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Global hyperbolicity of renormalization
for C" unimodal mappings

*

By EDSON DE FARIA*, WELINGTON DE MELO™* and ALBERTO PINTO***

Abstract

In this paper we extend M. Lyubich’s recent results on the global hyper-
bolicity of renormalization of quadratic-like germs to the space of C" unimodal
maps with quadratic critical point. We show that in this space the bounded-
type limit sets of the renormalization operator have an invariant hyperbolic
structure provided r > 2 + « with « close to one. As an intermediate step be-
tween Lyubich’s results and ours, we prove that the renormalization operator
is hyperbolic in a Banach space of real analytic maps. We construct the lo-
cal stable manifolds and prove that they form a continuous lamination whose
leaves are C!' codimension one, Banach submanifolds of the ambient space,
and whose holonomy is C'*? for some 3 > 0. We also prove that the global
stable sets are C'! immersed (codimension one) submanifolds as well, provided
r > 34 « with « close to one. As a corollary, we deduce that in generic, one-
parameter families of C™ unimodal maps, the set of parameters corresponding
to infinitely renormalizable maps of bounded combinatorial type is a Cantor

set with Hausdorff dimension less than one.}
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1. Introduction

In 1978, M. Feigenbaum [10] and independently P. Coullet and C. Tresser
[4] made a startling discovery concerning certain rigidity properties in one-
dimensional dynamics. While analysing the transition between simple and
“chaotic” dynamical behavior in “typical” one-parameter families of unimodal
maps — such as the quadratic family z — Ax(1 — x) — they recorded the
parameter values \,, at which successive period-doubling bifurcations occurred
in the family and found a remarkable universal scaling law, namely

)\n - )\n—l

— — — — 4.669... .
)\n—i-l_)\n

They also found universal scalings within the geometry of the post-critical set
of the limiting map corresponding to the parameter A\, = lim \,, (cf. the work
of E. Vul, Ya. Sinai and K. Khanin [29]). In an attempt to explain these
phenomena, they introduced a certain nonlinear operator acting on the space
of unimodal maps — the so-called period doubling operator. They conjectured
that the period-doubling operator has a unique fixed point which is hyperbolic
with a one-dimensional unstable direction. They also conjectured that the
universal constants they found in their experiments are the eigenvalues of the
derivative of the operator at the fixed point.

A few years later (1982) this conjecture was confirmed by O. Lanford
[18] through a computer assisted proof. Working in a cleverly defined Banach
space of real analytic maps and using rigorous numerical analysis on the com-
puter, Lanford established at once the existence and hyperbolicity of the fixed
point of the period-doubling operator. Subsequent work by M. Campanino and
H. Epstein [2] (also Campanino et al. [3] and Epstein [9]) established the ex-
istence (but neither uniqueness nor hyperbolicity) of the fixed point without
essential help from the computer.

It was soon realized by Lanford and others that the period-doubling op-
erator was just a restriction of another operator acting on the space of uni-
modal maps — the renormalization operator — whose dynamical behavior is
much richer. The hopes were high that the iterates of this operator would
reveal the small scale geometric properties of the critical orbits of many inter-
esting one-dimensional systems. Hence, the initial conjecture was generalized
to the following.

RENORMALIZATION CONJECTURE. The limit set of the renormalization
operator in the space of maps of bounded combinatorial type is a hyperbolic
Cantor set where the operator acts as the full shift in a finite number of symbols.

(For a precise formulation of what is meant by bounded combinatorial
type, see §2.2 below.)
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In the path towards a proof of this conjecture, several new ideas were
developed in the last 20 years by a number of mathematicians, especially
D. Sullivan, C. McMullen and M. Lyubich. Among the deepest in Dynam-
ical Systems, these ideas have the complex dynamics of quadratic-like maps
(in the sense of Douady and Hubbard [6]) as a common thread. Sullivan proved
in [28] that all limits of renormalization are quadratic-like maps with a definite
modulus. Then, constructing certain Teichmiiller spaces from quadratic-like
maps and using a substitute of Schwarz’s lemma in these spaces, Sullivan es-
tablished the existence of horseshoe-like limit sets for renormalization. Later,
using a different approach based on Mostow rigidity, McMullen [23] gave an-
other proof of this result and went further by showing that the convergence
(in the CY sense) towards the limit set is exponential.

The final breakthrough came with the work of Lyubich [20]. He endowed
the space of germs of quadratic-like maps (modulo affine conjugacies) with a
very subtle complex structure, showing that the renormalization operator is
complex-analytic with respect to such a structure. In Lyubich’s space, the
stable sets of maps in the limit set of renormalization coincide with the very
hybrid classes of such maps, and inherit a natural structure making them (com-
plex codimension one) analytic submanifolds. Combining McMullen’s rigidity
of towers with Schwarz’s lemma in Banach spaces, Lyubich proved exponential
contraction along such stable leaves. To obtain expansion in the transversal
directions to such leaves at points of the limit set, Lyubich argued by contra-
diction: if expansion fails, then one can find a map in the limit set whose orbit
under renormalization is slowly shadowed by another orbit (the small orbits
theorem, page 323 of [20]). This however contradicts another theorem of his,
namely the combinatorial rigidity theorem of [21]. It follows that the limit set
is indeed hyperbolic in the space of germs. Based on this result of Lyubich and
using the real and complex bounds given by Sullivan, we prove in Theorem 2.4
that the attractor (for bounded combinatorics) is hyperbolic in a Banach space
of real analytic maps.

In the present paper, we give the last step in the proof of the above renor-
malization conjecture in the (much larger) space of C” smooth unimodal maps
with 7 sufficiently large. The very formulation of the conjecture in this setting
requires some care, because the renormalization operator is not differentiable
in C". For the correct formulation, see Theorem 2.5 below. To prove the
conjecture, we combine Theorem 2.4 with some nonlinear functional analysis
inspired by the work of A. Davie [5]. In that work, Davie constructs the stable
manifold of the fixed point of the period doubling operator in the space of
C?%¢ maps “by hand”, showing it to be a C' codimension-one submanifold of
the ambient space, even though the operator is not differentiable. To do this,
he first extends the hyperbolic splitting of the derivative at the fixed point
from Lanford’s Banach space of real-analytic maps to the larger space of C?*¢
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maps (to which the derivative extends as a bounded linear operator). This
gives him an extended codimension-one stable subspace in C?*¢ to work with,
and he views the local stable set in C?*¢ as the graph of a function over the
extended stable subspace. In attempting to prove that such function is C*,
he goes around the inherent loss of differentiability of renormalization by first
noting that the local unstable manifold coming from Lanford’s theorem is still
there (and is still smooth in C?%¢) and then showing that there is afterall a
contraction in C?*¢ towards that unstable manifold, whose elements are an-
alytic maps. Thus, the loss of differentiability is somehow compensated by
the contraction towards the unstable manifold. Davie’s crucial estimates show
that the renormalization operator in C%*¢ is sufficiently well-approximated by
the extension of its derivative in Lanford’s space to a bounded linear operator
in C?*e.

Our approach is based on the idea that whatever Davie can do with
Lanford’s Banach space relative to the fixed point, we can do with the
Banach space obtained in Theorem 2.4 relative to the whole limit set. There is
one fundamental difference, however. The linear and nonlinear estimates car-
ried out by Davie rely on the special fact that the period-doubling fixed point
is concave. This allows him to prove his main theorems in C?**¢ for all £ > 0.
By contrast, we cannot — and do not — rely on any such convexity assumptions.
We derive our estimates (in §5 and §8) directly from the geometric properties
of the postcritical set of maps in the limit set (these properties — proved in §5.2
— are a consequence of the real a priori bounds). As a result, our local stable
manifold theorem in C" requires r > 2 4+ « with « close to one.

We go beyond the conjecture in at least three respects. First, we show that
the local stable manifolds form a C° lamination whose holonomy is C'*# for
some 3 > 0. In particular, every smooth curve which is transversal to such a
lamination intersects it at a set of constant Hausdorff dimension less than one.
Second, we prove that the global stable sets are C! (immersed) codimension-
one submanifolds in C" provided r > 3 + « with « close to one (we globalize
the local stable manifolds via the implicit function theorem, hence the further
loss of one degree of differentiability). Third, we prove that in an open and
dense set of C* one-parameter families of C™ unimodal maps (for any k > 2),
each family intersects the global stable lamination transversally at a Cantor
set of parameters and the small-scale geometry of this intersection is the same
for all nearby families. In particular, its Hausdorff dimension is strictly smaller

than one.
In the path towards these results, we have made an attempt to abstract

out the more general features of the renormalization operator in the form of
a few properties or “axioms” — the notion of a robust operator introduced in
Section 6. We prove a general local stable manifold theorem for robust oper-
ators there. It is our hope that this might be useful in other renormalization
problems, for example in the case of critical circle maps (see [7] and [8]).
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2. Preliminaries and statements of results

In this section, we introduce the basic notions of the theory of renormal-
ization of unimodal maps. Then we state Sullivan’s theorem on the existence
of topological limit sets for the renormalization operator, the exponential con-
vergence results of McMullen, and Lyubich’s theorem showing the full hyper-
bolicity of such limit sets in the space of germs of quadratic-like maps. Finally,
we state our main results extending Lyubich’s hyperbolicity theorem to the
space of C™ unimodal maps with r sufficiently large.

2.1. Quadratic unimodal maps. We describe here two types of ambient
spaces of C" unimodal maps. These will be determined by two families of
Banach spaces, denoted A" and B".

2.1.1. The Banach spaces A". Let I = [—1,1] and for all » > 0 let C"(I)
be the Banach space of C™ real-valued functions on I. Here r can be either a
nonnegative real number, say r = k + « with £k € N and 0 < a < 1, in which
case O"(I) is the space of C* functions whose k' derivative is a-Holder, or else
r = k + Lip, in which case C"(I) means the space of C* functions whose k"
derivative is Lipschitz (so whenever we say that 7 is not an integer, we include
the Lipschitz cases). Let us denote by A" the space C/(I) consisting of all C"
functions on I which are even and vanish at the origin, in other words

A" ={ve C"(I):viseven and v(0) = 0} .

Then A" is a closed linear subspace of C"(I) and therefore also a Banach space
under the C" norm. Now, for each r > 2, define

U™ C1+A" C C™(I)

to be the set of all maps f : I — I of the form f(z) =1+ v(z), where v € A"
satisfies v”(0) < 0, which are unimodal. Then U" is a Banach manifold; indeed
it is an open subset of the affine space 1 + A". Note that for all f € U" the
tangent space TyU" is naturally identified with A". The elements of U" are
called C™ unimodal maps with a quadratic critical point.

2.1.2. The Banach spaces B". We define B" to be the space of functions
v: I — R of the form v = ¢ o ¢ where g(x) = 2% and ¢ € C"([0,1]) vanishes
at the origin. The norm of v in this space is given by the C" norm of ¢. This
makes B” into a Banach space. Note that for each s < r the inclusion map
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j : B — A% is linear and continuous (hence C!). Now, for each 7 > 1, let
V' c1+4+B"

be the open subset of the affine space 1+ B" consisting of those f = ¢ o ¢ such
that ¢([0,1]) € (—1,1], ¢(0) = 1 and ¢'(z) < 0 for all 0 < z < 1. Just as
before, V" is a Banach manifold. Note that each f € V" is a unimodal map
belonging to U” when r > 2. Moreover, the inclusion of V" in U" is strict (for
each r > 2).

2.2. The renormalization operator. A map f € U" is said to be renormal-
izable if there exist p = p(f) > 1 and A = A\(f) = fP(0) such that fP|[—|\|, |\|]
is unimodal and maps [—|A|, |\|] into itself. In this case, with the smallest
possible value of p, the map Rf : [-1,1] — [—1, 1] given by

(2.2.1) Rf(z) = %fp(kw)

is called the first renormalization of f. We have Rf € U". The intervals
FI([=IAL A, for 0 < j < p — 1, are pairwise disjoint and their relative order
inside [—1, 1] determines a unimodal permutation 6§ of {0,1,...,p — 1}. The
set of all unimodal permutations is denoted P. The set of f € U” that are
renormalizable with the same unimodal permutation # € P is a connected
subset of U" denoted Uj. Hence we have an operator

(2.2.2) R:|JUp - U,
0P

the so-called renormalization operator.
Now let us fix a finite subset ® C P. Given an infinite sequence of

unimodal permutations g, 01,...,0,, - € O, write
Ugoﬂlf" Oy = Ugo N R_lwgl M---N R_nmgn - ’
and define
Do = U o

(00,01, 0, )EON

The maps in Dg are infinitely renormalizable maps with (bounded) combina-
torics belonging to ©. Note that R(Dg) C Dg; in fact,

(223) R( 507017“'a6'rn"') g U51»927“'79n+17“' :

We note that if f is a renormalizable map in V", then R(f) belongs to
V" also. Hence, taking Vj = Up N V", the restriction of the renormalization
operator
(2.2.4) R:|JVy -V
0P
is well-defined.
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2.3. The limit sets of renormalization. In [28], Sullivan established the ex-
istence of horseshoe-like invariant sets for the renormalization operator, show-
ing that they all consist of real analytic maps of a special kind, namely, re-
strictions to [—1,1] of quadratic-like maps in the sense of Douady-Hubbard.
We remind the reader that a quadratic-like map f: V — W is a holomorphic
map with the property that V' and W are topological disks with V' compactly
contained in W, and f is a proper, degree two branched covering map with a
continuous extension to the boundary of V. The conformal modulus of f is
the modulus of the annulus W \ V.

We are interested only in quadratic-like maps that commute with complex
conjugation, for which V is symmetric about the real axis. Consider the real
Banach space Hy(V') of holomorphic functions which commute with complex
conjugation and are continuous up to the boundary of V, with the C° norm.
Let Ay C Ho(V) be the closed linear subspace of functions of the form ¢ = ¢ogq,
where ¢(z) = 22 and ¢ : ¢(V) — C is holomorphic with ¢(0) = 0. Also, let
Uy be the set of functions of the form f =1+ ¢, where p = ¢ o g € Ay and
¢ is univalent on some neighborhood of [—1, 1] contained in V/, such that the
restriction of f to [—1, 1] is unimodal. Then Uy is an open subset of the affine
space 1 + Ay, which is linearly isomorphic to Ay via the translation by 1,
and we shall regard Uy as an open subset of Ay itself via this identification.
For each a > 0, let us denote by €2, the set of points in the complex plane
whose distance from the interval [—1, 1] is smaller than a. We may now state
Sullivan’s theorem as follows.

THEOREM 2.1. Let © C P be a nonempty finite set. Then there exist
a > 0, a compact subset K = Kg C Aqg, N DY and p > 0 with the following
properties.

(i) Each f € K has a quadratic-like extension with conformal modulus boun-
ded from below by p.

(ii) R(K) C K, and the restriction of R to K is a homeomorphism which
is topologically conjugate to the two-sided shift o : ©% — ©%: in other
words, there exists a homeomorphism H : K — ©% such that the diagram

K —2 . K

0L — . ot
commutes. 7

(iii) For all g € DgNV", with r > 2, there exists f € K with the property that
[|R"(g) — Rn(f)HCO(I) — 0 asn — oo.

For a detailed exposition of this theorem, see Chapter VI of [26].
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Later, in [23], C. McMullen established the exponential convergence of
renormalization for bounded combinatorics (using rigidity of towers). His theo-
rem forms the basis for the contracting part of Lyubich’s hyperbolicity theorem
in [20].

THEOREM 2.2. If f and g are infinitely renormalizable quadratic-like maps
with the same bounded combinatorial type in © C P, and with conformal moduli
greater than or equal to u, then

|R"f — R"gllcory < CA"
for alln > 0 where C = C(p,©) >0 and 0 < A = A(0) < 1.

The above result was extended by Lyubich to all combinatorics. In par-
ticular it follows, in the case of bounded combinatorics, that the exponent A
and the constant C' in Theorem 2 do not depend on ©. The conclusion of the
above theorem can also be improved in bounded combinatorics: for » > 3; the
exponential convergence holds in the C” topology if the maps are in V" (see
[24] and [25]).

In [20], Lyubich considered the space of quadratic-like germs modulo affine
conjugacies in which the limit set K is naturally embedded. This space is a
manifold modeled on a complex topological vector space (arising as a direct
limit of Banach spaces of holomorphic maps). In this setting, Lyubich estab-
lished in [8] the full hyperbolicity of the renormalization operator. With the
help of Sullivan’s real and complex bounds and Lyubich’s theorem we prove
the hyperbolicity of some iterate of the renormalization operator acting on a
space Aq, for some a > 0 (see Theorem 2.4 in §2.5). Then we extend Davie’s
analysis for the Feigenbaum fixed point to the context of bounded combina-
torics to conclude that the hyperbolic picture also holds true in the much larger
space U" (see Theorem 2.5 in §2.5).

2.4. Hyperbolic basic sets. We need to introduce the well-known concept
of hyperbolic basic set for nonlinear operators acting on Banach spaces. Let
us consider a Banach space A, and an open subset O C A.

Definition 2.1. Let T : O — A be a smooth nonlinear operator. A hyper-
bolic basic set of T' is a compact subset K C O with the following properties.

(i) K is T-invariant and T'|K is a topologically transitive homeomorphism
whose periodic points are dense.

(ii) If y € O and all T-iterates of y are defined, then 7" (y) converges to K.

(iii) There exist a continuous, DT-invariant splitting A = E@ EY, for
z € K, and uniform constants C' > 0 and 0 < 8 < 1 such that

DT (z) v]| < C6"|jv]
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for all v € £, as well as
(2.4.1) |DT" (x)v]| > CO"||v||

for all v € EY.
(iv) The dimension of EY is finite and constant.
The following notions are also standard. Let A(z,¢) be the ball in A with
center z and radius e. The local stable manifold W2 (x) of T at x consists of
all points y € A(x,¢e) such that, for all n > 0, we have T"(y) € A(T"(x),¢)

and
IT"(y) — T™(z)|| — 0 when n — oo .

The local unstable manifold W2 (x) of T at = consists of all points y € A(x, )
such that, when yy = y, for all n > 1 there exists y,, € A(T~"(x),e) such that

Yn-1 =T(yn) and
| T7"(z) — yn|| — 0 when n — oo .
Finally the global stable set of T' at x is defined as
Wi(2) = {y €O : |T"(y) — T"(x)]| — 0 when n — oo} .

The question arises as to whether these sets have smooth manifold structures.
We have the following general result.

THEOREM 2.3. IfK is a hyperbolic basic set of a C' operator T : O — A
then

(i) the local stable (resp. unstable) set at x € K is a C' Banach submanifold
of A which is tangent to E? (resp. EY) at x.

(ii) Ify € W*(x) then
[T (z) = T"(y)|| < CO" |l —yl| .

Moreover, T(W(x)) 2 WX(T(z)), the restriction of T to W¥(x) is one-
to-one and for all y € W2(z),

|77 (@) =T (y)|| < CO"||l= — gl -
(iii) Ify € A(z,¢) is such that T'(y) € A(T*(x),€) fori <n then
dist (T"(y), W2X(T"(z))) < CO", as well as dist (y, Wi (z)) < CO" .

(iv) The family of local stable manifolds (and also the family of local unstable
manifolds) form a C° lamination: the tangent spaces to the leaves vary
continuously.
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We do not prove this theorem here since we will not use it, but instead
make the following comments. Using the arguments of Hirsch-Pugh in [14], we
can prove that the local unstable set is a smooth manifold. The local stable
set is also a smooth manifold, but a different proof is needed: one can use the
ideas of Irwin in [16]. See also Theorem 2.1 on page 375 of [27]. In both cases
the smoothness can be improved to C* if the operator T is C*.

For invertible operators the global stable set is also a smooth submanifold.
In the noninvertible situation, this is not always true. However, we will prove
in §9.1 that this is the case for the renormalization operator acting on V7,
provided r > 3 4+ o and a > 0 is close to one.

2.5. Hyperbolicity of renormalization. In the present paper we prove three
main theorems. The first main theorem shows that there exists a real Banach
space of analytic maps, containing the topological limit set K of renormaliza-
tion, on which the renormalization operator R acts as a real-analytic operator
and has K as a hyperbolic basic set. More precisely, we have the following
result.

THEOREM 2.4 (Hyperbolicity in a real Banach space). There exist a >0,
an open set O C A = Aq,_ containing K = Kg and a positive integer N with the
following property. There exists a real analytic operator T : O — A having K
as a hyperbolic basic set with codimension-one stable manifolds at each point,
such that T(f)|[-1,1] = RN(f|[-1,1]), for all f € ©, is the N iterate of the
renormalization operator.

The proof of this theorem, presented in §3 (see Theorem 3.9), combines
Lyubich’s hyperbolicity results with Sullivan’s real and complex bounds.

The second main theorem establishes the “hyperbolicity” of renormaliza-
tion in U". As we have mentioned before, the renormalization operator is not
smooth in U", so the definition of hyperbolicity of an invariant set does not
even make sense. However, the hyperbolic picture holds in this situation. More
precisely, we have the following theorem.

THEOREM 2.5 (Hyperbolic Picture in U"). Ifr > 2+ «, where o > 0 is
close to one, then statements (i), (ii), (iii) and (iv) of Theorem 2.3 hold true
for the renormalization operator acting on U". Furthermore,

(i) the local unstable manifolds are real analytic curves;

(ii) the local stable manifolds are of class C*, and together they form a con-
tinuous lamination whose holonomy is C18 for some B > 0.

The main difficulty behind the proof of this theorem is the fact that the
operator T is not Fréchet differentiable in C" (in fact it is only continuous in
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a dense subset of U"). However, as we shall see in §8.2, it is a C'' mapping
from its domain in U” into U® if s < r — 1 (even for s = r — 1 if r is an
integer). Hence its tangent map defines a continuous map L: Kx A" — K x A?
by L(g,v) = (T'(g), DT(g)(v)) = (T'(9), Lg(v)). The bounded linear mappings
Ly: A" — A® extend to bounded linear operators Ly : At — Al forall0 <t <r.
Although L, is not the derivative of T" at g in C'", it is nevertheless a sufficiently
good linear approximation to T' near g (see the properties of Definition 6.1,
checked in §8).

COROLLARY 2.6 (Hyperbolic Picture in V"). Ifr > 2+ «, where a > 0
is close to one, then statements (i), (ii), (iii) and (iv) of Theorem 2.3 hold true
for the renormalization operator acting on V". Furthermore,

(i) the local unstable manifolds are real analytic curves;

(ii) the local stable manifolds are of class C*, and together they form a con-
tinuous lamination whose holonomy is C'1# for some 5 > 0.

For the proofs of Theorem 2.5 and Corollary 2.6, see Section 8.

By an argument using the implicit function theorem and the results in
[24], which a priori are valid only in V", we shall prove in Section 9 our third
main theorem, which we state as follows.

THEOREM 2.7. Ifr > 34+a, where a > 0 is close to one, then the following
assertions hold true for the renormalization operator acting in V':

(i) The global stable sets are C1 immersed submanifolds.

(ii) For each integer 2 < k < r, there exists an open dense set of C* one-
parameter families of maps in V" all of whose elements intersect the
global stable lamination of (T, Kg) transversally.

(iii) In each such family, the set of parameters where the intersections occur
is a Cantor set which is locally C'1P diffeomorphic to the corresponding
Cantor set of the quadratic family. In particular, its Hausdorff dimension
is a universal number depending only on © which lies strictly between zero
and one if © has more than one element.

It is worth emphasizing that when a generic family (in the sense of the
above corollary) intersects the stable lamination at a point, then any neigh-
borhood of this point in parameter space contains a renormalization window
that is mapped under a suitable power of the renormalization operator onto a
full transversal family.
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3. Hyperbolicity in a Banach space of real analytic maps

In this section we give a proof of Theorem 2.4. Using the real and complex
bounds given by Sullivan in [28], we prove in §3.1 that there is an iterate of the
renormalization operator which extends as a real analytic map 7" to an open set
Ogq, of the Banach space Aq, consisting of real analytic maps whose domain
is an a-neighborhood of the interval [—1, 1], for a suitable @ > 0. The maps
g € K have unique extensions belonging to Ogq,_. In §3.2, using Lemmas 4.16
and 4.17 in Lyubich’s paper [20], we show that the hybrid conjugacy classes
of the maps ¢ € K form a continuous lamination of codimension one real
analytic manifolds. Then in §3.4 we construct a skew-product renormalization
operator that satisfies properties (W1) to (W4) on page 395 of [20] in the
real-analytic case (restated in §3.5). By Theorems 8.2 and 8.8 in [20] the
skew-product renormalization operator will have fiberwise stable and unstable
leaves (as defined in §3.3). The local stable leaf at ¢ € K is a relatively
open set of the hybrid conjugacy class of g. Then using the skew-product
renormalization operator, we prove in §3.5 that K is a basic set for the real
analytic renormalization operator 7' : Oq, — Aq, .

3.1. Real analyticity of the renormalization operator. Using Sullivan’s real
and complex bounds in [28], we will show that there exists a > 0 such that
some iterate T : Qq, — Agq, of the renormalization operator is a (well-defined)
real analytic operator with a compact derivative.

For each f € K, let Ty C [—1,1] be the postcritical set of f (the Cantor
attractor of f). For each k > 0, we can write

RFf(z) = ALt o fP* o Ag(x)

where

k—1
(3.1.1) pr=p(f,k) = [ p(R'f),
=0

k—1
MNe=A(f k) = [ MR f)
=0

Ap(x)=A(f, k)(z) = X - T,
with p(-) and A(-) as defined in §2.2. Consider the renormalization intervals
AO,k = Aoyk(f) = [—|/\k‘, ‘)‘kH C [—1, 1], and define Ai,k = A%k(f) = fz(Ao,k)
for i = 0,1,...,pr — 1. The collection Cy, = {Ag,...,Ap,—1 %} consists of
pairwise disjoint intervals at level k. Moreover, | J{A : A € Cr11} C U
{A: A e Cy} for all k>0 and we have

oo pr—1

Zr=( U A

k=0 =0
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Definition 3.1. The set Zy has geometry bounded by 0 < 7 < 1 with
respect to (Cp)ren if the following conditions are met for k& > 1.

(i) If Aj’kJrl C A“g then 7 < ’Aj,kJrl’ / ‘Az,k <l-—T.

(ii) If I is a connected component of A\ Uj Aj g1 then 7 < [I| /|A;
1—7.

<

By Sullivan’s real bounds (see [28] and Section VI.2 on page 453 of [26]),
there exists o > 0, such that for every g € K the set Z, has geometry bounded
by « with respect to (Ck)gen-

The following result is a consequence of Sullivan’s complex bounds (see
[28] and Section VI.5 on page 483 of [26]).

THEOREM 3.1. There exist > 0, Ng > 0 and a neighborhood V' of the
dynamics with the following properties. Every g € K extends to a holomorphic
map gV — C and for every N > Ny there exists a symmetric neighborhood
Og N of the interval Ao n(g) such that

(i) the diameter of the set g'(Ogn) C V is comparable to the length |A; n(g)|
of the interval A; N(g) for every 0 <i < p = p(N,g);

ii) the map g : Oy n — gP(O4 N) is a quadratic-like map with conformal
D g 9, 9,
modulus greater than p > 0.

Applying Theorem 3.1 (ii) to g € K, we see that R (g) has a quadratic-like
extension to

(3.1.2) Ugn = A, (Og n)

(where Ay, = A(g,N)) and such an extension has conformal modulus greater
than g > 0.

Recall that the filled-in Julia set Ky of a quadratic-like map f : U — U’
is the set {z: f"2 € U,n =0,1,...}, and its boundary is the Julia set J; of f.
Since all maps in K have conformal modulus greater than or equal to u > 0,
we deduce from Proposition 4.8 on page 83 of McMullen’s book [23] that there
exists b > 0 such that for every g € K we have

(3.1.3) Qb(/CRN(g)) CUyn -

Here the notation 2. (K) means the set of all points whose distance from K is
less than £/2 times the diameter of K.

For each neighborhood U of [—1, 1] in C, symmetric about the real axis, we
consider the real Banach space Ay of holomorphic functions defined earlier.
We denote by Ay(g,6) the open ball of radius é around g. By (3.1.3), the
inclusion map iy v : Ay, , — Agq, is a well-defined compact linear operator for
every 0 < o < b.
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LEMMA 3.2. Let > 0 and Ng > 0 be as in Theorem 3.1 and b > 0 as in
(3.1.3). For every 0 < a < b there exist N > Ny and 69 > 0 such that

(i) for every g € K, the operator Ty n : Aq,(g,00) — Ay, , is well-defined if
we set
Tyn(f) =N o fP ol Ugn — C,
where p = p(f,N) =p(g,N), Ay = A(f,N), and Ty n(f) is a quadratic-
like map with conformal modulus greater than u/2;

(ii) the operator T : Oq, — Aq, given by T = ign o Ty N is real-analytic
with a compact derivative, where

@Qa = U AQa(g7 50) .

geK

Proof. By Sullivan’s real bounds, there exist C1 > 1 and 0 < v1 <o <1
such that for all g € K, all £k € N and all 0 < j < p(k,g) — 1, we have
Cr'vF < |Ajk(9)| < C1vk . Thus, by property (i) in Theorem 3.1, for every
a > 0 there is N > 0 so large that the open sets ¢ (O4 n) have diameter
smaller than /3 for all 0 < j < p(V,g). Recall that Oy v = Ay(Ugyn). By
a continuity argument, there is §, > 0 such that for every f € Aq_(g,dy),
the restriction f|[—1,1] is N-times renormalizable, f7(As(Uyn)) C 4y for
every 0 < j < p = p(N, f), and moreover fP : A¢(Uyn) — fP(Af(Ugn)) is a
quadratic-like map with conformal modulus greater than p/2. By compactness
of Kin Agq,_, there is a finite set {g; : ¢ = 1,...,l} such that

!
K c | JAq, (9i,04,/2) -
i=1
Set 09 = min;—;__;{dy/2}. Then, for every g € K there exists i = i(g)
such that Aqg_(g,00) C Aq,(gi,d4,). Hence Ty n(f) is well-defined, and it
is a quadratic-like map with conformal modulus greater than /2, for every
f € Aq_ (g,00) which proves (i).

Note that the real Banach space Aq_ is naturally embedded in the complex
Banach space A ¢ of maps f : {2, — C which are holomorphic and continuous
up to the boundary and that Tj y extends to an operator T;C’N in an open set
of Aq_ c, given by the same expression. Applying Cauchy’s integral formula,
we see that T ;[fN is complex-analytic, and so T, y is real-analytic. Since by
Montel’s theorem the inclusion i, y is a compact linear operator, we deduce
that T : Oq, — Agq_ is a real-analytic operator with a compact derivative,
which proves (ii). O

3.2. Real analytic hybrid conjugacy classes. We will introduce later (in
§3.4) a skew-product renormalization operator. The fiberwise local stable man-
ifolds of such a skew-product — which will be used to determine the stable man-
ifolds of the real-analytic operator T : Oq, — Aq,, for some suitable a > 0 —
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turn out to be openly contained in the hybrid conjugacy classes of the maps
in the limit set K. Here we analyze the manifold structure of hybrid classes in
more detail.

A homeomorphism h : U — V, where U and V are contained in C or C,
is quasiconformal if it has locally square integrable distributional derivatives
Oh, Oh, and there exists ¢ < 1 with the property that |5h/€)h‘ < ¢ almost
everywhere. The Beltrami differential py of h is given by up = 0h/0h. A
quasiconformal map h is K quasiconformal if K > (1 + ||un|leo)/(1 = ||tn]]oo)-

Two quadratic-like maps f and g are hybrid conjugate if there is a quasi-
conformal conjugacy h between f and g with the property that 0h(z) = 0 for
almost every z € ICy. Let us denote by H(f) the hybrid conjugacy class of f.

By a slight abuse of notation, we will denote by K N Ay (g,d) the set of
maps f € Ay (g, ) with the property that f|[—1,1] belongs to K.

In the proof of the following theorem, we will need to work with the com-
plexification of Ay. Let Ay c be the complex Banach space of all holomorphic
maps f : V — C with a continuous extension to the boundary of V. Let
Ayc(f,0) be the open ball in Ay c centered in f and with radius 6 > 0. Let
C : Ayc — Ay be the conjugation operator given by C(f) = co f oc, where
c(z) =z € C. We note that f € Ay if and only if f € Ayc and C(f) = f.

THEOREM 3.3. For every g € K, there exists a symmetric neighborhood ‘79
of the reals such that g has a quadratic-like extension to Vg (also denoted by g),
‘A/g contains a definite neighborhood of Ky and for every neighborhood V. C Vg
symmetric with respect to R and with the property that g|V is a quadratic-like
map, there is 64y > 0 such that for all f € KN Ay(g,4v),

Hv(f) =H(f) N Av(g,64v)

are codimension-one, real-analytic leaves varying continuously with f.

Proof. By Lemmas 4.16 and 4.17 on page 354 of Lyubich’s paper [20],
we obtain that for all f € KN Ayc(g,0.v), Hyce(f) = H(f) N Ave(g, dgv)
are codimension-one complex analytic leaves varying continuously with f. If
f € Ay (g,04,v) then the hybrid conjugacy class of f in Ay c(g,d,,v) is invariant
under the conjugation operator C'. Hence, the tangent space TyHyc(f) at
f to its hybrid conjugacy class is invariant under the conjugation operator
C, and there is a one-dimensional transversal Ey to TyHy,c(f) which is also
invariant under the conjugation operator C. Locally Hyc(f) is a graph of
G:Z CTfHyc(f) — E¢ with the property that if h = v + G(v) then C(h) =
C(v) + G(C(v)). Thus, locally Hy(f) is also the graph of G|Z N Ay (g,6d4,v),
and so it is a codimension-one, real-analytic leaf. Since the complex-analytic
leaves Hy,c(f) vary continuously with f, we deduce that the real-analytic
leaves Hy (f) also vary continuously with f. O
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3.3. Hyperbolic skew-products. Before going further, we pause for a mo-
ment to introduce the elementary concept of hyperbolic skew product in an
abstract setting. Let K be a compact metric space and assume that K is to-
tally disconnected. Let F be a finite collection of (real) Banach spaces, say
F ={A1, A, ..., An}, and assume we have a locally constant map ¢ : K — F.
We write A, = p(z) € F, for all x € K. Let F = Ugex{z} X A,. We endow
E with a topology as follows. If K; = ¢~!(A4;), then K; is an open and closed
set in K, for each i = 1,2,..., N. Note that F is the disjoint union of K; x A;,
i=1,2,...,N. Hence endow each factor K; x A; with the product topology
and then E with the union topology. It is clear that F is metrizable also. The
natural projection £ — K is open and continuous. We shall assume that there
exists a continuous injection K; — A; for each ¢, and will accordingly identify
each z € K; with its image in A;.

Now suppose T : K — K is a homeomorphism (in the case we are inter-
ested, T' is transitive), and also that for each z € K we have a real-analytic
map Sy : Az(7,0) — Ap(y), where A, (z,0) = {x +v € A, : [[v]|a, < I} We
define a skew-product operator S : E(§) — E over T, where

E@©0) ={(z,y) v €K,y € Ay, |ly — x|, <9},
by S(z,y) = (T(x), Sz(v)).

Definition 3.2. We say that S is fiberwise hyperbolic if there exists a con-
tinuous splitting A, = E @ EY with dim EY = 1 which is invariant in the
sense that DS, (E%) C Ef (. and DS, (EY) C Ef (), satistying for all v® € E7
and all v* € EY the inequalities

1D (Sro1(2y 0 S2) (@)0°|| ., < CO[v°|a,

HD (STn_l(x) o...5;) (:L‘)U““ATn(z) >C7H 0|4,

where C' > 1 and 0 < 6 < 1 are uniform constants on g.

Definition 3.3. The fiberwise local stable manifold Wg(x) of S at = consists
of all points y € Az (z, 8) such that for all n > 1, we have Spn-1(y)0---0Sz(y) €
AT" (z) (Tn (.’L’), ﬁ) and

HSTn—l(x) O---0 Sx(y) — STnfl(x) O-+-+0 Sx(x)HATn(I) S 09”

where C' > 0 and 0 < # < 1 are uniform constants on x € K. The fiberwise
local unstable manifold W (x) of S at x consists of all points y € Ay(z, 3)
such that when yo = y, for each n > 1 there exists y, € Ap-n(,) such that
Y1 = Srn(oy () and [ T7(2) =y, ., < CO".

3.4. Skew-product renormalization operator. Our goal in this section is to
build a skew-product renormalization operator that will play a central role in
the proof that K is a basic set for T : Oq, — Agq,, for a suitable a > 0. Our
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skew-product is constructed so as to satisfy properties (W1) to (W4) on page
395 of [20] in the real analytic case — restated in §3.5 — and therefore will have
fiberwise stable and unstable manifolds, as we will explain in that section.

Using Theorem 3.1 and (3.1.3), we know that for every 0 < o < b, K injects
continuously into A, . Hence for f,g € K we define distx (f,9) = ||f — gllaq, -
We also denote by K(g, e) the ball of radius € centered at g in this metric. The
metric is compatible with the natural topology of K, independently of which
o we take.

LEMMA 3.4. The filled-in Julia set K, wvaries continuously in the
Hausdorff metric with respect to g € K.

Proof. We need to show that for every € > 0 there exists § > 0 such
that if distg(f,g) < 6 then (a) Ky C Q.(K¢) and (b) Ky C Q.(Ky). Let U =
Ur-~o(g),n, C C be the symmetric neighborhood of [~1,1] given by Lemma
3.2. Since the operator Txr-no(4), N, is continuous, every f € K sufficiently close
to g in Ag, is quadratic-like on U (f = Tr-no(g)n, (T~ (f)) : U — C ) and is
also close to g in Ay.

To prove (a), cover Ky by finitely many disks D(z;(g),£/2),i=1,2,...,m,
where each z;(g) is an expanding periodic point of g. For f sufficiently close
to g, the corresponding periodic points z;(f) € D(zi(g),e/2). Hence each
z € K4 is at distance at most ¢ from some z;(f), which proves (a).

To prove (b), let n > 0 be so large that W = ¢7"(U) C Q(Ky). Since f
is close to g and W C U is symmetric f : W — f(W) is quadratic-like also,
whence Ky C W C Q.(Ky) and so (b) is proved. O

LEMMA 3.5. Let g € K and let V C C be a symmetric neighborhood of
[—1,1] which is compactly contained in /2(Ky), where b is given by (3.1.3).
Then for all e > 0 sufficiently small KN Ay (g,e) is an open subset of K.

Proof. Take 0 < a < b sufficiently small such that , is compactly
contained in V. By Theorem 3.1 and (3.1.3), every f € K is well-defined on
O(Ky). Since by Lemma 3.4 the map f +— Ky is continuous in the Hausdorff
metric, there exists g > 0 such that if f € K is such that distx(f,g) < €0
then Q5 (Kg) C Q(Ky). Since V' C Q/9(Ky), it follows that f is well-defined
on V, that is, f € Ay. Hence there is a well-defined injection K(g,e0) — Ay.
Such injection is continuous. Indeed, for f € K(g,¢0), the C° norm of f in
Q/2(KCy) is uniformly bounded, while || f||a,,  varies continuously with f. Since
Q,cvcvVc Qy)2(Ky), we deduce from Hadamard’s three circles theorem
(see Lemma 11.5 on page 415 of [20]) that || f||a, varies continuously with f
also. Therefore the map K(g,e9) — Ay is continuous as asserted. Now let
f € KnAy(g,e0). Since the inclusion Ay — Ag, has Lipschitz constant one,
we have that f € K(g,e9). Hence, by continuity of the map K(g,e9) — Ay,
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there exists €1 > 0 such that K(f,e1) € KN Ay (g,£0), which shows that this
last set is open in K. This completes the proof. O

LEMMA 3.6. Let b > 0 be as defined in (3.1.3) and 69 > 0 as in Lemma
3.2. There exist v > 0, 0 < & < &g, a finite set V of symmetric neighborhoods
of [-1,1] and a locally constant map K 5 g — V, € V with the following
properties:

(i) The neighborhood Vy is compactly contained in Qy5(KCy);

(i) Bvery f € Ay, (g,0) is a quadratic-like map with conformal modulus
larger than v;

(iii) If f € KN Ay, (g,0) then H(f) N Ay, (g,6) is a codimension-one, real-
analytic submanifold varying continuously with f.

Proof. For every g € K, let U, C C be a symmetric neighborood of [—1, 1]
where g is quadratic-like, and take n, > 0 so large that V = g7 (U,) C
Qy/3(KCy) and V; C Vg, where Vg is as given in Theorem 3.3.

Let 04 > 0 be so small that each f € Ay, (g,dy) is quadratic-like in Vv, with
conformal modulus greater than v, > 0 and also so that Theorem 3.3 holds
true (for V; and d4). By Lemma 3.4, making ¢, smaller if necessary, we see
that Vg = g7 (Uy) C Qy/2(Ky) for all f € KN Ay, (g,d,).

By Lemma 3.5, each set KNAy, (9,94/2) is open in K. Since K is compact,
there exists a finite set {g; : ¢ = 1,...,[} such that

l

K c | JAv; (9i,6,./2) -
i=1

Thus we can set

V:{Vg/i:izl,...,l}, 5:'£111inl{5gi/2} and V:'Eninl{l/gi}.

=1,...,

Therefore, since K is totally disconnected, there exists a locally constant map
K > g +— V, € V so that properties (i), (ii) and (iii) are satisfied. O

We are now in a position to define the skew-product renormalization op-
erator. This is accomplished in our next lemma. Let us define first its range
and domain, respectively, as follows

E:{(g,f):gEKandfeAVg},
E©®)={(9,f) € E: feAy,l(g,0)} .

Let us now fix once and for all @ > 0 so small that 2, C V, for every
g € K (this is possible because V in Lemma 3.6 is a finite set). The inclusion
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kg : Ay, — Ag, is a well-defined compact linear operator. By (3.1.3) and
Lemma 3.6 (i) we also have

VRN(Q) C Qb/z(ICRN(g)) C Qb(’CRN(g)) C Ug7N .

Therefore the inclusion jg v : Ay, v — Ay, . is also a well-defined compact
linear operator.

LEMMA 3.7. Let >0 and V, € V be as in Lemma 3.6. Let N=N(a)>0,
Tyn and T : Oq, — Aq, be as in Lemma 3.2.

(i) For every g € K, the operator Ty : Ag,(g,6) — Av,y,,, given by Ty =
Jg,N © Ty N is real analytic with a compact derivative.

(ii) The skew-product renormalization operator S : E(§) — E given by S(g, f)
= (T(g),S4(f)), where Sy = Ty o kg : Ay, (g,0) — Av,,,,, is well-defined.

Furthermore,
(3.4.1) kpgy oSy =T ok .
Proof. The proof is similar to the proof of Lemma 3.2 (ii). O

3.5. Hyperbolicity of the renormalization operator. The purpose of this sec-
tion is to show that K is a hyperbolic basic set for the operator T': Oq, — Aq, .
This will follow from the fact (Lemma 3.8 below) that the skew-product renor-
malization operator has fiberwise real analytic stable manifolds and fiberwise
one dimensional real analytic unstable manifolds.

We start by noting that our skew-product operator satisfies the conditions
W1-W4 on page 395 of Lyubich [20] in the real analytic case. Namely, we have

W1. The conformal modulus of each g € K is larger than a uniform constant
w> 0.

W2. There exists n > 0 such that if distx(f,g) < n for some f,g € K, then
Ay, = Ay,.

W3. There exists § > 0 such that Sy(Ay, (g,9)) € Ay, -

W4. The vertical fibers Z, (consisting of those normalized symmetric
quadratic-like germs whose external class is the same as that of g) sit
locally in Ay, for each g € K.

Condition W1 is satisfied because of the complex bounds (Theorem 3.1).
Condition W2 follows from Lemma 3.6. Condition W3 holds by the construc-
tion of Sy in Lemma 3.7. Condition W4 is a consequence of Lemma 3.6 (iii).

Now we have the following result.
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LEMMA 3.8. The skew-product renormalization operator S : E(§) — E
defined in Lemma 3.7 is fiberwise hyperbolic. Moreover

(i) The local stable set Wi (g) of S at g is a codimension-one submanifold of
Ay, which is relatively open in H(g) NAv,(g,0), and Wi(g) is tangent to
E? at g.

g

(i) The local unstable set W5'(g) C Ay, of S at g is a one-dimensional,
real-analytic manifold, and {g} x W5'(g) varies continuously with g € A
n E.

Proof. Since the operator S satisfies Lyubich’s conditions W1-W4 stated
above, part (i) follows from Theorem 8.2 on page 392 of [20] and Theorem 3.3,
and part (ii) follows from Theorem 8.8 on page 398 of Lyubich’s paper [20]. O

THEOREM 3.9. Let T': Oq, — Aq, be the real analytic operator defined

in Lemma 3.7. Then there is a continuous, DT-invariant splitting Aq, =
Ej @Eg, for g € K, such that if v* € Ey and v® € Ej then

(3.5.1) IDT™(g)v" 4, = CTHO7" 0" s,
(3.5.2) IDT™(9)v°]| g, < CO™[0°]|ag,

where C' > 1 and 0 < 0 < 1 are uniform constants on g.

Proof. Since for every g € K the map k; : Ay, — Ag, is linear and
injective, it follows from Lemma 3.8 (ii) that Z; = k,(Wj'(g)) is a real-analytic,
one-dimensional manifold varying continuously with g. Let w, be the unitary
vector tangent to Wi'(g) at g. Then vy, = ky(wy) is a vector tangent to Z;' at
g and also varies continuously with g. Since k; and kp(4) are linear maps we
see from (3.4.1) that if A, is such that DS,(g)w, = A\jwr(g) then DT(g)v, =
Agur(g)- Thus a natural candidate for E¢ is the one-dimensional linear subspace
generated by vg. In particular, (3.5.1) is satisfied.

Let us find the natural candidate for E;. We have that DTy(g)vg = wrg)
and by hypothesis wr,) is transversal to the tangent space of W (T'(g)). Thus,
by the implicit function theorem Z7 = T, g_l(I/V(;S (T'g)) is a codimension-one
manifold transversal to Zg. Taking Ej equal to the tangent space of Z7, we
obtain that Ej P Ey = Ag,. By (3.4.1), we have that a neighborhood of
T'(g) intersected with Zg) 1s contained in T(Z;) and a neighborhood of T'(g)
intersected with T'(Z]) is contained in pr(g), which implies that the splitting
E; @ E; is invariant under DT'. From assertion (i) in Lemma 3.8, we obtain
that EJ varies continuously with g and so the splitting EJ @E;‘ also varies
continuously with g.

Finally, let M >0 be such that || DT,(g)|/a,, <M and note that ||kg| s, <1
for all g € K. For all v* € E] with unit norm, let u® = DT,(g)v* € Ay,,,,- By
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Lemma 3.8 (i) and (3.4.1) there exists C; > 1 and 0 < 6 < 1 such that

IDT™(9)v% || ag, = k7o (g) © DSrn-1() (T (g)) © - - © DSy (T(9))1t"| | s,
<[DS g1y (T (g)) © - -~ 0 DSy (T(9)w’llay,,.,,
<CLMo

which shows that (3.5.2) is satisfied. This completes the proof. O

With the above results, we have therefore established Theorem 2.4, to the
effect that a suitable power of the renormalization operator is indeed hyperbolic
in a suitable (real) Banach space of real analytic mappings. From now on, we
shall concentrate on the problem of extending such hyperbolicity to larger
ambient spaces of smooth mappings. Our journey will take us far into the
wilderness of nonlinear functional analysis.

4. Extending invariant splittings

In this section we prove a certain result from functional analysis (Theorem
4.1 below) that is absolutely crucial for the stable manifold theorem that we
shall prove later. This result deals with the notion of compatibility presented
below and is a strong generalization of a key idea of Davie in [5]. In Section 5,
we shall use the results presented here to show that the invariant splitting for
the renormalization operator 1" in Ag, of Section 3 extends to an invariant
splitting for the action of T in the larger spaces A" of C™ maps.

4.1. Compatibility. We are interested in the answer to the following ques-
tion. Given a smooth operator T : O — A having a hyperbolic basic set K,
and given a larger ambient space B O A to which T" extends (not necessarily
smoothly), under which conditions does K have a hyperbolic structure in B?
To give a precise meaning to this question (and then answer it!) we introduce
the following notion.

We have a natural continuous map L : K — L(A, A) given by

Koz — L,: A— A
L,(v) =DT(x)v .

We will also assume that for every z € K, EY is a one-dimensional subspace
and that we can chose a unit vector u, € EY varying continuously with z
so that L;(u,) = 0y - ur(y) with 6, > 0. In the case of the renormalization
operator there is a natural choice for the vectors u,: choose the unit vector
pointing in the direction of increasing topological entropy.

For every z € K, we denote DT"(z) = Lyn-1(3) 0 -+ 0 Ly by L™ and

Orn—i(z) 0z DY 53(En). By hyperbolicity of K, there exist Cy > 0 and A > 1
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such that for every x € K and every n > 1 we have
(4.1.1) 5™ > CoA™ .

We denote by X'(r) the open ball in the Banach space X' centered at the
origin and with radius r > 0.

Definition 4.1. Let 6 < p < A where 6 is the contraction exponent of the
hyperbolic basic set K of the operator 7" and A is as in (4.1.1). The pair (B,C)
is p-compatible with (T, K) if the following conditions are satisfied.

A1. The inclusions A — B — C are compact operators.

A2. There exists M > 0 such that each linear operator L, = DT (x) extends
to a linear operator L, : C — C with

L,

<M,
C

+(B) C B,
Lo(v)| < Ml

|

A3. The map L : K — £L(B,C) given by L, = L,|B is continuous.

A4. There exists A > 1 such that B(A) N A is C-dense in B(1).

A5. There exist K > 1 and a positive integer m such that

i | < P
2 @) < max{ 5 2ol Kol

Remark 4.1. Note that neither the map L : K x C — K x C given by
L(z,v) = (T(z), Ly(v)) nor its restriction from K x B to K x B are necessarily
continuous.

Ezample 4.1. As we know from Theorem 2.4, K is a hyperbolic basic set
of the renormalization operator = R" : @ — A. In Section 5 (see Theorem
5.1), we will show that the pair (A", A%) is p-compatible for r sufficiently close
to 2 and 1-compatible for > 2 noninteger.

Let 7% : A — EY and 7, : A — Ej be the canonical projections. We
define P, = ﬂ%(x) oL, and Q, = 7[‘%(96) o L, which have the property that L, =
Py +Qy and that Pp,)Qz = Qp)Pr = 0. We also define the linear functional
oz : A — R by m3(v) = 0z(v)ug, and observe that Pp(v) = 6,04(v)up(y).
We note that the map o : K — £(A,R) which associates to each x the linear
functional o, is continuous.
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THEOREM 4.1. If (B,C) is p-compatible with (T, KK) then each stable func-
tional o, extends to a unique linear functional 6, € B* satisfying

J(v) = 086, (V) upn o) 5

for some C >0 and 0 < 6 < p. Furthermore, the map 6 : K — L(B,R) which
associates to each x the linear functional &, is continuous.

(4.1.2) ) i

< C9"[|o|s

Proof. Let m and M be as given in Definition 4.1. Since by property Al
the C-closure of B(1) is compact, and since by property A4 the intersection
AN B(A) is C-dense in B(1) we can find a finite set

®C ANB(A)

such that for each w € B(1) there exists w’ € ® such that
m

4K

Now let v € B(1), and let vy € ® be such that

Jw—w'lle <

pm
— < £
lv—wolle 5K

Since ||[v — vl < 1+ A, applying the inequality of property A5 to v — vy
yields

m) (y —vo)HBgmaX{
<p™m/2.

pm
m”v — o, K|lv — UOHC}

Therefore ﬁé’”)(v) = L (vo) + (p™/2)wy for some wy € B(1). Repeating the
argument with w; replacing v and proceeding inductively in this fashion, we
get after k steps

km
=T (- NP

LI (v) = Y] Tﬂm(:p) )(UJ) + ok Wk

.Mw

<
Il
o

for some wy, € B(1) and v; € ®. Now recall that

k—j)m k m
LY DM () = PR D™ () + QL ™ (v))
k ((k
— 551(77”(392) )O'ij(x)(vj)UTkm +Q7£]m Jx) ( ]) .

Hence we can write

N 1
(13 L) = [ Y o) | wren
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The first summation in parentheses converges to a limit because, by (4.1.1),
> Cop’™ and {oij(x) (vj)} is bounded, as the v; run through

finitely many values and HO-Ti(I) H < M for all i. We therefore define

k—1 1 p]m
j=0 " 0i

It will be clear in a moment that this extension of o, is independent of the
choices of approximants v; performed above, linear, continuous, and the unique
extension satisfying (4.1.2). We know that

] = coms

for all j < k. Thus the second summation plus the last term in (4.1.3) add up
to a vector with B-norm bounded by

kz:i 0 m(k_j)_i_i o

2 ok | P
=0

This gives

(4.1.5) LE™ (v) — 6™ &, (v) i ()

5= Cs(k + 1) o™ |

where 3 = max{1/2,0/p} < 1. Now choose 0 < 0 < pso that (k+1)8% <
C4(%)km for all k. Since by property A2 for all x € K and for all v € B we

have || L (v)||s < M|v||5, writing n = km + r and using the above estimates
we obtain the desired inequality (4.1.2).

Let us now verify that &,(v) is the unique value satisfying (4.1.2). In
particular, it does not depend on the choices of approximants v; taken in
(4.1.4). To do this we represent by o (v) a value satisfying (4.1.2), for instance
that obtained in (4.1.4) by taking another choice of approximants. Therefore
we have

-1
H&x(v)uTkm(x) — U;('U)U.Tkm(x)HB < &x(U)uTkm(x) — <5§km)) Lg(ckm)(v)

B

~

—1
i H (38m) ™ 2™ (0) = o (0) sy

B
<200t (s0m)

Letting k — oo in this inequality we deduce that 6,(v) = ok(v). A similar
argument shows that &, is linear. Using inequality (4.1.5) with & = 1, we
obtain that |||/ is bounded. Finally, the fact that &, is continuous in x can
be deduced from (4.1.4) using property A3. O
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COROLLARY 4.2. Let (B,C) be p-compatible with (T, A). Let the linear
functional &, € B* be the extension of the stable functional o, satisfying
inequality (4.1.2) for all x € K. Then, there exists a continuous splitting
B = E’; @E}j with the following properties:

(i) E¥ is the inclusion in B of the unstable linear space EY C A,
(ii) B3 = Ker(5,);
(iii) The splitting is invariant by Ly

(iv) There exists a constant C' > 0 such that

for all x € K, for allv € E;CL,
as in (4.1.1));

Ly )|, = oxmolls

and for allm € N (where A > 1 is the same

(v) There exist constants C > 0 and 0 < 6 < p < X such that
|22 @), < comolis

for all x € K, for all v e E3, and for all m € N. In particular, if p <1

T
then 0 < 1.
(vi) Let 75 : B — E2 and 7% : B — EY be the natural projections such that

~ S AS __ A8
71—:1: oﬂ-x - 7TCC7

>
8
(e]
>
8
I
>

The operators Qw :B—>Band P, : B— B may be defined by Q;,” =
LT o@? and by P* = Ly o7@k. Then, there exists C > 1 such that

|ar

for all x € K and for all m € N.

< 0O0™ and HPmH > O~
B B

Proof. First, we observe that for all x € K and for all v € B, we can write
v = (v—6,(v)uy) + 64 (v)uy, where v — 6, (v)u, € Ker(6,) and 6,(v)u, € Ev.
Since 6,(u,) = 1 # 0, we obtain that B = E5 @ E.

By inequality (4.1.2), there exists C' > 0 such that

(4.1.6) Higm(v)HB < CO™|v||s

for all x € K, for all v € Ker(6;), and for all m € N; if v € B\ Ker(6,) then
there exists C, > 0 such that

i, = co
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Therefore, L,(Ker(6;)) C Ker(67(;)). Since Ly (Ej) = Ef implies that
L, (E;‘) = EA%(QE), the splitting is invariant by L.

By inequality (4.1.6), we obtain that property (v) and the first inequality
in property (vi) are satisfied. Since K is compact and the map K — R™ which
associates ||ug||p to each x is continuous, there is C' > 1 such that

(4.1.7) Cwlla < llvlls < Cllv]l.a

for all z € K and for all v € E¥. Thus, property (iv) and the second inequality
in property (vi) follow from (4.1.1) and (4.1.7). O

5. Extending the invariant splitting for renormalization

Our aim in this section is to show that the invariant splitting on the
limit set K of the operator T given by Theorem 2.4, which is an iterate of
the renormalization operator, can be extended to an invariant splitting of the
same operator acting in the space of C" unimodal maps. Given the abstract
results of the previous section, namely Theorem 4.1 and Corollary 4.2, all we
have to do is find the appropriate compatible spaces and the corresponding
compatibility constants. More precisely, we shall prove the following theorem.

THEOREM 5.1. Let T and K be as above, and let A be the expansion con-
stant satisfying (4.1.1).

(i) For all a > 0 the pair of spaces (A2 A%) is 1-compatible with (T,K).

(ii) For all 1 < p < X there exists a > 0 sufficiently small such that
(A2= AY) is p-compatible with (T, K).

The path towards the proof of this theorem (presented in §5.3) leads us
to perform what amounts to a spectral analysis of the formal derivative of
the renormalization operator, which in turn calls for certain estimates on the
geometry of the post-critical set of each map in the limit set of renormalization.
We have the following explicit formula for the derivative Ly = DT(f) of T' at
fek:

p—1
DT(f)o= Aif S DI )77 (Aga)
=0

p—1
+Aif[w(Tf)/(af) —TH@) S D0 L0) |
j=0

where as before Ay = fP(0) for some positive integer p = p(f, N). We observe
that the operator L extends naturally to each of the spaces A7 for v > 0.
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Properties A1, A2 and A3 of Definition 4.1 are easily verified in our
setting. Property A4 follows from a general result of Holder spaces that can
be proved via smoothing operators. Hence, the heart of the matter is verifying
property A5. This is where the geometric scaling properties of the invariant
Cantor set of a map in K become important — see §5.2. We follow Davie’s
observation that L™ is a special sort of operator — what we call an L-operator
— which is amenable to analysis. The verification of the fifth property (with
(B,C) = (A7, A)) — presented in §5.3 — consists in controlling the norm of a
certain positive linear operator LSZZ) - A = A0 associated to L™ (see Lemma
5.3). Using the bounded distortion properties of f € K and the geometry of
the invariant set of f, we show that the exponential growth rate of the C°
norm of L™ is bounded by some p < X if vy = 2 — « with a > 0 small enough
and is bounded by some p < 1if v =2+ o with o > 0.

5.1. Hélder norms and L-operators. First we define what we mean by
an L-operator, and to each such operator L we associate another operator L.,
acting on continuous functions. Then, we use local Hélder estimates to control
the norm of compositions L,, o --- 0o Ly o Ly of L-operators L; by the norm of
(Lmo---0LyoLq),.

Definition 5.1. An L-operator is a bounded linear operator L : CV(I) —
C7(I) that can be written in the form

Lo(z) =) ¢i(x)o(vi(x)),
=1

where ¢; € C7(I) and v¢; € C"*(I) are maps such that ¢;(I) C I for i =
1,...,n, and where v; > 0 and 2 > 1 are such that 0 < v < 1, 7».

Ezxample 5.1. For all f € K and all ¢ > 0, the formal derivative Ly =
DT(T*(f)) is an L-operator.

An L-operator L as above yields a positive, bounded linear operator L. :
CY(I) — C°(I) defined by

Lyv(z) = ) |¢i(@) | Dyi(a)[Vo(di(x)) -
i=1

A straightforward computation yields the following result.

LEMMA 5.2. If Ly, Ly : C7(I) — C"(I) are L-operators, then (LioLg), =
L17’y o L27’Y'

We remind the reader that a function ¢ : I — [ is a-Holder continuous,
for a fixed 0 < a < 1, if there is ¢ > 0 such that |p(z) — p(y)| < c|z — y|* for
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all z,y € I. Let C*(I) be the Banach space of all a-Holder continuous real
functions on I, with norm

THyY ‘1’ - y’oz

lla = maX{HsOHo, supM} |

Let C*+2(I) be the Banach space of all real functions on I for which the k"
derivative is a-Holder continuous, with norm

lollk+a = max{llollo, I1D*la}-

LEMMA 5.3. Let L; : C7(I) — C7(I) be a sequence of L-operators, and
assume that there exist constants p > 0 and C > 0 such that for all n,

(5.1.1) |[(Lpo---o0LyoLi),l,<Cu".

Then for all p > pu and all € > 0 there exist m > 0 and K > 0 such that for
allv e CV(I),

[Lm o0 Ly o Li(v)]l, <max{ep™|v]ly, Klvllo} -

To prove the above proposition, we will use local Holder estimates for
L-operators given in our next lemma. For each > 0 and each ¢ € C*(I), we
consider an associated semi-norm

lo(x) — p(y)]
[ollay = sup “———.
0<|z—y|<n ’w y’

The corresponding semi-norm of ¢ € C*(I) for k > 0 is [|¢/lktay =
™ oy

LEMMA 5.4. Let L : C7(I) — CY(I) be an L-operator as defined above.
(i) For every e > 0, there exists n > 0 such that
[ L[l < (e + [ L5 llcolvlly-
(ii) For everye >0 and 0 < & < vy, there is n > 0 such that

[Lvlle < ellvll-

Proof. See Lemmas 1 and 2 in [5]. O
Proof of Lemma 5.3. Choosing m such that Cu™ < ep™ /8, we have
£ m
M = ||Ly o0 Lyislly < p?

By Lemma 5.4, given ¢’ = £p™ /8, there exists > 0 such that

ep™
1m0 0 Li(v)lly, < (" + M) [lolly < =lvlly -
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Taking K = 8k!||Ly, o --- o Lil||o/n”, writing v = k + a, where k is an integer
and 0 < a < 1, and using interpolation of norms (see Lemma 4 in [5]), we
deduce that

2k!
| Ly, o-~-oL1(v)‘,Y§4maX{‘Lm o OLl(U)”%TI’n_v | Ly 0--- oLl(’U)HO}

<max {ep"||v||+, K||v|o} - H

5.2. Bounded geometry. Our aim in this section is to prove two crucial
propositions concerning the geometry of the invariant Cantor set of an infinitely
renormalizable map in the limit set of renormalization. They are important
not only in the proof of Theorem 5.1, but also in the proof (presented in §8)
that the renormalization operator is robust (in the sense of §6).

We recall our notation. For each f € K, let Zy C I be the closure of the
postcritical set of f (the Cantor attractor of f). For each k > 0, we can write

REF() = 3 - 17 ()
k

where p, = Hf:_ol p(R'f) and )\, = Hf:_ol A(R'f). Recall that the renor-
malization intervals Ao = [—| M|, [Mk]] € [=1,1], and A;p = fi(Agy) for
i=0,1,...,pr — 1. The collection Cj, = {Ag,...,Ap, 1,1} consists of pair-
wise disjoint intervals. Moreover, [ J{A : A € Cry1} CU{A : A € Cy} for all
k > 0 and we have

oo pr—1
Ir=() | Aix -
k=0 i=0

In our first proposition, f is a normalized, symmetric quadratic unimodal
map, infinitely renormalizable, sufficiently smooth (say C2) for Sullivan’s real
bounds to be true for f. But there are no restrictions on the combinatorics.
We shall use the general fact, due to Guckenheimer [12], that among those
renormalization intervals at the k' level the one that contains the critical
point of f (namely, Agy) is the largest (up to multiplication by a constant).
This can be seen as follows. First suppose that f is also S-unimodal. If
n > 0 is such that f"(z) belongs to the interval with endpoints —z,z but
f7(z) does not, for all 1 < j < n, then |Df"(x)] > 1 — this uses the fact
that f has negative Schwarzian. From this it follows that if J C [-1,1] is
an interval that does not contain the critical point, whose iterates f7(J) are
pairwise disjoint for 0 < j < n, such that f™(J) lies in the convex-hull of J
union its symmetric while the previous iterates f7(.J), 1 < j < n, do not, then
|f™(J)| > |J|. Hence, if f is renormalizable, symmetric and S-unimodal then
at each renormalization level the interval that contains the critical point is the
largest. If we drop the negative Schwarzian hypothesis, the same is true up to a
multiplicative constant. This is because every sufficiently deep renormalization
of f already has negative Schwarzian derivative.
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PROPOSITION 5.5. For each o > 0 there exist constants Cop and 0 < p < 1
such that

1
Pr— ‘Alk|2

(5.2.1) Z

Proof. Let £(A; 1) be the level of A, i.e., the largest integer j such that
Air € Aoy \ Agjt1. Let d; be the distance from A; to zero (the critical
point). Using that A; ; has space around itself we see that for all ¢ # 0 and all
x € A, we have d; j, < |z| < Kd; 1, where K > 1 is a constant that depends
only on the real bounds. Hence K~' < |z|/|ly| < K whenever z,y € A;.
These facts are implicitly used in the estimates below.

Now, we have |A; |/|Ait1.k| = 1/|f (z)| for some z; ; € A; k. Since the
critical point is quadratic, we have |f'(z; )| > Ci|z; x|, and so

|A k| < 1 .
Ay k] = Ctlzig
Therefore, for all 0 < 7 <k —1,

Ak A,
Yoo <ot Y '|xz,:| Z /bk—

A
LA k)=] | Z+1’k| (A k)=j

d .
< 03/ dr adog—‘ 04l
Ao, \ Ao 11 ‘LL’| ‘AOJ-H’

With these estimates, and using the fact proved above that |Ag ;| > C5|A; k|
for all 0 <1 < pp — 1, we see that

< Cop
H—l k’

(5.2.2)

pr—1 24 k—1
|A*T Ao,
< Cegmax |A; x| |1+ log ——
Z [Aikl 1A jzzzo ® T80
1
< Cﬁ‘Ang’a <1 =+ log —>
| Aok

< Ka|Agk[*?

where K, is a positive constant depending on «. This proves (5.2.1) because
|Ag,x| decays exponentially with &, with uniform rate depending only on the
real bounds. O

In addition to Proposition 5.5 — valid for maps with arbitrary combina-
torial type — we shall need also an estimate that seems specific for maps with
bounded combinatorial type, namely Proposition 5.8 below; first, a couple of
lemmas.

For each f € K, let dy be the infimum of all positive numbers s such that

pr—1
Z |Ajk]° =0 as k— o0 .
§=0
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It is possible to prove, using some thermodynamic formalism, that d; agrees
with the Hausdorff dimension of Z;, but we will not need this fact. Let 0 <
D <1 be the supremum of dy as f ranges through K.

LEMMA 5.6. For each s > D there exist Cs > 0 and 0 < ns < 1 such that
for all f € K,

pr—1
Z |Ajk* < 08775 .
=0
Proof. Apply bounded geometry and the compactness of K. O

Next, let us define
Sik(fie) = > 1Al
(A k)=]
for j=0,1,...,k—1,all k>0, and all f € K.

LEMMA 5.7. For each s > D and each f € K we have Sj;(f;s) <

Cskjnf_j, where Cs > 0 and 0 < ns < 1 are the constants of Lemma 5.6,
and \j = X(f,j) is as in (3.1.1).

Proof. Using renormalization, we see that S;;(f;s) = AjSoyk_j(Rj(f); s).
From Lemma 5.6, we know that

Sok—j(RI(f);s) < Cenl™
The result follows. O

PROPOSITION 5.8. For each > 1 close to one, there exist 0 < a < 1—D
close to zero and C > 0 such that for oll f € K,

pr—1 -
Azk @

Proof. Using (5.2.2) and the fact that |z; ;| > \j41 when £(A; ) = j, we
have

—1 _ 1

pi: [Ai pi A A, 417

e ’Ai+17k‘ [yAVES] k| N
k-1

SO Aokl + D A Sjk(f51— )
j=0

If 1 — a > D then, by Lemma 5.7 with s =1 — «,

N AP e
Z l < CCi-a Z )‘j_anl:gz < Kaﬂlgé ;
z+1 k’ j=0
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where K, > 0 and po = max{\(f,1)"® : f € K} depend on . But if « is
small enough we will have p, < p, and this completes the proof. O

Remark 5.1. By a continuity argument and the real bounds, we can prove
that Propositions 5.5 and 5.8 remain true for maps f € U* sufficiently close to
K. More precisely, for each k > 0 there exists €, > 0 such that for all f € K

and all f € U* with Hf— fHC4(I) < €, the map f is k-times renormalizable,

and the statements of both propositions hold for f. This will be used in §8.4
only for real analytic maps in an open neighborhood of K in A .

5.3. Spectral estimates. In this section we prove Theorem 5.1. Fixing
f € K and considering the Banach space A given by Theorem 2.4, we recall
that the Fréchet derivative Ly = DT(f) : A — A is given by formula (5.0.1).
It is clear from that formula that L; extends to a bounded linear operator
fo : A” — A% and moreover jif(As) C A® for all s > 0 (because f is analytic).

We want to verify the compatibility properties of Definition 4.1 for the
spaces B = A® and C = A” when s is close to (but different from) 2. Properties
A1 and A2 are clearly satisfied, while A3 follows from Lemma 8.13. Property
A4 is a consequence of the following simple fact about Holder spaces (see [15]).

LEMMA 5.9. There exists A > 1 such that ANA®(A) is C0-dense in AS(1).

Proof. By Theorem A.10 on page 43 of [15], there exist a family S, t > 0,
of smoothing operators preserving even functions and C' > 1 such that, for
all v € A%(1), we have [|Siv||c- < C and ||v — Spv||co < Ct°. By the Stone-
Weierstrass theorem, for all small 0 < ¢ < C there is a polynomial w; with
real coefficients and vanishing at zero such that ||w; — Swv|lcs < e. Now let
ve(x) = 3(wi(x) +wi(—x)), so that v; € A and we still have ||v; — Sp||c= < e.
Then ||vt]|cs < [|S¢(v)]|c= +& < 2C on one hand, while ||vs —v||co < e+ Ct° on
the other hand. For ¢ small enough, this gives ||v;—v||co < 2e with v, € A%(2C).

O

Hence all that remains is to check that property A5 is satisfied. By Lemma
5.3, this will be the case provided we can control the C° norms of IA/;”;) We
shall prove this now, with the help of Propositions 5.5 and 5.8.

Recall that for each m > 1 the operator I:gpm) is an L-operator and its

associated positive, bounded linear operator ﬁgﬁ? : A% — A0 is given by

(5.3.1)
pr—1
L) = ! DA )| ARD P77 ) Po (777 ()

e
s
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where k = mN (recall that T = R"). Now we have the following fact coming
from bounded geometry:

Ao,
’Apk_.]vk ’

for all 0 < j < pr — 1. Since |Df(Apx)| < CAj for some constant C' > 0
independent of & and uniform in f € K, and |Ag x| = 2\, we have

|DfPI 7 ()| < PP )] -
Again, by bounded geometry, for all 0 < j < pp — 2

(5.3.2) IDf7(fP (A))| =

DI ()| = e

AN
and so
i1 | Ap—j—1,kl
(5.3.3) [DfP7 7 (M) | < ClAo gkl — 00— -
|A ]

Using (5.3.2) and (5.3.3) in (5.3.1), we see that

Pr—2
kz:/\zs Aokl |Ap—j-1kl°

i < £ 2 :
1Ap ikl [Arkl

= N\ A

But |Agx| = 2\, and since the critical point of f is quadratic, |A; | =
|Aox|? < A. Therefore, we arrive at

Pr— 1 ’A
(5.3.4) ||Lfs | < & Z pk

The proof of part (i) of Theorem 5.1 now follows from Proposition 5.5, while
the proof of part (ii) is a consequence of Proposition 5.8. This ends the proof
of Theorem 5.1.

6. The local stable manifold theorem

In this section we isolate those features of the renormalization operator
that are essential for the promotion of “hyperbolicity” from the Banach space
A of Theorem 2.4 to the space U". This leads us to the definition of a robust
operator (see §6.1). Such definition is necessarily rather technical, since it
has to account for the fact that the renormalization operator is not Fréchet
differentiable in U”. In particular a robust operator acts simultaneously on
four different Banach spaces (corresponding in the case of renormalization to
the space A given by Theorem 2.4, A", A® and A", where » > 1+ s and s is
close to 2), and satisfies several properties. The major goal of this section is
to prove a local stable manifold theorem for robust operators.
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6.1. Robust operators. Before moving on to a precise definition of a robust
operator, we give the following informal description. A robust operator acts on
four Banach spaces A C B C C C D. In the smaller space A it acts smoothly
and has a hyperbolic basic set K. The pairs of spaces (B,D) and (C,D) are
compatible with (7,K), and in particular the invariant hyperbolic splitting
for K in A extends to an invariant hyperbolic splitting for K in B. Viewed
as a map from B into C, a robust operator is C'. It also satisfies a uniform
Gateaux differentiability condition in C for points and directions in B. Finally,
as an operator in B, it is reasonably well-approximated by the extension of
its derivative at a point of K in A to a bounded linear operator in B. It will
take us considerable effort (see §8) to verify that the renormalization operator
indeed satisfies all these conditions.

Let T : © — A be a C? operator having a compact hyperbolic basic set
K with the property that the unstable subspace of the DT-invariant splitting
of the tangent space at each point of K is one-dimensional. By standard
invariant manifold theory (see [14]), we know that for all ¢ € K the local
unstable manifold W% (g) of T at g exists and is C?. In particular, we can find
a C? parametrization

t ug(t) € Wh(g) C A

/

varying continuously with g such that ug = u,

a C? function t 59(15) by
T(ug(t)) = uT(g)(gg(t))-

This function also varies continuously with g and Sg (t) = 4t + O(t?) for some
dg > 0. Recall that by hyperbolicity of K, there exist Cy > 0 and A > 1 such
that for every g € K and every m > 1,

(0) is a unit vector. We define

(6.1.1) (5Tm71(g) s 59 > Co\™ .

Definition 6.1. Let A C B C C C D be Banach spaces, where each inclu-
sion is a compact linear operator. Let O4 C A and Og C B be open sets in
their respective spaces such that O 4 C Og. Let K C O 4 be a hyperbolic basic
set of a C? operator T : O4 — A. We say that T is robust with respect to
(B,C,D) if it has an extension to an operator 7' : Og — B that satisfies the
following conditions.

B1. The pair (B,D) is 1l-compatible with T, while the pair (C,D) is
pc-compatible with (T, K) for some pc < A (where A is as in (6.1.1)).

B2. For each m > 0, the interior (’)gn) of the set {f € Og : T'(f) € Op,
Vi < m} contains K, and 7™ : Ol(gm) — Cis C! and its derivative is
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uniformly continuous in some neighbourhood of K. Furthermore, for all
feAn (’)gn) the linear map

DT™(f): B—C

extends to a continuous linear operator L,, : D — D that satisfies
L, (X)C X, for X = B,C.

B3. For every m there exists Cy, 1 > 1 with the property that for each g € K
there is an open set V,; C Op containing g such that for all f € V),

IDT™(f)ug = DT (g)ugllc < Cmallf —glls -

B4. There exist C; > 1 and p > 1 with the property that for each ¢ € K
there is an open set V, C Op containing g such that for all fq, fo € Vg,

|T(f1) — T(f2) — DT(f2)(f1 — f2)llc < Cillfr — fall? -

B5. For all m > 0, there exists C, 2 > 0, and there exists v, > 0 such that
for all g € K and for all f € B with ||f — g||B < Vm,

IDT™(f) = DT™(g)llc < Cm2A™ .

Moreover, there exists mg > 0 such that for all m > mg, Cp,2 < Cp/8
(where Cp and A are as in (6.1.1)).

B6. For all m > 0, there exists Cy, 3 > 0 such that for all g € K, for all f € A
with ||f — g||.4 < v, and for all v € B with ||v||g < vm,

[T (f +v) =T™(f) = DT™(g)vlls < Crmllv]|5 -

Moreover, there exists mg > 0 such that for all m > mg, Cp, 3 < 1/4.

Ezxample 6.1. As one might expect, the main example of a robust oper-
ator is provided by renormalization. We know from Theorem 2.4 that the
renormalization operator T = RN : O — A is hyperbolic over K. We also
know that this renormalization operator is well-defined as a map from an open
set of U” containing K into U7 C 1 + AY = A for all v > 2. We will show in
Section 8 that T is robust with respect to the spaces A = A, B=A", C = A*
and D = A? whenever s < 2 is close to 2 and r > s + 1 is not an integer.

6.2. Stable manifolds for robust operators. We can now formulate a general
local stable manifold theorem for robust operators.

THEOREM 6.1. Let T : O4 — A be a C* with k > 2 (or real analytic)
hyperbolic operator over K C O 4, and be robust with respect to (B,C,D). Then
conditions (i), (ii), (iii) and (iv) of Theorem 2.3 hold true for the operator T
acting on B. The local unstable manifolds are C* with k > 2 (or real analytic)
curves, and the local stable manifolds are of class C' and form a C° lamination.
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The proof of this theorem will occupy the rest of Section 6. In the end,
the theorem will follow by putting together Corollary 4.2, Proposition 6.13 and
Theorem 6.15.

6.3. Uniform bounds. Before proceeding we prove the following simple
bounds that we will use quite often.

LEMMA 6.2. There exist ug > 0 and 1 < A < M such that for all g € K
and all t € R with |t| < po, ug(t) and é4(t) are well-defined and

(i) M=IN < 6pumg) -0y < M™ and ‘Sg(t)) < Mt);
(i) M~ < |luyllsg <M and M~ < |juyllc < M;

(iii) M~' < logllyz < M and M~ < |log|l, < M;

)
)
(iv) M7t < |lug(t) = glle < Mt] and M~t| < [lug(t) — gll5 < Mt];
(v) log (ug(t) — 9)] > 3t].

Proof. (i) By Definition 2.1 and (6.1.1), there exist 1 < A < M such that
for all g € K and all n > 1 we have Mfl)\” < Opn-i(g) -+ 0y < M7 and also

‘Sg(t)‘ < M;|t| for all |¢| < py (where g > 0 is a uniform constant).

(ii) For X equal to B and C, we have that g — u, as a map K — X is
continuous and does not vanish. Hence, by compactness of K there is My > 1
such that M; ! < |luy|x < M.

(iii) Since o4(ug) = 1 and by property B1 in Definition 6.1, the func-
tional o4 extends continuously to & and there is M3 > 1 such that M <
logllx < Ms.

(iv) Since t — uy(t) as a map R — X is C! and varies continuously with
g € K, there is My > 0 and pp > 0 such that [Jug(t) — ug(s)||x < Malt — s| for
all g € K and all ¢, s with |¢t| < p2 and |s| < po. Moreover, since

d
a“g(t) . =u, #0

there exists Ms > 0 and p3 > 0 such that [t — s| < Ms||lug(t) — ug(s)||x for
all g € K and all |t| < 3. Hence (iv) follows by taking s = 0 and noting that
ug(0) = g.

(v) This follows from (iv) and the fact that o4(uy) = 1. O

6.4. Contraction towards the unstable manifolds. The one-dimensional
unstable manifolds of 7" in A are embedded in B, and remain invariant. The
first important estimate given by the following lemma shows that in B the op-
erator T' contracts towards such manifolds. Therefore, if T" is to have unstable
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manifolds in B, these have to coincide with unstable manifolds in 4. In what
follows, we fix g € K and for simplicity of notation we write

0y = 0Ti(g) » Wi = UTi(g) » Wi = UTi(g) >

and

A~

m—1
07 = I ors(9)s O =drmorg o0 briqq) -
j=i

Set po > 0 as in Lemma 6.2.

LEMMA 6.3. For every m > 0 there exist 0 < np, < po and By, > 0 such
that for every g € K and every v € B with ||v||g < nm and t € R with |t| < .,

O (t + oo (v)) < po, uo(t) +v € Oém) and
HTm(uo(t) ) — U (56”(t + Uo(v))> HB < Bullvlls -

Furthermore, there is my > mg (where mg is as in B6) such that for all
m > mi, B, <1/2.

Proof. We prove the second inequality only. The first is proven in the
same way. By property B6 in Definition 6.1, there is mg > 0 such that for all
m > my, all v with ||v||g < vy, and all t € R with [t| < v,

(6.4.1) |77 un(t) + ) — T™ (g (1)) — DT™ (g)u]s < ol

By property B1 in Definition 6.1, (B, D) is 1-compatible with (7', K). Hence,
by Corollary 4.2, there exists m; > mg such that for all m > m; we have

(6.42) IDT™ (g)0 — 55 o0(0)unls < s

Putting (6.4.1) and (6.4.2) together we get

(6.4.3) [T (uo(t) +v) — T™ (uo(t)) — 05" 00 (v)uml|5 < gl\vlls :

Now, we know that T (ug(t)) = un (65 (t)) and t — wu,, 0 65*(t) is C2. Hence,
[t © 852 + 00(0)) = wm 0 87 (2) = 5500 (0Dt

<e1 ((00(v))” + [tloo(v))
(6.4.4) < ca (||vlls + [¢]) lv]ls -

Therefore, choosing 7, < vy, so small that Cyn,, < 1/16 and putting 6.4.3
and 6.4.4 together, we see that if |t| < n, and ||v||g < 9, then

7o (e) ) im0 50+ 00| < £ ol

as desired. O
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LEMMA 6.4. Let mq > 0 be as in Lemma 6.3. For all m > my there exist
small constants 0 < €2 < €1 < g9 such that the following holds for every e < e5.
For every g € K and every v € B with ||v||p < €, the recursive scheme given
by fo=g+wv,to=0, vg =v and
(6.4.5) S =T"(fk),

S(k+1
ty1= 5;2,: )m(tk + Tk (Vr)),
V1 = Jet1 = Ugg1ym (Lrt1)
is well-defined for all k =0,..., kg — 1 where
ko = ko(g, fo) = min{j : [t;] = 1}
For all k < ky,

(6.4.6) HTkm(g o) - ukm(tk)HB <27"jv||s and
|75 (g +v) = T ()|, <0/Mo .

where Mg = M™2 + By +---+ B,,,, M is as in Lemma 6.2 and By, ..., B,
are as in Lemma 6.3. Furthermore,

(i) g1 < ‘tk0| < €0;
(i) ||T%™(g+v) — TH™(g)]| 5 > e2;
(iii) ‘O’kom (Tkom(g +v) — Tk"m(g))‘ > g9;
)

(iv) || TF™ (g + v) — Tka(g)HB < Mo || T*™(g + v) — Tkm(g)HB (which is
less than eqg) for all k < ko and alli=0,...,m.

Proof. For every g € K, let B(g, ) be the open ball in B of radius € centered
at g. Let us fix m > my and choose g9 < min{ug, 71, ..., Nmn} such that all the
properties B1 to B6 of Definition 6.1 are satisfied in Uge]K B(g,e0) C Oém),
where pg is as in Lemma 6.2 and 71,...,n, are as in Lemma 6.3. Since
m > mi, we have that B,, < 1/2 where B,, is as in Lemma 6.3. Let us take
M > 1 as in Lemma 6.2. We choose 0 < g5 < €1 < g9 < p such that

(6.4.7) e1<eo/ (BMoM™*?) |

62<€1/(2—|—2M) .
Now we work by induction on k. Let us assume that fg, tr, and vi have
been defined so that (6.4.6) holds. Hence ||f; — ka(g)HB < g9 < p, and so

fr € (’)Egm) and fry1 = T™(fy) is well-defined. Since |t;| < g1 and 2M™F 1) <
g0 < p, by Lemma 6.2 and (6.2), and by (6.4.5) and (6.4.7), we have that t511
is well-defined and

(64.8)  Jtwial =[5

b+ Ok (00))| € M™([t4] + [ (1))

<M™ <€1 —l—M;—k) < 2Mm+1€1 < €g .
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Thus, by Lemma 6.2, w41y (te+1) and vip1 = fer1 — Ugpr1)m(trr1) are also
well-defined. By Lemma 6.3 and by (6.4.5), we get
(6.4.9) Nvkslls=[|T™(fx) = wrsymter1) | g

= |7 0 + (1)) = ey (8t "+ (o) ) |

<27 lowllp < 254 ool -

B

Now, let us estimate || fy1 — T(k+1)m(g)HB. From (6.4.5) and (6.4.9), we get
(6.4.10) [ fer1 = wgernym(tei) || g < lvksalls < 2% :
From Lemma 6.2 and by (6.4.8), we obtain
(6.4.11) H“(k+1)m(tk+1) _ T(k+1)m(g)HB < M [tgsq] < 2M™ 2,
Thus, by (6.4.7), (6.4.10) and (6.4.11),

ka+1 - T(kﬂ)m(g)HB < ferr = vrnym (tes) || 5

syt = T (g)|

13
<grt 2M ™ 2ey

B

< 3Mm+2€1 < 80/M0 .
This completes the induction.
Now, we must prove (i), (ii), (iii) and (iv). Property (i) follows from
(6.4.8). Let us prove (ii). By property (i) and Lemma 6.2,
ek (tr) = TR (g)| = 2 e

By (6.4.9), we get ||vg, ||z < e/2%. Thus, by (6.4.7), we obtain

|75 g+ 0) =5 (g) | = [k tr) + 0, = T (9)|

B
> ‘Hukom(tko) - Tkom(g)HB - HWO”B‘
-1 €
>M""e1 — oko
>eo .

Let us prove (iii). By property (i) and Lemma 6.2,

T (Ugm (ty — TF™g))| > €1/2 .
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Using Lemma 6.2 yet again and (6.4.9), we have |og,m (vr, )| < Me/2%. Thus,
by (6.4.7),

hum (T5 (g + ) = 79 ) | 2| om (ko (b )| = okom (01, |

€2

1
=551 Mo

>e9 .

Finally, we prove (iv). Fix 0 < k < kg and 0 < ¢ < m. Setting wy =
TFm(f) — T*™(g) we have by (6.4.6) that |w||s < €0/Mo < n; where 7; is as
in Lemma 6.3. Hence T%™(g) + wy, € Og) and by Lemma 6.3,

| 7@ (9) 4 we) = wiomss (8 (rm(wn) )|, < Bl
On the other hand, by Lemma 6.2, we have
|tk (B @m (wi))) = TH ()| < 22 w5
Therefore,
[TH7 () = T () 1 < | T/ (T (9) + ) = tiomss (St () ) |

g (S5t (@rm () ) = T (g) |5
<(Bi+ M™?) w5 < <0

B

which ends the proof. O

6.5. Local stable sets. Let us now consider the local stable set W2 (g) of
T at g in B which consists of all points f € B(g,¢) such that for all n > 0, we
have T"(f) € B(T"(g),¢) and

1T"(f) — T"(g)HB — 0 when n — oo .

Our aim in this section is to give a finite characterization of W£(g) and prove
that 7' contracts in the B-norm exponentially along W2?(g). This is done in
Lemma 6.5 below (see also Remark 6.1).

From now on in this section, we let my and g > €1 > €2 > ¢ be as in
Lemma 6.4. For all sufficiently small 0 < & < g9 and for all f € B(g,¢), we let
ko = ko(g, f) and t = tx(g, f) for K =0,..., ko be as in Lemma 6.4. We write
Blg.<) = Vi (g) UV2(g) U ViH(g) where

Vo (9)={f €B(g,e) : —e0 < ti,(9,f) < —e1} ,
VI (9)={f € B(g,e) :e1 < ty, (9, f) <eo0} ,
V2(9)=B(g,e)\ (V. (9) UVF(g)) -
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LEMMA 6.5. There exist an integer m and a positive constant Co with the
following properties. For all € > 0 sufficiently small and for all g € K, the sets
V= (g) and V" (g) are open subsets of B(g,e) (and so VX(g) is relatively closed
in B(g,¢)), and for all f € VO(g)

(6.5.1) IT7(f) — T9(g)| g < eCa279/™

Furthermore, the local stable set W2 (g) is a relatively open subset of VX(g) and
(6.5.2)

Wig) = {feVO HT] j(g)HB<5, for all 0 < j < mlogCs/log2} .

Proof. The first assertion is a consequence of the definitions of V7 (g) and
V:*(g) and Lemma 6.4. It follows from property (i) of Lemma 6.4 that

V2(9) = {f € Blge) : [te(g, )| < &1, for all k >0} .

It also follows from property (ii) of Lemma 6.4 that if f € B(g,¢) and |tg, (g, f)]
> g1 then HTkomf—TkOmgHB > ¢ where kg = ko(g, f). This shows that
Ws(g) € VO(g), and therefore (6.5.1) implies (6.5.2). Furthermore, W3(g) is a
relatively open subset of V2(g).

It remains to show that if f € V9(g) then (6.5.1) holds. Set 1 < A < M as
in Lemma 6.2. Since 8 > 2, by Lemma 6.2, there is m large enough such that
gikHLIm > M~'A\™ > 3 > 2 for every k > 0. By Lemma 6.4, for all k£ > 0, we

km

know that t = tx(g, f) and vy, = vi(g, f) are well-defined, and satisfy |tx| < 1
and ||vg||g < €27%. Furthermore, ¢, = 5(k+1) (tx + okm(vg)). Since 5£ﬁl)m
is C? and ||okm|ls < M (see Lemma 6.2), there is cgp > 1 so that

tht — 5(k+1 ‘ < ’5 k+1)m (tr + ok (v8)) — Sle+1)m (tk)’

km

‘6 k+1)m( t) — 5(k+1 t ‘

<co (|lvklls + [tel)
<¢p (62_k + |tk|2) .
Hence (6.5.3) gives
k] < ecoB'27F 4 B trpa| 4+ coB ] -
Taking ¢ (in Lemma 6.4) so small that co3 e < 1/2, we get
(6.5.3) Itel < 2 (Jtk] — coB ' [te]?) < e2c0B7'27F + 287 tyia ]

for all k > 0. Since 267! < 1, using induction in (6.5.3) and the fact that
is bounded, we get |ty| < ec;27% with ¢; = 2¢o371/ (1 — Qﬂ_l) for all £ > 0.
Now this estimate together with Lemma 6.2 gives

[t (tr) — T*™(9)|15 < Mty| < ey M27% .
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Hence, using Lemma 6.4 again, we get
|75 = T4 9)|| < Wl + [aom (i) = T (9)|
< 27k 4 501M2_k = 5022_k .
Therefore, by (iv) in Lemma 6.4, for all s € {1,...,m — 1},
|remicry =) < Mo [T () = T g) | < e

B

which ends the proof. O

Remark 6.1. Note that since the constant Cy is uniform (independent
of €) in the above lemma, inequality (6.5.1) can be improved to

|T7(f) = T9(g)|| g < C"277/™ || f — gllg

where C’ = 2C5. Therefore, we have exponential contraction in B (along the
local stable sets) in the strong sense.

6.6. Tangent spaces. Our next goal is to show that V2(g) is a C'! manifold
provided ¢ is sufficiently small. The first step towards this goal is to find the
natural candidate for the tangent space at every point f € V(g). This will
be accomplished in Lemma 6.7 below. The proof will require the following
elementary bootstrapping result.

LEMMA 6.6. Let (a,) be a sequence of real numbers such that, for some
co>0and alln > 1,

-1
1 co -
(6.6.1) [anta] < Zlanl + 57 D lagl -
j=1

Then |a,| < 127" for some ¢; > 0 and alln > 1.

Proof. We may assume that cg > 1. Let ng > 0 be such that cyng/2" <
1/2, and set b = maxi<j<n,{|a;|}. Then we see by induction from (6.6.1) that
lan| < b for all n > 1, and so
nbcg

2n

1 3\"
<= -] .
_4\an\+bco (4)

By induction, this yields |a,| < (2bco)(2)™ for all n > 1. Hence Y o7 | |a,| <
6bcy. Using (6.6.1) once more, we deduce that

6bc3

n

for all n > 1. Again by induction, this gives |a,| < (24bc3)2™" for all n > 1,
which is the desired result. O

1
‘an—f—l‘ S Z‘an‘ +

1
ant1] < {lanl +
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LEMMA 6.7. There exist an integer m, constants C3,Cy > 0 and € > 0
small enough with the following properties. For every g € K and for every
f € VO(g) there exists a linear functional 0rq € C* with norm bounded from
above by C3 and with the property that

(6.6.2) |pTi(r)0 = 8055 (01w |, < Catf2 ™ e

forallveC and all j > 1. If go,91 €K and f € V2 (g1) NV (g2) then
01,918 = b7,4.1B.

gex V2(g) — B* given by U(f) = 0p = 07,|B
where g 1s any point o such that [ € g)) s well-defined and uniformly

h f K h that f V€O ll-defined and uniforml
continuous.

Furthermore, the map ¥ : |

Remark 6.2. Condition (6.6.2) entails that for every g € K, B is the direct
sum of the one dimensional unstable subspace Ej with the kernel of 0y, i.e.
B = Ey @ker(0y), provided f is sufficiently close to g. To see this, note that
we can write

v = 07(0) (05 (ug)) Mg + (v — 0;(0) (0 () )

Thus, from the continuity of f + 6 plus the fact that 6,(uy) # 0 it follows that
if f is close to g then u, is transversal to ker(6¢). The hyperplane ker(6) is the
natural candidate to be the tangent space of VX(f) at f since it corresponds
to all vectors which expand under DT7(f) by a factor less than &).

Proof of Lemma 6.7. Let ¢ > 0 be small enough such that Lemma 6.5
is satisfied and eCy < v, (where vy, is as in property B5 in Definition 6.1
and Cy is as in Lemma 6.5). Let R, = Ryy = (5’5’”)_1 DT™F(f) and write
fr =T""(f), and gx = T*™(g) for all k > 0. Then

(6.6.3) Ry (v) = (5,&’;“) )71DTm(fk)Rk(v).

Let us take v € C with ||v||c = 1. We can write Ri(v) = apugm, + wg, where
ar € R and wy, € C are defined recursively by ag = 0, wy = v and

(6.6.4) 1 =0 + akm(wk)
—1
wir =a (5, ") (DT (f) = DT™ (95)
( (k+1) m) 1 DTm fk (gk))wk

(5(k+1 m) 1 (k+1m 1 (wr)

Now, by Lemma 6.5,
(6.6.5) e — gullg < eCo27F
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Since, by property B3 of Definition 6.1, the map f — DT™( f)ugy, is Lipschitz
at f = gx (as a map from B to C), for all k large enough

(6.6.6) IDT™(fx)Wkm — DT™(gk)Wkmlle < c1llfr — grlls < 227" .

By property B5 in Definition 6.1 and (6.6.5), for all m large enough we also
have
(k+1)m

m

8
Since, by property B1 of Definition 6.1, (C, D) is p-compatible with (7', K), by
Corollary 4.2, for all m large enough,

(6.6.7) IDT™(fx) — DT™(gi)llc <

(kt1m-1 5(k+1)m
(665) it = 5
Using Lemma 6.2 and putting (6.6.6), (6.6.7) and (6.6.8) in (6.6.4) we get

1 _
(6.6.9) lwalle < Zllwrlle + es2™* o

1 C3M
< lllle + - Z Jwile -

From (6.6.9) and Lemma 6.6, we deduce that HwkHC < ¢427%. Thus, by (6.6.4)
we obtain |ayy1 — ag| < ¢527F for all k > 0. Therefore, 0fq(v) = lim oy, exists
and

(6.6.10) | Ri.(v) — 01 4(v)upmllc < 627",
for all v € C with |jv|lc = 1. If v € C and |jv|¢c # 1 then ff4(v) =
lv]lcOfq(v/||v|lc). By (6.6.10) and by Lemma 6.2, for all v,w € C,
101,9(v) +0r,g(w) —Of,g(v+w)|
<M |05,g(V) Uk + Of g (W)U — Of g(v + W)U |-
<M Hgfg( V) Uy, — Rk(”)”c +M ”Hf,g(w)ukm - Rk(w)Hc
+M (|07 4(v + W)U — Rp(v +w)||,
<er2™* (|lolle + llwlle) -

Hence, letting k go to infinity we deduce that 6y 4 is a linear functional in C*.
Again by (6.6.10), [|0¢4||c is uniformly bounded and inequality (6.6.2) is sat-
isfied for j = km. By (6.6.10) and by property B3 in Definition 6.1, for
j=km+iwithie{l,...,m—1},

(6.6.11)  ||R;(v) — 05 4(v)ujl,

(dm) T DTHTI ) (Ri(v) — 05 (0)ugm)

c
H 5km+z DTZ(Tkmf) DTi(Tkmg)>9f,g(v)ukm

c
< 527" olle
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which proves (6.6.2). In particular, there is My > 0 such that
(6.6.12) [Rr.s(0)lle < Mo ,

for all g € K, all f € V2(g) and all v € B with |jv||p = 1.

Let us prove that the map f +— 6y ,|B is continuous from V(g) into B* for
every g € K. By property B1 of Definition 6.1, for every k > 1 the functional
Okm 1S continuous on C and its norm is uniformly bounded. By property B2
in Definition 6.1, the map f + Ry ; is continuous from B into C. Hence, the
mapping V2 (g) — B* given by f — ok, 0 Ry 5 is also continuous. By (6.6.11),

(6.6.13)  [okm © Ry p(v) = O5,4(0)| = |okm (Ri(v) — Of.g(v)ugm)]|
<co2 ¥ vl -
Therefore, the continuous maps f — o, 0 Ry, 5 converge uniformly to f +— 0; g,
which implies that f — 6y, is also a continuous map from V2(g) to B*.
Let us prove that 67 4|B for f € Uyex V2(g) does not depend on g € K.

We take f € [ ex V9(g) and go, g1 € K such that f € VO(go) and f € VO(g1).
By Lemma 6.5, for every k > 1,

|77 (91) = T (90) |, < | T (g) = T ()| + [T (5) = T (90) |,
§01052_k .

By property B1 of Definition 6.1, the map g — o, from K into C* is uniformly
continuous. Hence, for every € > 0 there is kg > 0 large enough such that for
all k> ko and all w € C with [Jw||¢c < Mo,

(6.6.14) |O'Tkm(gl)(w) - O'Tkm(go)(w)| < 6/2 .
By (6.6.12), (6.6.13) and (6.6.14) and taking k large enough, we get

|0f791 (U) - 9f790 (U)| < ‘Hf,gh (U) — O7km(g,) © Rk’yf(vﬂ
+ ‘aTkm(gl) o Ry f(v) — Ok (go) © Rk,f(v)}
+ o7 (go) © R () = 0.4, (v)]
<2927 % +e/2<¢
for all v € B with |v||g = 1. Thus, 054, (v) = 04,(v) and so the map ¥ is
well-defined.
Let us prove that the map W is uniformly continuous. For every ag > 0,

we choose ky > 0 large enough such that 2092 k0 < ap/3. Since the map

g — 04 is uniformly continuous, there is oy > 0 small enough such that for all
90,91 € K with ||g1 — goll¢ < o and all w € B with ||w||¢ < Mo,

(6.6.15) log, (W) — gy (w)] < /3 .

Choose k1 > ko large enough such that eCy2 k< a1/3 where Cy > 0 is the
constant of Lemma 6.5. Since T': Op — C is a C! operator, by property B2
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of Definition 6.1, (and compactness of K), there is g > 0 small enough such
that for all fo € V(go) and f1 € V2(g1) with ||fi — folls < aa we obtain that
| TR (f1) — T*™(fo)|lc < a1/3. Hence, by Lemma 6.5,

(6.6.16)
R I L By T |
+ HTklm(fo)—Tklm(go)H
<2eCo27M 4 a1 /3< oy .

C

By (6.6.15) and (6.6.16),

(6.6.17) |opram(g) © Riey 1, (V) = Opram(ge) © Rigy g, (v)] < c0/3

Using property B2 of Definition 6.1, choose 0 < a3 < ag small enough such
that for all f1 € Uyex VO(g) with || f1 — follz < as,

1Bk 11 (0) = By 1, ()l < a0/ (3M)

where v € B with ||v||g =1 and M is as in Lemma 6.2. Hence,

(6.6.18) o7k (go) © Ry, (V) — Opram(gy) © Riey 1, (V)] < c0/3
By (6.6.13), (6.6.17) and (6.6.18), we obtain that

107, (v) — 05, (V)| < |0, (v) = Oprim(g,) © Riy,p, (V)]
+ |orrim(gy) © Riy (V) = Oprim(gy) © Ry, (0)]
+ |07t (ge) © R,y (v) = 071 (g) © Riy g, (V)]
+[orim (ge) © Bis gy (v) = 01, (0)]
<2¢927% +200/3 < g .

Therefore, the map V¥ is uniformly continuous and Lemma 6.7 is proved. 0

6.7. The main estimates. Besides aiming at proving that the local stable
set is a C'' manifold, we want to show that the local hyperbolicity picture holds
(in B) near K. In other words we want to show that if the iterates TF™(f;)
of a point f; € B(g,¢) remain in B(T*™(g),e) for a long time, that is for
k=0,1,...,N with N large, then f1 has to be very close to a point fy on the
stable set W2(g) at the outset, and in the end T™V™(f;) has to be very close
to the unstable manifold W*(TN™(g)).

To prove these facts, we consider in this section (see Lemma 6.11) an
intermediate time [ for which we can find a good quantitative estimate for the
point on the unstable manifold W*(T"™(g)) that best approximates T (f1).
This estimate is provided by the value of 6y, (f1 — fo), and its most important
consequence is obtained when f; also belongs to the local stable set W2(g).

In this case we prove an inequality of the form |07, (f1 — fo)| < C||lf1 — follz"™
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(see Lemma 6.12). As we shall see in §6.8, this is precisely what is needed to

show that the tangent space to the stable set at f varies continuously with fy.
In this section we fix m large enough and g9 > €1 > €5 small enough such

that Lemmas 6.4, 6.5 and 6.7 are satisfied for all ¢ < g9 suficiently small.

LEMMA 6.8. There exist constants Cs,Cg, e > 0 with the following prop-
erty. For all g € K, all fo € VO(g), and all fi € B(g, ) such that ||fi — folc <
Cs (0) ",

(6.7.1) |74 (12) = T*(f0) = DT*(fo) (1 = o), < Co (67) "
forall 0 <k < l%o(g, f1), where
Folg, f1) = min {j € {0,...,n} : [T/(f1) = T9(g)l|s > eo}
and p > 1 is as in property B4 of Definition 6.1.
Proof. By Lemmas 6.2 and 6.7, there are cg,c; > 0 and A > 1 such that
(6.7.2) HDTk_i (Tifo) HC < ¢g0F and 6F > ¢ \F 1
for all 0 < ¢ < k. Define a sequence v; € C as follows: vg = T'(f1) — T(fo) and

vi = T'(f1) = T'(fo) = DT (T (fo)) (T (h1) = T (fo)

for all 0 < ¢ < k. Hence,

(6.7.3) T'(f1) = T'(fo) = DT'(fo) (f1 — fo) = > _ DT/ (T? fo) v; -

j=1
Applying property B4 of Definition 6.1, we get
[vigalle S e2 || T (f1) = T*(fo) |7
< p
(6.7.4) <c | DT (fo) (fr = fo) + > DT™(T7 ),
j=1 C
Let us first choose Cg > 0 such that
_ 2c0c P ’
1—p 0¢q
for all 0 < 7 < k, and then choose C5 > 0 such that
Ce(0)” 1 PC(8;) 1"
P 1 v

Let us prove inductively for i = 1,2,...,k that [jv;]|, < Cg(6*)"?. Using
inequality (6.7.4) and (6.7.6), we get

Cgcg
(%0)”

lville < e2[lfs = follg < (07)" < Cs(o7) ™" -
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Using the inequalities (6.7.2), (6.7.4), (6.7.5) and (6.7.6), we get

Jj=1

. p
(6.7.7) [vizlle < e (C5coéé 65) "+ codiCe (5?)p)

)

05 lep06 g —
ol o 1 n P
< e <5i + G (L= A7) ( H—l)

< Co (5?+1)_p J
which ends the induction. Thus, using (6.7.2) and (6.7.7) in (6.7.3), we get

) p
Cs  Cg = iyl -
<o (;+<5§p2@> ) (57) 7
(] ]:1

k
|70 =T = DTHE) (= o), < D0 codtC (67)

=1

ny—p k k 1-p CoC%iPC% ny—p
< ¢Cs (0) Z (51) < 1 \» 0)" .
=1

This proves the lemma. O

LEMMA 6.9. Let C5,Cg,e >0, p > 1 and lgro(g,fl) be as in Lemma 6.8.
There exist C7,Cs > 0 such that for all g € K, all fo € V2(g) and all f1 €
B(g.e) such that ||f1 — folle < Cs (65) ™",

(6.78) || 74(f1) = T*(9) = 6§05, (11 = fo) we]|,
< Cs (07) P + eCr27F/m 4 Cg27k/m (g1~

for all k < ko(g, f1).

Proof. By Lemma 6.7,
(6.79) | DT*(fo) (F1 = fo) = 8805, (f1 = fo)ue |, < Caz™™m o)
By Lemma 6.5, we obtain that
(6.7.10) HTk(fo) - Tk(g)HC <o HTk(fo) - Tk(g)HB < ecgCa2 MM
Combining (6.7.1), (6.7.9) and (6.7.10), we get (6.7.8). O

Definition 6.2. Given g € K and p > 1 we denote by | = I(g,p) the
smallest integer such that

(6.7.11) (abm)P <2t

where p > 1 is as in property B4 of Definition 6.1.
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LEMMA 6.10. (i) There exist 0 < pp < p1 < 1 with the property that
pop <1 =1(g,p) < puap for all g € K and all p > 1.

(ii) There exists 0 < 11 < 1 such that for all g € K and all fo, f1 € B(g,¢),

m -1 my — T
i fo = fille = Cs (5¢F™) ™ then (957) ™" < Collfo— fillZ, where Cy
depends only upon Cs > 0.

Proof. Let us prove part (i). Set 1 < A < M as in Lemma 6.2. Then, by
(6.7.11),

plog M~ + (pm — Im)plog A < plogdl™ < llog2 < Imlog?2 .

Hence,

log 2 log M1 pm
1 Im > —— —
< +p10g>\) "= oA teme=

for all p such that pm > Ny = max{2m, ’2log M=t/ log)\’}. Thus, taking

log2 \
u6:21<1+ o8 ) >0,

we get pugp < I for all such values of p. By (6.7.11) and by Lemma 6.2 there
exists a uniform constant 0 < ¢g < 1 such that ¢p2! < (65 )” and so

log co + llog2 < plog 60 < p(pm — lm) log M .
Letting o =log2/ (plog M) > 0 and 3 = logco/ (plog M) we get
m (1+2) <pm—p<pm(1+-)
m 2m
for all p > —23/a. Thus, taking

, 2m+«a
0< M1 = m <1
we obtain that lm < pfpm for all such values of p. Since d, varies continuously
with g in the compact set K, we can extend the previous results to all p > 0
for some g < pfy and pg > pf.
Let us prove part (ii). Take 0 < 71 = (1 — p1)log M/log A < 1. Then, by
Lemma 6.2,

(5%7)_1 < oA~ PIm < oA~ (mmlpm
<M < qw <5ép+1)m) -

<ci|lfo = fill¢ - O
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LEMMA 6.11. There exist € > 0 sufficiently small and C1g > 0 such that
the following holds for g € K, fo € VO(g) and f1 € B(g,¢). If p is the largest
integer such that

17 = folle < Cs (55™) ™

then I =1(g,p) < ko = ko(g, f1) and so t; = t;(g, f1) is well-defined (where [ is
as in Lemma 6.10, kg and t; are as in Lemma 6.4, and Cs > 0 is as in Lemma,
6.9). Furthermore,

(6.7.12) = 0305, (f1 ~ fo)| < Cuo (oF7)
where p > 1 is as in Lemma 6.9.

Proof. Let ko = ko(g, f1) be as in Lemma 6.9. Let us prove that [ < ko. By
(iv) in Lemma 6.4, mkqo < ko. Hence it is enough to prove that min {lm, ];‘0} <

mkg. Let € > 0 be small enough such that Lemmas 6.8 and 6.9 are satisfied.
Let us show that im < kg. By inequality (6.7.8), for all k£ such that mk < kg
we have

(6.7.13)  |or (T (f1) = T (9))|
< lokmlle (5]5’” 0 (f1 — fo)l +co (51,;%)71 + 5012_k> .

By Lemma 6.2 and Remark 6.2, there is M; > 1 such that M, < |jogmllc
< Mj and Mfl < s llc £ M;i. Since by Lemma 6.2, we have (5%;2)_1 <
MM~ P=F)m we deduce that

(6.7.14) SK™0r (F1 — fo) | < (87m) " 10sllc < MMA=@=RPm

By Lemma 6.10, there is 0 < u; < 1 such that for all p > 0 and all £ <[ we
have p—k > p—1 > (1 — p1)p. Now, we make £ > 0 small enough (and so p
large enough) such that the following inequalities are satisfied

(co + My)MA~(=pdpm o __E2

2l|okmlle *

—k €2
€127 < —FF——
4|oxmllc

for all k such that km < min{lm,ko}. Therefore, for all such k, combining
(6.7.13) and (6.7.14) we deduce that

(6.7.15) Gk (T (f1) = T (g)) | < &5

Since f1 € B(g,¢) and (6.7.15) reverses the inequality (iii) in Lemma 6.4, we
obtain that min{im, 1%0} < mko, and so I < ko.

Now, let us prove (6.7.12). Since [ < kg, by (6.4.5) and (6.4.6) in Lemma
6.4, there is t; = t;(g, f1) such that

(6.7.16) T (f1) = wim(t) |5 < €270 < e ()"



782 EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO

Since Im < ko, by lemmas 6.9 and 6.10 we get
1T (fr) = T"™(9) = stwmlle < c2 (570) ",
where s; = 6ém0f0 (f1 — fo). Thus, using (6.7.16), we obtain that
i () = T (9) = situmlle < e (5f) ™"
Since t — up,(t) is C? as a map R — C,
i (51) = T"™(9) = stwimlle < cas?
=4 ‘5(ljm9fo(f1 - fo)’2
<es (o)
Therefore,
[[wim (t) — wim (s1) e
< N (t1) = T (9) = stwmlle + luim(s1) — T (9) = st
< ey ()7 s (80
<6 () "
because 1 < p < 2. Hence, applying Lemma 6.2, we get

|tl — Sl| < M_IHUlm(tl) — Ulm(SZ)HC <cy (5lpnT)_p . O

LEMMA 6.12. There exist constants T,,C > 0 with the following proper-
ties: for all g € K and all fo, f1 € V2(g),

05, (f1 = fo)l < Cllfs — follg™™ -

Proof. We shall in fact prove a stronger inequality, with the C-norm re-
placing the B-norm. Let € > 0 be so small that Lemmas 6.8 to 6.11 are satisfied
(e > 0 will be made even smaller in the course of the argument). Let p be
such that C5<50_(p+1)m < |\Ifo = fille < C50,"" where C5 > 0 is as in Lemma
6.8. As in Lemma 6.4, set ko = ko(g, f1), t; = tj(g, f1) and v; = v;(g, f1) for
all 0 < 5 < kg. Also, let | = I(g,p) be as in Lemma 6.10. By Lemma 6.11,
we have [ < kg and so t; is well-defined. Thus, applying Lemmas 6.4, 6.5 and
6.10, we get

et (1) = 0 (0) 5 < | (80) = T ()|, + | T (1) = T (0)

SEC()Z_I < ECo (5lpn¢1n)—ﬂ .
Hence, by Lemma 6.2 we see that [t;] < ¢ (007) ", Let us write ¢; =

-1
a; (5;’:;‘) for I < j < ko(g, f1)- Recalling that 5(]+1 > [ > 2 for all j
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and using Lemma 6.10, we have
(6.7.17) (rm) ™" < p(=mIp ang (spm) =0TV < g

where 79 = (1 — p1)(p — 1)/2. Hence, making ¢ > 0 smaller if necessary (and
so p large enough), we get

(6.7.18) ap <47t (ST cymlgeme < gy o
By Lemma 6.4, we have ||v;||p < €277 and t;41 = 5J(-f;jl)m(tj + 0jm(vj)). Since

i Sj(-ijl)m(t) is C? as a map R — C, we deduce that
+1)m
i1 = 89| <o (165 + oylls)

<o (|t;* +e279)

<es (It +22707 (7))
Therefore,

(i (=1 {spmy—(p—1

(6.7.19) 041 — aj] < ez (afﬂ (p=7+1) 4 ¢(23) 0D (52™) (o )) '

We prove that ko(g, fi) > p. To do this, we need to show that |t;| < &1 for
all 7 < p. We prove by induction a slightly stronger statement, namely, that
a; <271 ((5?::)7(’)71)/2 < g1 for all j = 1,...,p. This is certainly satisfied
for j = [, as can be seen from (6.7.18). Suppose it is satisfied for «; for all
i=1,...,7. Using (6.7.17) and (6.7.19), and making ¢ > 0 even smaller (and
thus p large enough), we get

J
(6.7.20) Jaj1 — | < levigr — e

i=l

1 ] —(p—1 —(1— m\ —\P—
SZ (Z; (Cgﬂ (P=i41) | 4e0e(28) ”)) (67 (p=1)

1 B! dege —7ap ( spm\ —(p—1)/2
§4(1_61+1_(2/3)1>’6 (6lm)

1, oy —(p—1)/2
<oy

Since oy < 471 (5%1)_(’2_1)/2, we deduce that aj; < 271 (6{;21)_@_1)/2 < e
(in particular j + 1 < ko(g, f1)) which ends the induction.

Now set s; = s;(g, fo, f1) = 6,"0s,(f1 — fo) for all j. Let us estimate
|tp — sp|. By Lemma 6.11 and the above estimates on o;’s, we have

(6.7.21) [ty — spl < lop — au| + 080 [ty — s < s (o) TV
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On the other hand, from Lemmas 6.4, 6.5 and 6.10, we also know that

[[ttpm (tp) = Upm (0)[| 5 < lupm (tp) — TP (f)ll g + TP (f1) — TP (9)l5
<ecy27P .

Hence, again by Lemma 6.2, we have |t,| < ec527P. Since p > [, we deduce
from Lemma 6.10 that

(6.7.22) |tp] < ecs27! <ees (5) 7

But Lemma 6.10, also tells us that there exists 71 > 0 such that (5%")_1 <

csllfo — f1ll¢'- Moreover, (5§m)_1 < ¢7llfo — fille by hypothesis. Therefore,
combining these facts with (6.7.21) and (6.7.22), we get at last

105, (f1 — o) < (65™) " |sy]
< (5gm)_1 (’tp’ + |tp - Sp‘)
<@ (ees (37 " e (1) ")
<cgllfo— fllgTTOTI2

which finishes the proof. O

6.8. The local stable sets are graphs. We shall prove now that the local
stable set of every go € K in a sufficiently small neighborhood of g is the graph
of a function defined over Kerf, N B (and with values on the one-dimensional
subspace Ruy C B). The idea is to show that every “vertical line” of the form
f+Ru, with f close to g cuts the local stable set W (go) exactly at one point.
All other points in the same vertical line escape exponentially fast away from
W2 (go) under iteration by 7" and the time kgm each such point f takes to
escape is logarithmic on the reciprocal of its distance to WZ(gp). Moreover,
T ™ (f) will be exponentially close (in ko) to W2(T*™(g)).

PROPOSITION 6.13. There exist 0 < ag, a1, a0 < €, 0 < po < p1 and
My > 1 with the following properties. If g9 € K and g € K is such that
lg — golls < o, then for every v € Ker 04, N B with ||v||g < au, there exists
—ag/2 < 71(g,v) < ag/2 such that

(1) fT(g,v) =go+tv+ T(g,’l))llgo S Was(g) - ‘/;O(g);
(ii) fe = go+ v +tug, € VI (g) for all T(g,v) < t < a;
(iii) fi =go+v+tuy € V7 (g) for all —ap <t < 7(g,v);

(iv) —polog(t — 7(g,v)|) < ko(g, fr) < —palog(|t — 7(g,v)]), where ko(g, pr)
is as in Lemma 6.4.
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Proof. Let € > 0 be sufficiently small such that Lemmas 6.8 to 6.11 are
satisfied and 0 < ¢’ < € such that Lemma 6.5 is satisfied. Let M > 0 be as in
Lemma 6.2 and take positive numbers o and as such that

(6.8.1) 0 <8a1M < g and g + 200 M < €'/2 .

Take g € K and f € Vz(go) with ||f — g|ls < €’/2. Let v € Ker 6, N B with
vl < a1, and ¢ € R with 2M||v||p < |t| < 2as. By the second inequality in
(6.8.1), we have ¢y = f+v+tuy, € B(g,¢) and ||¢: — g||g < €’ for all [t] < 2c.
Now, we have the following claim.

CLAamM. The family ¢, satisfies the following property:

o €VI(g), if 2M||p <t < 2ay
(6.8.2) 3 :
preV(g), if —2ay<t<—2M|v|s.

To prove this claim, let C5 > 0 be as in Lemma 6.8 and let p be such
that C567 ™™ < |6y — flle < C568™. Set ko = kolg, dr), t; = t;(g, ¢1) and
v = vj(g,gbt) for all 0 < j < ko as in Lemma 6.4. Set s; = s;(g, f, 1) =
5gm0f(q§t — f). Set Il =1(g,p) as in Lemma 6.10. By Lemma 6.2 and Remark
6.2, there exist ¢y > 1 and ap > 0 sufficiently small such that if ||g — gollz < o
then

(6.8.3) o [t < 105(¢r — f)] < colt]

(when ||f — g|lp < €//2 and €’ > 0 made smaller if necessary). Since tuy, =
¢r — f 4+ v and 2M|jv||p < |t|, by Lemma 6.2 there is ¢; > 1 such that

(6.8.4) o (A I [N €D
Hence, by (6.8.3), we obtain that

g (08" < 10(d = I S 2 (™)
Thus,
(6.8.5) gt (M T < sl < es (o7

Recall that 5(]“ > (3 > 2. By Lemma 6.10 we get (5;’7;”) < p=A=pm)p
Let us suppose from now on that 6;(¢; — f) is positive and so s; > 0. Hence7
by Lemma 6.11, by (6.8.5) and making a; and s smaller if necessary (and so
p large enough), we obtain that

(6.8.6) O (1 Y (5;;31)*@*1))

> 5 (1 _ ﬁ(pfl)(lw)pm)
> 81/2 >0.
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Thus, ¢; is positive and so it has the same sign as 6¢(¢; — f). By induction on
Jj=1,...,ko(go, ¢:) let us show that t;;; > t; and so that each t; is positive

as well. By Lemma 6.4, ||v;|z <e277 and tj41 = Sj(gl)m(tj + 0jm(vj)). Since
t— Sj(-ijl)m(t) is C% as a map R — C, we obtain that |tj;1 — 5§;1)mtj <
cs ([t;[* + [lvjll5). Thus,
(6.8.7) tiv1> Bty — cslty|* — cee277

> (B — cslty]) — cee277 .
Let €1 > 0 be as given by Lemma 6.4 and recall that |t;| < e; and € < ;.
Since 3 > 1 and by taking 1 > 0 sufficiently small, there is 7 > 0 with the
property that 8 — cs|tj| > 3 — cse1 > 1+ 27", By (6.8.5) and (6.8.6), we get
(6.8.8)  tj(B—csltj| —1—7)>t;7 > 47 > 57 /2> ¢ (B0) 7
By Lemma 6.10,
(6.8.9) 277 <27b < (PP
Putting together (6.8.7), (6.8.8) and (6.8.9), we deduce that
(6.8.10) tivr > (L+ 75+ er (00™) 71 = cee (8P7)

Making as sufficiently small (and so p large enough) and recalling from Lemma
6.10 that [ is a fraction of p, we obtain that c; ((557?)71—065 (67™)7" > 0. Thus,
by (6.8.10),

(6.8.11) tiv1 > (147,

which implies that ¢;41 has the same sign as t; and that ¢, € V.7 (g). If we
suppose that 6 (¢; — f) is negative, the proof that ¢; is negative and that
ti+1 < (1 + 7')t; follows in the same way for all j = [,..., ko(go, ) and so
¢+ € V7 (g). Therefore (6.8.2) is satisfied and the claim is proved.

Let us now prove the assertions of the lemma. Take f = gy and consider
the family ¢, = go + v + tug,. Since 2M||v||p < 2Mao; < as/4, the claim tell
us that

¢t€‘/;+(g)7 if a2/4§t<2a2
gbteVg(g), if —052<t§—042/4.

Thus, by Lemma 6.5, there is at least one value —as/4 < 7(g,v) < aa/4 such
that ¢4 = go + v + 7(g,v)uy, € VO(g).

Next, take f = ¢r(y.), and define a new family ¢y = ¢, (4, + tug,. Using
the claim again, this time to the family v, (for which v = 0), we obtain that

v € Var(g), if 0<t<ay/2
v € V7 (9), if —ap/2<t<0.
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Therefore, 7(g,v) is the only value of ¢ € R between —2ay and 2ay such
that ¢, € V2(g). Since [¢-(g) — gllB < €’ we deduce from Lemma 6.5 that
br(g,0) € WZ(g)- This proves assertions (i), (i) and (iii).

Let us now prove assertion (iv). Set ko = ko(g,v:). Using (6.8.11) and
then (6.8.6), we have

(6.8.12) It | > (1+ 7)oy > (1 + 7)) 5] /2

Combining (6.8.4) and (6.8.5), we see that

(6.8.13) |s1] > ez o™ (65™) ! > es Bt -

Taking 77 = min{1 + 7/, 3} and putting (6.8.13) back into 6.8.12 we get
(6.8.14) [tk | > co(7")Fo ] .

By Lemma 6.4, there are 0 < &1 < g such that e < |tg,| < 9. Thus, by
(6.8.14), there is po > 0 such that kg > —puplog(t). By Lemma 6.4, |t | <
co™|t| and so there is py > po such that kg < —puqlog(t), which proves
assertion (iv). O

6.9. Proof of the local stable manifold theorem. It will follow from Theorem
6.15 in this section that for every g € K the local stable manifold at g is a C!
submanifold varying continuously with g. The proof of this theorem will use
the following basic fact of calculus.

LEMMA 6.14. Let X,Y be Banach spaces, let xo € X and consider a map
¢ : Bx(wxg,e) — Y whose image in'Y falls within By (&(x),€). Suppose there
is a bounded linear operator L : X — 'Y such that for allv € X with ||v]|x < e,

(6.9.1) [|€(xo +v) = &(wo) = L(v) |y < co ([ollx + [1€(z0 +v) = E(wo)[[y) 7
where cg > 0 and T > 0. If cg(2e)” < 1 then & is differentiable at xy and
DéE(zo) = L.

Proof. Say |L(v)||y < allv||x for some a > 0. Noting that

lvllx + [[§(xo + v) — &(z0) |y < 2e,

we have from (6.9.1) that

[€(x0 +v) = &(wo)[ly < (a+ co(28)7) [[v]lx + co(2e)7[|€(z0 + v) — &(x0)[ly
whence
@+ O = eyl
1—co(2e)7 1 — THITIX
Putting this back into the right-hand side of (6.9.1) we get

1€ (0 + v) — &(w0) — L(v)lly < e (JJollx)""7

and therefore D¢ () exists and equals L. O

1€(x0 +v) = &(zo)lly <
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For every g € K and a; > 0, let us consider the following sets

Ego, ={v €ker by : |v|g <ai} ,
Fy={g+tu,:teR} ,
Gg,al:{g—i-v—l—tug:UEEg,Q1 and te€R} .

THEOREM 6.15. Set 0 < ap < aq < € and 7(g,v) as in Proposition 6.13.
For every go € K and every g € K with ||g — gol|s < o, the map &, : E,

0,01

Fy, given by £4(v) = go +7(g,v)ug, is well-defined and has the following prop-
erties:

(i) The graph of &4 is equal to WE(g) N Ggya,i
(ii) &, is C* and varies continuously with g.

Proof. Set a1y < ag < € and 0 < pg < pp as in Proposition 6.13. By
Proposition 6.13, the map &, : Ey, o, — Fy, is well-defined and assertion (i) is
satisfied. Let ég : Eg,.a, — R be given by ég(v) = 7(g,v) where 7(g,v) is given
by (i) in Proposition 6.13. To prove assertion (ii), it is enough to show that
ég t FEgya, — Ris C' and varies continuously with g. Let vy, vy € Ey, o, and

set
(6.9.2) fi = go+v1 + &(v1)uy,

and fo = go +v2 + ég(UQ)ugo. By Lemma 6.12, we get
07, (v2 = v1) + 0, (w5, (G (v2) = 4 (0))| = 1605, (f2 = £1)

< co (Jluz = vl + 1€ (v2) — (o))

By Lemma 6.7, and taking € > 0 sufficiently small, we have that 6y, (ug,) is
uniformly bounded away from 0. Therefore, by Lemma 6.14, we deduce that
&g is differentiable at every vy with derivative given by

(6.9.3) Déy(v1) = — (07, (ug,)) "0y, .

From Lemma 6.7, 6y, varies continuously with f; and so Dég(vl) also varies
continuously in a neighborhood of v;. Hence, fg is a C'! map.

Let us check that ég varies continuously with g in the C'! sense and, more
precisely, that the map K N B(go,a0) — C1(Ey,a,,R) given by g — ég is
continuous. Taking into account that Dég is given by (6.9.3) and that f;
is given by (6.9.2), and that by Lemma 6.7 the map fi — 0y, is uniformly

1471

continuous (as a map into B*), we see that it suffices to prove g — &, is
continuous as a map into C%(Ey, 4,,R).

To do this, let v € Ey, 4, be such that g = go + v + &,(v)uy,, take g1 € K
with ||g1 — gol|B < ap and let w € Ey, o, be such that g1 = go+w +fg1 (w)ug,.
Now, we have the following claim.
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CrLAIM. There exist c; > 0 and 0 <~y < 1 such that

(6:94) '€, (w) = &)V < 165, (2) = £(2)] < ealéy, (w) = Eg(w)[,
for all z € By, o, .

Let us assume this claim for a moment. Its geometric meaning is that
the distances between corresponding points of the graphs of £, and {,, along
the vertical fibers ({2} x F},) are uniform. We want to control such distances
in terms of ||g1 — g||g. The above claim tell us that it is enough to control
|€g, (w) — &g(w)|. Hence, write

g—g=v—w+ (&) — &, () u,
=v—w+ (a+b)uy,

where a = &;(w) — &, (w) and b = £,(v) — & (w). Since &, is C*, we have
|b| < ca||lv — w||g. On the other hand, since B = Ker 0y, @ Ruy, is a splitting
into closed subspaces, there exists a constant c3 > 0 such that

max {[|v — wl|s, [a +b|} < csllg — g1l -
But then
la| <llg — g1lls + [[v — wll5 + [b]
<(I+e3tcacs)lg—alls -
Hence ég(w) - égl (w)| < c4llg — g1llB, and given the claim this proves that
g — ég is indeed continuous.

Finally, let us prove the claim. For each z € Ey o, let h = go + 2z +
ggl(z)ugo‘ Set

t;g:tk‘(gmgl): t/k/:tk(gah)a
u;g = UTkm(g) (t?c), u/k/ = UTkm(g) (t/]é) y
as given by Lemma 6.4, and set (also as in that lemma)
(6.9.5) ko =ko(g,91) = min{j : [t}| > e1}
ko =ko(g, h) = min{j : || > e1} .
Applying Lemma 6.4, we obtain, for all k¥ < min{kg, k{/}, the estimates

(6.9.6) 1T (g1) — uplls <27 %|lg1 — glls
|T*™(h) —ujlg<27*||h —gll5 -

Since h € W2(g1), we also have, by Lemma 6.5,
(6.9.7) T (B) — T*™(g1) |5 < ecs27" .
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Combining (6.9.6) and (6.9.7), we get
= wills < 27"
Hence, by Lemma 6.2, we get

(6.9.8) Itk(9,91) — tr(g, h)| < 27",

for all & < min{k{, k{j}. Using (6.8.11) together with (6.9.8), we deduce that
there exists a uniform constant cg > 0 such that

(6.9.9) ki —cs < kj < ki +cs .

On the other hand, applying (iv) in Proposition 6.13, we also have

(6.9.10) —polog(|m(g1, w) — (g, w)|) <ky < —palog(|7(g1, w) — (g, w)|)
—polog(|7(g1,2) — 7(g, 2)|) < kg < —palog(|7(g1,2) — 7(g,2)|) -
Combining (6.9.9) and (6.9.10) and noting that

~ ~

T(glﬂw) = égl (w) ’ T(gl,Z) = égl (Z) 7T(g7w) = fg(w) and T(Q? Z) = fg(z) ’
we get at last

A~ #1/#0

< () = 0(2)| < v [ (w) = g (w)

Bo/

051 égl (w) - ég(w)

for some ¢g > 1. This proves the claim with v = po/p1 < 1 and ¢; = ¢g. O

Remark 6.3. Note that by Proposition 6.13 there exists a uniform 0 <
€ < e such that W2(g) C Gy, for all go € K with ||go — 9|5 < ao.

7. Smooth holonomies

In the previous section we proved that a robust operator T has C' local
stable manifolds through each point of its hyperbolic basic set K, and that such
manifolds form a C® lamination (near each point of K). A natural question
that may be asked at this point is this: how smooth is the holonomy of this
lamination? To answer this question we shall assume that there exists a home-
omorphism H : ©Z — K of a finite-type shift space onto K which conjugates
the two-sided full shift o : ©4 — K to our robust operator T restricted to K.
Under this topological assumption, and an additional geometric assumption
concerning the unstable manifolds of points in the attractor —both of which
are satisfied by the renormalization operator— we shall prove below that the
holonomies of the local stable laminations are C'* for some 6 > 0.

7.1. Smooth holonomies for robust operators. Let K C O4 be a hyperbolic
basic set of a C? operator T : O4 — A which is topologically conjugated to a
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two-sided shift of finite type. For €9 > 0 small enough and for every g € K let
t — ugy(t) be a parametrization of the local unstable manifold W2 (g). Set

Ky =KNW(g) and K, = u;l(Kg) .

Let
Y 0100 = {(9;) € e’ 9; =0; for allj < k:} .

If H(X. p,) NK, # 0 then denote by A g, (g) the smallest interval in R such
that ug(A. g, (9)) D H(X. p,) NKy. Let Cp(g) be the set of all these intervals

A o.(9)-

Definition 7.1. We say that the local unstable manifolds W (g) have
geometry bounded by a > 0 if for every g € K, K, has geometry bounded
by a > 0 with respect to the collection (Cg(g))r>0 (in the sense of §3).

Now suppose in addition that the operator T is robust with respect to the
Banach spaces (B,C, D). By Theorem 6.1, the local stable manifolds of 7" in B
form a CY lamination Let F : [—puo, o] — B(g,€) be a C? curve transversal to
the stable lamination. Let K be the set of all values r € [—pug, uo] such that

f=Frye |J Wil .

o EKNW (go)

The holonomy map ¢r : F(Kp) — W2(g) associates to each f, the point
¢r(fr) such that f. € WS (¢r(fr)). In local coordinates, the holonomy map
¢ is given by Yp : Kp — K, where 1p(t) = uyo ¢ppo F~1 and Kp, K, C R.
The C? curve F : [—pug, o] — B(g,€) is an ordered transversal to the stable
foliation if F is transversal to the stable foliation, ¢ : F(Kp) — W (g)
extends to F([—po, o)) as a homeomorphism ¢r over its image such that
or(F(KF)) = ¢r(F(Kr)) NK.

We note that, by Remark 6.2 and by Theorem 6.15, there is e < &g
small enough such that a C? transversal to WZ (g) in a point f is an ordered
transversal to the stable foliation in a small neighborhood of f.

THEOREM 7.1. Let K C O4 be a hyperbolic basic set of a C? operator
T : 04 — A which is robust with respect to (B,C, D). Suppose that there exits
g0 > 0 such that the local unstable manifolds W (g) of g € K have bounded
geometry. There exists 0 < € < ¢ with the property that for every C? ordered
transversal F : [—po, o] — B(g,€) to the stable foliation in B, the holonomy
¢r : F(KFp) — W (g) has a C1*0 diffeomorphic extension to F([—po, po)) for
some 6 > 0.

Ezxample 7.1. As we know from Theorem 2.4, the renormalization oper-
ator T = RN : Oy — A is hyperbolic over K. As we shall see in Theorem
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8.1, T is robust with respect to (A", A% A®) provided s > s with sq suffi-
ciently close to 2 and » > s+ 1 is not an integer. By Theorem 2.1, there is a
two-sided full shift topologically conjugated to T'|K. By Lemmas 9.3 and 9.6
respectively on pages 403 and 405 of Lyubich’s paper [20], there is o > 0 such
that the local unstable manifolds W2 (g) have geometry bounded by a. Hence
the renormalization operator T satisfies the hypotheses of Theorem 7.1.

In what follows, the notation A = O(B) means that u;'B < A < 1B
and the notation A = B(1+O(C)) means that B(1 — u2C) < A < B(1+4 u2C)
for some constants p; > 1 and uo > 0.

The proof of Theorem 7.1 will be a consequence of the following lemmas.

LEMMA 7.2. For every C? curve F : [—puq, uo] — B(g, ) transversal to
the stable foliation and for all r,t € [—uo, o] such that r < t,
(7.1.1) 1fe = frllo = OC = 7])

05, (fe = f)| =0t —7|) ,
and for all s,r,t € [—po, o] such that s <r <t,
Ifi= fille _ =71
Ifs = Frllx s =l
165,05 — £l _ It =11
107, (fs = fi)llx s =]
where X € {B,C, D}.

(7.1.2)

(1+0O(|t - s)))

1+ 0(|t - s)))

Proof. By Lemma 6.2, there are v1,v2 > 0 such that for all » € Ky,
|uy||» > v1 and |0y, (u,)| > ve. Since F is C2,
fi — fr=(t—ru, £O(|t — %),
O, (fe = fr)=(t =)0y, () £ Ot —r[*) ,
and so (7.1.1) follows. Taking s < r < t, we get
1fe = frlla _ IPaellx [t = 7[(1 £ Ot = r[))
1fs = Frlle larllx fs = r[(1 £ O(s = r[))

=l L oge—s))

|s — 7]

The second estimate in (7.1.2) is obtained in similar fashion. O

In what follows, it will be more convenient to denote ¢r(f;) by gy.(r)-
We will also work with a fixed 0 < € < g for which Lemma 6.8 holds.

LEMMA 7.3. Set | = l(gy,(r),P) as in Lemma 6.10. Let F : [—po, po] —
B(g,e) be a C? curve transversal to the stable foliation. For all p > 0 suffi-
ciently large and all s,r,t € Kr such that

|t—r\:o((5gm)*1) and |s—r\:o((5gm)*1) ,
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we have
(r13) T -1 =0 (@) .
I (£) =T (£l =0 (@) ") -

(
|7 (f) =T (fo)lle 1t =] pm —(p—1)
=l 1= (2O (ED )

Proof. Using Lemma 6.2 and (7.1.1), we get

07, (fe= )l =0 (65™)") and 105.(F = )l =0 (&™) -

Thus, taking p sufficiently large and using Lemmas 6.9 and 6.10 we deduce
that

(7.1.4) HTlm(ft) =T (1)),

=[085, (51— £ =0 ((67) ™)

-o((@) ) <o ()
o(”)

T (fs) = T"™(fr)||, = O <(5f7;n) 1). This proves the first two
inequalities in (7.1.3). Combining (7.1.1) with (7.1.4), we see that

HTlm(ft) _Tlm(fr)Hc ‘(5 9f ft fr |i(’)< 5pm )
[T (fo) =T (fo)lle  |stmay, (£, — f£,) }io( (87™) ™ )

165, (i - (110(( )~ ))
105 (fe — (110((5?’”) (o= 1))

Therefore, by Lemma 7.2, we get

[T (f) = T"(F)|l e |t —7] iy —(o—1)
HWm() Tl = = L0 (@)

and this proves the last inequality in (7.1.3). O

Similarly,

LEMMA 7.4. Setl =1 (gd,F(,,),p) as in Lemma 6.10. Let F : [—uq, o] —
B(g,¢) be a C? curve transversal to the stable foliation. For every s € K and
s = QZ)F(S) (S Kg,

|t =T 90|, < 0 (60 7)) -

Furtherlmore, for alllp large enough and all ', r',t' € K, such that s = w;l(s’),
r=v¢p (1), t=9p (') € Ky,

¢ =r| =0 (@) and |5 =] =0 (@) .
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we have

[T (fe) =T ()]l T (gv) = T (g0)]] py—(p—1)
T (5~ T ()lle ~ T (90) = T(g, o (o (@ ™).

Proof. By Lemmas 6.5 and 6.10,
}C <cge2 <o () -

|7 (8) = T 90

Thus, applying Lemma, 7.3 to the transversal given by the local unstable man-

ifold {g:} we get
|7 - T 1) =Tl (1= 0 (@) )
[T =T lle 1im(ge) — T0m(g) e (1 0 ((37) 7))

I ge) = T (9)
T (ge) — T (grr)

(100 ") -

C

Proof of Theorem 7.1. Let p > 0 be so large that Lemmas 7.3 and 7.4 are
satisfied and let ¢, s,r,t',s’,r’ be as in Lemma 7.4. First, a claim.

CLAIM. We have

|t—r|=0 ((6gm)_1> and |s—r|=0 (((56”")_1) :

Assuming this claim for a moment, we finish the proof of Theorem 7.1 as
follows. Set I = (g,,p) as in Lemma 6.10. By Lemmas 6.10 and 7.2, there is
0 < 71 < 1 such that 67" < O (|t —/|™). Therefore, by Lemmas 7.3 and 7.4
we deduce that

t—r| [T () =T (f)ll, pm —(p—1)
A5 = = ) = ()Hc (=0 (6 "))

HTlm<gt’) Tlm gr H my —(p—1)
= g =T (10 (@)

(9
e (1o (e |

Since K4 has bounded geometry and by Theorem 9.5 on page 549 of [26], the

inequalities (7.1.5) imply that the map v r has a C'*? diffeomorphic extension
to R for some 0 < 0 < 1.

-1
Let us now prove the claim. Let p be such that [t —r| = O <<5gm> >
All that we have to show is that

(7.1.6) p—pl<O(1) .
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Set [ = Z(gr/,ﬁ) as in Lemma 6.10. By Lemmas 6.9 and 6.11, and the estimates
in (7.1.1), for k£ < min{l, [},

(T.17) |7 (ge) = T (gr)

+0 ((5@2)"’ + 2*’“) :

+0 <(5§7’;’;> Ty 2’“) .

= 05705. (g0 = 90

|75 = )

L= |06 05, (5= £2)
By Lemma 6.5, we get (for all £ < min {l,l})

(7.1.8) HTkm(ft) _rkm(f,) ’C +0 (2"“) .

Let us consider separately the case (i) where p < p and the case (ii) where
p = p.

=T e = T g0

Case (i). Here | <[ and by Lemma 6.10 we get

o\ -1
(7.1.9) () =@ et <o) -
By Lemma 7.3 applied to the transversal given by the local unstable manifold

{gt}v
(7.1.10) HT””(gt«) —T"(g,1)

— pm) —1
c =0 ((6lm) ) :
On the other hand, by (7.1.8),

im _ mlm _ Im¢. \_plm(, -l )
|70 =T 0|, = || 7 (90) = T 90| £ 0 (27)
But 27 is much smaller than (677")~!. Hence by (7.1.10),
my —1

(7.1.11) |7y =T, =0 (@) -
Thus, by (7.1.7) and (7.1.9), we deduce that

_ HTlm(ft) -7 (£, £ 0 ((5fg)_p> +0 (2*l>

—o (@) <0 ((553)—f’) |
Since (5%:)_1 is much larger than (5%1) _p, it follows that

=o (@) -

05705, (= £7)

35705, (fi — 1)

This shows that
my—1
05.(fi = Sl =0 (&™)

Therefore, by Lemma 7.2, we get || fi — fr|lo = O ((58"1)71), which in turn
implies (7.1.6).
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Case (ii). Here [ <1, and Lemma 6.10 tells us that

(@) m) so((@m)).
Applying Lemma 7.3, we get

(7.1.13) HT“” Tlm(fr)

Lo\ -1

pm
~0 <(5zm> ) .
On the other hand, by (7.1.12) and (7.1.7),

=0 (Jiro, 0 1)

|7 g =18

Jro () ")
But (65:) "~ is much smaller than (65:) _1. Hence, by (7.1.13), we get

)

o= O (|665, (e~ 1)

(7.1.14) HTlm —im gy
By (7.1.8), we have also

HTlm Tlm(fr

= HTZm(gt’) —T"(g,)

+0 (2—5) .
C
But 2~ <O <<(5§’m) _p>. Hence, again by (7.1.13), we deduce that

;)

(7.1.15) HT”” _im (s

=0 (|7 gy = T (g0

By Lemma 7.2 and (7.1.7),

Hsz (gv) — T"™(gr)

,1 “ 7p
— pm pm
=0 ((%) ) +0 ((%) > .
Therefore, by (7.1.13) and (7.1.15),

|7 (g0 = T ()

-1
} ~0 ((&Dm) > .
I im
But then, using (7.1.14) and (7.1.15) once more, we deduce that

b5, (Fe = )l =0 (@™ ™) -

Therefore, by Lemma 7.2, we get ||fy — frllo = O ((587”)71) which in turn

implies (7.1.6).

O
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8. The renormalization operator is robust

From the very beginning, our main goal is to show that the renormal-
ization operator is “hyperbolic” in U", provided r is sufficiently large. More
precisely, we want to establish Theorem 2.5 and Corollary 2.6. We have already
at our disposal an abstract theorem (Theorem 6.1) showing that any robust
operator is indeed “hyperbolic”. Hence, our work has been essentially reduced
to showing that the renormalization operator T, or any one of its powers, is
robust (see Theorem 8.1 below). The proofs of Theorem 2.5 and Corollary 2.6
will be given in §8.6.

We emphasize the important role played by the geometric estimates of §5.2
in the verification of properties B5 and B6 of a robust operator (Definition
6.1) for an iterate of the renormalization operator (see §8.4). Properties B2,
B3, and B4 are relatively straightforward consequences of the properties of
the composition operator studied in §8.1 and are proved in §8.2 and §8.3 .

In this section, we shall prove the following result (see §8.5).

THEOREM 8.1. Let T : O — A be the renormalization operator given by
Theorem 2.4. If s > sq with sq < 2 sufficiently close to 2 and r > s+ 1 not an
integer, then T is a robust operator with respect to (A", A%, AY).

We shall present in the sequel complete proofs of all the estimates that are
necessary for establishing the above result, carefully checking all the properties
of robustness along the way.

In our estimates we will often concern ourselves with a power T™ of T
For each m > 1, let O, € O be the (open) set of those f’s which are mN
times renormalizable. Then T™ is well-defined in @,, and we can write

1
m —

T (f) = v
where p = p(f,mN), Ay = fP(0), and As : x — Ayx is the linear scaling. Note
that p (and hence Ay and Af) depends on m, but if m is held fixed then p
is a locally constant function of f € Q,,. To keep track of the dependence of
constants on m, we shall denote by K those constants that may depend on m,
and by c those that are independent of m.

Likewise, we define O], to be an open set in U”" containing K, all of whose

elements are mN times renormalizable, so that 7™ = R™ : Q7 — U" is
well-defined.

fPolAy,

8.1. A closer look at composition. From a differentiable viewpoint, com-
position is a notoriously ill-behaved operation. Such bad behavior is the source
of most technical difficulties arising in this work. Fortunately, some positive
results lie at hand. For example, it is well-known that if r is a positive in-
teger then composition, viewed as an operator from C™ x C"~! into C™1, is
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a C! map (see [11]). We shall need not only this result but also a less well-
known generalization of it for Holder spaces: if r —1 > s > 1 are real numbers
then composition, as an operator from C” x C* into C*%, is a C'! map (we can
say a little bit more — see Proposition 8.7 below). For related results on the
smoothness of composition, see [19].

Before we can prove this fact, some auxiliary results are in order. In what
follows, our definition of the C" norm of ¢ € C"(I) is this: for r = k + a with
ke Nand 0 < a <1 we write

leller = max{llelo, I¢'llos- - - ™ los p®lla} -

For r = k + Lip we define ||¢||c- as above with a = 1. This norm is
equivalent to the one introduced earlier in 5.1, and has the advantage that
leller = max{|¢|lco, |¢||cr-1} whenever » > 1. This allows us to prove
certain estimates by induction on k, which will be very useful later.

LEMMA 8.2. Given 0 < a < 1 and 0 < e < 1—a, let w € C*T(I),
9071/} € CI(I7I) and Hw_ QOHC“ < 1.

(i) Ife > 0 then there exists K = K (||1||c1) > 0 such that

lwo e —wotllga < Klwllcasllo =l -
(ii) Ife =0 then there exist ¢ > 0 and K = K (||¢||c1) > 0 such that

lwo—woplce <cllwllcally[|E
+K|wllcelle = lle: -

Proof. Let us start proving part (i) of this lemma. By the mean value
theorem, we obtain

(8.1.1) lwo e —wodllco < [lwllcar [l —PlIEd*.
If |y — 2] < [l — Pllc~ then
wop(y) —wo p(@)| <collwlcoslelle®lle — Ylzaly — 2|,

[wop(y) —wop(x)] < crf|wllcas< |12l = Ylgaly — x|* .

If |y — 2| > [l — | ce, by (8.1.1) then

lwot —woplee < caflwlgasell = Dllealy — =%,

which ends the proof of part (i) of this lemma.
Let us prove part (ii) of this lemma. By the mean value theorem, we
obtain

(8.1.2) [wo @ —wodlco < |lwllcalle — |G-
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Furthermore,
wo p(y) —wo p(x)| < esllwlcalle|Eoly — x|*
wop(y) — wo ()| < cal|wllce [¢[[Eoly — |*
and so
(8.1.3) lwo e —worllor < esllwllee (" = ¢'llco + [|4llco)”
which ends the proof of part (ii) of this lemma. O

We shall need also some estimates on polynomial operators coming from
simple algebraic considerations. For every polynomial P of degree d in n vari-
ables x1,xa, ..., x, over R, define v(P) as the sum of the absolute values of the
coefficients of P. This is a well-known valuation in the ring Rlz1, xo, ..., zy],
but all that really matters to us is that v(P+Q) < v(P)+v(Q) (sub-additivity),
and that v(0,, P) < dv(P).

LEMMA 8.3. Let P € Rxy,xa,...,2,] be a polynomial of degree d, and
let ¢1, ¢2,...,¢n € C*(I). Then,

||P(¢1a¢2a o 7¢'I’L)|

where M = max{1, [|¢1||c=, |d2llcss - - -, [|Onllcs}. Moreover, if 1,19, ... 1y €
C3(I) also satisfy ||villcs < M for all 1 < i <mn, then

o < v(P)2% M |

||P(¢17¢27~-7¢n) _P(l/flanw-wT/fn)HCs S dV(P)QSdeilz H¢Z _wiHCS .

i=1

Proof. The first inequality is immediate from the definition of v(P). To
prove the second, note that P : (C*(I))" — C*(I) is a C! map (norm of
the sum in the domain of P). Using the mean value inequality and the first
inequality, we see that

||P(¢17¢27"' 7¢n) - P(¢1,¢27---,1/1n)|

<2° sup max |9y, P(tg1 + (1= )1, ..ot + (L= t)yn)c= Y di — vl

C's

Cs
0<t<1l ¢ i=1
<2°(dv(P)2° M g — thillos
=1
which is the desired result. O

We can now use the estimate given in the above lemmas to prove the
following general proposition. Let r,s > 1 be real numbers and for each w €
CT(I), let

Oy : C(1,1) — C*°(1)

be the operator given by ©,,(¢) = w o .
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PROPOSITION 8.4. Let r,s > 1 be real numbers both noninteger, and let
w e C™(I), g, € C*(1,1) with ||o — Ylc: < 1.

(i) If r > s then there exists K = K (||¢||c:) > 0 such that
cs < Kllwllerlle = ¥lle.

where ¢ = min{l — {s},r — s} ({s} denotes the fractional part of s). In
particular, Oy, : C*(I,1) — C*(I) is e-Holder continuous.

[w oy —wod

(ii) If r = s there exists ¢ > 0 and K = K (||¢||c=) > 0 such that
lwop —worller < clwller [¥'1Eo + Kllwlerlle — &,

where a = {s} is the fractional part of s.

Part (ii) of the above proposition shows one of the main difficulties in this
theory which is the fact that for w € C*(I) the operator ©,, : C*(I,1) — C*(I)
is not even CV.

Proof. Let us write s = k + «, with k£ an integer and 0 < o = {s} < 1,
and let
A=wop—wo1.

Since w, p,7 € C! and € < 1 — a, applying Lemma 8.2 we get
[Allce < KilJwller e = ¥llen -

By Faa-di-Bruno’s Formula (see [13], p.42), for all 1 <[ < k we can write
AY = By () = B (v)

where
l

B(¢)=> wDog P (¢, ¢",....007)),
j=1
each P, ; being a (universal, homogeneous) polynomial of degree j in [ — j
variables (with integer coefficients explicitly computable from [ and j; see [13,
p. 42]). We only need the expression of P, ; for j = [; it is easy to check that
P(¢) = (gb’)l . Then, we can decompose A®Y) = C; + D;, where

Ci= Jz: wh o (P (¢ ) = By (W0 D))

l

D=y (wu) o —wo 1/1) Py (1//7 W W(H)) ,

j=1

By Lemma 8.3 applied to each P, ;,

[P (¢ 00 = R (00" | < Kallp = vl -

C
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Therefore, for all 1 <1 < k we get
[Clllce < Ks|lwllc:lle —lles -

Let us now rewrite D; = E; + F; where,
-1

E=Y (wm o —wo w) Py (W, W ,d,(z—j)) 7

j=1
I = (wm op—who 1/1) (W)

In bounding the first summation in F;, we apply Lemma 8.2. Since wl), ©, P
is at least C'! we get

Hw(ﬁ op—wdo wHCQ < K, Hw@)HCI lo — o)L

for all, with 1 < 7 <[ — 1. From this and Lemma 8.3, for all 1 <[ < k we
obtain that
| E1llce < Ksllwllo:[l¢ —

Our task has been reduced to bounding the C® norm of F;. Here, we will do

11—«
cs -

separately the proof of part (i) and part (ii) of this proposition.
Let us prove part (i) first. Here, for all 1 <[ < k we have that ¢, 1 are at
least C1 and that w is at least C**¢, and so by Lemma 8.2 we get

Hw(l) oY — w(l) o wHCcHE < K6||’wHCl+a+e Y — 1/1”501 .
Thus, for all 1 <[ < k we obtain
[Fl]lce < K7wl

which ends the proof of part (i).
Let us now prove part (ii). We know that w®, ph e Crforalll <1<
k — 1, and so by Lemma 8.2 we have

crlle =¥l

[0 o —w® oy < Kelwlorello - wlies -

Thus, for all 1 <1 <k — 1 we obtain

[Eillce < Kollwliorlle —

Therefore, we just have to bound || F|lc«. Here, w® is only C®. From the
inequalities (8.1.2) and (8.1.3) in the proof of Lemma 8.2, we get

(0%
Cs -

w® oo —w®oy|  <erlullerle —pleo

[0 0= w® ou, <calwler (1o + ¢ = )"
and so
1Fkllce < esll@lléeellwller o — &
+C4||¢||Ig)’1”w||0' (HWHCD + HQD/ - ¢,“Co)a 9
which ends the proof of part (ii). O
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LEMMA 8.5. Given 0 < a <1l and 0 < e < 1—a, let f € C1Tote(]),
g € CYI,I) and v € CY(I) with ||v||cx <1 and g +v € CY(I,1I). There exists
K = K (||g]lcr) > 0 such that

[folg+v)=fog—fog v|g. <Kllfllorsaselvlch® .
In particular, there exists K = K (||g]c1) > 0 such that
[folg+v) = foglloa < K| flcres<|ollcr -

Proof. Note that we have the following identity:

1
(Folg+v)—fog—fog v)(z)=u() /0 [ (g(x) + to(@)) — F(g(x))] dt .

Applying Lemma 8.2 with w = f', ¢ = g+ tv and ¢ = g, we can bound
the C* norm of the integrand by Kt||f'||ce+e||v||&i. This proves the first
stated estimate in slightly stronger form. The second estimate is an immediate
consequence of the first. O

PROPOSITION 8.6. Let 2 < s+ 1 < r be real numbers, and let f € C"(I),
g € C5(1,1). There exists K = K (||g]lc=) > 0 such that, for all v € C*(I)
with ||[v|lcs <1 and g +v € C5(1,1),

(8.1.4) Ifolg+v)—Ffog—Fog-vlle < Klfllcrlol5? .

where = min{1—{s},r—s—1}. In particular, (a) the operator ©f : C*(1,I) —
C5(I) is C' and its derivative is given by DOs(g)v = f o g- v, and (b) there
exists K = K (||g]lc=) > 0 such that for all v as above,

(8.1.5) 1fo(g+v) = foglles < Klfller|lvlles -

Proof. In this proof we use K1, Ko,... to denote constants that depend
¢s. Consider the remainder term

F=fo(g+v)—fog—flogwv,
as well as its derivative F/ = A + B, where
A=(f'o(g+v)—fog—f'og-v)-g,
B=(f'o(g+v)—fog) v
We want to show that

only on

1F']| . < K1l flle- ol &t .

The proof will be by induction on the integral part of s. Note however that the
mean value theorem already gives us ||F||co < Kal|f”||co||v||Ze independently
of s.
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First we deal with the base of induction, namely when 1 < s < 2, say,
s =1+ «a. By Lemma 8.5, we have

146
[Allga < Ksllf llerease (lollen) ™
The same Lemma 8.5 yields
2
[Bllga < Kall f'llcrease (Jvllcasa)”

This establishes the base of induction.
Now suppose that our lemma holds for s > 1. We will prove from this
that it holds for s + 1. To do this, it suffices to show that

(8.1.6) 17l < Kl fller ol

The proof is more of the same. By the induction hypothesis applied to f’, we
have

(8.1.7) 1Alloe < Kol loms (Jolles) 0

The same fact also gives

(8.1.8) 3] et (ollos)? -

oo < Kq| f'|

Putting (8.1.7) and (8.1.8) together we get (8.1.6), and so the induction is
complete. O

PROPOSITION 8.7. Let 2 < s+ 1 < r be real numbers. The composition
operator © : O™ (I) x C5(I,I) — C*(I) given by O(f,g) = fog is C'*? and
its derivative is given by DO(f, g)(u,v) =uog+ f og-v. In particular, there
exists K = K (|flcr lglle-) > 0 such that, for all [lulle- < 1 and [Jollcr < 1
with g +v € C%(1,1),

(8.1.9)
1O(f +u, g +v) = O(f,9) = DO(f,9)(u,v)llcs < K([[uller + [[ollos) ",

where § = min{1 — {s},r —s — 1}.
Proof. In this proof, we denote by K1, Ko, ... positive constants depending

only on ||g||cs. Let us take u € C"(I) and v € C*(I) such that |lulc- <1 and
|lv||cs < 1, respectively. Now,

F=0(f+u,g+v)—0(f,g)—uog—flog-v
=fo(g+v)—fog—flog-v+uo(g+v)—uoyg.

Using Proposition 8.6, we see that

[folg+v)=Ffog—fog-v|o < Kilfller(lvlc:)™ .



804 EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO

The same Proposition 8.6 with u replacing f yields

luo (g +v) —uoglle. <llu’ 0 g-vlc: + Kalulle-(vflc)+

< Ksllullorlv]

cs .
Therefore we get
IFllc: < Killflle-(lvlle) '™ + Ksllulle- llvlle-
which proves that © is C' and that (8.1.9) is satisfied. Now, we have that
DO(f + ¢,9+ V) (u,v) — DO(f,g)(u,v) = A+ B+ C
where

A=uo(g+¢)—uog,
B=(f"o(g+¢)—flog)-v,
C=¢'o(g+) v.

By Proposition 8.4, we obtain that

0
[Alloe < Kalluller—lllice
0
1Bllcs < Ksfllcrl®llcs - [lvllcs-

Letting k be the integral part of s and ¢ = g + %, and using Faa-di-Bruno’s
Formula, we have

(¢ 00)® =300tV 0. Pj(¢, ¢, ..., k)

J=1

each P ; being a (universal, homogeneous) polynomial of degree j in k — j
variables. Hence, using Lemma 8.3, we get that ||C||c: = Kg||Aflc-||v|lc--
Thus, © is a C'*? operator. O

COROLLARY 8.8. Let r,s > 0 be real numbers with r —1 > s > 1 and for
each positive integer m, let Q., : CT(I,I) — C*(1,1) be the operator given by
Qm(f)=fm.

(i) Let 0 <t <7 and let U : CYI,I) — C*(I,I) be a C'*? operator for
some 0 < 0 < 1. Then the operator Uy, : C"(I,I) — C*(1,I) given by
Un(f) = Qum o U(f) is C for some 0 < 0 = 0'(,r,5) < 1.

(ii) In particular, the operator Q,, : C™(I,I) — C*(I,I) is C'T%" for some
0<60"=0"(r,s) <1 and there exists K = K (m, || f|lc-) > 0 such that

(8.1.10) 1Qu(f + 1) — Qu(f) — DQum(f)ullc- < K|ull 5" .
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Proof. First note that Up41(f) = O(f,Un(f)). The operator U; arises
as the composition of the operator C"(I,I) — C"(I,I) x C*(I,I) given by
f (f,U(f)), which is C'*? because U is C'*? (and C"(I,I) embeds in C?),
with the composition operator © : C"(I,I) x C*(1,I) — C*(1,I), which is
C'*9" for some 0 < " = §"(r,s) < 1 by Proposition 8.7. The desired result
for part (i) then follows by induction. Part (ii) is a corollary of part (i), and
by a computation (8.1.10) follows from (8.1.9). O

PROPOSITION 8.9. Letr,s,t be real numbers with 2 < s+1 <r andt > 0.
Let U : CYI,I) — C*(I,I) be a C* operator. Then for each ¢ € C"(I) and
each ¢ € C'(I1,1) there exists a function oy : RY — R with oy(h)/h — 0 as
h — 0, varying continuously with 1), such that for all v € CY(I) with ) +v €
CYI,1),

(8.1.11) |lpoU(y +v) —¢oU(y) — ¢ oU(¥) - DU(y)v|

ce Sou(lvllcr) -

Proof. As before, we denote by K1, Ko, ... positive constants that depend
only on ||¢||ct. We have that

poU(p+v)—¢poU()—¢ oU(y) - DU(Yp)v=A+B
where

A=¢oU(+v)—¢oU) —¢ oUW) (U +v)-U¥)) ,
B=¢'oU®) (U +v)-U¥)—DU)o) .

Since U is C?, there exists a continuous function vy, : RT™ — RT with vy (h)/h
— 0 as h — 0, varying continuously with v, such that

IU(% +0) =UW) = DUW)vl g < wy([vller) -

Hence, applying Proposition 8.6 with f = ¢ and g = U(¢) and v replaced by
U +v) —U(), we get

| Alle: < Kallglle (I +v) = U@)[lo)'
< Ks|lgllor (IDU@)IM[ollE?)

and

[Blles < Kallgllcrvp(lvlice)

where K3 = K3 (|U(¥)llc:, [DU @), vy) and Ky = Kz ([U(¥)[|lc). There-
fore,

1A+ Blie- < Ksllglle- vl + Kalléllo-vu(llvlle:) -

This completes the proof. O
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COROLLARY 8.10. Let r,s,t be real numbers with r —1 > s > 1 and
0<t<r andletU:C*I,I) — C5(I,I) be a C' operator. For each positive
integer n the operator Vy, : C"(I, 1) — C*(I) given by Vo, (f) = (f™) o U(f) is
differentiable at every g € C™Y(I1,1) C C"(I, 1), and as a map from C™1(I,1)
into L(C"(I),C*(I)), the derivative operator g — DV, (g) is continuous.

Proof. First note that by the chain rule,
n—1 n—1
Valf)=TL 1 o (£ o) = [T £ oUs(s) -
j=0 j=0

This reduces the problem to the case n = 1. We claim that the linear operator
L(v) =v'oU(g) + 4" o Ulg) - DU(g)v
is the derivative of V4 at g € C""1(I,I). Indeed, we have
Vi(g+v) =Vi(g) — L(v)= A+ B,
where

A=g'oU(g+v)—g'oU(g) —g"oU(g) - DU(g)v
B=voU(g+v)—1v"0oU(g) .

By Proposition 8.9 applied to ¢ = ¢’ and ¢ = g, there exists K1 = K1(]|g||cr+1)
such that
[Allg- < Kioy([lvller)

where oy, : RT — R7 is a continuous function varying continuously with ¢ such
that oy (h)/h — 0 as h — 0. On the other hand, by part (i) of Proposition 8.4
and since U is C!, we have

1Bllg- < Kaljvlle-[U(g +v) = Ulg)lle-
< K3 (loller)™

where 0 < ¢ = min{l — {s},r — s} < 1, Ko = Ks(||[U(9)||c:) and K3 =
K3(||U(g)llcs, [|1PU(g)l; o (||vllcr)). Combining these inequalities, we deduce
that V; is differentiable at g and DVi(g) = L as claimed. It is clear from the
expression defining it that L varies continuously with g € C"*1(1,T). O

8.2. Checking properties B2 and B3. We now proceed to verify that the
operator T satisfies properties B2 and B3 of robustness. They will follow
respectively from Lemmas 8.12 and 8.13. First it is necessary to analyze the
behavior of the linear scaling used in such operators. Let us fix a positive
integer p and for each f € C"(1,I) let Ay be the linear map x — Arx, where

Ap = 17(0).
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LEMMA 8.11. For r > 2, the maps A : C"(I,I) — L(R,R) given by
A(f) = Ap and X : C"(I1,I) — R given by A(f) = As are both C1*0 for some
0<60=0(r,s) <1l. In particular, there is K = K(p,||f|lc-) > 0 such that for
allv e C"(I) with ||v||cr <1 and f+v e C"(I,1),

(8:2.1) IS +0) = A(f) = DA(f)eller < Kloligr” -

The above inequality also holds when X is replaced by A.

Proof. Choosing 1 < s < r — 1, we see that A = F o ), where @, :
C"(I,I) — C*(1,1I) is the operator Q,(f) = f?, which is C'1? for some 0 <
0 =0(r,s) <1, and E : C°(I,I) — R is the evaluation map E(g) = ¢(0),
which is linear. Therefore, by Corollary 8.8, A is C'*% and (8.2.1) follows from
(8.1.10) and the linearity of E. The proof for A is entirely analogous. O

We will also need to use the operators U, : C"(I,I) — C*(I) given by
Un(f) = f" oAy for all n > 0.

Property B2 for the operator 1" is a consequence of the following lemma
(the first assertion in B2 is actually a consequence of Lemma 8.14 below).

LEMMA 8.12. For 2 < s+ 1 < r and for each n > 0, the operator U, :
Cr(I,I) — C*(I) is C'*Y for some 0 < 6 = O(r,s) < 1. In particular, T™ :

Qr, — U is also a C'Y operator.

Proof. This follows at once from Lemma 8.11 and Corollary 8.8 applied
to U = A. O

The following lemma is all we need to verify property B3 for the oper-
ator T. In this case g is a map in the limit set K of T, hence analytic, and
v = uy is a tangent vector to the unstable manifold of g, which is analytic as
well.

LEMMA 8.13. For 2 < s+ 1 < r, the map O], — U® given by f —
DT™(f)v is differentiable at f = g € K. Furthermore, for every m > 1
there exist Cy, > 1 and vy, > 0 such that for each g € K and f € O], with
lf —gllcr < vm and all v € A™ with ||v|jcr =1,

(8.2.2) IDT™(f)v — DT™(g)vllcs < Cullf — gl

cr .

Proof. Let E : C*(1,I) — R be the evaluation map E(g) = ¢g(0), which is
linear. Recall that the derivative of T™ is given by the expression
1
(8:23) DT™(f)o = 5= 3 (P) o Upy(1) w0 Uy (1)
=0

p—1

i () =T )Y E () 0 Uy 5(6) - B (wo Uy 51(£)

f j=0
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where Ay = F o fP and id : R — R is the identity map. Each term of the
first summation in (8.2.3) is differentiable at f = g. To see this apply Lemma
8.12 and Corollary 8.10 to each of the operators f — (f7) o U,—;(f) as well as
Proposition 8.6 to each of the operators f — v o Up_;(f). On the other hand,
each term of the second summation in (8.2.3) equals the corresponding term
in the first summation post-composed with the evaluation map E (which is
linear), and is therefore differentiable at f = g. The analysis of the expression
in square brackets in (8.2.3) is similar. By Lemma 8.11 and Corollary 8.10, the
operator f — T™(f) = (fP) o Ay is differentiable at f = g, and the operator
f—=T"(f) = Af - fP o Ay is also differentiable at f = ¢g by Lemma 8.11
and Corollary 8.8. From this fact and compactness of K the inequality (8.2.2)
follows. O

8.3. Checking property B4. The fifth property is verified in Lemma 8.16
below. First we will need to prove the following two lemmas about the opera-
tors U; : C*T1Te(1,1) — C*(I) with ¢t > 1. Recall that U;(f) = f"o Ay.

LEMMA 8.14. For every f € C*1*(I1 1) and all v € CY(I) with small
norm and such that f +v € C'(I,1),

[Ui(f +v) = Ui(fller < Kllv]lcr
for all 0 <i <p where K = K (p, || f||ct+1+¢).
Proof. Note that
Uit1(f +v) = Uip1(f) = f o Ui(f +v) = foUi(f) +vo Ui(f +v) .
By Proposition 8.6, there is K1 = Kj (p, || f||¢t+1+<) such that
[Uis1(f +v) = Ui (f)llor < KallUi(f +v) = Ui(f)ller + [lv o Ui(f + )l
The required estimate now follows by induction, because Uy is C*. O

LEMMA 8.15. For every f € CY'*e(I,1) and all v € CYFe(I) with
small norm and such that f +v € C*H¥e(1, 1),

|Ui(f +v) = Ui(f) = DU(f)vllce < Kot
for all0 <i <p, for some 0 <0 =0(t,e) <1 and K = K(p,||f|lct) > 0.
Proof. In this proof we denote by Ki, Ko, ... the positive constants de-
pending only on m and [|U;(f)||¢t+1+-. Again we use induction; the case i = 0

follows from the differentiability of the scaling f — Ay and inequality (8.2.1).
We have

Uip1(f +v) = Uia(f) = DU (flv=A+ B+ C
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where

A=foUi(f+v) = foUlf) — foUif) - Uif +v) = Ui(f)) ,
B=f"oU(f)- (Ui(f +v) = Ui(f) — DU(f)v) ,
C=volUi(f+v)—volUf) .

By Proposition 8.6,
lAlle: < Ka|lUi(f +v) = Ti( )16
Using Lemma 8.14, we get
Al < Kool .

On the other hand, since v is C*t11¢/2 we know again from Proposition 8.6
that

ICllee < Ksl|vllgerreer [Ui(f +0) = Ui(f)ller < Kallvllgroreera[|vflce -

Since v has bounded C**'*¢ norm, by an interpolation of norms, we have
[v]| gesrerz < K5”UH%t for some 67 > 0. Therefore, taking §# = min{e, 0;} we
get

ICller < Kool ch

This allows the induction as desired. O

Property B4 for the operator T is a direct consequence of the following
lemma.

LEMMA 8.16. For every f € QT and all v € AST1H with small norm
such that f +v € Qst1+e

IT(f +v) = T(f) = DT(f)(v)llc= < Kllvll ™,
for some 0 <7 =7(s,e) <1 and K(p, | f]|

Cs+1+s) > 0.

Proof. In this proof we denote by Ki, Ko,... the positive constants de-
pending only on m and ||U;(f)||c-. Start, observing that since T'(f) = )\le

- Up(f),
T(f +v) —T(f) — DT(flv=A+ B+C

where
A=271- (Up(f +0) = Up(f) = DUp(f)v)
B= (05, = A = DASI(0)) - Up(f +0)
C= DA ) (Uy(f +0) = () -
Applying Lemma 8.15 with t = s we get

HA‘ 1464

ce = Killvllg:™
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for some 0 < 6; = 01(s,e) < 1. By Lemma 8.11 there is 0 < 2 = {s} < 1 such
that
I1Bllc < Kollol|gt -

By Lemma 8.14, we have ||U,(f +v) — Up(f)|

c: < K3llv||¢s and so
ICllc- < Kallol&. -
Therefore, it is enough to take 7 = min{6;, 62 }. O

8.4. Checking properties B5 and B6. We now move on to the task of
proving that the operator T = RN of Theorem 2.4 satisfies properties B5 and
B6 in the definition of robustness. Unlike the previous ones, the verification
of these (last) two properties depends upon the geometry of the post-critical
sets of maps near in A to the limit set K of 7. The estimates performed here
are the most delicate, and involve the results of §5.2.

Recall that T™ is well-defined on an open set Q,, in the Banach space
A = Agq, (see §3), which contains K. We shall denote the renormalization
intervals Agmn, AimN, --., Apmn simply by A; = A~ (this shortened
notation should cause no harm, because NV is fixed since Theorem 2.4, and m
will be fixed in the particular estimates involving these intervals).

We can write the derivative of T™ in the following form

p—1 p—1
DT™(f)o = A(f) Y Bi(f)-Ci(f) + A(f) - D(f)Y_ Eo Bj(f) - Eo Ci(f)
j=0 Jj=0

where E is the evaluation map and

A(f)y =), Bi(f) = () o Upi(f)
Ci(f) =voUpja(f),  D(f)=id-(f7) o Us(f) — A Up(f) -

To carry out our estimates for 7™, we shall use the operators U; : f —
fio Ay (i > 0). Note that Uy(f) = Ay, hence Up is C! in whichever space
C"(I,I) we work in, because the scaling f — Ay is C! by Lemma 8.11.

First we need some estimates for U;. It is clear that |U;(f)||co < 1 always,
but more is true.

LEMMA 8.17. There exists C > 0 with the following property. For every
m > 0, there exists an open neigbourhood O, C On, of K such that for all

f e Oma
| Ao
[Ap—jl

for all 0 < j <p— 1. Furthermore, ||U;(f) ||co < C|A;], for all 0 <i < p.

1Bj(Hllce < C

Proof. Use bounded distortion and the real bounds (see §5.2). O
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LEMMA 8.18. For all f € Oy, and all v € A" with small norm,
1Ui(f +v) = Ui(H)ller < Kllvller
for all 0 <i <p, where K = K(m) > 0.

Proof. This lemma follows from Lemma 8.14. O

Next, we show an essential result to prove that the renormalization oper-
ator satisfies properties B5 and B6. Here, we use again in a crucial way the
geometric properties of the postcritical set of f € Q,, proved in Section 5.

PROPOSITION 8.19. (i) For everyt > 2 which is not an integer there exist
0 <p<1andC >0 with the following property. For every g € K and for
every m > 0, there is an n > 0 such that for all f € Oy, with ||f —glla <n
and for all w € A" with |Jw||ce < n,

p—1

(8.4.1) A S B (G +w) = ()| < Cumoller -
J=0 o

(ii) For every pu > 1 close to one, there is s < 2 close to two and C > 0
with the following property: for every g € K and for every m, there is ann > 0
such that for all f € Qy, with ||f —glla < n and for all w € At with ||w|ce <7,

the inequality (8.4.1) above is also satisfied.

Proof. Below, the positive constants ¢y, co, ... depend only on ¢ (and the
real bounds), while the positive constants Ky, K1, Ks,... may depend also
on m.

Let k£ and 0 < a < 1 be respectively the integer and the fractional part of
t (when t = k + Lip, take o = 1). We start observing that for each 7,

(8.4.2)
1B (f) (Ci(f + w) = Ci(NNlce <I1Bij (Nl 1C5(f +w) = C5(f)lle
+Kol|Bi (Nl |C5(f +w) = C(f)llex -
Note that on the right-hand side of (8.4.2) only the second term carries a
constant Ky. By Lemma 8.17, there is ¢; > 0 such that for every integer

m there is an open neighbourhood O,, of K with the property that for each
f € O, we have

A
(8.4.3) 1Bj(f)llce < 1 ‘A 0" :
| Ap—j]

In that neighborhood, we also have ||B;(f)||c: < Ki. By Proposition 8.4 and
Lemma 8.18, taking 0 < € < 1 such that o — e > 0, we obtain
84.4) |C;(f +w) = Cj(f)ller <NC5(f +w) = Cj(f)lloe—

< Kallvllo|Up—j—1(f +w) = Up—j—1(f)llce

< Ksllolleeflwlle. -
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On the other hand, putting together Proposition 8.4 with Lemma 8.17 and
with Lemma 8.18, we get

(84.5) [IC5(f +w) = Cj(Hller < eallUp—jr(F) o vl
+ Kal|Up—j—1(f +w0) = Up—j1(f)l[ce[vll e
<es|Bp—jalvllor + Ksllwleelvllor -
The first term on the last line of (8.4.5) looks a bit dangerous. What saves
us here is the geometric control on the post-critical set of f (hence on the
intervals A;) that we have had at our disposal since §5.2. Substituting (8.4.3),

(8.4.4) and (8.4.5) in (8.4.2) and adding up the terms with j =0,...,p—1 we
arrive at

p—1
AN D Bi(H(Ci(f +w) = Cy(f))
j=0 Ct
1R [Aof - Ayt .
< ¢y Al ;) A, + Ks|lwllee ¢ [Jv]ler -

But as we have seen in §5.2:

(i) By Proposition 5.5 and Remark 5.1, if ¢ > 2 there exist 0 < v < 1 and
C > 0 with the following property. For every g € K and every m > 0,
there exists an > 0 such that for all f € O, with || f —g||a < 1 we have

a = [AVEST I T

(ii) By Propostion 5.8 and Remark 5.1, for every v > 1 close to one, there
exists t < 2 close to two and C > 0 with the following property. For every
g € K and every m > 0, there exists n > 0 such that for all f € O, with
|f — glla < n we have that the inequality (8.4.6) above is also satisfied.

These last estimates end the proof of this proposition, provided p = "~ and
n < umE. O
We arrive at last to the two main results of this section.
THEOREM 8.20. (i) Ift > 2 is not an integer, there exist 0 < p < 1 and
C > 0 with the following property. For every g € K and for every m > 0, there
is an 1 > 0 such that for all f € Oy, with |f — glla < n and for all w € Al
with [[wllce <,

(8.4.7) |DT™(f +w)o — DT™(f)v]lex < Cu™ o]l -

(ii) For every u > 1 close to one, there exist t < 2 close to 2 and C > 0
with the following property. For every g € K and every m > 0, there exists
n > 0 such that for all f € O, with |f — glla < 1 and all w € At with
|lwl|ct < n, the inequality (8.4.7) above is also satisfied.
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Part (ii) of this theorem with ¢ = s implies property B5 and part (i) is
used later (for t = r) to prove property B6.

Proof. In this proof the positive constants Ki, Ko,... depend only on
r and Q,, and also on m. Let E : C*(I,I) — R be the evaluation map
E(f) = f(0), which is linear, and let U,, : C*(I,I) — C*(I) be as before. Let
us write DT™(f + w)v — DT™(f)(v) = E1 + Es + Es + E4 + E5 + Eg + Er,
where

p—1
Er=(A(f +w) = A(f) Y Bi(f +w) - Ci(f +w)
j=0
p—1
Ey=A(f) ) (Bj(f +w)— Bi(f)) - Ci(f +w) ,
§=0
p—1
Es=A(f) ) B;(f) - (C;(f +w) = C;(f)) ,
j=0
p—1
Ey=(A(f +w) — A(f))  D(f +w) Y _EoBj(f+w) EoCi(f+w),
j=0
p—1
Es=A(f)- (D(f +w) = D(f)) Y EoBj(f +w)- EoCj(f +w),
=0
p—1
Es=A(f)-D(f) ) _(EoBj(f+w)—(EoBj(f)) EoCi(f +w),
§=0
p—1
Er=A(f)-D(f) ) _EoBj(f) (EoCi(f+w)—EoC;(f)) .
§=0
By Lemma 8.11,
(8.4.8) A(f +w) = AP = PAprw = A Yo < Kallwller -
Hence,
[E1]lce < Kallwllcelvller and  [|Edfler < Kal|w][clvfler -

By Proposition 8.6 and Lemma 8.18, we obtain
(8.4.9)  |B;(f +w) = Bij(f)llcr < Kal|lUp—;(f +w) = Up—j(f)llc*
S K5H’U}H0t .
Since FE is a bounded linear operator, from the last inequality, we obtain
[Ez2llce < Kellwlleel[vloe and  [[Eellce < Krllwl|ce[lvflcr -
Taking j = p in (8.4.9), we get
1Bp(f +w) — Bp(f)ller < Kslwllee
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By Lemma 8.18 and by (8.4.8), we get

H/\erw : Up(f + w) - )‘f : Up(f)HC’t < K9HwHCt .

Combining the last two inequalities, we get || Es||ct < Kiol|w||ct||v]ct -

Let k and 0 < a < 1 be the integer and the fractional part of ¢, and let
0 < & < 1 be such that & — e > 0. From inequality (8.4.4), and since F is a
bounded linear operator, we get

[E(C5(f +w)) = E(C;(N) | < Kulwlellvller -

Thus, || E7|c: < Ki2||lw||Ge||v]|ct . The only thing left to do is to bound || E3]|c+,
and this follows at once from Proposition 8.19. O

THEOREM 8.21. If r > 2 is not an integer, there exist 0 < p < 1 and
C > 0 with the following property. For every g € K and for every m > 0, there
is ann > 0 such that for all f € Oy, with || f —glla < n and for allv € A" with
[oller <,
(8.4.10) [T (f +v) =T™(f) = DT™(f)vllor < Cp™[|v]lc- -

This theorem together with Theorem 8.20 (i) for ¢ = r imply that the
renormalization operator satisfies property B6.

Proof. In this proof the constants 6,601, 60>, ... are greater than zero and
smaller than one and just depend upon r. The positive constants ¢, ¢y, ca, ...
depend only on r and Q,,, and the positive constants K, K1, Ko, ... depend
also on m. Start by observing that since T™(f) = )\;1 - Up(f), we have
T(f +v) =T"(f) — DT™(f)v = A+ B + C, where

A:)‘fl (Up(f +v) = Up(f) = DU(f)v)
B=(\fl, = A7t = DA ) - Up(f +0)
C'=DX; (v) - (Up(f +0) = Up(f)) -

By Lemma 8.11, we have that f — )\]71 is C! and that there is #; such that

IBllor < Kol 5% Since [U(f +v) — Up(Pllor < Kallollor, we have also
|Cller < Ks|lv||Z.. Hence inequality (8.4.10) will be established if we prove
the following claim.

CrAamm.  Ifr > 2 there exist 0 < pu < 1 and ¢ > 0 with the following
property: for every g € K and for every m, there is an n > 0 such that for all
f €Oy with ||f — glla <n and for all v € A" with ||v||cr < n we have

(8.4.11) 1Up(f + ) = Up(f) = DU(Peller < exa™ Al ol -

To prove this claim, we will proceed recursively. Let us write for i =

0,---,]7,
R; = Ui(f +v) = Ui(f) = DUi(f)v .
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Note that R;y1 = F; + F; + f/ o Uz(f) - R;, where
Ei=foU(f+v) = foUlf) = f o Ulf) - (Ui(f +v) = Ui(f)) ,
Fi=voU(f+v)—voUlf) .

Thus, working recursively from these expressions, we get

p—1
Ry, =Ry -Gp+ Z(Ez “Gpeim1+ Fy - Gpiz1)
i=0

where Gp_i—1 = (fP~"1) o Uiy1(f) and Ry = Ay — Ay — DAf(v). Since
f € Oy, by Proposition 8.6 and Lemma 8.18, we get

|Eillor < Kal|Ui(f +0) = U ()| 5% < Ks|Jol| 5%

for 0o = 1 — {r}. Therefore, Zf;& E;- Gp,i,lHC < KGHUH};G"‘. By Lemma

8.11, there is 03 such that |[Rollcr < Kr|v||5t%. Hence, |Ro - Gpller <
KgHUHlo—t93. Finally, by Proposition 8.19, there exists 64 > 0 such that

p—1
Z F;-Gp—i—1
=0

This proves our original claim. O

0
< Kololl 65" + cap™ Mg llv]|c- -

Cr

8.5.  Proof of Theorem 8.1. All the pieces of the puzzle may now be
put together. We want to check the robustness of T relative to the spaces
A=A, B=A" C=A%and D = A’. By Theorem 5.1, the pair (A7, A°)
is py-compatible with (T',K) and py < A for v sufficiently close to 2 and is
1-compatible for v > 2. Hence property B1 is satisfied because s > sg with
so < 2closeto2and r > s+1 > 2. Since r > s+ 1, we know from Lemma 8.12
that T satisfies property B2. It also satisfies property B3 by Lemma 8.13, and
property B4 by Lemma 8.16. Finally, T satisfies property B5 by Theorem 8.20,
and property B6 by Theorem 8.21. Therefore the renormalization operator T
is indeed robust with respect to (A", A%, A?).

8.6. Proof of the hyperbolic picture. Having established that the renor-
malization operator 1 is robust, we are now ready to show that the hyperbolic
picture holds true for T" acting on each of the spaces U" and V".

8.6.1. Proof of Theorem 2.5. We divide the proof of Theorem 2.5 into two
cases: (i) r is not an integer (including the Lipschitz case r = k + Lip), and
(ii) » = k is an integer.

Proof of case (i). Putting together Theorem 6.1 with Theorem 8.1 we
deduce all the assertions of Theorem 2.5 except the fact that the holonomies
are C'1P for some B > 0. This last fact follows if we combine Theorem 7.1
with Example 7.1.
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Proof of case (ii). To prove this case, let us consider the Banach space
AF~=1+LiP - Note that the natural inclusion i : AF — AF1HLP i an isometric
embedding. Indeed, for all v € A* we have ||v||c+ = ||v||, by the mean-value
theorem. Applying case (i) to A¥~1TLP  we see that for every g € K the
local stable set WEF 1P () is a codimension-one C' Banach submanifold of
AF=1HLIP Tp fact, there exists a C! function ® : Oy — R, where Oy C Ak~ 1+Lip

is an open set containing g, such that 0 € R is a regular value for ®, with
71(0) = Oy NIWSHHHiR(g)

and such that D®(g)u, # 0. Let O = i"1(Op) C A*. Then O; is open and
®oi: 0 — Ris Cl Since u, € AF and D(® 0i)(g)u, = D®(g)u, # 0, it
follows that 0 € R is a regular value for ® o4 at g. Hence, by the implicit
function theorem,

O1NWH(g) = O NWEF 1P (g) = O N (@ 0d)7(0)

is a C!, codimension-one Banach submanifold of A*. Since by case (i) the
local stable manifolds in A*~1*LP form a continuous lamination, we deduce
that the same is true for the local stable manifolds in A, because i is an
isometric embedding. Finally, if F' is a C? ordered transversal (in the sense of
§7) to the stable lamination in U, then i o F is a C? ordered transversal to
the stable lamination in A*=1*1P and therefore by case (i) its holonomy in
UF—14LiP js €149 for some 6 > 0. But then it follows that the holonomy of the
transversal F' in U* is C1*7 also.

8.6.2. Proof of Corollary 2.6. A similar argument to the one used in the
proof of Theorem 2.5 can be used here. The map i is replaced throughout by
the inclusion j : B” — A", which is a bounded linear operator (see §2.1). Hence
the pre-images by j of the local stable leaves in U” are C'' manifolds and form
a C° lamination in V”. Using [24] (see Remark 9.1 below), we see that the
leaves of such a lamination contain the local stable sets of each g € K in V",

9. Global stable manifolds and one-parameter families

In this section, we prove Theorem 2.7. The first part will follow from
Theorem 9.1 and the second part will follow from Theorem 9.2.

9.1. The global stable manifolds of renormalization. In this section we
construct the global stable manifolds of the renormalization operator 7" in V",
for all r sufficiently large.

Let g be an element of the (bounded-type) invariant set K of 7. Recall
that the global stable set W*"(g) of g € V" is given by

W (g) = {f € V" |T7(f) — T"(g)|

cr — 0 when n — oo} .
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From Corollary 2.6, we know that the convergence is exponential, and the
exponential rate of convergence is independent of f and g, provided r > 2 + «
with 0 < a < 1 close to one.

THEOREM 9.1. For every r > 3+« with a < 1 sufficiently close to 1, and

every g € K, the global stable set W*"(g) is an immersed, codimension one C!
Banach submanifold of V".

Remark 9.1. By [24], if the invariant set K of the renormalization operator
is of bounded type then for every r > 3 and every g € K we have that W*"(g)
coincides with the set of all maps f € V" with the same combinatorial type
of g.

Proof. We already know that the local stable sets are C! submanifolds.
The idea is to pull-back such a manifold structure by T using the implicit
function theorem. More precisely, by Corollary 2.6 there exist £, 3 > 0 so small
that W10 (g) is a codimension one C'' Banach submanifold of V"~1=# for
all g € K. We may assume that ¢ > 0 is so small that the vector uy is
transversal to the local stable set W¢ r=1=0 (g) at each one of its points.

Now fix g € K and let f € W*"(g). There exists N = N(f) > 0 so large
that

TV(f) € W2 (TN (9)) € W™ 2(TN(g)) -

Since v = upn(y) is transversal at TV (f) to WEP(TN(g)), There exist a
small open set Qg C V" =17 containing 7V (f) and a C! function ® : Qg — R
such that ®~1(0) = W2 (TN (g)) c Qp for which 0 € R is a regular
value and D®(T™N(f))v # 0. The operator TV is C! as a map from V" into
Vr=1=F. Let @; C V" be an open set containing f such that 77V (01) C Q.
We want to show that 0 € R is a regular value for ® o TV : @; — R. Defining
Fy = TN(f)+tv (for |t| small), we get a C'* family {F}} of maps in V" which is
transversal to WS (TN (g)) at Fy = TN (f). Now, we have the following
claim.

Claim. There exists a C' family {f;} with f, € V" such that for all small
t we have TN (f;) = F;.

Let us assume this claim for a moment. Setting

d

w = a —o ft )
we obtain that
D(® o TN)(f)w = D®(Fy)v #0 .

Therefore, ® o TV is a C! local submersion at f. By the implicit function
theorem (® o T%)71(0) is a codimension one, C! Banach submanifold of Q;
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(or V7). Furthermore, if h € (® o TN)=1(0) then TV (h) € W21 "P(TN(g)),
and so h belongs to the global stable set W*"~1=8(g). Using [24] (see Remark
9.1), we deduce that h belongs in fact to W*"(g). This proves that W*"(g) is
an immersed C! manifold as asserted.

It remains to prove the claim. We first note that F; = h; o Fy where each
hye € C™(I,1) is a O™ diffeomorphism of I = [~1,1]. Since TV (f) = Fp, there
exist p > 0 and closed, pairwise disjoint intervals 0 € Ag, Aq,..., A, 1 C T
with f(A;) € Ajyq for 0 <i<p—1and f(A,—1) € Ay, such that

Fy=TV(f) = A7 o fPoAs

where Ay : I — Ay is the map = — fP(0)x. Let he : Ag — Ay be the C7
diffeomorphism given by h; = A fohgo A;l. Consider a C" extension of h; to
a diffeomorphism H; : I — I with the property that H;|A; is the identity for
all i # 0. Then let f; € V" be the map f; = H; o f. Note that f/(0) = f(0)
for all 0 < i < p, that f; is N-times renormalizable (under T') and that

TV(f)=A7 o f o A
:Afo(Htof)\Apfl o(Hyo f)|a, ,0 -0 (Hiof)|a, oAy
=7t oRio ffohy = AT oApohio (A7 o fPoAy)
=hioFp=Fy,
which proves the claim. O

9.2. One-parameter families. A one-parameter family of maps is a map
¥ :[0,1] x I — I (where I = [—1,1] is the phase space) such that ¢, = (¢, ")
belongs to V" for all t € [0,1]. If ¢ is a C* map, then we say that 1 is a C*
family (of C" unimodal maps). We often identify the family ¢ with the curve
{t+}o<t<1 of unimodal maps in V". We shall denote by UF k the space of all
C* families with the C* topology (UF* is a subset of C*([0,1] x I)).

We say that two families are C't equivalent if there exists a diffeomor-
phism from one into the other which sends each infinitely renormalizable map
(with a fixed bounded combinatorial type) to a map with the same combina-
torics. We are now in a position to state the result we have in mind.

THEOREM 9.2. Letr > 3 + « with a > 0 close to 1, and let 2 < k < r.
There exists an open and dense subset O CUF® of one-parameter C* families
of C™ unimodal maps having the following properties:

(i) Every family ¢ € O intersects the global stable lamination L° of renor-
malization transversally.

(ii) For every € O, there exist 0 =ty < t1 < --- < t,, = 1 such that for each
i=0,1,...,n—1 the sub-arc {1; : t; <t < t;11} is OB diffeomorphic,
via a holonomy-preserving diffeomorphism, to a corresponding sub-arc in
the quadratic family. Here 3 > 0 is as given in Corollary 2.6.
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The proof will require a few lemmas. The first lemma says that every C*
family can be approximated (in the C* sense) by a real analytic family.

LEMMA 9.3. If ¢ € UFF, then for each € > 0 there exists a real analytic
family f € UF* such that ||[¢ — fllox(o1)xr) < €-

Proof. Write each v; € V" as h; o q, where g(z) = 22 and h; is a diffeo-
morphism, and consider the C* map h : [0,1] x I — I given by h(t,z) = hy(z),
a CF family of C" diffeomorphisms. To approximate h by a real analytic
family of diffeomorphisms, consider the convolution of h with the heat kernel
k(t,z,e) = e~ (*+2°)/4= for ¢ > 0 sufficiently small (see [1]). O

Given this “denseness” result, the idea will be to show that arbitrarily close
to an f as in Lemma 9.3 we can find a C* family which is also transversal to the
global stable lamination £° of renormalization, by some kind of perturbation
argument, to eliminate possible tangencies between {f;} and £°.

We will reduce our problem to the following general result about lamina-
tions with complex analytic leaves, whose elegant proof is due to Douady.

LEMMA 9.4. Let £ C C2 be a CV lamination whose leaves are complex
one-manifolds, and let F' : D — C be a holomorphic function whose graph is
tangent of finite order at (0,F(0)) to a leaf Lo € L. Then the tangency is
isolated: there exists a neighborhood of (0, F(0)) in C? on which every other
intersection of the graph of F with the leaves of L is a transversal intersection.

Proof. Using a suitable chart, we may assume that the leaf Ly is the
horizontal plane w = 0 in C?, and that the other leaves of £ in that chart are
the graphs of holomorphic functions ¢,, : D — C (with ¢,(0) = u € D, where
D C C is some open disk around zero, and ¢ = 0).

Since £ is a C° lamination, ¢, converges to 0 uniformly in D as u tends
to 0. Hence, for |p| small enough, we have ¢, (D) C D. Moreover, ¢,(z) # 0
for all z € D (leaves cannot intersect), so in fact ¢, (D) C D*.

Now, we have F(0) = F'(0) = --- = F=1(0) = 0 # F®)(0), for some
k > 2. Composing the chart with a bi-holomorphic map if necessary, we may
therefore assume that F(z) = 2*.

Let us fix p € D\ {0} and suppose that zg € D is such that ¢,(z0) =
F(zp). We assume that |z9] < 1/2 (taking |p| small enough). To show that
this intersection between ¢, and F' is transversal, it suffices to show that
¢, (20) # F'(20). But, by Schwarz’s Lemma, the derivative ¢/ (z9) measured
with respect to the Poincaré metrics of domain ID and range D* must be less
than or equal to 1, that is to say

EASIICETS
u(z0)10g (leu(zo)l )

H‘P;L(ZO)HP =
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Thus, A
[ (z0)| < Shlzol Log (Jzo] ") -

On the other hand,
‘F/(Z())} = k‘|2’0‘k71 .

This shows that ‘gph(zo)‘ /|F'(20)| converges to 0 as p tends to 0, whence
¢, (20) # F'(20) for all sufficiently small |u|. Therefore (0, F'(0)) is an isolated
tangency as claimed. O

We may now state and prove the result on laminations with real analytic
leaves which is needed for the proof of Theorem 9.2.

LEMMA 9.5. Let F C [a,b] x R be a C° foliation whose leaves are the
graphs of real analytic functions ¢, : [a,b] — R with, say, ¢,(a) = p € [0,1].
Let L C F be a sub-lamination which is transversally totally disconnected (i.e.
Ko ={p€10,1] : gr(pu) C L} is a totally disconnected set). If F': [a,b] — R
is a real analytic function whose graph is not a leaf, then

(i) gr(F) is tangent to F at only finitely many points;

(ii) for alle > 0 and all k > 0, there exists a real analytic G : [a,b] — R such
that ||F' — G|lcx < € and all tangencies of gr(G) with F belong to F \ L;
in particular, gr(G) is transversal to L.

Proof. (i) Complexifying F (i.e. the leaves ¢,) as well as F, we put
ourselves in the situation of Lemma 9.4. All tangencies are therefore isolated,
and since [a, b] is compact, there are only finitely many such, say at x; € [a, b],
i=1,2,...,n.

(ii) Let d; be the order of tangency of F' with F at (z;, F(x;)). Then for
every real analytic G sufficiently close to F' in the C* topology with k large (k >
> iy d; will do), the number n(G) of tangencies of gr(G) with F — not counting
multiplicies — is bounded by Y ; d;. Hence we can find Gy : [a,b] — R real
analytic with ||F'— Ggl|cx < /2 such that n(Gp) is maximal. All tangencies of
Go with F must be first-order tangencies (d; = 1). Indeed, if, say, d; > 1, then
adding a suitable polynomial with small C* norm to G, vanishing of very high
order at 2,3, ..., Zy(q,), We could unfold the tangency at x1 to produce a
new real analytic G with n(G) > n(Gp). Now we may consider G : [a,b] — R
given by Gi(x) = Go(z) +t for |t| < €/2. Since first-order tangencies are
persistent, each tangency (z;, Go(z;)) of Gy with F generates a continuous,
nonconstant path (z;(t), G(7i(t))) € gr(pu, ) of (first-order) tangencies of
Gy with F. Each function ¢ — p;(t), ¢ = 1,2,...,n(Gp), is continuous and
nonconstant. Since K is totally disconnected, there exists ¢ (with [t| < £/2)
such that p;(t) € [0,1] \ Ko for all . Therefore, all tangencies of G; with F
fall in F \ £, whence G; is transversal to L. O
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Proof of Theorem 9.2. Both properties (i) and (ii) are easily seen to be
open, hence we concentrate on proving that they are dense. Let € > 0.

Take any family ¢ € UF*. By Lemma 9.3, there exists a real analytic
family f € UF¥ whose C* distance from ) is less than £/2. The corresponding
curve { f;} in V" may fail to be transversal to the global stable lamination £*, so
let us show how to perturb it locally to get a transversal family. Let ¢y € [0, 1]
be such that f;, € £° (and {f:} is tangent to £° at f,). Since f;, is infinitely
renormalizable and real analytic, there exists N > 0 such that RV (f;,) € Aq,
(where a > 0 is the constant in Theorem 2.4). Let J C [0,1] be an interval
containing ¢y such that R (f;) is well-defined and belongs to Aq, for all t € J.
We restrict our attention to the sub-family { f;}:cs from now on.

First we embed {f;}1cs in a two-parameter family in the following way.
Note that each f; belongs to Aq_ for some (fixed) @ > 0. As a map from (an
open subset of) Ag_ into Ag_, RV is a real analytic operator.

CrLAamM.  There exist analytic vectors v € Aq, and w € Aq, with the
property that DRY (fi,)v = w and w is transversal to L3 = L5 N Aq, at
RN (fu,) € L3

To see this, take any wy € Agq, transversal to the (co-dimension one)
lamination £ at RV (f,,). The same construction used in the proof of Theorem
9.1 yields a C* vector vg at f;, such that DRY(f;,)vo = wo. Now approximate
vo by an analytic vector v € Aqg_ (in the C™ sense for m > r). Then w =
DRN (fo)v will still be transversal to £5. Shrinking .J if necessary, we may
in fact assume that DR™(f;)v is transversal to £ for all ¢ € J. Hence, we
consider the two-parameter family of maps f; s € Aq, given by f; s = fi + sv
with ¢ € J and |s| < § with § small. Now,

W ={fis: teJ, sc[-60}=Jx[-603 CR?,

and RN|W : W — Agq, is an injective, real analytic map. Recall now that in
Agq, we have a C° foliation F with real analytic leaves (coming from hybrid
classes, c¢f. §3) and that £ C F is the sub-lamination corresponding to the
stable leaves of renormalization, which is transversally totally disconnected.
Taking Fiw = R™N(F) € W and £, = R~N(£5) € W and noting that
DRN(f, s)v = w is transversal to £ for all t € J, s € [~6, 6] (making § smaller
if necessary) we deduce that Fyy is a C? foliation (in W) by real analytic curves,
and Lj;, € Fw is a sub-lamination. Therefore we can apply Lemma 9.5 to this
situation (with F = Fw and £ = Lj,), obtaining a new analytic curve {g; }scs
with || fi — gellor < €/2, transversal to L5 in W, and such that {R" (g;)} is
transversal to £5 at R (g,). Since by Corollary 2.6 the holonomy of Lf is
C'*P for some 3 > 0 (and the quadratic family is transversal to £5) we deduce
that {g.} satisfies properties (a) and (b) of the statement. This completes the
proof. O
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10. A short list of symbols

For the reader’s convenience, we present below a short list of symbols used

in this paper.

Period of renormalization

p

Af Scaling factor Ay = fP(0)

Ay Linear scaling Ay : x — fP(0) - x

R Renormalization operator RY f = AJIl ofPoly

K Bounded type limit set of R

Dk Number of renormalization intervals at level k
Ajr(f) Renormalization intervals at level k (0 < j < py — 1)

Iy Post-critical set of f

Ay Real Banach space of continuous maps V — C,

holomorphic in V, symmetric about real axis

Real analytic operator for which
K C O is a hyperbolic basic set

ug(t) Parametrization of local unstable manifold W} (g)
uy Unit vector tangent to WX (g) at g
dg Unique real number such that DT (g)u, = dgur(y)
5§n) The product d407(g) - - - Opn-1(g)
Ly =DIT(f) Derivative of T" at f
A% C" unimodal maps with quadratic critical point at 0
AT Tangent space to unimodal maps contained in V"




[

2]

GLOBAL HYPERBOLICITY OF RENORMALIZATION 823

INSTITUTO DE MATEMATICA E ESTATISTICA, UNIVERSIDADE DE SAO PAULO,
SAo PauLo SP, BrazIL
E-mail address: edson@ime.usp.br

I.M.P.A., R1I0 DE JANEIRO, BRAZIL
E-mail address: demelo@impa.br

UNIVERSIDADE DO PORTO, PORTO, PORTUGAL
E-mail address: aapinto@fc.up.pt

REFERENCES

H. W. BroEr and F. M. TANGERMAN, From a differentiable to a real analytic perturbation
theory, applications to the Kupka Smale theorems, Ergod. Theory & Dynam. Systems
6 (1986), 345-362.

M. CampaniNo and H. EpsTEIN, On the existence of Feigenbaum’s fixed point,
Comm. Math. Phys. 79 (1981), 261-302.

M. CampaNINO, H. EpsTEIN, and D. RuUeLLE, On Feigenbaum’s functional equation
gog(Az) + Ag(x) = 0, Topology 21 (1982), 125-129.

P. CouLLET and C. TRESSER, [térations d’endomorphismes et groupe de renormalisation,
J. Phys. Colloque C' 539 (1978), C5-25 (1978).

A. M. Davie, Period doubling for C?T° mappings, Comm. Math. Phys. 176 (1996),
262-272.

A. Douapy and J.H. HuBBarD, On the dynamics of polynomial-like mappings,
Ann. Sci. Ecole Norm. Sup. 18 (1985), 287-343.

E. pE Faria and W. pE MELo, Rigidity of critical circle mappings I, J. Furopean
Math. Soc. 1 (1999), 339-392.

, Rigidity of critical circle mappings II, J. Amer. Math. Soc. 13 (2000), 343-370.

H. EpsteEIN, New proofs of the existence of the Feigenbaum functions,
Comm. Math. Phys. 106 (1986), 395-426.

M. J. FEIGENBAUM, Qualitative universality for a class of nonlinear transformations,
J. Statist. Phys. 19 (1978), 25-52.

J. Franks, Manifolds of C" mappings and applications to differentiable dynamics,
Stud. in Anal. Adv. Math. Suppl. Stud. 4 (1979), 271-290.

J. GUCKENHEIMER, Sensitive dependence on initial conditions for one dimensional maps,
Comm. Math. Phys. 70 (1979), 133-160.

M. HERMAN, Sur la conjugaison différentiable des difféomorphismes du cercle a des ro-
tations, Publ. Math. IHES 49 (1979), 5-234.

M. HirscH and C. PucH, Stable manifolds and hyperbolic sets, in Global Analysis, Proc.
Sympos. Pure Math. XIV, 133-164, A. M. S., Providence, RI (1970).

L. HORMANDER, The boundary problem of physical geodesy, Arch. Rat. Mech. and Anal.
62 (1976), 1-52.

M. IrwiN, On the stable manifold theorem, Bull. London Math. Soc. 2 (1970), 196-198.

Y. Jianag, T. Morita, and D. Surnivan, Expanding direction of the period doubling
operator, Comm. Math. Phys. 144 (1992), 509-520.

O. E. LanrorDp III, A computer-assisted proof of the Feigenbaum conjectures,
Bull. Amer. Math. Soc. 6 (1982), 427-434.



(25]
[26]
27]

(28]

29]

EDSON DE FARIA, WELINGTON DE MELO, AND ALBERTO PINTO

R. DE LA Lrave and R. OBava, Regularity of the composition operator in spaces of Holder
functions, Discrete Cont. Dynam. Systems 5 (1999), 157-184.

M. LyusicH, Feigenbaum-Coullet-Tresser universality and Milnor’s hairiness conjecture,
Ann. of Math. 149 (1999), 319-420.

, Dynamics of quadratic polynomials I, II, Acta Math. 178 (1997), 185-297.

C. McMuLLeN, Complex Dynamics and Renormalization, Ann. of Math. Studies 135,
Princeton Univ. Press, Princeton, NJ, 1994.

, Renormalization and 3-manifolds which Fiber over the Clircle, Ann. of
Math. Studies 142, Princeton Univ. Press, Princeton, NJ, 1996.

A. AviLa, W. bE MELo, and M. MARTENS, On the dynamics of the renormalization opera-
tor, in Global Analysis on Dynamical Systems (H. Broer, B. Krauskopf, and G. Vegter,
eds.), Institute of Physics Publ., Philadelphia (2001), 449-460 .

W. pE MELO and A. A. PiNTo, Rigidity of C? infinitely renormalizable unimodal maps,
Comm. Math. Phys. 208 (1999), 91-105.

W. DE MELO and S. VAN STRIEN, One-dimensional Dynamics, Springer-Verlag, New York

(1993).

C. RoBINSON, Dynamical Systems. Stability, Symbolic Dynamics, and Chaos, Studies in
Advanced Math., CRC Press, Boca Raton, FL (1995).

D. SuLLivaN, Bounds, Quadratic Differentials and Renormalization Conjectures, AMS
Centennial Publications 2, Mathematics into the Twenty-first Century, A.M.S., Provi-
dence, RI (1992).

E. Vur, Ya. Siva1, and K. KuANIN, Feigenbaum universality and the thermodynamic
formalism, Russ. Math. Surveys 39 (1984), 1-40.

(Received January 15, 2001)
(Revised July 22, 2004)



