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An uncertainty principle
for arithmetic sequences

By ANDREW GRANVILLE and K. SOUNDARARAJAN*

Abstract

Analytic number theorists usually seek to show that sequences which ap-
pear naturally in arithmetic are “well-distributed” in some appropriate sense.
In various discrepancy problems, combinatorics researchers have analyzed lim-
itations to equidistribution, as have Fourier analysts when working with the
“uncertainty principle”. In this article we find that these ideas have a natural
setting in the analysis of distributions of sequences in analytic number theory,
formulating a general principle, and giving several examples.

1. Introduction

In this paper we investigate the limitations to the equidistribution of in-
teresting “arithmetic sequences” in arithmetic progressions and short intervals.
Our discussions are motivated by a general result of K. F. Roth [15] on irregu-
larities of distribution, and a particular result of H. Maier [11] which imposes
restrictions on the equidistribution of primes.

If A is a subset of the integers in [1, z] with |A| = pz then, as Roth proved,
there exists N < z and an arithmetic progression a (mod ¢) with ¢ < /x such
that

D SRS SN /e

neA, n<N neA
n=a (mod q) n<N

In other words, keeping away from sets of density 0 or 1, there must be an
arithmetic progression in which the number of elements of A is a little different
from the average. Following work of A. Sarkozy and J. Beck, J. Matousek and
J. Spencer [12] showed that Roth’s theorem is best possible, in that there is a
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set A containing ~ /2 integers up to x, for which
l#{neA: n<N, n=a (modq}—#{neA: n<N}/q <z

for all ¢ and a with N < .

Roth’s result concerns arbitrary sequences of integers, as considered in
combinatorial number theory and harmonic analysis. We are more interested
here in sets of integers that arise in arithmetic, such as the primes. In [11]
H. Maier developed an ingenious method to show that for any A > 1 there are
arbitrarily large « such that the interval (z,z + (log2)“) contains significantly
more primes than usual (that is, > (14 84)(log 2)?4~! primes for some d4 > 0)
and also intervals (z,z + (logz)?) containing significantly fewer primes than
usual. Adapting his method J. Friedlander and A. Granville [3] showed that
there are arithmetic progressions containing significantly more (and others with
significantly fewer) primes than usual. A weak form of their result is that, for
every A > 1 there exist large z and an arithmetic progression a (mod ¢) with
(a,q) =1 and g < z/(log z)* such that

(1.1) m(x;q,a) — m(@) > La:)

#(q) #(q)

If we compare this to Roth’s bound we note two differences: the discrepancy
exhibited is much larger in (1.1) (being within a constant factor of the main
term), but the modulus ¢ is much closer to x (but not so close as to be trivial).

Recently A. Balog and T. Wooley [1] proved that the sequence of integers
that may be written as the sum of two squares also exhibits “Maier type”
irregularities in some intervals (z,z + (log 2)4) for any fixed, positive A. While
previously Maier’s results on primes had seemed inextricably linked to the
mysteries of the primes, Balog and Wooley’s example suggests that such results
should be part of a general phenomenon. Indeed, we will provide here a general
framework for such results on irregularities of distribution, which will include,
among other examples, the sequence of primes and the sequence of sums of
two squares. Our results may be viewed as an “uncertainty principle” which
establishes that most arithmetic sequences of interest are either not-so-well
distributed in longish arithmetic progressions, or are not-so-well distributed in
both short intervals and short arithmetic progressions.

la. Examples. We now highlight this phenomenom with several examples:
For a given set of integers A, let A(N) denote the number of elements of A
which are < N, and A(N; ¢, a) denote those that are < N and = a (mod q).

e We saw in Maier’s theorem that the primes are not so well-distributed.
We might ask whether there are subsets A of the primes up to z which are
well-distributed. Fix u > 1. We show that for any z there exists y € (x/4, x)
such that either

(1.22) |A(y)/y — Alz)/z] > Alz) /2
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(meaning that the subset is poorly distributed in short intervals), or there exists
some arithmetic progression a (mod ¢) with (a,¢) =1 and ¢ < x/(log x)*, for
which

(1.2b) Aly; £,a) — “;‘(%) >

In other words, we find “Maier type” irregularities in the distribution of any
subset of the primes. (If we had chosen A to be the primes =5 (mod 7) then
this is of no interest when we take a = 1,¢ = 7. To avoid this minor technicality
we can add “For a given finite set of “bad primes” &, we can choose such an ¢
for which (¢,S) = 1”. Here and henceforth (¢,S) = 1 means that (¢,p) =1 for
allp e S.)

e With probability 1 there are no “Maier type” irregularities in the dis-
tribution of randomly chosen subsets of the integers. Indeed such irregulari-
ties seem to depend on the subset having some arithmetic structure. So in-
stead of taking subsets of all the integers, we need to take subsets of a set
which already has some arithmetic structure. For example, define S; to be
the set of integers n having no prime factors in the interval [(logn)!=¢,logn],
so that Sc(N) ~ (1 —e)N. Notice that the primes are a subset of S.. Our
results imply that any subset A of S; is poorly distributed in that for any
x there exists y € (x/4,x) such that either (1.2a) holds, or there exists
some arithmetic progression a (mod ¢) and ¢ < x/(logx)* with (a,¢) = 1,
for which a suitably modified (1.2b) holds (that is with ¢(¢) replaced by
gnpw, (10g:p)1*5<p<logm(1 - 1/]?))

e Let K be an algebraic number field with [K : Q] > 1. Let R denote the
ring of integers of K and let C' be an ideal class from the class group of R.
Take A to be the set of positive integers which are the norm of some (integral)
ideal belonging to C. (In Balog and Wooley’s example, A is the set of numbers
of the form 22 + 52, with C the class of principal ideals in R = Z[i].) From our
work it follows that the set A is poorly distributed in arithmetic progressions;
that is, a suitably modified version of (1.2b) holds. Moreover, if we replace
R by any order in K then either (1.2a) holds or a suitably modified version
of (1.2b) holds (and we expect that, with some effort, one can prove that the
suitably modified (1.2b) holds).

e Let B be a given set of x integers and P be a given set of primes. Define
S(B,P, z) to be the number of integers in B which do not have a prime factor
p € P with p < z. Sieve theory is concerned with estimating S(B, P, z) under
certain natural hypotheses for B,P and u := logx/logz. The fundamental
lemma of sieve theory (see [7]) implies (for example when B is the set of integers
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in an interval) that

u

S(B,P,z) —«x H (1—1) < (Lo(l)) x H (1—1>
peEP,p<lz p u log u peEP,p<lz p
for u < zY/2t°(M) Tt is known that this result is essentially “best-possible”
in that one can construct examples for which the bound is obtained (both
as an upper and lower bound). However these bounds are obtained in quite
special examples, and one might suspect that in many cases which one encoun-
ters, those bounds might be significantly sharpened. It turns out that these
bounds cannot be improved for intervals B, when P contains at least a positive
proportion of the primes:

COROLLARY 1.1.  Suppose that P is a given set of primes for which
#{peP: p<uy}l>n(y) forally € (\/z,2]. There exist constants ¢ > 0
such that for any uw < \/z there exist intervals Iy of length > z* for which

S P.2) = {1+ (mgz) P Teppe: (1-3)

SUP2) < {1- () - Teppe: (1-1) -

Moreover if u < (1 — o(1))loglog z/logloglog z then our intervals I+ have
length < z%+2.

and

e What about sieve questions in which the set of primes does not have
positive lower density (in the set of primes)? If P contains too few primes then
we should expect the sieve estimate to be very accurate; so we must insist on

some lower bound: for instance that if ¢ = HpG'P p then

1
(1.3) Z o8P > 601logloglog q.
plg

(Note that >, (logp)/p < (1+0(1)) loglog g, the bound being attained when
q is the product of the primes up to some large y.)

COROLLARY 1.2.  Let q be a large, square-free number, which satisfies
(1.3), and define z := (], pY/P)e for a certain constant ¢; > 0 . There exists
a constant co > 0 such that if \/z > u > (loglogq/log z)? then there exist
intervals I+ of length at least z* such that

> 12{1+1/W}@u+\, and > 1§{1—1/u02“}M]I_].

= q q
(n,q)=1 (n,q)=1

e The reduced residues (mod ¢) are expected to be distributed much like
random numbers chosen with probability ¢(q)/q. Indeed when ¢(q)/q — 0
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this follows from work of C. Hooley [10]; and of H. L. Montgomery and
R. C. Vaughan [13] who showed that #{n € [m,m + h) : (n,q) = 1}
has Gaussian distribution with mean and variance equal to ho(q)/q, as m
varies over the integers, provided h is suitably large. This suggests that
#{n € [m,m + h) : (n,q) = 1} should be {1 + o(1)}(ho(q)/q) provided
h > log? ¢; however, by Corollary 1.2, this is not true for h = logAq for any
given A > 0, provided that Em ,(10gp)/p > loglogq (a condition satisfied by
many highly composite ¢).

In Section 6 we shall give further new examples of sequences to which our
results apply.

1b. General results. Our main result (Theorem 3.1) is too technical to
introduce at this stage. Instead we motivate our setup (postponing complete
details to §2) and explain some consequences.

Let A denote a sequence a(n) of nonnegative real numbers. We are inter-
ested in determining whether the a(n) are well-distributed in short intervals
and in arithmetic progressions, so let A(x) = >, ., a(n) (so if A is a set of
positive integers then a(n) is its indicator function). Thinking of A(z)/z as
the average value of a(n), we may expect that if A is well-distributed in short
intervals then

(14) Az ) — Ale) =y,
for suitable y.

To understand the distribution of A in arithmetic progressions, we be-
gin with those n divisible by d. We will suppose that the proportion of A
which is divisible by d is approximately h(d)/d where h(.) is a nonnegative
multiplicative function; in other words,

(1.5) Ag(z) =) a(n) ~ @A(gﬁ),

n<x
dln

for each d (or perhaps when (d,S) = 1, where S is a finite set of ‘bad’ primes).
The reason for taking h(d) to be a multiplicative function is that for most
sequences that appear in arithmetic one expects that the criterion of being
divisible by an integer d; should be “independent” of the criterion of being
divisible by an integer do coprime to d;.

If the asymptotic behavior of A(x; g, a) for (¢,S) = 1 depends only on the
g.c.d. of @ and ¢ then, by (1.5), we arrive at the prediction that, for (¢,S) = 1,

(1.6) A(x;q,a) =~ %A(:B),

where 74 = [[,,((p = 1)/(p — h(p))) and fy(a) is a certain nonnegative mul-
tiplicative function of a for which fy(a) = f4((a,q)) (thus fy(a) is periodic
(mod ¢)). In Section 2 we shall give an explicit description of f; in terms of h.
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In the spirit of Roth’s theorem we ask how good is the approximation
(1.6)7 And, in the spirit of Maier’s theorem we ask how good is the approxi-
mation (1.4)?

Ezample 1. We take a(n) = 1 for all n. We may take S = 0 and h(n) =1
for all n. Then fy(a) =1 for all ¢ and all a, and v, = 1. Clearly both (1.6)
and (1.4) are good approximations with an error of at most 1.

Ezample 2. We take a(n) = 1 if n is prime and a(n) = 0 otherwise.
Then we may take S = () and h(n) = 1 if n = 1 and h(n) = 0 if n > 1.
Further f,(a) = 1 if (a,q) = 1 and fy(a) = 0 otherwise, and v, = ¢(q)/q.
The approximation (1.6) is then the prime number theorem for arithmetic
progressions for small ¢ < (logz)?. Friedlander and Granville’s result (1.1)
sets limitations to (1.6), and Maier’s result sets limitations to (1.4).

Ezample 3. Take a( 1 if n is the sum of two squares and a(n) = 0
otherwise. Here we take {2}, and for odd prime powers p* we have
h(p¥) = 1 if p¥ =1 (mod 4) and h(p*) = 1/p otherwise. Balog and Wooley’s
result places restrictions on the validity of (1.4).

n) =
S =

COROLLARY 1.3. Let A, S, h, f; and 7, be as above. Let x be sufficiently
large and in particular suppose that S C[1,loglogz]. Suppose that 0<h(n)<1
for all n. Suppose that

1—nh
(1.7) Z & logp > aloglog x,

p<logz
for some a > 60logloglogx/loglogx and set n = min(a/3,1/100). Then
for each 5/n* < u < n(logz)"? there exists y € (x/4,x) and an arithmetic
progression a (mod ¢) with £ < z/(logz)" and (¢,S) =1 such that
A(z)
o(0)

Aly; 4, a) — %y@‘ > exp ( — %(1 + 25n) log(2u/773))

Remarks. Since the corollary appears quite technical, some explanation
is in order.

e The condition 0 < h(n) < 1 is not as restrictive as it might appear. We
will show in Proposition 2.1 if there are many primes with h(p) > 1 then it is
quite easy to construct large discrepancies for the sequence A.

e The condition (1.7) ensures that h(p) is not always close to 1; this is
essential in order to eliminate the very well behaved Example 1.

e The conclusion of the corollary may be weakly (but perhaps more trans-
parently) written as
fil) AW A

T RO

A(y7 Ea a) -
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e The lower bound given is a multiple of A(x)/¢(¢), rather than of the
main term (fy(a)/¢ve)(yA(x)/z). The main reason for this is that fy(a) may
well be 0, in which case such a bound would have no content. In fact, since
(y/x) < 1 and ¢(¢) < £y, so the function used is larger and more meaningful
than the main term itself.

e It might appear more natural to compare A(y; ¢, a) with (fe(a)/lve)A(y).
In most examples that we consider the average A(x)/x “varies slowly” with x,
so we expect little difference between A(y) and yA(z)/x (we have ~ 1/logz
in Example 2, and ~ C/y/logx in Example 3 above). If there is a substantial
difference between A(y) and yA(z)/z then this already indicates large scale
fluctuations in the distribution of A.

Corollary 1.3 gives a Roth-type result for general arithmetic sequences
which do not look like the set of all natural numbers. We will deduce it in
Section 2 from the stronger, but more technical, Theorem 2.4 below. Clearly
Corollary 1.3 applies to the sequences of primes (with & = 1+ 0(1)) and sums
of two squares (with a = 1/2 + 0(1)), two results already known. Surprisingly
it applies also to any subset of the primes:

Ezample 4.  Let A be any subset of the primes. Then for any fixed
u > 1 and sufficiently large = there exists ¢ < x/(log )" such that, for some
y € (x/4,z) and some arithmetic progression a (mod ¢) with (a,f) = 1, we
have

L VA AW)
ORI RO

This implies the first result of Section la. A similar result holds for any subset

of the numbers that are sums of two squares.

Ezxample 5. Let A be any subset of those integers < x having no prime
factor in the interval [(logz)!~¢,logz]. We can apply Corollary 1.3 since o >
€ +0(1), and then easily deduce the second result of Section 1a.

Our next result gives an “uncertainty principle” implying that we either
have poor distribution in long arithmetic progressions, or in short intervals.

COROLLARY 1.4. Let A, S, h, f; and 4 be as above. Suppose that 0 <
h(n) <1 for alln. Suppose that (1.7) holds for some a> 60 log log log x/ log log x
and set 1 = min(a/3,1/100). Then for each 5/n° < u < n(logx)"? at least
one of the following two assertions holds:

(i) There exists an interval (v,v +y) C (z/4,x) with y > (logx)" such that

Alv+y) — A(v) — y@‘ > exp ( - %(1 + 257) 1og(2u/n3)>y@.
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(ii) There exists y € (z/4,x) and an arithmetic progression a (mod q) with
(q,8) =1 and q < exp(2(log z)'~") such that
Jq(a)

A
Aly;q,a) — —yﬂ‘ > exp (
q7Yq €

Alx)
o(q)

U
n

(1+ 25n) log(2u/n3))

Corollary 1.4 is our general version of Maier’s result; it is a weak form
of the more technical Theorem 2.5. Again condition (1.7) is invoked to keep
away from Example 1. Note that we are only able to conclude a dichotomy:
either there is a large interval (v,v+vy) C (x/4,z) with y > (log )" where the
density of A is altered, or there is an arithmetic progression to a very small
modulus (¢ < z°) where the distribution differs from the expected. This is
unavoidable in general, and our “uncertainty principle” is aptly named, for we
can construct sequences (see §6a, Example 6) which are well distributed in short
intervals (and then by Corollary 1.4 such a sequence will exhibit fluctuations
in arithmetic progressions). In Maier’s original result the sequence was easily
proved to be well-distributed in these long arithmetic progressions (and so
exhibited fluctuations in short intervals, by Corollary 1.4).

Our proofs develop Maier’s “matrix method” of playing off arithmetic
progressions against short intervals or other arithmetic progressions (see §2). In
the earlier work on primes and sums of two squares, the problem then reduced
to showing oscillations in certain sifting functions arising from the theory of
the half dimensional (for sums of two squares) and linear (for primes) sieves.
In our case the problem boils down to proving oscillations in the mean-value of
the more general class of multiplicative functions satisfying 0 < f(n) < 1 for
all n (see Theorem 3.1). Along with our general formalism, this forms the main
new ingredient of our paper and is partly motivated by our previous work [6]
on multiplicative functions and integral equations. In Section 7 we present a
simple analogue of such oscillation results for a wide class of integral equations
which has the flavor of a classical “uncertainty principle” from Fourier analysis.

This broader framework has allowed us to improve the uniformity of the
earlier result for primes, and to obtain perhaps best possible results in this
context.

THEOREM 1.5. Let x be large and suppose

logz <y < exp(B/log z/2+/loglog z),

for a certain absolute constant 3 > 0. Define

Alz,y) = ((z +y) — () —y)/y,

logp. There exist numbers xy in (x,2x) such that

where ¥(z) =

p<z

Azg,y) > y_‘s(m’y) and Az_,y) < _y—5(z,y)’
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where
1 logy logy
o =——|(log | ———— loglog | ———— O(1)).
(z,9) loglog:z:( 8 (loglogaz) +loglog (logloga) +0( ))

These bounds are > 1 if y = (logz)®M. If y = exp((logz)7) for 0 < 7 <
1/2 then these bounds are > y~7(1+°(1)) " Thus we note that the asymptotic,
suggested by probability considerations,

Iz +y) —0(z) =y + O(y=**),

fails sometimes for y < exp((log x)%_a). A. Hildebrand and Maier [14] had
previously shown such a result for y < exp((logz)s~) (more precisely they
obtained a bound > y~(*°()7/(1=7) in the range 0 < 7 < 1/3), and were able
to obtain our result assuming the validity of the Generalized Riemann Hypoth-
esis. We have also been able to extend the uniformity with which Friedlander
and Granville’s result (1.1) holds, obtaining results which previously
Friedlander, Granville, Hildebrand and Maier [4] established conditionally on
the Generalized Riemann Hypothesis. We will describe these in Section 5.

This paper is structured as follows: In Section 2 we describe the frame-
work in more detail, and show how Maier’s method reduces our problems to
exhibiting oscillations in the mean-values of multiplicative functions. This is
investigated in Section 3 which contains the main new technical results of the
paper. From these results we quickly obtain in Section 4 our main general
results on irregularities of distribution. In Section 5 we study in detail irreg-
ularities in the distribution of primes. Our general framework allows us to
substitute a zero-density result of P. X. Gallagher where previously the Gener-
alized Riemann Hypothesis was required. In Section 6 we give more examples
of sequences covered by our methods. Finally in Section 7 we discuss the anal-
ogy between integral equations and mean-values of multiplicative functions,
showing that the oscillation theorems of Section 3 may be viewed as an “un-
certainty principle” for solutions to integral equations.

2. The framework

Recall from the introduction that a(n) > 0 and that A(z) = >, ., a(n).
Recall that S is a finite set of ‘bad’ primes, and that h denotes a nonnegative
multiplicative function that we shall think of as providing an approximation

(2.1) Ag(z) = a(n) ~ %@A(x),

n<z
dln

for each (d,S) = 1. Roughly speaking, we think of h(d)/d as being the “prob-
ability” of being divisible by d. The condition that A is multiplicative means
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that the “event” of being divisible by d; is independent of the “event” of being
divisible by ds, for coprime integers d; and do. We may assume that h(pk ) < p*
for all prime powers p* without any significant loss of generality. As we shall
see shortly we may also assume that h(p*) < 1 without losing interesting ex-
amples. Let

A(x;q,a) = Z a(n).

=
n=a (mod q)

We hypothesize that, for (¢, S) = 1, the asymptotics of A(x; ¢, a) depends only

on the greatest common divisor of a and ¢. Our aim is to investigate the

limitations of such a model.

First let us describe what (2.1) and our hypothesis predict for the asymp-
totics of A(x;q,a). Writing (¢,a) = m, since |{b (mod q) : (b,q) = m}| =
©(g/m), from our hypothesis on A(x; g, a) depending only on (g,a) we would
guess that

1
At = s 3 aln = s S a3 pla)

n<xz n<xz d|-L
(g,n)=m m|n d| s

q/m
Using now (2.1) we would guess that
e ey L hdm) _ fyla)
22) Al = A D0 = (LA,
where
1— L fa0) | S0
(2:3) 7q:££( 1—1/p ) ];[< )( P Cp2 +“')’

and f;(a) is a suitable multiplicative function with f,(a) = f;((a,q)) so that
it is periodic with period ¢, which we now define. Evidently f,(p*) = 1if p{gq.
If p divides ¢, indeed if p€ is the highest power of p dividing ¢ then

(h(pk) _ h(pT*)) (1 - @)_1 if k< e

T (-0 e

Note that if ¢ is squarefree and h(p) < 1 then f,(p¥) < 1 for all prime powers p*.

We are interested in understanding the limitations to the model (2.2). We
begin with a simple observation that allows us to restrict attention to the case
0 < h(n) <1 for all n.
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PROPOSITION 2.1. Suppose that ¢ < x is an integer for which h(q) > 9.
Then either £.0) 110 )
I A@)| 2 5T A)
9Vq 2 g

or, for every prime { in the range x > £ > 3(xz + 2q)/h(q) which does not
divide q, there is an arithmetic progression b (mod ¢) such that

fe(b) 1 fo(b)
WA( T)| > §€—Wv4($)~

‘A(w; q,0) —

}A(:U;f, b) —

The first criterion is equivalent to [Aq(z)—(h(q)/q)A(z)| > % (h(q)/q)A(),
since f4(0)/avq = fq(a)/avg = h(a)/q-

Proof. If the first option fails then
1 £4,(0
S Alwiting) > Y alng) = A(riq.0)> L5100
n<z/q n<z/q T

On the other hand, if prime ¢ 1 ¢ then f;(ng) = 1if £4n, and f;(ng) = h(€)v,
if ¢|n. Therefore for any N,

fe(n h(£)
2 57@ Z 5’7@ Z

Alz) = %A(x).

n<N ”<N
N h())y N _N+2

NS ) MON N2

*m< e+>+ee* 0

Combining this (taking N = x/q) with the previous display yields
: h(q) 3z +29) , fe(n
> Awiting) > 0 Ay > 2L 40y > 3

n<z/q 24 2qt n<z/q

5%3
which implies the proposition with b = ng for some n < x/q.

We typically apply this theorem with h(g) > log? x for some large A. This
is easily organized if, say, h(p) > 1+n for > nz/log z primes p € (z/2, z) where
z <logz, and by letting ¢ be the product of [nz/log z] of these primes so that
q = e"*(1H+o(1)  We can select any £ in the range > ¢ > z/ exp((n?/2)z/log 2).

Proposition 2.1 allows us to handle sequences for which h(p) is signifi-
cantly larger than 1 for many primes. Therefore we will, from now on, restrict
ourselves to the case when 0 < h(n) <1 for all n. Suppose that (¢,S) = 1 and
define A, = Ay(z) by

2.4)  Ag(x) = Aly; Ale)
@4 o) = 2/1%y<e a (mod q) v:0a) - qvq e ’ / olq)

In view of (2.2) it seems more natural to consider |A(y; ¢, a) — fy(a)/(q7q)A(y)|
instead of (2.4) above. However (2.4) seems to be the most convenient way to
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formulate our results, and should be thought of as incorporating a hypothesis
that A(y)/y is very close to A(x)/z when z/4 < y < z. Formally we say
that A(z)/x is slowly varying: a typical case is when A(x)/x behaves like a
power of log z, a feature seen in the motivating examples of A being the set of
primes, or sums of two squares. With these preliminaries in place we can now
formulate our main principle.

PROPOSITION 2.2. Let x be large and let A, S h, fq and A, be as above.
Let ¢ < /x < £ < x/4 be positive coprime integers with (¢,S) = (¢,S) =
Then

Proof. Let R := [x/(4q)] > /x/5 and S := [z/(2¢)] < /z/2. We sum

the values of a(n) as n varies over the integers in the following R x S “Maier

q 14 fq
(g M@+ g dele) +a” >’/% ;%a'y

q

matrix.”

(R+1)g+¢ (R+1)g+2¢ (R+1)qg+ S

(R+2)g+¢ (R+2)qg+2¢ (R+2)qg+ 5S¢

(R+3)qg+¢ :
(r,5)" entry :

R+4 L

(R+4)q+ (R+r)q+ st

2Rq+ ¢ 2Rq + St

We sum the values of a(n) in two ways: first row by row, and second, column
by column. Note that the n appearing in our “matrix” all lie between /4
and z.

The 7" row contributes A((R + r)q + £S;4,(R + 7)q) — A(R + 7)g;
¢, (R+r)q). Using (2.4), and noting that fy((R+7)q) = fe(R+7) as ({,q) =1,
we have

SRSy 4 o(

Lryp T

B
6(0)

Summing this over all the rows we see that the sum of a,, with n ranging over
the Maier matrix above equals

A(m)).

A
(2.5a) Z M ( - é)A(a:)R).
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The contribution of column s is A(2Rq + ¢s; q,¢s) — A(Rq + ¢s;q,¢s). B
(2.4), and since fy;(¢s) = fq(s) as (¢,q) = 1, we see that this is

fq( )RQA
qyqg T

Aq
<>+0(@

Summing this over all the columns we see that the Maier matrix sum is

A(a:)).

(2.5b) Z Jals) | o ¢A(§)A(x)5>.

s=1 q’Yq

Comparing (2.5a) and (2.5b) we deduce that

S
w0 S ol $ 0o )

7 s=1 =R+1

Write fy(r) = > 4, 9¢(d) for a multiplicative function g. Note that
ge(p¥) = 0 if p { £. We also check easily that |ge(p*)| < (p + 1)/(p — 1)
for primes p|¢, and note that v, = > 57, g¢(d)/d. Thus

Zfe Z—Zgz ( (1))

r=R+1 d<2R

:1+O( ZW —Z’ >

d>2R d<2R

We see easily that the error terms above are bounded by

< 11 Z’Qz(d)‘ <<R1 H<1+O<ig>> < %,

Rs,y i 3 Pl p3 1

since ¢ < z, and R > /x. We conclude that

Zfe )=1+0(R 7).

r=R+1

Combining this with (2.6) we obtain the proposition. O

In Proposition 2.2 we compared the distribution of A in two arithmetic
progressions. We may also compare the distribution of A4 in an arithmetic
progression versus the distribution in short intervals. Define A(y) = A(y, x)
by

(2.7) Ay, z) := max Alv+y) — ‘/

(v, vty)C(z/4,z)
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PROPOSITION 2.3. Let x be large and let A, S, h, fq, Ay and A be as
above. Let ¢ < \/x with (q,S) =1 and let y < x/4 be positive integers. Then

q ~ 1
S+ By > | — > 5ul) - 1]

Proof. The argument is similar to the proof of Proposition 2.2, starting
with an R x y “Maier matrix” (again R = [z/(4q)]) whose (r,s)™
(R4 r)q+ s. We omit the details.

entry is

We are finally ready to state our main general theorems which will be
proved in Section 4.

THEOREM 2.4. Let x be large, and in particular suppose that S C
[1,loglogx]. Let1/100 > n > 20logloglog x/loglog x and suppose that (log x)"
<z < (logx)/3 is such that

1—h(p _
3 LMD 5 tog((1 — ).
2t-1<p<z b
Then for all 5/m* < u < \/z
max Ay > exp (—u(l + 257) 108;(2U/772)) :

(<o)t
(£,8)=1

Note that > ., 1/p ~ log((1 — n)~1). There is an analogous result
for short intervals.

THEOREM 2.5. Let x be large, and in particular suppose that S C
[1,loglogx]. Let1/100 > n > 20logloglog z/ loglog x and suppose that (log x)"
< z < (logx)/3 is such that

> 1%?@) > nlog((1—n)"").
2=n<p<z

Then for each 5/n* < u < /z at least one of the following statements is true:

(i) For q < e2* which is composed only of primes in [217", 2] (and so with
(¢,8) =1) and such that 3, (1 — h(p))/p = n?, there is

Ag > exp(—u(1 + 25n) log(2u/n%)).
(ii) There exists y > 2 with A(y) > exp(—u(1 + 257) log(2u/n?)).

Deduction of Corollary 1.3. We see readily that there exists (logz)" <
z < (logx)/3 satisfying the hypothesis of Theorem 2.4. Applying Theorem 2.4
(with u/n there instead of u) we find that there exists £ < x/2%/" < z/(log x)"
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with (£,8) = 1 and A; > exp(—(u/n)(1 + 257)log(2u/n?)). The corollary
follows easily.

Deduction of Corollary 1.4. We may find (logz)7 < z < (log x)! =" satisfy-
ing the hypothesis of Theorem 2.5. The corollary follows easily by applyication
of Theorem 2.5 with u/n there in place of u.

3. Oscillations in mean-values of multiplicative functions

3a. Large oscillations. Throughout this section we shall assume that z is
large, and that ¢ is an integer all of whose prime factors are < z. Let f,(n) be
a multiplicative function with f,(p*) = 1 for all p{ ¢, and 0 < f,(n) < 1 for
all n. Note that fy(n) = fy((n,q)) is periodic (mod ¢). Define

Fys) =321 _ cs)ays),
n=1

n

where

Gq(s):H(l—%><1+M+%§f)+...>.

D p®
plg

To start with, Fj is defined in Re(s) > 1, but note that the above furnishes

a meromorphic continuation to Re(s) > 0. Note also that v, = G4(1) in the

notation of Section 2. Define

1
u

E(u) := .

Z (fq(n) — Gq(1)),
nz
and put for all complex numbers &

H;(§):= Z 1= Jqp) fq(p)pé/ log 2 (Lg(z/p))j for each j > 0,

P log 2z
plg
and 1
(&)= e
plg

Let H() := Ho(§).
THEOREM 3.1. With notation as above, for 1 < & < %log z,
[E(u)| < exp(H(£) — Eu+ 5J(E)).
Let 2logz > £ > m and suppose that H(£) > 20H(€) + 76J(£) + 20, so that

7= /(5Hs(§) +19J(§) +5)/H(§) < 1/2.

Then there exist points uy in the interval [H(&)(1 — 27), H(§)(1 + 27)] such
that




608 ANDREW GRANVILLE AND K. SOUNDARARAJAN

1
E(uy)> M exp{H(§) — uy — 5Ha(&) — 5J(§)},

and

1
B(u-) <~ seprzgy OXPUH(E) — €u —5H:(E) ~5J(€)).

In Section 3b (Proposition 3.8) we will show that under certain special
circumstances one can reduce length of the range for u4 to 2.
We now record some corollaries of Theorem 3.1.

COROLLARY 3.2. Let 2716 <1 <1/100 and suppose that q is composed
of primes in [217", 2] and that

Z 1 _Zq(p) > 772~
plg

Then for \/z > u > 5/n? there exist points ux € [u,u(1 + 22n)] such that

E(uy) > exp ( —u(1 + 257) log (i—?j))

and 5
E(u_)<—exp ( —u(1+ 25n) log (n—g))
Proof. Note that for 1 < ¢ < % log 2z
1-— p ogz —
H(¢) = Z*}Jf( ) /10 > y2e-me
plq
and that

Hy(§) <n?H(E), and  J(§) <X <n?H(¢),

where the last inequality for J(§) is easily checked using our lower bound for
H (&) and keeping in mind that 271 < n < 1/100 and that £ < %logz.
From these estimates it follows that if H(¢) > 5/n* then 7 (in Theorem 3.1)
is < 5n. Therefore from Theorem 3.1 we conclude that if H(¢) > 5/n? and
m < & < 3+ logz then there exist points uy in [H(£)(1 — 10n), H(£)(1 + 10n)]
such that

E(uy) > = exp(H(€) — éus — 5Hy(€) — 5(€)) > e+,

206 H (€)
and F(u_) < —e~%%-. Renaming H(£)(1—10n) = u so that £ < ﬁ log(2u/n?)
we easily obtain the corollary. O

COROLLARY 3.3. Suppose that q is divisible only by primes between /z
and z. Further suppose c is a positive constant such that for 1 < & < %logz
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there is H(€) > cef/€. Then there is a positive constant A (depending only
on ¢) such that for all e* < u < ¢z*/3/logz, the interval [u(1 — A/logu),
u(l+ A/logu)] contains points uy satisfying

E(uy) = exp{—u4 (log us +loglog us + O(1))},
and

E(u_) <—exp{—u_(logu_ +loglogu_ + O(1))}.

The implied constants above depend only on c. Note that
St e
Vz<p<z

by the prime number theorem. Thus H(£) < e®/&, and the criterion H(£) >
cet /¢ in Corollary 3.3 may be loosely interpreted as saying that, “typically”,

1— fy(p) >c.
If H(&) ~ ket /& then our bounds take the shape

exp{—u(log(u/k) +loglogu — 1+ o(1))}.

Proof of Corollary 3.3. In this situation J(§) < Z\/Egpgz p¥/logz /p? «
ef/\/z + ¥ /2 < €5 /€3, Further, by the prime number theorem,

§/logz /] 2 z 4€/logz N 2 3
HE< Y F (Olg(z/p)> <</ —( Olg(z/ )> dt < 2—3
Vi, P 0g 2 /= tlog 0g %
The corollary now follows from Theorem 3.1, and by the fact that v = H (&)
so that £ =logu + loglogu + O(1). O

COROLLARY 3.4.  Keep the notation as in Theorem 3.1, and suppose
q 1is divisible only by the primes between z/2 and z. Further suppose that
¢ 1s a positive constant such that for 1 < £ < %log z, H(E) > cef/logz.
Then there is a positive constant A (depending only on c) such that for all
ed < u < ¢z?/3/logz the interval [u(1 — A/logu),u(l + A/logu)] contains
points u+ satisfying

B(uy) > exp{—u (log u +loglog = + O(1))},

log log 2
and

E(u-)<

S “loglogz exp{—u_(logu_ +loglogz + O(1))}.

As in Corollary 3.3, the implied constants above depend only on c. Also
note that H(¢) in this case is always < -, 5, . 1/p'=é/182 = ¢& /log 2.

Proof of Corollary 3.4. In this case J(¢) < ¢ ZpZZ/Q 1/p? < €% /zlog 2
< €f/log? z. Further note that Ho(€) < (¢f/log? 2) Do p<p<z /P < ef/log? 2.
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Taking u = H () so that & = logu+loglog z4+O(1) and thus H(§) < e¢/log 2,
we easily deduce Corollary 3.4 from Theorem 3.1. O

COROLLARY 3.5.  Keep the notation of Theorem 3.1, and suppose (as
in Corollary 3.3) that q is divisible only by primes between \/z and z and that
for1 < ¢ < %logz, H(E) > cef/e. Lety = 2% with 1 < u < ¢2*/?/log 2.
There is a positive constant B (depending only on c¢) such that the interval
[1, 24+ B/log(utD)+B] contains numbers vy satisfying

LS (f4(n) = Gy(1)) > exp{—ulog(u+ 1) + loglog(u + 2) + O(1))},

vy<nSvyty

and

1
- Z (fg(n) — Gq(1)) < —exp{—u(log(u+ 1) +loglog(u+2) + O(1))}.
Yy v_<nlv_+y

Proof.  Appealing to Corollary 3.3 we see that there is some w = z"* with
up € [eA 4+ u(l + D/log(u+ 1)), e +u(1 + (D + 34)/log(u + 1))] (here A is
as in Corollary 3.3 and D is a suitably large positive constant) such that

Z(fq(n) — Gy(1)) > wexp(—u;(logu; + loglogu; + Cl))>

n<w

for some absolute constant Cf.

We now divide the interval [1,w] into subintervals of the form (w — ky,
w — (k — 1)y] for integers 1 < k < [w/y], together with one last interval [1, yo]
where yg = w — [w/yly = y{w/y}. Put yo = z%0. Then, using the first part of
Theorem 3.1 to bound |E(ug)| (taking there & = log(ug + 1) 4 loglog(ug + 2)),
we get that

|3 () = Gy(1))

n<yo
= yo|E(uo)| < yoexp(—(uo + 1)(log(up + 1) + loglog(ug + 2) — C2))
for some absolute constant C5.

From the last two displayed equations we conclude that if D is large enough
(in terms of C7 and C3) then

D (fo(n) — Gg(1)) > wexp{—u(log(u + 1) + loglog(u + 2) + O(1))}

so that the lower bound in the corollary follows with vy = w — ky for some
1 <k <[w/y]. The proof of the upper bound in the corollary is similar.

We now embark on the proof of Theorem 3.1. We will write, below,
fa(n) = >4, 94(d) for a multiplicative function gg, the coefficients of the
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Dirichlet series G,(s). Note that g,(p*) = 0 for p{ ¢, and if p|q then g,(p*) =

fa0%) — f,(pF71). Clearly Gy(1) = Y252, g4(d)/d. Let [t] and {t} denote
respectively the integer and fractional part of £. Then

(3.1) E(u) = zi“ DD g4d) - %Gq(l) = Ziu igq(d)([% - %>
n<z* djn d=1

We begin by establishing the upper bound for |E(u)| in Theorem 3.1.

PROPOSITION 3.6. In the range 1 < ¢ < %log z,

[B(w)] < exp(H(E) - §u+5J(9)),
and also

/0 " e B ) du < 2 explH(©) +57(6).

As will be evident from the proof, the condition ¢ < %logz may be re-
placed by £ < (1 — ¢)logz. The constants 3 and 5 will have to be replaced
with appropriate constants depending only on e.

Proof of Proposition 3.6. Since |[2"/d]—[z"]/d| < min(z"/d, 1) we obtain,
from (3.1), that

Bl < Y0 1y 57 ool o 5 100D e,

d<zv d>zv d=1

and also that
[e.e]
logd/ 1 Eu cu
| el < 3 ) (5 St g S5)
q d
< <% + ﬁ) S50, loald)l ge/tog =

Now, as each |g(p¥)| < 1 and as 21/3/(21/3 — 1) < 5,

Zoo |94(d)|
1- q

qd dg/logz S Hp‘q <]‘ + plféf/ 1(02’)2 + ZZOZQ pk(lfﬁl/ 1052))
d=1

1-fq
< Ipjq (1 + plfsf/l(o?z) <1 + W)

since p > 2 and & < %10g z. The proposition follows upon taking logarithms.
O

Define
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From Proposition 3.6 it is clear that I(s) converges absolutely in Re(s) >
—%log z, and thus defines an analytic function in this region. Further if
Re(s) > 0 then

(3.2)
0= [ 5 Bk =Gu) =St =y [

(14 s/logz)
= 1ngﬁ(Gq(l + s/logz) — G4(1)).

By analytic continuation this identity continues to hold for all Re(s) > —% log z.

PROPOSITION 3.7. For1<¢< %logz with z sufficiently large,

[e.9] u é‘
| Bl > gt (e ) ~ 51a(6) - 5300} ~1).
Proof. Taking s = —(§ +im) in (3.2) we deduce that, since |Gy(1)| < 1,

[¢(1 4 s/log 2]
|s + log z|

/ " e B(u)du > [1(s)] > (1G(1+5/10g2)] - 1).
0

From the formula {(w) = w/(w —1) —w [{*{z}z~'"*dz, which is valid for all
Re(w) > 0, we glean that

IC(1+ s/log z)| ‘ -1 1 /°° —ote/l mlogx
> |R = o8z dz)|.
|s+logz| e((f—i—zﬁr) log z /4 {z}e COS( log z ) x)

For large z and £ < %logz we see easily that the integral above is positive,!

and so we deduce that

[C(1+ s/logz)|/|s +log z| > Re(1/(¢ + im)) = £/(¢% + 7°).

Next we give a lower bound for |G4(1 + s/logz)|. We claim that for
z > 1015 and for all primes p

(3.3)
fq(p)

p1+s/ log z

fq(PQ) i ‘ > ‘1+ fq(p)

1+ p2(1+s/ log z) U lers/ log z

+

103 1
(1 100 p2-2¢/ logz)'
When p > 1012 we simply use that the left side of (3.3) exceeds

e}

1+ fo(p)/p' e/ 1082 = "1 /pk(=¢/1e2)
k=2

'n fact, for z > 200.
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and the claim follows. For small p < 1013, set K = [log z/(21og p)] and observe
that for k < K the numbers f,(p*)/ pF+s/1082) 4]l have argument in the range
[0,7/2]. Hence the left side of (3.3) exceeds, when ¢ = 1/p'~¢/1082
fa(p) Z 1 ‘ Ja(p) < 1 )
Nt 1-
k= K—1(g_1)2 )"
=4 ¢ Hg—-1)

1+ p1+s/ log z p1+s/logz

which implies (3.3) for z > 101°.
Observe that if |w| < 273 then
oo
log |1 +w| =Re (w— Y _(~1)"w"/n) > Re (w) — 5|w|*/4.
n=2
From this observation and our claim (3.3) we deduce easily that

fq(p) +”,‘2Re (fq(p)_l)_pﬂ 5

p1+s/logz p1+s/ log z 1-¢/logz) "

log ‘1 - p1+s/logz

It follows that
log |G4(1 + s/log z)|

> Re Y (“—fq(p)) P18 5.](6)

HE+ Y <1 - fq(p)> pg/logz< 1 eos (Trllogp)) ().

og z

Since —1—cos(mlog p/ log z) > —(7%/2)(log(z/p)/ log 2)?, we deduce the propo-
sition. a

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. The first part of the result was proved in Propo-
sition 3.6. Now, let IT (and I~) denote the set of values u with E(u) > 0
(respectively E(u) < 0). Taking s = —¢ in (3.2) we deduce that for £ < 2log 2

‘/ eguE(u)du‘ < Q‘M‘ < §7
0 logz —¢ £
since 0 < G4(1 —&/logz),Gy(1) < 1, and since (by ((w)/w = 1/(w — 1) —
floo{x}x_l_wdw)

C(l _g/k)gz) 1 1 /OO —2+¢/log z 1 1 3
A st e - <-4 — < —.
‘ (log z — €) ‘ ‘ £ gz ), 1T dm‘—gﬂongg—g
Combining this with Proposition 3.7 we deduce easily that
3
u > # _ _ 1) ==
34) [ B> 5 (e lH©) ~ 5Hae) =5} ~1) - ¢

> 5_15 exp{H(€) — 5Hy(€) — 5J (&)}
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Put w3 = H(§)(1 + 27). Then by Proposition 3.6 we get that

/ €| B (u)|du < e~ / €T B () | du
U1 0

ggexp{H(ﬁ—l-T)—TU1+5J(‘5+7')}'

Now H(E+7) < eTH(E) < (14+7+72)H (&), and J(E+7) < e?7J(€) < 2.8J(¢).
Hence H({ + 1) +5J(§ + 1) — Tur < H(§) — 5H2(§) — 5J(€) — 5, and so we
conclude that

COR " | B )| du < ﬁ exp{H(€) — 5Hs(€) — 5J(€)}.

Similarly note that, with ug = H(&)(1 — 27),
Uo o0
/ eéuE(u)ldugemo/ e B (u)|du
0 0

<

exp{H({ — )+ Tup +5J(§ — 7)}.

-7

Now J(§ —7) < J(£), and

H(f — 7') = Z 1_7']0‘1(1))])5/ log Zp*T/ log z

plq P
< Z 1 - ff](p)pf/logz(l - Tlogp + 7—_2>
- | P logz 2
lg

=H(&)(1 —7+7%/2) + TH1(€)

SH(E( —7+72/2) + 7V H(OHa(¢),
since H1(§) < /H(§)H2(§) by Cauchy’s inequality. From these observations
and our definition of 7 it follows that H({ — 7) + 5J(§ — 7) + Tug < H(E) —
5Hs(&) — 5J(§) — 5, and so

Y eu 1o _ _
3O [ EB@Id < g exp{H(E) - 5Ha(6) - 3}
Combining (3.4), (3.5), and (3.6) we deduce that

/ B () ldu > o exp{H(E) ~ 5H(E) — 5T}
IEN[uo,uq] 3

Now uy —ug < 47H(§) < 2H(), so the theorem follows. O

3b. Localization of sign changes of E. We saw in Corollary 3.3 that
(in typical situations) E changes sign in intervals of the form [u(1 — A/logu),
u(1+A/logu)]. We consider now the problem of providing a better localization
of the sign changes of E for small values of u. Our main result of this section
is the following;:
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PROPOSITION 3.8. With notation as above, suppose that maxg>,, |E(x)|>
1/(Gq4(1)log 2)) for some u > 6. Then there exist points uy,u_ € [u—1,u+1]
such that E(uy), —E(u_) > maxy>, |E(x)|.

Proposition 3.8 (which may be easily deduced from the lemmas of this sec-
tion) can be used to reduce the size of the interval in Theorem 3.1. In Corollary
3.3 this is simple to state: For e4 < u < loglog z/(2logloglog z) the interval
[u—1,u + 1] contains points uy satisfying the conclusions of Corollary 3.3.

LEMMA 3.9. Uniformly for u > 0,

> 1 1 — fq(p) logpy _ 1
+/u E(t)dt—f_logng; D long(u logz>_O(Gq(l)logz)'

Proof. Let E1(u) := )4 .« 9¢(d)/d; and note that |Ey(u)| < >, 194(d)|/d
< 1/G4(1). By a result of R. R. Hall (see [13], or (4.1) of [10]) we see that

1 1 194(d)] 1
Z¥ Z 194(d)] < ulogzzd: d < G

= ¢(Dulog z

Therefore, from (3.1) we deduce that

(37) B(u) = ~(1+0(") Ea(u) +0( 2 3 lay(d)))

d<zw

— B (u) +O(m>‘

Manipulation of F1(u) yields our identity. The starting point is the observation
that

(3.8)
uky (u) + / Ey(t)dt = uEy(u) + Y gqc(ld) <10gd _ u) _ gqc(ld) logd

log 2 log z
d>zv & d>zv g

We approximate the left side of (3.8) as follows:

‘(uEl(u)—i—L By (t)dt) + / E(t dt

< ulFy (u) + <>r+/ By (1) + E(t)|dt
< g+ (G X )

d<zw

|94(d)| 1
<G ¢(1)log = logz<zd: d ><< Gy(1)log 2
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Now logd =3, ; A(m) so that the right side of (3.8) equals

1 9q(d)
log z ZA(m) Z d

m d>z%
m|d

The sum over m’s above can be restricted to prime powers p* for p < z (else
gq(d) = 0). Further the contribution of prime powers p* with k > 2 is bounded
by < 1/(G4(1)log z). Finally for m = p < z we see that

gq(d) o gq(p) gq(d) 1
Y mE =t Y R 0(oe)

d; ‘Zd“' d>z"/p
1 - f4(p) log p 1
G o ) o)
po O\ ogs) TOGRG, M)
Therefore, by (3.7), this, taken with the estimate for the left side of (3.8),
yields the result.

We call a point w special if |E(w)| = maxy>,, |E(x)|. Since E(x) — 0 as
x — oo we see that there are arbitrarily large special points.

LEMMA 3.10. Given u > 2 either E(x) = O(1/(G4(1)log 2)) for all x > u
or there is a special point in [u,u + 1].

Proof. Let w denote the infimum of the set of special points at least
as large as u, and assume w > wu + 1 (that is, there is no special point in
[u,u 4+ 1]). Note that |E(w)| > |E(z)| + O(z™") for any =z > w. If E(z)
maintains the same sign for all x > w set v = 00; otherwise let v denote the
infimum of those points x > w for which F(z) has the opposite sign to E(w).
Note that E(v) = O(1/2z"). Taking Lemma 3.9 with v = w and v = v and
subtracting we find that

(3.9)
Y 1 1 — f4(p) log p log p
E E(t)dt £ E(w— —E(v—
wb()t [ B 3= o (2 (0= 28) -2 (o 222))
1
=0(—=———).
(Gq(l)logz>
Since E/(t) maintains the same sign throughout [w, v] we have that
’wE(w)—i—/ B(t)dt] > w|E(w)],
while on the other hand
o S A gy (5 52) (- 2
log = et P log 2z log 2
< 2 S 18P s [B()] < 2+ o1)) max [E(€)] < (24 o(1))| Ew)|
~ log 2 P >w—1 - >u - ’

p<z
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since w was assumed to be larger than u 4+ 1. We conclude that
(u—=140(1))|E(w)| = O(1/(G¢(1)log 2))

which establishes the lemma. O

LEMMA 3.11. Ifu > 2 and E(x) maintains the same sign throughout
[u,u+ 2] then E(z) = O(1/(G4(1)log 2)) for all x > u+ 1.

Proof. Suppose not. Let w denote the infimum of the set of all special
points at least as large as v+ 1. By Lemma 3.10 we know that w < u+ 2. Let
v denote the infimum of points x > u + 2 such that E(x) has the opposite sign
to E(w)j; if no such point exists set v = co. Now E maintains the same sign in
[w — 1,v] (since it is a subinterval of [u,v]) and so

! 1 1 — fq(p) logp ‘
- = > :
)wE(w) +/Jj E(t)dt + Tog 2 p§<z ) log p E(w logz) > w|E(w)|;

on the other hand
1 1 — fy(p) log p
— <
‘logz > log p E(v )) < [B(w)[(1 4+ o(1)),

p<z

since |E(v —logp/log z)| < maxg>y—1 |E(z)| < |E(w)|. Therefore, by (3.9),
we deduce that (w — 1+ o(1))|E(w)| < O(1/(G4(1)logz)) which proves the
lemma. O

ProprosITION 3.12.  Fix e > 0. Given a special point w > 4 + ¢ either

there exists a point £ € [w—1,w] for which E(§) and E(w) have opposite signs
and [E(§)] = (w —4 —e)|E(w)], or E(w) = O(1/(Gy(1) log 2)).

Proof.  Select v € [w + 1,w + 3] with E(v) = O(z7") (if v does not
exist then the proposition follows from Lemma 3.11). Choose § = +1 so that
dE(w) > 0. Suppose that §E(z) > —(2w—v—1—¢)dE(w) forall z € [w—1,w].
Then ¢ times the right side of (3.9) is

> §E(w)(w — / 1dt — 1022 3 loip Qw—v—1—c+1)) >e|B(w)|/2

p<z

since each v —logp/log z > w so that |E(v—logp/log z)| < |E(w)|. The result
follows from (3.9) since 2w —v —1> w — 4. O

Given u > 3 + ¢ we can take w to be a special point in [u + 1,u + 2] and
then £ € [u,u+ 2].

4. Proof of Theorems 2.4 and 2.5

We shall only provide the proof of Theorem 2.4, the proof of Theorem
2.5 being entirely similar. We take ¢ to be the product of all the primes in
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(2177, 2) so that ¢ < [l<.p < z/3+°() | Since S  [1,loglog z] we also know
that (¢,S) = 1. Since q is squarefree we check that f,(n) (as defined in Section
2) satisfies fo(p*) = 1if p { ¢ and fy(p*) = h(p)(p — 1)/(p — h(p)) if plq and
k > 1 (note that f,(p*) < h(p) < 1 in this case) . Thus 0 < f,(n) < 1 for all n,
and we may apply the results of Section 3, in particular Corollary 3.2. From
Corollary 3.2 we obtain that for \/z > u > 5/n? there exists A € [u, u(1+ 227)]
such that

(4.1) ]ZiA n; Fa(n) — Gy(1)| 2 exp (— u(1 + 259)log (%»

Using Proposition 2.2, we may easily find £ € (z/(2(z*+1)),z/(22")) such
that ¢ is not divisible by any prime below (log z)/3. Such an ¢ is coprime to ¢,
satisfies (¢,S) = 1, and further, ¢(¢)/¢ > 1. Proposition 2.2 therefore yields,
by (4.1),

Ag+ Ay > exp < —u(1 4+ 25n) log (i—g)),

proving Theorem 2.4 (in the statement of which we might take ¢ = q).

5. Limitations to the equidistribution of primes

In this section we will exploit the flexibility afforded by our general os-
cillation results to obtain refinements to previous results on the limitations to
the equidistribution of primes. We stated in Theorem 1.5 (see Introduction)
the result for primes in short intervals and we now state the analogous results
for primes in arithmetic progressions.

THEOREM 5.1. Let £ be large and suppose that £ has fewer than (log £)! ¢
prime divisors below log €. Suppose that

(log £)'** <y < exp(By/log £//2loglog ()

for a certain absolute constant B > 0, and put x = ly. Define for integers a

coprime to £
A(z;l,a) = (29(3[;;6, a) — ﬁ) /ﬁ

There exist numbers x in the interval (x, zy?/108(ogy/loglog )y =y d integers
a+ coprime to £ such that

A(wyslay) >y o0y, and Alz_;la_) < —y 0w,

Here D is an absolute positive constant which depends only on e, and (-, -)
s as in Theorem 1.5.

These bounds are > 1 if y = (logf)°M, and > y70+e) if y =
exp((log?)™) with 0 < 7 < 1/2. The corresponding result in [4, Th. Al],
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gives the weaker bound y~(+e(M)7/(1=7) (though our bound is obtained there
assuming the Generalized Riemann Hypothesis). Our constraint on the small
primes dividing ¢ is less restrictive than the corresponding condition there,
though our localization of the x4 values is worse (in [4] the zy values are
localized in intervals (z/2,2x)).

Theorem 5.1 omits a thin set of moduli ¢ having very many small prime
factors. We next give a weaker variant which includes all moduli 4.

THEOREM 5.2. Let £ be large and suppose that

(log £)'*¢ < y < exp(B3y/log £/+/loglog {)

for a certain absolute constant 8 > 0, and put x = yf. There exist numbers
T4 in the interval (:U,:ryD/ log(logy/loglog@), and integers a4+ coprime to £ such
that

y_61 (Zvy)

y_61 (Zvy)
>_J 000
~ logloglog ¢

Azl g
(z450,a4) log log log ¢’

and Alx_;la_) <

where §1(x,y) = (loglogy + O(1))/(loglog x). Here D is an absolute positive
constant which depends only on €.

Theorem 5.2 should be compared with Theorem A2 of [4]. Our bound is
> ¢~ if § = exp((log£)7) with 0 < 7 < 1/2. The corresponding result
in [4, Th. A2], gives a weaker bound y~3+e(1)7/(14+7) "though our localization
of the x4+ values is again much worse.

To prove Theorems 1.5, 5.1 and 5.2 we require knowledge of the distribu-
tion of primes in certain arithmetic progressions. We begin by describing such
a result, which will be deduced as a consequence of a theorem of Gallagher [5].

For 1 < j < J := [logz/(2log2)], consider the dyadic intervals [; =
(2/27,2/277Y. Let P;j denote a subset of the primes in I;, and let 7; denote
the cardinality of P;. We let Q denote the set of integers ¢ with the following
property: g = szl ¢; and each ¢; is the product of exactly [r;/2] distinct
primes in P;. It is clear that all the elements of Q are squarefree and lie below
Q :=2>:7/2 and that |Q| = H}]:l ([7:;2]).

There is a constant ¢; such that at most one primitive L-function with
modulus ¢ between +/T and T has a zero in the region o > 1 — c1/logq, and
|t| < T. Further if this exceptional Siegel zero exists then it is real, simple and
unique (see Chapter 14 in [2]). We call the modulus of such an exceptional
character a Siegel modulus. Below @ there are < loglog @ Siegel moduli.
Denote these by vy, vs, ..., 1, and for each select a prime divisor vy, ..., vp.
Assume none of vy,...v; belongs to U}-Izle, which guarantees that there are
no Siegel zeros for any of the moduli d where d is a divisor of some ¢q € Q.
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PROPOSITION 5.3.  Suppose that exp(y/Iogz) < Q < 2P where b is a
positive absolute constant, and let x exp(—+/logz) < h < x. Then

1 V(x + h;q,a) — I(x;9,a) — h/p(q) _  Mosz
12 - Z (o ho(q) ‘ < ex \/—logz>’

where a is a positive absolute constant.

Proof. 1f (a,q) =1 then using the orthogonality of characters, we have

z+h
1
I+ hig,a) —d(w;q,0) =—— Zx )log p
X (mod q)
z+h

:L Z logp+O( (1) Z‘ZX long

ola) , .,

(p,q)=1

By the prime number theorem the first term above is

h/p(@){1 + O(exp(—cy/logz))},

which has an acceptable error term. We now focus on estimating the second
term on average.

Below the superscript * will indicate a restriction to primitive characters.
Observe that

z+h z+h
S [Xweer|=3 X ([ L xwogs|+0(X0sp))
X#Xo T :lql X (mod d) z plg
z+h

=3 Y | xm)egs| + Otd(a) g q).

d|
Mo x (modd) =

Thus
(5.1)
z+h . z+h
> ’Zx(p) logp’ = > (Zl) > (Zx(p) logp’ +0(/Qa7).
€L XFX0 T 1<d<@Q  9€° x (modd) =

dlq

Observe that if d is to have any multiples in © then we must have d =
H;.le d; with each of the d; being composed of at most [r;/2] distinct primes
from P;. Therefore

J J
T — w(d;) —w(d) ([ T\ _ o-w(d) =
>l (i “ty) = T2 () =201 <2

9,
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where w(n) denotes the number of prime factors of n, and the final estimate
follows since all prime divisors of d are below z and so w(d) > logd/log z.
From these remarks we see that the right side of (5.1) is

z+h
(5.2) <19 Z 2 ox Z ‘ZX logp‘JrO |Qz%),
1<d<@ X (modd) =

where the b on the sum over d indicates that the sum is restricted to d as
above; note that such d have no Siegel zeros.

Define Jy := [1,exp(y/Iog )], and J;, := (exp(yv/Iog x)2" !, exp(y/Tog x)2*]
for 1 < k < [(log@Q — Vlogz)/logz]. Theorem 7 of Gallagher [5] implies
that the contribution of terms d € Ji (for k > 1) is (for a positive absolute
constant «)

log \/logx+klogz>
\/logx+ (k+1)log z 2log 2z

<<h\Q|eXp<—

< |Qlhexp (

V2 logx)

P A=
Vl0og z

and also that the contribution of the terms d € Jp is < |QJhexp(—ay/logz).

Summing over k& we deduce that the quantity in (5.2) is

< |Qlhexp(—an/log z/+/log 2)

which proves the proposition. O

COROLLARY 5.4. Suppose that exp(y/logz) < Q < a2 where b is a pos-
itive absolute comstant. Select z to be the largest integer such that Hpgzp <
Q* M) Then there exists an integer q € [Ql_c/loglogQ,Q], whose prime fac-
tors all lie in [\/z,z] with 3, 1/pt=&/logz > £ /(10€) for 1 < € < 2 log z,
such that

(5.3) V(2x;q,a) — Hx;q,a) — % < % exp ( _ ﬁ\/lj\sgolgozx)’

for all (a,q) =1, where (3 is a positive absolute constant.

Proof. When z is chosen as above we have z ~ 2log Q so that \/logz <
z < logx. If /27 < \/z then let P;=10. If 2z > z/2) > /z then let P; be
the set of primes in [, omitting the prime divisors vy, ... vy of Siegel moduli;
in these cases m; = m(2/2971) — w(2/27) + O(loglog z). By Proposition 5.3 we
can select ¢ satisfying (5.3), with ~ z/(2/71 log(z/27)) prime factors in each I;
where j < [log z/log 4], so that 3,/ 1/pt=¢/loe= > €8 /(10€) for 1 < ¢ < 2log 2.

COROLLARY 5.5. Fiz 1/2 > ¢ > 0. Suppose there is a large inte-
ger £ with fewer than (log£)'=¢ prime divisors below log{. Suppose also that
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exp(3(log £)'=%) < Q < £°, and that J is a positive integer < exp(y/logl). Se-
lect z to be the largest integer such that Hpgzp < Q*°M)_ Then there exists

an integer q € [Ql_c/loglogQ,Q], coprime to £ whose prime factors all lie in
[Vz, 2] with 32, 1/p'=¢/108% > £ /(10€) for 1 < € < 2log z, for which

ZJ: o | PG+ DE/20,0) — 9(5¢/2;.0,0) — £/20(q) ‘
= (@a)=1 £/2¢(q)
Vv1og ¥
< Jexp ( - ﬁi\/w),

where (3 is a positive absolute constant.

Proof. If j > e(log z)/10 let P; = (. If 1 < j < e(log 2)/10 let P; be the
set of primes in I;, omitting the prime divisors vy, ... v, of Siegel moduli and
any prime divisors of £. Now, for 1 < j < J replace by j¢/2 and h by ¢/2 in
Proposition 5.3, and sum. This yields

1 9((j + 1)6/2;q,a) — 9(j0/2; ¢, a) — €/2(q)
2 7] 2 s, 7200 |

Vl1og ¢ )
Viog 2/
Thus we may choose a q as described in the result, proceeding as in the proof
of Corollary 5.4.

<<Jexp<—a

COROLLARY 5.6. Given a large integer £, let Q = (° for sufficiently small
b >0, and let J be a positive integer < exp(y/log?). Select z = 10log¢. Then
there exists an integer q € [Qlfc/ loglog @ Q], coprime to ¢ whose prime factors
all lie in [z/2, z] with qu 1/p'=¢/1082 > bef /logz for 1 < € < %logz, for
which

I((J +1)0/25q,a) — 9(jl/2;q,a) — £/2¢(q) )
£/2¢(q)

V@)y

J _ g Vst
< exp( ﬁ\/loglogﬁ

where (3 is a positive absolute constant.

Proof. Let P; = () for j > 1, and let P; be a set of m; = [2blog ¢/ log log ¢]
primes in I} = (z/2, z], omitting the prime divisors vy, ...v; of Siegel moduli
and any prime divisors of ¢; this is possible since I; contains ~ 5log ¢/ log log ¢
primes, and we are forced to omit at most ~ log¢/loglog/¢. From here we
proceed as in the proof of Corollary 5.5.
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Proof of Theorem 1.5. Take Q = z® in Corollary 5.4 to obtain ¢ which
satisfies the hypotheses of Corollary 3.5. Let u := logy/log z and select vy as
in Corollary 3.5. We consider the Maier matrices M4 with

log(rq+s) if rq+ s is prime,
(M:I:)r,s - { ( )

otherwise,

where x/q < r < 2x/q and vy < s < vy +y. Let My denote the sum of the
entries of M. Using (5.3) to sum the entries in column s we see that

x Viog
Mi=@<1+0(exp(ﬁﬁ>)) Z 1.

vy <s<vyty
(s,9)=1

Let r4 denote the row in M4 whose sum is largest, and let x4 := qry + vy €
(z,2x). Since there are x/q + O(1) rows, we have

oy +y) —V(ay) > L1+ 0@ /)M,

and then Theorem 1.5 follows from the bounds in Corollary 3.5. The analogous
argument works for M_.

Proof of Theorem 5.1. Take Q = ¢° in Corollary 5.5 to obtain ¢ which
satisfies the hypothesis of Corollary 3.3. Let u := logy/logz and select U
in Corollary 3.3 so that U(1 — A/logU) = u; then put Sy = [zU*], so that
Sy € [¥, zutCu/logu] We consider the Maier matrices M. with

log(rq + sf) if rq + sl is prime,

0 otherwise,

(M:I:)T,s - {

where R < r < 2R with R := [(/(2¢)] and 1 < s < S1. Let My denote the
sum of the entries of M. Using Corollary 5.5 to sum the entries in column s
we see that

¢ Viogz
My = —(1 —I—O(exp(—ﬁ\/w>)) Z;i 1.
(=1

Now, the sum of the entries in row r equals 0 if (r,£) > 1; and equals J(£S4 +
qril,qr) — 9qr;l,qr) = 9SSy + qr; L, qr) if (r,f) = 1, since gr < £ and gr is
not prime. The number of integers r € [R,2R] with (r,£) = 1 is Rp(¢)/l +
O(r(0)) = v(€)/(2q) + O(¢7). Therefore, denoting by 4 the row for which
HNxg;l,ay), with x4 = €S, + gry and a4 = gry, is maximized, we obtain

Hasitiar) = (14O )M,

and then Theorem 5.1 follows from the bounds in Corollary 3.3. The analogous
argument works for M _.
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Proof of Theorem 5.2. We proceed exactly as in the proof of Theorem
5.1 but replacing the use of Corollary 3.3 by Corollary 3.4, and the use of
Corollary 5.5 by Corollary 5.6.

6. Further examples

6a. Reduced residues. Let q be square-free. Writing

> 1=Yua Y ot

n<a dlg n<a

(na)=1 e mod o)
n=a (mod £)
we see that this is
(6.1) _ {0 . %f (a,q,0) > 1
T TO() if (a,q,0) = 1.

COROLLARY 6.1. Let q be a large square-free number, which satisfies (1.3),
and define o := (loglog q)~* >_plg(logp)/p with n = min(1/100, ov/3). Then for
n(log q)"? > u > 5/n? there exist intervals I+ C [q/4,3q/4] of length at least
(log q)* such that

Z 1 > ]I |< +exp(— %(1+2577)10g(2u/n3))>,

nely
(n,q)=1

and

Z 1 < ]I |< — exp ( - %(1 + 257) log(Qu/ng)))

nel_
(n,q)=1

Deduction of Corollary 1.2. This follows immediately upon noting that
z < (log q)" and replacing u/n by wu.

Proof of Corollary 6.1.  Take a(n) = 1 if n < ¢ with (n,q) = 1 and
a(n) = 0 otherwise. Recall that n = min(a/3,1/100). Since ¢ has at most
log q/ loglog g prime factors larger than log ¢ we see that

log p
Z - <1.

rlq
p>logq

Therefore from our assumption that Zm q log p/p = aloglog ¢ we may conclude
that there exists (logq)"” < z < (log ¢)/3 such that

(6.2) > % > .

pla
2l=n<p<z
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Take £ to be the product of the primes in [z!77, 2] which divide g, so
that ¢ is a divisor of ¢ and ¢ < ez(1+o(1) < q%. Given (logq)”/2 > u > 5/n?
we obtain by (6.2) and Corollary 3.2 (we check readily that n > z~1/10 using
n > 20logloglog ¢/ loglog q) that there exist points uy € [u,u(1 4 22n)] such
that, with yy = [2%*],

(6.3a) Z 1> <1 + exp ( — u(1+ 257) log (Z—Z))) @y%

n<yy
(n,0)=1

and

(6.3b) Y oic< (1 — exp ( — u(1 + 257) log (%))) @y_.

(n,0)=1
Consider now the “Maier matrices” M. whose (r, s)'" entry is (R+7){+s
with 1 < r < Rand 1 < s < y4, and R = [¢/(4¢)]. As usual we sum
a(n) as n ranges over the elements of this matrix. Using (6.1), note that
the s column contributes 0 unless (s,#) = 1 in which case it contributes
Ro(q/l)/(q/f) + O(7(q)). Thus the contribution of the matrix is

(R(’b;q/f) + O(q5)> YL

s<y4
(s,£)=1

Corollary 6.1 follows immediately from (6.3 a,b). O

Proof of Corollary 1.1. Let ¢ = HpeP p; note that A, the set of in-
tegers up to ¢ without any prime factors from the set P, is a subset of
[1,q] of density ¢(P)/P = ¢(q)/q, which is strictly < 1 by hypothesis. Let
l = H\/ESpSZ/IS, pep b so that 0 < g9t for some fixed § > 0, and apply
the argument in our proof of Corollary 6.1 above. In place of Corollary 3.2 we
appeal to Corollary 3.3 (with £ in place of g, since the hypothesis on P implies
that H (&) > e£/€), and see that for suitably large u < /2 there exist integers
y+ > 2% such that

l
Z 1> (1 + exp(—u(log u + log log u + O(l))) %y%
s
and y
Z 1< (1 — exp(—u(logu + log logu + O(l))) #y

(n,0)=1

We conclude that for large u < /z there are intervals I+ C [q/4, 3q/4] of length
> z% such that
Z 1> @HJJ (1 + exp(—u(log u + log log u + O(l))),

nely
(n,q)=1
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and
Z 1< |I |< exp(—u(logu+loglogu+0(1))).
(n rJ) 1

Finally, by Proposition 3.8 we find that we can take y+ < 2“2, provided that
u < (1 —¢)loglog z/logloglog z.

From the “fundamental lemma” of sieve theory (see [7]), it follows that
these estimates are essentially optimal.

Ezample 6. Take g = Hpgz
are coprime to q. We show how to tweak A to obtain a set B C [1,q] such
that the symmetric difference |(A\B) U (B\.A)| is small, but such that B is well
distributed in short intervals.

Let k = [¢/(log ¢)*] and divide [1, g
1<m <k and h=q/k = (logq)* + O

(6.4) ‘ >oo1-

mh+1<n<(m+1)h
(n,q)=1

holds or does not hold. If (6.4) holds then take B N [mh + 1,(m + 1)h] =
AN [mh+1,(m + 1)h]. Otherwise pick an arbitrary set of [¢(q)h/q] numbers
in [mh + 1, (m + 1)h] and take that to be BN [mh + 1, (m + 1)h].

By construction we see that for any interval [z, z + y] C [1,q]

(6.5) Z .l +O(¢()h+ Y )

q log q

p and A to be the integers less than ¢ that

into k intervals [mh+1, (m+ 1)h] for
1). For 1 <m < k consider whether

—~

h| < (logq),

>
IS
N—

z<n<z+y

Thus B is well distributed in short intervals of length y > (log q)°, say.
Further note that A and B are quite close to each other. Indeed, from the
theorem in Montgomery and Vaughan [13] we know that for integers r > 1,

(6.6) 3 ( So1- @h)% ~ % q(hM)r.

m<k mh+1<n<(m+1)h q q
- (n,q)=1

It follows that the number of values m for which (6.4) does not hold is <,
q/(log q)?". Therefore for any r > 1

(6.7) [(A\B) U (B\A)| < q/(logq)".

By (6.1) and (6.7) we therefore see that B is also well distributed in arithmetic
progressions a (mod ¢) provided ¢ <, (logq)".

Now take £ =[] s5cp<iP = e(Ho)w with w < z so that £|q. For u < y/w
but large, our usual Maier matrix argument then gives that one of the following
statements holds:
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(i) There exists y € [¢/4,q] and a (mod ¢) such that, with §((a,¢) = 1)
being 1 or 0 depending on whether (a,f) = 1 or not,

‘B(y;é, a) = 6((a, ) = 1)@?4 > eXp(—u(IOgu—i—loglogu—kO(l)))L((‘;/g)y.

ii) There exists an interval |z,z 4+ y| C [1, ¢] with y > w® such that
(ii) y y

‘ Z 1-— @y‘ > exp(—u(logu + loglog u + O(1)))y.

z<n<z+ty
neB

But from (6.5) we see that case (ii) cannot hold if w* > (logq)® and if
e~ ullogutloglogu+O(1)) 5, 1 /logq. We conclude therefore that the distribu-
tion of B in arithmetic progressions is compromised, and that case (i) holds in
this situation. In particular the expected asymptotic formula for B(y; ¥, a) is
false for some ¢ <. exp((logq)®).

Our argument also places restrictions on the uniformity with which
Montgomery and Vaughan’s estimate (6.6) can hold. Given h and ¢ with
h¢(q)/q large, define n by q¢/¢(q) = (he(q)/q)". We now show that if (6.6)
holds then r < (log(he(q)/q))>T41+e),

Fix e > 0. Choose L so that hé(q)/q = L?>T¢; then let

u=(1—-¢)logL/loglog L and w = (log )37,

We follow the same argument as in Example 6, but replace “(log¢)®” in

(6.4) by “(h¢(q)/q)/L”, from which it follows that we replace “y/logq” in
(6.5) by “y/L”, and that the upper bound in (6.7) is < gh(2r/eL®)". Case
(ii) cannot hold in our range by (6.5). By the combinatorial sieve we know
that |A(y; £, a) — 6((a,£) = 1)é(q/€)y/q| < 273 so that, since case (i) holds,
|(A\B) U (B\A)| > ¢(¢)/¢L in our range. By (6.7) we deduce that e®+o(®) =
¢L(q/#(q))h > (eLf/2r)" so that r < w/log L = (log L)?>T4174¢ which implies
the result.

6b. ‘Wirsing sequences’. Let P be a set of primes of logarithmic density
a for a fixed number a € (0,1); that is

5158 (a -+ o(1) log

p<w
pEP

as ¢ — oo. Let A be the set of integers not divisible by any prime in P and
let a(n) =1if n € A and a(n) = 0 otherwise. Wirsing proved (see page 417 of
[18]) that

(6.8) A(z) ~ %x I1(- ]13)

p<z
pEP
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Let h be the multiplicative function defined by h(p) = 0if p € P and h(p) =1

if p ¢ P and take fy(a) = h((a,q)) and vq = [],ep(1 — 1/p). Naturally

we may expect that A(z;q,a) ~ %A(m) and our work places restrictions on

this asymptotic. "

Let u > max(e2/a, e199) be fixed. Then for large = we see that the hypothe-
ses of Theorem 2.4 are met with z = (logz)/3 and n = 1/logu. Combining
Theorem 2.4 with (6.8) which shows that A(x)/x varies slowly (and there-
fore equals (1 + o(1))A(y)/y for any y € (z/4,x)), we attain the following
conclusion.

COROLLARY 6.2. For fized u > max(e?/®,e'%%) and large = there exists
y € (x/4,z) and an arithmetic progression a (mod £) with ¢ < x(3/logz)"
such that

ﬂA(y) > exp(—u(logu + O(loglog u))) ——+

. fe Aly)
AL, o0

Similarly using Theorem 2.5 with n = 1/logu and z = (% log )3 we ob-
tain the following “uncertainty principle” showing that either the distribution
of A in arithmetic progressions with small moduli, or the distribution in short
intervals must be compromised.

COROLLARY 6.3. Let u > max(e*®,e'%) be fived and write u = MN
with both M and N at least 1. Then for each large x at least one of the following
two statements s true.

(i) There exists y € (x/4,x) and an arithmetic progression a (mod q) with
q < exp((logz)a) such that

)A(y; q,a) — MA(y)‘ > exp(—u(logu + O(loglogu)))—=.

qYq

(ii) There exists y > (3logz)" and an interval (v,v +y) C (z/4,z) such

that

‘A(v +y) — Av) — y@’ > exp(—u(log u 4 O(loglog u)))y@_

6c. Sums of two squares and generalizations.

Ezxample 3, revisited. We return to Balog and Wooley’s Example 3, the
numbers that are sums of two squares. It is known that (see Lemma 2.1 of [1])
log 2\ 5
(6.9) A(z;q,a) = M.A(gv) (1 + O(( o8 q) >>

q
qVq log




AN UNCERTAINTY PRINCIPLE FOR ARITHMETIC SEQUENCES 629

Take ¢ to be the product of primes between /logz and log z/loglog z. Using
the Maier matrix method, (6.9) and our Corollary 3.3 we obtain that for fixed
u and large = there exist y+ > (logx)" and intervals [vy, vy + yi] C [z/4, ]
such that
A(z)
Z a(n) > (1 + exp(—u(logu + loglogu + O(1))))y+ .

vy <n<vp+y4

and

Z a(n) < (1 —exp(—u(logu +loglogu + O(1))))y— A(m)

X
v_<nlv_+y_

These are of essentially the same strength as the results in [1].
Further we also obtain that (for fixed u) there exists y € (z/4,z) and an
arithmetic progression a (mod ¢) with ¢ < x/(logx)" such that

T4 4(w)| 2 exp(-ufiogu + loglogu + 0(1)) %

Aba) =T, o)

Ezample 7. Let K be a number field with [K : Q] > 1 and let R be its
ring of integers. Let C1,...,Cy be the ideal classes of R, and define A® to
be the set of integers which are the norms of integral ideals belonging to C;.
From the work of R. W. K. Odoni [14] we know that

AD(z) ~ ¢

’ x
v (log )1~ E(K)

where ¢; > 0 is a constant and E(K) denotes the density of the set of rational
primes admitting in K at least one prime ideal divisor of residual degree 1. It
is well known that F(K) > 1/[K : Q] and also we know that E(K) <1—-1/
[K : Q] (see the charming article of J-P. Serre [16]).

We now describe what the natural associated multiplicative functions h
and fq should be. Define 6(n) = 1 when n is the norm of some integral ideal in
K and §(n) = 0 otherwise. Clearly n € A® for some i if and only if §(n) = 1.
Naturally we would expect that

P’
3(n) ~ Lz )P 3(n

20~ =S S ;

k‘n nsxT
and so the natural definition of A is

h(p*) _ ijk 5(p?)/p
PP 300 0(d)/p

Note that h(p) =1 if 6(p) = 1 (which happens if p has a prime ideal divisor in
K of residual degree 1, and so occurs for a set of primes with density E(K))
and that h(p) < 1/p+0O(1/p?) if 6(p) = 0 (and this happens for a set of primes
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of density 1 — E(K) > 0). With the corresponding definition of f,(a) we may
expect that for (¢,S) = 1 (for a finite set of bad primes S including all prime
factors of the discriminant of K)
AW (z;q,a) ~ M.A(i) ().
qYq

By appealing to standard facts on the zeros of zeta and L-functions over num-
ber fields one can prove such an asymptotic for small values of ¢ (for example,
if ¢ is fixed). Our work shows that that this asymptotic fails if ¢ is of size
x/(logz)" for any fixed u. We expect that one can understand the asymp-
totics of A(i)(l‘; q,a) for appropriate small ¢ in order also to conclude that the
distribution of A® in short intervals (of length (logz)") is compromised. We
also expect that similar results hold with R replaced with any order in K.

Ezample 8. Let k be a fixed integer, and choose r reduced residue classes
ai, ..., a, (mod k) where 1 <r < ¢(k). Take A to be the set of integers not
divisible by any prime = a; (mod k) and take S to be the set of primes dividing
k. Here h is completely multiplicative with h(p) = 0 if p = a; (mod k) for
some j and h(p) = 1 otherwise, and f,(a) is defined appropriately. This is a
special case of a Wirsing sequence, and so (6.8) and Corollary 6.2 apply (we
see easily that ¢ in Corollary 6.2 may be chosen coprime to k). Note also that
Example 3 essentially corresponds to the case £ = 4 and a; = 3. This also
covers Example 7 in the case when K is an abelian extension.

We may apply standard techniques of analytic number theory to study
A(z) and A(z;q,a). Consider the generating function A(s) = > 2 a(n)n™*
which converges absolutely in Re(s) > 1 and satisfies the Euler product
20 (moawy(—p7" )~L. Further using the orthogonality relations of charac-
ters ¢ (mod k) we see that

A(S) = H L(S7 T/])ﬁzbvi—@i (mod k) w(b)B(8)7
1 (mod k)

where B is absolutely convergent in Re(s) > 1/2. Further for a character x
(mod ¢q) with (¢, k) =1 we get that

s = S M) T g gyt Sosar s PO s ).

nS
n=1 ¥ (mod k)
with B(s,x) absolutely convergent in Re(s) > 1/2. For large =z, if ¢ <
exp(v/logz) with (g, k) = 1 is such that for all characters x (mod ¢k) (prim-
itive or not) L(s, x) has no zeros in ¢ > 1 — ¢/log(qgk(1 + |t|) then we may
conclude by standard arguments that
fq(a)

(6.10) A(z;q,a) = q—yq.A(at) + O(z exp(—C+/log x)),
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for some constant 1 > C > 0. Since k is fixed we may suppose that no
divisor of it is a Siegel modulus. Let v, ..., v; denote the Siegel moduli
below exp(v/Iog ) (see §5 for details, and note that ¢ < loglog ), and select
a prime factor v; for each v;. Choose ¢ to be the product of primes between
Vvw and w with w = (C/10)4/log x, taking care to omit the primes vy, ..., v
which fall in this range. Then (6.10) applies to this modulus ¢ (which is of
size exp((C/10 + o(1))y/log x). Now, applying the Maier matrix method (and
our Corollary 3.3) we deduce that for large u < \/w there exists an interval
[v,v+y] in [x/4,3z/4] with y > (logz)" such that

(6.11)

A A
Alv+y) — A(v) — y% > exp(—2u(logu + loglogu + O(1)))y :(;U)
Arguing more carefully, using a zero density estimate as in Section 5, it may

be possible to improve the right side of (6.11) to exp(—u(logu + loglogu +
N

T

6d. The multiplicative function 2™ for z € (0,1). Take a(n) = 2™
where 2(n) denotes the number of prime factors of n counted with multiplicity
and z is a fixed number between 0 and 1. We take S = §) and h(n) = 24"
and f,(a) = 22(®9)). For large 2 we know from a result of A. Selberg (see
Tenenbaum [17]) that
(logz)*~!

A(x) ~x e

From Theorem 2.4 and the above, we deduce that for fixed 1> max(e?/(1=2) ¢100)
and large x there exists y € (x/4, ) and an arithmetic progression a (mod /)
with ¢ < z(3/log z)" such that

A
A(y; £, a) — fé(j)A(y) > exp(—u(logu + O(loglog u)))M
l
Suppose ¢ < exp(y/log x) is such that for every character x (mod ¢) (prim-
itive or not) L(s, x) has no zeros in o > 1 —¢/log(q(|t| +2)) for some constant
¢ > 0. Then following Selberg’s method we may see that for some 1 > C >0

(6.12) A(z;q,a) = ‘}CZL’;Z)A(Q:) + O(z exp(—Cy/log x)).
q
Let v, ..., vy be the Siegel moduli below eV!°8% (see §5 for details; and note

that r < loglogx), and select one prime factor v; for each v;. Choose ¢ to
be the product of primes between /w and w for w = (C/10)/log x, taking
care to omit the primes vy, ..., v, should they happen to lie in this interval.
Then (6.12) applies to this modulus ¢, and using the Maier matrix method
and appealing to Corollary 3.3 we find that for large u < \/w there exists an
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interval [v,v +y| C [x/4,3z/4] with y > (logx)" such that

(6.13)
A A
A(w +y) — A(v) — y% > exp(—2u(logu + loglogu + O(l)))y%.
Taking greater care, using a zero density argument as in Section 5, it may be
possible to improve the right side of (6.13) to

> exp(—u(logu + loglogu + O(1)))yA(x)/x.

7. An uncertainty principle for integral equations

E. Wirsing [18] observed that questions on mean-values of multiplicative
functions can be reformulated in terms of solutions to a certain integral equa-
tion. We formalized this connection precisely in our paper [6] and we now
recapitulate the salient details. Let x : (0,00) — C be a measurable function
with x(t) = 1 for 0 < ¢ < 1 and |x(t)] <1 forallt > 1. Let o(u) =1 for
0 <u <1 and for u > 1 we define o to be the solution to

(7.1) uo(u) = /Ou x(t)o(u — t)dt.

In [6] we showed that there is a unique solution o(u) to (6.1) and that o(u) is
continuous and |o(u)| <1 for all w. In fact o(u) is given by

(7.2a) o) =1+ (_jl!y I(us ),
j=1

where

1—x(t1)  1—x(t)

t1,. ot >1 t tj
4.+ <u

(7.2b) Ij (u; X) = dtl ce dtj.

The connection between multiplicative functions and the integral equation
(7.1) is given by the following result which is Proposition 1 in [6].

PROPOSITION 7.1. Let f be a multiplicative function with |f(n)| <1 for

alln, and f(n) =1 forn <y. Let ¥(z) = >_,., logp and define

x(u) = xj(u) = @ > f(p)logp.

p<y*

Then x(t) is a measurable function with |x(t)| < 1 for all t and x(t) =1 for
t < 1. Let o(u) be the corresponding unique solution to (7.1). Then

%Zf(n)za(u)jLO( u +i>.

o logy ~ y*
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The converse to Proposition 7.1 also holds (see Proposition 1 (converse)
of [6]) so that the study of these integral equations is entirely analogous to the
study of mean-values of multiplicative functions. Translated into this context
our oscillation results of Section 3 take the shape of an “uncertainty principle”
which we will now describe.

We define the Laplace transform of a function f : [0,00) — C by

L(f,s) = /O T et

If f grows at most sub-exponentially then the Laplace transform is well-defined
for complex numbers s in the half-plane Re(s) > 0. From equation (7.1) we
obtain that for Re(s) > 0

(7.3) L(uo(u),s) = L(x,s)L(c,s).

Moreover from (7.2b) we see that when Re(s) > 0

_ 1 —x(v)
(7.4) sL(o,s) = exp ( - E(T’ s))
Finally, observe that if [ |1 — x(t)|/t dt < oo then from (7.2b) it follows that
lim, 00 0(u) exists and equals

11— 1-—
O :=¢€ 1 where 7 ::/ 7X(t> dt zﬁ(ixw),O).
1 t v

THEOREM 7.2. Suppose oo # 0 is such that
o) — 00e] < exp(—(u/4) log u)

for some positive A and all sufficiently large uw. Then either x(t) = 1 almost
everywhere fort > A, or fooo hﬂemdt diverges for some C > 0.

We view this as an “uncertainty principle” since (by choosing A = 1) we
have shown that both |x(¢) — 1| and |o0(u) — 0| cannot be very small except
in the case x(t) = o(u) = 1.

Proof. Since |o(u) — 00| < exp(—(u/A)logu) for all large u (say, for all
u > U) it follows that £(o — 0, s) is absolutely convergent for all complex s.
Therefore the identity

sL(0,8) = sL(0 — 00, S) + Ooos

which a priori holds for Re(s) > 0, furnishes an analytic continuation of

[1—x(®)
t

sL(o,s) for all complex s. Suppose now that fooo [eCt gt converges for

all positive C. Then E(l_+(”), s) is absolutely convergent for all s € C, and so
defines a holomorphic function on C. Hence the identity (7.4) now holds for
all s € C.
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If Re(s) = —¢ then

1sL(0,5)[ <1+ ysy/ 10 () — TooleSdu
0

<t ([ 2t [ e (u(e - 5"))a)
<1+]s| <2(6U§ —1)/€ +exp (A(g +1)+ eAf—l/A) + 1),

A(E+1)

where we bounded the second integral by the sum of the two integrals foe
feof(g .1, with the same integrand. In the range of the first integral one uses
u(é — (logu)/A) < eA€~1/A, and in the range of the second integral one uses
u(é — (logu)/A) < —u. Therefore, by (7.4), if Re(s) > —¢ and Im(s) < ef
with & large, then

Re — L(l_TX(v),s) < et

We now apply the Borel-Caratheodory lemma? to —E(1_+(v),s) taking
the circles with center 1 and radii r = & + 1 and R = £ 4+ 2. Since

1— 0 9=V
‘L(ﬂ,l)‘ S/ < 1/2,
v 1 v

we deduce from the last two displayed estimates that
1-— 1-—
‘ﬁ(w,—ﬁﬂ <  max ‘E(ﬂ,s)‘ < (€4 1)
v [s—1|=£+1 v
On the other hand, for any ¢ > 0,
‘E(l *X(v)’_g)‘ . /00 1—Re X(v)egvdv . e(AJrzS)g/OO 1—Re X(U)dv,
v 0 v A+ v
so that
/°° 1 —Re x(v)
A+d v
Taking § = 2log &/¢ and letting £ — oo, we deduce that fjo #X(”)dv = 0;
that is, x(v) = 1 almost everywhere for v > A. This proves the theorem.

dv < €e7%.
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2This says that for any holomorphic function f,

2R R+r
<
‘Zg%f:Tlf(Z)\ <m_- ‘Zgoaf;RRef(Z)Jr 7 (20l

where 0 < r < R.



(10]

(11]
(12]

(13]

O

—_

== = =
K2

(18]

AN UNCERTAINTY PRINCIPLE FOR ARITHMETIC SEQUENCES 635

REFERENCES

A. BaroG and T. D. WooLEY, Sums of two squares in short intervals, Canad. J. Math.
52 (2000), 673-694.

H. Davenport, Multiplicative Number Theory, Springer-Verlag, New York, 1980.

J. B. FRIEDLANDER and A. GRANVILLE, Limitations to the equi-distribution of primes I,
Ann. of Math. 129 (1989), 363-382.

J. B. FRIEDLANDER, A. GRANVILLE, A. HILDEBRAND, and H. MAIER, Oscillation theorems
for primes in arithmetic progressions and for sifting functions, J. Amer. Math. Soc. 4
(1991), 25-86.

P. X. GALLAGHER, A large sieve density estimate near o = 1, Invent. Math. 11 (1970),
329-339.

A. GranviLLE and K. SOUNDARARAJAN, The spectrum of multiplicative functions, Ann.
of Math. 153 (2001), 407-470.

H. HALBERSTAM and H.-E. RicHERT, Sieve Methods, Academic Press, New York, 1974.

R. R. Harr, Halving an estimate obtained from Selberg’s upper bound method, Acta
Arith. 25 (1974), 347-351.

A. HILDEBRAND and H. MAIER, Irregularities in the distribution of primes in short inter-
vals, J. Reine Angew. Math. 397 (1989), 162-193.

C. Hoorey, On the difference of consecutive numbers prime to n, Acta Arith. 8
(1962/63), 343-347.

H. MAIER, Primes in short intervals, Michigan Math. J. 32 (1985), 221-225.

J. MaToUusek and J. SPENCER, Discrepancy in arithmetic progressions, J. Amer. Math.
Soc. 9 (1996), 195-204.

H. L. MonTGoMERY and R. C. VauGHAN, On the distribution of reduced residues, Ann.
of Math. 123 (1986), 311-333.

R. W. K. Oponi, On the norms of algebraic integers, Mathematika 22 (1975), 71-80.
K. F. RorH, Remark concerning integer sequences, Acta Arith. 9 (1964), 257-260.
J-P. SERRE, On a theorem of Jordan, Bull. Amer. Math. Soc. 40 (2003), 429-440.

G. TENENBAUM, Introduction to Analytic and Probabilistic Number Theory, Cambridge
Stud. in Adv. Math. 46, Cambridge Univ. Press, Cambridge, U.K., 1995.

E. WirsiNG, Das asymptotische verhalten von Summen tiber multiplikative Funktionen
I1, Acta Math. Acad. Sci. Hung. 18 (1967), 411-467.

(Received June 1, 2004)



