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On finitely generated profinite groups,
II: products in quasisimple groups

By NikoLAy NIKOLOV* and DAN SEGAL

Abstract

We prove two results. (1) There is an absolute constant D such that for
any finite quasisimple group S, given 2D arbitrary automorphisms of .S, every
element of S is equal to a product of D ‘twisted commutators’ defined by the
given automorphisms.

(2) Given a natural number ¢, there exist C' = C(q) and M = M (q) such
that: if S is a finite quasisimple group with |S/Z(S)| > C, 3; (j=1,..., M)
are any automorphisms of S, and ¢; (j =1,..., M) are any divisors of ¢, then
there exist inner automorphisms «; of S such that S = H{V[[S, (a;B5)%].

These results, which rely on the classification of finite simple groups, are
needed to complete the proofs of the main theorems of Part I.

1. Introduction

The main theorems of Part I [NS] were reduced to two results about finite
quasisimple groups. These will be proved here.

A group S is said to be quasisimple if S = [S,S] and S/Z(S) is simple,
where Z(.S) denotes the centre of S. For automorphisms a and [ of S we write

Top(z,y) =2ty tavy’.

THEOREM 1.1. There is an absolute constant D € N such that if S is a
finite quasisimple group and a1, B1,...,ap, Bp are any automorphisms of S
then

S:Tabﬂl(sﬂs) """ TOZDﬂD(SWS)'

THEOREM 1.2. Let q be a natural number. There exist natural numbers
C = C(q) and M = M(q) such that if S is a finite quasisimple group with
|S/Z(S)| > C, (1,...,0um are any automorphisms of S, and q1,... ,qun are

*Work done while the first author held a Golda-Meir Fellowship at the Hebrew University
of Jerusalem.
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any divisors of q, then there exist inner automorphisms aq, ... ,apy of S such
that

S = [57 (alﬂl)ql} """ [S’ (O‘MﬂM)qM]'

These results are stated as Theorems 1.9 and 1.10 in the introduction
of [NS]. Both may be seen as generalizations of Wilson’s theorem [W] that
every element of any finite simple group is equal to the product of a bounded
number of commutators: indeed, we shall show that in Theorem 1.2, C(1)
may be taken equal to 1. The latter theorem also generalizes the theorem of
Martinez, Zelmanov, Saxl and Wilson ([MZ], [SW]) that in any finite simple
group S with §¢ # 1, every element is equal to a product of boundedly many
¢ powers, the bound depending only on g.

The proofs depend very much on the classification of finite simple groups,
and in Section 2 we give a brief résumé on groups of Lie type, its main purpose
being to fix a standard notation for these groups, their subgroups and au-
tomorphisms. Section 3 collects some combinatorial results that will be used
throughout the proof, and in Section 4 we show that Theorem 1.1 is a corollary
of Theorem 1.2 (it only needs the special case where ¢ = 1).

The rest of the paper is devoted to the proof of Theorem 1.2. This falls
into two parts. The first, given in Section 5, concerns the case where S/Z(S)
is either an alternating group or a group of Lie type over a ‘small’ field; this
case is deduced from known results by combinatorial arguments. The second
part, in Sections 6-10, deals with groups of Lie type over ‘large’ fields: this
depends on a detailed examination of the action of automorphisms of S on the
root subgroups. The theorem follows, since according to the classification all
but finitely many of the finite simple groups are either alternating or of Lie

type.

Notation. For a group S and z,y € S, ¥ = y~lay. If y € S or

y € Aut(S),
[, y] = 272, [S,y) = {[z,y] |z € S}.

We will write S = S/Z(S), and identify this with the group Inn(S) of
inner automorphisms of S. Similarly for ¢ € S we denote by g € Inn(S5)
the automorphism induced by conjugation by g. The Schur multiplier of S is
denoted M(S), and Out(S) denotes the outer automorphism group of S. For
a subset X C S, the subgroup generated by X is denoted (X), and for n € N

X" =A{x1...xn | x1,... ;25 € X}.

We use the usual notation F* for the multiplicative group F'\ {0} of a
field F' (this should cause no confusion). The symbol log means logarithm to
base 2.
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2. Groups of Lie type: a résumé

Apart from the alternating groups Alt(k) (k > 5) and finitely many spo-
radic groups, every finite simple group is a group of Lie type, that is, an un-
twisted or twisted Chevalley group over a finite field. We briefly recall some
features of these groups, and fix some notation. Suitable references are Carter’s
book [C], Steinberg’s lectures [St] and [GLS]. For a useful summary (without
proofs) see also Chapter 3 of [At].

Untwisted Chevalley groups. Let X be one of the Dynkin diagrams
A, (r>1),B, (r>2),C, (r >3),D, (r >4),Eg, E7, Eg, Fy or Gg; let ¥ be
an irreducible root system of type X and let II be a fixed base of fundamental
roots for ¥. This determines ¥ : the positive roots of X.

The number r := |II| of fundamental roots is the Lie rank. If w € ¥ is
a positive root then we can write w uniquely as a sum of fundamental roots
(maybe with repetitions). The number of summands, denoted ht(w), is called
the height of w. Thus II is exactly the set of roots of height 1.

Let X (F') denote the F-rational points of a split simple algebraic group of
type X over the field F. To each w € ¥ is associated a one-parameter subgroup
of X(F),

Xu = {Xu(t) [t € F},

called the root subgroup corresponding to w.

The associated Chewvalley group of type X over F' is defined to be the
subgroup S of X(F') generated by all the root subgroups X, for w € X.
It is adjoint (resp universal) if the algebraic group is adjoint (resp. simply
connected). With finitely many exceptions S is a quasisimple group.

Let U = Uy := Hw62+ Xyw and U_ := [],c5, Xw, the products being
ordered so that ht(|w]) is nondecreasing. Then U, and U_ are subgroups of S
(the positive, negative, unipotent subgroups).

For each multiplicative character y : Z> — F™* of the lattice spanned by
¥, we define an automorphism h(x) of S by

X (1)) = Xy (x(w) - £).
The set of all such h(x) forms a subgroup D of Aut(S), called the group of
diagonal automorphisms.
The group H of diagonal elements of S is the subgroup generated by

certain semisimple elements h,(A) (v € II, A € F*); the group H normalizes
each root subgroup, and we have

X)) = X, (A0
where (w,v) = 2(w,v)/|v[%. In particular X, (£)"*® = X,(A\2t). The inner

automorphisms of S induced by H are precisely the inner automorphisms lying
in D, and D acts trivially on H.
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For each power p/ of char(F) there is a field automorphism ¢ = ¢(p) of
S defined by

Xou(t)? = Xy (t7').

The set ® of field automorphisms is a group isomorphic to Aut(F).

The groups D and & stabilize each root subgroup and each of the diagonal
subgroups Hy, = {h,(\) | A € F*}.

We write Sym(X) for the group of (root-length preserving) symmetries of
the root system Y. This is a group of order at most 2 except for X = Dy, in
which case Sym(X) = Sym(3). Let 7 € Sym(X) be a symmetry that preserves
the weight lattice of the algebraic group X'(—) (e.g. if the isogeny type of X'(—)
is simply connected or adjoint). Then (cf. Theorem 1.15.2(a) of [GLS]) there
exists an automorphism of S, denoted by the same symbol 7, which permutes
the root subgroups in the same way as 7 acts on 3; in fact:

(Xw(t)" = Xy (ewt), €, € {1} with ¢, =1 if w € II.

This is called an ordinary graph automorphism.

In case X = By, Go, Fy and p = 2, 3, 2 respectively, such an automorphism
of S exists also when 7 corresponds to the (obvious) symmetry of order 2 of
the Dynkin diagram, which does not preserve root lengths. It is defined by

Xup(t)™ = Xy (t"), r=1if wislong, r=p if w is short .

In this case 7y is called an extraordinary graph automorphism, and we set
I'={1,70}. In all other cases, we define I" to be the set of all ordinary graph
automorphisms.

Observe that I' # {1} only when the rank is small (< 6) or when X is
A, or D,. The set I' is a group unless S is one of By(2"), G2(3") and Fy(2"),
when |I'| = 2 and the extraordinary element of I" squares to the generating
field automorphism of ®. In all cases, I' is a set of coset representatives for
Inn(S)D® in Aut(S).

Twisted Chevalley groups. These are of types 24,2 Bs,2 D,.,> Eg,> F4,> Go,
and 3Dy.

The twisted group S* of type "X is associated to a certain graph auto-
morphism of an untwisted Chevalley group S of type X'. The structure of S*
is related to that of S, the most notable difference being that root subgroups
may be no longer one-parameter. Another difference is that S* does not have
graph automorphisms.

Let 7 € I'\{1} be a graph automorphism of S as defined above, and let
n € {2,3} be the order of the symmetry 7 on ¥. The group S* is the fixed-
point set in S of the so-called Steinberg automorphism o = ¢, where ¢ is the
nontrivial field automorphism chosen so that ¢ has order n.
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We define Fy C F to be the fixed field of ¢ if A has roots of only one
length; otherwise set Fy = F. In all cases, (F': Fp) < 3.

The (untwisted) rank of S* is defined to be the Lie rank r of the (original)
root system 3.

The root subgroups of S* now correspond to equivalence classes w under
the equivalence relation on X defined as follows.

Let X be realized as a set of roots in some Euclidean vector space V. The
symmetry 7 extends to a linear orthogonal map of V' and by v* we denote the
orthogonal projection of v € ¥ on Cy(7), the subspace fixed by 7. Now, for
u,v € X define

u~v if u*=qu* for some positive ¢ € Q.

Each equivalence class w of ¥/ ~ is the positive integral span of a certain orbit
w of T on the root system X.
The root subgroups are the fixed points of ¢ acting on

W, = (X, vew)<S.

In order to distinguish them from the root subgroups of the corresponding
untwisted group we denote them by Y,,. For later use we list their structure
and multiplication rules below (cf. Table 2.4 of [GLS]).

Let p = char(F) and suppose that ¢(t) = t*’. The automorphism ¢ —
of F' is denoted by [p].

Case A¢. w is one of {v}, {v,v"}, {v,v",v"" } and consists of pairwise
orthogonal roots; here |w| = d. When d = 2 and there are two root lenghts, v
is a long root. Then

d—1
Yo ={Yu(t) = [[ X, (t*) |t € F}
1=0

is a one-parameter group; here F=F except when d = 1 when F= Fp.

Case Ay. w = {w,v,w + v} is of type Ay with symmetry 7 swapping v
and w. Here |F| = p?/, |Fy| = p/, $*> = 1. Elements of Y, take the form

Yoty ) = Xo() Xt Xop(w) (L u € F)
with t'1% = u + «?, and the multiplication is given by
Y, (t,u)Y, () = Y, (t +t,u+u +t9).
Case By. In this case p = 2, [2]¢? = 1. The set w has type By with base
{v,w} where (v,w) = —2. Elements of Y, take the form
Yoty 0) = Xo(t) X (%) Xy 20 () X (140 + ) (t,u € F)
with multiplication Y,,(¢,u)Y, (t',u') = Y, (t + t',u + o' + t2¢¢').
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Case Go. Here p = 3, [3]¢?> = 1 and |F| = 3p*/. The set w has type Ga
with base {v,w} where (v,w) = —3. Elements of Y,, take the form

Yo (t,u, z) =
Xo ()X (1) X 30(1) Xo o (u? = £7) Xy 30 (2) Xy 20 (22 — £1429)
where t, u, z € F. The multiplication rule is
Yo (t,u, 2)Y,(t ', 2') = Yyt + ' u+u + 883 2+ 2/ — tu+ (¢')%3?).

The root system ¥* of S* is defined as the set of orthogonal projections
w* of the equivalence classes w of the untwisted root system X under ~. See
Definition 2.3.1 of [GLS] for full details.

The twisted root system >* may not be reduced (i.e. it may contain several
positive scalar multiples of the same root). However in the case of classical
groups £* is reduced with the following exception: in type 2As,, the class
w = {u,v = u",u + v} of roots in ¥ spanning a root subsystem of type Aj
gives rise to a pair of ‘doubled’ roots w* = {u + v, (u + v)/2} in ¥*. In this
case ¥* is of type BC,,, see [GLS, Prop. 2.3.2]. Note that the doubled roots
w* above correspond to one root subgroup in S*, namely Y.

The groups H, Uy, U_ < S* are the fixed points of o on the corresponding
groups in the untwisted S. The group of field automorphisms & is defined as
before; the group of diagonal automorphisms D corresponds to the diagonal
automorphisms of S that commute with o; there are no graph automorphisms,
and we set I' = 1.1

The group Dy. In the case when S is a classical group of Lie rank at least
5 we shall define a certain subgroup Dy C D to be used in Section 5 below.

Suppose first that S is untwisted with a root system 3 of classical type
(A, B,,C; or Dy, r>5) and a set II of fundamental roots.

If the type is D, define A = {w;,ws} where wyi,wy € II are the two roots
swapped by the symmetry 7 of II. If the type is A, then let A := {wq,ws}
where wy,we € II are the roots at both ends of the Dynkin diagram (so again
we have w] = ws).

If the type is B, or C, set A = {w} where w € II is the long root at one
end of the Dynkin diagram defined by II. Recall that in this case I' = 1.

Let IIp = IT'\ A and observe that in all cases IIF = II. Now define

Do = (h(X) | xm, = 1)

When S* is twisted with a root system X* define Dy C S* to be the group
of fixed points of Dy under o, where Dy is the corresponding subgroup defined
for the untwisted version S of S*. For future reference, in this case we also

'Note that our definition of graph automorphisms differs from the one in [GLS].



ON FINITELY GENERATED PROFINITE GROUPS, 11 245

consider the set of roots IIy C ¥ as defined above for the untwisted root system
Y of S.

When using the notation S for a twisted group, we will write Dy for the
group here denoted Dj.

Clearly |Dg| < |F*|?, and we have

LEMMA 2.1. If H is the image of the group H of diagonal elements in
Inn(S) then D = HDj.

Moreover, provided the type of S is not A, or ?A, then there is a subset
A=1{h(x;) |1 <i<4} C Dy of at most 4 elements of Dy such that D = A-H.

Proof. We only give the proof for the untwisted case which easily gen-
eralizes to the twisted case by consideration of equivalence classes of roots
under ~.

From the definition of A one sees that Il can be ordered as vy, 1o, ... v
so that for some root w € A,

(ViyVit1) = (v, w) = =1, 1=1,2,... ,k—1,

and all other possible pairs of roots in IIp U {w} are orthogonal.

Now, given h = h(x) € D where x is a multiplicative character of the
root lattice ZY, we may recursively define a sequence h; = h;(x;) € D (i =
1,2,...,k) so that hg = h, hi+1hi_1 € H and y; is trivial on vy, . .. , v;. Indeed,
suppose h; is already defined for some i < k and x;(v;+1) = A € F*, say. Put
hit1 = hihy,,,(A) (where by convention vj41 = w). Then x;41 and x; agree
on vy, ... ,Vv;, while

Xi+1(yi+1) = Xi(yi+1))\<Vi+lyVi+2> =1.

Clearly we have hy € Dy while h - h,:l € H. This proves the first statement of
the lemma.

The second statement is now obvious since the group D/H has order at
most 4 in that case. O

Thus Dy allows us to choose a representative for a given element in D/H
which centralizes many root subgroups (i.e. those corresponding to Ilj).

Automorphisms and Schur multipliers. Let S be a Chevalley group as
above, untwisted or twisted. We identify S = S/Z(S) with the group of inner
automorphisms Inn(S).

e Aut(S) = SDOI (|[GLS, Th. 2.5.1]).

e DT is a subgroup of Aut(S) and DOT' NS = H.
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When T' is nontrivial it is either of size 2 or it is Sym(3); the latter only
occurs in the case X = D,4. The set
SDP

is a normal subgroup of index at most 6 in Aut(.S).

The universal cover of S is the largest perfect central extension S of S.
Apart from a finite number of exceptions S is the universal Chevalley
group of the same type as S. The exceptions arise only over small fields
(IFl <9).

The kernel M(S) of the projection S — S is the Schur multiplier of S.
We have |M(S)| < 48 unless S is of type A, or 2A,, in which case
(apart from a few small exceptions) M (S) is cyclic of order dividing
ged(r 4+ 1, |Fy| £ 1). We also have the crude bound |M(S)| < |5].

D H| < |M(S)|.
|Out(S)| < 2f|M(S)| where |F| = p/ unless S is of type Diy.

Suppose that 1" is a quasisimple group of Lie type, with 7'/ Z(T) = S.

Then T'= S/K for some K < Z(S). An automorphism v of S that stabilizes
K induces an automorphism % of 7. The map v — 7% is an isomorphism

between N

Aut(g)(K ) and Aut(T); see [A, §33]. Thus every automorphism of T

lifts to an automorphism of S.

3. Combinatorial lemmas

The first three lemmas are elementary, and we record them here for con-

venience. GG denotes an arbitrary finite group.

LEMMA 3.1. Suppose that |G| < m.

(i) If fi,... , fm € G then H{:ifl =1 for somei < j.
(ii)) If G =(X) and 1 € X then G = X*™.

LEMMA 3.2. Let M be a G-module and suppose that S5 M(gii-1)=M

for some g; € G and e; € N. Then

L
M =Y M(g—-1).
=1

LEMMA 3.3. Let aq,qa,... ,qm € Aut(G). Then

G ,anas...0n) C[G a1] ... [G,ap].
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We shall also need the following useful result, due to Hamidoune:

LEMMA 3.4 ([H]). Let X be a subset of G such that X generates G and
1€ X. If |G| <m|X]| then G = X*?™,

We conclude with some remarks about quasisimple groups. Let S be

a finite quasisimple group. Then Aut(S) maps injectively into Aut(S) and

Out(S) maps injectively into Out(S). Since every finite simple group can be
generated by 2 elements [AG], it follows that
|Aut(S)| < |Aut(S)| < [S]*.
Also S can be generated by two elements, since if S = (X)) Z(S) then S = [S, 5]
c (X).
Since |M(S)| < |S| ([G, Table 4.1]) and |Z(S)| < |M(S)| we have |S| <

Eig

If g € S\ Z(S) then [S,g] - [S,g]! contains (many) noncentral conjugacy
classes of S; it follows that S is generated by the set [S, g].

4. Deduction of Theorem 1.1

This depends on the special case of Theorem 1.2 where ¢ = 1. Assuming
that this case has been proved, we begin by showing that the constant C(1)
may be reduced to 1, provided the constant M (1) is suitably enlarged.

Let S denote the finite set of quasisimple groups S such that |S/Z(S)| <
C = C(1), and put M’ = C*. We claim that if S € S and f,... , By are any

automorphisms of S then there exist g1,...,gay € S such that
M/

(1) S =T]15.9,8i-
j=1

Thus in Theorem 1.2 we may replace C(1) by 1 provided we replace M (1) by
max{M (1), M'}.

Since |Aut(S)| < }g‘g < (C?, Lemma 3.1(i) implies that the sequence
(B1,--- Bur) contains subsequences (81(i), ..., B;i(9), i = 1,... ,C?, such
that (a) {g Bi(i) = 1 for each i, and (b) for each i < C?, 3;;(i) precedes
B1(i 4+ 1); we will call such subsequences ‘strictly disjoint’.

Fix a noncentral element g € S and put

91(i) = g
92(1') == gj(i)(i) =1
fori=1,...,C? Then Lemma 3.3 gives
(%) (@)
=1

=1
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for each i. As [S, g] generates S and |S| < G’Q < C? it now follows by Lemma
3.1(ii) that

c? j(i)
S = [S7 g]*C2 - HH[Sv gl(l)ﬂ[(l)]
i=11=1
This gives (1) for a suitable choice of the g;, each equal to either g or 1.
Let us re-define M(1) now so that the statement of Theorem 1.2 holds
with C(1) = 1, and set D = M(1). Then Theorem 1.1 follows on taking S = G
and k£ = D in the next lemma:

LEMMA 4.1. Let G be a group and let (31, ... , Br € Aut(G). Suppose that

there exist g1,...,gx € G such that

k

G =1]1G,9,8]-

i=1
Then for any aq, ... ,q € Aut(G),
k

G =]]T0.5(G.G).

i=1

Proof. Note the identities

1

Top(h™ 2" =Y a7 2,04,
alza, ] = [z, 8]a”;
the second one implies that
alG, 8] = [G, Bla”

for any a € G and 8 € Aut(G).
Now let g1,...,gr be the given elements of G and put a; = [g;
for each i. Then

k

H Taiﬂi (G7 G) 2ay [Ga ylﬁl]a2 [Ga 5262] s ak[G, gkﬁk]
i=1

= [Gvglﬁl][GngBZ] s [Gvgkﬁk‘] b=G

where

This completes the proof. O
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5. Alternating groups and groups of Lie type over small fields

Given g € N we fix a large integer K = K(q) (greater than 100, say);
how large K has to be will appear in due course. Let S1a denote the family
of all quasisimple groups S such that S = Alt(k) for some k > K, and let S,
denote the family of all quasisimple groups of Lie type of Lie rank greater than
K over fields F' with |F| < K. Let S = S1a US1p -

For S € & we define a subgroup Sy of S as follows:

(a) If S = Alt(k), let Sy be the inverse image in S of Alt({3,... ,k}) =
Alt(k — 2), the pointwise stabilizer of {1,2};

(b) If S is of Lie type, first recall the definition of Dy C D and IIy C ¥ from
Section 2.

In case ¥ = A, D, (i.e. S has type A, D, 2A, or 2D,) there is a graph
automorphism 7 # 1 of the untwisted version of S. Define Sy to be the
group of fixed points under 7 of the group

R := (X,(\) |ve+£lly, AeF,).
Here [, is the prime field of F'.

In the remaining cases (i.e. ¥ of type B,,C, and S is untwisted) define
Sy := R.

It is easy to see that in all cases from (b) we have Sy < S and Sp is
centralized by Dy®I'.

In case (a), let 7 denote the lift to Aut(S) of the automorphism of S given
by conjugation by (12). Then Aut(S) = Inn(S) (1) and 7 acts trivially on Sp.
Also log |S]/1og|So| < 2 and |Z(S)| < 2.

In case (b), Sy is again a quasisimple group of Lie type, and of Lie rank
at least K/2 —1 ([GLS, §2.3]). It is fixed elementwise by automorphisms of
lying in the set Dy®I', and we have

(2) log |S|/log|So| < 2(F : Fp) + A < 3log K,

say, where A is some constant. Also |Z(S5)| < K.

From Section 2 we have |Do| < |F*|* and Aut(S) = Inn(S)Dy®I. Note
that Do®I is a subgroup of Aut(S) and |Dy®I'| < 2K?log K.

Now let S € &;. To prove Theorem 1.2 for S, we have to show that

given automorphisms (1, ... , By of S, where M is sufficiently large, and given
divisors q1,...,qa of ¢, we can find inner automorphisms aq,...,ap of S
such that

(3) S =15 (eaf)"] ... - [S, (anfar)™].
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We may freely adjust each of the automorphisms ; by an inner automorphism,
and so without loss of generality we assume that each 5; € {1,7} if S is
alternating, and that each §; € Dy®I if S is of Lie type.

LEMMA 5.1. Provided K = K(q) is sufficiently large, there exists a ¢

power h in Sy such that
=S log | S|
loglh | > —————.
o8Il 2 35100 K

Proof. By examining the proofs of Lemmas 1 — 4 of [SW], one finds that
provided the degree (resp the Lie rank) of Sp is large enough, Sy is a product
of six conjugacy classes of ¢! powers (even stronger results may be deduced
from [L.S2].) It follows that Sy contains a ¢*" power h such that the conjugacy
class of h in Sy has size at least [Sy|'/%. The result now follows from (2) since
1S0] < [Sof2. .

Next, we quote a related result of Liebeck and Shalev:

THEOREM 5.2 ([LS2, Th. 1.1]). There is an absolute constant Cy such
that for every simple group T and conjugacy class X of T,

T — X*t,

where t = [Cplog |T'|/log | X|].

Now take T'= S/Z(S) and X = 7" where h € Sp is given by Lemma 5.1.
Since [S,h] = (h=1) - h, the above theorem gives

S = [S, h]*f3600 log K . Z(S)

Applying Lemma 3.4 we deduce that
(4) S =[S, h]*M

where M’ = [T2KCplog K.
Suppose now that M > 2K?log K - M'. Then the group generated by

B1, ..., B has order at most M /M’ and we may use Lemma 3.1, as in the pre-
ceding section, to find strictly disjoint subsequences (31(i)%,. .. , B;(;)(4)¥@)
of (B7,...,B%), i=1,..., M such that [[\") 8(i)%+ = 1 for each i.
Since h is is a ¢"" power in Sy, for each i there exists h; € Sy such that
hgl’i = h. Then each h; commutes with each (3;; now, putting
a1 (i) = hy,

aj(i)=1  (j>2),

we have
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Hence
3() 3()
(S, h] =[S, [ [(a(@)Bu(@)®] < ]IS, (@) Bu(8)) ™1,
=1 =1
by Lemma 3.3, and (3) follows from (4).
Thus Theorem 1.2 holds for groups S € S; provided K = K(q) and
M = M/(q) are sufficiently large.

6. Groups of Lie type over large fields: reductions

As before, we fix a positive integer ¢ and denote by K = K(q) some large
positive integer, to be specified later. Let Sy (resp. S3) denote the family of
all quasisimple groups of Lie type of Lie rank at most 8 (resp. at least 9) over
fields F with |F| > K. According to the classification, all but finitely many
finite quasisimple groups lie in & U S U 83, and so it remains only to prove
Theorem 1.2 for groups in Sy U Ss.

The validity of this theorem for groups of Lie type over large fields depends
on there being ‘enough room’ for certain equations to be solvable. In order to
exploit this, we need to restrict the action of the relevant automorphisms to
some very small subgroups; this is made possible (as in the preceding section)
by choosing a suitable representative for each outer automorphism. The desired
‘global’ conclusion will then be derived with the help of the following result of
Liebeck and Pyber:

THEOREM 6.1 ([LP, Th. D]). Let S be a quasisimple group of Lie type.
Then S = (U+U7)*12 . U+.

For the rest of this section, S denotes a group in S U 83, and we use the
notation of Section 2 for root subgroups etc. Our aim is to prove

PROPOSITION 6.2. There is a constant My = M;i(q) such that if 1, ... , Y,
are automorphisms of S lying in DO®I" and q1,... ,qn, are divisors of q then
there exist elements hy,... ,hyr, € H and uy, ... ,up, € U such that

M,
i=1

By symmetry, the same result will then hold with U_ in place of U = Us..
Since Aut(S) = Inn(S)D®T, this together with the above theorem shows that
Theorem 1.2 holds for S as long as M (q) > 25M;(q).

To establish Proposition 6.2, we shall express U as a product of certain
special subgroups, each of which itself satisfies a similar property. There are
several different cases to consider, and we apologise for the complexity of the
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argument. The basic idea in all cases is the same: the required result is reduced

to showing that certain equations are solvable over a suitable finite field, and

then applying a general result about such equations, namely Lemma 7.1 below.
The first class of special subgroups is defined as follows:

Definition 6.3. Let S be a quasisimple group of Lie type.

Case 1: when S s untwisted. Let w be an equivalence class of roots
from X/ ~ as defined in Section 2. The corresponding orbital subgroup is then
defined to be

Ow) =W, = (X, |[vew) = [[ X,

(product ordered by increasing height of roots)

Case 2: when S = S* is twisted. Define
Ow) =Y,

to be the root subgroup of S corresponding to the equivalence class w of the
untwisted root system Y under ~ described in Section 2.

Note (i). The orbital subgroups are invariant under D®T".

(ii). In case 2, Y,, is in fact a subgroup of the orbital subgroup W, defined
in Case 1 for the untwisted version of S*.

In Section 8 we prove

PROPOSITION 6.4. There is a positive integer L = L(q) such that if v1, . ..

.,L are automorphisms of S lying in DO, q1, ... ,qr are divisors of ¢ and

O = O(w) is an orbital subgroup of S then there exist elements hy,... ,hy € H
such that

L
0 c TTi0. ().
=1

Now suppose that S € Ss. Then U is equal to the product of at most 120
root subgroups, each of which is contained in an orbital subgroup. So in this
case Proposition 6.2 follows as long as we take M;(q) > 120L.

For arbitrary groups S € S3 we can’t write U as a bounded product
of orbital subgroups. However, S is then a classical group, and contains a
relatively large subgroup of type SL. For the group SL itself we prove

PROPOSITION 6.5. Let S = SL,11(F), where |F| > K and r > 3. There
is a constant My = Mas(q) such that if v1,... ,vp, are automorphisms of S
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lying in DRI and q1, ... ,qum, are divisors of q then there exist automorphisms
M,--- MM, € D and elements uy, ... ,up, € U such that

UC H Uﬂ?z%

Note that this differs from Proposition 6.2 in that the elements 7; are
allowed to vary over all diagonal automorphisms of S, not just the inner ones.

We also need to consider the following special subgroups V41 and V',
of the full unitriangular group:

Definition 6.6. (i) In SLgy1(F') define

1 % - % %
1 0 0 =«
Vi1 = .0 ¢ | <SLei(F)
1 =x
1

as the group of unitriangular matrices differing from the identity only in the
first row and last column.

(ii) Consider SUgy1(F') as the set of fixed points of the Steinberg auto-
morphism o of SLs11(F"). Then

;H = V;-Fl N SUS-H(F)a

the set of fixed points of o on V1.

Note that Vi1 and V', are stabilized by automorphisms of SLgs1(F),
resp. SUg41(F), lying in DT

PROPOSITION 6.7. Let S = SLg11(F) or SUgy1(F) where s > 5 and
|F| > K. PutV = Vi1 in the first case, V. = V| in the second case.
There is a positive integer Ly = Li(q) such that if v1,...,vL, are automor-
phisms of S lying in DOI' and q1,... ,qr, are divisors of q then there exist

elements hy,... ,hy, € H such that

L,

v =TTV, ().

i=1
Of course, the point here is that L; is independent of s.

The last two propositions will be proved in Section 9. We need one more
kind of special subgroup, denoted P. This is defined for groups S of type

X e {?4,, B,, C,, D, *D,}, r > 4.
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Recall that ¥ is the root system of X (twisted or untwisted). In each of these
five cases, there exist fundamental roots 4, 6’ € ¥ (equal unless X = D, see
below) such that the other fundamental roots II' = IT — {4, '} generate a root
system X of type As, for the appropriate s (= [%1 —1, r—=1lorr—2):in
types 2A4,, B,, C, and 2D, we take § = ¢’ to be the fundamental root of length
distinct from the others; in type D,, {d,d'} is the pair of fundamental roots
swapped by the symmetry 7 of D, (see [GLS, Prop. 2.3.2]).

If S is untwisted, put S; = (X, | w € ¥') and Uy = HwGZ; Xy - If Sis
twisted, define S; and U; similarly by replacing the root subgroups X,, with
the corresponding root subgroup Y, w* € ¥'.

Then S is a quasisimple group of type As (a Levi subgroup of 5), it is
fixed pointwise by I', and U is its positive unipotent subgroup.

Definition 6.8. If S is untwisted, set

P= H Xy

wET L\,

If S is twisted, set

P = H Y,.

W ES\T,

Note that P is a subgroup of U stabilized by D®I" and that
U=UP.

In the final section we prove

PROPOSITION 6.9. Assume that |F| > K and that S is of type B, Cy, D,
or 2D, where r > 4. There is a constant N1 = N1(q) such that if y1,... ,Yn,
are automorphisms of S lying in DO and q1,... ,qN, are divisors of q then
there exist elements hy,... ,hn, € H such that

PCH (hiyi)®

PROPOSITION 6.10. Assume that |F| > K and that S is of type %A,

where r > 4. There is a constant N1 = Ni(q) such that if y1,... ,yn; are
automorphisms of S lying in DOI' and q1, ... ,qn; are divisors of q then there
exist automorphisms n1, ... ,nn; € D such that

PCH (miyi)®].

Assuming the last five propositions, we may now complete the
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Proof of Proposition 6.2. We take S to be a quasisimple group in Ss3, and
deal with each type in turn.

Case 1: Type Ag, where s > 5. (For S € 83 we only need s > 9; the more
general result is needed for later applications.)

Assume to begin with that S = SLs11(F); here |F| > K and s > 5. Let
S1 be the copy of SLy_1(F) sitting in the middle (s — 1) x (s — 1) square of S,
and let U! denote the upper unitriangular subgroup of S?.

Now U! is the positive unipotent subgroup of S', and the diagonal sub-
group H of S induces by conjugation on S its full group of diagonal auto-
morphisms. Also, diagonal, field and graph automorphisms of S restrict to
automorphisms of the same type on S'. Thus given My automorphisms ~; of
S lying in D®I" and M, divisors ¢; of ¢, Proposition 6.5 applied to S shows
that there exist elements h; € H and u; € U! such that

M>
Ut C T (uihimi)®].
i=1

On the other hand, we have U = U'V, ;. With Proposition 6.7 this shows
that Proposition 6.2 holds for S = SLgs;1(F) provided we take My > My + Ly.

The validity of Proposition 6.2 then follows for every quasisimple group
S of type Ag (s > 5), since automorphisms of S in DPT lift to automorphisms
of the same type of its universal covering group SLgi1(F').

Case 2: Type *A,, where s > 9. As above, we may assume that in fact
S = SUg41(F). Considering the fixed points of the Steinberg automorphism
in SLg41(F'), we see that

U= Ul S*Jrl

where U is the positive unipotent subgroup of S' and S is a copy of SU,_1 (F)
sitting ‘in the middle’ of S. Again, the diagonal subgroup H of S induces by
conjugation on S! its full group of diagonal automorphisms.

Now we apply Definition 6.8 and the discussion preceding it to the group
S1: this gives a subgroup Sp of S' of type A; where t = (%W —12> 3, and
the subgroup P, and we have

Ul =u,P

where Uy denotes the positive unipotent subgroup of Ss.
Proposition 6.2 now follows for S on combining Propositions 6.5 (for Us),
6.10 (for P), and 6.7 (for V), and taking My = My + L1 + Nj.

Case 3: Type By, Cy, D, or 2D,., where r > 9. Again we apply Definition
6.8 and the discussion preceding it. This gives a subgroup Sy of S of type As,
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where s > 7, and the corresponding subgroup P, and U = U; P where Uy is the
positive unipotent subgroup of Si. In this case, Proposition 6.2 follows from
Case 1, done above, and Proposition 6.9, on taking M; = Ms + L1 + N;.

This completes the proof, modulo Propositions 6.4-6.10.

The proofs of Propositions 6.9 and 6.10, given in Section 10, are similar to
that of Proposition 6.4, but even more complicated. An alternative approach
is available if we are prepared to quote the following general result, which is
established in [NJ:

THEOREM 6.11. Let S be a quasisimple group of classical type over a
finite field F'. Then S contains a subgroup S1 such that

(i) Sy is quasisimple of type A, over F or Fy, for some n,

(ii) Sy is invariant under DPT,

h
(iii) there exist g1,...,g9n € S such that S = Hgi_lSlgi, where h is an abso-
i=1
lute constant.

(The constant h is probably rather less than 600.)

Suppose we have established Proposition 6.2 for groups of type A,. Then
Theorem 1.2 holds for such groups, with a constant M (q) say. Now let S € Ss,
not of type A, and let 8;; (1 <i < h, 1 <j < M(q)) be given automorphisms
of S. Let z;; € S be such that v;; := 7;;8;; € DPI'. Applying Theorem 1.2 to
S1 we find elements y;; € S1 such that for each ¢,

M(q)
Sy =[] [S1, @iij)®)-
j=1
With (iii) this gives
h M(q)
S = H 1 ) uz]ﬁz] qj]
i=1 ]=1

where

_ 85
wij = g; 'yimijg, ' € S.
Thus Theorem 1.2 holds for S on replacing M(q) by hM(q). In this
approach, it suffices to prove only Case 1 of Proposition 6.2, and Definition 6.8

and Propositions 6.9, 6.10 may be omitted (as may the part of Proposition 6.7
dealing with the group SU).
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7. Surjective maps

The following lemma lies at the heart of the proof; here ¢ and M denote
positive integers:

LEMMA 7.1. Let F be a finite field and let ¢1,... ,¢op be automorphisms
of F. Let p1,po, ...,y be nonzero elements of F, let q1,... ,qun be divisors
of q and let c1, ... ,cpr be positive integers. For \, t € F' put

5

fi,A(t) — Mi}\ci(l+¢i+.‘.+¢3171)t¢i, oy

and for A\, t € FM) define
M

(5) ) =D fix(ti).
i=1

(a) Assume that M >q(cq+1) and |F|> c(cqg+1)? where c=max{ci,... ,ca}.
Then there exist A\1,... , Ay € F* such that the map fy : FOM) By
surjective.

(b) Let F C F be a subfield such that (F : F) = 2. Assume that M >
2q(2¢q +1) and that |F| > ¢*(2cq+1)?2. Then the conclusion of part (a)

holds for some M\i,... , Ay € F .

Proof. We shall give the proof of part (a) first and afterwards indicate the
modifications necessary to deduce part (b).

It will clearly suffice to show that for some subset J C {1,...,M} and
some \; € F* (j € J) the map FUD) — F given by

(tidies = > fix (t:)
icJ

is surjective. When |J| = 1, this is equivalent to showing that it has zero

kernel (as it is linear over the prime field). Letting F; denote the fixed field of
¢; in F', we consider three cases.

Case 1. Suppose that for some i we have p; ¢ [F*, ¢¥']. Then for t € F*
we have

Fin(t) =t —t = (s — 71, ¢%]) 177 £,

so the kernel of f;: F' — F is zero; we take J = {i}, \; = L.
Henceforth, we may assume that for each ¢ there exists b; € F* such that

i = blb;¢7l
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Case 2.  Suppose that |F;| > cq + 1 for some i. Let A be a generator
for the cyclic group F*. We claim that the map f; » : F' — [ has zero kernel.
Indeed, suppose not. Then there exists ¢t € F* such that

L e A Iy
so that writing B = [F™*, ¢;] we have

Aot 40l o1y (p-1p) =90 € B

As NG (Hot+61") = \citi modulo B it follows that the cyclic group F*/B
has order dividing ¢;q;. But |F*|/|B| = |F}| > c¢q > ¢g;, a contradiction.
Thus we may take J = {i}, A; = A in this case.

Case 3. Suppose that |F;| < c¢q + 1 for all i. Then there are at most
cq + 1 possibilities for the size of each F;, and also at most ¢ possibilities for
each ¢;. As M > q(cq+1) there exist ¢ < j € {1,..., M} such that |F;| = |F}]
and ¢; = ¢;. Say i = 1 and j = 2. We claim that in this case, there exists
A € F* such that the map

(t1,t2) = fia(t) + faa(t2)

from F®) to F is surjective.
It will suffice to show that for a suitable A,

(tl,tQ) — b (}\01(1+¢1+"'+¢{111_1)tf{111 _ tl) _ (tg)gZ _ t2> = g)\(tlatQ)a

say, is surjective, where b = —b1by L. replace t; by bi_lti and divide by —bs.
Since ¢1 and ¢ have the same fixed field, they generate the same subgroup
of Aut(F). So ¢y = ¢, for some I. Writing

12 —1)az
o=t 9P g9
and recalling that ¢; = g2 we have
ar(t, (b)) =b (Acl(1+¢1+»--+¢§1*1)t¢gl B t) - ((bt)‘ﬁ?l B bt)

_ (bAc1(1+¢1+~~+¢‘{1’1) _ bqb;“) 1
It follows that g, is surjective unless the bracketed factor is zero.

Suppose that this factor is zero for every A € F*. Taking A = 1 gives
b=14%"" = 1, which then implies that A\o(F+é1++61"") — | for every \ € F*.
Then A“#" = X\, hence A\ is in the fixed field E of o1 for every A, and it
follows that |F*| < ¢; |[E*|. On the other hand, the degree of the extension
E/F; divides q; as |Fi| < ¢q + 1 this implies |E| < (¢q + 1)?. Thus

|F| <1+4+ci((cg+1)7—1) <cleqg+1)9,

contradicting the hypothesis.



ON FINITELY GENERATED PROFINITE GROUPS, II 259

This completes the proof of part (a). For part (b) we need some additional
notation:

Let F; = FN F; be the fixed field of ¢; in F and let ¢; be the generator of
Gal(F/F;). If 0 is the nontrivial automorphism of F/F then (¢;) = (¢;, ).

The proof proceeds on the same lines as Part (a) with the following mod-
ifications:

Case 1 is the same.

In Case 2 we assume |F;| > 2¢q 4+ 1 and take \ := p!t? € F', where
i is a generator of F'*. Suppose that the kernel of f; \ is nonzero. Define
B := [F*, ;). By considering A\%(1+¢+-+"") modulo B we deduce that the
cyclic group F*/B has order |F;k | dividing 2¢;q;, a contradiction.

In Case 3 we assume that |F;| < 2cq + 1 for all . As F;/F; has degree
1 or 2 this leaves at most 2(2cq + 1) possibilities for F; and hence there is a
pair 1 < ¢ < j < M such that F; = F; and ¢; = ¢q;. We proceed as in Part
(a) except that at the end we reach the conclusion that for each A € F the
element X\ is in the fixed field E C Fy of ¢{" | . This gives F| < ¢1|E"|
and as before |E| < |F1|%. Therefore

|[F| = [F]* < (c|F1])? < ¢*(2cq + 1),

contradicting the hypothesis of Part (b). O

8. Orbital subgroups

We can now give the

Proof of Proposition 6.4. Recall that S is a quasisimple group of Lie
type over a field F' of size at least K = K(q), and that the equivalence class
w C X, is spanned by some orbit @ of positive roots from the untwisted system
Y. Thus w is the positive part of some (possibly orthogonally decomposable)
root system of dimension at most 3. In fact the type of w is one of Ay, A X
Ay, A1 x Ay X Ay, A, By or G5. Therefore w has a height function with respect
to its fundamental roots. Let w(i) be the set of (untwisted) roots of height at
least 7 in w.

The chief obstacle to applying Lemma 7.1 to O = O(w) is that O may
not be abelian. However it is a nilpotent p-group and our strategy is to find
a filtration O = O(1) > O(2) > ... > 1 of normal subgroups such that each
quotient O(7)/O(i+1) is abelian and is even a vector space over Fy or F'. This
filtration is in fact provided by the sets w(i) above.

For clarity we shall divide the proof in two parts, dealing first with the
case when S is of untwisted type and second with the case when S has twisted

type.
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The untwisted case.  Recall that in this case we have O(w) = W, =

[l,co Xw- Define
wi= ] X

vew(i)
This provides a natural filtration of subgroups
(6) O=W,=W'>W?>w3>w*= {0}

of length at most 3. The factors W¢/W®! are abelian and are modules for the
group D®TI.
The automorphisms 7/ may involve a graph automorphism and thus may
not stabilize the root subgroups.
We shall show that, provided Loy and |F| are sufficiently large, given i €
{1,2,3} and 71, ... ,vL, € DOI', we can find elements h; € H such that
Lo
(7) WWHE = T /W, g)),
j=1

where ; = (hjvy;)%% for some e; € {1,2,3} to be chosen below. Then Lemma
3.2 implies that the same will hold when each exponent e;q; is replaced by g;,
and Proposition 6.4 will follow, in view of (6), if we take L > 3Ly.

To establish (7), fix a root w € w and define e; = e;(w) to be the size of
the orbit of w under the graph component of ;. Then e; € {1,2,3} and 7;7'
stabilizes the root subgroup X,,. Set

1—e;
— Sl ey e

—_— . . € _— .
aj = (hj) =h; 7 B

where the h; € H remain to be determined. We shall show that for a suitable
Ly it is possible to choose elements h; € H so that

L,

(8) Xu C [[1Xw, a?].
j=1

Since w contains at most six roots, this will give (7) with Ly = 6L; (on re-
labelling v; and ej, ( j = 1,...,Lgp) as y(w) and e(w) with w € w,l =
1,...,Ly).

If e; = 1 we simply choose h; = h,,(\;) which acts on X, as ¢t — A?t.

If e; = 2 then the graph component 7 of 7]71 sends w to another root
v € w. Let

hy = hw(A3)hu(A; ).
Then h; acts trivially on X,, and on X,, it acts as t )\?_<T’v><v’w>t. Notice
that (w,v)(v,w) € {0,1,2,3}. Also h;; acts trivially on X,,. It follows that

hjh;-y'; acts on X, as multiplication by )\;j, where ¢; € {1,2,3,4}.
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If ej = 3, set hj = hy(A;). The roots w, w”,w” are pairwise orthogonal;
hence h; acts trivially on X, and X, .»; i.e. h] and h;z act trivially on X,,.

-1, -2
Therefore h]l-+7" %
Suppose 7;7’]' € DOI" acts on X,(t) as t — vt with v; € F* and ¢; €

acts on X, as multiplication by )\JZ.

1—e;

J— j J . %
Aut(F'). Then an easy computation shows that a?-’ = (hj1+ i *yj’) acts
on X,(t) as

(9) T Ve
where ¢; € {1,2,3,4} and p; is a constant which depends on v, ¢;. In each

case, therefore, (8) follows from Lemma 7.1, with )\?j in place of \;, as long as
we take Ly > q(4¢+ 1) and K > 4(4q+ 1)9.

The twisted case. Suppose now that S = S* is twisted with root system
>* coming from the corresponding untwisted root sytem Y. The complication
here is that the root subgroups are not necessarily 1-parameter. They are
parametrized by the same equivalence classes w of roots under the equivalence
relation ~ of ¥ considered above. Recall the definition of the root subgroups
Y., and their description in Section 2.

Notice that Y, can be considered as a subgroup of W, in the untwisted
group above defined for ¥; in fact it is the subgroup of W, fixed by the Stein-
berg automorphism o and inherits a filtration Y, = Y! > Y2 > Y3 > Y* = {0}
from W. We shall therefore take L > 3Lo and show that for large enough Lo
it is always possible to choose 3; = (h;j7v;)% with h; € H so that

Lo
(10) Yi/yiJrl — H[Yz/ywrl’ﬁ]]
j=1

It is straightforward to adapt the strategy from the previous section since
the parametrization of Y, is coming ready from the ambient untwisted group.
However we keep in mind that we don’t have all the diagonal elements at our
disposal: only those fixed by o.

In all cases Y?/Y**! is a one-parameter group, parametrized by either F
or F. Also now I' = 1, and we shall apply the argument from the previous
subsection with each e; = 1.

The case of Fy. When w = A1 and ¢ =1, or w = Ay and ¢ = 2, the set
w(i) \w(i+ 1) contains a single root v. Then
Y= X,(aFp) - Y,
where a = 1 for type A1, and a € F is any solution of a + a® = 0 for type Aj.

In this case, we set hj = hy()\;) € H where the \; € Fj are chosen so that
the map fy defined by (5), with ¢; = 2 for each i, is surjective. This is possible
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by Lemma 7.1 (applied to Fp) provided |Fy| > 2(2¢ + 1)? and Ly > q(2¢ + 1)
Then (10) follows as in the preceding subsection.

The case of F. In all other cases except for w = (A41)3, the set w(i) \
w(i+1) = {v,w} consists of a pair of roots, swapped by 7. Say v is the longer
root. Then

vi={X,(©Xul(?) | €€ F} Y,

Again we argue as in the preceding subsection (with e; = 1), but this time
we set

hj = ho(pj)hw (p?),
2+<v,w>¢§.

for suitably chosen p; € F. Then h; acts on Y)Y+ via € P;
Notice that |(v,w)| € {0,1,2,3}, and that if (v,w) # 0 then [|{v,w)|]¢? is the
indentity automorphism of F. Consequently

A= (w)e)? _ pd=llow)| ¢ c |
Taking p; = /\?_<U’w>¢ makes h; act on Y¢/Y via

5'_> )\?*KU:WH . 5

So again we can apply Lemma 7.1 with ¢; = ¢ = 4—|(v, w)| for each ¢, provided
we assume that Ly > ¢(4¢+1) and |F| > 4(4¢+1)9; and (10) follows as above.
Finally, when w = {v,v™,v"" } is of type (41)® we use

h‘] e hv()\])hvf ()\?j)thz (A§¢J) )’

(Aj € F). This acts on Y, (t) as t — )\?t, and we apply Lemma 7.1 with all
C; = 2.

9. The unitriangular group

Here we establish Propositions 6.5 and 6.7. We begin with the latter which
concerns the group V' = V41 of unitriangular matrices in S = SLgy1(F) or
SUs41(F) that differ from the identity only in the first row and last column;
here s > 5 and |F| > K = K(q).

We shall consider only the unwisted case S = SLgy1(F). If S = SU,1(F)
the proof proceeds in exactly the same way by consideration of the fixed points
of o on the groups V' (and there is no need to square (hjv;)%).

Now, the group V has a filtration

V=V>1Vi>1v3x>1
where V2= {g eV | g2 = gs,s+1 = 0} and V3i={geV| 915 = gis+1 = 0 for
1<j<s,2<i<s+1}. Write
Wi=(14+erit1F, 1+ esp1—ist1F)
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where e;; denotes the matrix with 1 in the (7, j) entry and 0 elsewhere. Each
W; is an orbital subgroup of S and we have

V=W - V35 V2=WoWs.. Wy_o - V3 V3=W,_,.

Now let v1, 2, ... be automorphisms of S lying in D®I" and let ¢, go, . ..
be divisors of ¢q. We have to find elements hyi, ho, ... € H such that

V= H (Rivi)*

Let L = L(q) be the integer given in Proposition 6.4, and take Ly = 2L + Ls.
Applying that proposition to Wi and to W,_1, and relabelling the v; and g;,

we are reduced to showing that there exist hy,...,hr, € H such that
Ls

(11) V3 ve =TIv?/V3, (hvi));
i=1

note that V?2/V3 = F(=3)) is 3 module for DT

Now for any \; € F* we may choose h; € H so that the diagonal com-
ponent of h;y; is of the form diag()\i_l,*, 1,...,1,%,);); this acts on V2/V3
as multiplication by A;. Let ¢; denote the field component of «;. Provided
Lz > 2q(2q + 1), Lemma 7.1 gives elements Aj,... ,A\r, € F* such that the
map f: FEs) — F defined by

Ly
1 2g; —1 2(11
(t1,12,... 775L3)’—>Z()\¢( Fokres )t?’ —t;)
=1
is surjective. Formula (9), from the previous section, shows that the action of
> ((hi7vi)?% — 1) on each root of V2/V3 is in fact given by f. Therefore

L

V2/V3 _ H[VQ/Vg, (h_i')/i)qu];

i=1
and (11) follows by Lemma 3.2.
This completes the proof of Proposition 6.7, with

Li(q) =2L(q) +2q(2¢ + 1) + 1. O

It remains to prove Proposition 6.5. Let S = SL,41(F'), where |F| >
K and r > 3, and put My = 4L(q) + 1. We are given automorphisms
Y, VM, € DOI' and divisors qi, ... ,qa, of ¢, and have to find automor-
phisms 71,... ,70m, € D and elements uy,... ,up, € U such that

(12) U C H (winivi)?
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(here U is the full upper unitriangular group in S). Since we are allowed to
adjust ~; by any element of D, we may without loss of generality assume from
now on that each v; € ®T".

A matrix g € U will be called proper if g; ;41 # 0 for 1 < i < r. Let Uy
be the product of all positive root groups of height > k (so u € Uy, precisely if
ujj = 0 for 0 < j —i < k). It is well known that Uy > Uy > ... is the lower
central series of U and that for each & < r — 1 and each proper matrix g the
map x — [z, g| induces a surjective linear map of [F,-vector spaces

(13) (= 9] : Ur/Urs1 — Upy1/Uka.

We call the section Uy /Uy 1 the k™ layer of U. By a slight abuse of notation,
we shall identify D with the group of diagonal matrices in GL,41(F) modulo
scalars.

LEMMA 9.1. Let qo € N and suppose that |F| > (qo + 1). Then for any
v € ®I, there exist u € U and n € D such that the matrix

g = (uny)®(ny)~®

18 proper.

Proof. Let v € ®I' act on the root subgroup X, (t) of height one as
X, (t)Y = X,- (t¥) (here 1 is a field automorphism of F, and 7 may be 1).

Case 1: When % # 1. Then we can find A € F* such that A # A\¥*,
and so

o= )\1+¢71+...+¢17m # 1.

Let h()) be the diagonal automorphism diag(1, \=1,A\72,...), acting on each
fundamental root group X, (r € II) by t +— At. Then h()\) commutes with 7
and we have h(u)y? = (h(\)y)%.

Now let v = ][],y X+(1) be the unitriangular matrix with 1’s just off
the diagonal. Then v is centralized by v modulo Uy and [v, (1) 1] is proper.
Putting

w=[v,h(A)7Y], n="h(N)

we have, modulo Us,
(uny)® = (A(N)"7")™ = (h(A)7)™)" = (A()y®)" = [, h(u) ™ ()™,
so that g = [v, h(u)~1] is proper as required.
Case 2: When % = 1. Let F} be the fixed field of 1. Then [F : F}] < qo,

and so if |F| > (qo+ 1)? it follows that |Fy| > go+ 1. Therefore we can choose
A € I such that

Ao — \1FY T et £1,

and the rest of the proof is as in Case 1. O
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To establish (12), we begin by showing that we can obtain the slightly
smaller group Us as a product of 2L + 1 sets [Us, (w;n;i)%].

LEMMA 9.2. Let v9,7v1,--. ,Y2r € @I and let qq, ... ,qar be divisors of q.
Then there exist n; € D (i =0,...,2L) and uw € U such that

2L

Us = H[U?), (niva) %] - [Us, (Wnoyo)®].
i—1

(So here we have u; =1 fori=1,...,2L and up = u.)

Proof. First, note that if « € Aut(U) and z,y € Uy then

(14)

[zy, o] = [z, o[z, o, y]ly, o] = [z, ][y, o] (mod Usz).

Say v; = ¢; or ¢;7 where ¢; € ®. Then, by a double application of

Lemma 7.1, we can find \; € F*, i =1,2,...,2L, such that both of the maps
fu, f— : FCL) — F defined by

2L
B e S
f+(t):§ A S
i=1

2L
—(i+P2 -+ ?qi 341
fo(t) = Do AT
i=1

are surjective. Indeed, it suffices to ensure that each of the maps

L
2qi 2(1,,:
L NP Ve R S
=1
and

2L
_ 2 ... 24q, 24q;
t - Z Al ($itd7+-+¢; )tfi ¢
i=L+1
is surjective.

We now take
diag(Ai, 1, A, 1, .0 s A, 1) (s odd)
i =

diag(..., 1, A, 1, A, 1, )\i_l, 1,)\1-_1, 1,...) (s even),

where in the even rank case the underlined unit 1 has the central position 1+ 3
on the diagonal of SLgy .

It is easy to see that if w is a root of odd height, then either X, ()" =
Xw(Ait) for all i, or else X,,(t)" = Xw()\l-_lt) for all . Moreover, it follows
from the definition that n] = 7;. Then the surjectivity of fi and f_ together
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imply that X, = H@2£1 [Xw, (7:7:)?%] for all roots w of odd height. (Note that

’yz-2 % stabilizes every root of 3). Hence when k > 3 is odd we have

2L

U/Uks1 = | [[Us/ U1, (i) **].
i=1

It follows from Lemma 3.2 that the product [[22, [Us, (n:7:)%] covers each odd
layer of Us.

To deal with the even layers we use the map (13). Put 3; = (1;7;)% € DOT
for each i. Now take b € Us and let k£ > 3 be odd. Suppose that we have already
found x;,y € Us such that

2L

b= H[ﬂ%ﬁi] “[y,9B0] (mod Uy),

=1

where g = (un070)% (n0y0) % is the proper matrix provided by Lemma 9.1.

We claim that there exist 2, 25,... 2%, y' € Uy such that
2L
(15) b= [[lwif, 8] - [yy', 560 (mod Ugya).
i=1

By (14) this is equivalent to

2L
(16) 111581 - [/, 960] = V' (mod Uy2)

=1

where b/ = b- ([][xs, 5] - [y,ﬁﬁo])_l € U. Also,

[y, 950] = [/, Bol - v/ 9.

Let

Vi= (U2 [] Xol| /U2 Va=|(Uw2 [] Xol|/Ukse
ht(w)=k ht(w)=k+1

We identify Uy /Uyyo with Vi @ Va. The elementary abelian p-group Vj corre-
sponds to the (odd) k' layer of U, while V3 is the (even) (k + 1)*" layer.
Now, on the one hand the map y' — [¢/, g]Ukt2 (v € V1) is a surjective
linear map from Vj onto V5. On the other hand, the argument above shows
that the map x' — [[25, [}, Bi]Ur2 (X' € Vl(QL)) is a surjective linear map
from VI(QL) onto V7.
We can therefore solve the equation (16) in Uy /U2 in the following way.

Suppose b’ = by +by with b; € V;. First choose y' € V; so that [y, g] = bg"_l and
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observe that [y, Bp] € V1. Consider this 3’ fixed and then choose appropriate
x, € V1 so that

2L
[Tl 8] = b1 — [v/, Bol.
i=1
It follows by induction on the odd k, starting with &k = 3, that we can
solve (15) with k =r 4 1, and as U,1 = 1 this establishes the lemma. O

What remains to be done is to obtain the first two layers U; /Us and Us /Us.
We shall need 2L more automorphisms (7;7;)%.

The set of roots of height 1 is II, and we denote by Z the set of roots of
height 2. We show first how to obtain ], .y Xuw

For a choice of \; € F*, 1 =1,2,...,L, put

ni = diag(1, \i, A2, 03, ...).
For each fundamental root w we then have
Xuw ()" = Xyp(Ait).

In particular the restrictions of ; and 7] to U;/U, are the same. As in the
proof of Proposition 6.7, above, we may apply Lemma 7.1 to find A; € F* such
that

L
UI/UQ C H Ul/U27 77171 H UI/U27 Th% ]

The analogous result for [] w 1S obtained similarly using the diagonal

wWEE
automorphisms

n;i = diag(1,1, X, \i, A2, 02,0,

REA R

As U = ([ e Xw) - (ITez Xw) - Us, the last two observations together
with Lemma 9.2 complete the proof of Proposition 6.5, with My = 4L + 1.

10. The group P

Here we prove Propositions 6.9 and 6.10. Let us recall the setup. S is a
quasisimple group of type

X E {QAT‘a BT‘7 CT, DTa 2DT‘}7

with root system ¥ (twisted or untwisted). Here r can be any integer greater
than 3. There exist fundamental roots d, &’ € ¥ (equal unless X = D,) such
that the other fundamental roots II' = I — {4, '} generate a root system ¥’ of
type A,, for the appropriate s: in types 2A,, B,, C, and 2D, we take § = ¢’ to
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be the fundamental root of length distinct from the others; in type D,., {9,d'}
is the pair of fundamental roots swapped by the symmetry 7 of D,..
If S is untwisted, set

If S is twisted, set

PROPOSITION 6.9. Assume that |F| > K and that S is of type
B, Cy, D, or %2D,. There is a constant Ny = N1(q) such that if v1,... ,7n,

are automorphisms of S lying in DP®L and q1,... ,qn, are divisors of q then
there exist elements hi,... ,hn, € H such that
N,
P C [P, (i)
i=1

We consider first the untwisted case, where S has type B;., C;. or D,.. By
inspection of the root systems we see that every positive root w € ¥ can be
written as w = ed+wq +€'6’ +ws with some e, e’ € {0,1} and wy,wy € ¥/, U{0}.
In the last expression we include the possibility 6 = ¢’

For w = (ed + wy) + (€/0' + wq) as above we set t(w) :==e + €.

For i = 1,2 let P(i) be the product of roots subgroups X,, with ¢(w) > i
in any order; this is in fact a normal subgroup of P. Then P = P(1), and
both P(1)/P(2) and P(2) are abelian. Each of P(1) and P(2) is a product of
orbital subgroups and so invariant under D®TI.

Recall Lemma 2.1. The type of S is here different from A,, and 2A4,, and
therefore there are characters y; : ¥ — F* (i =1,...,4) of the root lattice
such that (i)

and (ii)
xi(w) =1Vw e I\ A

where A is a fixed set of fundamental roots of size at most 2; if X = D, then
A = {4,8'}; otherwise A consists of a single root at one end of the Dynkin
diagram.

In view of (i), we may assume that the diagonal component d; of each
7; is one of the four h(x;) above. Setting N1 > 4N, and relabelling the ~; if
necessary we may further suppose that

1§j§N2:>dj:h(X1):h0, say.
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Observe that for any root w € Y, the multiplicity of each of v € A in w is
0, 1 or 2, and the last case occurs only when A has size 1. Therefore hy can
act in only 4 possible different ways on X, as w ranges over ¥,. We deduce
that a given 7]% can act in at most four different ways on the various root
subgroups. (The possible presence of a graph automorphism component of ;
in case of D, requires additional attention.) We make this more precise:
Given v; for j = 1,2,... , Na, each with diagonal component hg, for each

Jj there are elements c;(i) € F* (i =1,...,4) with the following property:

For each root w € X there exists i = i(w) € {1,2,3,4} such that V?qj
acts on X, as

Xo(t) = Xw(cj(i)t(bj ] ).
Here ¢; is the field automorphism component of ;.

For any A € F* let x, denote the character of ¥ which takes value \*
on {0,8'} and is 1 on all the other fundamental roots. The automorphism
hx = h(xy) is a fourth power in D and therefore inner. Observe that if
v € X \Y, then

X,(t)™ = X,(A*0)),

where t(v) € {1,2} is as defined above.

Let ¢; be the field automorphism component of ;. The automorphisms

(ha,7;)?% stabilize each root subgroup X,, < P and act on X,,(t) as

t— Cj(z')/\jt(w)'(%w%mwj%) 95
where i = i(w) € {1,2,3,4} as above, t(w) = 2 if X, < P(2) and t(w) =1
otherwise.

We set No = N3 + Ny. Let {1,2,...,No} = J3 U Jy where J3 and Jy
have sizes N3 and N4 respectively. set N3 = 4M and let J3 be a union of four
subsets J3(i), i = 1,... ,4 each of size M.

Using Lemma 7.1 with all ¢; = 4, provided |F| is large compared to ¢ and
M > 2¢(8q + 1), we may find A € F(/3) such that the maps

JE€J5 (i)

are surjective for each i = 1,2, 3, 4.
This gives

(18)  P/P(2)  [[[P/P(2), (ha,7)*"] € T 1P/P(2), (ha,7)®]-
JE€J3 JE€Js
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Similarly, another four-fold application of Lemma 7.1 with ¢; = 8 gives that
for Ny > 4 x 2¢q(16g + 1) there exist \; € F** for j € J4 such that the analogue
of (17) holds and hence

(19) ) € [T1P@), (ha,%)*%] € T IP(2), (B, 75)%)-

JEJy JEJs

This concludes the proof in the untwisted case.

It remains to establish the twisted case, where S has type 2D,. We will
denote by X0 the untwisted root system corresponding to .

The group P = P* inherits a filtration P = P*(1) > P*(2) from the
associated untwisted root system D,: each P*(7) is the fixed point set of o on
the corresponding group P(i) defined as above for the untwisted version of S;
the subgroup P*(i) is the product of all root subgroups Y,, with equivalence
class w consisting of untwisted roots w with ¢(w) < i. Recall that in type 2D,
the root subgroups Y,, are all one-parameter.

The group P*(2) is the product of the root subgroups Y, defined by a
singleton w = {w} where the positive root w € X is fixed by 7. Then Y, =
{Xalt) | t€ Fo).

On the other hand the group P*/P*(2) is the product of Y, P*(2) where
w = {u,v} € B9 has type A1 x Ay and Y, (t) = X, (t)X,(t?) is parametrized
by t € F.

We now proceed as in the previous case:

By Lemma 2.1 we may take N7 > 4N, and may assume that the auto-
morphisms «y; all have the same diagonal component hqy for j =1,2,..., Na.

There are elements ¢;(i) € F*, (1 < j < Na, i = 1,2,3,4), depending
on hg, such that the automorphism ’y}“ acts on a root element Y, (t) as t —
cj(z')t‘ﬁj], where i = i(w) € {1,2,3,4} depends only on w.

Let {a,b} be the pair of fundamental roots in X° corresponding to the
short root § € X. For A € F* let x) be the character of the untwisted root
system Y0 defined by x(a) = A, x(b) = X*® and x is 1 on the rest of the
fundamental roots of X.°.

Define hy := h(x). Then h) is an inner diagonal automorphism and is
fixed by o; therefore hy € H. If ¢; is the field component of v; then (P, ;)%
acts on Y, (t) as

t s e(i) )\cu(¢>ﬁ —+6;7 )tw

where ¢;(i) and i = i(w) are as above, and
e ¢, =4+ 4¢ if w has type A; (when ¢ ranges over Fy),

e ¢, =4 if w has type Ay x Ay (when ¢ ranges over F).
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We set No = N3 + Ny. In the same way as in the previous case, provided
N3, Ny and |Fp| are sufficiently large compared to ¢, it is possible to choose
Aj € F*for j = 1,2,... ,N3 and A\; € Fj for N3 < j < Ny so that the
appropriate equivalents of (17) hold. This gives (18) and (19) and concludes
the proof in the case of type 2D,..

PROPOSITION 6.10. Assume that |F| > K and that S is of type 2A,.
There is a constant Ny = Ni(q) such that if ~1,...,yn: are automorphisms
of S lying in DOI' and qi,...,qn; are divisors of q then there exist auto-
morphisms n1,... ,nn; € D such that

N;
P c [P, (mivi)®)-
=1

The proof is along lines similar to the above; as we are aiming for a slightly
weaker conclusion, we may assume from the start that each ; € ®.

If r is odd then all the root subgroups Y, of P are one-parameter, P is
abelian and we set P(2) = P.

If r is even then define P(2) to be the product of all the one parameter
root subgroups Y,, of P together with the /2 groups

Bw = {Xw(a . to) | tg € Fo},

where w is the root fixed by 7 in an equivalence class w C Z9r of type A, and
a is a fixed solution to a 4 a® = 0.

Both P(2) and P/P(2) are abelian groups and modules for D®.

We first deal with the group P/P(2). It is nontrivial only if r is even.
Then P/P(2) is a product of its subgroups of the form

{Au(t) = Xu(t) - Xu(t*)P(2)/P(2) | te€F},

where the untwisted roots v and u = v” span a root system w = {u,v,u + v}
of type Az in E?r.

For A € Fj let ny be the inner diagonal automorphism of S induced by
diag(A~%, ... )AL 1, A ..., A). (The unit coefficient is in the middle position
r/2+ 1 on the diagonal.) Then (1)7v;)% acts on each A, (t) < P/P(2) by

oyl

Lemma 7.1, part (b), gives that there is a choice of (A1,...,An;) € FéNz/),
provided N} > 2q(2¢q + 1), such that the map

N o
, g
te PV Y (Af* B —tj>

j=1
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is surjective onto F'. This gives (in case r is even)
Ny

(20) P/P(2) = [[IP/P(2), (m,7;)%].

J=1

The abelian group P(2) requires a little more attention since the range
of the parameter is sometimes F' and sometimes Fy. More precisely P(2) is a
product of groups of the following three types:

Type 1: Y, (to) = Xw(to) where w = {w} is a singleton equivalence class
of untwisted roots and ty ranges over Fy (this type occurs only in case r is
odd).

Type 2: B, ={Xw(a-t) | t € Fo}, w=v+u=w" and v, u span a root
system w of type Ay (which happens only for r even).

Type 3: Y, (t) = X,(t)X,(t?) where {u,v} is an equivalence class of un-
twisted roots w of type A; x A; and ¢ ranges over F.

Now, for \; € Fy let 7y, be the diagonal automorphism of S defined
above (with the unit coefficient omitted when r is odd). Thus 7, acts on the
parameter t (or ty) above as multiplication by )\?.

For N}, Nj € N let J;, i = 3,4 denote two consecutive intervals of integers
of lengths N/ each.

Provided N/ is sufficiently big compared to ¢, then according to Lemma 7.1
it is possible to find \; € FOJ  such that the following two maps are surjective:

jeJ1

J P F ot A2ttt oty
J J J
jETs

(Note that we need part (b) of Lemma 7.1 for f;.)
This implies that for J = J3 U J; we have

P(2) = [T[P@), (n3,2)"].
jeJ

Together with (20) this gives the result if we take N7 > Ny + N3 + Nj.
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