homo(G, @), such that ¢ flips an edge, that is, there exist a,b € V(G),
a #b, (a,b) € E(G), such that ¢(a) = b (which implies ¢(b) = a). For any
graph H we have the induced Zs-action ¢y : Hom (G, H) — Hom (G, H). In case
H has no loops, it follows from the fact that ¢ flips an edge that this Zs-action
is free.

Indeed, since ¢p is a cellular map, if it fixes a point from some cell 7 :
V(G) — 2\ {P}, then it maps 7 onto itself. By definition, ¢ maps 7 to nog,
and so this means that 7 = o ¢. In particular, n(a) = no ¢(a) = n(b). Since
n(a) # 0, we can take v € V(H), such that v € n(a). Now, (a,b) € E(G),
but (v,v) ¢ E(H), since H has no loops, which contradicts the fact that
n € Hom (G, H).

Therefore, in this situation, Hom (G, —) is a covariant functor from the
induced subcategory of Graphs, consisting of all loopfree graphs, to Zs-spaces
(the category whose objects are Zs-spaces and morphisms are Zg-maps).
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We order V(Cy,41) by identifying it with [1,2r + 1] by the map ¢ : Z —
Zory1, taking x +— [z]ay41. With this notation Zg acts on Ca,41 by mapping
[]2r4+1 to [—x]2r41, for & € V(Corq1). Let v € Homo(Cop41, Cart1) denote the
corresponding graph homomorphism. This action has a fixed point 2r + 1, and
it flips one edge (r,r + 1).

Furthermore, let Zs act on K, for m > 2, by swapping the vertices
1 and 2 and fixing the vertices 3,...,m; here, K,, is the graph defined by
V(Kpm) = [1,m], E(Kp) = {(z,y)|z,y € V(K;),z # y}. Since in both
cases the graph homomorphism flips an edge, they induce free Zs-actions on
Hom (C9,41,G) and Hom (K,,, G), for an arbitrary graph G without loops.

2.2. Nonwvanishing of powers of Stiefel-Whitney classes as obstructions
to graph colorings. The connection between the nonnullity of the powers of
Stiefel-Whitney characteristic classes and the lower bounds for graph colorings
is provided by the following general observation.

THEOREM 2.1. Let G be a graph without loops, and let T' be a graph with
Zo-action which flips some edge in T. If, for some integers k > 0, m > 1, we
have @k (Hom (T, G)) # 0, and w’(Hom (T, K,,)) = 0, then x(G) > m + 1.

Proof. We have already shown that, under the assumptions of the theorem,
Hom (7', H) is a Zg-space for any loopfree graph H. Assume now that the graph
G is m-colorable, i.e., there exists a homomorphism ¢ : G — K,,. It induces
a Zg-map ¢! : Hom (T, G) — Hom (T, K,;,). Since the Stiefel-Whitney classes are
functorial and w? (Hom (T, K,,)) = 0, the existence of the Zy-map ¢’ implies
that ¥ (Hom (T, G)) = 0, which is a contradiction to the assumption of the
theorem. O

LEMMA 2.2. If a Zs-space X is k-connected, then there exists a Zs-map
¢ : SH — X in particular, @i T (X) # 0.

Proof. To construct ¢, subdivide S¥*! simplicially as a join of k+2 copies
of S%, and then define ¢ on the join of the first i factors, starting with ¢ = 1,
and increasing ¢ by 1 at the time. To define ¢ on the first factor {a, b}, simply
map a to an arbitrary point z € X, and then map b to y(z), where v is the
free involution of X. Assume ¢ is defined on Y - the join of the first ¢ factors.
Extend ¢ to Y *{a,b} by extending it first to Y * {a}, which we can do, since
X is k-connected, and then extending ¢ to the second hemisphere Y * {b}, by
applying the involution ~.

Since the Stiefel-Whitney classes are functorial, we have qb*(wlfH(X )
wh T (Sk+1) and the latter is clearly nontrivial.

O |

Let T be any graph and consider the following equation
(2.1) & XD (Hom (T, K,,)) = 0, for all n > x(T) — 1.
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THEOREM 2.3.
(a) The equation (2.1) is true for T = Ky,, m > 2.
(b) The equation (2.1) is true for T = Copy1, r > 1, and odd n.

Proof. The case T = K,, is from [2, Th. 1.6] and has been proved there.
The case T' = Cy,+1 will be proved in Section 6. O

LEMMA 2.4. For a fized value of n, if equation (2.1) is true for T = Coyr41,
then it is true for any T = Copy1, if r > T.

Proof. If r > 7, there exists a graph homomorphism ¢ : Corp1 — Chigr
which respects the Zs-action. This induces a Zo-map

¢Kn : H*(Hom (CQTJ,_l, Kn)) — H*(Hom (0277_1’_17 Kn))7
yielding
q;Kn : H*(Hom (027-+1, Kn)/ZQ, Zg) — H*(Hom (C2f+17 Kn)/ZQ, Zg)

Clearly, ¢k, (w1 (Hom (Cpy1, K,))) = wi(Hom (Corpq, Ky)). In particular,
! (Hom (Coy41, Ky)) = 0, implies o' (Hom (Cojy1, Ky)) = 0. O

Note that for T' = Cy,41 and n = 2, the equation (2.1) is obvious, since
Hom (Cyp41, K2) = (). We give a quick argument for the next case n = 3. One
can see by inspection that the connected components of Hom (Co, 1, K3) can
be indexed by the winding numbers . These numbers must be odd, so that
a==+1,43,...,£(2s + 1), where

) r=1)/3, ifr=1 mod 3,
| 1(r—2)/3], otherwise;
in particular s > 0. Let ¢ : Hom (Cpy1, K3) — {£1,£3,...,£(2s+ 1)} map

each point x € Hom(Cor41, K3) to the point on the real line, indexing the
connected component of x. Clearly, ¢ is a Zg-map. Since

HY({£1,£3,...,£(2s + 1)} /Z9; Zs) = 0,
the functoriality of the characteristic classes implies w;(Hom (Ca,41, K3)) = 0.

CONJECTURE 2.5. Equation (2.1) is true for T = Copy1, v > 1, and alln.

2.3. Completion of the sketch of the proof of the Lovdsz conjecture. Con-
sider one of the two maps ¢ : Ko — Ca,41 mapping the edge to the Zs-invariant
edge of Cy,41. Clearly, ¢ is Zg-equivariant. Since Hom (—, H) is a contravariant
functor, ¢ induces a map of Zg-spaces vk, : Hom (Cop41, K;) — Hom (Ko, K)),
which in turn induces a Z-algebra homomorphism 3, : H*(Hom (Kg, K,,); Z) —
H*(Hom (Copy1, Kp); Z).
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THEOREM 2.6. Assume n is even; then 2 - 13 is a 0-map.

Theorem 2.6 is proved in Section 4. The results of this paper were an-
nounced in [1], and the preprint of this paper has been available since February
2004. In the summer 2005 an alternative proof of Theorem 2.6 appeared in
the preprint [19], and a proof of Conjecture 2.5 was announced by C. Schultz.

Proof of Theorem 1.3 (Lovéasz conjecture).The case k = —1 is trivial,
so take k > 0. Assume first that k£ is even. By the Remark 2.2, we have
@ (Hom (Cyy 41, G)) # 0. By Theorem 2.3(b), we have

w’f“ (Hom (02r+1, K}H_g)) =0.

Hence, applying Theorem 2.1 for T'= Cy,41 we get x(G) > k + 4.

Assume now that k is odd, and that x(G) < k+3. Let ¢ : G — Kj43 be
a vertex-coloring map. Combining the Remark 2.2, the fact that Hom (Cop41, —)
is a covariant functor from loopfree graphs to Zo-spaces, and the map ¢ : Ko —
Cor41, we get the following diagram of Zo-spaces and Zo-maps:

f ¢CQ7~+1
—— Hom (Cop41,G) "— Hom (Cory1, Kjy3)

Kt ~ ck+1
—— Hom (KQ,Kk+3) = Sa+ .

k+1
Sa

This gives a homomorphism on the corresponding cohomology groups in di-
mension k + 1, h* = f* o (¢“2+1)* o (1k,.,)* : Z — Z. It is well-known, see,
e.g., [7, Prop. 2B.6, p. 174], that a Zs-map S — S cannot induce a 0-map
on the nth cohomology groups (in fact it must be of odd degree). Hence, we
have a contradiction, and so x(G) > k + 4. O

Let us make a couple of remarks.

Remark 2.7. As is apparent from our argument, we are actually proving
a sharper statement than the original Lovasz conjecture. First of all, the con-
dition “Hom (C,41,G) is k-connected” can be replaced by a weaker condition
“the coindex of Hom (Cor4+1,G) is at least k + 17. Furthermore, for even k,
that condition can be weakened even further to “c¥™! (Hom (Co,41,G)) # 0”.
Conjecture 2.5 would imply that this weakening can be done for odd k as well.

Remark 2.8. Tt follows from [2, Prop. 5.1] that the Lovdsz conjecture is
true if Co,41 is replaced by any graph 7', such that T can be reduced to Coy41,
by a sequence of folds.

3. Hom, and filtrations

3.1. The 4+ construction. For a finite graph H, let H, be the graph
obtained from H by adding an extra vertex b, called the base vertex, and

connecting it by edges to all the vertices of Hy including itself, i.e., V(H;) =
V(H) U {b}, and E(H,) = E(H) U {(0,b), (b,0) | v € V(H.)}.
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Definition 3.1. Let G and H be two graphs. The simplicial complex
Hom, (G, H) is defined to be the link in Hom (G, Hy) of the homomorphism
mapping every vertex of G to the base vertex in H, .

So the cells in Hom (G, H) are indexed by all 17 : V(G) — 2V (H) satisfying
the same condition as in the Definition 1.2. The closure of n is also defined
identically to how it was defined for Hom. Note, that Hom, (G, H) is simpli-
cial, and that Hom; (G, —) is a covariant functor from Graphs to Top. One
can think of Hom; (G, H) as a cell structure imposed on the set of all partial
homomorphisms from G to H.

/\;%(m
. ﬁ

Hom+ KQ, Hom (K27A+)

Figure 3.1: The hom plus construction.

For an arbitrary graph G, let Ind (G)) denote the independence complex
of G, i.e., the vertices of Ind (G) are all vertices of GG, and simplices are all the
independent sets of G. The dimension of Hom (G, H), unlike that of Hom (G, H)
is easy to find:

dim(Hom, (G, H)) = |[V(H)| - (dimInd (G) + 1) — 1.

Recall that for any graph G, the strong complement CG is defined by
V(CG) = V(G), BE(CG) = V(GQ) x V(G) \ E(G). Also, for any two graphs G
and H, the direct product G x H is defined by V(G x H) = V(G) x V(H),
B(G x H) = {((,y), (@',4") | (z,2') € E(G), (4,9/) € E(H)}.

Sometimes, it is convenient to view Hom; (G, H) as an independent com-
plex of a certain graph.

PROPOSITION 3.2. The complex Homy (G, H) is isomorphic to Ind (G X
CH). In particular, Hom, (G, K,,) is isomorphic to Ind (G)*", where * denotes
the simplicial join.
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Proof. By the definition, V(G x CH) = V(G) x V(H). Let S C V(G) x
V(H), S = {(zs,yi)|i € I,z; € V(G),y; € V(H)}. Then S € Ind (G x CH) if
and only if, for any 4, j € I, we have either (z;,z;) ¢ E(G) or (yi,y;) € E(H),
since the forbidden constellation occurs when (z;,z;) € E(G) and (y;,v;) ¢

Identify S with ng : V(G) — 2V defined by: for v € V(G), set n5(v) :=
{w € V(H)|(v,w) € S}. The condition for ng € Hom; (G, H) is that, if
(v1,v2) € E(G), and wy € ng(v1), wa € ns(ve), then (w1, ws) € E(H), which is
visibly identical to the condition for S € Ind (G x CH). Hence Hom, (G, H) =
Ind (G x CH).

To see the second statement note first that CK, is the disjoint union of
n looped vertices. Since taking direct products is distributive with respect to
disjoint unions, and a direct product of G with a loop is again G, we see that
G x LK, is a disjoint union of n copies of G. Clearly, its independent complex
is precisely the n-fold join of Ind (G). O

3.2. Cochain complexes for Hom (G, H) and Homy (G, H). For any CW
complex K, let K denote the i-th skeleton of K. Let R be a commutative
ring with a unit. In this paper we will have two cases: R = Z and R = Z,. For
any n € K we fix an orientation on 7, and let C;(K; R) := R[n|n € K@,
where R[a | @ € I] denotes the free R-module generated by o € I. Furthermore,
let C*(K; R) be the dual R-module to C;(K; R). For arbitrary a € C;(K; R)
let o* denote the element of C*(K; R) which is dual to . Clearly, C*(K; R) =
R[n*|n € K®], and the cochain complex of K is

L ol R) 2 ot (kG R) 25 L

For n € K 7 € K0*Y we have the incidence number [n : 7], which is
0 if » ¢ 7. In this notation 0'(n*) = Y qert+n [ Alq". For arbitrary a €
Ci(K; R), resp. o € C*(K; R), we let [a], resp. [a*], denote the corresponding
element of H;(K; R), resp. H'(K; R).

When coming after the name of a cochain complex, the brackets [—] will
denote the index shifting (to the left); that is for the cochain complex C*, the
cochain complex C*[s] is defined by C[s] := C*** and the differential is the
same (we choose not to change the sign of the differential).

We now return to our context. Let G and H be two graphs, and let us
choose some orders on V(G)={v1, ..., vy (q)} andon V(H)={w1, ..., wyy )}
Through the end of this subsection we assume the coefficient ring to be Z; the
situation over Zs is simpler and can be described by tensoring with Zs.

Vertices of Homy (G, H) are indexed with pairs (z,y), where z € V(G),
y € V(H), such that if x is looped, then so is y. We order these pairs
lexicographically: (vs,,wj,) < (vi,,wj,) if either i1 < g, or iy = iy and
j1 < j2. Orient each simplex of Hom (G, H) according to this order on the
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vertices. We call this orientation standard, and call the oriented simplex n4. If
Ny € Homgiﬂ)(G, H) is obtained from ny € Hom(J:)(G, H) by adding a vertex v,
then [y : 74] is (—=1)*7!, where k is the position of v in the order of the

vertices of 7.

Let us now turn to C*(Hom (G, H)). We can fix an orientation, which we
also call standard, on each cell 7 € Hom (G, H) as follows: orient each simplex
n(i) according to the chosen order on the vertices of H; then, order these
simplices in the direct product according to the chosen order on the vertices
of G. To simplify our notation, we still call this oriented cell 1, even though
a choice of orders on the vertex sets of G and H is implicit.

We remark for later use, that permuting the vertices of the simplex 7(7)
by some o € Sj,(;)| changes the orientation of the cell by sgn (o), whereas
swapping the simplices with vertex sets n(i) and n(i + 1) in the direct product
changes the orientation by (—1){(7@I=D(nG+1)I=1) — (_1)dimn(i)-dimn(it+1),

If 77 € Hom “t1)(G, H) is obtained from 7 € Hom ) (G, H) by adding a ver-
tex v to the list n(t), then [n : 7] is (—1)**4~1 where k is the position of v
in 7(t), and d is the dimension of the product of the simplices with the ver-
tex sets n(1),...,n(t —1); that is, d = 1 —t + 23;11 [n(4)]. To see this, note
that [ : 7] = 1 if the first vertex in the first simplex is inserted. The general
case follows from the previously described rules for changing the sign of the
orientation under permuting simplices in the product and permuting vertices
within simplices.

3.3. The support map and the relation between Hom (G, H) and Hom (G, H).
For each simplex of Hom (G, H), n: V(G) — 2V define the support of 5 to
be suppn := V(G)\n~ (D). A concise way to phrase the definition of supp dif-
ferently is to consider the map t¢ : Hom, (G, H) — Hom, (G,0K;) ~ Ay (ay-1
induced by the homomorphism ¢ : H — CKj. Then, for each 1 € Hom (G, H)
we have suppn = t%(n), where the simplices in Ay (q)-1 are identified with
the subsets of V(G).

Let C* be the subcomplex of C*(Hom, (G, H)) generated by all 0%, for
n:V(G) — 2VWH) such that suppn = V(G) (cf. filtration in subsection 3.5).
Set

(3.1) X*(G,H) :=C*[|[V(G)| — 1].

Note that both C*(Hom (G, H)) and X*(G, H) are free Z-modules with the bases
{n*}, and {n% }, indexed by 1 : V(G) — 2VH)\ {(}, such that Z‘j‘i(lc)‘ In(7)] =
V(G)| +i.

At this point we introduce the following notation: for n:V (G)— 2V )\ {§},

set
)= > Ini)

i is even
1<i<|V(G))|
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For any 7 : V(G) — 2V \ {0}, set p(ny) := (—1)°My. Obviously, the
induced map p* : X*(G, H) — C*(Hom (G, H)) is a Z-module isomorphism for
any 4.

PRrROPOSITION 3.3. The map p* : X*(G,H) — C*(Hom (G, H)) is an iso-
morphism of the cochain complexes.

Proof. Indeed, let 7 : V(G) — 2VH)\ {(} be obtained from 7 by adding
a vertex v to the list n(t), and let k& be the position of v in 7(t). By our
previous computation: [ny : 7] = (=1)F¥T9+ whereas [ : 7] = (—1)F+d-1
where d =1—1¢+ 22;11 |n(j)|. This shows that

(p(n+) = p(i)] = (=)D 2 g = (—1)DFDTH ),

but
cm)+e@+t+1= > In@l+ > i) +t+1=0 (mod 2)
for any t; hence [p(n+) : p(i+)] = [0+ : 71+]. O

3.4. Relating Za-actions on Hom (G, H) and Hom (G, H). Assume that we
have v € Homo(G, G), and 0 < r < |V(G)|/2, such that

(0) 2r+1—i4, if1<i<2r;
1) =
K i if2r+1<i<|V(GQ),

where V(G) is identified with the numbering [1, V(G)]. In particular, we have
v =1.

The homomorphism ~ induces Zs-action both on Hom (G, H), and on
Homy (G, H). We shall see how p* behaves with respect to this Zs-action. For
any 1 : V(G) — 2V \ {0}, ~ takes 1 to 7o v. By a slight abuse of notation
we let v denote the induced actions both on C*(Hom (G, H)) and on X*(G, H).

Let (u1,...,uq) be the vertices of the simplex 7 listed in increasing or-
der. By definition, y(n4) = (y(u1),...,v(uq)), where y((v,w)) = (y(v),w),
for v € V(G), w € V(H). Clearly, 7(n+) has the same set of vertices as
(n o)+, so we just need to see how their orientations relate. To order the
vertices of vy(n;) we need to invert the order of the blocks with cardinalities
[n(1)],...,|n(2r)| without changing the vertex orders within the blocks. The
sign of this permutation is (—1)°, where ¢ = >, ;.o [n(?)] - [7(j)], and so
we conclude that

(3.2) y(ni) = (=1)(mov)i.

Consider now the oriented cell 1. It is a direct product of simplices
Al ... AVl of dimensions |p(1)] —1,...,|n(|V(G)|)| — 1, with the standard
orientation as defined above. The cell v(n) is the direct product of y(A!) =



976 ERIC BABSON AND DMITRY N. KOZLOV

AQT, ’7(A2) — A2r—17 o 77(A27~) — Al, 'Y(AQT—H) — A2r+1’ o ,V(A‘V(G)‘) —
AIV(OI with the order of the vertices (hence the orientation) within each sim-
plex being the same as in 7.

We see that v(n) is, up to the orientation, the same cell as no~. To relate
their orientations, we need to permute the simplices A?", ..., Al back in order,
which, by the previous observations, changes the orientation by (—1)¢, where

d= Y dimA"-dimAI= Y (In@)| - 1) (|n(i) - 1)

1<i<j<2r 1<i<j<2r
2 2r
=c—(2r—1)> [n()]+ <2>
i=1
Reducing modulo 2, we conclude that
(3.3) v() = (=)o),

where d = ¢+ 32 ()] + .
Let us now see how p* interacts with v. We have

(34) P((n})) = (1) (o 7)3) = (1) (o),
where the first equality is by (3.2) and the second one is by definition of p, and
(3.5) V(" (03)) = (=) Dy(n*) = (=)D (g o),

where the first equality is by definition of p and second one is by (3.3). Com-
paring (3.4) with (3.5), and using the computation

cm)+emoy)= D @+ D Inory)
i is even i is even
1<<|V(G)] 1<i<|V(G)|

2r
=> In@+2- > @)l
i=1 i is even

2r+1<i<|V(G)|

we see that, for any 7
(3.6) p (v(n}) = (=)™ (p"(n}))-

3.5. The filtration of C*(Homy (G, H);Z) and the E;”-tableau. We shall
now filter C*(Homy (G, H);Z). Define the subcomplexes of C*(Hom, (G, H);Z),
FP = FPC*(Hom (G, H);Z), as follows:

pro. 20 pra O pratt 00
where
FP = FPCYHom (G, H); Z) = 7 [771
and 0™ is the restriction of the differential in C*(Homy (G, H);Z). Then,
C(Hom, (G, H); Z) = FO1 5 pheo ... D plV@I-La 5 pIVGa —

Ny € Hom(f)(G, H),|suppn| >p+ 1} )
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PRrOPOSITION 3.4. For any p,

(3.7) PP/ = @ C*(Hom (G[S], H); Z)[—p).

SCV(G)
|S|=p+1

Hence, the 0'" tableau of the spectral sequence associated to the cochain complex
filtration F* is given by

(3.8) Ep?=CPHi(Fr PP = P CY(Hom (G[S], H); Z).
SCV(G)
|S|=p+1

Proof. By construction

Fp,q/Fp—&-l,q -7 [771

ny € Hom'? (G, H), |suppn| = p + 1]

= P XTPGIS ) E @ CP(Hon(GIS), H); Z),
SCV(@) SCV (@)
|S|=p+1 |S|=p+1

where X* is as defined in (3.1), and p* is the map defined in subsection 3.3. O

Note, that in particular we have F‘V(G)‘_l’q/F‘V(G)"q = FIV@GI-La —
C9(Hom (G, H); Z)[1 — [V(G)]].

4. Zs-action on H*(Hom; (Coprt1, Ky );Z)

In this section we shall derive some information about the Z[Zs]-modules
H*(Hom (Cay41, Ky); Z), for r > 2, n > 4. For r = 2 our computation will be
complete.

We adopt the following convention: we think of Co,.,1 as a unit circle on
the plane with 2r + 1 marked points with numbers 1,...,2r 4+ 1 following each
other in the clockwise increasing order. The directions left, resp. right on this
circle will denote counterclockwise, resp. clockwise.

Furthermore, before we start our computation, we introduce the follow-
ing terminology. For S C V(Co.41), we call those connected components
of C9-41[S] which have at least 2 vertices the arcs. For z,y € Z, we let
[*,y]or+1 denote the arc starting from z and going clockwise to y, that is

[z, Yl2r+1 = {[T]2r+1, [x + Uort1, -5 [y — Lors1, [Y]ors1 }

4.1. The simplicial complex of partial homomorphisms from a cycle to
a complete graph. Here and in the next subsection we summarize some previ-
ously published results which are necessary for our present computations. To
start with, recall that the homotopy type of the independence complexes of
cycles was computed in [9)].
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PROPOSITION 4.1 ([9, Prop. 5.2]). For any integer m > 2,

Sk=1v k=1 if m = 3k;

Ind (Cm) = {Sk—l, ifm=3k+1.

Combining Propositions 3.2 and 4.1 we get the following formula.

COROLLARY 4.2. For any integers m > 2, n > 1,

Van copies Snk=1 o if m = 3k;

41 Hom (Cyy, K) =
(4.1) om-( ) {Snk—l, ifm=3k+1.

The following estimates will be needed later for our spectral sequence
computations.

COROLLARY 4.3. fli(Hom+(Cgr+1,Kn)) =0 forr>2n>4, andi <
n+ 2r — 2, except for the two cases (n,r) = (4,3) and (5,3).

Proof. Note, that if 2r +1 = 3k + &, with e € {—1,0, 1}, then
H'(Hom, (Copy1, Ky)) = 0, for i < nk — 2.

Assume first 2r + 1 = 3k. The inequality nk —2 > n+ 2r — 2 is equivalent
ton >34 2/(k— 1), and the latter is always true since k > 3 and n > 4.

Assume now 2r + 1 = 3k + 1. This time, nk —2 > n+ 2r — 2 is equivalent
ton >3+3/(k—1). If k£ > 4, this is always true, since n > 4. If k = 2, this
reduces to saying that n > 6. This yields the two exceptional cases: » = 3 and
n =4,5.

Finally, assume 2r +1 = 3k — 1. Here, nk — 2 > n + 2r — 2 is equivalent
ton >34 1/(k— 1), which is always true, since k > 2, n > 4. O

Corollary 4.2 can be strengthened to include the information on the
Zo-action.

PROPOSITION 4.4. For any positive integers r and n,

Va1 copies ™, if 2r + 1 = 3k;
(4.2) Hom+(02r+1, Kn)/Z2 - {Skn/Ql % R]P)kn/Zfl, if o2r +1=3k+1.

Proof. By Proposition 3.2 we know that Hom (Co,41, K,,) is isomorphic
to Ind (Cay41)*". We analyze Zs-action on Ind (Co,41) in more detail.

Assume first 2r +1 = 3k — 1; in particular, k is even. It was shown in
[9, Prop. 5.2] that X = Ind (C2r41) \ {1,4,...,2r — 3,2r} is contractible (here
“\” just means the removal of an open maximal simplex). It follows from the
standard fact in the theory of transformation groups, see e.g., [5, Th. 5.16,
p. 222], that X/Zs is contractible as well. Hence Ind (Co,41) is Zo-homotopy
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equivalent to the unit sphere S*~! C R* with the Zy acting by fixing k/2
coordinates and multiplying the other k/2 coordinates by —1.

Assume 2r +1 = 3k + 1. The link of the vertex 2r + 1 is Zo-homotopy
equivalent to a point. Hence, deleting the open star of the vertex 2r + 1
produces a complex X, which is Zg-homotopy equivalent to Ind (Cap41). It
was shown in [9, Prop. 5.2], that X \ {2,5,...,2r — 4,2r — 1} is contractible.
By an argument, similar to the previous case, we conclude that Ind (Co,41) is
Zo-homotopy equivalent to the unit sphere S*~1 € RF with the Zo acting by
fixing k/2 coordinates and multiplying the other k/2 coordinates by —1.

In both cases we see that Hom, (Co,41, K;,) is Zo-homotopy equivalent to
suspF/26kn/2=1 with the Zs-action and the latter space being induced by the
antipodal action on S¥*/2=1 Tt follows that Hom (Cy,11, K,,)/Zs is homotopy
equivalent to susp*"/2RPk?/2-1,

Consider the remaining case 2r+1 = 3k. It was shown in [9, Prop. 5.2] that
Ind (Cor41) becomes contractible if one removes the simplices {1,4,...,2r—1}
and {2,5,...,2r}. It follows that Ind (Co,4+1) is Zs-homotopy equivalent to
the wedge of two unit spheres S*~! with the Zs acting by swapping the
spheres. Thus Homy (Co,41, K,) is Ze-homotopy equivalent to a wedge of
2" (nk — 1)-dimensional spheres, with the Zg-action swapping them in pairs.
Thus, Hom, (Cy,11, Ky, )/Zso is homotopy equivalent to a wedge of 271 (nk—1)-
dimensional spheres. O

We summarize the estimates needed later.

COROLLARY 4.5. H'(Hom (Cayy1, Kp)/Z2) = 0 for r > 2, n > 5, and
1 <n+r—2, except for the case r = 3.

Proof. If 2r + 1 = 3k, the inequality nk — 2 > n 4+ r — 2 is equivalent
to n > 3r/(2r — 2), which is true for n > 3, r > 2. If 2r +1 = 3k — 1,
then nk/2 > n +r — 2 is equivalent to (n — 3)(k — 2) > 0, again true for our
parameters.

If 2r+1 = 3k+1, then nk/2 > n+r—2 is equivalent to (n—3)(k—2) > 2.
This is true for all parameters n > 5, k > 2, except for k = 2. O

4.2. The cell complex of homomorphisms from a tree to a complete graph.
In the next proposition we summarize several results proved in [2], [12].

PROPOSITION 4.6 ([2, Props. 4.3, 5.4, and 5.5], [12]). Let T be a tree with
at least one edge.

(i) The map ik, : Hom(T,K,) — Hom (K2, K,) induced by any inclusion
1: K9 — T is a homotopy equivalence.

(ii) Hom (K2, K,) is a boundary complex of a polytope of dimension n — 2, in
particular Hom (T, K,,) ~ S"~2.



980 ERIC BABSON AND DMITRY N. KOZLOV

(iii) Given a Za-action determined by an invertible graph homomorphism =y :
T — T, if v flips an edge in T, then Hom (T, K,) ~z, S"~2; otherwise
Hom (T, K,) ~z, SP2.

Here S]" denotes the m-sphere equipped with an antipodal Zs-action,
whereas S{"* is the m-sphere equipped with the trivial one.

Let F' be any graph, with Fi, ..., F; being the list of all those connected
components of F' which have at least two vertices. For any () £ S C [1,¢], and
V = {v; }ies, such that v; € V(F;), for any i € S, set

at (V) ::Znikw a(FV) :277*,
n n

where both sums are taken over all 5 : V/(F) — 27\ {0}, such that
o n(v;)) =[1,n—1], for all i € S;
o n(w)| =1, foralweV(F)\V.

Note that, for fixed S and V, (—1)™ does not depend on the choice of 7 as
long as n satisfies these two conditions. From our previous notation we have
oy (F, V) € XISI=2)(F K,)), and o(F,V) € C5I("=2)(Hom (F, K,,)). When
|S| =1, V = {v}, we shall simply write oy (F,v) and a(F,v).

Assume now that F' is a forest. For w € V/(F;), such that (v;,w) €
E(F), set W = {v1,...,0-1, 0,041, ...,v:} = (VU{w}) \ {v;}. We have
a graph homomorphism Ky — (v, w), which induces a Zg-equivariant map ¢* :
H*(Hom (K3, K,,)) — H*(Hom (F, K,,)). We know that Hom (K2, K,,) &z, S?~2,
and that the dual of any (n — 2)-dimensional cell of Hom (K7, K,) is a generator
of H"2(Hom (K3, K,,); Z). Comparing orientations of the cells of Hom (K3, K},)
we see that [a(K2,1)] = (—=1)"![a(K>,2)], where 1 and 2 denote the vertices
of K5. Applying ©* we conclude that

[a(F, V)] = (=1)""a(F,W)].
Since p* is a cochain isomorphism and p*(a (F,V)) = (=1)Ma(F,V), we
have
—lay (F, W), if v and w have different
(4.3)  [ap(F, V)] = parity in the order on V (F);
(=1)" oy (F,W)], if they have the same parity.

4.3. The E}"-tableau for EY? = HPY4(Homy(Cori1, Kyn);Z).! We fix
integers r > 2 and n > 4. Let (FP),— . |v(g)—-1 be the filtration on

!The calculations performed in the subsections 4.3-4.8 have been verified and generalized
in [15].
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H*(Hom (CQ,«_H, Kn))

|
|
|
V
D1 n—2 ﬂ—» ﬂ—» ﬂ—» ﬂ—»
n—3 do T
Dy 0 ﬂ—» ﬂ—» d1—> ﬂ—»
7 P 0 2r — 2| 2r — 1| 2r

Figure 4.1: The E;""-tableau, for E}'? = HP*(Hom (Cort1, K»); Z).

C*(Homy (Cory1, K); Z) defined in subsection 3.5, and consider the correspond-
ing spectral sequence. The entries of the Ej-tableau are given by EP'? =
HPTI(FP, FPTY) Since all proper subgraphs of Ch.; 1 are forests, we can
now use the formula (3.8) to obtain almost complete information about the
Ej-tableau. See Figure 4.1, where all the entries outside of the shaded area
are equal to 0

Let 0 £ S C V(Cor41), and let Sy, ..., Sj(s) be the connected components
of Cori1[S], with [S1] = [S2] = -+ = [Sys) > |Ssy+1l = - = [9s)| = 1,
where [(S) > 1, but possibly d(S) = 0 or d(S) = I(S). By Proposition 4.6
together with property (3) from [2, §2.4] we see that

d(s)

(4.4) Hom (Cory1[S], Kp) =~ H sn—2,
i=1

Combining this with the formula (3.8) we conclude

d()
(4.5) grrypr ety = o =[SV,
SCV(Cart1) i=1

|S|=p+1
for p < 2r — 1.

Since the spectral sequence converges to H*(Homy (Cory1, Kyp): Z), and,
since by Corollary 4.3, H'(Hom (Coyy1, Kp); Z) = 0 for i < n+2r—2, we know
that the entries on the diagonals p+q¢=n+2r —2, and p+q¢=n-+2r — 3,
should eventually all become 0.
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4.4. The cochain complex (Dg,d1) = (ET’O,dl), for EVT =
HPT9(Homy (Copy1, Kp); Z). Let (Df,d;) denote the cochain complex in the

. . 2r+1
i(n — 2)-th row of E|”, for any i = 0,...,{ Tt

J. Next we show that

(Dg, d1) is isomorphic to the cochain complex of a simplex.
LemMA 4.7. By’ =7, and By’ = B = - = B = 0.

Proof. Let Ao, denote an abstract simplex with 2r 4+ 1 vertices indexed
by [1,2r + 1], and identify simplices of Ay, with the subsets of [1,2r + 1]. Let
(C*(Agp; Z),d*) be the cochain complex of Ag, corresponding to the order on
the vertices given by this indexing. By (4.5), each S C V(Car41), |S| =p+ 1,
contributes one independent generator (over Z) to EY 0, Identifying these with
the generator in C*(Ay,; Z) of the corresponding p-simplex in Ag,., we see that
(Dg§,d1) and (C*(Agp;Z),d*) are isomorphic as cochain complexes.

Indeed, for such an S, 7g := leeHomo(Czr+1[S],Kn) @% is a representative of
the corresponding generator in EY 0 This is true even for S = V(Cor41), since
Hom (Cy41, K) is connected for n > 4, as was shown in [2, Prop. 2.1]. Clearly,

di(rs) = > DR D RV [T
@EHOMQ(CQT+1[S},KH) U¢S 1,[)|S:(,0

=) [5:5U{v}] > v =318 S U {v}]rsupe

vgS Y€Hom ¢ (Cayy1 [SU{v}],K) vgS

where the second equality is true since [+ : ¥4] only depends on S and v,
not on the specific choice of ¢ and . This shows that the following diagram
commutes:

CP(ANgy: Z) —2 s CPHY (A, Z)

Tl lf_

E{;,O d Ef-&-l,O?
where 7. : C*(Ag,; Z) — EI"O is the linear extension of the map taking S to g,
for S C V(Cor41). It follows that (D, d;) is isomorphic to (C*(Agy; Z),d*);
therefore EY? = Z, and Ey° = E3° = ... = E2"" = 0. O

4.5. The cochain complexes (Df,d;) = (ET’(n_Q)t,dl), for |(2r+1)/3] >
t > 2, and B! = HPT9(Hom (Cor11, Ky); Z). We shall perform only a partial
analysis of the cohomology groups of (D}, d;), which will however be sufficient
for our purpose.

For S C V(Co-41) and v € S, let a(S,v) denote the arc of S to which
v belongs (assuming this arc exists). Furthermore, for an arbitrary arc a
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of S, let a = [ae,a®]2r+1. Let |a| denote the number of vertices on a, and set
a:=[ae — 1,a® 4+ 1]2r41 (so |a| = |a| + 2, if |a| < 2r —1).
For any V C.SCV(Cy41), as in section 4.2, set o5y = a4 (Cor1[5], V).

. . 0,t(n—2
By our previous observations, F; (n-2)

2r—1, Ei”t("ﬂ) is a free Z-module with the basis {[og |}, where S C V(Ca,41),
IS =i+1, |V|=t, and v = ae(S,v) (i-e., [v—1]2r41 ¢ S) for all v € V. Since

05y is a cocycle in X"2(C941[S], Kn; Z), we have

= 0. Furthermore, for any 1 < ¢ <

(4.6) di([os0)) = Y (=1 [osugwol,
w¢S
where
(w) = |ISN[1,w—1]|, ifvd[l,w—1];
= n+|SN[Lw-1], ifvellw-1].

Note, that if i < 2r — 2 and [w]2,41 = [v — 1]2r41, then v # ae (S U{w}, w), so
[05U{w},0] may differ by a sign from one of the elements in our chosen basis.
We shall not need the analog of the equation (4.6) for the case |[V| > 2.

Let A} be the subcomplex of D] defined by:

AT 0 E127”—2,n—2 dy Efr—l,n—2 dy E%T’H_Q 0,

where the Z-modules indexed with 0,...,2r — 3 are equal to 0, and E;"~ 2"

is generated by {[og,]}, such that S and v satisfy all the previously required
conditions and, in addition, Co,41[S] is connected.

In general, let A} be the subcomplex of D} generated by all {[og ]}, such
that

(4.7) U a(S.v) = V(Carsa).
veV

In words: the gaps between those arcs of S which have points in V" are of length
at most 2. For future reference, we note, that (4.7) implies that |S| + 2|V| >
2r + 1, ie., |S| — 1> 2r — 2t; hence A] =0 for j < 2r — 2t.

LEMMA 4.8. H*(D;) = H*(A).

Proof. Let us set up another spectral sequence for computing the coho-
mology of the relative complex (Dj, A}). We filter by > .y [a(S,v)|. More
precisely, FP(Dj, A}) = Z[losv] | Xpev |a(S,v)| > p]. We see that

FP(D}, A7)/ FPHN(D;, A7) = Zl[osa] | Y la(S,v)| = pl;
veV
hence

EY(Df, A7) = HPH(FP (D}, A7) [FPPU(DF, AD) = @D HPM(M, ),

A1,...,0¢
A71y...,Q¢

where the sum is taken over all possible ¢-tuples of arcs aq, ..., a; such that
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(1) aina; =0, for any i # j, i,5 € [1,];

(2) las| + -+ lae| = p;
(3) UUGV CL(S, U) 7& V(02r+1)7
and Mj . is the cochain subcomplex generated by all {[cs.]}, such that
the arcs with vertices in V' are precisely ai,...,a, ie., {a(S,v)|v € V} =
{al, ‘o ,at}.
Restricting the formula (4.6) to M}, we see that M} is isomorphic to
the cochain complex C*(Ag,—p—2;7Z). More generally, we see that M; . is

At

isomorphic to C*(Ag,_5;Z), where p = ‘U,Uev a(S,v)|.
As mentioned, p < 2r; hence My,
the above conditions. We conclude that (Dj, Aj) is acyclic. The long exact

. is acyclic for any ay, . . ., a; satisfying

sequence for the relative cohomology implies that H*(A}) = H*(Dy). O
Now, we can show that E;’t(nd) =0fort>21i<2r—(t—1)(n—2),

that is Fy™ is 0 in the region strictly above row n — 2 and strictly below the
diagonal z + y = 2r + n — 2; see Figure 4.2. Indeed, this is immediate when
2r—2t > 2r—(t—1)(n—2), which after cancellations reduces to (n—4)(t—1) > 2.
The only cases when this inequality is false are (¢,n) = (2,5), and n = 4.

3n—6

2n — 4

2r

Figure 4.2: The possibly nonzero entries in the FEj”-tableau, for EP? =
HP*4(Homy (Cpy1, Ky ); Z).

4.6. The case n =5, for EY'? = HP*(Homy (Cor41, Kp); Z). Assume now
that n =5, t = 2.
LEMMA 4.9. E37 0 = 0.

Proof. By a dimensional argument, this is true if 2r +1 < 8, and so
we can assume that » > 4. By our previous arguments we need to see that
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dy : A%T%’G — A¥73% s an injective map. The generators of A%’"*A"G can be
indexed with unordered pairs {v,w}, v,w € V(Ca41), such that

[v—1,0+2]9r41 N [w—1,w~+ 22,41 = 0,

whereas the generators of A%T_?”G can be indexed with ordered pairs (v, w),
v,w € V(Cory1), such that

[U - ].,U + 2]2r+1 N [U) - ].,U) + 1]27»+1 = Q)
With this notation, we have

(4.8)
di({v,w}) = e1(v, w) + €2(v, [w + ar41) + €3(w, v) + 4w, [v + 12r41),

where €1,¢€9,e3,64 € {—1,1}.

Take 0 # >, ., ®wi{v,w} € kerd;. Choose v, w such that oy, # 0,
and the minimum of the two distances between the arcs {v,[v+ 1]2r4+1} and
{w, [w+ 1]2,4+1} is minimized. By symmetry we may assume [w — v — 1]g,41 <
[v —w — 1]ar41. Then, it follows from (4.8) that o, 1], ., w 7 0 as well.

Either {[v + 1]274+1,w} is not a well-defined pair or the minimal distance
between the two arcs is smaller for this pair, than for {v,w}: [w—v—1]g41 >
[w—v —2]2,41. Both ways we get a contradiction to the assumption that there
exists {v, w}, such that ay,, # 0. We conclude that d; : A%T_A"G — A?T_g’ﬁ is
injective, hence E;T_M = 0. O

This shows, that when n > 5, there are no higher differentials d;, i > 2,
in our spectral sequence, originating in the region above row n — 2 and below

diagonal = + y = 2r +n — 2. Hence, to figure out what happens to the entries
EZ"2 and EZ™73 it is sufficient to consider rows n — 2 and n — 3.

4.7. The case n = 4, for EV? = HPT(Hom(Coyy1, Ky);Z). For n = 4
the nonzero rows of E]"" are too close to each other, so we are to do the
computation by hand in a somewhat detailed way. Since the reduction from
(Df,dy) to (Af,dy) described in subsection 4.5 was valid when n = 4, we may
concentrate on the study of the latter complex. Let us first deal with (A%, d;).

LEMMA 4.10. H?"72(A3) = H*3(A%) = Z, and H'(A3) = 0, for i #
2r —2,2r — 3.

Proof. We filter A3 by
FPAG = Z[[05 v, 03] | min(a(S,v1)l, la(S,v2)]) > p] -

Clearly, --- C FP C [P*1 C ... . Inspecting the case p < r — 2, we see that in

this situation
2r+1
C*(FP A3/ FP45) = ) B,
i=1

where each B; is isomorphic to C*(A1), hence is acyclic.
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|
| | dy
| |
|
l ‘ l !
,,,,,,,,, e
s QO]
,,,,,,,,, e
| | | | o
2 | | l l '
777777777
\2r —4)2r —32r—22r—1; 2r
Figure 4.3: A part of the E["-tableau, for n = 5, and EP? =

HP 9 (Hom (Copy1, Ky); Z).

It follows that H*(A}) = H*(F"'A5/F""243). Let 0; = o0s,v;, where
S; = [’i—l—l,i—{—’l“— 1]27«+1U[i+7‘+2,i—1]gr+1, Vi = {i+1,i—|—T—|—2}, and
let 7; = 05 v where S; = S; U {[i + r]or+1}. Clearly, di(0;) = £7 £ Titr,
and to verify the statement of the lemma we need to show that the number of
those oy, for which dy(o;) = £(7; + Tit+r), is even. By (4.3) and (4.6) we see
that di(0;) = £(7 — Titr) if @ + 7 # 2r,2r + 1; i.e., the only cases we need to
consider are ¢ =r and ¢ =+ 1.

If i = 2r+1, the different sign comes from (4.6), and the sign contribution
is 2r + 2. This is an even number, hence again dy(0;) = £(7; — Ti4r). If i = 27,
the different sign comes from (4.3), but since n = 4 is even, the sign remains
the same. O

Next, we consider (A}, d;), for ¢ > 3. First, we introduce some additional
notation. Since the sign will not matter in our argument, we write og instead of
o5, it is then defined only up to a sign. For S C V(Car11), S = V(Car+1)\ S;
the connected components of Cy,.11[S] are called gaps. Each gap consists of
either one or two elements; we call the first ones singletons, and the second
ones double gaps. Let m(S) be the leftmost element of the gap which contains
min(S N [2,2r]241). For s € S, let 5 be the leftmost element of the first gap
to the left of the gap containing s, and let 5 be the leftmost element of the
first gap to the right of the gap containing s. For x,y € V(Car41), let d(x,y)

denote ||z, y]or+1| — 1.

LEMMA 4.11. By 2020 = gyr—2h2 — g,
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Proof.2 Clearly A = 0, unless 2r — 2t < i < 2r —t. Note that if og
is a generator of A?T_Qtﬂ, then S has exactly one singleton. We decompose
A?T_Qtﬂ = B ¢ By ® B3 & By, where each B; is spanned by the generators
og, for which certain conditions are satisfied; see Figure 4.4:

(B1) m(9S) is the singleton and d(m(S),m(S)) = 3, or m(S) is the singleton
and d(m(S),m(S)) = 4;

(B2) m(S) is the singleton, and d(m(S), m(S)) > 4;
(B3) m(S) and m(S) are in double gaps;

(B4) m(S) is the singleton, and d(m(S), m(S)) > 5.

ms)_ . m(S)
B -e—0—0'e—— oo & 00—
ms) m(S)
B, &—o0—0—0'le—et B;ie—e'0—0' e —e
,,,,,, m(S)

Figure 4.4: The four cases in the proof of Lemma 4.11.

Let (ﬁ;‘,dl) be the complex spanned by By, By, Bs, and A%, for 2r —
2t +2 < i < 2r —t. The relative complex (Af/A%, dy) has only cochains in
dimensions 2r — 2t and 2r — 2t + 1. It is easy to see that the projection d; :
A?T_Qt — Afr_%‘H /Z?T_QHI = By is an isomorphism, with the inverse given
by 05 — 05\ {m(s)-1}, Where og is a generator from By. Hence (A;"/Z;“, dy) is
acyclic, and we are led to study the complex (ﬁ? ,dq).

Next, we show that H2"~2+1(A¥) = 0, which is the same as saying that
d; is injective on B = By @ By @ Bs. Let 0 # 0 be in ker d; (B). We think of o
as a linear combination of the generators from the descriptions of By, Bs, and
Bs, and let M be the set of generators which have a nonzero coefficient in o.

Asm&> M contains a generator og from Bs, and choose og so that
d(m(S),m(S)) is minimized. The coboundary d;(og) contains a copy of
O5u{m(s)}- At most three other generators will contain ogyqm(s); in the co-
boundary, depending on which element we remove from SU {m(S)} instead of
m(S). Since we have chosen d(m/(S), m ) to be minimal, we cannot remove

2t is possible to rephrase this argument in terms of matchings on chain complexes; see [11].
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m(S) + 2. Hence, we must remove an element extending the singleton gap
which is not m(S) + 1. This gives a generator of By, yielding a contradiction.

From now on we may presume that M contains no generators from By
or Bs. Assume anat M contains a generator og from Bs. Again, choose og
so that d(m(S),m(S)) is minimized, and note that d;(og) contains a copy of
T5u{m(s)}- Examining the generators which contain ogy(,m(s)) in the cobound-
ary, we see again that, since removing m(S) + 2 from S U {m(S)} would con-
tradigt_t_he minimality; we must remove an element extending the singleton
gap m(S). This way we will produce a generator of By, except for one case:
when m(S) = 1, and we remove vertex 2. In this case we produce a generator
from Bs, hence again a contradiction.

Finally, assume M consists only of generators from Bj. Choose og so that
m(S) is maximized. Assume first that m(S) is in a double gap, and consider the
copy of ogum(s)} in d1(0s). There are three possibilities. Removing m/(S) + 2
gives a generator of By, whereas removing m(S) — 4 gives a generator of By.
Removing m(S) — 2 gives either a generator of Bs, if m(S) = 4, or a generator
or of By, such that m(T') = m(S) + 1. In either case we get a contradiction.

Assume now that m(S) is a singleton, and examine the copy of o

Su{m(S)}
in di(og). There is only one possibility for deletion: remove m(S) + 1. This
will produce a generator o7 of By, with m(T") = m(S), but such that m(7T) is
in a double gap, the case already dealt with.

This finishes the proof that H2 ~2+1(A¥) = 0, which, combined with

the acyclicity of (A7/AF,dy), and the fact that H*(A}) = H*(D}), yields
F2ro2n2 _ p2r-2t+12t _ 0
2 2

4.8.  Finishing the computation of H" %(Hom (Coy1, Ky); R) and of
H"3(Hom (Cgr11, Ky); R), for R = Zs or Z. Let us now turn our atten-
tion to the cochain complex A}. The generators of E%riz’nfz correspond to
arcs of length 2r — 1 and can be indexed with the elements of V(Ca,41): we
et Ty,2 = OV(Cy 1)\ fv—20—1}0s fOr any v € V(Corp1). In the same way the
generators of Efr_l’n_z correspond to arcs of length 27, we denote them by
setting 7,1 := Oy (cy, 1)\ {1} fOr any v € V(Copy1). It follows from (4.6)
that

di([ro2]) = (1) o] + (1) [ru-11];
for v=3,...,2r + 1, where the second sign follows from (4.3);
di([r22)) = (=1)" ' [ra1] =[],

where the first sign is determined by the fact that there are n + 2r — 3 vertices
before the one inserted at position 2r 4 1;

di([m12]) = (=1)" 4] + (=1 [r2rg11]s
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where we use again that there are n 4+ 2r — 3 vertices before the inserted one,
and, for determining the second sign, we use the fact that positions 1 and 2r+1
have different parity in [1,2r + 1]\ {2r}.

Summarizing, we have the following matrix for the first differential in Aj:

r(—1)"+t 0 0 0 0 (=)™

-1 (-t 0 0 0 0

0 -1 1 0 ... 0 0

M= 0 0 1 -1 0 0
L 0 0 0o 0 ... -1 1 |

Assume first that n > 5, and (n,r) # (5, 3).

Case 1: n is odd. It is easy to see that the kernel of the differential
dy : B 72772 o B2 s one-dimensional and is spanned by

[T1,2) + [T22] + [132] — [Ta2] + [75,2] — [T6,2) + -+ + [T2r41,2],

2r+1
E CiTi,1

while the image is

i=1

It follows that E;T_z’"_2 = Z. Recall that, by Corollary 4.3, the coho-

mology groups of Homy (Co,4+1, K},) vanish in dimension n + 2r — 2 and less.

2r+1
ZCZ:O}

=1

i 22— 2r,n— . .
Hence, since dy : By 7" ° — E;"" 3 must be an isomorphism, we have
Efr’”_3 = E;T’"_?’ = Z. On the other hand, the map d; : Efr_l’"_Z N Efr’n_2
is surjective, and EgriLn*Q = Egr’n*2 = 0, so that Elmn’nf2 =Z.

. : ~or—2mn—2 2r—1,n—2
Case 2: n is even. In this case the map dy : Fy "~ — E{" "

is injective. It follows that E3"~>""% = 0, and hence E:"""° = E3""7% = (.

The image on the other hand is not the whole Efr_l’”_z, but only

2r+1 2r+1
{ [Z ciTM] Z ¢i = 0(mod 2)} .
i=1 i=1

The fact that E3 "2 = E3"" % = 0 and the surjectivity of the map d; :
BT P2 imply that B 7% = Zo. Again, we used the fact that
H(Hom, (Cayq1, Ky)) vanish in dimension n + 2r — 2 and less.

If (n,7) = (5,3), then the argument above essentially holds, with the
exception that dy : B} n2 o, E%r’n_z does not have to be surjective.
Instead, Imd; = Z and E;"" ?/Imd, = Z. Thus H" %(Hom (C7, K5);Z) =
E%r,n—Q _ Zg.

Assume, finally, that n = 4. If 2r + 1 = 5, then the computations above
hold. If 2r +1 > 7, the argument above still shows that the image of the map




990 ERIC BABSON AND DMITRY N. KOZLOV

(n,r) R Hn2 Hn3

2 fn,n>5,(n,r)#(5,3) Z Z Z

(n,r) = (5,3) Z 72 v/

2| n,n>6, or

n=4r<3 7 Zo 0

n=4,r>4 Z 7D Lo 0

n>>5,(n,r) # (5,3), or

n=4r<3 Lo Zo Zo

(n,r) = (5,3), or

n=4,r>4 Zo 73 ZLo
Table 4.1.

dy : B9 — B is Zdy (1)), and 2dy (1) = dy(271,) = 0. 1f 2r 41> 9,
we can compute EfT’Z and Elzr’1 completely, since H*(Hom, (Co,41, K;,)) vanish
in dimension n + 2r — 2 and less. In this case, the image of the map d; :
Efr—lﬁ — Efr’Q is Zs, and the map ds : EST_3’4 — EST’Q is an isomorphism.
Since, as we have shown earlier, E22T73’4 = 7, we conclude that Efr’z =7® 7,
and E7"' = 0.

It follows that, for all (n,r), H‘(Hom(Ca1,K,);R) = 0, if i €
[1,n—4], and R = Z or Zy.> We summarize our computations of the next two
cohomology groups in Table 4.1, where H® = H*(Hom (Co,41, Ky,); R), and the
case (n,r) = (4, 3) is conjectural.

Proof of Theorem 2.6. For n > 6, and n = 4, r < 3, this follows from the
fact that the target group of the map is Zs. For n = 4, r > 4, we have shown
above that 2d;(71,) = 0. By the construction, 71, = oy(c,, )\ {r1},r> SO that
di(T1) = *ov(c,,,,), Let V(Kz2) = {1,2}, and pick a nontrivial element
a € H" 2(Hom (K2, K,,); Z) by setting o := n*, n(1) := [1,n — 1], n(2) := {n}.
Clearly, tj; () = *ov(c,, 1), Where t(1) =7, 1(2) = 7+ 1. Thus, we see that
2 1j () = £2di(11,) = 0. O

4.9. The Za-action on the cohomology groups of Hom (Coyy1, Ky,) for odd n.
Throughout this subsection we assume that n is odd, and that (n,r) # (5, 3).
We tensor all our groups with C to simplify the representations. We denote
by x; the one-dimensional representation of Zs given by the multiplication

by (—1)".
2r.n—2

LEMMA 4.12. E] = Xr, 6S a Zo-module.

3This has been strengthened to yield connectivity in [4]; later a shorter proof appeared
in [6].



PROOF OF THE LOVASZ CONJECTURE 991

Proof. Recall that oy (c,, ,,)2r+1 = Zn n%, where the sum is taken over
all n, such that n(2r+1) = [1,n—1], and |n(z)| = 1, for all i = 1,...,2r. Note
that oy (c,,,,)2r+1 1S a representative of the generator of Efr’”_2. Clearly,
{no~} = {n} as a collection of cells. To orient the cells in the standard way we

need to reverse 7 as the permutation of V(Ca,41). The sign of this is (—1)";

hence y([ov(c,,,1).2r+1]) = (1) [0V (i) 2r+1]- O
LEMMA 4.13. EfT_l’"_2 =7rX0+TX1 + Xniri1, a8 a Zo-module.
Proof. T11,...,T2r41,1 can be taken as the representatives of the generators
of EY" 172 We see first that
(4.9) Y([r) = (1) ).

Indeed, y([71,1]) = sgnm - [o71 2/ 2,], where 7 is the permutation induced by ~y
on the vertices of each support simplex of 7 1; i.e.,

T=Mm+2r—-2n+2r—3,...,n+1,n,1,....,n—1).

Since 7 consists of inverting the sequence (1,...,n+2r—2), and then inverting
the subsequence (1,...,n — 1), we see that

sgnm = (—)L=E= ] o Ll 2y,

where we used the fact that the sign of inverting a sequence [1,...,m] is
(-1) L%J, and that, for any natural number m, we have L%J + LmT_lJ =m-1.
Additionally, [0(1 2r),2r] = —[0[1,20,1] by (4.3); hence 4.9 follows.

Next, we shall see that
(4.10) V([r2r42—ia]) = (=1)"[Tip1,];
for i = 1,...,2r. Again, ¥([r2r42-i1]) = sgn7 - [0y (e, ,0)\{i},i—1], Where 7
consists of inverting the sequence (1,...,n 4 2r — 3), and then inverting some

subsequence of length n — 1 back. It follows that
sgnm = (—1) [=5=2]+["3] = (_1)T—1+L"T_1J+L"T‘1J = (—1)"*L,

On the other hand, by (4.3), [ov(cy, . )\{i}i—1] = —[OV(Caryi)\{i},i+1]; hence we
get (4.10). The actual sign has no bearing on our final conclusion.

Since the permutation action of Zy on a 2-dimensional space decomposes

as X0+ x1, the formulae (4.9) and (4.10) together yield the claim of the lemma.

O

LEMMA 4.14. EfT_Q’"_z =7rX0 + rX1 + Xri1, as a Zo-module.

Proof. T12,...,T2r41,2 can be taken as the representatives of the generators
of E%T_Q’n_z. We see first that

(4.11) Y([rrr22]) = (1) 1 y22]-
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We have y([7422]) = sgn [0y (c,., )\ {r,r+1},r—1), Where 7 consists of inverting
the sequence of length n+2r—4, and then inverting some subsequence of length
n — 1 back. It follows that

sgnm = (—1)Ln+2zr_4J+L"T_1J — (_1)T—2+{%J+L"T‘1J — (—1)r,

Furthermore, by (4.3) [ov (o, )\ {rr+1}r—1) = (= 1) [0V (Cyp )\ frir+1} 2], Where
(—=1)™ is composed of 2r — 3 steps changing the sign, and one step changing the

sign by (—1)"*1, since 1 and 2r+1 have the same parity in V (Ca,41)\{r,r+1}.
Summarizing we get (4.11).
Second we note that

(4.12) Y([r2r+2-i1]) = £[7ir2.];
for i € V(Coy1) \ {r + 2}. Indeed, as before we see that v([Tor42-i1]) =
Hovcn, s\ fait1}i-1] = FOV(Cn )\ fiit1},iv2)-

Equations (4.11) and (4.12) show that the Zs-representation splits into
Xr+1 and the r-fold permutation action, yielding the claim of the lemma. O

COROLLARY 4.15. The group Zs acts trivially on H"~2(Hom (Cary1, K); 7Z)
=7, and as a multiplication by —1 on H"3(Hom (Car11, Ky); Z) = Z.

Proof. Tt follows from Lemmas 4.12, 4.13, and 4.14 that Efr’n_?’ = Xri1,
as a Zg-module. The result follows now from equation (3.6). O

5. Cohomology groups of Zs-quotients of products of spheres

From now on, unless explicitely stated otherwise, we shall only work with
Zo-coeflicients.

We begin by introducing another piece of terminology: for a positive inte-
ger d, let d-symbols be elements of the set {x, 00}, where * will denote an open
d-cell, and oo denote a 0-cell. We assume throughout this section that d > 2.
For example, S? is decomposed into * and oo, whereas a direct product of ¢
d-dimensional spheres decomposes into cells, indexed by all possible t-tuples of
d-symbols. We let dim * = d, dimoo = 0, and we set the dimension of a tuple
of d-symbols as the sum of the dimensions of the constituting symbols.

5.1. Cohomology groups of Zs-quotients of products of an odd number of
spheres. Let X be a direct product of 2t + 1 d-dimensional spheres, and let Zo
act on X by swapping spheres numbered 2i+ 1 and 2i, for i € [1,¢], and acting
on the first sphere by an antipodal map. We shall decompose X/Zs into cells,
and describe its cohomology groups.

Clearly, X /7, is a total space of a fiber bundle over RP? with fiber homeo-
morphic to a direct product of 2¢ d-dimensional spheres. Consider the standard
cell decomposition of RP? with one cell in each dimension i € [0, d].
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PROPOSITION 5.1. The space X/Zo can be decomposed into cells indezxed
with (i, x,y), where x and y are t-tuples of d-symbols, 0 < i < d. The dimension
of this cell is dim(i,z,y) =i + dimz + dim y.

The coboundary is given by the equation

(51) di—&-dimm—&-dimy((i?x’y)*) — (7] + 1,x,y)* + (Z + Ly’x)*’
where the cochains are considered with Zso coefficients.

Proof. Divide X into cells, by taking the product cell structure, where
spheres 2 to 2t + 1 have one 0-cell and one d-cell, whereas the first sphere is
subdivided as a join of d + 1 O-spheres, with Zs acting antipodally on each
of these 0O-spheres. The cells can then be indexed with triples (i,z,y)+ and
(i,z,y)—. The coboundary is given by

(5.2) d((t,z,y)5) = (G + Lz,y)L + (i +1,z,y)".

This cell structure is Zo-equivariant, and no cells are preserved by the involu-
tion. This means that it induces a cell structure on X/Zs. Let (i,x,y) denote
the orbit { (4, z,v)+, (i,y,z)_}. After taking the quotient, (5.2) becomes (5.1).

O

From Proposition 5.1, the generators of H*(X/Zy;Z2) are indexed with

e (i,z,x), for any 0 <i < d, and a t-tuple of d-symbols z, here (i,z,z)* is
the cocycle;

e (0,z,y), for any t-tuples of d-symbols x # y, here (0, z,y)* + (0,y,x)* is
the cocycle; (0,z,y) and (0,y, x) index the same generator;

e (d,z,y), for any t-tuples of d-symbols = # y, here (d, z,y)* is the cocycle;
(d,z,y) and (d,y, ) index the same generator.

In other words, the cohomology generators are indexed by pairs ((A), 1),
where A is a 2 x t array of d-symbols, and i € [0,d], if A is fixed by Zo, while
i € {0,d}, if A is not fixed by Zy. Here Zy acts on the set of all 2 x ¢ arrays of
d-symbols by swapping the two rows, and (—) denotes an orbit of this action.

For future reference, we note the following property: these generators
behave functorially, under the maps which insert additional pairs of spheres.
More specifically, assume ¢ > ¢, and let f : [1,¢] < [1,¢] be an injection. Let
f:8%x - x 8% - §%x ... x §%be the following map: f is the identity on

2¢+1 2641
the first sphere, it maps isomorphically the spheres indexed 2i and 2i + 1, for
i € Im f, to the spheres indexed by 2f~!(i) and 2f~!(i) + 1, and it maps the
remaining spheres to the base point. Then, the induced map on the cohomology
f* maps the generator ((A),4) to the generator ((A),7), where A is the 2 x ¢
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array obtained from A as follows: the column f(7) in A is equal to the column i
in A, and, for j ¢ Im f, the column j in A consists of two oo’s.

5.2. Cohomology groups of Zs-quotients of products of an even number of
spheres. Let X be a direct product of 2t d-dimensional spheres, and let Zo
acting on X be swapping spheres 2i — 1 and 2, for i € [1,¢t]. A customary
notation for X/Zy is SP?(S% x --- x §%). Again, we shall decompose X/Zs

t
into cells, and describe its cohomology groups.

PROPOSITION 5.2. The space X/Za can be decomposed into cells indezxed
with two types of labels:

Type 1. the unordered pairs {x,y}, where x and y are t-tuples of d-symbols,
x # y; the dimension is dim z + dim y;

Type 2. (z,x,k), where x is a t-tuple of d-symbols, and 0 < k < dimz; the
dimension is dimx + k.

With Zo coefficients, the coboundary is equal to 0 for all generators, except
for (z,2,0)*, when dima > 1, in which case dY"™*(z,2,0)* = (x,z,1)*. In
particular, the generators of fli(X/Zg; Z3) are indexed with the same symbols
as the cells in our decomposition, except for (z,x,0) and (z,z,1).

Proof. Start with a usual subdivision of a direct product of 2¢ d-spheres,
with the cells indexed by pairs (z,y) of t-tuples of d-symbols. For x # y, the
set (z,y) U (y,x)/Zs is a cell in X/Zs, which we label {z,y}.

To do the same for z = y, we need to take a finer subdivision of (z,z).
Let (z,2,k)*, resp. (z,z,k)”, be the set of all points @ € R?4mz 5 —=
(Oéi)ie[gdimz], such that a; = ojdima, for k+1 < j < dimz, and o > Qi dima,
resp. g < Qkidimz- Obviously, (z,z, k)" and (z,z,k)” are cells, which are
mapped to each other by the Zs-action. These cells are different for k£ > 1,
whereas (z,2,0)" = (z,2,0)” is fixed pointwise.

Set (z,z,0) := (z,2,0)", and (z,z,k) := (x,2,k)" U (z,z,k)" /Za, for
k > 1. The statements about the coboundary map and the indexing of the
cohomology generators follow immediately from our construction. O

When we rephrase Proposition 5.2 in the language of arrays, the generators
of H*(X/Z9;7Z5) are indexed with Zg-orbits (A) of 2 x ¢ arrays of d-symbols,
with an additional index 2 < ¢ < dim A/2, if A is fixed by the Zs-action. Here
dim A is the sum of the dimensions of all entries of A.

Again, we have functoriality in the following sense: if ¢ > ¢, and f : [1,t] —
[1,¢] is an injection, define f:8%x- o x 8% = §%x ... x §% analogously to

2q 2t
the one in subsection 5.1. Then f* maps (A), resp. ((4),4), to (A), resp.
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(<A>, i), where Ais a 2 x g array of d-symbols obtained from A by inserting
the columns consisting entirely of oo’s in the places indexed by [1,¢] \ Im f.

6. Spectral sequence for H*(Hom, (Cor 11, Ky,)/Zo; Zo)

Next, we would like to show Theorem 2.3(b). We assume that
w?72(Hom (Cory1, Ky)) # 0,

and arrive at a contradiction by doing computations in a spectral sequence,
which we now proceed to set up.

6.1. Zg-equivariant cell decomposition of Homi(Cory1, K,). For conve-
nience, we give following names to the vertices of Co,y1: ¢ := [0]op4+1, a; =
[r + i]or+1, and b; := [r + 1 —i|gp41, for ¢ € [1,7]. That is, v : Cori1 — Copgq
fixes ¢, and 7y(a;) = b;, for any @ € [1,7]. Identify V(Ca,41) with the vertices of
an abstract simplex As,. of dimension 2r. It is also convenient to have optional
notation for ¢, namely a,1,b,1 := c¢; see Figure 6.1.

We subdivide the simplex Ao, by adding r more vertices, which we denote
€1,C2,...,¢r, and defining a new abstract simplicial complex Ay, on the set
{c,ar,...,ap,b1,...,bp,c1,...,00} = V(Agr). The simplices of Ay, are all the
subsets of V(Ay,) which do not contain the subset {a;, b;}, for any i € [1,7].
We set C = {c,c1,...,¢ }. The complex Ay, comes equipped with a simplicial
Zs-action, which fixes C and swaps a; and b;, for all i € [1,r]. For S C V(Agr)
we let (S) denote the Zs-orbit of S.

One can think of this new complex AQT as the one obtained from Ao, by
representing it as a topological join {c}*[a, b1]*- - -*[a,, b,], with the additional
simplicial structure defined by inserting an extra vertex ¢; into the middle of
each [a;, b;], and then taking the join of {¢} and the subdivided intervals. For
& € Ay we obtain 9(5) € Ag, by replacing every ¢; in & by {a;, b}, ie.,

9(3) = (5 \ {ets- s er}) UU, e bi}-

ar = [r + 141 = [4]7 b1 = [rlar41 = [3]7

Figure 6.1: Summary of notations.
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The simplicial complex Ay, has an additional property: if a simplex of A,
is y-invariant, then it is fixed pointwise. This allows us to introduce a simplicial
structure (strictly speaking - a structure of triangulated space) on Ay, /Za by
taking the orbits of the simplices of Ao, as the simplices of Ao, /Zo.

6.2. The chain complex of the subdivision of Homy(Copy1, Ky). Since
we are working over Zs, from now on we shall drop the 4+ notation for the
simplices of Homy (Cor41, Ky); e.g., we shall write n* instead of % (here we
refer to notation introduced in §3.2).

Let us now describe a cochain complex 5*(Hom+(02r+1, K,);Zs3), which
comes from a triangulation of the simplicial complex Hom (Co,41, K;). The
cochain complex consists of vector spaces over Zs, whose generators are pairs
(n,0)*, where i € Hom, (Cy41, Ky,), and o € Ay, such that 9(c) = supp7.
Such a pair indexes the cochain which is dual to the cell n N supp ~!(c). The
coboundary of (n,0)* is the sum of the following generators:

(1) (7,0)*, if supp @ = suppn, n € 97, and dim7 = dimn + 1;
(2) (n,oU{z})*, if z € V(Ag) \ o, and 9(0) = 9(o U {z});
(3) (1,0 U{x})*, if z € V(Ay) \ o, 9oy = 1, and all the values of 7 on
Y(o U{z}) \ ¥(o) have cardinality 1.
The degree of (1,0)* in C*(Homy (Cary1, Ky)) is given by
deg(n,0)* =lo| =1+ > (In(v)| = 1) = degn +|o| - [3(o).

vESUpPpP N

Zo acts on C~’*(Hom+(C’2T+1, K,)) and we let 622 (Homy (Coyry1, Ky,)) denote
its subcomplex consisting of the invariant cochains. By construction of the
subdivision, 5%2 (Homy (Coyy1, Kp)) is a cochain complex for a triangulation of
the space Homy (Coyy1, Ky,)/Zo.

6.3. The filtration of C* ,(Homy (Cari1, Kp); Zg). This time, we consider

the natural filtration (F° D F1 D ...) on the cochain complex
C3 (Homy (Cory1, Ky ); Zo)

by the cardinality of o. Namely, F? = F' pC* ,(Homy (Car i1, Kp); Za), is a cochain
subcomplex of C7 2(H0m+(C'2T+1,K ); Z2) deﬁned by:

Fr.... 970 fFra 9% ppar1 97
where
ﬁp,q = ZQ [(7%0—)* } (7770) € ng (Hom+(02r+laKn);Z2)v ‘O—’ > p+ 1] 3

and 0" is the restriction of the differential in C7, (Homy (Copy1, Kp); Zo).
The following formula is the analog of (3.7).
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PROPOSITION 6.1. For any p,

FP/FP* =P C* (Hom (Cor 1 [9(0)], Kn) /233 Zo) [—p)

(6.1) .
D C* (Hom (Cor 11 [9(7)], Kn); Zo)[—p),
()
where the first sum is taken over all o C C,~|a| =p+ 1, and the second sum is
taken over all orbits (1), such that T C V(Ag,), |[T|=p+1, 7\ C # 0.

Hence, the Oth~ tableau of the spectral sequence associated to the cochain
complez filtration F* is given by

EP? =D C(Hom (Car 41 [9(0)], Kn)/Zo; Zo)

(6.2) @ CY(Hom (Copry1 [9(7)], Kn); Z2),

(1)

with the summations over the same sets as in (6.1).

6.4. The analysis of the spectral sequence converging to
H* (H0m+ (02r+17 Kn)/ZQ, ZQ)

The E]""-tableau of this spectral sequence is given by
Bt = prha(Fr, e,

It follows immediately from the formula (6.2) that each EP"? splits as a vector
space over Zs into direct sums of HY(Hom (Coy41[S], Kpn);Z2), and of
H%(Hom (Cay41[S], Ky)/Z2;Z2). More precisely,

EP? =D H(Hom (Car11[0(0)], Kn)/Z2; Z2)
aCC

P H(Hom (Corya[9(7)], Kn); Zo).
(r),7ZC

(6.3)

The generators of EY? stemming from o C C will be called symmetric,
whereas the generators stemming from (7) for 7 € C will be called asymmetric.
For i € [1,r], we shall denote the arc {a;,a;—1,...,a1,b1,ba,...,b;} by —,.
For 2 < ¢ < r, we denote the arc {a;, aj+1,...,ar,¢, by, by_1,...,b;} by —~;. For
2<i<j<r,let (” denote the arc {a;, ajt1,...,a;}, let )” denote the arc
{bj,bj—1,...,b;}, and let ()” denote the symmetric pair of arcs (” and )”
PROPOSITION 6.2. The map
(6.4) ¢ H" 3(Hom (Copy1, Kp)/Zo; L) — H™ 3 (Hom (Copy1, Kp); Zo),

15 a 0-map.
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Proof. First of all, since we are working over the field Z, the map ¢"~? is

dual to the map on homology
qn—3 : Hyp3(Hom (Cop 11, Kp); Z2) — Hp_3(Hom (Cory1, Ky)/Zo; Za);

hence it is enough to prove that ¢,_3 is a 0-map.
We start by proving that g,,—3 = 0 over integers. The map ¢,,—3 commutes
with the Zs-action. Recall that we have proven that

H" 73 (Hom (Cop i1, Ky); Z) = H" 2 (Hom (Cpy1, K ); Z) = Z,

and so it follows that H,,_3(Hom (Co,41, Ky,); Z) = Z. Let & be a generator of the
group H,,_3(Hom (Cs,41, K,); Z). By our previous computations 757 (¢) = —¢,
since H,,—3(Hom (C,41, K,); C) = x1 as a Zo-module (it is a dual Zs-module to
H"3(Hom (Cg,1 1, Ky,); C)), and since H,,_3(Hom (Ca,1 1, Ky,); Z) is torsion-free.
On the other hand, the Zg-action on H,,_3(Hom (Cori1, Ky)/Z2;Z) is trivial;
hence

~Gn=3(&) = an-3(—&) = @n—3(v""(€)) = 7" (qn-3(£)) = @n—3(¢).

We conclude that ¢,—3(§) = 0.
Second, by the universal coefficient theorem the map

7 Hp_3(Hom (Copy1, Kp); Z) ® Zo — Hyp—3(Hom (Copt1, Ky,); Z2)

is injective and functorial. In our concrete situation, this map is also surjective;
hence the claim results from the following commutative diagram:

H™3(Hom (Cars1, Kn )i Z) ® Zy 22 H"3(Hom (Capsr, Kpn)/Z2: Z) @ Lo

i |

H”*3(Hom (02T+1,Kn);Z2) L H”*3(Hom (02T+1’Kn)/ZQ;Z2). O
LEMMA 6.3. E5 V"3 = 7.

Proof. To start with, the only contribution to EI’n_3 comes from o = C, so
the fact that ¢" 3 in (6.4) is a O-map implies that the differential d; : EI’"_:)’ —
E7T"73 4s a 0-map as well.
Consider the cochain complex

A*'Er+1,n73 dy Er+2,n73 i dy E2r,n73
-1 1 1 .

The generators of EIH’n_?’ come from 7 = CUI, for I C {ay,...,a,,b1,...,b,},

|I| = i. We can identify the generator indexed by (r) with the simplex of
RP™ ! 2 {ay,b1} *---*{a,, b} /Z2, indexed by (I), where the Zs-action swaps
a; and b;, for i € [1,r].

By inspecting the description of the differential di we see that A* is iso-
morphic to the chain complex C*(RP"!;Zy). It follows that E§+1’n_3 =
HO(RP™Y; 7o) = Zs. O
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~ d b CLemma 6.4)
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Figure 6.2: The Ey"-tableau, EY? = HP™9(Hom (Cort1, Kp)/Z2; Z2).

In the proof of the next lemma we shall often use the chain homotopy
between 0 and the identity.

Let (C*,d) be a cochain complex, and assume there exist linear maps ¢™ :
C™ — O™ 1, Vn, such that

(6.5) " d(a)) + d(¢™(a)) = a, for all a € C™.
Then C* is acyclic.

The proof is immediate, since modulo the coboundaries, every a € C™ is
equal to ¢""1(d(a)); hence d(a) = 0 implies a = 0 modulo the coboundaries.

LEMMA 6.4. Ej """ =0,

Proof. Set
A* - E?’n_2 L Ell,n—Z i} . i} E%r,n—Q.
Clearly, to show E5 "2 = 0 is the same as to show that H"~1(A*) = 0.

For dimensional reasons, every generator in A* is indexed either by o C
V(Ay,) with an arc selected in (o) (which we call the indexing arc), or the
whole set V(C3.11) (namely, those coming from H" 2(Hom (Cory1, Ky)/Zs2)
and from H" 2(Hom (Cy,41, K,))). To simplify the terminology, we shall call
the set V(Ca,41) an arc as well. Filter the cochain complex A* = G?"+1 D
G¥ D .- D G? D G' =0, where G' is spanned by the generators whose
indexing arc has length at least I. We shall compute H"~!(A*) by considering
the corresponding spectral sequence Eg’q = CPTI(GP/GPY).
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In the same pattern already encountered, the cochain complex
(GP/GP~L,dp) splits into a direct sum of subcomplexes which are indexed by
different arcs. For an arc a, let B denote the corresponding summand. Hence
E‘f’q = @, HP™1(B}), where the sum is taken over all arcs a of length p.

Next, by considering all possible arcs case-by-case, we compute the entries
Ef’r_l_p, for p=2,...,2r + 1. To start with, since ¥(c) = V(Cap41) implies
lo| > r+1, Egrﬂ’*?’*z = C"1(G**+1/G?") = 0 for dimensional reasons; hence

=9r4+1,—r—2
ET T2 =0,
We shall only consider the cases where we cannot use dimensional reasons

to immediately conclude that B! = 0.

Case 1. Let a =—,. Then, B"~2 = 0 for dimensional reasons, and
B! = Zy coming from ¢ = {c1,...,c.}. The differential d : B/~! — B! is
a 0-map since f~2 : H" 2(RP"2;Zy) — H"2(S""2;Zy) is a 0-map, where
f:8v2 — §"2/7, = RP" 2 denotes the covering map. Hence, in this case,
H™Y(B}) = Zs.

Case 2. Let a =—3. Again, B"~2 = 0 for dimensional reasons, and B! =
Zsy coming from o = {cg,...,¢,,c}. However, this time d(B.~1) # 0, since it
is induced by the map "2 : H" 2(Hom (G, K,,)/Z2) — H" 2(Hom (G, K,,)),
which, as we have seen, is not a O-map; here G is the tree on three vertices
and Zg action is swapping the leaves. Hence H"~1(B) = 0.

Case 3. Let a =—y, for 1 <k <r—1. Let a € B]" be a generator indexed
by 0 C V(Ay,). If 6 € C, and z € {ay,...,ar,b1,..., b} \ {Gxs1,brp1}, then
the differential maps « to the generator indexed by (o U {z}) (again —y is
selected) as a 0-map, for the reason described in Case 1. This means that
the complex B} splits into two direct summands, one containing all generators
indexed by o C C, and the other those indexed by (o), such that o\ C # 0.

In both summands, define ¢ («) to be the generator indexed by (o \ {c}),
if c € 0, and ¢"(a)) = 0 otherwise. The equation (6.5) is satisfied, and so both
summands are acyclic, hence so is B, in particular H"1(B}) = 0.

Case 4. Let a =—p, for 3 < k < r. We do the same as in Case 3
with ¢, replaced with ¢;_s. However, in this complex, if ¢ C C, and x €
{ai,...;ar, b1, .. by} \ {ag—1,bk—1}, then the differential maps « to the gen-
erator indexed with (o U {x}) (again — is selected) as an identity; hence the
complex does not split and equation (6.5) can be applied to the whole complex,
yielding H"1(B}) = 0.

Case 5. Let a = (27, For each indexing orbit (o) choose the represen-
tative o such that a; ¢ o. Define ¢* as in Case 3, taking b; instead of c.
Equation (6.5) is rather straightforward. We just need to pay attention to

what the differential does to the generator indexed by o =C \ {c1, c}.
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It follows from the description of the cell decomposition and the coho-
mology of SP?(S"~2), given as a special case in subsection 5.2, that the map
P2 H2(SP2(S"2); Zg) — H™2(S™2 x S""%,Zy), induced by the quo-
tient map, takes the nonzero element to the sum of the two generators of
H"2(S"=2 x "2, 7,) corresponding to each of the two spheres. In B} this
means that the differential of o will contain the generator of (o U {b1}), with
the indexing arc (2’7", but not the generator of (o U {b1}), with the indexing

arc ) .- Thus we conclude again that Bj is acyclic, and H —1(B}) =0.

1

)

Case 6. Let a = (17"

is spanned by the 2" ! generators which we can index with sets {a1, &2, ...,&},
where & € {a;,¢;}, for 2 < i < r. Denote by a the generator indexed by the
set {a1,a2,...,a,}. The coboundary of every generator o # @ contains some
generator (3 indexed by {b;,a1,&2,...,& }. Since « is uniquely reconstructible
from 3, and the coboundary of a does not contain such generators as (3, we
see that an element in ker(d : B"~! — B") cannot contain o with a nonzero

. B'=2 = 0 for dimensional reasons. The space B’ !

coefficient. Thus, the only chance for this kernel to be nontrivial would be
when a lies in it, but, obviously, d(a) # 0. Hence, once again, B} is acyclic,
and H"~1(B}) = 0.

Case 7. Let a be an assymetric arc, such that a N {a,,b,,c} = 0. The
complex B is isomorphic to a simplicial complex of a cone with an apex in
the vertex c¢. Hence B} is acyclic, and H"~}(B}) = 0.

Case 8. Let a be such that a N {ay,as,b1,b2} = (. The complex B is
isomorphic to a simplicial complex of a cone with an apex in the vertex c;.
Hence B} is acyclic, and H"~1(B) = 0.

Case 9. Let a = {c,ai, ait1,...,0r,br,bp—1,...,b;}, for 2 < i < j, where
possibly j = r + 1, which means a does not contain any b;’s. The complex B}
is isomorphic to a simplicial complex of a cone with an apex in the vertex b;.
Hence B is acyclic, and H"~1(B}) = 0.

Case 10. Let a = {a;,a;—1,...,a1,b1,ba,...,b;}, for r > i > j > 1. The
complex B} is isomorphic to a simplicial complex of a cone with an apex in
the vertex a;. Hence B} is acyclic, and H"~1(B}) = 0.

We can now summarize our computations as follows: E’f TP — ) for
p=2,...,2r — 1, whereas E-"""' = Z,. The generator of E-"""' comes
from a =—,, which in turn comes from w?} ?(Hom (K>, K,)). The map d; :

~or _p—1  2r4l,—r—1 .
E"TTT = Elwr "% is the same as

(e, )" 2 . H"2(Hom (K3, K,) /Zo; 7o) — H™ 2 (Hom (Coyy1, Ky)/Zo; 7o),

where ¢ : Ko — (9,1 is either of the two Zs-equivariant inclusion maps which
take the vertices of Ks to {a,b1}.
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Since we assumed that !~ %(Hom (Ca, 41, K,,)) #0, and the Stiefel-Whitney
characteristic classes are functorial, we see that dp : QT - E2r+1 -l
has rank 1, hence E% =1 = 0. Thus Eg’r =r = 0, for p =2,...,2r+1, and

we conclude that ET Ln=2 _ . O

LEMMA 6.5. B """t =0 foralli=2,3,...,r

Proof. First of all, we note that the generators in the columns indexed
by r — 1 and less come from H*(Hom(Car11[S], Kn)/Z2;Z2) and from
H*(Hom (Car41[S], K»n); Z2), with S # V(Ca,41) in both cases.

For each row ¢, ¢ > n — 2, we shall show that the subcomplex A} =
(E7%, dy) is acyclic in the entry n+r —q — 3.

We begin by dealing with the case ¢ = n — 1 separately; that is we
analyze the entry Ej 2n=1 1t follows from Propositions 5.1, 5.2, and for
dimensional reasons, that the entries EY" 1 By 1 . BTV are gener-
ated by the contributions whose indexing collections of arcs are (~;, ~;), for
1<i<j—1<r—1.

The contributing spaces are homotopy equivalent to S" 2 x X/Zs, where
X is a direct product of 2t + 1 (n — 2)-dimensional spheres, and Zs-action is
as in Section 5. The generators appearing in the first  entries of the (n — 1)th
row are coming from the (n — 2)-cocycle of S"~2 and the 1-cocycle of RP" 2,

The analysis of the differentials shows that the complex EO n-l dy El1 n-l dy

LG E{” Ln—l computes the nonreduced homology of a simplex with r — 2
vertices (which could be identified with the set {ca,...,c,—1}). It follows that
the entry Ey Zn—1 , which computes the first homology group is equal to 0.

We assume from now on that ¢ > n. Similar to subsection 4.5 we filter
the complexes A7. To describe the filtration, we sort all generators into five
groups. The first group (Grl) contains all asymmetric generators, i.e., those
coming from (o), for o Z C. The symmetric generators, coming from o C C,
are divided into four groups, depending on whether the indexing collection of
arcs

(Gr2) contains both an —~-arc, and an —-arc,

)
(Gr3) contains an ~—-arc, but not an —~-arc,
(Gr4) contains an —~-arc, but not an —-arc,

(Grb) contains no —~-arc, and no —-arc.

The groups are ordered as above. We filter the complex Aj by first sorting the
generators by the groups, and then, within each group we filter additionally
by the total length of the indexing arcs.

Let E* denote the tableaux of the spectral sequence computing the co-
homology of A7. In complete analogy to the situation in subsection 4.5, E’S’*
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splits into pieces indexed by various collections of arcs, which we shall call
layers.

We start by analyzing the contributions of the asymmetric generators.
Consider the subcomplex B* in the splitting indexed by a collection A of ¢
arcs of total length [. Since the asymmetric generators come from the direct
products of (n—2)-spheres, the only nontrivial cases are ¢ = t(n—2), for t > 2.

Assume first there is a gap between some pair of arcs of length at least 3,
and let z € V(C9,41) be one of the internal points of a gap. If x = ¢, then B*
is isomorphic to the chain complex of a cone with apex in ¢. Without loss of
generality, we can assume that x = b;, for some ¢. By the previous assumption,
bifl,bzqu ¢ A If a; ¢ A, but either a;—1, Or ;41 (OI‘ bOth) is in A, then B*
is isomorphic to a chain complex of a cone with apex b;. If a;_1,a;,a;+1 ¢ A,
then B* is isomorphic to a chain complex of a cone with apex ¢;. Finally,
assume a; € A. Define ¢ : B¥ — B*~1 as follows: for a generator o € B*:

o \ {bz}, if b; € o, ie,if o N {ai,bi,ci} is {bl}, or {bi,Ci};
gf)k(a) =<0 \ {Ci}, ifoN {ai,bi,ci} = {ai,ci};
0, if o N{ai,bi,c;}is 0, or {¢;}, or {a;}.

Let B* be the subcomplex of B* generated by all o, such that a; € 0. Clearly,
(6.5) is fulfilled both for B* and for B*/B*. It implies that they are both
acyclic, hence so is B*.

If all gaps are of length at most 2, then [ + 2t > 2r + 1. On the other
hand, BP = 0 for p < 1/2 — 1, since |9(0)| < 2|o| — 1, for 0 € C. Recall that
q = t(n — 2); it follows that the entry n +r — ¢ — 3 is 0, since

lJ2—1—(n+r—ttn—2)—-3)>r—t—1—-n—r+tn—2t+3
=tn—3t—n+2=(t—-1)(n—-3)—1>1.

Hence B* is acyclic in the required entry, for all B* in the group (Grl).

Next, we move on to the symmetric generators. For o C C we call |C \ o]
the total length of gaps. Let B* be a subcomplex in the splitting corresponding
to a layer from the group (Gr2). The contributing space here is S"~2 x X/Zs,
where X is a direct product of 2¢ + 1 (n — 2)-spheres and Zs-action is as in
Section 5.

If t = 0, since the column number is at most » — 3, the gap between the
—-arc and the —-arc is at least 3. This means that B* is isomorphic to a
cochain complex of the simplex; hence is acyclic.

Assume now ¢ > 1. By examining the cohomology groups of S" 2 x X/Zs,
and taking into account that each of the ¢ pairs of spheres must contribute
nontrivially, we see that the dimension of the contributing cocycle of S"~2 x
X/Zsy is at least n — 2 + t(n — 2) = (¢t + 1)(n — 2); hence the total length
of gaps is at least t(n — 2) + 1. Assume the total length of gaps is at most
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2(t + 1), as otherwise B* is isomorphic to a cochain complex of the simplex.
By assumptions, t > 1 and n > 5, and so unless (¢,n) = (1,5), we have

tn—2)+1— (2t +2) =t(n—4)—1>0,

yielding a contradiction.

Consider the remaining case (t,n) = (1,5). This is the first situation in
which we need to analyze the particular entries of E’I *. Since we must have
a precise equality, the total length of gaps is 4, and the only nontrivial case
3.3 The contribut-
ing cohomology generator must be indexed (0, *,00), so just the set of arcs
determines everything.

is provided by generators indexed with —;, —~;, and (

Let «; ; denote such a generator, and let 3; ; denote the generator whose

indexing set of arcs is —;, —~;, and ( and which is also indexed by

i+2,j—3
(0,%,00). Both «;;’s, and f;;’s are generators in Ef* Consider a linear
combination EZ] pijoi j lying in the kernel of di. Since d;(w; ;) contains f; ;,
Bi+1,j, and no other By ;’s we see that p; ; # 0 implies p;_1; # 0. This leads
obviously to p; ; = 0 for all 4, j; hence B* is acyclic in the required entry.

Now consider B* corresponding to a layer from group (Gr3). The con-
tributing space here is X/Zy, where X is a direct product of 2t + 1 (n — 2)-
spheres and the Zs-action is as above. Since we are in the row n or higher,
we must have t > 1. The total length of gaps cannot be larger than 2t + 1,
since otherwise B* is isomorphic to a cochain complex of the simplex. On the
other hand, since the dimension of the contributing cohomology generator is
at least t(n — 2), the total length of gaps must be at least (t — 1)(n — 2) + 1.
Comparing these two we see that

(t—1)(n—2)+1—(2+1)=(t—1)(n—4)—2>0,

with exceptions: t =1, n is any, t = 2, n = 5,6, and (t,n) = (3,5).

Consider first ¢ = 1. Since we can have at most 3 gaps, we must have
precisely 3 gaps, so the contributing cohomology generators of S™"~2 x S"~2 x
S8"=2 /75 must have dimension n. Inspecting the cohomology description of
this space from Section 5 we see that there are no generators in dimensions
between n — 2 and 2n — 4. Since 2n — 4 > n we verify this case.

Assume now (¢,n) = (2,5). The only nontrivial case is when the total
length of gaps is 4 or 5, and c is in the gaps. Let «;; denote the generator
where the gaps are {c,4,i 4+ 1,5}, r—2 > j > i+4, i > 2, and f3;; denote
the generator where the gaps are {c,i,j,7 + 1}, r—3 > 7> i+ 3,1 > 2.
Let ~; ; denote the generator where the gaps are {c,i,j}, 7 —2 > j > i+ 3,
i > 2. Clearly di(a; ;) = vi; + Vit1,5, and di(Bij) = vi,j +Vij+1. We see that,
restricted to the generators o j, B; j, and 7; ;, we have a chain complex of the
graph in Figure 6.3.
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Figure 6.3

The kernel is generated by the elementary squares, to it is enough to see
that each square is a coboundary. Indeed, the elementary square with the lower
left corner (i, j) is a coboundary of the generator with gaps {c,7,i+1, 7,7+ 1}.

Finally, assume (¢t,n) = (2,6) or (3,5). These are the tight cases, in the
sense that the lengths of all gaps are predetermined: the top gap consists of
just ¢, and the other 2, resp. 3, gaps are of length 2. Assume that the kernel of
di is not zero, and let a be an element in ker d;. Let g be a generator, which is
contained in o with a nonzero coefficient, such that this g maximizes the height
of the top gap over all generators appearing with a nonzero coefficient in «.
Removing the lower element of the top gap of g gives a generator which cannot
be cancelled out by the coboundaries of other elements in «;, due to the assumed
maximality property. This yields a contradiction, and hence ker d; = 0.

We move on to group (Gr4), and let B* correspond to a generator indexed
by —~;j, and t side arcs. We can have at most 2t + 2 gaps. The dimension of
the contributing cohomology generator is at least t(n — 2) + n — 2. Thus the
total length of the gaps is at least t(n — 2) + 1. Comparing these inequalities
we get

tn—2)+1—(2t+2)=t(n—4)—1>0,

with the only exception t = 1,n = 5.

Let (t,n) = (1,5). The interesting dimension here is 6; thus the total
length of gaps must be exactly 4. The generators «; are indexed with the
collection of arcs {(3,1‘7”\”3}’ for 4 < i < r — 3. Since d;(«a;) contains the

generator indexed with {(2’7;, —~i+3}, and this generator is different for different
«;, we see that the only linear combination of «;’s in the kernel of d; is the
trivial one. Hence, we conclude that the contribution to E; ™ is 0.

Finally, we consider the case of generators indexed with collections of arcs
avoiding all —- and —~-arcs. Let us assume there are t such arcs. To avoid
a cochain complex of a simplex, the total length of the gaps must be at most
2t + 1. On the other hand, since the dimension of the generator is at least
t(n — 2), the total length of the gaps must be at least (¢ — 1)(n — 2) + 1.
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Comparing, we see that
t—1Dn—-2)+1—-2t+1)=(t—1)(n—4)—2>0,

with the exceptions t =1, any n, n =5,t < 3,and n =6, ¢t = 2.

If t = 1, the only nontrivial case occurs in the row n. Then, in the entry
of interest we have only one generator: the one indexed by the arcs ()377, Its
coboundary will contain the generator ()2 .+ hence it is different from 0.

Let (t,n) = (2,5). Since we are in the row 6, for dimensional reasons, the
total length of gaps in the contributing generator is 4. Thus, we have two types

of generators: «) indexed with arc collections {()Qi’ ()i+3r}, 3<i<r—4,
3.0 ()i+2,r}’ 4 <4 <r—3. Considering
the value of d; on the generator indexed with {()
i > 3, modulo coboundaries, any generator a;

i
generators a?. The coboundary of ai contains the generator indexed with

and a7 indexed with arc collections {()

30 ()HM}, we see that for

is a linear combination of the

{() 9.3% () 5 13 hence no element in the kernel of dy can contain o} with a nonzero
coefficient. Finally, a nonzero linear combination of oz?’s cannot lie in the kernel

of dy, since d; (ajz) contains the generator indexed with {()2 i (O , which is

j+2,r}
different for different j. Again, we conclude that the contribution to E3™ is 0.
Let (t,n) = (3,5). For dimensional reasons, the total length of the gaps

is precisely 7, thus we have the generators «;; indexed with arc collections
{()371., (>i+3,j’ ()jJrgm}, for 4 <i,i+4 < j <r—4. Since di(a;;) contains
the generator indexed with {()271., ()i+3,j’ ()j+3,r}’ and these generators are
different for different a; ;’s, we see that dy is injective on the space spanned
by «;;’s. Therefore, in this case the contribution to Ey* is 0. The case

(t,n) = (2,6) is completely analogous. O
LEMMA 6.6. E5 """V =0, foralli=3,...,n—1.
Proof. Since |C| = r + 1, the entries EI+i’"_i_1, fori=3,...,n—1, come

from H" "~!(Hom (Cor41[9(7)], K,)), for 7 € C. We have shown before that
these cohomology groups vanish in dimension n — 4 and less, which implies
ETn=1 = 0; hence BT = 0. O

We conclude that Eid "3 = Zs, contradicting the fact that
H™™2(Hom  (Copi1, Ky)/Zo; 7o) = 0.
Therefore, our original assumption that !~ ?(Hom (Cay 41, Ky,,)) # 0 is wrong,

and Theorem 2.3(b) is proved.
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